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Fixed Point Equations with Parameters
in the Projective Model
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Kruislaan 413, 1098 SJ Amsterdam, The Netherlands

Existence and uniqueness theorems are given for solving infinite and finite
systems of fixed point equations with parameters in the projective model (a natural
model in the calculus of communicating processes). The results obtained are derived
by exploiting the special topological and combinatorial properties of the projective
model and the polynomial operators defined on it. The topological methods
employed in the proofs of the existence and uniqueness theorems use a combination
of the following three ideas: compactness argument, density argument, and
Banach’s contraction principle. As a converse to the uniqueness theorem it is also
shown, using combinatorial methods, that in certain signatures guarded equations
are the only ones that have unique fixed points.  « 1987 Academic Press, Inc.

1. INTRODUCTION

There has been a lot of effort in the current literature to understand the
mathematical behavior of processes. Beginning with Milner’s (1980)
seminal work on “Calculus of Communicating Systems,” an attempt was
made to bring the provability of correctness of computer programs under a
solid mathematical foundation. In fact, one of Milner’s main contributions
is to regard the basic concepts of communication and parallelism as
algebraic in nature. Motivated from this, Bergstra and Klop gave an
axiomatic-algebraic framework for studying processes (see Bergstra and
Klop, 1986, for a survey introduction to their equational laws), which is
more easily amenable to formal analysis and mathematical proof
verification. In many respects their axiomatization constitutes a formal
analog of some basic concepts of Milner’s “Calculus of Communicating
Systems.”

* This research was carried out while the author was visiting the Computer Science
Department of the University of Amsterdam and it was partially supported by Esprit under
Contract 432, Meteor. I would like to thank all the participants of the P.AM. seminar for
their numerous comments. However, I am particularly indebted to J. Baeten, W. Bouma, and
J. W. Klop, whose valuable criticisms have guided me throughout my research on the present
paper. The comments of an anonymous referee helped in improving the presentation of the
proof of Theorem 1.6.
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Starting from a given set of atomic processes (or actions) one can assem-
ble large systems of processes. The atomic processes of such a system may
interact with one another, communicate, be executed in parallel, or even
lead to a deadlock (see Hoare, 1985). The experience accumulated from
studying the bahavior of processes has led to a set of equational laws (see
Bergstra and Klop, 1986). In the Table I the axioms of the theory of the
algebras of communicating processes are given (the reader is advised to
look in Bergstra and Klop (1986) for details and further discussion of the
axiom system, as well as to (Milner, 1980; Hoare, 1985) for a Justification
of the introduction of these equational rules.) The given signature of the
axiom system consists of: an atom q, for each ae 4, where 4 is the set of
atomic processes, + (alternative composition or sum), - (sequential com-
position or product), | (parallel composition or merge), || (left merge ), |
(communication merge), 0, (encapsulation, where H is a subset of the set A
of atoms), the atomic process ¢ (deadlock or failure), and the atomic
process t (silent or internal action). (Both t, § are atomic actions but since
they behave differently from the rest of the atomic processes it will be more
appropriate in the sequel not be considered members of the set 4.) The
axioms of process algebras are listed in Table I.

TABLE I

Axioms of Process Algebras

Busic axioms Merge axioms
x+y=y+x Xyr=yLx+x|Lr+xly
X+ (y+o)=(x+y)+z all x=a-x
X+x=x (a-x) | y=a-(x]y)
(x+y) z=x-z+y-z (x+ )L z=xLz+rlL:=
(x-p)z=x-(y-z) (a-x)|b=al|(b-x)=(a|b) -x
X+d=x (a-x)[(b-y)=(alb)-(x]ly)
d-x=0 (x+¥)z=x]|z+y|=
sHx+y)=zix 42y
T-axioms
Communication axioms
X-T=x
T X+X=T-X alb=bla
a-(t-x+y)=a-(t-x+y)+a-x (alb)lc=ual(b]c)
T x=t-x dla=9d
(tx)_y=1t-(x]))
Tlx=x|t=9 Encapsulation axioms

()l y=x|(x-y)=x]y o) =1

dyla)=aif aeH
Oyla)y=0dilae A-H
Fplx+ p)=Cy(x)+E4(y)
plx - y)=0p(x) -l ¥)




266 EVANGELOS KRANAKIS

The communication function |: A;X A; — As(where A4; consists of the
atoms in 4 including ¢) is initially defined only on atomic processes. Then
it is extended to all finite terms (including ) using the -, merge, and com-
munication axioms. In the absence of communication, axiom
xly=ylLx+x]|_ y+x|y should be replaced with the new axiom
xlly=ylLx+x]|_ y (ie., the absence of communication is interpreted
by the equation: x| y =4, for all x, y). The theory consisting of the first five
basic axioms together with the first four merge axioms is known as (basic)
process algebra and is abbreviated by PA. ACP, the algebra of com-
municating processes consists of the basic, merge, communication, and
encapsulation axioms. Finally, ACP, consists of ACP plus the t-axioms. As
usual, the universal quantifiers, which quantify the variables x, y, = in the
axioms in Table I are omitted. In addition, the letters «, b range over atoms
in A;. From now on and for the rest of the paper the process-product sign -
will be omitted.

In this axiomatic framework one can define the so-called term (or initial)
model 4, (=the set of all processes built up from the atomic processes
a€ A, including o, 7 if they belong to the signature, via the operations in
the given signature), as well as the models 4,, for each n > 0. More for-
mally, 4, is the least set S of finite strings such that S contains all the con-
stants of the given signature, and S is closed under the operations of the
given signature.

(The reader should be aware of all the possible signatures arising in the
present study; practically every subset of +, -, ||, L, |, 4, 0, 1, a (@€ A) is
a possible signature and hence it can give rise to a different term model 4,,.
It would be very cumbersome, however, to keep a different notation for 4,,
for each possible signature. Instead, it will be left to the reader to derive
from the context what the proper signature in each case is.) In addition, it
should be pointed out that if one thinks of the elements of 4, as finite trees
with edges labeled by atoms then A4, can be considered as consisting of
those trees in 4,, which have height at most n (see Bergstra and Klop,
1986, for more details).

Given any term ¢ in A,, and any positive integer n let (1), be the subtree
of ¢ of height at most » obtained from ¢ by deleting all those nodes which
are located at height bigger than n. In a sense. (-), can be considered as the
projection of the term model A4, onto the model A4,. Now the projective (or
standard) model, denoted by A” consists of all infinite sequences
(p1s P2y s Py ) such that p,e 4, and (p,, (), = p,. for all n>0.

In the study of the theory of concurrent processes one is particularly
interested in solving fixed point equations, ie., equations of the form
x=T(x), where T(x) is a (polynomial) operator built up from the atomic
processes, the variable x, and the operations of the given signature. Such
equations or even systems of equations are often used to implicitly describe
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he behavior of processes that arise naturally in the description of several
vell-known concepts in computer science, like stack, bag, counter. mutual
2xclusion, etc. (see Bergstra and Klop, 1986; Hoare, 1985, for a description
>f such concepts via the terminology of process algebras).

However, this methods of self-referential description of a process v
hrough the fixed point equation x= T(x) is meaningful only if it can be
suaranteed that x = T(x) has a unique solution, €.g., any process x is a
solution of x = x. To ensure the uniqueness of solutions of x = T(x) one is
ed to define the notion of guardedness. Intuitively, x is guarded in 7(x), if
svery occurrence of x in T(x) occurs within the scope of a subterm of T(x)
>f the form (... x...) (see Section 5 for a definition of the concept of guar-
ledness).

The following is an example of an infinite system of fixed point
:quations. For more examples of both infinite and finite systems the reader
s advised to consult (Bergstra and Klop, 1986; Hoare, 1985; Milner, 1980).

ExaMmPLE 1.1 (movements of an object on an infinite chess board). Let
‘he possible moves of an object moving on an infinite chess board be
1=up, d=down, [=left, r=right. For each integer n=..-2, —1I,
), 1,2, .., let x, be the behavior of the object when it is on the nth row.
Then the complete bahvior of the object can be described by the following
system of fixed point equations.

Xy =U- Xy +d"\—nH 1 +(l+r)'-\.n’

vhere n=..,—2, —1,0, [, 2,.. is an integer and the set of atomic processes
s A={u,d, L r}.

In general, one is particularly interested in establishing criteria that will
juarantee both the existence as well as the uniqueness of solutions of
systems of fixed point equations. For finite systems without parameters two
such theorems are given in Bergstra and Klop, 1986, 1987) for the above
nentioned projective model (in the signature +, -, ||, [L_, |, ¢, a (a€ A)).

THEOREM 1.1 (existence theorem). Every finite system
E=x,=Ti(xy,nx,) k=1 .,n}

f fixed point equations has a solution in (A™)".

Theorem 1.1 is stated in Bergstra and Klop, 1986, Theorem 1.1.9) only
‘or the signature +, - ||, |, @ (a€ 4). In addition, (Bergstra and Klop,
1982) provides a proof of the theorem for the case n= 1 and the signature
+.,+ 0, L, @« (ae A). The full statement of Theorem 1.1, as this is stated
ibove, was communicated to the author by J. W. Klop and will appear in a
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forthcoming revised version of (Bergstra and Klop, 1982). A similar
existence theorem for systems of arbitrary size (without parameters) has
recently been proved by R. J. Van Glabbeek for the case of the countably
branching graph model (and is implicitly mentioned in (Van Glabbeek,
1987).

THEOREM 1.2 (uniqueness theorem). Every finite system
S={x,=Tp(xy, . x,)ik=1,.,n}

of guarded fixed point equations has a unique solution in (A™)".

The present paper generalizes both of the above theorems in two direc-
tions: on the one hand it allows the systems to have parameters in the pro-
jective model and on the other hand it permits systems with a countable
number of fixed point equations. In the case of finite systems without
parameters the finiteness of the set 4 of atoms is not an issue; one can
assume, without loss of generality, that 4 is a finite set containing all the
atoms occurring in all the specifications of the given finite system of fixed
point equations. However, that situation is different in the case of a system
of fixed point equations with parameters. This is due to the fact that for
infinite 4 there exist processes in 4* with an infinite number of occurren-
ces of atoms, which can be parameters in a fixed point equation of the form
x=T(x), eg, p=l(a,,a,-as,..,4a,---a,,..), where a,,.,a,, .. is an
infinite list of mutually distinct atoms in A. In particular, the following
result will be proved.

THEOREM 1.3 (extended existence theorem; A is finite). Every countable
system

Z={x, =Tu(Xy, s Xpreys Pro oo Prii)): k=1, om0}
of fixed point equations with parameters p, .., p,,, ..€ A has a solution in
(A'K, )(I).

In the case of arbitrary A (i.e., posssibly infinite) the assertion of
Theorem 1.3 is only known for finite systems X, as this is stated in the next
theorem.

THEOREM 1.4. (extended existence theorem; A is arbitrary). Every finite
system

C={x,=T(Xy, s Xpps D1y D) k=1, ., 0}

of fixed point equations with parameters p,, ..., p,,€ A* has a solution in
(ACKJ )".
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As an immediate corollary of Theorem 1.4 one obtains, for arbitrary 4,
an existence theorem for countable, infinite, diagonal systems of fixed
points equations with parameters. (Call an arbitrary  system
2= {xp = Tp(X1, e Xohys Prs o Pogiy): k=1, ,m, .} of fixed point
equations diagonal, if for all k, n(k) <k.) Moreover, the notion of guarded-
ness given in (Bergstra and Klop, 1986) is generalized to include fixed
point equations with parameters. Guarded operators T(x) do not always
provide equations x = T(x) which have unique solutions in every model of
process algebra (pathological counterexamples are in fact easy to give).
However, it is one of the many interesting properties of the projective
model A™ that for the above mentioned full signature +, -, I 1L, 1, On, 6,
1, a (a€ A), which includes the silent action, one can prove the following

uniqueness result (notice the omission of the abstraction operator t,, which
is defined in op. cit.)

THEOREM 1.5 (extended uniqueness theorem; A is arbitrary). Every
countable system
2=, = Tp(X 1y s Xpkys Prs oo Py k=1, om0

of guarded fixed point equations with parameters p,, .., p,., .€ A* has a
unique solution in (4™)“.

This extends the previous results of (Bergstra and Klop, 1986; Rounds,
1985) by allowing 7 in the signature. In fact, the last theorem is proved for
arbitrary (even uncountable) systems of fixed point equations. However, it
appears that it is only the countable case which is applicable in practice.

The converse of the uniqueness theorem appears to be much more
intricate. In general, one is interested to know if the notion of guardedness
given in the paper fully captures all the specifications which have unique
solutions in the projective model. (Experience shows, e.g., see Chang and
Keisler, 1973, that results of this type are not very easy to prove.) To be
more specific the following partial converse to Theorem 1.5 is proved.

THEOREM 1.6 (converse of the uniqueness theorem). Let T(x) be an
operator in the signature +, -, |, |, a, (a€A) such that the equation
x = T(x) has a unique solution in A”. If A has an atom which does not occur
in the operatorT(x) then there exists a guarded operator S(x), without any
parameters other than the atomic processes in A, such that the equations
x=T(x), x=S(x) have exactly the same solution in A*. In addition, if A
has at least two distinct atoms then T(x) itself must be guarded.

The arrangement of the following sections is as follows: Section 2 gi.ves
all the preliminary results concerning the topological nature of the projec-

643/75/3-6
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tive model which will be used throughout the paper; Section 3 outlines the
three main ideas to be used for solving fixed equations with parameters;
Section 4 proves the existence theorems; Section 5 introduces the notion of
guarded equation, which includes the silent action and is to be used in the
proof of the uniqueness theorem in Section 6; in addition, Section 6 gives a
proof of the converse of the uniqueness theorem; Section 7 raises related
issues and discusses some open problems.

In addition, the results of the paper are stated and proved in the for-
malism of (Bergstra and Klop, 1986). This, however, is not necessary and
the formalism of either (Hoare, 1985 or Milner, 1980) could have been
used.

Remark on Notation. Throughout the present paper T(x, .., x,),
S(x,, .. X,,), etc., with or without subscripts and superscripts, will always
denote (polynomial) operators, i.e, terms built up from the variables
Xy, .., X,, the atoms in 4, and the operations of the given signature. More
formally, the set 4,,[x,, ..., x,,] of such polynomial operators is the least set
F of finite strings such that

F contains all the variables x,, ..., x,,
F contains all the constants of the given signature, and
F is closed under the operations of the given signature.

2. TOPOLOGY OF THE PROJECTIVE MODEL

Let A, be the term model defined in Section 1. It consists of all finite
terms modulo the equivalence relation determined by the corresponding
theory in the given signature. In addition, let the projection function (-), be
defined as follows on 4 ,:

(a),=a,

(at),=a,

(at),=alt), i, for n>1,
(1+1), =), + (1),

(D=1

(11),=1(1),-

Notice that unlike 7, the atomic process § (deadlock) is treated just like
any other atom a€ A4 in the definition above. Let 4, = {(t),: 1€ 4,,}. The
projective model 4™ consists of all sequences ( p,, ..., P, ..) such that each
pn€A,and (p,.,)n= P, for all n>0. The operations are defined on 4™
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in a natural way; thus, following (Bergstra and Klop, 1986), if [J is any
binary operation on A4, one defines a new binary operation [1', which for
convenience will also be denoted by [J, as

(pl’ o pn’ ) D (‘hw ey qn’ ’)=((pl D (11)1’ R (pn D qn)na )

(The unitary operation @, is treated in a similar fashion.) The term model
A, can be embedded in a natural way in the projective model A*; to any
finite term ¢ associate the infinite sequence ((7),, ..., (¢),, ...). Because of this
it is identified with a subset of the projective model (this also explains the
convention above to use the same symbol for the corresponding operations
in A,, A”). Extend the projection functions to 4™ by defining (p), = p,,
forall p=(p,, .., Py,-.)€A* and all n>0. For any two distinct elements
p, q of A™ let k(p, ¢)=the least n> 0 such that (p), is not equal to (g),,.
This definition makes it possible to endow 4* with a metric space struc-
ture. Indeed, define the distance d( p, g) between p, g by

2—1\'([7.4) lf p__’éq

“““z{o it p=gq.

This metric, due to Hausdorff, was used by Arnold and Nivat (1980) in
the context of “denotational semantics of concurrency.” An essentially
equivalent metric was also defined by de Bakker and Zucker (1982). For
additional information and further properties of this metric the reader is
advised to consult (Lloyd, 1984; Rounds, 1985).

The following important result summarizes all the basic properties of the
metric space (4, d) and will be used frequently in the sequel. Its proof is
omitted, but the interested reader can find the essential details in (Lloyd,
1984; Arnold and Nivat, 1980).

THEOREM 2.1 (in the signature +, - |,.l|, 2y, 0,T,a (a€A)).
(i) (A™,d) is an ultrametric space, ie., it satisfies the following three
properties for all elements p, q,re A",

(a) d(p,q)=0if and only if p=gq,
(b) d(p,q)=dlq, p),
(¢) d(p,q)<max{d(p,r),d(r,q)}
(ii) p = p if and only if Yn3Im Yk =m [(p*)),=(p),]-
(iil) (A™,d) is the metric completion of the metric space (A, d'),
where d' is the restriction of d on A,,.
(iv) For all peA™ and each n>0, d(p,(p),)<2 ". Hence,
lim"") b (p)n=p'
(v) The operations (-),: A™ — A, are continuous.
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The forthcoming results of the paper will require a finer analysis of the
relationship between the algebraic and topological structure of 4*. The
signature of the next few results (unless otherwise specified) is +, -, ||,1L_, |,
Ou, 0, T, a (ae A).

Lemma 2.2 (Bergstra and Klop). For any process pe A* and any
pOSitiUé’ in[(?gers n, m, ((p)n)m = (p)min{n, mj-

Proof. 1Tt is enough to show that ((¢),),, = (4)min(n » holds for all finite
terms ue A, (the lemma will then follow from the continuity of (-), by
passing to the limit and using the fact that 4, is dense in 4™ ). The proof is
by induction on the length of the given term w. The result is obviously true
at the initial step of the induction. Next, write u as a finite sum

u=Yy au;+y w,+y b+,
i r 7

where a,, b,e A; are atomic processes and u,, v, are finite terms. In the
representaton of u above some sums may be empty, in which case they are
set equal to 4, and the single summand t may or may not be missing (in
the presence of the single summand 7, however, the next to the last sum-
mand is not necessary since b,7=5b; and sums of this type are included in
the first summand). Then it is true that

((u)n)m = ((Z aiui+z TU, +Z b/+ T) )

m

= (Z ai(ui)n -1 + Z T(U,),,)

=Z ai((ui)nf l)mf 1 +ZT(UF)fI)171+Zb/+T

+Zb},+r
i

m

= Z ai(ui)min(n -1, m - l)+ Z T(Ur)min(n, n) + Z b/ +71
i r 7

- (u)min{n, mi
This completes the proof of the lemma. |
LEMMA 2.3. Let [ (resp.d,) denote any of the binary (resp. unary)

operations in the signature +, -, |, L, |, 04, a (a€ A). Then for any p,
g€ A™ and any integer n the following equalities hold:

(P D q)n=((p)n D (q)n)nv (aﬂ(p))n= (aH((p)'l))r:'



FIXED POINT EQUATIONS 273

.Proof. As before it is enough to prove the assertion of the lemma for
finite terms u, ve 4, (the lemma will then follow by passing to the limit
using the fact that A, is dense in 4”). The proof is tedious but
straightfor\yard and can be given by induction on the construction of the
terms u, v simultaneously for all the operations in the given signature: it is
similar to the proof of Lemma22 and is left as an exercise to the
reader.

As an immediate corollary it can be shown that

LEMMA 24 Le_t L) (resp. @y) denote any of the binary (resp. unary)
operations in the signature +, - ||, |, |, &,. a (ae A). Then Jor any p, p,,
g, 4, € A" the following inequalities hold:

dip Ul py, g q)<max{d(p, q),dp,.q,).
d(dy(p), 0;{(¢1))<¢[(P, q).

Consequently,  for any operator T(x,, .. x,) and any Diven D
Gis o gp€A”,

d( T(plﬂ S pn)’ T(ql LR qu)) < max{d(plﬂ q )’ e d( Pus qu)}"

Proof. The second part of the lemma concerning operators is an
immediate consequence of the first part using induction on the construction
of the operator T. To prove the first part put k=k(p,¢g) k, =
k(py,q,), s=min{k, k,}. Then it is immediate that for all i<s, (p), = (g),
and (p,);=1(¢,);- Now it follows from Lemma 2.3 that (p [l p,), =
(¢ O g,), | and hence, s<k(p [J p,, g O q,), which completes the proof
of the lemma. |

In the sequel it will be useful to know exactly when the metric space
(A, d) is compact. In the full signature +, - [, L, |, Oy, 0, 7, a (a€ 4) it
is not compact as this is shown by the following example.

ExampLE 2.5 (J. W. Klop, unpublished). In the presence of t the
metric space (4, d) is not compact. To see this, construct a sequence |7,|
of finite processes such that for all n>m, t, is different from ¢, and
(t,),=t,. (Such a sequence can not have any convergent subsequence since
d(t,, t,,) =14, for n>m.) The first five members of the sequence are given by
to=a, t,=1a, t,=1, t;=t(a+1), t4=a+rta For higher indices one
defines by induction

[ _{T14k+i~~l lf i=1,3,
T Vakr it lacsios if i=0,2
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On the contrary, if t is not present in the signature then the space 4™
can be compact as the theorem below shows.

THEOREM 2.6 (In the full signature without t). (i) A is finite if and
only if (A™, d) is compact.
(i) In fact, if A is finite then (A*,d) must be topologically
homeomorphic to the Cantor set.

Proof. (i) (<) Assume on the contrary that A is infinite and let
a,, .., a,, . be an infinite sequence of pairwise distinct atoms in 4. Then the
sequence {«,} cannot have any convergent subsequence since d(a,, a,,) =3,
for n > m. Clearly, this is a contradiction.

(=) Since 7 is not in the signature and A is finite each A4, is finite and
hence compact. It follows that 4™ is compact, as the projective limit of
compact spaces (see Dugundji, 1966, p. 429).

(i1) This is immediate from (Rinow, 1975, p.223). A more direct
proof can be given along the following lines. For each ue A, let
Cluy={peA”:(p),=u, for some integer n>0} and let n(u) = the least n
such that (u),=u. It can be shown that {C(u):ue 4,,} is a family of non-
empty subsets of 4* such that for all u, ve 4,, exactly one of the following
three conditions holds:

Clu)s C(v), C(v) s C(u), Cluyn C(v) = .

Moreover, each C(u) is the (finite) disjoint intersection of those sets C(v)
such that n(v)=n(u)+1 and (v),,,=u. Finally, the homeomorphism
between A~ and the Cantor set can be constructed as in (Dieudonné, 1968,
p. 84). Details are left to the reader. |

3. SOLVING EQUATIONS WITH PARAMETERS

Suppose that it is desired to find a solution to an equation of the form
x=T(x). If the operator T(x) is contractive (see Idea 3.3 below) then for
any element ge A=, lim, , ., T"(q) (where T" is the nth iterate of T) is the
unique solution of the equation x = T(x). However, if T(x) is not contrac-
tive then Banach’s contraction principle does not apply. Thus, one is faced
with the problem of finding solutions to x= T(x) for an arbitrary (not
necessarily contractive) operator T(x). Motivated by Banach’s contraction
principle one is tempted to prove that for any ge 4, lim, _ ., T"(q) is a
solution of the above mentioned equation. In fact, this idea works. An out-
line of the idea of the combinatorial proof, due to (Bergstra and Klop,
1982), is as follows. Let g be an arbitrary element of 4. One shows by
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induction on m that the sequence {7"(q)),,: n =0} is constant, for all but a
finite number of n’s. This is done by induction on the construction of the
operator 77 to handle the operation +, which is also the most complex
case, one needs to use Konig's infinity lemma (i.e., any infinite, finite
branching tree has an infinite branch). For more details the reader should
consult (Bergstra and Klop, 1982).

Now suppose that it is required to solve fixed point equations of the
form x=T(x, p), where pe A* is a parameter and T(x, y) is an operator
in A,[x, y]. Depending on the topological properties of the space (4, d)
and the topological structure of the operator T one of the following ideas
can be used.

Idea 3.1: Compactness Argument

For each positive integer n consider the fixed point equation
x=T(x, (p),)- Each such equation has a solution in 4~ (by the existence
theorem 1.1), say x,, such that x,=T(x,, (p),). However, if 4” is com-
pact then the sequence {x,} must have a convergent subsequence, say
{X,,}» such that lim,  , x,,,=xeA4”. But it is clear from the continuity
of the operator that

x=lim x4,
k — x
= Alnnx T(xn(k)’ (p)n(k))
= T( llm xn(k)’ hm (p)n(k))
k — o k = 2

=T(x, p).

Thus, the limit point x is the desired solution of the given fixed point
equation.

The main limitation of this method is that it works only in the case
where the metric space (4™, d) is compact (this makes it impossible to use
this idea in the case of an infinite set 4 of atoms or even include t to the
signature).

Idea 3.2: Density Argument

For each re 4, let T, be the operator obtained from T by substituting
each occurrence of the variable y in T(x, y) by t. The solution of the
equation x = T(x, t) is obtained as the limit of the sequence {7%(a)}, where
a is any atom and T" is the nth iteration of the operator T, (the existence of
this limit is guaranteed by the main result of (Bergstra and Klop, 1982), as
this was mentioned at the beginning of this section). Let 0,:4,— A~ be
the function defined by

t—o.(t)= lim T?(a).

n— X
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It can be shown that the function ¢, is uniformly continuous; in fact, the
claim below states that it is nonexpansive.

CraM.  d(o(u), c{(v))<d(u,v), for all u,ve 4,,.

Proof of the Claim. Using the continuity of the distance function d one
obtains that

d(o{(u), a4(v))= lim d(T;(a), T(a)) < d(u,v),

n—

which proves the claim.

Thus, ¢, is a uniformly continuous mapping from the dense subset 4,, of
A~ into the complete metric space A *. It follows that o, can be extended
by continuity (see Dieudonné, 1968) to a continuous mapping w;:
A* - A*. Moreover, for any ped”™ it is true that w,(p)=
lim, ,, o,((p),). Now it is possible to find a fixed point of the original
equation. Indeed, ¢ {(p),)= T(a{(p),). (p),), for all n>0. Using the con-
tinuity of the operator T and passing to the limit as n — oo it follows that

o p)=T(wp) p)

as desired.

The main advantage of this method is that it works for any arbitrary set
of atomic actions (i.e., finite or infinite). In fact, one uses only the density of
A, (in 4*) as well as the completeness of the metric space 4™. Its main
disadvantage, compared to the compactness argument, is that one must
have a priori a uniform way of obtaining solutions of the equations
x=T(x, t) (ie., uniform in t) as indeed was the case described above.

Idea 3.3: Banach’s Contraction Principle

Any operator T(x, p) (with parameter p e A™) determines a continuous
(in fact, nonexpansive) mapping x — T(x, p) from A* into 4™ (see
Lemma 2.4). In case it is a contraction, i.e., there exists a constant 1 >¢ >0
such that d(T(x, p), T(y, p))<c-d(x, y), for all x, ye 4, one can find
fixed points by simply iterating the operator. (An operator satisfying the
above property is called contractive.) It follows from Banach’s contraction
principle (see Dugundji and Granas, 1982) that for any ¢geA™,
lim, _, .. T7"(q, p) is the unique fixed point of the equation x = T(x, p). For
a more extensive discussion of the use of Banach’s contraction principle in
the theory of concurrent processes the reader is advised to consult (Lloyd,
1984; Rounds, 1985).

An extension of the three ideas considered above will be used extensively
in the sequel in order to solve arbitrary systems of fixed point equations
with parameters in 4™.
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4. EXISTENCE THEOREMS IN THE PROJECTIVE MODEL

This section includes the complete proofs of Theorems 1.3 and 1.4. In the
case of Theorem 1.3, it will be convenient to handle first countable systems
without parameters; the general theorem will then follow by applying a
compactness argument as in Idea 3.1. It is well known that the Tychonoff
product (A )* of countably many copies of 4~ is compact, if 4* is com-
pact. This can be seen by defining a new metric d, on (4 )“ as

o

1
dl(x’ )’)= Z Fd(xna )"n),
n=1

where x=(x,:n=1), y=(y,:n=z1)e(4*)” (see Dieudonné, 1968).
Returning to the proof of Theorem 1.3 the following lemma, which is a
nonparametric version of Theorem 1.3, can be proved.

LemMMA 4.1 (A4 is finite). Every countable system (without parameters)

Z= ‘{.\‘k = Tk(x] 9 meey Xn(k)): I\ > O}

has a solution in (A ™).

Proof.  Without loss of generality it can be assumed that each n(k) = k.
Let ae A be an arbitrary but fixed atomic process. For each positive
integer m consider the following finite system 2, of m fixed point
equations:

Xy =T(X 1,0y Xp1)s Ay ey @)

Xy =TH(X ), s X, 2y Ay ey )

Xp=T, (X, X dy ..., d),

> vrm(m)o
where for each k> m,

nk) if n(k)<m
""(k)z{m it n(k)>m

and the number of a’s occurring in the kth equation is m —r,,(k) (in other
words, one replaces each occurrence of the variables x, )4 15 - X, DY @).
Thus, r,,(m) = m, for all m. Theorem 1.1 implies that each system 2, has a
solution, say $, ., . S, such that for all k=1,..,m,

Sk, m= Tk(sl,m’ ey sr,,,(k). ms Qs vy a)-
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For each m let s, denote the infinite SEQUENCE (S| s s Spor. s Gs cory Ay o)
Since A~ is compact so is (4*)®. It follows that the sequence {s,,} has a
convergent subsequence, say

Songiy > U= (U cory Upys )5 as i— oo.
By the definition of s,, it is true that for all integers / and all k =1, ..., m(i),
Skeomiy = Tk(S1m(iys w05 Sk, m(iys @s +oes @)-

Now fix the integer k. Then there exists an integer i, such that for all /> i,
m(i) = n(k), and hence r,,;,(k)=n(k). Thus, the above equation becomes

Sk, mii) = T 1 (S 1, miiy> =+ Snik), miys @o wees a).

Using the continuity of 7, and passing to the limit as i — oo one easily
obtains that

ue=Tp(uy, oy Upi))-

This completes the proof of the lemma. [

Proof of Theorem 1.3. Let 2 be the system of Theorem 1.3. For each
integer r consider the countably infinite system X, given by the equations

Xp =T (X1 s Xp1)s (P1)rs s (Ponc1)) e s
X2: Tl(xl’ seey xn(Z)’ (pl)ra (i) (pm(Z))r)a

xk = Tk(xl LIRLE) xn(k)’ (pl)ra wey (pm(ki)r)5

Each X', is a countable system of fixed point equations without parameters.
Hence, Lemma 4.1 applies to each X,. For each r, let s, =(s,,, ... Sx. > ---)
be a solution of the system X, ie., for all integers &, r, it is true that

Sk.r= T/\'(Sl,n ey Sn(k),r7 (pl)r’ sey (pm(k))r)'

Using the compactness of the Tychonoff product space (4%)*, it follows
that the sequence {s,} has a convergent subsequence,

Spy U= (U, e Uy, ),

as i - o0. Let k be fixed. It follows from the definition of s, that for all
integers |,

Seortty = Tr(S 1, riys o Xntio), iy (D) riiys o (Prmiry) r(i)).
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Passing to the limit as i — oo and using the continuity of the operator T,
one easily obtains that

uk = Tk(“l 3 ey un(k)’ pl’ s pm(k})*
This completes the proof of Theorem 1.3. §

Proof of Theorem 1.4. Let X be the system of Theorem 1.4. For each

. 1,€ A, and each positive integer i =1, ..., n define the functions

6 (A)"T =2 ATty 1) 2 T s L) =klim i k(s 1),
I &

where the sequence o,,(¢,, .., ,,) 1s defined by induction on k as follows
(for simplicity put t=(t,, .., t,,)):

o.olty=a,  (k=1,.,n),
i (=T (0 ( (1), oy 0, 4 (1), 1),
Ciiiat)=Te, (0 4y (1) ey 0 (1) 041 1)y s 0, k(1) 1) (K=0),

where 0<i<n and ae A4 is a fixed atomic process. (The proof of the
existence of the limit lim, _, , o,,(¢) will appear in a revised version of
(Bergstra and Klop, 1982)). It is clear that for all i, k there exists an
operator S; (U, ..., U,, Uy, .., ,,) such that for all ¢,

Gk ()=81 k(o ((1)s s 0 4 (2), O g1 (1)s ooy 0 (0)5 ).

The proof is by induction on I; for each i one proves the assertion above in
succession for i=1, i=2, .., i=n. Just as in Section 3 it can be shown that
the functions o, are uniformly continuous (in fact they are nonexpansive).
Hence, each o, can be extended to a uniformly continuous mapping
w;: (A*)" — A™. The rest of the details are as in Idea 3.2 and are left to
the reader. This completes the proof of Theorem 1.4. |}

Recall from the introduction that a system X = {x;,= Tu(X{, «, Xp1s
Pis oo Poiky: k >0} is diagonal, if for all k, n(k)<k. As an immediate
corollary of Theorem 1.4 one can also show that

COROLLARY 4.2 (existence theorem for diagonal systems; A is
arbitrary). Every countable diagonal system

- =)
Y=, =To(X ), e Xps Pisvoos Py K> 074,

of fixed point equations with parameters p, .., p,..€ A” has a solution in
(A% )(I)'
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Proof. By Theorem 1.4, x, =T (X,, Pi, - Pm(1)) has a solution, say s,.
Apply Theorem 1.4 once more to find a solution of x,=
T\ (S1, X2u Py s P2))» S8Y S2. Proceed in this fashion to obtain a solution
(S(s . Sz, ...) Of the system Z. This completes the proof of the corollary. J

5. GUARDED EQUATIONS

It will be proved in the sequel that a sufficient condition for a fixed point
equation to have a unique solution is to be guarded. This last concept will
be made precise in the sequel. However, in order to obtain the most general
definition of guardedness it will be necessary to define first the notion of
guard (see also Hoare, 1985, p. 28).

DEFINITION 5.1 (in the signature +, - ||, [, |, 04, 3, 7, a (a€ A)). Call
ge A* a guard if and only if every finite branch of (the tree corresponding
to) g has an edge which is labeled with an atomic process other than t.

The definition above arises from the following informal observation. To
obtain a uniqueness theorem for fixed point equations one is tempted to
consider fixed point equations of the form x = T(x) such that T(x) is con-
tractive. Clearly, by Lemma 2.4, T(x) is not distance increasing (at least in
the signature +, -, [, L, |, Oy, 9, T, a (a€ A)). Since an operator 7T is built
up from the signature +, -, |, |L_, |, @y, 9, 7, @ (a € A) and the variable x, it
is apparent that one must first search for a distance contraction principle
for the nontrivial operators of minimal length. Such terms are’ of the form
gv, where g is a parameter and v is a variable (the operators tv, gllv, g | v,
g| v, etc. are also of minimal length but cannot be considered guarded since
they lead to fixed point equations which do not necessarily have unique
solutions in the projective model). Hence, one is lead to define g to be a
guard if and only if for all x, yed”, d(gx, gy)<i-d(x,y) (see
Definition 5.1 and Lemma 5.2(i)). It follows from Banach’s contraction
principle and the completeness of the metric space (4, d) that the fixed
point equation v = gv has a unique solution, if g is a guard. Now it is an
immediate consequence of the definition that the following result holds.

LEMMA 5.2 (in the signature +, - ||, L, |, 0y, 9, 7, a (a€ A)). (1) gis
a guard if and only if d(gx, gy)<3-d(x, y), for all x, ye A™.

(i) If g\, g,€ A" are guards then so are g, + g,, g, -x (for any
xeAd”) g8 81 L &2 81182, Oul &)

Proof. (1) (<) Assume g is not a guard. Then g has a finite branch
all of whose edges are labeled with the atom <. It follows from the
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definition of (-), and the axiom on left distributivity that the inequality
d(gx, gr)<3-d(x, y), cannot be true for all x, ye 4*, which is a con-
tradiction.

(=) If g has no finite branch then gx=g, for all xe 4*, and hence
d(gx, gv)=0, for all x, ye A™. Assume that g has finite branches. Since in
forming the product gx the process x can only be appended to finite
branches of g it is clear that d(gx, gy)<i-d(x, v), for all x, ye 4”.

(i1) This is straightforward by considering the graphs corresponding

to the processes g, + g, &, -x (for any xe 4™), g,[ 2., g, L 225 21122,
04(g,) (see also Bergstra and Klop, 1986). |

Now it is possible to define the notion of guarded operator.

DEFINITION 5.3 (in the signature +, - |, L., |, @y d, 1T, a
(ae A)). Suppose that T(v,, ..., v,, P, ... Py) IS an operator with variables
vy, ... v, and parameters p, .., p,,e A”. Call T guarded if the following
conditions hold:

(i) T=p, whereped” u{p,,..,p,} isa guard.
(i) T=pv,, where pe 4” U lp,,..,p,} isa guard.
(i) T=T,-T,, where T, is guarded.
(iv) T=T,+T,or T=T,|Tyor T=T,|| T,or T=T,|T,, where
both operators T, T, are guarded.
(v) T=0x(T,), where T, is guarded.

Remark. As in (Baeten, Bergstra and Klop, 1984) one might be
tempted to call T(v,, .., v,, p|, .., p,,) guarded if for any occurrence of a
variable v, in T, the operator T has a subterm of the form p-T’, where
pEA* U{p,, . Pm} 15 @ guard, and this occurrence of v, occurs in T.
However, it is easy to show by induction on the construction of operators
that every operator guarded in this sense will also be guarded in the sense
of Definition 5.3.

LEmMMA 5.4 (in the signature +, - |, |, |. 84, 6, 7, a (ae A)). For any
guarded operator T(vy, .., 0,, Py, Py) With variables v,,.., v, and
parameters py, ..., p,€ A" and any x|, ... X, € A", T(X |, ey Xps D1y oy Pon) IS
a guard.

Proof. The proof is by induction on the construction of T using part
(ii) of Lemma 5.2. |
6. UNIQUENESS THEOREMS IN THE PROJECTIVE MODEL

The main lemma used in proving the uniqueness of the solutions of a
system of guarded fixed point equations is given below.
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LEMMA 6.1 (in the signature +, -, ||, |, |, 0y, 0, T, a (¢ € A)). For any
guarded operator T(vy, .., U, Py D) With variables v, ..,v, and
parameters py, .., p, €A and any Xy, .., X,y V5w V€A™,

n

d(T(X‘ LIRS ] X,,, pl’ e pm)’ T(yl’ s Vo pl’ R Pm))
g%'max{d(xl? yl)’ A d(‘xn’ yn)}'

Proof. Let x,y, p be abbreviations for the sequences x,.., x,,
Vis o Vus Pis s P Tespectively. The proof is by induction on the con-
struction of the operator T. The result is clear if 7" is of one of the forms p
or pv,, where p is a guard. If T is of one of the forms T, +T,, T,|T,,
T, |l T,, T,|T, then by the definition of guardedness both 7', and T, are
guarded. Hence, it follows from the induction hypothesis that

d(T(x, p), Ty, p)) <max{d(T\(x, p), T\(y, p)), d(Tx(x, p), To(», p))}
= % . max{d(xl’ yl)v s d(x;n yn)}'

The case 0 ,,(7T),) is similar. It remains to consider the case T=T, T,, where
T, is (but T, does not have to be) guarded. Now it is clear that

d(T(x, p), T(y, p))=max{d(T(x, p) Ta(x, p), To(y, P) T3, P))}
=d(glul’ gZuZ)’

where g, =T,(x, p), u;=Tsx, p), g =Ty, p) and wu,=T(y, p).
However, Lemma 5.4 implies that both g,, g, are guards. Hence, the result
will follow from the following claim.

CLaM.  d(gu,, g u;) <max{d(g,, g2). (3)-d(u,, us)}.

Assuming the claim, the remaining proof is easy. Indeed, using
Lemma 2.4 and the induction hypothesis:

d(T(x, p), T(y, p)) =d(guy, g:u>)
<max{d(g,, &) 3d(u,, us)}
=max{d(T,(x, p), T\(y, p)), 3d(Ts(x, p), To(y, p))}
<imax{d(x,, ), e d(x,, yu)}.

Proof of the Claim. Using part (i) of Lemma 5.2 and the fact that d is
an ultrametric it is easy to show that

d(gu,, gzuz)Smax{d(glu,, g1us), d( g uy, gz“z)}
=max{d(g,, £2), %d(ul’ Uz)}~

This completes the proof of the lemma.
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THEOREM 6.2 (uniqueness theorem, in +, - |, L. |, &, 0, T, a
(ae A)). Let

S={v,=T(V,P)iel}

be an arbitrary system of guarded fixed point equations such that each V,

(resp. P;) is a finite set of variables (resp. parameters) in A* such that it is
true that

{viiely={]) (V:iel}.

iel
Then X has a unique fixed point in (A ™).

Proof. Consider the matric space (E, D)= ((4*)’, D), where the metric
D is defined as

D(X, Y)=supremum{d(x,, y;):iel},

for X=(x,2iel), Y=(y;:iel). The proof of the theorem uses the follow-
ing claim.

CrLAaM. (E, D) is a complete metric space.

Proof of the Claim. This is in fact a rather general and well-known
result: a product of complete metric spaces with the “sup” metric, is complete.
But here is the proof, for the sake of completeness. Let {X,} be a Cauchy
sequence and let X, = (x, ;:ie[), Given € >0, let n, be an integer such
that for all n, m = n,,

D(X,, X,)=supremum{d(x, ;, x,, ):iel} <e

It follows that for each i e I the sequence {x, ;} is a Cauchy sequence in the
metric space (4 ”, d). By completeness of this last metric space, for each
iel the sequence {x, ;} has a limit point, say x;. Put X=(x,:iel). It is
now easy to show that lim, , , X,= X, in the metric D, which proves the
claim.

To finish the proof of the theorem notice that the function 7: E— E
defined by

X T(X)=(T(X,, P):iel),

where for each iel, X;={x,:v,€V,}, is a contraction. Clearly, this last
assertion is an immediate consequence of the definition of D and
Lemma 6.1. This completes the proof of the theorem. |
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It is essential to note that the abstraction operator t, is not included in
the signature of the statement of Theorem 6.2, otherwise the theorem is
false as the following example shows.

ExampLE 6.3 (C. A. R. Hoare, and J. W. Klop). Equation x =ar,,(x)
has more than one solution in {a, b}*, e.g., any x of the form x=ay,
where y= 5", and n> 1.

The last part of this section will be dedicated to a proof of the converse
of the uniqueness theorem.

Proof of Theorem 1.6. Without loss of generality it can be assumed that
| does not occur in the operator 7 (this is because x| y=x | y+ » L x,
in the absence of communication). After some rewritings using the axioms
of process algebras it becomes clear that T(x) must be the sum of terms of
the forms:

(1) a-r(x),

(i) x-15(x),

(i) x|l 75(x),

(iv) aq,

(v) x,
where the atoms ¢ in (i) and (iv) range over a certain finite subset B of A
and the terms ¢,(x), #,(x), 75(x) are operators (and some category of sum-
mands might be missing from the sum above). The proof is naturally

divided into two parts. The first part shows how to reduce the theorem to
the case 8= ¢J. The second part handles the case B= .

Part 1: Reduction to B= . It can be assumed that B # A, since by the
hypothesis of the theorem there is at least one atom in 4 which does not
occur in 7. Without loss of generality it can also be assumed that at least
one type of terms among (ii), (iii), and (v) occurs as a summand of T(x),
otherwise the operator T is guarded. It is clear that for all xe 4™,

(T(x)), = Z a+(x);.

ae B

Now it is easy to show by induction on n, that for all xe 4 *,

(T"(x)), = Z a+(x),.

ae B

For any ge A4, let /(g)=1im, _ . T"(q) be the fixed point of x = T(x)
obtained from ¢ by iterating the operator T (see Bergstra and Klop, 1982).
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It is clear that for any g€ 4,,,

(Hg)) =Y a+(g),.

ue B

It follows that in order to obtain two different fixed points of x = T(x) it is
enough to find two finite terms p, ¢ such that the following two sums

Y a+(g). S a+(p),

ue B ue B

are distinct. If B were nonempty then the above observation would imply
that x=T(x) has at least two solutions, namely /( p), /(q), where

p=73 a g=>h,

ue B

with he A — B, which is a contradiction. Hence, without loss of generality it
can be assumed that B is empty.

Part 2. Handling the case B= . 1f A had at least two atoms, say a, b,
then by the above observation /(a) and /() would be distinct solutions of
x=T(x), which is also a contradiction. As a consequence, it can be
assumed that A consists of a single atom, say «, and the operator T(x) is
atom-free (i.e., the atom « does not occur in 7). The operator T is a finite
sum of terms of the form (ii), (iii), and (v) (since B= & terms of type (i)
and (iv) drop out). It will be shown that in fact the single summand x (i.e.,
of type (v)) cannot occur in 7. Indeed, assume otherwise. Since 4 = {a}, it
is clear that for all ye 4™, (y), =a. Moreover, (T(x)), equals a sum con-
sisting of summands of the form

(xX)2, ((x)2(12(x)) )2 = ((x)1a)3, ((x)a [ (15(x)) )2 = ((x)> L a),.

Using this, and the fact that (x), is a summand of (T(x)),, it follows that
for p=a® and g = a+ a* one can prove by induction on n that

(T"(p)),=d?, (T'(q)),=a+a>

Since (/(p)),=a* (l(q)),=a+a’, x=T(x) has at least two solutions,
namely /(a?), l(a + a?), which is a contradiction.

It follows that T(x) is a sum of operators of the form (ii) or (iii). In this
case it will be shown that the unique solution of x= T(x) must be a”.
Hence, there is a guarded operator S(x), namely S(x)=ax, such that
x=T(x) and x = S(x) have exactly the same fixed point. Let s be any fixed
point of T, i.e., s= T(s). It will be shown by induction on n that (s),=a".

643/75/3-7
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Since « is the unique atom in A, the result is clear for n =1. Assume the
result is true for n >0. Then (7(x)), ., is a sum of terms of the form

((.\'),, + 1([2('Y))r1 + 1 ((-\-)u+ 1 I.l.__ (’3(x))n)n+l'

In particular, since s is a solution of x= T(x), (s),,, is a sum of terms of
the form

((S)n + 1(,2(5‘))n)n +1» ((S)nJr 1 I.I_ ([3(5’))n)n + 19

and consequently all branches in the tree representation of the process s
must be infinite (here, use is made of the fact that x is not one of the sum-
mands in the representation of T(x) as a sum). By induction hypothesis
(s), =d". However, it is easy to show that every tree ¢ in {a},, all of whose
branches have length bigger than n must satisfy (¢),,,=«¢""". In par-
ticular, (s),,,=«¢""", and the inductive proof of the claim is complete.
This completes the proof of Theorem 1.6.

An immediate consequence of the proof of Theorem 1.6 is the following.

COROLLARY 6.4 (in the signature +, - ||, |, ¢« (¢€ A)). If the operator
T(x) is atom-free and the equation x = T(x) has a unique solution in {a}’
then its unique solution must be a®.

ExampPLE 6.5. Some examples of atom-free polynomial operators with
unique solutions in {a}” are: x=x", with n>1, x=x|x, etc. If in
addition, the atom ¢ were included in the signature then Corollary 6.4
would be false, since é would be a second solution of x = x".

7. DiscUSSION AND OPEN PROBLEMS

The proofs of Theorems 1.3, 1.4, and 1.5 are signature-free. In fact they
depend only on the statements of Theorems 1.1 and 1.2 and the topological
properties of 4”. However, the proof of Theorem 1.l is rather com-
binatorial in nature. It would be useful if one could prove Theorem 1.1
using Theorem 2.1(ii) and an appropriate fixed point theorem for the Can-
tor set, because the proof would be topological in nature and hence very
likely extendible to bigger signatures. Theorem 1.4 does not seem to be the
most general result one might hope to prove. For example, it is not known
if the theorem is true for infinite systems with an infinite alphabet A.

Theorem 1.6 is only an attempt to justify the fact that guarded equations
are the only ones which have unique fixed points. However, it is not known
if the result is true for systems of arbitrarily many equations or even in
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bigger signatures. The proof of Theorem 1.6 given here is combinatorial in
nature and hence its direct extension to arbitrary systems would most
likely be quite complex. It might be possible, however, to give a proof using
results from the theory of metric spaces (see Dugundji and Granas, 1982).
For example, the following interesting result about fixed points of
polynomial operators can be shown using the partial converse of Banach’s
contraction principle stated in (Bessaga, 1959): let T be a polynomial
operator; if for all #>0, 7"(x) has at most one fixed point (notice that no
existence of the fixed point of T"(x) is asserted) then 7(x) must have
exactly one fixed point. A direct, combinatorial proof of this result along
the lines of the proof of Theorem 1.6 would seem almost hopeless. A similar
result can also be proved using the deeper theorem given in (Janos, 1967).

RECEIVED June 18, 1986; ACCEPTED May 1987
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