


STELLINGEN

|

Indien in Stelling 3.1 van dit proefschrift aangenomen wordt, dat het
lichaam F' compleet is, kan in de bewering van deze stelling de hoogte
van elk der beschouwde veeltermen vervangen worden door het maximum
van de waarden van begin- en eindcoéfficiént. Een analoge bewering geldt
voor Stelling 3.2.

De volgende twee stellingen hebben betrekking op het proefschrift van
J. G. DrrkmaAN, Convergentie en divergentie in de intuitionistische wis-
kunde (Amsterdam 1952). Zie ook B. vAN RooTsELAAR, On intuitionistic

notions of divergence and convergence, Nieuw Arch. Wisk. (3), 12, 19-24
(1964).

I1

Van Stelling D3 op pag. 32 van de genoemde dissertatie geldt eveneens
de omkeering.

111

De bewering in 13.5 op pag. 33 wordt niet gerechtvaardigd door ver-
wizing naar Stelling Ds.

1V

Het is niet mogelijjk de commutatieve woordrekenkunden van Vu¢govié
algebraisch te karakteriseeren door specialisatie van de door Vax Roor-
SELAAR gegeven karakteriseering der vrijje woordrekenkunden wvan
Vucrovidc.

B. vAN RoOTSELAAR, Algebraische Kennzeichnung
freier Wortarithmetiken, Compositio Math., Vol. 15,
Fase. 2, 156-168 (1963).

V. Vuckovi¢, Partially ordered recursive arith-
metics, Math. Scand., 7, 305-320 (1959).

V. Vucrovié, Rekursive Wortarithmetik, Acad.
Serbe Sci., Publ. Inst. Math., 14, 9-60 (1960).

\V
De b " Kurprers, dat Fr _ & In (x ), Indien 1In

een omgeving van (xo, o) de functies
of of o  o*f o%f  0%f

/ O’ 8@7’ 0xdy’ Oyox’ dx2 en Smg;a

bestaan, 1s onjuist.

L. Kurpers, Leerboek der Analyse (Deel II),
Groningen, 1962 (p. 15).



Vi

Een invariante ‘‘Vollfastordnung’ bepaalt in een scheef lichaam een
algemeene valuatie. VAN DER WAERDEN’s bewering, dat de valuatiegroep
in dit geval abels is, wordt door het verband, waarin deze is gedaan,
niet gerechtvaardigd. Een juiste vorm van de verscherpte driehoeks-
ongelyjkheid van deze valuatie is

p(x—y) < max [p(x), (y)]-p(s71).

B. L. vaN DER WAERDEN, Algebra II (4. Aufl.).
Berlin—Goéttingen—Heidelberg, 1959 (§ 104).

VII

Z1] o« het homomorfisme (dat tevens tweevoudige overdekking is) van
de speciale lineaire groep SL (2, C) op de continue Lorentz-groep
L CGL (4, R). H is de verzameling der Hermitische matrices in SL (2, C).
S is de verzameling der symmetrische matrices in L. Ten onrechte beweert

A. S. WicgHTMAN: x(H)=S.

Relations de dispersion et particules élémentaires,
Eecole d’été de physique theéorique, 1960, Les
Houches, p. 168.

VI1I

Recente abundantiebepalingen van ijjzer in de corona van de Zon geven
een waarde, die minstens twintig maal grooter is dan de resultaten, ver-
kregen voor de fotosfeer. Hr zyn aanwyzingen, dat dit groote verschil
voornamelijk het gevolg is van fouten in de bepalingen der fotosferische
‘abundantie.

1X

Incidenteele behandeling van vliegtechnische problemen in het kader
van het wis- en natuurkundeonderwijs aan middelbare scholen is een
middel om te komen tot verhooging der prestaties in deze vakken en kan
culmineeren in het kiezen van een loopbaan bij de Koninklijke Luchtmacht.
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INTRODUCTION

In this thesis we discuss generalizations of two different, though related,
problems occurring in the theory of numbers. The first problem is taken
from the theory of transcendental numbers, the second from the theory
of the approximation of an algebraic number by other algebraic numbers.

In the first case our starting-point is the well-known proof, due to
VoN NEUMANN [5], that there exists a set of real numbers with the power
of the continuum such that the elements of any finite subset are algebrai-
cally independent over the rationals. The elements of this set, the so-
called Von Neumann-numbers, are given by the formula

A,= ,,;0 22! =2 for any o > 0.

VoN NEUMANN’s proof is an extension of LiouvILLE’s method to prove
the existence of transcendental numbers by means of rapidly converging
series with rational terms. In fact, it is easy to verify that every Von
Neumann-number 4, is also a Liouville-number.

The aim of Chapter I of this thesis is first to simplify VoN NEUMANN’s
proof as far as possible and then to generalize his method.

Without going into details we mention here that the field of real numbers
in the classical case is in our theory replaced by a complete valued field.
We confine ourselves to the case that the range of values of the valuation
consists of non-negative numbers. For the valuation of an element a we
shall always use the notation |al.

In Chapter II we generalize this method even further by considering
elements in a valued differential field. KorLcHIN [3], in a beautiful paper
of 1959, has already generalized the simpler method of LiouvIiLLE to the

case of a valued differential field and we are able to use some of his lemmas
for our own purpose.

In our last chapter we turn to a different problem, which goes back
to a result of BRAUER [2] obtained in 1929. It reads as follows:

Let « be a fixed algebraic number of degree m. Then there exists a
positive constant C, depending only on «, such that for any algebraic
number f % « of degree n and of height H(B) one has

oo —p| > CrH(B)=™.

For the definition of the height of an algebraic number see Chapter III,
section 1; also the height of a polynomial is introduced there.

More recently this theorem was generalized successively by BOMBIERT
[1] and by MAHLER [4]. MAHLER considered two polynomials f and g¢
over the field of complex numbers with resultant R. Let « be a zero of
f and 8 a zero of g. Then MAHLER determined a lower bound for o — B]
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in terms of B and of the degrees and heights of the two polynomials
f and g. Moreover he gave a similar result in case x and f satisty the same
equation f=0.

In Chapter III we investigate what becomes of MAHLER’s theory if
we consider zeros of polynomials over a field # endowed with a non-
Archimedean valuation and satisfying certain conditions. Due to the non-
Archimedean character of our valuation the formulas become simpler than
in MAHLER’S case.

Our deepest result in this direction is obtained by specializing to poly-
nomials over the field Q, of p-adic numbers. In this case we find the
following result (compare Theorem 3.7):

Let f and g be two polynomials over Q, of degrees m and n and of
heights H(f) and H(g), respectively. Let @ be a finite extension of Q,
such that f and ¢ both resolve into linear factors in @[x]:

[(#) = am(x —x1) - - - (X — Xm),

g(2) =bn(x —f1)- - - (x—fn)-

Let |y|p denote for any element y of @ the valuation of y, if we extend

the p-adic valuation of Q, to ®. Suppose that the resultant R = R(f, g)
of f and g does not vanish and set

A == min [Cx#“"‘ﬁvlfp.
lssusm
1svr<n

Then
either 4 > 1 or 4 > H(f)~ H(g)~™ |R|5».

There is a similar result for two distinct zeros of a single polynomial
over Q, (compare Theorem 3.8).

We remark that the fields considered in this thesis are always com-
mutative.

The reader may find more detailed information in the introductory
sections of the different chapters.
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CHAPTER I

1. In a well-known paper VoN NrEumaNw [7] has effectively given a
set of real numbers (the ““Von Neumann-numbers’) with the power of
the continuum and with the property that n arbitrarily chosen different
numbers of this set are always algebraically independent with respect
to the field of rational numbers.

This result has been used a.o. for the purpose of constructing free

groups with certain properties. Compare e.g. DE GrooT [2], DERKER [1],
MycIELSKI and SWIERCZKOWSKI [6].

The idea basic to VoON NEUMANN’s paper is very simple, but it is ob-
scured 1In some way by lengthy calculations. Recently, HELLMUTH KNESER
[4] has given another treatment of the same problem which is much

simpler and at the same time more general. As a special case he finds
the following result:

Let of ~— m+u
- Fu) &S o-tn™ g oy<1,
m=1
[mm+u] denoting, as is usual, the largest integer <mm+u. If wy, us, . . ., Un
are arbitrarily chosen different numbers from the interval [0, 1), then
- the n» numbers f(u1), f(u2), - .., f(uy) are algebraically independent.

In this chapter we shall give another treatment of the same problem,
which shows, In our opinion, the principles basic to VON NEUMANN’S
paper even better. In order to explain our method we begin by considering
a very special case.

Let u, v denote positive integers such that u << v, put

o0 CO
X = z Qm¥—m™ 8= z om’—m™
m=1

m=1

Then « and B are algebraically independent over the field of rational numbers.

Proof. We shall show that the assumption that « and f are alge-

braically dependent leads to a contradiction. Suppose that there exists
a polynomial f(z,y) with integral coefficients —not all zero—such that

]‘(0‘: 18)=0

We may assume that f(x, ¥) has minimal total degree. Put for any positive
integer k

k K
Ay = Z Qmu“mm, B = Z 2m‘v__mm:

my =s ] 73 == ]
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. At least one of the
: not var h M@m M‘&“M Suppose first
ondition for f(x, y),

2.1-,1-'_1'._ [ ] “y
Fodx. Y = ()
B y 3 ‘E-.-..‘I B %‘ . "m::-_ﬁ ﬁﬁﬁﬁﬁﬁ . .“

diction, since

x, ) # 0, and a reasoning
to a contradiction

quite similar
also in this case.

we can easily generalize the

Theorem 1.1. D€

, Uy are arbitrarily chosen di rent non-n nbers, then

over t he? ﬁea ld of

thre }}rm Ve RE b t’&&&h I

ext sections a much more general
ot sets of real numbers we consider more generally sets
a complete valued field.
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Before doing so, however, we observe that the result given above solves
the problem of Von NrumanN. In fact, from the definition it is clear
that @(u) 1s non-decreasing; it follows that @(u) is even strictly increasing
for w > 0, since the assertion of the theorem implies @(u1) # @(us) if
ur>ug>0. Hence the set of functional values o(u) for >0 is a set of
positive numbers which satisfies the conditions of Vox NEUMANN: it has
the power of the continuum and n arbitrarily chosen numbers from the
set are always algebraically independent over the rationals.

2. In the sequel let F denote a valued field. It a is an arbitrary element
of F, then let |a| denote its valuation, so that a) 10| =0, |a| >0 for a0, b)
jab| =|a| |b] and c) |a+b|<|a|+|b]. We suppose in the following that F
18 complete with respect to this valuation. Moreover let R denote a sub-ring

of F wnth the property that |a|>1 for any a0 from R. Fnally we suppose
that B contains at least one element a with la| >1.

Betore stating the main result we let precede three lemmas, from which
our main theorem follows easily.

Lemma 1. Let n denote an arbitrary positive integer, let

OO0

Xy
= . v=1,2, ..., n),
mgo ﬁO 181”' ﬁm (

where a,,,, fm are non-vanishing elements of the sub-ring R with || — oo
if m — oco. Moreover let, if m — oo,

A

S @] =0(|@nm|) for v=1,2, ..., n—1

(1) |@nm| =O(|bm-1]), where by =P80 f1 ... Bm,
( log |bm-1| =0(log |bm|).

Let

]‘(xl, ey .’L‘n) = z C(h) x1P1 ... 2,bn
(h)

denote an arbitrarily chosen polynomial in the indeterminates X1, «ovy T
over £2. Then the two relations

(2) f(Al, ey An)mo and -—9-{--(44.1, . eus An)#o

0%y
cannot be satisfied simultaneously.l)

Proof. Let us suppose that there exists a polynomial f(x, ..., Zn)

over B satisfying both relations (2). We shall reach a contradiction by
applying Taylor’s formula in the form

fer+y1, .o, Zont+yn)=Ff21, ..., 20) + D ¥, [, (X1, ..., Zp)

R |

—l— z y,pyﬂf.p“(x]_, « oy xn)“l"' .-y

1Sy pu<sn

1) From the conditions (1) it follows easily that the series for A, ..., A, converge.
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where the right-hand side contains only a finite number of terms, and
where

h
fp (xl, e a;,n) = Sz (.’L‘l, oy .’L‘n) == Z( 1”)0(};,)271”1 x,,hv“"l xnh'n
2

etc.

Let & denote a positive integer, later to be chosen arbitrarily large. Let

def kol a def < a"vm

v M —
ka: z b y ’U,,k“'m:m 2 b (’V—-—-l, 2, ceoq n),
m = () m m=l YM

so that B,=A4,6+v,. Applying Taylor’s formula with z,=4,, y,=v,,
and using f(4i1, ..., 42)=0, we obtain

n

f(B]_}g, . ooy Bﬂk)m Z ,Up]cf-p(AlJ soay An)

p==1]

(3) T E vvkvukfvu(Ala R An)

1y U<

+ ...

From the definition of v, one obtains

Uy, — < Uym
U T b m%—l-l bm
hence, by (1),
Uyy, - lbm_-]_l
V. -+ = (0
’ bk (m m%-l-l lbml )
—0( 3 |bma|?
m=k+1
== O(Ibkl"‘z) if £ — o0,
or
(4) Vyp = — C;f + O(|bg|2) if k>0 (v=1,2,...,n)
It follows therefore from (1) that
V., > 0 if & — oo (»=1,2, ..., n)

and also
V6] =0(|vnx]) if & — oo for v<mn.
Hence, using (3),

(5) f(Blk, oy Bnk)mvnkfn(ﬁl, cens An)-i—o(]vﬂk[) if b — oc.
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We have assumed f,(Ai, ..., 4,)%#0 and from (4) we derive v,;#0 for
sufficiently large k. Therefore

f(.Bl]g, > ey Bn}g)#o fOI’ k}ko.

From the definition of B, it follows that

kE—1

bkmprk:ﬁOﬁl ;675---1B,,-km Z “vmﬁm—l-lﬁm+2 ;55:-—-1 S R:

m =

hence, if the total degree of f(xi, ..., z,) is denoted by s,
Isc-ﬂlf('BlfC: R Bnk) e R.

For k> ko this element does not vanish, hence, on account of the definition
of the sub-ring R,

(6) lbf,__lf(Blk, e, Bnk)l > 1.
On the other hand it follows from (5) and (4) for k¥ — co that

(7) [#(Biks -+, Bui)|] = O(|vnr]) = 0(.'3._’3.’5_! _ of1br .
7 [
Comparing (6) and (7), we obtain for sufficiently large k
br—1]
bia| ¢ < O
I k ll < !bkl )

where C stands for a positive number independent of k. This last in-
equality contradicts (1), which proves our lemma.

Lemma 2. Let the valued field F and its sub-ring R be given as
before. Moreover let F be of characteristic zero.

Let A4;, As, ..., A, be defined as in the preceding lemma. Then A4, is

transcendental over the ring R[4y, ..., Ap-1] generated from R by
.A.]_, Az, .oy An-—]_.

Proof. Suppose that A4, is algebraic over R[A;, ..., Ap-1], so that
Ay, satisfies an equation

Do+Drx+ ... +Dpxr=0,

where the coefficients

DQm z d@.h]_‘... .hnﬂ-l Alhl e A:iqf:il (Qm 05 ]': “':?ﬂ)

(h)

do not vanish simultaneously and where d, 1, .. 2oy € E. We may
suppose that the equation is of minimal degree r. It follows that D, 5= 0,
hence rD, s« 0, and therefore A4, cannot satisfy the equation

Di1+2D0x+ ... +rDpyxr—1 = 0,



Put
.DQ(.';E]_, .oy wn-_l) "("lf_-'f }z) dQ’hl"”’hnml xlhl _—— :U:.:"f:il
(N
and
flxy, ..., Zn) e ZO DQ(SL‘]_, ey Xp—1)TRC.
o=
Then f(z1, ..., 2s) represents a polynomial over B with
0
f(A]_, s o ey An) — O,'S—f"(A]_, ¢ ooy An) # O.
L

But this contradicts the assertion of our preceding lemma 1.

Lemma 3. Let B be a ring with identity-element and let £ be any
sub-ring containing the identity-element. Then the elements %1, U, . . ., Uy
of B are algebraically independent over Rif and only ifeach ug, £=1, 2, ..., m,
is transcendental over R[ui, ug, ..., ux-1], i.e. the ring generated from
R by ui, us, ..., ur-1 (compare e.g. JACOBSON [3], p. 105, lemma).

3. Our main result is the following theorem:

Theorem 1.2. Let the valued field F and its sub-ring R be defined as
before. Let F' be of characteristic zero and let R contain the identity-element
of F. Let

4,=3 - m
’ m =0 180}8118?”
where a,, , Bm denote non-vanishing elements of the sub-ring R with |fm| — oo
if m — co. Moreover let for m — oo

(v =1,2, ..., n),

la’lml = O(Iazml)p |a2m| mO([Oﬂaml)a e lan--l,ml mo(lanml)
|Gnm| =0(|bm-1|), where bm=_po p1 .. Pm.
log |bm—1| =o0(log |bm|).

Then A1, Ao, ..., Ap are algebraically independent over K.

Proof. Letk denote an arbitrary integer from the sequence 1, 2, ..., n.
Then clearly for m — oo

'aml == o(]akm[) for x=1,2,..., k—1
axm| =0(|bm-1l), log [bm-1| =o(log |bm|).

Therefore we can apply lemma 2 with 4y, ..., A instead of A4;, ..., 44.
It follows that A4j is transcendental over the ring R[A;, ..., Agx-1]. This
is true for k=1, 2, ..., n. Hence, by lemma 3, the elements 43, ..., 4,
of F are algebraically independent over KA.

4. As an application of the preceding theorem we shall now prove
Theorem 1.1.
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It tollows for m -» oo that

ot Theorem 1.2 are thus satisfied. It follows that the
gluy), gluz), ..., g(uy) are algebraically independent over R,
1

hence also over the field of rational numbers.

rFor a second application of Theorem 1.2 we need the following lemma.

gh this result is well-known, it is usually derived from much
Here we give an elementary direct proof.

L U
s

&

over a given field K. (Here » denotes an arbitrarily chosen integer.) Then
. o e e B e S ] ot s o g ol | SRR R T A
g 18 complete with respect to the valuation

| ::,-'-’i-l. ' _— A i A R .ﬁ " ) "
e fUE“ ..;..4 - ” “ i"““ﬁ E e @ T E% (ly = “ »

< 1) clearly means r> |log &l.
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3 that NW = a,, if simultaneously o+ < |log e] and u, v =
¢

We now ﬁhﬁ ne elements a (p=r,r-+ ij . .,) uf K as foﬂmwg

a, ﬁf.i,w with » > N(e).

T'hen define the power series 4 over A by

13

Clearly lim A4,

B 1
= A, since |4

The application we had In

mind is the following theorem:

Theorem 1.3. Let K be a field of characteristic zero. Let qm(u)

(m=1, 2, ...) be f U nm Ons o j Hm rm az?ﬁble w> 0 with functional values wn
A such m M t;g m{U) -

f ormal power 8¢ rLes

If uy, ug, . ... uy are arbitrarily chosen different non-negative numbers, then
Aur), A(ug), ..., A(un) are algebraically independent over the ring K[x].

Proof. We take for F the field of formal power series

A= > aa°
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over K, where r denotes an arbitrary integer.
complete with respect to the valuation

| A|=0 for A=0, |[A|=¢e 71 if a, # O.

Hence, by lemma 4, ¥ is

Take for R the ring of all polynomials in -1 over K.
We may suppose 0<<uy <ug<<...<uy. Put a,,=0,po=>0by=1,

[ ul,] m
— LM | <)

a’lﬂpf‘n_ i q:?m(u.v ):Z; ’ b7n - x o (?r” — }. ’ A 3 e &+ o v 11 ; 772# R l " 2 4 * * )ﬂu
Then
O
__ __ (,m_,_l)mmlmmm
Bm|= 51 =%

—emM—(m-1)""1 _ o if m — oo,

Next, if v=2, 3, ..., n,

la'v--l, ml _ Pm (uv--l) :E[mu”] - [mu"”"l]
Iarml (pm (ur)
ﬂ@[ar:rz,l%'_'l] - [muy] < emupmlmmu”+1 ‘

Since u,>wu,_, >0, it follows for m — co that

lavml,mlmo(‘a’vml) (fpm?_;, 3y « ., 7?’)

Further
¢ m=1 [ u
llb nml[l o Igpm(u?z) 2 (m—1) [ ﬂ]l
m, —
“n m—1
::....-e[m ]‘""’(m-—l) | <0 tlla,t
ld,nml mO(lbmmll) 1T m — oo,
Finally

log |bm—| (m —1)m-1 :
]_Oglbm| MMWW”—}O lfM*“%‘“C)CD.

Consequently log |bm-1]=0(log |by|) if m — oco.

The conditions of Theorem 1.2 are thus satisfied. It follows that the
power series A(ui), A(uz), ..., A(u,) are algebraically independent over
R, hence also over K[xz].

Final remark. The contents of the sections 2, 3 and partly of
section 4 have already been published in Kuiper and PoPREN [5].

REFERENCES

1. DeErkER, T. J., 1. On free groups of motions without fixed points, Proc. Nederl.
Akad. Wetensch. A, 61, 348-353 (1958); Indag. Math., 20, 348-353

(19568); 2. Paradoxical decompositions of sets and spaces, thesis,
Amsterdam, p. 15 ff. (1958).



12

Groot, J. pE, Orthogonal isomorphic representations of free groups, Canad.
J. Math., 8, 256-262 (1956).

JacoBsoN, N., Lectures in abstract algebra I. London, 1953.
reeller Zahlen, Bull. Soc. Math. Belg., 12, 23-27 (1960).

Kurrer, F. and J. Porren, On the so-called Von Neumann-numbers, Proc.
Nederl. Akad. Wetensch. A, 65, 385-390 (1962); Indag. Math., 24,
385—-390 (1962).

MycieLskr, J. and S. Swigrozrowskr, On free groups of motions and decompo-
sitions of the Euclidean space, Fund. Math., 45, 283-291 (1958).

NrEUMANN, J. vonN, 1. Collected works, Vol. I. Oxford-London—New Y ork—FParis,

312-319 (1961); 2. Ein System algebraisch unabhingiger Zahlen,
Math. Ann., 99, 134-141 (1928).



CHAPTER II

ON ALGEBRAIC INDEPENDENCE IN DIFFERENTIAL RINGS

1. We consider a so-called walued differential field F (compare e.g.

KAPLANSKY [2]); this is a field F with the following three properties
A, B and C:

A) There exists for all elements a, b, ¢, ... of F a formal differentiation,
i.e. there exists a mapping ¢ — a’ of F into itself such that

(@+b) =a' +b, (ab) = ab’ +a'b.

It follows easily, if e denotes the identity-element of F, that 0'=0, ¢/ =0,
(b—1)' = —b6'0"2 and (a/b) = (a'b—ab’)/b2.

Moreover, if a’, a" = (a’)’, ..., a® = (a»-D)’, ... are the successive deriva-
tives of a, then

(ab)™ = i (n) a® ™",

Y= 4

B) £ has a non-Archimedean valuation. If @ is an arbitrary element
of F', then |a] will denote its valuation, so that a) |0|=0, |a| >0 for a0,
b) |ab|=|a| |b] and ¢) |a-+b|<max (Ja|, |b]). It is well-known that it
follows that |a-+b|=max (|a|, |b|), provided |a|+#|b|. Moreover |e|=1. We
always suppose that this valuation is not the trivial valuation.

C) Further we require, following KorcaIN [3], that there exist
positive numbers « and B such that

(1) xla| <|a'| < Bla| tor every a € F with |a|<1.

I is then called a valued differential field. The elements x and B are

called, respectively, lower and wupper bounds of the wvalued differential
field F.

An example of such a field is given by the set Fy of all formal power
series

OO
A=> a,x°,
o=T

where r denotes an arbitrary integer and where the coefficients a, are
taken from a field K of characteristic zero. Fy admits, as is well-known,
the following non-Archimedean valuation

Al =0 for A =0, |[A|=e T 1if ar # 0.

We define 4’ = ¥ a2~ ! as the derivative of 4 = > a,2°.

o= Q=T
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One easily verifies that also the conditions A and C are satisfied
for Fy. In this case the lower and upper bounds « and B may both be
put equal to the number e.

In the preceding chapter we developed a method to find in an eftective
way a set of “Von Neumann-numbers”, i.e. a set of real numbers with
the power of the continuum and such that »n arbitrarily chosen numbers
from this set are always algebraically independent over the rationals.

The same method could even be applied to a much more general
problem, where instead of the real numbers elements of a complete
valued field were taken, in which a certain sub-ring R played the part
of the ring of integers in the field of real numbers.

It is the purpose of this chapter to generalize this result even more.
Here we consider a differential field F' as introduced before. In section 4
we give a method to find elements Aj, Ao, ..., A, of F such that
these elements together with all their derivatives A4;®, 4™, ..., 4A,®
(z=0, 1, 2, ...) are algebraically independent over a certain sub-ring R
of F. For this main result we refer the reader to section 4.

The scope of this generalization might become clearer if we cite at

this point already an application of our main theorem to the special
case of the field Fy of formal power series over K.

Theorem 2.1. Let K be a field of characteristic zero. Let i, us, ..., Uy
denote positive numbers such that uy>us> ... >uy. Let ou(u) (m=1, 2, ...)
be functions of the variable w>0 with functional values in K such that

em(u)#0 for all m=1,2,...,u=>0. Let t be an arbitrary integer > O.
Consider the n power series

U]

A, = om,)zm =70 21,9, . .
m=1

Then A, ..., A1®, ..., Ap, ..., An® are algebraically independent over the
ring of all polynomials in x over K.

This theorem clearly is a generalization of Theorem 1.3.

Betfore stating the main result we let precede several lemmas. One of

the most important is a lemma we already used in the previous chapter
(compare lemma 3), namely the following

Lemma 1. Let ®B be a ring with identity-element and let R be
any sub-ring containing the identity-element. Then the elements w1, s, ..., %y,
of 3B are algebraically independent over Rifand onlyifeachus, k=1,2,...,n,
13 transcendental over R[ui, ue, ..., ux—1], i.e. the ring generated from R
by w1, ug, ..., ug-1 (compare e.g. JacoBsoxN [1], p. 105, lemma).

2. In the following we shall use the lemmas 2, 3 and 4, all due to

KorcHIN [3], p. 240 and 241. For the convenience of the reader we also
give here the proofs.
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Lemma 2. If F is a valued differential field with lower bound «
and upper bound f, then the second inequality in (1) holds for every
a € F, and the first inequality in (1) holds for every a € F with |a|# 1
(KoLcHIN [3], p. 240, lemma 1).

Proof. If |a|<1 then (1) holds by definition. If |a¢|>1 then a#0
a’ (a—1) (e~ 1)  —a'a? a’
a1 B -

Ry,
o TWT ]

—
e ]

2/

B

and |a~1| <1; since
a1 a1 a

again (1) holds.
It remains to prove the second part of (1) if |a|=1.
By hypothesis there exists a non-zero element b € £ with |[b]1,

, on account of

2

b’ a b (ad)’ . | b’
bl~1. — < = R i R oy “ 1 thar
whence |ab|s=1. Now 7 6 and L p” <pB; it ~| < I bl then
. a’ . |a b’ a’ a’" b
obviously —|< 8, whereas if —|> --5-‘ then — =7 -{—-—g- < B.

Corollary. Hypothesis as in lemma 2, let » be a positive imteger.
Then |a®|<B"a| for every a € F and |a®™|>«”|a| for every a € ¥ with
a|>1 and |a|>«~®"D (KoLcHIN [3], p. 240, corollary 1).

Proof. By mathematical induction with respect to =.

If (a1, ..., @) is a finite sequence of elements of a differential ring
with identity-element, we denote the Wronskian det (a;¢-1)),2=1, 2, ..., n;
i=1,2, ..., n, by W(ai, ..., an). The Wronskian equals a1 if n=1. If n>0
and we expand the determinant by the minors of the last row, we obtain
the formula

n

(2) E (--- 1)"7'“*‘-7. aj-(”“l) W(a:l, ceey Wi—1, Aj41y «oes an) == W(al, oo a,n)..

7=1

Applying the same device to the determinant, obtained on replacing
the last row by one of the other rows, we obtain the formula

(3) z (———- 1)“’"‘-7 a,j(i) W(al, ceey j—1, Aj+1, ---) an) = () (‘imo, 1, ceny TL— 2)
j =1

Lemma 3. If b, ai, ..., a, are elements of a differential field, then
W(bay, ..., bas)=b* W(ai, ..., an) (KorLcHIN [3], p. 241, lemma 2).

Proof. If nm=1 this is obvious. Let n>1 and suppose the result
already proved for lower values of ». Then, by (2) and (3),

W(bay, ..., ban) = 3 (— 1)1+ (bay)®=D W(bay, ..., bas-s, bass, ..., ban)

j=1

n *nml n — 1
=3 (=1)ynti > : b1 q;() pr=1 W(ay, ..., &j—1, Aj+1, -+, An)
j=1 1=0
n—1 7, —— 1 n .
kel N U [ X S (= 1)t a;® W(ay, ..., @j-1, Bj+1, -5 An)
i=0 j=1

= pn-1 p W(ay, ..., an) = O Wia, ..., Gn).
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Lemma 4. Let ai, ..., a, be elements of a valued differential field
with lower bound « and upper bound . Then
8.) lwr(ar]_, *o -y [En)[ h{%\"ﬁ%%(ﬂ“l) ]&1 .o afni

b) [W(ai, ..., ap)| >t ay ... ay| if |o5] <(x/B)2|as1| (=2, 3, ..., n)
(KoLcHIN [3], p. 241, Jlemma 3).

Proof. The lemma is obvious if n=1, and also if a;=0 for some j.

Let n>1 and a;#0 for every 7, and suppose the lemma already proved
for lower values of n. By lemma 3 and using ¢ ' =¢”" = ... =e®@-1)=(

4 /
(o dn ao Uy
W(al, ooy an) = 1" W(e, — eee, = | = 1" W((—--—-) s euasy (..........) ) .
a1 a1 aq a1

Ihen, b,s’ lemma 2:
( )’ ( )’
a1 o a1

Ay,
251

?

IW(a']_, .oy a/n)l < Ia,lln ﬁ%(nml)(n—z)

< Ialln ﬁ&(n-—-l)(n—-—Z) ﬁ — ﬁ%n(n~—1) Ial cee Qyl

a9
Q

o
1

which proves the inequality a).
Also, under the condition of part b), on account of lemma 3 and 2,

Y 4 !
a a
W(a, ..., az)| = |a1|? xt(n-1)(n-2) (-—E) (-—n>
251 a1
&2 avn,
1L n Cx%(n--l)(nw.?) x| ——— . X l—
> | a a1

= o3 (n-1) |ay ... ayl.
3. We require moreover

D) The valued differential field F is complete with respect to its
valuation. We then have the following simple lemma

Lemma 5. If the series ap+a1+as+ ..., consisting of elements from
F, 1s convergent with sum s, then the series a¢ +a;’ +a.’+ ... is con-
vergent with sum ¢s’.

Proof. se F, as F is complete. Put sp,=a9p+a1+ ... +a,, then
Sn € I and, on account of the convergence, for >0

8 —8n| <& (m=np(e)).

Now sp' =ao'+a1"+ ... +a,’ with s,’ € F. Applying lemma 2, we
obtain for the derivative s’ € F of s

8" —8n'| = |(s—5n)"| < B|s—sa| < B,

S0 o' +a1’ +ax’+ ... is convergent with sum s’.

Remark. If the valued differential field F is not yet complete with
respect to its valuation, we can make F complete by means of the well-
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Theorem 2.2. Let the valued differential field F and its sub-ring R
satisfy the conditions A, B, C, D and K. Let F be of characteristic zero.
Let n and t denote arbitrary positive integers, let

0 am

A = — T
’ méo 180181 5?%

where a,,,, Bm denote non-vanishing elements of the sub-ring R with |fm| — oo
of m — oco. Moreover let for m — oo

(v=1, 2, ..., n),

:anml == O(l@n-—l,ml)a laﬂn--—l,m] = 0(|afn--2,m|): cous IGZm' == O(ICLI'mI)
Q1m| = O(|bm-1]), where by = Bofi ... Bm,
log [bm-1] = o (log |bm|)

(1.e. these are essentially the same conditions as in Theorem 1.2).
Then A1, Ai', ..., A1, Ag, Ao’ ..., A2®, ..., Ay, A/, ..., An® are alge-
braically independent over R 2).
We remark without proof that the case n=1 of this theorem easily
follows from KoLcHIN’s Approximation theorem (KoLoHIN [3], p. 244):

Let F be a valued differential field, let Z be a non-zero differential sub-ring
of I such that |a| > 1 for every non-zero element a € Z, let w € F be differentially
algebrarc over Z, let s be any natural number >1, and denote the s-demnomi-
natron of u over Z3) by ds. Then there exists a positive number v such that
a | 4
Y] R AT

for all elements a, beZ with b # 0 and u # a/bs.

5. Lemma 6. Let the valued differential field F and its sub-ring R
satisfy the conditions A, B, C, D and E. Let » and ¢ denote arbitrary
positive integers, let

4, = § Zom (v=1, 2 n)
’ m=0 180181 ﬁm T

where a,,,, £, are non-vanishing elements of the sub-ring R with |8,,| — oo
if m — oo.
Moreover let for m — oo

g ] = o(laim]) for v =2,3, ..., n

(4) |@1m| = O(|bm-1]), where by = BoBi ... Bm.
1o [baos] = 0 (10g [bm).
2) From the conditions it is easily seen that the terms _ Tom tend to
ﬁO 181 von &Bm

zero if m — oo, 8o that the series for 4, given above converge.
) For the definition of the s-denomination of u over Z see KOLCHIN [3],
p. 243, 244.
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or
’ {
Sf(Blk: Blka ") B:(lf%: .- Bnk: nk: *eey Ba(zz):)

6a) - t

( ) ( = z ’Uﬁ? 1-;(A1: Alfa RS Al(t): R An; An,a vo ey An(t)) — &k,
\ T == ()

where

— & = Z @(T) 01,- Al: Al 3 see Al(t): AR A‘n: An,: RS A’n(t))

T={

. T Z f-m: Alﬂ Al 3 st Al(t): ERE An: An’: ceny An(t))

T == ()

+ terms of degree > 2 in the »{}’s.

From the definition of v, one obtains

hence, by (4),

2 ~ 'bm--ll
Sy
o i bk (mm§+1 lbml )
_ ( 3 |bm_1|-~2)
m==Fk-t1
= O(|bk|-2) if % — oo,
or ‘
(7) vy = — %—’f +O0(b)"2) if k—>o00  (v=1,2, ..., n)
k

It follows therefore from (4) that

Ve —> 0 1f £ — o0 (v=1, 2, ..., n)
(8) ol = o(|vy]) if & — oo (v=2,3, ..., n)
Vo 7% 0 (v=1, 2, ..., n) for k>k,.

Moreover, according to the corollary of lemma 2, we have
(9) 95| < B° |v,] v=1,2,...,n; 7=0,1, ..., %).

Let P, be the sum of the terms of degree > 2 in the vy’s In (6) and let

def z v(qy) fzr Al’ Al ) eees Al(t):- ceus An, An’, coey An(t))

T= ()

+ ...+ 2 Unit [ne(A1, A1y o, A1, ., A, Ay, ceey Ap ),

T==()

then we derive from (8) and (9)

[Pr| = O(|vie|2) =0 (Jvix|) if & — oo
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Now assume the ¢+ 1 left-hand sides of (11) to vanish simultaneously,

then w sufticiently large. Solving (11) for

find then by Cramer’s rule

where W{vig, v1,k+1, ..., U1,k+¢) denotes the Wronskian of vz, v1, 541, .--5 U1,k+¢,
provided that this last expression does not vanish.

In order to prove that this last condition is satistied for sufficiently
t, we first remark that v, v141, ..., ¥1,5+¢ do not vanish because

1 (4), 0on a
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l B afl k+7 '“I“ O(Ib}c-l—jlﬁz)

N I 2

V1 kg a1, k+j—1 _

1, 8451 Iw B O(|bgg-1]72)
Ok+5—1

a1, p+j Or+j—1
a1, k+j—1 a1 k+i—1 brag

-o[r252)
(laﬂl k+7| |Ok+5— 1|)
- o

|Ox+7]

Ibl}g!—.'f 1112) -0 if k — oco.
K+j

It follows for sufficiently large k£ that

lvlsk+f'<(“/5)j_1|@1,k+f”11 (? =1, 2, ..., t):
hence, applying lemma 4, part b), with vz, v1, g+1, --.> V1, k+¢ Instead of
Ay, @2, «..; An,
(13) | W (vik, v1, 5415 ---, V1, k+2)| = oFED| 01 01, k41 ... 01, k42| > 0.

Working out the determinant of (12), using formula (9), we find as an
upperbound of its valuation

max (|eg+s| - BHETV T ot oL V1, k-1 V1, BagHL --e V1, K48]);
i=0.1,....4

hence we obtain from (12) and (13)

< IMax e
lflrl \5m0. 1"“.t ( Cx‘%t{t_l-l) lvl’k_l__jl b

therefore f,, — 0 if & — oo, by (10).
Hence, since the f,, are independent of k, we have

fio = fi1= ... = fit = 0.

This contradicts (5), so the left-hand sides of (11) cannot vanish simul-
taneously for sufficiently large £.
Therefore we may assume

f(Bl.k+rr Lo B:(lt,.)k-kpr "t Bn.}’cﬂw "o Bg3k+p) # 0
for some p=p(k), chosen from the sequence 0,1, ..., ¢.

By mathematical induction one can see that for ¢=0, 1, 2, ...

om ' (0n)” 18 a polynomial expression with integral coefficients in
bps> Oy --., O, s0 that

Ay \ @

o+1 [ Dvm\ s : A 3 ’

be, (-z)--) 13 a polynomial expression in a,,,a;,, ...,a. b b, ..., bo.
m
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It follows therefore from the definition of B!? for ¢=0, 1, ..., that

bikp—1 Bkt = (BoB1 -.. Bryp_1)'™t B,

hence, if the total degree of f(x1o, ..., 21¢, ..., Zno, ..., Znt) 1s denoted by s,

(t41)s (1) t
bk—[—iﬂ_l ('Bl,k-}-p! ' evo Bl.k“}-p? "y Bn.k-{-pﬂ .-y B‘ﬁ%,)k“{*p) - ..R.

For sufficiently large & and suitably chosen p=p(k) this element does
not vanish, hence, on account of the definition of the sub-ring R,

(14)  |BEED [(Briyps s Bays os Bugins -onr BOu))| > 1.
On the other hand it follows from (6a), (9), (10), (7) and (4) for & — oo that

Nf(Biktpr s Bip s Buierys - Biss)

= O(|v1, k+p|) = O<|a1’k+p|> = O(-——-—--m——-—lbk'{_pmll) :

lbk+p| lbk+p|

(15)

Comparing (14) and (15), we obtain for sufficiently large k¥ and p= p(k)

!bk+pm1‘m(t+1)3 < 0 Ibk-i—;l?ml' ’
Ibk+pl

where (' stands for a positive number independent of k. This last inequality
contradicts (4), which proves our lemma.

6. Lemma 7. Let the valued differential field F and its"sub-ring R

satisiy the conditions A, B, C, D and E. Moreover let F be of characteristic
Zero.

Let 4,7, 47, ..., 4, (=0,1, ..., t) be defined as in the preceding
lemma. Then, for v=0,1, ..., ¢, A;® is transcendental over the ring

BlAy, A1, A7, A0 A1, Ag, Ao, L, As® L A, Ay, A ®],
generated from R by
Ax, A1’y ..., A7V, A3V 410 Ag, Ao’ L, A, L A, Ay A
Proof. Suppose that 4:® is algebraic over
BlAy, A1, ..., AyC~D, A +D A1, Ag, Ao’y ..., As®, ... A, AL s A ],
so that 4, satisfies an equation
Do+ Dix+ ...+ Dyar =0,
where the coefficients
D, = % Ao,y A1M10 ... (AT DY1e-1 (A5 D0YB1, 241
e (A1 @)1t ApBn0 L. (A, @) )hat (0=0,1, ..., 7)
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do not vanish simultaneously and where d,.m € B. We may suppose that

the equation is of minimal degree r. It follows that D, % 0, hence rD, = 0,
and therefore A4, cannot satisfy the equation

Dy + 2Dox 4 ... + rDyxr-1 = (.

Put
Dg(xlO: ceey xl,r-—la xl,r—l—l: ooy L1ty X220, .. sy LAty veay Lp0s ooy SCnt)
= 2 o @8 2Tl Lol Ll L ol
and

f(x]_(), .oy x]_t, .’1:20, P th, "oy .’L‘»no, v ey xnt)

def

r
— 2 DQ(QS]_O, ooy Ky r—15 Ly, 2415 c o0y L1g, L20y eooy LBty vowy Xp0s =«xs xnt)xgr.
¢e=0

Then f(xio0, ..., Z1s, 220, ..., Z2g, --.) Tno, -.., Tpe) represents a polynomial over
R with

f(-Al:- R Al(t): AZ: v ooy Az(t): R -A-'n: ~eey An(t)) = 0
and

b?ltf (Al, ey Al(f’), A_z, e Ag(t), ‘e An, e An(t)) = ().
1t

But this contradicts the assertion of our preceding lemma.

Remark. A fortiori we have for t=0, 1, ..., ¢t: 4,® is transcendental
over the ring

B4, L, A1, A, oo, A®, . Ay, ..., 4,07,
generated from R by

A TTY L A1®, ds, L, As®, L Ay, .., Ap®.

7.  We now come to the proof of our Theorem 2.2, mentioned in section 4.

Proof. Let k denote an arbitrary iteger from the sequence 1,2,..., n.
Then clearly for m — oo

Q] = O(|Oy|) fOr e =k+1,k+2, ..., n,
[@xm| = O(|bm—1]), log |bm—1] = 0 (log |bml).

Therefore we can apply lemma 7 with
Ap, A%, ..., Ax®, Apq, A£+1, ey A}ﬁkl, ey Ap, 447, ..., A, @
instead of

Al: A].,: vy Al(t), AZ, A2,, * .oy Az(t), «vesy An, An,’ coes A,n(t)'
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It follows that A4;™ is transcendental over the ring
R[A"TY, ., Ae®, Agia, ..., APy, ooy Ay ., A O],

This i1s true for k=1,2,...,n; 7=0,1, ..., L.
flence, according to lemma 1, the elements

Alp ERE Al(t)p AZ, cos g Az(t), «v oy A-n, ey An(t’)

of F' are algebraically independent over E.

Finally we remark that Theorem 2.1 is a consequence of Theorem 2.2,
The proot is almost identical to the proof which we derived for Theorem 1.3.
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CHAPTER III

m

1. Let f(x)= I a,2* be an arbitrary polynomial with complex coefficients
0

po=
and with leading coefficient a, = 0. We denote its height by H(f)=
max (|aol, |ai|, ... ,lan|). If « is an algebraic number we define its height

H(x) as the height of the minimal polynomial of «, the coefficients ot
which are integers and relatively prime.

BomBiERI [3], in 1958, proved the following theorem:

Let « and B be two different algebraic numbers which are not
conjugates of one another and are of degrees m and n», and of heights

H(x) and H(B), respectively. Then
o — B| > (4mm)=3mn H(x)-mH(B)=™.

MAHLER [7] generalized this result to a theorem concerning the zeros
of two polynomials with arbitrary complex coefficients. He obtained the

following result:

Let f and g be two polynomials with complex coefficients, of degrees
m and n, and of heights H(f) and H(g).

Let « be any zero of f, let § be any zero of ¢, and let R(f, g) denote the

resultant of / and g.
Then

either |x—pf|>1

or |x—f|>{(m+1)2(n+ 1)2mamnc(f, gyme H(f)nH(g)m}=1|E(f, g)|,

where ¢(f, g)=1 when at least one of the polynomials has only real zeros
and where otherwise c¢(f, g)=min (m+1, n-+1). MAHLER also obtained
a lower bound for the difference |x; —xs| of distinet zeros «; and xs of a
single polynomial. He proved in this respect:

Let [ be a polynomial with complex coefficients, of degree m and of

height H(f). Let x1 and xs be two different zeros of f and let D(f) denote
the discriminant of f. Then

o1 — oxe| > {(m + 1)Amdmc(fym H (f)2m=1}1~1 |, D(f)],

where an denotes the leading coefficient of f and where ¢(f)=1 when all
zeros of f are real, while otherwise c¢(f)=m+ 1.

Our purpose in this chapter is to obtain in analogy with MAHLER’S
results theorems with respect to polynomials over a field F with a non-
Archimedean valuation and satisfying certain conditions. The heiwght of a

polynomial can again be defined as the maximum of the valuations of its
coefficients.
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In the case of a complex field the results obtained by MauLER have
been sharpened by GtriNg [5], but we have no results in that direction.

2. In the sequel let F be a field with a non-Archimedean valuation. We
suppose 1n the following that there exists an arithmetical function ¢ with
p(n)=>1 (n=1, 2,...)and with the property: forany nelements ay, a-, ..., a,
of F' there exists an element 4 of F with 1<|4|<g(n). |a, —A| =1
(v=1, 2, ..., n).

In such fields the theorems of MauLER have the following analoga:

Theorem 3.1. Let
]t(:lj) *—"—"mem aﬂyn—lﬁ:?nml "I"‘ . ow e ““‘"l‘”"" (Zo, Clm # O,
Q’(.CU) mb%x’n +bnm1£{3”“1 T e . bo,, Z”)»n = 0,

be two polynomuals over F of degrees m and n, and of heights H(f) and H(qg).
Suppose that f has exactly m zeros «i, as, ..., axm and g exactly n zeros
B1, Pe, . .., Bn wm F. Assume that the resultant R(f, g) %) of f and g does not
vanish and set

A(f, 9)= min |x, —f,].

s pssm
lssvsim

Then
esther A(f, g)=1 or A(f, g) = @(m+mn)-2meH(f)-2H(g)~™|R(f, g)|.

Theorem 3.2. Let

f(.’L‘) = QXM+ Q2™ 14 .00t ag, Ay # O,

be a polynomaal over K of degree m =2 and of heiwght H(f). Suppose that
[ has exactly m zeros «xi1, &s, ..., axm tn F. Assume that the discriminant
D(f)5) of f does not vanish and set

A(f)= min |x,—«,|.
1l u<vrssm
Then
A(f) > g(m)-Cm*2m+D H (f)~@n=|an D(f)|.

4) R(f, g) 1s an element of #, as follows immediately from the determinant-
form of the resultant

l Qm Q-1 Qo 0 0
O sz dm -1 o O
.R(f, g) _ O 0 Cm m ~1 o
bn bn»—-l bO 0
0 bn bn-—-]_ b(] 0
O - » o 0 bn bnwl s » w b()

5 D(f) is an element of F, as follows immediately from the relation
4+ am D(f)=R(f, f’), where R(f, f') is the resultant of f and f.



wolvnomials over F. then the condition that
A, must be contained in £ 18 1n general
swur theorems can be applied by taking
and extending the given valuation of

1.._1I'

By hvpothesis there exists for the m elements ~y, ao, ... ap and the

to
n elements pr. po. ..., fp of F an element 4 of F with 1< |d|<¢(m +n)

ﬁt * {w ’fﬁi} pa *H‘ {{ af H & 11 d, { ; éuﬁ § ********* o S‘ bw & mﬁ? (ﬂ i) k == {{ L - b 7 * i b ’?’é)

are pmﬁww’wmmﬂh over F with zeros x,*=a,—4 (u=1, 2, ..., m) and

£33 D &, o E S 4 - s
( M ) % .X : E 4# -} { éwgr " E 9 ﬂﬂE ﬁ; LI ?}(@) L i ﬁ E {;’ E. % M " “« & = " féi) »

{:! h—h &!FE }F
¢ -. # . IIII e E G i
-h I. | é o !gg IPIRTA- = T MLt t ml a’ ‘

By hypothesis the resultant

T8 i

R(f, g)=amrby™ I 11 { — B,) = b, ™ ]“[ ] [ ( — B,*)

el owes ] prwsl o=

of f and ¢ does not vanish, thus the minimal distance /(f, g) between the
zeros of [ and g i1s difterent from zero. Moreover A(f*, g*)=A(f, g).
We choose the notation such that

A(f, g) = |

assume, without loss of gmlemlity, that
J(f,, g) w EM _— ﬁjﬂ == §m1$ wﬂl*[ < 1.




29
Hence, since |x1*|>1 by (2),

o™ — 1| <™,
so that

(3) B =™ — (™ = f1%)| = max (1], a1 —fr*]) = xr*].

Since dp™ =dm, bp™ =0b,, we may write the resultant in the form

(4) R(f,g)=apn™ 11 g:k(aﬂ*)*
(=1
We have
g™ (o1™) =0p™ (1™ )"+ by _ 1 (x2®)? 1. L+ Do,
g™ (B17*) = bn™ (B17)" + 05 (Br™)* 1 + . +bo*--—--0-
Consequently
!9*(&%1*)1-“!9*(&1*)** *(ﬁ *)
= [0n ™ {(x1™ ) — (™)) + b5 { (™)L — (B )1} 4 L bt (™t — 1Y)

= [ba™ {(e1™)"~ 1"""'|"’ (C’*’«l )P TEBL A o (B ) (B )
+b:“1{(“1*)””2+(’9‘1*)”’"361*+ o “‘{“‘“1*(;81 )n«--~3+ (51 )n%ﬂ
e i bl*"l‘xl*“"’“ﬁl*l
< max (|b* |ar*[EB*P0)Af, g).

i 20
It follows from (2) and (3) that
(5) g™ (™) [ < H (g ) |xa™ [ A(f, 9);
By (2) we have for u=2, 3, m
(6) A CHIE _% 0, (o, V| < H(g™) o™ [

From the definition of g* we derive

z b *x = 2 b(x+ A),

p == ()

b’l’* mbv “i"" <v+ l) Ab‘v—}-l ’““{“‘ . o » "!" ( " ) Anmwbn

1 N — v
(»=0, 1, ..., n).
Moreover |A|>1, so that, using the non-Archimedean character of the
valuation,

hence

6,*| < |A|"H(g) (»=0, 1, ..., n),
hence

(7) H(g*)<|4|"H (g).

Similarly we get
(8) H(f*)<|4[™H(f).
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3

L or A(f, g)>q@(m+n)-2meH(f)-2H (g

heorem 3.2.

gon of a lemma of SIEGEL (compare

MAHLER [7], p. 2561 and 252, lemma 2):

Lemma.

then H(G) <[

Proof.

Solving for —dy, —dy, .

') o

From the definition of G(x) we obtain (putting d_,=d,, =0)

d,_,—od,=a, ., m).

MNQ e INax U&E}L Ei’flgg * ,!CL

all denote f' by g, hence

209 + . . .+ MAyE™-1
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so that clearly

(11) H(g) < H(}).

By hypothesis there exists for the m elements X1y, X2, «.., Xy Of K
an element 4 of F with 1< |A] <@(m) and such that

(12) x, —A|>1 (=1, 2, ..., m).

Then put

. F)=Hx+4), g*(@)=g(x+A)=Ff (x+ A),
so that

f*(a;')::.—_-- Ea’;a*xﬂ
=0

1S & polynomial over F# with zeros x, =x,—A (u=1,2,...,m).
Hence, by (12),
(13) o, | =1 (u=1, 2, ..., m).

Clearly «,* —o,* =, —u,.
By hypothesis the discriminant

D(fy=azr=* I (x,—o=aZ"* IT (o,*—a,*)?
lspu<rssm Isu<vsim

of f does not vanish; thus all m zeros of f are distinet and the minimal
distance A(f) of these zeros is a positive number. Moreover A(f*)=A(f).
We choose the order of the zeros such that A4(f) = |x; —x2|. As in the proof

of Theorem 3.1 we obtain
H(f*)<|4|™H(f), H(g*)<|4|m1H(g) (compare (8) and (7)).
It follows then from (11) that
(14) H(g*)<|4A|m1H(g) < |A|™-LH().
Since the definition of f* implies an* =an, we have

*(x) =am(®x—o1™) (x—x2™). .. (x—cxm™).

Put 6)
G (ac)mafm(x-—ocg*) (chx3*). . .(::v-—-—-—-cxm*),
Kx)=ap(x—ou3™) (x —xa™).. . (x—xn™),
so that
_ (=) _ G(=)
G(x) T .7)""“061* 3 .K(.’L')-—-—- IL'“""CXg* .
According to the lemma derived at the beginning of this proof, we have
H(K) < H(G)< H(f*).

6y If m=2 we put K(x)=0amn.
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5. This section contains some simple applications of Theorem 3.1 and
Theorem 3.2.

a) Consider the field F of formal Dirichlet series over the field of
complex numbers. An element of F has the form

where the coefficients a; are complex numbers and the “exponents’™ 4; are
arbitrary real numbers subject to the condition 4;] --co. OSTROWSKI [8],
Satz D, p. 120, has shown that the field F is algebraically closed. More-
over I’ has a non-Archimedean valuation, defined by

D|=0 if D=0, |D|=e"% if ag # 0.
If

P(m) ED-m:UTn '"‘“‘"‘}"’“" Df;nmlmmml + * - . ‘+‘ .Z)()
is a polynomial over F, then we can define its height H(F) as

H(P)= max |D,].

w=0,1,.... M

Let D1, Do, ..., Dy, be an arbitrarily chosen finite set of elements
from F'. Let b1, bo, . . ., b, denote the “‘constant terms” in Dy, Ds, ..., Dy,
i.e. the coefficients belonging to the exponent A;= 0 in the Dirichlet series
(put b;=0 if such a term does not occur in the series). We can find a
complex number a s 0, different from b1, b2, . .., by. Then the constant
term in any of the Dirichlet series

Di*W'_D@;WCL*GO'S (:ml, 23 e e e 4 *n)

does not vanish and therefore the exponent of the leading term 1s negative
or zero, hence
D;*|>1 for e =1, 2, ..., 7.

From this it is clear that the conditions for the field /' stated i section 2
of this chapter are satisfied in our present case, since A =a-¢%% and thus
p(n) = 1. Hence we are in a position to apply Theorem 3.1 and Theorem 3.2:

Theorem 3.3. Lel

P(ﬂ':) L"S?nmm' “+’Smmlx?HM1 + ... ”}-SO,& SWZ = On
Q(.%')ET%&J” "l""Tn-—-]_:Enml ‘l"‘" . s o _}._, TO: T'??f #’ O:ﬂ

be two polynomials in x of degrees m and n over the field F of formal Dirichlet
series and with heights H(P) and H(Q). Let the Dirichlet series o1, 62, . . ., Om
and T1, T2, ..., Tn be the zeros of P and Q, respectively. Suppose that the
resultant R(P, Q) of P and  does not vanish and set
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Therefore, using H(f*) < |A|mH(f),
(15) H(K)<|A|m™H(f).

Since  g*(x) = (f*(2))" = am{(x —x1*) (x—a2*). . . (x—am™)}" ?), we have
for Mm ) 23 N {7

7 (3,) = (= 1Y am(an* =, ). (3 = %) (% = ) - (@ — am®),

so that

m
g¥(x,*) = (—1)imm-Dg,m I (x
1

1< u<r<im

‘M»k _____va*)g'

Mm

It follows that
(16)  D(f)=azr* II (2, —,*)2=(—1)mm-Dgm=2 JT g¥(x *).

1< pu<v<im p=1

From the definition of K(x) we obtain
K(x1®)=am(oca™ —ax3™). .. (01™ — ™),
so that, since A(f*)=A(f)=|o1* —xa™*],
(17) 9% (1)) = A(P) | K ()] = A(F) K (02*) .
The simple method we used in the derivation of (6) gives here
' K (*)| < H(K) o * =2
Hence, by (13) and (15),

(18) K (a1 ™) < [A|mH (f)|oa* |2 < |A|mH (f) |1 * |1,
Therefore, by (17) and (18),
(19) g% (™ )| < AN A|™H (f)|oxy * |1

Again using the method applied to the derivation of (6), we obtain
for u=2, 3, ..., m, by (14),

(20) 97 (o, ) <H(g7) v, * |1 < | A[™=LH (f)ox,* |1,

Since  |amx1*oe™ . . an®| = |ag*| < H(f*)<|4|™H(f) by (8), we have, by
(16), (19) and (20),

anD()] < am|m-1A(f) A H(f)]ocr* |71 A om0 H (fym=1{s5* . . . stp*|m=1
< A(f)|A4 |2m‘"--2m+1H(f)2m--1’
hence
A(f) > |A|-Cm =2m+D) H(f)-@m-1)|q, D(f)|.

Moreover 1< |A|<p(m), so that

A(f) > p(m)-@m'=2m+D H (f)=@m-D|q, D(f)|.

N

‘) We use the relation (f(z+A4))'=f(z+4).
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5. This section contains some simple applications of Theorem 3.1 and
Theorem 3.2.

a) Consider the field F of formal Dirichlet series over the field of
complex numbers. An element of F has the form

oG
D = z aze= s,
i=0
where the coefficients a; are complex numbers and the “exponents’ 4; are
arbitrary real numbers subject to the condition 4;7} 4+ co. OSTROWSKI [8],
Satz D, p. 120, has shown that the field F is algebraically closed. More-
over F has a non-Archimedean valuation, defined by

ol
i

If
P(x)= Dyxm -+ Dpyqxm=1 4 .+ Dy

is a polynomial over F', then we can define its height H(/’) as

H(P)= max |[D

t=0,1,....,. M

,ul"

Let Dy, Do, ..., D, be an arbitrarily chosen finite set of elements
from F'. Let by, bo, . .., b, denote the “‘constant terms’ i Dy, Do, . . ., Dy,
i.e. the coefficients belonging to the exponent 4;= 0 in the Dirichlet series
(put b;=0 if such a term does not occur in the series). We can find a
complex number a # 0, different from b1, bo, . .., b4. Then the constant
term in any of the Dirichlet series

D;*=D;—a- -e%% (?:ﬁl, 2, ..., n)

does not vanish and therefore the exponent of the leading term 1s negative
or zero, hence
lDi*lgl for iml, 2,, e e w4 N.

From this it is clear that the conditions for the field ¥ stated in section 2
of this chapter are satisfied in our present case, since 4 =a-e°¢ and thus
p(n) = 1. Hence we are in a position to apply Theorem 3.1 and Theorem 3.2

Theorem 3.3. Let

Px)=8pxm +8Sp_12m1+ ... 4+80, Sm # 0,
Qx)=Txr? +Tpax 14+ ... +T T, # 0,

be two polynomials in x of degrees m and n over the field F of formal Dirichlet
series and with heights H(P) and H(Q). Let the Darichlel series o1, 02, . . ., Om
and Ti, To, ..., Tn be the zeros of P and @, respectively. Suppose that the
resultant R(P, Q) of P and @ does not vanish and set

AP, @)= min |o,—T,
1sspussm
1svrsen

»
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Then

either A(P, Q)>1 or AP, Q)>H(P)~"H(Q)~"|R(P, Q)|.

Theorem 3.4. Let
P(;‘l?) msmmm "'{""“S?nmlf»vﬂ?’ml’{‘ .« o o "“*“‘SO, Sm 3# O,

be a polynomial in x of degree m >2 over the field F of formal Dirichlet
serives and with hewght H(P). Let the Dirichlet series o1, o2, ..., om be the
zeros of P. Suppose that the discriminant D(P) of P does not vanish and set

A(P)= min |o,—a0,l.
1=<Su<<vyssm

A(P) > H(P)-Cm-D[S, D(P)].

Then

b) In the following example we consider the field & of formal Puiseux
series over the complex numbers

oo
(21) P= 3 cp2
k=1

Here for every series p is a fixed positive integer, I a fixed arbitrary
integer. This field is 1somorphic to a subfield of the field of Dirichlet
series considered above. In fact, by substituting

z=e""
and by setting
L+

Cli+i = Uj, mﬂ»g (%""—--“—“—O, 1, . .),

we obtain from (21) the Dirichlet series

00
z g e~ M8,

v =0

Clearly in this context the valuation of the series P must be defined

as follows
Pl=01f P=0, |P|=e""? if ¢ # O.

By restricting ourselves to the Puiseux series (21) with p=1 we get
an even smaller subfield: the field of formal power series over the complex
numbers.

Notice that the valuation given above is the same as the valuation

given in Chapter 1I, section 1, for a formal power series in the case of
the field of complex numbers.

Now let w=w(z) be an algebraic function of the complex variable =z.
Then w satisfies an irreducible algebraic equation

m
(22) > a,w”*=0, a, # 0,

p#=0

where the @, are polynomials in z over the field of complex numbers.
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he algebraic function w satisfies an irreducible equation of degrees n
s andd f (0 SECO mﬁ algebraic function v satisfies an irreducible

I hin z, then the Puiseur serves wy — vy cannol
{ M MM r power i’?j z than zkn+thm,

In a similar way we can apply the left-hand side
of (23) 18 an irreducible polynonual, its (ﬁ,ismrim inan t .U does not vanish.
On the other hand it is clear from the determinant-form of un™ ) (compare
e.g. foot-note 4) that ax*0) 1s a polynomial in z-1,
as a formal power series must satisty

(26) am* D

{ :3 6 E 5 th@? fi}gj OW iiﬁ

Hence 1ts valuation

We now get, using

Theorem 3.6. Let w be an algebraie function of degree m > 2 and of

height H(w). Let wy and wq be two different Puiseux series at the origin of w.

Then

wy — wa| > H(w)~@m-1),

Since H(w)=e¥, this result can be put into the form

wy — we| > e~ k@mM-1)

In WH"W r g

m i?: a nw wwd k i z, H@ en Hw Pmﬁse UL Series wy —ws CAnno ga g eqgin 1 {, g ;2 m
higher power of z than z¥@m-1),

It is possible to generalize these results by considering the finite algebraic
extensions ot the field of rational functions over a field of characteristic

zero. It is well-known that for these more general algebraic functions

the ““Theorem of Puiseux” also holds (compare e.g. EICHLER [4], p. 134).

We have suppressed this, since the theorems become quite complex.
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6. Finally we shall give an application for the field Q, of p-adic
numbers.

Theorem 3.7. Let
]((l) = ApX™ +Apm— ™14 D00+ ap, am # 0,

g(x)=0px? + by x4 ... +bg, bp # 0,

be two polynomials over Q, of degrees m and n, and of heights H(f) and
H(g). Let @ be a finite extension of Q, such that f and g both resolve into
linear factors in @D[x]:

f(x)=am(x—o1)...(x—0cm),

g(x) =bu(x—pF1)...(x—Fr).

Let |y|p denote for any element vy of @ the valuation of vy, if we extend the
p-adic valuation of Qp to @. Suppose that the resultant R(f, q) of [ and ¢
does mot vanish and set

A(fn g)= min !m,u — Pyl p-

1= pssm
1=svr<Cn

Then
cither A(f, )1 or A(f, g)=> H(j)""H(g)~"|R(f, 9)lp.

Theorem 3.8. Let

f(x)m&mxm+ammlxm“.l+ ¢ . . +a0: 2277 ""'“?é O:

be a polynomial over Qp of degree m > 2 and of height H(f). Let @ be a finite

extension of Qp, such that f resolves into linear factors in DP[x]:

() =ap(®—o1). .. (x—xm).

Let |yl|, denote for any element y of @ the valuation of y, 1f we extend the
v-adic valuation of Qpto @. Suppose that the discriminant D(f) of [ does
not vanish and set

A(f)= min |x,—x,|p.
1S u<<vysim

Then
A(f) = H(f)~Cm=D]anD(f)|p-

For the proof we consider a field # with a discrete valuation, so that
the value group Vg consists of an infinite cyclic group.

We shall now use several results contained in e.g. ARTIN [1], Chapter 111.

Consider the set of elements x € F such that |«x|< 1. This set 1s a ring
R, called the ring of integers. For a unit ¢ € R clearly |¢|=1.

The set of elements « € R, such that |x]| <1, forms a maximal i1deal m
of R (ArRTIN [1], p. 49, 50), hence the residue class ring R/m is a field,
denoted by F.

From now on let F' be complete with respect to its discrete valuation.

Let E be a finite extension of F of degree (& : ') =s. Hereby the valuation
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of F' is uniquely extended to £ and E is complete under the extended
valuation (compare e.g. HASSE [6], p. 175).

Apparently £ has again a discrete valuation, since for any « € £ with
norm N«

x| =\ | Nal.
We denote its value group by Vg.
The index

is called the mmiﬁoation index of this extended wvaluation.

Let, more specially, Q, be the residue class field of Q,, then Q, =~ the
residue class field mod p with representatives 0, 1, ..., p—1 (ArRTIN [1],
p. 54).

Let £ be a finite extension of Q, of degree (#,: Q,)=s. Let K, be the
residue class field of B with respect to the extended valuation. We may
consider H, as an extension field of Q,, as there is a natural iIsomorphism
of the residue class field Q, into the residue class field B, (ARTIN [1],
Theorem 3, p. 50). We denote the degree of this extension by (£,: Q,) =/

Ep is a finite extension of Q,, i.e. B, is a Galois field with pf elements
(compare e.g. VAN DER WAERDEN [9], p. 128).

Since Qp has a discrete valuation, we have ef =s (ARTIN [1], Theorem 6,

p. 55).

Now we prove the following lemma.

Lemma. Let xi, g, ..., an denote elements of £,, then there exists
an element A of E, such that

x,—Alp=>1(v=1, 2, ..., n), 1<|d|,<nl/s.

Proof. We may suppose that at least one element «, differs from zero.
Choose in Q, an element » with maximal valuation <1, hence 7] p =p1,

and a similar element /7 in E,. It follows from the definition of e and the
choice of = (compare e.g. ARTIN [1], p. 55) that

L1, = |7l3/* =p~e.

Ep is a complete field with a discrete valuation. Therefore we have the
following unique development into a power series for each element o of Ky

6 =Copll=®+c g IT K14+ || +cot+cr T+ colT2 + .

where the coefficients ¢; are taken from the residue class field E, (ARTIN
[1], Theorem 5, p. 53).

Choose the positive integer %k such that

max |x,|p<|[I] %
v=1,....M
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then we have for v=1, 2, ..., n
0y =Cyp oy LLEtC g g JITF L g, e, IT Ao IT2 . . ..
Consider the set V consisting of all elements
Xmu_.t H”'t-l—%--t-{-l H“t+.1+ /| [1-1 -+ UQ, Ui E Erp,

such that the non-negative integer ¢ satisfies the inequality

(27) P <n < pE+Df,
For each element of V we have
X|p>1.

For each w; there are pf possible choices. Consequently V has pf(¢+D)
distinct elements. We may suppose k>¢t. It follows from (27) that the
number of elements of V exceeds the number of the «,’s. Thus at least

one element of V is incongruent «, mod I7 for v=1, 2, .... n. Denote
by A such an element X, then |A4|p,>1. Moreover |x,—A|,>1
(v=1, 2, ..., n). For assume that |«,—A4|,<1.
Now

oy =C_p AL %4 .. Hc_, I+ ... +cy+c, [T+ ...

A: u-—t”“t—l}"...*i"u()-
It follows that ¢_; ,=...=c_,_, ,=0,¢c_,,=u—, ..., Cy =1, 80 that the
coeticients of [/-¢, [I-t+1, ..., IT-1, 1, respectively, would be the same

in the development of «, as in the development of 4, contrary to the
choice of A. Since A4 is an element of V, we also have

I‘A'IZ? < IH’;tmpt/emptfwfmptf/SQnl/S_

This proves our lemma.

Now consider the polynomial
(28) h(z) =% —p,

where k denotes an arbitrary positive integer.

We assert that this polynomial is irreducible over Q,. For the proof
we use the following generalization of Eisenstein’s irreducibility criterion
(compare e.g. VAN DER WAERDEN [9], 2. Aufgabe, p. 266):

Let F denote a complete field with a non-Archimedean valuation,
m the maximal ideal in the ring of integers with elements a such that
la| < 1 8).

If in the polynomial

h(x)=aF +agp—12% 1+ ... 4ao

the coefficients ag, a1, ..., ar-1 are contained in m and if moreover ag
cannot be factored into two elements of m, then A(x) 1s irreducible over F'.

8) This condition is equivalent to w(a)>0 in the exponential valuation used
by VAN pER WAERDEN loc. cit.
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In the special case F'=Q, the maximal ideal m consists of all p-adic

numbers such that |alp,<p~t.

If a p-adic number ao can be factored into two elements of ni, then
ol p < p~2. Applying the irreducibility criterion to the polynomial /4(x),
defined in (28), we find that it must be irreducible over Q.

Let » denote a zero of (28), then « is algebraic of degree k over Q.

[t is our intention to prove Theorem 3.7 and Theorem 3.8. In the

first theorem f and ¢ are polynomials over Q, and @ is a finite extension

of Q,. Now we adjoin the zero « of (28) to @. In this way we obtain an
extension £, of Q, of degree s>=*k.

Applying our lemma, we find that to every set («i, a2, ..., &) Of 7
elements contained in X, there exists an element 4 of £, such that

1< |A|p<nlls, |x,—Alp>1 (v=1, 2, ..., n).

Since this condition for the field £, is satisfied, we are 1n a position
to apply Theorem 3.1 in the special case F=H,, ¢(n)=nl/s. 1t tollows for

A(f: g)m min [“u_ﬁvlp

1S pussm
1SS

that
either A(f, g)>1 or A(f, g)> (m +n)=2mnis H(f)=72H(g)~™|R(f, g)|p-

However we can take the positive integer £k, and therefore s, arbitrarily
large. 1t follows that

either A(f, g)>=1 or A(f, g)=H(f)""H(g)"™|E(f, 9)|p>

which proves Theorem 3.7.

The proof of Theorem 3.8 is quite similar and is therefore omitted here.
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VON

ht
EWM van hw vunﬂmmm en met @hh elge nwh ap. &.jﬁ_éﬂi {;M whwmwfam:w van
elke emdige deelverzameling algebraisch onafhankelijk zijn t.o.v. het
lichaam der rationale getallen. De elementen dezer verzameling,
Von Neumann-getallen, worden voorgesteld door

. " oy 6 E?“’ﬁm & | ,.__
A,= > 22%°-2" yoor iedere p > (.
Y == ()

Het bewys van VoN NEUMANN is een uitbreiding van de methode.
door LIOUVILLE geblmkf om het bestaan van transcendente getallen aan
te toonen door middel van snel convergeerende recksen met rationale
termen. Het is eenvoudig in te zien, dat ieder Von Neumann-geta
tevens een Liouville-getal is.

Het doel van Hoofdstuk I van dit proefschrift is in de eerste plaats
het hewij 3 van VON NEUMANN ZOOVWE l.m)geli]?

,.,.s

van het lichaam der reéele getallen in het klassieke geval In onze theorie
door een compleet gewaardeerd lichaam wordt overgenomen. Wij be-

rrrrrr

perken ons tot het geval, dat op grond van de gebruikte waardeeri Ing
slechts als waarden niet-negatieve reéele getallen worden toegelaten.
Voor de waardeering van een element a zullen wij steeds de notatie la
w‘@h"ﬁ‘mkﬁn

Hoofdstuk II breiden wi] deze methode nog verder uit door

elementen van een cewaardeerd differentiaallichaam te beschouwen. In
r methode van

een publicatie van 1959 heeft KorLciN de eenvoudige
L1oUVILLE reeds uitgebreid tot het geval van een gewaardeerd differentiaal-

lichaam en wij kunnen eenige zijner lemma’s voor ons doel gebruiken.

In ons laatste hoofdstuk vatten wij een ander probleem in het oog,
dat zijn oorsprong vindt in een door BRAUER in 1929 verkregen resultaat.
Dit luidt als volgt:

Laat a een vast algebraisch getal van den graad m zijn. Er bestaat

dan een positieve constante C, die alleen van x afhan,

ot en waarbi) voor
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elk algebraisch getal #+# x van den graad n en met de hoogte H(f) geldt:

x— ] =CnH(B)m.

Men zie voor de definitie van de hoogte van een algebraisch getal
Hootdstuk IIIL, § 1; ook wordt daar de definitie van de hoogte van een
veelterm gegeven.

Later werd deze stelling eerst door BOoMBIERI en daarna door MAHLER
uitgebreid.

MAHLER beschouwde twee veeltermen f en g met complexe coéfficiénten
en met resultante R. x zij een nulwaarde van f en f een nulwaarde van ¢.
Voor |x—pf] werd nu door MAHLER een ondergrens bepaald, waarin R,
de graden en de hoogten der beide veeltermen f en g optreden. Bovendien
gat hi} een overeenkomstig resultaat, indien « en g voldoen aan dezelfde
vergelyjking f=0.

In Hootfdstuk III onderzoeken wij, waar de theorie van MAHLER toe
leidt, als w1 nulwaarden beschouwen van veeltermen met coéfficiénten
uit een niet-Archimedisch gewaardeerd lichaam F, waarbij aan zekere
voorwaarden moet zjjn voldaan. Dank zij het niet-Archimedische karakter
van onze waardeering, worden de uitkomsten eenvoudiger dan in
MAHLER’S geval.

Ons verststrekkende resultaat in deze richting wordt verkregen door in
het biyzonder veeltermen met p-adische coéfficiénten te beschouwen. In
dit geval vinden wij het volgende resultaat (vgl. Stelling 3.7):

Laten f en g twee veeltermen zijn met p-adische coéfficiénten, van den
graad m resp. n en met de hoogte H(f) resp. H(g). Laat @ een zoodanige
eindige uitbreiding van het lichaam Q, der p-adische getallen zljn, dat
zoowel f als ¢ in een product van lineaire factoren in @[z] kan worden

ontbonden:
(@) = am(@x—o01) ... (x—xm),

g(x) = On(x—p1) ... (x—fn).

Laat [y|p voor elk element y van @ de waarde van y aangeven, indien
wy de p-adische waardeering van Q, tot @ uitbreiden. Veronderstel dat
de resultante R=R(f, g) van f en g ongelijk aan nul is en stel

A ~— Il"lin lmﬁmﬁvlp.
1 pssm
1S v<n

of A>1, 6f A>H(f)~"H(g)-m|Rl,.

Dan is
Er is een overeenkomstig resultaat voor twee verschillende nulwaarden

van een enkelen veelterm met p-adische coéfficiénten (vgl. Stelling 3.8).

Wi merken op, dat alle lichamen, beschouwd in dit proefschrift,
commutatief zijn.

Ten behoeve van den lezer zijn wij meer in byyzonderheden getreden
in de inleidende paragrafen der diverse hoofdstukken.



