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Stellingen behorende bij het proefschrift

Multigrid Analysis and Embedded Boundary
Conditions for Discontinuous Galerkin
Discretization

door

Marc H. van Raalte

Multiroosteriteratie met een puntsgewijze blokrelaxatie-algoritme als smoother
is een zeer efficiénte manier om het stelsel van vergelijkingen afkomstig van
puur elliptische discontinue Galerkin (DG) discretisaties op te lossen.
[Hoofdstuk 2 tot en met 4 van dit proefschrift]

De twee-niveaus analyse wordt aanzienlijk vereenvoudigd wanneer de blok-
Toeplitz operatoren in puntsgewijze notatie worden weergegeven.
[Hoofdstuk 2 tot en met 5 van dit proefschrift]

Eenvoudige multiroosteriteratie, voor het oplossen van de convectie-diffusieverge-
lijking, gediscretiseerd met een DG-methode, is robuust mits de ‘interior penalty’
term wordt gebruikt in de DG-discretisatie.

[Hoofdstuk 5 van dit proefschrift]

Het is voor de betrouwbaarheid van de Fourier analyse van belang dat de inverse
van de blok-Toeplitz operator begrensd is.
[Hoofdstuk 5 van dit proefschrift]

. De inwendige-rand-techniek voor problemen met een gekromde rand kan tot

een eenvoudige en nauwkeurige DG-discretisatie leiden en is direct toepasbaar
in een multiroosteralgoritme.
[Hoofdstuk 6 € 7 van dit proefschrift]

Om te bewerkstelligen dat bij een eindige elementen-discretisatie van een ellip-
tische vergelijking de convectieterm aan het ‘upwind’ principe voldoet, is het
van belang om de oplossing in een discontinue functieruimte te benaderen.

Het begrip ‘zo vrij als een vogeltje’ krijgt bij het huidige natuurbeheer een wat
sinistere betekenis.

Nu roken maatschappelijk onaanvaardbaar is geworden, biedt de mobiele tele-
foon een nieuw verslavend houvast.

Het handhaven van een numerus fixus bij de studie medicijnen staat haaks op
het streven van de overheid naar een vrije marktwerking in de zorgsector.

. Het kan iemand beter halverwind gaan, daar bij deze koers de boot sneller en

stabieler is.
Het opbouwen van een netwerk is niet altijd net werk.

Net zoals bij het schaken leidt een goede stelling niet altijd tot succes.
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Chapter 1

Introduction

1.1 Motivation for the present research

Many physical aspects in daily life are modeled by partial differential equations.
Examples are the flow of fluids, which are described by the Navier-Stokes equa-
tions, the radiation of electromagnetic waves, modeled by the Maxwell equations
or the heat equations, describing the heat conduction in materials.

Although the fundamental processes which these equations describe differ
considerably, partial differential equations in general share a nasty property.
They are too complex to be solved analytically. As a consequence, the emphasis
in solving these equations shifts from finding a solution in closed form toward
the numerical approximation of the solution.

The increasing availability of powerful computers makes the application of
numerical methods, such as finite volume, finite difference and finite element
methods feasible for the accurate approximation of the solutions and, therefore,
their numerical analysis is a most relevant subject.

This thesis concerns aspects of the numerical solution of elliptic partial dif-
ferential equations, where the efficiency of the solution method and the accuracy
of the numerical approximation play a central role.

Let us discuss the efficiency of the solution method in some detail. The ap-
plication of a numerical method for the computation of an approximate solution
generally requires the solution of a large system of algebraic equations, formally
denoted by

Lhuh = fh~ (1.1)
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Here, the subscript h denotes a parameter that influences the accuracy and
also the size of the system. Because, solving this system can be quite demand-
ing with respect to computer resources, efficiency both in data storage and in
computational time are essential aspects in the numerical treatment of partial
differential equations. To keep control of the data storage, it is of importance
that the number of unknowns in the equations, the degrees of freedom (dofs)
that determine the approximation, should more or less be proportional to the
complexity of the solution of the partial differential equation. If, the solution
locally has a complex structure, such as in the case of boundary layers, shear
layers or shock waves, the amount of degrees of freedom in the approximation
should be sufficiently large to ensure that the approximation captures these
particularities of the solution. However, at locations in the domain where the
solution is smooth, the density of the degrees of freedom in the approximation
may be reduced in order to reduce the number of equations and unknowns in
(1.1) and hence to reduce the data storage and computation time. Moreover,
to make efficient use of computer time, we should rely on a solution method,
in which the amount of work scales proportional to the number of unknowns in
the system of algebraic equations.

Considering the aspect of the accuracy of the approximation, not only the
degrees of freedom is an essential aspect, but also the numerical treatment of the
domain on which the partial differential equation is approximated. To guarantee
an accurate approximation of the boundary value problem, the boundary of the
domain should be approximated with the same order of accuracy as required
for the approximate solution.

In this context, the selection of a special class of finite element methods in
an automatic mesh refinement (h-refinement) and polynomial-order adaptation
(p-refinement) algorithm can be crucial for an accurate treatment of elliptic
partial differential equations and its application can be an efficient means to
keep control of the number of degrees of freedom. Because of their efficiency for
very large algebraic systems, a multigrid method should be the method of choice
for the solution of these equations. Hence, finally aiming at an hp-self-adaptive
multigrid method, in this thesis we study the convergence of multigrid (MG)
iteration for the solution of a linear second order elliptic equation, discretized by
discontinuous Galerkin (DG) methods. Aiming at high-order of accuracy of the
approximate solution, we introduce a novel DG-discretization technique for the
treatment of elliptic equations defined on curved domains. This technique shows
its use in cases where regular rectangular grids are preferred and it therefore
fits well within the structure of the self-adaptive MG algorithm.
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1.2 Aspects studied in the thesis

In this section we give a short overview of the main aspects studied in this work.

First, we discuss some properties of the DG discretization methods for the
elliptic boundary value problem, that are of interest in view of our research.
For an excellent overview and analysis of the various DG methods, however, we
refer to [3].

Next we give a flavor of an important aspect of multigrid iteration for the
solution of the system of equations arising from DG discretizations: the choice
of the smoother. For a complete treatment of multigrid iteration we refer to
standard works as [7, 45, 49).

Further, we introduce the basic idea behind the novel high-order DG dis-
cretization technique studied in the Chapters 6 and 7, for treating elliptic equa-
tions defined on curved domains, discretized on a regular rectangular mesh.

DG methods

DG methods are a special class of finite element methods. They approximate the
continuous solution of an elliptic boundary value problem by a discontinuous
function. As an example, we show in Figure 1.1 the solution obtained by a
fourth-order DG approximation of an elliptic equation discretized on the unit
square.

In this figure we see a coarse DG discretization on only four regular rect-
angular cells and a finer DG discretization on sixteen cells. On each cell, the
solution of the boundary value problem is locally approximated by a fourth-
order polynomial. In the left figure, the DG discretization is still too coarse to
accurately approximate the solution of the elliptic equation. As a consequence,
we see large discontinuities across the cell interfaces in the DG discretization.
Halving the gridsize in each of the two coordinate directions, the DG method
approximates the solution more accurately. The visible discontinuities in the
approximation have vanished.

Hence, in contrast to the classical finite element method, DG methods ap-
proximate the solution of the boundary value problem in a space of discontinuous
finite-dimensional polynomial functions. The inter-element continuity require-
ments for the approximation at the cell boundaries are not incorporated in the
approximation space, but arise as additional terms in the discrete equations.

Although this discretization approach seems not to be natural, it is because
of this discontinuity in the approximating function, that DG methods owe their
flexibility in mesh refinement (h-refinement) and polynomial-order adaptation
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coarse discretization fine discretization

Figure 1.1: A fourth-order DG discretization (the Baumann-Oden DG-method) of the ellip-
tic problem Au = f defined on the unit square. In the left figure, we see the DG discretization
on four regular rectangular cells. The discretization is still too coarse in order to capture the
solution by means of the cubic polynomials. Notice the typical discontinuities over the interior
cell interfaces. On halving the gridsize in each of the two coordinate directions, the visible
discontinuities have vanished.

(p-refinement). Since no inter-element continuity in the approximation space
is required, we do not have to take care of this continuity restriction when we
locally refine the mesh or we locally adapt the order of the polynomials. As a
consequence, mesh refinement and order adaptation in a DG method is much
more convenient than in the classical finite element discretization. Therefore,
we prefer DG methods for hp-self-adaptive solution methods.

Because of the discontinuities, the DG approximation is two-valued at the
interior cell boundaries (see Figure 1.1) and the DG method produces more
degrees of freedom for a given order of accuracy than the classical finite element
method. Therefore, for a regular mesh and a fixed order of accuracy, we solve a
larger system of discrete equations, compared with the classical finite element
method. This leads to some inefficiency when simple smooth functions are
approximated.
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Multigrid iteration

To efficiently solve the system of discrete equations (1.1), obtained from a DG
method, we rely on iterative methods of defect-correction type

u ) = oF) _ Gy (LaulP) — ). (1.2)

Here, G}, is an approximate inverse of a discrete DG operator L as in (1.1).
Starting with an initial guess of the approximation, uéo) , we hope that for a
properly constructed approximate inverse G}, the iterative process (1.2), con-
verges rapidly to the discrete solution u, = L;lfh of the DG method. Hence,
the error uy — uglk), should decrease rapidly within a small number of iteration
sweeps.

However, usual iterative methods of the type (1.2), have the property, that
the rate of convergence strongly depends on the number of equations and un-
knowns in the system (1.1). Whereas for coarse DG discretizations, (1.2) shows
good convergence, the rate of convergence drops significantly, if the solution
of DG discretizations on finer meshes is required. Therefore, to speed up the
convergence of (1.2), we rely on multigrid (MG) iteration.

The multigrid approach is to consider a coarse mesh and a sequence of finer
meshes. The MG algorithm obtains its efficiency, from the fact that, during the
iteration process, highly varying modes in the error can be efficiently damped
on fine meshes, whereas slowly varying modes in the error can be dealt with
on coarse meshes. Then, if the iterative procedure (1.2) damps within a small
number of iteration sweeps the high frequencies in the error, the slowly varying
modes can be represented on the coarser meshes and damped by means of the
coarse grid correction (CGC), i.e., by cheaply solving a relative small set of
additional correction equations. Hence, within a few iteration sweeps of (1.2)
and a small amount of additional work on the coarser grids, we find the solution
of the system (1.1).

However, to guarantee the success of MG iteration, the relaxation method
(1.2) must sufficiently damp the high frequency modes in the error, i.e, the
method must show good smoothing behavior. We quantify this ‘good smoothing’
behavior by considering Figure 1.2.

In this figure, we see the error u, — uf’) after a small number of iteration
sweeps (k = 3) for the two different types of iterative methods that are studied
in this thesis: the cellwise and the pointwise block-relaxation method. Although
for both methods the error uj — uf) is not sufficiently small, we see in the left
figure that the function is highly non-smooth and discontinuous, whereas in the
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poor smoothing good smoothing

Figure 1.2: The error uj — uf‘), shown on a regular rectangular mesh, after three iterations
with the relaxation method of the type (1.2), that may serve as smoother in the MG algorithm
for DG approximations. In the left figure, we see poor smoothing of the relaxation (cellwise
Gauss-Seidel). The error is highly irregular and discontinuous and cannot be damped by
means of a coarse grid correction. In the right figure, we see good smoothing of the relaxation
(pointwise Gauss-Seidel). The error is sufficiently smooth in order to be damped in the MG
coarse grid correction.

right figure we see a sufficiently smooth function. In the multigrid process, a
sufficiently smooth error can be represented on coarser meshes and can therefore
be damped by the coarse grid correction. This accelerates the convergence of
(1.2) essentially.

This thesis presents a detailed convergence analysis of multigrid iteration
with the possible cellwise and pointwise block-relaxation methods as smoothers
for the solution of the discrete equations arising from DG discretizations.

Embedded boundaries

In view of our multigrid algorithm, it is convenient to discretize the boundary
value problem on regular rectangular meshes. Then a difficulty arises if the
equation is defined on a curved domain. The boundary of the domain cannot
follow the grid lines of the orthogonal mesh. For that purpose, we introduce a
technique for high-order DG discretizations for solving elliptic equations, which
are defined on a curved domain, while we maintain the basic orthogonal mesh.
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Of coarse, the classical finite element approach can be used to locally adapt
the shape of the cells to the curved boundary. However, the mesh generation
technique, in particular for three-dimensional problems, is generally a compli-
cated task, while the regularity of the mesh is not ensured. Moreover, the way to
handle the generation of coarser meshes is paved with difficulties. Therefore, we
study the possibility to ‘embed’ the curved boundary in the regular rectangular
cell.

We show the main idea by the example in Figure 1.3. In this figure, we see
the solution of a two-dimensional DG discretization, discretized on a domain,
with a part of the boundary embedded. In the left top figure we see the domain
 on which the equation is defined with a curved circular boundary segment.

To partition this domain 2 in regular rectangular cells, we slightly extend
the domain by introducing a small fictitious part €2, as shown in the right top
figure, and we consider the equation on the larger domain, i.e., the domain
of interest 2 and the fictitious part 2. Next, we partition the total domain
in regular rectangular cells, as shown, and we straightforwardly discretize the
problem with a DG method on this partitioning. As a consequence, the circular
boundary cannot follow the grid lines and hence is embedded. According to
the principles, that underly DG methods, we impose the embedded Dirichlet
boundary condition in the DG variational form. In the left bottom figure, we
see a fourth order DG discretization with cubic polynomials on each cell. At
cells where the boundary is embedded, the approximation satisfies the Dirichlet
boundary condition. In the right bottom figure, we see the same DG approxima-
tion on the total domain, the union the of domain of interest and the fictitious
part of the domain. Notice, the polynomial continuation in the fictitious part
of the domain.

An anlysis of this discretization technique is presented in the Chapters 6 and
7 of the thesis.

1.3 Outline of the thesis

We organize the contents of the thesis as follows. The first four chapters are
devoted to the multigrid (MG) convergence analysis for DG methods. In the last
two chapters, we study the discretization technique of the embedded boundary.
This yields the following outline.

In the next chapter we study the convergence of multigrid iteration for the
solution of the discrete system arising from DG discretizations of the Poisson
equation, viz. the Baumann-Oden DG, the symmetric DG and the symmet-
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o
Au=f
N 1 ny> Jn
Q 1)9) 5%

0 A

A
the domain Q the extended domain Q
approximation on approximation on Q

Figure 1.3: An elliptic problem defined on a curved domain, discretized by a DG method
on a regular rectangular mesh. The circular part of the domain boundary cannot follow the
grid lines of the mesh and is for that purpose ‘embedded’. On the circular boundary, the
solution has to satisfy the Dirichlet boundary condition u = 1. In the left bottom figure, we
see a fourth-order DG discretization on the domain of interest. In the right bottom figure, we
see the same DG discretization, shown on the total domain, the domain of interest and the
extended ‘fictitious’ part of the domain.
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ric interior penalty DG method. In this initial study, we restrict ourselves to
the discretization of the Poisson equation in one space dimension. We describe
the DG discretizations and we introduce the MG algorithm. Then, we distin-
guish between the concept of cellwise and pointwise relaxation methods that
may serve as smoothers in the MG algorithm and we show how the different
relaxation procedures are related to the discrete DG operator. To study the
convergence of MG iteration, we introduce the Fourier analysis tools as needed
for the smoothing and two-level analysis. By Fourier two-level analysis we com-
pute smoothing factors and spectral norms. We conclude that an efficient MG
algorithm can be constructed, based on pointwise smoothing. By numerical
experiments we illustrate the analyzed MG convergence.

In Chapter 3, we study MG iteration for DG discretizations of the Poisson
equation with linear elements, since this case may be used to accelerate the
higher-order solution in the p-hierarchical structure of the hp-adaptive approxi-
mation case. This case is special, because an interior penalty term is compulsory
for stability.

Having studied MG convergence for DG discretizations of the one-dimensional
Poisson equation, in Chapter 4 we analyze MG iteration for two-dimensional
DG discretizations. Starting with the DG variational form we introduce the
discretization stencils and we extend the Fourier analysis tools for the two-
dimensional smoothing and two-level analysis. We show that again the point-
wise smoothing strategy leads to efficient MG iteration.

In Chapter 5 we study the convergence of MG iteration for the convection-
diffusion equation and the convection dominated equation, discretized by DG
methods. Restricting to DG discretizations in one space dimension, by Fourier
smoothing and two-level analysis we determine smoothing factors and spectral
norms. The analysis shows that a small number of classical MG cycles is suffi-
cient to solve the convection diffusion equation efficiently.

In Chapter 6 we introduce the embedded boundary value problem for high-
order DG discretizations on regular rectangular meshes. We give an exposure of
weak forms, that can be used for the discretization of boundary value problems
defined on a curved domain. We first restrict ourselves to simple experiments
in one and two dimensions, in order to identify the various properties of the
methods. Then in the last chapter we extend the embedded boundary technique
for DG disctretizations to complete regular rectangular grids. We study the
convergence and the regularity of the discrete operator. The presented technique
fits with the discontinuous Galerkin discretization and can directly be applied
in combination with a full MG algorithm.

The research in this thesis will be published or has been published before.
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This thesis presents a re-edited version.

Chapter 2 has been published as:

P.W. Hemker, W. Hoffmann and M.H. van Raalte. Two-level Fourier analysis of
a multigrid approach for discontinuous Galerkin discretization. SIAM Journal
on Scientific Computing, 25:1018-1041, 2004.

Chapter 3 has been published as:
P.W. Hemker, W. Hoffmann and M.H. van Raalte. Fourier two-level analysis
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Chapter 2

Two-level analysis for DG
discretization with cubic
elements

Summary

In this chapter we study a multigrid (MG) method for the solution of a lin-
ear second order elliptic equation, discretized by discontinuous Galerkin (DG)
methods, and we give a detailed analysis of the convergence for different block-
relaxation strategies.

We find that pointwise block-partitioning gives much better results than the
classical cellwise partitioning. Both for the Baumann-Oden method and for
the symmetric DG method, with and without interior penalty (IP), the block-
relaxation methods (Jacobi, Gauss—Seidel, and symmetric Gauss—Seidel) give
excellent smoothing procedures in a classical MG setting. Independent of the
mesh size, simple MG cycles give convergence factors of 0.075-0.4 per iteration
sweep for the different discretization methods studied.

2.1 Introduction

Although discontinuous Galerkin (DG) methods are traditionally used for the
solution of hyperbolic equations [9, 30, 41], recently there has been renewed

11
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interest in their application to elliptic problems. Early methods for elliptic
problems [13, 36| were considered unattractive because they resulted in discrete
systems that showed saddle-point problem behavior. The nondefinite spectrum
makes time-stepping procedures unstable and makes many iterative methods
inadequate for the computation of steady solutions. This is fixed by introducing
an interior penalty (IP) to penalize the discontinuity in the discrete solution
[2, 43, 50], which is effective but leaves the user with the quite arbitrary choice
of an O(h~!) penalty parameter.

In 1998 Oden, Babuska, and Baumann [37] (see also [5, 6]) published an-
other stable method of DG type without such a free parameter. This interesting
method, however, results in an asymmetric discrete operator, even for the dis-
cretization of a symmetric continuous problem. In this chapter we consider the
asymmetric (Baumann) and the symmetric discretization methods, both with
and without IP. For an excellent survey and a unified analysis of the different
DG methods for elliptic problems we refer to [3].

The motivation for our present research lies in our interest in the hp-self-
adaptive solution of more general and three-dimensional problems on dyadic
grids. Here DG methods are particularly attractive because of their ability to
conveniently handle difficulties related to order- and grid-adaptation [29, 44].
For the solution of the resulting discrete systems we want to rely on multigrid
(MG) methods because of their expected optimal efficiency. The framework of
the combined adaptive discretization and the MG solution process is found, e.g.,
in [8, 19].

We emphasize that our approach is quite different from the analysis of MG
as a preconditioner, analyzed for DG methods in [15]. Considering MG as an
independent solution process gives us the opportunity not only to solve a linear
system but also to simultaneously create the adaptive grid together with solving
the discrete (linear) system. This use of MG allows us to drop the Krylov-space
iteration (as, e.g., conjugate gradient or GMRES), preserving the optimal O(N)
property [16]. Moreover, the local mode analysis allows us to study not only
the symmetric positive definite case but also the asymmetric and nonpenalized
methods.

In this chapter we study the convergence of the MG method by smooth-
ing analysis and by analyzing the two-level convergence behavior, restricting
ourselves to the discretized Poisson equation in one space dimension. With-
out considerably extra complexity a similar analysis can be made for two or
three space dimensions. In Chapter 4 (see also [25]) we show that, using the
same techniques as used in this chapter, but with proper modifications for more
dimensions, again an efficient MG method can be constructed.
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In this chapter we show that the discrete operator can be partitioned in
block-tridiagonal form in two essentially different ways: cellwise and pointwise.
For each of these partitionings, block-relaxation methods (block-Jacobi, block-
Gauss—Seidel) can be used as smoothing procedures in the MG algorithm. It
appears that the type of block-partitioning makes an essential difference: the
pointwise block-partitioning shows a much better convergence than the usual
cellwise block-partitioning. It appears that pointwise block-partitioning even
leads to good smoothing for the symmetric DG method of saddle-point type.

The outline of this chapter is as follows. In Section 2.2 we describe the
DG discretizations used. We select a particular basis in the space of piecewise
polynomial functions for the test and trial spaces in order to introduce the
distinction between cellwise and pointwise block-partitionings. We introduce
the MG algorithm and describe in detail the grid-transition operators used.

In Section 2.3 we develop the Fourier analysis tools needed to make the
local mode analysis for the block-Toeplitz matrices: the discretization operator,
the prolongation, and the restriction operator. Then, in Section 2.4 we apply
the smoothing analysis to the cellwise and pointwise partitioned discretizations.
We determine the smoothing factors and compute optimal damping parameters.
The results motivate us to continue with the two-level analysis for the pointwise
partitioning exclusively. Therefore, in Section 2.5 we take the MG coarse-grid
correction into account. We compute the spectral radii for the error reduction
operators. It appears that an error reduction factor of 0.075 (for symmetric
Gauss—Seidel (SGS)) to 0.4 (for damped Jacobi) per MG-sweep is predicted for
the nonpenalized discretizations. For the penalized method the convergence is
somewhat slower, but still faster than 0.6 per MG-sweep. In order to see what
can be the worst possible behavior in a single as well as a couple of iteration
sweeps, we also compute the corresponding spectral norms. We conclude that,
for pointwise smoothers, MG converges rapidly in all cases.

In Section 2.6 we show by Fourier analysis the consistency and the conver-
gence of the discretization stencils obtained by the DG methods. This gives
some additional insight into the accuracy of the different methods and the lack
of adjoint consistency of Baumann’s method as indicated in [3]. In the final
section we show some numerical results that illustrate the analyzed behavior
and show the fast convergence of the MG method.
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2.2 The DG discretization
2.2.1 DG methods

In order to describe the discretization method studied in this chapter, we first
give the special weak form of the equation as used for these DG discretization
methods. On an open cube 2, with boundary 02 = I'p U 'y, we consider
the Poisson equation, partly with Neumann and partly with Dirichlet boundary
conditions:

V- -Vu=fon€; u=1uy on'pNoQ, u,=gonlynNo (2.1)

On Q we introduce a uniform partitioning 2, i.e., a set of disjoint rectangular,
open cells €2, in Q, all of identical shape:

Qh:{Qe | Ue Qe = Q, QiﬂQj:(Z),i#j}. (2.2)
We define on Q, the broken Sobolev space [5, 6, 37| for nonnegative integer k,
H*() = {u € Lo(Q) | ula, € H*(R) VQe €}

Then, the weak form of the equation, associated with the DG methods, reads
as follows [6, 37]: Find u € H' () such that

B(u,v) = L(v) Yve H' (Qn), (2.3)
where
B(u,v) = Qezes:lh /Qe Vu - Vudz — /FMUFD (Vu) - [v]ds
+ U/rimurD (Vo) - [u]lds + N/I‘MUFD [u] - [v] ds (2.4)
and

L(v) = Z /Qefvd:cnta/FD(Vv)-[uo]ds

Qe €Qp
+u/ [ug] - [v] ds +/ gv ds.
FD I“N

Here T, is the union of all interior cell faces, and o # 0 and p > 0 are pa-
rameters identifying the different DG methods. (o0 = 1 for Baumann’s method;



THE DG DISCRETIZATION 15

o = —1 for symmetric DG; p > 0 is the IP parameter.) The jump operator |- ]
and the average operator (-) are defined at the common interface I'; ; between
two adjacent! cells €; and 2, by

[w(z)] = w(z)|oe,ni + w(z)|se,n;, (2.5)
(w()) = 3 (w(@)lon, +w(z)los,),

for z € T'; j; C I'ing. Here n; is the unit outward pointing normal for cell ;. In
the case of a vector valued function, 7, we define

[r(2)] =
(r(z)) =

(z)|oq; - mi + 7(x)|aq;, - 0y, (2-6)

(r(@)los, +T(2)lon,) -

N =

The DG discretization is obtained by specifying the finite-dimensional trial
and test space S, C H'(Q4) as the space of piecewise polynomials of degree less
than 2p on the partitioning Qp,:

Sp = {(bi,e € P2p71(Qe), Q. € Qh} )

Notice that we restrict ourselves to odd degree k = 2p — 1. The discrete
equations now read as follows: Find wu; € S, such that

B(uh,vh) = L(Uh) Yo, € Sy, . (27)

2.2.2 Choice of a basis

To completely describe the discrete matrix obtained, we should provide S;, with
a basis. Therefore we introduce the following basis polynomials on the one-
dimensional unit interval:

bonik(t) =t"TFQ - )"k n=0,1,...,p—1, k=0,1. (2.8)

On the unit cube, ) ¢ R? , we use a basis of tensor-product polynomials based
n (2.8). A basis for P??~1(),) is obtained by the usual affine mapping 2 — Q..
The basis thus obtained has two advantages. First, it is hierarchical. This
means that we can (locally) increase the accuracy of the approximation just by
extending the basis with higher order polynomials. Second, the coefficients of

1At a Dirichlet boundary the interface with a virtual (flat, exterior) adjacent cell, containing
only the Dirichlet data, is used.
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Figure 2.1: ¢, x(t) = t"TR(1 — )" 1=k, n ={0,1}, k = {0, 1}.

the first degree polynomials represent function values at the cell-corners, while
the coefficients of the polynomials of degree 3 can be associated with corrections
for the derivatives at the cell-corners. All higher order polynomials, ¢y k, n > 2,
are genuine bubble functions and correspond to interior cell corrections only.

A slightly better alternative basis satisfying our purposes is, defined on
[~1,+1], the basis (z — 1)P(z + 1)4 for (p,q) = (1,0), (0,1), 2,1), (1,2),
and (z — 1)*(z + 1)2P,(L4’4)(a:) with n = 0,1,..., and P the Jacobi poly-
nomials [1, p. 774]. The first four polynomials in this basis are essential for
our purpose because they represent function values and first derivatives at the
cell boundaries. These are the same as in (2.8) for p < 2. The new, higher
order polynomials satisfy the useful Lo-orthogonality property. This basis also
relieves the restriction to odd degree k for k > 3.

If we are interested in fast convergence of the solution procedure for the
discrete system, the coefficients for the bubble functions are of less importance
because they can be eliminated by static condensation or dealt with by de-
fect correction. Therefore, in our analysis in the following sections we restrict
ourselves to the case p = 2, in which the above two alternatives coincide. Fur-
thermore, we restrict ourselves to the one-dimensional equation because this
is the building block for the higher-dimensional case, where we essentially use
tensor-product polynomials.
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Using the basis {¢;}3_,, the approximate solution reads

uh—zzcze¢z x‘l'e /h chze¢ze($,

e=11=0 e=11=0

and we obtain the explicit form of the discrete system, Lyuy, = f,

N 3
55 e ( | 4@ @~ (0.@) Bre@l o 29

e=1i=0

+ 0 [Bie(@)] - (8 (2)) Irone + 1 [B1e(2)] - [950()] l)

=33 [ 18s.@)de+ oful (6@ i,

+ 1 o] - [@).e(@)] Irp + 98j,e(2)Irn,

for 4N test functions ¢; .. As usual, the resulting one-dimensional discrete op-
erator has a block-tridiagonal structure. We want to emphasize that for solving
this discrete system by block-relaxation we can follow two distinct approaches.
The usual approach is to order the basis functions cellwise. Then the choice of a
particular basis for the polynomial space is of less importance and the variables
in each block are associated with the coefficients of the polynomial approxima-
tion in the corresponding cell. The other approach is by ordering the coefficients
pointwise and to associate with each point the left- and right-sided values of the
function and its derivative. (In fact, this motivates the particular choice of our
basis (2.8).)

Ordering the equations (the weighting functions ¢, ;) and coefficients cellwise
as [Ce,0, Ce,2, Ce,3, Ce,1] yields the following discretization stencil:

(2.10)
-3 0 -3 B2-hu| HT+m § 0 e 30 o 0 o0
0 0 0 3o -1 = 0 0 0 0 o0
0 0 0 0 0 % = —1c 1o 0 0 o0
0 0 0 lo 1o 0 3 YHo4hp|52-hu -1 0o -1

If we order the equations and coefficients pointwise, according to function values
and corrections on derivatives at the cell-interfaces, [Ce—1,3, Ce—1,15Ce,05 Ce,2], W€
get the stencil
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(2.11)
1 2 1
0 0 0 51 & 3o 3o oo 0 0 0
0 lo =L o | L HZ4hw T-hp -3|0 -3 0 0
0 0 -3 0|-% F=-hu HT+hw 3 |0 g 3o 0
1 1 2 1
0 0 0 0] o0 io -io Z | % 0 0 0

For the Poisson equation on the uniform grid, in both cases the discretization
matrix appears to be a block-Toeplitz matrix. This matrix is described by the
repetition of either stencil (2.10) or stencil (2.11).

2.2.3 The MG algorithm

Our main interest lies in the application of the DG method in the hp-self-
adaptive MG algorithm. Therefore we use an adaptive MG algorithm [19],
where local refinements yield corrections for the coarser discretizations. In the
linear case, if the total grid is refined, the hp-adaptive algorithm corresponds to
the classical MG [16], combined with nested iteration. Its convergence is best
studied by means of the two-level algorithm (TLA). The amplification operator
of the error is given by

M = (MR MESC (MEFE) (2.12)
vy and vy are the number of pre- (post-) relaxation sweeps, respectively, and
MECC = I}, — PogLy'RunLn -

To each of the amplification operators of the error, My, corresponds an amplifi-
cation operator for the residue My = Ly M hL}_Ll. In our analysis we are mainly

interested in the convergence of the two-level iteration. Therefore we compute

the spectral radius of the amplification operator p(M, ") = p(M,, "), which

represents the final convergence factor per iteration step. We also compute the

—TLA
spectral norms ||(M;I%*)!||2 and ||(M,
convergence rate in ¢ steps.

)t||2, which describe the worst possible

2.2.4 Restrictions and prolongations

As we are interested in MG methods for the solution of the discrete equations
arising from DG discretization, we need proper restriction and prolongation op-
erators. With piecewise polynomial approximations on the separate cells of the
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partitioning ,, a natural prolongation is immediately derived. For convenience
we describe the grid transition operators for the one-dimensional case. Exten-
sion to higher dimensions follows immediately by means of the tensor-product
principle (see Chapter 4 and [25]).

We consider a fine partitioning €2, and a coarse partitioning Qp, with H =
2h and with nodal points jh and jH, respectively, and we denote the spaces
of discontinuous piecewise polynomials by S;, and Sg. It is immediately clear
that Sy C S,. This defines the natural prolongation P,g : Sy — S), so
that (Prpum)(x) = ug(x) for all z € R\ Z,.? Given a polynomial basis, this
prolongation is explicitly described by its stencil. For our basis {¢ic} the stencil
reads

Py,

H =

000 Floo o ]2 00 o000 0000 000
000 0f00 3 /010 0/ L 0o0lo0o 000
000 0f00 3 /001 0l 2 0o0lo0 000
0000 0J00O0 0[O0 00 2|3 000 000

Different from the prolongation, a natural restriction is not uniquely determined.
However, we recognize a natural restriction for the residue, associated with the
weighted-residual character of the Galerkin discretization. This restriction is the
adjoint of the natural prolongation; i.e., the Toeplitz operator for this restriction
is the transpose of the Toeplitz operator for the natural prolongation. We denote
this restriction as Ry = (PhH)T. It follows from the Galerkin construction
of the discretization and from the nesting of the spaces S, and Sy that the
Galerkin relation exists between the discretization on the coarse grid and the
finer grid,

Ly = RypLp Py . (2.13)

For the chosen basis {¢; .}, which is essentially based on the function val-
ues and corrections for the derivatives at the cell endpoints, we can construct
another pointwise restriction (the injective restriction). This restriction is con-
structed such that

(d/d‘r)(RHhuh)(jH)'QH,j—l — (d/dm)uh(th)'Qh,2j~l )
(RHhuh)(jHNQH,j—l = uh(2jh)|Qh,2j—1 )
(RHhuh)(jH)|QH,j - uh(th)'Qh,zj )
(d/dw)(RHh'uh)(]H)'QH] = (d/d$)uh(2jh)lﬂhz] .

27, is the infinite regular one-dimensional grid, defined by Zp = {jh|j € Z,h > 0}.
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The stencil related to this restriction reads

Ryn ®
oo o0 1/o0 o o o0|3 0 0 0|0 O 0 0|0 O O O
o o0 0/lo o o0 o0lO 1 0O 0|0 O o 0|0 O O O
o oo o0/lo o o0 o0lO O 1 0|0 O O 0|0 0O O O
o o0 0/lo o o0 o0olO O O 3|0 O 0 0|1 0 O O

We see that the prolongation Pp,g and this restriction Rpp satisfy the relation
RynPum = Iy, i.e., the identity operator on Sy. This implies that the operator
Py Ry is a projection operator from Sj into itself. Its image, Range(Pru) C
Sy, comprises the fine grid functions representable on the coarse grid. The range
of the complementary projection I, — Pp u Ry is the set of fine grid functions
that are not representable on the coarse grid.

2.3 Fourier analysis tools

2.3.1 Fourier analysis for vector grid functions

In order to apply Fourier analysis methods for the convergence study of our
solution process, we introduce some elementary tools. We first introduce (vector
valued) grid functions defined on the regular, unbounded, one-dimensional grid
Zyn, = {jh|j € Z,h > 0}.

The Hilbert space of square summable scalar grid functions, defined on Zp,
with inner product (up,vs) = >; h un(jh)vn(jh), is denoted by ¢*(Z). We
will use the Fourier transform @y, of up, € {7 (Zy), which is the complex function
defined on Ty, = [—7/h,+m/h], defined by

3 e u(jh) . (2.14)

JEZ

) h
Halw) =—=
" V2r
We see that the function @y (w) is (27/h)-periodic and that by Parseval’s equality
we have

lunllezz,y = lTnllzzcrs) - (2.15)

In an obvious manner we can extend this definition of the Fourier transform

¢2(Zy,) — L*(T4) to the Fourier transform of a four-dimensional vector function
4 4
uy, € [€2(Zh)] — U € [L2(Th)] .
The transform (2.14), its inverse, as well as Parseval’s equality (2.15), also
hold if we replace uj, by the vector valued grid function up € [62 (Zh)]4 and
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up, by u, € [L? (Th)]4, provided that we use the corresponding norms for the
vector spaces

4 4
||uh||[2zz(zh)]4 = Z ||uh,i||%2(zh) and ||l/l;||[2L2(Th)]4 = Z @3 12Th- (2.16)
i=1

=1

We apply this to the vector grid functions of coefficients, either for the
cell-centered (cellwise) coefficients u, = {[CE,Q,CG,Q,CGJ,Ce71]T}e€Z or for the
cell-corner (pointwise) coefficients up, = {[ce—1,3, Ce—1,1, Ce,0 Ce’Q]T}CGZ. Cellwise
vector grid functions are obtained from H?({2j) functions, with Q = R, by the
restriction operator RSy : H*(Rp,) — [¢*(Zp)]* defined by

w,,(jh) = (R5Su)(jh) (2.17)

w((j = Dh)la,
h (7 = Dh)le; +ul(G — Dh)le, —u(ih)le;
—h u’((;;lh))|ln,- —u((j = Dh)le; +u(ih)le, ’
ulgn)ia;

where u(jh)|q, is the function value in grid point jh for the function u restricted

to cell ;. Pointwise vector grid functions are obtained by a restriction operator
Rh,() : H2(Rh) —3 [52(211)]4 defined by

us(jh) = (Rnou)(jh) (2.18)
—h ul(jh)lﬂj—1 —u ((.7 - ]-)h) |Qj—1 + u’(jh)lnj—l
_ u(jh)|Qj—1
B u(jh)la,

h W (Gh)la; + u(ih)le, —u((G +1h)|e;

In both cases the restriction determines the function values and the correction
for the derivatives at the cell boundaries. Only the ordering in the vector func-
tion is different: the discrete data are either cellwise or pointwise collected.
These two representations correspond to the representations (2.10) and (2.11)
of the block-Toeplitz matrix obtained for the DG discretization.

2.3.2 Fourier analysis for a block-Toeplitz operator

For a block-Toeplitz matrix of the type as encountered in Section 2.2.2 we
can compute the Fourier transform and the eigenvalues as follows. Let A4; =
(am,;) € RIZ*4% be an infinite Toeplitz operator, i.e., an operator with a block
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structure a,, ; € RYX4 m,j € Z, satisfying a,, m+x = a_x forall m,k € Z,
and let ey, ., be an elementary mode, i.e., a complex function defined on the grid
Zy, with ep, ,(jh) = €"“. Then

Zam,jeh,w(jh) = A\h(w)eh,w(mh)
JEZ
& A\h(w) = Z am7jei(j*m)hw e Z afkeikhw - Z akefik:hw (219)

JEZ kEZ kEZ

for all w e Ty, = [—%, =]
Now, let V},, € R¥*4Z be an arbitrary diagonal block-Toeplitz matrix, with
blocks v, ; = v € R*** for all j € Z. Then

(Atheh,w) (mh) = Z am,jvj,jeijhw - Z am’jeijhw - A\h(w)eimhwv’
i€z JEZ
with A\h(‘*’) = Yjez aje " If we choose v = v(w) to be the matrix of

eigenvectors of Aj,(w) such that
Ap(w)v = VAL (w), (2.20)
then we have
(AnVienw) (mh) = Ap(w)Ven o (mh) = en o (mh)vALW). (2.21)

Hence, the columns of v(w)ep, ., (mh) are the eigenvectors of Ay. Also Ap(w) is
a family of 4 x 4 diagonal matrices with the eigenvalues of Aj at the diagonal
entries.

COROLLARY. The spectrum of the block-Toeplitz operator Ay is found as
{Xi(w)}iz1,.. 4, w € Ty, where Ai(w) is an eigenvalue of Ap(w).

2.3.3 Fourier analysis for prolongations and restrictions

Key to the Fourier analysis of prolongations and restrictions are the flat pro-
longation and restriction operators Py : [(*(Zy)]* — [(*(Z4)])* and Ry, :
0*(Zy,) — 0?(Zy) that are defined by

up(jh) = (Pi(z)HuH) (Jh) = { 3H<Hj/2) ii? zz&n (2.22)
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and
(RYynun) (GH) = un(25h). (2.23)

General, arbitrary constant coefficient prolongations (restrictions) can be con-
structed as a combination of a Toeplitz operator and a flat operator. Any
prolongation P,y can be written as P,y = P, PPy and any restriction Ry, can
be written as Ry = RY), Ry, with Py, (or Ry,) a Toeplitz operator [¢*(Z)]* —
[2(Zn)]*.

A simple computation [18] shows

R

1 .
Plyug(w) = §uH(w), w € T, (2.24)
(notice the periodicity of uy(w) with period /h !) and

T o~ Vs
Byun(w) = > @ (w+ —hg) Vw € Ty = Ton. (2.25)

p=0,1

Here we see that P, zyuy is defined on T), = [—m/h, 4+ /h], whereas up is defined
on the smaller Ty = [—7/2h,7/2h]. This motivates us to introduce a different
notation for the same Fourier transform vy, (w), with w € Tj,. We introduce the

new notation
o (w)
. T
< Uh(w + 7/h) )’ WeE Le

with exactly the same meaning as vy, w € Tj.
Having introduced this notation, we may write (2.24) as

—

Prrin(@) = (PuPlun) @) = 5 %i‘;’%) @w), weTu, (226
and (2.23) as
Rignun(w) = Rl Ry () (2.27)
(B, Bep ]| 2 ],

with w € Tgy.
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2.3.4 Filtering the true high frequency functions

On the one hand, we can define low and high frequency grid functions in ¢2(Zj,)
as the functions that are linear combinations of modes €% with, respectively,
w € Ty, and w € Ty \ T2p. On the other hand, having introduced a prolon-
gation Ppp and a restriction Ry, in the solution space Sy, we may define low
frequency components in the error as those components that lie in the range of
the projection Ppg Rpp, and high frequency components as the complementary
functions, i.e., those in the range of I, — P,y Ryn. In view of the MG algorithm,
the latter approach is more relevant.

Since a low frequency grid function can be represented on the coarser grid,
we obtain this grid function by considering a “slowly varying” (4-valued) grid

function uy,
PhHRHhuh = PhP}?HR?{thllh. (2.28)

Since Pnp Ry is a projection, we have for a high frequency grid function up:
(I — PoPYy Ry Ru)up = uy. (2.29)

In view of this we want our MG smoothers (the relaxation methods) to damp
the contributions (2.29). In other words, those eigenvalues of the amplification
operator M, ,?EL that correspond to high frequency contributions (2.29) must be
small. So we are interested in whether the eigenvalues are small for

FT ((I - PoPPg Ry Ry) M*™) (w), weTH, (2.30)

where F'T denotes the Fourier transform.

2.3.5 Fourier transform of the two-level operator

Now, with these tools available, we write, for the amplification operator of the
coarse-grid correction operator

MPCC = I, — Pou Ly RunLi,
its Fourier transform

s = 10
MPGC (w) = (1,, - PhHLHlRHth> (w) = ( o 1 )

| _Paw) — (=, . = In(w) 0
( j’;(thr m/h) ) (La(w))~?! ( Rp(w) Rp(w+m/h) ) ( hO Th(w + /) ) .
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In view of Parseval’s equality (2.15) and (2.21) the eigenvalues of the 8 x 8-
matrix M %C(w) for w € Ty yield the eigenvalues of the coarse-grid correction

operator M{¢C and, similarly, M;I"A (w) = (MRFL (w))"2 MPGC (w) (MPEY (w))n
yield the eigenvalues for the two-level operator M4,

2.4 Smoothing analysis

One of the main ingredients of an MG solver is the smoother. It is used to
damp the high frequencies of the error on the finer grid, while the low frequency
errors are damped by the coarse-grid correction. For this, the smoother should
have an amplification operator with a proper eigenvalue spectrum. That is, an
eigenvalue spectrum in which most eigenvalues are in absolute value less than
one, where the larger eigenvalues correspond to low frequency eigenfunctions.
In this section we apply Fourier analysis to study the amplification operator
of the damped block-Jacobi (JOR) and the damped block-Gauss—Seidel (DGS)
relaxation for both stencils (2.10) and (2.11). So, we distinguish between cellwise
block- and pointwise block-relaxations.

We will observe that with cellwise relaxations the amplification operators
have a complex eigenvalue spectrum with many eigenvalues close to one. This
indicates that this relaxation shows a poor and oscillating convergence. How-
ever, for pointwise block-relaxations the amplification operators show much bet-
ter spectra.

For the discrete system Apx = b we consider the iterative process

() = 20 _ B, (4,2 —b), (2.31)
with Bj, an approximate inverse of A,. Decomposing Ay, as
Ap=L+D+U, (2.32)

into a strict block-lower, block-diagonal; and strict block-upper matrix, the
different relaxation methods are uniquely described either by By, or by the am-
plification matrix M*** = I), — B, Aj. These operators are shown in Table
2.1. Because Ay, is a block-Toeplitz operator, the amplification matrix M}, also
is block-Toeplitz. Notice that the meaning of the block decomposition (2.32)
is different for stencils (2.10) and (2.11). The stencils corresponding to the
decomposition Ay, = (a, ;) are given in Table 2.2.

The difference between cellwise and pointwise block decomposition is that
the eigenvectors ey, ,,(mh)v of the cellwise stencil correspond to 4-valued grid
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Table 2.1: The relaxation methods using @ > 0 as the relaxation parameter.
By, MJEL

JOR aD~1 D Y(1—a)D —a(L+U))
DGSy, | o(D4+ L)' | (D+L) (1 —a)(D+L)—al)
DGSy | a(D4+U)"' | (D+U)"Y((1—a)(D+U)—alL)

Table 2.2: The stencils in the diagonal decomposition.

Cellwise Pointwise
1 1 1— 1
-2 0 —3 " -hu 00 0 g
1 1 —1—
0 0 0 lo . 0 0 =2 0
0 0 0 0 0o 0 -3 0
0 o 1o 0 0 0 0
Yeemo oo T R L LA
4o & & 0 O i
1 2 1 1 1— 14 1
0 3 15 2° -3 o —he HTAhp 5
=1-— 1 14 1 1 2
5> 0 3 S the 0 20 —39 15
1o 0 0 0 0 0 0 0
0 0 0 0 - 0 -3 0 0
30 0 0 0 0 =+ 30 0
1— 1 1 1
7 —he -3 0 —3 0 00

functions associated with the cell interiors (in fact independent of the chosen
basis), whereas for the pointwise stencil, they correspond to the 4-valued grid
function (2.18) associated with the nodal points between the cells. This makes
the cellwise stencil less suited for the MG analysis because it is less natural to
define flat prolongations and flat restrictions for the staggered information than
from the pointwise information in coarse and fine cells.

Using (2.19) we find the Fourier transforms of the basic Toeplitz operators:

Lw)=Le ™", Dw)=D, Uw)=Ue“" (2.33)

This yields the Fourier transform for the amplification operators of JOR and
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DGS:

—

ML =D (1-a)D-a (L+0)),
MEEE, = (D+L) " ((-a)(D+L)-al),
MEEL - (ﬁ+ﬁ)*1((1—a)(f)+ﬁ)—ai).

Because of (2.21), computing the eigenvalues of MFFL(w) for w € Tj, we find
the eigenvalues of M, ,?E L. The eigenvalues corresponding to the high frequencies
(i.e., the frequencies |w| > 7/2h that cannot be represented on the coarser grid)

are found to be MFFL(w) for w € Ty, \ Ty. For the various DG methods, viz.,
for Baumann’s method, o = 1, u = 0; for the symmetric DG method, o = —1,
w = 05 and for the IP DG method, 0 = —1, u = C/h, Figures 2.2-2.10 show the
eigenvalue spectra of JOR, DGS, and SGS relaxation amplification operators,
the last amplification operator being defined by MEFE = M ID{ggL M gggv .

We notice that the spectra of the amplification operators for pointwise or-
dering of the block-relaxations appear to be the same for the Baumann and
symmetric DG methods (¢ =1 or ¢ = —1).

Although in the figures we distinguish between the behavior of low and
high frequencies (LF: |w| < 7/2h and HF: |w| > 7/2h), this does not precisely
correspond to the meaning of LF and HF in the context of MG. Typical LF
components in an MG algorithm are those functions that are invariant under
the projection P, Ry, (they are in the range of the prolongation), whereas the
HF components are those in the kernel of the restriction. Therefore, we take
into account the properties of the restriction and prolongation to determine
optimal relaxation parameters and also determine the spectra of the operator
MREL(Ih — PhHRHh)-

Because Figures 2.2-2.10 show clearly that the convergence behavior for
pointwise relaxation is much better than for cellwise relaxation, we further re-
strict our study to the former.

Figures 2.11-2.13 show the spectra of the operator MREL(I, — P,y Rpy),
again applied to the three different types of DG methods. From these results
we can determine optimal damping parameters for relaxation. This parameter,
minimizing the spectral radius p(MRPE (I, — P, Rpyy)) is given by

2
ot = 2 — ()\min + /\max),
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Figure 2.2: Eigenvalue spectra of Mfgé‘ (w) for Baumann’s DG method (without damping:

o =1, u =0, a=1) relative to the unit circle.
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Figure 2.3: Eigenvalue spectra of Mggg (w) for Baumann’s DG method (without damping:
o =1, u =0, a=1) relative to the unit circle.
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Figure 2.4: Eigenvalue spectra of MEEL (w) for Baumann’s DG method (without damping:
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Figure 2.5: Eigenvalue spectra of Mfgé‘ (w) for symmetric DG method (without damping:
o =—1, p =0, a = 1) relative to the unit circle.



30 TWO-LEVEL ANALYSIS FOR DG DISCRETIZATION WITH CUBIC ELEMENTS

25 1
08
2 @
o
15 5 + 06
o
1 o 04
o
05| o 0.2
OO
£ |
0 m‘ 30 + 0
30
o
0.5 o] -02
o
! a -04
N i
15 ° + -06
o
N "
2 -08
25 4
-1 0 1 2 3 4 5 [ -1 -08 -06 -04 -02 0 0.2 04 06 08 1
Cellwise order Pointwise order

0: Wiow € [-7/2h, w/2h]; + : Whigh € [—7/h,—7/2h] U [r/2h,7/h]

—

Figure 2.6: Eigenvalue spectra of MEEL (w) for the symmetric DG method (without damp-
ing: 0 = —1, p = 0, a = 1) relative to the unit circle.
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Figure 2.7:  Eigenvalue spectra of M‘ggé‘ (w) for the symmetric DG method (without
damping: ¢ = —1, p = 0, @ = 1) relative to the unit circle.
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Figure 2.10: Eigenvalue spectra of Mggé‘(w) for the IP method (without damping:
o = —1, p = 10/h, a = 1) relative to the unit circle.

where Apin and Amax are, respectively, the minimum and maximum (real) eigen-
values of the spectrum without damping. The damping parameters are given
in Table 2.3. In Table 2.4 we show the spectral radii for the corresponding
operators MU (I}, — Py Ryp). For the spectral radius of symmetric damped
Gauss-Seidel (DGS) the damping parameter for DGS is used. In the next section
we use a similar approach to optimize the TLA.

Table 2.3: Damping parameters for the relaxation.
a Baumann/symmetric DG | IP DG (p = 10/h)

JOR 8/11 0.773
DGS 15/16 1.024

2.5 Two-level analysis

In this section we study the convergence behavior of a TLA for both the error
and the residue. In a fashion similar to how we determined relaxation parame-
ters for the smoothing operators, we determine optimal relaxation parameters
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Figure 2.11: Eigenvalue spectra of FT(MfgI% (In — PhagRyn))(w) without damping
(¢ =1).
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Figure 2.12: Eigenvalue spectra of FT(MBEL(I, — PouRpp))(w) without damping
(a=1).

Table 2.4: Spectral radii of MEEL (In — Pha Ryp) for damping parameters as in Table 2.3.

p(MREL(I, — PypRgy)) | Baumann/symmetric DG | IP DG (p=10/h)
JOR 0.455 0.591
DGS 0.250 0.365
Symm-DGS 0.203 0.200
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Figure 2.13: Eigenvalue spectra of FT(M};géU (In—Pru Ryh)MgggL )(w) without damp-
ing (a = 1).

for the two-level operators in order to minimize the spectral radii. The ampli-
fication of the error for the TLA is given by the operator

M’Z“LA _ (M}I}EL)W M;?GC (M}I}EL)”l

= (MFY (1= PurLig BranLn) (MP™)"

where v; and v, are the number of pre- (post-) relaxation sweeps, respectively,
and MFGC is the amplification operator of the coarse-grid correction. The
amplification operator for the residue is

—TLA —REL,,, --CGC ~—-REL,,,
M, = (M, )M, (M )

= (LaMPEULY)” Ly MECC L (MR L) ™

In Section 2.2.4 we already noticed the Galerkin relation (2.13) between the
discretization on the finer and the coarser grids and that, because test and trial
spaces are the same, the residual restriction Ry, is given by Ryp = P,T oy 1-e.,
the adjoint of the prolongation. The consequence is that M hc GCP,y = 0 for

. — —CGC ; :
the solution and that Ry, M, — 0 for the residue. With the tools developed
in the previous sections we now study the eigenvalue spectra of the two-level
operators and their spectral norms.
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2.5.1 Spectrum of the two-level iteration operator

The difference between the coarse-grid correction on the error and that on the
residue is that the former splits an HF-error mode into an HF-mode and an
LF-mode on the finer grid. This is in contrast to the coarse-grid correction on
the residue, in which an LF-residual mode is split into an HF-mode and an
LF-mode on the finer grid [20].

This implies that if we are interested in the error reduction, we should apply
the smoothing operator M ,’fEL before the coarse-grid correction. On the other
hand, if we are interested in residue reduction we should apply the smoothing

. . —CGC
after the coarse-grid correction operator M, . Therefore, for the error, we
are particularly interested in the behavior of the spectrum and the two-norm of

MFSCMPPY = (I — PogLy' RunLy) MEE,

whereas for the residue we want to study

My, = (LaMPFEVLY) (T = LnPan Ly Ban) -

It is clear that the spectra of these operators are the same, but the norms may
be different. For different types of DG methods, viz. for Baumann’s method
(o0 =1, p = 0), the symmetric DG method (¢ = —1, p = 0), and for the
IP method (0 = —1, p = C/h), the spectra of the two-level operators can be
studied as in Section 2.4 for the smoothing operators. The spectral radii of the
two-level operators are shown in Table 2.5.

We see that the two-level amplification operators for the symmetric DG
method have the smallest spectral radii, which indicates that the final conver-
gence rate will be faster, compared with the Baumann and IP DG methods.

Table 2.5: Spectral radii p(MS ¢ MPL) = p(HfELMSGC) for optimal damping param-

eters.

p(MECC MREL) Baum DG | Symm DG | IP DG (p = 10/h)
CGCpaArREL
MPCOMEDL 0.401 0.314 0.422
MPCCMEEL 0.220 0.143 0.189
REL CGC pATREL
MBEE MZCCMEEL 0.119 0.073 0.139
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Table 2.6: The spectral norm (omax) after one iteration for the residue with optimal
damping.

el B A A BT I 7
Baum DG 1.762 1.364 0.557
Symm DG 1.282 0.506 0.104
P DG (u = 10/R) 1.518 0.699 0.301

2.5.2 Spectral norm of the iteration operator for the error
and residue

From Section 2.5.1 we know that all TLAs will converge rapidly after a sufficient
number of iterations. However, since we want to minimize the total amount of
iteration sweeps, we need to be sure also that the spectral norms of the iteration
operators are sufficiently small. In order to check this we apply the singular value
decomposition (SVD) to the Fourier transform of the amplification operators,

FT ((M,}”LA)t) (W) = U(w)S(w)VT (), (2.34)

where, in view of our function basis, U(w) and V(w) are 8 x 8 unitary matrices
and Y(w) is a real 8 x 8 diagonal matrix with singular values. The number
of iterations is denoted by t. So, if we consider the error of the approxima-
tion, then according to (2.34), this error is first expressed on the basis V(w),
damped/amplified by ¥(w), and then transformed to the basis U(w). Since the
spectral norm of the operator is the maximum singular value, this norm tells us
how well the error (resp., the residue) is damped after ¢t sweeps. The column of
V(w) determines the corresponding error/residual component.

The spectral norms after one iteration of the optimized two-level operators
on the residue for the different types of DG methods are shown in Table 2.6.
We see that not all two-level operators immediately converge. However, the
situation changes if we look at the spectral norm of the two-level operators after
two iterations (see Table 2.7). Then all methods converge, even by a significant
factor. The spectral norms of the iteration operators on the error are the same
as for the residual, except for Baumann’s DG method. For this method the
error-amplification norm becomes even unbounded (for vanishing frequency w).
This is related to the lack of adjoint consistency as indicated in [3]. We show the

singular values of M'A(w) and MZLA(LU) in Figures 2.14-2.16. We see that
(as expected) in all cases four singular values vanish and that all singular values
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Table 2.7:  The spectral norm (omax) after two iterations for the residue with optimal
damping.

——+REL--CGC ——+REL--CGC “7REL -CGCH+REL

MjorMy MpgsMy Mpgs, My~ Mbpgs,
Baum DG 0.684 0.447 0.064
Symm DG 0.403 0.083 0.007
IP DG (p = 10/h) 0.640 0.284 0.038

(except for M;IA(w) for Baumann’s method) are much smaller than one.

2.6 Galerkin relation and consistency
By the nature of the DG method, it is clear that the Galerkin relation,
Ly = RygnLnPrp ,

exists between the discrete operators on the fine grid and the coarse grid, pro-
vided that Ry, = P,TH and that P,y satisfies the requirement that u, and
Ppguy represent the same piecewise polynomial. For the prolongation intro-
duced in Section 2.2.4 this holds true by construction.

The Galerkin relation, the order of consistency, and the order of convergence
are easily verified by Fourier analysis. In order to see this in detail and to com-
pute the corresponding order constants, we show some results of this analysis,
which also yields some additional insight with respect to the lack of adjoint
consistency of Baumann’s method (see [3]).

For the analysis we use the four functions in the basis (2.8) with p = 2
and consider the related pointwise stencil (2.11). First, we are interested in the
truncation error operator

T = LRy — ﬁhL, (2.35)

and the operator corresponding to the discrete convergence, Cj, = L;]Th. In
(2.35) Ry, : C1(Q4) — R is the injective restriction similar to (2.18), whereas
the second restriction is the Galerkin restriction Ry, : C'(Qp) — R1Z*, defined
such that for all f € C'(Qp),

o [ k@) f(2)ds, ke {1,2},
(Ff) 51 = j(i];+l)h¢k($)f($)d1', k € {3,4},
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Figure 2.16: Singular values $(w), w € [—7/2,7/2], for one step of the symmetric DG
TLA iteration operator.

where ¢, are the basis functions in pointwise ordering. With P, : R%r —
Span(¢;e) C C'() the interpolation with RyP, = Iy, it is clear that, by
construction, P, = P,y Py and Ry = RgrRp, and the discrete operator is
characterized by L, = R,LP,. Hence, Ly = RyLPy = RgnRyLPyPoy =
RpnLyPyi. Furthermore, we write for the truncation error:

Theiwz _ Thew(:r) = (Lthew == RhLeUJ)(x)'

Using (2.18) and the definition of Ry, we find

1— e—iwh _juh f eh(t=142(1 — 1)dt
iLig 1 A f eiwh(t—=1) 44
& =1L euu]h 7w2h iwjh ,
Tt = L N ¢ 1 eiwht(1 - t)dt
1 — e +iwh Jo emit(1 — t)2dt

where the basis functions are scaled to the master element = [0,1]. Hence,

iwh(t— 1)t2( t)dt

1—e ®h —jwh Joe
ey 1 euuh(t 1) tdt o
Thew = | Ln(w) | —w?h fq oiht(1 gt e“ih - (2.36)
1 — etwh + iwh f elwhtt )2dt

Il

(LAh(w)ﬁ;l(w) — ﬁh(w)f(w)) eiwih,
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Table 2.8: The expansion of (2.38) for wh — 0, i.e., the order of convergence: pointwise

values (92 and 93) and pointwise derivatives (01 and v4) at the nodal points.

Baumann Symmetric P
o=1 oc=-1 o=-1
p=0 pw=0 p=1/h
e oumy Rt ow [T o
ST‘thlwzl N 8(}15015) 331%:50«'5 N 8(:6“)6) @sts N S(ZGWG)
@Z4w4+ (hsws) 3_%%4:, ¥ (5015) @4:} ¥ (5“;)
o hiw® + O(R°w®) g b w* + O(h°w®) 1ag P w® + O(h°w®)

where E\h(w) is the Fourier transform of the block-Toeplitz matrix Lj. Now
we find the expansion of the truncation error for h — 0 from (2.36). Both for
Baumann’s method (¢ = 1, = 0) and for the symmetric DG method without
penalty (¢ = —1,u = 0) and with IP (¢ = —1,u = 1/h), (the absolute value
of) the truncation error is

Ash3w? + O(h'w?)
0

0

%h‘?’w4 + O(h*w")

(2.37)

Tew =

Taking into account the factor h?2, typical for the FEM difference stencil
(with d = 1 the dimension of cell §.), we recognize in (2.37) the fourth order
consistency of the discretization.

Similarly, we study the discrete convergence (where no such factor exists) by

Chew =L thes =Ln () (a(w)ﬁ(w) = ﬁ(w)i(w)) ewit (2.38)

The results for the different methods are given in Table 2.8. We see that the
symmetric DG methods, with and without IP, are more accurate with respect
to the pointwise function values than Baumann’s method. However, there is no
difference in the order of accuracy with respect to the pointwise derivatives.

2.7 Numerical results

In this section we show by numerical experiments the convergence behavior of
the two-level iteration operator for the error with the Baumann and symmet-
ric DG methods for the smoothers JOR, DGS, and symmetric DGS with the
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optimal damping parameters. For this purpose we solve Poisson’s equation
ez/e

— = Em TR  av h =Y, ]. = V.
Uy 2@/ = 1) with 4(0) =0, u(1) =0

The choice of the right-hand side is unimportant, but starting with zero, in this
example both low and high frequencies are present in the error. To obtain the
discrete system we use the fourth order polynomial basis (2.1) and we set the
meshwidth h = 2=. We start with an initial function u) = u} pr on the finer
grid. We apply v prerelaxation sweeps ’

" A :
“;LJ?PRE = up, prg T Bh (fh - Lhu;z,PRE) )
where Bj, is an approximate inverse of Ly as given in Table 2.1. We update

the solution by a coarse-grid correction step, solving the problem once on grid
H=2""N

0 1 -1 151
up post = Up'pre + P Ly Run(fn — Lty 'pre);

and eventually we apply v» postrelaxation sweeps,

i+l i i
Up, posT = Uh,POST T Bi(frn — Lnuh post),

to compute uit! = u? = u}? . For the initial function u? we choose
p h h,PRE h,POST h

u) = Rpug = Rpsin(2m/h). To show the convergence of the different methods
we measure the residue in the vector norm (2.16). Hence we write

1/2
64 /

4
ldnllz = 1 — Lnunlla = [ D di.;

e=1j=1

Since the spectral radii of the two-level operators for the Baumann and symmet-
ric DG methods calculated by Fourier analysis are smaller than those of the IP
DG method, we only show results for the first two methods. The convergence
of the residue for the two-level operator with different smoothers is shown in
Figure 2.17.

We observe that both DG methods methods show immediately convergence,
starting from the first iteration sweep. We see from Figure 2.17 and Table 2.9
that the spectral radii obtained from the numerical experiments coincide very
well with spectral radii obtained by Fourier analysis (Table 2.5).

We further remark that the symmetric DG method converges somewhat
faster than Baumann’s DG method. In spite of the phenomenon related to the
lack of adjoint consistency of Baumann’s method, the observed convergence of
the error shows in practice the same behavior as the convergence of the residual.
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Table 2.9: Numerically obtained convergence factors corresponding to p(MSGCM,?EL) =

— REL--CGC
p(My "My~ 7).

p(M,?GCMfEL) Baum DG | Symm DG
CGCpAsREL
MCGC MREL 0.38 0.30
CcGC
MPCOMEEL 0.22 0.14
REL CGCATREL
MEEL MCGCMEEL 0.11 0.07

20 25 30 o 5 10 15 20 ko)

o 5 10 15
iterations iterations

Baumann DG Symmetric DG
+: JOR; o: DGS; A: SGS.

Figure 2.17: log(||dx||2) as function of iterations for the two-level iteration operator on the
error.

2.8 Conclusion

In this chapter we analyze the convergence of the MG algorithm for various DG
methods. For convenience we restrict ourselves to the one-dimensional Poisson
problem. We consider the (asymmetric) Baumann—Oden discretization and the
symmetric DG discretization, with and without IP.

By the choice of a suitable basis in the space of the discontinuous piece-
wise polynomials that are used for the trial and test spaces, we are able to
introduce a point-wise block-partitioning of the discrete operators. It appears
that block-relaxation methods based on this pointwise partitioning show com-
pletely different convergence properties from those found with classical, cellwise
partitionings. Pointwise block-relaxations have much better convergence and
smoothing properties. This is most significant for the symmetric DG discretiza-
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tion without IP. Here, cellwise block-Jacobi and block-Gauss—Seidel relaxations
diverge, whereas the pointwise block-relaxations converge.

For the three discretization methods studied we compute optimal damp-
ing parameters for Jacobi, Gauss—Seidel, and SGS relaxations. The resulting
smoothing factors lie between 0.6 (JOR for IP discretization) and 0.2 (sym-
metric DG). A two-level analysis with optimal damping parameter shows even
better convergence: with spectral radius from 0.4 (JOR for IP discretization) to
0.075 (for symmetric GS and symmetric DG). An analysis of the spectral norm
of the two-level amplification for the residue shows that a very small number
of iteration steps (usually not more than two) is indeed sufficient to reduce the
error by an order of magnitude.

The lack of adjoint consistency of Baumann’s method and the resulting loss
of accuracy for the solution (and not for its derivative) could be analyzed by
means of Fourier analysis, and was also reflected in the spectral norm of the
two-level amplification operator for the error.
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Chapter 3

Two-level analysis for DG
discretization with linear
elements

Summary

In this chapter we study the convergence of a multigrid method for the solution
of a linear second order elliptic equation, discretized by discontinuous Galerkin
(DG) methods, and we give a detailed analysis of the convergence for different
block-relaxation strategies. To complement the analysis in Chapter 2 (see also
[24]) where higher-order methods were studied, here we restrict ourselves to
methods using piecewise linear approximations. It is well-known that these
methods are unstable if no additional interior penalty is applied.

As for the higher-order methods, we find that point-wise block-relaxations
give much better results than the classical cell-wise relaxations. Both for the
Baumann-Oden and for the symmetric DG method, with a sufficient interior
penalty, the block-relaxation methods studied (Jacobi, Gauss-Seidel and sym-
metric Gauss-Seidel) all make excellent smoothing procedures in a classical
multigrid setting. Independent of the mesh size, simple MG cycles give con-
vergence factors 0.2 — 0.4 per iteration sweep for the different discretizations
studied.
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3.1 Introduction

Since thus far relatively little attention has been paid to optimally efficient
solution methods for the algebraic systems arising from the discretization of the
stationary problems, we study the possible use of a multigrid algorithm for this
purpose. We concentrate on the Baumann DG, the symmetric DG methods [3].
It is well-known |2, 43, 50] that these methods are not stable for the lowest order
of approximation (p = 1), if no additional stabilization is applied by means of
an interior penalty (IP) parameter. All these methods can be described by the
same formulas [3, 24|, where the distinction between the various methods is
made by two parameters: o, the sign (0 = +1 for Baumann and o = —1 for
symmetric DG), and p = v/h, the interior penalty parameter.

Whereas in the previous chapter we studied the convergence of a multigrid
method for the solution of the systems arising from higher-order methods (p >
3), in this chapter we focus on the convergence of the multigrid method for the
case p = 1, because this case may be used to accelerate the solution for p > 1
in the p-hierarchical structure of the hp-adaptive approximation process.

For the higher-order methods we showed that excellent convergence was
obtained when blockwise relaxation (Jacobi or Gauss-Seidel) is applied as a
smoother, if the blocks are formed by the degrees of freedom (dofs) associated
with cell-vertices. This motivates us to study the smoothing abilities for the
IP-DG method with a well chosen penalty parameter p.

The outline of this chapter is as follows. In Section 3.2 we give a unified
description of the DG discretizations so that the different symmetric forms,
Baumann’s variant and the Internal Penalty (IP) variants follow from the values
of specific parameters (¢ and p) in the formulation. For the linear trial functions
that we restrict ourselves to, we give a description of the resulting discrete
operator in the form of a stencil that defines the resulting block-Toeplitz matrix.

In Section 3.3 we apply Fourier analysis to this discrete operator in order
to study its stability properties. We observe that both the symmetric DG and
Baumann’s variant have a double zero eigenvalue, one of which has an eigenfunc-
tion that is not constant (the spurious eigenvalue responsible for the instability
of the methods). If a large enough penalty parameter is chosen, then it is seen
that the instability disappears. However, for a too large value of the penalty
parameter we see that the discrete system becomes ill-conditioned.

In Section 3.4 we give a smoothing analysis of the point-wise and cell-wise
block-relaxations and a convergence analysis of the two-level algorithm. As in
the case of higher degree trial polynomials, dealt with in Chapter 2, we see also
here that the use of point-wise relaxation gives much faster convergence. By
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determining the spectral norm of the error-amplification operator it is shown
that the observed ‘good convergence’ is guaranteed from the second iteration
step on; we find convergence with a rate of about 0.2 — 0.4 per iteration.

In Section 3.5 we report on numerical results for the solution of a one-
dimensional Poisson problem on the unit interval, where the solution has a thin
boundary layer, its thickness depending on a parameter €. The results confirm
the theoretical analysis.

3.2 The linear discontinuous Galerkin discretiza-
tion

For the Poisson equation (2.1), defined on the unit cube €2, we consider the
variational form (2.3), associated with the DG-methods [3, 24]: find u € H*(Q,)
such that:

B(u,v) = L(v) Yve HY(Q), (3.1)

where the bilinear form B(u,v) is defined by (2.4).

In this chapter we study the one-dimensional equation, which we consider as
an essential building block for the higher dimensional case where we use tensor
product polynomials. For test and trial space S, C H'(£2},) we use the space of
discontinuous piecewise polynomials on the partitioning ;. Then the discrete
equations read: find uy € Sy, such that

B(uh,’uh) = L(Uh) Yup € Sh . (3.2)

With a basis {¢; .} for the space Sj, this leads to the linear system

+ p[uo] - [B5,e(®)] Irp + 90j,e(x)|ry 5

which we briefly denote by Lpup = fi. In this chapter we restrict ourselves
to Sp consisting of piecewise linear polynomials on a uniform partitioning for
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which we use the element basis functions ¢;(¢) = €/(1 — &)/, j = 0,1, so that
we have 2N basis functions ¢;((x —z.)/h) = ¢j(t); 5 =0,1;e=1,--- ,N. For
this basis of piecewise linear polynomials the linear system (3.3) has a 2 x 2-
block-tridiagonal structure, with the discretization stencil:

_% lf;a_hp HT:T}W —1270 %a 0

2
0 o =loe Mo ihp |52 -hp -

, (3.4)

1
2

if the equations (the weighting functions ¢, ;) and coefficients are ordered cell-

wise as [ce0,Ce],_,- As we emphasized in Chapter 2 we can also order the
equations and coefficients pointwise, according to function values at the cell-
interfaces, [ce—1,1, ceyo]fj:w which leads to the stencil:

1 —1—0
[ 29 2

5 1 (3.5)

?T‘T—Fh,u TT”—hu\ -3 0 ]
55— he 5%+ ha

Thus, with the possible exception for the equations at the boundaries, the dis-
cretization matrix appears to be a block-Toeplitz matrix and is described by the
repetition of either stencil (3.4) or stencil (3.5). Both stencils describe one and
the same matrix, but the distinction between cell-wise and point-wise blocks
materializes as soon as we consider block-relaxation methods.

3.3 Fourier analysis of the discrete operator Lj

Having introduced in Section 2.3.2 the Fourier transform of a block-Toeplitz
operator, we describe the spectrum of the discrete operator Lj on an infinite
domain, and we discuss its stability properties. We notice the difference between
this operator for piecewise cubic approximations, as described in Chapter 2,
and the corresponding operator for piecewise linears. We recognize that for the
latter a sufficiently large interior penalty parameter has to be chosen in order
to obtain a stable scheme. Then, for the stable schemes, we compute the order
of accuracy.

3.3.1 Eigenvalues spectra of the discrete operator L

We study the eigenvalue spectra of the discrete operator Ly, of (i) Baumann’s, (ii)
the symmetric-, and (iii) the internal penalty (IP) DG-method, all with linear
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elements. It is well known that in this case Baumann’s and the symmetric DG-
method are unstable and that an additional penalty parameter y = v/h (IP
DG-method) can be introduced in order to stabilize the discrete operator Ly,.
To study the behavior of the three different DG-methods we look at the
eigenvalue spectra of Ly(w). Considering the point-wise stencil (3.5) we write

for Ly(w), using (2.19),

—~ , 1 l+o+2v—e*h e @h 1-6g—-20—(1+0)e Wh
Lp(w) = 2h ( 1—0—2v—(1+0)eiwh 1+ 0+ 20— e Wwh 4 geiwh ) X (3.6)
for all w € T, = [—7/h,w/h]. If further Z;(w) allows for an eigenvalue decom-
position .
Lp(w)v = vAx(w), (3.7)

then, because of (2.21), the columns of v(w)ey, ,(mh) are the eigenvectors of Ly,
and Ay (w) is a family of 2x 2 diagonal matrices with the eigenvalues of Ly, at the
diagonal entries. The eigenvalues A, (w) of i;(w) for respectively Baumann’s,
the symmetric and the IP DG-method are shown in Table 3.1. Note that the
same eigenvalues are obtained if the cell-wise stencil (3.4) is used instead of the
point-wise stencil (3.5). Only the coefficients of the eigenvectors v(w)ep ., (mh)
are collected either point-wise ([ce—1,1, Ce,0]) or cell-wise ([ce 0, Ce1])-

Table 3.1: Eigenvalues of a(w)

An(w) Baum-DG symm-DG IP-DG
o=1,pu=0|0o=—-1,p=0|0c=—-1,u=v/h

X (w) 1+co;(wh) 176020‘)}1) V»C()s(w}}lz)+|l/71|

Ng (UJ) l—co;(wh) 7lfczs(wh) u—cos(w;:)—|u—l|

If we study the eigenvalues A(w) of L(w) for Baumann’s DG-method, we
see in Table 3.1 that they are real and non-negative: A;(w), Aa(w) € [0,2/A].
Furthermore we see that A, = 0 for w = 0, which is the eigenvalue corresponding
to the constant eigenfunction. This eigenfunction corresponds to the equivalent
eigenfunction for the continuous operator and is controlled by the boundary
conditions. However, we see that there also is an additional zero eigenvalue
A1 =0 for w = +7/h, and the corresponding eigenvalue is oscillating piecewise
constant. This spurious zero eigenvalue causes the Baumann DG-method to be
singular for linear basis functions in the test and trial space.
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Figure 3.1: Eigenvalue spectra of discrete operator El(w) for cubic stencil.

The same oscillating piecewise constant function is an additional eigen-
function, with A\, = 0, for the discrete operator L, for the symmetric DG-
method. Furthermore, for this DG-method we recognize the saddle-point be-
havior A1 (w) € [0,2/h], A2(w) € [—2/h,0].

If we study the eigenvalue spectrum A\, (w) for the IP DG-method, then we
may still choose the penalty parameter v. If we choose v < 0, the method is
stable in the sense that the unique zero eigenvalue corresponds to the constant
eigenfunction. However, the method is indefinite. If we choose the parameter
0 < v < 1 the method is indefinite and unstable (since then there is a spuri-
ous zero eigenvalue with a corresponding oscillating piecewise constant eigen-
function). For v > 1 the method is stable (the eigenvalues have non-negative
sign). On the other hand, for a large parameter v the discrete operator is
ill-conditioned.

Whereas, for linear polynomials in the test and trial space, Baumann’s non-
symmetric DG-method has positive real eigenvalues, this is not the case for
higher-order piecewise polynomials (although they have positive real parts).
Figure 3.1 shows the eigenvalue spectra the Baumann and the symmetric DG-
methods for piecewise cubics, as analyzed in Chapter 2 and [24]. The spectrum
of Baumann’s method shows complex eigenvalues; in the case of the symmetric
DG-method the spectrum is real but indefinite.

Notice the distinction between eigenvalues for low and high frequencies which
is useful in the context of multigrid. (Low frequency functions can also be
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represented on a twice coarser grid.)

3.3.2 Consistency of the IP DG-method

In the previous section we have seen that the IP DG-method for the piecewise
linear basis is stable if » > 1. In this section we study the accuracy and the
discrete convergence of this method. For the analysis we use the point-wise
stencil (3.5) and proceed analogously to the treatment in Section 2.6. We study

the truncation operator B
Th = Ly Rp — Ry, (3.8)

and the operator corresponding with the discrete convergence, C}, = L,:lTh. In
(3.8) Ry : C'(Qp) — R*Zn is the injective restriction defined by

w43 |

The second restriction, Ry, : C1(Qy) — R??# is the Galerkin restriction defined
by
ih
f(]j—l)h (bl,jfl(‘r)f(l‘) dzx )
j+1)h
S ™" 60,4(2)f (z) de,

for all f € L*(Q). Using mpe,, for the truncation error

(Ruf) (k) = [

Thew(z) = The™" = (LyRpe, — RipLe,)(z),
and with the definition of Ry, we find

. o ! giwh(t-1)
Thew = Lpe™@ih [ i } — w?he™wih [ fo y e } ,

[ eht(1 — t) dt

where the basis functions are scaled to the master element Q = [0, 1]. So,
—~ 1 i ettty »
Thew = | Lp(w —h 0" 2 | phedh 3.9
h ( h( ) [ 1 } I: fol ezwht(l _t)dt w € ( )

= (La(@)Ba(w) = Ra(@)L(w)) e“",

~

where i\h(w) is the Fourier transform of the block Toeplitz matrix L; for the
point-wise stencil. The order of the truncation error is found by expansion of
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(3.9) for h — 0. Since e, = €' ig continuous, both for Baumann’s method
(0 = 1, u = 0), and for the symmetric DG-method without penalty (0 = -1, =
0) and with interior penalty (¢ = —1,u = v/h), the absolute value of the
truncation error is

] = [ §hiw? + O(h%’) ] (3.10)

%h2w3 + O(h3w?)
However, from the previous section we know that only the IP DG-method is
stable and definite, provided we choose v > 1. So, for that method we can
derive the discrete convergence from

Li'rhew = In (@) (Ta(@)Ba() - Ra@)L@W)) e7". (3.11)

The results are summarized in Table 3.2, distinguishing between penalty pa-
rameters g = 1/h and p = v/h with v > 1.

Table 3.2: The expansion of (3.11) for h — 0, i.e., the order of convergence of pointwise
values at the nodal points.

P, p=1/h IP, p=v/h,v>1

féhw + O(h*w?) - 12(:41) h2w® + O(h*w?)
+3hw + O(h?w?) +Tﬁh3w3 + O(h*w?)

We see that we loose two orders of accuracy if u = 1/h. The IP DG-method is
more accurate for a larger constant v, but on the other hand, the method be-
comes less attractive due to the worse condition number of the discrete operator
Ly,

3.4 Smoothing analysis and convergence of the
two-level algorithm

In this section we consider three block-relaxation methods: Jacobi-, Gauss-
Seidel-, and symmetric Gauss-Seidel block relaxations. If we want to apply
these relaxations to the unstable operators (Baumann or symmetric DG with
p = 0) with cell-wise blocks, then we notice that (i) it is impossible to apply
Jacobi relaxation because of the singular diagonal blocks, and (ii) that block GS
doesn’t converge because all eigenvalues of the iteration operator have absolute
value equal to 1. Point-wise block relaxation can be used. However, as can be
expected, spurious modes remain and no smoothing is achieved.
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For the stabilized methods, with u > 1/h, all block relaxations are smoothers,
but for x > 1/h point-wise block methods perform much better than the cell-
wise block equivalents.

Because of this result, later in this section we drop the cell-wise relaxation
and analyze two-level convergence for each of the three point-wise block relax-
ations. We determine the spectrum of the two-level iteration operator (for dif-
ferent values of ) and compute for each of the relaxations the optimal damping
parameter and the corresponding convergence rate.

Finally, in order to show that fast convergence is not only an asymptotic
property after many iterations, but can be expected already in the first steps,
we determine the spectral norms for the iteration operators at the end of Section
3.4.2.

3.4.1 Smoothing analysis

Having shown in Chapter 2 for piecewise cubics that the smoothing properties
of the damped block-Jacobi (JOR) and the damped block-Gauss Seidel (DGS)
are better for point-wise ordering than for cell-wise ordering, we see the same
for piecewise linear basis functions. In this section we analyze the different
smoothers for the linear case, again distinguishing between the cell-wise (3.4)
and point-wise (3.5) approach.

Analogous to the treatment in Section 2.4 we consider the iterative process
for the discrete system Apz =b

gD = 20) — By (Apz® —b), (3.12)
with B}, an approximate inverse of Aj,. Decomposing Ap
A, =L+D+U, (3.13)

into a strictly block-lower, a block-diagonal and a strictly block-upper matrix,
the different relaxation methods are uniquely described either by By, or by the
amplification matrix M, ,ILD‘EL = I, — By Ay,. These operators are shown in Table
2.1 in Section 2.4. Because Aj is a block Toeplitz operator, also the ampli-
fication matrix M, is block Toeplitz. Notice, that the meaning of the block
decomposition (3.13) is different for the stencils (3.4) and (3.5). The stencils
corresponding to the decomposition (3.13) are given in Table 3.3.

As we emphasized in the previous chapter, the difference between cell-wise and
point-wise decomposition is that the eigenvectors ey ,(mh)v of the cell-wise
stencil correspond to 2-valued grid functions associated with the cell interiors
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Table 3.3: The stencils in the diagonal decomposition

Cellwise Pointwise
TR
h 0 50’ h 0 )
1[ i e ] 1[ 2+ hp l‘f”—hu]
h —12—0' HTa+hM h lga_hu 120 +h;u'

(in fact independently of the basis chosen), whereas for the point-wise stencil
they correspond to the 2-valued grid function associated with the nodal points
between the cells. This makes the point-wise stencil better suited for analyzing
the multi-grid algorithm. Using (2.19) we find the Fourier transform of the basic
Toeplitz operators: L(w) = Le h, D(w) =D, U(w)=Ue®“h. This yields
the Fourier transform for the amplification operators for JOR, DGS and SGS:

Mgk - b (1-a)D-a (240)),
@L — (A—G—E)il((l—a)(ﬁ—l—i)*aﬁ),
MEEL, = (D+0) (0-a)(B+0)-al),

As shown in Section 2.3.2, we find, in view of (2.21), the eigenvalues of M ¥

by computing the eigenvalues of M }?E L(w) for w € Ty,. The eigenvalues corre-
sponding with the high frequencies (Jw| > 7/2h), that determine the smoothing

properties of the relaxation, are found as M/FL(w) for w € Ty \ Tap. The
spectra for the three different smoothers, applied on the DG method of Bau-
mann (o = 1, u = 0), the symmetric DG-method (0 = —1, p = 0) and the IP
DG-method (¢ = —1, p = v/h) are shown in the Figures 3.2-3.5 respectively.
The IP DG-method is stable for penalty parameters p = v/h, v > 1, which
is reflected in the fact that the only undamped mode is the constant (eigen)
function. In the Figures 3.2, 3.3 and 3.5 we see that the Baumann and the
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Figure 3.3: Eigenvalue spectra of MEEL(w), without damping (a = 1) relative to unit
circle, for the Baumann and the symmetric-DG.

symmetric DG method (both with ¢ = 0) show their instability by not damping
the highest frequencies |w| ~ m/h. The high frequencies appear to be handled
similarly as the low frequencies. We see that the IP-DG methods allow smooth-
ing by the various relaxation methods, and that (the case u = 1/h excluded) the
point-wise relaxations are better than the cell-wise relaxations (high frequencies
are better damped).

In Table 3.4 we summarize the damping of the high-frequencies and we
show the corresponding optimal damping factors, a, and smoothing factors for
the damped relaxation methods in point-wise setting. We conclude that the
pointwise block-relaxation methods are excellent smoothers. This brings us to
focus more on their behavior in a multigrid algorithm in the next section.

3.4.2 The two-level analysis

Now we study the two-level operator for the IP DG-method with three choices
of w, viz. p = 1/h, p = 2/h and p = 5/h, and we will compute optimal
damping parameters for the smoothers JOR, DGS and SGS in combination
with the coarse-grid correction, for the different choices of the parameter .
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Table 3.4: Smoothing factors (sf = max,jap<|w|<n/n [A(w)]) for the undamped (top) and
the damped (bottom) relaxation methods. The damped relaxations are shown only for their
point-wise ordered versions, and the damping factor (a) is shown.

maxe |[A(w)| JOR DGS SDGS
w/2h < |w| < w/h | cell point | cell point | cell point
Baumann — 1.0 1.0 1.0 1.0 1.0
symmetric DG — 1.0 1.0 1.0 1.0 1.0
IPp=1/h 1.0 1.0 0.447 | 0.447 | 0.200 | 0.200
IPp=5/h 1.0 1.0 0.659 | 0.447 | 0.647 | 0.200
IP point-wise « sf a sf a sf
n=2/h 0.667 | 0.333 | 1.0 0.447 | 1.0 0.200
nw=>5/h 0.667 | 0.333 | 1.0 0.447 | 1.0 0.200

The amplification operator of the two-level algorithm for the error is given by

M'?LA - (M,]}EL) v2 M’?GC (M;}EL) vy

(M) (1~ Pur i R n) (M)

l

where v; and vy are the number of pre- (post-) relaxation sweeps respectively.
M, hc GC is the amplification operator of the coarse grid correction. The amplifi-
cation operator for the residue is

—TLA —REL,,, ~CGC ~REL,,
M, = (M, )M, (M, )"

= (EaMFFL ) L MOSCL (L MRF L)

From the analysis in Section 2.3.5, we find that the Fourier transform of the
coarse grid correction M hc GC s

—

—~ — T =~ 1 0
MEGC(w) = (Ih 7PhHLH1RHth> (w) = ( g 1 )—

P (w) — = — Ln(w) 0
( Pa(w+/h) ) Ea@) ™ (Ruw) Rule+n/m) ) < 0 ILn(w+n/h) ) '
For our piecewise linear basis ¢; ., the interpolation P,y : Sy — S, so that

(Praum)(z) = upg(x) for all z € R\ Zj, is given by the stencil (for pointwise
ordering):

10
PhH:[O

INIENI
O -
- o
B0 [ =
o o
e
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IP-DG p=1/h IP-DG p = 2/h IP-DG p =5/h

Figure 3.6: Eigenvalue spectra of FT(M}(;GCMF(})E}%)(w) = FT(H?g{;MﬁGC)(w), without

damping (a = 1).

IP-DG = 1/h IP-DG p = 2/h IP-DG pu=5/h

Figure 3.7: Eigenvalue spectra of FT(MSCGC MEEL)(w) = FT(Mg}ég-MSGC)(w), without

damping (o = 1).

Because the DG discretization is of Galerkin type with equal test and trial
space, the restriction of the residue, Rpp, is the adjoint of the prolongation,
Rpn = (Png)T. For the different penalty parameters p and different smoothers
JOR, DGS and SGS, the eigenvalue spectra of the two-level operator for the IP
DG-method are computed from (2.21) and shown in the Figures 3.6-3.8.

We see that none of the methods converge for u = 1/h. However, for p = 2/h
or u = 5/h all pointwise relaxations are excellent smoothers and we see fast
convergence for the two-level algorithm.

Having found the spectra and having computed the largest and smallest real
eigenvalue Apin and Apnax we can determine the optimal damping parameter
and the corresponding convergence rate for the damped relaxation method. The
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IP-DG pu=1/h IP-DG p = 2/h IP-DG p = 5/h

Figure 3.8: Eigenvalue spectra of two-level iteration with symmetric block-GS relaxation:

~ —+REL —CGC-+;REL . .
FT(Mgg{;U M,?GCMggé‘L (w) = FT(Mpgs, My, MDGSU)(“’)» without damping (o =
1).

parameter, minimizing the spectral radius p(M, hc Goyr ,?EL ) is given by:

2
Gopt = 2 — (/\min + Amax),

Seeing that the case v = 1 will not show h-independent convergence, we show
in the Tables 3.5 and 3.6 the damping parameters and the convergence rates for
the cases v =2 and v = 5.

Table 3.5: Damping parameters for the two-level operators p(M}?GCM,?EL) —

—REL-;CGC
p(My "My, )-

Qopt IP-DG p=2/h | IP-DG p=5/h
MZFCOMEDL 0.692 0.669
MPGCMEEL 0.897 0.928

In order not only to know the asymptotic convergence rate but also the
guaranteed converge behavior after one or two iteration sweeps, we also compute

the spectral norms ”M}Z’LAH’ ”M:LA (M:LA)2 '

in the Tables 3.7 — 3.9. We see that the two-level algorithm (and hence the
multi-level algorithm) converges with a rate of about 0.2 — 0.4 per iteration step
and that reduction of the error and the residual is guaranteed, starting from the
2nd iteration step.

, The results are shown
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Table 3.6: Spectral radii p(MSEC MEFPL) = p(MfELHSGC) for damping parameters in
Table 3.5.
p(MFGC MEPEL) IP-DG p=2/h | IP-DG p=5/h
MECGC MEBL 0.385 0.339
MPCCMEEL 0.217 0.238
MpREE MPCSCMEEE, 0.156 0.180

Table 3.7: The spectral norm (omax) after 1 iteration for the error with optimal damping.

CGC psRE CGC pAfREL EL GCaAfREL
Mh MJOI% Mh MDGS' MgG’SU M}? MDGSL
IP-DG (p = 2/h) 0.543 0.392 0.207
IP-DG (p = 5/h) 0.478 0.417 0.250

Table 3.8: The spectral norm (omax) after 1 iteration for the residue with optimal damping.

—CGC—REL | —CGC—REL | - REL —-CGC—REL
My 7" Mjor | My “Mpgs | Mpgsy,Mr  Mbpgs,
IP-DG (p = Q/h) 1.071 1.019 0.340
IP-DG (1 = 5/h) 1.056 1.028 0.343

Table 3.9: The spectral norm (omax) after 2 iterations for the residue with optimal damping.

—CGC—REL | —.CGC—REL | —-REL —-CGC—REL
My " “Mjor | M, "Mpgs | MpgsyMn  Mbpgs,
IP-DG (u =2/h) 0.411 0.200 0.030
IP-DG (u = 5/h) 0.357 0.244 0.035
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3.5 Numerical results

In this section we check by numerical experiments the spectral radii of the two-
level operators with damped Jacobi-, M hC GCpm }20131%, Gauss-Seidel-, M hc GCM ,’;g g,
and symmetric Gauss-Seidel relaxation, M gg’gu MPCCM gggm for the IP-DG
method with the penalty parameters u = 2/h and u = 5/h. For that purpose,

we consider the inhomogeneous Poisson equation
em/e

—Ugy = m, with u(0) =0, u(1) =0, e = 1/64,

which has a sharp boundary layer type solution. We set the meshwidth to
h = 27°% and we take for our initial approximation the grid-function u) =

ug’PRE =sin(1/27rj). We apply a pre-relaxation sweep

uﬁ—}}RE = u;z,PRE + B (fh — Lh“%,FRE) )
with Bj, the approximate inverse of Lj as given in Table 2.1 in Section 2.4, and
the coarse grid correction

0 v -1 V1
up, post = W' pre + Par Ly Run(fn — Lauy'prg)-

In case of symmetric damped Gauss-Seidel we apply an additional post relax-
ation sweep ‘ 4 '

up'BosT = Uk post + Bh (fa — Lnth post)-
To be consistent with the Fourier analysis we measure the residue in the 2-norm

2

64 2
ldnlla = lfn — Lnunlla = | D) di,

e=1 j=1

The convergence of the residue is shown in Figure 3.9. The convergence factors
as observed, are given in Table 3.10.

Both for y = 2/h and for u = 5/h we see convergence, starting from the first
iteration sweep. Furthermore, for the IP-DG method with g = 5/h the observed
convergence factors correspond very well to the spectral radii shown in Table
3.6. Only for the IP-DG method with p = 2/h the spectral radii of the Fourier
analysis seem too optimistic compared with the convergence factors in Table
3.10. This is clearly caused by a boundary effect (as can be seen if we study
the slowest converging component, which is exponentially growing towards the
boundary). This is related to the fact that, as u approaches 1/h, the two-level
algorithm becomes singular. This singularity effect disappears for larger values
of v = hpu.
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Table 3.10: Numerically obtained convergence factors corresponding with

p(MPGC MEBL) — p(ﬁﬁELﬁSGC) for damping parameters as in Table 3.5.

p(MPGC MREL) IP-DG p=2/h | IP-DG p=5/h
CGC AsREL
MEPCGC MEEL 0.48 0.34
MPGCMEEL 0.24 0.23
REL CcGC REL
MEEL MCCSCMEEE, 0.17 0.18
IP-DG p = 2/h IP-DG p=5/h

+: JOR; o: DGS; A: SGS.

Figure 3.9: log(||dp||2) as function of iterations for the two-level iteration operator on the
error.

3.6 Conclusion

In the previous chapter we have shown that multigrid iteration can be quite
efficient for the solution of elliptic equations that are discretized by higher-
order discontinuous Galerkin discretization, provided that a block (Jacobi or
Gauss-Seidel) relaxation is used, based on a pointwise (instead of a cell-wise)
ordering.

In this Chapter we have studied the solution of the discrete equations for the
discontinuous Galerkin method with piecewise linear test- and trial functions.
It is well-known |2, 43| that in this case the DG method requires an interior
penalty (IP) parameter p > 1 in order to guarantee that the discrete equations
are stable.

We show that in this case, again, a multigrid method can be used to solve



CONCLUSION 65

the corresponding discrete equations if block relaxation is used, based on the
pointwise ordering. If a suitable IP parameter y > 1 is chosen, the block Jacobi
or (symmetric) block Gauss-Seidel relaxation have a good smoothing property.

Using Fourier analysis, for feasible u-values, we compute optimal damping
parameters for the relaxation methods and the corresponding two-level conver-
gence rates. In view of the hierarchical structure of the DG multigrid-algorithm
proposed in the previous chapter, the present results can also be used to jus-
tify the use of a low order discretization in the hierarchical scale of methods, if
needed.
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Chapter 4

Two-level analysis for higher
dimensional DG discretization

Summary

In this chapter we study the convergence of a multigrid method for the solu-
tion of a two-dimensional linear second order elliptic equation, discretized by
discontinuous Galerkin (DG) methods. For the Baumann-Oden and for the
symmetric DG method, we give a detailed analysis of the convergence for cell-
and point-wise block-relaxation strategies.

We show that, for a suitably constructed two-dimensional polynomial basis,
point-wise block partitioning gives much better results than the classical cell-
wise partitioning.

Independent of the mesh size, for Poisson’s equation, simple MG cycles with
block-Gauss-Seidel or symmetric block-Gauss-Seidel smoothing, yield a conver-
gence rate of 0.4 - 0.6 per iteration sweep for both DG-methods studied.

4.1 Introduction

In this chapter we describe and analyze a multigrid method for the solution of
discrete systems arising from discontinuous Galerkin (DG) discretization. Since

67
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recent work by Baumann-Oden [37], discontinuous Galerkin discretization has
become more popular for discretization of elliptic problems, in particular for
application in hp-adaptive solvers.

Originally, DG methods, based on constrained optimization [13, 26, 36],
suffered from stability problems inherent in the saddle-point character of the
Lagrange multiplier formulation. In [2, 50| these problems were overcome by
introducing a penalization of the discontinuity that stabilizes the scheme. The
method by Baumann-Oden modifies the saddle-point character of the problem
and results in a definite (but asymmetric) discretization for the Poisson prob-
lem. Because the diffusion part is often combined with a convection term, the
asymmetry is generally not considered as a disadvantage in practice. For a
comprehensive survey of recent variants of DG methods and their properties we
refer to [3].

In the present analysis we restrict ourselves to the Baumann-Oden and the
symmetric DG method. Looking for an optimal efficient solution procedure
that can also be applied conveniently in an hp-adaptive context, we are led
to the solution of DG discretization by a multigrid (MG) technique. To our
knowledge, the first paper on multigrid in combination with DG was [15], who
give an abstract convergence theorem for the symmetric case along the lines of
[7].

In [4] the use of MG with DG for application in groundwater flow by means
of ILU-decomposition is mentioned. However, no analysis was given.

In the present chapter we analyze not only the symmetric but also the
Baumann-Oden discretization for the two-dimensional Poisson equation and we
derive two-level convergence rates by local mode Fourier analysis. An anal-
ysis for the one-dimensional case was given in [23, 24]. In this chapter we
show that multigrid can be a an O(N) solver indeed, provided that the right
block-relaxation methods are used. The block-relaxation should not be based
on grouping the degrees of freedom according to their cells, but —for a suitably
selected polynomial base— on a grouping of degrees of freedom that can be as-
sociated with cell vertices. Both for the Baumann-Oden and for the symmetric
DG method, this strategy leads to an efficient MG method.

For the treatment of solution methods for systems arising from DG dis-
cretization of arbitrary high order, we consider the fourth-order approximation
the generic case, where the solution is approximated by cubics. With tensor-
product piecewise cubics on each rectangular cell, the trace of a function and its
normal derivative can be approximated sufficiently well on each cell boundary
segment to determine the fourth order discrete DG operator. All additional
accuracy can be considered as corrections on a hierarchical basis, which can
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be dealt with by a combination of static condensation and defect correction
iteration. This is the motivation why we study here only the cubic case, and
why we introduce the basis (4.3), or a variant (see also Section 2.2.2) with the

Jacobi polynomials PT(L4’4)(ac), that satisfy an Ly-orthogonality condition on the
cell interior |1, p.774].

The outline of this chapter is as follows. Starting with the variational
DG form (2.3), introduced in Chapter 2, we describe the discretization sten-
cils that occur for the discretization of the two-dimensional Poisson equation.
As a preparation for the MG-method we also describe the stencils for the grid-
transfer-operators. In Section 4.3 we treat the Fourier analysis tools used for
the systems of grid functions that correspond with DG discretization with piece-
wise cubics. In Section 4.4 we first treat the smoothing analysis. We show that
block-relaxation is stable on a reduced basis of cubic polynomials, whereas the
straightforward tensor product representation is not. In Section 4.5 we treat
the two-level analysis and we compute optimal damping parameters for the
smoothing, and the spectral radii for the two-level methods, with block-Jacobi,
block-Gauss-Seidel or symmetric block-Gauss-Seidel relaxation.

In the last section we show by a numerical example that the actual conver-
gence rates correspond very well with those derived by Fourier analysis. Both
for the Baumann-Oden and for the symmetric DG method, this strategy leads
to an h-independent convergence rate of at least 0.4 - 0.6 per two-level cycle.

4.2 The two-dimensional DG discretization

4.2.1 The discrete formulation in tensor product form

In order to describe the two-dimensional discretization methods studied in this
chapter, we return to the special weak formulation (2.3) for the Poisson equation
(2.1) defined on the unit cube 2: Find u € H'(2},) such that

B(u,v) = L(v) Vve H (Q), (4.1)

where the bilinear form B(u,v) is defined by (2.4).

The next step is to define the finite dimensional test and trial function spaces,
Sh, Vi C H'(£2,) in order to derive a discrete version of the weak formulation
(4.1). To simplify the analysis we restrict ourselves to the two-dimensional
Poisson’s equation on a regular uniform partitioning, as given by (2.2). The
treatment of the three-dimensional equation is analogous, but less convenient
considering the notation.
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Taking the same space for the test and trial functions (S, = V}), we have:
find up, € Sp such that,

B(uh,vh) = L(vp), Yup, € S, . (4.2)

We take for the finite dimensional trial and test space S, C H'(€4) the space of
piecewise polynomials of degree less than 2p in each of the coordinate directions
on the partitioning Qp:

Sh = {¢ie € PP (), Qec€n},

and, as motivated in Section 2.2.2, we further provide S;, with a tensor product
basis of polynomials, defined on the unit interval by

b)) =L — 8™k, n=0,1,--: ,p~1; k=0,1 (4.3)

Thus, on the unit square, ()  R2, we use a basis of tensor-product polynomials
based on (4.3). A basis for P??~1((Q,.) is obtained by the usual affine mapping
Q0 — Q.. Hence, on a regular rectangular grid Q, with cells Q. of size h, x hy
the approximate solution reads:

@y = 3 P i il () (4.4)

1<e<N 0<i,j<2p hy

SN i beil©des(n).

1<e<N 0<1,j<2p

Ii

After substitution of (4.4) into (4.2), and because of the tensor product structure
of our basis, we can express the discrete system Ljpup = fp, in explicit form as:
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Do D ceis {( /¢el¢md£ <v¢“>-[¢e,;] B (4.5)

1<e<N 0<1,j<2p

1 1
+0E [‘be,i] : <V¢e,i> |FDim + p [¢E,i] d [¢e,;] |FDint) hy/o ¢51j¢e,3dn
1 1 1 , , 1
e [ et oo [ 60560 50— 5 (9000) [b05] Inow

+ al [e,s] <V¢e,;> IPoime +19e,3] - [#..5] |) }
L /f O L TE e

1<e<N 0<14,5<2p Qe

to /FD <v (dv;(”” (e ))> - [uo) ds

T Zey, Y Ye T—Te,, Y Ye
N e e R e T T
Vi,j.

We see that the left-hand side of (4.5) is an extension of a one-dimensional
stiffness and mass matrix. If we define

M= (M, ;)= ha /01 Pe,i® 748,
and
S= (80 =7 | 0L (9000 [,7] I
b Bl (9003) Irow + 818es] - B3] I

we may write:

Lnun= Y > Ced ( Me,j,i“LMe,iﬁSe,jJ)’ Vi,J.

1<e<N 0<1%,j<2p

Or briefly, in tensor product notation we have:

Liwn= Y Y cij(S®M+M®S), ;.5 Vi,j.  (46)
1<e<N 0<4%,j<2p
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In our one-dimensional analysis [23, 24| we explained that if we associate
the first four polynomials of basis (4.3) with function values and corrections on
derivatives at the cell corners, the discrete system can be partitioned in point-
wise blocks, each of which can be associated with a nodal point of a cell. We
showed by Fourier analysis, that the relaxation methods (damped block-Gauss-
Seidel (DGS) and damped block Jacobi (JOR)), based on that partitioning, show
better smoothing properties than the classical cell-wise partitioning. We further
emphasized that higher order polynomials can be introduced as genuine bubble
functions. They correspond to interior cell corrections. So, if we are interested in
fast convergence of the discrete system the coefficients of these bubble functions
are of less importance. They can be eliminated by static condensation or dealt
with by defect correction. So, in this two-dimensional analysis, we again restrict
ourselves to the case p = 2 and we distinguish between cell-wise and point-wise
stencils of the discrete system.

4.2.2 Implementational details

A slightly better alternative basis than (4.3), but still satisfying our purposes,
is defined on [-1,+1] as follows. We take the first four basis functions as in (4.3),
i.e., the functions (z — 1)P(x + 1)9, with (p,q) = (1,0), (0,1), (2,1), (1,2),
but for the higher order contributions we take (z — 1)%(z + 1)2PT(L4’4)($), with
n=0,1,---, and P{** the Jacobi polynomials (see [1, p.774]). The first four
basis functions are essential for our purpose, because they represent function
values and first derivatives at the cell boundaries. The higher order polyno-
mials, constructed by means of the Jacobi polynomials, satisfy the useful Lo-
orthogonality property. In addition to the orthogonality, this new basis relieves
the restriction to odd degree k for k > 4.

Notice that for higher order accuracy not all tensor product basis functions
have to be included. Higher order cross-products of total degree higher than
2p — 1 can be neglected. This gives a significant reduction of computational
work, viz., in two dimensions asymptotically a factor 2, in three dimensions a
factor 6.

4.2.3 The two-dimensional cell-wise and point-wise stencil

Whereas for the one-dimensional discrete system the point-wise and the cell-
wise stencils are both three-point block stencils, this is not the case for the two
dimensional discrete system described above. To see this, consider (4.5) and
(4.6). If we order the equations and coefficients of the stiffness and mass matrices
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cell-wise over the two coordinate directions ([¢e,0(.), Pe,2(-), Pe,3(-);, Pe,1()]), we
have the following stencil contributions (see also (2.10)):

ro_1 11— g 1+ 1 —1—
-2 g -3 2”1*’1# 5> +hy 7 0 a”
c _ 0 0 20 C _ —27 15 30
St=1 0 0o o 0 » Se= 0 2% 15 -30
L 0 0 0 1o —Lr 0 3 Yo+hu
r 1 E 1 1 1 1
A i ¥ ¥ ¢
c 0 0 0 0 c 20 105 140 30
Sk = 1, 0 0 0 , Mg=| 3 9 110 % |,
1702 1 1 310 1?0 1?5 210
L 2" ~hn —3 0 —3 | & 30 20 3

where the superscript ‘C’ denotes ‘cell-wise’ and the subscript ‘L’,‘C’,‘R’, re-
spectively ‘left’, ‘center’ and ‘right’. If we now, with the notation of (4.6),
write:

LY = (sYeM? + M7 ®87),; -, i e{1,2,.,4}, (47
the result is a five-points block stencil, with for each block a 16 x 16 matrix.
We denote the stencil by:

LEL
Ly | Lo | LEc | Lic |- (4.8)

C
LCR

Re-ordering the equations and coefficients of the mass and stiffness matrices in a
point-wise manner (collecting [@e—1,3, Pe—1,1, Pe,0, Pe,2]) Over the two coordinate
directions, yields the following stencil contributions (see also (2.11)):

r 1 1 17
oL, W 00 3 T
sP = 29 2 MP = & 30
& o o -1 o |’ L 00 0 0 [’
Lo o 0 0 00 0 0 |
r 2 1 1 1 1 1
02 o2, Y oy 00
sB=| B LTy L E|oME=| B o3 Y )
v g b} - b
3 o, he ST the o b0 3 3
L 0 29 39 i5 0 0 35 o5
T o 0 0 0 0 0 0 0
0 —L 0 0 0 0 0 O
P _ 2 P —
Sk = 0 ~12717 1, 0| My = 1 % EE
1 1
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where the superscript ‘P’ stands for ‘point-wise’. Then evaluation of (4.7) yields
the nine-points block stencil:

L7y | Lo | Lig
Ln®| Lo | Léc | Lic |- (4.9)

P P P
Lir | Lor | Lrr

Every block is a 16 x 16 matrix containing information about the 4 cells around
the point in the computational domain. The cell-wise and point-wise stencils
represent the same discretization. The different ordering, only results in different
relaxation behavior of the block-relaxation procedures.

4.2.4 Restrictions and Prolongations

As we are interested in multigrid solution methods we have to define restrictions
and prolongations. In Section 2.2.4 we derived the natural prolongation, the in-
jective restriction and the Galerkin restriction operator for the one-dimensional
polynomial basis. We further stated that extension to more dimensions is easily
made by means of the tensor product principle. However, for convenience we
give in this section an overview of the conclusions.

For the two-dimensional analysis, we consider a uniform fine partitioning of
cells ;, with size h1 X ho and a uniform coarse cell partitioning Qg of cells
Hy x Hy = 2hy x 2hy. With jh = (jihy,jahs) and jH = (jiHi,joHs), we
denote the nodal points of respectively the fine and coarse partitioning. We
further denote the spaces of discontinuous piecewise polynomials by Sj, and Sg.
Since, by nesting we have Sy C Sj, the natural prolongation Py : Sg — Sh is
defined' such that (Pnpug)(z) = ug () for all x € (R\ Z)?. For our piecewise
cubics (p = 2) the one-dimensional prolongation stencil

Pis. Pr, P Pr, Parl

reads (see Section 2.2.4):

1Zy, with 0 < h € R, is the regular infinite grid, defined by Z; = {jh|j € Z}.
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00 0 —3 00 0 g 3000
00 0 O 001i 0 1.0 0
PLL:oooo’PLZO()%%’PC*0010’
0 0 0 O 00 0 O 0o 0o o0 2
0 0 0 O
1 1
L1 9 o
Pr = iiooprR:P}:L-
§2
10 00

Then, we derive the two-dimensional prolongation stencil from (cf. (4.6)):

P = (P.QP.) i,i,7,7 € {1,2,..,4}, (4.10)

,2,7,]
where the dot-subscript (LL,L,C,R,RR) denotes ‘outer-left, left, center’ etc..
The result is a 25-points block-stencil, with each block a 16 x 16 matrix, asso-
ciated with a neighboring nodal point.

Whereas the prolongation Py is uniquely defined, the restriction operator
is not. However, we recognize two natural restriction operators. The first one
is the restriction for the residual, characterized as the Galerkin restriction. Due
to the weighed residual character of the Galerkin discretization, this restriction
operator is the adjoint of the prolongation: Rgp = (Pnm)T. The Toeplitz
operator of the Galerkin restriction is the transpose of the Toeplitz operator
for the prolongation. Because of the Galerkin construction of the discretization
and the nesting of the spaces Sy and Sy, the Galerkin relation holds for the
discretization on the coarser and finer grid:

Ly = RynLnPrp (4.11)

The stencil representation of Ry, is the same as for Pyg.

The second natural restriction is the injective restriction, applied in the
solution space. This restriction is based on function values and corrections on
derivatives at the cell corners (see Section 2.2.4). Because of our basis (4.3), the
one-dimensional restriction operator is constructed such that:

(d/dz)(Runun)(GH)|ay,; , = (d/dz)un(2jh)|a, 25 1
(Renun)(GH) |0y, = un(25h)|0p 25 15
(Renun)(GH)|oy,; = un(2ih)lay 25
(d/dz)(Ranun)(GH)|ay,; = (d/dx)un(25h)|q, 55

yielding the block-stencil [Rr., R.R¢, RrRRRr]:
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This operator Ry, is the left-inverse of Py, i.e. Ig = RunPru-

4.3 Two-dimensional Fourier analysis tools

4.3.1 The Fourier transform of an n-valued two-dimensional
grid function

In Section 2.3 we introduced some Fourier analysis tools in order to analyze
the eigenvalue spectra of the one-dimensional discrete system and its relaxation
methods. In this section we extend this analysis for a more-dimensional discrete
system. Therefore we define the regular two-dimensional grid Z? as:

Zy = {jhlj € 2}, (4.12)

where
jh = (jih1, j2h2), (4.13)

and we denote h? = h; - hy. Further we introduce the two-dimensional torus
’]I% = (_ﬂ-/hhﬂ-/hl] X (_'ﬂ'/hz,ﬂ'/hg].

Following [18], an n-valued two-dimensional grid function is denoted by uj €
[1(Z2)]™ and is provided with the norm

||uh||[212(zi)]n: Z ||uh,z‘||122(zi)3
1<i<n

12(Z2) is the Hilbert space of square summable two-dimensional complex grid-
functions defined on Z?, with innerproduct

(un,vn) = h* Y un(ih)on(jh)-

JEL?



TWO-DIMENSIONAL FOURIER ANALYSIS TOOLS 7

The Fourier transform uy, € [L?(T%)]" of uy, € [I*(Z})]™ is the complex n-vector
valued function T2 — C", defined by:

_ O\ e iy (s
uh(w)—<\/—27r) jezzze Gh)wy, (5h). (4.14)

Its inverse transform is given by:

1) oy
uy(jh) = (Tﬁ> /wdi e uy (w)dw. (4.15)

Furthermore we have by Parseval’s equality:

lunllpzzzye = 1Ukllz2rzye = | Z (% %i, (4.16)
1<i<n

where up, = {un;}, 1 € {1,2,..,n}.

4.3.2 The Toeplitz operator on n-valued two-dimensional
grid functions '

Following the same approach as in Section 2.3.2, for an infinite block opera-
tor obtained from a two-dimensional discretization we write A, : [1*(Z3)]" —
(*(Z2)]", where Ap = (am j)m, jez2 With a, ; € R**™. For a block Toeplitz
operator A, we have by definition a,, ; = a,,_; and its Fourier transform El(w)
is determined by:

Aheh,w — Z amdei(jh)-w = Elei(mh)'w,
JEZ?
hence,
Ez(w) = Z am,jei([j—m]h).w - Z a,kei(kh)"" — Z akefi(kh)-w’ (417)

JEZ2 kez2 kez?

for all w = (w1, ws) € T2. Here ep, = ¢'UM)@ is an elementary mode defined on
the regular infinite two-dimensional grid (4.12) and A (w) is the n x n Fourier
transform matrix of Aj. In the eigenvalue decomposition of Ap:

An(W)Va (W) = (Vahn) W), (4.18)
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Symm-DG, o0 = —1, p =0 Baum-DG, 0 =1, u=0

Figure 4.1: Spectral radius (max; (|A;(w)|), j € {1,2,..,16}) of Z;l(w) for the symmetric and
Baumann’s DG-method.

Vi(w) is the n x n matrix of eigenvectors v(w) of :4;(60) And with
(Va ® enw) (jh) = Va(w)e!M,
we have:
An (Vi @ enw) = An(w) (Vi ® he) = (Vh ® eho) An(w), weT3. (4.19)

Hence the columns v(w)ep , of Vi, ® ey, are n-valued eigen (grid) functions
of Ay, while Ap(w) is the family of n x n diagonal matrices containing the
eigenvalues of A, on its diagonal.

As an example we determine the eigenvalue spectra of the Toeplitz oper-
ators associated with the stencil (4.8) or (4.9) for respectively the symmetric
DG-method (¢ = —1, p = 0) and Baumann’s DG-method (¢ = 1, p = 0).
Considering the cell-wise stencil (4.8), using (4.17) we write:

In(w) =LS e 4 LG, et 4+ + LS, + LG, e 2" + LG e¥2h2, (4.20)

where fh(w) is now a 16 x 16 matrix. By (4.19), Aj(w) is the family of 16 x 16 ma-
trices containing the set {\;(w)}, j € {1,2,..,16} eigenvalues of Ly, for the mode
€h,w- Figure 4.1 shows the in absolute value largest eigenvalue (max;(|);(w)l))
of (4.20) as function of w € T%.
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4.3.3 Fourier analysis for prolongations and restrictions
on two-dimensional n vector valued grid functions

Having introduced the Fourier analysis for prolongations and restrictions on one
dimensional (four)-vector valued grid functions (see Section 2.3.3), the same
Fourier analysis is easily applied on two-dimensional n-valued grid functions.
Key to the Fourier analysis of prolongations and restrictions are the flat pro-
longation and restriction operators. In the framework of this chapter, we may
define the flat-prolongation: P, : [(2(Z%)]" — [¢*(Z2)]™ simply by:

(1) = (Plyum) 1) = { g 9/D) gt ommn )
where j and h are multi-indices as in (4.13).
The flat-restriction: RY, : [(*(Z2)]™ — [(*(Z2)]"™ is given by:
(Rirnun) (jH) = un(24h). (4.22)
Then, according to [18] we have the relation:
Ploun(w) = ;07(W), wiw T, (4.23)

4

whereas the Fourier transform of the flat-restriction on a two-dimensional n-
valued grid function is computed as:

—

— s

B = Y @ (P + T2, (424)
1 2

p1,p2=0,1

for all wy,ws € T = T3,. Any constant coefficient prolongation /restriction
can be constructed as a combination of a Toeplitz operator and a flat operator.
Using (4.23) the Fourier transform of a prolongation on a two-dimensional n-
valued grid function is given by:

Py (w1, wa)

_l W
P (w1, w2 + 3

T

Pain (@) = (PuPyun ) (@) = Th(w), (4.25)

1
i Ph w1—|—%,w2

Py (w1 + & wn + %)

wi,Wws € Ty.
For the restriction operator, using (4.24) we have:
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—

Rthlh(w) = R(}Ithuh(w)

Ry, (w1,w2), T (w1, w2)
Ry, w1, we + > 5 (wi,w2 + 75

| Ra (w1 + }:r—l,wz a (w1 + ﬁm,z ) (4.26)
R (w1+ﬁ,w2+%) uy w1+%,w2+’%)

with wy,ws € T%I

4.4 Two-dimensional smoothing analysis

4.4.1 Smoothing analysis for the full polynomial basis

Having introduced the Fourier analysis tools, we can study the convergence
of the block-relaxation methods: damped block Jacobi (JOR), damped block-
Gauss-Seidel (DGS), and symmetric damped block-Gauss-Seidel, either with
cell-wise or point-wise blocks. For an efficient multigrid method it is essential
that the block-relaxation methods show good smoothing ability. This implies
that all high frequency components of the error (or residual) are damped before
(or after) the approximate solution (or residual) is restricted to the coarser grid.
So, for the system Apz = b, we are interested in the convergence behavior of
the iterative process:

I(i+1) = .”L'(i) e Bh (Ah:L'(i) = b) 3
where By is an approximate inverse of A,. Decomposing Ay into a strictly
block-lower, a block-diagonal and a strictly block-upper matrix,
Ap=L+D+U, (4.27)

we find the relaxation methods as described in Section 2.4. Table 2.1 shows the
meaning of the approximate inverse Bj, and the meaning of the amplification
matrix M}E‘EL = I, — BLA}. Because Ay, is a block-Toeplitz operator, also the
amplification matrix My, is block-Toeplitz. By (4.17) and (4.8), we determine
the Fourier transform of the different block-matrices in cell-wise ordering:

L=Lg, e h L e 1M,
I R
D =Lgg,

U = LG eM + LGp ™2t
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whereas the Fourier Transform of the different block-matrices in point-wise or-
dering yields (4.9):

U — L;C eiwlhl _|_ LER e’i(fﬂ)]hl—Fthz) + LgR eiwghz _|_ LII;R ei(w1h1+w2h2)'

Both cell-wise and point-wise, this yields the Fourier transform for the amplifi-
cation operators for JOR, DGS and SGS:

MEFL D' (1-a)D-a (L+0)), (4.28)
MEEE, = (D+L) (1-a)(D+I)-aD), (4.29)
]\@U = (ﬁ+ﬁ)7l((l—a)(5+1/]\)—ai), (4.30)
MEF — MBS WSEL . (4.31)

By (4.19) we find the
MEFL(w) for w € T;.

the Fourier transform

eigenvalues of M,FEL by computing the eigenvalues of
So, both for cell-wise and point-wise relaxation methods,
of the amplification matrix MPFL(w) yields a 16 x 16

matrix with for each w € T;, sixteen eigenvalues. The spectral radii of M/FL (w)
for w € T} for the different relaxation methods (JOR, DGS, SGS) are shown in
Table 4.1 for respectively the symmetric and Baumann’s DG-method.

Table 4.1: The in absolute value largest eigenvalue of M,f‘tEL (w) for the different relaxation
methods for respectively the symmetric and Baumann’s DG-method (a = 1). On the empty

spots (-) in the table, MPL () is singular.

maxe [A(w)] JOR DGS SDGS
w e Ti cell-wise | point-wise | cell-wise | point-wise | cell-wise | point-wise
Baumann DG | 1.10 1.22 1.20 1.00 4.91 1.00
symmetric DG | — 2.98 = — = —

We see that, except for block-Gauss-Seidel applied on Baumann’s DG-method

the smoothers are unstable, or show singular behavior. Figure 4.2 shows the
spectral radius: max;(|A(w)|), 7 € {1,2,..,16} of block-Gauss-Seidel for Bau-
mann’s DG-method in point-wise ordering.
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Baum-DG,0 =1, 4 =0

Figure 4.2: Spectral radius max;(|A;(w)|), j € {1,2,..,16} of Mgggl (w) for Baumann’s
DG-method in point-wise ordering, without damping (a = 1).

4.4.2 The reduced polynomial basis for the space Sj.

Since we want convergence in a few iteration sweeps, we see that this block-
relaxation method is not suitable for multi-grid. A smoothing factor of 0.67

o —

for MEEL | ie. the largest eigenvalue corresponding to the high frequencies
|w| > m/2h, is not sufficiently small.

An easy heuristic explanation for the divergence of the various smoothers,
is not at hand. However, an idea is that cell-wise relaxation methods mainly
correct the polynomial coefficients corresponding to the cell interior, while point-
wise relaxation methods efficiently correct the coefficients corresponding to cell-
boundaries. If we consider the two-dimensional tensor product basis (4.3) for
p = 2, we associate the 16 coefficients to function values, (corrections on) x and
y derivatives, and (corrections on) cross-derivatives at the cell-corners. So we
expect that this polynomial basis is suited for point-wise relaxation. However
the functions associated with (corrections on) cross-derivatives,

{¢e,2 (m)¢e,2(y)7 ¢e,2 ($)¢e,3(y>1 ¢€,3($)¢e,2(y)7 ¢e,3(x)¢e,3(y)}

have small cell-boundary contributions compared with the jump and flux opera-
tors in the discrete weak form (4.5). So they belong more to the class of genuine
bubble functions, like the higher-order corrections in the hierarchical base. If we
remove these cross-derivative contributions, we restore the typical cell boundary
contribution concept of the low-order polynomial basis. We will see that the
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introduction of the reduced polynomial basis will lead to good smoothing prop-
erties for the point-wise relaxation methods similar as shown in the previous
chapters. for the one-dimensional case.

4.4.3 The accuracy of the reduced polynomial basis

In this section we show that the reduced polynomial basis has the same ac-
curacy as the tensor-product polynomial basis. The 12 basis-functions in the
reduced basis correspond with function values and (corrections to) the z- and
y-derivatives at the two-dimensional cell corners. In the three-dimensional case
the equivalent modification reduces 4 = 64 functions of the tensor-product basis
to a 32-function basis representing function-values and z-, y- and z-derivatives
at the 8 corners of the three-dimensional cell. We call this basis the reduced
polynomial basis. As mentioned in Section 4.2.2, the use of the reduced polyno-
mial basis essentially reduces the amount of work for the DG-method without
reducing the order of accuracy.

Considering the two-dimensional tensor product basis (4.3), for p = 2, poly-
nomials up to degree three in the two coordinate directions are interpolated
exactly over the cells Q.. So, for cells with size h; x hs, the approximation
introduces an error of

en = O(h7) + O(h3).

Removing the basis functions

{¢€,2(w)¢e,2(y)v ¢e,2(x)¢e,3(y)7 ¢e,3 ($)¢e,2 (y)7 ¢6,3 (r)¢e,3(y)}

from the two-dimensional tensor product approximation (4.4), we lose the typ-
ical tensor product character of the approximation without affecting the order
of the approximation. The removal of the basis functions responsible for the
cross-derivatives introduces an extra error of order

€extra = O(h3) O(h3) + O(hT) O(h3).

Now, considering the total error €1 = €4 + €epire on a cell Q. with size
hi x hg, we distinguish the following three cases: (i) if hy = hy = h then:
€totat = O(h?) + O(R3) O(R?) + O(h?) O(h®) ~ ep; (ii) if hy > ho we find:
€totat = O(h1) = ep; and (iii) if hy < ho we get: €roar = O(h3) ~ €.

So, we can remove the test- and trial functions, representing the cross-
derivatives at the cell corners of a cell §, without reducing the order of (ap-
proximation) accuracy. In the remaining of this paper we study the convergence
behavior of the various smoothers for the reduced polynomial basis, which is sig-
nificantly better than that for the original tensor-product basis.
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4.4.4 Smoothing analysis for the reduced polynomial basis

Having reduced the polynomial basis for the test/trial space Sj, we are in-
terested in the spectral radii of the different amplification operators M, e L of
damped block-Jacobi, damped block-Gauss-Seidel and symmetric block-Gauss-
Seidel, both in point-wise and cell-wise ordering, applied to the symmetric and
Baumann’s DG-method. Because of the identity (4.19) the eigenvalues A(w) of

the Fourier transform MJRFE(w) contain the eigenvalues of MJREL We calcu-

late the Fourier transform MFFE(w) by either (4.28) or (4.29) or (4.31), now
yielding a 12 x 12 matrix. So for every w € T} we find 12 eigenvalues. For the dif-
ferent relaxation methods (JOR, DGS, SGS), the spectral radii max;(|\;(w)|),

j =1{1,2,..,12} of MFPL(w) as function of w € T}, for respectively the sym-
metric and Baumann’s DG-method are shown in the Figures 4.3 to 4.7.

The spectra of all shown relaxation methods, have an eigenvalue |A(w)| =1
for w; = wy = 0. This is the eigenvalue corresponding to the undamped mode,
which is taken care of by the boundary conditions. The cell-wise relaxation
methods cannot be applied for the symmetric-DG method, because the operator
By, is singular. However the corresponding point-wise relaxation methods are
stable. For Baumann’s DG-method, we see the better smoothing behavior of
the point-wise relaxation methods.

4.5 Two-level analysis

4.5.1 The Fourier transform of the two-level amplification
operator

Having determined the behavior of the amplification operators as a function
of w € T? for the different relaxation methods, we are now interested in the
convergence behavior of the two-level operator. Therefore, the amplification
operator of the two-level algorithm for the error is given by

M]—TLA - (M};{EL)VZ M}?GC (M’}}EL)V1 (432)
—(MEY (1 Py Renn) ()"

where 11 and v, are the number of pre- (post-) relaxation sweeps respectively.
M hc GC is the amplification operator of the coarse grid correction. The amplifi-
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cell-wise point-wise

Figure 4.3: Spectral radii (max;(|A;(w)|), j € {1,2,..,12}) of the relaxation, MIFL(w), for

Baumann’s DG-method (o = 1) in point-wise and cell-wise ordering, without damping.

abs((: )

cell-wise point-wise

Figure 4.4: Spectral radii (max;(|A;(w)]), j € {1,2,..,12}) of the relaxation, MEEL(w), for
Baumann’s DG-method (o = 1) in point-wise and cell-wise ordering, without damping.
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abs( ()

cell-wise point-wise

Figure 4.5: Spectral radii (max;(|A;(w)]), j € {1,2,..,12}) of the relaxation, MEEL (w), for
Baumann’s DG-method (o = 1) in point-wise and cell-wise ordering, without damping.

abs((h (@)}

V[EEL V[ REL
MjoR (@) Mpgs (@)
point-wise point-wise

Figure 4.6: Spectral radii (max;(|\;(w)]), j € {1,2,..,12}) of the relaxation, MJBL (), for
the symmetric DG-method (o0 = —1) in point-wise ordering, without damping.
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abs(((@)))

point-wise

Figure 4.7: Spectral radii (max;(|A;(w)]), 7 € {1,2,..,12}) of the relaxation, MggSL(w), for
the symmetric DG-method (¢ = —1) in point-wise ordering, without damping.

cation operator for the residue is:

—TLA ——+REL,,, ==CGC ——REL,,,
My = (M )" M, (M ) (4.33)

= (LaMFPULY)” LaMPCCL, (LaMRELL )™ .

Because of the definition of the restriction (4.25) and prolongation (4.26), it
follows that the Fourier transform of the coarse grid correction M hC GC is:

MPEC(w) = (7;: ~ %Lﬁlﬁyhﬂ) (w) (4.34)
I 0 0 O Ph(wl,wz)
B 0 I 0 0 Pp(wi,wat7-) s i
- 0 0 I 0] i’\h(w1+%,w2) (LH(w1,w2))
0 0 0 I ’\(

. —

X Rp(wi,w2) Rp(wi,w2+75~) Rp(wi+5,w2) Rp(wi+~,wa+2)
ho hq hi ho

—

Lp(wi,w2) 0 0 0
0 Lh(wl,w2+hl) 0 0
X 2 e
0 0 Lh(w1+ﬁ7w2) 0
0 0 0 Lp(wi+g w2+ 52)

In view of the reduced polynomial basis, the Fourier transform of MC%C(w)
is an 48 x 48 matrix for each w € T%. And because of the identity (4.19),
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the eigenvalues \;(w) of MSSC(w) contain the eigenvalues of M CGC je., the
block-Toeplitz operator of the two-level operator.

Because of the bad smoothing behavior of JOR, DGS and SDGS in cell-wise
block-ordering, we abandon these block relaxation methods in the remainder
of this chapter and in the next section we study the point-wise smoothers and
derive optimal damping factors for the two-level algorithm.

4.5.2 Optimal block-smoothing factors for the coarse grid
correction

In local mode analysis, low and high frequency grid functions in [I*(Z})]™ are
usually defined as the functions that are linear combinations of modes e, =
eih)w  with respectively w € T3, and w € T \ T3, . However, to obtain optimal
damping factors for the different relaxation methods in combination with the
coarse grid correction, M}, CGC we have to redefine low and high frequency grid
functions as follows. We consider the amplification operator of the coarse grid
correction MPCGC =1-P, 1Ly Rern Ly, Because of the Galerkin relation (4.11),
PopLy 'R Hth is a projection operator and we define low frequency components
in the error as those components that lie in the range of Pyg Ly LE Hth Then
the high frequency Components are those in the range of I — PogLy "RunLy.

So, for a “slowly varying” n-valued grid function u,’lF we have:

PurLy' RunLpun = up”, (4.35)

while for a “high frequency” grid function Tl
(I - Pog Ly RunLe)un = uf'F. (4.36)
Since MFS“ulf = 0, we want the relaxation methods to optimally damp

the contributions (4.36). Therefore, for the different relaxation methods, we
seek damping parameters a,,; such that the spectral radius of M CGO M REE
is minimal. Notice that according to (4.32), MSEC MEFL is just the two—level
operator on the error M,?LA with v; =1, 1o = O

By (4.34) and by either (4.28), (4.29) or (4.31), we compute the eigenvalue
spectra, of MECEC MREL  first without damping (a = 1). We determine the
optimal damping parameter for the relaxation by:

2
2 — ()\min + )\max),

Qopt —
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where Amin and Apnax are respectively the minimum and maximum real eigen-
values of the spectrum without damping. It is clear that the spectral radius

for the two-level operator on the residue is the same as that for the error:

~—REL-—CGC
P(M;?GCMifEL) = P(Mh My 7).

The optimal damping parameters for the different two-level operators are
given in Table 4.2, the minimized spectral radii in Table 4.3. The spectral radii
of MEGC (w)MRPL (w) as function of w € T4, with optimal damping are shown
in the Figures 4.8 and 4.9.

Table 4.2: Optimal damping parameters, aopt, for the two-level operators
p(MECC MEEL) = (MR E 3T}, ).
Qopt Baum-DG | symm-DG
MECGC MEDL 0.95 1.03
MECGCMEEL 1.22 1.44

Table 4.3: Spectral radii p(M,?GCM,{%EL) = p(ﬁgELM,?GC) for optimal damping param-

eters as in Table 4.2.
EL
p(M’?GCMfIl?, ) MEGCMfgé’ M’?GCMggg MREL MCGCMREé‘L

DGSy Mh DG
Baum-DG 0.74 0.44 0.36
symm-DG 0.89 0.62 0.38

—REL—CGC)’C
h

Table 4.4: The spectral norm }(M M for the amplification operator of the

2

residue with optimal damping, k = 1, 3, 4.

(m55Ri°0)" | (5es, 5°°)" | (Mbas, M5 Mpgs, )
Baum-DG, k=1 3.15 3.48 2.37
Baum-DG, k£ =3 1.02 0.72 0.34
Baum-DG, k =4 0.68 0.32 0.13
Symm-DG, k = 1 7.46 5.82 4.09
Symm-DG, k = 3 2.65 1.74 0.76
Symm-DG, k =4 2.24 1.01 0.31
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Baum-DG
p(MZCC (w)MPER (w))

abs((h @)

Symm-DG

p(MZFC (w) MEEL (w))

Figure 4.8: Spectral radii (max;(|A;(w)]), j € {1,2,..,12}) of as function of w € T? for the
symmetric (¢ = —1) and Baumann’s DG-method (o = 1) for damping parameters as in Table
4.2.

From Table 4.3, we see that all two-level algorithms converge. Baumann’s
DG-method converges faster than the symmetric DG-method. This is also re-
flected in the two-norm of the amplification operator of the two-level algorithm.
Table 4.4 shows the two-norm of the amplification operator of the residue after
respectively 1, 3 and 4 iteration(s). We see that, except for block-Jacobi on the
symmetric DG-method, reduction of the residue is guaranteed within a small
number of iteration steps. For the symmetric DG-method, the spectral norms
of the iteration operator for the error are the same as for the residue. In case of
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Baum-DG Symm-DG
P(MBES (@MTC (W) MEEL, (@)

Figure 4.9: Spectral radii (max;(|A;(w)]), j € {1,2,..,12}) of as function of w € T} for the
symmetric (¢ = —1) and Baumann’s DG-method (o = 1) for damping parameters as in Table
4.2

Baumann’s DG-method, the norm of the error amplification operator becomes
unbounded for vanishing frequency w. This phenomenon was also observed in
Section 2.5.2 for the the error amplification norm in case of the one-dimensional
Poisson’s equation and is due to the adjoint inconsistency of the method [3].

4.6 Numerical results
Having determined optimal damping parameters for the two-level algorithm, we

want to check the results by a numerical experiment. For that purpose, we solve
the following two-dimensional Poisson’s equation on the unit square:

z/e y/e
e i€ .
(s + ) = ey i
with on the Dirichlet boundary 92
2 — (/¢ 4 ev/e
u(z,y) = ( )+$+y.

el/e — 1

To obtain the discrete system we use the reduced polynomial basis for S; as
explained in Section 4.4.2. L.e. we use for each cell €2, a local basis consisting of
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¢6,i(€)¢€,j(n) as in (44)7 where (Za]) € { (mn)’ (m + 25”)7 (m,n + 2) |m7n =
0,1}. We use a regular mesh with size h x h = 4~N and we start with an initial
function uj (z,y) = u% pp on the finer grid. We apply vy pre-relaxation sweeps

i1l :
Up, prE = Uh,prE T Bh (fn — Lnuj, pr) »

where By, is the approximate inverse of Ly as given in Table 2.1 in Section 2.4.
Then, we update the solution by a coarse grid correction step, solving for ey
on the coarser grid with size H x H = 4!~V

U?L,POST = ulflziPRE + PhHLI_{IEHh(fh - Lhu;/szRE)' (4.37)

and, eventually, we apply v, post-relaxations sweeps

i1 i 5
Up, posT = Uh,POST T Bi(frn — Lnup post)s

to compute u}fl = u}*pogr- The correction on the coarser grid at its turn, is

solved by multigrid until the residue of the correction (in the Ly norm) is less
than an order of O(10~°). To show convergence we measure the residue in the
L norm?

12 1/2
ldnllz, = lfn — LuunllL, = (Z/Q |Zce,i¢e,i($,y)|2d$) . (4:38)
e e 31=0

The observed convergence of the two-level solution method applied to Bau-
mann’s and the symmetric DG-method are shown in Figure 4.10. We observe
that both methods show convergence, Baumann’s DG-method converging faster.
From the slope we determine the experimental convergence rates for the different
two-level algorithms. Table 4.5 shows the results and we see that the observed
rates in the numerical experiments coincide well with the spectral radii obtained
by Fourier analysis as shown in Table 4.3.

4.7 Conclusion

In this chapter we analyze the convergence behavior of the two-level algorithm
applied to the two-dimensional Poisson equation, discretized by two discon-
tinuous Galerkin (DG) methods: the Baumann-Oden and the symmetric DG-
method, each with a polynomial basis of piecewise cubics in each of the two

2 According to (4.16) we would follow the Fourier analysis more precisely if we would mea-
sure the residue in the vector two-norm, however both norms are equivalent.
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i,
10,11

5
iterations. terations

Baumann-DG Symmetric-DG
+: JOR; o: DGS; A: SGS.

Figure 4.10: log(||dn|/z,) as function of iterations for the two-level iteration operator on
the error.

Table 4.5: Numerically obtained convergence rates observed for the different two-level block-
relaxation methods with optimal damping parameters as in Table 4.2.

p(MFGC MREEL) Baum-DG | symm-DG
CGCprREL
MCGC MREL 0.7 0.9
CGC pArREL
REJ\fh CIgCDGSREL 04 0.9
MEEL MJCCMEEL 0.3 0.4

coordinate directions. We studied the convergence behavior of different block-
relaxation methods: damped block-Jacobi (JOR), damped block-Gauss-Seidel
(DGS) and symmetric damped block-Gauss-Seidel (SDGS), where the blocks
are chosen, based either on cell-wise or on point-wise ordering. We show that
point-wise block relaxation has better smoothing properties than the classical
cell-wise block relaxation methods. Moreover, point-wise block-relaxation for
the symmetric DG-method is stable, whereas the classical cell-wise relaxation
methods are not.

The smoothing behavior is further improved by reduction of the polynomial
basis, i.e. removing tensor-basis functions that represent cross-derivatives at
the cell corners, but do not contribute to the order of accuracy. Reduction of
the basis not only improves the convergence behavior of the relaxation methods,
it also makes the DG-method much more efficient than when it is based on a
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tensor-product basis.

For the two-level algorithm we computed optimal damping parameters for
the relaxation methods, and spectral radii of the corresponding iteration opera-
tors. With a spectral radius between 0.6 and 0.4 for DGS and SDGS smoothers,
the two-level algorithms show good convergence. An analysis of the spectral
norm on the residual shows that residual reduction is guaranteed within a few
iteration steps.



Chapter 5

Two-level analysis for the
convection-diffusion equation

Summary

In this chapter we study a multigrid method for the solution of a linear convection-
diffusion equation that is discretized by a discontinuous Galerkin method. In
particular we emphasize the convection-dominated case when the perturbation
parameter, i.e., the inverse cell-Reynolds-number, is smaller than the finest mesh
size.

We show that, if the diffusion term is discretized by the non-symmetric inte-
rior penalty method (NIPG) with feasible penalty term, multi-grid is sufficient
to solve the convection-diffusion or the convection-dominated equation. Then,
independent of the mesh-size, simple MG cycles with symmetric Gauss-Seidel
smoothing give an error reduction factor of 0.2-0.3 per iteration sweep.

Without penalty term, for the Baumann-Oden (BO) method we find that
only a robust (i.e., cell-Reynolds-number uniform) two-level error-reduction fac-
tor (0.4) is found if the point-wise block-Jacobi smoother is used.

5.1 Introduction

The present analysis is motivated by our interest in the hp-self-adaptive solution
of elliptic problems that are discretized by discontinuous Galerkin (DG) methods

95
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on dyadic grids.

DG-methods were traditionally introduced for the solution of hyperbolic
equations, as methods that have a natural cell-wise upwind character [9, 30].
However, since renewed insights were obtained in their application to elliptic
problems, DG-methods gain in popularity [3, 5, 36, 40|, specially because of
their convenient properties when combined with the hp-self-adaptive approach
and with multigrid (MG) solvers [29, 42, 44|.

In this framework, having studied the Poisson equation in one and more
dimensions, [23, 24, 25] we now study the convergence of the MG method for
the one-dimensional convection-diffusion equation. In particular we study the
convection-dominated case, when the perturbation parameter, i.e., the inverse
cell-Reynolds-number, is smaller than the finest mesh size.

To have a stable DG discretization, we consider for discretization of the
diffusion term, the asymmetric DG variants, the Baumann-Oden method and
the non-symmetric interior penalty method (NIPG) respectively. For both
these methods the discrete operators are positive definite for polynomial dis-
cretizations of order higher than two [3]. The resulting linear system is block-
tridiagonal and, as discussed in Chapter 2, can be partitioned in two distinct
ways: cell-wise and point-wise. Each partitioning defines its own type of block-
relaxation methods that can be used as smoothing procedure in the MG algo-
rithm (e.g., block-Jacobi, block-Gauss-Seidel).

In our analysis we find that, in case of convection-diffusion and the convection-
dominated situation and for the DG method where the diffusion term is dis-
cretized by the Baumann-Oden DG-method, only a good two-level error-reduction
factor (0.4) is predicted if the point-wise block Jacobi smoother is used. Al-
though with imperfect coarse grid corrections and for vanishing diffusion this
block-relaxation method starts to diverge, the Baumann-Oden type DG-method
still can be used in MG techniques when robustness is increased by introducing
additional stabilization in the coarse grid correction, |11, 12, 38, 48].

Further, we show that in case of the DG method, where the diffusion term is
discretized by the non-symmetric interior penalty (NIPG) method with feasible
penalty term, simple multi-grid cycles with cell-wise symmetric Gauss-Seidel are
sufficient to solve the convection-diffusion and the convection-dominated equa-
tion. Then an error reduction factor of 0.2-0.3 per iteration sweep is observed.

For our analysis, we consider the following outline. In Section 5.2 we give the
discontinuous Galerkin formulation used for the discretization, and we specify
the corresponding discrete system. Then, in Section 5.3, we describe the Fourier
analysis for block-Toeplitz operators, where we distinguish between cell-wise and
point-wise partitioned stencils. In case the block-Toeplitz operator is partitioned
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cell-wise, the blocks are associated with the cell-interiors, while in a point-wise
partitioned block-Toeplitz operator, the equations and coefficients are associated
with the cell-vertices. In the latter partitioning, the coefficients correspond
to (vector-valued) grid functions on a regular grid, for which, in view of our
two-level analysis, it is natural and easy to define prolongation and restriction
operators. This in contrast to cell-wise ordered coefficient, for which we would
have to take care of staggered information in coarse and fine cells.

Important for the reliability of the Fourier analysis, is that the inverse of a
block-Toeplitz operator is bounded. The consequences of this fact are explained
in Section 5.3.2.

We continue with the smoothing analysis. In Section 5.4.1, we study the
error-amplification operators of the cell- and point-wise block-relaxation meth-
ods (block-Jacobi, block-Gauss-Seidel). To ensure that the equations and coef-
ficients are associated with the cell-vertices, i.e., the coefficients correspond to
vector-valued grid functions, both the cell- and point-wise error-amplification
operators are casted in point-wise notation.

For mixed convection-diffusion and pure convection, in 5.4.2, we study the
eigenvalue spectra of the error-amplification operators of the cell- and point-
wise block-relaxation methods. In Section 5.4.3, we take the MG coarse-grid
correction into account and we determine smoothing factors and spectral norms
of the block-relaxation methods. In the final section we show numerical experi-
ments to illustrate the analysis. The present study shows that simple MG cycles
with symmetric Gauss-Seidel smoothing are sufficient to solve the convection-
diffusion equation efficiently, provided that the diffusion term is discretized by
the non-symmetric interior penalty method.

5.2 The discontinuous Galerkin discretization

5.2.1 The weak formulation for the convection-diffusion
equation

To describe the discontinuous Galerkin methods considered, we give the varia-
tional formulation used for the discretization of the convection-diffusion equa-
tion. On the unit cube © C R?, we consider the following boundary value
problem with Dirichlet and Neumann boundary conditions:

—Au+b-Vu=fonQ; u=wugonIp, n-Vu=gonly, (5.1)
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where TpUTNy =0Q, TpNI'y =0, >0and b € RY. We further assume that
n-b > 0on Iy, i.e., I'y is an outflow boundary. Next we consider a uniform
partitioning of Q. Therefore, we take a set of regular rectangular cells, 2, all
of the same size,

Qh:{Qe| Ueﬁe:ﬁ, QiﬂQj:Q), ’L;éj}

On this partitioning, we define the broken Sobolev space [5, 37| of piecewise
H'-functions, u,

HY() = {u € Ly(Q) | ula, € H' (), V2 € U}

Then the DG formulation associated with (5.1) reads [3, 9]: find u € H'(Qp)
such that:

B(u,v) = L(v), Yve€ H'(Q), (5.2)
where
B(u,v) = Z (eVu, Vv)a, — ((eVu), [v])p_ or, T (5.3)
Qe €Qp
o {((eVv), [ul)r,,urp + 4 {[ulse[VD)r,, urp
- Z (Vu,bu)q, + (n- bu‘,v)r;tUrD +(n- b“’v>1‘j;tuI“N ,
Qe €Qp
and
Lw)= > (fiv)a. +o{(eVo),[uol)r, + 4 ([uole[])r, + (9,ev)ry -
Qe €QR

Here Ty is the union of all interior cell interfaces. With I'; . we denote the
set of all inflow boundaries, i.e., n-b < 0, and with I‘i";t the set of all outflow
boundaries. Notice that u™|r, = uo, i.e. the value of u at the Dirichlet bound-
ary. The parameters o and u identify the different DG-methods; o = —1 for
symmetric DG; o = 1 for the Baumann-Oden method; p > 0 for respectively the
symmetric (¢ = —1) and non-symmetric (0 = 1) interior penalty DG-method
(i.e., IPG or NIPG respectively).

The jump operator [-] and the average operator (-) are defined for the
traces of functions v(z) and vector functions 7(z) on the common interface I'; ;
between two adjacent’ cells ;, Q; The operators are defined in Section 2.2.1
by (2.5) and (2.6) respectively.

LAt the Dirichlet boundary, the interface of a flat (virtual) adjacent cell is used.



THE DISCONTINUOUS GALERKIN DISCRETIZATION 99

To discretize (5.2), we introduce the finite dimensional space of piecewise
polynomials of degree at most k,

Sh = {¢i)e € Pk(Q€)7 VQe € Qh} .

Taking test and trial space the same, we consider the discrete equations: find
up, € Sy, such that
B(uh,vh) = L(’Uh), Yoy, € Sh. (5.4)

5.2.2 The discrete system

To describe the linear system, Lpun = f3, arising from the discrete form (5.4),
we have to specify a base for the space Sy,. For this purpose, on the unit interval
we choose the polynomial basis (2.8), introduced in Section 2.2.2. On the unit
cube, 2 C R?%, we use a basis of tensor- product polynomials based on (2.8), and
as usual, a ba51s for P?~1((2.) is obtained by the affine mapping Q- Q..

As we have discussed in Section 2.2.2, we consider the fourth-order discretiza-
tion the relevant and generic one for studying iterative solution procedures.
Further, for the initial study presented in this chapter, we restrict ourselves to
the one-dimensional case. In view of the tensor product principle, this is an
essential building block for higher-dimensional problems. So, taking p = 2 in
(2.8), writing the approximate solution as

b S S ()5

e=1 =0 e=1 1=

3
G, e¢z e )
0

the coefficients being determined by the 4N x 4N linear system

N 3
Z € Z Ci,e ¢1, e ¢J e <¢1 e > [Bi,e (z)]erint

e=1 =0

+0(¢},e()) - [Di,e(@Irpim; + HlPie(@)] - (5,6 (2)]Irpi,] (5.5)

+bZOCze[ (8),6(2), 4,0(2)) + ndy (@)bs e (@)llp +nie(@se(@llps ]
3

N
=33 (fidie(@)a. +oluo] - (e (2)) Irp + €90, (@)Iry — nbuode()]lry-

e=11=0

Here, n is the one-dimensional outward normal vector, i.e., n = +1 and the
sign of b determines the convection direction. The resulting matrix is block-
tridiagonal and by the constant coefficients (neglecting the influence of the
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boundary conditions) it can be formulated as a block-Toeplitz matrix, i.e, as a
repetition of a lower-diagonal, diagonal and an upper-diagonal 4 x 4 block.

This repetition of lower-diagonal, diagonal and an upper-diagonal blocks,
can be formulated in two distinct ways. The classical approach is to order the
equations and coefficients cell-wise, i.e., {ce,0,Ce 2, Ce,3, Ce,1}, then we obtain for
the diffusion part of the stencil (see stencil (2.10) in Section 2.2.2)

Ln, & (5.6)
-3 0 -3 3 -hu|HT+he 3 0 = 30 e & @
0 0 o0 io —30 i % 0 0 0 0 0
0 0 o0 0 0 = = —30 i 0o 0 0
o 0 o0 30 s 0 3 Ye+hu|ZT-hp -3 0 -3
while the stencil for the convection part reads (b > 0)
000 1| 3 L L 2100 0 0
.10 0 0 O fzi 102 g i 0 0 0 O
Ly ® 2 1 7 (5.7)
0o 0 0 O ~i2 q@ 0 2 0 0 0 O
1
0 0 0 O —3 3w —12 3 10 0 0 0

So, the discrete block-Toeplitz operator Ly, for positive convection direction b
reads .
ﬁLhD + Lhc- (58)

However, in view of the Fourier analysis for the multi-grid method, where
prolongation and restriction operators are based on values at the cell-vertices
(see Section 2.3.3), it is more convenient to represent the block-Toeplitz oper-
ator (5.8) as a repetition of point-wise partitioned stencils. Then, ordering the
equations and coefficients as {ce_1,3,Ce—1,1,Ce,0,Ce,2}, We find again that the
matrix has a block-Toeplitz structure and we find for the diffusion part of the
stencil (see also stencil (2.11))

LhE

Lp, = (5.9)
1 2 1 1
0 10 10 30 15 L —50' L 50’ 0 0 0 0 0
0 o =<2 o | 1 Heihy Z=-hp -3|0 -3 0 0
1 1 1— 1 1 —1-— 1 )
0 0 -3 0 )-3 FF-h 5S4 210 ~ go O
o0 0 0]0 1o -, AL 0 0 o0
whereas the stencil for the convection part now reads
1 1 1
A I TN SRS I
L ~ 2 T12 | 12 2 1
he=10 0 0 0 o -1 I 3 Tii % 0 0 (5-10)
il
o0 o 0|0 0 -% 0|g 13 00
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The fact that point-wise ordering leads again to a block-tridiagonal structure
is not automatic, but it is caused by the proper choice of basis functions as in
(2.8). The choice makes that the coefficients {cc_1,3, Ce—1,1, Ce,0, Ce,2 } correspond
to function values and corrections on derivatives at the cell-vertices. Hence, we
may interpret the coefficients as four-valued grid functions defined on a regular
one-dimensional grid associated with the cell-vertices. These degrees of free-
dom are also used to define prolongation and restriction operators (see the Sec-
tions 2.2.4 and 2.3.3). This, in contrast to the coefficients {cc o, ce,2, Ce,3,Ce,1},
grouped in the cell-wise partitioned stencils, where we would have to deal with
staggered information in coarse and fine cells.

We emphasize that, either the repetition of (5.6) and (5.7) or the repetition
of (5.9) and (5.10), represents the same block-Toeplitz matrix Ly.

5.3 Fourier analysis for block-Toeplitz operators

5.3.1 Eigenvalues and eigenvectors of a block-Toeplitz op-
erator

To study the smoothing behavior of the different block-relaxation algorithms,
we return to the Fourier analysis tools for block-Toeplitz operators, introduced
in Section 2.3.2. So, we consider an elementary mode ey ., (jh) = 7" for all
w € Ty, = [}, 7], defined on the regular infinite one-dimensional grid

Z, = {jh|j € Z,h > 0} . (5.11)

Then, for an infinite block-Toeplitz operator Ay = (a,, ;) € R*Z*1% m, j € Z,
ie., (amm+k) = (@_k), for k = j —m € Z and Vm € Z, we find by (2.19) the
Fourier transform Eh(w). Hence, ,Zh (w) is a 4 x 4 matrix, depending on w € Tj.
If A\h(w) allows for the eigenvalue decomposition (2.20), then the columns of
v(w)en,w(mh) in (2.21) are four-valued grid functions defined on the grid (5.11)
and correspond to the eigenvectors of Ay, while A(w) is a family of 4 x 4 diagonal
matrices with the eigenvalues of Ay, at the diagonal entries.

As an example, we compute the eigenvalue spectra of the discrete Toeplitz
operator (5.8), where, for diffusion stencil (5.6) (or (5.9)), we take the Baumann-
Oden discretization (¢ = 1 and g = 0). So, recognizing in (5.8) the different
block contributions (a,, ;), either in cell-wise ((5.6) and (5.7)) or in point-wise
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Figure 5.1: Eigenvalue spectra of the operator Eh(w), with 0 =1 and p = 0.

((5.9) and (5.10)) notation, we find Ly (w) by (2.19). And because of (2.21), the
four eigenvalues \;(w) as function of w € Ty correspond to the eigenvalues of
Ly, Figure 5.1 shows the eigenvalue spectra for the case of pure convection and
pure diffusion.

We see that in both cases the discrete operator is positive semi-definite and
hence is also positive semi-definite for mixed convection-diffusion. The zero
eigenvalue corresponds to the constant grid function vy = v(w)ep o(mh), given
in (2.21) as a column of v(w)ep(mh). The difference in the cell-wise and
point-wise partitioning of (5.8) is reflected in this grid function. Where for the
cell-wise partitioned stencils, the constant grid function reads

vo=[c 0 0 ¢ ]Tehvo(mh), c €R,
for the point-wise partitioned stencils, the constant grid-function is represented
by

vy = [ 0 c c O ]Teh’o(mh), ceR (5.12)

Because the fourth-order discretization (5.5), both for the Baumann-Oden
DG method and for the NIPG method is coercive [3], in our block-relaxation
analysis we use these methods for the discretization of the diffusion term.

5.3.2 Boundedness of an inverse block-Toeplitz operator

An important feature in our block-relaxation analysis is that the inverse of a
given n x n block-Toeplitz operator is bounded. We show this by the following
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simple example.
Let the stencil associated with a n x n block-Toeplitz operator be given by

An[-K I 0], KeR™, (5.13)

Now, writing the inverse of Ay as

IR

At=[. KF KT . . K T O - - 00 -], (5.14)
we readily see that A; " is bounded if and only if the n eigenvalues |\;(K)| < 1.
Then, in view of (2.19), we write

(@) = g = SR = () @), (515)

T I — Keiwh
k=0

where, using (2.21), we find the eigenvalues of Agl. We readily see that, in case
|Aj(K)| > 1, the finite dimensional discrete operator, corresponding with (5.13)
is non normal.

5.4 Smoothing analysis

The aim of this study is to identify smoothing procedures which damp the
frequencies that cannot be damped by the coarse grid correction in the multigrid
process. So, to quantify the smoothing behavior of simple block-relaxation
procedures, we are interested in the spectral radii and spectral norms of the
two-level operator for the error. This operator reads

M;TLA _ (M}IjEL)”z M}?GC (M,I}EL)VI (5.16)
= (M) (I — Pag Ly RunLn) (MEP1)™

Here, M,I}EL is the error-amplification operator of the smoother, v; and vy
are the number of pre- (post-) relaxation sweeps respectively; M,? GC is the
amplification operator of the coarse grid correction (CGC), see e.g., [45, 49].
Png and Ry, are the grid transfer operators between the fine h-grid and the
coarse H-grid, where H = 2h.

Because the prolongation should keep the piecewise cubics invariant, the
operator Py : Sy — Sp is constructed so that (Pyopup)(z) = un(z) for all
xz € R\ Zp,. Its stencil in point-wise ordering is given by (see also Section 2.2.4):
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P,y =
000 F]o o0 o0 % 5 00 o0[0 0 o0o0[0 000
00 0 0100 % § 0 1 0 0 % % 0 0l 0O 0 0 O
000 0100 3 2]lo o010 § 2 0 0l 0O 0 0 O
000 0|00 0 0/0 00 2|1 0005 000

Since test and trial space are the same, the restriction of the residue, Ryn,
is the adjoint of the prolongation, Rgs = (Prm)T.

For different v; and v, in (5.16) the convergence can be studied. However,
essential for the coarse grid correction operator for the error, M, ,?GC, is that
it splits the high frequency modes into a low and high frequency modes on
the fine grid [20]. Therefore, we better use the smoother before the coarse grid
correction (this, in contrast to the correction operator for the residual, for which
the smoothing should be applied after the coarse grid correction). So, we restrict
ourself to a representative and simple case, where, to quantify the smoothing
behavior of the various block-relaxation methods, we study the spectral radii
and spectral norms of MCGC MPEE,

In the next section we specify the block-Jacobi (JOR) and damped block-
Gauss-Seidel (DGS) smoothers both for point-wise and for cell-wise relaxation.
We further derive Fourier transforms of the error-amplification operators in
order to study their eigenvalue spectra. Then we compute the Fourier transforms
of the two-level operator M;ITA = M,?GCM}}EL to obtain spectral radii and
spectral norms, and we quantify the smoothing behavior of the various block-
relaxation methods.

5.4.1 Block-relaxation analysis

A good smoother damps all frequencies in the error that cannot be damped
by the coarse grid correction operator M, }?GC. Therefore, the spectrum of the
amplification operator M }}EI‘ must be such, that at least the eigenvalues cor-
responding with these frequencies are in absolute value less than one. In this
section we use Fourier analysis to study the amplification operators of both
the cell-wise and point-wise block-Jacobi (JOR) and the damped block-Gauss-
Seidel (DGS) relaxation methods. In view of the two-level amplification op-
erator M,;FLA, studied in Section 5.4.3, it is of importance that for both the
cell-wise and point-wise relaxation procedures the eigenvectors are represented
as point-wise grid-functions (i.e., are associated with the cell vertices).

Since we have shown in the previous chapters, that, in the case of pure diffu-
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sion, the point-wise smoothers show much better smoothing behavior than the
cell-wise block-relaxation methods [23, 24, 25], and also because for dominant
diffusion (¢/h > 1in (5.8)), the point-wise smoothers appear to be better in the
case when the convection term acts as a small perturbation of the diffusion, we
restrict ourselves here mainly to the case of convection diffusion, £/h € (0,1]
and the case of pure convection, €/h = 0.

After the introduction of the Fourier transforms for the various amplification
operators in this section, in Section 5.4.2 we study their eigenvalue spectra for
two distinct cases: convection-diffusion (¢/h = 1) and pure convection (e/h =
0).

For the DG-method with diffusion term discretized by the Baumann-Oden
method we will observe that, in case of convection-diffusion, the point-wise
amplification operators have eigenvalue spectra with many eigenvalues in abso-
lute value smaller than one, whereas the spectra of the cell-wise amplification
operators show eigenvalues in absolute value larger than one. The cell-wise
amplification operators can be stabilized if an interior penalty p > 0 is used,
i.e., if we consider the NIPG discretization instead of BO discretization for the
diffusion term. For pure convection, the cell-wise amplification operators show
better smoothing behavior.

For the discrete system Apz = b we study block-relaxation methods of the

type

Fli41) — z;:’) — Br(Anz® —b), (5.17)

where By, is an approximate inverse of the matrix A;,. Analogous to the treat-
ment in Section 2.4, we decompose

An=L+D+U, (5.18)

into a strictly block-lower, a block-diagonal and a strictly block-upper matrix
and we easily recognize the block-Jacobi (JOR) and block Gauss-Seidel (DGS)
relaxation methods. The different methods and their amplification operators
are shown in Table 2.1 in Section 2.4.

We first consider the decomposition (5.18) for the point-wise stencils (5.9)
and (5.10). The stencils corresponding with this decomposition of Ay = (an, ;)
are given in Table 5.1.
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Table 5.1: The stencils of the point-wise decomposition (5.9)-(5.10).

diffusion convection
1 1 1
R 00 —35 —&
Lpx=| 0 3@ 3 0 Lex~|9 0 -3 —13
P=lo o -1 o 1o o o o
0 0 0 0 0 0 0 0
2 1 1 1
Dp = %1 ?TaJrh'u 1;07’”‘ 71% Do = ~ 13 lg (1) (1)
—7 T3,k St 3 0 -1 3 14
0 0 0 0 0 0 0 O
0o -1 0 0 0 0 0 0
Up = 12 1 Uc™| 1 1
0 =22 15 o oy 00
i |
30 0 0 0 % iz 0 O

By (2.19) the Fourier transforms of the block-diagonal operators read
L(w) = (%LD + Lc) e~ iwh, (5.19)
D(w) = (%DD ¥ DC> ,
lA](w) = (%UD + UC) etwh,
So we find the Fourier transform for the amplification operators

ML =D ((1-)D-a (£+7)), (5.20)

ML = (D+L) (1-a)(D+I)-al),

MEEE, = (D+0) (W-a)(D+0)-al).

Decomposing M}*™(w) according to (2.21), we find the eigenvalues \;(w), i =
1,..,4,w € Ty, of MFEL and the set of vector-valued eigenfunctions v(w)ep, o, (mh),
defined on the regular infinite one-dimensional grid associated with the cell-
vertices.

The same procedure can be applied for the cell-wise stencils (5.6) and (5.7).
However, then the eigenvectors vey, ., (mh) are 4-valued grid functions associated
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Table 5.2: The stencils of the cell-wise diagonal decomposition (5.6) to (5.7) in point-wise
ordering (i.e., grouped as {ce—1,3,Ce—1,1,Ce,05Ce,2}). The operator E denotes a grid-shift so
that B = eiwh,

diffusion convection
1 1
0 10 0 0 0 0 “1 &
L 0 50 0 0 Lo o 0 0 =5 —33
b= -1 (352-hwE -3 O ““lo o o 0
0 50E 0 0 0 0 0 0
2 1p-1 1
= —s0 0 =E 0 = 0 0
lf’ to T —l-op-1 300 _ 1 112 0 0
Dp = 2 o ’ 1 D¢ = 12 2 1 1
0 =ltep 49 thp 3 o -E I L
1 1 1
30E 0 =30 i5 0 0 13 0
0 0 loE7! 0 0 0 0 O
1 (1o _ -1 _1p-1 0 0 0 0
Up = 2 : (3 1hM)E 2 Uc>| 1 1
0 0 0 0 & & 00

with the cell-interiors. This is most inconvenient if we want to transfer this infor-
mation to the coarser grid. Therefore, to also have for the cell-wise amplification
operators eigenvectors associated with the cell-vertices instead, we rewrite the
cell-wise decomposition in point-wise notation, by grouping the equations and
coefficients as {ce_1,3, Ce—1,1, Ce,0, Ce,2}. The stencils corresponding with this de-
composition are shown in Table 5.2, where E denotes the grid-shift operator for
which E = eivh, /\

Now, with (5.19) and (5.20), we find the cell-wise M*Fl(w), and the repre-
sentation is associated with the cell-vertices as needed for the two-level analysis.

5.4.2 Eigenvalue spectra of pure smoothers

Having found the Fourier transforms of the cell- and point-wise block-relaxation
operators MF*! in (5.20), we can compute their eigenvalue spectra by (2.21).
In order to have the block-relaxation methods independent of the convection
direction, we restrict ourselves to Jacobi and symmetric Gauss-Seidel relaxation
procedures.

For the discretization of the diffusion term (5.8), we choose the asymmetric
DG-methods; the Baumann-Oden (o = 1, u = 0) and the NIPG (o0 =1, p > 0)
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formulation, because these methods, in contrast to the symmetric IPG-method,
do not suffer from saddle-point behavior, i.e., the discrete operators do not have
eigenvalues with negative real part.

In the Figures 5.2 to 5.7, we show the eigenvalue spectra of Jacobi (JOR)
and symmetric Gauss-Seidel, M&?SLUL = gglgu MI};‘EIS‘L, relaxation amplifi-
cation operators, for DG-methods with the diffusion term discretized by the
Baumann-Oden DG-method and the NIPG-method with 1 = 10/h (this, to see
the influence of the penalty term on the relaxation).

We first consider the DG-method with the diffusion term discretized by the
Baumann-Oden DG-method (Figures 5.2 and 5.3). We see that, similar to
the pure diffusion case (see Chapter 2), also for convection-diffusion the point-
wise relaxation methods show much better eigenvalue spectra than the cell-wise
relaxation methods. Both the eigenvalues corresponding with low frequency
modes (i.e., the frequencies |w| < ) and high frequency modes (lw| > 35
that cannot be represented on the coarse grid), lie within the unit circle in the
complex plane. For the point-wise relaxation, the only mode, which cannot be
damped, corresponds with the constant grid function (5.12). This in contrast
to the cell-wise relaxation methods, which may show amplification, especially
for the low frequency modes.

Next we consider the DG-method with the diffusion term discretized by the
NIPG-method. We choose 1 = 10/h to see the influence of the penalty term on
the relaxation (Figures 5.4 and 5.5). There is a minor influence of the penalty
term on the point-wise relaxation operators, but we clearly see a stabilizing
effect on the cell-wise relaxation operators.

For the pure convection case (Figures 5.6 and 5.7), we see that the cell-wise
block-relaxation methods do better than the point-wise relaxation methods.
Whereas no amplification occurs in case of the Jacobi relaxation, the problem is
solved at once by the cell-wise symmetric block Gauss-Seidel relaxation. This is
an immediate consequence of the cell-wise upwind character of the DG-method.
In this situation, the point-wise block-Jacobi diverges (Figure 5.6). Although
all the eigenvalues of the point-wise symmetric block Gauss-Seidel relaxation
(Figure 5.7) lie within the in the unit circle (except for the constant mode), in
practice, no convergence is seen. This divergence for the non-periodic, finite
dimensional case is caused by the operator B; ' = L+ D = Gy, in the down-
wind Gauss-Seidel algorithm losing its normality. It can also be checked that
the inverse of the corresg(lnding Toeplitz operator is unbounded so that the

eigenvalue spectrum of G, ' does not correspond to the spectrum of (é\h)’l,
since (5.15) is not satisfied.
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0: Wiow € [—m/2h,m/2h], +: Whigh € [—7/h,—7/2h] U [x/2h,7/h].

Figur/‘(; 5.21: Eigenvalue spectra of M}%% (w), without damping (o = 1), with o =1, p =0
and e/h = 1.
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Figure 5.3: Eigenvalue spectra of M?CI;ESLUL (w) = Mggls‘u (w)Mggé‘L (w), without damping

(ax=1),witho=1,p=0and e/h = 1.
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Y

cell-wise relaxation point-wise relaxation
0 Wiow € [—7/2h,7/2h], +: Whigh € [-7/h,—7/2h] U [r/2h,n/h].

Figure 5.4: Eigenvalue spectra of MREL (w), without damping (a = 1), witho = 1, u = 10/h
and e/h = 1.
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Figure 5.5: Eigenvalue spectra of M?(?SLUL (w) = Mggé‘u (w)Mggg‘L (w), without damping

(a=1), witho =1, p =10/h and e/h = 1.
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Figure 5.6: Eigenvalue spectra of MREL(w), without damping (o = 1), with

e/h =0.
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Figure 5.7: Eigenvalue spectra of MSRC};%UL (w) = Mggé‘u (w)Mg“gé‘L (w), without damping
(a = 1), with /h = 0.
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In the next section, we study the two-level behavior of the cell- and point-wise
block-relaxation methods. We will observe that, in case of the DG-method with
diffusion term discretized by the Baumann-Oden, only the point-wise Jacobi
relaxation method is a promising smoother, while, in case of the DG-method,
with diffusion term discretized by the NIPG method, the cell-wise symmetric
Gauss-Seidel relaxation methods show good smoothing behavior.

5.4.3 Two-level analysis

Having studied the eigenvalue spectra of the various block-relaxation algorithms,
we are now interested in the convergence of the two-level operator (5.16), i.e., the
cell- and point-wise JOR and SGS block-relaxation algorithms in combination
with the coarse-grid correction. From Section 2.3.5 it follows that the Fourier

transform of the coarse grid correction for the error M, ,?GC reads

-

3550w = (T - P R ) @) = (g 1)
ﬁ\h(w) — 1 = = Z;(w) 0
- ( Pp(w + 7/h) ) La@)™ ( Rn(w)  En(w+m/h) ) < 0 Ln(w+n/h) ) ’

forw e Ty =Ty, = [—%, %] Hence, MhCGC(w) is a 8 X 8 matrix of which, in
view of (2.21), the eigenvalues \;(w) correspond with the eigenvalues of M, FeC,

Interested in the asymptotic convergence of the two-level algorithm, we com-
pute spectral radii of M hCGCM ,?EL for the cell- and point-wise MJR(%{‘, Mg‘GESLUL —
MEEL MBEL and MEEY: = MEES, MpEs,, block-relaxation methods as func-
tion of the diffusion parameter ¢ /h € [0, 1]. Notice that here M} *:(w) is an 8x8-
matrix and w € Ty, which is equivalent with MFPL (w) € R*** and w € Ty,. We

find the spectral radii of M}?GCM}}EL by computing max,, p (M}?GCM,?EL (w)),

with M ,E{EL in point-wise notation. The asymptotic convergence factors as func-
tion of the diffusion parameter are shown in the Figures 5.8 and 5.9 for the
Baumann-Oden and NIPG-method respectively.

If we consider the convergence for the Baumann-Oden method (Figure 5.8),
we see that the two-level operator with the point-wise Jacobi smoother shows
good convergence (p < 0.5) in the range of ¢/h > 0.1. Furthermore, this two-
level algorithm is stable on the whole interval e/h € [0,00]. With the cell-wise
Jacobi smoother the two-level operator shows good convergence in case of pure
convection and convection-dominated problems, ¢/h € [0,0.1], however, the
convergence is very poor in case of convection-diffusion (¢/h > 0.1).
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Figure 5.9: Spectral radii p MEGCM,IL{EL((.U)) as function of e/h € [0, 1] for the case o = 1

and p = 10/h. No damping (a = 1).
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If we consider the symmetric Gauss-Seidel smoothers (Figure 5.8), in case
of the cell-wise block-relaxation methods, we see that the spectral radius is
generally larger than one and grows without bound in the neighborhood of
e/h ~ 0.35.

We find p < 1 only for ¢/h < 1/4. In view of this result, we might expect
that these two-level algorithms show acceptable convergence for the range of
g/h € (0,0.2]. (In case of pure convection, the problem is solved at once, due
to the cell-wise upwind character of the DG-method.) However, in practice, the
two-level algorithms will diverge, because of the lack of normality of the finite
dimensional operator B, ! — L + D in the down-wind Gauss-Seidel relaxation
method. It can readily be checked that the inverse of the corresponding Toeplitz
operator B, ' — L+ D = Gy, is unbounded, so that the eigenvalue spectrum

of G, ' does not correspond with the spectrum of (é;)*l, since (5.15) is not
satisfied.

A similar situation occurs if we consider the two-level algorithms with the
point-wise symmetric Gauss-Seidel smoothers (Figure 5.8). We may expect
good convergence (p < 0.1) for the range ¢/h > 0.6. However, in the range
e/h € [0,0.5], the finite dimensional two level-algorithms diverge, again due to
the lack of normality of the operator B, !'— L 4+ D in the down-wind Gauss-
Seidel relaxation method.

Now, considering the convergence for the NIPG method in Figure 5.9, we
clearly see the stabilizing effect of the penalty term (u = 10/h) on the cell-wise
symmetric Gauss-Seidel smoothers. The transition point (¢/h ~ 0.35), after
which the Toeplitz operator By, = (L + D)~! is unbounded, has vanished and
normality of the finite dimensional operator is restored. So we may expect an
overall good convergence (p < 0.3) for the whole range ¢/h € [0, 00]. However,
the influence of the penalty term on the point-wise block-relaxation algorithms
is small: the transition point £/h &~ 0.5 does not vanish; for smaller values of
€/h the corresponding finite dimensional two-level algorithm diverges.

In view of the above analysis, we conclude that for the Baumann-Oden
method, if no interior penalty term is used, the point-wise Jacobi algorithm is
a good smoother, provided that for €/h € [0,0.5] the problem is solved with
sufficient accuracy on the coarser mesh (since the smoother alone diverges).
Overall good asymptotic convergence of multi-grid cycles is found when cell-wise
symmetric Gauss-Seidel smoothers are used, and the discretization method is
stabilized by the interior penalty term, i.e., if the NIPG discretization is used.

Given the above results, we further restrict ourselves to the more promising
methods. The spectral radii, corresponding with the Figures 5.8 and 5.9, of the
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Table 5.3: The spectral radii p (MSGCM‘}%%), for different cases of the diffusion parameter
€/h, without damping (a = 1). The diffusion term is discretized by the Baumann Oden
DG-method.

point-wise relaxation

e/h 0 1/4 1/2 3/4 1
p (MG MREL 0.802 0.363 0.419 0.431 0.435

Table 5.4: The spectral radii p (MSGCM&];ESLUL) and p (MEGCM&];‘]SLLU), for different

cases of the diffusion parameter €/h, without damping (a = 1). The diffusion term is dis-
cretized by the NIPG-method with p = 10/h.

cell-wise relaxation

c/h 0 1/4 /2 3/4 1
p (MSSCMEEL ) 0.000 0.150 0.205 0.231 0.243
CGC
p (MSSOMEEL ) 0.000 0.274 0273 0279  0.281

point-wise MZSCMJEE and cell-wise MZSCMEEL —and MPCCMEEE: — (with
w=10/h) for e/h =0,1/4,1/2,3/4,1, are shown in the Tables 5.3 and 5.4.

We see that the point-wise two-level algorithm shows acceptable convergence
(p =~ 0.4) for the various cases of mixed convection-diffusion. However in case
of pure convection, the convergence is somewhat poor (p &~ 0.8). The cell-wise
two-level algorithms show good convergence both for mixed convection-diffusion
and for pure convection (p < 0.3).

Because the spectral radius only predicts the asymptotic rate of conver-
gence, next we check if the methods achieve convergence within a few iteration
steps. For this purpose, we compute the 2-norm of the two-level operator.
Since both the asymmetric Baumann-Oden and the NIPG formulation are ad-
joint inconsistent [3, 24|, which is reflected in Fourier analysis by unbounded

| MPSC MREL (w)||, for vanishing w (see Section 2.5.2), we compute the 2-norm
of the two-level operator for the residue,

MM = LML LML

. . . ==REL-—CGC
The spectral norms of the point-wise unpenalized M ;o M, and the penal-
. . =REL -—CGC —REL = —CGC .
ized (u = 10/h) cell-wise Mgqg,,, M}, and Mggg, , M)~ are shown in the
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Table 5.5: The spectral norm omax after respectively one, two and three iterations for the
residue, for different cases of the diffusion parameter £/h, without damping (o = 1). The
diffusion term is discretized by the Baumann Oden DG-method.

point-wise relaxation

/h 0 1/4 172 3/4 1
M oMy S 17.656 4.748 2.600 2.040 1.829
3] e 2
I (M?&;{MSGC) I 24.788 2.265 1.131 0.887 0.797
] i 3
I (M?@{{MSGC) I 18.671 0.569 0.443 0.374 0.343

Table 5.6: The spectral norm omax after respectively one and two iterations for the residue,
for different cases of the diffusion parameter /h, without damping (a = 1). The diffusion
term is discretized by the NIPG-method with u = 10/h.

cellwise relaxation

e/h 0 174 /2 3/4 1
Maes, , Mn o ll 0.000 1.972 1.798 1.804 1.793
I (MSR(%ULMSGCY I 0.000 0.360 0.358 0.367 0.379
Mogs,, Mno I 0.000 1.370 1.459 1.557 1.601
I (MSR(%LUMSGC)Q I 0.000 0.408 0.462 0.460 0.454

Tables 5.5 and 5.6 for the diffusion parameters ¢/h = 0,1/4,1/2,3/4,1.

We see that, in case of convection-diffusion, for the point-wise Jacobi two-
level algorithm the reduction of the residue is guaranteed, from the third it-
eration step on (Table 5.5), except for the case of pure convection, where the
spectral norm is still large. However, in the next section, we see that this large
2-norm is a conservative upperbound. By the influence of the boundary con-
dition, in the finite dimensional case the two-level algorithm already converges
within a few iteration steps.

In Table 5.6, we see for the penalized cell-wise symmetric Gauss-Seidel
smoothers that the reduction in the residue is guaranteed after two iteration
steps.
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5.5 Numerical results

In this section we check the theoretical convergence behavior by numerical exper-
iments, where we restrict ourselves to the more promising two-level algorithms
with the unpenalized point-wise Jacobi smoother and the cell-wise penalized
symmetric Gauss-Seidel smoothers (u = 10/h). For this purpose, we consider
the convection-diffusion equation on [0, 1],

—EUpy + Uy =1, with u(0) =0, u(1) =0, € > 0,
which for € << 1 has a sharp boundary layer-type solution, given by

x
ee —1

1
€

u=uz— , z€][0,1].

e

For the discrete system we use the polynomial basis (2.8) and we take h = 277.
As initial approximation we choose the vector uy = [1000, ..,..,1000], i.e, a large
constant grid function, not satisfying the boundary conditions. For respectively
the point-wise Jacobi and the cell-wise symmetric Gauss-Seidel relaxation, we
apply a single and a double pre-relaxation sweep

i+1 e 1 i
Uy prE = Uh,pRE T Bh (fn — Lnuj, pri) »

where Bj, is the approximate inverse of L; as given in Table 2.1 in Section
2.4. We solve the problem on the coarse grid H = 27, during the coarse grid
correction . A A

wpt' = uyprp + Par Ly Run(fa — Luuy, pre)-
To be consistent with the Fourier analysis (see Section 2.3), we measure the
residue in the 2-norm

ldnll2 = [lfn = Launll2 =

The convergence plots for unpenalized point-wise M,?GCMJR(;EI% and the pe-

nalized cell-wise M, ,LCGOM&];ESLUL and M, ,?GCM&;ESLLU with diffusion parameters
e/h = 0,1 are shown in Figure 5.10. The convergence factors observed, for
diffusion parameters ¢/h = 0,1/4,1/2,3/4,1 are shown in the Tables 5.7 and
5.8.

We see that, in case of pure convection, the two-level operator with the
point-wise Jacobi smoother converges from the first iteration step, regardless
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Figure 5.10: log(||dx||2) as function of iterations for the two-level operator on the error with
the unpenalized point-wise Jacobi smoother and penalized cell-wise symmetric Gauss-Seidel
smoothers p = 10/h.

Table 5.7: Numerically obtained convergence factors, corresponding with p(MCGCM?gPI{‘),
without damping (a = 1), for different cases of €/h. The diffusion term is discretized by the
Baumann-Oden DG-method.
point-wise relaxation
e/h 0 1/4 1/2 3/4 1
MECC MPEE 0.80 0.36 0.42 0.43 0.44

the large 2-norm shown in Table 5.5. The cell-wise symmetric Gauss-Seidel
smoothers solve the problem at once, because of the cell-wise upwind character
of the DG-method. Also in case of convection-diffusion, convergence is observed
from the first iteration step on. Furthermore, in all cases of convection-diffusion,
the observed convergence factors coincide very well with the spectral radii shown
in the Tables 5.3 and 5.4.

5.6 Conclusion

Having shown in the previous chapters that straightforward multi-grid (MG)
is quite effective for the solution of the Poisson equation discretized by higher
order discontinuous Galerkin (DG) methods, we now study the convergence of
MG for the solution of the convection-diffusion equation.



CONCLUSION 119

Table 5.8: Numerically obtained convergence factors, corresponding with
p (MCGCM&%LUL) and p MCGCMggé‘LU), for different cases of the diffusion parameter
€/h, without damping (a = 1). The diffusion term is discretized by the NIPG-method with
p=10/h.

cell-wise relaxation

e/h 0 1/4 1/2 3/4 1
MCGCpMEREL 0.000 0.14 0.20 0.23 0.25
UL
MOGC MERL 0.000 0.27 0.27 0.27 0.28
LU

For the generic fourth-order discretization we consider DG-methods with the
diffusion term discretized by the asymmetric Baumann-Oden (BO) or the non-
symmetric interior penalty method (NIPG) because these methods yield positive
definite discrete operators. We study classical multigrid iteration with simple
block-relaxation (Jacobi or symmetric Gauss-Seidel) as smoothing procedure.
We distinguish two essentially distinct types of block-relaxation algorithms: the
classical block-relaxation methods based using a cell-wise partitioning of the
discretization matrix, and the new block-relaxation methods based on point-
wise partitioning.

By Fourier analysis we show that a robust method, applicable in the whole
range of convection-diffusion, dominating convection and pure convection, with
acceptable MG convergence, can only be achieved for the Baumann-Oden method
if point-wise block Jacobi smoothing is applied and the problem is solved with
sufficient accuracy on the coarser mesh.

However, MG with classical cell-wise symmetric Gauss-Seidel smoothing is
quite effective for the NIPG method. Here convergence factors p < 0.3 are
found for the whole range of convection-diffusion to pure convection. Moreover,
an analysis of the two-level spectral norm shows that an reduction of the residue
is guaranteed within two iteration steps.

Thus, the present analysis justifies the use of an interior penalty term in
higher order DG-methods when MG is applied for the solution of the convection-
diffusion equation.
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Chapter 6

DG discretization with
embedded boundary
conditions

Summary

The purpose of this chapter is to introduce discretization methods of discon-
tinuous Galerkin type for solving second order elliptic PDEs on a structured,
regular grid, while the problem is defined on a curved boundary. The methods
aim at high-order accuracy and the difficulty arises since the regular grid cannot
follow the curved boundary.

Starting with the Lagrange multiplier formulation for the boundary condi-
tions, we derive variational forms for the discretization of 2-D elliptic problems
with embedded Dirichlet boundary conditions. Within the framework of struc-
tured, regular rectangular grids, we treat curved boundaries according to the
principles that underlie the discontinuous Galerkin method. Thus, the high-
order DG-discretization is adapted in the cells with embedded boundaries. We
give examples of approximation with tensor products of cubic polynomials.

As an illustration, we solve a convection dominated boundary value prob-
lem on a complex domain. Although, of course, it is impossible to accurately
represent a boundary layer with a complex structure by means of a cubic poly-
nomial, the boundary condition treatment appears quite effective in handling
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such complex situations.

6.1 Introduction

The purpose of this chapter is to introduce methods of discontinuous Galerkin
type for solving second order elliptic PDEs on a structured, regular grid while
the problem is defined on a curved boundary. The methods aim at high-order
accuracy and the difficulty arises because the regular grid cannot follow the
curved boundary.

Earlier, several techniques have been proposed to handle boundary condi-
tions on irregular, curvilinear boundaries. The most convenient certainly is
the FEM, where elements near the boundary are adapted to the shape of the
boundary curve. Generally, this results in an unstructured grid. This relatively
straightforward technique can be applied up to arbitrary high-order of accuracy
and delivers good results.

In contrast, finite difference methods are usually applied on regular grids.
Here, curved boundaries are treated by locally adapted finite differences as, e.g.,
Shortley-Weller approximation [17, Sect.4.8]. Generally, such discretizations are
not used for higher orders of accuracy.

A more recent technique for treatment of complex boundaries on orthogonal
grids, in two or three dimensions, is the Embedded Curved Boundary (ECB)
method. Here —usually in the context of the discretization of conservation laws—
piecewise linear segments are embedded in the grid to represent the boundary.
Generalizations are used, e.g., to solutions across interfaces [27, 28]. In many
cases the ECB method shows clear advantages compared to the traditional stair-
step method [32] but no higher-order accuracy than order two can be expected.

A higher order may be obtained by Immersed Boundary Methods (IBM)
[33, 34, 35, 46], e.g., in pseudo-spectral codes [14], where the presence of a
boundary within the computational domain is simulated by specifying a body
force term, without altering the computational grid. This technique is very
flexible as it allows for bodies and interfaces of almost arbitrary shape. The
method is quite popular in situations with rather complex geometries [31] and
e.g., elastic boundaries [39]. Usually the method is applied as to maintain
second order accuracy (first order near the boundaries). However, fourth-order
convergence rates are reported in [10], where the same methodology is used with
PDEs for thin flexible membranes in an incompressible fluid domain.

In contrast with the above methods, we take the Lagrange multiplier for-
mulation of the boundary conditions as a starting point, in the same manner
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as used in [36] or in the derivation of the discontinuous Galerkin discretization.
Within the framework of structured, regular rectangular grids we introduce the
treatment of curved boundaries in full agreement with the principles that lead
to the discontinuous Galerkin method.

We apply a high-order DG-discretization in the interior and adapt the method
in the cells with embedded boundaries. The order of approximation of the
boundary condition corresponds with the accuracy of the DG-method. In the
present chapter we give examples of approximation with tensor products of cubic
polynomials.

In Chapter 2 we explained why the treatment of this cubic polynomial case
is the basis for higher-order approximation. In the DG discretization, informa-
tion exchange over the interior cell boundaries by function values and normal
fluxes. On an interval, at the endpoints, function values and fluxes are deter-
mined by four independent parameters, that correspond with the four degrees
of freedom in the cubic polynomial approximation on a cell. Higher-order ap-
proximation can be achieved by additional bubble functions with vanishing val-
ues and derivatives at the cell boundary. In the multi-dimensional case, on a
structured rectangular grid, the same principle holds with tensor-products for
approximation.

For the treatment of the embedded boundary conditions, we give in Sec-
tion 6.2 of this chapter an exposition of the weak forms used for the different
discretization alternatives. In Section 6.3 we start with simple experiments in
one and two dimensions to see the differences between the various methods. In
Section 6.4 we identify the discrete function spaces in which the approximate so-
lution is found. In the last section we solve a convection-dominated equation on
an irregular domain, partitioned in two cells only. We show how well a complex
problem can be solved on this mesh with a piecewise cubic approximation.

6.2 Weak forms for the Poisson equation

6.2.1 The Lagrange multiplier form for the embedded bound-
ary problem

To apply DG-methods for structured rectangular grids on complicated domains,
we are interested in solving an elliptic second order problem Lu = f on a
fictitious open domain 2, which is larger than the open domain Q on which the
elliptic BVP is originally defined. The solution u on  is determined by the
Dirichlet boundary condition u = ug on 0€2, the boundary of 2, and we want to
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discretize the problem on a fictitious domain Q D . For this purpose we assume
that the solution u on Q allows a sufficiently smooth extension, u, defined on
Q, solving Lu = f. Of course, this excludes certain types of singularities near
the boundary.

For sake of simplicity, in this initial treatment we assume Q to be the unit
cube and we consider the Poisson equation with an embedded Dirichlet bound-
ary condition as follows: let Q be the open unit cube, with boundary 69 which
consists of two non-overlapping open sub-domains, €2 and Q such that

Q=0uUQ, and QNQ=0, (6.1)

where € is the fictitious part of the domain Q. We now consider the boundary
value problem consisting of the Poisson equation defined on the whole of 2 and
Dirichlet boundary conditions on 9€2, the boundary of €2:

Lu=—-Au=f on Q, and u=uwy on I'p =09, (6.2)

under the assumption that the solution u on 0, has a sufficiently smooth con-
tinuation to Q satisfying the Poisson equation on the whole of Q.

LF)
20

o0

Figure 6.1: The domain of interest, {2 and the fictitious part, €, make the domain aQ=qua.

To arrive at the corresponding weak formulation of the Poisson equation
with ‘embedded’ Dirichlet boundary condition, we multiply the left- and right-
hand s1de of (6.2) with a suﬂﬁciently smooth function v, and integrate over the
domain €, to get: find u € Hl( ) such that

(Vu, Vo)g — (n- Vu,0) 00 = (f,0)q, Vo€ H' (), (6.3)

under the constraint that u = uo on 9. By the Lagrange multiplier the-
orem, the following formulation is equivalent to (6.3): find u € H 1(Q) and
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p € H '/2(99) such that

(Vu, Vv)g — (0 - Vu,v) 55 + (B, v) 5o = (f,v)g, Yv € Hl(ﬁ), (6.4)
(@, w)oq = (@ u0)pq, Vg€ H /%(0Q).

We call this the Lagrange multiplier form of the embedded boundary prob-
lem. We see that, if u satisfies the Poisson equation (6.2) and the embedded
Dirichlet boundary condition, the Lagrange multiplier p in (6.4) vanishes.

6.2.2 The weak form for boundaries along gridlines

In the classical case that Q = ), we can combine the boundary terms in (6.4),
in order to obtain

(Vu, Vo)g— (P, v)a = (f,9)g) Yo € H'(9),
<qau>8ﬂ = <Qa u0>aQ ) VQ € H_1/2(89)>

with p = n- Vu — p on 8Q = Q. This leads to a hybrid form of (6.2) with
Dirichlet BCs: find u € H'(Q) and p € H~1/2(0%2) such that

(Vu, Vo)g — (9, 0) 55 — (@ W = (Frv)g — (@, u0)pq, Vv e HY(Q), (6.5)
Vg € H'/2(09).

When u satisfies (6.2) we have p = n- Vu, the normal flux at the boundary 9.
Substituting this value for p, and replacing similarly the weighting function g
by ¢ = —on - Vv, with ¢ = 1 or ¢ = —1, this leads to the weak form used
in DG-methods (viz., Baumann’s and the symmetric DG-method respectively).
Other DG-methods (viz., IPG, NIPG) are obtained by taking ¢ = —on-Vv— uv
with parameters o and p. Thus, our DG weak form reads: find u € H 1(ﬁ) such
that

(Vu, Vu)g — (n- Vu,v) 55 +0 (n- Vo, u) 5, (6.6)
=(f,v)ag+o(n-Vo,ug)y,, Yve H'(Q).

6.2.3 The hybrid and the DG-form for the embedded bound-
ary problem

Not only the Lagrange multiplier form (6.4) can be used for the embedded
boundary problem, we can also apply (6.5) or (6.6). In the case Q # () the form
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(6.5) reads: find u € H'(Q) and p € H~1/2(8Q) such that

(Vu,Vv)§ - <pav>aﬁ - <q7u>6§2 = (f> U)ﬁ - <qau0>39 ) Vv € Hl (Q)v (67)
Vg € H'/2(89),

which we call the hybrid form of the interior boundary problem. In the case
Q # 0, equation (6.6) is written: find u € H'(Q) such that

(Vu, Vo)g — (n- Vu,v) 55 +0 (n- Vo,u)sq (6.8)
=(f,v)g +0 (n-Vo,ug)pq, YveH (Q),

which we call the DG-form (the Baumann-Oden weak form if o = 1 or the
symmetric form if o = —1) of the interior boundary problem. Notice that this
symmetric weak form is not symmetric anymore if Q # Q.

6.3 Numerical experiments in one and two di-
mensions

6.3.1 Numerical experiments on one-dimensional problems

To see the difference in practice, we first study the three weak forms (6.4),
(6.7) and (6.8) for a simple one-dimensional problem. On the unit interval Q=
(0,1) we consider the Poisson equation with homogeneous Dirichlet boundary
conditions:
d*u P
2 f, on Q, with u(d) =0, u(l) =0, (6.9)
where d € [0,1) and Q = (d,1). To discretize this problem we take for test and

~ ~ ~

trial spaces the (p + 1)-dimensional space Sj,(Q) = PP(Q) C H'(Q), i.e., the
space of polynomials of degree < p.

up = Z cigi(x), ¢i(z) € Sh(9).

0<i<p

Further, we provide the boundary spaces Qn (85\2) C H’1/2(8§) and Qn(09) C
H~'/2(5Q), with the trace of polynomials on the boundary, hence

Qn(Q) = {%o(2) = (1 = 2)lo=(0,1), ¥1(2) = Tlo=0.1))} >
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and
-1 —d
Qn(99) = {w0<x> = T le=a1 ¥1(@) = "f_—dlz_(d,m}, de0,1).

Then we write for the approximation of the Lagrange multiplier:

Ph = Z @il 2) | z=0,4,1-

0<i<1

Because of the 1-D character of this example, boundary values are parameterized
by only two values for both 92 and 0. Given the approximating spaces, the
three forms (6.4), (6.7) and (6.8) become:

(i) In case of the Lagrange multiplier formulation: find s, € S,(Q), B, € Qn(09)
such that

/01 upvhda — [uy (1)vn(1) = w, (0)va(0)] + B4 (1)on(1) + By (d)vn(d)]  (6.10)
+ lan(Lun(1) + gn(d)un(d)] = /0 Confdz,  Von € Su(@), Van € Qn(09);
(ii) in case of the hybrid form: find up € Sy(Q), pr € Qn(0Q) such that
/01 upvhde — [pr(1)va(1) + pa(0)vn(0)] — [an(Dun(1) + gn(d)un(d)]  (6.11)
= /0 1 vnfdz,  Vun € Sh(Q), Yan € Qn(ON);
(iii) whereas the DG-formulation reduces to: find uy, € Sy, () such that
/0 1 upvhdz — [uj,(1)on(1) — u, (0)v(0)] +0 [v),(Dun(1) — v, (d)un(d)] (6.12)
= /Olvhfdx, Yup, € Sh(Q).

As a first experiment we check if the three discrete forms (6.10), (6.11) and
(6.12) can solve for the exact solution, when we choose f(z) = z in (6.9) and
d =1/2, and if we take S, (Q) = P3(§). The result is shown in Figure 6.2. It
appears that all three formulations compute the exact solution.
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Figure 6.2: The solution u(z) = —%w3 + Zl4m — % computed by the hybrid, Lagrange,
symmetric and the Baumann method, o =

The computed Lagrange-multipliers for the hybrid and Lagrange formulation
are shown in Table 6.1. We see that, in case of the hybrid formulation, the

Lagrange multipliers correspond with the fluxes at the boundaries, i.e., pr(0) =

Z—z(O) and pp(1) = %(1), whereas for the Lagrange formulation, the Lagrange

multipliers vanish.

Table 6.1: The values of the Lagrange multipliers of hybrid and Lagrange methods for the
solution as in Figure 6.2.

Lagrange method  (6.10) | pn(d) =0 ph(
hybrid method (6.11) | pr(0) = —5/25 | pa(

0
—7/24

)=
)=

Next we check if we can solve (6.2) for an arbitrary location d € [0,1) of the
interior Dirichlet boundary condition. Now we see that the dependencies on d
and o differ for the three methods. In case of the symmetric or Baumann-Oden
method, we have to solve a full (p + 1) x (p + 1) linear system Ly 4 up = fa,
where the matrix depends on both the method parameter o and the interior
boundary location d.

In contrast, if we consider the coefficients of the linear system arising from the
hybrid and the Lagrange methods we observe the following block-partitioning:

A B
La,duh:(c 0 )Uh:fh,

where, for the Lagrange method, A = fol u} vy dz — [uf,(1,0)vp(1,0)] is the (p +
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1)x (p+1) leading submatrix, and B 22 [p;,(d, 1)vx(d, 1)] and C = [gx(d, 1)un(d, 1)]
have respectively dimensions (p+ 1) x 2 and 2 X (p + 1). The dependence on d
is reflected in the elements of B and C.

On the other hand, in case of the hybrid method, we have a (p + 1) x
(p + 1) leading submatrix A = fol upvpdz. Now the (p + 1) x 2 submatrix
B = [py(0,1)vx(0,1)] is independent of d. The dependence on d is only reflected
in the 2 x (p + 1) matrix C & [gx(d, 1)us(d, 1)].

So we check if there are locations d € [0,1) in which any of the three methods
may become singular. The results are shown in Table 6.2. We see that both
the Lagrange and the symmetric Baumann methods have interior boundary
locations where the methods become singular. The number of points where a
singularity appears increases with the polynomial degree. The hybrid method,
however, shows no singular points. This motivates us to continue mainly with
the hybrid method for the two-dimensional numerical experiments.

Table 6.2: Values for d for which the discrete system becomes singular. The discretizations
are made for S,(Q2) = PP(0,1), p = 2,3, 4.

P The Lagrange method The symmetric Baumann method
2 1/3 — — - —

3| 2/5-1/10v/6 | 2/541/10v/6 - 2/5 —

4 | 0.08858795951 | 0.4094668644 | 0.7876594618 | 3/7 —1/7/2 3/74+1/7V2

6.3.2 Numerical experiments for the hybrid method on
two-dimensional problems

Having studied the one-dimensional discretization for the various weak formu-
lations with an embedded Dirichlet boundary condition, we now consider the
two-dimensional Poisson equation on the unit square Q as in (6.2) with an em-
bedded Dirichlet boundary condition on a line parallel to a diagonal. For this
line we use the following parametrization (See Figure 6.3 ):

{ z(s)=1—d/V2+s, - { |s| < d if0<d<1/V2,
y(s)=1—-d/v2—s, ls| <1-d/v2 if1/v2<d<V2.
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Figure 6.3: The domain Q and its parametrization

Approximation with piecewise quadratics.

To discretize the hybrid formulation, we first introduce the quadratic polynomial
basis on the unit interval

P2([0,1]) = Span{1 — ¢, t, t(1 —t)}.

We provide the test and trial function spaces with the 9 dimensional subspace
Sh(Q) = P?*2(Q) = P%(z) ® P*(y) C H'(Q), i.e., the tensor product set of
polynomials of degree < 2 in the two coordinate directions. Since we know
that the Lagrange multiplier of the hybrid method corresponds with the flux
p = n-Vu on the boundary 02, we choose to discretize the Lagrange multiplier
as pr = Na¥a (T, y)| 5 + Nyty(T,Y)] 55, With ¢ € P?*2(Q) which defines the
polynomial subspace Qx(89) C H~'/2(99) and also Q,(8Q) C H~'/?(8Q) by
prloa = ne¥e(z,y)|oa + ny¥y(z,y)|aa. Then the discrete formulation of the
hybrid form is: find us € S(Q), pr € Qn(0Q) such that

<vuh, Vvh>5h(§) - <phvvh>Qh(aﬁ) = <f7 Uh>5h(§) , Vv € Sh(ﬁ)a (6'13)
<qhauh>Qh(aQ) = <qau0>Qh(aQ)7 Vg € Qn(09),

where the approximations are given by (9 degrees of freedom describe the poly-
nomial in the interior)

uh(xyy) = Z ci¢i($7 y)a ¢z € Sh(§)7 (iL‘, y) € ﬁv (614)

0<i<8
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and (note that 8 degrees of freedom describe the quadratic polynomials at the
4 boundaries)

ph(l‘,y) — Z a; [n:c’l/}z,i(zv y)|a§ + nywy,i (may)laﬁ] ) (615)
0<i<7

wz,i a§7¢y,i|3§ = Qh(aﬁ)v (Iay) € aﬁ

The result is a 17 x 17 linear system depending on the diagonal distance of the
embedded Dirichlet boundary to the origin. It is obvious that all methods will
become ill-conditioned for values of d close to /2, when the region  vanishes.
In order to see how the singularity develops for the hybrid method (6.13), we
plot the 17 singular values as function of the diagonal distance d. The result is
shown in Figure 6.4. We see that, as in the one-dimensional experiment, also
for this experiment, there are no values of d for which the discretization matrix
becomes singular. Furthermore the method is not ill-conditioned for values of d
even larger than one.

1e-09

1e-10 4
Te—11
1e—12 o
1e-13 4
1e-14 4
1e-15

1e—16

Figure 6.4: Singular values o;, 1 < i < 17 as function of the diagonal distance 0 < d < /2
for the third order discretization of the hybrid method.

Approximation with piecewise cubics.

Next we want to study the regularity of a higher order discretization of the
hybrid method (6.7), for the same two-dimensional model problem. To this
end, we consider on the unit interval the cubic polynomial basis

P3([0,1]) ={1 —t¢, ¢, t1 =%, (1 - 1) }, (6.16)
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and we choose for the test- and trial function spaces the 16-dimensional sub-
space Si(Q) = P¥*3(Q) = P3(z) ® P3(y) € H'(Q), i.e., the tensor product
polynomials of degree less than four in the two coordinate directions. We
choose the polynomial subspaces Qn(0Q) = ~92(8,(Q)) C H=1/2(8Q) and
Qr(00) = ~92(8,(Q)) © H-'/2(8Q). The choice of the basis functions in
Qr(09) will be explained in the next section, where we study the general case
with a curved boundary.

As explained in Section 6.4, using (6.13) and (6.14) we obtain a 28 x 28
system depending on the diagonal distance d of the interior Dirichlet boundary
to the origin. For this hybrid discretization, the 28 singular values as function
of d are shown in Figure 6.5. Generally, we observe the same behavior as for
the quadratic polynomials.

Figure 6.5: Singular values o5, 1 <4 < 28 as function of the diagonal distance 0 < d < V2
for the fourth order discretization of the hybrid method.

6.4 Weak forms for embedded boundary condi-
tions

6.4.1 The boundary condition on a curved embedded bound-
ary

In this section we study the regularity and the accuracy of a fourth order hybrid
discretization of the Poisson equation on the unit square, with a part of the
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circular boundary embedded. So, we solve the equation
~Au=f on Q, with u=ug on I'p=0dQ, (6.17)

on the unit square from which a circle sector has been removed: i.e., Q is the
unit square and T’y C 09, with Q C Q, is the circular curve

T = {(z.9) | 22 +4° = B2 < V2, 2> 0, y >0}, (6.18)
and the fictitious part is
Q={(z,y) |2>0, y>0, a*+y* < R?}. (6.19)

The corresponding discrete hybrid formulation reads: find us € S5(Q) and
Xr € Qr(Q2) such that

(Vun, Von)g = (1P (xw) 28 @n)) o = (Fron)a von € Su(@,  (6:20)

(@) @@y, = (Pam)uo), . Van € Qu(@),

where S, (Q) ¢ H'(Q) and Qh(ﬁ) C HI(Q) are the proper finite dimensional
polynomlal subspaces, and 7§!, 3! and 7§, 75! are the usual trace operators on
99 and 9Q respectively. To provide these subspaces with a basis, we choose
cubic polynomials and consider the following polynomial basis on the unit in-
terval:

pr=1-t, do=(1—-0t)>% ¢z3=(1-8)t o¢s=t. (6.21)
We recognize that ¢ (t) and ¢4(¢) are associated with function values at t = 0, 1
respectively, while ¢o(t) and ¢3(t) can be associated with corrections for the
derivatives at t = 0,1. These facts help us to understand the structure behind
the different polynomial subspaces that are constructed below.

First we choose for the test and trial function spaces a 16-dimensional sub-
space, i.e., Sp(Q2) = P¥3(Q) = P3(z) ® P?(y) C H'(), the usual tensor
product of polynomials of degree less than four in the two coordinate directions.
Hence, on the unit square Q we get the approximation uy, € Sp (2 )

un =Y cijdiy)e;(). (6.22)

1<4,j<4

Next we consider the usual trace operators, ’yg’ . HY(Q) — H1/2(aﬁ) and
A§t: HY(Q) — H'Y/?(0Q) applied to the boundary of 2 and € respectively, and
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similarly, 7 : H(Q) — H~'/2(09) and 4% : H'(Q) — H~'/2(9Q) the traces
for the normal derivatives. We see that the approximating space of tensor
product cubics, Sy(Q) C H'(), is a 16-dimensional subspace. The trace of

this space on 9, the space vg(Sh(f\l)), however, is 12-dimensional, because the
trace consists of independent cubics on the four edges, related by four continuity
conditions at the vertices. Choosing the polynomial basis (6.21), in S,(2) the

basis for 7?(.5’;1(@)) can readily be found as a subset of the tensor product
of the basis functions (6.21), by splitting S5 (£2) into two linearly independent
subspaces:

Sh() = Qn(Q) ® Kn(9),

with
Kn(€) = ker(v$) N S1(Q) = Span ( ¢i(2)e;(v) | 3,5 =2,3 ),
and
@n () = Span (¢1(2)8;(y), Pa()e;(), di(x)b1(v), Gi(x)daly) | 6,5 =1,2,3,4).
For the approximating space for vS}(H'()) we take
Q5(09) = 1§ (Sh(Q)) = 1 (@n(Q)) C H2(00).

Similarly we introduce the approximation space for the traces on 9 as

Q5 (99) == 7 (Qn () C H'/2(89).

On the other hand, for the approximation of the trace of the normal derivatives
we split the space S,(12) as

Sn(@) = Qu(Q) & Kn(),
with
Kn(Q) = ker(7) N S4(Q) = Span ( wi(2)w;(y) |1, =1,4 ),
with ¥, = ¢ — 2 — ¢35 and
Qn(Q) = Span (¢2(2); (1), $3(@)9;(v), ¢:(x)g2(v), bi(x)s(y), 05 =1,2,3,4) .

We see that Qh(ﬁ) is 12-dimensional and K| h(ﬁ) is 4-dimensional. The normal
derivatives on the four edges of  are all approximated by cubic polynomials



WEAK FORMS FOR EMBEDDED BOUNDARY CONDITIONS 135

related by the condition that at the vertices 8—12(%“;1) = aiy(%%). So we find the

approximating space for the normal derivatives at the boundary of ﬁ, viz., and
at the boundary of Q2 as

Qn(99) = 42 Qu(Q)) c H/2(09).

Considering the Lagrange multiplier function p € H~/2(89) in (6.7), we know
that, if u satisfies the Poisson equation (6.17) and also the Dirichlet boundary
condition, the Lagrange multiplier p on oQ represents the normal flux n-Vu at
the the boundary 0, i.e., p = n- Vu. Thus, in the discrete hybrid formulation
(6.20), we write for the Lagrange multiplier p, = n-Vyx}, on 02, where n is the
unit outward normal vector and xj € Qh(ﬁ) is the master flux function given
by

Xh= Y ai;¢i(@)pi(y), with a;; =0, i,j=1,4.

1<i,j<4

So we recognize the discrete hybrid formulation (6.20) as a (16 + 12) x (16 +12)
linear system.

To study the regularity of this hybrid formulation, we plot the singular values
of the discrete 28 x 28 system as function of the circle radius, 0 < R < V2. The
result is shown in Figure 6.6. In this figure we see 28 singular values as a function
of the circle radius, R. The discrete formulation is sufficiently well-conditioned
up to circle radii of R ~ 1.1. In that case more than 80% of the total domain £
consists of the fictitious domain €2. The reason for the cusps in the figure near
R =0.4 and R = 0.9 is unknown.

Next, we check how the cubic approximation will be solved for the exact
solution by taking in (6.17) the right-hand side and the boundary conditions
such that the solution is given by u = 23 + 3® + zy. The solution and the error
for two possible domains (R = 2/5 and R = 4/5) are shown in the Figures
6.7 and 6.8. We see that the hybrid formulation finds the exact solution on
the domain €2, except for rounding errors corresponding to the condition of the
linear system.

To check the approximation behavior of the method we repeat the experi-
ment for the solution u(z,y) = €**¥ in (6.17). The solution and the error for
both domains (R = 2/5 and R = 4/5) are shown in the Figures 6.9 and 6.10.
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Figure 6.6: The singular values as function of the embedded circle bow radius for the fourth
order hybrid discretization. On the fictitious part of the domain the solution and the error
are set equal to zero.

Solution on domain of interest Error on domain of interest
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Figure 6.7: The solution u = z3 + y® + zy and the error on the domain Q of the fourth
order hybrid discretization (R = 2/5).
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Solution on domain of interest Error on domain of interest
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Figure 6.8: The solution u = z3 + y3 + zy and the error on the domain Q of the fourth
order hybrid discretization (R = 4/5).
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Figure 6.9: The solution u = e*7¥ and the error on the domain Q of the fourth order hybrid
discretization (R = 2/5).
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Solution on domain of interest Error on domain of interest
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Figure 6.10: The solution u = e*t¥ and the error on the domain Q of the fourth order
hybrid discretization (R = 4/5).

6.4.2 The combination of the hybrid and the discontinu-
ous Galerkin formulation

In the previous sections we have seen that the discretization of the hybrid form
with an embedded Dirichlet boundary condition leads to a regular linear system,
whereas the linear system of a discontinuous Galerkin discretization is not always
invertible. On the other hand the discontinuous Galerkin method is cheaper,
because the Lagrange multiplier has been eliminated and hence less degrees of
freedom are involved. So, to reduce the computational costs, if we consider a
large regular rectangular grid on which locally there exist cells with embedded
Dirichlet boundary conditions, it is natural to treat these cells with the hybrid
method, while the ‘normal’ rectangular cells are treated with a DG-Galerkin
discretization.

To study such a method, we consider two adjacent rectangular cells Ql and
Qg, where only Ql has an embedded Dirichlet boundary condition. The cells
have a common interface I'; 5. Because cell Ql has an embedded boundary con-
dition, we treat this cell with a hybrid discretization. The cell flg is discretized
by DG discretization. So, on cell Q; we have

(n1,2 - Vxn)vpds — /A (n-Vxp)vpds— (6.23)

= Vuh ” Vuhdav —/
0Q1\I'y 2

Q1 Ti,2

/ (n1,2 - Vgp)upds — / (n-Vap)upds = /A fopdz — / n - Vgpuods,
Ti,2 9Q21\I'1 2 Q 0Q1\T'1 2
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where n; 5 is the unit normal on the interface I'; » pointing from cell 0 1 towards
cell Q5. On the other hand, on cell {2, we consider (for simplicity) the symmetric
DG discretization. Hence

(n2,1 - Vup)vp ds — / (n - Vup)vp ds— (6.24)

 Vaup - Vupdz — / ~
0Q2\T'1 2

Q2 iz
/ (n2,1 - Vop)up ds — /A (n - Voup)up ds = /Al fvdz — /A (n - Vop)uog ds.
Ti,2 9Q2\I'1 2 Q2 0Q2\TI'1 2

Now we have to couple the two cells at the interface I'y . Therefore, we have
to satisfy the locality, consistency and conservation conditions as discussed in
[3]. To meet these conditions we define the average fluxes across the interface
by

(th|a§1 + thﬁg) )

N | =

e 1 _
<Vuh> =3 (th|3§1 + Vuh|3§2) and <Vvh> =

and the jumps by
[’LLh] = uh|3§1n1,2 + Uh|B§2n2,1.

Then combining (6.23) and (6.24), together with the flux and jump relations,
we arrive at the form

[ o S onda = [ (T s [ (Fon) -

152

/A (n-Vxp)vpds — /A (n- Vup)vpds — / (n-Vgp)upds—
0Q1\I'y 2 0Q2\I'1 2 0Q1\T'1 2

/A (n - Vop)upds = /A _ fopdz — / (n-Vagp)uods — /A (n - Vop)uods.
0Q2\T'1 2 Q1UQ2 921\I' 2 9Q2\I' 2

This weak form can immediately be used for discretizations as described
above. The solution and the error of such a combined discretization with cubic
polynomials is shown in Figure 6.11.

6.4.3 An embedded boundary for the convection equation

Having studied the discretization of the Poisson equation, we now consider the
convection equation with an interior Dirichlet boundary condition

b-Vu:finQ, u = ug on 0%,
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Solution on domain of interest Error on domain of interest

Figure 6.11: The approximate solution u = = +y of Au = 0, and the error on the domain
Q1 UQ2 for a fourth order combined hybrid-symmetric DG discretization with embedded circle
segment Dirichlet boundary condition (R = 3/4).

where b is a constant vector denoting the direction of the convection and 9%,
is the inflow boundary of € such that this boundary is 9Q = 9Q;, U 9Qus. The
inflow and outflow boundaries are defined by b-n < 0 on 99;, and b - n >0
on 0Ny, respectively. Considering the boundary of the whole domain 99,
we also split this boundary in an upwind and downwind boundary such that
0N = 00y U 0Qyut- Then, according to the Lagrange multiplier theorem we
arrive for the boundary value problem at the following weak formulation: find
u € H'(Q) and x € H'/2(00,) such that

—/AVv-budx%—/A n-bxvds—l—/ n-b uv ds+ (6.25)
) 0%in

ot
/ n-bquds:/fvdac—f—/ n-b qug ds, VUEHI(KAZ),
Oy Q On

Vg € HY2(0),

in which we assume that u on the fictitious domain € satisfies the differential
equation and is the continuation of the solution u on the domain 2. Figure
6.12 shows the solution and the error if (6.25) is used as the starting point for
a discretization with cubic polynomials, as discussed above.
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Solution on domain of interest Error on domain of interest

Figure 6.12: The approximate solution u = 1 of the convection equation b-Vu = 0 and the
error on the domain Q for a fourth order hybrid discretization with embedded circle segment
Dirichlet boundary condition (R = 8/10).

6.4.4 Two adjacent cells with a common interior embed-
ded boundary condition

In this section we study a finite element discretization of the convection diffusion
equation
—eAu+b-Vu=0, (6.26)

discretized on two adjacent cells Q, and Q,, with vertices (-1,0), (0,0), (0,1),
(-1,1) and (0,0), (1,0), (1,1), (0,1) respectively. The embedded Dirichlet
boundary condition is given on the half circle 22 + y? = R?, 0 < y < 1, so that
the domain of interest is given by

Q=@ UD)\ {(z,9) | 22+ y* < R*}.

We first consider the diffusion part of the equation. Then the weak hybrid
formulation of the problem reads: find u € H'(Q,) and p € H /2(0Q U T'yyy)
such that:

(Vu, Vo)g, = (0, v)gg — (pm- [v])g,, — (@ W) — (@m- [ul)r,, = (6.27)

(f?v)ﬁh - <qau0>aﬂv V’U = Hl(ﬁh)7 Vq € H71/2(89 U Fint)a

where H'(Q},) is the broken Sobolev space on € U Qs (see Section 2.2.1) and
the common interface is given by ',y = Q; N, with n the normal vector. 'I;he
interface I'iyy, not including the fictitious part, is defined by T, = Q1 N Q.
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Recognizing in plf a normal flux on the common interface fint, we define the
trace operators, M H@QNC(Q) — H-Y2(8Q UTiy) and 32 : HY(Q) N
C 1( ) — H'/2(0QUT}yt). In order to approximate the normal derivatives on

o0 ] I‘,m we proceed as in Section 6.4.1 and introduce the polynomial subspace
SK(Q) c H'(Q) N C*(). We split this space as:

Su(©) = Qu(Q) @ Kn(©),
with R ~ R

Kn(Q) = ker(71) N Sp().
Then the discrete version of (6.27) reads: find up € Sh(ﬁh) and xn € Qn(Q)
such that

(Vun, un)g, = (T2 0en), v0(on)) o = (70w, end), (6.28)
- <7§2 (Qh)a’YO(uh»aQ - <§?(Qh), [uh]>1‘;m
=(f,un)g, — (T (an)> 20)pq Von € Su(n), an € Qn(9).

(Note the polynomial spaces used!). For the polynomial space Sh(ﬁh) we can
take the usual space of piecewise cubic polynomials in each coordinate direction
on the partitioning Ql U Qg On the other hand, it is not trivial to find a cubic
polynomial space for Qn(Q) H'(Q)N C1(€). As we do not want to make our
discretization unnecessary complicated and expensive, we eliminate the extra
degrees of freedom for x; by identifying them with Vuy. Similarly, identifying
qn with Vv, on AN UT;, we arrive at a discontinuous Galerkin discretization:
find up, € Sp() such that

(Vuh, Vvh)ﬁh - <Vuh, vh>8§ - ((Vuh) ; [Uh]>f'mt + o (Vup, uh)aﬂ + (6.29)
o ((Vun), [ul)p., = (F,vn)g, + 0 (VUR, u0) g » Vo € Sh(n),

with the usual choices for the normal flux functions.

Nevertheless, the use of DG discretization forces us to monitor for possible
singularities. However, in the next chapter we show for the cubic discontinuous
Galerkin discretization how possible singularities can be avoided by introducing
an extra weighting term for the embedded Dirichlet boundary (see also [47]).

To continue we consider the convection part of (6.26). So, on the domain Q
we consider the equation

b-Vu=f, u=mugon 0%,.
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For simplicity we set b = (1, O) Then the embedded boundary is an outflow
boundary for Q 1, whereas for Q, it is an inflow boundary. Hence, we can neglect
this embedded boundary in Ql, whereas in cell Q5 we must introduce a Lagrange
multiplier in order to satisfy the upwind boundary condition on the circle bow.
Therefore we arrive at the following weak form for the convection part: find
u,x € Hl(Qh) (Q] UQ2)

- /A Vv - budz + /A (n - bu)vds + /A (n-bx)vds (6.30)
Q 00 out 0Q2 in

—I—/A (n-bu)vds+/ (n-bq)uds—/ (n-bg)uds
0822 out OQin

Tint

:/Afvdx—/A (n-buo)vds—i—/ (n - bq)upds Vv,qGHl(fAl),
Q Bﬂl in 1—‘l')

where u™ = u|spn, = u|r,,,. If we want to eliminate in (6.30) the extra degrees
of freedom, we set x = u and ¢ = v.

The linear combination of (6.29) and (6.30) gives a discretization of the
convection diffusion equation

~Au+b-Vu=f inQ, u=1uy on Of. (6.31)

The Figures 6.13 and 6.14 show the solution and the error of the discretization
of (6.31) by means of (6.29) and (6.30) with tensor-product cubics.

6.5 A singularly perturbed PDE on only two cells
with a half circle excluded

In this section we are interested to solve the following convection diffusion prob-
lem (see Figure 6.15). More details about this problem can be found in [21].

—eAu+u, = f, on ﬁ:{(z,y)l -l<z<l1, 0<y<1}, (6.32)
u=0on 02={(z,9) |z2=-1,0<y<1; -1<z<ly=1},

u=1 on FD:{(x,y)|$2+y2:R2,y>0;R<1}, (6.33)
n-eVu=0 on 'yn={(z,0) | R<|z|] <1}U{(1,y) |0 <y < 1}.
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Solution on domain of interest

Error on domain of interest

Figure 6.13: The approximate solution u = z3 + 3% + 2y of —Au + uy = f and the error
on the domain Q = Q1 U Q2 for a fourth order symmetric-DG discretization with embedded
circle Dirichlet boundary condition (R = 3/4).

Solution on domain of interest

Error on domain of interest

O LN wAOON

Figure 6.14: The approximate solution u = e*t¥ of —Au + u; = f and the error on the
domain Q1 U5 for a fourth order symmetric-DG discretization with embedded circle Dirichlet
boundary condition (R = 3/4).
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I'p
ﬁl T QQ T
FD int N
"L/
I'n I'n

Figure 6.15: The domain for problem (6.32-6.33).

Let ©Q, and Q, be two unit cells with respectively vertices (—1,0), (0,0), (0, 1),
(=1,1) and (0,0), (1,0), (1,1), (0,1) so that © = Q; U€,. For this problem we
want to study the symmetric and the Baumann-Oden DG-method.

First we study the diffusion part of (6.32) and replace the homogeneous Neu-
mann boundary condition on I'y = { (z,y) | z =1, 0 < y < 1} with the homo-
geneous Dirichlet boundary condition, in order to obtain a symmetric problem
around = 0. Now the corresponding hybrid formulation (6.7) for (6.32) reads:
find u € H'(Q) and p € H-1/2(0Q U Ty ) such that

(Vu, vv)ﬁ - <p7 v>aﬁ - <Q7 u)aQul"D - <p7 n- [ D Tisie <q’ { ])Fim = (634)
(f,v)g — (@& u0)squr, » Vv € HY (), q € H 260U i)

Here H 1(ﬁh) is the broken Sobolev space on (AZI U ﬁz and the jump operator is
given by [v] = mvlyq + n21)|aﬂ Further, I,y = 091 N0 is the interior wall
on which the true solutlon is continuous. However, continuity is not required
outside €2 and hence not on all of I‘mt = Fmt na.

To arrive at the DG-discretization of (6.34) we take for the test and trial
space, Sh(ﬁ) C Hl(ﬁh), the tensor product of polynomials of degree p < 4 in
each of the coordinate directions and we write for the approximation

Z Z Ce,i,j ¢ez ¢e,]( )

0<e<2 0<i,j<4

In practice we construct a basis from (6.21).
Next, for the DG discretization, we eliminate the extra equations and degrees
of freedom for the Lagrange multiplier using the fact that p represents the normal
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Solution on domain of interest Solution on domain of interest

symmetric DG Baumann-Oden DG

Figure 6.16: The approximate solution uj of Au = 0 on the domain © with symmetric
boundary conditions and fourth order discretizations with embedded circle Dirichlet boundary
condition (R = 3/10).

flux of u at 99 and at the internal wall fint. Thus, replacing p by n- Vu, on
0Q and by (n- Vuy) on Iy and replacing similarly g by —on - Vv, we get the

~

DG discretization of (6.34): find uj, € Si(Q2) such that

(Vuh, Vvh)ﬁ — <1’1 -Vup, Uh)Bﬁ +0o <1’1 - Vup, uh>8QUFD = (6.35)
((Vun), [z, + 0 (Von), [ul)r

int

= (f, Uh)ﬁ + o <1’l . vvh7u0>BQUFD i

Yoy, € Sh(ﬁ)

int

Figure 6.16 shows the solution of the symmetric (¢ = —1) and the Baumann-
Oden (o = 1) discretization. We see that both solutions are symmetric, indeed,
because of the symmetric structure of the problem. On the other hand we
recognize the unstable behavior of the symmetric DG method, which is of poor
quality compared to the solution of the Baumann-Oden method.

We proceed by considering both methods for the diffusion part of the
equation and boundary conditions as in (6.33). Then the discrete formula-
tion is also given by (6.35), except that the Dirichlet boundary condition at
{(1,5) | 0 <y < 1} is replaced by the homogeneous Neumann boundary con-
dition n - Vu = 0. The corresponding solutions of the symmetric and the
Baumann-Oden method are shown in Figure 6.17. Now the solutions are not
symmetric. Again, the solution of the symmetric DG-method is poor compared
to the solution of the Baumann-Oden DG method.

Finally, we take the convection part of (6.32). The Lagrange weak for-
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Solution on domain of interest Solution on domain of interest

symmetric DG Baumann-Oden DG

Figure 6.17: The approximate solution uj, of Au = 0 on the domain Q with the boundary
conditions (6.33) for a fourth-order symmetric and Baumann-Oden discontinuous Galerkin
discretization. The embedded circle Dirichlet boundary condition is located at R = 3/10.

mulation of the convection term for the cell (), reads: find u € H 1(@2) and
p € HY?(94,) such that

— (Vv -b,u)s +j[ vn-bu ds+ (6.36)
2 Jog,
Fn-b,v)y, =0, Yv e H'(Q,),
<q n- ba u>89in = <q n- ba u0>aQin 3 Vq S HI/Q(BQin)y
with b = (1,0) and uy = 1 on the embedded circle, I'p N 982, while vy = v~
on the common interior boundary, ',y N 0€2y,, with u~ being the upwind value
of u obtained from ;.

As for the diffusion term, we can rewrite (6.36) in a hybrid formulation, where

the Lagrange multiplier is computed on Bﬁin, the inflow edge of the domain 0.
Thus, we obtain: find u € H'(2,) and p € H'/2(8;,) such that

—(Vv-b,u)g, + ]{A vn-bu ds+ (6.37)
8%,

(Fn-b,v)ygs =0, Vo € H'(Qy),
<q n- ba u>aﬂin = <q n- b’ uO)BQin ) Vq € H1/2(aQin)7

Next, the second term in (6.37) is split in an integration part over the inflow
and a part over the outflow edge of 9 so that we can combine the integration
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of v and p over the inflow wall aﬁin. This yields: find u € Hl(ﬁg) and p €
HI/Q(GQin) such that
— (Vv b,u)g, + (B +u) n-b,v)eg +(wn-bv)y,  +{gn-busg,
= (g n-b,up)pq.. Yo € H'(Qy), Vg € HY/?(0Q).
Writing p = p + u, this is simplified to: find u € Hl(ﬁg) and p € H1/2(8§in)
such that
—(Vv-b,u)g +(pn-b,v)y5 +(un-b, V) ga.., Tl@n b u)gq (6.38)
= (gn-b,ug)yq. Vv € Hl(ﬁg), Vg € HY2(0).
To eliminate the Lagrange multiplier p, we recognize this function as the value
of u at the boundary 0€;,. The corresponding equations are eliminated by

taking ¢ = ov on Oy, yielding the DG-formulation of the convection term:
find u € H'(Q2) such that

—(Vv-b,u)g, —I—?{A vn-buds+o(vn-b,(u- uw))p (6.39)
0 e
+o(vn-bu), =0o{vn-bu)p, Yo € H' (Qy).

In cell ©; the embedded boundary is an outflow boundary and, therefore, for
the convection part there is no boundary condition. Hence, we may treat {1, as
a normal convection DG-cell.

The discretization of problem (6.32) is obtained by combining (6.35) and
(6.39) and reads: find uj € S, () such that

(eVun, Vor)g — (0 - eVun, vp) g + 0 (0 - VR, Un) gaury, (6.40)
— <<Evuh> " [’Uthim +o0o <<6V’Uh> 5 [uh]>rint = (V’Uh - b, uh)ﬁ + <vhn - b, uh>aﬁl,out

+ fA vpn - buy, ds+ o <vhn - b, (uh - u;)>r_ + 0 (van - b, up) a0,
GION e
=0 (n-eVup, 1) +0o(vpn-b,1r 9, » Yur, € Sh(9).

Figure 6.18 shows the solutions of the fourth order discretization of (6.40)
for R = 3/10, for the different values of ¢ = 1, 1/10, 1/50, 1/100. We see
that in all cases the solution is stable. For values of ¢ = O(1) we clearly
see the approximation of the boundary condition uy = 1 on the circle bow,
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while for small values of ¢, when the true solution shows a thin boundary layer,
typical effects of the weak boundary requirement show up. Figure 6.19 shows
the solution for ¢ = 1/50. Although it seems that the solution is not able to
catch the boundary layer in © at the upwind side of the circle, we clearly see
a boundary layer arising in the fictitious part of the domain if we consider the
total Q. Clearly, the cubics are not able to represent the thin circular boundary
layer. Note, in particular, that at z = 0, y < R, there is a discontinuity in the
fictitious part Q. For small values of € << 1 the boundary layer disappears.

Solution on domain of interest Solution on domain of interest

e=1

Solution on domain of interest Solution on domain of interest

e=1/50

Figure 6.18: The approximate solution uj, of —eAu+u, = 0, on the domain exterior of the
circle for a fourth order Baumann-Oden DG discretization with Dirichlet boundary condition
up = 1 on the circle, (R = 3/10).
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Solution on total domain Solution on domain of interest

Total domain Domain of interest

Figure 6.19: The approximate solution uj for the same problem as in Figure 6.18, with
e = 1/50. At the right, the approximate solution on §2, the domain of interest. Left, the ap-

proximate solution on ﬁ, the whole domain where the approximation is constructed, including
the fictitious part.

6.6 Conclusion

In this chapter we propose a technique for the treating second-order elliptic
PDEs with complex Dirichlet boundary conditions in combination with a dis-
continuous Galerkin discretization. The aim is to maintain a structured, regular
rectangular grid while solving problems with irregular curved boundary condi-
tions.

The complex domain on which the solution is sought, is covered by a fictitious
domain with the structured, regular rectangular grid. An embedded boundary
is the transition between the domain of interest and the fictitious part of the
computational domain.

We present and compare several weak forms for the diffusion part of the
equation: the Lagrange multiplier form, the hybrid form and the DG-form.
The hybrid form shows regularity for an arbitrary location of the embedded
boundary, whereas for the other forms the discretization may become singular
for particular locations of the Dirichlet BC. The problem is studied, first for a
single cell and then for a couple of adjacent cells, either sharing or not sharing
the embedded boundary. We also describe the treatment of a convection part
in the equation.

As an example, we solve a singularly perturbed boundary value problem on a
complex domain by means of a fourth-order DG-discretization on only two cells.
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Although —as expected— it appears to be impossible to accurately represent sharp
boundary layers with a complex structure by means of a few cubic polynomials,
the boundary condition treatment is quite effective in handling such complex
situations.



152



Chapter 7

A feasibility study for DG
discretization with embedded
Dirichlet boundary condition

Summary

In this chapter we introduce a discretization of discontinuous Galerkin (DG)
type for solving 2-D second order elliptic PDEs on a regular rectangular grid,
while the boundary value problem has a curved Dirichlet boundary. According
to the same principles that underlie DG-methods, we adapt the discretization in
the cell in which the (embedded) Dirichlet boundary cannot follow the gridlines
of the orthogonal grid.

The DG-discretization aims at a high order of accuracy. We discretize with
tensor products of cubic polynomials and we parameterize the embedded bound-
ary by cubic polynomials. Then, by construction, such a DG discretization is
fourth order consistent, both in the interior and at the boundaries. The pro-
posed discretization technique is motivated by the fact that it results in only a
slight modification of DG discretization at embedded boundaries and requires
a much simpler mesh generation than needed for boundary conforming meshes.
In particular the method can show its use in cases where regular rectangular
grids are preferred.

To illustrate the possibilities of our DG-discretization, we solve a convection
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dominated boundary value problem on a regular rectangular grid with a circular
embedded boundary condition [21]. We show how accurately the boundary and
shear layer, emanating from the curved embedded boundary, can be captured
by means of the tensor product polynomials on the structured orthogonal mesh.

7.1 Introduction

In the previous chapter (see also [22]), we introduced weak-formulations of dis-
continuous Galerkin (DG) type for the solution of second-order elliptic PDEs on
a structured, regular rectangular grid, while the problem is defined on a curved
boundary and we studied fourth order discretizations on a single cell and on a
pair of cells. In this chapter, we introduce a DG-discretization technique for
solving 2-D second order elliptic PDEs with curved Dirichlet boundary con-
ditions on a complete regular rectangular grid. This discretization technique
is motivated by the fact that it results in a high order discretization and a
significantly simplified mesh generation in comparison to discretizations using
boundary conforming meshes.

Since renewed insights into discontinuous Galerkin methods for elliptic PDEs
were obtained, [3, 5, 36, 40|, these methods gain in popularity. Especially,
because of their convenient properties when combined with the hp-adaptive
approach and multi-grid solvers [29, 42, 44]. In view of such applications we
want to solve elliptic PDEs by a DG-method on a regular rectangular grid,
while the embedded boundary is typically not aligned with the grid, but rather
intersects the edges of the grid. R

For this purpose, we introduce a domain {2 slightly larger than the domain
Q on which the BVP is defined and we straightforwardly discretize the PDE
on the structured orthogonal mesh with tensor products of cubic polynomials.
The part of the Dirichlet boundary, which is not aligned with the grid, i.e., the
embedded boundary, is parameterized by cubic polynomials in each cell, while
the Dirichlet boundary value constraint is incorporated by the use of a Lagrange
multiplier. Then, according to the typical DG setting, DG-formulations for the
embedded boundary are derived by elimination of this Lagrange multiplier. By
construction, such a DG discretization is fourth order consistent, both in the
interior and at the boundaries.

Certainly, the most classical technique in treating complex boundaries is the
FEM, where elements near the boundary are adapted to the shape of the bound-
ary curve. Although this method is convenient for high order discretizations,
the advantage of having a structured grid is lost, while 3D grid generation still



INTRODUCTION 155

remains an extremely challenging problem.

In the field of finite difference methods, the finite differences can be locally
adapted to the curved boundary while the total domain is a regular structured
grid. A recent example is the Embedded Curved Boundary (ECB) Method for
higher dimensions, in which the curved boundary is approximated by piecewise
linear segments [28, 32]. This method is fast and has all the advantages of
having a regular structured grid, however no order of accuracy can be expected
higher than two.

Another method which treats complex geometries on orthogonal meshes, is
the immersed boundary (IB) method. This method was introduced by Peskin
[39, 46] as a method to study biofluid dynamics problems. Examples of appli-
cations are the coupled motion of the blood filling the ventricles of the heart
and the interaction between flexible elastic membranes in combination with an
incompressible fluid in two dimensions [10]. This approach results in a very
flexible method and even a variant with fourth order convergence is reported
[10]. Nevertheless, we believe that it can be valuable to have a simple method
at hand that fits with the discontinuous Galerkin discretization.

We present the technique in this chapter according to the following outline:
in Section 7.2 we derive the DG-formulation for the Poisson equation with an
embedded boundary. We briefly discuss by a simple 1D model problem that the
discrete operator, associated with the DG-formulation, may become singular for
certain locations of the embedded boundary condition (see also Section 6.3), i.e.,
we identify the Singular Embedded Boundary condition (SEB). We show for this
1D model problem that the discrete operator becomes regular if a regularization
term is introduced, by weighting the embedded boundary with the traces of two
linear polynomials.

Since the Baumann-Oden DG formulation is positive and stable for polyno-
mial discretizations of order larger than two [3] without the use of an interior
penalty term, we continue to study this form for the 2D Poisson equation with
an embedded boundary condition. We show by 2D numerical experiments that
the cubic Baumann-Oden DG-discretization for the embedded boundary prob-
lem can be regularized as in 1D, by a similar regularization term, now weighting
the embedded boundary with the traces of four bilinear polynomials. Then, us-
ing this regularization term, on halving the gridsize, an average error reduction
of about a factor 12 can be expected. This sub-optimal convergence can be
improved, without introducing more complexity in the discretization, if for van-
ishing cut cells, i.e., vanishing local domains of interest 2, the surface of the
fictitious part of the cell is downsized, while keeping . unchanged and the cell
ﬁe rectangular.
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It is straightforward to extend the use of the above DG-technique for the
embedded boundary condition to the convection equation. This is explained in
Section 7.4.

In the last section we solve a singularly perturbed convection dominated
boundary value problem with an embedded circular boundary. We show how
accurately the boundary layer and shear layer, emanating from the curved em-
bedded boundary, can be captured by means of the tensor product polynomials
on the structured orthogonal mesh.

The present discretization technique can be applied in combination with a
full multigrid algorithm.

7.2 The discontinuous Galerkin forms

7.2.1 The discontinuous Galerkin formulation for the em-
bedded boundary condition

In order to solve a second order elliptic problem Lu = f on a complex domain
by means of a DG-discretization type, we consider the equation on an open
domain Q which is slightly larger than the open domain (2 on which the elliptic
BVP is originally defined. On this fictitious domain Q D Q we discretize the
problem Lu = f. The solution u is determined by a Dirichlet boundary condi-
tion u = ugy on 01, the boundary of  which is smooth enough in order to be
parameterized. Further, we assume that the solution u allows for a sufficiently
smooth continuation on the whole of Q i.e., u can be approximated by the trial
functions. For this treatment we con51der a piecewise rectangular domain Q
with boundary 02 as in Figure 7.1.

_In this domain we distinguish two non-overlapping open sub-domains, {2 and
Q, such that

0=0uf, and QNO=0, (7.1)

where (2 is the domain of interest and (2 is the fictitious part. On the whole
domain Q we now apply the differential equation, while the Dirichlet boundary
conditions are (weakly) imposed on €, the boundary of 2. So, for the Poisson
equation our boundary value problem reads:

Lu=—-Au=f on Q, and w=wuy on I'p=0Q, (7.2)

under the assumption that the solution u on €2, has a sufficiently smooth con-
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Q. 2 5
H Fint = Fint o0

o8 I1int

Figure 7.1: The partitioning ﬁh, the domain of interest Q2 and the fictitious part Q. The
fictitious domain Q = QU Q.

tinuation into fl, satisfying the Poisson equation on the whole of Q. !
To arrive at a mesh-dependent variational formulation of the Poisson equa-
tion, we consider a partitioning, €24, of €2 in regular rectangular cells, such that

On={f |02 =0 8n0=0i%;}. (7.3)

By the partitioning (7.3), we introduce the set of common interfaces between
adjacent cells, fim = ﬁi N ﬁj. In this way, cells ﬁe which contain Eart of the
embedded boundary . C 9 are split into two disjoint parts, Q. = Q. N2 and
S~29 = ﬁe N (2, so that fint = ﬁi N ﬁj, i # j,and Ty = fint \l:int is the interface
not including the fictitious part. (See also Figure 7.1.) On the partitioning

(7.3), we consider the broken Sobolev space [5, 6, 37| for non-negative integer
k, defined by

H* ) = { e Lo() | ulg, € H*(Q), Y € Oy }

Now the weak DG formulation for the Poisson equation with an embedded
Dirichlet boundary condition reads (see also (6.29) in Section 6.4.4): find u €

LIf this is not the case, the weak formulation should be taken as starting point.
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H'(Q), such that

> (Vu, Vo), — (Va), [o])g,,, 000 + 0 (V) [ulr,, (7.4)
Qe
+ 0 (n- Vv, u)sq + p([v], [u])r,, +#(v,u)pq =
Z (fiv)a, + o (n-Vu,uo)yq + 1V, %0) 50 VveHl(ﬁh).
§e€ﬁh

Here, we define the jump operator [-] at the common interfaces Tine and Ting
between two adjacent ? cells Q; and ; by

~

Ting : [w(z)] = w(x)|aﬁin,- + w(:c)|a§jnj, (7.5)

Tine : [w(2)] = w(@)]oo,mi + w(@)]oo,ny,

and, for the average operator (-), we distinguish between
(T($)|6§i -+ T($)|a§j) and (7.6)
(r(2)log, + 7(2)log;) -

Notice, that the terms o ((Vv), [u])p,
interfaces of cells ﬁe not containing part of the embedded boundary v, since we
then have [';; = 0 and hence I’y = T'ine. In this way, we only require continuity
of the solution u at the internal boundaries inside €2, the domain of interest.

and g ([v], [u])p, = are also computed at

7.2.2 The singular embedded boundary condition (SEB)
for the discontinuous Galerkin formulation

To explain a characteristic difficulty that can be encountered if (7.4) is used,
we first consider the following simple one-dimensional problem. On a single
cell, the unit interval Q5 = Q = (0,1), we consider the Poisson equation with
homogeneous boundary conditions,

d*u

— 5 = f, on Q, with u(d)=0, u(1) =0, (7.7)

2 At the boundary 9 the interface with a virtual (flat, exterior) adjacent cell is used.
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where d € (0,1) and Q = (d,1). To discretize (7.7), we take for test and

trial spaces the (p + 1)-dimensional subspace S,(€2) = PP(Q) C Hl(ﬁ), the
polynomials of degree < p. So, we seek the approximation

un= Y cidi(e), $ix) € Su(Q).

0<i<p

For (7.7), the general DG-formulation with the embedded boundary condition
reduces to: find uj, € S, (€2) such that

/0 upvpdz — [ug, (1o (1) — up, (0)vn(0)] + o [un(1)v, (1) — up(d)vy(d)]  (7.8)
(D) £+ unldiund)] :/O onfds,  Vun € Su(n).

It is obvious that (7.8) is (p + 1)-st order consistent. However, the matrix
associated with the discrete system of (7.8) can be singular for some location
d € (0,1) of the embedded boundary condition. For the given polynomial basis
in Sh(ﬁ) we have to solve a (p+1) x (p+1) linear system L, , qup, = fr, in which
the matrix depends on the method parameter ¢ = +1, the penalty parameter
p# > 0 and the location of the interior Dirichlet boundary condition d. The
locations for which the matrix associated with the Baumann-Oden-DG (0 =
1,4 = 0), the symmetric-DG (0 = —1, 4 = 0) and the non-symmetric interior
penalty-method (NIPG) (o = 1, u > 0), is not invertible, are shown in Table 7.1.
We call these locations, d, the singular embedded boundary conditions (SEBs).

Table 7.1: Locations d of the embedded boundary condition (SEBs) for which the discrete
system becomes singular. The discretizations are made for Sh(ﬁ) = Pr(0,;1), p= 2,3,4.

p | The symmetric or Baumann method NIPG (p = 5)

2 ~ = 11/21 -~ -

3 2/5 — 0.2820018914 | 0.8313042416 -

p | 3/7T—1/7V/2 3/7+1/7V2 0.1786866021 | 0.5490461868 | 0.934889434

We see that the number of locations of the interior Dirichlet boundary condi-
tion for which the discrete system becomes singular (SEBs), increases with the
polynomial degree p. The use of the penalty parameter p > 0 does not stabilize
the method. We discuss this below.
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d0=0.1551
— d1=0.6450

Figure 7.2: The two spurious modes of a fourth order NIPG discretization, according to (7.8)
with o = 1 and large penalty parameter u = 10%. We see that, since up(d) = up(1) = O(1/p),
the functions satisfy (7.10) by approximation.

Considering the NIPG formulation in (7.8), with 0 = 1 and p >> 0, we see
that, there remain values of d, for which a spurious mode appears in (7.8):

0 £ un € Sn(@n) | /0 (i, [2do-+ui, (0)un(0) — un(dpdhy(d)+  (7.9)

ulu (1) + 3 (d)] = 0.

For p — oo equation (7.9) simplifies to
1
up(d) = up(1) = 0 and / |uh|?dz = —uj, (0)us(0), (7.10)
0

and we can find a up € Si(Q) with ), (0)us(0) # 0. By a continuity argument
the SEBs of the NIPG method in (7.8) with large penalty parameter p satisfy
(7.10) by approximation. The two spurious modes, corresponding with the SEBs
d =~ 0.1551 and d ~ 0.6450, of a fourth order NIPG discretization according to
(7.8), with 0 = 1 and large penalty parameter p = 10%, are shown in Figure
7.2. We see that, since up,(d) = up(1) = O(1/p), the functions satisfy (7.10) by
approximation.
In the next section we show that (7.8) can be regularized.
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7.2.3 Regularization of the SEB for the one-dimensional
Baumann-Oden DG-discretization

Our main interest for higher-order discretizations lies in the Baumann-Oden
(BO) method, since this DG-method is positive definite for polynomial spaces
of degree k > 2 without the use of an interior penalty term [3]. Therefore, in
spite of its adjoint consistency which leads to non-optimal Ly-accuracy, we use
this DG variant for the embedded boundary problem, i.e., o = 1 and x = 0 in
(7.4).

However, in the previous Section 7.2.2 we have seen that, in view of a cu-
bic discretization of the 1D problem (7.7), there is a location of the embedded
boundary (d = 2/5), for which the corresponding linear system is singular (see
Table 7.1). And hence, also for the two-dimensional case, we may expect lo-
cations of the embedded boundary for which the corresponding linear system
is singular (SEBs). Therefore, to regularize the discrete system, we slightly
modify the BO-discretization, by introducing an extra weight at the embedded
boundary.

For this purpose, we first consider a modified cubic BO-discretization of the
one-dimensional problem defined in (7.7). For the finite dimensional test and
trial space Sj,(Q2) = Span {¢;(z)} C HY(Q), i = {0,1,.., 3}, we take on the unit
interval the polynomials

Gontk = t"TF(L — )"tk n=0,1, k=0,1. (7.11)

And, with Pl(ﬁ) = Span {1 — z, z}, we introduce the following trace operator
at the embedded boundary at z = d:

Y4 : Sh(ﬁ) — Pl(d) C Hil/Q(d) : %(vh) = %(vo,h + Ul,h) = Uo’h(d), (7.12)

with vy, € P'(Q) and v1p € Sp(Q)\ P! (€2). The present notation is used to see
the correspondence with the 2D-case below. Next, with the approximation u;, —
3 <i<4 Ci9i(x), we introduce the following modified Baumann-Oden variant for

(7.7),i.e. o =1 and g =0 in (7.8): find up € Sy (Q) such that
1
/ wyvhda — [ (on(1) — w (0)on(0)] + un (1)l (1) — un(d)vy(d)  (7.13)
0
1
. gl = / onfdz,  Von € Sa(@n), > 0.
0

It is obvious that this discretization is fourth-order consistent for arbitrary d €
(0,1) and g > 0. Hence, (7.13) reduces to a 4 x 4 linear system Lpup = [,
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10" T T T
10" }

Figure 7.3: The spectral condition number x = Omax/0min Of the discrete operator (7.13)
as function of d € (0, 1), the location of the interior boundary condition for the caseso: p =0,
+: p=5and o: p=10. If the regularization term is used, the location of the embedded

boundary for which the discrete operator is singular (d = 2/5) vanishes.

in which the discrete operator still depends on d, the location of the embedded
boundary. The spectral condition number £ = Tmax /Omin as function of d, for
the regularization term in (7.13), with 4 = 0, 5 and 10, is shown in Figure 7.3.
In case p = 0, i.e., the regularization term in (7.13) is not used, we find
the singular embedded boundary condition (SEB) at d = 2/5 of the cubic BO-
discretization, corresponding with the SEB as shown in Table 7.1. However,
this SEB vanishes for the cases u = 5 and 10, i.e., if the regularization term is
introduced. So, the regularization term makes the fourth-order discrete operator
invertible for arbitrary d € (0,1). Notice that, as a consequence of the vanishing
domain of interest, only in the limit for d — 1, the system becomes singular.
This, however, is intrinsic for the approach and is no restriction in practice.

7.2.4 Motivation for the use of the regularization term

The use of the regularization term in (7.13) is motivated by the following ob-
servation. Let us consider the space V(Q2) = H'(Q2), @ = (0,1), which we split
as

V(Q) = PY(Q) @ HL (), (7.14)

where P!(Q) = Span {1 — z, z}. According to (7.12), we now consider the trace
operator at the embedded boundary at z = d:

Fa + V(Q) = P'(d) C H'2(d) : Ja(v) =Ja(vo +v1) = vo(d),  (7.15)
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with v € P1(Q) and v; € H(}(ﬁ) Next, we assume that the weak formulation
(7.13), for large regularization parameter i, may be simplified by neglecting the
influence of the term uy,(d)v,(d). So we consider the weak form: find u € V(Q)
such that

B(u,v) = /0 w'v'dz— [ (1)o(1) — o (0)v(0)] + u(1)v/(1) (7.16)

1
+pu(d)ya(v) = /0 fvdz, Yo e V(Q), > 0.

It is obvious that, for arbitrary d € (0,1) a solution u € V satisfying (7.7), also
satisfies (7.16). Next we show that the solution u € V() of (7.16) is unique
and hence satisfies (7.7).

Theorem 1. Consider the bilinear form B(u,v) given in (7.16) on the functions
space V() as in (7.14). The linear system associated with (7.16) is regular in
the sense that, for arbitrary d € (0,1), from B(u,v) = 0, Yo € V(Q) it follows

that w = 0.
Proof. Let 0 # u € V() be arbitrary and select first v € D(Q) = {v e H}(D),
v'(1) = 0}. From
l sy o~
/ u'vider =0, Vv, € D(Q) C Hy (), (7.17)
0
we conclude that u is a linear polynomial on Q. N ext, for arbitrary v, € H} (ﬁ),

1
/ u'vidz + u(1)vi(1) = 0, (7.18)
0

so that u = ao(1 — z) € P1(Q) C V(Q), ao € R, satisfying the homogeneous
Dirichlet boundary condition u(1) = 0. Now, we consider the function u —
ao(1 — ), which has to satisfy

/0 w'vgdz — [u'(1)vo(1) + u'(0)wy(0)] +pvo(d)u(d) =0, Vuy € PL(Q). (7.19)

Notice that for u = ap(l—x)and vy =1—z or v9 = x, the first three terms in
(7.19) vanish. Hence we are left with the condition that pu(d)vo(d) = 0, Yo, €

A

P'(€), and hence u = 0. In other words B(u,v) = 0, Yv € V() implies that
u=0. |
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7 3 The two-dimensional discretization

Next we continue with the two-dimensional Baumann-Oden variant for the em-
bedded boundary problem, i.e., o = 1 and p = 0 in (7.4).

The idea is to straightforwardly discretize (7.4) by means of cubic tensor
product-polynomials and to parameterize the embedded boundary segment in
each cell by means of cubic polynomials. Then by computing the boundary
integrals with four-point Lobatto quadrature on the parameterized boundary, a
fourth-order consistent discretization is obtained both in the interior and at the
boundaries.

However, as seen in Section 7.2.2, also for the two-dimensional case we may
expect locations of the embedded boundary for which the corresponding lin-
ear system is singular (SEBs). To avoid this difficulty, as in Section 7.2.3 we
introduce a similar regularization term as (7.12) for cells having an embedded
boundary segment, to regularize the corresponding discrete system.

7.3.1 Regularization of the SEBs for the two-dimensional
Baumann-Oden DG-discretization

We take (7.4) with 0 = 1 and p = 0 as a starting point. (Le., the BO-formulation
for the Poisson equation with embedded boundary conditions.) The idea is to
stabilize cells with an interior boundary segment by means of an extra weight in
order to arrive at a linear system which is non-singular for arbitrary locations
of the embedded boundary condition. R

For this purpose, consider the following BVP. On a single unit square Q, we
define the Poisson equation with Dirichlet boundary condition on I'p and on
the interior boundary part 7,

—Au=f on Q, andu=1ug ondQ=TpU~, (7.20)
where the Dirichlet boundary conditions are defined with d € (0,1) on

I'p={(z,y) |0<z<d, y=0,1; z=0, 0<y<1},
y={(z,y) |z=d, 0 <y<1}.

To discretize (7.20), we take for the finite dimensional test and trial space
SK(€2) € H'(Q) the space of cubic tensor-product polynomials in each of the
two coordinate directions, based on (7.11). Hence, with

51(@) = { 950 (W)dic(2) € P@], (7.21)
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Figure 7.4: The spectral condition number & = max/0min of the discrete operator (7.23)
as function of d, the location of the interior boundary condition for the cases o : p = 0,
+: p=5ando: p=10. It shows, that, if the regularization term is used, the locations
of the embedded boundary for which the discrete operator is singular vanish. The discrete
operator with regularization term is well conditioned for d € (0.2,1]. For a vanishing domain

of interest €, it is natural that the discrete operator becomes ill-conditioned.

Furthermore, we see in Figure 7.4 that, for a vanishing domain of interest {2
with respect to the fictitious part of the domain £, d € (0,0.2), the discrete op-
erator becomes ill-conditioned. The suboptimal behavior in the case of a large
fictitious part with a very small domain of interest in the computational cell, is
quite natural because the smooth continuation of the solution in the fictitious
part of the domain becomes the dominating factor. Then we have a vanishing
cut cell. However, without changing the complexity in the discretization (7.23),
a vanishing cut cell can easily be avoided, by reducing the surface of the ficti-
tious part (2. while keeping the domain of interest unchanged and keeping the
computational cell Q. rectangular.

In the next section we study this discretization technique for more complex
domains partitioned according to (7.3), where the cells with interior boundary
segments are discretized by the fourth-order discrete form (7.23) and other cells
are discretized by means of the corresponding Baumann-Oden’s DG form. In
this initial study, we do not take special measures for vanishing cut cells, in
order not to obscure the convergence behavior of the approximate solution.
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7.3.2 Application of the Poisson equation with a half circle
excluded

In this section we study a fourth order discretization of the Baumann-Oden DG
formulation (7.4), with o = 1, p = 0, for the two-dimensional Poisson equation
on a rectangular domain with a half circle excluded, where we apply on the
interior boundary the extra regularization term as in (7.23).

For this purpose, we consider the (initial) computational domain Q with
vertices (z,y) = (0,0), (2,0), (2,1) and (0,1). The circular embedded boundary
is described by

y={(@y) | (@-1)°+y*=R*<1; 2,y >0}, (7.25)

and is in each cut cell parameterized by means of cubic polynomials. Then, the
fictitious part of the domain  is given by

ﬁz{(z,y)lx,yzo; ($—1)2—|—y2<R2}.

Next, according to (7.3), we partition the domain Q in a set of regular square
dyadic grids {g(i), i =0,1,2,3}, with mesh size h = h, = h, = (3)". An
example of such partitionings is shown in Figure 7.5.
In this figure, we see the coarse and finer partitionings, where the radius of
the embedded boundary is R = 1/0.13. We take the radius in (7.25) such that
the parameterized curve segments 7, in cells ﬁe intersect two edges. (No two
intersection points on one edge.)

On meshes as in Figure 7.5, we consider the discrete Baumann-Oden DG
formulation for the embedded boundary (7.4) with regularization term at the
curved boundary as in (7.23): find uy, € Sh(ﬁh) such that

Y (Vun, Von)g, — (0 Vun, o) gg + (0 Vo, un)gq — (Vun) , [oal)s
Q.0

+ ((Von), [un])r,, + 1o (va), un)., = AZ (£ivn)g, + (0 Vn,uo) g

int

+ 1 (¥p (va), u0), Yor, € Sn(Q), (7.26)

where u = v/|ve|, v > 0 and v = 3 7. with v, the parameterized boundary
segment in cell Q, with length |v,|.

Next, we take for the finite dimensional test and trial space Sh(ﬁh) C
H l(ﬁh) the space of piecewise cubic tensor-product polynomials as in (7.21).
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Figure 7.5: The domain Q, partitioned in {g(), i = 0,1,2,3}, with a half circle excluded.
The embedded boundary is described by v = {(z,y) | (z —1)® + y?=R?<1; z,y >0} (in
this case R = 1/0.13) and is parameterized in each cut cell Qe by means of cubic polynomials.
To compute the boundary integrals, four-point Lobatto quadrature is used (black dots) along

the parameterized circle segments 7e.
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On the master square |0, 1]2 C R?, we use as a basis the tensor-product poly-
nomials based on (7.11), which is partly hierarchical. A basis for P3 ><3(ﬁe) is
obtained by the usual affine mapping [0, 1]2 — ﬁe. Hence on the regular grid in
Figure 7.5 the approximate solution is:

@y = 3 3 el ()

1<e<N 0<i,j<4 z

Z Z Ce,irj De,i(€)Pe,i(M)-

1<e<N 0<i,j<4

The linear system Ljuj, = fj arising from (7.26) is obtained from M ’full’ cells
and N — M cells with an interior boundary segment .. Explicitly, the resulting
discrete equations read:

1 : 1
D> [(h— | it st = 96 [bo] oy cont (7.28)

1<e<M 0<i,j<4

1 1 1
e [Pe,i] - <V¢e,;> ffmtuaﬁ) hy/o be,jd. 340 + hz/O Pe,iP, AEX

., 1 1
e | ¢d zan- g (V90 [803] Io00m + 5 el (V905) I 000 ) | +

S5 e [ [ it i 00 [bui] iyon) b [ et sant

M<e<N 0<i,j<4

1 1 1 , ; 1
he /0 Geith, 1€ (E /O 8851~ o (Vbe) - [95] |f"imuaﬁ> +

Y wrel <V (aﬁe,;(w(sk}z; = )¢e,3(y(sk;3yi - )) >

Fz€0QeNiy, 0<k<4
z(sg) — x sk| —
¢’e,i( ( ) e )d’e,](y[ ] ye) +
ha hy

réeasgr:wan\—y og%éwklré' (nk v (qbe’;(z(Sk;zz_ = )¢e’;(y(sk}3y— ye ))) X
<¢e’i(w(5k}z; Te )d’e'f(y[Sk}l; Ye )> N
v 3 widp <¢e’z(l‘(sk) - $c)¢e13(y(5k) ~ Ye )) (d’e,i(w(Sk) e, E,j(y[sk} — ye)>] _

0<k<4 ha hy hy hy
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> > [, e )¢;(3;—:’—e)dﬁe} .

1<e<N 0<i,j<4

S wkllelng -V (¢;(z(8k) — )¢;(y(3k) o )) ug+

I.€0Q\y0<k<4 ha hy

v Y widp (¢e,;(m(3k’3 — ey, (00 y‘f)) wo, 0<3j<4,1<e<N.

Ye €Y 0<k<4 hy

For some constant v > 0 on each interior boundary segment, p = v//[7e|-
Notice that in cells ﬁe with an interior boundary segment, continuity of the
approximation uy is only (weakly) imposed on the edges 'z N 0Q,. To com-
pute the integrals over these (partial, rectangular) edges, four-point Lobatto
quadrature is used. Also for computing the integrals over the parameterized
interior boundary segments . of the curved embedded boundary v, we apply
four-point Lobatto quadrature as shown in Figure 7.5. The unit outward nor-
mal ny, is evaluated at the quadrature point si. The other terms in (7.28) are
direct extensions of one-dimensional mass and stiffness matrices (as discussed
in Chapter 4) and can be straightforwardly computed.

By construction (7.28) is fourth-order consistent, both in the interior of the
domain Q and on the wall 82, independently of the choice of the constant v. A
first experiment shown in Figure 7.6 confirms this observation.

Approx. of u = dzy(z — 2)(y — 1) [lu — up|| oo (@) = 5.2 X 10716

Figure 7.6: The solution and the error on the domain Q of the problem Au = 8(y(y — 1) +
z(z — 2)) discretized by the fourth order DG-discretization (7.28) for the embedded boundary
condition with v = 0. The discretization is made on grid g(1) as shown in Figure 7.5. The
radius of the circular embedded boundary is R = 1/0.13.
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We see the approximation computed by (7.28) for the BVP (7.2) with right-
hand side and boundary conditions such that the solution is given by u =
4zy(z — 2)(y — 1). The error ||u — up || (q) of the approximation is computed,
by evaluating the difference between the exact and computed solution on a
50 x 50 equidistant grid per cell Q.. We see that ||u — up||1= (o) is of the order
of machine precision.

Next we investigate the convergence of the discrete system (7.28), where we
distinguish two cases: v = 0 and 10, to see the influence of the regularization
term. For this purpose, we choose the right-hand side and boundary condi-
tions in (7.2) such that the solution is u = sin(z)cos(y). On the four grids
{9(0),..,9(3)} as in Figure 7.5 and for radii R = v/0.13 and v0.50 we com-
pute the error |lu — up||L=(q) of the approximations. Furthermore, to check
the regularity of the matrix corresponding with the discretizations on the grids
{9(0), .., 9(3)}, we compute the spectral condition number k = pax/Omin and
the minimum real part of the spectrum min(R();)). The results are shown in
the Tables 7.2 and 7.3.

Table 7.2: The approximation error, the spectral condition number and the minimum real
part of the spectrum, of the fourth-order DG-discretization (7.28), with v = 10, on grids as
shown in Figure 7.5. The exact solution is u = sin(z) cos(y). For (x) see discussion in the

text.

R =+0.13 ~ 0.361

l[v — unllpooq) [ & min(F(A;))
g(0) | 2.9294¢-003 2.7189¢004 1.8183e-004
g(1) | 3.3368¢-004 2.2476e004 1.5288¢-004
g(2) | 1.4871e-005 8.0224e004 1.3117¢-004
g(3) | 3.7363¢-006 2.8762¢004 4.5802¢-005

R = /0.50 ~ 0.707

[lu —unllLo@ [ & min(R(X;))
g(0) | 4.2920e-003 1.8397e004 1.6944e-004
g(1) | 2.3569e-004 2.9286e004 1.2918e-004
g(2) | 4.3262e-005 4.8409e004 9.5886e-005
g(3) | 1.7262¢-006 5.7696¢005 (+) | -6.1279¢-005 (+)

If we first compare in the Tables 7.2 and 7.3 the DG discretization with
(v = 10) and without regularization term (v = 0) for the circle radius R = v/0.13
and grids {g(0),..,9(3)}, we clearly see in this case that, if the regularization
term is used, the discrete operator is positive definite and that the spectral
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Table 7.3: The approximation error, the condition number and the minimum real part of the
spectrum, of the fourth order-order DG-discretization (7.28), with v = 0, on grids as shown

in Figure 7.5. The exact solution is u = sin(z) cos(y). For (*) see discussion in the text.

R =+/0.13 ~ 0.361
[[u —unllLo(@) | & min(R(A:))
g(0) | 4.4432¢-003 6.5442¢003 2.4981e-004
g(1) | 3.7480e-004 1.4921e004 20.0195
(2) | 2.9433¢-004 (*) | 5.0569e005 (x) | -0.0027
g(3) | 2.5061¢-006 3.0911c004 -0.0570
R = 1/0.50 ~ 0.707
[lu —unllLe@) | & min(R(As))
g(0) | 1.3258¢-002 1.7460004 -0.0162
g(1) | 1.0253¢-003 2.6406¢004 29.1856¢-004
g(2) | 3.6020e-005 5.4214c004 -0.0684
g(3) | 4.9052¢-006 8.0311e005 (x) | -0.0770

condition number in all cases is of the same order of magnitude (O(10%)). This in
contrast to the unregularized DG method, which suffers from singular embedded
boundary conditions (SEBs) on the grid g(2), as can be seen in a small error
reduction and a sudden increase of the spectral condition number. Moreover
the spectra of the discrete operators are indefinite.

Although the influence of vanishing cut cells is reflected in a suboptimal
convergence behavior of the DG discretization, we still observe in case of the
regularized DG method an average error reduction of a factor 12 (Table 7.2).
Note that, as the grids are refined, the non regular reduction in the error is a
consequence of the change in positions of the (embedded) boundary points and
hence a change in surface of the fictitious parts in the computational cells Q
See for example the cut cells with relatively small domains of interest {2, in the
g(3) grid shown in Figure 7.5. As discussed in Section 7.3.1, the convergence
can be improved if for vanishing cut cells Q. the surface of fictitious parts Q. is
downsized, while keeping the cells Q rectangular.

In case of R = +/0.50, we see that, neither the regularized and nor the unreg-
ularized DG method, suffer from SEBs on the grids {g(0), ..,g(2)}: the spectral
condition number is in all cases of the same order of magnitude (O(10%)). How-
ever, on the g(3) grid we have almost vanishing cut cells, which is reflected
in an increase of the spectral condition number and an indefinite spectrum for
both discrete operators. Still the solution obtained does not deteriorate. The
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Approx. of u = sin(z) cos(y) 9(3)

Figure 7.7: The solution on the domain Q of the problem —Au = 2sin(z) cos(y) discretized
by (7.28), where v = 10. The discretization is made on grid g(3) as shown. The radius of the
circular embedded boundary is R = v/0.50. Notice the almost vanishing cut cells.

solution of the regularized DG method and the grid for this situation are shown
in Figure 7.7.

As an example with a singularity in the neighborhood of the boundary,
we solve the BVP Au = 0, with Dirichlet boundary conditions such that the
solution is u = arctan(””T*l), on the domain as in Figure 7.5. To avoid the
singularity at = 1, we choose R = 1/0.032 ~ 0.179 for the circular embedded
boundary condition. The solution of (7.28) with 4 = 10 on the g(3) grid is
shown in Figure 7.8. Table 7.4, shows the error |ju — up||p= (), the spectral
condition number x and the minimum real part of the spectrum min(R()\;)), of
the DG-discretization on the grids {¢(0), .., g(3)}.

Table 7.4: The error of the approximation, the condition number and the minimum real
part of the spectrum, of the fourth-order DG-discretization (7.28), with v = 10, on grids as

shown in Figure 7.5. The exact solution is u = aurcta,n(“”;1 )

R =+/0.032 ~ 0.179

[lu —unllLo@) | & min(R(X;))
g(0) | 3.6422e-001 2.6124e+004 | 2.7731e-004
g(1) 1.2682¢-001 3.2321e+004 | 1.6839e-004
g(2) 5.8684e-002 2.2346e+004 | 1.5281e-004
g(3) | 2.6119e-003 8.3446e+004 | 1.2924e-004
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Figure 7.8: The solution on the domain € of the problem Au = 0 discretized by the fourth-
order DG-discretization (7.28), with v = 10. The discretization is made on grid g(3). The
radius of the circular embedded boundary is R = /0.032.

7.4 DG formulation for the convection term with
embedded boundary condition

Having studied the discretization of the Poisson equation with an embedded
boundary condition, and with the aim to solve a convection dominated singular
perturbation problem in Section 7.5, we continue with the convection equation
with an embedded boundary condition. So we consider on a domain Q the BVP

b-Vu=fin ﬁ, u = ug on 0y, (7.29)

where b is a constant vector denoting the direction of the convection. The
boundary of the domain of interest €2 is 0Q = OQn U 0Q0ut, with the inflow
boundary defined by b-n < 0 on 9, and the outflow boundary c defined by
b-n > 0 on 0Qu. We also split the boundary 00 = 8Qm U 8Qout of the
whole domain € in an upwind and a downwind boundary and we consider the
following DG formulation (see also Section 6.4.4): find u € H' (Q) such that

—/AVv-bud;c+‘7{An-buvds+/ n-bvuds (7.30)
Q o0 [2197%%

:/fv dx+/ n-b vy ds, VvEHl(ﬁ).
Q 9Qin
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To arrive at the DG-formulation for the convection equation (7.29) on parti-
tionings (7.3), for the embedded boundary parts we have to distinguish inflow
boundary parts and outflow boundary parts. For the convection equation, out-
flow boundary parts can be neglected whereas the inflow parts provide a bound-
ary condition for the solution. Then the DG-formulation for the convection
equation on partitionings (7.3) is obtained by extending the upwind technique,
as explained in Section 6.5, for multiple cells. So, cells ﬁe,+ € ﬁh, having either
the embedded boundary segment 7, as an outflow wall or do not have an em-
bedded boundary at all, are denoted ’full’ DG-cells, while cells Q. € Qp with
the inflow embedded boundary segment ~,., are cut cells in which the embedded
boundary condition is taken into account. Hence we arrive at the variational
form: find u € H'(£2),) such that

Z {—/ﬁ Vv -bu dx + /aA (n-bu")v ds (7.31)

ﬁE,+EH1(ﬁ) Qe,+,in

+/A (n-bu)v ds] { / Vv -bu dx
o Q. _eHl(Q)

+]{ n-buvds+/n-bvuds+/ n-buv(u—u")ds
Bﬁeﬁ Ye Fimﬁaﬁe,—,in

Z fv dw+/ n-bougds, VYve Hl(ﬁh),
Eﬂh
is the set of common interfaces on

where u™| 5 noq = uo. Here, T',

e,+,in intNoQe,_ in
which the solution of (7.29) is continuous. However continuity is not required
outside the domain 2 and, hence, not on I int = Lint N Q.

The discretization of (7.31) together with (7.26) gives a discrete formulation
of the convection-diffusion equation

~Au+b-Vu=f inQ, u=nuon o9, (7.32)

for domains with embedded Dirichlet boundary condition. Hereby, we expect it
to be unlikely, that the discretization of (7.31) in combination with the fourth-
order regularized DG-formulation for the diffusion part (7.28) suffers from SEBs.
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Figure 7.9: The domain for problem (7.33-7.34).

7.5 Application to a convection-diffusion prob-
lem with dominating convection on a domain
with a curved embedded boundary

In this section we solve the singularly perturbed convection-diffusion problem
(see Figure 7.9 and also Figure 7.5):

—eAutu,=f, on Q={(x,y)| —1<x<1,0<y<1}, (7.33)

u=0on 02={(z,y) |z=-1,0<y< —l1<z<l,y=1},
u=1 on FD:{(m,y)|$2+y2:R2,y>0; R <1}, (7.34)
n-eVu=0 on I'y={(z,0) | R<|z|<1}U{(L,y) |0<y<1}.

The solution of this boundary value problem has a rather complex structure
[21]. At the upwind part of the circle a boundary layer of thickness O(e) de-
velops, since the solution has to satisfy the Dirichlet boundary condition on the
circle. Downwind of the circle, a shear layer of thickness O(y/€) extends over
the domain €. The transition from the boundary to the shear layer is difficult
to analyze. It is interesting to see how well this complex structure is captured
by means of a tensor-product fourth order DG-discretization.

The DG-discretization of (7.33) is constructed by a linear combination of
(7.26) and (7.31). We take for S(Q) © H'(Q4,), the tensor product of polyno-
mials of degree less than four in each of the coordinate directions. We construct
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a basis for S(Q) from the cubics (7.11), defined on the unit interval and we
parameterize the circular embedded boundary by means of cubic polynomials.
Then, a discretization of problem (7.33) on meshes as shown in Figure 7.5 is

obtained: find uy, € Sh(ﬁh) such that

Z (eVup, Vvh)ﬁe — (n-eVup,vp)p, + (n-eVop, up)p (7.35)
§e€ﬁh
= ((eVun), [on))p,, + {((EVon), [unl)r, , + 1 (D (vh), un),

+ Z li/g;) +Vvh-buh dm+/A (n'bu;)l’h ds

~ ~ Q :
ﬂe,+EH1(Q) g} e,+,in

+ [ (n - bup)vp, ds
ane,+,out

L >

fe,_cH (@)

- [ Vop, - bup, dz

e,—

+?{ n-buhvhds+/ n-bvhuhds+/ ~ n-bvh(uhfu;)ds
665’7 Ye Fintnaﬂe,—,in

Similar as in (7.28) the integrals over the internal and the parameterized embed-

ded boundaries, I';,; and ~, are computed by a four-point Lobatto quadrature
rule.

Figure 7.10 shows the solution of the discretization (7.35) on the g(3) grid
as shown in Figure 7.5, for R = 1/0.13 and p = 10/|~,|, for the different values
of e = 0.5, 0.25, 0.1 and 0.05.

In all cases, we see clearly a boundary layer at the upwind side of the circle
and the shear layer at the downwind side in the domain 2. The approximations
for € to 0.1 perfectly satisfy the boundary conditions on 99Q2. For values of
€ << 1, the boundary layer is too sharp, to be accurately represented by piece-
wise cubics on the grid ¢g(3). However, Figure 7.11 shows a side- and top-view
of the solution for ¢ = 0.05 on the finer mesh g(4). The boundary layer is
accurately captured and we see clearly the parabolic structure of the boundary
layer and the shear layer [21].

7.6 Conclusion
In this chapter we propose a discontinuous Galerkin discretization technique for

solving 2-D second order elliptic PDEs on a regular rectangular grid, while the
boundary value problem has a curved Dirichlet boundary. This discretization
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e = (.1 e = 0.05

Figure 7.10: The approximate solution up of —eAu + uz = 0, on the domain exterior of
the circle, on mesh g(3) as shown in Figure 7.5, for the fourth-order DG discretization with
Dirichlet boundary condition ug = 1 on the circle (R = +/0.13).
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Figure 7.11: Side- and top-view of the approximate solution uj, of —0.05Au+uz = 0, on the
domain exterior of the circle, on mesh g(4) as shown, for the fourth-order DG discretization
with Dirichlet boundary condition ug = 1 on the circle (R = 1/0.13).

technique is motivated by our interest in an hp-adaptive approach and multi-
grid solvers, for which we strongly prefer a structured regular rectangular grid.
Moreover, in a DG context, the proposed discretization technique results in a
significantly simplified numerical discretization and mesh generation in compar-
ison to discretizations using boundary conforming meshes.

For this purpose we extend the domain on which the BVP is defined such
that it can partitioned by means of regular rectangular cells. Then we straight-
forwardly discretize the problem with tensor-product cubics and parameterize
the embedded boundary with cubic polynomials. By construction, the result-
ing DG discretization is fourth-order consistent both in the interior and at the
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boundaries.

By a simple 1D-model problem we discuss that the resulting discrete sys-
tem is not always invertible for arbitrary locations of the embedded boundary.
We show for this 1D-model problem that the Singular Embedded Boundary
conditions (SEBs) vanish if a regularization term is used, only weighting the
embedded boundary with the traces of linear polynomials.

On coarse and finer regular rectangular grids we solve the 2-D Poisson equa-
tion with a circular embedded boundary condition, approximated by cubic poly-
nomials. For the Baumann-Oden DG discretization, we show by numerical ex-
periments that on halving the grid size an average error reduction of about a
factor 12 can be expected, if a similar regularization term is used, weighting
the embedded boundary with the trace of bilinear polynomials. Without intro-
ducing more complexity in the discretization, the convergence can be improved
if we downsize the fictitious parts of the cells that are only covered for a very
small part by the original domain.

As an example we solve the Poisson equation with the singular solution,
u = arctan(z — 1)/y, with a small embedded Dirichlet boundary condition
around the point (1,0), to give an illustration of the discretization technique
used for the embedded boundary condition.

To further show the possibilities of the DG-discretization, we solve a con-
vection dominated boundary value problem with a circular embedded boundary
condition. The solution of this problem shows sharp boundary and shear layers
with a complex structure. The boundary layer and the shear layer, emanating
from the curved boundary, are captured accurately by means of piece-wise cu-
bic polynomials. This shows that the proposed DG discretization technique is
effective.
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Summary

In this thesis we consider numerical aspects for the solution of elliptic boundary
value problems that are discretized by discontinuous Galerkin (DG) methods.
Recently DG methods show an increasing popularity, because they enjoy a great
flexibility in local mesh refinement (h-refinement) and in polynomial order adap-
tation (p-refinement). In view of these convenient properties and because of our
interest in a full hp-self-adaptive approach for the solution of boundary value
problems, we study the application of DG methods in a multigrid (MG) algo-
rithm. A MG algorithm may serve as an excellent basis for a full hp-self-adaptive
algorithm. Therefore, we present a detailed MG convergence analysis for the
discrete equations that arise from the linear second order elliptic partial differ-
ential equation discretized by the symmetric DG, the Baumann-Oden DG, the
symmetric and non-symmetric interior penalty (IPG and NIPG respectively)
methods.

Essential for a properly constructed MG algorithm is the choice of the
smoother. This ingredient in the MG algorithm is responsible for smoothing the
iteration error during the iterative MG process. In this analysis we study the
MG convergence for two different types of block-relaxation methods that may
serve as a smoothing procedure in the MG algorithm. We consider the classi-
cal cellwise block-relaxation methods (block-Jacobi and block-Gauss-Seidel) and
the novel pointwise block-relaxation methods. In the cellwise iterative process,
the block-relaxation is based on a grouping of degrees of freedom according to
the cells of the discretization. In a pointwise block relaxation, we associate the
grouping of the degrees of freedom with the cell vertices.

Using Fourier smoothing and two-level analysis we study the convergence
of MG iteration for the two different types of smoothing procedures. For pure
elliptic DG discretizations, we show that, in contrast to the classical cellwise
smoothing, MG iteration with pointwise relaxation procedures leads to an effi-
cient MG algorithm. E.g., in our analysis we find that, for DG discretizations of
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the two-dimensional Poisson equation, independent of the mesh size, simple MG
cycles give an error reduction factor of 0.2 — 0.4 per iteration sweep. We also
demonstrate the MG convergence behavior by numerical experiments. Theory
and practice coincide very well.

After the pure diffusion case, we continue to analyze MG convergence for the
convection equation and the convection dominated equation. Here, we restrict
ourselves to the equations discretized in one space dimension. Also in this
analysis we study MG convergence for the cellwise and pointwise smoothers.
We find that, in case the diffusion term is discretized by the Baumann-Oden DG
method, only a good two-level error reduction factor (0.4) is found if pointwise
Jacobi smoothing is used. We further show, that in case the diffusion term is
discretized by the non-symmetric DG method, simple MG cycles with cellwise
symmetric-Gauss-Seidel smoothing are sufficient to solve the convection and
convection-diffusion equation efficiently. Then an error reduction factor of 0.2 —
0.3 is observed. We present numerical experiments to illustrate the analysis.

For a proper definition of the grid-transition operators in the MG algorithm,
it is convenient to discretize the equation on a regular rectangular domain. Then
a difficulty arises if the equation is defined on a domain with curved boundaries.
The boundary cannot follow the gridlines of the orthogonal mesh. In order to
keep the orthogonal basic mesh, we introduce a novel high-order DG discretiza-
tion technique, in which we embed the curved boundary of the domain in the
regular rectangular cells. Starting with the Lagrange multiplier theory we in-
troduce three types of weak forms that can be used for the discretization of the
embedded boundary value problem. We consider (i) the Lagrange multiplier
form for the embedded boundary, (ii) the hybrid form for the embedded bound-
ary and (iii) the discontinuous Galerkin (DG) form for the embedded boundary.

First we analyze the properties of these forms, considering simple one- and
two-dimensional problems on one or a pair of cells. We identify the finite dimen-
sional polynomial spaces, in which we discretize the embedded boundary value
problem and we study the consistency and invertibility of the corresponding
discrete operators. In our analysis we find that both in case of the Lagrange
multiplier form and in case of the DG form for the embedded boundary value
problem, the discrete operators are not always invertible for a given location of
the embedded boundary. In case of the hybrid discretization of the embedded
boundary problem, we do not find such singular locations. However, for a given
polynomial space all the three forms are consistent both in the interior of the
domain and at the boundary.

Although the hybrid form for the embedded boundary has convenient prop-
erties for the regularity of the discrete operator, the use of this form leads to a
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rather expensive and complicated discretization algorithm. Therefore, because
of the simplicity of the DG discretization, we continue to explore the DG form
for discretizations on complete two-dimensional orthogonal meshes. To increase
the regularity of the DG form for a fourth-order discretization, we introduce an
extra weight on the embedded boundary. The resulting discretization of the em-
bedded boundary value problem is fourth-order consistent both in the interior
of the domain and at the boundaries and we find an average discrete conver-
gence factor of about 12. We further discuss that this convergence rate can be
improved by a relative simple modification in the DG discretization. By solving
a singularly perturbed convection-diffusion problem we give an illustration of
the possibilities of this DG discretization technique.

We conclude that this technique leads to a much simpler mesh-generation
than in the classical finite element approach. The DG discretization technique
for the embedded boundary value problem shows its use for discretizations where
orthogonal meshes are preferred, as is the case of our MG algorithm.
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Samenvatting

In deze dissertatie bestuderen we technieken voor het numeriek oplossen van
elliptische partiéle differentiaalvergelijkingen. Het oplossen van deze vergelijkin-
gen, is een belangrijk wiskundig hulpmiddel by het modelleren van allerhande
technische en fysische verschijnselen. Over het algemeen zijn deze vergelijkingen
echter te gecompliceerd om analytisch op te lossen. Maar numerieke methoden
bieden de mogelijkheid de oplossing te benaderen. De computer is daarbij een
nuttig hulpmiddel. Hoewel in de laatste tien jaar zowel de rekenkracht als het
geheugen van computers sterk is toegenomen, is het numeriek oplossen van par-
tiéle differentiaalvergelijkingen over het algemeen erg tijdrovend. Daarom is het
van belang dat de numerieke methoden efficiént omgaan met zowel de opslag
van de data als met de rekentijd.

In deze dissertatie richten we ons op een nieuwe klasse van eindige-elementen
methoden voor het discretiseren van lineaire tweede-graads elliptische vergelij-
kingen: de discontinue Galerkin (DG) methoden. We beschouwen de symmetri-
sche DG, de Baumann-Oden DG, de symmetrische en de asymmetrische ‘interior
penalty’ DG methoden. Het bestuderen van deze methoden is van belang omdat
een DG methode, in tegenstelling tot de klassieke eindige-elementen methode,
zeer goede eigenschappen heeft in het geval van lokale maaswijdte-verfijning
en lokale aanpassing van de graad van nauwkeurigheid van de benadering. De
toepassing van dergelijke adaptieve technieken kan tot een algoritme leiden dat
zowel met de opslag van data als met de rekentijd optimaal efficiént omgaat.

Het discretiseren van de elliptische partiéle differentiaalvergelijking leidt in
het algemeen tot een groot stelsel algebraische vergelijkingen. Om dit stelsel effi-
ciént op te lossen gebruiken we een ‘multirooster’ (MR) algoritme. De keuze van
deze methode is gerechtvaardigd, omdat een goed geconstrueerd MR-algoritme
een minimale hoeveelheid rekentijd gebruikt. Het is een O (V) oplossingsmetho-
de.

Een essentieel onderdeel van een goed werkend MR-algoritme is de
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‘smoother’, of wel de ‘gladmaker’. Dit onderdeel in het MR-proces is verant-
woordelijk voor het gladmaken van de iteratiefout gedurend het iteratieve MR-
proces. In deze dissertatie bestuderen we de convergentie van het MR-algoritme
voor twee verschillende typen block-relaxatie methoden: de klassieke celsgewij-
ze (Jacobi en Gauss-Seidel) relaxatie en de nieuwe puntsgewijze relaxatie. Het
eerste type iteratieve methode relaxeert over de cellen van de DG discretisatie,
terwijl de puntsgewijze methode relaxeert over de hoekpunten van de cellen.

Met behulp van Fourieranalyse onderzoeken we het MR convergentiegedrag
voor deze twee typen smoothers. Voor puur elliptische DG discretisaties laten
we zien dat, in tegenstelling tot de celsgewijze smoother, het gebruik van de
puntsgewijze smoother tot een efficiént MR-algoritme leidt. In onze analyse
tonen we o.a. aan, dat voor DG discretisaties van de twee-dimensionale Poisson
vergelijking, simpele MR~cycli, een convergentie factor van 0.2 — 0.4 per itera-
tiestap hebben, onafhankelijk van de maaswijdte. Met numerieke experimenten
illustreren we het convergentiegedrag van de verschillende MR-algoritmen. The-
orie en praktijk komen goed overeen.

Nadat we zuivere diffusie geanalyseerd hebben, behandelen we de conver-
gentie van MR-iteratie voor de convectie-diffusie en de convectie-gedomineerde
vergelijking. In deze analyse bestuderen we ook de robuustheid van het
MR-algoritme. We beperken ons hier tot de één-dimensionale vergelijkingen.
Ook hier bestuderen we MR-convergentie met de celsgewijze en puntsgewijze
smoothers. We vinden dat, in het geval van de DG-methode waarbij de diffusie-
term gediscretiseerd is met de Baumann-Oden DG-methode, alleen een goede
twee-niveaux fout-reductie-factor (0.4) wordt voorspeld wanneer de puntsgewij-
ze Jacobi blok-relaxatie als smoother wordt gebruikt. We laten verder zien dat
voor de DG methode, waarin de diffusie-term gediscretiseerd is met asymmetri-
sche ‘interior penalty’ DG methode, eenvoudige MR-iteratie met een celsgewijze,
symmetrische Gauss-Seidel smoother voldoende is om de convectie-diffusie en
de convectie gedomineerde vergelijking op te lossen, ongeacht de verhouding
convectie/diffusie. Met de Fourieranalyse tonen we een reductie in de fout met
een factor 0.2 — 0.3 per MR-cycle aan. Met numerieke experimenten illustreren
we deze analyse.

Om goed de informatieoverdracht tussen de verschillende roosters te be-
schrijven, is het gewenst om de vergelijking te discretiseren op een rechthoekig
rooster. Een moeilijkheid treedt dan echter op wanneer het probleem gedefi-
neerd is op een gebied met een gekromde rand. De randen van het domein
kunnen dan niet de roosterlijnen van het orthogonale rooster volgen. Om toch
een rechthoekig rooster te behouden, introduceren we een nieuwe hogere-orde
DG discretisatie-techniek, waarbij de gekromde rand door de vierkante cellen
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wordt gelegd. Uitgaande van de Lagrange-multiplier-theorie introduceren we
drie formuleringen die gebruikt kunnen worden voor het discretiseren van de
inwendige rand. We beschouwen: (i) de Lagrange-multiplier formulering voor
een inwendige rand, (ii) de hybride formulering voor een inwendige rand en (iii)
de discontinue Galerkin formulering voor de inwendige rand.

Eerst analyseren we de eigenschappen van deze formuleringen aan de hand
van eenvoudige één- en twee-dimensionale problemen op één of twee cellen.
We identificeren de eindig-dimensionale polynoomruimten waarin een dergelijk
inwendig-rand-probleem gediscretiseerd wordt en we bestuderen de consisten-
tie en inverteerbaarheid van de discrete operatoren. Uit onze analyse blijkt
dat in het geval van de Lagrange multiplier- en de DG-formulering, de discrete
operator niet altijd inverteerbaar is. Dit verschijnsel treedt op voor bepaalde
lokaties van de inwendige rand. Echter, voor een hybride discretisatie van het
inwendige-rand-probleem vinden we dergelijke singuliere lokaties niet. De drie
typen formuleringen zijn alle consistent voor een gegeven graad van de poly-
noomruimte, zowel in het inwendige als op de rand van het domein.

Hoewel de hybride formulering qua regulariteit van de discrete operator goe-
de eigenschappen heeft, leidt het gebruik van deze methode uiteindelijk tot een
dure en ingewikkelde discretisatie-techniek. Gezien de eenvoud van de discre-
tisatie waartoe de DG formulering leidt, besluiten we om deze vorm verder uit
te werken voor het inwendige-rand-probleem op een volledig rechthoekig roos-
ter. Maar dan moeten we wel mogelijke singuliere lokaties van de inwendige
rand lokaliseren of de discrete operator regulariseren. Voor een vierde-orde DG
discretisatie van het inwendige-rand-probleem laten we zien dat de discrete ope-
rator kan worden geregulariseerd door een extra gewicht op de inwendige rand
te introduceren. De DG-discretisatie van een dergelijk randprobleem is vierde-
orde consistent, zowel in het inwendige van het domein als op de rand. De
gemiddelde convergentie-factor, wanneer de maaswijdte wordt gehalveerd in de
twee coordinaatrichtingen, blijkt ongeveer 12 te zijn, maar deze kan door een
relatief eenvoudige ingreep in de discretisatietechniek nog verhoogd worden. Als
voorbeeld lossen we een singulier-gestoord inwendig-rand-probleem op, waarmee
we laten zien wat de mogelijkheden zijn van onze rand-discretisatie-techniek.

Deze techniek vermijdt het roostergeneratieprobleem dat ontstaat wanneer
de klassieke eindige-elementen aanpak (FEM) wordt gebruikt voor de behande-
ling van kromme randen en de techniek blijkt nuttig te zijn voor het geval dat
een DG-discretisatie op een orthogonaal rooster gewenst is, zoals bijvoorbeeld
in het MR-algoritme.



