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COMPACT AND MAJORIZABLE FUNCTIONALS OF FINITE TYPE
MARC BEZEM

The main result of this paper will be that various notions of majorizability and
compactness coincide in the full typestructure over the natural numbers. Moreover
we shall show that the extensional typestructure of strongly majorizable functionals
can be obtained by applying Zucker’s construction ( ) to any of these coinciding
intensional typestructures. A different result is proved in the typestructure of
effective operations, where not every majorizable functional is compact. Finally we
shall introduce the concept of relative compactness in the full typestructure and
prove that there are just two degrees of compactness.

§1. Preliminaries.

1.0. Typesare 0 and with ¢ and 7 also (¢)7 (often written as o — 7 in the literature).
We shall use the symbols g, 1, p to denote types. Pure types (denoted by natural
numbers) are 0 and with n also n + 1 = (n)0.

A typestructure T = | JT, is given by specifying sets T, for each type o and
application mappings (¥, x ¥,) = I, for all ¢, 7. We shall only consider type-
structures over the natural numbers, i.e. with T, = N. @ = | /&, is called a sub-
typestructure of T if S, < X, for all ¢ and & is closed under application in .
Elements of T, are called functionals of type o. Functionals (as well as variables for
functionals) will mostly be denoted by capitals, but whenever we wish to emphasize
that a functional (or variable) is of type zero, i.e. a natural number, we shall denote it
by a lower case letter. F € ¢ expresses that F is a functional of type o. Application of
a functional F € (¢)t to a functional G € ¢ yields a functional of type 7, which we
shall denote by FG. In expressions like FGH association will always be assumed to
be to the left and the functionals will be assumed to have appropriate types. We shall
occasionally use lambda-notation to specify functionals, i.e. AX.— specifies a
functional F such that FX = — for all X.

Two notions of equality for functionals can be distinguished, namely intensional
and extensional equality. Let T = UI, be a typestructure. Intensional equality of
type ¢ isequality on T, as given to us. Extensional equality of type (0)7 is hereditarily
defined by

F=,.F iff FFeX, AVXeTI,FX=FX.
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Extensional equality of type 0 is equality on T, as given to us. T is called extensional
if all application mappings respect extensional equality. Otherwise T is called
intensional.

The full typestructure over the natural numbers T = | JI, is inductively defined by
I,=N and T, = {F|F:T,—> I} (with set-theoretical application; note that
intensional and extensional equality coincide in T, and so T is extensional). In the
first five sections as well as in the last, variables for functionals are taken to range
over T. In all other sections this range will be specified, e.g. by VF e M or Iy e
HEO,. Constant functionals of type ¢ will be denoted by n?, ne N.

1.1. The typestructures MAJ, s-MAJ, v-MAJ and COMPACT (intensional sub-
typestructures of the full typestructure over N) are inductively defined as follows.

MAJ:

nmaj, miff n > m;
F*maj,, F iff VG*, G (G*maj, G = F*G* maj, FG).
F € MAIJ (F is majorizable) iff 3F* F* maj F.
s-MAJ:
ns-majom iff n > m;
F*s-maj,, F iff VG* G(G*s-maj, G - F*G*s-maj, F* G, FG).
F* s-maj,, F iff VG*, G(G*s-maj, G — F* G*s-maj, F* G, FG).
w-MAJ:
w-maj, is an w-ary relation on I,.
(ng,Nnys-..) € ©-majg iff ng <ny <+
(Fo, Fy,...) € w-maj, iff Y(G,,G,,...) € w-maj, (FyG,, F,G,,...) € w-maj,.
F € w-MAJ (F is w-majorizable) iff A(F,, F,,...) € w-majF, = F.
COMPACT:
A = I, is compact iff A is finite;
B < I, is compact iff V€ c I, (Cis compact » BE = {BC|Be B A Ce )}
is compact);
F € COMPACT (F is compact) iff the set {F} is compact.

Application and (intensional) equality in MAJ, s-MAJ, -MAJ and COMPACT
are induced by the full typestructure. Type subscripts will often be omitted.

Both the compact functionals and the majorizable functionals were introduced by
Howard in [T, 2.8.6 and Appendix]. The strongly majorizable functionals were
introduced as the extensional typestructure 9 in [B2]. The relation w-maj is a
modification of the relation maj, entailing the property that all majorants are in w-
MAJ. This property, also enjoyed by s-maj but not by maj, is of interest in proving
that a typestructure is a model of bar recursion (see [B2]). Although we failed to find
an elegant proof that w-MAJ satisfies bar recursion, the relation w-maj seems to be
interesting in itself.

1.2. In this paper proofs frequently use the following form of the comprehension
axiom:

(CA,.) (VF € ¢31G € t P(F,G)) - 3H € (0)1VF € ¢ P(F, HF),

where 3! means “there exists a unique”. Whenever this is the case, it will be indicated
by (CA).

Strictly speaking the relations s-maj in this paper and in [B2] are different, since
they are defined on different domains (¥ instead of M). However, all lemmas of
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[B2,§1] can easily be proved to hold for the relations s-maj in this paper. Only two
of these lemmas will be used here. For ease of reference we restate them in 1.3and 1.4
below. Proofs may be gleaned from [B2].

1.3. LemMA. F*s-maj F — F*s-maj F* — F* € s-MAJ.

1.4. LemMaA. For all o = (0,) " (0,)Tt we have: F* s-maj F iff VG¥,G,,...,GF,
G, ((G¥s-maj Gy A -+ A Gf s-maj G,) = F*G¥ -~ G} s-maj F* G¥---G¥_, G,...,
F*G,- G, FG, - Gy).

1.5. For the remaining part of this paper we use G, X, etc. as abbreviations of
finite sequences Gy,...,G,, X;,...,X,, etc., of functionals of appropriate types.
Furthermore G* (s-)maj G abbreviates G* (s-)maj G, A - A G} (s-)maj G,.

1.6. As observed by Kohlenbach in [K], Lemma 1.4 can be simplified by
combining it with Lemma 1.3 into the following

LEMMA. For all o = (0y) " - (0})t we have: F*s-maj F iff

VG*,G (G*s-maj G » F*G*s-maj F*G, FG).

§2. Basic facts about MAJ.
2.1. CHARACTERIZATION LEMMA. Let Fe o = (g,) " *(0,)0; then F e MAJ iff
(FX|X*majX} is finite for all X*.

PROOF. “—”. Let F € MAJ; then F*maj F for some F*. Since X* maj X implies
F*X* > FX, it follows that the set {FX | X*maj X} is bounded by F*X* for every
X*

«7. (CA) Suppose {F X | X* maj X} is finite for every X*. Define Fby FX* =
max { FX ] X* maj X} Note that X*maj0 for all X*. It follows by the definition of
the relation maj that FmajF,so F e MAJ. [

2.2. LeMMA. (i) Every F € MAJ has a minimal majorant; in symbols:

VF € MAJ3F maj FVF* maj F F* maj F.

(i1) The relation maj is transitive.

Proor. (CA) By simultaneous induction on the type.

¢ = 0: Obvious.

(0)7: Suppose the lemma has been proved for all subtypes of ¢ and .

Ad (i), let F e MAJ be of type (¢)t = (0;)*** (0, )0. Define F as above in 2.1. Let
F*maj F and X*majX. In order to obtain F* maj F, we only have to show that
F*X*> FX = max{FY | X maj Y }. This follows from the induction hypothes1s (1),
since X* maj X maj Y implies X* maj Y by transitivity, and hence F *X* > FY for
all Y with Xmaj Y.

Ad (ii), let D, E and F be functionals of type (¢)t such that D maj E maj F. Let G and
H be functionals of type ¢ with G maj H, hence H € MAJ. It follows by the induction
hypothesis (i) that H has a minimal majorant H. From G maj HmajH follows
DG maj EH maj FH, and hence DGmaj FH by the induction hypothesis (i) and
transitivity. It follows that Dmaj F. []

§3. Basic facts about s-MAJ.
3.1. LeMMA. The relation s-maj is transitive.

Proor. By induction on the type.
g = 0: Obvious.
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(0)1: Suppose the lemma has been proved for the types o and 7. Let D, E and F be
functionals of type (o)t such that D s-maj Es-maj F. Let G and H be functionals of
type o with Gs-maj H. It follows by the definition of s-maj that DGs-maj DH.
Moreover we have Gs-maj G by Lemma 1.3. It follows that DG s-maj EG s-maj FH
and hence, by the induction hypothesis for 7, DG s-maj FH. So we have D s-maj F by
the definition of s-maj. [J

3.2. CHARACTERIZATION Lemma. Let F €6 = (0;) " (0;)0; then Fes-MAJ iff
{FX|X*s-majX} is finite for all X*.

PROOF. **—" is identical to *“—" in the proof of Lemma 2.1.

_ "« ".(CA) Define Fby FX* = max{FX | X * s-maj X}, taking max J = 0. For all
X*s-maj X we have FX* > FX by the definition of F, whereas FX* > FX uses the
transitivity of s-maj as well. It follows by Lemma 1.6 that Fs-maj F. O

3.3. LEMMA. Every F € s-MAJ has a minimal s-majorant.

PROOF. Let F es-MAJ and define F as in 3.2. Using transitivity one proves,
similar to the proof of 2.2(i), that F is a minimal s-majorant of F. [J

§4. Basic facts about (o-MAJ.

4.1. LEMMA. If (Fy, F,....) € w-maj,, then (F, F;,,...) € w-maj, and (0°,...,0°,
Fy, Fy,...) € w-maj, (k times 07) for every k.

PrOOF. By simultaneous induction on the type.

o = 0: Obvious.

(o)t: Suppose the lemma has been proved for the types o and 7. Let (Fy, Fy,...)
€ w-maj,), and (X,, X;,...) € w-maj,. Then we have by the induction hypothesis
0°,...,0° X4, X,,...) € w-maj, and (X,, X, , ,,...) € w-maj, for every k. Hence

(Fo0°,....F,_,0°. F.Xy,Fy  X1,...) € w-maj,

and (Fo Xy, F{ X+ 1,...) € w-maj,. Again by the induction hypothesis it follows that
(FeXo, Fy +1X4,...) € w-maj, and

(0" Xy, ..., 09X, . Fo X, F, X;s 1,...) € w-mai,.

Hence (F,,Fc,y,...) € ®-majg,, and (0°",...,0°" F,, F,,...) € w-maj,, by the
definition of w-maj. [

4.2. Lemma. If (Fy,...,F, F +y,...) € 0-mgj, and (F,, G,,G,,...) € w-maj,, then
(Fo,...,Fk,Gl,Gz,...)ew‘majd.

ProOF. By induction on the type.
o = 0: Obvious.
(0)r: Suppose the lemma has been proved for types ¢ and 1. Let

(Fos.--s Fis Fe vy, ...) € w-maj,,, and (k. Gy, G,,...) € 0-maj,,,. We have to show
that

(FoXos---s FiXi. Gy X411, G2 X, 4 5, .. ) € w-maj,

for all (Xo,X,,...)€e w-maj,. Suppose (X,,X,,...)e w-maj,; then we have
(FoXo,F1 X;,...)eo-maj, by the definition of w-maj. Moreover we have
(Xk» Xkv1----) € 0-maj, by Lemma 4.1, and so

(Fka» Gl Xk+hGZXk+2w--) € w—maj,.
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Hence (Fy X, ..., FX,,G X +1,G,X;+ 5, ...) € w-maj, by induction. [J

f4(;:; f}l‘he relatlon < on w-MAJ is defined as follows: G < H (H is an w- majorant
0 i

A(Fo, Fi,..)ew-maj,3i,ji<jAG=FAH= F).

LEMMA. The relation < is transitive.

PROOF. By Lemmas 4.1 and 42. [

4.4. Lemma. (i) If (Fy,Fy,...) € w-maj,, then (Fy,F,Fvy,..)€ w-maj, for
every k > 0.

(i) Every F € o-MAJ has a <-minimal w-majorant. More precisely:

VF € ©-MAJ3F € o-MAJ((F, F,F,...) € w-maj,
A Y(Fy,Fy,...) € w-maj (F, = F - (F,F,,F,,...) € »-maj,)).

PRrOOF. (CA) By simultaneous induction on the type.

o = 0: Obvious.

(6)t: Suppose the lemma has been proved for all subtypes of ¢ and 7.

Ad (1), let (Fo, Fy,...) € @-maj,), and (Xo, X|,...) € o-maj,. By the induction
hypothesis there exists X0 such that (X, XO,XO,. .) € w-maj, and (Xo, X, X5,--1)
€ w-maj,. By Lemma 4.2 it follows that (XO,XO, XO,XI,XZ, ..) € o-maj, (k — |
times X ). By the definition of w-maj it follows that

(FOXO-:FI)?O,-~~’Fk—1)?0’FkX1aFk+1X2,'--)Ew'majn

so by the induction hypothesis (i) we have (FoX,,FX,, Fii1X5,...) € ©-maj,.
Hence we have (Fy, F, F .+ {,...) € 0-maj ..

Ad (ii) Let F € ©-MAJ; then F = F, for some (F,,Fy,.. )ew ma](,,)r Define
F by FX max{F¥|¥ < X}, taking max &J =0, where ¥ <X abbreviates
Y, € X, A -+ A Y, < X,. By the definition of <, the induction hypothesis (i) and
Lemma 41 we have Y; < X, iff 32,,2,,.. )ew maj (Y, =Zy A X; = Z,) for all
l<i<kHencewehave Y <X - FY < F, X (where the last inequality is of type
0), so the set {FY | Y < X} is bounded for all X. 1t follows that F is well-defined.
Using the transitivity we can easily prove that (F, EF.. )eo- maj .. Moreover,
{F,G,,G,,...) € 0-maj,, for all (Gy, Gy, ..) € w-Maj,, w1th Go=F O

COROLLARY. If F < F*and X < X*, then FX < F*X*

ProOF. By Lemmas 4.1 and 4.4(i). O

4.5. As a corollary of the proof of Lemma 4.4 we also obtain the

CHARACTERIZATION LEMMA. Let Feo = (0;) - (6,)0; then F e w-MAJ iff
(FY| ¥ < X} is finite for all X.

4.6. ReEMARKS. (i) The lemmas above could create the i impression that all evident
properties of (weakly) increasing sequences of natural numbers generalize to higher
types. This, however, is not the case. For example, for nonmonotonic F it is not true
that if (F, Fy,...) € @-maj, then (Fy,..., Fy,F;,...) € w-maj,.

(ii) One might expect that the relations maj,s-maj and w-maj can be defined in
terms of each other. However, we have failed to find any positive result on this point.



276 MARC BEZEM

The following equivalences do not hold in general, and will subsequently be
disproved for the lowest possible type.

(1) F*s-maj Fiff F < F*.

(2) F*s-majF iff F*majF.

(3) F*maj Fiff F < F* (cf. Corollary 4.4).

(4) (Fy, Fy,...) € w-maj iff VK F,, , maj F,.

(5) F*s-majF iff (F, F* F*,...) € w-maj.

(6) F*s-majF iff F*majF* A F*majF.

Ad (1) and (2). Take F = 0' and F* any'nonmonotonic function.

Ad (3), take F = 0% and define F* € 2by F*X = 0if X = 0! and melse, where mis
the smallest natural number such that Xm # 0. Then we have F*majF, but not
F < F*, since F* is not w-majorizable. For, if we define functionals D, € 1 by
D.x = 1if x = k and 0 else, then F*D, = k for all ke N. Since D, < 17, it follows
by Corollary 4.4 for any G with F* < G that k = F*D, < G1' for all k, which
is impossible.

Ad (4). Let F* be the functional as defined above in the disproof of (3). Define
Y e3 by YZ =0if Z = F*, and 1 otherwise. Then we have (Y, Y,...) € w-maj, but
not Ymaj Y.

Ad (5) and (6), take F = 02 and define F*€2 by F*X =0 if X = Dy, and 1
otherwise. Then we have F* s-maj F, since X * s-maj X implies X* # D, (s-majorants
are monotonic). However, we do not have F* maj F* (resp. (F, F*, F*,...) € w-maj),
since D, maj 0! (resp. (0%,0%, Dy, 1%, 1%,...) € w-maj).

(ili) The negative results above, and especially the nonconstructive nature of the
counterexamples to (3)—(6), lead us to posing the following

Open Questions. Do there exist interrelations between maj, s-maj and w-maj?
Does there exist an interesting class of functionals (e.g. the primitive recursive
functionals; see [T, p. 457]) for which one or more of the equivalences (3)—(6) hold?

§5. Main result. In this section we shall prove the main result of this paper:
COMPACT = MAJ = s-MAJ = w-MAJ.

This result is an immediate consequence of the following

THEOREM. U is compact iff AFVA € U F maj A (resp. F s-maj A, A < F).

ProoOF. (CA) By induction on the type.

g = 0: Obvious.

(0)7: Suppose the theorem has been proved for all subtypes of ¢ and 7. Let
(0)T = (g1) " (0,)0.

«”. We take the case <. The other cases are similar. Let W be such that
YA e U A < F for some F. Let B,,...,B, be compact sets of appropriate types. By
the induction hypothesis there are X;,..., X, such that VBe B, B< X, for all 1 <i
< k. It follows by Corollary 4.4 that ‘ZIEB is bounded by FX. Hence A is compact.

“->7” Let A be compact. As to maj, define F by FX =max{A4¥|4e¥
A Xmaj Y}. F is well-defined since for all X the sets %B;= {Y;| X;maj ¥;},
1 < i < k, are compact by the induction hypothesis, and so UB is finite. It follows
by the definition of F that F maj A for all A €. As to s-maj, define F by FX
= max{AY |AeU A X s-maj Y} taking max J = 0. F is well-defined for similar
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reasons as above. We have F s-maj F by the transitivity of s-maj, and so F s-maj A
for all Ae A by the definition of F. As to <, define F by FX = max{Af’|A
eAA V<X }, taking max & = 0; then F is again well-defined. By the transitiv-
ity of < and the definition of F we have (A, F,F,...) € w-maj, so A < F for all
Aed. O

§6. Comparison of s-MAJ and M.

6.1. In [B2] the extensional typestructure MM of strongly majorizable functionals
was introduced. In this section we shall show that 90t is isomorphic to s-MAJE. The
extensional typestructure s-MAJE is constructed from the intensional typestructure
s-MAJ by applying Zucker’s construction ( )E from [Z]. Here we shall only state the
definition and a lemma, which can be proved in a similar way as Lemma 1.4 of [B1].
With the help of this lemma one can easily prove by induction that =, as defined
below coincides with extensional equality on s-MAJE as defined in 1.0. Then it
immediately follows from the definition that s-MAJE is an extensional sub-
typestructure of the full typestructure over N.

By induction we define relations ~, < s-MAJ, x s-MAJ, as follows:

nzon' iff n=n’;
F g F iff FF es-MAl,, A YG,G'(G~,G — FG ~,F'G').
The typestructure s-MAJE is defined by
s-MAJE = {Fe s-MAJ,|F ~,F} for all types o.

LEMMA. For all types o:

(1) the relation =, is symmetric and transitive; and

(ii) for every F e s-maj:if 3F' F =, F', then F ~, F and so F € s-MAJE.

As stressed before, the relations s-maj are different in s-MAJ and I, since they are
defined on different sets. It will always be clear from the context which one is meant,
and the properties we use (Lemmas 1.3 and 1.6) are shared by both.

6.2. The result s-MAJE = 9 follows from the following

THEOREM. For all types o there exist ®,:s-MAJ, — I, and ¥,: M, - s-MAJ, such
that (omitting type subscripts):

(i) ®(F)®(G) = ®(FG) for all F,G € s-MAJE;

(1) Y(A)¥(B) = W(AB) for all A,B € M;

(ili) Y(®(F)) =~ F for all F € s-MAJE;

(iv) #(¥(A)) = A forall AeI;

(V) Fx F' —» @(F) = ®(F') for all F, F' € s-MAJ;

(vi) F*s-maj F — &(F*) s-maj ¢(F) for all F*, F € s-MAJ;

(vii) A*s-maj A — ¥(A*)s-maj ¥(4) for all A*, Ae .

ProoF. By simultaneous induction on the type.

o = 0: Obvious.

(6)7: Suppose the theorem has been proved for types ¢ and 7. This induction
hypothesis is referred to by IH. :

Define @, (F) = AX.®,(F¥,(X)). We have to show that @,).: s-MAJ ). = M,)..
Let F € s-MAJ,,,; then we have by IH, for all B,

BeM, —» ¥,(B) e s-MAJE - F¥,(B) € s-MAJ, —» &(F¥,(B)) € M..
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Hence @,).(F): M, — M, .

From F € s-MAJ,,. it follows that there exists F* such that F*s-maj F, which
implies F* € s-MAJ,,. by Lemma 1.3, s0 also &, (F*): I, — 9. By [H we have for
all B,B* e M, :

B*s-maj B — ¥ (B*)s-maj ¥,(B)
— F*¥,(B*)s-maj F* ¥,(B), F¥,(B)
— @(F*¥,(B*))s-maj &(F*¥,(B)), ¢.(F¥,(B))
= Py (F*)B* s-maj P, (F*) B, B, (F)B.
Hence @, (F*)s-maj &, (F). It follows that @, (F) € M. Note that we also
proved (vi).

Define ¥,.(4) by ¥).(A)Y = ¥(A9,(Y)) if Y €s-MAJ and 0 otherwise. We

have to show that %, .: M, —s-MAJE, . Let A€ M,,.; then ¥, (4) clearly is a

(o)t

functional of the full typestructure. From A4 € M, it follows that there exists 4*
such that 4*s-maj A, which implies A* € I,,).. For all functionals G*, G of the full

typestructure we have G* s-maj G —» G*, G € s-MAJ by Lemma 1.3. Hence we have
by IH

G*s-maj G —» @,(G*)s-maj ,(G)
— A*P (G*)s-maj A*P,(G), AD,(G)
- ¥ (A*,(G*))s-maj ¥ (A*2,(G)), ¥.(42,(G))
= ¥,)(A*)G* s-maj ¥,,.(4*)G, ¥,.(A)G for all G*, G.
Hence ¥,.(4*)s-maj ¥,,.(4). It follows that ¥, (4) € s-MAIJ. Note that we also
proved (vii).

Now we shall prove ¥,,.(4) € s-MAJF, which comes down to showing ¥,,.(A4)
~ ¥,(A). Let G,G" € s-MAJ,; then by IH we have

Gr G > 2(G)=2,G)eM,
= Y(A2,(G)) = ¥(AP,(G") € s-MAJZ
— Y (A2,(G)) = ¥ (42,(G")
= ¥iy(A)G = ¥, (A)C,
where the next to last implication follows by the definition of s-MAJE.

It remains to verify (i)—(v).

Ad (i), let Fes-MAJE,, and Ges-MAJE. Then we have D, (F)®,(G) =
S(FY¥,(2,(G)) = ¢,(FG"), with G’ = ¥,($,(G)) ~ G by IH. Since F € s-MAJE we
have FxF, so FG~ FG' and so &(FG)= ®(FG’) by IH. It follows that
Poye(F)2,(G) = &(FG).

Ad (i1), let A € M, and B e M_; then we have

For(A) ¥o(B) = ¥(42,(¥,(B)) = ¥.(A4B)

by the definition of ¥, (since ¥,(B) € s-MAJE = s-MAJ) and by IH.

Ad (iii), let F € s-MAJ;.; then we have F x F by the definition of s-MAJE. By (i)
we have

For(Por(FNG = ¥(,)(F) 2,(G)) = YP(FG))
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for _all G € s-MAJ". Since G ~ G’ implies G, G’ € s-MAJE by Lemma 6.1, we can
derive by IH

G~ G - FG~FG' - &(FG) = ®(FG')

= Yoy Poy(F)) G = ¥(P(FG)) = Y(S(FG")) ~ FG'.
It follows that ¥, (@,.(F)) ~ F.
Ad (iv), let 4 € M,,).; then by (ii) we have

¢(rr)w:('p(q)t(A))B = djr(‘P(o')t(A) qla(B)) = d)r(lPt(AB)) = AB

for all B € M. Since M is extensional it follows that Doy Floye(4)) = A.
Ad(v),let F, F' € s-MAJ . suchthat F ~ F’. Let B € M,; then ¥,(B) € s-MAJE 5o
¥,(B) = ¥,(B), and so F¥,(B) ~ F'¥,(B). Hence, by IH,

Poi(F)B = &(F¥,(B)) = &(F'¥,(B)) = ¥,,(F')B

for all B € M,. Since in I intensional and extensional equality coincide, it follows
that (p(o')r(F) = ¢(o)t(Fl)' D

REMARK. Itisessential that @ is defined on s-MAJ instead of s-MAJE. The point is
that for every F € s-MAJF there exists an F* € s-MAJ such that F*s-maj F, but we
do not necessarily have F* € s-MAJE.

§7. Majorizability and compactness in HEO. HEO is the typestructure of
hereditarily effective operations, based on partial recursive application denoted by
Kleene brackets, ie. {x}y = ziff 3k(T(x,y, k) A U(k) = z) with Kleene’s T-predicate
and result-extracting function U. Moreover we use {x}y|, {x}y|=", and {x}yT to
denote, respectively, 3k T'(x, y, k), Ik < n T(x,y,k), and Vk 71T (x, y, k); in words,
{x}y converges (is defined), {x} y converges in at most n steps, and {x}y diverges (is
undefined). For the present section it suffices to define HEO for the types 0, 1 and 2:

HEO, = N;
HEO, = {x|Vn{x}nl}, x =, x"iff x,x' e HEO; A Vn{x}n = {x'}n;
HEO, = {y|Vx e HEO, {y}x| A Vx,x"(x = x' — {y}x = {y}x)}.
When variables for functionals are taken to range over effective operations, the
definitions of §1 of this paper yield notions of majorizability and compactness in

HEO.
The main result of this paper, stated in §5, depends on:

A is compact iff 3IFVA e UFmajA (resp. Fs-maj4, 4 < F).

Even if 2 consists of recursive objects it is not very likely that F is a recursive object.
This idea leads to the following negative result in HEO.

THEOREM. There exists an effective operation y € HEO, such that ymaj y (resp. y
s-majy, y <y in the sense of w-maj), but y is not compact.

PROOF. Let @ be any partial recursive function that cannot be extended to a total
recursive one (e.g. ® = Ai.{i}i). Define an index y by

{y}x =~ pn[Ji < n(Pi| =" A 1P| <P)],

where @i|<* means that @i converges in at most k steps. By our assumption on
it follows that {y}x] for every x e HEO, (i.e. x is the index of a total recursive
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function). For, {y}x? implies Vi(®iT v tPilf"‘“) and so ¥ defined by ¥i = ®i lf:
®i| =™ and 0 else, would be a total recursive extension of . Moreover x =; x
implies {y}x = {y}x". It follows that y e HEO,. For all x,x* € H‘EO : we have.that
x*maj x (resp. x* s-maj x, x < x*in the sense of w-maj) 1mp11es Vi {x. }i > {x}iand
hence {y}x* > {y}x. It follows that ymajy (fesp. ys-maj y, y < y in the sense of
w-maj). However, y is not compact, since y 1s not bounded on the compact set

€ = {x e HEO, |Vi(®i| - {x}i < yn[i <n A ®i|<"]and ®it - {x}i=0)}. O

§8. Relative compactness. In this section we study the nature of COM lf’ACT (see
§1) as (intensional) sub-typestructure of the full typestructu.re. To this cnd. we
introduce the following notion of reducibility: F is compact in Giff F is definablein G
by compact functionals.

THEOREM. Every functional is compact in any noncompact functional.

PROOF. Let A € (,)***(6,)0 be an arbitrary functional of the full typestructure and
let N be a noncompact functional, say of type (p)(t)0 (other cases are similar). Then
there exist compact sets B < p and € < 7 such that N8 is not finite; hence for
every n € N there exist B, € B and C, € € such that NB,C, > n. We may assume that
all pairs (B,, C,) are different. Now consider the functional M of type ((0)(z)0)(p)(z)0
defined by MFXY =min(FXY,n) if X =B, A Y=C,, MFXY=0 otherwise.
Then M is clearly compact since MFXY < FXY forall F, X, Y. Moreover MNB,C,
= nforall n e N. Now consider the functionals B, € (¢;) " (g, )p and C, € (6y) - - (o)t
defined by B,Z = B,z and C,Z = C,; for all Z. B, and C, are compact since B and
€ are compact. Since A = AZ.MN(B,Z)(C,Z) it follows that A is compactin N. [

CoroLLary. COMPACT (and by §5 also MAJ, s-MAJ and w-MAJ) is maximal
in the sense that adding one arbitrary noncompact functional and closing under
application yields the full typestructure.
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