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ORM ASYMPTOTIC EXPANSIONS OF A CLASS OF INTEGRALS IN
tMS OF MODIFIED BESSEL FUNCTIONS, WITH APPLICATION TO
CONFLUENT HYPERGEOMETRIC FUNCTIONS*

N. M. TEMME*t

stract. The integral

0

F(z, @)= J’ A eI (1) dt

0

idered for large values of the real parameter z; « and A are uniformity parameters in [0, ). The
otic expansion is given in terms of the modified Bessel function K, (2v/az). The asymptotic nature
sxpansion is discussed and error bounds are constructed for the remainders in the expansions. An
e is given for confluent hypergeometric or Whittaker functions. In this example the integrals are
rmed to standard forms and the mappings are investigated.
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. Introduction. We consider integrals of the form

oo}

FA(z,a>=J e (n) dy,

0

reduces to a modified Bessel function in the case that f is a constant. We have

o0

2(a/z)*?K,(2Vaz) = J Prle e gy,
0

itegral in (1.1) is considered with a, A =0 and large positive values of z. We aim
ive asymptotic expansions for F, (z, «) that hold uniformly with respect to both
. A in the interval [0, ). To handle the transition of the case a =0 to a >0, the
ied Bessel function (1.2) is needed. Observe that when a = 0 the essential singular-
the integrand of (1.1) disappears and that (1.1) becomes a more familiar Laplace
al, which can be expanded by using Watson’s lemma.

irst we consider fixed values of A. To describe the asymptotic features we introduce
»sitive number B defined by

B=vVa/z.

addle points of exp (—zt+ «/t) are located at t=+B3. When B is bounded away
rero, we can use the familiar Laplace method, since at the point ¢t = 8 the integrand
€ form of a Gaussian function. When, however, @ -0, that is, 8 > 0, the internal
> point coalesces with the point t =0, where the argument of the exponential
on has a pole. In addition, there is an algebraic singularity (if A # 1), but the
hice of the essential singularity due to the pole is more significant. Observe that

limit o =0, as mentioned earlier, the pole disappears; also, both saddle points
ice with the pole. These asymptotic features are typical for certain integrals

g Bessel functions. For this reason the modified Bessel function in (1.2) serves
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242 N. M. TEMME

as a basic approximant in the uniform asymptotic expansions in this paper. In § 4 we
show how an integral with the same phenomena can be transformed into the standard
form (1.1).

The integral in (1.1) is the simplest case with the asymptotic features described
above, especially when the parameters are in the indicated intervals. We apply the
results to a confluent hypergeometric function. By allowing different intervals of
integration, say a contour in the complex plane, we can also consider negative values
of a. Then the ordinary Bessel function J,(z) shows up. This case is more difficult,
but the applications are very interesting in the theory of special functions.

Consider as an analogue of (1.1) a loop integral in the form

1 (@
(1.4) G\(z, a) =—~7J. A e () dt.
27 J_o
This notation means that the contour of integration starts from —oo, arg t = — 1, describes
a circle counterclockwise around the origin, and returns to —o0, arg t = +4r. The integral
(1.4) has the modified Bessel function I, (2v@z) as approximant. When f =1 we have

(1.5) G,(z, )= (z/a)**I,(2Vaz).

When o is negative this function is an ordinary J-Bessel function. In [2] and [6]
integrals of the type (1.4) are treated and the method is used for obtaining a uniform
expansion of Laguerre polynomials. We plan to return to this problem in a future paper.

The starting point (1.1) is of interest since it has a real interval of integration.
Thus the transformation to the standard form (1.1) involves a real mapping. This makes
the first steps of the analysis rather simple, since we do not need to trace the transformed
contour in the complex plane. For studying the asymptotic nature of the expansion,
we use complex variables, however.

The plan of the paper is as follows. In § 2 we construct a series expansion based
on an integration by parts procedure, and we give estimates for the remainder in the
expansion. In § 3 we consider an expansion that is based on expanding f at the internal
saddle point. In § 4 we give an application to confluent hypergeometric functions. In
§ 5 the parameter A is considered as a second uniformity parameter in [0, 0), and
again we apply the methods on a confluent hypergeometric function. Especially, we
pay attention to the mappings needed for a transformation to the standard form.

Terminology. We call a parameter fixed when it does not depend on the parameters
z, &, A. Rz=x, Iz =y are the real and imaginary part of z = x + iy.

2. An integration by parts procedure. The procedure of this section takes into
account both saddle points 3 of the exponential function (where B is given in (1.3)),
although —B lies outside the interval of integration. For this reason we assume that f
is also defined at negative values of its argument, and that f is sufficiently smooth for
the operations to be used here. Further conditions on f will be given later.

2.1. Construction of the formal series. The first step is the representation
(2.1) Sy =ao+bo(t—B)+(1—B*/1)g(1),

where a,, b, follow from substitution of ¢ = +B. We have

1
a,=f(B), bo='2—/3‘[f(ﬁ)"f(_ﬂ)]-
Inserting (2.1) into (1.1) we obtain
F,\(Z, a) = aOA)\(Z, B)""boB,\(Z, B)+F(A1)(Za a)9
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where A,, B, are combinations of the modified Bessel functions introduced in (1.2).
It is straightforward to verify that

22) Ai(z, B)=2B"K,\(2Bz), B\(z,B)=2B"""[K,.,(2Bz) - K,(2B2)].
An integration by parts gives

F{’(z, a) = -'l‘ J'oo t'g(1) d exp (~z(1+B*/1))

=§J " Vexp (—z(t+ B2/ D))fi(1) dt
with
1—A d A
Sfiln)y=t E[l g()]1=rg(1)+1g'(1).

We see that zF\"(z, @) is of the same form as F,(z, ). The above procedure can now
be applied to zF{’(z, @), and we obtain for (1.1) the formal expansion

(2.3) Fi(z,a)~Ax(z,B) ¥ az+B\(z,B) ¥ bz’ asz-w,
s=0 s=0

where we define inductively fo=f, go=g and for s=1, 2, - -
1-a 4 B’
=72 [Ceg(D]=a+b(1=B)+{ 1= &, (0),
(2.4)

1
a, = f,(B), bFﬁ[ﬁ(B)—fs(—ﬁ)]-

Remark 2.1. As mentioned earlier, for this procedure we need function values of
f and derivatives at negative values, although the integral (1.1) is defined only for
t-values in [0, c©0). When we consider analytic functions f, as we do later, we assume
that f is analytic in a domain () in the complex plane that contains the real line. When,
however, f is supposed to belong to C*[0, ©), we assume in the above procedure that
f has been smoothly continued on (~co, 0].

2.2. The remainder of the expansion. We introduce a remainder for the expansion
in (2.3) by writing

n—1 n—1
(2'5) FA(Z,a)=A/\(Z:ﬁ) Z asz—s+B)‘(z, B) bsz_s+z—ans
s=0 s=0
where n=0, 1, - - . When n =0 the sums are empty and R, = F,(z, ). The integration
by parts procedure yields for R, the representation
© t+ 2
(2.6) R, = J' t* 'exp (—z( tB ))f,,(t) dr,
o

where f,, is defined by (2.4).
When a bound for |f,(t)| is available, say,

(2-7) ]fn(t)lngu tzo, n=0’ 1’...’
then a bound for R, reads

(2-8) anléMnAA(zy B)
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Since f, depends on B, the quantity M, may also depend on B. It follows that for
bounded values of B, say B &[0, Bo], Bo fixed and finite, the estimate (2.8) of the
remainder R, shows the asymptotic nature of the expansion (2.5), provided that (2.7)
is satisfied.

We must point out that, in general, it is rather difficult to find realistic numbers
M,, in order to obtain sharp estimates in (2.8). Also, the estimate in (2.7) is rather
global, since it takes into account values of f, in the complete interval [0, 00).

A sharper and more realistic bound for R, may be obtained as follows. Let

(2.9) w,(t)=exp {o(t+B%/t—2B8)}, t>0, o=0.
Observe that w,(B) =1 and that when o> 0
lim w,(¢) = lim w,(t)=+00.
-0 >4
We assume that we can assign quantities o, and M,,, which may depend on 8 and
which satisfy
(2.10) o, =0, M, z1+e,, ¢, fixed and positive,

such that for all >0 we have

(2.11) £ (D] = M| £.(B)] W, (0).

Then instead of (2.8) we obtain

(2.12) IR|=M,I1.(B)lA\(z, B),  z>0,,
where

(2.13) Az, B)=A\(z-0,, B) e

When f,(B8) =0 a slight modification is needed. The idea about this approach is that
in (2.11) function values outside a neighborhood of t=p8 may be estimated very
roughly, and that the integral, which results after inserting the right-hand side of (2.11)
i(nto)(2.6), can be written in terms of one of the approximants in front of the series in
2.5).

A possible approach to computing M, and o, of (2.11) is to start with trial values
of M, satisfying (2.10). Then we compute

o.=sup f,(1), B fixedin [0, ),
=0

where

In|f,(1)/[M.f.(B)]|
t+Bg%t-2

Observe that the function defined in (2.13) satisfies
Az, B)/ Az, B)=1+0(1) asz-wm,

uniformly with respect to B € [0, ). This follows from (2.2) and well-known asymptotic
relations for the Bessel function.

fult)=

t#B, f,(B)#0.

3. Expansion at the internal saddle point. In the expansion (2.3) we have used
function values of f at the negative saddle point —B. These values appear in the
coefficients ay, b, of the expansion. The form of the expansion is very attractive, since
only two special functions arise, and also since the parameters B and z are nicely
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separated in both series. Although the expansion (2.3) has a canonical form, there
remains the drawback that the function f must be defined at (~—c0, 0] in order to obtain
for B a uniformity domain [0, ). For example, it is not possible to obtain such a
uniformity domain when f(¢)=1/(¢t+1). In this section we only expand the function
f at the internal saddle point, and we formulate further conditions on f in order to
obtain an optimal domain for 8.

3.1. The functions Q,({) and és(g). We expand f in the form
_I®)

s!

(3.1) £(1)= § a,(B)(1-B), a,

Substituting (3.1) in (1.1), we obtain after interchanging the order of summation and
integration the formal result

(32) Fi(z, a)~z7 i a,(B)Q.(0)z™,  asz-c,
where i

(3.3) Q) =" J’:O TN (1=1) e E Y0 dy,
(3.4) {=pz

The functions Q,({) can be expressed in terms of the modified Bessel functions defined
in (1.2). It is easily verified that

53 =2 £ (-0 (*) Kinrt20).

On the other hand, integrating by parts in (3.3), we obtain the recursion relation
(36) Quiz=(s+A+1-20)Qun1+¢(2s+A+1)Q+L°Quey,  §=0,1,2, .

For proving the asymptotic properties of (3.2) it is useful to introduce the functions

37 A= J IR
0
By applying Laplace’s method it is found that for large positive values of ¢
~ +
(3.8) Q. ~ e e_“l“(fz—l), §=0,1,2,---.

Furthermore, we have when z is fixed
im Q,(¢) =T'(A +3s).
lim Q,({)=T(A +s)

3.2. Error bounds and interpretation of the expansion. We introduce a remainder
in the expansion (3.2) by writing

69 SW=T a@-pr+RA-BY,  n=012,- .
Then we obtain for (3.2)

(3.10) Fi(za)=2" [z a(B)Q.(D)z " +E,(z, a)z‘"],
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where

o 2
(3'11) En(Z, a)=ZA+n I tA—l(t__ﬂ)"Rn(t’ﬁ)exp(—z(t+tB )) dt-

0

Let f be analytic in a connected domain 2 of the complex plane; () may depend
on B, and we assume that the radius of convergence Ry of the expansion (3.1) satisfies
the condition

(3.12) Rgzp(1+B)5, B=0 (p, « fixed, p>0, k Z3).

This condition says that the distance between the singularities of f and the point t =8
should be of order O(8), uniformly with respect to B [0, ). When k <3 the
singularities of f are too close to the saddle point. Furthermore, we assume that f has
the following growth condition in Q: there is a real fixed number p such that

(3.13) sug(1+|tl)”’|f(t)l

is bounded for 8 [0, ®).
The coefficients a;(8) of (3.1) can be written as

1 (1)
(3.14) a, =—-—j ——dt
(ﬁ) 277_1 Cr(t_ﬁ)s+l >
where C, is a circle with centre B8 and radius r(1+ 8)*; r may depend on B, but should
be uniformly bounded away from zero and small enough to keep C, inside Q. Using
(3.14) we obtain the following form of Cauchy’s inequality

(3.15) la.(B)=r*M,(B)(1+B)™™,
where
(3.16) M,(B)=sup|f(1)].

teC,

In the next theorem we introduce an asymptotic sequence {¢,}, which is constructed
on the basis of the estimates in (3.7) and (3.15). For the concept of asymptotic scale
and (generalized) asymptotic expansion we refer to [4, p. 25].

THEOREM 3.1. Let { =Bz, k =1, and let

GAT) 6= ¢:(z B) = M (B)(1+8) ™ (1+ )+ 02 e2%57s 520, 1,2, - - .

Then _P{rd)s} is an asymptotic scale as z - co, uniformly with respect to B € [0, o).
oof.

s+ -
(3.18) —¢:—‘=(1+B) x §+lz“1§% ifz=1.

Now we write the expansion (3.2) in the notation

(3.19) 2F (s, a)~§o LBz {4} asz-oo,

and we have the following theorem.
THEOREM 3.2. The expansion

(3.19) is a uniform i i
uniformly with respect to B € [0, o). form asymptotic expansion as z-> <o,
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Proof. Accordingto the definition of generalized (uniform) asymptotic expansions,

we have to prove

(3.20) z "En(z,8)=0(é,), n=0,1,2,---,

as z >0, uniformly with respect to B €[0, ). The interval of integration in (3.11) is
split up as follows

(3.21) [0,00)=A_UJ[t_, 2. ]UA,,

where

(3.22) A_=[0,¢z], A, =[t,,00), t.=B+r(1+p)" 0<r<r rfixed,
with r as in (3.14). When t_ happens to be negative, we replace it by 0. For re[t_, t.]

we can write

(3.23) R,(1, B) =—1—J Sr) dr,

2mi Je, (r—t)(r—B)"
with C, asin (3.14).If re C,, we have|r— t| = (r— r,)(1+ B8)". Thus we obtain as in (3.15)
M,(B)a+p)™

(3.24) IRn(ta B)lé rn—l(r_r)

Hence z* times the integral over[z_, t.]in (3.11) gives a contribution which is bounded

by
PMBAFE) (L (14
(3.25) (=) J," =l e"p( z( ‘ ))d'

=M, (B)(1+B) ™z 7"Qu()0(1) asz->0,
uniformly with respect to 8 [0, ©). Using (3.7), (3.8), and (3.17), we conclude that
(3.26) z7T"E(z,a)=1_+1_.+0(¢,) asz->x,

uniformly with respect to 8 € [0, ), where I, are the contributions to (3.11) from A..
For te€ A, we write

n—1
(r=B)"R,(1, B)=f(1)— ;0 a;(B)(t—B)’,
and the proof is finished when we have shown that
(3.27) z* J e ERY o (1) dt = O(¢,) asz-> 0,
A

uniformly with respect to B €[0, ), where g(t) is | ()| or |a,(t=B)’|(0=s=n—1).
In fact, it is possible to prove that

(3.28) I.~0; {¢p;} asz->0,

uniformly with respect to B € [0, ©). That is, . are asymptotically equal to zero with
respect to the scale {¢,}. The proof of (3.28) is similar to that given for another type
of integral in [5, Lemma 3.3] and will not be repeated here. 0

The above theorem gives only an order estimate in terms of ¢, for the remainder
defined in (3.11) and gives an interpretation of the asymptotic nature of the expansions
(3.2) and (3.19). To obtain a numerical upper bound for E,(z, A) we proceed as in
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the previous section. Since f(t) satisfies the growth condition (3.13), it is possible to
find numbers M, o, satisfying (2.10), such that

(3.29) |Ra(t, B) = My |an(B)we, (1), 0<t<c0.
Using this in (3.11), we obtain the bound
(3.30) |E(2,A)| = M, |a,(B) e #Q,({ —Bon),  z> 0,

When a,(8) happens to vanish as a function of 8 € [0, 0©), this approach needs a slight
modification.

4. Application to confluent hypergeometric functions. We start with the confluent
hypergeometric function defined by

o
(4.1) (a)Uf(a, b, x)=J w1+ u)’ T e du

4]
We consider a as the large parameter and x as a uniformity parameter in [0, 00); b is
a fixed real parameter. We take b =1; the relation

U(a, b,x)=x"""U(a+1-b,2—b, x)
can be used when b>1.

4.1. Transformation to the standard form. First we give a simple intermediate
transformation. The function [u/(u+1)]* assumes its maximal value (on [0, ©)) at
u =00, This function controls the asymptotic behaviour of the integrand and, hence,
we transform it to an exponential function by writing u/(u + 1) = exp (—w). Then (4.1)
becomes

(4.2) [(a)U(a,1-A,x) =‘[ w* ! exp (—aw— wx 1)j"'(w) dw,

0 e —
where

P P |
(43) Fow) = [1 ¢ ] .
w
We transform (4.2) into (1.1) with the help of the transformation
2

(4.4) w+ wy =I+E—+A,

e"—1 t

wherfa'v=x/ a and B, A are to be determined. We compute them on the following
cqndxtxon on the mapping: the critical points of the w-function in (4.4) must correspond
with the critical points of the t-function. Critical points are +w,, *1,, where

(4.5) =28, w0=cosh"‘(1+v/2)=ln(1+1+2—w—°), Wo=x/v2+4v.

It follows that

_ +sinh wy, 1 + W, 1
(4.6) A=-2  gYotsinhw, 1 ( Lyt We) 1
2 2 2 n|1 2 +4 W,.

From the simple differential equation

ag 1
L T
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and a Taylor expansion of the right-hand side, it follows that 8° of (4.4) is an analytic
function of v, at least in the disc |v| <4. Conversely, » is an analytic function of B8°
in some neighborhood of the origin. These domains can be extended to domains
containing [0, c0).

With these values of A, B the mapping w+>t is regular at w = +w, and at w=0.
In fact it is regular in R and as a conformal mapping in a large domain Q of the
complex plane. We have the correspondences

(4.7) 1(£00) =+00,  t(£twy)=%£B,  1(0)=0.

More details on the mapping are given in the next subsection.
Using transformation (4.4) in (4.2), we arrive at the standard form

(4.8) F,(z,a)=T(a) e ™?U(a, b,x)= J. eI (1) d,
4]
with z=a, @ =2zB8% A =1-—b, B defined in (4.6) with v =x/a, and
1—e™™\* 'dw dw [e"-1\> -p°
(49) f(t)—'< t ) E’ dt—( t ) (ew___l)l_vew'

The function t(w) defined in (4.4) is an odd function of w. This easily follows from
rewriting (4.4) in the form

1 2
(4.10) Sytw W” — B

e’ —1 t

After these preparations the expansion of (3.2) can be constructed. The expansion
holds uniformly with respect to 8 € [0, ©); that is, uniformly with respect to x € [0, ).

The asymptotic nature of the expansion follows from combining (3.20) and (3.17).
For this particular case we can derive an upper bound for M,(B) of (3.16). The t-values
on the circle are written as t= g +7V/B+1, with || =r, r fixed. When B and v are
large, we derive from (4.6) B = v/4+In+/v+ 0(1). So, for large values of 8, we obtain
(using (4.10)) t+B*/t—v/2=w+v/(e” —1)=In v+ 7+ 0(1). That is, w~In ». Then
it follows from (4.9) that f(t)=0(B"*™*), te C,. Consequently, we can find a fixed
number K, such that

(4.11) M, (B)=K(B+1)/**,  Be[0,00).

To conclude this subsection, we give the first coefficient ao(B) of (3.2). A few
calculations based on (4.9) and I’"Hdpital’s rule yield

daw =+/2tanh (w,/2)/B.
dt 1=x8
So we obtain
(4.12) ay(B) = 2tanh(wO/2)/l3<l_; 0) :

4.2. Analytical properties of the mapping (4.4). We now consider the mapping
(4.4) in more detail. We restrict w to the strip

(4.13) H={w|RweR,Swe[—m, ]},

and we prove the following. .
THEOREM 4.1. Let Q be the image of H under the mapping w1 dfzﬁned in (4.4).
Let ve[0,c0) and let A, B be defined by (4.6). Then t(w, B) is analytic in H.
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In the following proof we show that t(w, 8) and w(t, B) are analytic in a fixed
neighborhood of (0, 0). Accordingly, we concentrate on small (complex) values of the
parameters. For remaining values the proof is much easier. For instance, when B is
bounded away from zero, the critical points t = +8 and the pole at t = 0 of the right-hand
side of (4.4) are well separated. The preparations for applying the Implicit Function
Theorem mentioned below are more straightforward then.

Proof. From (4.6) it follows that

wo=B[1+0(1)], v=pBY1+0(1)] asB->0.
Recall that t(w) is an odd function of w (see (4.10)). We introduce a function y = y(w, 8)
by writing
(4.14) t=w[£+(w2—w§)y].
Wo

This matches the points w =01 =0 and also the critical points w =£tw, &St ==x8;y
is an even function of w and should vanish with 8. Substituting (4.14) in (4.10), we obtain

! — 2 2 2
%%-&ﬁ(l—-%)+(w2—w§)<1-:£>y—w (W= wj)?y*=0,
where ¢(w)=w/(exp w—1)—1+w/2. We expand
¢(W)—¢(Wo)__ g 2 2ys—1 _B—WO
w'—wj —SE, blwi=wo)™, b= vwy

Since ¢(w) is analytic if |w| <2, the series converges if 8 and w are small. Finally,
we obtain the equation F(y, w, 8) =0, where F is given by

2 L nt - T oo (1-2) y- iy

Wo s=2 s=1 wO
The series represents analytic functions of w, w,. When B is small, w, is an analytic
function of B (see (4.6)). Hence, F is analytic in a fixed neighborhood of (0, 0,0),
F(0,0,0)=0, and F,(0,0,0)=—1. After these preparations we can use an Implicit
Function Theorem (see, for instance, [1, p. 36]) and solve for y(w, 8); it is analytic
ilz a ;i;)wd ngghborhood of (0,0). By using (4.14) it follows that the same holds for
t(w, B).

The first terms in the expansion

1w, B)=ci(B)w+cs(B)w’+- - -
easily follow from (4.10). We have

cf-*--B——cl—-——

N

a®)=E, @)=

s
14

THEOREI.VI 4.2. The mapping (4.4) is univalent in H.
Proof. First we show that the mapping is univalent on

Zi={w=u+iv|lueR,v= 17},

which is the upper part of the boundary 6H of H. We write t = r e®®. The image of &,
in the z-plane is defined by the equations

2

(4.15) 7 =rsin 0(1—%), Y(u)=3(0),




UNIFORM ASYMPTOTIC EXPANSION 251

where
Y(u)=v/2+u—v/(e"+1), <I>(0)=rcosﬁ(1+€—:).

The first equation in (4.15) defines a curve given by
m>+48%sin’ 0
2sin 0 ’

+
r(8) == 0<6<m

It follows that r> 7 /sin 6. Furthermore, we have
Y(—0) =P(7) = —c0, ¥ (+00) = P(0) = +oo.

The function ¥(u) is one-to-one on R. The same is true for ®(8) on (0, ), but the
proof requires a little extra work. We have, using the first equation in (4.15),

dr_ rcos 6(r*—B?)
d6~  sin6(r*+B%

It follows that

(416) d<I>(0)=_sin 0(rj+ﬁ2)[r2+(ﬂ>2],

de r de

which shows that ®(6) is one-to-one on (0, 7). We infer that for each value ucR we
can find one and only one value 0 € (0, 7), such that ¥'(u)=®(6), and, hence, one
and only one value r(6). Since #(w) is an odd function of w (see (4.10)), the mapping
w>t is one-to-one on dH. When Rw > +00 we have w~ t. Hence the mapping t(w)
is also one-to-one as w00, we H. We now consider a large closed rectangle ABCD
of which upper side AB and lower side CD are finite parts of H, and BC and AD
are far away to the right and to the left, respectively. From the above arguments it is
not difficult to conclude that the mapping is univalent on BC, AD, and on the whole
Jordan curve ABCDA, provided that the vertical sides are far away. Then we use a
well-known result of complex function theory, which says that consequently the
mapping is also univalent in the interior of rectangle ABCD, since it is analytic there.
See [3, Vol. II, p. 118]. We can take the finite rectangle as large as we please. Thus
the result also holds for H. O

For the uniform expansion of (4.8) we take ) as the image of the strip H under
the mapping w—t. From f(t) defined in (4.9) it follows that (3.13) is bounded in Q
if p=1—A and that M,(8) of (3.16) is well defined. There remains to show that the
radius of convergence Ry of the series in (3.1) satisfies (3.12). It appears that we must
take k =1. In fact, we show that Q contains a disc around 8 with radius pvB+1 (p
fixed), for all 8 =0. The points of intersection of the circle with radius r around the
point t = 8 with the curve defined by the first equation of (4.15) are governed by the
equations (we write t = o+ ir)

2
(e-prer=r, w=r(1--£=) m

‘When we require that the circle is tangent at the curve we have the extra condition

o=B 20(r—)*
r wpP+2r(r—m)
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This equation is obtained by equating dr/ do of both equations and eliminating *+a?
by using the second one. For large values of 8 the solution of these three equations reads

r=a+aVB[1+0(1)], oc=B8+bv/B[1+0(1)], r=cvB[1+0(1)],
with a=b=v#/2, c=.

This shows that Q is large enough to apply Theorem 3.2. From a further analysis
it follows that the value k =3 is best possible in this case. Apart from the real critical
points £w, given in (4.5), which are regular points for the mapping, we have other
ones located at twy+27ni, n=1, 2, - -. For large values of 3 those are mapped at
a distance 0(v/8) from the critical point t= .

Remark 4.1. The behaviour of f(z) of (4.9) in the left half-plane St <0 is quite
different from that in i ¢> 0, except when A = 1. Consequently, the approach of § 2 is
less attractive. See also Remark 2.1.

Remark 4.2. When b =3, (4.1) is a parabolic cylinder function, and the functions
Q.({) defined in (3.3), (3.5) are elementary functions (A =3). Then (3.2) gives an
expansion of the parabolic cylinder function D,(z), as v - —00, which is uniformly
valid with respect to z € [0, ©).

5. A second uniformity parameter. In this section we consider (1.1) with A as a
second uniformity parameter in [0, ). Thus we take further advantage of the fact that
the modified Bessel function is a function of two variables. In this case it is convenient
to put the reciprocal gamma function in front of the integral. So, now we write

__1_ * A-1 —zt—a/t
(5.1) FA(z,a)—r()‘)J; t* e f(t) dt.
In [5] we considered (5.1) with a =0, again with z—> 0 and A as a uniformity parameter
in [0, ). In [6] we applied the present method for a loop integral (without proofs)
to the case of Laguerre polynomials.

We write A = uz. The critical points of the integrand are now defined as the points
where the derivative of ¢+ %/t~ In t vanishes. This gives the real critical points

_pE T

2 b
.Observe. that also in this case one of the real saddle points is outside the interval of
Integration, and that the “phase function” that is used to compute the critical points

has a logarithmic singularity at t = 0. The two critical points coincide with this singular-

ity when B and u both vanish. At the same moment, however, the logarithmic singularity
disappears.

First we construct an expansion by using the integration by parts procedure of
§ 2. The modification of (2.1) is

(5.3) f()=cotdo(t—1,)+(t—p — B2/ t)h(1).
Using this in (5.1) we obtain, after repeating the procedure,

(5.2) t. T=vu?+482.

n-1 n—
(5.4) F(z,a)=C(z,8,u) ¥ ¢z +D(z,B, ) Z] dz"°+z""R,.
§s=0 s=0

The functions in front of the series are again combinations of Bessel functions as in
(2.2). We have

28* A
Clz,B,u)= T(\) K, (2B2), D(z, B, ) =% (K, 1(2B2) - 1. K, (2B2)].
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icients c;, d, follow from the recursion relation
2

o()=f(1), fu(t)= t% he_i(t)= cs+ds(t—t+)+(t—u—ﬁ7) hy(2),

ty)—J(t-
's=j;(t+), ds=f( +) f( )'
t.—t_
Ander R, in (5.4) can be written in the form

l s o)
R, J e I (1) dt.

T Jo
can be constructed by using constants o,, M, satisfying (2.10), and using a

BZ ﬂ.’Z
w, (1) =exp <0'(t+T—p. Int— t+-t_+'u, In t+))
-+

, asin (2.11), for all >0
£, (D] = M| £, (L)l w,, (1)

obtain
IR =M, |f.(t)|C (2, B, ),  z>0n,

é(z, B,pn)=C(z—o0,, B, 1n)exp (-—a,, <t++€——,u, In t+)).

“t,) =0, a slight modification is needed. An optimal value of o, follows from

od described in § 2.2.
analogue of the expansion of § 3 is obtained by substituting

)
=

(S)(

f0="S alBm-L) + R BRIt 6=

stain

n-1
Fi(z,a)=2z"" [ Y (B, p)Pz 7+ Eu(z, o, /\)Z'"],
s=0

o 2
En(z,a,z\)=z“"j t*“‘(t—u)"Rn(t,ﬁ,u)eXp<—Z(t+tﬂ )) dr,

4]
z)u-s -] et ( (t+ﬁ2)>
= -1 - dt
P, T s TN t—t) exp\ —z .

_2ZA+SB)\ s s _ o
B F()\) ,-éo(r>( t+) BK)\+r(2BZ).

on relation for P, follows from the above integral representation.

. A+s © t+ 2
P,—.:Z J 7t =t exp (—-z( tB )) dt
]

r(x)

A+(s—1)/2 2 2 27— (s+1)/2
n B B +t+] (s+1>
~— - +— —_— r'f—— as >0,

T(A) exp( ”(l ti))[ 21 2 K

i
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where 1 = zt... Since z is the large parameter, 7 is large if at least one of the uniformity

parameters 3, u is bounded away from zero.
The coefficients ¢, and the remainder R, can be written as

L[ S 1 f(7)
o(Bu)=5— L’ Ty RBw=5 L’ T

where C, is a circle around t, with radius r(1+1,)*, k=3, r>0. We accept that f
depends on both uniformity parameters B, u, and we assume that the domain of
analyticity Q) is large enough to contain such a circle for all 8, u = 0.

As in § 3 we have the following theorems. The quantity M, (B, u) is defined as in
(3.16); we also assume that (3.13) is bounded for all B, u €[0, ).

THEOREM S5.1. Let n=zt,, k =3, and let fors=1,2, - - -

_Mr(B,Pv) (1+7’)(s—l)/2 Ej >[32+ ti]—(s+l)/2
O CVEETR ("’(”ti) 2 :

Then {x,} is an asymptotic scale as z o, uniformly with respect to B, u € [0, ).
THEOREM 5.2. The expansion

(5.9) 2*F(z,a)~ ¥ ¢(B, u)Pz™%; {xs} asz-oo,
s=0

is a uniform asymptotic expansion as z - %, uniformly with respect to B, u €[0, ).
A bound for the remainder E, of (5.6) can be constructed by combining the
methods used for (3.30) and the above estimate for the remainder of (5.4).

S.1. Application to a confluent hypergeometric function. Our starting point is (cf.

(4.2))

E(_a_)_ U(a,1-A, x)

r'(a)
1 (® 1 — v dw
—_—I‘(A)J‘O exp( z[ pln(l-e )+W+ew-1:|)1—e‘“”

with z=a, u=A/z, v=x/z The real critical points of the “phase function” are

pLtvE W)

(5.10)

(5.11) W¢=1n<1+ , W=(u+r)+4r.

The transformation to the standard form (5.1) reads

2
—t+gt——,u,ln t+A;

e" -1

(5.12) —pln(e” =1)+(u+1)w+—2

.A, B are determined by substituting w, and 1., where t, are the critical points defined
in (5.2). We have the correspondences

1(£00) = £00, twe)=t., t(0)=0.

Obs§we that the introduction of a second parameter (here in the form of u) does not
require a third constant in the equation (5.12). It has the same number of constants
as (4.4). In fact, in order to obtain a regular mapping w1, the constants multiplying
the log-functions in the left- and right-hand side of (5.12) must be the same. We assume
that the log-functions take their principal branches.
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Elimination of A from the two equations (5.12) (with w=w,, 1=1,) gives a
relation for the unknown parameter 8 in terms of u, v:

2+ ut+rv+ W W+u+v T+pu
- +W=2T-
24 pu+v—-w MnW—/.L"V 2T #lnT-—p..

By considering u €[0, ) as a fixed parameter, we obtain a more transparent relation
for B(») in the form of a differential equation:

() _BW
dv 2T’

The value of A follows from (5.12) by substituting w=w,, t =t,. We have

ntvt W__/.L +v-W
p+T 2

(5.13) (u+1)1In

(5.14) B(0)=0.

A=(p+1)w,~uln

Using (5.13), we can eliminate W/2— T and we obtain

1 B’
(5.15) =E[(,u,+1)ln(/¢+l)+p,ln-y——p.—v:l.

The transformation (5.12) is discussed in the next subsection. By using it in (5.10)
we obtain the standard form (5.1):

e**I'(a) 1 J’w
F, =7 _ —_ Pl el dt
A (2, @) T U(a,1-2,x) T ), e S(1) dr,
where z = a, a = zB%, B2 follows from (5.13) with w = A/z, v =x/z. Furthermore,
t dw e”(e”—1) e
1 )= g .
(5-16) Yo 1—e™ dt t (" =11 —(n+v)(e”"—1)-v

The first coefficient of (5.9) equals f(1,). A few computations give
col B, w)=e"/*NT[W.

The function f satisfies f(t)~t as t>+00, whereas f is exponentially small at —co.
This time we can also derive an expansion based on (5.4).

5.2. Analytical properties of the mapping (5.12). The mapping w— ¢t defined in
(5.12) is one-to-one on the strip H given in (4.13). First we prove this property for
the boundary. The proof is similar to that for Theorem 4.2. The equations for the image
of the upper part of 3H are given by (cf. (4.15))

2
=rsin 0(1—-%)—“0, Y(u)=>o(0),
where
2

a ®(0)=rcos 6(1+£i2-)—/.¢1nr.

e*+1’

V(u)y=—A+(u+1)u-

It follows that the image is given by

2 2 .2
r(0)=/.L0+7T+\/([.L0+7T) +4B° sin 0’ 0<f<m

2sin 6
The function ¥(u) is one-to-one on R. When we compute d®(8)/ d6, we ﬁr}d thfz same
expression as in (4.16). As in Theorem 4.2, we conclude that the mapping is univalent
on the boundary for all 8, u €[0, ).
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It remains to show that the mapping is analytic inside H. The interesting question
is: Is t(w) analytic at t=0, ¢=w,, uniformly with respect to the parameters v, u?
Especially interesting are small values of the parameters, since then the critical points
coalesce with the pole and log-singularity at w=0. When one of the parameters is
bounded away from the origin, the critical points w. are well separated. In that case
the problem is simpler. Here we prove that t(w, v, u) is analytic for complex values
of the three arguments in a fixed neighborhood of (0, 0, 0). The proof follows the idea
of §4.2.

First we have the following theorem.

THEOREM 5.1. B>= B*(v, n) defined by (5.13) is an analytic function of v, .

Proof. As remarked earlier, we concentrate on small values of the parameters. For
=0 the relation between v and B is given in (4.6), and we have mentioned there
that B*(»,0) is analytic in the domain of interest. On the other hand, we have the
expansion

BZ(V,M)~6‘1(/«L)V+C2(#)V2+C3(IJ«)V3+' -+ asv-0.

The coefficients ¢, are analytic functions of u. The first few easily follow from (5.13):

e(p)= et Dimmen/ut o 1+2u—21—4,u +0(u’) aspu-0,

. +2-2¢ 1
Cz(#)=c(#)[ﬂ e C(M)]=l—2+0‘(p«) as u~0.

Next we observe that the quantity T of (5.2) is singular at 8?=—u>/4 and that W of
(5.11) has singular points at v = v,, v =»,, where

(5.17) vo=—(u+2)+2vVu+1, v =—(u+2)—2vu+1.

It is obvious that the singularities at —u?/4, v, must correspond That is, a necessary
condmon for B* to be regular for small values of [ulis B*(vy, m)=—u?/4. Note that
~—p?/4 as u -0 and that (5.13) is satisfied when we substitute T= W =0.

We “remove” the singularity at » = v, from (5.13), and we introduce a function
X =X(q, n) by writing

T+u W—y.—v_l+\/EX
T—u Whptv 1-Jgx> I77 7%

(5.18)

In other words,

_EW-(+u)T
(5.19) ‘/‘;X‘WT_#(MM), T=u[W+(v+u)qX1/D,
D=v+u+VqgXwW.
Now we can rewrite (5.13) in the form K + L+ M =0, with

K=(W=2T)D=W(r—pu)+Vg X (v’ +4v - u?),

24 pt+rv+ W 1+VqZ
L=D(u+1)In—"——" 2 _ 2Tvg<
w+1) T r— D(p+1)1In 1Vaz’

T+ —u—
M=Du IEWp=r o 1+Vgx
T—p WHp+w 1-Vg X’
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where

_Ny=v Jgtu—y
24u+v g+2+utuy,

We expand K+L+M in powers of g. A first observation is that F(q X, u):=
(K+L+ M)/q is a function of g, X, u, the factor Vg being completely removed. We
expand F in powers of g. We have

F(q, X, u)=Fo+ Fiq+F,q*+- - -,

where F, (X, ) do not explicitly depend on g (or v). We compute

2V vo— v (vo+ +1
Fo=(vo—p)Vroy— v, —2u(ve+p) X + Yo ;l_’(f;:_}_'l:)(# )+2/.L(Vo+/.L)X.
0

It appears that Fy(X, w) =0, and that, hence, we can continue with the equation
G(g, X, u):=F/q=F,+ F,q+- - -=0. We claim that the equation G(g, X, u) =0 can
be solved for X = X (g, 1), and that X is analytic for small values of both arguments.
By calculating some limits, it follows from (5.18) or (5.19) that X (0, 0) = —3. This is
used to show that G(0, —3,0) = F,(0,0)=0. In order to apply an Implicit Function
Theorem (see [1, p. 36]), we need to show that G is analytic in a neighborhood of
(0, -3, 0) and that G(0, —3%, 0) =0, Gx (0, —1, 0) # 0. It is straightforward to verify that
G(g, X, ) is analytic in a neighborhood of (0, —3,0). Furthermore, Gx (0, — -1,0)=
dF,/6X =4 at (X, u) =(—3,0). We have shown that we can solve the equation G=0
and that the solution X (g, p) is analytic in a fixed neighborhood of (0, 0).

It remains to show that 82 is analytic. We consider T of (5.2) given in the middle
of (5.19). We are done when we have shown that u/D is bounded away from zero
when w is small, since then we can divide the denominator of T by u. From the above
result it follows that we can expand

X(q: ,LL) =XO(Q)+X|(‘I)I~L+' )

where the coefficients X, are analytic functions of g. From the first equation of (5.19)

we compute X,=—-1/vv—r,=—1/Vv+4. Hence
D=v+u+(v—rov v—1,Xo+t0(un)=0(un)

as u - 0. It now follows that T? is an analytic function of ¢, u in a fixed neighborhood
of (0,0), and, consequently, that 8” is analytic. This proves the theorem. 0

Remark 5.1. Tt is possible to base a proof on the differential equatlon (5.14). The
condition B(0) =0 is not enough to prove the theorem, since the ratio 8° 2/v (at v=0)
turns out to be undefined. Requiring that this ratio equals ¢;(u) is sufficient, however.

In Theorem 4.1 we expanded the functions of (4.10) at the critical points +wy,
and in (4.14) we used a representation of ¢ in which y can be viewed as a part of the
complete expansion. In fact, (4.14) is a change of variables. In the present case we
expand at the critical points w., and the expansions have the form

(5.20) S(w) = § [ag+wh V', V= V(w)=(w—w_)(w—w.).

When ¢ is sufficiently smooth, the coefficients ay, b, are uniquely defined. The first
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few are given by

Ywe— YW Y=y
=T s by = ’
Wi —w_ Wy — w_

_ ULyl =2b,

_bowo"‘l'fkw—“(lfl—-w-a— b, =
> 1 (W+—W_)2 s

v (W+"W—)2

where wo=w,+w_, and ¢, = ¢(w,), etc. For analytic functions the coefficients can
be represented as Cauchy-type integrals. We have

1 ke 1 k-

(5.21) ak=-—.J (w=wo) V7 (w)gp(w) dw, bk=——.J VR w) g (w) dw,
2 c 2 c

where C is a contour around the two critical points; ¥ must be analytic inside C and

continuous on C. This can be verified by substituting a new variable w= v+ wo/2.

Then we have

(P(W):f(D"'"Yz'g):Z cka+vaka, Ck=ak+% WObk-

By separating odd and even parts (with respect to v), and representing ¢, b, as Cauchy
integrals in the V-plane, we arrive at (5.21). (Note that a circle around the origin in
the w-plane is traversed twice in the V-plane.) For MacLaurin series the domain of
convergence is a disc. For expansions as in (5.20) the domain of convergence is defined
by |V(w)|<|V(w,)|, where w, is a singularity of ¢; this domain is bounded by a
Cassini’s oval with foci at w.. See also [7, Exercise 24, p. 149].

The parameter ¢ of (5.12) is represented in the form

(5.22) t=w[B+Cw+ V(w)y],

where B, C do not depend on w, and we require that the points {w_, 0, w,} correspond
with {¢_, 0, t.}. This gives for B, C the values

(5.23) B wit_—wit,  Lwo—tw,
wew_(w, —w_)’ wow (w,—w_)

The critical points w., t. are not analytic for small values of the parameters. However,
we have the following lemma.

LemMma 5.1. B, C, wow_, wo=w,+w_ are analytic functions of wu, v in a fixed
neighborhood of (0,0). Moreover, B=1+0(1), C = 0(1) near (0, 0).

Proof. We use the notation of Theorem 5.1. We have wo=1In (1+u) and the
product w.w_is an even function of W. So the singularity in W = Vqvv =, is removed
when we expand w,w_ in powers of W. Using (5.2), we can write

(5.24) 20=——£_ [1—————”“”"””].
Wew_ Wi~ w_
We introduce a parameter 7 by writing
2
BZ=1J[E+(1J—D s =~£—=—Z~1—.
0)"7] 4v, 4

Then we have T=2VqVE+uvm; n=n(y ) is analytic in a neighborhood of (0, 0).
Next we use w. —w_ =In[(1+v4Z)/(1~/4 Z)]. Since the factor v/ can be removed,
we infer that the fraction T/(w, —w_) is regular. It is easily verified that the expression
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between square brackets in (5.24) vanishes when v—0 and that w,.w_= —vF, where
F=F(v, u) is analytic at (0, 0), with F=1+0(v+ ), as », u 0. This proves that C
is analytic at (0, 0); the factor w in the first fraction of (5.24) takes care of the vanishing
of C at (0, 0). A more detailed analysis shows that C ~—u/24, u >0, v =0. The proof
for B now follows from the representation B+ w,C =(t,—t.)/(w,—w_)=
T/(w.—w_). At v =0 this expression reducesto u/In (u+1) =1+ 0(w), as u > 0. |

CoROLLARY 5.1. Let i of (5.20) be analytic in a domain containing the points w..
Then the coefficients ay, by are analytic functions of the parameters u, v.

Proof. This follows from the fact that sum and product of w, occur in V(w) and
that the Cauchy-type integrals in (5.21) are analytic functions of w,+w_ and
Wow_. O

After these preparations we are ready to consider the following theorem.

THEOREM 5.2. The function t(w, v, i) defined by (5.12), with B* defined in (5.13),
is analytic in a fixed neighborhood of (0, 0, 0).

Proof. We write (5.12) in the form

(5.25) F(t, w, u, v)=tH(w) - S(t)=0,
where
e”—1 v s t
(526) H(w)=-—uln +(,u,+1)w+ew l—A, S(H)y=t"+8 —p.tln;;.
W _

Using (5.22) we can consider F as a function of w, with two known parameters u, v,
and one unknown parameter y. We expand F as in (5.20):

(5:27) F= T luctwo]Vi(w),
where the coefficients u,, v, do not depend on w and t; they do depend on y, however.
The first coefficients are
uo=—C*»%a—C?a*—aB*-2aBCbh+f,B+ gyaC - §°
+ ua(Ccy+ Bdy+ Cbd,),
vo=—2aBC — C?b*— bB?*+f,C +g,B—2C?ab—2b’BC +g,bC
+ u(Cady+ Bcoy+ Chey+ bBdy+ Cb*dy),
u,=—B*— C*b*—2aBy —2Cbay —2C*a+ foy +f,B—2BCb+g,C +g,aC
+ p(aBd, + Cbad, + Cac,+ Ccy+ Bdy+ Cbd,+ ayd,),
v,=—2bBy —2Cb*y —2BC —2Cay —2C?b+goy +/,C+g B+ g bC
+ w(bBd, + Cb?d,+ Be,+ Cad, + Cbe,+ Cdy+ yeo + byd,),
u,=—ay*+g,C+f,B+f,y—2By+g,aC — C>*~2Cby
+ u(Cac,+ aBd, + Bd, + Cc,+ yd,+ Cbd, + Cbad, + ayd,),
v, = g.bC — by’ +gy—2Cy+g.B+1£,C
+ u(Cb*d>+ byd, + Cbe, + Cad,+ Bey+ bBd,y + ye, + Cd)),

where a, b are defined by w>=a+bw+ V(w), i.e, a=—-w.w_, b=w,+w_ and the
coefficients ¢, di, fr, 8 occur in the expansions
wH(w)=fo+gow+fiV+ 81WV+f2V2+82WV2+ T,

InL= cotdow+ e, V+HdwV+ o Vi+dwVit: .
w
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The coefficients u,, v, vanish identically. This can be verified by straightforward
manipulations. It also follows from the observation that the representation (5.22) can
be viewed as a truncated expansion for ¢, in which the first coefficients B, C are defined
properly. If more coefficients D, E, - - - had been included in y (and defined properly),
more and more coefficients 1, v, would vanish identically. When using (5.22), only
a few coefficients will vanish. Although u,, v, contain the parameter y (also via ¢,
d,), these coefficients vanish too. Again, this can be verified by straightforward manipu-

lations.
It follows that we can proceed with the equation G =0, where

F(t3 w’ /“’7 y)

G=G(y9 W, i, V)= Vz(w)

The coefficient u, contains a term —2By, with B given in (5.23). From Lemma 5.1, it
follows that B is bounded away from zero when the parameters u, v are small. The
remaining contributions to u, containing the parameter y tend to zero as u, v— 0. All
coefficients u,, v, are analytic functions of u, v, and the convergent infinite series
(including coefficients v, and higher) represents a function of y, w, u, » that is analytic
in a neighborhood of (0, 0, 0, 0). Consequently, since 8G(0, 0,0, 0)/3y = —2, we can
solve for y and this solution is an analytic function of w, u, v in a fixed neighborhood
of (0,0, 0). The same holds for ¢ given in (5.22). 0

Remark 5.3. A simpler version (u =0) of the above theorem is considered in
Theorem 4.1. Another simpler version (v =0) is given by [5, Thm. 2.1].

We still have to show that Q (the image of strip H of (4.13) under the mapping
w1t defined in (5.12)) is large enough to contain a disc around t, with radius
p(1+1.)" k=3, p fixed. It is not difficult to verify that when B > u the proof runs as
in §4.2. If w is much larger than B, the situation improves, and we can take k = 1.

We conclude by computing a bound for the quantity M,(B8, n) used in (5.8), and
defined as in (3.16). The t-values on the circle C, are written as ¢ = t, + 71, + 1, with
|7|=r, r fixed. We assume that at least one of the parameters v, u is large. We have

B LB T(1+1,)

t+ ; plnt~t, + 0 1 ln t++t+(p,+T)

We denote the factor multiplying 7* by g. Observe that, roughly speaking, q belongs
to the interval [3, 1]. Using this in (5.12), we obtain

2+ 0(t3h).

w

e" -1

q72~-p, In

ew+_1+(y,+l)(w—w+)+v|: 1 1t :I

e”—1 e"—1

Denoting the right-hand side by /(w), we see that y(w, ) = Y'(w,) =0. A few computa-
tions give

" 2(v+ W)
wy)=l+——m—o =
viw.) (v+u+w)? L+o(1).
To solve the equation ¢(w) = g7> we expand ¢(w, + v) =30y"(w,)+- - - . We can take

the fixed number r as sm'all as we please. Then the solution of the above equation
reads w~w,+7v2q. Using this in (5.16), we infer that f(t)~4V/t./7, under the

condition that t € C, and that at least one of the parameters v, u is large. Consequently,
we can find a fixed number K, such that

Mr(Ba“’)éKVI-’-l*‘ ra V,[.LE[O,@).
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