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We develop a Fourier method to solve quite general backward stochastic differential equa-
tions (BSDEs) with second-order accuracy. The underlying forward stochastic differential
equation (FSDE) is approximated by different Taylor schemes, such as the Euler, Milstein,
and Order 2.0 weak Taylor schemes, or by exact simulation. A #-time-discretization of the
time-integrands leads to an induction scheme with conditional expectations. The computa-
tion of the conditional expectations appearing relies on the availability of the characteristic
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function for these schemes. We will use the characteristic function of the discrete forward
process. The expected values are approximated by Fourier cosine series expansions. Numer-
ical experiments show rapid convergence of our efficient probabilistic numerical method.
Second-order accuracy is observed and also proved. We apply the method to, among others,
option pricing problems under the Constant Elasticity of Variance and Cox-Ingersoll-Ross
processes.
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1. Introduction

Backward stochastic differential equations (BSDEs) form an interesting recent concept in financial mathematics. Their
range of applicability has increased, for example, by counterparty credit exposure and also insurance applications [6]. The
asset dynamics have also been generalized, for example to jump diffusion processes [2]. BSDEs are directly connected to
semilinear partial differential equations (PDEs) as the solution to these PDEs can be found by solving the corresponding
decoupled forward-backward stochastic differential equation (FBSDE) problem. Recently, several advanced probabilistic nu-
merical methods have been developed for FBSDEs, like least-squares Monte Carlo regression, like the Longstaff-Schwartz
method, to approximate the conditional expectations [18,12,1], integration methods [28] and also Fourier methods [14,26].
A rich literature exists on other methods, for example based on chaos decomposition formulas [3]. Our method distin-
guishes from this in the way the expected values are approximated. Of course, a natural aim for these solution methods
is to make them highly efficient so that they can compete with semilinear PDE discretization and solution methods.
With the BCOS method (Backward Stochastic Differential Equations COS method), in [26], we developed an efficient FB-
SDE solution method for asset dynamics for which a characteristic function of the continuous process can easily be
derived.
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In the present paper we extend the BCOS method. We apply the well-known Euler and Milstein schemes and an Order 2.0
weak Taylor scheme to the forward stochastic differential equation. Then we explicitly derive the characteristic function for
the discrete form of a forward stochastic differential equation (FSDE), which will give us opportunities and generalizations.
Traditionally, we know that a characteristic function can be derived, as the Fourier transform of the probability density func-
tion for models from the class of regular affine processes of [7], which also includes the exponentially affine jump-diffusion
class of and some stochastic volatility models, and for exponentially Lévy models. When FSDE dynamics are not affine, like
in the case of local volatility dynamics of Constant Elasticity of Variance (CEV) process, on which the Stochastic Alpha Beta
Rho (SABR) model is based, we cannot traditionally employ Fourier techniques. The characteristic function corresponding to
the discrete process can be however used, as we will show, to price options by a Fourier technique. This feature forms a nat-
ural generalization of our BCOS method. In [26] we focused on normal, lognormal and jump processes for which we could
relatively easily achieve second-order convergence, in the number of timesteps, in an FBSDE context by means of a #-time-
discretization scheme [15] and the COS Fourier cosine expansion technique. In the present paper the second-order accuracy
is achieved, in combination with a fast scheme, also for the CEV model, for time- and spatially-dependent processes, as
well as for the Cox-Ingersoll-Ross (CIR) process. In the traditional context, it has been shown in [9] that Fourier cosine
expansions will lead to exponentially convergent computational methods for smooth density functions. Here, in the discrete
case, we will not observe exponential convergence in the number of Fourier coefficients, but second-order convergence, due
to the use of discrete Fourier cosine transforms.

We start in Section 2 with definitions and notation of forward and backward SDEs and present the link between coupled
FBSDEs and semilinear partial differential equations. Section 2.2 discusses discrete schemes for the FSDE, such as the Euler,
Milstein, and Order 2.0 weak Taylor schemes and exact simulation schemes. Our numerical algorithm is described in Sec-
tion 3, where we start with the characteristic function of the discretized FSDE and an example of Bermudan options (under
the risk-neutral measure). A general time-discretization of a BSDE results in expressions with conditional expectations (Sec-
tion 3.2). These conditional expectations are computed by the COS formulas (Section 3.3) and the problem is then solved
backwards in time. Section 3.4 presents the overall algorithm. An error analysis is performed in Section 4. We demonstrate
the numerical method by extensive experiments in Section 5. Section 6 concludes.

2. Backward and forward stochastic differential equations

We start with some notation and definitions for BSDEs, for which we follow the survey paper [8]. Let @ = (w¢)o<t<T be
a standard one-dimensional Brownian motion on a filtered probability space (2, F,F,P), with F = (F;)o<¢<r the natural
filtration of the Brownian motion w, and T a fixed finite time horizon. We denote by H% (R) the set of predictable processes
n:Q2x[0,T] — R such that E [fOT |nt|2dt] < o0 and by ]L% (R) the set of Fr-measurable random variables X : 2 — R that

are square integrable. We consider the backward stochastic differential equation
dYs=—f(s,Ys, Zs)ds + Zsdws, Y7 =E, (2.1)

where function f:Q x [0, T]x Rx R — R is P ® B® B-measurable. P is the set of F;-progressively measurable scalar pro-
cesses on 2 x [0, T]. f(.) is the generator or driver of the process and the terminal condition & : Q2 — R is an Fr-measurable
random variable. Here we consider one-dimensional processes, but the BSDE theory can be extended to higher dimensions,
with d-dimensional processes w; and Y; and an n x d-dimensional Z; process, as described in [8].

The solution to BSDE (2.1) is given by a pair of processes (Y, Z), with Y a continuous real-valued adapted process and Z
a real-valued predictable process satisfying fOT |Z:|%dt < oo, P a.s., satisfying

T T
Yt=§+/f(s, y57Zs)d5—/stws, 0<t=<T. (2.2)
t

t

Unlike a forward stochastic differential equation, the solution of a BSDE is thus defined as a pair of adapted processes (Y, Z).
Note that BSDEs cannot be considered as time-reversed FSDEs, because at time t the pair (Y, Z;) is F;-measurable and the
process does not yet ‘know’ the terminal condition.

Function f and terminal condition & are called standard parameters for the BSDE, if & € IL%(]R), f(,0,0) € H%(]R), and
f is uniformly Lipschitz in y and z, with Lipschitz constant Ly. A result from [8,25,22] is that, given a pair of standard
parameters (f, £), there exists a unique solution (Y, Z) € H% (R) x ]HI% (R) to BSDE (2.1).

2.1. Decoupled FBSDEs

It is well-known that a linear parabolic PDE has a probabilistic representation by means of the Feynman-Kac theorem.
Here, we consider a semilinear parabolic PDE of the form
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88—‘;@, X) + u(x)Dxv(t,x) + %OZ(X)Dﬁv(t, X) + f(t,x, v(t,x), o (x)Dyv(t, x)) =0, (2.3a)
(t,x)e[0,T) x R,
v(T,x)=gkx), xeR. (2.3b)

Dy and D,z( denote the first and second derivative of a function with respect to the x-variable, respectively. This PDE also
has a probabilistic representation, by means of the following FSDE,

Xe=x, dXs=pu(Xs)ds+ o0 (Xs)dws, t<s<T. (2.4)
and BSDE
dYs = —f(s, Xs, Vs, Z)ds + Zsdws, Y1 =g(Xr), (2:3)

whose terminal condition is determined by the terminal value of FSDE (2.4). Notice that also the driver function now
depends on the state of the FSDE. Let X§’X denote the solution to (2.4), starting from x at time t, and (Yst’x, zg“) be the
corresponding solution to the BSDE.

The coefficients 0 : R — R and @ : R — R in (2.4) are assumed to be Lipschitz in x and satisfy a linear growth condition
in x. Functions f:[0,T] x Rx R xR — R and g:R — R are assumed to be uniformly continuous with respect to x.
Moreover, f satisfies a Lipschitz condition in (y,z) and there exists a constant C such that |f(t,x, y,2)| + |gx)| < C(1 +
|x|P + |y| + |z]), p > 1/2. The conditions on f and & guarantee the existence of a unique solution (Y, Z) to the BSDE (2.5).
The following results hold

Result 2.1. (See [23,25].) Let v € C'2 be a classical solution to (2.3a) and suppose there exists a constant C > 0 such that, for all (t, x),
[v(t, x)| + |o (x)Dxv(t,x)| < C(1 + |x|). Then the pair (Y, Z), defined by
Yo=Y (X0 =v(s, X§Y),  Z0% = Zy(XPY) = o (XM)Dyv(s, Xi%), t<s<T, (2.6)

is the solution to BSDE (2.5) (a so-called verification result).
The converse result states: Suppose (Y, Z) is the solution to the BSDE, then the function defined by v (t,x) = Yt[’x is a viscosity
solution to the PDE.

A PDE can be solved by applying numerical discretization techniques and for FBSDEs probabilistic numerical methods,
like Monte Carlo simulation techniques, are available. For our numerical method, we wish to discretize both the forward and
backward stochastic processes by schemes higher than order one and aim to find a flexible and efficient solution method,
competitive in performance. In the following subsection we recap the Itd-Taylor expansion and discretization schemes for
the FSDEs.

2.2. It6-Taylor expansion and discretization schemes

For an extensive survey on stochastic Taylor expansions we refer to [17]. We consider the integral form of the FSDE,
t t
X=X+ [ nOtds+ [o(odon, to=e<T. 27)
to to

Drift function w(.) and volatility function o (.) are assumed to be sufficiently smooth. 1td’s formula for a general suffi-
ciently smooth function h(t, x) gives

t t
h(t, X¢) = h(to, X¢,) + / LOh(s, Xs)ds + / L'h(s, Xs)dws, to<t<T, (2.8)
to to
with diffusion operators
d a1 592 3
L0:=— —+-0’—, Ll:=0—. 29
a THFax T 27 9 7 ox (2.9)

By applying It6’s formula to the functions @ (Xs) and o (Xs) in (2.7) we find

t s t s
Xe = Xey + 1Xeg) 00100 + 0 Keg) (1106 + / f L0 (Xy)duds + / / L' (X dads

to fo to fo

t s t s
+//L00(Xu)duda)s+//L10(Xu)da)uda)s, (2.10)

to to to to
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with Itd integrals
T T
I(o)’p,-[ Z=/d$ =T7T—p, I(])vp,f = /da)g =W — Wp. (2.11)
P P
The general multiple It integral is defined recursively by (see [17], Chapter 5.2)

h(z, Xo), (@) =0,
Ialh( X)1p,e := 1 [,y la=[h(. X)]psds, (@) = 1,04 =0, (2.12)
[y Ta—[h(, X)lpsdws, l@)=1,0=1,
with I(«) the size of multi-index vector o = (1,02, ..., 0 @)), &¢— = (01,02, ..., 0g)—1), and —a := (a2,...,0p). oy
denotes the multi-index of length zero. For notational convenience we write Iy 5 ; = I¢[1]y, 7. The Itd coefficient functions
are defined by hy = L¥1 L% ... L%h. Let M denote the set of all multi-indices. Subset A C M is called a hierarchical set if

A#0, supyeql(a) < oo, and —a € A for all o € A\ay. For any hierarchical set A the corresponding remainder set 5(A)
is defined by B(A) = {& € M\ A: —«a € A}. By iterating It6’s formula we obtain the It6-Taylor expansion, as follows

h(t. X0 =Y ha(to. Xe)lator + Y lalha( XDl (213)
acA aeB(A)

Notice that for the Itd-Taylor expansion of (2.7) we use h(t, x) = x.

We now briefly discuss some discretization schemes for FSDE (2.7). We define a time-grid to, t1,...,tm,...,ty = T, with
fixed timesteps At := tj;4+1 — tm. For notational convenience we write Xy = Xi,, Om = 0y,, A®Wm+1 = Omy1 — Om, and
Ig.m+1 = lo.ty by, - The approximated process is denoted by X7 = X/ . We start with X5 = Xo and one of the following

forward schemes is used to determine the values XnAH], for m=0,...,M — 1. The strong convergence rate ys and weak
convergence rate y,, satisfy, for sufficiently small At, ([17], Chapter 9.6 and 9.7)

Eol|Xr — X711 < C(ADY,  [Eo[P(X1) — P(XP)]l < C(ADT™, (2.14)

with C > 0 a constant, which does not depend on At, and P(.) any 2(yw + 1) times continuously differentiable function of
polynomial growth.
Well-known schemes include the Euler scheme (ys = % yw=1), ie,

X1 =Xm + XD 0)me1 +0 X aymi
=Xp + LX) AL+ 0 (X)) Awmi (2.15)
and the Milstein scheme (y; =1, y, =1), ie,
X1 =Xi + X0 .m1 +0 X @y me1 + Lo X a.1).mi
=X + XD AL+ 0 (X2) A®mir + 0 (Xp)ox (X)) 2 [(Awmi1)? — At]. (2.16)

Here we use the short-hand notation oy = Dyo.
We also consider the Order 2.0 weak Taylor scheme (y; =1, Y, = 2), defined as,

X1 = X5+ n XD 0).m1 + 0 XD yme1 + Lo (XM a.1y.mt1
+ L (X T .0pm1 + L0 (X 0.1y m+1 + L0 (X5 (0.0).m+1
= Xjy + WX AL+ 0 (XD Avm i1 + 0 (X3)ox(Xi) H(Awmi1)? — At]

+ (X X AT + (LX) + J0 (X2 (X)) [Awmi1 At — AT ]

+ (RO + S (XDa2 (X)) 202, (217)

with
A®mi1 = 11,00mr1 ~ N0, 3(AD?), (218)
E[ADnt1]=0, Var(Awnmi1) = 3(AD?,  Cov(A®mi1, Ani1) = 3 (AD. (2.19)

If we replace the Wiener process w; by a trinomial tree with increments A®p1 € {—\/§\/ At, 0, ++/3+/ At} and replace

Awn4q by %A(Z)mH At, this leads to the so-called Order 2.0 simplified weak Taylor scheme [17]. However, we do not replace

Awm+1 by a discrete tree, but keep the continuous random variable. We replace Awp,4+1 by Ay = %Aa)mHAt. The
moments do not change up to order two:
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E[ADmnt1]1=0, Var(A@my1) = 3(A1?,  Cov(A®m4+1, Amir) = 3 (AD. (2:20)
This gives us the Order 2.0 ‘continuous’ simplified weak Taylor scheme
X1 = X5+ XD AL+ 0 (X5) Awm
+ 0 (XM)ox(X5) I[(Awmi1)? — At]
+ (X0 (Xi) + XX + S0 (X2 (X)) 3 Ao At
+ (O + S (X2 (X)) S (a0?. (221)

We abbreviate the Order 2.0 ‘continuous’ simplified weak Taylor scheme by 2.0-weak-Taylor scheme. With the theory in
[17] it can be proved that y, = 2.

2.2.1. Exact simulation schemes
For, for example, the Cox-Ingersoll-Ross (CIR) process and Heston model exact simulation schemes exist to simulate

tm1 tn1
X1 = X + / p(Xo)ds + / & (Xs)dws, (222)
tm tm

by sampling directly the explicit transitional density function. For the CIR process we have

1E) =xEx—x, o0X=nJx. (2.23)

There holds X; > 0. If the Feller condition, 2xx > 772, is satisfied, then the process is strictly positive. If the Feller condition
is not satisfied then the process can become zero. We define qr := 2xx/n?>—1 and ¢ :=2x/ ((1 - e‘”“)nz). Then 2¢ X1 i
noncentral chi-squared distributed with degrees of freedom 2(qr +1) and noncentrality parameter 2¢ X,,e 2! (see [11,16]).
The characteristic function of Xp41 is known, i.e.,

022
iuxe—*At )(1 iu(1 _eJtAt)nz) 2xX/n

_iu(1—e—*Ah)p? 2x
2x

(2.24)

OXppr U X = X) = exp (1

3. BCOS method

In Section 3.1 we derive the characteristic function of the underlying discretized FSDE. In Section 3.2 we discuss the 6-
and A-time-discretization schemes for the coupled FBSDE and in Section 3.3 we derive COS formulas to approximate the
occurring expectations by using the characteristic function. Section 3.4 presents the overall BCOS algorithm.

3.1. Characteristic function discretization schemes FSDE

We can write the Euler, Milstein, and 2.0-weak-Taylor discretization schemes from the previous section in the following
general form

Xpi1 =X+ ME) AL+ SX) Avm1 + k() (Awpi1)®, Xh =x. (3.1)
For the Euler scheme we have
mx) = ux), sx =0, k(x =0, (3.2)

for the Milstein scheme

mx) = pX) — 30 XoxX), s =0, KX =30X0xX), (33)
and for the 2.0-weak-Taylor scheme

m(x) = (L(x) — 30 (X)0x(X) + 3 (M(X)MX(X) + %Mxx(X)oz(X)) At, (34a)

S0 =0 () + 3 (10 X) + X000 + oo () At, (3.4b)

K(X) = 2o (0)ox(x). (3.4¢)
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Lemma 3.1. The characteristic function of X2, , given X4 = x, in equation (3.1) is given by

m+1
xa, WXy =x) = [exp (iluXhiq) ‘X,ﬁ = x]
=exp (iux + ium(x) At — M) (1 — 2iuk (x)At) "1/ (3.5)
1 — 2iuk (x) At
For k (x) = 0 it follows that!
WXA = x) = QUM A= 1252 (0 AL (36)

Proof. With polynomial factorization we can rewrite equation (3.1) as (for «(x) # 0)

A 1 5(x) 15%(x)
Hr =X MEOAL 0 <A“’m“ L (x)) ey
2

with A(x) := %Kf()g‘)m and Awpy1 = 4 /A 8m+1' m+1 ~ N(0,1). Random variable ( ey + VM) ) ~ x{2(A(x)) is governed

by a noncentral chi-squared distribution with degrees of freedom v =1 and A(x) the noncentrality parameter. The charac-
teristic function of a noncentral chi-squared distributed random variable reads

AU L
@20y W) = exp (1 - 2iu> (1 —2iu)~""?. (3.8)

The characteristic function of X2 ., given X =x, is then given by

m+1’
(u|XA =x) =exp | iux +ium(x) At — lu—& (uk (x) At)
Pxip W Am = X) = EXp a1k ) Oxie)
‘ ium(x) At 21 (AL 1 - 2iuk (x)At)~1/2 (3.9)
=ex - - . .
exp | tux + um(x 1 2iuk AL ( iukK (x

3.1.1. Intermezzo: Bermudan put option - CEV - Q-measure
To test the discretization schemes of the FSDE and the discrete characteristic function, we perform an option pricing
experiment with the COS method for a Bermudan put option. We take ten early-exercise dates 7j, j=1,..., 10, with fixed
time intervals T/10. The underlying asset price under the risk-neutral QQ-measure follows a Constant Elasticity of Variance
(CEV) process,
dXs = rXsds 4+ & XJ dws. (3.10)

The option price v(t, X;) is given by the risk-neutral valuation formula

vit,x)= sup e " TTORL[g(Xy) X =x], (3.11)

with payoff function g(x) = max(K — x, 0). This problem can also be represented by a linear parabolic PDE variational
inequality by means of the Feynman-Kac theorem [25]. We take the number of timesteps of the time-discretization schemes,
that is M, equal to a multiple of the number of early-exercise dates. The dynamic programming principle gives
g(x), form= M,
Vb, X) = e—rAtE[v(tm+1,Xm+1)‘Xm=X], form <M, tm # 7], (312)
max e "B [V(tm i1, Xns1) | Xm =x], g®]. form <M. tn=1;.

T In Section 5.1 we discuss an example with k (0) =
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Table 1

Error and CPU time for 2.0-weak-Taylor scheme (y = 0.2, M = 1000).
N 24 2° 26 27 28 2°
2.0-weak-Taylor 3.2235e-02 2.5416e-03 2.9661e-04 1.1736e-04 7.9437e-05 1.6482e-05
CPU time (s) 0.0127 0.0128 0.0132 0.0143 0.0169 0.0352

The COS formula (see [9]) gives us

E[Vitms1, X)X = %] X B [vitmsr, X )| X5 =4]

N—1 A .
! —
~ Vi(tm+1)E |:cos (Im %) ‘X;ﬁ = xj|

k=

(=}

N-1 $A .
/ —
=Y Viltme)R {E | exp [ ikm =2t ‘X,ﬁ =x |exp (ikm
b—a b—a

k=0

alny k a
_\ A_ e
= Z Vie(tme1)R {q’xﬁﬂ (b — ’Xm = x> exp <1k71 - a)} , (3.13)

k=0
where Vi (tm+1) denote the Fourier cosine coefficients of v(tp+1, X), i.e.,

b
2 Xx—a
Vi(tmt1) = b —a / V(tm+1, X) COS (kn m) dx. (3.14)
a

5" in (3.13) means that the first term of the summation has half weight. The coefficients are recovered recursively back-
wards in time (similar as in Section 3.4). The characteristic function of the discretized FSDE, X,ﬁ 41 is known, whereas the
characteristic function of the FSDE, X;,11, is only available in closed form for y € {0, 0.5, 1, 1.5} [19]. For the tests, we use

the following parameter values
Xo=100, K =100, r=0.1, T =0.1. (3.15)

We take the elasticity of variance equal to ¥ =0.2 and y = 0.8 and choose ¢ so that o (Xp) = 25. The exact solutions for
corresponding European options [13] are given by v(tg, Xo) = 2.6650 and v(tg, Xo) = 2.6655, respectively. The Bermudan
values are v(tg, Xo) =2.7353 and v(tg, Xo) = 2.7373, where we computed our reference values by taking high values of M
and N.

The results for the Euler, Milstein, and 2.0-weak-Taylor schemes are shown in Fig. 3.1 for N = 2°. The 2.0-weak-Taylor
scheme results in second-order convergence in M. It is interesting to see that the 2.0-weak-Taylor scheme does not only
have a better convergence rate, but also the absolute value of the error is lower even for small M. Because of that, we only
need a small number of timesteps to achieve a small error. For comparison, with the 2.0-weak-Taylor scheme we need only
20 timesteps to get errors smaller than 10—, whereas the Euler scheme requires approximately 900 timesteps.

Table 1 presents the errors for the 2.0-weak-Taylor scheme for different values of N, with M = 1000 timesteps. The
convergence in N, the number of Fourier coefficients, is of second order, due to the use of discrete Fourier cosine transforms
(see Section 3.4).

The CPU time is shown in the last row. The computation time for the Euler scheme is only slightly shorter. The com-
putation of the expected values, with the COS formula (equation (3.13)), on an x-grid with length N is O(N?), due to
matrix-vector multiplications. The usage of discrete Fourier cosine transforms (DCTs) for the recovery of the coefficients is
of order O(NlogN), see equation (3.37) in Section 3.4. As the use of the DCTs is the most time-consuming part we do not
observe quadratic complexity for these values of N.

We would like to mention that this method can also be applied to time-dependent drift and diffusion terms and to other
local volatility models.

Remark 3.1. We can write equation (3.13) as

E[V(tm+1vxr%+1)‘an1 =X] =/V(tm+l’J’)p(Y|XnA1 =x)dy, (3.16)
R

with p(.|XA =x) the conditional density function of Xn% - The density function corresponding to the 2.0-weak-Taylor
scheme is known, as it involves a noncentral chi-squared distributed random variable. However, the density function of a
noncentral chi-squared distributed random variable involves some mathematical special functions. This makes it impracti-
cal and time-consuming to calculate. Besides, numerical integration algorithms have in general algebraic convergence. The
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107

Euler
-~ Milstein
2.0-weak-Taylor

error in o(tg, Xq)

107" i

10" 10 10
M

Fig. 3.1. Results Bermudan put, ¥ = 0.2 (lines) and y = 0.8 (dashes) (N =2°).
strength of the COS formula lies in the availability of the corresponding characteristic function, which can be derived for
models from the class of regular affine processes and for exponentially Lévy models. This results in exponential convergence
in the number of Fourier cosine terms for smooth densities (in absence of the use of discrete Fourier cosine transforms).

3.2. A-time-discretization scheme

In this section, we focus on the discretization scheme of the decoupled FBSDE system. First, we consider the integral
form of the BSDE,

T T
V=gt + [ £5.80s - [ Zidos, (317)
t t
with A := (X;, Ys, Zs). For the discretization of the BSDE at time-point t;;, we start with
fmt1 tm41
Yn=Yn + / f(s, Ag)ds — / Zsdws. (3.18)
tm tm

Taking conditional expectations at both sides of equation (3.18) and applying the 6-method [15] results in
41
Vo= En Yol + [ Enlf(s,A0]ds
tm
~Em [Ymi1]+ A0 f (tm, Am) + At(1 = O)Em [ f (tmt1, Amt1)], (319)

where Ej[.] represents the conditional expectation E[.|F,]. Multiplying both sides of equation (3.18) by Awpm+1, taking
the conditional expectations, and applying the 6-method gives us

tmt1 tmt1

0=En[Ymt1Awms1]+ / Em [f(sv Ag)(ws — wtm)] ds — / Em [Zs]ds
tm tm
A~ Em [Ymi1 Aomi1] + At(1 = O En [ f (tmt1, Am+1) Awom1]
—At0Zy — At(1 — O)En [Zm+1] - (3.20)

For the approximation of the FSDE we will use the Euler, Milstein, or 2.0-weak-Taylor schemes, as described in Sec-
tion 2.2. Then the following A-time-discretization scheme algorithm is used to approximate the BSDE
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YH=gXm. Ziy =0 (XH)Dxg(X). (3.21a)
form=M-1,...,0:
Zn = 20 Em [V A0nia [+ 071 (1 = OEm [ f (tmi1, Ay ) A0 ]
— 07" (1 = OEm [Zpi4]. (3.21b)
Yo =Em Y]+ AtOf(tm, AR + At(1 = O)Em [ f (tms1. Amip)]- (3:21¢)
The values Y2 and Z5 depend on the value of the forward process. Then it is easily seen, using an induction argument,
that deterministic functions y,ﬁ (x) and Z,ﬁ (x) exists, so that
YR = ya(X5), Zh=z5(X5). (3.22)

Xmn denotes the exact solution of the FSDE (2.4) at time t,;; and X,ﬁ is its discrete approximation. Let X,T’X denote the
value of Xy, given X;; = x. Similarly, XkA‘m"‘ denotes the value of XkA, given X4 =x. We use the following notation

e (Ym(x), zm(x)) is the exact solution of BSDE (3.17) at time ty,, given X, =x.
. (yem(x),zﬁq(x)) is the discrete approximation of the BSDE with the 6-time-discretization scheme, given exact solution
Xm=x%, and, form=M—-1,...,0,

Zn(®) = 307 E [y XD Aom |+ 0714 = O)E [f(tmi1. Apy oy (X)) Awom 1]
=07 (A= OE [z, (X)) (3.23a)
Vo0 =E[yh i (XX ] + A0 f (tm, Ay (0) + At(1 = OE[ f (tmg1, Ay (X )] - (3.23b)

. (y,ﬁ(x),z,ﬁ(x)) is the discrete approximation with the A-time-discretization scheme, given discrete approximation
X8 =x and, form=M—1,...,0,

Zp(X) = 2;0"'E [y,%H (Xrﬁf}'*mcomﬂ] +07'1-O)E [f(rm+1, An <X,,§'+”}**>)Awmﬂ]

—071 1 - OE[zh,, (X411, (3.24a)
yax) =E [yrﬁ " (xnff}”‘)] + ALO f (tm, A (%)) + At(1 — O)E [ f(tms1, Ay (xﬁf;*"))] . (3.24b)

The values yf;](x) and y% (x) are implicit for & > 0 and are determined by performing Picard iterations, starting with initial

guesses E[y? (X;*)] and E [yﬁH(XnAqﬂ”‘)], respectively. Picard iterations are terminated when the difference between

subsequent estimates is less than error tolerance 10~!2. For the numerical experiments in Section 5, mostly 5 iterations
suffice. The driver function f is assumed to be Lipschitz in y and z, with Lipschitz constant Ly. For At small enough,
ie, AtfLy <1, a unique fixed-point exists, and the Picard iterations converge towards that point for any initial guess. The
fixed-point technique converges to the true solution at the geometric rate At6L ¢, which depends on the Lipschitz condition
of the driver function.

In the BCOS method we here use the characteristic function of the underlying discretized FSDE, as discussed in

Section 3.1, to approximate the appearing conditional expectations E[yrﬁﬂ (X,ﬁf}'x)], IEI[Z,%+1 (Xrﬁff”‘ ] and E[f(th,
A,%H(Xﬁﬂ’x))]. Besides, we need to approximate the expected values E[y,ﬁﬂ(xnfﬂ’xmwmﬂ] and E[f(tm+1,

A,%H(XHAA_"}”‘))Ame]. Details are discussed in the following subsection.
3.3. Expected values A-time-discretization scheme FBSDE
In this section we derive an equation for the conditional expectations E [h(tm+1, XnA?ﬂ”‘)] and E [h(th, Xrﬁﬂ”‘)Ame}

under the general discrete dynamics (3.1). Here h(t, x) is a general function.
Let Hy(tm+1) denote the Fourier cosine coefficients of h(tm+1,x), i.e.,

b
2 X—a
Hi(tme1) = P / h(tm+1,X) cos <k71 m) dx, (3.25)
a
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With the COS formula we get

Ay X5mX _ g
E [httmia, Xa 30|~ D Heltms)E [cos (kn S )}
k=
N-1

km . —a
= Z Hi(tme1)N {QDX”AH_l (m ‘X,ﬁ = x> exp <zkn m)} (3.26)

and Fourier cosine series give

N x&mx _ g
E [h(tni1, X1 Aomsr |~ Y Hiltms1)E [cos (knL) Awmﬂ}

s b—a
N-1 A,m,x
! o Xmh . —a
= Hi(tm+1)R L E [ exp lkﬂﬁ Awmy1 | €xXp lkﬂm . (3.27)
k=0

Integration by parts gives
E [exp(iuX,ﬁ;r”;’x)Ame]

=K [exp (iux + ium(x) At + ius(x) Awm+1 + iux(x)(Awm+1)2>Awm+1]

1 / ) , . . ) 71(4)2
=——-— [ exp (lux + ium(x) At +ius(x)¢ +iuk(x)¢ );e 2\Vai) d¢
N2/ At 2

(%) dg

Nj—=

s(x) + 2K(x);“}Ath exp (iux +iumXx) At + ius(x)¢ + iux(x){z)e_

1
= Vana / {
= s(X)ALE [Dx exp(iuxrﬁﬂ"‘)] 1 2k (X)ALE [DX exp(iuX> f{*")Aa)mH] . (3.28)
Using the same procedure for the last term in (3.28) and iterating recursively gives us
E [exp(ianff{’x)Ame] =s(x)AtE [DX exp(iquﬁﬂ‘x)]
T 5(X) ALK () ADE [Dﬁ exp(iuX2 f}”‘)]
+ 500 ALK (O AD?E | D} exp(iuXm ™|
+s(X) Atk () AD’E [D;1 exp(iux,ﬁﬂ"‘)] +... (3.29)
It holds that
E [L exp (iuXA’m‘x)i| = (in)‘E [exp (iuXA'm’x)]
a0 TP i

= (iu)fgoxlﬁﬂ u|X5 =x). (3.30)

For the numerical experiments, it appears sufficient to take only the first two terms in (3.29), as the other terms are at
least of order O((At)3), and we end up with

N-1
’ Lk km
E [httmir. Xa 1) Aoma |~ 3 Hk(tmmm{ (s(x)At (’m) Pxa,, ( ——|xa = X)
k=0

kr \? km XA . —a (331)
— Pxa b—a‘ m=x) |exp l(ﬂm , .

which enables us to approximate the conditional expectations in (3.21c).

+ S(X) At2k (x) At <ib
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3.3.1. Exact simulation scheme

For, for example, the CIR process and Heston stochastic volatility models an exact simulation scheme exists based on
directly sampling from the available transitional density function. In this section, we explain how to use exact simulation
schemes to solve the discrete problem (3.23b). The characteristic function of X,'Zi‘] can be found as the Fourier transform of
the density function and is denoted by @x,, ., (u|Xm = x). With the COS formula we get

N-1

/ km . —a
E [h(th, Xnn:f])] ~ Z Hi(tm+1)R {‘meﬂ (m ‘Xm = X) exp <1k7f m) } . (3.32)
k=0

The question is how to approximate the expected value E [h(tmy1. X;)Awni1]. Notice that X[, and Awpyq are
correlated. We first use Fourier cosine series to get

N-1 m,x
/ X L —a
E [h(tmi1. Xpplq) Aomi | ~ Z Hi(tme1)R [E |:exp <lkn bm—i) Aa)m+1:| exp <1kn m) } , (3.33)

k=0 a
and then with the theory in Section 2.2 and [17] we find

E [exp(iuXy') Awmy1]

=E[Z I exp(iux)la,mHAme} +E|[ Y o[l exp(uX™)lni1 Awmi

oaeA aeB(A)
= L' exp(iux) At + L' L0 exp(iux) L (AD)? + L°L exp(iux) 1 (AD)* + O((AD)>). (3.34)
Notice that exp(iux) does not depend on time and
L' exp(iux) = o (x)iu exp(iux), (3.35a)
L'10 exp(iux) = [o(x)u,x(x)iu (0 (ORK) + 02 ()ox () (iu)? + %a(x)B(iu)B’] exp(iux), (3.35b)

LOL" exp(iux) = [(u(x)m(x) + 302 (Vo ()it + (LX) (X) + 02 (X)ox () ((u)* + %cr(x)3<iu)3] exp(iux).
(3.35¢)

This enables us to approximate the conditional expectations in (3.23b).
3.4. Recovery of coefficients and algorithm

Suppose we would like to approximate the Fourier cosine coefficients Hy(tm+1) of function h(t;4+1,x), see equation
(3.25). For this, we take N grid-points and define an equidistant x-grid

b—a b—a
Xn:=a+ (n+ %)T and Ax:= ) (3.36)
We determine the value of function h(t;+1,x) on the N grid-points. The midpoint-rule integration gives us
b
Hi(tme1) = 2 /h(t X) cos knx_a dx
k\tm+1 _b—a m+1, b—_a
a
N-1 N—1
2 Xn —da 2n+1\ 2
~ —h(t, , Xn) cos | kmr AX = h(t , Xn) cos | kmr —. 3.37
gb—a (m+1 n) < b—a) rg (m—H n) ( IN )N ( )

The appearing discrete Fourier cosine transform (DCT) (Type II) can be calculated efficiently by, for example, MATLAB'’s
function dct. The error of the numerical integration is second order in N.

Now we return to FBSDE problem (3.24b), where we obtained deterministic functions y,ﬁ (x) and z,ﬁ(x). Let ykA (tm) be
the Fourier cosine coefficients of y,% (x) in (3.24b), i.e.,

b
Y tm) = b a Y (X) cos knb — dx, (3.38)
a

ZkA (tm) the Fourier cosine coefficients of function zé (x) in (3.24a), i.e.,
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b
2 —
ZP(tm) = i /z,%(x) cos (kn %) dx, (3.39)
a

and ka (tm) the Fourier cosine coefficients of driver function f(ty, Aﬁ(X)), i.e.,

b
Fo(tm) = % / F(tms A2 (%)) cos (kn %) dx. (3.40)

The computation of functions z,ﬁ(x) and y,(x) at time-point t, requires the Fourier cosine coefficients ZkA(tm+1),
JJkA (tm+1), and ]-'kA(th) at time-point t;11, with COS formulas (3.26) and (3.31). The coefficients can be computed recur-
sively backwards in time, as we explain in this section.

We start with the coefficients at the terminal time

b
V&(tm) = % / 2(x) cos (kn %) dx, (3.41a)
N b
ZP(tm) = — / 0 (x) Dxg(x) COS <k7r Z : a) dx, (3.41b)
b
A 2 X—a
Fi tm) = b—a / f(tm, x, g(x), 0 (x)Dxg(x)) cos (krr m) dx. (3.41¢)

For some problems the above integrals can be computed analytically. Otherwise we may approximate them, for example
by computing the function on the x-grid and using the discrete Fourier cosine transform or another numerical integration
method.

We then compute functions ZAA/1_1(X), ftpm-1, A,f‘,,_ﬁx)), and y,AV,_1(x), see equations (3.24b), on the equidistant x-grid
with N grid points. For this we use the Fourier cosine coefficients at time t); and COS formulas (3.26) and (3.31). Subse-
quently the Fourier cosine coefficients ZkA (tm—=1), .7-",? (tm-1), and J)kA (tm—1) are approximated by a discrete Fourier cosine
transform.

We repeat this procedure for all times t;;. So, we estimate the Fourier cosine coefficients ZkA(tm), }'kA (tm), and y,f(rm) by
using the Fourier cosine coefficients at time t;;+1 and the COS formulas. The approximation of the Fourier cosine coefficients
introduces an additional error, which has been discussed in detail in [10]. The final approximations of the functions yﬁ x)
and z,ﬁ (x) by the BCOS method are denoted by j/,ﬁ(x) and 2,% (x), respectively. The overall algorithm to solve the FBSDE
backwards in time by A-time-discretization scheme (3.21c) can be summarized as:

BCOS method:

Initial step: Compute, or approximate, the terminal coefficients JikA(tM), .7-'kA(tM), and ZkA(tM), equations (3.41a),
(3.41b), and (3.41c¢).

Loop: For m=M — 1 to m = 1: Compute the functions irﬁ ), f(tm, f\ﬁ(x)), and $4(x), see equations (3.24b), with
COS formulas (3.26) and (3.31). Determine the corresponding Fourier cosine coefficients ZkA (tm), ]-'kA (tm), and ykA (tm)
by using a DCT (3.37).

Terminal step: Compute 25 (Xo) and y& (Xo).

The algorithm for the exact simulation scheme, with final values 28(X0) and j/g(Xo), is similar, except that we use COS
formulas (3.32) and (3.33)-(3.34).

Remark 3.2. For constant drift ; and volatility o terms we can apply the efficient Fast Fourier transform (FFT) algorithm to
recover the Fourier cosine coefficients, as explained in [26].

4. Error analysis

In this section we perform an error analysis of the discretization with timesteps At for the 2.0-weak-Taylor scheme and
parameter # = 1/2. The convergence in N, the number of Fourier coefficients, is of second order, due to the use of discrete
Fourier cosine transforms. The error of the Fourier cosine formulas has been analyzed in [9,10,26] and we refer to these
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articles for more details. We start with It6-Taylor expansions and related expected values in Section 4.1. In Section 4.2 we
look at the local errors related to the discretization scheme for the FSDE. In Section 4.3 we discuss the local errors of the
f-time-discretization. A global error result is presented in Section 4.4.

The authors of [29] apply also an Order 2.0 weak Taylor scheme and a slightly different #-scheme and they obtain
second-order convergence in their numerical experiments, for which they use a Gauss-Hermite quadrature rule to approxi-
mate the conditional expectation.

4.1. It6-Taylor expansion

The It6-Taylor expansion of a general sufficiently smooth function h(t, x) reads [17]

h(tmer, Xpi) = Y haltm, Olamir + Y Talha( X™ ) lme, (41)
aeA aeB(A)
Mtz Xpi) = Y D hapm, Olamirlpmiz+ Y > Talhap(X™)lnt1lpmia
peAacA peAaecB(A)
+ Z Iglhg (., X™ ) n2, (4.2)
BeB(A)

with A a hierarchical set.

Lemma 4.1. For a sufficiently smooth function h(t, x) we have the following conditional expectations of the Ito-Taylor expansion

E [h(tmi1. XD ] = htm, X) + ho) (tm, X) At + h(0,0) (tm, X) 3 (AD? + O((AD)?), (4.3a)
E [h(tms1, X)) Aomi1] = hay (tm, X) AL + [h1,0) (tm. X) + heo.1)(tm. 0] F(AD? + O((AD)), (4.3b)
E [h(tms2, Xini5)] = h(tm, %) + h) (tm, X)2At + hg,0) (tm, X)2(A1)? + O((AD?), (4.3c)
E [h(tmi2. Xip15) A®mi1 | = hty (tm, X) AL+ h(o,1)(tm. X) 2 (AD® + h1,0)(tm. X) 3 (AD? + O((AD)?), (4.3d)
E [h(tmi2. Xpi5) Admi2] = ha) (tm, X) At + ho1) (tm, X) 3 (AD? + h1,0) (tm. X) 5 (AD? + O((AD?), (4.3e)
2K [h(tms2. X)) (Aomi1 — Aomy2)] = 2 [ha.0)tm. X) — ho,1) (tm. 0] (AD? + O((AD?). (4.3f)

This lemma can be proved with the help of [17], Chapter 5.7. The definitions of the operators L° and L!, equation (2.9),
give

het.0)(tms ) = ho.1) b, %) = Dah(tm, X) [0 (0p1x(X) = 1000 — 307 ()| (44)
4.2. Local error A-time-discretization FSDE
The weak convergence rate of the 2.0-weak-Taylor scheme is denoted by )/ZT =2.

Lemma 4.2. For a sufficiently smooth function h(t, x) we have the following local weak errors of the 2.0-weak-Taylor scheme

E [httmer, Xpi) = hitmer, X1 = O(A07, (452)
E [(h(th XM — Ry, X2 ”)) Awm+1] — O((AD)YW +1), (4.5b)
E [h(tni2. Xp25) = hltmsz, X5 ] = O(a0 W+, (450)
E [ (httmsz, Xy = 2. X)) Aoman | = (A0, (4.5d)

[(h(tmu, Xily) = h(tms2, Xp 13 ) Awmya | = O(ADT ), (45¢)

ZE [ hitmiz, Xy = iz, X {3 ) (Aom i1 — Aomsz) | = O(AnH ), (4.5

For a proof we refer to Appendix A.
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4.3. Local error 6-time-discretization scheme

The equation for yn,(x) is given by (see (3.19))

Ym®) =E[ymi1 (XpiD] + At f (tm, Am() + ALSE [ f(tmi1. Ampa (X)) ] + Rin (), (4.6)

and the equation for z;;(x) reads (see (3.20))

Zm(X) = ZHE [Ymi1 XD Aomir | + E[f (tma1. Amp1 (X)) Ao ]
—E[zma1 (X D] + ZRE (), (4.7)
with @-discretization errors
tmt1
y m,x 1 1 m,x
R (%) = / E[f(s. AsXD]ds = { AL £ tn, Am(0) + ASE [ ftmi1. Amia K] | (4.8)

tm
tmt1

RE (%) = / E[fG, As<xg"”‘>)<ws—wtm>]ds—{Ar%E[f(rmH,AmH(x;';f]))Ame]}
tm

tmt1
- / E [2:(X)])ds + | At3zn(0 + ASE [zme1 (X] ] (4.9)

tm

Here x denotes the exact solution of the FSDE (2.4) at time tp,, in other words, x = Xp,.

Lemma 4.3. For sufficiently smooth functions f(.) and g(.) the 6-discretization errors are of order

Rin(x) = O((AD)), (4.10a)

R () = 0((AD?). (4.10b)
Besides,

B[R X Aomia ] = 0((ADY, (411a)

E[Rf 1 (Xpip] = Ri (0 = 0D, (411b)

Proof. For equations (4.10a) and (4.10b) we use that for a general sufficiently smooth function h(t, x), with bounded deriva-
tives, it holds that

tm+1
E /h(s,xgn»")ds—m% (h(tm. ) + h(tms1, X))
tm

= R(tm, AL+ hg) (tm, X) 1 (AD? + hio,0) (tm, ) & (AD? + O ((At)4)
— Atl (h(tm, X) + h(tm, %) + () (tm, X) At + h(g,0) (tm, ) L (AD? + O ((At)3))
= h(o,0)(tm, N TH(AD? + O ((At)4) -0 ((At)3) . (412)

For equation (4.10b) we use:
tmt1
E / h(s, X;n’x)Awm—&-ldS - At%h(tmﬂ s XzfﬂAme

tm

=h1)(tm, ) 3 (AD? + [h1,0) (tm. X) + h(0,1) (tm. X) ] 3 (AD? + O((AD?)
— At} (et 0 AE+ [Ber,0)(Ems X+ hio,1 Ems 0] $(AD? +O((AD?))

= [h1.0)(tm, X) + 0,1 (tm, 0] T2 (AD? + O ((At)4> -0 ((At)3) . (413)
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For equation (4.11a) we use:

tm42
E| Awm+1 / h(s, X{)ds — 3 At (h(tmr1, Xpiy) + hltme2, Xp75))
tm+1
tm42
+1,X07 +1,x707%
=E | AonpiE / h(s. X; s — At (h(tm+1, X250 + h(tmg. Xpp ))
tmt1
= E[Aomihoo Ena, X)) T (40° +0 ((a0)*)
=h1,0,0)(tm, N THADA + O ((At)4) -0 ((At)4> . (4.14)
For equation (4.11b) we use:
tm+2 m,X m,x

E|E f h(s X ds — Acd (h(tnm XM £ Bt XZI}XT"“))

tm+1

tm41
~E / h(s, X§"¥)ds — Aty (h(tm, %) + h(tme1, X))

tm
=E[ho0) i1 X A0 — hoo) . 0 7 (A0% + 0 ((a0)*)
= (h(o,O) (tm, X) +h0,0,0)(tm, X) At + O ((At)2>) ]—;(Aff
— h,0)(tm, DT (AD? + O ((AD*)
=h0,00)(tm, ) TA(AD* + O ((At)4> -0 ((Ar)“) (415)

and
tm+2 m,X m,X

E|E / his. Xo ) Aomyads — A A(tnsz, Xy ™) A2

tm+1

tm41

B | [ B X A0mds - ARG, XD A

tm

=E[ha,0)(tms1. Xppiy) + ho.1) (tmer. Xpi)] 53 (AD? = [h1,0) (tm. X) + heo,1) (tm. X)] T3 (AD? + O ((At)“)
= (1h1.0) . %) + ho.1) s 201+ [R0.1,0)(Em ) + hio.01) (s 0] AL+ 0 ((A02) ) T (A0
het.0)(tm. X) + ho.1) (6. )] T3(A0° +0 (A1)

-[
= [h0.1.0)tm, 0 + ho.01) (. 0] T (A0 + 0 ((A0*) =0 ((an?). (416)

4.4. Global error A-time-discretization scheme FBSDE
The equation for y2(x) is now given by
Y00 =E [y O |+ At tn, AR 0) + ABE[Fmar, AR O] (417)
and the equation for z,ﬁ (x) reads
2000 = 2B [ Yinin X1 A0m i1 |+ E [ £, Ay (X /1) Ao |

_E I:z,% " (xnéf;”‘)] . (418)
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We define the following global errors,

€mXm. X)) := Ym(Xm) — ym (X, (4.19a)

€& (Xm. X)) :=Zm(Xm) — zin (X2). (4.19b)

€ (Xm, X2) = f (tm, Am(Xm)) — f (tm, AZ (X)), (419¢)
and

em(X) = ym(®) — Y (X), (4.20a)

€n(X) :=2Zn(X) =z (%), (4.20b)

(X = f(tm, Am(0) — f(tm, AL (). (4.200)

For the error at time t,;, we find
emXm. X)) = Ym(Xm) — Yin Xm) + Yin Xm) = yin (Xi)
=€ (Xm) + Y (Xm) — Yy (X3), (4.21a)
IEolem (Xm, Xm)1I < [Eolem(Xm)1| + [Eolyj (Xm) — ym (Xi1I. (4.21b)

The second part is the weak error and, assuming that yﬁ (x) and z,% (x) are Z(y,,sz + 1)- times continuously differentiable
with polynomial growth, we have

2T
IEolemn (Xm, Xm)1I < [Eolem(Xm)1| + O(ADYY ). (4.22)
Similarly, we get
2T
|EoleZ (Xm, Xm)1I < [Eol€Z (Xm)1| + O((ADYY ). (4.23)
We find the following bounds on the errors 6,3'1 (x) and €7, (x).
Theorem 4.1. Given
En-illeyy anl1~ 0 ((A07), By, lleg; Xl ~ 0 ((a0?), (424)
then

Eo [lefh (Xm)| + Atle, (Xm)[] = O ((AD?). (4.25)

Remark 4.1. Theorem 4.1 states second-order convergence for Y and first-order convergence for Z. However, in our nu-
merical experiments we also find second-order convergence for Z if we apply the 2.0-weak-Taylor scheme and 6 = 1/2.
Higher-order schemes are developed in [5,4]. In our case a Fourier-based method results in a very efficient numerical
scheme.

Remark 4.2. For the scheme with § =1 the 6-discretization errors are one order lower and we find first-order convergence.
For the Euler and Milstein schemes, the weak convergence rate y‘,%,T =2 should be replaced by their weak convergence rates
vE =1 and yM =1, respectively, and we find, for both = 1/2 and 6 = 1, first order convergence.

Proof. ErrorY For the Y-component we have with (4.6) and (4.17)

€nX) = ym®) — yh ) (4.26)

]E[ XM x A )] +At%e,{1(x)+At%]E[ XM XA ’“")] +RL().
It follows, with equality (4.5a), that

E [t 02 Xn 1| = Bl O E [y OG5 = Vi (637
—E[e), ,(X™ )]+ 0an” +1), (4.27a)
€ COD |+ B[ Ftmir, A (50 = Fltmsr, Ay X0 |

]

A
Ele [ m+1 (Xm-H ’ m+rq X)] B [
=E [€m+1(xm:1)

L O(AHYY +1y, (4.27b)
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Driver function f(t,x, y, z) is Lipschitz in x, y, and z, so that
€m0l < Ly (1m0l +1€5,001) .

B [t O] = LB [l6r 0 i) + € XD

Then,
1+ 1AL LAtL
y 2 f y m,x 2 f z
e < —=——|E|e (X + —F=—]e;(X)
l€m (0] 1_%Ath| [€mr1 XmiD] | 1_%Ath|m I
1
LAtL 1
2 f z m,x 2T 11
— —  E[l€5 (X)) ]+ ———o@anyv T 4
1-1acLy L€mss X )] 1-1acLy 1-1acLy

Error Z For the Z-component we have, with (4.7) and (4.18)
€50 = zm(X) — Zpn (%)
= RE [ OG0 Xa i Ao | + B[] (0 X2 Ao
—E [ X X1 |+ ZRE .
Substituting the similar equations for er’,;H and efnﬂ as in (4.26) and (4.30) gives,
) = HE [E%+2(X$f2! XnA13rn;’x)A“)m+1] +E [er{1+1 X1 X:ﬁﬂ’x)Ame]
+E [enfwz (Xni2: Xn%-ﬁ’x)Ame] + 2B [Ripsr (X)) Aom1]

f mx yAmx 2 y mx yA,mx
+E I:em+l(xm+1’ X1 )Ame] Al [em+2(Xm+2, X2 )Awm+2]

f m,x A,m,x m,x A,m,x
—E I:em+2 (Xm+2’ Xm+2 )Awm+2] +E I:E;HZ (Xm+2’ Xm+2 )]
2 s 2
— B[R XD ]+ &R ().

The different terms in the above equation can be bounded as follows:

With equality (4.5¢),
[ [e5 o002 X229 = [l x2p) + 00,

e With equality (4.5b),

2[00 Xa i) Aoman || = CVATIEL (Xl + O(ADH ),

m+1° m

where |.|oo denotes the infinite norm and C > 0 a constant.
o With equality (4.5d),

B [ o (X025, XA Ao || < OV (Xl +OL(ADT ),
e With equality (4.5e),

B[ o X X3 Aomsz | = VAL, (Xl + O(ADT 1),
e With? equality (4.5f),

| ZE [ 5 (X XA (Aomir — Aomso)]|

< 2 [E[€) ,(X™5) (Awms1 — Awmsa) ]|+ O(ADT 1),
We use the following inequality (see equation (4.3f))
2 |E[€) (XM ) (Awmi1 — Awmi2)]| < CAtlo ®en ()],

with

2 For constant drift £¢(.) and volatility o (.) this term cancels, see [26].

O((At?).

17

(4.28a)
(4.28b)

(4.29)

(4.30)

(4.31)

(432)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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Dxy . A
0 (X)€n™ (X) : =0 (X)Dxym(X) — 0 (X) Dxy;; (X)
=zn(X) — Z5(0) + z5(0) — L1yAx)
=€ (X) + 2500 — L1yL(x) (4.38)
and
200 = L'y (0 = ZE [V K1) Aomsn | + B[ fmr, Ay Xt D Aoms1 ]
_E [z@+1 (xrﬁ_ﬂ”‘)] —'yAw)
ZE [V XD Aome1 | + E[f(tmi1. Ay X)) Ao ]

t
—E[z3,,(X™)] + 0(A0" ) — L'yA (). (4.39)

With equations (4.3a) and (4.3b) we find
Zh ) — L'ys@~ ZLyh A+ AL yax) + LOL ys ()13 (An?
+ L' f(tm, AR )AL+ [L'LOf (6, AS (X)) + LOLY f (Em, Ay ()13 (AD)?
— 22 — P2 () AL+ O((ADY ) — L1yA(x). (4.40)

We deduce that z5 (x) — L'y2(x) = O(At) and
2 [E[€) (X" ) (Aot — Aomiz)]| < CALELR)] + O ((At)2> . (4.41)

We can now bound the absolute error by

(1 = CADIELX)] < [E[€Z,, (XD + cVALle), (X)) oo + cVALIEL 1 (XMoo

m m

+ 2 [E[€) (XM (Awmst — Awmi2)]| + O(AH?) + O((ADTY 1), (442)

Total error Summing up the errors gives us, for At <1, (m<M — 3)

E [lem®)]oo + Atles(®)]oo + Atled 1 (Xm)loo]
< AR[l6) (X ) oo + Atl€l (X loo + Atl€l 5 (Xi)loo] + B with
A=1+ QAt,
B =0((AD%) +O((AnT 1), (4.43)

with Q > 0 a constant. Iterating this equality results in Theorem 4.1.
5. Numerical experiments FBSDE

In this section we discuss numerical experiments. MATLAB 7.11.0 is used for the computations. In the experiments we
use 6 =1/2 and 6 = 1. Similar as in [26], we prescribe a computational domain [a, b] by

la, b] = [k1 — L/k2, k1 + L/k2]., (5.1)
with cumulants of one Euler step k1 = Xo + 1t (Xo)T and k2 = 6%(Xo)T, and L = 10. Furthermore, we set the number of

terms in the Fourier cosine series expansions equal to N = 2°. For these values the BCOS method has converged in N to
machine precision.

5.1. Example 1

The first example is derived from [21,20]. We take drift and diffusion term

_ xX(14x%)
2+ x2)3

142

H(x) =2y

o (x)
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T
theta=1, Euler
theta=0.5, Euler
theta=1, Milstein
theta=0.5, Milstein
theta=1, 2.0-weak-Taylor
theta=0.5, 2.0-weak-Taylor|
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Fig. 5.1. Results example 1, left: error in j/@ (Xo), right: error in EOA(XO).

Table 2

CPU time (s).
(N=2)M 4 8 16 32 64 128 256 512
Euler 6 =1 0.0376 0.0507 0.0563 0.0852 0.1442 0.2620 0.5005 0.9958
2.0-weak-Taylor 6 = 1 0.0976 0.1247 0.1249 01738 0.2738 0.4698 0.8668 1.6545
(M =256) N 26 27 28 29
Euler 6 =1 0.1760 0.2028 0.2661 0.5005
2.0-weak-Taylor 6 = } 0.2068 0.2438 04711 0.8668

The driver function and terminal condition are given by

Fxy.n)= 1 o x? 4x2(1+x2)+(1+x2)2 . 2x2 x2
X VD= P\ T (2 +x2)3 (2 +x2)? t+1 t+1

2% 1+ y2+exp (—%)
2+ 1+2)y2

X2
g(x) =exp (— T+1 ) . (5.3b)

) (5.3a)

The exact solution reads v(t,x) = exp( > ) For the experiment we use parameter values T = 10 and Xo = 1. The

X

t+1
results are shown in Fig. 5.1. Only with the 2.0-weak-Taylor scheme and 6 = 1/2 we achieve second-order convergence
in M, as expected. Notice that x(x) =0 for x =0, and then the characteristic function is given by equation (3.6). The
characteristic function decreases at a lower exponential rate in u for x &~ 0. This gives rise to an unstable behavior when N
is not sufficiently high. In the figure this is visible for values M < 4.

Table 2 shows CPU times, where the small values demonstrate the efficiency of the BCOS method. Computation of the
characteristic function and the function f on an x-grid are the most time-consuming parts of the algorithm. The compu-
tation time is linear in the number of timesteps M and of @(N?) in the number of terms in the Fourier cosine series
expansions. The latter is not clearly measurable for these values of N as a significant part of the computation time is spend
on discrete Fourier cosine transforms, which is of order O(NlogN).

5.2. Example 2: European call option — CEV - P-measure

In the second example we compute the price v(t, X;) of a European call option where the underlying asset follows the
CEV asset price process,

dXs = fiXsds + & X! dws, (5.4)

with y > 0. The exact solution is given by the CEV price [13]. For the derivation of the corresponding semilinear PDE we set
up a self-financing portfolio Y with as assets and bonds with risk-free return rate r. Markets are assumed to be complete



20 M.J. Ruijter, CW. Oosterlee / Applied Numerical Mathematics 103 (2016) 1-26
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Fig. 5.2. Results example 2, left: error in f/g(xo), right: error in 2@()(0), y =0.2 (lines) and y = 0.8 (dashes).

in this model, there are no trading restrictions, and the option can be exactly replicated by the hedging portfolio, that is
Yr = max(Xt — K, 0). Then, the option value at initial time should be equal to the initial value of the portfolio. The hedge
portfolio evolves according to the SDE

dYs =r(Ys —asXs)ds + asdXs = (rYs + (u(Xs) — rXs)as) ds + o (Xs)asdws. (5.5)
If we set Z; = 0 (X;)as, then (Y, Z) solve the FBSDE

dYs=—f(s, X5, Ys, Z5)ds + Zsdws, Y7 =max(Xt — K, 0), (5.6a)
f,x,y,2)=-ry — Mz =—ry— gxl_yz. (5.6b)
o (x) o

Y: corresponds to the value of the portfolio and Z; is related to the hedging strategy. The option value is given by
v(t, X)) =Y and o (X¢)Dyv(t, X¢) = Z;.
For the tests, we use the following parameter values

Xp=100, K=100,r=0.1, £ =0.2, T =0.1. (5.7)

We take the elasticity of variance equal to y =0.2 and y = 0.8 and choose ¢ so that o (Xp) = 25.

As the terminal coefficients ZkA(tM) (equation (3.41b)) and .F,(A(tM) (equation (3.41c)) are not known analytically and
the corresponding functions are not smooth we take # =1 in the first iteration with time step (At)2. With this choice
we do not need to compute these terminal coefficients but keep second-order convergence in the first iteration. We use a
very large number of timesteps M = 10* to get reference values Zg. The results for the Euler, Milstein, and 2.0-weak-Taylor
schemes are shown in Fig. 5.2. Again we achieve second-order convergence in M with the 2.0-weak-Taylor scheme and
6=1/2.

5.3. Example 3: bond price — CIR

In this section we consider the CIR interest rate process

dXs = x(x — X5)ds + n/ Xsdws. (5.8)
The PDE for the zero-coupon bond price is given by [27, p. 275]
av _
E(t’ X) + 2 (X — X)Dxv(t, %) + I°xDv(t,x) —xv(t,x) =0, (t,x) €[0,T) x Ry, (5.9a)
v(T,x)=1, xeRy. (5.9b)

This problem is related to the FBSDE
dYs=—f(s, Xs,Ys, Zo)ds + Zgdws, Y1 =1, (5.10a)
ft.xy,2)=—xy. (5.10b)
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Fig. 5.3. Results example 3, left: error in j/@(xo), right: error in QOA (x0).

The exact solution is given by

h=,/%2+2n2, (5.11a)

25X 2

zhe%(x-b-h)(T—t) X/
A, T)= , (5.11b)

2h + e+ (e T-0 — 1)
200 — 1)
B, T)= , 511c
©D=% + (¢ + h)(ehT-0 — 1) ( )
v(t,x) = A(t, T)exp(—B(t, T)x). (5.11d)
For the tests, we use the following parameter values

Xp=0.04, x=0.01, x=0.2, n=0.1, T =0.25. (5.12)

The Feller condition is not satisfied and the process may reach zero. This is a nontrivial situation for Monte Carlo
methods but for BCOS it is no problem, as we take the left-hand side of the computational domain equal to a = 0. For the
exact simulation approach (Section 3.3.1) we use the characteristic function in equation (2.24). The results for the Euler,
Milstein, 2.0-weak-Taylor and exact simulation schemes are shown in Fig. 5.3. The 2.0-weak-Taylor and exact simulation
scheme give almost the same results, with second-order convergence for 6 = 1/2.

5.4. Example 4: time-dependent drift and diffusion

The drift and diffusion terms of the FSDE, see equation (2.4), did not depend on time. In this last example we generalize
the method by a time-dependent drift 1 (t, x) and diffusion o (¢, x). The numerical schemes in Sections 2 and 3 remain valid
and the only change is due to the time-derivative in the diffusion operator L°, equation (2.9). The functions m(x) and s(x)
in Section 3.1 for the 2.0-weak-Taylor scheme become time-dependent:

m(t. X) = p(t. X) — 30 (£, X)0x(t. X) + 3 (m(t, X) 4 [, X px(t, %) + (£, X)02 (L, X)) At, (5.13a)
S, %) =0 (t, %) + 1 (,ux(t, X)0 (£, %) + 01 (t, %) + [1(t, ¥)0x(t, X) + Lot 02t x)) At. (5.13b)

We perform a test for the price v(t, X;) of a call option where the underlying asset follows a geometric Brownian motion
with time-dependent drift and volatility. We choose the following periodic functionals:

_ _ _ _ . (2wt _ . (2wt
uit,x) :=pt)x, @t):= Lo+ f11sin (§_> + [12 sin (C—) (5.14a)
1 2

_ _ _ _ . (27wt _ . (27t
o(t,x):=0(t)x, o(t):=0g+ 07sin (§—> + 07 sin <§—) . (5.14b)
1 2
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Fig. 5.4. Results example 4, left: error in j/@(x(]), right: error in EOA (X0)-

The hedge portfolio, see Section 5.2, evolves according to the SDE

as)—r

dYs=|(rY
s (T s+ 5(s)

6(s)asX5) ds + o (s, Xs)asdws. (5.15)
If we set Z; = o (s, X5)as, then (Y, Z) solve the FBSDE

dYs = — f(s, Xs, Ys, Zs)ds + Zsdws, Y1 =max(Xt — K, 0), (5.16a)

() — r.

50 (5.16b)

ft.x,y,2)=—-ry—

Again the option value is given by v(t, X;) = Y; and o (t, X;)Dxv(t, X;) = Z;. The exact solution of this local volatility

model is given by the Black-Scholes price and Delta with volatility parameter ﬁ ftT 02(s)ds [24]. For the tests, we use
the following parameter values

Xo =100, K =100, r = 0.1, fig =0.2, 6o = 0.25, T = 0.25,
fi1=0.1, iy = 0.02, 51 =0.125, 5, = 0.025, {1 =1, & = 1, (5.17)

with the exact solutions Yo = v(tg, Xo) = 7.8159 and Zy = o XoDxV(tg, Xo) = 14.8115. The results are shown in Fig. 5.4.
The computation time has increased because the characteristic function (3.5) changes with each timestep. The computation
time for M = 1000 is about eight times longer.

6. Conclusion

In this paper we extended the probabilistic numerical BCOS method [26], for solving decoupled forward-backward
stochastic differential equations. The underlying forward stochastic differential equation is now approximated by dif-
ferent Taylor discretization schemes, such as the Euler, Milstein, and Order 2.0 weak Taylor schemes, or by exact
simulation. The discretization of the FBSDE with the 6-method results in a backward induction scheme with condi-
tional expectations. The expected values are approximated by a Fourier cosine method and relies on the availabil-
ity of the characteristic function for these discrete Taylor schemes. In this way we generalize the applicability of the
BCOS method to FSDEs for which the ‘continuous’ characteristic function is not available. The Fourier cosine coeffi-
cients are recovered recursively in an efficient way by using discrete Fourier cosine transforms and an FFT algorithm.
Numerical tests demonstrate the applicability of the BCOS method for BSDEs in financial problems. In the tests we ob-
served different convergence results for Zy and Yg. The 2.0-weak-Taylor and exact simulation scheme with 6 = 1/2
result in second-order convergence in the number of timesteps of the BCOS method, as expected from the error analy-
sis.



M.J. Ruijter, CW. Oosterlee / Applied Numerical Mathematics 103 (2016) 1-26

Appendix A. Proof Lemma 4.2

The It6-Taylor expansion of FSDE X; reads (with c(x) = x)
X =Y ca®lamii+ Y lalcaX™)lmi1,

acA aeB(A)
Xty =Y cpXpiDlpmiz+ Y Iglep(X™ ) lma.
BeA BeB(A)

For the Order 2.0 weak Taylor scheme we have
A={v,(0),(1),(1,1),(1,0),(0,1),(0,0)} and
B(A)={1,1,1),(0,0,1),(0,1,0),(1,0,0),(0,1,1),(1,0,1),(1,1,0), (0,0, 0)}.
The discrete approximations read
Xol* =" ca@lamir, X 5% =" csXn i) pmea-
acA peA
With the theory in Chapter 5.7 of [17] we find

En[ 3 lalhC X)lnit ] =007 ),
aeB(A)
En[ 3 TalhC X)lnit Aonit | = 0(A0" )
aeB(A)
Al Z Lo,y (0,0 (-, X)m+1Awm+1]
aeB(A)
ZEa[ Y Tawlham G X)lni Ao | = 0(an% ),
aeB(A)
ZEa[ D2 Tolhoa (- X)lnit ] =0a00),
aeB(A)
ZEa[ Y hilhaa (- X)lnst | =0
aeB(A)
En| Y lamit |+ ZBmii[ Y lamiiAomi | =0(A00).

aeA\ay aeA\ay
With the above equations we find

2T
E[X08 — X0 =E] 3 Jalca XM lmer | = Oan7 ),
aeB(A)

E[ (X:’:*xl Xy X) A”m“] - E[ Y. lalea (X?""‘)]m+ma)m+1] —o((anr ),

aeB(A)

The Taylor series of function h(t;+1,X) in x gives

oo
1
it X 2) = hltmer. X1 = (<D 30 S0 Ot X2 (X — X1

=1
By using the strong error result ([17], Chapter 5.9)

m,x A,m,x
EHXerl Xm+1

=owant
for ¢ > 2 and formula (4.1) for £ =1, we find
2T
E[h(tmir, Xy = hGtmer, Xp i) | = 0A0" ),

E[(h(tm+1,xn"}f1) R(tmg1, X2 )) Awm+1]:O((At)VVZVT+1).

).

23

(Ala)

(A1b)

(A4a)

(A4b)

(A.4c)

(A4d)

(A.4e)

(A.4f)

(A4g)

(A.5a)

(A.5b)

(A.6)

(A.8a)

(A.8b)
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A,m,x

. . m,x
We can rewrite the difference between X, T, and X

das

, A,m, , . .
Xty = X = D cpXmiDIpmiz+ > Iglep(X™msz | = Y cpXmiDIpms2

BeA BeB(A) BeA
+ Y pXiDIpmra = Y pXm T pmra
BeA BeA
= Y Igleg(X™ )y
BeB(A)
+y (Cﬁ (Xni1) — Cp (Xﬁﬂ’x)) Ipm+2
BeA
= Y Iglcp(X™ )z
BeB(A)
+ > (c,s(x:,?f1> —cp (X,,%;"}*")) Igmia+ Y lalca(X™) 4. (A9)
BeA\ay aeB(A)
Then we find
E[Xm, = x50 =E[ 3 sl (X" )ns2]
BeB(A)
2T
+E[ D (coXmi) = caXm ) Iz | = O(ADH ), (A10a)
BeA
E[ (mez XnAqirrg’x) Awmﬂ] = E[ Ilcp(X™ ) Im+2 Awm+1]
BeB(A)
2T
+E[ 3 (o) — o X)) IpmizAomar | = O(AD%+1), (A10b)
BeA
E[ (X = Xalh™) Aomsa | =E[ D2 Islep(X™) lns2 Aoms2 ]
BeB(A)
2T
FE[ 3 (XI5 — cp XA Ipmea Awmaa] = OaD +). (100
BeA
Furthermore,
2T
ZE[(XT, = X !5 (Aomit — Aomiz) | = O(A0% ), (A11)

For the above result we divide the expected value into three parts with equation (A.9). Firstly

ZE[ Y 1plep (X ng2 Aom1 ]

BeB(A)
= %E[( Y sXniDlmz+ Y loplcopn X 2+ Y 1(1,5)[C<1,ﬁ)(X,m’x)]m+z)Awm+1]
BeB(A) BeB(A) BEB(A)
= O((AD 1), (A12)
secondly
2T
%E[ Z (Cﬂ (Xmiy) —cp (X;ﬁﬂyxﬁ Igmi2 (Awmi1 — Aa)m+2)] =O((ADYw T, (A13)
BeA\ay

and thirdly

ZE[ Y taleaX™lni1Aomi | = FE[ Y Isles (XM lns2 Aoz |
aeB(A) BeB(A)

= %E[( > ca®lamit + 10.0)[C0.0) X™)Ims1 + 1. Cae) (XT’X)]mH)Ame]
aeB(A)
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= ZE[( Y cplpmez +lolco.n X ™ mialpms2 + 1l X" i1 lpmia
BeB(A)
+ Lo,plco,p(X™) ms2 + 1(1,;3)[C(l,ﬁ)(X?n'X)]m+2)Awm+2]
— O((AHY™ +1). (A14)

Note that in the above equation the terms ¢y (X)Ig,m+1 and cg(x)Ig m42 cancel out.
The Taylor series of function h(t;2,X) in x gives

o0
1 4
h(tns2. Xipiy) = sz, Xp 3 = (<D 37 ZhO . Xl) (X, = Xpi57) - (A15)

By using the strong error result

me X xAmx l] — O((At)15Y (A16)

m+2

for ¢ > 2 and formula (4.2) for £ =1, we find

E[h(tm+2, XY~ h(tmsa, x,ﬁf;")] — O((A)YW +1), (A17a)
E[ (htms2, Xipio) = hltmsz, Xn{3)) Aomr | = 0(a0" 1), (A17b)
E[ (httnsz, Xpi) = sz X3 ) Aomsz | = O(AOW ), (A17¢)

B[ (htms2, X = h(tni2, X 13 (Aomi1 — Aomsz) | = O(an% ), (A17d)

Remark A.1. For the Euler scheme we have

A={v,(0),(1)} and B(A) =({(1,1),(1,0),(0,1),(0,0)} (A18)
and for the Milstein scheme
A={v,(0),(1),(1,1)} and B(A) ={(1,0),(0,1),(0,0),(1,1,1),(0,1,1)}. (A19)

For the Euler and Milstein scheme the weak convergence rate y\f,T =2 is replaced by their weak convergence rates yvﬁ =1
and yM =1, respectively.
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