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Chapter 1

Introduction

Many modern technologies generate and collect a large anudwlata that cannot be anymore ef-
ficiently processed by human beings. Machine learning, Bayeinference and information theory
are three important areas of research, all of them concesitacthe processing of data, that share
considerable overlap.

Machine learning, which generically and generally denat®s algorithm thatdaptsits output
from its inputs, is an increasingly important field in comguscience. The purpose of machine
learning is to use data to improve a performance elementwdetermines how the algorithm behaves
when given certain inputs. The performance element can kesaifier or the difference between the
target and a sampled distribution. By receiving feedbackhemperformance, the algorithms adapt.
Depending on the feedback, we have unsupervised and sspétearning. In supervised learning,
the algorithms receive inputs and outputs and search fdutiaion that efficiently maps the input to
the output. In unsupervised learning, an algorithm recedr@y the input data and uses a function to
extract useful information from the data. Machine learnggverlapping with statistics since both
study and analyze the data. Unlike statistics, machinailegiis concerned with the computational
complexity of its algorithms which should run on realistiongputers. Therefore, for intractable
NP-hard problems, machine learning proposes tractableo&jppative inference algorithms. Two
popular textbooks about machine learning algorithms arehi#li [67] and Alpaydin [2].

Bayesian inference is statistical inference where evidéacaprior knowledge) is used to update
or to newly infer the probability that a hypothesis may beetrBayesian inference uses a numerical
estimate of the degree of belief in a hypothesis before tite ldas been observed and calculates a
numerical estimate of the degree of belief in the hypothaftes data has been observed. Two text-
books about Bayesian Inference are Box and Tiao [11] andéyddd]. For example, the evidence
is some dataset and we test the hypothesis is that therergaaelationships between the variables
in the dataset. Or, the evidence consists of some samplesajed with a sampling algorithm, and
we use Bayesian inference to estimate some function of 8sseles. Machine learning algorithms
are often used with Bayesian inference for testing altéradtypothesis.

Information theory is a field of mathematics concerning tioeagye and transmission of data. The
data, in order to be sent, is compressed using few bits in auchnner that the receiver can recover
it, under the assumption that both sender and receiver atadhe the encoding. Compression is
possible in many real-world application, for example, dug@atterns, overlapping and noise. Some
advantages of using data compression are noise filterirttgrpaexploitation and resource saving.
An introduction into information theory we find in Shannor2]8 Information theory is to be quite
often used within machine learning algorithms; then, am@tlym is encoding in bits the input to
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be transformed in the output. For example, we assume thatatti@bles in a given dataset are not
independent: the encoding of the relationships betweewdtiables is more economical than just to
send the entire dataset to the receiver. Then, we can uséosrpance measure to search for the best
encoding. Such an example is the two parts Minimum Desorigdtength (MDL) function: with one
part we encode the regularities in the data from which weragbthe cost of encoding the data to
avoid overfitting.

Like the title, this thesis is thematically split in two partHere, we tackle two subjects that can
be considered subfields of the above three areas of reseasthine learning, Bayesian inference
and information theory. The first part is dedicated to a séonetion to discriminate between two
classifiers. Many real-life problems, such as medical disgnand troubleshooting of technical
equipment, can be viewed as a classification problem. Therestance described by a number
of features has to be classified in one of several distinctdpfened classes. For many of these
classification problems, instances of every-day problelvirsg are recorded in a dataset. Such a
dataset often contains regularities and includes moreffestor attributes, of the problem’s instances
than are strictly necessary for the classification task atlhdo represent the relationships between
the variables from the dataset, we use Bayesian networkifiéas - that are graphical models used
to represent the relationships between variables. We ysergsed machine learning algorithms
to search for the simplest Bayesian network classifiers it accurately represent the data. In
this part, we focus on designing the performance measureviuating these classifiers. For that,
we adapt a specific function from information theory: an MDdoe function. We use Bayesian
inference to verify if the relationships in the Bayesianwmk classifier correspond to the regularities
in the dataset.

In the second part, we investigate some sampling algoritfiinere are various real-world prob-
lems where the search space is huge and the distributiortloyeearch space has unknown proper-
ties. To estimate some function of interest of such distidloy we need some algorithm that explores
the search space and, in the same time, the properties ofdtniwation (e.g. how many and how
close are the important regions). In this part, we focus om toantegrate evolutionary inspired tech-
nigues (e.g. population, recombination and selectior) §amplers with the Markov property. We
use unsupervised machine learning algorithms to adapt #yethat we generate samples from the
desired distribution. The performance measure is now sdstertte measure between the given dis-
tribution and the sampled distribution by the algorithm. Wée Bayesian inference to estimate some
function of the samples generated by the algorithm. Sincaimeo design sampling algorithms that
generate few samples from which we are able to reconstradatiget distribution, we consider these
samplers belonging also to the Information Theory field.

However, these two parts are rather unrelated at the leastfaction which we approach them
here. Therefore, except for the introduction, we refer tcheaart separately.

1.1 The first part: conditional log-likelihood MDL

In the first part of this thesis, we propose and investigaetioperties of a conditional log-likelihood

Minimum Description Length (MDL) scoring function. We udgeais a performance measure for
learning from the instances of a dataset simple Bayesiamomnkclassifiers that correctly, but without

overfitting, predict the class variable given the otherales.

When constructing a classifier from the dataset, the moress tedundant features may bias
the classifier resulting in a relatively poor classificatmerformance. Furthermore, a classifier can
be subject to overfitting if in the Bayesian network classifi@ represent also the less important
relationships between the attributes. We evaluate théoakhips between the variables of the dataset
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using a MDL like score function.

For constructing a classifier, generally a heuristic alfponi is used that searches the space of
possible models for classifiers of high quality. For compaithe qualities of alternative classifiers,
we use a measure called the Minimum Description Length fatde Selection (MDL-FS) function,
closely related to the well-known Minimum Description Len@gMDL) function. The MDL function
is quite popular as quality measure for constructing Baresetworks. Whereas in Bayesian network
classifiers the class variable is the most important vagidhlBayesian networks all the variables are
considered equally important. Thus, unlike in the Bayesiatworks in general, in the Bayesian
network classifiers, the relationships between attribatesinterpreted in the presence of the class
variable. The function in essence weighs the complexity wioael against its ability to capture the
observed joint probability distribution.

In contrast, this conditional log-likelihood MDL, the MDES score, is adjusted to encode the
structure of Bayesian network classifiers focusing on tlas<hariable rather than on the other at-
tributes from the dataset. However, using the conditioogdlikelihood to learn Bayesian network
classifiers is generally known to be computationally infiel@s MDL-FS subtracts the encoding of the
Bayesian network over all the variables - that is the clasglbe and the other attributes - from the
encoding of the Bayesian network over the other attribukbss method is not only computationally
feasible but also exact when all the relationships betweeialves in the dataset are considered.

We test the proposed MDL score in a practical setting; we shaits performance is superior to
the standard MDL score and other methods in constructinglsiBayesian network classifiers. We
study the behavior of the MDL-FS function, in antithesishwiite behavior of the MDL function, in
learning the structure of selective Bayesian network diass from data. The first part of this thesis
is contained in Chapter 2, 3, and 4. In the following paragsape indicate the main contributions
this thesis brings in the conditional log-likelihood MDL main.

Definition of (noisy) redundant and irreduntant attributes. In Section 2.2, we provide a new
definition of the concept of redundant and irredundantiaites that is tailored to Bayesian network
classifiers since it is related to the types of dependendetirabe expressed by a classifier. In our
definition, we combat also the noise that is often presergahdatasets.

Design the MDL-FS score function.The MDL-FS function differs from the MDL function only
in that it encodes the conditional probability distributiover the class variable given the various
attributes. Upon using the function as a measure for comgdrie qualities of Bayesian network
classifiers, this conditional distribution has to be learfiemm the available data. Unfortunately,
learning a conditional distribution is generally acknoglded to be hard, since it does not decompose
over the graphical structure of a Bayesian network classiBedoes the joint distribution.

Our MDL-FS function in contrast approximates the condiéibdistribution by means of an aux-
iliary Bayesian network over the attributes which capture strongest relationships between the
attributes. With the function, both the structure of the 8sigin network classifier over all variables
involved and the structure of the auxiliary network are et using a less demanding generative
method. The conditional log-likelihood of the classifierisproximated by the difference between
the unconditional log-likelihood of the classifier and thglikelihood of the auxiliary network. Fur-
thermore, when we use all the information form the datasétam the Bayesian network classifier
and the auxiliary structure, we show that we perfectly mdtiel conditional log-likelihood. We
introduce this function in Section 3.1.

Analyze the feature selection behavior of the MDL-FS functbn. We show that, unlike the
MDL function, the MDL-FS function serves to identify rediartty and in essence is able to eliminate
redundant attributes from different types of Bayesian woekvelassifiers. In Section 3.2 and 3.3, we
show that the level of redundancy at which attributes amaiakted with the MDL-FS function is
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closely related to the complexity of the auxiliary netwosed.

Performant Bayesian network classifiers constructed with MDL-FS. In Section 3.1, we show
that for a fixed set of attributes, the MDL-FS function is eglént to the MDL function. The MDL-
FS function therefore inherits the tendency of the MDL fumcto result in good Bayesian network
classifiers.

In Section 3.4, we propose a variant of the MDL-FS score wlséh fact the difference between
the MDL score of a Bayesian network classifier and the MDL saafran auxiliary structure that
models the strongest relationships between attributegigUhis variant, the MDL-FS score is the
interplay between the (approximation of the) conditiomaj-likelihood term and the complexity of
the model that represents the conditional log-likelihotlikt is the complexity of the classifier from
which we subtract the complexity of the auxiliary structukowever, for the feature selection task
this score has a worse behavior than for the previous vasiané the complexity of the conditional
log-likelihood is larger than the complexity of the classifalone.

Experiments. To compare the feature-selection behavior of the MDL-FSMBUL functionsin a
practical setting, we conducted various experiments iti@e8.6 in which we used different learning
algorithms for constructing Naive Bayesian classifiers @A classifiers from various datasets.
Our results indicate that the MDL-FS function indeed is msuéed to the task of feature subset
selection than the MDL function as it yields classifiers ofngarably good or even significantly
better performance with fewer attributes. Furthermorengishe second variant of the MDL-FS
score we build performant selective TAN classifiers.

1.2 The second part: evolutionary MCMC

The Markov chain Monte Carlo (MCMC) framework is used for sdimy from complicated target
distributions (e.g. multi-variable distributions with mdinear correlations between dimensions) that
cannot be sampled with simpler, distribution specific, rodth However, there are many distributions
where a standard MCMC that does not exploit the propertigbefdistribution, performs poorly.
Ideally, an MCMC algorithm proposes individuals directtgrn the target distribution such that from
few samples we could recover the target distribution. Utnfoately, in practice, this is hardly the
case (if we would know the target distribution, we would need an EMCMC to sample from it).

To improve the efficiency of standard MCMC we can extend thdth techniques from Evolu-
tionary Computation (e.g. population, recombinationgsgbn). In the Evolutionary MCMC (EM-
CMC) framework, population-based MCMCs exchange inforamabetween the individual states,
such that at population level, they are still MCMCs. In tresearch work, we generate biased dis-
tributions using recombination operators that exploiatieinships — such as correlations and com-
monalities — present in the target distribution. In thisgperctive, the recombination operators adapt
the proposal distribution from the current population.he second part of this thesis, we investigate
how to use recombination and selection in MCMC to obtain iefficsamplers.

Like mutation operators, recombination operators havernmwedge about how fit or how likely
the individual states are. Therefore, as in standard MCM@pdiag, we need a mechanism — for
instance, an acceptance rule — to evaluate the suitabilttyeaewly generated individuals.

In the following paragraphs we specify the main contribagithis thesis brings to the (E)Y]MCMC
domain.

Designing recombination operators for EMCMCs. On one hand we want to “economically”
generate new individual states, and on the other hand we twaggnerate “good” individuals such
that the EMCMC algorithm is performing well.
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In the real-coded space, we use geometrical transforngtiomore specifically linear transfor-
mations like translation and rotation - of the parents irhddren to formally express our recom-
binations. In Section 6.2, we show that our framework gyeefitends the use of recombination
operators in EMCMC algorithms; we propose new recombimegithemes that exploit new types of
commonalities and relationships - for instance, corretati- between certain dimensions in the target
distribution. In our framework, the recombination operatonly require a linear computational effort
with the number of dimensions and parents.

We theoretically and experimentally study recombinatiperators as rotation, translation, and
scaling for simplex geometrical figures; we call these ofpesasimplex recombinations. A simplex
represents the simplest non-degenerate geometrical shapelimensional space; it consistsf 1
points and all their interconnecting line segments and gyl faces.

In Section 6.1, we propose and investigate the propertissioie discrete spaces recombination
operators.

Combining recombination and mutation operators. Recombination operators are mostly re-
ducible, which means that we cannot generate any state fngnotaer state in several steps. Such
a proposal distribution cannot be used with MCMCs. We show ttocombine recombination with
mutation to obtain irreducible proposal distributionsttban be used with MCMC. In Section 6.3 we
investigate the properties of such combinations of projdis&ibutions.

Designing acceptance rules for EMCMCsWe investigate the properties of recombinative and
non-recombinative EMCMCs where one candidate state casgjainst one of its parents with the
standard MH acceptance rule. We analytically show that ailadipn of independent MCMCs can
outperform the single chain MCMC on a toy problem. Also, wienadd recombination operators,
we show under what conditions the resulting algorithm cauged as a MCMC to sample from
the target distribution. This recombinative EMCMC is theghefficient algorithm we have tested
analytically and experimentally.

In general, to sample from the desired distribution thevittlials that interact through recombi-
nation also need to interact in the acceptance rule. Howsueh an acceptance rule has a negative
effect over the performance of an EMCMC as compared with taedard acceptance rule where
only one candidate individual competes against one parent.

Furthermore, the acceptance rules derived from the EClistedielection rules, result in elitist
acceptance rules that accept with a high probability the tvast fit parents and children which
disproportionately peaks the target distribution. We oalrthe height of these peaks, and thus the
mixing behavior, with a temperature scheduler attachetiédridividuals from the population such
that the higher the fitness the lower the attached temperats a result, the more fit individuals
remain longer in the population whereas with the less fit @meseplaced in order to further explore
the search space. We investigate these acceptance rulbaeC 7.

Examples. In Chapter 8, we compare the performance of (recombinaBMLMCs with the
standard MCMCs. For the real-coded space, we perform expets on two abstract mathematical
functions that model key properties of practical problenW§e compare recombinative and non-
recombinative EMCMC and SA algorithms oibbaary quadratic programming proble(@QP). The
results obtained show that recombination improves themgigf EMCMCs.

1.3 Discussion and future work

We conclude this thesis by gathering our final remarks in @rap0. We explore some possible
future developments for the two subjects we have discussed.
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Chapter 2

Preliminaries

Many real-life problems, such as medical diagnosis andolesiooting of technical equipment, can
be viewed as a classification problem, where an instanceideddy a number of features has to be
classified in one of several distinct pre-defined classes.nfamy of these classification problems,
instances of every-day problem solving are recorded in asgt Such a dataset often includes more
features, or attributes, of the problem’s instances tharstictly necessary for the classification task
at hand. When constructing a classifier from the datasetetheore or less redundant features may
bias the classifier and as a consequence may result in avedygpioor classification accuracy. By
constructing the classifier over just a subset of the feafuadess complex classifier is yielded that
tends to have a better generalisation performance [59ifgna minimum subset of features such
that the selective classifier constructed over this sulssepiimal for a given performance measure,
is known as théeature subset selectigagroblem. The feature subset selection problem unfortiyate
is NP-hard in general [9, 90]. For constructing selectiassifiers therefore, generally a heuristic
algorithm is employed. Such an algorithm searches the splpessible models for classifiers of
high quality. For comparing the qualities of alternativasdifiers, typically a quality measure is
employed.

In the first part of this thesis, we address the problem ofufeasubset selection in view of
Bayesian network classifiers. We begin by providing a newnitedn of the concept of redundancy
of attributes, where the redundancy is viewed within sorteed amount of noise in the data under
study. Several researchers have addressed the concemtunfdency to provide for studying the
performance of various algorithms for feature subset sieleén general [90, 13, 41, 47, 50, 51].
Our new definition of the concept allows us to study featulecsion for different types of Bayesian
network classifier more specifically. With our definition wistthguish between differer¢vels of
redundancyor an attribute by the cardinality of the (sub)sets of htites given which it is not useful
for the classification task. We will argue that these levdlsedundancy provide for relating the
problem of feature subset selection to the types of deperditiat can be expressed by a Bayesian
network classifier. By allowing noise for the various levyelar concept of redundancy provides for
studying feature selection in a practical setting.

For constructing a selective classifier, generally a h&aragorithm is used that searches the
space of possible models for classifiers of high quality.&se of its simplicity, its intuitive theoret-
ical foundation and its associated ease of computatiorMie function and its variants [10, 38, 42,
75] have become quite popular as quality measures for agrstg Bayesian networks from data,
and in fact for constructing Bayesian network classifies, [30]. The function in essence weighs
the complexity of a model against its ability to capture thserved probability distribution. While
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the MDL function and its variants are accepted as suitalbietfans for comparing the qualities of
alternative Bayesian networks, they are not without dstit when constructing Bayesian network
classifiers. The criticism focuses on the observation thatftinctions capture a joint probability
distribution over the variables of a classifier, while it ieetconditional distribution over the class
variable given the attributes that is of interest for thesslfication task [30, 55].

For comparing the qualities of alternative classifiers, wapse thévlinimum Description Length
for Feature SelectiofMDL-FS) function [21, 20]. The MDL-FS function is closelglated to the
well-known Minimum Description Length (MDL) function. ltiffiers from the MDL function only
in that it encodes the conditional probability distributiover the class variable given the various
attributes. Upon using the function as a measure for comgdtie qualities of Bayesian network
classifiers therefore, this conditional distribution hade learned from the available data. Unfor-
tunately, learning a conditional distribution is generaltknowledged to be hard, since it does not
decompose over the graphical structure of a Bayesian nktalassifier as does the joint distribu-
tion. For learning conditional distributions thereforesually iterative discriminative methods are
employed [37, 56, 79] which tend to be quite demanding fronorapmutational point of view. Our
MDL-FS function in contrast approximates the conditionatribution by means of an auxiliary
Bayesian network which captures the strongest relatigpisabetween the attributes. With the func-
tion, both the structure of the Bayesian network classifierall variables involved and the structure
of the auxiliary network over the attributes are learnedhgsa less demanding generative method.
The conditional log-likelihood of the classifier then is ampgmated by the difference between the
unconditional log-likelihood of the classifier and the llikelihood of the auxiliary network.

We study the feature-selection behaviour of the MDL-FS fiom; compared to that of the MDL
function, upon learning Bayesian network classifiers fromtad We show that, unlike the MDL
function, the MDL-FS function serves to identify redundgrand in essence is able to eliminate
redundant attributes from different types of Bayesian woekvelassifier. We show that the level of
redundancy at which attributes are eliminated with the ME& function is closely related to the
complexity of the auxiliary network used. We further showttfor a fixed set of attributes, the MDL-
FS function is equivalent to the MDL function. The MDL-FS fition therefore inherits the tendency
of the MDL function to result in good Bayesian network cléisss.

We propose a variant of the MDL-FS score which is in fact thiéedénce between the MDL
score of a Bayesian network classifier and the MDL score ofudiliary structure that models the
strongest relationships between attributes. Using thiswwg the MDL-FS score is the interplay be-
tween the (approximation of the) conditional log-likeldtbterm and the complexity of the model
that represents the conditional log-likelihood. Here, wesider that the complexity of the condi-
tional log-likelihood term is the complexity of the classiffrom which we subtract the complexity of
the auxiliary structure. We show that this variant of the MBE score is a sum of redundancy rela-
tionships within some allowed noise that depends on the tefity of the used Bayesian structures.
However, for the feature selection task this score has aenmedavior than for the previous variant
since the complexity of the conditional log-likelihood a&der than the complexity of the classifier
alone.

To compare the feature-selection behavior of the MDL-FS &zl functions in a practical
setting, we conducted various experiments in which we usiéerent learning algorithms for con-
structing Naive Bayesian classifiers and TAN classifiersnfi@rious datasets. Our results indicate
that the MDL-FS function indeed is more suited to the tasleatiire subset selection than the MDL
function as it yields classifiers of comparably good or evigmificantly better performance with
fewer attributes. Furthermore, using the second variath@fMDL-FS score we build performant
selective TAN classifiers.

The first part of the thesis is organised as follows. In Secid we provide some background on
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Bayesian networks and on Bayesian network classifiers nperafically; we further review the MDL
function and present our notational conventions. In Seci@ we introduce the problem of feature
subset selection and provide a formal definition of the cphoéredundancy. We introduce our new
MDL-FS function and study its relationship with the MDL furan in Section 3.1. In Section 3.2, we
investigate the feature-selection behavior of the MDL-&&ction in general and we compare it with
the behavior of the MDL function. In Section 3.3 we study hoMFS identifies and eliminates
redundant attributes at various levels for two Bayesiawagk classifiers commonly used in practice:
Naive Bayesian and TAN classifiers, respectively. Sectignit®roduces the second variant of the
MDL-FS score and investigate its properties. Section J06ns on the results from our experiments.
The first part ends with our concluding observations and remia Chapter 4.

2.1 Background

In this section, we provide some preliminaries on Bayesitwaorks and on Bayesian network clas-
sifiers more specifically. We further briefly review the caostion of these graphical models from
data and, upon doing so, focus on the various quality measurese. We conclude this section with
a discussion of the MDL function.

2.1.1 Bayesian networks and Bayesian network classifiers

We consider a sét’ of stochastic variableg;, i = 1,...,n,n > 1. We use2(V;) to denote the set
of all possible (discrete) values of the variable for ease of exposition, we assume a total ordering
on the sef2(V;) and usev’ to denote theith value ofV;. For any subset of variableés C V, we
useQ(S) = xv.es Q(V;) to denote the set of all joint value assignment§'toA Bayesian network
overV now is a tupleB = (G, P) whereG is a directed acyclic graph and is a set of conditional
probability distributions. In the digrapf, each vertex models a stochastic variable figmrhe set
of arcs captures probabilistic independence: for a topoldgort of the digrapitz, that is, for an
orderingVi, ..., V,, n > 1, of its variables withi < j for every arcl; — V; in G, we have that any
variableV; is independent of the preceding variablés. .., V;_; given its parents in the graphical
structure. Associated with the digraph is a bf probability distributions: for each variablg
are specified the conditional distributiodXV; | p(V;)) that describe the influence of the various
assignments to the variable’s parept¥;) on the probabilities of the values of itself. The network
defines a unique joint probability distributidi(1") over its variables with

P(V)= ] P(Vi|p(Vi)

Viev

Note that the thus defined probability distribution facses over the network’s digraph into separate
conditional distributions.

Bayesian network classifiers are Bayesian networks ofictstl topology that are tailored to
solving classification problems. In a classification proflénstances described by a number of
features have to be classified in one of several distinctgfireeld classes. We consider to this end
a setA of stochastic variableg!;, calledattributes that are used to describe the features of the
instances. We further have a designated vari@hlealled theclass variablethat captures the various
possible classesBayesian network classifiersow are defined over the set of variablés) {C}.
Like a Bayesian network in general, they include a graplstaicture that captures a probabilistic
independence relation among the variables involved, apresent a joint probability distribution
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Figure 2.1: A Naive Bayesian classifier (left), and an exap@{N classifier (right).

that is factorised in terms of this graphical structure.His paper, we will focus on Naive Bayesian
classifiers and Tree Augmented Network (TAN) classifierserspecifically.

A Naive Bayesian classifiever AU {C'} has for its graphical representation a tree-like structure
with the variablesAU{C'} for its nodes. The class variable is the root of the tree and etiribute has
the class variable for its unique parent, as illustratedgufe 2.1 on the left. The graphical structure
of the classifier models the assumption that all attributes A are mutually independent given the
class variable. The Naive Bayesian classifier specifiesa probability distributionP(C) for the
class variabl€” and, for each attributd; € A, it specifies a conditional distributiaB(A; | C) over
A; givenC. The joint probability distribution?(C, A) defined by the classifier now equals

P(C,A)=P(C)- [] PAi|C)
A;€eA

A TAN classifierover A U {C'} has for its graphical representation a directed acycliplgria
which the class variable is the unique root and in which edttbate has the class variable and at
most one other attribute for its parents. The subgraph iedury the set of attributes, moreover,
is a directed tree, termed tlatribute treeof the classifier. An example TAN classifier is shown
in Figure 2.1 on the right. Note that, if the class variable @s incident arcs are deleted from
the graphical structure, the attributes constitute a tieen the other hand, the arcs between the
attributes are removed, we obtain a Naive Bayesian classifiee TAN classifier specifies a prior
probability distributionP(C) for the class variabl€' and, for each attributel; € A, it specifies a
conditional distributionP(A; | p(4;)) overA; given its parentg(A;) in the graphical structure. The
joint probability distribution that is defined by the cldsi equals

P(C,A)=P(C)- [] P(4i|p(A))
A, €A

A classifier overA U {C} in essence is a functio®: Q(A4) — Q(C) that assigns a class value
to joint value assignments to the set of attributes In the sequel, we assume that our Bayesian
network classifiers build upon thginner-takes-all rule Using this rule, they associate with each
value assignment® to A, a class value* with P(c* | a*) > P(c’ | a*) forall ¢ € Q(C); in case
multiple class values give the largest conditional proligbthe value that ranks highest among these
in the ordering orf2(C) is associated with*.

2.1.2 Learning Bayesian network classifiers

Bayesian network classifiers are typically constructedifeodataset in which instances of every-day
problem solving have been recorded along with their asgetticlasses. Aanlabelled instancever
the set of attributes! is an element of2(A4). A labelled instances composed of an unlabelled
instance and an associated class value; it thus is an elef@(tl U {C'}). In this paper we assume



2.1 Background 21

labelled as well as unlabelled instances to be completeighae assume that there are no missing
values in the dataset nor in the new instances to be presentiee classifiers. For the learning task,
we consider alatasetD with N > 1 labelled instances ovet U {C'}. With D, we associate the
counting functionVp: Ugcaugcy 2(S) — N that associates with each value assignménp S,

the number of instances iP for which S = s*; for S = @, we take the function value a¥p

to be equal taV. The dataseD now induces a joint probability distributioﬁ’D(C, A), termed the
observedlistribution, overd U {C'}, with

N(c9,a*)
N

for all valuesc? of C and all value assignmeni$ to A. In the sequel, we will omit the subscript
from the counting functionV,, and from the observed distributidf, as long as ambiguity cannot
occur. Learning a classifier from the dataset now amountglectng a classifier, from among a
specific family of classifiers, that approximates the obsérdata. We assume that there might be
noise - by means of any errors that interfere in the relahiggsbetween class and attributes - in the
datasetD. For a review of the impact of the noise over the class vagiaht the attributes in a dataset
we refer to Zhu and Wu [96]. For comparing alternative cl#ss various different quality measures
are in use. In this section, we review the measures that weseélthroughout the paper. Before doing
so, we briefly review the basic concepts of entropy and munfatmation that underline many of
these measures, and state some of their properties; for @ et@borate introduction, we refer the
reader to any textbook on information theory.

Pp(c?,a") =

Entropy and mutual information

The concept okntropyoriginates from information theory and describes the etget@amount of
information that is required to establish the value of alséstic variable, or set of stochastic variables,
to certainty. For an overview of these concepts we refer tan8bn [82]. We consider a set of
variablesX and a joint distribution” over X. The entropyH (X ) of X in P is defined as

Hp(X)=- Y P(X")-logP(X")
XieQ(X)

wherelog indicates a logarithm to the bageand0 - log0 is taken to be equal t0. The entropy
function attains itsnaximumvalue for a uniform probability distribution oveX. The larger the set
Q(X) of possible value assignmentsXq the larger the maximum attained is; for a binary variable,
for example, the maximum equal90, while for a variable with10 possible values, the maximum
entropy is3.32. The function further attains it®inimumvalue for any degenerate distributiéhover
X with P(X7) = 1 for some value assignmeit’ ¢ Q(X)andP(X?) = 0 for all other assignments
X% e Q(X),i# j. The minimum value equaly indicating that there is no uncertainty left as to the
true value ofX.

We now consider a set of stochastic variables) Y and a joint probability distributiod® over
X UY. The amount of uncertainty as to the true value&Xothat is expected to remain after observing
a value assignment far, is captured by theonditional entropyH (X | Y) of X givenY in P; it
is defined as

Hp(X |Y)=— > P(X',Y7) - log P(X"| YY)
X1eQ(X),YIieQ)
The entropy of the set of variableés is never expected to increase by observing a value assignmen
for the setY’, that is,
Hp(X |Y) < Hp(X)
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for any (disjoint) setsX, Y; if the setsX andY” are independent in the probability distribution under
consideration, then
Hp(X | Y) = Hp(X)

More in general, for any sel, Z with Z N Y = (), we have that
Hp(X |Y,Z) < Hp(X | Y)

The conditional entropy oK givenY has its minimum when observing any assignmerit testab-
lishes the assignment fof to certainty.

The concept omutual informationis closely related to the concept of entropy. It captures the
extent to which two stochastic variables, or sets of vaeapare dependent. We consider two sets
of variablesX andY’, and a joint probability distributio® over X U Y. The mutual information
Ip(X;Y) of X andY in P now is defined as

P(X, YY)

Ip(X;Y) = > P(X', YY) -1ogm

X1eQ(X),YieQy)

The mutual information of two set& andY” attains itsminimumvalue for a probability distribution
in which the two sets are independent; the minimum valuéngitbisO0. The mutual information of
X andY is maximal for a probability distribution in which the twotseof variables are perfectly
correlated, or maximally dependent. Thximumvalue attained then equalp(X). In terms of
the entropy function, the mutual information &f andY” equals

Ip(X;Y) = Hp(X)+ Hp(Y) - Hp(X,Y)

The conditional mutual information of two sel§ andY given a third setZ is defined analogously;
in terms of entropy, it equals

Ip(X;Y | Z) = Hp(X | Z) - Hp(X | Y, 2)

Quality measures

The main purpose in constructing a Bayesian network is toemate, as well as possible, the
unknown true joint probability distributio® over the variables involved. Upon constructing the
network from data, for this purpose only an observed distiiin P is available. Alternative networks
then are compared by means ofjaality measurdhat serves to express how well the represented
distribution explains the data. The most commonly useditjurakasure is thiog-likelihoodmeasure
that assigns to a network, given a particular dataset, a ricahealue that is proportional to the
probability of the dataset being generated by the joint pbility distribution represented by the
network. The log-likelihood of a network given a dataseb is defined more formally as

LL(B| D)= —N - Z Hp (Vi | ps(Vi))
Viev

whereV is the set of variables included in the network angdV;) denotes the set of parents 6f
in the network’s digraph. In essence, the entropy factoheflbg-likelihood function pertains to the
observed joint probability distribution factorised oveetnetwork’s graphical structure. Writings
for the thus factorised observed distribution, the logglilkood thus equals

LL(B | D) = ~N - Hp, (V)
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Since the joint probability distribution captured by thetwerk factorises into separate conditional
distributions, the log-likelihood also decomposes overrietwork’s graphical structure, thereby al-
lowing for ready computation.

While for constructing Bayesian networks in general themairpose is to approximate the true
joint distribution, for a Bayesian network classifier it Iset conditional probability distribution of
the class variable given the attributes that is of imporganalternative classifiers therefore are to
be compared as to their ability to describe the data for thi@wa different classes. Ttenditional
log-likelihoodof a classifielC given a dataseb now is defined as

CLL(C| D)= ~N - Hp (C | A)

whereP; again denotes the observed joint distribution factorisest the classifier's graphical struc-
ture. Since the conditional probability distribution okthlass variable given the attributes does not
factorise over the graphical structure of a classifier, theditional log-likelihood measure does not
decompose into separate terms as does the unconditionbtédiQood measure. Because of its as-
sociated complexity of computation, the conditional ldglihood measure is not used directly in
practice.

An alternative measure that is often used for comparing tradities of Bayesian network clas-
sifiers, is theclassification accuracj24, 19]. In essence, we define the classification accuraey of
classifierC to be the probability of an instance being labelled withriteetclass value, that is,

accuracyC) = »  P(A*)-accuracyc, A%)
AkeQ(A)

where
1 if C returns the true class value fdf

accuracyC, A") :{ 0 otherwise

Note that the joint probability distributiof?(A*) over all possible value assignments4as readily
established from the joint probability distribution ovdinaariables involved:

pAF) = Y P(ce, AR

C9en(C)

Since upon constructing a Bayesian network classifier frata the true joint probability distribution

is not known, it is approximated for practical purposes tg thserved distribution. The class value
included in a labelled instance in the dataset then is takée the true class value of the associated
unlabelled instance.

The MDL Function

The well-knownminimum description lengtfMDL) principle [10, 38, 30, 57, 74] is often employed
as the basis for comparing the qualities of Bayesian netsvorigeneral. Since in this paper we build
upon this principle, we briefly review the, more or less stadgdtwo-parts MDL function.

LetV be a set of stochastic variables as before./Déte a dataset oW labelled instances ovéf
and IetP(V) be the joint probability distribution observed in. Let B be a Bayesian network over
V. Then, the MDL score of the network with respect to the datiefined as

MDL(B | D) =

PN || LB | D)
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where

Bl =Y (120i)] = 1) - 12ps(Vi))]

Viev

with pp(V;) as before, and whetd (B | D) is the log-likelihood of the network given the data.

The MDL function originates from information theory whetds used for encoding a string of
symbols with as few bits as possible [10, 38]. The basic igeketlying the function is the following.
Among all the possible Bayesian networks ovérthe best network to explain the given data is
taken to be the one that minimises the sum of the length inobiésm encoding of the network itself
and the length in bits of a description of the data encodel thi¢ help of the network. The term
|B| now captures the length of the encoding of the network ane:tbee is related to the network’s
complexity; the associated terfﬂﬁ%—N - |B] is commonly known as thpenalty termof the MDL
function. The length of the description of the data equaddémgth of the encoding of the observed
joint probability distributionf?(V) factorised over the graphical structure®f The log-likelihood
term LL(B | D) of the function captures the length of this encoding andetoee is related to
the network’s ability to explain the data. Often, the MDL &tion is defined to include a third
term,log P(B), that captures prior information about the likelihood of trarious possible networks
[10]. In this paper, however, we assume this term to be cahstad will not take it into further
consideration.

The MDL score of a given network serves to indicate the netgajuality with respect to the
data under study. The smaller the score, the better the netaoThe larger the value of the log-
likelihood term, that is, the closer it is to zero, the better network models the observed probability
distribution. As a fully connected network perfectly magshthe data, it will have the largest log-
likelihood term. Such a network will generally show poor foemance, however, as a result of
overfitting. The penalty term now counterbalances the efiéthe log-likelihood term within the
MDL function since it increases in value as a network becomesge densely connected. For a
network that is too simple, the values of both the penaltymtand the log-likelihood term are rather
small. For a network that is too complex, on the other hanel viddues of the two terms are both
quite large. Although the MDL function is often used by pit@bers for comparing the qualities
of alternative Bayesian networks, its use for this purpaseadt without criticism. Van Allen and
Greiner [91], for example, argue that the MDL function tetalsinderfit the data, unless the dataset
under study is quite large or the true probability distribotis quite simple; Kearns et al. [48] express
similar concerns.

The MDL function is used not just upon learning Bayesian oeks, but upon learning Bayesian
network classifiers as well [38, 30, 56]. We recall, howetreaf upon constructing Bayesian networks
in general we are interested in tfw@nt probability distribution over their variables. For clagsis,
on the other hand, we are not so much interested in the jastritolition P(C, A) over all variables
involved but rather in theonditionalprobability distribution

P(C, A)
P(A)

PO A) =

over the class variable given the attributes. Using the itimmadl distribution in practice, however,
would raise computational as well as representationallpros since it does not factorise over the
classifier’s graphical structure. Since basically onlytéren P(C, A) of the conditional distribution
contributes directly to the actual classification,J&sA) does not include the class variable, generally
the joint distribution is used for the learning task.

To conclude, we would like to note that the two-parts MDL ftioe reviewed above is just one
of the many forms of the minimum description length prineiphn overview and comparison of the
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various alternative forms is provided by Hansen and Yu [42 alternative MDL functions typically
are generalisations of the two-parts function. Many of ¢hegernative functions have been designed
for other purposes and are hard to implement in the contelx¢arhing Bayesian networks from
data. A possible exception is the normalised maximum lkghliood (NML) function [76, 5] for
multimodal (discrete) data, which has been tailored to Bl&8&yesian classifiers [53]. Unfortunately,
there are no known closed forms of the NML function for exgieg more elaborate interactions
between the variables than can be captured by this simpléyfaiBayesian network classifiers.
Just like the two-parts MDL function, moreover, the NML ftion encodes the joint probability
distribution over the class variable and the attributeseathan the conditional distribution. In the
remainder of the paper, we will argue that the poor feateteetion behaviour of the two-parts MDL
function originates from not using the conditional distrion. Our observations can thus be extended
to the NML function and in fact to any form of the MDL functiohét captures the joint distribution
over the variables involved.

2.2 Feature Subset Selection

We now define the problem of feature subset selection.Wedumtroduce the concept of redundant
attribute which we will use in the sequel for studying thetfea-selection behaviour that is induced
by various different quality measures.

2.2.1 The problem of feature subset selection

For our motivating example for doing feature selection ia tontext of the Bayesian network clas-
sifiers, we consider the task of constructing a Bayesian owtwlassifier over a set of attributes
that contains two perfectly correlated attributés and A; where A; is an exact copy of4;. As
argued before [60], by including both; and A; in for example a Naive Bayesian classifid, (or

A; alternatively) will have twice the influence of the otherisatites, which may strongly bias the
performance of the classifier. A possible way to improve tlassification performance then is to
eliminate one of the attributed; and A; from the setd and to construct the classifier over the re-
duced set of attributes; the resulting classifier is calleglactive classifierEliminating attributes
upon constructing a classifier is commonly knowreggture subset selectiokiVe define the problem
of feature subset selection more formally.

Definition 2.1 Let A be a set of attributes, let’ be a class variable, and ldD be a set of labelled
instances overl U {C'}. Let M be a specific family of Bayesian network classifiers antRldte a
performance measure okl. Theproblem of feature subset selectifmn A and D given M andR is
the problem of finding a minimum subset A such that the selective classifiér= M constructed
over.S maximises performance dn according to the measufg.

From the definition we have that the problem of feature subslkeiction is restricted to a specific
family of Bayesian network classifiers and to a specific panince measure. Example families of
classifiers are the family of Naive Bayesian classifiers &edamily of TAN classifiers, as reviewed
in the previous section. Examples of performance measuectha classification accuracy and the
conditional log-likelihood.

The problem of feature subset selection has been defined fxyusadifferent researchers in
many different ways [9, 90, 39, 28, 29, 17], focusing on d#f& objectives. Many researchers
[13, 47, 1, 95, 46, 54], for example, strive to achieve maximalassification accuracy. Tsamardi-
nos and Aliferis [90], Koller and Sahami [51] and Yu and Li#]90on the other hand, aim to find
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a subset of attributes such that the conditional distrdsutif the class variable given this subset is
the same as that given the full set of attributes; Fleurdt'saty related goal [27] is to find a subset
of attributes that minimises the conditional entropy of ¢heess variable. Hall [41], Kononenko [52],
Robnik-Sikonja and Kononenko [78], and Dy and Brodley [2h @0 find a minimum subset of
attributes maximising a particular performance measuog.nkost of these objectives, the problem
of feature subset selection is an instance of the more ggpratalem of finding simpler models with
better performance, which is known to be NP-hard in generg].[We take for our objective find-
ing aminimum subset of attributder which performancethat is, either classification accuracy or
conditional log-likelihood, of the resulting selectivesskifier is maximised.

Our definition of the problem of feature subset selectiorlated to the first definition proposed
by Tsamardinos and Aliferis [90]. In our notation, they defim feature selection problem to be a
tuple (D, A U {C},alg, R), whereD is a dataset over the variablgsu {C}, alg is the algorithm
used to construct the classifier with, aRdis a performance measure. A solution to the problem
then is a subset of attributes C A such that the selective classifier ovgrthat is constructed
usingalg maximises performance ob givenR. There are a number of differences between the
two definitions, however. For example, we prefer sets withigimmum number of attributes, that is,
of minimum cardinality; we further do not have any preferemenong sets with the same number
of attributes as long as these give rise to the same clag&ificaerformance. More importantly,
however, we assume in our definition a fixed family of classiffeom among which a model is to be
selected. Tsamardinos and Aliferis argue that practit®em@uld not like to solve a feature-selection
task for a fixed family of classifiers and therefore do notriestheir definition. Our main motivation
for including a fixed family of classifiers in our definition that practitioners often are forced to
select a model from among a fixed family for computationatoes or for lack of data. Another
motivation for restricting our definition to a family of clsifiers, is that it provides for studying the
feature-selection behaviour of different quality measuremore detail. We further note that we
do not specify a particular learning algorithm with our défon of the problem of feature subset
selection. Our main motivation for not including a learnialgorithm is that we do not want to
capture the biases introduced by the heuristics involvéa anir definition. Defining the problem
feature subset selection as a fundamental concept nowsallewo study and compare the biases of
the various learning algorithms in use.

Finding an appropriate subset of attributes for inclusiom iclassifier amounts to searching the
space of all possible selective classifiers, given somegfireztl measure of quality. Since this search
space is infeasible large, often a heuristic algorithm ipleyed for its traversal. Various different
algorithms have been proposed to this end. These algoritissentially take one of two approaches
[90, 47, 50, 39]. Within thdilter approach[51, 90, 94], feature subset selection is performed in a
pre-processing step; within tiverapper approach47, 50, 58, 83], feature selection is merged with
the learning algorithm. The difference between the two apphes in practice often lies in whether
or not the algorithms employ the same measure for the sefecti attributes and for measuring
performance. In this paper, we will present our fundamenesilts from both a wrapper and a filter
perspective. All algorithms used in this paper are charead by their starting point(s) in the search
space, by the search operator(s) they apply, and by theipistg criterion [9]. Possible starting points
in the space of selective classifiers aredhgpty classifiethat is built from the empty set of attributes
and thefull classifierthat includes all attributes. If the starting point for theasch is the empty
classifier, then the algorithm typically applies the operaff adding a single attribute; the algorithm
is said to performforward selectiof41, 50, 83]. If the starting point is the full classifier, omet
other hand, the algorithm typically applies the operataresfioving a single attribute; it then is said
to performbackward eliminatiorf51, 94]. The stopping criterion that is commonly employeithw
the various algorithms, is to stop the traversal of the $espace as soon as application of the search



2.2 Feature Subset Selection 27

operators does no longer result in classifiers of improveadigu We will return to these algorithmic
issues in Section 3.6 where we discuss our experimentdtsesu

2.2.2 The concept of redundancy

Upon constructing a selective classifier, the set of atteibd under study is split into two subsets
andO, with SUO = AandS N O = @. S is the subset of attributes that are selected to construct
the classifier with and is the subset of attributes that will not be incorporatechim ¢lassifier. The
attributes included ir6 are deemed important, whereas the attributes fédmre considered to be
redundantfor the classification task. We define our concept of redunglan

Definition 2.2 Let A; € A be an attribute, letS C A\ {4,} be a subset of attributes, and IEtbe
the class variable as before. L&t be a dataset of labelled instances over) {C'}. We say that4;
is redundanfor C givensS in D, if for every value:® of A;, for every value! of C, and for every
value assignment to S such thatN (a¥, s7) > 0, we have that

N(ak, s, ch) B N(s?,ch)

N(aF,s7) — N(si)

3

For | S| = m, we say that4; is redundant foiC' at levelm. We further say that, is irredundanfor
C givenS in D if it is not redundant foiC' givensS in D. If, for all subsetsS with |\S| = m, attribute
A; is not redundant foC' givenS, we say that4; is irredundant forC' at levelm.

We note that, if an attribute; is redundant foC' given S in D, we have, in terms of probabilities,
that P(C' | A;,S) = P(C | S), that is, the class variabl€ is independent of4; given S in the
observed distribution. Moreover, #; is redundant folC' given S and N (s7, ¢!) > 0 for all value
assignments’ ands?, then

N(aF,s7,c)  N(ak, s7)

N(si,cl) — N(s)

from which we have thaP(4; | S,C) = P(A4; | S).
The following example illustrates our concept of redundeas well as the different levels at
which attributes can be redundant for a class variable.

Example 2.1 We consider a classification problem with the binary atttésd = { A4, ..., Ag} and
the binary class variabl€'. The class variabl€’' is defined ag’ = (A4 ® A1)V A2, where® denotes
the XOR operator and the logical OR operator. Among the nine variables involtbdre are some
logical relationships and some probabilistic independerelationships. The logical relationships
among the attributes arelg = A; V Ay V Ay, A; = As, and Ag = A,. For the independence
relationships, we have that; is independent af’ givenAs; As further is unconditionally dependent
of A, and ofC. Given these relationships, there & possible instances of the variables involved;
these instances are shown in Table 2.1. We now assume thaiwe ldataset in which each possible
instance occurs exactly once. From the dataset, we obskatédlte attributesd; and A4 both are
redundant for the class variabl€' at level 0; so, for all valuesa] € Q(A;), af € Q(A4) and

¢ e Q(C), we have thatV (¢!, al)/N(al) = N(¢')/N and N(c!,ak)/N(ak) = N(c)/N. A
and A4 are irredundant forC' at all higher levels, since for all subsetsC A\ {4, A4} there are
valuesa], af, ¢!, ands’ € Q(S), for whichN(c!, a, ak, s')/N(a], a}, s') # N(c!, s")/N(s'). The
attributes A5 and A; are redundant for the class variable at all possible leviist is, from leveD

to level|A| — 1 = 7. The attributeA; is irredundant forC' at all levels including level. A3 and
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Table 2.1: The example dataset illustrating the conceptadimdancy

Ag are irredundant forC' at level0, but redundant at all higher levels given any subset of ladtes
that contains4,. The attributeAg is irredundant forC at all levels below leveB; at level 3 and
higher, it is redundant fo€” given any subset of attributes that contaiys A, and A4. We note that
the attributesA,, A; and A4 serve to completely determine the value of the class vai@blThe
Bayesian network classifier with the smallest number oftattes giving the highest classification
accuracy is shown in Figure 2.2]

We are not the first to define a concept of redundancy in theegbof feature subset selection
[9, 90, 41, 47, 50, 51, 28]. The various concepts in use diffevhether they address redundancy
with respect to the class variable in terms of single attabwor in terms of sets of attributes. Using
a concept of redundancy in terms of single attributes ire®Istudying the relationship between the
class variable and each attribute separately. Using a poro¢egedundancy in terms of subsets of
attributes involves investigating all possible subse@twibutes and, as a consequence, is much more
demanding from a computational point of view. Caruana areit&s conducted experiments using
various different concepts of redundancy and reporte@bedsults from using sets of attributes [13].
Tsamardinos and Aliferis [90] studied redundancy in terrhseds of attributes from a more funda-
mental perspective and found that the concept does not behamotonically with respect to taking
supersets of attributes, that is, a redundant subset dfiatts may become irredundant by includ-
ing an additional attribute, and vice versa. We have decitlegiccordance with this observation, to
explicitly distinguish between redundancy at variousatiit levels.

We compare our concept of redundancy to some of the othereptsithat have been defined in
terms of sets of attributes. John, Kohavi and Pfleger [4#]gf@ample, defined the closely related
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Figure 2.2: The optimal Bayesian network classifier for owaraple dataset

concepts of relevance and irrelevance. Upon introducieg toncepts, they argued that a simple
distinction between relevant and irrelevant attributessdoot suffice to partition the set of attributes
into subsets that provide for studying the differences mtudes-selection behaviour of alternative
algorithms and quality measures. They therefore introdwoedegrees of relevance. They define an
attribute A; to bestrongly relevanfor the class variabl€’ in D, if there exist valuea” andc! for 4;

andC respectively, and a value assignmehto the setS = A\ {4;} such tha'N(";‘J ) £ N]\(f(;] )
The attributeA; is calledweakly relevantor the class variabl€’' in D, if it is not strongly relevant

for C and there exist valueg’ andc! for A; andC respectively, and a value assignméehto some

setT C A\ {4;} such tha*N]\(fEL ’fff #+ N(“)) Any attribute that is neither strongly nor weakly
relevant for the class variabl€ is calledlrrelevant for C'in D. Our concept of redundancy, as
introduced in Definition 2.2, is closely related to the cautsedefined by John, Kohavi and Pfleger.
It is readily shown that an attributé; is strongly relevant for the class variatleif and only if it is
irredundant forC' at level| A| — 1. Moreover, the attributel; is weakly relevant foc' if and only if it

is redundant fot” at level|A| — 1 and irredundant at some level < |A| — 1. Moreover, the attribute
A, isirrelevant forC' if and only if it is redundant foC' atall levels. For the classification problem
from Example 2.1, we find for instance that the attributgs A, and A, are strongly relevant for
the class variable; the attributels;, Ag and Ag are just weakly relevant and the attributés and
A, are irrelevant for the classification task. Note that witle toncept of John, Kohavi and Pfleger,
no distinction is made between the attributbsand Ag on the one hand andg on the other hand.
With our new concept of redundancy, however, differentlleweé redundancy are identified for these
attributes. In contrast with the concept of John, Kohavi Bfidger, therefore, our concept provides
for studying redundancy ail possible level§, ..., | A| —1 separately. In the sequel we will illustrate
the importance of distinguishing between these levelsdaming different types of classifier.

Alternative definitions of redundancy have also been preddryy Tsamardinos and Aliferis [90]
and by Koller and Sahami [51]. Tsamardinos and Aliferis teeltne conditional probability of the
class variable given a set of attributes to conditional peelence and build their concept of redun-
dancy on the associated concept of Markov blanket. Givenesdtof labelled instances, the Markov
blanket of the class variable is the minimal set of attriswtdich, upon value assignment, completely
substitutes the influences of the other attributes on thesclariable; given its Markov blanket, there-
fore, the class variable is independent of all other attebu Tsamardinos and Aliferis now showed
that, for any probability distribution that is faithful toBayesian network, the Markov blanket of the
class variable coincides with the set of strongly relevétnitaites; a distribution is said to be faithful
to a Bayesian network if all dependences and independentdesdzled in the distribution can be cap-
tured by a graphical structure. They further showed that, Bayesian network faithfully modelling
the distribution, an attributel; is weakly relevant for the class variahieif and only if A; is not
strongly relevant and there is an undirected path febpto C'. The concept of redundancy defined
by Tsamardinos and Aliferis thus in essence is equivaletiabof John, Kohavi and Pfleger for any
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probability distribution that is faithful to a Bayesian neirk. For the classification problem from
Example 2.1, we have that the observed probability distidouis faithful to a Bayesian network.

Using the concept of redundancy defined by Tsamardinos aifeti8] therefore, would result in the

same selection of attributes as mentioned above. For amwaukdistribution that is not faithful to a

Bayesian network, however, the Markov blanket of the clasgble may not be unique. Moreover,
any of the multiple blankets may then include weakly relé\atributes in addition to strongly rel-

evant ones [94]. Building upon the concept of Markov blanketild then not result in a minimal

subset of attributes shielding the influences of the othiebates from the class variable.

2.2.3 The issue of noise

When constructing a selective classifier in practice, thegignship between an attributé; and the
class variable”, as captured by the available data, is investigated. Ugimglefinition, the attribute
can be either redundant or irredundant for the class vajdbht is, it can be either (conditionally)
independent or dependent©f The (in)dependences are established from a dataset ahoest that
are assumed to have been generated from an unknown trueblitybdistribution. As the dataset
under study is finite, however, it may not reflect the (in)degences from the true distribution exactly;
the dataset then is said to includaise[96]. More specifically, the attributd; may be independent of
the class variabl€’ in the true distribution, yet appear to be irredundant indhserved distribution,
for example, due to chance of observed instances or to thelasssfied instances. Attributes that
have a very weak dependence of the class variable in thevaasdistribution therefore, may in fact
be independent. To provide for feature subset selectiopmactical setting, we introduce the concept
of redundancy within an allowed amount of noise

Definition 2.3 Let A; € A be an attribute, letS C A\ {4;} be a subset of attributes, and let
C be the class variable as before. LBtbe a dataset ofV labelled instances oved U {C'}. Let
£(A;,C, S, N) > 0 be athreshold value for the allowed amount of noise. We sstythis redundant
for C givensS in D within the allowed amount of noisg 4;, C, S, N), if

Otherwise, we say thai; is irredundant forC givensS.

From the above definition, we have that an attribdidas said to be redundant for the class variable
C given .S within some allowed amount of noigg if obtaining a value ford; serves to reduce the
conditional entropy of” given S by at most. Note that if obtaining a value fod; does not reduce
the entropy ofC given S at all, that is, ifH5(C | S) — Hx(C | A;,S) = 0, we have that4; is
simply redundant fo€' givenS. Since the conditional entropy depends on the number oegahat
the variables involved can adopt [52], we have defined tloevaltl amount of noise to be functionally
dependent of4;, C' and.S. The function is also taken to be dependent of the number sérvkd
instances, since we would like to allow less noise for ladgasets in which the true (in)dependences
are better represented. The threshold function may have diarent forms; we will return to this
observation in subsequent sections where we analyse thadeselection behaviour of the MDL
function.

Note thatH ,(C | S) — Hx(C' | A;, S) = Hp(A; | S) — Hp(A; | C,S). We further call the
termHp(A; | S) — Hp(A; | C,8) —£(C, Ay, S, N) theamount of irredundancthe attributeA;
has forC' given the attribute sef within the allowed noise leved(C, A;, S, N). We observe that a
negative amount of irredundancy corresponds to redundaifittye attributeA; for C given S within
&(C, A;, S, N), whereas a positive amount of irredundancy correspondsimédundancy.
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Zhu and Wu [96] experimentally study the relationship betwéhe (in)dependency between
attributes and the class variable and the impact of noise tnveperformance of a classifier. In
their study, they make the assumption that attributes atepgandent of each other given the class
variable. They show that the stronger the relationship betwan attribute and the class variable the
more impact the noise of this attribute has over the classifeir definition of noise also captures
the relationships between the class variable and the indafitributes. Furthermore, it generalises
the above observation by considering also the dependebetesen the attributes given the class
variable.

By redefining our concept of redundancy, we explicitly pae/for handling a limited amount of
noise in a dataset under study. Another approach to the grobf insufficient data is to not allow
explicitly for noise, but to use heuristic algorithms fotadishing redundancy. Such an algorithm for
example never studies a larger number of variables at the sam. In the next sections, we compare
the behaviour of our enhanced concept of redundancy witbwafeature-selection heuristics on the
problem from Example 2.1 and on five more realistic datasets.






Chapter 3

MDL for feature selection

In this chapter, we introduce and analyze a MDL function ferfprming feature selection for
Bayesian network classifiers. After introducing the new MiDhction in the next section, we inves-
tigate the general properties of this new function in Sec8®. We study the properties of MDL-FS
on practical Bayesian network classifiers (e.g. Naive BayesTANS) in Section 3.3. We introduce
a MDL function suited for learning Bayesian network clagsgiin Section 3.4. In the last section of
this chapter, we discuss some experimental results.

3.1 An MDL-based quality measure for feature subset selean

The minimum description length principle is often employsdhe basis for comparing the qualities
of Bayesian network classifiers, and of alternative seleatlassifiers more specifically. We recall
that the MDL function models the joint probability distrifoan over all the variables of a classifier.
As a consequence, the function prefers classifiers in wiiehelatively strong relationships among
all variables are properly captured. We have argued in 8&@@il however, that for classification
purposes we are not so much interested in the joint distabudver all variables, but rather in the
conditional distribution over the class variable givenalteibutes. In the context of feature selection,
therefore, we would prefer classifiers in which the strorigtienships of the attributes with the class
variable are properly captured. Strong relationships agaitributes that have no bearing on the class
variable are not of interest; in fact, including these lielaghips could bias the classifier. Because of
its use of the joint probability distribution, the MDL funch would nonetheless value and capture
any strong relationships among the attributes. The MDL fioncas a consequence is not really
suitable for constructing selective Bayesian networksifeess. In fact, the MDL function is able
to identify and eliminate attributes that are redundantlifier class variable at levélonly. We will
return to this observation in Section 3.2.

Building upon the assumption that the relatively poor featselection behaviour of the MDL
function originates, to at least some extent, from not usiegconditional probability distribution. For
that we introduce a new quality measure, caNddL-FS, that is tailored to feature selection [21, 20].
The MDL-FS function in essence is based upon the same idehe 8DL function. Like the MDL
function, it captures the joint probability distributiad(C, A) over all variables involved in a log-
likelihood term. In addition however, it captures the joimobability distributionP(A) over just the
attributes. We note that while the joint distributi®{{C, A) factorises over the structure of the classi-
fier under study, the distributioR?(A) does not; to allow for ease of computation, the functiongher
fore uses amuxiliary Bayesian networto factoriseP(A). The function now establishes the differ-
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ence between the log-likelihood of the probability distitibn P(C, A) and the log-likelihood of the
distribution P(A), and thereby effectively models the conditional probapdistribution P(C' | A).
Informally speaking, by capturing the difference betwdmntivo log-likelihood terms, the strengths
of the relationships among the attributes themselves amarglted from the joint distribution. In
contrast with the MDL function, therefore, the MDL-FS fuinet will identify and remove attributes
that are redundant for the class variable yet stronglyedi&d one or more other attributes.

In Section 3.1.1, we introduce the MDL-FS function. In Sect8.1.2, we study the relationships
of the conditional log-likelihood term of the function anltet conditional distribution of the class
variable given the set of attributes; we will argue more djely that the former may be considered
an approximation of the latter.

3.1.1 The MDL-FS function for feature selection
We formally define the MDL-FS function.

Definition 3.1 Let A be a set of attributes and |&t be the class variable as before. LBtbe a
dataset ofV labelled instances ovet U {C'}. LetC be a Bayesian network classifier owétu {C'}
and letS be a Bayesian network ovef. Then,

log N
2

MDL-FS(C,S | D) = -lcl - cLLe, S | D)

where|C| is as before and
CLL(C,S | D) =LL(C | D) —LL(S | D)
with LL(C | D) as before and

LL(S | D) =—=N- Y Hp(Ai | ps(A)
A;eA

where, for each attributel; € A, the seps(A;) is the set of parents of; in the graphical structure
of the networkS.

The basic idea underlying the MDL-FS function is the saméasdf the MDL function. The MDL-
FS function also includes jpenalty termto capture the length of an encoding of the classifier and
a term that indicates the length of an encoding of the obsepvebability distribution given the
classifier. The latter term in essence captures the obsensmditional distribution and is called the
conditional log-likelihood ternof the MDL-FS function. Like the MDL score, the MDL-FS score
of a Bayesian network classifier indicates the classifiarality with respect to the data under study.
The smaller the score, the better the classifier is.

For the conditional log-likelihood term, we have that thegkx the value of the termiL(C |
D), that is, the closer it is to zero, the better the classifiedei® the observed joint probability
distribution, as we have argued before in Section 2.1. The therefore tends to approach zero for
classifiers with a complex graphical structure and to beegsiiball for simpler models. The term
LL(S | D) also attains its minimum value for the simplest Bayesiamogt and its maximum value
for a fully connected model. The maximum value of the conditl log-likelihood term therefore is
obtained for a fully connected Bayesian network classifiet an empty auxiliary Bayesian network
without any arcs. Now, to achieve a small score for a clagsifie basically would like to maximise
the conditional log-likelihood term of the MDL-FS functioRrom the above considerations however,
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we must conclude that we cannot simply maximise the termhagunction does not suggest any
reason for using a more complex auxiliary network than thptgrane. Yet, using an empty auxiliary
network would not meet our purpose of capturing the relalgps among the attributes from the
joint distribution: for this purpose, a more complex awxili network is required. As the MDL-
FS function has no control over the complexity of the aurfliaetwork to be used, in practical
applications we propose to set a specific family of auxiliaggworks beforehand. Since we would
like to eliminate the influence aP(A) from P(C, A), we should select from this family a maximum
log-likelihood networks. We thus have to maximise the likglihood of both the classifier and the
auxiliary networks to model a conditional log-likelihocatin suited for feature subset selection.

Like the MDL function, the MDL-FS function includes a peryakrm to counterbalance the effect
of the conditional log-likelihood term. From the definitiaf the MDL-FS function, we observe
that this penalty term captures just the complexity of tressifier and not the complexity of the
auxiliary network. We have decided not to include a penatyntfor the auxiliary network since
we are basically interested in the complexity of the classidinly. A difference of penalty terms
for the complexities of the classifier and the auxiliary netkhowever, would serve to more evenly
counterbalance the difference between the log-likelilsoofdthe two networks. A quality measure
that includes such a difference of penalty terms would arhtiuteking the difference of the MDL
score of the classifier and the MDL score of the auxiliary regkw The penalty term for the auxiliary
network would then have a negative effect on the featureetieh behaviour of the MDL-FS function
in the sense that it would become less selective. We disbtsproperties of such an alternative
function in Section 3.4.

3.1.2 Comparing the conditional log-likelihood with condtional entropy

Upon reviewing the MDL-FS function, we have argued that a@sditional log-likelihood term in
essence models the log-likelihood of the conditional pbaliig distribution of the class variable
given the attributes. In this section, we show that for ayfgtbnnected classifier and a fully con-
nected auxiliary network, the term indeed models the l&ghilhood of the conditional distribution.
In practical applications, fully connected classifiersénmajor disadvantages: in addition to the large
number of data required for their construction, these diass tend to overfit the available data and to
show poor generalisation performance. As a consequergeatie hardly ever used in practice. Our
result therefore serves to give a fundamental insight alywill further argue that for classifiers and
auxiliary networks that do not accurately capture all infiation from the data, the conditional log-
likelihood term can only be looked upon as an approximaticthe log-likelihood of the conditional
distribution.

Proposition 3.1 Let A be a set of attributes and I&€t be the class variable as before. LBtbe a
dataset ofV labelled instances ovet U {C'}. LetC be a fully connected Bayesian network classifier
over AU {C} and letS be a fully connected Bayesian network oveerThen,

CLL(C,S | D)= —N-Hp(C | Ay,..., Ap)
Proof. Since the Bayesian network classifigis fully connected, we have that
LL(C| D) =—-N-Hp(C, Ay,... A,) =

=-N-(Hp(C|Ar,...,An) + Hp(A1 | A, ..., Ap) + ...+ Hp(Ap))
For the Bayesian netwoi& moreover, we have that

LL(S | D) = —N - Hp(Ay, As, ..., Ay)
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=—N-(Hp(A1 | As,.. ., Ap) +...+ Hp(A))

For the conditional log-likelihood term of the MDL-FS fummt, we thus find that
CLL(C,S | D)= —N-Hp(C | Ay,..., Ay)
as stated abovel

From the previous proposition, we have that for fully coredalassifiers and fully connected aux-
iliary networks, the conditional log-likelihood term oféhiMDL-FS function accurately models the
log-likelihood of the conditional distribution. As we haaegued above, in practical applications
classifiers of a simpler complexity than fully connectedoaee used. For these classifiers, the previ-
ous proposition no longer holds and the conditional loglltkood term of the MDL-FS function may
differ from the log-likelihood of the conditional distrittion. A less complex classifier may have a
smaller log-likelihood than a fully connected one. The dtadal log-likelihood term then decreases
compared to the log-likelihood of the conditional disttilom. A less complex auxiliary network may
also have a smaller log-likelihood than a fully connected.omhe conditional log-likelihood term
then increases. For a less complex classifier and an asst&égts complex auxiliary network there-
fore, the conditional log-likelihood term can be either daveor larger than the log-likelihood of the
conditional distribution. If the auxiliary network modelgeaker relationships between the attributes
than the classifier, for example, the conditional log-likebd term will be larger than the conditional
entropy. If the relationships between the attributes amengeer in the auxiliary network, then the
conditional log-likelihood term will be smaller than thegldikelihood of the conditional distribution.

3.2 The feature-selection behaviour of the MDL-FS and MDL
functions in general

We begin by studying the feature-selection behaviour oMBd_-FS function for complete Bayesian
network classifiers and auxiliary structures, to review iniformal way some of its general prop-
erties. Recall that fully connected networks perfectly mlothe data and are of maximum log-
likelihood for that data but, for pragmatical reasons, @&ldem used in practice; we will substantiate
the reviewed properties in the subsequent sections for wmrenonly used classifiers. In this sec-
tion, we study the ability of the MDL and MDL-FS functions tdentify and eliminate redundant
attributes at different levels. We will argue that the MDIn@ition tends to eliminate from a Bayesian
network classifier only attributes that are redundant alliévor the class variable as well as for the
other attributes. The MDL-FS function overcomes this dragkbby comparing the strength of the
relationship between an attribute and its parents in thesiflar with the strength of the relationship
between an attribute and its parents in the auxiliary stmectWe show that MDL-FS tends to elimi-
nate from fully connected Bayesian network classifiers tirébates that are redundant for the class
variable at the highest level within an allowed amount ofseaietermined by the penalty term by
using a fully connected auxiliary network whereas MDL tetmlgot eliminate these attributes. We
find that the level of the eliminated redundant attributethwhe MDL-FS score depends on the com-
plexity of the auxiliary network: with a fully connected dliary network, it eliminates redundant
attributes at leve]A| — 1, whereas with an empty auxiliary network, MDL-FS elimiratgtributes
redundant at leve] for the class variable and for the other variables from thebates set.

We investigate the feature selection behavior of the MDLcfiam, in Section 3.2.1; in Sec-
tion 3.2.2 we study the behaviour of the MDL-FS function.
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3.2.1 The feature-selection behaviour of the MDL function

In this section, we investigate the feature-selection Wiela of the MDL function. We will show
that the MDL function is able to identify and eliminate onlyréoutes that are redundant at level
for the class variable as well as for the other attributesfoiepresenting this result, we observe
that, to allow for comparing the MDL and/or MDL-FS scores wbtclassifiers, they both need to
capture a joint probability distribution over the same datasiables. When comparing the score of a
selective classifier with the score of a classifier that idekimore attributes therefore, we look upon
the selective classifier as being extended with the deldtatdwtes by means of nodes without any
incident arcs.

Proposition 3.2 Let A be a set of attributes, l&t' be the class variable, and Ié? be a dataset oiv
labeled instances ovet U {C'} as before. Le€ be a Bayesian network classifier ovétJ {C'} and
let A; € A be an attribute irC with the set of parents¢(A;) and the set of children: (A;). FromC,
we construct the selective classifter by deleting the incident arcs of;. Then,

MDL(C™ | D) < MDL(C | D)

if and only if

Hi(43) — Hp(A: | pe(A) — 250 (04| - 1)-( ] |Q<Aj>|—1>}+

Aj€pc(Ai)

S [ HpAi ] pe- (AW) — Hp(As | Ar,pe- (Ai)-
Ap€cc(Ai)

ol -0 T 190 (940 - 1>] <0

AjeEpc(Ar)\{Ai}

Proof. We begin by observing that, since the two classifiers difdy in the incident arcs for the
attribute A;, the difference of their MDL scores pertains to justand its parents and children. To
investigate the difference of the two scores, we now studylifierences of their log-likelihood terms
and of their penalty terms separately. The difference ofdgdikelihood terms for the two classifiers
equals

LL(C | D) —=LL(C™ | D) = =N - (Hp(4; | pe(4y)) = Hp(A:)) —

N- > (Hp(Ax | pe(Ar)) — Hp(Ax | pe-(Ax)))
Ap€cc(Ag)

The difference of the penalty terms of the two classifiersaggju

1053;N cl=1c-]) = 10g2N _ ((|Q(Ai)|_1). ( H IQ(A;)] — 1) +

Aj€pc(Ai)

> (A - 1) - II 12(A4;)] - (12(A:)] = 1))

Ap€cc(Ai) Aj€pc(Ar)\{Ai}
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Note that the difference of the two penalty terms is positiveee the classifief is more complex
than the selective classifiér. Using

MDL(C | D) — MDL(C™ | D) =

1°g2N (| = 7)) = (LL(C | D) — LL(C™ | D))

and
Hp(Ak | pe(Ak)) — Hp(Ag | pe- (Ak)) = Hp( Ak, Aispe-(Ak)) — Hp(Ai, pe- (Ak))+

Hﬁ(AkaPC—(Ak)) - Hﬁ(Pc— (Ax)) = HP(Az‘ | Ak, pe-(Ax)) — Hﬁ(Ai | pc-(Ax))

for each attributed;, € cc(A;), wherepe (Ay) = {A:} Upe- (Ag), we now straightforwardly obtain
the proposition’s inequality
By definition we have that the MDL function prefers the selextlassifieC ~ overC if and only if
C~ has a smaller MDL score thah that is, if and only ifMDL(C~ | D) < MDL(C | D) for the
datasetD under consideration. The differengez N/2 - (|C| — |C~|) of the penalty terms for the
classifierC and the selective classifiér is greater than zero sinéehas a complexer structure than
C~. The differencelL. L(C | D) — LL(C~ | D) of the two log-likelihood terms also is greater than
0 because the classifi€r captures the observed joint probability distribution adieas accurately
as the selective classifi€r. The proposition now indicates under which condition thdigainal
complexity ofC is no longer counterbalanced by its increased log-likeltho

We study the condition stated in the proposition in someesldgtail. We observe that the condi-
tion basically pertains to the strengths of the relatiopsloif the attributed; with the other attributes.
Informally speaking, the stronger the relationshipslefvith its neighboring attributes ifi, the more
the observation of a value assignment to these attributesaratribute to resolving the uncertainty as
to the value of4,. The stronger the relationships 4§ with its neighbouring attributes, therefore, the
more likely the inequality stated in the proposition does mald and the full classifier is preferred
over the selective one. The next corollary now quantifiesntlagimal amount of irredundancy the
attribute can have with its neighbours before it is effeglfiremoved by the MDL function.

Corollary 3.1 LetC, C~ and A; be as in Proposition 3.2. The selective classifieris preferred
over the full classifie€ if only if

e the attribute A; is redundant at level for the variables in its set of parenis:(A;) in C
within the allowed amount of nois€ A;, pc(A;), ¥, N) < logN/(2-N) - (|(A4;)] — 1) -

(HAjepcmi)m(Aj)l - 1); and

e the attributeA; is redundant for each child attributd;, € cc(A;) given A;’s other parents
in C within the allowed amount of noisgA;, Ax, @, N) < log N/(2-N) - (|Q(Ax)| — 1) -
Q(45)] - (12(4:)] = 1).

HAj €pc (Ar)\{4:}

From the property stated in the corollary, we conclude thatn feature selection, an attribute is
removed by the MDL functioronly if it is redundant at level for all other variables within an
amount of noise that is dependent of the structure of theifikis For Naive Bayesian classifiers, the
function will thus serve to remove attributes that are regthut for the class variablé at level0, since

in such a restricted classifier the attributes are assumel toutually independent giveén. For more
complex Bayesian network classifiers, however, attribtitasare redundant for the class variable at
various levels will not be removed unless these attributesedundant for all other attributes as well.
We conclude that the MDL function is not very well suited fhettask of identifying and removing
attributes that are redundant for the class variable.
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3.2.2 The feature-subsection behaviour of the MDL-FS funabn

In this section, we study the feature-selection behaviéun® MDL-FS function in detail. Before
doing so, we relate the function to the MDL function and shavder which conditions the two
functions exhibit the same behaviour.

We have argued in Section 3.1 that the MDL-FS function isallpselated to the MDL function
and differs from this function mainly in that it capturesaddition to the joint probability distribution
over the set of all variables, also the joint distributiompjust the attributes. We now show that upon
comparing classifiers over the same set of variables, theuwctions exhibit the same preference
behaviour as long as the MDL-FS function uses auxiliary ek that have the same log-likelihood
given the data.

Proposition 3.3 Let A be a set of attributes and I&t be the class variable as before. LBtbe a
dataset of labeled instances ovéru {C'}. LetC and(C’ be two Bayesian network classifiers over
AU{C}. LetS andS’ be two Bayesian networks ovérwith LL(S | D) = LL(S’ | D). Then,

MDL(C | D) — MDL(C' | D) = MDL-FS(C, S | D) — MDL-FS(C’, S’ | D)

Proof. The property stated in the proposition follows directlgrfr the definitions of the two func-
tions. O

The condition described in the previous proposition hasllgr occurs in a practical setting. Espe-
cially in view of feature selection, will it hardly ever bedftase that classifiers are compared using
(different) auxiliary networks of the same log-likelihaod@he importance of the proposition there-
fore lies mainly in the observation that, with a fixed auxiimetwork over a fixed set of attributes,
the MDL-FS function will always prefer the same classifietlas MDL function. More specifically,
the two functions will exhibit the same preference behawibthe MDL-FS function uses an empty
auxiliary network.

We now turn to the feature-selection behaviour of the MDLAFE&tion in a more practical setting
where classifiers are compared using auxiliary networksasfsiply different log-likelihood. To
informally review some of the function’s properties, we lrelgy studying the MDL-FS score of a
Bayesian network classifi€rover AU {C'} and an auxiliary Bayesian netwoskover A. We rewrite
this score as a sum of terms for the class variable and for &adbute A; separately:

log N
2-N

MDL-FS(C,S | D) = N - [HF,(C) + (10| - 1)] +

N- S [ Hp(As | pe(A) — Hp(A: | ps(Ai) +
A;€A

ol 1) |ﬂ<pc(Ai>>|]

wherepc(A;) andps(A;) are the sets of parents dff; in the network< andS, respectively. We
observe that strong relationships between the attridytand its parents in the classifiér that is,
Hpg(A; | pe(A;)) going to0, would decrease the score, while strong relationshipsdetw; and its
parents inS, thatis,H 5 (A; | ps(A;)) going to0, would increase the score. In view of feature subset
selection, therefore, the stronger the relationships efattributeA; with its parents in the classifier
and the weaker the relationships with its parents in thelianyinetwork, the less likely the attribute
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is to be removed. To study the differences in strength ofghetionships in more detail, we express
the differencef s (A; | ps(Ai)) — Hp(A; | pe(A;)) in terms of the amounts of irredundancy that
the attributeA; has with its parents in the two networks. Lets(A;) = pe(A;) Nps(A;) be the
set of parents ofi; in both the classifier and the auxiliary network. Then,

Hp(A;i | ps(Ai)) — Hp(Ai | pe(Ai)) = (Hp(Ai | pens(Ai)) — Hp(Aq | pe(Ad))) —

(Hp(Ai | pens(Ai)) — Hp(Ai | ps(4i)))
The two terms capturing the amount of irredundancy forlate A; both are positive. The amount
of iredundancyH 5 (A; | pens(Ai)) — Hp(Ai | pe(A;)) describes how “far” the attributé; is
from being redundant for the set of variables(A;) \ ps(A;) given pens(A;); note that the set
pe(A;) \ ps(4;) includes the class variable and all attributes that arentsuef A; in C but not in
S. The closer td) this term is, the larger the MDL-FS score will be and the mdeely the attribute
will be removed upon feature subset selection. The t&igiA; | pers(Ai)) — Hp(A; | ps(As)),
on the other hand, indicates how “far” the attributgis from being redundant for the set of variables
ps(A;) \ pe(4;) given pens(A4;)); note that the sebs(A4;) \ pc(A;) includes all attributes that
are parents of4; in S but not inC. The closer td) this term is, the smaller the MDL-FS score
will be and the less likely the attribute is to be removed. Wadtude that the differencH 5 (A; |
ps(Ai)) — Hp(A;i | pe(A;)) represents the amount of irredundancy of the attribltéor the class
variable and its exclusive parent attributes in the classgiven its parent attributes in the auxiliary
network.

We now begin by studying the feature-selection behaviotin®@MDL-FS function for complete
Bayesian network classifiers using complete auxiliary oeks. To pertain to the same joint proposal
distributions like the full classifier and auxiliary netvikprve again extend the selective networks with
the deleted attributes by means of nodes without incidexst ar

Proposition 3.4 Let A be a set of attributes, |&t’ be the class variable, and €2 be a dataset ofV
labeled instances ovet U {C'} as before. Le€ be a Bayesian network classifier over the variables
AU{C} andlet4; be an attribute irC with the set of parentg: (A;) and the set of childrenc (4;).
From C, we construct the selective classifér by deleting the incident arcs of;. In addition, let

S be an auxiliary network over the attributesand letps(A;) be the set of parents ang(A4;) be
the set of children ofl; in S. LetS~ be the selective auxiliary network that is obtained frSrby
deleting the incident arcs of;. Then,

MDL-FS(C~,S™ | D) < MDL-FS(C, S | D)

if and only if
> [Hp(Ai [ pe-(Ar)) — Hp(Ai | Ak, pe-(Ar))—
Avlec(A)
RIS R | IQ(Aj>|-<|Q(Ai>|—1>] <

Ajepe- (Ap)\{A:i}

D [Hp(Ai| ps—(AL) = Hp(Ai | Ay ps-(A7))]
Al €cs(Aq)



3.2 The feature-selection behaviour of the MDL-FS and MDL functions in general 41

wherepe- (Ay), with pe(Ax) = {A4;} U pe- (Ag), andps- (Ax), withps(A4}) = {A;} Ups- (4},
are the parents sets of;, and 4j, in C— andS~ graphical structures, respectively.

Proof. To investigate the difference between the two MDL-FS scoresstudy the differences of
the log-likelihood terms of the classifiers, the log-likelod terms of the auxiliary networks and of
the penalty terms separately. Since we modify only locdily Bayesian structures, the difference
in the MDL-FS score will be reflected only by the locally moddiparts. The difference of the two
log-likelihood terms of the classifiers and of the auxiliagtworks equals

LL(C| D) ~LL(C™ | D) = ~N - (Hp(A; | pe(4i)) — Hp(4)) -

N - Z (Hp(Ak | pe(Ar)) — Hp(Ak | pe- (Ar)))

Ap€ce(Ai)

LL(S | D) = LL(S™ | D) = =N - (Hp(A; | ps(A)) — Hp(Ay)) —
N- > (Hp(A; | ps(A})) — Hp(AL | ps- (A7)
Al ccs(Aq)
The difference of the penalty terms of the two MDL-FS scoiegsads
_ log N
(¢l =1e7]) = —— - (12(4)] = 1) - | 12(C)] - II e -1+

Aj€pc(Ai)

log N
2

log N
> 5 (192(Ak)] = 1) - 11 12(A;)] - (12(A:)| — 1)
Ap€ce(Aq) Aj€pc(Ar)\{A:i}
We now have
MDL-FS(C,S | D) — MDL-FS(C~,8™ | D) =
log N
2

from which directly results the proposition’s inequality bBubstituting each childd), € cs(A4;),
whereps (A}) = {Ai} Ups- (4j,), inthe equation

(e[ —1c7]) = (CLL(C, S | D) - CLL(C™,S™ | D))

Hp (A | ps(AL) — Hp (A | ps- (Ay)) Hp(Ai | Ay, ps-(Ay)) — Hp(Ai | ps-(A})))
and each childd, € cc(A;), wherepe(Ay) = {Ai} U pe- (Ag), in the equation
Hp(Ax | pe(Ar)) — Hp(Ax | pe- (Ar))Hp(Ai | Ak, pe-(Ak)) — Hp(Ai | pe-(Ax))

those proves are similar with the one from Proposition 812.

By definition we have that the MDL-FS function prefétoverC— if and only if C has a smaller
MDL-FS score tharC —, that is, if and only ifMDL-FS(C,S | D) — MDL-FS(C~,8~ | D) < 0

for the dataseD. Again the difference between the penalty terms is gre&gan zero because the
full Bayesian network classifier is more complex than thes@le one. Whem; does not have
any children inC, the difference between the two conditional log-likelidsas equal with thed;’s
term in the conditional log-likelihood of the full connedtelassifier, N - (H(A; | pe(As)) —
Hp(A; | ps(A;))). WhenA; has children (e.gAy) in C, we add a term that indicates the amount
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of irredundancy of4; for A, given A,’s parents irC except forA;; when A4, has children (e.g4})

in S, we subtract a term that indicates the amount of irredunganel; for Aj, given A}’s parents

in S except forA4;. Thus, the difference of conditional log-likelihoods ireses with the strength of
the relationships between the attribute and the otherhisan the classifier, and decreases with its
strength of the relationship between the attribute and therattributes in the auxiliary network.

Informally speaking, the stronger one or more of the refatfops betweeml; and the other
variablesA \ { A;} in the classifier are and the weaker the relationship$;dh the auxiliary network
are, the more the full classifier is preferred over the seleatlassifier with the MDL-FS function.
It is interesting to note that the feature selection behavad the MDL-FS function can be derived
directly from the function itself as we have presented inftrst part of this section. Thus only the
parents sets of an attribute in the classifier and in the i@nyxistructure determine the amount of
(inredundancy an attribute has. The children of an atteébzompare the amount of irredundancy
the attribute has for them given the other parents of thesdreh in the classifier with the amount
of irredundancy the attribute has for their children givee bther parents of these children in the
auxiliary structure. As a consequence, the feature sekeptioperties in removing or not a redundant
attribute with the MDL-FS function is correlated to the cdexity of the parents set of the attribute
in the classifier and in the auxiliary structure, and not @alktribute’s children sets.

From these observations, we conclude ti@ MDL-FS function is more suited for the task of
feature selection since it can serve to identify and rem@drimdant attributes at various levels
Whereas with the MDL function we can eliminate only the atites that are redundant at leGebr
all other variables from the datasé€t;’} U A\ { A;}, and thus it can be only used for Naive Bayesian
classifiers, the MDL-FS function can be used to eliminateinel&int attribute at various levels from
more complex classifiers. In the following, we practicallystrate the use of the MDL-FS score in
reducing redundant attributes at various levels from Biayesetwork classifiers of interest.

In the following paragraph, we show thihie level of redundancy for which the MDL-FS function
reduces attributes depends on the complexity of the anxiiucture We consider two cases$i)

a fully connected auxiliary network and an arbitrary conxdBayesian network classifier, aritf) a
fully connected Bayesian network classifier and an arbjtcamplex auxiliary network. Since the
eventual children of4; in the classifier indicate how irredundasi is for its children rather than for
the class variable, in the following discussion, we consaigy the parents sets of; in a classifier
or/and an auxiliary network. Whea; have also children i@ or/andS, we referee to the discussion
following Proposition 3.4 for understanding the behaviotithe MDL-FS score.

In the following corollary of Proposition 3.4, we show thhgtattributes that are redundant for
the class variable at levéd| — 1 are eliminated from any classifier, wherg has no children, if
the auxiliary network is a fully connected Bayesian netwdiflowever, since they might be relevant
attributes at the lower levels captured by the correlatiaribe classifier, their removal mighot be
beneficial for the classification task.

Corollary 3.2 Consider the fully connected auxiliary netwakover the set of attributed and the
selective auxiliary networ§ — over the set of attributed \ {A;} as described before. Let’s consider
further a Bayesian network classifi€; over A U {C'} where A; has the parents sei¢, (4;) C
A\ {4;} and no children; from the classifigl;, we construct the selective Bayesian classifier
over{C} U A\ {4;} by deletingA; and its incident arcs. If4; is redundant forC at level| 4| — 1
within the allowed noisé(A;; pc, (A;); N) < log N/(2-N)-(|C|—|C~|) then the selective classifier
C; is preferred to the full classifief; .

Proof. Because the attributel; is connected to all other attributes in a fully connectedilaux
iary structureS, we can rewriteS such that4; has no children without changing the dependen-
cies. Therefore, without loss of generality, we can assuimiegase of exposition, that; has
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the set of variablesi \ {A;} for its parents in the graphical structure §f If A; is redundant
for C given A \ {4;} within the allowed noise levef(A;; pc(A;); N) < logN/(2-N) - (IC| —
IC™1), thenH p(A; | AN{Ai}) — Hp(Ai | C,A\{A;}) <logN/(2-N) - (IC| —[C™|), where
log /(2 N) - (|C] = [€™|) =log N/(2- N) - (12(4:)] = 1) (TLa, e )| 2(45)] = 1). From
Proposition 3.4, we have that the selective classifier ifepred to the full one if and only iff 5 (A; |
AN{AY) = Hp(A; | pe,(A:) < log N/(2- N) - (IC] — |C|). Sincepe, (4;) C {C} U A\ {A;},
we haveH ;(A; | C, A\ {4;}) < Hp(A; | pe,). From the above two inequalities, we conclude the
stated propertyd

A direct consequence to the above property is that the reghtrattributes at leveld| — 1 are
effectively removed from a fully connected Bayesian netnaassifier with the MDL-FS score using
a fully connected auxiliary network. Again, without lossgénerality, we can assume, for ease of
exposition, that4,; has the set of variablés! \ {A;}) U {C} for its parents in the graphical structure
of C. In this case, the difference of the two conditional loglikood terms is greater than or equal
to zero because the amount of uncertainty of an attributbenfully connected Bayesian network
classifier is less or equal to the amount of uncertainty ofséu@e attribute in the fully connected
auxiliary network. Thus, the full classifi€rcaptures the observed conditional probability distribati
P(O | A) at least as accurately as the selective clasgifier Informally speaking, the stronger the
relationship between the possible eliminated attribtit@nd the class variabl€, the more inclined
the MDL-FS function is to prefer the full classifier over thelective one. Since the relationship
betweenA;, the class variable and the other variables in the attrisateis captured with a fully
connected Bayesian network classifier, we consider thaethendant attributel; at level|A| — 1 is
correctly eliminated with the MDL-FS score and would be imeotly kept with the MDL score.

In opposition, for a simpler auxiliary network than the fuionnected one, a redundant attribute
at level|A| — 1 might not be eliminated with MDL-FS from a fully connectedy®aian network
classifier whered; has no parents.

Corollary 3.3 Consider a fully connected Bayesian network classifiever AU{C'} and a selective
Bayesian classifief ~ over A\ {A;} U {C} as before. Let's now consider an auxiliary netwdtk
over the set of attributed, where the attributed; has the parent seis, (A;) C A\ {4;} and no
children; fromS;, we construct the selective auxiliary netwdtk over the set of attributed \ { A;}
by deletingA; and its incident arcs. An attributd; is eliminated fronC' if and only if it is redundant
for the class variable and the attributes that are not itsgyds in the auxiliary structure but are
parents in the classifief] 5(A; | ps, (Ai)) — Hp(A; | C, A\ {A;}) <logN/(2-N)-(|C| —|C~]).

Proof. The proof follows directly from Proposition 3.4]

Informally speaking, the MDL-FS score eliminates an atiréhif the redundancy fo€' given S
is an approximation of the redundancy f6rat level |[A] — 1. The above property pertains to the
strength of the relationship betweeh and its parents in the classifier as compared to its parents
in the auxiliary structure; the stronger the relationshighwthe class variabl€’ and the remaining
attributesA \ {A;} as compared with the subsgf the less inclined the MDL-FS score function to
eliminate the redundant attribute;. We note that the MDL-FS function eliminates only redundant
attributes at leved for the class variable and for the attributes when an emptyor is used for the
auxiliary structure.

To illustrate that, in fact, the MDL-FS function, unlike tihDL score, removes attributes re-
dundant at leve]4| — 1 from full Bayesian network classifiers with a complete Bagesuxiliary
structure, upon feature selection, we consider again tssitication problem from Example 2.1.

Example 3.1 Let's consider the datasél from Example 2.1 by copyingli£8 times - thenV = 4096
-andA = {A;,..., Ag}. Let's consider a complete Bayesian network classifiand a selective
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oneC~ as before. Let’s consider a complete Bayesian netwoakd a selective on§— as before.
Suppose thatl; = A5, whereA; is redundant forC' at all levels. Sinced (A5 | C, A\ {A5}) =
Hp(As | A\ {As}), from the above proposition, the selective Bayesian diassi~ is preferred to
the full Bayesian classifig€f when we use MDL-FS. Thud; is correctly removed from the classifier.

When we use MDL, sincés = A7 and, thenH (A5 | C, A\ {A5}) = Hp(As | A7) =0, the
full Bayesian classifie€ is preferred to the selective Bayesian classifier because-H 5 (A5) =
—1 < —log(4096)/(2 - 4096) - (|(As5)| — 1) - (28 — 1) ~ —0.37. AlthoughA; is redundant for
C at all levels, we have that; is wrongly kept in the classifier. Furthermore, an arc betweg
and A, will be always considered by any algorithm for constructBagyesian network classifiers
by maximizing the log-likelihood term, becaule, (A5 | A7, S) = 0, for any subset of attributes
S C A\ {45, A7}; thus, an arc betweer; and A; will represent the most powerful dependence
in the Bayesian network classifier. But, since the MDL-FSescses an auxiliary structure that
includes also this arc, MDL-FS eliminates the influencelgffrom the classifier, whereas the MDL
score wrongly keeps it in the classifier. Similar conclusiae draw fordg - when the set of parents
includes{A;, As, A} -, A3 - when the set of parents includds-, and As - when the set of parents
include A,.

We conclude that when the MDL score is employed none of thieuatts will be removed fror@.
When the MDL-FS score is employed, the remaining attribdtes4, and A, are irredundant for
the class variable at levél| — 1 and are not removed from the classifier. Then, the fully cotauk
classifier has the same conditional log-likelihood as thémal classifier and the same number of
attributes. We have that the conditional log-likelihoodemha complete network is used for the
auxiliary network is equal to the conditional entropky, (C' | Ay, Az, Ay) = 0. O

Now, we show that using the above analysis we can predict thenum size of the dataset
from which a Bayesian network classifier can be constructgdguthe MDL-FS score. We say
that a dataset is too small to construct a specific class oé8ay network classifiers from, if for
any attributeA; from the datasetA; is eliminated from the classifier regardless the strength of
the relationship with other attributes. With the MDL-FS sxothe size of the dataset depends on
the number of values for the attribute under discussion engdrents, and the difference between
conditional entropies of an attributé; in the fully connected classifier and in the fully connected
auxiliary network, Hs(A; | C,A\ {A;}) — Hp(A; | A\ {A;}). We note that this difference
is lower bounded by-Hz(A; | A\ {Ai}) > —Hp(A;). Thus, if there is an attributel; for
—Hp(A;) > —logN/(2-N)-(|C| —|C~|) we say that the dataset is not large enough for construct-
ing the specific type of Bayesian network classifier fromiitcgi A; will be always removed from
the full Bayesian network classifier regardless of its iefahip with the classifier or with the other
attributes.

Note that the size of the dataset needed for the MDL scoreisame as forthe MDL-FS score. In
the above analysis, the difference of the log-likelihoothieen classifiers has the same lower bound
—Hp(A;) < Hp(Ai | C,A\{A;})— Hp(A;) and the same rightterm log N/(2-N)- (IC|—|C~|).

Example 3.2 Let’s consider again the dataset from the previous examp&ethe 32 instances from
Example 2.1 are copiet28 times and the full Bayesian network classifieand the selective one
C~ from the previous example. We recall from Section 2.1 thataibute A;'s entropy attains its
maximum value for a uniform probability distribution ovés values. The maximum value thus is
found for a distribution withV (A}) = N(A4?); the maximum equals.00. We obtain the entropy’s
highest bound ford,, A,, A4, As, A7 and Ag because they have half instances 1 and half 0. The
lowest bound of the entropy for an attribute from Example @epends of th82 instances we have
listed in Table 2.1 and it ifog 32/(2 - 32) - (277! — 1) ~ 19.92. If we assume that th&2 instances
include the two possible values.4f at least once, then the minimum value for the entropy isrethi
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for Ag with H(Ag) =~ 0.54. To not eliminated; from a full Bayesian network classifier just because
there are not enough data in the dataset, we need a dataseteaVs= 4096 = 32 - 128. We have
thatlog 4096/(2 - 4096) - (271 — 1) ~ 0.37.

In general, the classifiers which are build in practice, aes$ complex, with a smaller set of
parents for one attribute. For example Af has one parent or two parent3? instances are enough
for Example 2.1. Sincdg is the attribute with the lowest entropy, we can use the datafsize32
(or larger) to construct Naive Bayesian or TAN classifiers.

To conclude the example, we note that for datasets with tamgmbersV of instances, we have that
the termlog N /(2 - N') approache$. The closer this term gets to zero, the less noise the fumctio
will allow for a redundant attribute. A larger number of vakiper variable, on the other hand, would
substantially increase the allowed nofdel;; C, A\ {A;}; N) <logN/(2- N)- (|IC| —|C™)).

3.3 Learning Bayesian network classifiers with MDL-FS

While in the previous section we have investigated geneoggrties of the feature-selection behavior
of the two functions, in this section we study their propestin a practical setting. We use the MDL-
FS function for constructing Naive Bayesian and TAN classsfifrom data using tree structured
auxiliary networks of maximum log-likelihood. Within thgaroach adopted in this thesis, the basic
idea is that the search space of alternative classifie@vsitsed by a heuristic algorithm that generates
in a greedy way various graphical structures, as outline8éntion 2.2. The MDL-FS function is
used for comparing the qualities of the classifiers that appkemented by tree structured auxiliary
networks of maximum log-likelihood. As soon as the algaritbannot construct a new classifier
that improves upon the MDL-FS score of the currently bestsifeer, the algorithm is halted. In the
following, we investigate the feature-selection behawithe MDL-FS function in this context.

In Section 3.3.1 we learn Naive Bayesian classifiers withMi_ function and we show that
only redundant attributes at lev&for the class variable are reduced. In Section 3.3.2 we [Haive
Bayesian classifiers with the MDL-FS function using a treectired auxiliary network of maxi-
mum log-likelihood; and we show that this time attributeduedant at level and1 are eliminated.
Similarly, in Section 3.3.3 we learn TAN classifiers with thDL function and we show that only
redundant attributes at levelfor the rest of the variables (the class variable and therattigbutes)
are eliminated. In Section 3.3.4, we show that the MDL-F&fiom serves to identify and elimi-
nates redundant attributes at lexefrom TANs when we use tree structured auxiliary networks of
maximum log-likelihood.

3.3.1 The MDL score for selective Naive Bayesian classifiers

Learning a Naive Bayesian classifier over a given set oftaiteis is straightforward as the classi-
fier's graphical structure is uniquely defined. At the begmgrof the learning process, we compute
the conditional entropies for each attribute given theheriable. Such an algorithm has a time
complexity ofO(n - N).

Learning a selective Naive Bayesian classifier, on the dthrd, amounts to selecting a graphical
structure from among exponentially many alternatives. ¥éall that the forward-selection algorithm
for this purpose starts with the empty Naive Bayesian di@ssind iteratively adds single attributes
that upon removal serve to maximally decrease the MDL scbitfeeoclassifier. The algorithm stops
as soon as adding a single attribute can no longer decreasgatssifier's score [50, 60]. As we
already have stated in Section 3.2.1 in Proposition 3.2MbBé function tends to eliminate from
a Naive Bayesian classifiemly attributes redundant at level Since a Naive Bayesian classifier
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cannot express the information contributed by an attrilatigelevel higher than levél, we may look
upon an attribute’s contribution at levelas anapproximationof its contribution at leve| A| — 1.
Thus, the redundant attributes for the class variable & I@are correctly removed from a Naive
Bayesian classifier.

3.3.2 The MDL-FS score for selective Naive Bayesian classifs

This section presents the algorithm we use to constructextbet Naive Bayesian classifier with
MDL-FS from the data and we study the feature selection hieha¥ such classifier. Previously,
we argued that to be able to exploit the underlying idea ofMiid_-FS function, a more complex
auxiliary network than the empty structure needs to be u$kd.auxiliary network should not have
a structure too complex, however, because of the numberstdnices and the computational effort
it requires for its construction. In the following, we showwvh to learntree-structured auxiliary
networkswith the MDL-FS function. The use of tree-structured awxijinetworks was motivated by
an efficient learning algorithm from Chow and Liu [16], theguaranteed to result in a tree-structured
network of maximum log-likelihood as described in Sectioh.2Chow and Liu’s algorithm has a
time complexity ofO(n? - V), which is given by a preprocessing step, where the conditiotual
information between each pair of attributes is computedl [30

The forward-selection algorithm for learning selectivei\NaBayesian classifiers starts with the
empty Naive Bayesian classifier and auxiliary network. Thygoidthm iteratively adds single at-
tributes, where in each iteration it computes a Naive Bayeslassifier and a maximum log-likelihood
tree over the selected set of attributes. The MDL-FS funcioused for selecting the attributes to
be added as well as for a stopping criterion: the algorithmpsts soon as adding a single attribute
cannot result in a classifier of smaller score.

In the following, we study the behavior of the MDL-FS functivhen constructing selective
Naive Bayesian classifiers from a given dataset using a treetsre auxiliary network of maximum
log-likelihood. Proposition 3.4 from Section 3.2.2 does$ ocover this case; now, after deleting an
attribute, we construct the selective tree structure @aryinetwork of maximum log-likelihood over
the remaining set of attributes. The following proposisgrertain to an attribute that is either an
internal node or a leaf in the auxiliary tree under consitlena Similar observations also hold for the
attribute that constitutes the root of the tree.

Proposition 3.5 LetC be a Naive Bayesian classifier ovéru {C'}. LetC~ be the selective Naive
Bayesian classifier oved \ {A;}) U {C'} that is constructed frorf by deleting4, and its incident
arcs. In addition, letS be a tree-structured Bayesian network oveand letA; € A be an attribute
that, in the graphical structure of, has the attributed; € A\ {4;} for its parent. LetS™ be a
tree-structured Bayesian network ovén {4,}. Then

MDL-FS(C~,8~ | D) < MDL-FS(C, S | D)

if and only if
Hp(Ar | A7)~ Hp(A: | ©) < 222 (fe] —[¢]) +
> (Hp(Ax | ps(Ax)) — Hp(Ax | ps-(Ax)))

AreA\{A:}

Proof. The difference between the log-likelihood of the classifiend of the auxiliary structures are

LL(C | D) — LL(C™ | D) = —N - (Hp(A; | C) — Hp(Ay))



3.3 Learning Bayesian network classifiers with MDL-FS 47

LL(S | D) ~LL(S™ | D) = —N - (Hp(A; | Aj) — Hp(4))))

- N- Z (Hp(Ak | ps(Ar)) — Hp(Ax | ps—(Ax)))
A€ A\{A;}

Using the same line of reasoning as before, the stated ifiggiadiows directly. O
From the previous proposition, we have that under certaiditmns, the MDL-FS function prefers
the selective Naive Bayesian classifier over the full Naiay&sian classifier. To interpret these
conditions, from the selective auxiliary netwafk , we now construct another full netwoX by
adding the attributel; as a child of4;. We note that the new netwoX also is a tree-structured
network; it may not be of maximum log-likelihood, howevein& S’ differs from S~ in just the
parent ofA4;, we have that

LL(S™ [ D) = LL(S" | D) = N - (Hp(As) — Hp(A; | 4;))

By replacing the log-likelihood of — with the log-likelihood ofS’ in the difference of log-likelihoods
LL(S | D) — LL(S™ | D), we obtain

LL(S [ D) —LL(S" D) ==N- > (Hp(Ax | ps(Ar)) — Hp(Ax | ps-(Ar))) -
Are A\{A;}

Based upon these observations, we find that the full clasSifsgpreferred over the selective classifier
C~ ifand only if

log N LL(S | D) — LL(S" | D)

2-N N

Whether or not the full classifier is preferred over the silecmne, therefore, basically depends on
the termsH 5 (A; | C) — Hp(A; | Aj) and1/N - (LL(S | D) — LL(S" | D)). For the latter term we
observe that, sincé is a tree-structured network of maximum log-likelihoode&iMD, we have that
LL(S | D) —LL(S" | D) > 0. Now, the full auxiliary networkS’ in general may not be of maximum
log-likelihood. Because it was constructed from a selectietwork of maximum log-likelihood,
however, it is expected to have a relatively large log-itkebd. Especially for larger values d¥,
therefore, the impact of the teriry N - (LL(S | D) — LL(S’ | D)) on the right-hand side of the
inequality is expected to be small. The difference in entrimpthe left-hand side of the inequality
depends on the strength of the relationshiplpfvith the class variabl€' on the one hand, and on the
strength of its relationship with the attribute; on the other hand. Informally speaking, the stronger
the relationship of4; with A; and the weaker its relationship with, the more inclined the MDL-FS
function is to removed;.

Building upon the above discussion, we now formally proat tfor the class of Naive Bayesian
classifiers, the MDL-FS function serves to identify and remattributes that are redundant for the
class variable at levél, and in addition, with a tree-structured auxiliary netwakmoves attributes
redundant at level.

(el =1le™h -

Hp(Ai | O) = Hp(Ai | 4) <

Proposition 3.6 Let A be a set of attributes and let; € A; let C' be the class variable as before.
Let D be a dataset ofV labeled instances ovet U {C'}. Now, letC be a Naive Bayesian classifier
over AU {C} and letC~ be the selective Naive Bayesian classifier duen {A;}) U {C} that is
constructed front by deletingA; and its incident arc. Le§ be a tree-structured Bayesian network
over A and letA; be the parent ofl; in the graphical structure of, and A; has no children. Lef~
be a tree-structured Bayesian network ovek {A;}.

If A; is redundant foiC' at level0 and/or1 within the allowed nois€(A4;; C') <log N/(2- N) -
(192(A:)] — 1) - (I92(C)| — 1), then, with the MDL-FS score, the selective Bayesian dlassi~ is
preferred over the full classifigt.
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Proof. When the attributed; is redundant for the class variabié at level 0 within the allowed
noise&(A;; C), we have thatt 5(A;) — Hp(A; | C) < £(As;C). From the properties of the
entropy function, moreover, we have thid}, (A;) > H(A; | A;). We thus find that the difference
Hp(A; | C) — Hp(Ai | A;) is positive. We conclude that; is removed.

Similarly, assume that the attributg is redundant fol”" at levell given A; within the allowed
noise{(A;; C). We have thattd 5 (A; | Aj) — Hp(A; | C,Ay) < £(Ai;C). FromH p(A; | C) >
Hp(A; | Aj, C), we now find that the differencl 5 (A; | C') — Hp(A; | Aj) is positive. Thus, also
in this caseA; is removed ™
From the previous proposition, we have that, using a treestired auxiliary network of maximum
log-likelihood, the MDL-FS function will always identifyral remove from a Naive Bayesian clas-
sifier any attribute that is redundant for the class variablevel0 and/or levell within an allowed
noise level determined by the penalty term. Even though ae\Bayesian classifier can only capture
the information contributed by an attribute to the classalde at levelo, in practice, it is expected
that the function will identify many of the attributes thaeaedundant at level, since it is quite
likely that an attributed; that is redundant for the class variable givén will be connected to4;
in the auxiliary network. More specifically, the functioreidtifies the attributes that are redundant
for the class variable given their parent in the auxiliarywerk because it models the most important
relationships among the attributes, from which it can idgmedundancy at level to at least some
extent. For example, the MDL-FS function can identify &tites that are copies of one another. We
recall from Section 2.2 that the inclusion of perfectly aated attributes may bias the accuracy of
the classifier and should in fact be removed.

We observe that the MDL-FS function, when using a tree stinect auxiliary structure, tends
not to eliminate any other attributes from a Naive Bayesiassifier than the ones reviewed above.
To investigate whether or not such attributes should indeetemoved, we consider the following
two types of attribute:(i) A; is irredundant at level, 4, is irredundant at level, redundant at
level 2 and irredundant at leveéld| — 1; and (ii) A; is irredundant at level, A; is irredundant at
level 1, redundant at level, and redundant at leveéd| — 1. As we mentioned before, in situation
(i), attribute A; should be removed and in situati¢i), attribute A; should in essence contribute
to the classification at levél| — 1. Even though a Naive Bayesian classifier can only express the
information contributed by an attribute at lew&for the class variable, a tree structured Bayesian
network overA as auxiliary structure can express the attribute’s deperydat level0 with other
attributes fromA. We now may look upon the attribute’s contribution in the iiary structure as an
approximationof its contribution at level ; furthermore we may look upon this as approximation
of its contribution at leve|A| — 1. Then, the attributed; should not be removed from the Naive
Bayesian classifier. We note that, for identifying redurgeat a higher level, an auxiliary network
of higher complexity is required. To conclude, we illustrétte basic idea by means of an example.

Example 3.3 We consider again the classification problem from Examle\®e noted = { A4, ..., As}.
Let's consider a Naive Bayesian classifiérand a selective Naive Bayesian classifier as be-
fore. Associated to these classifiers are a tree-struct@a@gesian networls and a selective tree-
structured Bayesian netwok™ as before.

We have thatds and A, whereAs = A, are redundant for the class variab{e at level0 and
higher. From Proposition 3.2, with the MDL scoré; is removed fronT. Also according with the
previous proposition, with the MDL-FS score, the selectilassifierC— is preferred over the full
classifierC, and 4 is effectively removed. We note thés is removed regardless of the strengths of
its relationships with the other attributes. A similar obstion holds for the attributed; = As.

We further recall from Example 2.1 that the attributésand A, are redundant for the class vari-
able at leveD but irredundant at higher levels thain A full Naive Bayesian classifier overu {C'}
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Figure 3.1: The selective Naive Bayesian classifier andgeciated tree structured auxiliary network
(left), the selective TAN classifier and its tree structuaediliary network ( middle) and the selective
TAN classifier and its complete auxiliary network (rightprestructed with the MDL-FS function.

only includes the prior probability distributio®(C) and the conditional probability distributions
P(A; | C)andP(A4 | C). The XOR operator that captures the combined influencé,aind A4
on C cannot be modeled by a Naive Bayesian classifier. Althougsethttributes cannot bias the
classification as it does not contribute any informationHte tlass variable” at level0, it adds to
the complexity of the classifier and therefore they are atlygemoved by the MDL and MDL-FS
functions.

Suppose thatl; = Ag, which is redundant fo€’ given A, and irredundant at level. ThenA4; =
As sincedg = A, and then the mutual information difs and A5 is maximal. The MDL-FS function
prefers the selective classifiér over the selective classifi€r the attributeA; is thus removed from
the classifier. Unlike the MDL-FS score, the MDL functionfereC overC~ wheneverd ;(As) —
Hp(Ay | C) > £(Ag;C). For N = 32, for example, we find that(A,; C) < log32/(2-32) -
(12(A2)] = 1) - (]2(C)| = 1) = 0.08. We further have thatl 5(A2) — Hp(A2 | C) = 0.16. We
conclude that the full classifi€t therefore is always preferred over the selective clasdifieand the
attribute A, is not removed. Similar observations hold for the attribdtethat is strongly connected
to As.

With MDL-FS, after eliminating the redundant attributeslegel 0 and 1, there are only two
left: A, and Ag. Suppose thatl; = A,, whereA; is irredundant forC' at level0 and higher, and
A; = Ag. The MDL-FS function now prefers the full classifi¢iover the selective classifi€r
because, forV = 32, for example, we have thdf 5 (A, | Ag) — Hp(A2 | C) = 0.87 — 0.69 >
&(Aq; C) = 0.08. The attributeAs is thus not removed from the classifier. Similar observatioold
for the attributeAg that is irredundant forC' at level0 up to3.

The selective Naive Bayesian classifier yielded for the pl@dataset by the MDL-FS function
is shown in Figure 3.1 on the left. The conditional log-likebd of these Naive Bayesian classifier is
proportional with CLLC,S | D)/N =~ 0.47. This score it higher than the conditional log-likelihood
of the selective Naive Bayesian classifier selected by the 8bre—0.02. With a tree-structured
auxiliary network of maximum log-likelihood, thereforeetMDL-FS function serves to remove at-
tributes that are redundant at leveland/or at levell upon feature selection. We observe that the
conditional log-likelihood of the selective Naive Bayesgzlected by the MDL-FS score is higher
than the conditional entropy of the class variable given #teibute setA; the conditional log-
likelihood of the Naive Bayesian classifiers when considgai tree structured auxiliary network of
maximum log-likelihood is positive when the auxiliary netkvhas a higher score than the Naive
Bayesian classifiersl

We would like to note that, in practical applications, gextlgrgood feature-selection results
are obtained with the MDL function for Naive Bayesian cléiss$ [50]. Apparently, the function’s
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ability to identify and remove attributes that are redurtdanthe class variable at levél suffices
to yield relatively simple classifiers of good accuracy. Heoer, the MDL-FS score is reducing even
more redundant attributes - that are attributes redundaetel 1 - since the contribution of these
attributes are captured by the tree structured auxiliatwoek. Thus, we consider that MDL-FS is
more suited for the task of constructing selective Naivesgifeer from data with the reduction of
redundant attributes at chosen levels.

3.3.3 The MDL score for selective TAN classifiers

Learning a TAN classifier over a given set of attributes is enmvolved than learning a Naive
Bayesian classifier, because the graphical structure off#i¢ classifier is not unique. A well-
known search algorithm for learning TAN classifiers[30]rttavith a Naive Bayesian classifier and
iteratively inserts undirected edges between pairs abatis, under the constraint of acyclicity; the
selection of the edges to be inserted is based upon the moralitmutual information of two attributes
given the class variable. The algorithm stops adding edgies@n as the undirected graphical struc-
ture over the attributes constitutes a tree. After randoselgcting a root for the tree, the edges in
the structure are oriented from the root towards the lealks.resulting TAN classifier is guaranteed
to havemaximum log-likelihoodjiven the data. In the sequel, we assume a TAN classifier td be o
maximum log-likelihood unless explicitly stated otheraig he time complexity of this algorithm is
O(n® - N) and is given by the preprocessing step, where conditionalahinformations between
each pair of attributes are computed [30].

The forward-selection algorithm for constructing a selexTAN classifier now starts with the
empty TAN classifier and iteratively adds single attributés each iteration, it computes a TAN
classifier over the selected set of attributes by means oéltq@rithm described above. The MDL
function again is used for selecting the attributes to besddts well as for a stopping criterion: the
algorithm stops as soon as adding a single attribute caegoltrin a TAN classifier of higher score.

In contrast with Naive Bayesian classifiers, TAN classifieais express information at levél
they can model the relationship of an attribute with the cheariable conditional on a single other
attribute. Although similar, the following property is natdirect consequence of Proposition 3.2;
when deleting an attribute from a TAN classifier, now, thestVe classifier is also a TAN classifier
of maximum log-likelihood which might be different from tiselective classifier obtained from the
full TAN by deleting the given attribute and its incident srcThis proposition and the following up
discussion pertain to an attribute that is either an intemode or a leaf in the attribute tree of the
TAN classifier. Similar observations also holds for theihttte that constitutes the root of the tree.

Proposition 3.7 LetC be a TAN classifier oved U {C'} and letA; € A be an attribute that, in the
graphical structure o€ has the set of variablgs: (4;) = {A4;,C}, forsomed; € A\ {A;}, forits
parents. LeC~ be a selective TAN classifier ovet \ {A;}) U {C}. Then

MDL(C | D) < MDL(C™ | D)
if and only if

_logN
2-N

Hp(Ai | G 4j) — Hp(Ai) < (el =1e7h-

ST (Hp(Ak | pe(Av) — Hp(Ax | pe- (A1)
Are A\{A;}

Proof. The proof follows the same line of reasoning as in PropasiBi@. O
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Thus, under certain conditions, the MDL function prefers ffelective TAN classifier over the full
TAN classifier, and, therefore, it removes an attribute urmasideration. To interpret these con-
ditions, from the selective classifi€r, we now construct another full classifiét by adding the
attribute A; as a child ofd; andC. We observe that the new classifiris also a TAN classifier yet
not necessarily of maximum log-likelihood. Sin€ediffers fromC~ in just the set of parents of the
attribute A;, we have that

LL(C™ | D) = LL(C' | D) — N - (Hp(A;) — Hp(A; | A;,C))

Based upon this observation, we find that the full classffiex preferred over the selective classifier
C~ ifand only if

log N
2-N

C|D)—LL(C' | D)
N

Hy(As | 4;,C)  Hp(A; | A) < — 25 ] o)) 4
Whether or not the full classifier is preferred over the silecone, therefore, depends basically on
the termsH 5 (A; | A;,C) — Hp(A; | Aj) and 5 - (LL(C | D) — LL(C' | D)). For the latter
term, we observe that, sinegis a classifier of maximum log-likelihood giveP, we have that
LL(C | D) — LL(C" | D) > 0. Now, the full classifierC’ in general may not be of maximum
log-likelihood. Because it was constructed from a selectilassifier of maximum log-likelihood,
however, it is expected to have a relatively large log-itkebd given the data. Especially for larger
values ofN, therefore, the impact of the tergy - (LL(C | D) — LL(C’ | D)) on the right-hand
side of the inequality is expected to be small. For the leftdhside of the inequality, we have that
Hp(Ai | A;,C) — Hp(A; | A}) < 0. The difference in entropy depends on the strength of the
relationship ofA; with its parents in the classifier. Informally speaking, theaker the relationship

of A; with its parents in the classifier, the more inclined the MB&function is to remove;.

Building upon the same argument as before, therefore, weleda that any attribute that is
redundant for the class variable at levelshould be removed. Unless the attribute is quite weakly
related to its neighboring attributes in the classifier,cading with the above proposition, however,
the MDL function tends not to remove it. We conclude, as a equence, that generally poor fea-
ture-selection results are obtained with the MDL functigpoo constructing TAN classifiers.

3.3.4 The MDL-FS score for selective TAN classifiers

In this section, we show how to learn selective TAN classfirmaximum log-likelihood with the
MDL-FS score by using a tree structured auxiliary netwodoaf maximum log-likelihood. Learn-
ing a TAN classifier over a given set of variables with the MBS&-function amounts to constructing
both a classifier and an auxiliary network from the availatd¢a. Upon learning a selective TAN
classifier with the MDL-FS score, moreover, learning the tvetworks is performed iteratively. In
this section, we focus again on the use of tree-structurgtiany networks with the MDL-FS func-
tion. In addition to the use of tree-structured networks akimum log-likelihood as in the previous
section, we also study the use of the attribute tree of thetoacted TAN classifier for its associated
auxiliary network. Note that using the attribute tree of aNT8lassifier with the MDL-FS function
serves to substantially reduce the computational effedlired in the learning task.

In the following, we investigate the ability of the MDL-FSration to identify and remove, from
a TAN classifier, redundant attributes at different lev@\e study the use of maximum log-likelihood
tree-structured auxiliary networks for this purpose andtagsh the condition under which the MDL-
FS function with such a network removes an attribute fromeasifier. Although similar, the follow-
ing property is not a direct consequence of Proposition 8lEn deleting an attribute from a TAN
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classifier, now, the selective classifier is also a TAN cféesdf maximum log-likelihood which might
be different from the selective classifier obtained from file TAN by deleting the given attribute
and its incident arcs. Similar observations hold also ferdlective tree structure auxiliary network.
The following observations pertains to an attribute thatiteer an internal node or a leaf in the at-
tribute tree of the TAN classifier and in the auxiliary treedenconsideration. Similar observations
also hold for the attribute that constitutes the root of tee t

Proposition 3.8 Now, letC be a TAN classifier oved U {C'} and letA; € A be an attribute that, in
the graphical structure of has the set of variables: (A;) = {A;,C}, forsomed; € A\ {A4;}, for
its parents. LeC ~ be a selective TAN classifier oviet \ {A4;}) U {C}. In addition, letS be a tree-
structured Bayesian network ovdrand letA’, € A be the parent ofi; in the graphical structure of
S and letS— be a tree-structured Bayesian network ovek {A4;}. Then

MDL-FS(C,S | D) < MDL-FS(C™,S | D)

if and only if
, log N _
Hp(A: | C,Aj) = Hp(Aq | A7) < =5 (¢ = 7))
Yo (Hp(Ak [ pe(Ar)) — Hp(Ax | ps(Ar)) —

Ap€A\{A;}
Hp(Ag | pe- (Ar)) + Hp(Ax | ps-(Ar)))

Proof. The difference between the two log-likelihoods of the dféss and of the auxiliary structures
are
LL(C [ D) —LL(C™ | D)= =N (Hp (Ai | C, Aj) — Hp_ (A;))

N > (Hp, (A | pe(Ar)) — Hp (Ar | pe-(Ax)))
AReA\{A;}

LL(S [ D) =LL(S™ | D) = =N - (Hp, (Ai [ Aj7) = Hp,, (Ai))

—N- > (Hp,(Ax | ps(Ar)) — Hp, (Ax | ps-(Ar)))
AReA\{A;}

Following the same line of reasoning as before, the prodf&@ghtforward.C

Thus, under certain conditions, the MDL-FS function prefére selective TAN classifier over the
full TAN classifier, and, therefore, it removes an attributeder consideration. To interpret these
conditions, from the selective classifiér, we now construct another full classifiét by adding the
attribute A; as a child of4; andC. Similarly, from the selective auxiliary netwoi&—, we now
construct another full network’ by adding the attributel; as a child of4;. Following the same
line of reasoning as in Section 3.3.2 and 3.3.4, we find treafuh classifierC is preferred over the
selective classifie€ ~ if and only if

_logN
2-N

Hp(Ai | Aj, C) — Hp(A; | A7) < (er=1e=h

L LLC|D)~LL(C | D) LL(S|D)~LLES | D)

N N

Whether or not the full classifier is preferred over the siéecone, therefore, depends basically on
theterms 5(A; | A;,C)— Hp(A; | A})andl/N-(LL(C | D)—LL(C" | D))—1/N-(LL(S | D)—
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LL(S’ | D)). For the latter term, we observe that, sirtés a classifier of maximum log-likelihood
givenD, we have thatL(C | D) — LL(C’ | D) > 0. Now, the full classifieC’ in general may not be
of maximum log-likelihood. Because it was constructed fraselective classifier of maximum log-
likelihood, however, it is expected to have a relativelygktog-likelihood given the data. Similarly,
sinceS is a tree of maximum log-likelihood giveR, we have thatL(S | D) — LL(S" | D) > 0 and
S’ is expected to have a relatively large log-likelihood giviea data. Especially for larger values of
N, therefore, the impact of the tertd N - (LL(C | D)—LL(C’ | D))—1/N-(LL(S | D)—LL(S’ | D))
on the right-hand side of the inequality is expected to bdlsirar the left-hand side of the inequality,
we have thati 5 (A; | A;,C) — Hp(A; | A}) < 0. The difference in entropy depends on the strength
of the relationship ofd; with its parents in the classifier on the one hand and withatept in the
auxiliary network on the other hand. Informally speakirtg stronger the relationship df; with its
parent in the auxiliary network and the weaker the relatigmsf A; with its parents in the classifier,
the more inclined the MDL-FS function is to remoxe.

We illustrate the basic idea by means of an example.

Example 3.4 Again, we consider the classification problem from Example®/e noted = {A,, ..., As}.
Let’s consider a full TAN classifigt over A U {C}, its associated tree structured auxiliary structure
S, and a selective TAN classifiér over(A\ {A;})U{C} and its associated tree structure auxiliary
networkS— as before. We now compare the MDL-FS scor€ ahd S, with the MDL-FS score of
C~andS—.

Since the conditional mutual information 4f and A; givenC' is maximal and both variables do
not have strong relationships with other attributes, an{TAN classifier of maximum log-likelihood
will include an edge between the two attributes. Similarastations hold for the auxiliary network.
SinceAs; = A7, A; perfectly replacesAs in the classifier; we assume, without loss of generality,
that A5 does not have any children. From the equivalence of the twibates, we now observe that
Hp(As | A7,C) = 0. We find that any TAN classifi€rthat contains bott; and A; has a lower
MDL score than the selective classifiers that are constaiétam C by removingAs; or A;. Recall
that A5 and A; are redundant foilC' at all levels. However, any TAN classifiétthat contains both
As and A7 has a higher MDL-FS score than the selective TAN classifierisare constructed frord
by removing4; or A;. These two attributes will therefore be correctly remov@idhilar observations
hold for the attributesds, A7 and Ag which are redundant fo€ at level 1 and higher.

The attributesA,, Ao, A, and Ag again are identified as being irredundant at levednd there-
fore are correctly kept in the classifier by both scoring fiimres.

With a tree-structured auxiliary network of maximum lokglihood, therefore, the MDL-FS func-
tion serves to remove from TAN classifiers attributes thatradundant at level upon feature se-
lection. A selective TAN classifier yielded for the examptaskt by the MDL-FS function is shown
in Figure 3.1 in the middle. We observe that the conditiongtlikelihood of this classifier is pro-
portional with CLLC,S | D)/N = 0.75. This score is lower than the conditional entropy of the
selective Naive Bayesian classifier obtained the MDL s@@&# but higher than the conditional en-
tropy of the class variable given the minimum set of irrecamtdattributes{ A, A, A4} that is0.

O

We observe that the MDL-FS function, when using a tree stinect auxiliary structure, tends
to eliminate attributes redundant at leveWwithin the allowed noise modeled by the penalty term,
log N/(2- N)(|C| — |C~]), from a TAN classifier. Since we look upon the attribute’s winution at
level 1 as an approximation of its contribution at level| — 1, then 4, is correctly removed from
the classifier. To the attributes that are redundant for thgsovariable at a level higher than level
a similar analysis applies as the previous one. We note fibraiglentifying redundancy at a higher
level, an auxiliary network of higher complexity is requdre
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The attributes that are redundant for the class variabléeatedhigher than level tends to not be
removed from the classifier. To study if such an attributeusthindeed be removed, we now consider
an attributeA; that is redundant for the class varialdleat level0 yet irredundant at level. If it is
redundant at the highest leviel| — 1, then the attribute should not contribute to the classificat
In fact, it may bias the classification by its contributiontte class variable at levélif it is not
removed. We note, however, that the MDL-FS function tenddmoemove the attribute. If, on the
other hand, the attributg; is irredundant at levelA| — 1, then it should in essence contribute to the
classification at this level. We recall, however, that a TA&Esifier can only express the information
contributed by an attribute at levelsand1. If we may look upon the attribute’s contribution at levels
0 and1 as an approximation of its contribution at leydl| — 1, thenA4; should not be removed from
the classifier. The MDL-FS function indeed tends to not reentv

We argued before that learning a TAN classifier over a giveérogattributes with the MDL-FS
function can be computationally demanding if the functi@esia maximum log-likelihood tree-
structured auxiliary network, since basically two treristured networks need to be learned from
the data. To reduce the computational effort involved inldening task, instead of a separately
learned maximum log-likelihood tree-structured netwdhlg attribute tree of the TAN classifier can
be used as an auxiliary network. We recall that this attdlitege is obtained from the TAN classifier
by deleting the class variable and its incident arcs. Whenatitribute tree of the TAN classifier
under study is used with the MDL-FS function, a property &mio the property described in the
previous lemma holds. Since the differences in entropy mélismaller with the attribute tree than
with the maximum log-likelihood tree-structured netwdhe MDL-FS function will the less inclined
to prefer the selective classifier.

3.4 An MDL score for learning Bayesian network classifiers fom
data

In the previous section we have analyzed an MDL score foufeaselection in the context of
Bayesian network classifiers. In the following, we proposbkght modification of the MDL-FS score
- it also includes a penalty term for the auxiliary structur®r learning the structure of Bayesian
network classifiers from data. Such an MDL score is the idggripetween the (approximation)
of the conditional log-likelihood of the class variable giiva set of attributes and a corresponding
penalty term which captures the length of the encoding of(&pproximation of the) conditional
log-likelihood.

Let’'s now consider the MDL-FS score from Definition 3.1 to aive add a term for the penalty
term of the auxiliary structure. L&t be a Bayesian network classifier ovétJ {C'} and letS be a
Bayesian network oved as before. Then,

log N
2

whereCLL(C,S | D) = LL(C | D) — LL(S | D); |C| and|S| the penalty terms of and S,
respectivelyl L(C | D) andLL(S | D) are the log-likelihood terms @ andS, respectively.

The MDL-C score of a given Bayesian network classifier andatbeociated auxiliary structure
serves to indicate the classifier's quality with respecthie tlata under study. The length of the
description of the class variable given the data equalsdahgth of the encoding of the observed
conditional probability distributiod®(C' | A); since it does not factorise over the graphical structure
of C we approximate it again with the conditional log-likelitdbermCLL(C, S | D). In Section 3.1,
we have showed th&LL(C,S | D), whenC andS are complete Bayesian networks, captures the

MDL-C(C, S | D) = -(Ic| - |S|) — CLL(C, S | D)
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length of the encoding aP(C' | A) and therefore is related to the classifiers ability to ekptae
class variable given the data. The smaller the score, therhie classifier is. Although a fully
connected network perfectly matches the data, it will galheshow poor performance, as a result
of overfitting. IfC andS are simpler Bayesian networks than the complete netwarkepproximate
the conditional probability distribution with the conditial log-likelihood term, we maximize the
log-likelihood of both the classifier and the auxiliary netks of a given family. For a discussion
about the behavior of the conditional log-likelihood terra vefer to Section 3.1.2.

The penalty termog N/2 - (|C| — |S|) captures the length of the encoding@EL(C,S | D),
unlike the penalty term of the MDL-FS scor@%—N -|CJ, that captures the length of the encoding of
LL(C | D). Itis therefore related to the complexity of the conditibleg-likelihood: from the en-
coding of the Bayesian network classifier we subtract theeimg of the auxiliary network. Like the
conditional log-likelihood term, the penalty term attaitssmaximum for a fully connected Bayesian
network classifier and the empty auxiliary network. It at&its minimum for the empty classifier
and a fully connected auxiliary network. Recall that, in agtical setting, we maximize the log-
likelihood of both the classifier and the auxiliary netwodésa given family. The penalty term now
counterbalances the effect of the conditional log-liketitl term within the MDL-C function since it
increases in value as the Bayesian network classifier is densely connected as compared with the
auxiliary network.

Let’'s now investigate the feature selection behavior ofNi2l-C function. The MDL-C score
is a sum over terms that compares the strength and the coitypbéxhe relationships between an
attribute and its parents in the classifier and of the refatidps of the same attribute and its parents in
the auxiliary network. Le€ be a Bayesian network classifier ovétJ {C'} and letS be a Bayesian
network overA. We can rewrite the MDL-C score as a sum of terms for the clasisble and for
each attributed;.

MDL-C(C,S | D) = N - (Hﬁ,(c) - 120% ~(1C) = 1))

+N - Z p(Ai [ pe(Ai) — Hp(Ai | ps(Ai)))

A€A

AN Z 10gN A = 1) (|19pe(Ai))] — |Qps(A))])
diea

where, for each attributel;, € A, the setgc(4;) andps(A4;) are the set of parents of; in the
graphical structure of the networksand S, respectively. We observe the similarity between the
above formula and the first formula from Section 3.2.2 whigsatibes the MDL-FS score. The
MDL-C score reduces redundant attributes for the classbgiat the level dictated by the auxiliary
structure within an allowed noise that, this time, modets difference between the complexity of
the classifier and the complexity of the auxiliary networknlide for the MDL-FS score, for the
MDL-C score the complexity of the auxiliary structure shebble similar with the complexity of the
Bayesian network classifier; otherwise, the penalty termaldibe negative and its purpose the punish
too complex classifiers is lost.

Furthermore, the MDL-C function can be rewritten as theal#hce between two MDL scores:
from the MDL score for the classifigl we subtract the MDL score of the auxiliary netwask We
have

MDL-C(C,S | D) = MDL(C | D) — MDL(S | D)

Then, a property similar with the one from Proposition 3.3dsalso for MDL-C. LetC andC’ be
two Bayesian network classifiers ovérJ {C'}. LetS andS’ be two Bayesian networks ovel. If
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MDL(S | D) = MDL(S' | D), then
MDL(C | D) — MDL(C’ | D) = MDL-C(C,S | D) — MDL-C(C, S’ | D)

Informally speaking, for identical auxiliary structurédee MDL-C score behaves as with the MDL
score, learning Bayesian network classifiers that maxinfiedog-likelihood of the joint probability
distribution. This situation occurs only after a set of duedant attributes for the class variable is
selected.

For example, a greedy algorithm for learning Bayesian ngtwtassifiers from data first elimi-
nates redundant attributes for the classification taskiarile same time, constructs good classifiers.
Let’'s consider a forward selection algorithm that startthwihe empty Bayesian network classifier
and auxiliary structure. It iteratively adds single attitibs, where in each iteration it computes (or ap-
proximates) a maximum log-likelihood Bayesian networlsslier and auxiliary network of a given
family over the selected set of attributes. The MDL-C fuoetis used for selecting the attributes to
be added as well as for a stopping criterion: the featurecefealgorithm stops as soon as adding
a single attribute cannot result in a classifier of higherscd he output of such an algorithm is a
Bayesian network classifier of (approximative) maximum-ligglihood over an irredundant set of
attributes for the classification.

We conclude that the MDL-C score is less suited for featulecten than the MDL-FS score
since it is less selective, but the Bayesian network classifearned with MDL-C are better than
the classifiers learned with MDL-FS since the penalty of MDInow encodes the complexity of the
conditional log-likelihood term. Our theoretical findingee supported by the experimental results in
Section 3.6.

3.5 Related work

In the previous sections we have proposed an MDL like funcimore for learning Bayesian network
classifiers from data. In this section, we review the relatedk on practical algorithms for feature
selection, and on learning Bayesian network classifiers filata using MDL-like functions.

After the crisp theoretical definitions of useful and noefus attributes for the class variable
given a set of attributes based on the associated condipooiaability, for practical use, Tsamardi-
nos and Aliferis [90] and Koller and Sahami [51] propose Istios where they consider only the
relationships between two attributes given the class bbgiat the time. Koller and Sahami [51] pro-
pose an approximative iterative algorithm that uses thescemtropy measure of two attributes given
the class variable to find an approximative Markov Blankdie Tross entropy ofl; and A; given
C, using the conditional entropy Hp(C | A;, Aj) — Hp(C | A;), which is equivalent with the
amount of irredundancy of’ for A; given A; from Section 2.2. This algorithm iteratively deletes
the attribute with the smallest cross-entropy for the clasgble given one other attribute from the
dataset until some stopping criteria is met (e.g. some firetenumber of attributes are deleted or
the cross-entropy of the remaining attributes is largen héhresholdy). Using Example 2.1, Koller
and Sahami’s algorithm deletes, in a random order, thebates A; and A7 - they are redundant
for C' and for the other attributesAs and As - they are conditionally independent fér given Ao
-and A; and A, - they are redundant fat' given As. Since this algorithm deletes attributes only
by looking at its redundancy far' given another attribute, the algorithm fails to identifatll; and
A, are important for the classification task. Recall that thellMES score for both selective Naive
Bayesian and TAN classifiers using a tree auxiliary strietfrmaximum log-likelihood correctly
identifies the attributed ;, A4, A> and Ag as useful for the classification task.
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Since Tsamardinos and Aliferis’s and Yu and Liu [93]'s hstids also consider the interactions
between attributes one at a time in an iterative algorithmilar with Koller and Sahami’s algorithm,
they have similar properties. Thus, they will also wrongélete the attributesl; and A, from our
example.

Fleuret [27] related the conditional probability definitito the notion of conditional mutual infor-
mation. In his heuristic, he iteratively adds attributestthave high conditional mutual information
scores with the class variable given each of the attribligisatre already picked. Note that, in our ex-
ample, the attributed, andAg will be the first to be picked by the algorithm. However, thigiatites
A, and A, are again not picked because the conditional mutual infoomaf A, andC given A4,
and A, respectively, are low.

In the sequel, one can use Pearson’s correlation to studyaihed correlation between two vari-
ables [39]. We now briefly review the concept of redundandidouwpon Pearson’s correlation coef-
ficient used by Hall [41]. Informally speaking, he defines bsat of attributes. to be important for
the classification task if each attribute fra#nis correlated to the class variable and not correlated to
any other attribute frony.. He measures the correlation between two variables usmditference
between the entropy of a variable and the conditional egtlmiween the variable given the other
variables. Upon applying Hall's concept of redundancy toexample, we find that the correlations
betweend; andC, betweend, andC, and betweem; and A4 are considered. Since the relation-
ship between the attributet; and A, on the one hand and the class variaBlen the other hand is
not considered, the two attributels and A, would be deemed irrelevant for the classification task.

Our approach differs from previous work in the sense that wwekwvith the conditional proba-
bility distribution directly and include the conditionald-likelihoods in an MDL-based function. As
a consequence, the impact of these methods as compared WithA8 score for feature selection
task is very different although they use similar definitidi@sed on conditional entropy of the class
variable given a set of attributes to denote useful and nefiuliset of attributes. The analysis is in
favor for our method. Informally speaking, the previousaaithms will require that an attribute is
irredundant for the class variable gival other attributes from the selected set. In our example, the
previous algorithms will fail to identify the attribute$, and A, as important for the classification
task because these attributes are redundant for the claableayivenA, and thus their relevancy for
the class variable at levélgiven each other is overlooked. In the previous sections ave lshown
that the MDL-FS score overcomes this drawback by: captuimsgthe strongest relationships be-
tween attributes and the class variable and evaluating acsusrms that indicates the amount of
irredundancy a set of attributes has for the class variable.

Kontkanen and co-authors [54] propose to perform featubsetselection using the supervised
marginal log-likelihood (closely related with the conditial log-likelihood). When they evaluate
a subset of features, they only consider the case when ttigugts are independent of each other
given the class variable. Their method is closely relateth wur method because it learns the joint
probability distribution over the class variable and theiladite set. However, unlike our method,
they do not use an auxiliary structure to express the joiabability distribution over the attribute
set and, as a consequence, this method is too computayierpknsive to consider the relationships
between attributes given the class variable (for examplesin TANS). Jebara and Jaakkola [46] as-
sociate to each attribute a probability value with a maxinantmopy discrimination framework. They
use regression methods in discriminant functions (closelbted with conditional log-likelihood) to
perform classification or regression.

Furthermore, our MDL-C method discriminatingly learns geicture of Bayesian network clas-
sifiers [71] - (e.g. learns Bayesian network classifiers gighre conditional probability distribu-
tion of the class variable given the attribute set). Wittstb¢ope, Bilmes [8] uses a measure that
prefers arcs between two attributes which have a high ciamditmutual information given the class
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variable but a low un-conditioned mutual information. Théor the attributesd; and A; we have
Ip(A;; Aj | C) — Ip(Ai; Aj) which we can equivalently rewrite in terms of (conditionaitropies
as—Hp(C) — Hp(C | Ai,Aj) + Hp(C' | A;) + Hp(C | A;). Such an algorithm has a differ-
ent behavior in learning the structure of the Bayesian netwltassifiers than an algorithm that uses
the MDL-C score since it does not perform feature selecteg.(the arcs are preferentially added
between attributes of the entire set of attributes). Gressand Domingos [37] also maximize the
conditional log-likelihood using the parameters of maximloeg-likelihood. For that, they use the re-
gression algorithm of Zhou and Greiner [36]. Burge and Ldr# [earn also discriminative structures
by using separate Bayesian network classifiers for each eédse. They approximate the conditional
log-likelihood for the two value class as the ratio betwdwss lbg-likelihood of the classifier given
one class variable and the classifier given the other clagsbla and the same classifier.

We note that there are several researchers that use the Mibé g a MDL like score) for the
feature selection task [52, 25, 83]. Kononenko [52] uses Bt like score to assign the relevancy of
an attribute for the class variable. Dy and Brodley [25] faisister the dataset and then use an MDL
like function to perform feature selection. Singh and Proj&8] first iteratively eliminate attributes
if this improves the classification accuracy, and then coest Bayesian network classifier using an
MDL like score. Unlike in the previous work, we use an MDL ligeore for both the feature selection
task and to construct a performant classifier.

3.6 Experimental Results

In the following, we study the feature-selection behavibthe MDL and MDL-FS functions in a
practical setting by constructing selective Naive Bayesiad TAN classifiers from various different
datasets using both functions. Then, we compare them witle thther popular methods from feature
selection literature: a wrapper method which uses the acguneasure for training and testing the
selective classifiers [50], Koller and Sahami’s [51] andlid§d1] filter methods.

For our experimental study, we use four datasets from thelti@le repository eliminating any
incomplete instances, and two artificially generated @d$ag he characteristics of these UCI datasets
are throughly analyzed in literature. For tbleessdataset, Hall [41] obtains accurate selective Naive
Bayesian classifiers over just 3 out of 36 attributes. Froemtishroomslataset simple logic rules
can be extracted that contain only a small number of atef@.g. rules with only 2, 3 or 4 out of
22 attributes might have an accuracy betw@g% to 100%). For thesplicedataset, Domingos and
Pazzani [19] point out that the most accurate classifiere Waive Bayesian. Theesoca dataset
was generated from a hand-crafted Bayesian network in tliedi@esophageal cancer. Thsificial
datasetwas generated by copying the 32 instances of the Examplel@01times, resulting in a
dataset with8200 instances. We used the method of Fayyad and Irani to digeratiy continuous
attributes in the various datasets [26].

In our study, we used the six datasets for learning seversleNBayesian classifiers and TAN
classifiers, with different algorithms and different segyifunctions. In each experiment, we split
each dataset randomly intoteaining setand atest setat a2 : 1 ratio; the training set was used
to construct the classifier and the test set was used to isstabé performance of the constructed
classifier. We observe that in this case the training andsegst will be at different size. Thus, to
fairly measure the conditional log-likelihood, we dividdy the size of the training set. We repeated
each experimeri0 times, each time splitting the dataset anew in a trainingaedta test set to be
able to compare the mean scores (to be able to say that onedristbetter than the other). We have
performed Wilcox statistical tests, see Table 3.3, withrésults obtained for each of the datasets
for all methods presented in the experimental results forthe number of selected attributes;)
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data inst attr =0 [=1 NB TAN

% acc CLL % acc CLL
chess 3196 36 2+1 1+£1 88+1 —3.114+0.04 92+£1 0.89£0.01
mush 5644 22 540 14£0 100£0 —6.23+£0.03 1000 2.77+£0.02
splice 3000 60 04+0 O0%+0 9%+1 —0.204+0.05 95+1 3.434+0.06
Sspam 4601 57 4+0 440 91+1 —-3.784+0.04 92+0 2.334+0.03
oesoca 10000 25 O0+0 040 714+1 —-1.634+0.02 74+£0 1.46=+0.01
artif. 3200 8 0£0 754+0 81+4 —-1.644+0.02 100£0 0.84=£0.01

Table 3.1: The characteristics of the six datasets

the accuracies of the considered classifier @i the conditional log-likelihood of the considered
classifiers computed using the tree structured auxiliatyork.

Prior to learning the classifiers, we established from theing set the numbers of redundant
attributes at the leveld and1. We report the averages and associated standard deviatisised
over all runs in percentage in Table 3.1. Recall that in EXargpl, four attributes are redundant for
the class variable at level- they ared,, A4, A5 and A; - and four attributes are redundant for the
class variable at levdl given one other variable - they arg;, A5, Ay and As. However, when we
split the artificial dataset in training and test set as dbedrbefore, there is noise inherent to this
process. We observe that most attributes are deemed idadtiforC' except the copied; and A7
that are redundant far' at levell regardless of the splitting in training sets.

In our first experiment, we constructed from each datasdt N&ive Bayesian classifier and a full
TAN classifier. The basic idea of this experiment was to disfalbaseline performances to compare
the selective classifiers resulting from the other expenitmagainst. Table 3.1 summarizes the results
from the first experiment; it reports for each dataset theiezy and the conditional log-likelihood
divided by the size of the training set of constructed cfassi with the algorithms described in pre-
vious sections, averaged oV#r runs. We would expect the performance of the TAN classifier-co
structed from a specific dataset which has interactionsdxmtvattributes, to be higher than that of the
corresponding Naive Bayesian classifier, since a TAN diassakes them into consideration while
a Naive Bayesian classifier does not. For the splice datasding that the accuracy of the Naive
Bayesian classifier slightly exceeds that of the TAN classifihe slightly lower accuracy of the TAN
classifier is readily explained from the random effect oftiph the dataset into a training set and
a test set. For five of six databases, we found statisticaifgigntly higher accuracy for TAN than
for Naive Bayesian classifiers. Domingos and Pazzani [18Jvstihat the improvement in accuracy
classification by using a more complex Bayesian networksdias than the Naive Bayesian classi-
fier is not necessary to be significant. Furthermore, for athdases, we found significantly higher
conditional log-likelihoods for TAN than for Naive Bayesialassifiers. Recall that a TAN classifier
has equal or higher log-likelihood than a Naive Bayesiasgifeer over the same attributes set; thus,
it has equal or higher conditional log-likelihood with thense auxiliary network. We observe that,
for mushrooms, splice and spambase datasets, the coraditigrlikelihoods of the full TAN classi-
fiers are positive but the ones of the Naive Bayesian classHie negative. Then, the attributes are
strongly connected to each other given the classifier sineeonditional log-likelihoods of TANs
are higher than of NBs. But the attributes are weakly coretebetween them in the absence of the
class variable - since a low log-likelihood for the auxijiatructure dominates the log-likelihood of
the classifier.

For the second experiment, Table 3.2 reports the percentdgelected attributes and the classi-
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fication accuracies of the selective Naive Bayesian and Tlabkdiers constructed with the forward-
selection using the MDL, MDL-FS and MDL-C functions and #aggopular feature-selection spe-
cific methods: the accuracy method for evaluation a spedgissdier [58, 50] and Koller and Sa-
hami [51]'s and Hall [41]’s algorithms described in the pmys section. In Table 3.3, we present
some statistical tests we performed to compare the expetaheesults: the number of significant
wins-losses (we have performed Wilcox tests as describededpthe averages and the rank of the
MDL-FS score over the other methods used to construct (Be¢dNaive Bayesian classifiers. Ac-
cording with the definition of the wrapper and filter approd6B, 90], the MDL, MDL-FS and
MDL-C algorithms are wrappers when the performance meaisutige conditional log-likelihood,
and they becomes filters when the performance measure idabsfication accuracy. Whereas, if
the accuracy measure is used instead of the MDL score, th#&ingsalgorithm is a wrapper when
the algorithm evaluates selective NB and TAN classifiers tive test set using the accuracy mea-
sure, and a filter when the algorithm evaluates the perfocemaf the specific classifiers with the
conditional log-likelihood.

We observe that, upon constructing a selective Naive Bagedassifier, with the MDL-FS func-
tion, more selective classifiers were obtained than withMHE. function. From Section 3.3, we
recall that the MDL function serves to remove any attribinat is redundant for the class variable
at level0; it tends not to remove any other attribute unless it is veeakly related with the class
variable. We observe that indeed the 4 attributes reduratdevel0 were eliminated from the clas-
sifier for the artificial dataset. The more selective behawias expected of the MDL-FS function as
it removes, not just attributes that are redundant at levelit also many attributes that are redundant
for the class variable at levél We observe that indeed, for the artificial dataset, in éoidito the
four attributes redundant at levg| attributes redundant at levefor the class variable - these a#g
andAg - were removed.

In the sequel, upon constructing a TAN classifier with the MiDhction, hardly any attributes
were removed. From Section 3.3, we recall that the MDL fuorctiends to remove redundant at-
tributes only if they are very weakly related with the othéributes. From the feature-selection
results obtained, we thus have that, apparently, most dathirattributes show a relatively strong
relationship with one or more other attributes. For thefiaiéil dataset, the redundant attributes at
level 0 or 1, because they are strongly connected with other attribwiese indeed not eliminated.
With the MDL-FS function, more selective TAN classifiers webtained. For the artificial dataset,
redundant attributes at levélwere indeed eliminated; the resulting TAN classifier is prasd in
Figure 3.1 in the middle. We note that, although with the MB&-function far more selective clas-
sifiers were yielded, the accuracies obtained are apprdglyndne same as with the MDL function.
For the conditional log-likelihood measure function forddtasets except the splice dataset and the
artificial dataset, the conditional log-likelihoods foetMDL-FS function are slightly lower than for
the MDL function. From Section 3.1.2 we recall that the cdiodial log-likelihood score increases
when the complexity of the classifier increases. We notetliggfeature-selection behavior of the two
functions is relatively robust as the standard deviatiotmefaverage accuracies is quite small. Higher
standard deviations of the conditional log-likelihoodsevebtained for the MDL scoring than for the
MDL-FS function, showing that the latest function modelgdrethe conditional log-likelihood than
the earlier one.

The classifiers learned with the MDL-C scoring functions leiss selective than the classifiers
learned with the MDL-FS function because the penalty teridDL-C is smaller than the penalty of
MDL-FS and thus MDL-C is less selective. In the sequel, thassifier learned with MDL-C is more
selective than the classifiers learned with the MDL functi@tause of the use of the conditional
log-likelihood. Note that for TAN classifiers, where the qolexity of the classifier is higher than
the complexity of the tree structured auxiliary structuséth the MDL-C function we have higher
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conditional log-likelihood than with the MDL-FS functiorAs in Section 3.4, for TAN classifiers,
we thus have that MDL-C is less selective than MDL-FS but thegifiers learned with MDL-C are
more performant than the ones learned with the MDL-FS famcti

The accuracy method has the highest accuracies for botreNBayesian and TAN classifiers
since it evaluates the accuracy itself in constructingcisie classifiers. However, this algorithm
is computationally very expensive since we have to compath step the accuracy over the test
set; the amount of evaluation also increases with the cortplef the classifiers we construct. The
conditional log-likelihoods of this function are slightlyorse than the conditional log-likelihoods for
our MDL-FS function. However, we observe that the standadations are considerable higher
for this function than for the MDL-FS score because variolassifiers can have good accuracies
but their conditional log-likelihood can be rather largeor example, for the artificial dataset, all
TAN classifiers which contains the attributds, A, and A, and an arc betweeA; and A, have
the accuracy (e.g. full TAN classifiers and the selective TAN obtainedntie MDL-FS function)
whereas their conditional log-likelihood can vary. For #mficial dataset, the greedy algorithm
might fail in learning the complex relationship betweenmibtites (e.g. the xor betweet, andA,).
However, for the same dataset, the TAN classifier obtainedjuke backward elimination is the one
illustrated in Figure 3.1 on the right; in Section 3.2, westtbat we need a more complex auxiliary
network than the tree structured one to learn this classifiter the MDL-FS score.

Koller and Sahami’s approximative method depends heavilyhe thresholdy over which an
attribute is considered useful for the classification taste higher the thresholgdthe more selective
is this method, but the performance of the selective NaiwseB@&n classifier can be diminished; the
lower the threshold, the less selective the resulting lasss. In this paper, we present results with
~ = 0.05; for all datasets the selection is very strong and the ac@esare comparable with the
full Naive Bayesian classifiers. Hall's and Koller and Salamlgorithms, on average, for Naive
Bayesian classifiers, have a comparable performance liegatee number of selected attributes and
the classification accuracy with the algorithms using thelMES function. However, the conditional
log-likelihood, on average, even though it is positive, éhsiderable smaller than the conditional
log-likelihood obtained using the MDL-FS score.When we pane these algorithms with the other
algorithms for constructing TAN classifiers, we find they aesy selective, with slightly worse ac-
curacies, but with much worse conditional log-likelihoo8sr the artificial dataset, both algorithms
select on average only two attributds and Ag, as when the MDL-FS score for Naive Bayesian clas-
sifiers is used. As we have showed in the previous sectiotheredf these two methods, however,
are able to identify the XOR relationship betweénand A,.

We observe that the MDL-FS has the best conditional lodiliked score. It is the second most
selective methods (on average only Hall's method reduce® mttributes). The accuracies of the
MDL-FS method are comparable with the accuracies of theralyorithms. Let's now compare
the MDL-FS score function with the algorithms for constingt(selective) Naive Bayesian classi-
fiers. We observe that the more selective algorithms thaivibe-FS for TAN's are: the algorithm
which uses the classification accuracy for evaluation, hadhes which we presented previously for
constructing Naive Bayesian classifiers Hall's, Koller &ahami's and MDL-FS for NB algorithms.
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alg data % sel % acc CLL % sel % acc CLL
MDL-FS chess 13+£2 944+ 0 0.41 +£0.01 42+4 93+1 0.86 +0.02
mush 5+0 98+0  0.86+0.01 51+4 100+0 2.56+0.05
splice 22+1 96 + 1 1.59 +0.03 14+1 94+1 1.754+0.05
spam 22+1 93+0  0.88+0.02 59+4 93+0 2.01+0.08
oesoca 26+ 2 69+ 1 0.97 £+ 0.01 47+£5 73+1 1.244+0.05
artif 25+0 87+1 0.47 £+ 0.01 50+0 100+£0 0.76£0.01
MDL-C chess 204+ 2 94+ 0 0.41 +0.01 49+6 93+2 0.88+0.02
mush 9+0 99+0  0.86+0.01 60+3 100+£0 2.68+0.05
splice 46 + 2 95+ 1 1.59 £ 0.03 23+ 2 94+1 2.1240.07
spam 2942 93+ 1 0.88 +0.02 73+ 2 924+1 2.264+0.04
oesoca 26+2 68+ 1 0.98 £ 0.01 524+5 74+1 1.29+0.04
artif 2841 87+ 1 0.47 4+ 0.01 50+0 100+0 0.75+0.01
MDL chess 58 + 3 88+1 —-1.504+0.22 9741 924+1 0.90+0.02
mush 92+ 3 1000 —-6.084+0.14 94+2 100+2 2.77+0.03
splice 47+ 2 96+ 0 1.25+0.05 34+1 96+0 2.474+0.04
spamb 96 +0 90+1 —-3.744+0.06 95+1 92+1 2.344+0.04
oesoca T72+2 72+1 —-031£0.14 9842 74+1 1.4540.02
artif. 5040 81+1 —-0.024+0.01 1004£0 100£1 0.84+0.01
Acc chess 14+1 95+1 0.40 +0.01 14+0 95+0 0.68+0.01
mush 14+0 1000 0.23£0.01 14+0 100+0 0.98+0.01
splice 19+4 95+ 1 1.40 £ 0.06 19+4 95+1 1.76 +0.15
spam 254+5 93+ 1 0.30 +0.20 27+ 4 93+1 1.1440.10
oesoca 43+9 72+1 0.37+0.25 64+6 HE+1  1.324+0.03
artif. 125+0 88+1 0.29 +0.01 125+0 87+1 0.30+£0.01
K&S chess 11+£0 90+ 1 0.36 = 0.01 11+£0 90+1 0.63+0.01
mush 37+1 1000 —-2414+007 37+1 100+0 1.86+0.05
splice 29+1 96 + 1 1.46 + 0.05 29+ 1 96+1 2.304+0.04
spam 18+1 91+1 —0.114+0.07 18+1 91+1 1.30+0.05
oesoca 24+1 70+1 0.83 +£0.03 24+ 1 71+1 1.0840.02
artif. 264+ 0 87+ 2 0.43 +0.03 26+ 0 88+1 0.49+0.03
Hall chess 8+0 91+1 0.38 +0.08 8+0 91+1 0.61+0.01
mush 9+1 1000 0.52+0.01 9+1 100+ 0 0.95+0
splice 10+1 94+ 1 1.25+£0.02 10+£1 94+1 1.40+0.02
spamb 2542 80+1 —-1.134+0.16 2542 83+1 0.44+0.03
oesoca 24+1 68+ 1 0.90 £ 0.01 24+ 1 68+1 1.00+0.01
artif. 254+ 0 87+ 1 0.46 +0.01 25+ 0 88+1 0.46+0.01

Table 3.2: The feature-selection results obtained for &l@ayesian and TAN classifiers, with the
forward-selection (FS) algorithms using the MDL, MDL-C aMdDL-FS functions that use a max-
imum log-likelihood tree auxiliary network and the accyravaluation wrapper method and Koller
and Sahamis and Halls filter algorithms.
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NB TAN
alg %sel %acc CLL %sel %acc CLL
Average fullBNC 100 87 —2.77 100 92 1.95

MDL-FS 19 90 0.86 42 92 1.53
MDL-C 26 90 0.87 51 92 1.66

MDL 69 88 -1.73 83 91 1.79
Acc 21 91 0.49 27 93 1.03
K&S 24 88 0.09 92 1.28
Hall 17 86 0.40 89 0.81
Nr. sign. fullBNC  6-0 2-2 6-0 6-0 0-0 0-5
wins MDL-FS MDL-C 6-0 0-1 0-0 5-0 0-0 0-4
from MDL 6-0 2-2 6-0 6-0 6-0 0-6
Acc 2-2 0-3 6-0 2-4 1-2 4-1
K&S 2-1 2-2 6-0 1-5 4-1 5-1
Hall 2-3 3-2 6-0 0-6 4-0 6-0
Rank fulBNC 7.0 3.34 7.0 7.0 1.67 1.0

MDL-FS 2.0 2.67 1.17 3.5 2.0 4.17
MDL-C 3.33 2.5 1.0 4.5 2.0 3.33

MDL 5.83  3.83 5.83 6.0 1.67 1.33
Acc 3.17  1.17 4.0 3.33 1.5 9.5
K&S 2.5 4.17 4.83 233 417 50
Hall 1.67 4.0 4.33 1.33 5.0  6.83

Table 3.3: Wilcox significance tests for the MDL-FS functiwhen compared with the MDL and
accuracy scores, K & S and Hall's methods for Naive BayesmhTeAN classifiers.
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Chapter 4

Conclusion

In the first part of this thesis, we have studied the feateteesion behavior of the MDL-FS function,
an MDL kind of function, for learning Bayesian network cldigss from data. We define the concept
of redundant and irredundant attributes for the class kbgigiven sets of attributes; based on the
cardinality of these attributes, we have different levéleedundancy and irredundancy. Based on the
observation that the poor feature-selection behavioreMIDL function is due to the use of the joint
probability distribution over a classifier's variables, Wwave analysed an MDL-based function that
captures the conditional distribution instead of the jgrabability from the standard MDL. Since
computing conditional log-likelihood is generally acknedged to be hard, we associate to each
Bayesian network classifier an auxiliary network to modsbahe distribution over the variables set.
We have argued, both theoretically and experimentally, i MDL-FS function is better tailored
to the task of feature selection for more complicated Baresietwork classifiers than the Naive
Bayesian ones than the MDL score: with the MDL-FS functidassifiers are yielded that have a
performance comparable to the ones found with the MDL fumgtyet include fewer attributes. We
also have showed that a slight modification of the MDL-FS fiomcresults in a score suited to learn
Bayesian network classifiers from data. We perform someraxjgats that compare our method with
popular methods from feature selection literature; in saases, with the MDL-FS score, we have
obtained better or/and more selective classifiers.



66

Conclusion




Part Il

Evolutionary MCMC






Chapter 5

Preliminaries

The Markov chain Monte Carlo (MCMC) framework is used for gdimg from complicated target
distributions (e.g. multi-variable distributions with mdinear correlations between dimensions) that
cannot be sampled with simpler, distribution specific, mdth MCMC algorithms are applied in
many fields, and their use in Machine Learning has recentiytsvocated in Andrieu et al. [3].
There are common points in the stochastic process of evolaty computation (EC) and MCMC:
both areMarkov chainswith fixed transition probabilities between states. Fumthare, from all the
standard MCMC techniques, the Metropolis-Hastings (MHjpathms have the most in common
with EC: both MH and EC algorithms have a selection like stepropagate good individuals to
the next generation. There are however also many diffesetit arise from the different scope
of these algorithms: EC is used for optimization and MCMC sedi for sampling. Furthermore,
MCMC uses a single chain which runs for a long time, whereasalgGrithms use a population of
individuals that interact. Motivated by the common pointshese two algorithms, and to improve
the efficiency of standard MCMC, there are some variantsabak with a population of MCMCs. In
the Evolutionary MCMC (EMCMC) framework of Drugan and Thees [23, 22], population-based
MCMCs exchange information between the individual statash that at population level, they are
still MCMC:s. In this part of the thesis, we propose a genEMICMC framework where we theoret-
ically and experimentally study recombination operatacgeptance rules, and their interaction.

Ideally, an MCMC algorithm proposes individual states atividuals) directly from the target
distribution. Such an algorithm would mix — or converge te thrget distribution — very fast since
all states would be proposed in proportion with their tangetbability. Unfortunately, in practice
one cannot sample directly from the target distribution. téanslard MCMC typically generates in-
dividuals with a distribution (e.g. the normal distributicthat does not have any knowledge of the
target distribution. We study proposal distributions ttmato adapt to the target distribution by using
recombination operators. Due to the sampling process thalption contains more often individual
states with high probability in the target distributiongtfecombination operators exploit the struc-
tural information present in the parent states to genemtestates which also have a high probability
in the target distribution. If the exploration bias of theoenbination operators coincides with the
structural relationships present in the target distritnutihen the proposed states will more likely be
accepted by the acceptance rule, thus increasing the pefure of the EMCMC sampling algorithm.
In this perspective, the recombination operators adapitheosal distribution towards the target dis-
tribution. We call EMCMCs that use recombination to adaptphoposal distributiorecombinative
EMCMCs

In this part of the thesis, we design recombination opesdtmrefficient multi-dimensional EM-
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CMCs. On one hand, we want to “economically” generate nevviddals; on the other hand, we
want to generate “good” individuals such that the EMCMC d&lhon is performing well. We show
how our framework extends the recombination operatorsriest in the literature; here, recom-
bination exploits new types of commonalities and relatiops - such as correlation - between the
dimensions of the target distribution. We identify and dissimportant constraints that are reflected
in the sort of recombination operators allowed in order tesgrve the Markov chain property at
population level.

We investigate the properties of recombination operatfarther integrate them into EMCMCs
that sample from the desired target distribution. The niortaand recombination operators usually
have no information about how fit the individuals in the catrand proposed population are. Then,
as in standard MCMCs, we need an acceptance rule to ensuestceampling from the target dis-
tribution. We investigate various acceptance rules anit ihieractions with various mutation and
recombination operators. We show where and how the use ofieination can improve the perfor-
mance of MCMCs.

5.1 Background: MCMC framework

MCMC is a general framework to generate sampté$ from a probability distributionP(-) while
exploring its search space(X) using aMarkov chain MCMC does not sample directly from
P(-), but only requires that the densif§(X) > 0 can be evaluated within a multiplicative con-
stantP(X) = P'(X)/Z, whereZ is a normalization constant arfel(-) is the unnormalized target
distribution. A Markov chain is a discrete-time stochagtiocess{ X (), X(1) 1 with the prop-
erty that the statél () given all previous valuegX (), X1 ... X(#=11 only depends ok (*~1):
P(XW | xO xW  xt-Dy = p(x® | Xt-1), We call P(- | -) thetransition matrix(or
distribution) of the Markov chain. AomogeneousICMC has astationary- this is, independent of
time ¢ - transition matrix(or distribution) with the following properties;i) all the entries are non-
negative, andii) the sum of the entries in a row is We consider an MCMC homogeneous unless
specified otherwise.

In infinite time, an MCMC converges to the probability diktrtion P(-), thus it samples with
higher probability from more likely states &f(-). A MCMC which has arnrreducibleandaperiodic
stationary transition matrix, and the probabilityfo pass any state infinitely often (or all states are
recurren)), converges to a uniqustationary distribution[89]. A MCMC chain is irreducible if,
and only if, every state of the MCMC chain can be reached froerneother state in several steps.
A MCMC is aperiodic if, and only if, there exist no cycles to trapped into. A sufficient, but
not necessary, condition to ensure ti¥t) is the stationary distribution is that the irreducible and
aperiodic MCMC satisfies thdetailed balance conditiof8]. A MCMC satisfies the detailed balance
condition if, and only if, the probability to move fronX to Y multiplied by the probability to be
in X is equal to the probability to move fro to X multiplied by the probability to be irt:
PY|X) - P(X)=P(X|Y)-PY).

5.1.1 Metropolis-Hastings algorithms

Many MCMC algorithms are Metropolis-Hastings (MH) algbrits [66, 45]. Since we cannot sam-
ple directly fromP(-), MH algorithms consider a simpler distributict(- | -), called theproposal
distribution for sampling the next state of an MCMC chaifi(Y | X*)) generates the candidate
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stateY” from the current stat& (), and the new staf¥ is accepted with probability:

P(Y)-S(X®|Y)

®Y — mi
AY | X )_mm(LP’(X(t))-S(Y|X(t))

If the candidate state is accepted, the next state becdffied) = Y. Otherwise X (t*+1) = X (®),
For continuous search spaces, the transition probabdityafriving in Y when the current state is
X s

TY | X)) =8V | XO) . AY | XD 4 550 (V) - (X D)

whered v (Y) is the Dirac function, which ig only if X(*) =Y, and0 otherwise, and(X®)) is
the term associated with rejectionX () = Jazo S| XY (1—AY | X®))dy.

For finite search spaces, the transition probability foivarg in Y when the current state % (*)
is
S(Y | X®). AY | X)) if X £y

®)y —
T | X)) = { 1=y yruxw S| XO) AV | X®)  otherwise

A MH algorithm is aperiodic, since the chain can remain in slaee state with a probability
greater thaid, and by construction it satisfies the detailed balance ¢iomgiP(X ). T(Y | X®)) =
P(Y)-T(X® | Y). If, in addition, the chain is irreducible, then it convesge the stationary distri-
bution P(-). The rate of convergence depends on the relationship bettheeproposal distribution
and the target distribution: the closer the (marginalmabtf the) proposal distribution is to the sta-
tionary distribution, the faster the chain converges. AyapMetropolis-Hastings algorithm is the
Metropolis algorithm where the proposal distribution symmetricals(Y | X)) = §(X® | Y)
and the acceptance rule becom&§” | X®*)) = min (1, %). Note that, to find these ac-
ceptance probabilities, we do not have to compute the pedmosbabilities. Thus, the Metropolis
algorithm is computationally more efficient than a generél Blgorithm were we have to compute
these proposal probabilities.

5.1.2 Mutation

A popularirreducible proposal distribution often usedhiritMH algorithms is defined by mutation
operator. We present two mutation operators: uniform mutation fecdéte search spaces and normal
mutation for real-coded search spaces. We genericallytdehe proposal distributions resulting
from mutation operators witly,,. In real space, we consider a state (or an individual) as sowec
of real values with lengtid, X = (X[1],...,X[¢]). Similarly, we consider a state in the discrete
space as a string dfcharactersX =(X[1], X[2],..., X[¢]) Each position: in an individualX is
instantiated with arllele X[h] € Q(X]-]), whereQ(X[-]) is the multi-set of all possible values of
X|[-]. Theh-th position inX is called thdocusof X [h], wherel < h < £.

Uniform mutation

Theuniform mutation operatoj62, 65, 85] randomly changes every value of each varialtleeofur-
rent state with a non-zero probability, called mutatiorerate denote witt\A (Y, X') some distance
metric between the individuals and X .

For example, in the binary space, assuming a mutation raig of 0, the probability to generate
a candidate state from X ) is:

Sm,u(Y | X(t)) _ (1 _pm)éfA(Kx(t)) 'pmA(Y’X(t))
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whereA (Y, X ) is now thehamming distance

The bigger the uniform mutation rate, the bigger the jumphia $earch space of the child state
from the parent state. We denote witl), ,, the uniform mutation proposal distributioriwhen the
context is not ambiguous, we simple refer to it as mutation.

We now show that normal mutation is linearly scalable with tumber of dimensions when
generating a child.

Theorem 5.1 The uniform mutation operator defines an irreducible, syinmand stationary pro-
posal distribution. The time complexity of generating omdividual with.S,, ., is linear with the
number of dimensions O(¢).

Proof. S,, ., is irreducible because from any string there is a non-zepbalility to go to any other
string, Sy (Y | X®) > 0. S, is also stationary: it is invariant in time, and the sum of the
elements on one row is, > 3o x) Sm.u(Y | X®) = 1. S, is symmetrical: the probability
to generate an individual from another one depends on thebauwof positions in which the two
individuals coincide.

The computational time to generate an individual iddmensional space fstimes larger than to
generate a child in dimension because we have to multiplgrobabilities to generate an allele. We
haveS,, . (Y | X 1) = [T5_, Sm.(Y[h] | X®[h]). The complexity is constant with the number of
parents since there is only one of them.

Theuniform mutation transition matrixl’},, .., proposes candidate individuals with, ,, and accepts
them with A.

Corollary 5.1 The uniform mutation transition matrixy,, .,, defines an irreducible MH algorithm
which converges to its stationary distribution.
Normal mutation

This mutation changes every value of each variable of theentstate with a non-zero probability
adding a random normal variable sampled from a normal 8igtion, (0, o,,, ), with mean0 and
the standard deviation,,. The probability to generate a candidate stateom X (*) is:

(V[h] — XW[n])?

2
202,

Smn(Y | x® - exp —

4
1
)= }L1;[1 OmV2- T
whereY'[h] and X ()[n] are the values o and X ®), respectively, in positiorh. The larger the
standard deviationy,,, the bigger the jump in the search space of the child state tre parent

state. Note that witlb,, ,,, each variable is generated independently of the othealias of the
same individual.

Theorem 5.2 The normal distributed mutation operator defines an irratleg; symmetric and sta-
tionary proposal distributionS,,, ,. The time complexity of generating one individual with ,, is
linear with the number of dimensioisO(¢).

Proof. S, ., is irreducible because from any vector there is a non-zesbatrility to go to any other
vector,S,, (Y | X®) > 0. S,, , is also stationary: it is invariant in time, ad’g,eﬂ(x) Smn(Y |

X0y =1. Sm.n IS Symmetrical: the probability to generate an individuahfi another one depends
on the distance between the two individuals.

The proof for the time complexity is similar to the proof fronmeorem 5.10
Thenormal mutation transition matrixZ’,, ,,, proposes candidate individuals with, ,, and accepts
them with A.
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Corollary 5.2 The normal mutation transition matrix,,, ,,, defines an irreducible MH algorithm
that converges to the stationary distribution.

5.1.3 Mixtures and cycles

Following simple mathematical rules, one can combine MCNgo@ithms with the same target dis-
tribution in mixturesandcyclesin another MCMC with that target distribution [89]. ixtureis

a sum of transition distributions where at each step oneiloligion is selected according to some
constant positive probability. For example, let us consideandT; two transition matrices with the
target distributionP(-). Then,p; - T1(- | -) © (1 — p1) - T2(- | -) is @ mixture with the same target
distribution, P(-), wherep; € (0, 1) and® shows that, in one steff (- | -) or T>(- | -) are applied
and not both at once. Mixtures have some remarkable pregeifth a mixture of MH algorithms, if
one of the algorithms is irreducible, then the mixture igducible and converges to the target dis-
tribution. Since the irreducible transition matrix goessgveral steps from any to any individual, so
does the mixture.

A cycleis the product of transition distributions where in eactpst@e distribution is used in
turn, and when the last one is used, the cycle is restartedexample T x T5 is a cycle, withTy
andTy as before. For cycles, there are no general rules to edtabiksirreducibility and detailed
balance of an MCMC. They have to be checked for each cyclendfad the transition distributions
in a cycle is an irreducible MH transition matrix over a snsat (for example, bounded in real-vector
spacelR!) then the cycle converges to the target distribution.

5.1.4 Simulated annealing (SA)

SA [49, 31] is a minor modification of a single chain MH algbrit used for optimization. Instead
of sampling from the distributio®(-), SA samples at stepfrom P’(t)(-) = P’(-)l/TemP(t), where
Temp® decreases according to a cooling schedule t/ith the temperature close to, the chain
accepts almost any candidate state according to the MH towapruleA, whereas, when the tem-
perature is close t0, the chain rejects almost all states that have lower unnliwetbprobability than
the current one. Note that, for a constant temperafianep(*), SA is an MCMC which converges to
the distributionP(*)(-). This distribution,P®)(-) is similar with the original distributioP(-), in the
sense that if one state is more probable that another oneiariginal distribution, it is also more
probable in the new distribution. If in additidPemp®) < 1, P()(-) is concentrated in the maximum.
However, every time the SA chain is cooled, the transitiotrix& changed and the detailed balance
is not satisfied. Yet, in infinite time, SA converges to theirpim and, more generally, ifemp®
decreases td, SA converges to the stationary distributi®g-). SA is anon-homogeneous MCMC
which converges to a given stationary distribution. Theetitm convergence depends on the cooling
schedule. In practice, a fast cooling schedule is prefaoedslower one, increasing the risk of poor
performance.

5.2 EMCMC framework

When we refer to the performance of an MCMC, we refer to how aelMCMC is mixing or how
"fast” it converges to the target distribution. We say thatMCMC is mixing “well” if it rapidly
traverses the search space and, in the same time, accigaepfes the target distribution. Note that
the mixing concept in (E)MCMC is not related to the mixing ailding blocks in the EC literature.
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A single MCMC is usually running for a long time until it comges to the stationary distribution
P(-). There exist variations on the standard MCMC algorithm teespup this mixing process. We
are particularly interested in techniques that use matipleracting chains in parallel as opposed to
a single chain. We generically denote these techniquesM@NEC framework.

An EMCMC allows interactions between the individual chainsler the assumption that individ-
uals in the current population exchange information thaipk” the EMCMC to sample the desired
distribution. Note that, in EMCMCs, the population is a mskt of individual states rather than a
collection of MCMCs: the current individual states dependseveral states from the previous popu-
lation. Now the sample at tims the populationX () = (xgt), e ,xg\f‘,)) of N states (or individuals)
2,

Definition 5.1 An evolutionary Markov chain Monte Carlo (EMCMC) algorithisma population
MCMC that exchanges information between individual statesh that, at population level, the EM-
CMC is an MCMC.

Similarly to an MCMC, the main goal of an EMCMC is to samplerfra given distributionP(-).
Ideally, an MCMC algorithm would propose individuals ditlgdrom the target distribution. Then,
there would be no bottlenecks because the individual seeslisproportionately proposed with
their probability. Unfortunately, in practice, this is loly the case since we do not know where in
the search space there are the fit individuals. A standard KCier example, generates individuals
with some mutation proposal distribution (e.g. the unifermatation proposal distributiof,,, ,,) that
does not have any knowledge of the sampled distribution.

A method to speed up the mixing is to propose individualsgigiroposal distributions that are
“close” to the target distribution. We use recombinatioei@tors that exploit the common structure
of the parents. In the next section, we give general ruleslésigning proposal distributions (e.g.
recombination) for efficient EMCMCs. In Chapter 6, we prdserious recombination operators
and their relevant properties for EMCMCs. We propose sévecambination operators for discrete
spaces in Section 6.1. In Section 6.2, we use geometrigaforamations - more specifically linear
transformations like translation and rotation - of the paseinto children to formally express our
recombinations in real-coded spaces. We show that our fs@mkeextends the existing recombina-
tion operators; now, recombination exploits new types ahownalities and relationships between
dimensions (e.g. correlation) in the target distributidGiurthermore, these recombinations can ex-
press more complex expressions between dimensions thear imes because we can transform any
function of two or more individuals.

We call EMCMCs that use recombination to exchange inforomalietween individualeecom-
binative EMCMCs Section 6.3 shows how mutation can be combined with receatioin into irre-
ducible proposal distributions.

The recombination operators usually have no informatioouathow fit the individuals in the
current and proposed population are. Then, like for thedaechMCMCs, we need acceptance rules
to sample from the target distribution. In Chapter 7, we stigate various acceptance rules and their
interactions with various proposal distributions. In $&ct7.1, we investigate the properties of the
recombinative EMCMC resulting from combining recombioativith the standard acceptance rule.

Although the detailed balance condition does not hold fizr tacombinative EMCMC, we prove
that, in certain conditions, it still can be used to sampderfithe target distributiod®(-).

Detailed balance is a sufficient, but not a necessary camgitor an irreducible aperiodic EM-
CMC to converge to a desired target distributiBg-). By definition, MH algorithms are aperiodic
and have detailed balance. Most EMCMCs are irreducible Mjgrithms - by use of mutation - and
apply recombination in the proposal distribution. In Sextr.2, we show that to obtain detailed bal-
ance, the individuals that interact through recombinatieed also to interact in the acceptance rule.
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Figure 5.1: MH algorithms in the EMCMC framework: from two orore individuals (e.g.xgt)

andmgt)) we generate children (e.gy andy;) using a proposal distributiofi that may exchange
information between individuals and accept or reject themgian acceptance rule (e.g. the coupled
acceptance ruldo). The transition probabilities are considered at popatatevel (e.g7'(X (¢+1) |
X®)).

We generically call this the coupled acceptance rule. Hawesuch an acceptance rule has negative
effect over the performance of an EMCMC. If some childrenfaiiedividuals but the others are not,
this acceptance rule can reject “good” individuals whetbasstandard MH acceptance will always
accept them. Figure 5.1 outlines the MH algorithms in the BAMGCframework.

The acceptance rules directly derived from the EC’s elgédection rules results in elitist accep-
tance rules that accept the most fit parents and childrenedtich 7.3, we show that in general, such
EMCMCs do not have detailed balance; they have a targettilistbn which is disproportionately
peaked in the high regions of the initial target distribati®Ve control the performance of these EM-
CMCs by controlling the height of these peaks with a tempeestchedule attached to the individuals
from the population such that the higher the fitness the ldheattached temperature. Then, the fit
individuals remain longer in the population whereas withslét ones we explore the search space.

In Chapter 8, we analytically test the discussed (E)MCMCse@reral problems. The obtained
results show that recombination improves the mixing of EMCBbkpecially when the standard MH
acceptance rule is used with recombination. Chapter 9 adeslthe second part of this thesis.

5.3 Recombination for EMCMCs - general remarks

In the previous section we have outlined the EMCMC framewdnkthe following, we study how
to design recombination operators for efficient - compuotaily inexpensive and well performing -
multi-dimensional EMCMCs. We know that the “closer” the posal distribution to the target dis-
tribution, the better an MH algorithm is [3]. Mutation ancdcaenbination operators generate special
cases of proposal distributions.

Definition 5.2 Arecombination proposal distributiesithe distribution defined by the recombination
probabilities to generate one or more children from two orenparents. Anutation proposal distri-
butionis the distribution defined by the mutation probabilitiegemerate one child from one parent.
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Normal mutation, for example, generates a child from onempiawith low computational cost, but
does not make any assumptions about the target distribdienombination generates one or more
children from two or more parents and make the assumptiari‘gioed” individuals are more often
present in the population than “bad” ones and thus inforomapiresent in two or more individuals
might contain useful information about other “good” indivials. Therefore, recombination adapts
the proposal probabilities from the current population.tiAfiecombination, we can design a pro-
posal distribution that exploits the particularities oéttarget distribution and thus it can be more
efficient than mutation. For example, in the next sectionpvapose recombinations that exploit the
correlations between dimensions. Generically, we derestembination proposal distributions with
Sy

In the next paragraphs, we define rules for recombinatiomaipes that generate proposal dis-
tributions for population-based MH algorithms. We are iagted in irreducibility and symmetry -
properties that are common for all proposal distributiobst-also in the properties of the interactions
between individuals (e.g. how they interact through recimation) and the interactions between the
loci of individuals (e.g. correlations).

5.3.1 Restrictions on the proposal distributions for EMCMCs

Because we intend to further integrate the recombinatigpgsal distributions in the MH framework,
there are several constraints in designing them. The pilityalo propose a new population from
the existing one should be constant in time to generate an I€Mansition matrix. We can only
use the information from the current population to propdsertext population because otherwise we
do not have a Markov chain any more. Nevertheless, we shau#dle to compute non-symmetrical
proposal distributions and we restrict the acceptance iithese recombination operators with ones
similar to the standard MH acceptance rule to have detaidanice. Note that the MH acceptance
rule is computationally more expensive than the Metropatiseptance rule since we need to com-
pute the non-symmetrical probability to generate thesk&ldm from their parents and the inverse
corresponding probability to generate these parents frain children.

Since we investigate MH algorithms that converge to theetadistribution, we are interested in
search spaces that allow irreducible proposal distrilmstguch that each state can be generated from
other states infinitely often. To visit a state infinitely exftwith a real valued MH algorithm, we
bound the search space. In the existing EMCMCs, the seaedesfare also closed: the candidate
individuals generated should belong also to the searctesfd® requirements and assumptions we
add to a search space allow for proposal distributions wéttiain properties. However, in this way,
we restrict the types of the search spaces we could use.

5.3.2 Symmetry vs bias

It is important to establish if a proposal distribution igvayetrical or not: for the non-symmetrical
distributions, we have to compute the proposal probagdjtivhereas for symmetrical ones we can
use the Metropolis algorithm. With a symmetrical propodatribution, the probability to generate
candidate individual(s) from parent(s) is equal with theerse probability. If, however, a proposal
distribution is not symmetrical, it should compensate tkiezecost in computing the proposal proba-
bilities by, for example, being “closer” to the target dilstrtion.

In the sequel, we think that the proposal distribution stiowdt bias the sampling unless it con-
tains information (it is “closer”) about the target distiiion. In the absence of acceptance - that is
all the states are accepted - the transition distributicand¥1H algorithm coincides with the proposal
distribution. If the target distribution of the algorithmhere all individuals that are proposed are
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accepted is equal in all states - the distribution is unifexm@ say that the proposal distribution does
not bias the sampling. Otherwise, we say that the propostillalition does bias the sampling. If the
target distribution in the absence of acceptance is “cldsdghe desired target distribution of an MH
algorithm - in the presence of acceptance - than to the uniftistribution we say that the proposal
distribution biases the sampling towards the target distion.

A proposal distribution that depends on the target distidioLis not symmetrical unless the target
distribution is uniformly distributed. In this case, to leegtetailed balance, we need to compute each
step the proposal probabilities to go from the current stabethe proposed ones and vice-versa.
Such an algorithm is computationally more expensive tharegging states with a symmetrical, but
non-biased, proposal distribution that can be used withivte&opolis acceptance rule. Thus, for a
non-symmetrical distribution, we want that the proposatritiution biases the sampling towards the
target distribution.

5.3.3 Scalable vs performant operators

When designing recombination operators, on one hand we prapbsal distributions that exploit
the properties of the target distribution (e.g. the reladltips between dimensions). On the other
hand we want computational inexpensive proposal disiobgtthat allow to economically generate
individuals (e.g. scalable distributions). In Chapter &, propose recombinations that exploit certain
types of common structure of the search space and with a datigmal complexity comparable with
mutation. In this case, we say that the recombination pralghstributions are efficient.

Definition 5.3 We call an operatotinearly scalable in multi-dimension search spaidbe com-
putational time to generate a child linearly increases witle number of dimensions. We call a
recombination operatofinearly scalable with the number of pareiitghe computational time to
generate a child linearly increases with the number of ptaen

In the next chapter we propose linearly scalable recomioingatvith the number of dimensions,and
with the number of parentg, The complexity of most of the proposed symmetrical recaratibns
that generates one child fromparents isO(/ - p); these operators generatehildren inO(¢ - p?).
For some symmetrical recombinations that genepathildren fromp parents, the complexity time
per child, in some cases, @(¢), like for mutation; to generate children, they spend(¢ - p). Note
that the time complexity to generagtechildren with normal mutation i€ (¢ - p). For our proposed
non-symmetrical recombinations the computational efforton-linear.

We argue that, if a target distribution has certain typesafeaiation between dimensions, a
proposal distribution that exploits these correlationbéster than a proposal distribution that does
not.

Definition 5.4 A proposal distribution haso correlationdetween loci of an individual if the gener-
ation of an allele in one locus is independent of generatiidthe alleles in the other loci. A proposal
distribution hascorrelationsbetween loci of an individual, if the generation of an allele a locus
depends on the alleles of the other loci.

Note that the normal mutatia$},, ,, does not exploit the correlations between dimensions.

Proposition 5.1 A proposal distribution with no correlation between dimiens is linearly scalable
with the number of dimensions.

Proof. Each allele on a position is generated independently ofltekes of the other dimensionsl
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5.3.4 Family vs population recombinations

Given the number of chains that interact, we distinguishveenfamily andpopulationrecombina-
tions. Recombining few states (e.g. two or three states) example of the first approach, while in
the latter all chains from the population exchange inforaratFor family recombination, each gen-
eration, the population is grouped in families such thatla#lins of an EMCMC, eventually, interact
though recombination. The recombination proposal distidm, .S, is the distribution defined by
the recombination probabilities at population level. Adiridual (and at family level), the proposal
probabilities of recombination might not be stationarycgithey depend on the family members with
which they are grouped. At population level, the probapilt generate with recombination one
population from another one is stationary.

Note that the larger the family, the more parents are usedrenshore computationally expensive
a recombination is. Therefore, a large family should beifiest by the complicated relationships
between individuals that recombination models. In thisitiewe focus on small size population
recombinations that are composed only of a family.

5.3.5 Irreducible vs reducible proposal distributions.

In the existing binary coded EMCMCs [23] and in some of thé-cealed EMCMCs, recombination
is respectful. Withrespectfulrecombination, Radcliffe [73], the common parts of vectars pro-
tected against disruption: if at a certain locus the pareate identical alleles, then the children have
the same alleles for that locus. All respectful recombiratiare reducible, according with Drugan
and Thierens [23], but non-respectful recombinations @bdith irreducible or reducible. With re-
spectful recombination, if in one dimension all parentsehtne same allele, there is no diversity in
information that children can exploit. Then, we generatewa @allele similarly with mutation. In
Section 6.3, we show how to combine mutation - that is irrédalac with recombination to obtain
irreducible proposal distributions.



Chapter 6

Recombination

In the previous chapter we have discussed the EMCMC frameinageneral terms. In the chapter
we investigate the key properties of recombination opesdtn EMCMCs, more specifically we will
study their symmetry, bias, irreducibility, and scalalili

First, we study these properties of recombination opesdtmrdiscrete sampling spaces; in Sec-
tion 6.2 we focus on recombination operators in real-co@dading spaces. In Section 6.3 we show
how to combine recombination with mutation to obtain irrethle proposal distributions.

6.1 Discrete recombination as proposal distribution

From a computational point of view, it is extremely impotttmestablish if a recombination operator
is symmetrical or not: for the non-symmetrical recombioa$i, we have to compute the proposal
probabilities, whereas for symmetrical operators we cartlis Metropolis algorithm which allows us
to propose new individual states without calculating thegjmsal probabilities. In the next paragraphs,
we propose two generic rules to construct symmetric recoathins that we further refine for binary
sampling spaces. We also exemplify on non-symmetric redaatibns for which the two rules do
not hold.

For our examples on both symmetrical and non-symmetricalminations, we restrict our at-
tention torespectfurecombinations [73].

Focus: Respectful recombination is the interaction between twaonore parents in a search
space that generate individuals in the same search spadethatif at a certain locus the parents
have identical alleles, then the children have the saméeslior that locus.

Thus, with respectful recombination the common parts afigsrare protected against disruption. In
this thesis when we talk about recombination we always mespectful recombination.

Theorem 6.1 The respectful recombination operators aeelucible

Proof. From a population of individuals with identical alleles oroaus, the probability to go to
some population with another allele on that locu8.isl

In Table 6.1 we present the operators composed from mutatidfor recombination, their irre-
ducibility, their symmetry, and their number of parents gared with the number of children, their
correlation and if they are linearly scalable or not.
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type op op irred symmetry par/ch corr linscal
mut Sm,u irred symm 1/1 no yes
recomb  Syniy red symm 2/2 no yes
Saif red symm 3/1 no yes
Sinask red non-symm 2/1 no yes
Stree red non-symm N/1 vyes yes
mixture Smer irred symm 212
cycle Smxunif  ired symm 2/2 no no
sums Smtmask irred  non-symm  2/1 no yes
Smttree ifred non-symm N/1 yes no

Table 6.1: Properties of several discrete space mutagioo/nbination operators: if they are irre-
ducible or not, symmetrical or not, and how many children geaerated from how many parents,
their correlation and if they are linearly scalable or not.

6.1.1 Symmetrical recombinations

In EMCMCs, the symmetry is obtained by preserving the distdretween the parents and their chil-
dren. For example, the distance betwgerhildren is equal with the distance between phgarents
that generate the children, or the distance between a pamerits child is constant as compared with
the distance between two other individuals in the poputatio

p parents generatingp children

When the distance between the generated children is thewsiimibe distance between their parents,
the recombination operator is symmetrical.

Proposition 6.1 Considerp parents uniform randomly chosen without replacement froendur-

rent population,{xgt), e 7557(;2,,_1}- The recombination operator whegecandidate individuals,
{yi, ..., vi+p—1}, are generated from these parents such that the distanaeebetthe parents is

equal with the distance between their children

A(xf;t), . 7957(:2;7—1) =AWUYi,- - Yitp—1)
is symmetrical.

Proof. The parents and the children are interchangeable; they thaveame distance in between
them. Thus, this recombination is symmetrical.
Note that if the number of children is different pfin general, the symmetry condition does not hold.
We discuss such examples in the next section.

The swapping recombinations, often used in EMCMCs and imdsted GAs, are particular cases
of the above proposition where the distance between indalgare kept constant by swapping alle-
les.

Proposition 6.2 The recombination proposal distributions which swap parftsndividuals in be-
tween chains using a uniform distribution are symmetricadpectful and stationary.

Proof. Since there are equal probabilities to swap alleles (partsgtween parents and in between
children, this recombination is symmetrical and the diseabetween them remains equal. If the
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parents have the same allele on a locus, so do the childree 8ie swapping does not change the
values of allelesO

We have recombinations which exchange non-common allelgs, uniform crossover, or parts of
individuals, e.g. 1 and 2 point crossover [62, 65]. Thesemdunations usually have only two
parents.

In binary space, an example of swapping recombinatiopaismeterized uniform crossover
Sunif, Which generates two candidate individuals by swappinglesl between two parents with a
uniform probability,p,.. Thus, it is impossible to generate children that have othermon alleles
than their parents. Where the two parents differ, an allenapped with the probability, and is
not swapped with the probability— p,.. The probability to generatg andy;1 is

(f) ) =

A VL,ZE(.”
Sunzf(yuyl-l-l |xl ) l+1 (wiws™) .

)Auf”,wfﬁn Alysa?)

Pz (1 — Pz

wherel — A(yl, 5“) 4+ Az ff), 521) is the number of common alleles for andx( ) but not
common forx and z; ?1 It is interesting to observe that the time complexity to @e two
children from two parents witly,,,; ¢, like for uniform mutation, is linear with the dimensiortgli

O(¥¢). Note that this operator has no correlations between diroess
Forp, = 0.5, the operator is called uniform crossover and has beenapfdr strings of bits [62]
and for strings of real numbers [33].

Three parents generating one child

In the following, we introduce a general condition to dessgmmetrical recombinations using three
parents which generate one child.

Proposition 6.3 Consider three parents uniform randomly chosen withoutiggment from the cur-
rent populanon{zgt), 521’ 522} The recombination operator where a candidate individyaljs
generated from the three parents such that the total digtdoetween parents is equal with the total

distance between the candidate individual e{mﬁ;l, 522 ,

A, 20 + A, 2 + A, 20, = A 2) + A, 2ly) + Al 2y
is symmetrical.

Proof. The parentzl(.t) and the childy; are interchangeable; they have the same total distance with
the other two parents. Thus, this recombination is symicestrid

As an example in the binary space, we proposédte difference crossoveby; . A similar type of
recombination has been used in real coded EAs [84, 87]. Tiendividual,y; has the same alleles
like x§t> on the positions where the two other parents coincide. Orother positions, we flip the
alleles Ofa:l(.t) with the probabilityp,.. The probability to generatg is

() (t) (b (t)
Sair (| 2" 22y, ally) = p AW (1= py) A=A 0s®)

Proposition 6.4 Sg; ¢ is symmetric, respectful and stationary. The time comiefiS,;, like for
Sunif, Is linear with the dimensionality) (¢). Su;y has no correlations between dimensions.

Proof. The proof is immediate
The xor crossover [85] is a special caseSyf; where the probability to flip a bit i$ for z;
bits wherez"), andz\"), disagree.

(t).
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The main difference between the two symmetrical types admdmination is that one preserves
the sum of distances between the three parents when gewgeaathild and the other preserves the
distance between two parents when generating two children.

6.1.2 Non-symmetrical recombinations

We show two types of non-symmetric recombination®asked recombinatioand population fre-
quencies recombinatiof®1] — that are closely related with the symmetric ones, bhictv do not
preserve the distance between parents and children.

Masked recombination

Masked recombination is a swapping recombination wherg oné child is generated. Then, the
distance between parents might not be the same with thendestzetween the child and one of the
parents. Thus, masked recombination is not symmetrical.

Inspired by the snooker recombination from real coded EMGNI&3], we propose thmasked
recombinatiorfor binary strings,S,..sx. A child y; is generated from a parenztl(.t), and a mask,
“7521 The common alleles af§t> andxgi)l are passed tg;, but the non-common alleles are flipped

in xff) with the ratep,.. If the candidate individual does not coincide in positimﬂmerexgt) andxffﬁ1

coincide, the proposal distribution s otherwise the probability to generajgis
i i1

TA(yi,a:E”) . ( )A(w(t) w(t) )7A(yi,a:gt))

p 1 —pa

This crossover and the parameterized uniform crossovethtgasame probabilities to generate one
child. But, sinceS,,.sx generates only one child, in general, the distance is naepved and the
symmetry condition does not hold. Thus, we have to competetbbabilities to generate a candidate
individual with S,,,, s in the acceptance rule of the MH algorithm.

Proposition 6.5 S, is reducible and stationary. Consider that from a pareﬁt) and a mask
1521 we generate a childy; with S,,.sx. Then,S,,.sk IS non-symmetrical. The time complexity to
generate a child wittf,,,,, is linear with the string sizé, O(¢). S,..s, has no correlations between

dimensions.

Proof. Let’s considerthatl(.t) =+ y; because bits are flipped on some positions. In those positioa

maskxgﬁr)l and the childy; has the same values, Whereég andxgﬁr)l do not. Then, itis impossible

to generate:ff) from y; andxz(i)l. The rest of the properties follow directly

Recombination using probabilistic models

This recombination builds a probabilistic model of the peiseo generate the children. Itis analogous
to the operator that generates individuals for the estonadistribution (EDA) algorithms applied in
Evolutionary Computation for solving optimization probis [70].

We propose thé&ee frequencies probabilistic recombinatid,..., closely related with the prob-
abilistic model of Baluja [4]. Unlike the previous recombtion operators where an allele is gen-
erated only given the alleles on the same positi®n,. considers the dependencies between two
positions in the population using the Chow and Liu [16] aitjon. ThusS;.... biases the exploration
according to these non-linear correlations between difoass
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In the following, we describe the algorithm we use to gereeiatlividuals with.Sy,.... This
algorithm constructs from the population of current indivals a tree with maximum entropy using
a mutual information function. The entropy describes tlvellef uncertainty in a statistical variable.
Here, the frequencies of the alleles in a position definetesstal variable for that position. Mutual
information captures the extent to which two statisticalatsles are dependent. This algorithm keeps
adding dependencies between variables based upon theiahmfiormation under the constraint of
building a tree (e.g. there are no cyclic path between v&gb The higher the mutual information
is, the sooner the algorithm tries to add the dependencyeitrée.

A root for this tree is chosen at random from the set of posgiolhe allele for the root position
is chosen based on its frequencies in the current populatienteratively generate the other alleles
based on their dependency with an allele - called parentelmivas already instantiated in the tree.
If his the root of the tree, then the allejgh] is generated using the distributidv(y;[h]) /N, where
N (y;[h]) is the number of alleleg; [h] in the current population. Otherwise /ifhas the parerit; in
the tree, then the allelg [h] is generated with the probability

N (yi[h], yi[h1])
N(y; [hl])

wherey;[h] is the allele already generated in positibn, and N (y;[h], y;[h1]) is the number of
individuals in the current population that have allg)§:| on positionh and alleley;[h;] in position
hi.

We observe tha$;,.. is the most expensive recombinative proposal distributierhave investi-
gated for EMCMC. Unlike the other discrete space recomimnatsS;,... exploits some relationships
between dimensions: it computes the dependencies betweegpoisitions in order to construct the
tree of maximum entropy and to assign a value to an allelengigeparent. Then, the generation of
an allele on a position also depends on the alleles on anptiséion.

Proposition 6.6 S;... is respectful, non-symmetrical, stationary and biasestt@oration accord-
ing to the non-linear correlations between dimensions.uAssg an acceptance rule that accepts
everything, all individuals will become the same after salvsteps. The computational complex-
ity to generate a child witts;,... is O(¢? - N), wherel is the dimensionality andV the size of the
population.

Proof. When an individual is generated with,... and replaces a parent, some allele frequencies can
increase at the cost of the others. Then, the probabilityeteegate the current population from the
next one is smaller than vice-versa, while the probabiligttthe same alleles are generated at the
next step increases. The computational complexity of theator is given by building the maximum
log-likelihood tree. Chow and Liu [16] show that this@y¢? - N). O

Stree 1S @ generalization of Laskey and Myers [61]'s recombirmapooposal distribution; when gen-
erating an allele, they consider only the frequencies ofalledes on the same position and not also
on the other positions a$;,.. does. Therefore, their recombination, unli¥g..., does not exploit
the relationships between dimensions.

Itis interesting to observe that these non-symmetricamdznation distributions cannot be sim-
ply used with the Metropolis-Hastings algorithm becauseptobability to generate the candidate
population from the current one can besven when the reverse probability is non-zero. Then, the
probability to accept the candidate populatiodisin the next section, we show how to use non-
symmetrical proposal distributions by adding mutation.

Given the number of chains which interact, we distinguisiveenfamily andpopulationrecom-
binations. Recombining few chains (e.g. two or three chagan example of the first approach,
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while in the latter all chains from the population exchangfimation. The above recombination
proposal distributions are all, except 8f,..., family recombinations since they recombine at most
three individuals;S;,... is a population recombination since it constructs the tfemaximum log-
likelihood given all the individuals in the current popudat.

In case of family recombination, we assume that each geaeithie population is uniformly ran-
dom grouped in disjunct families such that each individadlélonging to exactly one family. All the
chains from an EMCMC, eventually, interact in populationambinations. We callecombination
proposal distributiorthe distribution defined by the recombination probab#ité population level.
We denote it withS,.. At individual and at family level, the proposal probahdi of recombina-
tion are not stationary since they depend on the family mesnvéh which they are grouped. At
population level, the probability to generate with recongtion one population from another one is
stationary.

For the above family recombinations (€}, ¢, Sqif andSy,qsx), the time complexity at popu-
lation level is linear with the number of individuals in thegulation: each generation, each individual
is randomly paired in exactly one family. The complexity b&se recombination proposal distribu-
tions at population level therefore 8(¢ - N). Note that, at population level, the complexity of
the mutation proposal distribution depends also lineanlyhe number of individuals in the popula-
tion O(¢ - N). Then, at population leveR;,... is still the most expensive proposal distribution with
O(f? - N).

6.2 Real-coded recombination as proposal distribution

In the previous section we have proposed and investigatahmeination proposal distributions for
discrete space EMCMCs. In the following, we propose a geframework for real-coded sampling
spaces where recombination operators generate childieg lisear transformations (e.g. rotation,
translation). Consider the parent solutions that we intenmdcombine as the points of a geometrical
figure. Then, recombination itself can be considered as enga@al transformation of the parents
into their children, where the set of children are, at theint points of another geometrical figure.
Using this framework, we propose new recombination opesateat exploit new commonalities and
relationships between the dimensions of the target digtdh to adapt the proposal probabilities
from the current population. For instance, with translatice assume that the set of parents suggest
a direction of sampling where “good” individuals are. Withtation, we assume that we can obtain
“good” individuals when rotating parents around a pointegi\by the set of parents. We show that
with these transformations we can express any proposahldigon for a real-coded EMCMC.

In Table 6.2 we present the operators we have studied incoebdd space, their irreducibility,
their symmetry, their number of parents compared with thenloer of children and whether they
exploit the correlations between dimensions.

6.2.1 Linear transformations

Let us consider that a child hasmaain parentto which a value is added that depends on a certain
number of individuals in the current population. To genetae child, the main parent is transformed
with a linear transformation of a function pfparentse(-) : Q(x)? — Q(z). Recall that every linear
transformation corresponds to a unique matrix (and viceajer

We considef2(z) anaffine spacefor any individualy, € Q(x) there is a unique functioa(-)
such that fromnl(.t) € Q(z) we generatg;, y; = a:l(.t) + e(-). Thus, a closed affine spat¥x) allows
for irreducible proposal distributions. The addition™and scalar multiplication - are operations
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type op op irred symm par/ch corr lin scal param
normal mut Sm.n yes yes 1/1 no yes Om
simplex Srot no yes ph,....p yes yes Bi
Saif no yes p/1 no ves  {vi,...,m}
Speta no yes p/p some yes
Ssel no yes p/1,p no yes
Sref no yes p/l no yes
Sup no no some no
Swah no no p/l some no
cyc & mix Smxrerxm yes yes p/p no/some
& sum Smxrxm,Srxmxr __YES  y€s p/p no/some

Table 6.2: Several mutation and recombination operataigfagir combination

associated with the affine space. The parents are commaugati associative give the addition™
and the scalar multiplication-™: the order of the parents is not important for the operatois
example of such affine space is the real vector space.

We denote with™ € Q“*(z[]) a square matrix{ x ¢, with statistical variables as elements that
represent a linear transformation.

Focus. A proposal distributioron the closed affine search spdeér) is the distribution defined
by the probabilities to generate one or more individuajs,by adding to the corresponding main
parent,z;, a linear transformation of a function(z!" ...,mgﬁp_l) that maps any, one or more

2 3

parents to a single state i2(x) and a matrixI" with ¢ x ¢ stochastic variables. Then
Y = xl(»t) + T x e(xgt), ceey xl(.i)pfl) (6.1)
wheree(+) : Q(z)? — Q(z) is a function resulting in a vector anglis the number of parents.

Note thate(-) can be any function of the parents and it is specific for a psapdistribution. In the
next section, we give various specific examples of the fonet{-). It is interesting to observe that
although Equation 6.1 represents a linear transformatfun correlations between the dimensions
can also be non-linear because) can be any function of the parents.

In the following, we show that all proposal distributionsamaffine space can be expressed with
Equation 6.1.

Theorem 6.2 If Q(x) is a closed affine space, then any irreducible proposalithstion for (population-
based) MH algorithms can be expressed with Equation 6.1.

Proof. Equation 6.1 can generate all individuals¥iz) from all other individuals by choosing
different functions:(-) and different matriceF with stochastic variables as elements.

Theorem 6.2 shows that we can obtain any proposal distoibiy choosing, in Equation 6.1, various
sets of parents, functiong-) and matriced". In particular, from Definition 5.2 it is clear how to
obtain any mutation and recombination proposal distrdouti

Corollary 6.1 A mutation proposal distribution generates an individyafrom m§t> such that

yi =z + T xe(;”)

A recombination proposal distribution generates an indiraly; from two or more parents{,xgt), cee xgtjpfl 1
such that
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For example, for the normally distributed mutatidnjs a diagonal matrix with normally dis-
tributed variables frordV (0, 0,,,), and the functiom(xff)) = [1,...,1] is the identity vector. In the
following we show that, with translation, we can generatgiadividual from a set of parents. There-
fore, all the discussed operators can be formulated adataors However, some linear transforma-
tions (e.g. rotation) have very complicated formulas asdi@ions, so more specific expressions will

be used.

6.2.2 Translation recombination

We calltranslation the generation of a chilg; from a main parenﬁcgt) with a translation vector

7 =Tx e(a:l(.t), .. ,nggpfl) in Equation 6.1, wher#' is a matrix with statistical variables as ele-
ments anda(:cgt), cees xz('i)pq) a vector as before. To design efficient translation recoatinns, we

use a basic algebraic property that any real-valued veatobe uniquely projected on an orthogonal
basis and a projection to an orthogonal basis determinescaeivector. As a consequence, any
translation direction of”; is a sum off perpendicular vectors, whetas the dimension of the search
space. We now have

Ti=%"- a0+ ...+Ye-1° Tr_1 (6.2)

where(@y, ..., @¢—1) is an orthogonal basis addy, . . . , y.—1} Statistical variables, for example,
normally distributed that we use to vary the length of theesponding vectors to obtain any length
for the vector7;.

Definition 6.1 Translation recombinatiois a recombination that generates one or more children

{Yi, .., yitp—1} by translating their parents{a:l(.t), e ,ngr)pfl} with a translation vector that de-

pends on two or more parents using Equation 6.2.

In the following proposition, we show that the translatiattor from Equation 6.2 generates trans-
lation recombination proposal distributions; they arediucible if (@, ..., @¢—1) is an orthogonal
basis and~o, ...,v¢—1} are statistical variables sampled from a distribution twters the search
space(x[]).

Proposition 6.7 Consider the orthogonal basiszy, ..., @,—1) and a translation recombination
that generates a chilg; from a main parenk(t) using the vector from Equation 6.2. This translation

recombination s irreducible when the involved statisticaiables,{~o, . . ., v¢,—1 } are sampled from
a distribution that covers the search spdegr|[-]). Itis symmetrical if7; is independent of the main
parent, and the statistical variabley, . ..,v¢,—1} are symmetrically distributed arour@ If the
statistical variable o, . . ., v¢—1} are independently generated, this proposal distribut®hiased

according to the linear correlations between dimensions.

Proof. When{~o, ...,v¢—1} are sampled from a distribution that covers the search splaeeom-
ponent vectors (e.gyo - @) can have any length and we can translate the current indiviih
any direction and with any value in the search spacer Jfis independent of the main parent then
:L-Et) = y; + —r4, and the probability to generatg from :L-Et) is equal to the probability to generate
2\ fromy;.

Consider that the statistical variables), . . ., v,—1 } are independently generated. Then, for such
a proposal distribution, the correlation between dimemsiare given by the relationships between
the perpendicular vectors with different lengKt&, ..., @,—1}. But to compute a vector given
other perpendicular vector(s), we have to solve linear ggus; therefore, the resulting proposal
distribution is biased according to the linear relatiopshietween dimensions.
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Note that all the proposal distributions in real-coded EMCd/can be considered translations: a
child is generated by translating the main parent in theckespace. Mutation, for example, can be
considered the translation of the current individm%? with the unity vector(-) in a direction and

at a distance given by a diagonal matfix For the normally distributed mutatiof, has normally
distributed elements. However, some linear transformatiéor example rotation, can be more ef-
ficiently expressed with specific equations rather than Eifjuation 6.2. Later, we show that with
translation and rotation operators we exploit differemigty of relationships between dimensions.

Related work

In the previous section we have specified a general framefeoidkefining recombination operators
in proposal distributions for real-coded EMCMCs. In thef#ture only a few specific recombina-
tive proposal distributions for real-coded EMCMCs can banid. We show that they are respectful,
symmetrical or non-symmetrical, and that they do not biasséarch according to the linear correla-
tions between dimensions. In Section 6.2.5, we will progosaslation recombinations that, unlike
the proposal distributions discussed here do bias the s@aorrespondence with the linear corre-
lations between dimensions. These proposal distributtansbe symmetrical and non-symmetrical
translations; some are symmetrical because they are cotestrto preserve the distances between
or/and the volume of the individuals in a family. We will alpoopose efficient non-symmetrical
translation recombinations that bias the search towarthifget distribution.

1. Difference recombinationlt generates one individual by translating the main pareitt &
vector whose direction and size is given by the differendsvben two other individuals in
the current population. Thern; = ~o - @o, Where @, = xj(.t) — a2 andi £ j # k
and~y, is a constant. If, in additionz;J(.t) andng) are randomly chosen from the population,
following Proposition 6.7, this recombination is redueipsymmetrical, and does not bias
the resulting proposal distribution according to the linearrelations. Therefore, it does not
exploit correlations between dimensions. Furthermoiig,réicombination is respectful: if the
three parents have the same value on a position, so doesilihe ch

Difference recombination is linearly scalable with the raenof dimensions and, because the
number of parents is constgnt= 3, the computational complexity is constant with the number
of parents. This translation is commonly used in DifferahEvolution algorithms [84], but
also in some EMCMCs [86, 87, 23]. In the next section, we ektbrs operator to more than
three parents.

2. Snooker recombinationlf the translation vector”; depends on all the parents - thus also
on the main parent - the resulting proposal distributionaa4symmetrical in which case we
need to compute the proposal probabilities for the Metrggaasting acceptance rule. In the
existing EMCMCs, see Liang and Wong [63], Gilks and Robe3tq,[Strens et al. [86], these
recombinations depend on two parents and samples on thaidirspecified by them. Then,
T =7 - @, Where@y = xj(.t) — xﬁt). This recombination is, in general, non-symmetrical,
does not exploit correlations between dimensions and pegul.

According to Proposition 6.7, this recombination is notdgid and reducible. It is also respect-
ful; if the two parents have the same value on a position, &s tlee child.

3. Reflection recombinatiorA special case of translation is reflection. Here the maireipigis
reflected through the geometrical shape given by the othrenps called the polygonal face.
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Note that, if the reflection of the main parent exists, théagise between the main parent and
a parent of the polygonal face is equal to the distance betweechild and the same parent
from the face. Such a recombination operator is symmetaltthbugh the translation vector
depends on all the parents in the family. Reflection for EMC&S proposed by Strens et.
al [86] forp = ¢ + 1 parents. It should be noted that reflection is an adaptiomefrion-
symmetrical simplex recombination used in optimizationNmslder and Mead [68]. Here the
parentto be reflected is the one with the lowest value frotthalparents, whereas for reflection
in EMCMC it is chosen at random from the population. In thetrsection we will define a
non-symmetrical recombination for real-coded EMCMCs &ntio the simplex method.

Section 6.2.4 proposes translations that are symmetrgzase they are constructed to preserve
the distances between — and/or the volume of — the individnad family. We also propose efficient
non-symmetrical translation recombinations that biassereech toward the target distribution.

6.2.3 Rotation recombination

In the following, we introduce the rotation recombinationposal distribution. Rotation is a move of
a state around another state in the search space commodlyndde and 3D image processing. Using

Equation 6.1, we catbtation, the generation af; from x§t> using the stochastic rotation matiiand
a state) around which an individual is rotated. In 2D, the rotationtrixds I' = [fsjrg?a))sé’:;i?a))]
whereq; is a statistical variable representing the angle with wizictiate is rotated. Then, we have

e(xff), . ,ngr)z,_l) = (xgt) — M), whereM can be any function of the parents. However, for more

than two dimensiond, has a rather complicated expression and involves the ricétmn of (é)
matrices of sizé x [. To efficiently rotate a state around another one in a muttiethsional search
space, we transform the real-valued space pdlar coordinatesin these coordinates, the rotation
of an individual around a state is equivalent with the tratish of the corresponding angles in polar
coordinates.

To compute the transformations into polar coordinates dnd-versa, we use the method de-

scribed in Bauwens et al. [6]. Using the polar coordinatespaw describe the algorithm for rotating
the statecgt) around a statd/. We first translate the coordinate axeslihbecause we need to rotate

around). In polar coordinates, we ha\(ﬁ(xl(.t) - M), agt)), where

p(a? — M) =sign(a"[1] - M[1]) -/ - M) - (217 M)

2 D—h+1] — M[I—h+1]
p(al — M) - TTZ) cos (aslg))

wherel < h < ¢ — 1, andsign(-) is the sign function and, by conventioﬂ2:1 cos(a;[g]) = 1.
We now rotate clockwise arourfcaxes with the angles = (B[1],...,3[¢ — 1]) € [-7/2,7/2]¢"!
to obtain the candidate individug). Thus, in polar coordinates, the vectgr— M has the same
length but different angles thmﬁt) — M;in short,(p(xl(.t) — M), a; + 3). We transform these polar
coordinates back into original coordinatgs— M and we obtairy;:

a;[h] =arcsin

—1
yill] = M[1) + p(at” — M) - T cos (a[n] + B[R]
h=1
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yi[h] = M[h] + p(z; (®) — M) -sin(a;[l —h+1]+p[¢{—h+1 Hcos a;lg] + Blg))

Note that these transformations to the polar coordinatlsaxist if cos (a[g]) # 0andcos (alg] + Blg]) #
0,foralll<g<¢-—1.
We now formally define the rotation recombinatidh.

Definition 6.2 Rotationgenerates a chilg; by rotating a parentz:l(.t) around a stateV/ € Q(x) with
anangles = (B[1],..., 8¢ — 1]) € [-7/2,7/2]*~ composed of statistical variables such that

=M + (p(z" — M), a; + 0) 6.3)

wherea:gt) M + (p(z; (®) — M), «;) is the representation in polar coordinates:q?). Rotation
recombinatioris a recomblnatlon that generates one or more childfen . . ., y;1,—1} by rotating
their parents{z(t) e §2p 1} around a statel/ with Equation 6.3.

A direct consequence of the previous definition is that, dation recombination}/ and/or3 depend
on at least one other parent in addition to the main one.

Proposition 6.8 Rotation recombination is reducible, linearly scalabletwihe number of dimen-
sions and biases the exploration according to non-linearadations between the dimensions of the
sampling space.

Proof. Consider the equations that describe the transformatigoolar coordinates of a state. To
multiply a vector with a transpose vector we ng@’) multiplications. Then, the computational
effort to compute(xgt) - M) - (:cgt) — M) is linearO(¢). In the sequel, the product of cosinesses
Hz;ll cos (a;]g]) can be stored; when generating an alleJewve can use the previous product of
cosinesses and multiply it wittos (a;[h — 1]). This is also linear with the number of dimensions.
Similarly, we find that transforming a state back from polaoinates is also linear. Translating
a state into polar coordinates is linear because, in polardioates, each allele is independently
updated. We conclude that rotation is linearly scalablas teducible because not all individuals
from a real space can be generated by rotating a state arootites one. Sincé/ and/or depend
on atleast one other parent than the main one, rotation reic@tion biases the exploration according
to non-linear correlations between dimensions. All aelexcept the first one — non-linearly depend
on the values off and M and therefore on values of alleles in the other dimensians.

Note that the correlations between dimensions exploitékl tlue rotation operator are linear in polar
coordinates. In the following section we propose a symrmo@trotation around the mean.

6.2.4 Simplex geometrical recombination operators

In the previous section, we have introduced the affine tansdition framework for geometrical
recombination proposal distributions. Although our pregd operators cover the general case where
an arbitrary number of parents are used to generate one ananiper of children, we will further
focus our study on recombination operators that are simggexnetrical shapes. Simplex geometrical
shapes are the shapes ih@dmensional space consisting®of 1 points and all their interconnecting
line segments, etc. We are interested in non-degenerateejecal shapes: there exists a unique
¢ dimensional space that passes through such geometrigae sbith ¢ + 1 vertexes. For example,
two points define a unique line that passes through thene fhwints define a unique 2D plane, and
four points a unique 3D space. We call these recombinagonplex geometrical recombinatians
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Note that these simplex geometrical recombinations afferéifit from simplex recombination in
Evolutionary Computation where the lowest fitted indivithisareflected. Here, simplex geometrical
recombination is any linear transformation of simplex getnical shapes.

6.2.5 Symmetric non-biased recombinations

We propose several symmetrical, simplex geometrical réstoations. Some of these recombinations
(e.g. rotation, parent centric translation), like normalistributed mutation, generate individuals in
the neighborhood of the main parent. But, with recombimatibe size and the direction of the jump
from the (main) parent depends on the parent set. Refleatiothe other hand, reflects the main
parent through the polygonal face defined by the othgarents. As a consequence, we consider that
these recombinations adapt the corresponding propogabdtton from the current set of parents
based on their proximity and correlations. Thus, if the p&gs@re close to each other, the children are
in the neighborhood of their parents, and if the parents Iaamin correlations between dimensions,
so will their children. Note that the-parents {z\", ... ,pr 1}, are randomly selected from the
current population without replacement.

Rotation recombination around the mean

In the following, we propose a rotation recombination whane, some or all parentfgzgt),..., Ei)p 1

are rotated around the parent’'s mean= Z”p ! ;t)/p, with some angle, not necessarily the same
for all parents. We sample the rotation’s angzlkswith a normal distribution with meaf and the
standard deviation equal with the distance betvwéé?rand the parent’s mean, which is||xff) —m|.
Values around), both positive and negative, are generated more frequeadly result we generate
more often small rotations, where children are situatedhémicinity of their parents. Note that the
rotation proposal distribution adapts the size and thectior of the jump of the child from its main
parent. Thus, the size of the jump is given by the distaimé@ —m|| and the jump is on the spheroid

with center inm and the diamete? - fof) — m||. With rotation, we assume that good individuals
are in the vicinity of the main parent and on the same sphewdldall the parents. We denote this
rotation with.S,. ;.

Proposition 6.9 S, is respectful and biases the exploration according to rinadr correlations
between dimensions. When we generate a child $ith, the complexity time i©(¢ - p), wherep

is the number of parents anthe number of dimensions. When we genepatildren with S, .,

the time complexity is als@ (¢ - p). WhenS,..; hasp = ¢ + 1 parents that defines a non-degenerate
simplex geometrical shap#,.,; is symmetrical.

Proof. To prove the symmetry of,,;, we use the property that = ¢ + 1 children that define a
non-degenerate simplex geometrical shape are equallgndistl from their mean and determine a
unique/-dimensional spheroid with the center in the mean. As a apnsgce, when rotating one,
some or all individuals around the parent’s mean, the riegulhdividual is also on this spheroid.
From Proposition 6.8 it follows directly that.,; is respectful, that it exploits non-linear correlations,
and that it is linearly scalable with the number of dimensioWhensS,.,; generates one child, the
computational complexity is given by the computation of plagent’s meamn. Itis O(¢ - p) because
the values ofn are independently generated on each dimensiQi] = Z”” ! Et)[ |/p, where

1 < h < [. Note that the rotation of a state around another state }8(6(14’; Whenp children are
generated, the computational effori®/¢ - p), or only O(¢) per generated child, which is similar to
the computational effort for mutatiom
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Figure 6.1: (a) Rotation ofz\" | xj(.t) ,2\"'} around the parent's mean. (b) Differential recombina-
tion fromz(*) to y;.

In Figure 6.1 (a), we show an example in 2D space where thiigreh are obtained by rotating
the parents with different angles.

Difference recombination

Consider the recombination that generates a ghilay translating the main paremf) with a vector

T = Z;Z’;; V5 - (ngr)l - xj(.t)) wherey; € Q(z[-]) can be any statistical variable, for example,

sampled from a normal distribution. In Equation 6.2, we hidnat
i+p—1

yilh] = 20+ Y - (@l [h] - 2 [R)

j=i+2

Note that7; is parallel and of the same size with the sum of vectors invben/ parents. We denote
this operator withSy;r. Again, Sq;y adapts the size and the direction of the jump of the child from

its main parent. The size and the direction of the jump ismive the sum of di:stanceéﬁr)1 — xgt).
With Sq;r, we assume that good individuals are in the vicinity of thempearent and on a vector
parallel with the vectors between the other parents in thelja

Proposition 6.10 S, ¢ is respectful, symmetrical, and has no correlations betwdimensions. The
computational effort to generate a child wishy; s is O(¢ - p), with £ the number of dimensions apd
the number of parents.

Proof. Sy is linearly scalable with the number of parents sintgis a sum of/ terms and linearly
scalable with the number of dimensions since the generafione allele is independent of the alleles
from the other dimensions. From Proposition 6.7, the symyraetd respectfulness directly follows.
Since each allele is generated separatgly; does not exploit the correlations between dimensions.
O

Forp = 3, we obtain the standard differential recombination usedday-coded EMCMCs [87, 86]
and by some binary coded EMCMCs [23]. Since the standardrdifitial recombination always uses
three parents, it is linearly scalable with the number of elisions and the computational effort is
constant with the number of parent3(¢). In Figure 6.1 (b), we give an example of translation of the

parentz”) in a direction parallel with the vectojﬁ.t) — 2" in 2D space.
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Parent centric translation recombination

In the following, we integrate th@arent centric recombinatiofrom real-coded GAs by Deb et
al. [18] into real-coded EMCMCs. Consider the translati@ctor fromxff) to the parent’s mean,
m =y ;t)/p, is @y = m — 2\" and the translation vectors ;, wherei < j < i+ p — 1,
that are perpendicular to the vectaty; the direction and length of’; is given by the vector that
starts inz!", wherexgt) + 2" and itis perpendicular tar,. We have that

TP =" G0+ Vil  €itl + -+ Vitp—2" €itp—2 (6.4)

where we sample the stochastic variables . .., v;+,—2} from normal distributions with mea
and non-zero fixed variance; therefore children are sitliat¢he vicinity of their parents.

Note that(ﬂ’o, €it+1,--., €itp—2) IS NOt Necessarily an orthogonal basis because the vectors
{€it1,..., €isp_2} are notnecessarily perpendicular to each other. When ﬂwtﬂz(” o fjr)p ot
form a non-degenerate simplex, the vecters, with : < j < i + p — 2, are of the same length and
define a non-degeneraté— 1)-dimensional simplex shape with centerm'ﬁ). The meann is the
center of the spheroid on which all the parents are situgted]irectiona , passes through the center
of the (¢ — 1)-dimensional simplex defined by the parents other mﬁh Then the perpendicular
from the other parents t@’ 0 are vectors of the same length. Itis interesting to notetthasimplex

defined by{ @0, €i+1,..., €i+p—2} iS a scaled version of the S|mpléx1+1, cey 7+p 1}
Because directions are enough to generate a non-degenerate simpdestraw perpendiculars
ona, fromp—2 parents,{xfjr)l, . ,xfjr)p 5}, and not fromz(t) -

This translation proposal distribution adapts the size mieaddirection of the jump of the child
from its main parent. Thus, the size and the direction of timeg is given by the sum of vectors from
Equation 6.4. Note that the bigger the distances betweepatents the bigger the translation in the
search space, becausg depends on the distance between the parent’'s mean and th@anant.

When we generate only one individual with a parent centengtation recombination, the result-
ing proposal distribution is non-symmetrical; the distesbetween the main and the other parents
can be different than the distances between the generaitddacld the parents that are not the main
parent. To obtain symmetrical recombinations, we trapsdditp parents with the same vectat,;.
We first choose at random a parent, let us sﬁgl, from which we compute the vectar;. Given
7 ,;, we determine the direction, sign and length of the othaerdlaion vectors. We denote these
symmetrical parent centric translation recombinatioriviit.;,. With S,..,, we assume that good
individuals are in the vicinity of their parents and on a difen from the mean to the main parent
and the directions perpendicular to it.

Proposition 6.11 S+, is respectful, symmetrical and biases the exploration ating to the linear
correlations between the first and the other dimensions. cbineplexity time to generagechildren
With Spee I1s O(C - p), with £ the number of dimensions apdhe number of parents.

Proof. Note that the values of, are independently generated on each dimensign = Z”p ! (f)[ h]/p,
wherel > h > I. Sy, exploits linear correlations between the first and the réthi@drmensrons

€ ; dependsonthe parenf) and its direction is perpendicular@, which is determined by the par-
entx(t) and the parent's mean. Since there is no relationship between two vectors pelpata to

a O,there are no correlations exploited between the othermiines.S,..,. is respectful because, in
the dimensions where all the parents are equal, all the coergeectors{ @, € it+1,..., €itp—2}
are0. Symmetry results directly from the above discussion.
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XY

Figure 6.2: A translation of2\", " 2"’} to {y;, y;, y } With Spers.

i %5

The computational effort to compugg,..,. is mainly determined by computing the slopes of the
perpendicular vectorg; which is linear with the number of dimensions and number divituals.
Then, to generate children we need (¢ - p) time, or onlyO(¢) per generated child, which is similar
to the computational effort for mutationl

In Figure 6.2, we given an example 8., translation of three parenfs:{", =", z{"’} in a two

dimensional space. We have two vectors for translati@g:and e’;. ;. Note that, in this case, the
vectors(@y, @1 = €,+1) form an orthogonal basis.

Scaling recombination

Scaling recombination generates children by modifyingdistances between parents. Consider the

scaling recombination operator where a candidate indaligiis generated by translatimét) with a
unity vector ,7;, with the direction given by the difference between the p&w'emean and the main
parent,mn — xff), and the statistical variabtg that is sampled from a normal distribution with mean
0 and fixed non-zero standard deviation. We denote this reoation with S,.;. For symmetry,
with S,.;, we can either generate only one child or we can generateéldren. In the last case, we

first generate one chilg; by translating the main parent with a vecter, from xft) tom. Then we

generate the other— 1 children,{y;11, ..., yi+p—1}; for that, we translate each pareﬁf) with a

vector 7 ; from x;;) to m, where7 ; has the same lenghtas; andi + 1 < j <i+p—1.

Like rotation and the other translationt,.; generates children in the vicinity of their parents. A
special scaling operator is tlemooker recombinatioproposed by Strens et al. [86] that uses only
two parents and; € {—1,1}.

Unlike the previous recombinations, the scaling recomtmnaspecifies a proposal distribution
where only the direction of the jump, and not its size, is aeldjrom the population. This restriction
is the price for its symmetry; because all the parents am@ved in translation, the distances between
the main parent and the rest of the parents are most likelyheossame as the distances between the
child and the rest of the parents. A translation that geeemae child and also the translation vector’'s
length depends on all the parents, is non-symmetrical; weesgich an example in Section 6.2.5. With
Ssel, We assume again that good children are in the vicinity of tim@in parent in a direction from
the mean to the main parent.

Proposition 6.12 S,.; is symmetrical, respectful, and has no correlations betwée dimensions.
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(b)

Figure 6.3: (a) Scaling of\") to y; with S..,. (b) Reflection oft" to y; with S, .

WhenS,; generates one gr children, the complexity time 8(¢-p), with ¢ the number of dimensions
andp the number of parents.

Proof. When we translatg; on the directionn— x the mean ofy; and the rest of the parentgy; } U
{a«lﬂ, N prl}, is on the same direction. Since the translation vectongtleis sampled from a
normal distribution with fixed variance, the recombinatissymmetrical.S,.; is a particular case of
Spetz- Therefore, Proposition 6.11 shows tifat; is respectful, and does not exploit the correlations
between dimensions. The computational complexity can lag¢sderived from the correspondence
betweenS,, andSyetz. O

In Figure 6.3 (a), we give an example in 2D space of transiatiothe parentpgt) with the scaling
recombination iny; on the directiomgt) —m.

Reflection recombination

Consider a translation recombination that translates th& rparent through the opposite face of
the simplex such that the volume of the simplex is preservEten, the main parent is reflected
on the face of thé/ — 1)-dimensional simplex that does not contain the main paréfe.call this
reflection recombination and we denote this recombinatih .. ;. The reflection recombination
was introduced by Strens et al. [86]. In the following, welstra the properties of and integrate this
operator in the simplex geometrical recombinations framréw

The reflected individual is situated on the direction frore thain parentz:l(.t) to the parent’s
meanm; on this direction the distance fromt) to the polygonal face defined by the rest of
the parents{rgﬂl, cee Hp 1} is equal with the distance between the generated indivigiuahd
{zfi)l, e 7(2 _1}, buton the other side of the polygonal face. Unlike the oteeombinations, this
does not generate individuals in the vicinity of their pdsef his time, we assume that good individu—
als are situated opposite to the main parent given the geizaidigure defined b){le, ey Hp 1}

Proposition 6.13 S,.. r is symmetrical, respectful, and has no correlations betvike dimensions of
the sampling space. The time complexity to generate a cliifdSy. ; is O(¢ - p), with ¢ the number
of dimensions ang the number of parents.
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Proof. S,.r is symmetrical since the distance from the main parent tgptiiggonal face given by
the parents other than the main parent is equal to the distagisveen the child and the same face.
The proof ofS,..¢'s scalability becomes obvious if we consider the proceddieress et al. [72] to

build a reflection: for each locus, we need to compute the valygh] = 2/1 - S T7~! 2 [h] —

Jj=t J
(2/¢+1) -a:l(.t) [h]. The computational effort of,.. s is thusO(¢ - p). O
In Figure 6.3 (b), we give an example in 2D space of reflectibtne parentxgt) in y; through the

line 2!’ — &").

6.2.6 Non-symmetric biased simplex geometrical recombitians

The following recombinations are non-symmetrical but kiaes proposal distribution towards the
target distribution.

Uphill simplex geometrical recombinations

We integrate the downhill simplex recombination by Nelded &ead [68], from optimization into
the EMCMC framework to obtain efficient recombinations theg biased toward the target distribu-
tion. Consider one of the symmetrical simplex recombinegithat generates only one child. When
using our recombination operators, we assume that we geeneetter individuals by exploiting the
correlation and proximity of the parents. To bias the santpliwe order the parents in increasing
fitness value; let us assume tlﬂt(ml(.t)) > ... > P’(mﬁ)pfl). Using this order each parent gets a
probability to be selected as the main parent: the highefitiness the more probable it is chosen.
For example;cgt) is chosen as the main parent with the probabilitg, xffgl with probability 1,/22,

andaz:l(.i)V1 is chosen with probability /27. We assume that in the neighborhood of highly probable
states are other highly likely states; we also assume a pabplistribution that generates a child in
the neighborhood of the main parent. If the main parent istlost probable from all the parents,
then its child has a good chance of also being the most prelsédle compared to the parents other
than the parent. Then, the probability to generate a chithfits parents is equal with the reverse
probability. In this case, the proposal distribution isyefficient because from good individuals it
proposes other good individuals that are accepted withmighability. We call these recombinations
uphill simplex geometrical recombinatioaad we generically denote them wish),.

Proposition 6.14 §,,,, is non-symmetrical and biases the distribution towardsénget distribution.

Proof. Follows directly from the above discussidn.

To calculate the computational time complexity$f,, we have to consider the cost of sorting the
candidate main parents. The fastest sorting algorithm fegp sort) has time complexit}(p-log p),
wherep is the number of parents. The computational effort of thellupgtombinations depends also
on the involved simplex recombinations and if the sortinthesmost expensive in generating a child
or not. For example, witly,.,;, when a single individual is generated, the computatioffiaiteof the
uphill recombination is given by rotatio®(¢ - p + p - log p).

Uphill parent centric translation recombination

In the following, we propose a non-symmetrical parent deritanslation recombination which is
“closer” to the target distribution. This time, the tran&a vectors are computed relative to the

center of the mass of the parents= (30727 P/(\")) - 2") /(3771 P/(2")). We now have

To = w— 2. Like for Spetz, We also sample in the perpendicular directioms;, from xg.t) to

i
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@o, Withi < j < p — 1. Note thatw is closer to high probable individuals than to less probable
ones. This translation is generating small jumps for prédaidividuals and large jumps for less
probable individuals. Then, the probability to remain ardgood individuals is larger than around
other states, a property that makes this distribution résethe target distribution. We denote this

operator withS,, 4. The probability to generate an individualfrom its parents{xgt), . Z+p o}
with Swgh is
i+p—2 9
1 i - aoH2 1 [l - @5l

——eXp(———(——— -ex —_——

o2 p( 5. Jz jl:_[H Do p(— 5. 32 )
where{o;,...,0:+p—2} are the standard deviations for the directiqng, € it+1,..., €itp—2}
respectively, and are set apriori. We observe that even wedistances between parents would be
preserved, the translation vectot; depends on the values of the parehtg) o Ei)p 1} thatcan
be different for{y; } U {xgi)l, . ,pr 1} Thus, this recombination is not symmetrical even when

we would generatg children simultaneously as with, .

Proposition 6.15 S, is non-symmetrical, but is biased towards the target distibn, and is not
linearly scalable.

Proof. The non-symmetry ob,,,;, results from the above discussion. The probability to remai
near the “good” state is larger with,,4;, than for the other states. That makg&g,, to resemble
more the target distribution than the uniform distributios,, 4 is not linearly scalable because
{@o, €it+1,..., €itp—2}is not necessarily an orthogonal basis. Then, we cannotieljigompute
the probability to generate the main parent from its child #re other parents. Thereforg,,,, is
not linearly scalable

6.3 Irreducible recombinative proposal distributions

In the previous sections, we have proposed and analyzedasegeombination operators. In this
section we study the properties of the various combinatidmsoposal distributions. Our goal is to
obtain operators that are irreducible. We further want thatcomplex proposal distributions inherit
from the componentdistributions some desirable propglitie symmetry. In the following, to obtain
irreducible proposal distributions, we combine recomborawith mutation - which is irreducible.

6.3.1 Mixtures, cycles, sums

In EMCMCs, like for transition distributions, the propostgtributions are combined following some
simple mathematical rules mixtures a probabilistic sum of distribution where only one distition

is used at a time, anclycles a product of proposal distributions. We propose sen of proposal
distributionsthat is an addition of proposal distributions that are useithé same time.

Definition 6.3 A mixture of proposal distributions a probabilistic sum of proposal distributions
where at each step one distribution is selected accordingptoe constant positive probability. A
cycle of proposal distributions the product of proposal distributions where in each steghedistri-
bution is used in turn, and when the last distribution is yskd cycle is restarted. sum of proposal
distributionsis the proposal distributions where each step the effecll distributions are summed.
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Note that sums, like cycles, use all distributions at oncg, inlike cycles that apply them sequen-
tially - the output of one distribution is the input for anethdistribution in the cycle - the sum
generates individuals with each distribution in paralledl sums the effect of proposed individuals.
Like mixtures, sums are adding the effect of one distributeanother one, but unlike mixtures, each
step,all the distributions are added to generate the current indalglrather than using a distribution
at a time.

Mixture

Mixtures of proposal distributions have similar propestas mixtures of transition distributions and
they are used by most of the recombinative EMCMCs [23, 63].

Theorem 6.3 In a mixture of proposal distributions, if one distributi@irreducible, then the mix-
ture is irreducible. If, in a mixture, all the component dilstitions are symmetrical, then the mixture
is symmetrical. The mixturg,, . is biased toward the target distribution if the recombioats’. is.
The mixtureS,,q, biases the exploration with the same type of correlationveen dimensions as
the recombinatiord,. does.

Proof. If one component distribution is irreducible, than we carfrgon one state to any other state
with the mixture. Symmetry results from commutativity ofditibn and symmetry of components.
In the absence of acceptance, the target distribution ofrgd¢ing states with mutation is uniformly

distributed, since all the states are generated with the gaobability. If the recombination is biased
towards the target distribution, so does a mixture of matatvith recombination. The normal dis-

tribution does not exploit the correlation between dimensi If the recombination operator exploits
some correlation, the same correlations are exploited avittixture of mutation with recombination.

O

For example, the following mixture
Sm@r =DPm " Sm @ (]- _pm) : Sr

is irreducible wherp,,, > 0, and symmetrical when the recombination is symmetricalteNbat
Smer IS €quivalent with recombinationf,,, = 0; thenS,, s, = S, is reducible if the recombination
is reducible. The mixturé,,,¢.¢n iS biased toward the target distribution because the regwatibn
Swgn 1 biased. The mixtur®,,,.¢ is exploiting some non-linear correlation between dimensi
sinces,.,; does.

Cycles

Unlike for mixtures, for cycles, there are no general rutsifreducibility or symmetry. They have to

be checked for each cycle. In general, since the product@htatrices usually does not commute,
the cycle of two proposal distributions are non-symmeltriaihough the proposal distributions in
themselves are symmetrical. Cycles of mutation and recoatioin proposal distributions are com-
mon for the standard GAs. For example

Sm><r = Sr X Sm ; erm = Sm X Sr
Proposition 6.16 If the recombinatiort,. is symmetrical, we have

Spser (Y | XY = 8, (XB ] V)
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Proof. WhenS,. is symmetric, the proposition holds since

S (Y [ XDy = 3" S, (Y | XD). 5. (Y |Y) =
Y'eQ(X)

> S YY) S (XD YY) = S (XD Y)
Y'eQ(X)
a
In the following proposition, we show the properties of soryeles in the discrete space.

Proposition 6.17 Consider the uniform mutation and one of the recombinatfonsliscrete spaces
Sunifs Sdifr Smask N Siree. Smxr @aNd S, ., are irreducible, stationary and bias the exploration
with the same type of correlation as the recombination dégs,,- and S, x.,,, are symmetrical for
any recombination that swaps alleles [65},, . 4; and Sq; f . are non-symmetrical.

Proof. S,«., andS,,«, are symmetrical for recombinations that swap alleles bezanutation
generates the alleles which differ in the two populatiorgr@eombination swaps them or vice-versa.

By means of an example, we proof th&y; <., is non-symmetrical. Consider the current pop-
ulation of bitsX® = {0,1,0} and the candidate populatidh = {1,1,1}, the mutation rate of
1/3, and, for simplicity, the xor operator. We compute the phuiliy to generateY” from X () with
uniform mutation and then with xor recombination and thesise probability to generaf€(*) from
Y.

Let’s consider all possible parent choices for xor. With xloe recombination, given the distance
A(0, 1) between the first two bits, we generdtérom the third bit of the current populatiady the
intermediate population is no’ = {0,1,1}. The distance between the second and the third bit
is alsoA(1,0), and thus the intermediate population is agefh= {1,1,0}. Since the distance
between first and second bits of the current populatioA (8, 0), we generatd from 1 and the
intermediate population ¥’ = {0,1,0}. When we mutate the intermediate populations, we have
Sm(1,1,1 ] 0,1,0) = (1/3)?-2/3 and S,,(1,1,1 | 1,1,0) = (2/3)? - 1/3. Computing in a
similar manner the inverse probability, for all possibleeimediate populations, we hasig; r w,,, (Y |
X®)y=1/3-((1/3)%-2/3+2-(2/3)?-1/3) = 10/81.

To generateX ) from Y with Sg; ., we mutateY to Y’ = {0, 1,1} and then swap with the
xor operator the last bit given the difference between trg fiwo bits resulting inX (V). Similarly,
we mutateY to Y’ = {1,1,0} and swap the first bit of’ or we mutate intd’”” = Y and do not
swap the middle bit with xor since the difference betweerfitiseand the last bit i§. We then have
Saipsxm(XD | Y)=1/3-(2-(2/3)%-1/3+1/3-(2/3)?) = 3/81.

We conclude thay; ;.. is not symmetrical SINCOy; fxm (X | YY) # Saifxm(Y | X®). O
Parallel Recombinative Simulated Annealing (PRSA) [6®&susecombination that swaps alleles fol-
lowed by mutation.

In the following proposition, we show the properties of soryeles in the real-coded space.

Proposition 6.18 Consider the cycles where mutation is combined with onessfyinmetric simplex
geometrical recombinations. These cycles are irreduchbigbias the exploration with the same type
of correlation as the recombination does. When combising, Syct., Ssc: andsS,..y with mutation,
the resulting cycles are not symmetric.

Proof. Spuxrot: Smxpetar Smxsel @NdS,, ey are not symmetric since the distances, directions and
volumes of the parents are not kept constant with mutatitwe. rést of the properties follow directly.

a

Note that it is impractical to use a non-symmetrical cyclecoémpute its probabilities, we have to
sum over all possible intermediate populations.
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Sums

The properties of sums are similar with the ones of mixtucesymmetry, but, like for cycles, there
are no general rules for irreducibility; a sum of any two dueible distributions (e.g. a distribution
and the same distribution negated) is not necessarily anoteducible distribution.

Theorem 6.4 A sum of symmetrical proposal distributions is symmetrical

Proof. The sum over real-valued distributions (matrices) is cortatine. O

Recall from Section 6.1.2 that we cannot use the masked fgioaiion, S,,,,sx, with an MH
algorithm: when a non-common bit for the parent and the madlipped, there is & probability to
flip that bit back using the generated child and the same n#ssk.consequence, the MH algorithm
would be reducible. In the next paragraph, we propose adunible proposal distribution that sums
Smask and uniform recombination. Consider a pareﬁ‘f and a ma:slsz(Jrl chosen at random from

the population. Like fo1S,, s, for the non-common values of the two paremg,) is flipped with
the probabilityp, to generate the chilg;. Unlike for S,,..s%, for the common parts of these parents,

xit) is flipped with the low probabilityl /¢ to generate the chilg;. We generate from the mas:l%i)l
a second childy;; ; with the uniform mutation with the mutation rate,. We denote this proposal
distribution with .S ,, 1+ 1k Where

20

t
( ) ) = Smask (i | xz ) z+1) + S (Yit1 | xz+1)

SnL+nLaek(yz7y1+1 |$l ) z+1
In the next proposition we show that,, 1 a5k, Unlike S,,,.sx, can be used with an MH algorithm.
Furthermore, althoughiitis a cycle, its computational tim&milar with the one of uniform mutation.

Proposition 6.19 S,,, 1 sk IS irreducible, has no correlations between dimensionslzasipositive
non-zero valuessS,, 1 mask(- | ©) > 0. Sptmask IS Symmetrical ifp,, = 1/2 or p, = 1/L. If

pm # 1/2 @andp, # 1/¢thenS,, 1mask iS non-symmetrical. The time complexity to generate two
children from two parents witls,,, + a5k iS linear with the string sizé, O(¢).

Proof. S, +mask iS irreducible, since is haS,, 4 mask (- | ©) > 0. If p, = 1/£,theS,, tmask IS €qQuiv-
alent with the mutation operator, since all alleles in theepgs can be flipped with the probability
1/¢. ThenSermask is symmetric. Fop,, = 1/2, we uniform randomly generate the chilg,

from the maskrlﬂ, and the uniform randomly probability to generate the masknfy;, ;. Then,
Sm+mask 1S Symmetric since the common and uncommon parts of the {saa@ad the children are
randomly generated.

By means of an example, we show ttgt .. IS non-symmetrical for other values pf, and

C0n5|derx( ) = x§+)1 = 0and{y;,yir1} = {1,0}. Wheny, = 1 andy,;+, = 0, the probability

to generatey; is 1/¢, and the probability to generaig;, is 1 — p,,,. The inverse probability is
Sermask(x?(;t)qu(j?l | Yi, yi+1) = (1 - pw) ! (1 - pm) Whenyi =0 andyiJrl =1, the prObablllty
to generatey; is 1 — 1/¢ and the probability to generatg;; is p,,. The reverse probability is now
Pz Pm- ThenSm—O—mask(yia Yi+1 |x7(:t)7 x7(21) = (1 —pm)/€+(1 _1/6) ‘Pm andSm+mask( 7( )7 7(21
Vi, Yi+1) = (1—=po)- (1 —=pm ) +Dx - prm- We now have that ip,. # 1/¢ andp,,, # 1/2,thenS,,, +mask
is non-symmetricalC

Similarly, we combine the tree frequencies probabilisicambinationS;,..., with the uniform
mutation in a sum in order to use it with the MH algorithm. Wetfitonstruct the maximum entropy
tree. We choose at random a positidn,which we consider the root, we propose an allglg]
with the probability(N (y;[h]) + 1) /(N + [Q(x[])]). Iteratively, we propose an allelg[h] with the
probability

(N (yilh], yi[h1]) + 1)/ (N (ys[h1])) + [Q2(=[])])
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where the allele on the positidil, y;[h1], is already instantiated. We denote this operator with
Smttree = (Stree + 1/N)/(1 4+ Q(z[-])/N). Like Si-.. and unlike the other proposal distribution,
Smatree €XplOits some relationships between different dimensions

Proposition 6.20 S,,,++-cc IS irreducible, non-symmetrical and biases the explomtacording to
non-linear correlations between the dimensions. The tiompiexity to generate an individual with
Smttree 1S O(L? - N), where/ is the string size and/ the population size.

Proof. The proof is immediated
In the real-space, let us consider the s, 4;; between a uniform mutation and the differential

recombinationSy;s. An individualy; is generated witt,,, 44y from the main parentgt), and the
parents sefz\, 2"} such thay; = " + ;- (¢! — {) + ,,. We consider that ter Braak [87]'s
differential proposal distribution is a sum, on each lotaetyveen differential recombination and uni-
form mutation - that is a random variable sampled from a unifdistribution..S,,, 14 ¢ is irreducible,
symmetrical, but does not exploit the correlations betwdierensions.

Proposition 6.21 Consider the sum between the normal mutation and one ofttipdest geometrical
recombinations
S77L+7’ - SnL + Sr 3 Sr+m - Sr + SnL

These sums are symmetrical, when the recombination is syivaherreducible, biased when one
of the recombinations is biased, and exploits the corretaibetween dimensions when one of the
recombinations does.

Proof. These sums are irreducible because we can arrive from anylgtam to any other population.
The rest of the properties follow directlizl

6.3.2 Restricted position sums

In the following, we propose a particular case of sums thaegate with each component proposal
distribution different (parts of) individuals. These suare computationally efficient and linearly
scalable, even when the component distributions are nomtrical.

Definition 6.4 A sum on exclusive positions in a populatisna sum that generates with each pro-
posal distribution different positions in a population.

The proposal distribution that generates exclusive pmsitin a population does not affect the posi-
tions that they do not generate. Thus, to compute the pritiebin this sum, we have to compute
only the probabilities of the component proposal distiitos. For example, with mutation we gen-
erate an individuady, in the population and the rest pfchildren we generate with recombination

t t
Sm+r(yi7 e Yigp—1 | :LE )a oo 7x7(j.3p_1) =

S (i | 20) + S (st Yirp—1 |27, 7957(;2;7_1)
Under certain conditions, these exclusive position sum fsimilar properties as the mixture of
distributions.

Proposition 6.22 Consider a sum on exclusive positions where the positioretgdmerated with
each proposal distribution are picked at random. If eachpmsal distribution is irreducible, then
this sum is irreducible. This sum is symmetrical if the congu distributions are symmetrical.

Proof. Since the irreducible proposal distribution goes in seh&gps from any to any individual, so
does this sum. The rest of the properties follows direcily.
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Restricted position sums for MH algorithms

Since, in an EMCMC, the unnormalized proposal distributiBf(-), can be evaluated at individual
level (e.g. for an individuatgt)), but, usually, cannot be evaluated at allele level (e xergan allele
2" [1]), we propose sums on exclusive individuals of transititriiutions.

Definition 6.5 A sum on exclusive individuals in a populatia combination of transition dis-

tributions such that each candidate individual is proposed accepted with exactly one transition
probability.

The transition distribution that generates and acceptiusixe individuals in a population, does not
affect the positions that they do not generate. Like miguwétransition distributions, this sum
inherits its properties from the component transitionriisttions.

Theorem 6.5 If each transition distribution is irreducible, then therawn exclusive individuals is
irreducible. This sum has detailed balance if the compodettibutions have detailed balance.

Proof. This sum is irreducible since from a population we can ariite any other population with
a non-zero probability. Since we sum over the componentildligions, when the components have
detailed balance, the sum has detailed balance.

6.3.3 Combination of mixtures, cycles and sums

Based on mixtures, cycles, and sums one can create vartoersawtes. For example, the components
of a mixture can be cycles, or we can use a cycle in a cycle.

Sm><7’@r><1n:pm'Sanr@(l_an)'SanL ) S7rL><r><7n: 7’><m><SnL ) Sr><7n><r: m><7’><Sr

Proposition 6.23 S,,, xr@rxm 1S irreducible ifp,,, > 0. It is also symmetrical if recombination is
symmetrical angh,,, = 0.5. Sy, xrxm aNd S, «mx, are irreducible and symmetric if recombination
is symmetric.

Proof. From Proposition 6.18, if recombination is symmetricait$g, ... (Y | X®)) = S5, (X ® |
Y). If pr = 0.5,

S”L><T€B7’><m(y | X(f)) =0.5- Smxr(Y | X(f)) 2 0.5- Sr><m(Y | X(t)) = SmxréBrxm(X(t) | Y)
We also have

Smxrxm(Y | XDy = 3= S, (Y [ XO) S, (Y [ V') S (Y | V) =
YY" €eQ(X)

Z S"L(X(t) | Yl) : ST(YI | YN) ' Sm(YN | Y) = Smerm(X(t) | Y)
Y/,Y//EQ(X)

The other properties follow directly:






Chapter 7

Acceptance rules

In the previous chapter we have shown how to combine recaatibéproposal distributions with
mutation to obtain irreducible recombinative proposatrdisitions. In this chapter, we study the
interaction between recombination and various MH accegganles and discuss how to obtain EM-
CMCs with specific properties, such as detailed balance.

First, we investigate the properties of the EMCMC algorithesulting from a recombinative
proposal distribution and the standard MH acceptance funlé&ection 7.2, we show that to obtain
detailed balance we need an MH acceptance rule where atlrehilcreated by a recombination
operator are either all accepted or all rejected. In Secti@nwe study some MH acceptance rules
for optimization.

7.1 The standard MH acceptance rule in (recombinative) EM-
CMCs

In the following, we investigate the properties of non-medmnative and recombinative EMCMCs
that use the standard MH acceptance rule.

7.1.1 Multiple independent chains (MICs)

In an attempt to improve the mixing behavior of MCMCs one daubke use of multiple chains that
run independently (MICs). The chains are started at differetial states and their output is observed
at the same time. It is hoped that this way a more reliable agpf the target distributiorP(-) is
obtained. It is important to note that no information exajpabetween the chains takes place.

Recommendationsin the literature are conflicting regaythie efficiency of multiple independent
chains. Consider that the number of individuals generatiéd avlong MCMC and with a MIC are
the same. Consider also that a MIC and an MCMC start theinsHaom randomly generated states
since we do not have any a priori information about the segpelte. Then, there is no guarantee that
these initial states belong to relevant parts of the segrahes therefore there is also no guarantee
that a MIC will perform better than a well mixing, single MCMgDain.

Yet there are at least theoretical advantages of multiglependent chains MCMC for establish-
ing its convergence t&(-) [33]. For example, let’s consider a large dimensional distion where a
MCMC takes a long time to find a relevant region of the searetts@nd to escape from it to search
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for other relevant regions. Then, the time necessary fong MCMC can be larger than just starting
multiple MCMCs spread over the search space sampling ier@ifft regions.

Since the chains do not interact, MIC is at population lemeVeCMC with transition probabilities
equal to the product of component chains transition prdtigisi or

N
T(X(t+1) |X(t)) _ HT($§t+1) | Igt))
i=1

whereX (+1) js the next population. If the MCMCs have detailed balanoejreeducible and aperi-
odic, then MIC inherits these properties and it convergegppulation level, to the product of their
target distributions}'[f\i1 P;(+), whereP;(-) is the target distribution of theth chain.

7.1.2 One parent against one child in recombinative EMCMCs

In general, an MH algorithm that accepts with the standardadeeptance rule the individuals gen-
erated with some recombinative proposal distribution du#ave detailed balance. Unfortunately,
if the detailed balance condition does not hold, there istandard method to determine the target
distribution. In the following, we show that, under certaonditions, the marginal distribution over

the samples of a chain B(+).

Theorem 7.1 Consider the MH algorithm that proposeschildren fromp parents using an irre-
ducible proposal distributioty, and each child competes against one of the parents, randdmken
without replacement from the parents set.

This algorithm has detailed balance if and only if the proitigbto generate the children from
the parents is equal with the probability to generate sonikel@n and some parents from the rest of
the parents and children. Then, the algorithm convergebegtoduct of distribution§[?_, P(-).

If the proposal distribution is independent of the targesttdbution then the individual states from
a chain in the population converge to the target distribati®y-).

Proof. We split our prove in three parts. First we prove that, in gahehis MH algorithm does not
have detailed balance. Then, we prove that the targetlisioh of the samples from a chain in a
population isR(-). Last, we show that, under certain conditioRs;) = P(-).

For ease of exposure and without loss of generality, letissier populations of two individ-
uals and two childreqy,y2} that are generated with some irreducible and symmetricgpgsal
distribution S from two parents{z;,z2}. ThenS(yi,y2 | x1,22) = S(x1,22 | y1,92). Let's
assume that the chilg; competes against the parent in the standard Metropolis acceptance
rule A(yy | «1) = min{1, P’(y1)/P’(x1)}, and the childy, competes against the parest in
A(ys | 2) = min{l, P'(y2)/P'(z2)}. We denote withl} ; the resulting transition matrix.

1. Proof: this MH algorithm does not have detailed balantieboth parents are different from
their childrenz; # y; andxzy # 9, the transition probability is

Tia(y1, 92 | x1,22) = S(y1, 92 | 21, 22) - A(y1 | z1) - A(y2 | 22)

If one parent and one child are equal, let's say= y;, the transition probabilit{’ 1 (z1,y2 | 1, z2)
is equal with the transition probability where both childder,, y» } are accepted plus the sum where
one less fitindividual/ is proposed and rejected, whdp&(y') < P’(xz1). Then,

Tra(xr,y2 | 21, 22) = S(21,y2 | 21, 22) - A2y | 21) - A(y2 | 22)
+ Z S y2 | wr,x2) - [1 = A(y' [ 21)] - A(yz | 22)

VP (y) <P (21)



7.1 The standard MH acceptance rule in (recombinative) EMCMCs 105

If both parents and children are equy, y2} = {1, x2}, the transition probability is

Tia(zr, 22 |21, 22) =1 — Z Tia(y1,y2 | 21, 22)
{yi.y2} A {z1,22}

From the last equality we have th@t ; is stationary. Sincd? ; is a stationary Metropolis al-
gorithm, that is irreducible and aperiodic when the propdsribution is irreducible, the algorithm
converges to a stationary distribution. In the followingg whow thatl’; ; does not have detailed
balance unlesS(x1, x2 | y1,y2) = S(z1,y2 | Y1, x2), foranyz, s, y1, y2. We denote withR(-, -)
the target distribution for this algorithm.

If x1 # y1 andxy # y2 and both children are accepted or rejected, the detaileshbalcondition
holds for any proposal distributio$i. It is straightforward to show that

R(z1,72) - S(y1,y2 | 1,22) - A(yr | 21) - Aya | v2) =

R(y1,y2) - S(xi,z2 | y1,y2) - Alz1 | y1) - A2 | y2)

if R(J?l, ],‘2) = P(J?l) . P(J?Q) for anyzri, rs.

If one child is rejected, for example = y1, and if R(x1, z2) = P(x1)- P(x2) foranyxy, xs, we
have detailed balance for the first termsii(fr, y» | 1, 22), and the inverse transition probability,
T(x1,22 | 21,y2) SiNCE

R(w1,22) - S(21,92 | 21, 72) - A(zy | 21) - A(y2 | 22) =

R($1,y2) : 5(331,332 | 3317y2) -A(xl | 331) 'A(JJQ | yz)

We further group the terms with the samefrom the direct,7(x1, 32 | x1,z2), and the inverse,
T(z1,22 | 1,y2), transition probabilities. The detailed balance conditimlds if, for all of them,
we have that

R(z1,22) - Sy | 1, m2) - [1 = Ay | 21)] - A(y2 | 22) =
R(z1,y2) - S,z | 21,92) - [1 = A(Y' | 21)] - A2 | y2)

This is true whenS(y', y2 | z1,22) = Sy, z2 | z1,y2) for any stateqy’, y2, 1,22} and, again,
R(-) = P() - P().

We conclude that, for this algorithm, the detailed balarawedition holds if and only ifS(z1, 22 |
y1,y2) = S(y1,x2 | x1,y2), forany choice ofey, x2, y1, y2. In the sequel, when the detailed balance
holds, the MH algorithm converges to the distributiBg) - P(-).

2. Proof: the samples from the first chain converge to some distribuRip).
The marginal transition probability to generate from y; when summing over the variables of
the second chain is
Tia(y | 1) = Z R(x2) - Tia(y1,y2 | 1,22)

x2,Y2
We can rewrite the marginal probabili§; ; (y; | 1) as the sum over, andy- of transition proba-
bilities where both children are accept€d; (y1,y2 | 1, z2) plus the sum of transition probabilities

whereys, is rejected. Given the definition af 1(y1,y2 | z1,z2), and the fact that we sum over all
9, y2, We have that

Tii(yr|z1) = Z R(x2) - S(y1,y2| w1, 22) - A(yr|z1) - Ay | 22)

x2,Y2
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+ > R(wa) - S(yr,ya | w1,2) - Ayr [21) - [1 = A(ya | 22)]

r2,Y2

We group the terms and simplify the above equation to

Tia(yr|z) = A(yr [21) - Z R(z2) - S(y1,y2| 21, 22))

Z2,Y2

Let's denote
"y | x1) = Z R(z2) - S(y1,y2 |21, 22)

x2,Y2

S’(y1 | #1) is a number that depends gpandx; but is independent af; andys. We further rewrite
the marginal transition probability

Tia(yilz) = Ay |zy) - S (y1 | 21)

We have thatl' 1(y: | 1) is stationary sincel’ ; is stationary; theny_, Ti1(y1 | z1) =

douy B(@2) 32, Tiayr, y2 |21, 22) = 1,
We conclude that the marginal target distribution of the fitgin isR(-).

3. Proof: R(-) = P(-) if P is independent of.
Let’s consider, without loss of generality, thatx,) > P(y1). Then,A(yy | z1) = P(y1)/P (1)
andA(z; | y1) = 1. The detailed balance condition for the marginal transiticstribution is

P(z1)  R(z1) S'(y1|z1)
P(y1) R(y1) S'(z1|vy1)

We show thatS’(y1 | 1) = S’(z1 | y1) if P is independent of.

Let's denoteS(y; | x1,x2) = Zyz S(y1,y2 | x1,z2). The expected value of the above distri-
butionS(yy | z1,-) is S(y1 | z1) and the expected value &f(-) is some numbeg.. The covariance
betweenP andS(y; | z1) is

Z(P(x2) — ) - (Sy1 | z1,22) — S(y1 | z1)) ZP x2) - Sy | w1, 22)) —p-Sy1 | 1)

x2

We know that the covariance between fhe) andS(y; | 1) is equal with the covariance between
P(-)andS(z1 | y1), since the two distribution®(-) andS(- | -) are independent of each other. Since
S is symmetrical, we have th&t(z1 | y1) = S(y1 | z1). We further find thad | = P(x2) - S(y1 |
x1,x2) = >, P(x2) - S(z1 | y1,72), and, thusS'(y1 | z1) = S'(z1 | y1). This concludes our
proof. O

According to the above theorem, the detailed balance dondiolds for uniform mutation distribu-
tion S,,, and symmetrical recombination distributions that gereedate child (e.g.54i), but does
not hold for other symmetrical recombinations (€5y,,; s and.Sy,+mask). FOr any four individuals,
Sunif(Y1,y2 | 1,%2) # Sunif (Y1, T2 | T1,y2).

Consider a non-symmetrical proposal distributi®ithat generates two children andy, from
two parentsﬁt) and zgt). To use non-symmetrical proposal distributions, we need/e'cgh the
fractionP’(yl)/P’(a:1 ) with a correction term5 © (xl | y1,92)/Sy, (Y1 | a:l ,a:2 ) that com-
pensates the non-symmetry of the proposal distribution &ssi standard acceptance rule. We denote
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alg transition DB dist/optim
MCMC[45, 66] Tm,u = Sm,u A, Tmm = Om,n * A yes P()
MIC Toas T yes [Ii, P()
rEMCMC T11 = Smuxunif - A no P()
aEMCMC 0.5 T n @ 0.5 (0.25-Sr0r @ 0.25- Sy s

B0.25-Saipp ® 0.25-Seer) - A no TIY,P()
mut + Ax Tc =S, - Ac yes [[._, P(})
nested Theveyve =11 - Ac yes Hi:l P()
rEMCMC + A¢x Tm,uxum‘f = Sm,uxum‘f Ao yes Hi:l P()
PCTX 0.5-Spm- A®0.5-Spera- Ac
naEMCMC 0.5 Tyn © 0.5+ (0.25-Sup rot © 0.25-Syp ey

B0.25-Sup.diff ® 0.25-Sup set)- Ac yes [IY, P()
PT [32] (Ts = Ss - Ac) x T, yes [IY, P ()
EMC [62] Ts x (1 =) - T @ pr - (Tuniy = Sunig - Ac))  yes [I, PTo ()
rEMC [63] (Ss-A) X (Pm- T ® Dr - Tunis

&1~ pm — pr) T) yes I, P™7 ()
DeMCMC [85] (1_p7’_pf1:or) ) Tm @pr : Elnvf SY) Pzxor - (Smor : A) yes Hzl\il P()
POPMCMC [61]  Tfreq = Sfreq - Ap yes [IY, P()
DE-MC [87] (Sdif + Smu) - A yes [IY, P()
DS-MCMC [86] (P - Sm @ (1 — i) - Seet) - A yes [T, P()
SA[49] Ty =S, A no optim
PRSA65] Tonyu X Tuniy no optim
ECA Trca = Sm,u X Su,mlf -ECA no R()

Table 7.1: The (E)MCMC algorithms presented in this theffisir transition matrices, if they have
detailed balance (DB) or not, and their target distribution

with Sy, (51 | 24", 2$") the probability to generatg from z{" andz’ in the context ofy,. Now,

such an MH acceptance rule is

(t)
P ST(t) (fL | y17y2)
Alyr | 21)) = min{1, ,(y(;) - ® . ®

Pl(zy7) Sy(yr [z, 257)

In the next section, we show that this MH algorithm is morecédfit than an MH algorithm with
detailed balance. Furthermore, in our experiments, wergbgkat this MH algorithm is very efficient
when we use recombination to propose candidate individ@dlithe proposal distributions presented
in Section 6.1 and the symmetrical distributions from Set6.2 are independent of the target dis-
tribution P(-) since they do not consider the probability of the componties when they generate
candidate individuals. In Chapter 8 we will investigate esimentally how recombination influences
the sampling performance of (E)MCMCs when the proposediiddals are accepted/rejected with
the standard acceptance rule.
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7.2 Recombinative EMCMCs with detailed balance: all childen
accepted or all rejected

In the previous section we have investigated the (recontlig)daMCMC that uses the standard MH
acceptance rule. Now, we show that to obtain EMCMCs withikbetdbalance, in general, we need
to use an MH acceptance rule where all children that are meghavith recombination should be
accepted or all rejected. Most EMCMCs have detailed bal&ecause, for irreducible, aperiodic
MCMCs, it is a sufficient, but not necessary, condition towage to the target distribution. In
Table 7.1, we show the algorithms presented in this papair, tfansition distributions, whether they
possess detailed balance or not, and the target distribixoan which they sample.

7.2.1 All children accepted or all rejected

A common characteristic for the acceptance rules with tetddalance is that children are all ac-
cepted or rejected. For example, with tbeupled acceptance ruld, proposed by Liang and
Wong [62] two parents{a:l(.t), xg.t)} and their two children are considered for acceptance; bloith ¢
dren are accepted or rejected:

P; P!
Ac (yl,yj|l§t), Et)) min{1, Z((t)) g(y
Pi(z;7) - Pi(x

1 \""g 7

) Sl Iyuyj)
9) " S(ys,y; | 20, 20)

whereP/(-) is the unnormalized target distribution of ti¢h chain.

}

J
(
T

Theorem 7.2 An MH algorithm where all children generated by parents ateepted or all rejected
has detailed balance.

Proof. Without loss of generality, we assume that fr@nparents, X = {z1,z2}, we generate
childrenY = {y1, y2}. For simplicity, we assume that the proposal distribut®symmetrical. We
show that if the target distribution of the two chairf3(, -), is the product of target distributions
for each chain,Pi(-) - P»(-), the MH algorithm that accepts/rejects individuals witle ttoupled
acceptance ruled o, has detailed balance.

Let’s consider thatX # Y and P/(y1)/Pj(x1) - Py(y2)/Pj(z2) < 1. By rewriting Ac, the
transition probability to go fronX to Y is

Te(yi,y2 | 21,22) = S(Y1, 92 | 21, 72) -

Furthermore, the inverse transition probabilitylis (z1, 2 | y1,y2) = S(x1,22 | y1,92) - 1. These
transition probabilities have detailed balance since

Pi(y1) - P5(y2)
Pi(z1) - Py(2)

The case wher& =Y is straightforward. We conclude that has detailed balancel
For example, whem ¢ is associated with the uniform recombinatiép,,;; - that generates two
children from two parents - the algorithm has detailed beddit2]. We denote this transition matrix
with Tumf.

Another example is thpopulation acceptance ruld p [33], where the current population com-
petes against the proposed population. With all recomioingtAp has detailed balance, because

P(x1,22) - S(y1,y2 | x1,22) - = P(y1,y2) - S(z1,72 | y1,2)
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all individuals from the candidate population are accejteall rejected. However, in practice, such
an acceptance rule is not always desired, since it is nottsedeat individual level. For example,
usually, individuals with higher and lower probabilitie®groposed; wittd - the fit individuals can
be rejected and the acceptance of less fit individuals depamthe family’s fit individuals.

In some cases the standard acceptance rule is equivaléntheitoupled and population accep-
tance rules.

Proposition 7.1 A symmetrical recombination distribution which generate child fromp > 2
parents, can use the standard MH acceptance rute replace one of the parents with the child.

Proof. Such an acceptance is equivalent witly; | xgt)), wherey; is the generated child, amit)

is the parent candidate for replacement.

For example, when the difference translation recombimat$; s, is associated with a standard ac-
ceptance ruled, the resulting transition matrix has detailed balance.

Laskey and Myers [61] use an acceptance rule which resemablddH acceptance rule - one
generated child against the parent that might be replacetiwhich computes the proposal proba-
bilities for their non-symmetrical operator over the whplapulation. We consider this a population
acceptance rule.

We conclude that, in general, for detailed balance, theviddals that interact in the proposal
distribution should also interact in the acceptance rule.

Detailed balance at population level

Most EMCMCs use family recombinations where, each germrall individuals are randomly
grouped such that each individual belongs to exactly onemrdf the children generated with re-
combination are all accepted or all rejected with an accemaule as suggested in Theorem 7.2,
we obtainfamily transition probabilitiesvith detailed balance. At individual or family level, these
transitions are not MCMCs, since their proposal probabédgiare not stationary - they depend on how
the individuals are grouped. At population level, for allsgible groupings of the current popula-
tion, the transition distribution is stationary. Then, tfegulation transition probabilitiesbtained by
combining the family transitions have detailed balancedefthe an MCMC.

In the sequel, for population recombinations, we need tadhs@opulation acceptance rufg-,
to obtain EMCMCs with detailed balance that converge, atpain level, to the target distribution.

The coupled acceptance ruled vs. the standard MH acceptance ruled

It is interesting to notice that the MH algorithms generatgth 7, ; have a higher probability of
acceptance than the algorithms generated With As a consequence, for the same proposal distri-
bution, the algorithm determined &) ;, in general, is more efficient than an algorithm that uses
Tc.

Proposition 7.2 Consider an irreducible recombinative proposal distribuat S that generates two
candidate individuals from two parents. The MH algorithimattaccepts/rejects both children has a
lower acceptance probability than an MH algorithm where feabild competes against one of the
parents.

Proof. Let's consider the population sizZ€ = 2 and a symmetrical proposal distributighthat

generates two childrep; andys from two parentSrgt) and xét). In 771 each childy; competes

against the corresponding parea{\t[), wherei = {1, 2}, in the standard MH acceptance rule.Tlp
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both children compete against their parents in the coupled@ance rulel. We rewriteT; ; given
the transition matrix of an algorithm that would use the dedmcceptance rul& = S - Ac.
If both children are different from their parents, # y; andzs # 32, we have that

Ti1(y1,y2 | ®1,22) = Te(yr, 2 | 1, z2)

When one child is equal with one of the parents, let's 8ay= y1, the transition probability of ;
adds to the transition probability d@f- all the transition probabilities to a less fit individuglthan
x1, P'(y’") < P'(x1), that is generated and rejected. Then

Tya(zrye |21, 20) = To(en, g | 22)+ > SO,y | 21,22) [1-A(Y | 21)]- A(ya | 22)
Y|P’ (y") <P’ (z1)

Therefore, the transition probabilities ©f ; are equal with the transition probabilitiesBf plus
some probabilities to individually accept good states. Asmasequence, the rejection probabilities
of T, are lower than off . O

7.2.2 Target distributions of EMCMCs

In the following, we study the target distribution of EMCM@sth detailed balance. Note that
irreducible EMCMCs that use the coupleld: or the populationd» acceptance rule converge to
Hf\; P(-). This target distribution is given by the product of distritons in the MH acceptance
rule. By replacing this product with other mathematicaldtions (e.g. maximum of two values as in
the next example), the corresponding EMCMC converges tfferelnt distribution.

Example

We sample from therder two statisticglistribution
Py1 (v, +) = max{P(-), P(-)}

using the coupled MH acceptance rule

® @®
z : maX(P/(yi)vP/(y’)) S(J:l y Lj |yuy)
Asa(yiyy | 2", 2f) = min{1, ® G OB
max (P’ (z;”), P'(z;7))  S(yi,yjle; " x;7)

i J

}

wheremax is the maximum for the values of two individuals, a$idl | -) is any proposal distribution.

Proposition 7.3 Consider an EMCMC that proposes two individuals with someslucible proposal
distribution S and accepts or rejects them all using the acceptance Agle. This EMCMC has
detailed balance and converges to the order two statisstridution Ps.;.

Proof. According with Theorem 7.2, an EMCMC that proposes two cdatdi individuals from two
parents and accepts/rejects them both with, has detailed balance. If the proposal distribution is
also irreducible, this EMCMC converges to the stationasggrdiution P (-, ). O

7.2.3 Related work

In the previous sections we have investigated whetherwarecombinative proposal distributions in
combination with some acceptance rule, result in algorithvith detailed balance. In the following
we present existing EMCMC algorithms with detailed balance
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Many EMCMCs for sampling use a variant of SA for the parall&MCs to speed up the explo-
ration of the searching space: each chain has attached &uatue according with a fixed cooling
schedule. This algorithm, callgghrallel tempering(PT) [32], is itself an EMCMC since the chain
with a higher temperature exchanges information with thielerochain to improve mixing. Since
these algorithms use a coupled acceptance rule, they htiteddalance. Some algorithms use var-
ious proposal distributions that include the recombinatiperators; usually, these algorithms accept
all proposed individuals or reject them all, thus they haetaied balance.

Parallel tempering (PT)

Parallel tempering [32] is a parallel MCMC witN chains each having a different stationary distri-
bution P;(-), whereP/(-) = P’(-)ﬁm, ¢ =1,...,N. The temperatures have increasing values
Temp; < ... < Tempy with Temp,; = 1. Then,P;(-) = P(-). The temperatureSemp;, (2 <
1 < N) are given a constant value, typically according to a gedoaly increasing series.

The candidate states are generated using mutation andtedogjph the standard Metropolis-
Hastings acceptance rule. Chains in PT exchange informatjoswapping states. Two chains
andj interact by trying to exchange their current sta&é@ andxg.t) with the probability0.5. We

denote this swapping recombination witl, whereSg (:c;t)y | xgt),xj(.t))) is the probability that

the state3cff) andxj(.t) are swapped. The states proposed vfithare accepted using the coupled
acceptance ruled¢

wingr, LB B Ss(al? ) |, al),
Pi/(xl(t)) . PJ/(xgt)) SS(x§t),$§t) | le(,t)7 x;‘f))

A accepts with probability an exchange of states if the more fit state is inserted intotta& with
the lower temperature. We can write the transition matrixhef PT algorithms as a cycle between
mutation transitions];,, and the swapping states transitiofis, whereT's = Sg - Ac. Then,

TPT - Trn X (SS : AC)

This cycle is irreducible, since from each population, wa earive to each other population, and
converges to the product of the target distributions forher;shrz:\in]_[f\;1 P;(+) [32]. To increase the
acceptance rate the two chains usually have adjacent tatopes (i — j| = 1). Heuristically, PT
improves mixing: better states of a warmer chain can be teden a colder chain that is mixing
slower.

Evolutionary Monte Carlo (EMC)

Liang and Wong [62, 64] propose the evolutionary Monte Cattgorithm, which incorporates re-
combination into the parallel tempering (PT) algorithm tmeed up the search and preserve good
building blocks of the current states of the chains. Like BMIC has a population of MCMC chains
with constant and (geometrically) increasing temperatu@hains interact through the swapping re-
combinationSg that attempts to exchange states between chains with adjeseperature. They
are then accepted with the coupled acceptanceAule This way, the good individuals sampled in
the warmer chain are transferred to a colder chain wherertteybe preserved longer. The lowest
temperature chaifiemp; = 1 converges to the target distributid?(-), whereP; (z;) = exp/(®:),

The candidate states are generated in two different waysaacepted by two different rules.
With probability1 — p,. each chain in the population generates a new state by mutatidaccepts it



112 Acceptance rules

with the standard Metropolis-Hastings acceptance ruléh fiobabilityp,., new states are generated
by recombination of two states from different chains, arel @ffspring states are accepted with the
coupled acceptance ruld..

EMC uses a mixture and a cycle. The mixture has two componenitsation and recombination.
The second step in the cycle swaps states between chaingiffetient target distributiongs. EMC
is irreducible - becaus€zac(- | -) > 0 - and has detailed balance.

Teve =Ts x (1 —pr) Tonuw @ Or - Tunif)

Liang and Wong discussed experimental results for a modettsen problem and a time series
change-point identification problem. These experimentsveld the effectiveness of EMC as com-
pared to PT.

Real-coded Evolutionary Monte Carlo (rEMC)

Liang and Wong [63] propose the real-coded evolutionary tdddarlo algorithm (rEMC), which
incorporates recombination into parallel MH chains to shagthe search and preserve good building
blocks of the current states of the chains. rEMC uses a n&xuad a cycle. The mixture has three
components: mutation, a swapping recombination and thekemmperator.

With probabilityp,,, each chain in the population generates a new state by noratation.S,,, ,,
and accepts it with the standard Metropolis-Hastings aecee rule. With probability,., new states
are generated by the uniform recombinati,; r, and the offspring states are accepted with the cou-
pled acceptance rulel. With probabilityl — p,,, — p,-, IEMC uses the snooker proposal distribution
to generate a candidate stagefrom a uniformly random chosen paremﬁf) and a second stategt)

chosen using the target distributign= z." + - 7;, where?; = (" — 2\")/||z{"” —z{"||. The
scalary; is sampled from a distributioﬁ’(xgt) + ;- 7)) - |1 — 7| ¢~! that resembles the target dis-
tribution. Then, the snooker recombination samples diyéoim the target distribution, all samples
are accepted. However, for experiments, the authors usedirmal distribution as approximation
to the distribution fory;, in which case the snooker operator does not exploit theetaiions between
dimensions. This snooker recombination is also respectéui-symmetrical, and, for the normal ap-
proximation ofv;, it does not exploit the correlations between dimensions.déhote this transition
with 7.

The second step in the cycle swaps states between chainls inkécact through the swapping
recombinationSgs that exchange states between chains with different taigetmlitions. They are
then accepted with the coupled acceptance Agde rEMC is irreducible - becausE. gao(- | -) > 0
- and has detailed balance.

The authors show some experimental results for some migtuBaussian, galaxy data and two
Bayesian neural network examples. These experiments shtheeeffectiveness of rEMC as com-
pared to other parallel MHs that do not use uniform and sno@@mbination.

Discrete spaces Evolutionary MCMC (DeMCMC)

Strens [85] proposes a population based MCMC algorithm feerdte search spaces. Besides mu-
tation and uniform recombination, Strens uses the xor psapoperator to generate candidate indi-
viduals. Recall that xor is a special case of the total dtarecombination$,;; where, for each

positionh, the hamming distance between the chijéind the parentgt) is the same as the hamming

distance between two different other parents chosen avrarficbm the current populatioa-f;i)1 and

t
$§+)2
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Strens, in his discrete EMCMC (DeMCMC), uses a mixture witteé components: mutation
with probability1 — p, — p..o»>0, uniform recombination with probability,., and xor recombination
with probability p,.... DeMCMC accepts the candidates proposed with uniform rioutét,, ., with
the standard acceptance rulg,and the candidates proposed with uniform recombinaipn; with
the coupled acceptance rulg: and the candidates proposed with the xor recombinafign with
the standard acceptance rule.

TDeMC]WC = (]- — Pr — pa:or) . Sm,u -A ®pr . Sunzf : AC 69pwor . Swor -A

Forl — p,. — p.or > 0, DeMCMC is irreducible because mutation is irreduciblel#o has detailed
balance since all component transitions have detailechbalaThus, it converges to the product of
the target distributions of each cha]ﬂifil P;(-). Strens shows the efficiency of DeMCMC on an
application problem from medical diagnostics.

Population MCMC (popMCMC)

Laskey and Myers [61] introduced popMCMC where a populatbMCMC chains exchange in-
formation through a population-based recombination psapdistribution. As before the Boltzmann
distribution is used:P’(z) = expf(®). Each generation a Iocuét) [h] is randomly picked to be
mutated. An allelgy;[h] on theh-th locus of the candidate individual is generated usingsaidution
(N (y;[h]) + 1)/(N + [Q(x[-])]), whereN (y;[h]) is the number of individuals in the current popu-
lation that have the allelg;[h] on theh-th locus andQ(x[-])| is the total number of allelesy; is
accepted using the standard MH acceptanceAulg | x(t)). Note that this recombination is similar

with Sy,... but without considering the relationship beiween difféteni in the current population.
PopMCMC has detailed balance and converges to the stayidisribution of N independently
sampled points fron(-). The authors show experimentally that popMCMC finds higlittely

Bayesian network structures faster than multiple indepahl¥ICMC chains.

Differential Evolution Markov chain (DE-MC)

Ter Braak [87] proposes a symbiosis between the recomb@aierators from Differential Evolution
(DE) - a genetic algorithm in real coded space - and a popuaif EMCMCs. DE-MC exchanges
information between chains using a sum of the differengalombination and uniform mutation.
A candidate individual; is generated by adding to a paren{)f) the difference between two other

distinct states uniform randomly selected from the pO[imﬂHtx;t) andx,(f) and a number generated
with uniform mutation;y,,. Since both the differential recombination and mutatioesinot exploit

the correlations between dimensions, for each ldgusie havey;[h] = :L-Y) [h] + i - ({L‘J(-t) [h] —

x,(:) [1])+7m, Wherey; € [0.4,1.0]is a constanty,, € [—0.0001,0.0001],and: # j # k. The author
shows that this operator is irreducible and symmetricalis Tandidate statey;, is accepted using
a standard Metropolis ruld(y; | :cff)). Since only one individual is proposed with a symmetrical
proposal distribution, the algorithm has detailed balarideen, DE-MC has detailed balance and it
converges to the product of the target distributions foheawain.

Furthermore, for population sizes that go to infinity and fautation rates that go o, the pro-
posal distribution of DE-MC, at population level, resensbilee target distribution if the individuals
from the population are independently sampled from theetadgstribution. Note that the computa-
tional effort for such a proposal distribution, as popuatievel, is linear with the population size
and, since DE-MC uses the differential recombination isdinwith the number of dimensions; thus,
itisO(¢- N).
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The author shows the efficiency of the DE-MC algorithm on naramd multivariate distributions
as compared with the standard single chain MCMC.

Direct search MCMC (DS-MCMC)

Strens et al. [86] includes in the rEMC from Liang and Wong] [B8mework various recombination
proposal distributions closely related with the snookeorabination or the differential recombina-
tion. Strens noticed that the snooker recombination froamfjiand Wong [63] is symmetrical when
~ is sampled from a uniform symmetric distribution. The tdatien vector7; is the unity vector
and defines only the direction for translation which is thesawvith the translation vector from the
child y; to the parenlt:l(.t). However, this proposal distribution does not follow thiege distribution
and the candidate individuals are accepted with the stdnd&t acceptance ruled. Furthermore,
this snooker generator does not exploit the correlatiohsden dimensions and is respectful.

In addition, Strens et al. [86] propose two other proposstritiutions that are closely related with
the differential translation recombination in the sens# the translation vector does not depend on

the current individualz'”. Theny; = 2\ - k) - expra + (1 — k1 - expra) - T4, Where(T; is

the unity vector that depends on all individuals from therent populationX *) except the current
one,z\", andk; andx are uniformly sampled froni—1, 1}. The authors proof that this proposal

distribution is symmetrical and accepts the proposed iddai with the standard acceptance rude,
Note that it is also respectful and does not exploit the datians between dimensions. Furthermore,
this snooker algorithm does not adapt the jump of a child fitsnparent according to the distance
between its parents.

Using these proposal distributions, Strens et al. [86]dbdifferent EMCMC algorithms that are
a mixture of the normal mutation and one of the recombinatiiscussed above. They compare the

performance of their EMCMC algorithms with rEMC on a mixtuwitwo Gaussians.

7.2.4 Nested transition distributions

In the following, we propose a method to integrate the ttémsdistributions without detailed balance
in MH algorithms with detailed balance. To achieve this, weadhto accept or reject all the individuals
generated with an MH algorithm without detailed balance.

Definition 7.1 A nested MH algorithnis an MH algorithm where individuals are proposed using
a transition distribution, and are further all accepted olt eejected by a coupled MH acceptance
rule. Anested transition distributias the transition distribution used as proposal distritmutiby the
nested MH algorithm.

Furthermore, the nested transition distribution that getes individuals with a recombination distri-
bution is itself a recombinative proposal distributionorfr two or more parents we propose two or
more children.

Proposition 7.4 The nested MH algorithm has detailed balance. The nestewitian distribution
composed by a respectful recombination proposal distidouand an acceptance rule is by itself a
respectful recombination proposal distribution.

Proof. The proof is immediate if we consider the nested transitistribution as a proposal distribu-
tion. If parents have identical values at certain posititinsn the individuals generated by respectful
recombination have - by definition - the same values at thos&ipns. An acceptance rule simply
selects from parents and children, therefore the acceptididuals have the same values on those
positions.O
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Figure 7.1:Nested EMCMC framework: a candidate populatishis proposed with some proposal distributisifrom
the current populationX* and some children are accepted with some MH acceptanceThkse accepted children and the
parents that are not replaced form the candidate populafi@md competes againat? such that the resulting EMCMC has
detailed balance.

Nested transitions are, usually, non-symmetrical. Thusneed to compute these probabilities. In
Figure 7.1, we graphically depict the nested EMCMC framéwor

Example

Consider thenested EMCMGQhat uses as proposal distribution the nested transitistnilolition, 77 1
where two candidate individuals are proposed from two paresith some recombinative proposal
distribution, S, and each child competes against one of the parents randiroben from the popu-
lation with a standard MH acceptance rule. The candidatgithaals proposed withl; ; are, at their
turn, accepted with the coupled acceptance rdle, The nested EMCMC's transition distribution is

Themeyme =Tia-Ac=(S-A-A)- Ac
where the coupled acceptance rule is
Ac(yr,y2 | 1, 22) =

P(y1) - P'(y2) Tia(zi,22 | y1,y2)
Pl(x1) - P'(2) Tia(ys,ye | 21,22)

We observe that the nested EMCMC eliminates the influencheoptoposal distribution off ;s
target distribution with the coupled acceptance rdle,

In the following proposition, we expreds, zarcac as a function off; ; and the proposal distri-
bution S.

min{1,

Proposition 7.5 Consider that the proposal distributio$i generateg); andys from z; andzs. If
both children are acceptedy1, 22} # {y1, 92}, the nested transition distribution is

Themenve (i, y2 | 21, 22) = Tra(yr, vz | 21, 22)
If one child is accepted;;, and one rejected;s, then

S(xlayQ | yl,l'2)

T, = 01, Lo) = T ; -min{1
nweEMcMmc (Y1, T2 | T1,T2) 1.1(y1, z2 | 1, 22) - min{ S | 2r7a)
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Otherwise, if both children are rejected,

Themomce (@1, 22 | 21,22) =1 - Z Taemomce (Y1, y2 | 1, 22)
Y1,Y2 71,02

Proof. If both children are accepted, then
Tia(yi,ye | 21, 22) = S(y1,y2 | 1, 22) - A(yr | 21) - A(yz | 22)

The reverse transition probabilityT§ 1 (z1, z2 | y1,y2) = S(x1, 22 | y1,y2)-A(x1 | y1)-A(xs | y2).
In this particular case, the detailed balance conditiod$!(xz1) - P(x2) - T1.1(y1,y2 | 21,22) =
P(y1)-P(y2)-Th.1(z1, 22 | y1,y2) and the coupled acceptance probability.id he nested transition
probability now isT, eare e (y1, y2 | 21, v2) = T11(y1, y2 | 21, 22).

If one child is accepted and the other rejected, for example rejected ang; is accepted, then

Tya(yr, o2 | w1, 22) = S(y1, 2 | w1, 22) - A(yr | w1) - [1 — A(yz | 22)]

The reverse transition probability 1§ 1 (z1, 2 | y1,22) = S(x1,y2 | y1, 22) - A(x1 | y1)-[1—A(y2 |
x2)]. Now, the coupled acceptanceds: (y1, z2 | x1,22) = min{1, S(z1,y2 | y1,22)/S(y1,y2 |
x1,22)}, sinceP(y1)/P(x1) = A(z1 | y1)/A(y1 | x1). The second equation from the proposition
now follows directly.

If both children are rejected then

Tia(zr, @2 | 21,22) =1 - Z Tia(y1, y2 | 21, 22)
Y1,Y2 71,02

The last equation from the proposition follows directly Bplacing the above equation in the defini-
tionof T, emomc. O
From the above proposition, we note that the difference betwthe two transition distributions,
ThEMCMC andTl.l, is given by the fractiorS(a:l, Y2 | Y1, arg)/S(yl, Y2 | X, Z‘Q).

In the following proposition, we show that, for the same regl distribution, the performance of
a nested algorithm is situated in-between the performahaa MH algorithm that use the standard
acceptance rule and an algorithm that uses the coupledtacoepule. But unlik€ 1, T evcnmc
has detailed balance.

Proposition 7.6 Consider a proposal distributiof that generates two childrey andy, from two
parentsz; andxs. T, parcnme has a higher or equal acceptance rate thBn but smaller or equal
thanTy ¢. If S(xl,yg | yl,xg) = S(yl,yg | {Ehxg), thenT, envomce IS equivalent withT 1.
If S is irreducible, thanT,, grcarc has detailed balance and converges to the target distiglouti

[T, P().

Proof. From Proposition 7.5, we know that the probability to acdegth proposed individuals is
equal forT,pnome, To andTy ;. OtherwiseT rejects both individuals, whereds,gacnc
and77 ; have a non-zero probability to accept one child and to rejaetchild. Thereforel» has
the lowest acceptance probability from the three algorghity, prrcnie = Th.1 - Ac has a lower
acceptance probability thah, ; because the children accepted with; can be still rejected with
some probability by the coupled acceptance rule.

If S(Z‘l,yg | yl,l‘g) = S(yl,yg | 321,],‘2), thenS(xl,yg | yl,xg)/S(yl,yg | 331,],‘2) =1 and,
from Proposition 7.5 we have th@l gypronie = 111

The last property follows directly from Proposition 74.
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To useT, grome, We have to compute the proposal probabilities to calculaeacceptance prob-
abilities; then, mixtures and restricted position cycles preferred to unrestricted cycles that are
computationally infeasible.

A nested algorithm that would ug§&- as nested transition distribution is equivalent with. We
have thusl'c - Ac = T¢ which means thal is invariant with the coupled acceptance rule. Thus,
this algorithm is useful only if the nested transition disiition does not have detailed balance.

7.3 Elitist acceptance rules for EMCMCs for optimization

In the previous sections, we have investigated recombm&MCMCs for sampling. When we are
interested in exploring optimal solutions, we want an alfon that finds local optima and, at the
same time, escapes from these local optima to search forlotted and/or global optima. For these
algorithms, the detailed balance condition is not impdrsamce optimization is the goal rather than
sampling. In the following, we propose and analyze recomdia EMCMCs that can be used to
sample disproportionately often from high fit individuadsid thus can be used for exploring optimal
solutions. We increase the efficiency of these algorithmagsigning temperatures to the existing
chains such that high fit individuals remain longer in the ydapfion whereas the low fit ones are
used for exploration of the search space. Unlike SA whoséoexjion capability decreases when
temperature is lowered, our scheme keeps its exploratidegploitation behaviour during the entire
run.

7.3.1 Related work

Most of the EMCMCs used for optimization [65, 80, 35] modifettarget distribution toward the
high regions with a simulated annealing (SA) type of aldornit Hajek [40] showed that detailed
balance is not necessary for SA algorithms; instead we nedadaw the lowest probability with

which an individual can escape from a local optima.

Parallel recombinative simulated annealing (PRSA)

Mahfoud and Goldberg [65] proposed a population-basedlaiediannealing algorithm which made
use of recombination. All individuals from the populaticeme the same temperature which decreases
every generation according to a cooling schedule. New iddals are generated using mutation
and one point recombination between two individuaﬁl@ and:c;t). PRSA uses the logistic accep-
tance rule to accept a candidate individual. Two possibiepmtitions are considered: single accep-
tance/rejection holds two competitions between a parentweschild formed from its own right-end
and the other parent left-end, or double acceptance/iejebblds one competition between both
parents vs. both children using the coupled acceptance rule

—f i) — flyg) + @)+ pal)
Temp®)

min {1,1/(1 + exp )}

When the candidate individuals are accepted/rejectedtishcoupled acceptance rule, for a fixed

temperature, PRSA has detailed balance because the prdbsbution is symmetrical. Otherwise,

when one child competes against one parent, the algoritles ot have detailed balance.
Recently, Chen and Pitt [14] proposed a variant of PRSA ferThaveling Salesman Problem

(TSP). They showed that exploiting commonalities with rabination helps in finding the optima

for this particular problem. However, their PRSA variaiill sfoes not achieve detailed balance.
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7.3.2 Elitist coupled acceptance ruleECA)

The ECA algorithm is a family competitive acceptance ruleevehthe best two solutions from the
family of four is kept if at least one of them is a child. Othée; when both children have a lower
fitness than both their parents, the children can probaibgiéy replace the parents.

ECA can be viewed as a combination between the elitist rept@at rule from regular GAs [88]
and the coupled acceptance rule.. When compared with the elitist replacement, ECA is more
exploratory but less elitist since it still accepts with soprobability less fit individuals. When
compared withA~ and A acceptance rules, ECA is more elitist but less exploratfith ECA, if a
child and a parent are the two most fit individual states fram parents and their children, they are
alwaysaccepted whereas with the other child will be accepted with some probability. Thilnss
algorithm is climbing towards a local optima since it is v@mnpbable that a good solution remains
a long time in the population to generate better solutionswéler, the probability to escape from
the basin of attraction of a peak, as we show in the next papdg:; is rather poor when compared
with the transition distributior{ = generated with the same proposal distribution and the eaupl
acceptance ruld .

We now describe the transition distribution generated hgepting with ECA the individuals
proposed with the proposal distributich We denote it withl'z¢ 4, and, to establish the properties
of the corresponding target distribution, we compare ihwit.. We callmaxs the function returning
the two most fit solutions. The transition probability to ept or reject both children{y:, y2},
proposed with the proposal distributighis only non-zero if both children are better or worse than
their parents{xzy, z2} - thatismaza{z1, x2,y1, y2} is either{y, y2} or {x1,z2}. Then

P'(y1) - P'(y2)  S(a1,22 | y1,2)
P'(x1) - P'(xz2) S(y1,y2 | x1,22)

In this case, the transition probability BCAis equal withTc(y1, y2 | 21, 2).

If one of the children, let's say;, and one of the parents, let's say are the most fit, then the
transition probability to go fron{z1, z2} to {y1, z2} is the sum over the probabilities to propose a
statey, that is smaller or equal thaR'(y,) and P’ (x2) and, then to reject it. Then

TECA(ZJL’!JQ | $1,$2) = S(y1,y2 | xl,xg) . min{l7

Toca(yr, o2 | 21, 22) = > S(y1.y2 | 71, 72)

y2[{y1,x2}=maxa{y1,y2,21,22}

If {y1,y2} N{z1,22} = 0, thenTgcalyr,y2 | 1,22) = 0. To make this transition distribution
stationary we take the rejection probability

Troa(wn,wz | w,02) =1= Y Teca(ynys | 21,m2)
{y1,y2}#{z1,22}

For simplicity of the discussion, let us consider a symneatrproposal distribution. Then, only
when both children are worse than their parents this algaritejects the two candidate individuals
with some probability. Otherwise, ECA always accepts asti@me child. As a consequence, the
probability to accept at least one proposed child is theelsirfrom all the previous acceptance rules.
Thus, an algorithm that uses ECA behaves more similar toralatd GA than to a sampling algo-
rithm. As a consequence, the target distribution of an EGQf@thm is disproportionally high for
more probable states at the expense of less probable states.

In the following proposition, we show that ECA, in combirmatiwith an irreducible proposal
distribution, generates an algorithm without detailedabak but which converges to some target
distribution.
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Proposition 7.7 Consider a proposal distributio$’ that generates two children from two parents
which are then accepted or rejected with the ECA acceptaunlze rThis algorithm does not have
detailed balance for any non-uniform distributigh If S is irreducible then this MH algorithm
converges to a stationary distributiqﬂfi1 R(").

Proof. We show that ECA does not have detailed balance for any ndorondistribution. Let’s

consider three states such tifétx,) > P’'(x2) > P’(y1). The probabilityl'sca(y1, 2 | 22, 21) =

0 wherea¥'gca(x1, 22 | y1,21) # 0. ThereforeT'rc 4 does not have detailed balance for ahy
The transition matrix of ECA is stationary by definition. Whg is irreducible, this algorithm is

irreducible since it can generate any state from any otlag¢e stith a non-zero probability. Therefore,

the target distribution of ECA exist§]

Note that the target distribution of ECA is biased towardaghimegions ofP(-): the highest states are

sampled the most often in the detriment of the lower statethd following, we propose a mechanism

to increase the exploration abilities of the ECA algorithimieh, at the same time, preserves its elitist

properties.

7.3.3 Fitness ordered tempering (FOT)

Fitness ordered tempering, FOT, is similar with the patémpering (PT) technique [32]; whereas
PT maintains a population &f MCMCs with a fixed temperatur€emp;, FOT attaches, each gen-
eration, a temperature to a state according to its fithessevaContrary to parallel tempering, here
the temperature assignment depends on the fitness of th@asltelative to the fithess of the other
solutions in the current population. Since we want to reniithe vicinity of good solutions, we
prefer to assign the lower temperatures to the better solsitiThis ensures the exploitation properties
of this algorithm. With less fit individuals we ensure the kexation of the search space: since they
are assigned the high temperatures, almost proposed &lidodls (fit and less fit) are accepted.

The population of N solutions (or states) is sorted according to their fithesspfobability),
and the solution at rankgets the temperaturBemp;, where the most fit solution geBemp, =
Temp™™, and the worst solutiolempy = Temp™*®. As in parallel tempering, FOT has a -
typically geometrically - increasing series of temperafiffermp,; = Temp™™ < ... < Tempy =
Temp™**. Therefore a solution has lower temperature than any swelutiorse than itself, unless
they are copies of each other. In case there are multipleesayfithe same solution ties within the
sorted population are broken randomly, so each copy getsljacent temperature. Copies receive
a different temperature to avoid that multiple copies of@solutions will remain in the population
almost indefinitely.

In case there are multiple solutions with the same fitnessvhigh are not copies of each other,
the temperature ladder has to be recomputed so that eaaewsdtyution with the same fitness gets the
same temperature. The number of different temperatureesdlemyp, at each generation is therefore
equal to the number of solutions with different fitness valurgess they are copies, in which case
they also get a different temperature values. This schemedsssary to avoid that some solution
might get another temperature in an identically composqaufadion, and ensures that FOT has a
homogeneous Markov chain transition matrix at populatimel. FOT is an EMCMC that exchanges
information between the states by means of the temperatures

Note that the target distribution of such an algorithm dejserery much on the tempering sched-
ule. For temperatures less thanthe target distribution is peaked and concentrated in tregdies.
Thus, the probability to escape from a local optimum is lowl #me exploration properties of FOT
are weak. For temperatures much higher tihathe exploitation properties are lost: the target dis-
tribution is flat since all the states are accepted with higibability regardless of their probabil-
ity in the initial search space. Furthermore, if all the temrgiures are close tb, the exploration
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and exploitation properties of this algorithm are very $mito those of MIC. We therefore set
Tempnmln <1l Tempnmm_

7.3.4 ECA+FOT

We combine the ECA algorithm — designed to focus on local marn — with the FOT temperature
schedule, which is designed to keep exploring the searaesphile maintaining the highly probable
states in the population. This way, we increase the expioitaapabilities of both algorithms without
decreasing FOT’s exploration characteristics.

Each generationECA+FOT first assigns the temperatures following the FOT schedulexas
plained above. Then, we generate two candidate individuisa proposal distributiort and we
accept the generated individuals with the ECA acceptaree ru

SinceECA+FQOT is basically the same algorithm &CA - only the states have been attached
various different temperaturesCA+FOT has the same properties BEA Therefore ECA+FOT
does not have detailed balance and it converges to a distribiinat is biased towards high regions
of P().



Chapter 8

Experiments

The goal in MCMC algorithm design is to maximize their mixinghavior - that is, how fast and how
well the algorithm samples from the target distributione\Rously, we have shown that to achieve
detailed balance most recombination operators need to imdioed with the coupled acceptance
rule. Here we will show experimentally that the coupled g@taace comes at a severe cost: when
applied with mutation the resulting MCMC shows worse parfance than an MCMC with mutation
and the standard Metropolis acceptance rule. However, xperegnents also show that the gains
obtained by using recombination can make up for the perfanmdoss suffered by applying the
coupled acceptance rule.

In the next section, we perform two analytical experimenmddthough this analysis offers us
an exact and fair comparison between MCMCs, its computatkioost increases exponentially with
the dimensionality of the search space. In the next sectienshow that a population of MCMCs
can outperform the performance of a single long MCMC, and theombination can improve the
performance of MCMC on two toy problems. In Section 8.2, wefgren experiments on larger
search spaces. In fact, the larger the search space thextedssthe experimental methodology in
assessing the performance of MCMCs. Therefore, in Secti®nf8r the real-coded MCMCs, we
compare a histogram over the target distribution with trstdgram obtained from the sampled states
to assess the performance of MCMCs. When one representstiawaus probability distribution
with a histogram, information is lost because we approxétia¢ information in a bin using the mean
of the states and not their variance.

8.1 Analytical experiments

In this section, we analytically compare the performancearhe discrete space MCMCs and EM-
CMCs on two toy problems. We first show the advantage of usipgulation of independent
MCMCs, MIC, instead of one long MCMC. Then, we show that reboration improves the perfor-
mance of a population of MCMCs.

To measure and compare the efficiency of the two EMCMC algaritwe compute: i) the second
largest eigenvalue of the transition matrices [33] andhg tmean hitting times of arriving from a
peak to another peak (from dlis to all 1's) and from the low valued states to a peak also using the
transition matrix. An MCMC is considered to mix fast when fieeond eigenvalug, of its transition
matrix is bounded away frorh: an MCMC with a smaller\; is considered more efficient than an
MCMC with a higherh; [7]. A2 bounds the time after which an MCMC converges.
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The hitting time, ¢!V, is the mean time necessary to reach a suldisdtom the statey with an
MCMC chain. In terms of matrices, we ha¥® = (I — B)~! - 1/, whereB is obtained from the
transition matrix by eliminating the columns and rows witke W, I is the identity matrix,1” is a
vector with all elements one. The vector of mean hitting 8pf € ¢V, is the minimal non-negative
solution. For this problem we measure two hitting timesoijb from one peak to another peak, we
denote this time withlge“’“ and ii) to go from half ones that is the middle of low valuedioggto one

eak
peak, we denote this time witﬁ‘ji@‘,’iy. Note that the cost of this analysis increases exponentith

the string siz€/. Therefore, in this section we will use distributions on irdacrete search spaces.

8.1.1 MIC vs. single long MCMC

In this paragraph we analytically show the usefulnesMii versus the standafdCMC on a toy
problem. This problem has two peaks with high valued indigid separated by a long valley with
many low valued individuals. Let us assume that a singlendii&MC spends a lot of time in one of
the peaks. Then, with or more chains started in the valley with low values, the piality to sample
from both peaks is larger than with a single chain.

The tested distribution

It has two equal valued maxim: one when all bits @seand one for all bitd's. Further, the strings
with the same amount dfs have the same fithess value. Then, the hamming distanee&ethe
two peaks is maxima¥, We consider binary strings of size= {8, 20,32} and we take the width of
a peak (the minimal hamming distance between a peak and adm&d/individual from the valley)
x = 3. The analytical expression of this functionfig,cqxs(z) = max{0.01,3 — min{x, ¢ — z}}.

To study how the performance of the two algorithms variesmihereasing or decreasing the height
of the two peaks, we associate to the fithness values a tempef@mp > 0 such thatP’(z) =
fapears(z)t/TemP In Figure 8.1 a), the higher the temperature, the closepéiads’ values are to the
valley’ values, and thus, the closer the target distributmthe uniform distribution. ['emp = 1
thenP’(z) = fopeaks ().

For this example, we reduce the computational cost by grmuipdividuals with the same number
of ones and zeros in one group [81]. These individuals hawsdme fitness value and thus the same
acceptance probability. For a building block of sizeafter reduction, we obtain strings of siz&
which can takéb + 1)!/° values.

The tested MCMCs.

We compare the performance of the following two MCMCs.

1. MCMC: a standard, single algorithm that proposes new statestéthiniform mutatior,, .,
with a mutation rate,, = 1/¢ and accepts (rejects) them using the Metropolis acceptatee
A.

2. MIC: two independent MCMCs that propose new states With, the same mutation rate and
accept (reject) them using the Metropolis acceptance4ule
Results

It is interesting to note that, and the hitting times oMIC and the standariCMC are equal since
they are basically the same algorithm; the only differesabatMIC runs a population ofICMCs.
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Figure 8.1: a) The 2 peaks problem where we vary the lengthefstring! and the temperature
values, and thus the peak heightmp. b) Second largest eigenvalues for the 2 peaks problem of
MCMC andMIC algorithms. ¢) Mean hitting time to go from one peak to onesotieak and d) from
middle of the valley to one peak, where each line represesiisray size.

In Figure 8.1 b), we show the second largest eigenvaluesdidows settings of this function. The
larger the string size and the lower the temperature, theeclare these eigenvaluesltoExcept for
the string of8 bits, the eigenvalues fadremp < 1 are practicallyl; thus bothMCMC andMIC mix
quite poorly for this function.

To show thatMIC samples better the two peaks than a single IM@VC, we compute the
difference between the two hitting times:tﬁ;"ﬁ, see Figure 8.1 c), and iﬁf‘;‘l’féy, see Figure 8.1 d).
The bigger the discrepancies between these two times, the imsefulMIC is as compared with the
standardMCMC; then,MIC, with its two chains, is able to visit faster both peaks. Gdesthat the
starting states dfICMCsare generated at random. Then, the most probable statdwedomtvalued
ones; there are only two states with maximum values but te2//? half ones states.

From Figure 8.1 c) and d), we observe that two hitting timét aretﬁji’,j andtﬁi‘}l’zy - decrease
with the string size and with the temperature height. Fang# of size8 and forT'emp > 1 there
is little difference between the two hitting times; also foese settingMIC andMCMC are mixing
well. The difference between times drastically increasiéls thie decreasing of temperature; the lower
the temperatures, and the more peaky the target distribigiohe hardest for a single chain to escape
from one peak. The larger the temperatures, the longeréistékgo from strings with half of the bits
equal to 1 to one of the peaks; with low temperatures, oncea jgefound, the chain accepts with
high probability the states which have higher fitness tharctivrent state. When the temperature is
high, the probability to accept a less fit individual is higidathus theMCMC can jump out of the
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peak without sampling the largest valued individual. Thi&irg times also increase with the string
size: the larger the length of the valley, the larger the amo@itime needed to cross it.

Since it is easier to arrive from the middle of the search sgamne peak than to cross the low
valued region, we conclude that a population of indepeni&IiYICs can improve mixing of single
long chainMCMC when two or more important regions of the target distribotiwe separated by a
long region with unfit individuals. Then, the probability ¥@sit two or more peaks is larger given a
“small” number of samples for MIC than for anMCMC.

8.1.2 MIC vs. recombinative EMCMCs

In the following, we compare the performance of recombirea#ind non-recombinative population-
based MCMCs on a toy problem, thgper-geometricatlistribution. We show that recombinative
EMCMCs can outperform the standard MCMCs. Furthermore,vasvghat the algorithms that use
the coupled acceptance rule: are less efficient than the algorithms that use the standaspbsance
rule A.

The tested MCMCs.

We compare the performance of four population based MCM@s: rton-recombinative MCMCs
with two recombinative EMCMCs. We take the size of populatd = 2.

1. MIC: 2 independent MCMCs that propose new states With, with the mutation rate,, =
1/¢ and accept (reject) them using the Metropolis acceptareetru

2. mut + Ac: a non-recombinative population-based MCMC that propeseh generation 2
new states with the santg,, ,, and accepts (rejects) all of them using the coupled acceptan
rule Ac.

3. TEMCMC: generates two individuals with a cycle betwe®p ,, and parameterized uniform
recombinationSy.if, with p, = 50%, and then accepts them with the standard Metropolis
acceptance ruld.

4. rEMCMC + Ac: generates two individuals with a cycle betwegn ,, and S,y and then
accepts them with the coupled acceptance Ade

As shown in previous sections, three of these algorithiWBG, mut+A- andrEMCMC+ Ao —
converge to the target distributioﬂﬁ\i1 P(+); the marginal distribution of a single chainl@MCMC
is P(-).

The tested distribution
A hyper-geometric distributio(Hyper) is

hy 2R A ) <
P'(z) ={ 0.01 if Az, z0) = w
hy - A“ﬁi‘ﬁ_w otherwise

with ¢ the string sizew the number of bits-1 in the individuals with the lowest valu@l, individual
xo with all bits equal to 0 is the second largest péakand the individual with all bits equal to 1 is
the largest peak;. We set/ = 8 andh; = 1.
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Figure 8.2: Second largest eigenvalues for Hyper-geooafrinction on 8 bits, that is 2 blocks each
of 4 bits, where (a,bjv = {1, 2,3} and the peak heights are setitp= 1 andh, = 0.75, and (c,d)
he = {0.25,0.5,0.75} and the distance to the highest peak is set te 3.

Results

To compare MH algorithms analytically, we compute the seldargest eigenvalue of the transition
matrices of the corresponding (E)MCMC:s. In the first experitnsee Figure 8.2 a) and b), we vary
the distance of the lowest valued states to the optimuma; {1,2,3} and we set the value of the
second largest state to = 0.75. In this case, the local and global optimum have a close \ahde
we vary their basin of attraction: the greater the distamoenfthe local optimum, the smaller the
basin of attraction of the global optimum. Second, we Varyrom 0.25 to 0.75 with a step size of
0.25 and we setv = 3. In this case, the optimum is isolated and its importanceehsing with
the height of the second largest peak. In Figure 8.2 a) ancehsw results for high mutation and
swapping rates).5; in Figure 8.2 b) and d) we have low mutation and swappingsrate25. We
set the low mutation rate for the cycl, , x Sunir t0 0.125. Again, we reduce the computation
costs by grouping individuals with the same number of on@szamnos in one individual since these
individuals have the same fitness value and therefore, the saceptance probability.

In Figure 8.2 a) and b), fow = 2, the basin of attraction is equal for the two peaks. Then, we
obtain the highest eigenvalues, and thus the lowest pedioce) for all the four algorithms. Here we
have the largest amount of low fit states that separate twowaegions with fit individuals; a random
sampler, see MIC with mutation rate@b in Figure 8.2 b), is the best algorithm since it covers a large
area with low equal values in short time. For the other vahfes, the basin of attraction of one of
the peaks is wider than the basin of attraction of the othakpae narrower one region is, the harder
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to find and sample it. Fow = {1, 3} we have the lowest eigenvalues and, furthermore, the highes
difference between the algorithms. The non-recombingdB)®CMCs do well because the narrow
peak is reduced now to one point. The recombinative EMCMUsatier than the non-recombinative
(E)MCMCs with the same acceptance rule because recomtiingginerates with higher probability
more fit individuals by combining the two building blocks bfg function, In Figure 8.2 ¢) and d), we
observe that the performance of all the (E)YMCMC algorithmses very little with the height of the
second largest pedk. Thus, these eigenvalues are (approximatively) the saitiethe eigenvalues
for w = {1, 3} from Figure 8.2 a) and b).

To conclude this example, we observe that due to the striofithe problem recombinative EM-
CMCs have provably a better performance than the non-reswatibe EMCMCs. The performance
of MCMCs are diminished by the coupled acceptance Age MIC is sampling more efficient than
mut+A- andrEMCMC is better thawnrEMCMC + A-. The mutation rate greatly influences the
performance of non-recombinative MCMCs; a high mutatide @ecreases the performance of the
algorithm. The swapping probability influences less thecifficy of the recombinative EMCMCs.
rEMCMC and rEMCMC + Ao perform best for high swapping probabilities, wherdakC and
mut+Aq perform best for low mutation rates.

8.2 Experiments with discrete space EMCMCs

In this section we compare various (E)YMCMCs for discreteceapaces. In the following, we have
performed experiments with tH@nary quadratic programming problefBQP) to show, on a more
elaborated example, that recombination can improve thiepeance of EMCMCs.

The fitness function of an individualis f(z) = Zﬁzl Zizl Qlj11k] - z[4] - z[k], whereQ[7][k]
is the element on th¢-th row and on the:-th column of a matrix) of integers, both positive and
negative. ThenQ)s size i/ - /.

The interaction between two or more positions of the BQP lgroldepends on the matrix Q’s
density, which is defined as the number of non-zeros elendiritked by the number of total number
of elements in the matrix. The density is then betw@and1, where) means no interaction between
positions and means maximum interaction - that is every position depends/ery other position.
For our experiments, we generate random matrices with tetgi.

These fitness values are positive and negative. Howevepytioabilities of a distribution can be
only greater thai. Therefore, we add to all the fitness values a fixed posititegertransl; every
value that now is equal or beloWis assigned with the valug&01. The unnormalized probabilities
areP'(z) = f(x) + transl, whenf(x) > transl and, otherwiseP’(x) = 0.01.

8.2.1 Sampling from BQP

In this section, we show that recombination can improve segpWe first discuss the experimental
methodology available to measure and compare the perfaemahEMCMCs. Second, we show
experimental results on a BQP problem on 20 bits. By expayitiia target distribution, we are able
to compute the distance between this distribution and theedistribution. At last, we show results on

a larger search space, fio= 100 bits. Unlike for the previous example, we are not able to exighis
distribution, and therefore we are constrained to use lessige methods to assess the performance
of (E)MCMCs. For both experiments, we compare the five (E)MTMalgorithms described above:
three non-recombinative (E)YMCMCs - that are one long cM@MC, MIC andmut + A¢ - and two
recombinative EMCMCs - that arEMCMC andrEMCMC + A¢.
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Experimental methodology

To asses the efficiency of various EMCMCs we focus on momitphiow fast an MCMC is mix-
ing and how well the samples spread over the entire targeilison after a fixed and rather small
number of generated individuals. There is no generally askedged methodology on measuring
how “close” a set of samples generated with a real-coded MG$/4G the true target distribution.
Wolpert and Lee [92] argue that a good approach is to use thibadk-Leibler (KL) distance be-
tween a discrete approximation of the sampled distribudiod a discrete approximation of the true
distribution.

To measure the speed with which an algorithm samples thelsaspace, Roberts et al. [77]
recommend to monitor the acceptance probability of an #@lyor They analytically and experimen-
tally study the behavior of a standard MCMC using a normaritsted mutation with fixed and
equal variances in all dimensions. The target distribuisoa multivariate normal distribution with
standard deviation of.0 in all dimensions and no correlations. They conclude thagrg high or
very low acceptance rate of the MCMC indicates slow mixinmg] a good acceptance rate is between
0.2 — 0.5. A high acceptance rate and a high performance (e.g. the K&sore close t0) indicates
a well performing algorithm that mixes fast. Analyticallproputing the optimal acceptance proba-
bility is only feasible for very simple target and proposatdbutions and when using the Metropolis
acceptance rule. Here, we restrict ourselves to experatigmbhonitoring the acceptance probability.

For the tested recombinative EMCMCs, we have good perfoomda.g. KL distance) even
for very high acceptance rates that shows that recombimaao improve the mixing of MCMCs.
Furthermore, we show that algorithms with similar accepégprobabilities can have rather different
performance.

A 20 bits BQP

For the first experiment, we set the string lengtlf te 20 andtransl = 50. Since theR’s density

is 0.1, only 40 elements of) have non-zero values. The non-zero integers are generataddom
from the interval—100, 100]. For the generated matr@, we have found the maximum fitness value
146; when this is translated, the maximum unnormalized prdliphialue is 196. We group the
individuals with the same value to generate the histograsnamnalso store the number of individuals
with the same value.

We set the population siz& = 20. Each generation, all individuals are randomly coupled in
N/2 pairs such that each individual belongs to exactly one péérhave performed experiments for
various mutation rates (from.05 to 0.5) and swapping probabilities for the uniform recombination
(from 0.05 to 0.5). With each algorithm, we genera2®000 individuals; our measurements are
averaged ovet0 runs. We throw away the first0000 generated individuals to diminish the impact
of the starting points over the performance of the algorghirhis is called théurn-in period. Thus,
in total, we sampl@0000 “useful” individuals from which we generate Table 8.1 and ¢glnaphs from
Figure 8.3.

The search space 2°. By expanding the target distribution, we are able to coraphe fre-
guencies of samples generated with the tested (E)MCMCsthtin value in the true distribution.
In Table 8.1, we compute the KL distance and acceptance fratite five (E)MCMCs. The best
algorithm, with the lowest KL distance and the highest ataeqe ratio, is the recombinative EM-
CMC, rEMCMC. The only difference betwee¥IC, the algorithm with second best KL distance, and
rEMCMC is thatrEMCMC uses recombination ardIC does not. Further, we observe that the two
recombinative EMCMCs, that arEMCMC andrEMCMC+A, have a higher acceptance probabil-
ity than the three non-recombinative EMCMCs, that BI@MC, MIC andmut+A. That indicates
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Figure 8.3: a) The frequencies and b) the percent of founatisols for each probability value for
MCMC andrEMCMC on BQP on 20 bits; ¢) how many times the sampled frequencigssifrom
the true distribution.

that the recombinative proposal distributisp, ., % Sunif, by exploiting the commonalities of the
search space, is a “better” proposal distribution thas,.

Furthermore, as we already observed in the analytical é@xeeits, the coupled acceptance rule
Ac has a negative influence over both recombinative and nammrbmative EMCMCs. Even though
usingAc, the recombinativeEMCMC+A~ has the third best KL distance and the second acceptance
ratio, whereasut+Ac is the worst algorithm of all. We explain the good behaviofefICMC+A -
by synchronizing the individuals in the family with the umifn recombination: children that inherit
the common parts of their parents have similar fithess withgarents and the algorithm accepts
more individuals. In opposition, uniform mutation indepently proposes two individuals in random
directions; then, if one of candidates has very low fitndsse is a big probability that both children
are rejected. As a consequenagrit+Ao has a low acceptance rate and, thus, performance.

In accordance with the analytical results from the previsestion, we observe thdIC, by
using populations of MCMC chains has a lower KL distance tharstandardCMC. Note that the
acceptance ratio for these two algorithms is the same, birtkt. distance quite different.

In Figure 8.3, we show experimental results for the two mestggmant (E)MCMCs presented in
the previous sectiorMIC andrEMCMC. By using recombinatiomnEMCMC is a better sampler than
MIC is: in frequenciesEMCMC, see Figure 8.3 a), is closer to the true target distributiamMIC
is. If EMCMC samples with predilection in the high values of the targstritiution, in opposition,
MIC samples the most the low fit individuals. FurthermaEMCMC finds more higher probable
solutions thaMMIC, see Figure 8.3 b). Overall, in Figure 8.3 c), we notice thatdistribution sampled
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alg. KL dist accept prob
mut+Ac (1.30£0.70)-10~*  0.17+0
MCMC (1.16 £ 0.93) - 10~*  0.28 £ 0.01
rEMCMC+Ac  (0.75 4 0.50) - 10~4 0.54+0
MIC (0.68+0.33)-10~* 02840
rEMCMC (0.50+0.19)-10~*  0.78 £ 0.01

Table 8.1: Efficiency of (E)MCMCs for a BQP on 20 bits: the Klst@dinces and acceptance proba-
bilities
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Figure 8.4: a) The frequencies and b) the average of the fealudions for each number of ones for
MCMC andrEMCMC on BQP on 100 bits.

with EMCMC is closer to the true distribution thaWlC is. These results are in concordance with
the ones in Table 8.1 from which we conclude tHBMCMC is the most performant algorithm for
this particular problem by proposing individuals with reaoination.

A 100 bits BQP

We now show that recombination can improve mixing on BQP witimg size/ = 100, for which itis
impractical to generate the target distribution. In thipesment, we cannot compute the KL distance.
Furthermore, we do not know the maximum value of this funcio if the values are uniformly
distributed in some interval. For this experiment, we corepdlC andrEMCMC. Assuming, that
the unnormalized values of the distribution are in a vergéarange we group our samples using
the individual’'s number of ones to compare two (E)MCMCs alhons. Given this grouping, we
compute the frequencies, Figure 8.4 a), and the mean valye,eR8.4 b), for each such a group.
Again, we set the density @f to 0.1; thus, approximatively000 elements of) are non-zero. We
generate these non-zero integers with a uniform randomitaision from the interva]—100, 100]. To
generate a distribution with positive values, wetsetsl = 1250. We set population siz& = 100
and, each algorithm we rut) times. With each algorithm, we generd@0000 individuals which
we throw away, and we use the next0000 generated individuals. Again, we vary the mutation
rate and swapping rate from05 and0.5. In Figure 8.4, we show results fédIC’s mutation rate
0.2, andrEMCMC's swapping probability).5 and mutation rat®.01. Then,MIC has an acceptance
rate of 30%, whereasEMCMC an acceptance rate @8%. We mention that we have performed
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experiments with various mutation and swapping probaédibut the results are not very different
from the ones we currently show.

In Figure 8.4 a), we notice thaEMCMC samples slightly more individuals with a higher number
of ones tharMIC does. Except that, the distributions sampledMiC and rEMCMC are similar
and both are sampling especially from individuals with halimber of zeros and ones indicating
that the target distribution is symmetrically distributatbund these individuals. Despite that, the
mean values of the sampled individuals are remarkably tdggegEMCMC than forMIC. It seems
that100000 individuals are not enough favlIC’s burn in whereas forEMCMC it is. We also have
performed experiments with single cha¥CMC; we mention that the mean values are worse than
of MIC. We explain that by the shape of this BQP: a lot of peaks withyraw fit individuals. We
therefore consider thafllIC mixes slower thamEMCMC: N = 100 is not large enough to cover the
number of these peaks and thvEC will always have the problem to escape from these peaks to find
the other useful ones. To sample the same amount of indilgdamincrease in population size must
be corroborated with an decrease in MEMC's time to run. The less time we allow &CMC to
run, the worse aMCMC samples from the search space and eventually, when papukitie goes
to infinity, MIC is just a random sampler.

8.2.2 Optimization from BQP

In this section, we show with the same 20-bits BQP problemeatiSn 8.2.1 that recombination, in
combination with elitist coupled acceptance rule and th& E&nperature scheduler can outperform
SA. We monitor how many different individuals the EMCMC atglom discovers in a limited time,
as a measure of exploration power, and how fit these indilgdaie, as a measure of exploiting
power of the algorithm. We also monitor the frequencies wittich an algorithm samples from the
distribution and its relationship with the true distritari for ECA+FOT we also show the difference
between the BQP’s distribution and the sampled frequencies

We compare two algorithms: a population based non-recoatibgSAandECA+FOT. In fact,
we have tested three other algorithms for optimizationnglchainSA a population-base@T where
chains swap individuals in-between them, and a recomb®mRIRSA Since, we could not notice a
visible distinction between the recombinative and noremebinativeSAandPT, we have chosen to
present results only for the two algorithri8&andECA+FOT.

For SA we propose individuals with the uniform mutatid),, ,,, where the mutation rate i/ ¢,
and/ = 20 the string size. We accept individuals with the standardrdMsmdlis acceptance rulé. For
both algorithms, we use a logarithmic annealing schedutererwe set the maximum temperature
Temp™*® = 10 and the minimum temperatuf&mp™™ = 0.01. We set the population size 16 =
20, and the number of generationsit@000; we run each algorithm0 times. FOrECA+FOT, after
assigning to each of the currentindividual states the teatpees according with their probability, we
randomly pair each individual in exactly one familyCA+FOT proposes individuals Witl¥,, x un.i
as the other EMCMCs algorithms tested, and accepts/rdfeamts with the ECA acceptance rule.

In Figure 8.5 a) and b), we observe that, like for sampling rédtombinative algorithf@CA+FOT
finds more often more various probable solutions than therrsoombinativeSA Figure 8.5 ¢)
compares the sampled distribution with the true distritmiticlearly, the distribution sampled with
ECA+FQTis closer tol, and thus to the target distribution, than the distribusampled withSA
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Figure 8.5: a) The frequencies and b) the percent of foundisols for each probability value fGA
andECA+FOT on BQP on 20 bits; ¢) how many times the sampled frequenciisslfrom the true
distribution.

8.3 Experiments with real-coded EMCMC

In this section, we experimentally compare recombinative @on-recombinative MCMCs on real-
coded search spaces. We consider two distributions: a-varitite normal distribution and a mixture
of multi-variate normal distributions approximating aitar distributed data. We are particularly in-
terested in multi-dimensional target distributions witirrelations between the dimensions. To keep
the performance measurements tractable, we restrict lvassto 2D and3D spaces. Multivariate
normal distributions are commonly used for testing and camnmg MCMCs due to their simplicity
and elegant mathematical properties. In the second tegbdigon the correlations are introduced by
positioning the component distributions of the mixture asirale.

We show experimentally that coupled acceptance comes atemeseost: when applied with
mutation the resulting MCMC shows worse performance thatM&MC with mutation and the
standard Metropolis acceptance rule. However, the exgarisnalso show that the gains obtained
by using recombination can make up for the performance laffered by applying the coupled
acceptance rule.

We also compare the symmetrical and non-symmetrical, grgometrical recombinations. To
test the recombinative EMCMCs, we have constructecatneebaEMCMC which is a population
based MCMC witlp = ¢ + 1 individual states that are transformed with simplex geoit@trecom-
bination operators (recall thétis the dimensionality of the target distribution). To acleletailed
balance, the generated states are accepted or rejectethwiitandard acceptance rule if only one
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individual state is proposed, and with the coupled accegtanle if more than one individual is
proposed. We show that amoeba EMCMCs outperform the stdMd@&WIC and DE-MC [87] with
population sizes comparable with the dimensionalifyx p. For this population size, the compu-
tational effort of DE-MC’s proposal distribution at poptitn level is similar with the ones of the
symmetrical simplex geometrical recombination opera®{é- V).

We use the same experimental methodology as in Section. 8Thé amoeba EMCMCs we
have tested show good performance even for very high acueptates indicating that the simplex
geometric recombination operators can improve the mixingl@MCs. Furthermore, we show that
algorithms with similar acceptance probabilities can hatker different performance. Because we
sample target distributions whose parameters were seairape can approximate from the sampled
states the correlations between the dimensions and theiaowes of the dimensions. As a measure
of the efficiency, we observe how close the approximatedetations and covariances are from the
true ones.

8.3.1 Multi-variate normal distribution

A multi-variate normal distribution oA dimensions with mean vectarand covariance matriX has
the density

Plusy(@) = 2 m) 75 5174 exp (g (=) 57 (0 - )

where|X| is the determinant of the covariance matrix gad— )’ is the transpose of the vector
1 0.28 0.08
(x — pu). We consider 8D space, and we sé& = | 0.28 0.1 0.03 |. Then, the correlation
0.08 0.03 0.01
between the first and the second dimension.$s the correlation between the first and the third
dimension i9).8, and the correlation between second and third dimensiageima.9. We setu = 0.
The fitness function igf(z) = P(’MZ (z). Note that computing such fitness functions consumes
most of the total computing time of the algorithm since it idemst quadratic with the number of
dimensions (multiplication of vector of sizewith matrix of size/ x ¢ and with vector of sizé€).
We test MCMC algorithms that scale linearly with the numbiedtimmensions and number of parents.
Therefore, we consider that generating a fixed number o¥iddals for each MCMC provides a fair
comparison of the algorithms.

We generat@0000 individuals and we run each algorithi times to compute the mean and
standard deviation for the mentioned efficiency measurésdistance, acceptance probability, cor-
relation and covariance of the covariance matrix. We tegt $ignificant the differences between the
values are with Wilcox test, where we consider & 0.95 confidence interval. We throw away the
first 10000 generated individuals to diminish the impact of the starfioints - the so callelurn-in
period - on the performance of the algorithm. Thus, in totad,samplel 0000 “useful” individuals
each run.

When the MCMC samples a state with very low probability, a etical error might occur when
computing the acceptance ratio. In addition we need to ksitiefinite bounds on the sampling space.
Therefore, we only consider fitness values abovd. When a proposal distribution proposes an
individual state with a fitness value smaller thafi1, the proposed individual is rejected. When we
compute the KL measure, we consider the bins that have datdeasndividual above the minimum
value0.01. The maximum fitness value found was aroudn2l This way, we also bound the time
to convergence for an MCMC: the probability to visit the nninim fitness states is aboi20 times
smaller than the probability to visit the most probableestat This truncation of the search space
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has little influence over the values of the multi-variatemal distribution (e.g. variance of the first
dimension i0.99 instead of1.0, and the correlation between the first and the second dimensi
0.9 as in the covariance matrix).

We construct a histogram of the distribution by splitting thterval[—4, 4] in each dimension into
60 sub-intervals of equal size, formire§)? bins. To approximate the true distribution we generate
in each bin10 equally distanced states. Therefore, in total, we genéi@te 10? states - most of
them are empty since their value is below1 - and we compute the normalized mean value of the
60° bins. To generate the histogram of the sampled distributiensplit the search space in6?
bins and we compute the frequencies in each bin of the sanmpdédduals. When one of the bins
is not represented by a sample, we just ignore that bin in coimpthe KL-distance. We store in a
different variable the number of bins that have no sampléerAhrowing away the bins that contain
only individuals with fitness below.01, there remain 704 bins to approximate the target distidiouti

The tested MCMCs. We compare seven MCMCs: three non-recombinative MCMCs and f
recombinative EMCMCs.

1. MCMC: a standard, single algorithm that proposes new statesthéthormal distributed mu-
tation S,, ,, and accepts (rejects) them using the Metropolis acceptaited.

2. MIC: multiple independent MCMCs that propose new states wigntbrmal distributed muta-
tion S, , and accept (reject) them using the Metropolis acceptarieedru

3. mut + A¢: a non-recombinative population-based MCMC that propese generatiotv
new states with the normal distributed mutatisp ,, and accepts (rejects) all of them using
the coupled acceptance rule;.

4. PCTX a mixture MCMC where&50% of the time individuals are proposed with the normal
distributed mutatiort,, ,, and accepted with the Metropolis acceptance rul¢he othe50%
of the time N = p individuals are proposed with symmetrical, parent centranslation re-
combination,S,.:,, from p parents and accepted with the coupled acceptancedgle

5. aEMCMC amoeba EMCMC is a mixture MCMC wheb®% of the time individuals are pro-
posed with the normal distributed mutatidp, ,, and accepted with the Metropolis acceptance
rule A, the other50% of the time individuals are proposed with equal probabilitgh the
four symmetrical, simplex geometric recombinations themeyate one child: rotatiofi, ..,
differential recombinatiorby; ¢, scalingS,.; and reflectionS,..y. The proposed individual is
accepted (rejected) with the Metropolis acceptanceAule

6. naEMCMC the non-symmetrical amoeba EMCMC is similaaieBMCMCbut now the recom-
bination operators are the non-symmetrical uphill, simg&ometrical recombinations instead
of the symmetrical ones. As befoi®% of the time we generate individuals with the nor-
mal distributed mutatiors,,, , and accept (reject) them with the Metropolis acceptanee4ul
the other50% of the time we generate individuals with equal probabilighathe four uphill
recombinations: uphill rotatio®,,, ¢, uphill scalingSy, s, uphill reflectionS,, .., and
uphill differential recombinatior,, 4;y. These recombinations are not symmetrical and we
need to accept (reject) the proposed individual with thepted acceptance rule to achieve
detailed balance.

7. DE-MC: finally, we also include the differential evolution MCMCgalrithm [87].
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Figure 8.6: (a) KL measure, (b) the number of the bins noteggnted by a sample and (c) the
corresponding acceptance ratio when the mutation’s stdrteviation is varied.

Setting the parameters.To set the parameters of the above MCMCs we have run a numlesr of
periments. To find the optimal standard deviatieg, for the normal mutation$,, ,,, which is used
by all algorithms excepDE-MC, we varyo,,, betweer0.01 and1.0. In Figure 8.6, we observe that
the performance of non-recombinative MCMCs depends a Itheralue ofr,,,. The recombinative
EMCMCs are much more robust for this value. Itis interestimgee that all algorithms perform best
wheno,,, = 0.1 and we will use this value in the experiments. Furthermaiegm also been seen that
the KL-distance is lower and the acceptance ratio is highrehte recombinative EMCMCs compared
to the non-recombinative MCMCs. We can also observe thawtree KL-distance cAEMCMCis
lower, thus better, than the best KL-distance of non-redoatlve EMCMCs. Note that the number
of bins not represented by a sample follows the same patkerthle KL distanceaEMCMChas also
the most visited bins and the lowest KL-distance. TREVCMCcovers the search space best, and
also samples the target distribution best. In Table 8.2 hegvghe results of the tested algorithms for
the best parameters.

For S,.. from the PCTXalgorithm, we sample the statistical variablefor the direction@
with the normal distributiodV'(0, 0.3) and for the directionz’; with the distribution\'(0, 0.05). We
have varied the standard deviation of tiig’s normal distribution fron?.1 to 1.0 with a step0.1; we
have obtained similar KL-distances (e(@59 + 0.04). We notice that the standard deviation for the
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direction'@; should be rather small for a performant algorithm and thégoerance ofPCTXvaries
more with its variation; it seems that this vector is gengriarger thana@,. Forv; ~ A(0,0.01)
and~;+1 = N(0,0.3), the KL-distance i9.77 + 0.1 and the acceptance ratedi$7 + 0.

For S,..: from aEMCMG we samples; for the rotation angle with\'(0,0.3). Again, the KL-
measure does not vary much (e.g. the highest KL-measuw&8st 0.03) when theg;s standard
deviation is in-betweef.1 and1.0. For Su;r; from aEMCMC we sampley; with the normal dis-
tribution A/(0, 0.3). The highest KL-measure when thgs standard deviation is in-betweer and
1.0is 0.57 £ 0.02. For S, from aEMCMG we sampley; with the normal distributionV (0, 0.3).
The highest KL-measure 565 + 0.02 when thisy;s standard deviation is in-between and1.0.

We have set similar parameters for the uphill recombinatioomnaEMCMC The performance
of this algorithm, however, varies much more with the valogs,,, thanaEMCMC The worst per-
formance - that is the KL distance ®f02 + 0.05 and the acceptance raier0 + 0 - we obtain for
om = 1.0. Again, for the same,,,, these performances are better than of the MICs but worse tha
of PCTXandaEMCMC but the acceptance rate is higher than with any other tedtgutithm. Like
for the other recombinative EMCMC, the performancenaEMCMCdoes not vary much with the
variation of the parameters for rotation and differentedembination. For this particular algorithm,
we found the best results when generating individuals wittha uphill simplex geometrical recom-
bination with equal probability; increasing the percertafi one operator generates EMCMCs with
worse performance.

For DE-MC, we have chosen the parameters as indicated by their aufhiloes, the acceptance
ratio for a three dimensional function should be aro0mi); we set the constant; = 1 and the
uniform mutationy,,, € [—0.0001, 0.0001]. The population size i% = 6, sinceN = p as indicated
before. This performance can be improved by setting a lgpgeulation size, or including more
mutation.

The (in)efficiency of the coupled acceptance ruleFor this experiment, we show that the algo-
rithms that accepts the proposed individuals with the cedigicceptance rule are rather inefficient
when used only with normal mutation and they do not scale thigdhnumber of coupled individuals.
We vary the population size, and thus the number of indivigltieat are all accepted/all rejected with
the MCMC algorithmsnut + A andPCTX from 2 to 8. Figure 8.7 shows that when only mutation
is used with coupled acceptanceut + Ao we obtain, at far, the worst algorithm. Whereas with
PCTX although we use the same acceptance rule, but also recatioifthe algorithm outperforms
evenMIC. We explain the poor behavior efut + Ac by not being able to accept all the individuals
unless most of them improve or do not alter the current imtligls. If one of them has very low
fitness, there is a big probability that all of them are regdctWe explain the good behavior of the
recombinative EMCMCPCTX by synchronizing the individuals in the family with the pat cen-
tric translation recombination: children are sampled ia tieighborhood of their parents, they have
similar fitness and the algorithm accepts more individuatgin, the number of bins not represented
by a sample follows the same pattern like the KL distance sTIRGTXcovers the search space best,
and also samples the target distribution best. We obsdna¢ the higher the population size, the
worse the acceptance probability, see Figure 8.7 (c). Therewe expect that, eventually, for very
large populations, the performancePECTX also decreases below the performancd€ whose
performance varies the least with the number of individehlins in MCMC. In Table 8.2, we show
thataEMCMCoutperformdPCTXby using the standard acceptant@nstead ofA.

Recombinative vs. non-recombinative EMCMCsIn Table 8.2, we compare the six tested MCMCs
after 10000 generated individuals and 50 runs. The bestitiigoof all isaEMCMCand the worst is
mut + A. Note that, even though it uses coupled acceptanceRPd& Xis the third best algorithm;
recall thatPCTXis also the fastest from all recombinative EMCMC since, amputational effort,
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Figure 8.7: (a) KL measure, (b) the number of bins not represkeby a sample and (c) the corre-
sponding acceptance ratio when the population size isdiarie

is equally to mutation. With Wilcox test, we found all resudignificantly different withp = 0.95,
except forMIC andMCMC. Figure 8.8 shows how the KL distance of the MIC and aEMCM®-alg
rithms decreases with the increase of the individuals geadr We observe thaEMCMC outper-
forms MIC even after60000 generated individuals. We conclude that the recombin&M&EMCs
mixes faster than non-recombinative MCMCs for the muliaig normal distributions.

8.3.2 Mixture of bivariate normal distributions

For our last experiment, we compare again the seven MCM@s &oove:MCMC, MIC, mut + A¢,
DE-MC, PCTX naEMCMCandaEMCMC Our function is now a mixture of 2D normal distributions,
see Figure 8.8 (b), with1 normal distributions with correlations between dimensibetweero.1
and0.9 and variances betwegh01 and0.2. If we considerPr(,, s, (x) the density of the-th
bivariate normal distribution, the fitness function nowfier) = Ziil Pr(,, s, (z). Like in the
previous experiment, we consider only the fithess valuesabwe valug).01; the maximum value
is now around!.5. To compute the histogram, in each dimension, we split ttenal [—4, 4] into
120 sub-intervals of equal size, creating@0? bins. To approximate the true distribution, in each
dimension, we split each bin intd) equal sub-sub-intervals, resulting(ir20 - 10)? bins. We found
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Figure 8.8: a) The improvement of the KL measure when the rurabgenerated individuals in-
creases. b) The mixture of 11 bivariate normal distribugion

aroundgoo “useful” bins whose value is abowe01. Again, we generate with each algoriti2H000
individuals from which we discard the firs0000; we run each algorithri0 runs. Since this function
is two dimensional, we set the size of the populationNB€C, mut + Ao, PCTX naEMCMCand
aEMCMCto beN =p = ¢+ 1 = 3. ForDE-MC, we setN = 6.

In Table 8.3, the 2-nd and 3-rd column shows the performahtieeoseven algorithms for low
parameters; that is,, = 0.01 for all algorithms except foDE-MC where~; = 0.01. The best
performance, see the 4-th and the 5-th columns, we have,foe= 0.3, for all the algorithms but
DE-MC, and~; = 0.3, for DE-MC. In the last two columns we present the algorithms perfogean
for high parametersy,, = 1 and~; = 1.0. ForaEMCMGC PCTXandnaEMCMCwe set all the
parameters for recombination to the same value as for noutehr example, when mutation standard
deviation iso,,, = 0.3, we set the recombinations standard deviation alsb3oForPCTX we set
~vi+1 = 0.05 for the directiona’ ;.

Note thataEMCMCis again the best algorithm since it is slightly, but sigrifidy better than
long chainMCMC andMIC that have a similar performance. Furthermore, all the rdmoative
EMCMCs, excepDE-MC, vary less with the setting of the parameter than non-redoative EM-
CMCs and their performance is better for the low parametdérsnithe exploration is slow. Now, the
second worst algorithm iIBE-MC; with low mutation and small population sizBE-MC samples
less efficient than the other algorithms that use much moration. We also observe that the algo-

alg. KL dist not found bins acceptprob  covdiml1l cordim1land?2
mut+Ac 0.92+0.11 426 + 42 027+0 0.97+0.44 0.88 £ 0.04
MIC 0.66 + 0.04 324 + 48 0380  0.974+0.30 0.89 £ 0.03
MCMC 0.64 +0.05 320 £ 50 0380  0.97+0.32 0.89 £ 0.03
naEMCMC 0.62 4+ 0.03 257 £ 13 0.79+0 1.0+0.17 0.89 £+ 0.02
PCTX 0.59 + 0.04 299 4+ 20 0.56 +0 1.1+0.21 0.88 +0.02
DE-MC 0.59 +0.02 283+ 11 0.31+0 1.02+0.1 0.89 +0.01

aEMCMC  0.54+0.01 262+ 14 0.54£0.01 1.056+£0.09 0.91+0.01

Table 8.2: Efficiency of (E)MCMCs for trivariate normal ditution
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low param optim param high param

alg. KL dist accept KL dist accept KL dist accept
mut+Ac 207+£0.27 0470 0.72£0.13 0250 1.15£0.19 0.07£0
DE-MC 2474049 0.87+0 0.58+0.09 030+0 1.07+0.03 0.1+0
naEMCMC 0.894+0.04 0.87+0 0.524+0.02 0.75+0 0.72+0.05 0.65+0

PCTX 0.72+£0.03 0670 045+£0.03 0550 0.76£0.03 045%0
MIC 207027 087x0 0.39+006 043+0 0.90+0.04 0.17£0
MCMC 207027 087x0 0.39+0.07 043x£0 090+£0.04 0.17£0

aEMCMC 0.61£0.03 0.67£0 0.36+0.02 0610 0.59+0.03 0.62+0

Table 8.3: Efficiency of (E)MCMCs for the mixture of bivarahormal distributions

rithms that uses the coupled acceptance rule perform gaidyp even though, with recombination
the performance dPCTXis improved ovemut + A, that is the worst algorithm.



Chapter 9

Conclusion

We have investigated how to integrate recombination in faifmn MCMCs to obtain irreducible
EMCMCs that converge to the target distribution. First, vewdnstudied the properties of various
recombination proposal distributions on discrete spatés.have investigated how to use the MH
acceptance rules with recombination to obtain EMCMCs wittaded balance. We have studied
how to design proposal distributions using recombinatiperators to obtain efficient EMCMCs that
adapt their proposal probabilities during the samplingcess. By considering the individuals in the
current population as points of a geometrical figure, we ogilo@ correlations present in a real-
coded sampling space using linear transformations likatiant, translation, scaling and reflection.
In particular, we have proposed and investigated recontibimaperators that transform simplex
geometrical figures. We showed that our proposed reconibimgtboth discrete and real-coded, can
exploit specific correlations, linear and non-linear, begw the dimensions of the sampling space.
Furthermore, they exploit this information efficiently seathe computational cost is linear with the
number of dimensions and the number of parents. We havessthidiwv to integrate mutation in these
EMCMCs to ensure irreducibility. We have integrated thesgppsal distributions into the general
EMCMC framework. We have shown that, in general, to obtaitaitexl balance a recombinative
EMCMC needs either to accept or to reject all the childrerppeed by the recombination operator.
We have also discussed the conditions under which a reca@tiNgnEMCMC, which accepts or
rejects individual states with the standard MH acceptanl can be used to sample from the target
distribution. Analytical and experimental results showh®combination can be used to improve
the efficiency of EMCMCs compared to standard MCMC sampliggrithms.






Chapter 10

Discussion and future work

In this thesis we have approached two subjects: the conditiog-likelihood MDL score and the
evolutionary MCMC. In the following, we discuss our thedcat and experimental results on the two
subjects and we highlight some possible future directiongHis research.

10.1 The first part: conditional log-likelihood MDL

In the first part of this thesis, we propose and analyze a tiondi log-likelihood MDL score function
for learning simple, but performant, Bayesian network siféars. For our MDL-FS scoring function,
we use a two parts MDL: one part is encoding the conditiongllikelihood of a Bayesian network
classifier from which we subtract the second part which isoding the structure of the Bayesian
network classifier. The first part of the MDL-FS function indies how well a Bayesian network
classifier represents the data; the more complex is theiftdgisthe better the classifier models the
data and the larger the log-likelihood is. The second paat penalty term that increases with the
complexity of the classifier to prevent overfitting. We hakiedretically and experimentally shown
that the MDL-FS function is suited for the task of learninmple Bayesian network classifiers. It
identifies relevant attributes for the class variable asgd atrong relationships between the relevant
attributes given the class variable. For example, we useedgralgorithm to add the most relevant
attributes and their most strong relationships into thed3&égn network classifier.

Unlike the MDL-FS function, the standard two parts MDL fuioct [10, 38] encodes the log-
likelihood of the Bayesian network classifier instead of toaditional log-likelihood of the same
classifier. Because that - the MDL function is encoding thatjprobability rather than the con-
ditional distribution like MDL-FS - the MDL function is leswilored to learn classifiers. In Sec-
tion 3.2.1, we show that the MDL function identifies the sggoelationships between attributes in the
presence of the class variable. We further show that thigtismough to identify certain types of irrel-
evant attributes. The resulting classifiers are more coxgne have lower classification performance
than with the MDL-FS function.

Our method experimentally outperforms several featurecsiein specific algorithms. Using our
definition for relevant attributes, we show on an example why method that uses the MDL-FS
function works better than these other algorithms.

Complex Bayesian network classifiersWe have shown that our conditional log-likelihood func-
tion exactly represents the conditional probability of tigss variable given the attributes for fully
connected Bayesian network classifiers and auxiliary netsvoFurthermore, we theoretically and
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experimentally have shown that the MDL-FS score functioriggens well for simple Bayesian net-
work classifiers: Naive Bayes and TANs. As future work, we tartest the MDL-FS function on
more complex Bayesian network classifiers than TANs. Fomgpta, we want to study polytrees that
allow more than one parent for an attribute. But, there argneedy algorithms that generates poly-
trees of maximum log-likelihood; in this case, a complexsealgorithm, like a genetic algorithm,
might be efficient in learning polytrees.

Continuous variables. The MDL-FS function is designed for discrete variables. rEffiere, in
our experiments, we discretize the continuous variablésrbeve start the classification task. The
algorithm could be more efficient if the MDL-FS function wddiandle continuous variables directly
rather than first discretize them. As future work, we plan ¢égign an MDL-FS function that deals
with continuous variables. We would assume various digtigims for the variables (e.g. Gaussian
distributions).

Alternative MDL functions. The two part MDL function is considered outdated since tlagee
alternative MDL functions [43] that are generalizationstlois two parts MDL. Often, with these
alternatives it is hard to learn Bayesian network classifi&ince these MDL functions encode the
joint probability distribution rather than the conditidraistribution, we expect that they have a poor
feature selection behavior. As future work, we want to desig MDL function that is more general
than the two parts MDL but which encodes the conditional pholity.

10.2 The second part: evolutionary MCMC

In the second part of this thesis, we have studied how toliategecombination in population-based
MCMC. We were interested in when and why recombination inipsothe sampling process. We
have investigated discrete recombinations that explaitroonalities in the parent states, and real-
coded recombinations that bias the search according telations and proximity properties present
in the parents.

To sample from the target distribution, we need to generateliclate states with a proposal dis-
tribution, and accept or reject them with an acceptance Mitehave found a quite restrictive rule for
EMCMCs when using recombination as proposal mechanismongerge to the target distribution
either all individuals generated by a recombination omerated to be accepted or all need to be
rejected. We have also shown that such an all-or-nothinggaace rule is less performant than a
rule where some children can be accepted and some rejecteadresult, the advantages of recombi-
nation as proposal mechanism are somewhat diminished et to use a corresponding coupled
acceptance rule.

A solution to this problem was to use a specific acceptaneefanlwhich each child generated
with recombination can compete against one parent. We hiagassed the conditions under which
this algorithm converges to the desired target distributisurthermore, this approach has led to the
best experimental and analytical sampling results we hbteed.

Finally, we discuss a few directions in which this researchld be continued.

e Practical applications.

We have tested our EMCMC algorithms in a number of contradbgokriments where we knew
the target distribution. These controlled experimentsvedid us to assess the performance of
the algorithms. A next step is to apply the methods discugselis work to a real word
problem. For example, Ising models from theoretical physise MH algorithms to estimate
the magnetic susceptibility [69]. To test EMCMCs on thislaggtion, we would need to design
recombination operators exploiting the problem partidtits of this domain.
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e Adaptive samplers.

The proposal distributions for EMCMCs are restricted by Merkov property: the candidate
individuals can be generated only by using the informatimmf the current individuals and
not from the anterior individuals. When the Markov propedtyes not hold, a sampler needs
other mechanisms than detailed balance to converge tortiet tistribution. Interesting future
work would be to investigate new mechanisms to adapt préplstaibutions that do not have
the Markov property.

e Sequential Monte Carlo.

Sequential Monte Carlo (SMC) are algorithms used to sampla fdynamic environments.

They are not necessarily Markov chains and thus they do reat tiee detailed balance condi-
tion. Currently, there are a few versions of SMCs which usemngbination. However, none of
them have provable convergence properties. Future workdsiudy how to integrate recom-
bination into SMC such that they provably sample from therdedarget distribution.
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Summary

In the current society there is an increasing interest ialligent techniques that can automatically
process, analyze, and summarize the ever growing amouataf Artificial intelligence is a research
field that studies intelligent algorithms to support peaplsmaking decisions. An example of an arti-
ficial intelligent system is an expert system, a programithalle to make deductions and conclusions
using an inference algorithm and knowledge stored in prodocules. When an expert system is
given particular inputs, it can use the inference algoritgomd the production rules to automatically
infer a diagnosis or other kinds of conclusions. Experteayst exist for more than thirty years now,
but a problem of traditional expert systems is that the reamgsknowledge should be acquired by a
knowledge engineer that interacts with a human domain éxpberefore the knowledge acquisition
process is time consuming, expensive, and complex for ngoistg useful complex systems. An al-
ternative for traditional expert systems is to use algongthat are able to induce knowledge when it
is given a database of examples for a particular domain. ilgos that are able to induce knowledge
from examples are researched in the field of machine learriihgs thesis studies improvements of
particular machine learning algorithms.

In the first part of this thesis we describe methods that ate @mbselect useful attributes (or
features) that can be used as inputs by a classificationigdgor Classification problems require
a knowledge representation that maps a set of inputs to eethsclassification label. An example
classification problem is to make a system that determinexttvein or not a person has a particular
disease given a set of attributes or symptoms that desdréstatus of the patient. In this thesis
we focus on Bayesian network classifiers that use Bayesiavores as knowledge representation.
There has been a lot of research in constructing Bayesiamoniet and therefore our focus is on
selecting relevant attributes that should be used as irfputhie Bayesian network classifier. It is
of course possible to use all available attributes in theestexamples for constructing the Bayesian
network classifier. However, selecting a subset of thetaiteis has a number of advantages. The first
advantage is that the learned knowledge representatibbevdimpler and therefore more readable
by human domain experts or users. The second advantaget isytisalecting the most important
input attributes, the performance of the Bayesian netwtagsifier can be improved since a smaller
knowledge representation generalizes better for classjfiyovel inputs.

For our goal to construct selective Bayesian network di@ssj we propose and investigate a
score function that can evaluate Bayesian network classi#ied that indicates the simplest and the
most performant classifier. This function is closely retateith the minimum description length
(MDL) function, often used for learning simple, but perfant Bayesian networks. Whereas in
Bayesian network classifiers the class variable is the nmgsbitant variable, in Bayesian networks
all the variables are considered equally important. As aequoence, the usual MDL function is well
suited for learning Bayesian networks that encode a joiobability distribution over all variables,
but is less useful for constructing selective Bayesian ngkwlassifiers. In contrast to the normal
MDL function, our MDL-FS function encodes the conditioragtlikelihood of the Bayesian network
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classifier instead of its log-likelihood like the standardMfunction does. We theoretically and
experimentally show that our conditional log-likelihood\ is well suited for constructing simple
and well performing Bayesian network classifiers.

In the second part of this thesis we integrate some methods évolutionary computation into
a MCMC sampler. Sampling is related to optimization, but velas in optimization we are only in-
terested in the state with the highest fitness, in samplingneénterested in the overall probability
distribution over states. Sampling is useful to computéigalar functions over an input space where
different states in the input space have different proli#sl A possible function is to compute
the center of mass of the distribution, which cannot be daradyéically for complex distributions.
Optimization can also be seen as computing the max-functien an input space, but contrary to
particular complex sampling functions, computing the nfiaxetion only requires to store a single
state (the optimum). The goal of sampling is to generate rmamples according to some (unnormal-
ized) target probability distribution, and to use the sasdtates for further processing. In this thesis
we are mostly interested in efficient sampling from a targstrithution and less in further processing
of the generated states.

To improve MCMC methods that are often used for sampling, nvestigate the Evolutionary
MCMC (EMCMC) framework, where population-based MCMCs exahe information between the
individual states. To ensure convergence to the targetilisibn, we have to make sure that the
EMCMCs are still MCMCs at population level. As starting pipiwe use the Metropolis-Hastings
algorithm where candidate individuals are proposed withe@roposal distribution that is not nec-
essarily related with the target distribution. These psmabindividuals are then accepted or rejected
with some acceptance rule in order to sample from the detarget distribution.

Ideally, a MCMC algorithm proposes individual states (adtiiiduals) directly from the target
distribution. Such an algorithm would converge to the tadjstribution very fast since all states
would be proposed in proportion with their target probapiliunfortunately, in practice one cannot
sample directly from the target distribution. A standard MC typically proposes a new individual
with a distribution (e.g. the Gaussian distribution) cedtaround the parent state. Such a proposal
distribution does not use any information about the targgtidution, and therefore generates many
samples that are not very probable in the target distribwdiod often rejected by the acceptance rule.
We design more ’intelligent’ proposal distributions thalagat to the target distribution by using re-
combination operators. Due to the sampling process thelatigo contains more often individual
states with high probability in the target distribution. iQdaecombination operators exploit the struc-
tural information present in the parent states to genemtestates which most likely also have a high
probability in the target distribution. If the exploratibias of the recombination operators coincides
with the structural relationships present in the targetrithigtion then the proposed states will more
likely be accepted by the acceptance rule, thus increakmgerformance of the EMCMC sampling
algorithm. For this aim, we describe a number of differecbrabination operators for discrete and
continuous state spaces, and analyze some of their pregerti

We also investigate the interactions between the recortibmaperators and the acceptance rules.
In general, for an EMCMC to converge to the desired targdtiligion, all the candidate individu-
als proposed by recombination should be accepted or reje@ach an acceptance rule is called a
coupled acceptance rule, since all proposed states aréechfiop being accepted or rejected. This is
quite restrictive since some candidate individuals candrg fit - or very probable in the target distri-
bution - and some very poor. The problem is that the coupled@ance rule cannot accept only the
good individuals and reject the worse ones. In Chapter 7 deuof experiments are described, and
itis shown that the coupled acceptance rule reduces therpgahce of an EMCMC. To deal with the
problems with the coupled acceptance rule, we study thefusiagle parent versus child acceptance
rules, in which one child proposed with recombination cotapegainst one of the parents in the
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acceptance rule, and another child with another paren¥étqrove that under certain conditions the
resulting algorithm can still be used to sample from ther@esiarget distribution and does not have
the problems of the coupled acceptance rule. The experahessults show that when we compare
the coupled versus the uncoupled acceptance rule, the plecbacceptance rule leads to much more
efficient sampling when used with different EMCMC methods.
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Samenvatting

In de huidige samenleving is er steeds meer vraag naarig@ete technieken die de voortdurend
toenemende hoeveelheden data automatisch kunnen venyariayseren en samenvatten. Kunst-
matige intelligentie is een onderzoeksgebied dat zichgdeaudt met slimme algoritmen die kunnen
worden gebruikt om mensen te helpen met het nemen van liegéss Een voorbeeld van een kun-
stmatig intelligent systeem is een kennissysteem, eerrgamoga dat in staat is om met behulp van
inferentie algoritmen en kennis opgeslagen in produ@gels, automatisch afleidingen te maken
gegeven bepaalde gegevens die bekend zijn en ingevoerdhkwuorden. Kennissystemen bestaan al
meer dan dertig jaar, maar een nadeel van traditionele gsystemen is dat kennis verworven moet
worden door de interactie van een kennis ingenieur met nligk@gsgomein experts. Het aldus verkrij-
gen van kennis kost zeer veel tijd en maakt het construerenmaplexe bruikbare systemen daarom
tijdrovend, duur en complex. Een alternatief voor tradigte kennissystemen is het gebruik van
algoritmen die in staat zijn om voorbeelden in de vorm vanegtagen databestanden te gebruiken
en deze om te zetten in bruikbare kennisrepresentatiewrififien die in staat zijn om kennis uit
voorbeelden te halen worden onderzocht in het deelgebiede&unstmatige intelligentie genaamd
“Machine Learning“. Dit proefschrift gaat dan ook over vetéringen van bepaalde machine learning
algoritmen.

In het eerste deel van dit proefschrift beschrijven we atgwn die in staat zijn om bruikbare
kenmerken te selecteren welke als input gebruikt kunnerd@mwroor een classificatie algoritme.
Classificatie problemen vereisen een kennisrepresemtalie een verzameling inputs afbeelden op
een discrete output welke de classificatie van de input gadoeordt. Een voorbeeld classificatie
probleem is een systeem dat bepaald of iemand een bepaglde keeft gegeven de kenmerken of
symptomen die een patient beschrijven. In het eerste dealivproefschrift focussen we op Bayesi-
aanse classificatie algoritmen welke een Bayesiaans netyedruiken als kennisrepresentatie. Er
is al veel onderzoek geweest naar Bayesiaanse netwerkeaaeona is onze focus vooral op het se-
lecteren van relevante kenmerken die als input gebruikttemo@orden. Natuurlijk is het mogelijk
om alle input kenmerken die in de voorbeelden zijn opgeslaggebruiken, maar het selecteren van
een deelverzameling van deze kenmerken heeft bepaaldéelenr Ten eerste kan de kennisrepre-
sentatie welke geleerd wordt simpeler en daarmee ovettier worden voor menselijke experts
en gebruikers. Ten tweede kan er door het selecteren van el Imeiikbare kenmerken de prestatie
van de Bayesiaanse classifier verbeterd worden, omdatekéekennisrepresentaties beter kunnen
generalizeren voor het classificeren van nieuwe inputs.

Voor ons doel om selectieve Bayesiaanse netwerk classtiec®nstrueren, hebben we een
nieuwe score functie bedacht en bestudeerd welke Bayessiadassifiers can evalueren waardoor
de simpelste en best werkende representatie gekozen katemvoiOnze nieuwe score functie is
sterk gerelateerd aan de bekende “minimum descriptionttéreg MDL functie die vaak gebruikt
wordt voor het leren van simpele en goed presterende Baresanetwerken. Hoewel in Bayesi-
aanse netwerk classifiers de classificatie label het béjksigris, zijn in een Bayesiaans netwerk alle



156 Samenvatting

variabelen van belang. Het gevolg hiervan is dat de MDL fieneel geschikt is voor het evalueren
van Bayesiaanse netwerken welke een gezamelijke kandivergeor alle variabelen coderen, maar
minder geschikt voor het construeren van selectieve Bagase netwerk classifiers. In tegenstelling
tot de gewone MDL functie die de gezamelijke kansverdeliodeert, codeert onze MDL-FS func-
tie de condionele kansverdeling van het classificatie lgbgeven de andere variabelen. We tonen
theoretisch en experimenteel aan dan onze MDL-FS funajigeschikt is voor het constueren van
simpele en goed presterende Bayesiaanse netwerk classifier

In het tweede deel van dit proefschrift integreren we begmtdchieken van evolutionaire algo-
ritmen in een “Markov chain Monte Carlo (MCMC) sampler®. 18gling“ is gerelateerd aan opti-
malisatie, maar optimalisatie is geinteresseerd in heternvan de toestand met de hoogste fitness
waarde en sampling is geinteresseerd in de hele kansvagdeier de toestand ruimte. Sampling is
nuttig voor het berekenen van bepaalde functies over eestatoe ruimte waarin verschillende toe-
standen verschillende kansen hebben. Een voorbeeld éusdtiet berekenen van het centrum van
de kansverdeling hetgeen niet analytisch gedaan kan wemmrcomplexe kansverdelingen. Opti-
malisatie kan ook gezien worden als het gebruiken van eastitudie enkel het maximum selecteert
in de toestand ruimte, maar in tegenstelling tot bepaaldeptexe sampling functies, vereisen op-
timalisatie algoritmen enkel dat het maximale element woptjeslagen. Het doel van sampling is
om veel samples te genereren volgens een bepaalde (nietrgalizeerde) kansverdeling en deze
samples te gebruiken voor verdere verwerking. In dit proiafift zijn we vooral geinteresseerd in
efficiente sampling technieken en minder in de verwerkingde gegenereerde samples.

Voor het verbeteren van MCMC methoden welke gewoonlijk gémorden voor sampling, on-
derzoeken we het evolutionaire MCMC (EMCMC) framewerk, viraaen populatie van individuen
informatie kunnen uitwisselen. Voor het convergeren naagewenste kansverdeling, moeten we
ervoor zorgen dat de EMCMC nog steeds een MCMC sampler is pplatie nivo. Als begin-
punt, maken we gebruik van het Metropolis-Hastings algwitvelke bepaalde kandidaat individuen
voorstellen met een kansverdeling die niet noodzakeliflelgéeerd is aan de gewenste kansverdel-
ing. De voorgestelde individuen worden dan geaccepteev@gmmiorpen door een acceptatie regel
zodat het algoritme naar de gewenste kansverdeling coeeerg

In het ideale geval zou een MCMC algoritme individuen voalteh door direct gebruik te maken
van de gewenste kansverdeling. Als dat mogelijk zou zijn zmnhet algoritme heel snel converg-
eren naar de gewenste kansverdeling omdat alle toestamdtng hun gewenste kans voorgesteld
zouden worden. Helaas is het in de praktijk vrijwel altijdnaogelijk om direct volgens de gewen-
ste kansverdeling individuen voor te stellen. Een stardtl&&€MC algoritme stelt een kandidaat
individu meestal voor met een bepaalde kansverdelingszmhormale verdeling, gecentreerd rond
het huidige individu welke meestal de ouder genoemd wordin &ergelijke kansverdeling heeft
echter geen kennis van de gewenste kansverdeling en daasoherwer doorgaans veel kandidaat
individuen voorgesteld die een lage kans hebben en vemslgerworpen worden door de accep-
tatie regel. Wij bestuderen 'slimmere’ methoden die zichp@sssen aan de gewenste kansverdeling
door gebruik te maken van recombinatie operatoren. Vanwiegsampling proces zal de populatie
vaker individuen hebben met een hoge kans volgens de gesenssverdeling. Daarom kunnen de
recombinatie operatoren structurele informatie die aagvis in de ouder individuen uitbuiten om
nieuwe individuen te genereren die ook een hoge kans hebitiede exploratie bias van de recom-
binatie operatoren enigzins overeenkomt met de struetusdhties in de gewenste kansverdeling,
dan worden de nieuwe kandidaat individuen ook vaker geaeeepdoor de acceptatie regel waar-
door het ECMCM algoritme veel efficienter is dan een stardi®®CMC. Voor dit doel, beschrijven
we een aantal verschillende recombinatie operatoren visorale en continue toestand ruimtes en
analyseren we hun eigenschappen.

We analyseren vervolgens ook de interactie tussen de rénatioperatoren en de acceptatie



157

regels. In het algemeen geldt dat convergentie naar de gésvkansverdeling plaats vindt als alle
kandidaat individuen die voorgesteld zijn door middel van eecombinatie operator allemaal geac-
cepteerd of allemaal verworpen worden. Een dergelijke @tetie regel noemen we een gekoppelde
acceptatie regel, omdat alle kandidaat individuen gezgovebrden verworpen of geaccepteerd. Dit
beperkt het accepteren van nieuwe individuen omdat het aligikkan gebeuren dat bepaalde kan-
didaat individuen een hoge kans en andere een lage kansrhebeprobleem van de gekoppelde
acceptatie regel is dat het niet enkel de goede kandidasidodn kan accepteren en de slechtere kan
verwerpen. In hoofdstuk 7 beschrijven we een aantal exparien waarmee duidelijk wordt aange-
toond dat deze gekoppelde acceptatie regel de prestateevdEMCMC algoritme kan verslechteren.
Om dit probleem op te heffen, bestuderen we het gebruik vaelerouder versus kind acceptatie
regels waarin een kandidaat die voorgesteld is met een Igoatie operator het tegen een ouder op-
neemt, een ander voorgestelde kandidaat tegen een andiere enzovoorts. We bewijzen dat onder
bepaalde condities het resulterende algoritme nog steedeigeert naar de gewenste kansverdeling
zonder dat het de problemen van de gekoppelde acceptatielregft. De experimentele resultaten
tonen aan dat als we de gekoppelde met de niet gekoppeldptaiieaegels vergelijken, de niet
gekoppelde acceptatie regel - in combinatie met versciideEMCMC methoden - veel efficienter
samples genereert volgens de gewenste kansverdeling.



158 Samenvatting




Acknowledgments

This work was carried out under supervision of prof. dr. iinda van der Gaag and dr. ir. Dirk
Thierens. Thanks to Dirk Thierens, my daily supervisor, daiding me through the Evolutionary
Computation field. | really enjoyed doing research in thigfieThanks to Linda van der Gaag for
the useful comments on the first part of this thesis. Thanksdanembers of the reading committee:
Thomas Back, John-Jules Meyer, Jose Pefa, Han la Powti&rao Siebes.

| also had the opportunity to interact with some people framDecision Support System group
for broading my research interests: Petra, Steven, Edwlja, $anneke, Eveline, Michael, Theodoros
and Peter. Thanks to Mirela, Karina, Jaesook, lon and Ovilinon-scientifically but pleasant
conversations.

Marco Wiering, my dearest husband, thank you for reading esgarch from time to time and
for your support and love. Thanks to Nettie and DJ, Annemamni@ Réne, Elena, Maxim and Johan
for the nice family reunions in Holland. | am grateful to myreats for helping me to raise my child
during my PhD period. | am thankful to my brother Ovidiu and family, Andreea and Cristina, and
my grandmother for encouraging me. Finally, | want to memtiwat apart for being happy that | have
finished and | am delighted that Marius, my son, is a very pbely.



160 Acknowledgments




CURRICULUM VITAE

Higher education:

e 1999 - 2000: Postmaster in Informational Systems, Com&dt@nce Department, Technical
University of Cluj-Napoca, Romania. | have graduated wihid final projectSharedPlans for
a Multi-Agent systerimto the Multi Agents domain.

e 1994 - 1999: Master degree in Computer Science, Computen&eiDepartment, Technical
University of Cluj-Napoca, Romania. | have graduated whté final projectAn Implementa-
tion of Iterated Prisoners Dilemma with Tieriato Artificial Life and game theory domains.

Work experience:

e 2006-on: postdoc in the Bioinformatics group at BiomolecWlass- Spectrometry, Depart-
ment of Pharmaceutical Sciences, Utrecht University.

e 2001 -2006: PhD candidate in the Decision Support Syste@sm@puter Science Department,
Utrecht University.

e 2000 - 2001: assistant researcher at Software Technoltayy /A& kermans Institute, Technical
University of Eindhoven. | have completed courses and softvprojects individually and in
teams. In teams, we have won the award of the best Softwaretéctures.

e 1999-2000: assisted teaching for the counseadamental Elements of Graphjddumeric
Computers Programming Engineeringt Technical University of Cluj-Napoca. | have pre-
pared practical work and | have assisted examinations.

Social status:
e 1 child

e married

List of publications:
Conditional log-likelihood MDL

e Drugan, M.M., and van der Gaag, L.&\,New MDL-based function for feature selection for
Bayesian network classifiersroceedings of ECAI'04, pp. 999-1000, 2004

e Drugan, M.M., and Thierens, D., and van der Gaag, LMDL-based feature selection for
Bayesian network classifiers’roceedings of BNAIC, pp. 99-106, 2002.



162 CURRICULUM VITAE

e Drugan, M.M., and van der Gaag, L.Geature selection for Bayesian Network Classifiers
using the MDL-FS scorgto be submitted, 60 pages.

Evolutionary MCMC

e Drugan, M.M., and Thierens, DRecombinative EMCMC algorithm<Proceedings of CEC
2005, pp. 2024-2031, 2005.

e Drugan, M.M., and Thierens, DEvolutionary Markov chain Monte Carlpln P. Liardet, P.
Collet, C. Fonlupt, E. Lutton and M. Schoenauer (Eds.), LNX®36, Springer, pp. 63-76,
2004.

e Drugan, M.M., and Thierens, DGeometrical Recombination Operators for Real-Coded Evo-
lutionary MCMCs, submitted at Evolutionary Computation, 31 pages.

e Drugan, M.M., and Thierens, DEvolutionary MCMCs for Sampling and Optimizatipsub-
mitted at IEEE Transactions on Evolutionary Computatighpages.

Miscellaneous

e Jong, E.D. de, and Wiering, M.A., and Drugan, M.NRgst-Processing for MCMCUU-CS
(Ext. r. no. 2003-021). Utrecht: Utrecht University: Infoation and Computing Sciences,
2003.

e Cenan, C., and Drugan, M.MAN Implementation of Iterated Prisoners Dilemma with Taerr
Proceedings of The International Scientific Symposium S#STL0., 2000.



SIKS Dissertatiereeks

==== 1998 ====
e 1998-1 Johan van den Akker (CWI) DEGAS - An Active, Temporat@base of Autonomous Objects
e 1998-2 Floris Wiesman (UM) Information Retrieval by Gragdily Browsing Meta-Information

e 1998-3 Ans Steuten (TUD) A Contribution to the Linguistic @éysis of Business Conversations within the Lan-
guage/Action Perspective

e 1998-4 Dennis Breuker (UM) Memory versus Search in Games

e 1998-5 E.W.Oskamp (RUL) Computerondersteuning bij Stefteting

====1999 ====

e 1999-1 Mark Sloof (VU) Physiology of Quality Change Modet}i Automated modelling of Quality Change of Agri-
cultural Products

1999-2 Rob Potharst (EUR) Classification using decisiogstend neural nets

1999-3 Don Beal (UM) The Nature of Minimax Search

e 1999-4 Jacques Penders (UM) The practical Art of Moving Riay©bjects

1999-5 Aldo de Moor (KUB) Empowering Communities: A Methamt the Legitimate User-Driven Specification of
Network Information Systems

e 1999-6 Niek J.E. Wijngaards (VU) Re-design of compositi@ystems
e 1999-7 David Spelt (UT) Verification support for object dzdae design

e 1999-8 Jacques H.J. Lenting (UM) Informed Gambling: Cotioepand Analysis of a Multi-Agent Mechanism for
Discrete Reallocation.

==== 2000 ====
e 2000-1 Frank Niessink (VU) Perspectives on Improving SafevMaintenance
e 2000-2 Koen Holtman (TUE) Prototyping of CMS Storage Mamagyet

e 2000-3 Carolien M.T. Metselaar (UVA) Sociaal-organisetciie gevolgen van kennistechnologie; een procesbenader-
ing en actorperspectief.

e 2000-4 Geert de Haan (VU) ETAG, A Formal Model of Competencewledge for User Interface Design
2000-5 Ruud van der Pol (UM) Knowledge-based Query Fornauan Information Retrieval.
e 2000-6 Rogier van Eijk (UU) Programming Languages for Agéammunication

2000-7 Niels Peek (UU) Decision-theoretic Planning of Chih Patient Management

e 2000-8 Veerle Coup, (EUR) Sensitivity Analyis of Decisidheoretic Networks

e 2000-9 Florian Waas (CWI) Principles of Probabilistic Qu@ptimization

e 2000-10 Niels Nes (CWI) Image Database Management SysteigiD€onsiderations, Algorithms and Architecture
e 2000-11 Jonas Karlsson (CWI) Scalable Distributed Datac8ires for Database Management

====2001 ====

e 2001-1 Silja Renooij (UU) Qualitative Approaches to Quiytig Probabilistic Networks

e 2001-2 Koen Hindriks (UU) Agent Programming Languages:gfamming with Mental Models



164 SIKS Dissertatiereeks

e 2001-3 Maarten van Someren (UvA) Learning as problem sglvin

2001-4 Evgueni Smirnov (UM) Conjunctive and Disjunctiversfen Spaces with Instance-Based Boundary Sets

2001-5 Jacco van Ossenbruggen (VU) Processing Structwpdrhiedia: A Matter of Style

e 2001-6 Martijn van Welie (VU) Task-based User Interface iDes

e 2001-7 Bastiaan Schonhage (VU) Diva: Architectural Pertipes on Information Visualization
2001-8 Pascal van Eck (VU) A Compositional Semantic Stmectar Multi-Agent Systems Dynamics.

2001-9 Pieter Jan 't Hoen (RUL) Towards Distributed Devaiept of Large Object-Oriented Models, Views of Pack-
ages as Classes

2001-10 Maarten Sierhuis (UvA) Modeling and Simulating Wétractice BRAHMS: a multiagent modeling and
simulation language for work practice analysis and design

2001-11 Tom M. van Engers (VUA) Knowledge Management: ThéR® Mental Models in Business Systems
Design

====2002 ====

e 2002-01 Nico Lassing (VU) Architecture-Level Modifiabjlifnalysis

e 2002-02 Roelof van Zwol (UT) Modelling and searching welsdzhdocument collections

e 2002-03 Henk Ernst Blok (UT) Database Optimization Aspé&aténformation Retrieval

e 2002-04 Juan Roberto Castelo Valdueza (UU) The Discretelicigraph Markov Model in Data Mining

e 2002-05 Radu Serban (VU) The Private Cyberspace Modeliecti®inic Environments inhabited by Privacy-concerned
Agents

e 2002-06 Laurens Mommers (UL) Applied legal epistemologyil@ing a knowledge-based ontology of the legal
domain

e 2002-07 Peter Boncz (CWI) Monet: A Next-Generation DBMSri&t=or Query-Intensive Applications
e 2002-08 Jaap Gordijn (VU) Value Based Requirements EngmgeExploring Innovative E-Commerce Ideas

e 2002-09 Willem-Jan van den Heuvel(KUB) Integrating ModBusiness Applications with Objectified Legacy Sys-
tems

e 2002-10 Brian Sheppard (UM) Towards Perfect Play of Sceabbl

e 2002-11 Wouter C.A. Wijngaards (VU) Agent Based Modelliridpgnamics: Biological and Organisational Applica-
tions

e 2002-12 Albrecht Schmidt (Uva) Processing XML in Databagst&ns
e 2002-13 Hongjing Wu (TUE) A Reference Architecture for Atle@ Hypermedia Applications

e 2002-14 Wieke de Vries (UU) Agent Interaction: Abstract Apgiches to Modelling, Programming and Verifying
Multi-Agent Systems

e 2002-15 Rik Eshuis (UT) Semantics and Verification of UML ikity Diagrams for Workflow Modelling

e 2002-16 Pieter van Langen (VU) The Anatomy of Design: Fotinda, Models and Applications

e 2002-17 Stefan Manegold (UVA) Understanding, Modeling] &mproving Main-Memory Database Performance
==== 2003 ====

e 2003-01 Heiner Stuckenschmidt (VU) Ontology-Based Infation Sharing in Weakly Structured Environments

e 2003-02 Jan Broersen (VU) Modal Action Logics for Reasomiput Reactive Systems

e 2003-03 Martijn Schuemie (TUD) Human-Computer Interatémd Presence in Virtual Reality Exposure Therapy
e 2003-04 Milan Petkovic (UT) Content-Based Video Retrigsapported by Database Technology

2003-05 Jos Lehmann (UVA) Causation in Atrtificial Intelligee and Law - A modelling approach

2003-06 Boris van Schooten (UT) Development and specificaif virtual environments
e 2003-07 Machiel Jansen (UvA) Formal Explorations of Knalge Intensive Tasks

e 2003-08 Yongping Ran (UM) Repair Based Scheduling

e 2003-09 Rens Kortmann (UM) The resolution of visually gdideshaviour



165

e 2003-10 Andreas Lincke (UvT) Electronic Business Negmrat Some experimental studies on the interaction be-
tween medium, innovation context and culture

e 2003-11 Simon Keizer (UT) Reasoning under Uncertainty itukéd Language Dialogue using Bayesian Networks
e 2003-12 Roeland Ordelman (UT) Dutch speech recognitionutiimedia information retrieval
e 2003-13 Jeroen Donkers (UM) Nosce Hostem - Searching witho®gnt Models

e 2003-14 Stijn Hoppenbrouwers (KUN) Freezing Language: dgptualisation Processes across ICT-Supported Or-
ganisations

e 2003-15 Mathijs de Weerdt (TUD) Plan Merging in Multi-AgeBystems

e 2003-16 Menzo Windhouwer (CWI) Feature Grammar Systemsreimental Maintenance of Indexes to Digital Media
Warehouses

e 2003-17 David Jansen (UT) Extensions of Statecharts withahility, Time, and Stochastic Timing

e 2003-18 Levente Kocsis (UM) Learning Search Decisions

====2004 ====

e 2004-01 Virginia Dignum (UU) A Model for Organizational kraction: Based on Agents, Founded in Logic

e 2004-02 Lai Xu (UvT) Monitoring Multi-party Contracts for-Business

e 2004-03 Perry Groot (VU) A Theoretical and Empirical Anasysf Approximation in Symbolic Problem Solving
2004-04 Chris van Aart (UVA) Organizational Principles fdulti-Agent Architectures

e 2004-05 Viara Popova (EUR) Knowledge discovery and morioityn

2004-06 Bart-Jan Hommes (TUD) The Evaluation of Businessé&s Modeling Techniques

2004-07 Elise Boltjes (UM) Voorbeeldig onderwijs; voorliEeestuurd onderwijs, een opstap naar abstract denken,
vooral voor meisjes

2004-08 Joop Verbeek(UM) Politie en de Nieuwe Internatiemaformatiemarkt, Grensregionale politile gegevensuit
wisseling en digitale expertise

e 2004-09 Martin Caminada (VU) For the Sake of the Argumenpl@sations into argument-based reasoning
e 2004-10 Suzanne Kabel (UVA) Knowledge-rich indexing ofiéag-objects

e 2004-11 Michel Klein (VU) Change Management for Distrilslitentologies

e 2004-12 The Duy Bui (UT) Creating emotions and facial exgi@ss for embodied agents

e 2004-13 Wojciech Jamroga (UT) Using Multiple Models of RigalOn Agents who Know how to Play

e 2004-14 Paul Harrenstein (UU) Logic in Conflict. Logical Boqations in Strategic Equilibrium

e 2004-15 Arno Knobbe (UU) Multi-Relational Data Mining

e 2004-16 Federico Divina (VU) Hybrid Genetic Relational &bafor Inductive Learning

e 2004-17 Mark Winands (UM) Informed Search in Complex Games

e 2004-18 Vania Bessa Machado (UvA) Supporting the Construcif Qualitative Knowledge Models

e 2004-19 Thijs Westerveld (UT) Using generative probatidismodels for multimedia retrieval

e 2004-20 Madelon Evers (Nyenrode) Learning from Designilifating multidisciplinary design teams

==== 2005 ====

e 2005-01 Floor Verdenius (UVA) Methodological Aspects ofdigming Induction-Based Applications

e 2005-02 Erik van der Werf (UM)) Al techniques for the game af G

e 2005-03 Franc Grootjen (RUN) A Pragmatic Approach to theceptualisation of Language

e 2005-04 Nirvana Meratnia (UT) Towards Database Supporioving Object data

e 2005-05 Gabriel Infante-Lopez (UVA) Two-Level ProbatiiisGrammars for Natural Language Parsing
2005-06 Pieter Spronck (UM) Adaptive Game Al

e 2005-07 Flavius Frasincar (TUE) Hypermedia PresentatiengBation for Semantic Web Information Systems

2005-08 Richard Vdovjak (TUE) A Model-driven Approach fouigling Distributed Ontology-based Web Applica-
tions



166 SIKS Dissertatiereeks

e 2005-09 Jeen Broekstra (VU) Storage, Querying and Inféngrfor Semantic Web Languages

e 2005-10 Anders Bouwer (UVA) Explaining Behaviour: Usingdlitative Simulation in Interactive Learning Environ-
ments

e 2005-11 Elth Ogston (VU) Agent Based Matchmaking and Ctirgie A Decentralized Approach to Search
e 2005-12 Csaba Boer (EUR) Distributed Simulation in Industr
e 2005-13 Fred Hamburg (UL) Een Computermodel voor het Onelenen van Euthanasiebeslissingen

2005-14 Borys Omelayenko (VU) Web-Service configuratiorttenSemantic Web; Exploring how semantics meets
pragmatics

2005-15 Tibor Bosse (VU) Analysis of the Dynamics of CogeitProcesses
e 2005-16 Joris Graaumans (UU) Usability of XML Query Langesig
2005-17 Boris Shishkov (TUD) Software Specification Basedre-usable Business Components

e 2005-18 Danielle Sent (UU) Test-selection strategies fobabilistic networks
e 2005-19 Michel van Dartel (UM) Situated Representation
2005-20 Cristina Coteanu (UL) Cyber Consumer Law, Staté@®fArt and Perspectives

e 2005-21 Wijnand Derks (UT) Improving Concurrency and Reegvn Database Systems by Exploiting Application
Semantics

==== 2006 ====

e 2006-01 Samuil Angelov (TUE) Foundations of B2B ElectroBmntracting

e 2006-02 Cristina Chisalita (VU) Contextual issues in theigie and use of information technology in organizations
e 2006-03 Noor Christoph (UVA) The role of metacognitive kkih learning to solve problems

e 2006-04 Marta Sabou (VU) Building Web Service Ontologies

e 2006-05 Cees Pierik (UU) Validation Techniques for Obj@ctented Proof Outlines

e 2006-06 Ziv Baida (VU) Software-aided Service Bundlingteltigent Methods Tools for Graphical Service Modeling
e 2006-07 Marko Smiljanic (UT) XML schema matching — balawge&fficiency and effectiveness by means of clustering
e 2006-08 Eelco Herder (UT) Forward, Back and Home Again - §rialy User Behavior on the Web

e 2006-09 Mohamed Wahdan (UM) Automatic Formulation of thelidar’'s Opinion

e 2006-10 Ronny Siebes (VU) Semantic Routing in Peer-to-Bgstems

e 2006-11 Joeri van Ruth (UT) Flattening Queries over NestathDypes

e 2006-12 Bert Bongers (VU) Interactivation - Towards an &gy of people, our technological environment, and the
arts

e 2006-13 Henk-Jan Lebbink (UU) Dialogue and Decision Garoetnformation Exchanging Agents

e 2006-14 Johan Hoorn (VU) Software Requirements: Updatgyratie, Redesign - towards a Theory of Requirements
Change

e 2006-15 Rainer Malik (UU) CONAN: Text Mining in the BiomedicDomain

e 2006-16 Carsten Riggelsen (UU) Approximation Methods fificEent Learning of Bayesian Networks
e 2006-17 Stacey Nagata (UU) User Assistance for Multitagkitth Interruptions on a Mobile Device
e 2006-18 Valentin Zhizhkun (UVA) Graph transformation foafNral Language Processing

e 2006-19 Birna van Riemsdijk (UU) Cognitive Agent Programgii A Semantic Approach

e 2006-20 Marina Velikova (UvT) Monotone models for predictiin data mining

e 2006-21 Bas van Gils (RUN) Aptness on the Web

e 2006-22 Paul de Vrieze (RUN) Fundaments of Adaptive Pelisatian

e 2006-23 lon Juvina (UU) Development of Cognitive Model faigating on the Web

e 2006-24 Laura Hollink (VU) Semantic Annotation for Ret@wf Visual Resources

e 2006-25 Madalina Drugan (UU) Conditional log-likelihoodM and Evolutionary MCMC



