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combination of these two alternatives
vl = At 4 (1 - M)

The choice of X is still undecided. E.g., A may be chosen so that the mean value
of the four virtual states v'*1, Vm € K(i,j) equals qf’j (as in the restriction
of the fine-grid solution). This gives for A

qﬁ,] ] 4 ZmEK(z])( )l+1

§ Zmek(ip (@t = (@)t

Another choice may be given e.g., by requiring that for the eastern cell
faces, 8Q21+1 2j,E Y 6Ql 21+1,2j+1,E C BQI+1 the numerical fluxes satisfy

A_

l 1+1 +1 1+1 l+1
Fz] ksz J.k T F2z+1 25, ES2i+1, 25,F + FQH—I 27+1, ES 2i+1,254+1,E"

From this requirement A may be solved numerically. The implications of these
choices require further investigation.

4.5.3. A-posteriori estimation of the local discretisation error in
two space dimensions. Here we extend the method for estimation of the
local discretisation error to the case with two space dimensions. We only
consider first-order accuracy. In this case we only have to consider the con-
tribution to the local discretisation error due to the reconstruction phase of
the discretisation. The other contributions are all second-order. Extension to
second-order accuracy is straightforward, although it involves more tedious
calculations.

Similar to the one-dimensional case, we define the relative local truncation
error by

INES
{rhald* Oy = o {INE T e,

Al
—{Rf+1Nl+1<ql+1; ql) i,]} ’ \V/(Z,],l) € If‘

For ¢™ = szq, m=10-—1,l,l 4+ 1, and assuming exact approximation of the
right-hand side, the relative truncation error is (cf. (4.4.2))

—l+1 B+l !
TR g =R"" 1 (g) - Ripamt(g) + O(RFT).

Also for the two-dimensional case we split the local discretisation error
7!(q) in a part 7!(q), the local truncation error if the cell would be part of a
locally uniform grid, and a perturbation, 7} (g) due to the fact that the cell is
a locally non-uniform grid cell, i.e.

H(q) = 74(q) + T (q).
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The perturbation 7.(q) vanishes if the cell is part of a locally uniform grid.
We denote estimates of the local discretisation error by a tilde over the sym-
bols. Then, the uniform and non-uniform part of the local discretisation error
are denoted by 7!(g';¢'~!) and 7!(¢';¢'~1), respectively. Hence, we use the
estimate

(4.5.4) 7(q) =7u(d ¢ ) + 7ld's ¢ ).

The uniform part. The uniform part is estimated by extrapolation. This is
similar to the extrapolation given in (4.4.15) for the one-dimensional case. We
have for the uniform part

. i =
(4.5.5) 7,7 (¢ ¢') = ﬁpl“ (Tzl+1(ql+1) + R 7t (g ql)) :
For the operator P' : X(Q*) — Yl(ﬂl) the piecewise constant interpola-
tion can be chosen, which for a sufficiently smooth ¢ € X(Q'*!) satisfies
(cf. (4.4.7))

Pl+l§§+1ﬁl+lq = Rlﬂq + O(h).

The non-uniform part. The non-uniform part 7. (q) of the local discretisation
error is estimated by considering the terms appearing in the expressions for
the local discretisation error, as found with the Taylor series expansions. An
expression for the contribution of the reconstruction to the local discretisation
error is given by (2.4.35). We are only interested in the reconstruction error
Ti,j,ka appearing in the first term of (2.4.35), because all other terms give
higher-order contributions to 7! (assuming a consistent discretisation and a
reconstruction that is at least first-order accurate). The left and right states
(qL)ﬁ’]-,,c and (qR)ﬁ'j‘,c can also be written as the sum of a part from a uniform-
grid situation and a perturbation due to the locally non-uniform grid. We
define

(qL)é,j,k = (‘Izll)i,j,k + (Q#)i,j,k,
(qR)é,j,k = (Qf)é,]’,k + (qf)é.j,k’

With this and with (2.4.35) we have for the non-uniform part of the local
discretisation error

(T)ig = (T)ij = ()i ;

1 OF
(4.5.6) ", 2 { d(qk)e
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where the superscript a denotes the components of the state vectors, and
where summation convention is used for o = 1,...,d. Here, we expanded the
notations in (2.4.35) to its original components, using (¢*)* and (¢®)* instead
of the components (wff)? and wlf = (g%, ¢q®)T. Note that (q#)lw._,C and
(qf)ﬁ_j'k both vanish if the numerical flux Fil’]-‘k, across 8Qli.j’k is independent
of virtual states. To be more specific: (q{;)i,j’k equals zero when the left state
(qL)équ,c does not depend on a virtual state. An analogous statement holds
for the non-uniform part of the right state. Note that contributions from two
opposite cell faces never cancel, since two opposite cell faces never are both
part of the green boundary.

We now consider the eastern cell face 8012”;11'2]-“_}5 C (9ng+1. For the first-
order consistent discretisation we use the reconstruction given by (2.3.18),
Le.

Lyl+1 1
(q )2i+1,2j+1.E = q2i+1,2j+1>

Ryl+1 1
(q )2i+1.2j+1,E = V2i42,2j+1"

Hence, for this situation we have

(4.5.7a)
L\l+1 —
(qn)2i+1,2j+1.E =0,
(4.5.7b)
1 -
R\I+1 I+1
(qn )2i+1,2j+1,E = V2it2,2j41 T 7 /m qdQ2.
I+1 Ywsii2,2541
We assume that F2lj+11.2j+1,E is the only numerical flux for this cell that de-

pends on a virtual state. Substitution of (4.5.1) and (4.5.3) in (4.5.7), and
subsequently substitution of (4.5.7) in (4.5.6) for cell Ql2-:-+1—1,2j+1’ gives

(4.5.8)
1+1
(Tn)2i+1,2j+1 =
1 OF 3 9 I+1 2
i d(gh)e (93— 40 + 95)*hit185141 05418 T O(hita)-
2i+1,2j+1 O\d LA,

We now have to estimate the derivatives appearing in (4.5.8). The esti-
mates have to be first-order accurate only. We assume similar smoothness
conditions as for the one-dimensional case in 4.4.3 and assume this condition
to be satisfied. For the present situation we use the following approximations



(4.5.9a)

(4.5.9b)

(4.5.9¢)
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1 0% 3
2 2 _ 141 1+1
gshiy, = 2 062/ hiyr = R(qu,Zj + a5 2541)
quj
5 I+1 I+1 1 l 3
- 16( 2it1,2) T G2ir1,2j41) T gdi+15 T O(hi41),
0%q
2 2 _ 141 I+1
gshiy, = w@éa—‘ o 1+1 = 924,25 — 92i+1,25
T) 2i4+1,25+1

I+1 1+1 3
— Q91241 T 9i+1,2j+1 T O(Ri41),

2 1 & 2 3 1 1+1
gshiy = 2 an?| hij1 = E(‘hi,Zj + ¢21+1,2;)
qi,j
5 I+1 I+1 1 l O h3
= ﬁ( 9i2j+1 T Toit1,2j41) T 4 i+ + O(hi41)-

These contributions are schematically represented in Fig. 4.5.4. With the

16

516 -1 1

16

1/‘1

/
\
\!
—%16 1 -1 )

a. Estimation of qszh?, ;. b. Estimation of q4h?, ;.
q3hyyq I+1

FIGURE 4.5.4. First-order accurate approximations of the
terms (13h12+1 and q4hf+1; Q5h12+1 is estimated similar to

q3h12+1'

derivatives estimated by (4.5.9), ignoring higher-order terms, we can estimate
7! which itself is first-order, with second-order accuracy. The estimate of o
is denoted by 7..

4.5.4. Local grid refinement based on a-posteriori estimation of
the local discretisation error. With the estimate of the uniform part de-
fined by (4.5.5) and the non-uniform part, defined by (4.5.8) and (4.5.9), and
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with

(4.5.10) =5+

we found a sufficiently accurate estimate 7 of 7.

Numerical ezample of the estimate at an arbitrary green boundary. We study
the estimation of the local discretisation error for a model problem with an
arbitrary green boundary. In order to numerically establish the accuracy of the
estimate of the local discretisation error given above, we consider the same
two-dimensional, nonlinear model problem, already discussed in Sec. 2.5.2,
with exact solution shown in Fig. 2.5.1, given by (2.5.5). We use a grid with
a green boundary at z = 0.5, as shown Fig. 2.5.2. For this configuration, the
local discretisation error is given in Tab. 2.5.3. In Tab. 4.5.1 norms of the

TABLE 4.5.1. Error in the estimate of the first-order local
discretisation error for the situation with an arbitrary green
boundary; results for a model problem.

hr ||7-L - TLHQC‘YL(Qg) “710 - TCHLl,Yc(Q)
3 0.1114e + 01 0.1323e + 01
& 0.2841e + 00 0.3763e + 00
5 0.7222e — 01 0.9709e — 01
& 0.1809e — 01 0.2427e — 01
38 0.4519e — 01 0.6068e — 02
sie 0.1129e — 02 0.1518e — 02

error in the estimate of the local discretisation error are given. Here, 7

the estimate (4.5.10) of the local discretisation error 7, on the finest level L.
The local discretisation error on the composite grid is 7. and its estimate is
denoted by 7.

; ; <L
Note that the maximum norm is on X (Q}), where Q) c Q' denotes the
collection of green cells of the grid on level [. Clearly, the estimate of the
first-order local discretisation error is second-order accurate.

Estimate of local discretisation error used for local refinement. We can use the
estimate of the local discretisation error in a refinement criterion. Therefore,
as an example, we numerically solve the model problem discussed in Sec. 2.5.2,
with exact solution given by (2.5.5).

First we apply in the refinement criterion the straightforward estimation
of the local discretisation error, by extrapolation of the relative local discreti-
sation error, assuming that the discretisations on two consecutive levels of
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refinement are similar. This gives the (inaccurate) estimate

1

_ plitil
2P — 1

l+1(ql+1) ql)v

(4.5.11) #

where P'*1 is piecewise constant interpolation and p the order of consistency
of the equations. This is an inaccurate estimate, since the assumption that the
discretisations on two consecutive levels of refinement are similar, is incorrect.
The grid is obtained by applying the refinement strategy given in Sec. 3.3. A
cell is refined if the estimate (4.5.11) is larger than 1.0. The grid obtained
with this strategy is shown in Fig. 4.5.5. We observe that it does not reflect

innl
Inu

s
M

T

1T

insusses|

17T

InSEEE]

-!-‘[

1T

T

FIGURE 4.5.5. Locally refined grid obtained with inaccurate
estimate of the local discretisation error.

the local discretisation error. Hence, this primitive refinement by application
of (4.5.11) is not effective.

As a contrast we now apply the accurate estimate given by (4.5.4), (4.5.5)
and (4.5.8), in the refinement criterion. We use the same refinement strategy,
with cells refined when the estimate exceeds 1.0. The grid obtained is shown
in Fig. 4.5.6 This grid reflects the absolute value of the local discretisation
error for the first-order discretisation. For the first-order discretisation, the
lowest-order term of the local discretisation error is given by 7! in (2.4.35)
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FIGURE 4.5.6. Locally refined grid obtained with accurate
estimate of the local discretisation error.

and the local discretisation error can be written as

2 I
o _nlo., P10 o
* 9q*9q° dz., Ozs
of ¢ \' )
C! O(h
+ 7,6 aq (9I7(91‘5 ZJ+ ( l)a
where 2, = z and z, = y. Here, summation convention for a, 3, vy and

6 and U, s and C' 0 independent of h;. There is refinement where first and
second derlvatlves of the solution are large (in absolute value) except when the
derivative of the flux vanishes. For the model problem, the flux derivatives are
linear functions of the solution components. They vanish when the solution
components vanish.

We observe that the more accurate error estimate generates correct lo-
cal grid refinements (cf. Fig. 4.5.6), whereas the estimate (4.5.11) introduces
spurious refinements.

4.6. Concluding remarks

For a locally refined grid we have studied in detail a-posteriori estimation
of the local discretisation error for a finite volume, upwind discretisation of a
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one-dimensional conservation law. We have shown how the same estimation
technique can be applied to the two-dimensional case. We consider an estimate
of an O(h]) accurate local discretisation error to be sufficiently accurate, if it
approximates the local discretisation error with O(h’i+1) accuracy.

In the discretisation, for the one-dimensional case we considered two inter-
polations for the computation of virtual states at fine-coarse grid interfaces
(so-called green boundaries). It is shown that, to obtain a first-order accurate
solution, it suffices to use a first-order accurate interpolation to compute the
virtual states. However, this gives zeroth-order local discretisation errors in
the cells neighbouring a green boundary. A second-order accurate interpola-
tion gives a first-order local discretisation error. For both discretisations the
global error is first-order. However, the second-order accurate interpolation
may yield a smoother solution.

It is also shown that extrapolation of the relative local truncation error
(as in T-extrapolation) can be used for the a-posteriori estimation of the local
discretisation error, provided that the exact solution and the global discreti-
sation error satisfy a certain smoothness condition. In the neighbourhood of
a green boundary, the estimate is based on a splitting of the local discretisa-
tion error. We distinguish a part equal to the local discretisation error of the
regular scheme (the uniform part) and a perturbation, due to the irregularity
introduced by the lack of refinements in neighbouring cells (the non-uniform
part). The uniform part is estimated by extrapolation of the relative local
truncation error. The non-uniform part is approximated by estimating the
expression for this term obtained by Taylor series expansion. This estimation
technique can be applied if the solution of the continuous problem is differen-
tiable. To derive this result, it is assumed that the global error can be written
as an asymptotic expansion in the mesh width, with a differentiable function
in the lowest-order term. For an example problem it is shown that, away from
the green boundary, the global error can be considered as the restriction of a
differentiable function.

The global error on a locally non-uniform grid may not satisfy the smooth-
ness condition mentioned above. For a one-dimensional example problem
it is shown how to accurately estimate the local discretisation error, if the
smoothness condition is not satisfied. In that situation, the estimate is based
on extrapolation of the numerical solution across the green boundary. The
extrapolant obtained is an approximation of the solution, sufficiently accurate
to use it in the estimation of both the uniform and the non-uniform part of
the local truncation error. The extrapolated discrete function also satisfies
the smoothness condition.

Estimation of the local discretisation error has been extended to the dis-
cretisation on a locally refined grid, for a system of conservation laws in two
space dimensions. For the first-order accurate discretisation, the uniform part
and the non-uniform part of the local discretisation error can be estimated
with sufficient accuracy (i.e. with O(h?) accuracy for the first-order discretisa-
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tion), assuming that a similar smoothness condition as for the one-dimensional
case is satisfied. An example of local refinement based on the accurate approx-
imation of the local discretisation error for a two-dimensional model problem
shows that the estimate can be successfully applied indeed.
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Sa menva tt' ng (abstract in Dutch)

Tegenwoordig worden in tal van takken de industrie numerieke stromingssimu-
laties toegepast. Een belangrijke toepassingsgebied vormt de vliegtuigbouw.
Om te fungeren als gereedschap in een ontwerpproces, dient een numerieke
simulatie nauwkeurig, maar ook goedkoop te zijn. Enerzijds maakt een goed-
kope en nauwkeurige methode simulaties mogelijk van complexere problemen.
Anderzijds stelt het de industrie in staat een in economisch opzicht concurre-
rend produkt te ontwerpen in een aanvaardbare tijdspanne.

Multiroostermethoden behoren tot de meest efficiénte methoden om een
stelsel discrete vergelijkingen op te lossen. Om een efficiénte numerieke si-
mulatiemethode te maken, is het interessant om niet alleen gebruik te maken
van een multiroostertechniek, maar ook om het aantal onbekenden in het
numeriek-wiskundige probleem, dat ten grondslag ligt aan de simulatie, te
beperken. Met dit doel wordt in dit proefschrift een multiroostermethode ge-
presenteerd, die gebruik maakt van automatische, oplossingsafhankelijke aan-
passingen van het rekenrooster. In deze methode wordt een gegeven rooster
alleen lokaal verfijnd, waar dat voor de gewenste nauwkeurigheid noodzake-
lijk is. Deze methode kan worden toegepast op fysiche modellen die wor-
den beschreven met behulp van behoudswetten. Er wordt in het bijzonder
een lokale roosterverfijningsmethode beschouwd voor een speciaal stelsel niet-
lineaire behoudswetten, n.l. de stationaire Euler-vergelijkingen in twee ruim-
tedimensies. Dit stelsel van vier partisle differentiaalvergelijkingen beschrijft
de twee-dimensionale stroming van een compressibel, ideaal gas. De Euler-
vergelijkingen worden als wiskundig model vaak gebruikt in de vliegtuigbouw.

De discretisatie van het stelsel differentiaalvergelijkingen zoals gebruikt in
dit proefschrift, is een eindige volume, upwind-discretisatie van de stationaire
Euler-vergelijkingen in behoudsvorm. Het rekenrooster is een discretisatie
van het definitiegebied van de differentiaalvergelijkingen. Een lokaal verfijnd
rooster wordt in dit proefschrift opgevat als een samenstelling van (delen van)
roosters met verschillende verfijningsgraad. Ieder verfijningsniveau heeft een
rooster dat het definitiegebied geheel of gedeeltelijk overdekt. Het rooster op
een eerstvolgend niveau van verfijning ontstaat door een aantal cellen van een
rooster te verdelen in vier kleinere cellen van ongeveer gelijke grootte. Het
rooster dat uiteindelijke de numerieke benadering van de oplossing bepaalt, is
de verzameling van alle niet-verfijnde cellen.

De methode om het stelsel discrete (eerste orde nauwkeurige) vergelijkingen
op te lossen, is een niet-lineaire multiroostermethode. Een tweede orde nauw-
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keurig stelsel vergelijkingen wordt opgelost met behulp van defect correctie
iteratie, waarbinnen de multiroostermethode voor de eerste orde vergelijkin-
gen gebruikt wordt.

Zowel deze discretisatie van de vergelijkingen als de multiroostermethode
en de defect correctie methode is in de jaren 1984-1989 ontwikkeld en geimple-
menteerd op het CWI, door Hemker, Spekreijse en Koren. Het werk beschre-
ven in dit proefschrift is een directe uitbreiding van het werk van deze auteurs.

Een belangrijk resultaat van deze uitbreiding is een numerieke methode
die —door de automatisch adaptieve roosterverfijning— afhankelijk van het be-
schouwde probleem en de gebruikte discretisatie, voor de twee-dimensionale
Euler-vergelijkingen een factor vier tot tien aan efficiéntie wint.

In hoofdstuk 2 van dit proefschrift wordt de geometrische structuur en
de discretisatie voor stationaire behoudswetten beschreven. De geometrische
structuur maakt het mogelijk een stelsel van discrete vergelijkingen te definie-
ren, dat het continue probleem benadert. In dit hoofdstuk wordt ook de
lokale discretisatiefout bestudeerd en worden eisen geformuleerd waaraan de
discrete vergelijkingen moeten voldoen om een —in een bepaalde zin— eerste
of tweede orde consistente discretisatie te leveren. De aandacht is speciaal
gericht op de randen die de overgang vormen tussen een locale verfijning en
het aansluitende grove rooster.

In hoofdstuk 3 worden resultaten gepresenteerd van numerieke experimen-
ten, verkregen met de methode beschreven in hoofdstuk 2. De beschouwde
problemen zijn gekozen om een idee te krijgen van de nauwkeurigheid, de ef-
ficiency en de flexibiliteit van de methode (d.w.z. in hoeverre de methode de
mogelijkheid biedt om effectief gebruikt te worden in bijzondere situaties).

Hoofdstuk 4 gaat over een a-posteriori schatting van de lokale discretisa-
tiefout, met het doel deze te gebruiken in een criterium voor de verfijning van
het rooster. De lokale en globale discretisatiefouten voor een één-dimensionaal
modelprobleem worden in detail bestudeerd. Vervolgens wordt een methode
geintroduceerd en bestudeerd, die het mogelijk maakt de lokale discretisa-
tiefout te schatten. Uiteindelijk wordt deze methode uitgebreid naar twee
ruimtedimensies en wordt deze gebruikt als roosterverfijningscriterium voor
een niet-lineair modelprobleem.



