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and coequations. For every automaton (X, «), we define two new automata: free(X, o)
and cofree(X, o) representing, respectively, the greatest set of equations and the smallest

ii{‘:)v;ﬁi set of coequations satisfied by (X, ). Both constructions are shown to be functorial. Our

Languages main result is that the restrictions of free and cofree to, respectively, preformations of

Algebra languages and to quotients A*/C of A* with respect to a congruence relation C, form

Coalgebra a dual equivalence. As a consequence, we present a variant of Eilenberg’s celebrated
variety theorem for varieties of monoids (in the sense of Birkhoff) and varieties of
languages.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, a deterministic automaton is a pair (X, «) consisting of a possibly infinite set X of states and a transition
function o : X — X#, with inputs from an alphabet A. Because of the isomorphism

KXxA—>X = X x4

a deterministic automaton can be viewed both as an algebra [1,2] and as a coalgebra [3,4]. This algebra-coalgebra duality
in the modelling of automata leads us to the following setting for our investigations:

In the middle, we have our automaton (X, «). Any function x: 1 — X represents the choice of a designated point, that is,
initial state, x € X. Dually, any function c: X — 2 gives us a (binary) colouring of the states in X or, equivalently, a set
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{x|c(x) =1} of final or accepting states. On the left side of our diagram, A* is the automaton of all words over A, with
transitions

a
vV——Vva

and with the empty word ¢ as initial state. Furthermore, every point x: 1 — X determines a unique homomorphism (that is,
transition preserving function)

v A*— X W Xy

that sends any word w to the state x,, reached from the initial state x on input w. Dually, on the right side of our diagram,
24" is the automaton of all languages over A, with transitions

L%La:{veA*mveL}

and colouring function €?, asking whether the empty word belongs to a language or not

1 ifeel
87(“:{ 0 ife¢l

Every colouring ¢ : X — 2 determines a unique homomorphism
0c: X =28 x> {weA* | c(xy) =1}

that sends a state x to the language that it accepts.

As it turns out, a pointed automaton (X, x, ®) is an algebra (and not a coalgebra); a coloured automaton (X, c,«) is a
coalgebra (and not an algebra). And a pointed and coloured automaton (X, x, ¢, &), which is what in the literature is usually
taken as the definition of ‘deterministic automaton’, is neither an algebra nor a coalgebra.

Now sets of equations will live in the left - algebraic - part of our diagram and correspond to the kernels of the homo-
morphisms ry; that is, sets of pairs of words (v, w) with x, = x,,. Dually, sets of coequations live in the right - coalgebraic -
part of our diagram and correspond to the image of the homomorphisms o.; that is, sets of languages containing o (x), for
every x € X. Satisfaction of sets of equations and coequations by the automaton (X, o) will then be defined by quantifying
over all points x: 1 — X and all colourings ¢ : X — 2, respectively.

The main contribution of the present paper will be the observation that equations and coequations of automata are
related by a dual equivalence. To this end, we will further refine diagram (1) as follows:

A* ——— free(X, ) ——— (X, ) ——— cofree(X, ) ——— A"

The new diagram includes, for every automaton (X, ®) a new automaton free(X, o), which will be shown to represent
the largest set of equations satisfied by (X, ). And, dually, we will construct an automaton cofree(X, o), which will represent
the smallest set of coequations satisfied by (X, o). The automaton free(X, o) will turn out to be isomorphic to the so-called
transition monoid from algebraic language theory [5,6] and as a consequence, cofree(X, ) can be viewed as its dual.

Next, we will show that the constructions of free(X, ) and cofree(X, «) are in fact functorial, that is, they act also
on (certain) homomorphisms of automata. If we then restrict the functor cofree to the image of the category of automata
under free, we obtain our main result: a dual equivalence. This dual equivalence relates, more precisely, two special classes
of automata: on the one hand, the class of quotients A*/C of the automaton A* with respect to a congruence relation C C
A* x A*; on the other hand, the class of preformations of languages, which in the present paper are defined as subautomata
of the automaton 24" that are complete atomic Boolean algebras closed under left and right language derivatives. As it
turns out, this duality is a lifting of the well-known dual equivalence between sets and complete atomic Boolean algebras:
on congruence quotients, cofree acts as the powerset construction, and on preformations, applying free amounts to taking
the set of atoms.

We then illustrate the dual equivalence between equations and coequations by applications to both regular languages and
non-regular ones, such as context-free languages. Furthermore, we will show how to use the duality to give (co)equational
definitions of interesting classes of languages, again not restricted to regular ones. We also present a variant of Eilenberg’s
celebrated variety theorem [2]. We replace pseudovarieties in the original work of Eilenberg by varieties of monoids (in the
sense of Birkhoff [7]). Further, we replace varieties of regular languages by varieties of languages, which are classes of formal
languages closed under some properties defined in terms of equations and coequations. Following the spirit of the original
result by Eilenberg, we prove that there is a one-to-one correspondence between varieties of monoids and varieties of
languages. Finally, we introduce the notion of equational bisimulation and a corresponding coinduction proof principle. For a
given congruence relation C, we can show that a language satisfies C and hence belongs to the corresponding preformation
of languages, by constructing a suitable equational bisimulation.
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Related work

The algebra-coalgebra duality of diagram (1) is a modern rendering of the duality between reachability and observability
of automata [8,9], which ultimately goes back to Kalman’s duality between controllability and observability in system theory
[10,11].

Our work builds on [12] and [13], using the combined algebra-coalgebra perspective on automata that was used there
to give a new proof and various generalisations of Brzozowski’s [14] minimisation algorithm. Our work is remotely related
to [15], where the same perspective plays a role, albeit in a rather different manner. None of these papers, however, - nor
for that matter any other paper we know of - discusses the relation between equations and coequations for automata.

We already mentioned that the automaton free(X, «) is isomorphic to the transition monoid of (X, &), which is usually
defined in terms of the function space XX. We define free(X, @) here by means of a product, because it allows us to define
cofree(X, o) using coproducts, making it the dual of the transition monoid. In Section 8, we shall discuss the connection
between our work and the approach of algebraic language theory [2,6], where the notions of the syntactic monoid (first
introduced by Rabin and Scott [16]) and congruence play a central role.

The way we have obtained the dual equivalence, namely, as a restriction of the (more generally defined) constructions
of free and cofree - or, in other words, the constructions of the syntactic monoid and its dual - seems to be new. For the
case of finite automata, our duality as such coincides with the use of Stone duality in [17, Theorem 1]. This is explained in
some detail in Section 10. This last section moreover discusses how our work connects with the duality results appearing
in Almeida [18,19], Pippenger [20], Gehrke [21,17] and Gehrke, Grigorieff and Pin [22]. Based on that discussion, Section 10
presents also some ideas for future research.

2. Preliminaries

Sets and languages

For a set X, we denote its cardinal by |X|. For sets X and Z we define X ={g|g:Z — X}. For sets X,Y,Z and
functions f: X — Y we define fZ: X% — YZ by f%(g) = f o g. We define the image and the kernel of a function f:X — Y
by

im(f)={yeY|IeX, [f)=y}
ker(f) ={(x1,%2) e X x X | f(x1) = f(x2)}

Let A be a (possibly infinite) alphabet, in all our examples fixed to {a, b}. We write A* for the set of all finite sequences
(words) over A. We denote the empty word by ¢ and the concatenation of two words v and w by vw. A language L over
A is a subset L C A* and we denote the set of all languages over A by

24 = (L|L C A%)

(ignoring here and sometimes below the difference between subsets and characteristic functions). For a language L C A*
and a € A we define the a-derivative of L by

Lo={veA"|avel}

and we define, more generally,
Ly={veA*|wvel)

In fact, L, and L., are also called right derivatives of L, in contrast to the left derivative of L, which we define by
dl={veA*|vaecl} ywL={veA*|vwel}

One readily verifies that the operations ( ),, and () of right and left derivatives commute with the Boolean operations of
(possibly infinite) union, intersection and complement, on languages.

Algebras and coalgebras
For a functor H : Set — Set, an H-algebra is a pair (S, @) consisting of a set S and a function « : H(S) — S. An H-coalgebra
is a pair (S, o) with « : S — H(S). We will be considering algebras and coalgebras of the following specific functors:

F(S)=54

G(S)=SxA
2xF)(S)=2x54
A+6G)(S)=1+(SxA)
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Automata
An automaton is a pair (X, ) consisting of a (possibly infinite) set X of states and a transition function

a: X — XA

In pictures, we use the following notation:

We will also write x, = (x)(a) and, more generally,
Xe =X Xwa=0a(Xw)(@)

We observe that automata are F-coalgebras. Because there is, for any A and X, an isomorphism
O): X=>XH > (XxA—>X) axa=aX))

automata are also G-algebras [23].
An automaton can be decorated by means of a colouring function

c:X—>2

using a basic set of colours 2 = {0, 1}. We call a state x accepting (or final) if c(x) = 1, and non-accepting if c(x) = 0. We call
a triple (X, c, ) a coloured automaton. In pictures, we use a double circle to indicate that a state is accepting. For instance,

in the following automaton
S~ OWBO-=t

b

the state x is accepting and the state y is not. By pairing the functions ¢ and o, we see that coloured automata are
(2 x F)-coalgebras:

(c,o): X —> 2 x XA
An automaton can also have an initial state x € X, here represented by a function
x:1—> X

where 1 = {0}. We call a triple (X, x, @) a pointed automaton. By pairing the functions x and ¢, we see that pointed automata
are (1+ G)-algebras:

[x,a] : 1+ (X x A) > X

We call a 4-tuple (X, x, ¢, @) a pointed and coloured automaton. We could depict it by either of the following two diagrams
1 \ / 2 1 \ / 2
X X
lXJ/ &T
X

xA X xA
Depending on the context we will be using on diagram or the other, the choice is just a matter of personal preference.
We observe further that pointed and coloured automata are simply called automata in most of the literature on automata

theory. A pointed and coloured automaton (X, x, ¢, &) is neither an algebra nor a coalgebra - because of ¢ and x, respectively
- which can be a cause of fascination and confusion alike.

Homomorphisms, subautomata, bisimulations
A function h: X — Y is a homomorphism between automata (X,«) and (Y, 8) if it makes the following equivalent
diagrams commute:
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h h
X—Y X—Y
XA — yA XXxXA——>Y xA

hA (h,ida)

An epimorphism is a homomorphism that is surjective, and a monomorphism is a homomorphism that is injective. A ho-
momorphism of pointed automata (X, x, «) and (Y, y, 8) and of coloured automata (X, ¢, @) and (Y, d, 8) moreover respects
initial values and colours, respectively:

X ——
o
~—n
Q

If in the diagrams above X C Y, and (i) h is subset inclusion
h:XCY

(and, moreover (ii) x =y or (iii) c =d), then we call X a (i) subautomaton of Y (respectively (ii) pointed and (iii) coloured
subautomaton). For an automaton (X, «) and x € X, the subautomaton generated by x, denoted by

x <X

consists of the smallest subset of X that contains x and is closed under transitions. We call a relation R € X x Y a bisimu-
lation of automata if for all (x,y) e X x Y,

(x,y)€R = VYae A, (Xg,Ya) €ER

(where x;, = «(x)(a) and y, = B(¥)(a)). For pointed automata (X, x,«) and (Y, y, 8), R is a pointed bisimulation if, moreover,
(x,¥) € R. And for coloured automata (X, c, @) and (Y,d, B8), R is a coloured bisimulation if, moreover, for all (x,y) e X x Y,

x,¥Y)eR = cx)=d(y)

A bisimulation E C X x X is called a bisimulation on X. If E is an equivalence relation then we call it a bisimulation
equivalence. The quotient map of a bisimulation equivalence on X is a homomorphism of automata:

X—2 S XJ/E

l [«

XA —Q (X/E)4

with the obvious definitions of X/E, q and [«]. If the equivalence E is a pointed bisimulation on (X, x,«) or a coloured
bisimulation on (X, ¢, ), then we moreover require, respectively,

1 [X] c 2
xl T[C]
X
h

with, again, the obvious definitions of [x] and [c]. For a homomorphism h: X — Y, ker(h) is a bisimulation equivalence on
X and im(h) is a subautomaton of Y. Any homomorphism h is equal to the composition of an epimorphism followed by a
monomorphism, as follows:

h

Xm

al l[a]
XA — s (X ker(h)h — 2y v

hA

B

— =
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with e(x) = [x] ={z € X | h(z) = h(x)}, and m([x]) = h(x). Note that X/ker(h) =im(h). The pair (e, m) is called an epi-mono
factorisation of h.

Congruence relations
A right congruence is an equivalence relation E C A* x A* such that, for all (v, w) € A* x A*,
(v,w) €E = Yue A*, (vu, wu) € E
A left congruence is an equivalence relation E C A* x A* such that, for all (v, w) € A* x A%,
(v,w)€E = Yue A*, (uv, uw) € E
We call E a congruence if it is both a right and a left congruence. Note that E is a right congruence iff it is a bisimulation

equivalence on (A*, o).

Products and coproducts of automata
Automata (are both G-algebras and F-coalgebras and hence) have both products and coproducts, as follows.

e The product of two automata (X, «) and (Y, B) is given by (X x Y, y) where X x Y is the Cartesian product and where

YrXxY)—>Xx4  y(xy))@=(a®@, B @)
e The coproduct (or: sum) of two automata (X,«) and (Y, B) is given by (X + Y, y) where X 4+ Y is the disjoint union
and where
a(z)(a) ifzeX

. A =
y:(X+Y)—>(X+Y) V(Z)(a)_{ B(@)(a) ifzeY

Pointed automata (are (14 G)-algebras and hence) have products, as follows. The product of two pointed automata (X, x, &)
and (Y,y,B) is given by (X x Y, (x,y), y) with (X x Y, y) as above and with initial state

x,y):1—>XxY

Coloured automata (are (2 x F)-coalgebras and hence) have coproducts, as follows. The coproduct of two coloured automata
(X,c,a) and (Y,d, B) is given by (X + Y, [c,d], y) with (X+ Y, y) as above and with colouring function

c(z) ifzeX

[c,d]: X+Y)— 2 [c,d](z):{d(z) ifzey

All of the above binary (co)products can be easily generalised to arbitrary families of automata.

Complete atomic Boolean algebras

A Boolean algebra B is called complete if every subset has both a supremum and an infimum, with respect to the ordering
defined by a <b < aAb=a. An element a € B is called atomic whenever, for all b € A: if b < a then either b=0 or b =a.
A Boolean algebra B is called atomic if every element b € B can be expressed as the supremum of a (possibly infinite) set
of atoms in B.

The class of all complete atomic Boolean algebras together with Boolean algebra homomorphisms forms a category
CABA. Every complete atomic Boolean algebra B is isomorphic to P (S), for some set S. (As a consequence, the cardinality
of a finite Boolean algebra, which is always complete and atomic, is a power of 2). More precisely, there exists the following
dual equivalence between the category Set of sets and functions, and the category CABA:

P
Set = CABA®P
N~
At
where the functor At maps a complete atomic Boolean algebra to its set of atoms.
3. Setting the scene

The set A* forms a pointed automaton (A*, €, o) with initial state £ and transition function o defined by
o: A" > (AHY  o(w)a) =wa (2)

It is initial in the following sense: for any given automaton (X, &), every choice of initial state x: 1 — X induces a unique
function ry : A* — X, given by ry(w) = x,, that makes the following diagram commute:
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1
X
P Yool5x
4 L;
id
(A x A--D oA

This property makes (A*, €, o) an initial (1 + G)-algebra. Equivalently, the automaton (A*, o) is a G-algebra that is free on the
set 1. The function ry maps a word w to the state x,, reached from the initial state x on input w and is therefore called the
reachability map for (X, x, o).

The set 24" of languages forms a coloured automaton (24", £?, 7) with colouring function £? defined by

* 1 ifeel
2:24 2(L) =
£?7: 2% =2 e?2(L) {0 ifedl
and transition function T defined by
724 S5 2% T =1L, 3)

It is final in the following sense: for any given automaton (X, &), every choice of colouring function c : X — 2 induces a
unique function o : X — 247, given by o.(x) = {w | c(xy) = 1}, that makes the following diagram commute:

2
c
Ta?
Oc
X-=--=----- » A
J/Ol lf
(00" .
XA____O _____ 5 (zA)A

This property makes (24", £?, T) a final (2 x F)-coalgebra. Equivalently, the automaton (24", ) is an F-coalgebra that is cofree
on the set 2. The function o, maps a state x to the language o.(x) accepted by x. Since the language o.(x) can be viewed as
the observable behaviour of x, the function o, is called the observability map.

Summarising, we have set the following scene for our investigations:

A¥=--------- P X ---mmmmm - » A"
Ul la lf
A A
(A*)A____(f)____>xA___££)____> (2A*)A

If the reachability map ry is surjective then we call (X, x, ) reachable. If the observability map o. is injective then we call
(X, c, ) observable. And if ry is surjective and o is injective then we call (X, x, ¢, &) (reachable and observable, or:) minimal.
Fixing the language L € 24", we obtain the following variation of the picture above:

where the lower L is in fact the characteristic function of L C A*, and where the homomorphism h satisfies h(w) = Ly,. As
a consequence, we have
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h(vy=h(w) & v =y W
where on the right, we have the celebrated Myhill-Nerode equivalence, defined by
V=Eun W & YueAf, vuel s wuel

A minimal automaton accepting L is now obtained by the epi-mono factorisation of h:

SJ( \
A — s A% fker(h) ———3 o
c J/E?
L 2

where x =q o ¢ and ¢ = &? oi. This minimal automaton is unique up-to isomorphism because epi-mono factorisations are.
And because A*/ker(h) =im(h), it is equal to

(L) < 2%

that is, the subautomaton of (24", T) generated by L. All in all we have obtained the following picture:

with r(w) =L, and i(K) =K, for all w € A* and K € (L). In this case, ker(r) = =yn.
In conclusion of this section, we observe that (L) is finite iff the language L is rational. This fact is a version [14,24] of
Kleene’s correspondence between finite automata and rational languages [25].

4. Equations and coequations

We will be referring to the situation of (4).
Definition 1 (Equations). A set of equations is a bisimulation equivalence relation E € A* x A* on the automaton (A*, o). We
define (X, x,«) = E - and say: the pointed automaton (X, x, o) satisfies E — by
X, x,a) =E & VY(v,w) €E, Xy =Xy
Because
V(v,w)€E, xy, =xy < E Cker(ry)
we have, equivalently, that (X, x, o) |= E iff the reachability map ry factors through A*/E:

1

where the homomorphisms (of pointed automata) q and h are given by
gw) =[w]  h(Iw]) =rx(w)

We define (X, «) = E - and say: the automaton (X, «) satisfies E — by
X, ) EE&Vx:1—> X, X,x,a) =E

S Vxe X, V(v,w)€eE, x, =xy O
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Note that we consider sets of equations E and that (v, w) € E implies (vu, wu) € E, for all v, w,u € A*, because E is -
by definition - a bisimulation relation on (A*, o). Still we shall sometimes consider also single equations (v, w) € A* x A*
and use shorthand such as

XaEv=w
to denote
X,x) Ev=w

where v= w is defined as the smallest bisimulation equivalence on A* containing (v, w). Furthermore, we shall use also
variations such as

X,o)E{v=w,t=u} & X, ) Ev=w A X,a)Et=1u
Definition 2 (Coequations). A set of coequations is a subautomaton D C 24" of the automaton (24", 7). We define (X, ¢, ) &= D
- and say: the coloured automaton (X, c, ) satisfies D - by
(X,c,x) ED & Vxe X, oc(x) e D
Because
Vxe X, oc(x) e D < im(oc) €D
we have, equivalently, that (X, c, @) |= D iff the observability map o, factors through D:

where the homomorphisms (of coloured automata) h and i are given by
h(x)=oc(x) i(L)=L
We define (X, @) =D - and say: the automaton (X, «) satisfies D - by
X, &) ED&Vc:X—>2, (X,c,a)=ED
SVe: X—>2,VxeX, oc(x) eD O

Example 3. We consider the automaton (Z, y) defined by the following diagram:

a

b

Here are some examples of equations:

Z,x,y)={b=¢,ab=¢,aa=a}
(Z,y,v)={a=¢,ba=¢, bb =b}

Taking the intersection of the (bisimulation equivalences generated by) these sets, we obtain that
(Z,y)E {aa=a, bb=b, ab=Db, ba=a}

The above set of equations or, again more precisely, the bisimulation equivalence relation on (A*, o) generated by it, is the
largest set of equations satisfied by (Z, y). For examples of coequations, we consider the following 2 (out of all 4 possible)
coloured versions of (Z, y):

a a

(Z,c,y) = b @.@ a (Z,d,y) = b °.@ a

b b
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(Thus c(x) =1, c(y) =0, d(x) =0 and d(y) = 1.) The observability mappings o and o4 map these automata to

a a
im(oc) = b @.@ a im(og) = b @.@ a
b b

It follows that

(Z,c.y) E (@b, @bt}  (Z.d,y) E {00, b*o)T)
5. Free and cofree automata

Let (X, ) be an arbitrary automaton. We show how to construct an automaton that corresponds to the largest set of
equations satisfied by (X, «). And, dually, we construct an automaton that corresponds to the smallest set of coequations
satisfied by (X, o).

Definition 4. Let X = {x; | i € I} be the set of states of an automaton (X, o). We define a pointed automaton free(X, @) in
two steps, as follows:

(i) First, we take the product of the pointed automata (X, x;, @) that we obtain by letting the initial element x; range over
X. This yields a pointed automaton (I1X, X, &) with

X = ]_[ X, = xIXI

x1-X
(where Xy = X), with X = (x;)ies, and with & : [IX — (I1X)# defined component-wise
a((yiien(@ = ((Yi)a)iel
(ii) Next we consider the reachability map r;: A* — I1X and define:
Eq(X, o) = ker(ry) free(X,a) = A*/Eq(X, @)

This yields the pointed automaton (free(X, @), [€], [0 ]):

|

A* — free(X, o) nx

Ty
Note that free(X, ) =Zim(rz). [

Definition 5. Let X = {x; | i € I} be the set of states of an automaton (X, ). We define a coloured automaton cofree(X, o)
in two steps, as follows:

(i) First, we take the coproduct of the 21X coloured automata (X,c,«) that we obtain by letting ¢ range over the set
X — 2 of all colouring functions. This yields a coloured automaton (XX, ¢, &) with

TX= ) X
c: X—>2

(where X, = X), and with ¢ and & defined component-wise.
(ii) Next we consider the observability map oz: X — 24" and define:

coEq(X, o) = im(0z) cofree(X, o) = coEq(X, o)

This yields the coloured automaton (cofree(X, @), £?, T):
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2
&2

Te?

A

¥ X ——— cofree(X, o) A

0z
Note that cofree(X, o) = £ X/ ker(op). 0

The automata free(X, o) and cofree(X, o) are free and cofree on (X, o), respectively, because of the following universal

properties:
1 2

free(X, o) T) (X, o) (X, a) T) cofree(X, o)

For every point x: 1 — X there exists a unique homomorphism from free(X, @) to (X, x, &), given by the “x-th” projection
from the product IT1X to X. Dually, for every colouring c: X — 2, there exists a unique homomorphism from (X, c, o) to
cofree(X, o), given by the “c-th” embedding of X into the coproduct X X.

The main raison d'étre for the constructions of free and cofree is that they represent the sets Eq(X, «) and coEq(X, «),
which are, by construction, the largest set of equations and the smallest set of coequations satisfied by (X, «).

Proposition 6. The set Eq(X, «) is the largest set of equations satisfied by (X, «):
Eq(X,a) = U {E C A* x A*| E is aset of equations and (X, o) =E}
The set coEq(X, o) is the smallest set of coequations satisfied by (X, a):

coEq(X, ) = ﬂ {DC 27 | D is a set of coequations and (X,) =D} O
Proposition 7. The set of equations Eq(X, o) is a congruence on A*.

Proof. We already know that Eq(X, «) is a right-congruence. Let (v, w) € Eq(X, «) and u € A*. For a state x € X, we have

Xuy = (Xy)v = Ku)w = Xuw

(since equations (v, w) € Eq(X,«) hold in all states of X). It follows that (uv,uw) € Eq(X,«) and we conclude that
Eq(X, @) is a congruence. [

Applying the picture above to the minimal automaton (L) of a given language L € 24" yields the following refinement of

(5):

1 (6)
A* - free(L) (L) cofree(L) ———— 7A*
ls?
L 2
We already saw in (5) that ker(r) = =un, the Myhill-Nerode equivalence for L. Furthermore, it follows from Proposition 6
and Proposition 7 that
Eq(L) = ker(ry) = =, (7)

where =; is the so-called syntactic congruence of L, which is defined, for all v, w € A*, by

v=w ifandonlyif Vui,u;eA*, (uivuy el & uiwuy €L)
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Corollary 8. For a language L € 24", the congruences Eq(L) and =; coincide.

Proof. Let (v, w) € Eq(L) and let u; be an arbitrary word in A*. The language L,, is in (L) and satisfies the equation
Ly,v = Ly, w, that is, for any word u, € A¥,

(uz € Ly,v & u2 € Lyyw) equivalently, (uvup el S ugwuz el)

that is, (v, w) € =;. The other inclusion is proved similarly. [

Example 9 (Example 3 continued). We consider our previous example

a

b

The product of (Z,x,y) and (Z, y, y) is:

Iz, (x,y),y) = b

Taking im(r(x,y)) yields the part that is reachable from (x, y):

im(r,y)) = b

We know that free(Z, y) =im(r(,y)), which leads to the following isomorphic automaton:

free(Z,y) = » @ @ a

b
Since free(Z, y) = A*/Eq(Z, y), we can deduce from the above automaton that Eq(Z, y) consists of

Eq(Z,y)={aa=a, bb=>b, ab=>b, ba=a}

where the set on the right represents the smallest bisimulation equivalence - in fact, a congruence - on (A*, o). The set
Eq(Z, y) is the largest set of equations satisfied by (Z, y).
Next we turn to coequations. The coproduct of all 4 coloured versions of (Z, y) is



A. Ballester-Bolinches et al. / Information and Computation 244 (2015) 49-75 61

a a
= OWB OIS O G O-t
b b
(2z,¢,y) =
a a
S ONBOINE OWB Oz
b b

The observability map o : £Z — 24" is given by

0 (x1) [0 (¥1) [0z (%2) | 06 (¥2) | 0£(%3) |0£(¥3) |0p(X4) |0 (Va)
o | 0 |@b*|@b|b*a)T|b )| A* | A*

Since cofree(Z, y) =im(o;), this yields

@ @D

b
cofree(Z,y) =

a
R CE ot
b

The set of states of this automaton is cofree(Z, y), which is the smallest set of coequations satisfied by (Z,y). 0

Summarising the present section, we have obtained, for every automaton (X, «), the following refinement of our previous

scene (4):
1 vx ve 2 (9)
L T~ ]

A* — free(X, ) ----- > (X, o) ----» cofree(X, ) ———— A"
The automata free(X, @) and cofree(X, ) represent the largest set of equations and the smallest set of coequations satisfied
by (X, ). As we mentioned earlier, all of this applies to infinite X as well.

6. A dual equivalence

In this section, we shall first show that - when suitably restricted - the constructions of free and cofree are in fact
functorial, that is, they act not only on automata but also on homomorphisms. Next we shall see that by restricting the
functors free and cofree further still, they turn out to form a dual equivalence.

We will be using the following categories:

A the category of automata (X, o) and automata homomorphisms
A the category of automata (X, o) and automata monomorphisms
A¢: the category of automata (X, «) and automata epimorphisms

As it turns out, we can extend the definitions of free and cofree to monomorphisms and epimorphisms, respectively, such
that we obtain functors of the following type:

free: Ay — (Ae)® cofree: Ap — (A%

Here the superscript op indicates a reversal of arrows: for monomorphisms,

free(m)

X,0) —Z— (Y, 8) free free(Y, B) ———— free(X, o)
where free(m) is defined by

free(m)([Wleq,)) = [Wlgqx,0)
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Because m is a monomorphism, we have Eq(Y, 8) C Eq(X, o), which implies that free(m) is a well-defined epimorphism.
Similarly, for epimorphisms,

cofree(e)

(X, o) - 5 Y, B) cofree cofree(Y, B) ———— cofree(X, )

where cofree(e) is just set inclusion. Because e is an epimorphism, we have coEq(Y, 8) C coEq(X, «), which implies that
cofree(e) is a well-defined monomorphism.

6.1. The first theorem: congruence quotients

Next we introduce the category C of congruence quotients, which is defined as follows:
objects(C) = {(A*/C,[0]) | C € A* x A* is a congruence relation}
arrows(C) = {e: A*/C — A*/D | e is an epimorphism of automata}

where [o] corresponds to the quotient transition derived from the transition introduced in (2). We observe that C is a
subcategory of A, and that it is in fact a set: Cis isomorphic to the set of all congruence relations on A*, together with set
inclusion. That is, there exists a (unique) epimorphism e: A*/C — A*/D if and only if C C D.

Since congruence quotients come equipped with a canonical choice of transition function, that is, [o], we shall often
simply write A*/C for (A*/C, [o]).

Theorem 10. free(A ;) = C°
Proof. For every automaton (X, «), free(X, o) = A*/Eq(X, «) is a congruence, by Proposition 7. For the reverse inclusion,
consider a congruence C C A* x A*. One readily shows that

Eq(A*/C)=C

which implies free(A*/C) = A*/Eq(A*/C) = A*/C. This proves the theorem for objects. For arrows, we already saw that
free maps a monomorphism to an epimorphism of congruence quotients. Conversely, let e : A*/C — A*/D be an epimor-
phism. We define

m: A*/D — (A*/C + A*/D)
where + denotes the disjoint union of automata. Because
Eq(A*/C+A*/D)=CND
and because C C D, it follows that free(A*/C + A*/D) = A*/(C N D) = A*/C, which implies that free(m) =e. [

6.2. The second theorem: preformations of languages

We will be using the following notion of a preformation of languages.

Definition 11. A preformation of languages is a set V € 24" such that:

(i) V is a complete atomic Boolean subalgebra of 24,
(ii) for all Le24": if Le V then for all a€ A, both Ly e V and (L€ V.

We note that, being a subalgebra of 24", a preformation V always contains both ¢ and A*. [

Next we define the category PL of preformations of languages, as follows:
objects(PL)={(V,t) |V C 2" isa preformation of languages},
arrows(PL) ={m: V — W | m is an monomorphism of automata},

where 1 corresponds to the transition introduced in (3). The category PL is a subcategory of A,; furthermore, PL is in
fact a set and the arrows in PL are just set inclusion. Since preformations of languages come equipped with a canonical
choice of transition function, that is, 7 (right-derivatives of languages), we shall often simply write V for (V, 7).

The main result of this subsection will be that

cofree(C) = (PL)°P

which we shall prove in several steps.
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We begin with an elementary but useful property of colourings, which uses the following definition. For an automaton
(X, o) and state x € X, we define the following (“one-point”) colouring:

0x: X — 2, (¥V)=1& x=y

Lemma 12. For every automaton (X, o), state y € X and colouringc: X — 2,

oc(y) = | Jlos,(») | xe X and c(x) =1}

The states of congruence quotients are equivalence classes of words w € A*, that is, languages [w] C A*. The follow-
ing lemma shows that each of them occurs as the observable behaviour of the initial state [¢], under the corresponding
one-point colouring.

Lemma 13. For every congruence quotient A*/C € Cand every [w] € A*/C,
051, (€] = [W]
Proof. For all v € A*,

v €05, ([e]) & Swilel) =1 & [ely =[w] & [vlI=[w] & velw] [
The following lemma shows that all the observable behaviour of a congruence quotient stems from its initial state.

Lemma 14. For every congruence quotient A*/C € Cand every L € coEq(A*/C), there exists a colouring c: A*/C — 2 with
oc([e]) =L

Proof. If L € coEq(A*/C) then there exist a state [w] € A*/C and a colouring d: A*/C — 2 with og([w]) = L. We define a
new colouring c: A*/C — 2, for all [v] € A*/C, by

c([v) =d(wly)
Note that c is well-defined because C is a (left) congruence on A*. It now follows that
veoc(e]) € c(ely) =1 & c(v) =1 & d(wly) =1 & veoy(w]) & vel

which concludes the proof. [J
Combining the above, we obtain the following characterisation.

Proposition 15. For every congruence quotient A*/C € C,
COEq(A*/C) = {Le2? | L= U V forsomeV C A*/C}
As a consequence,

coEq(A*/C) = P (A*/C)

Proof. There is a trivial one-to-one correspondence between colourings c : A*/C — 2 and subsets V € A*/C given by V.=
c~1(1). Using Lemma 12 and Lemma 13, we obtain, as a consequence, that

oc([€]) = U{OSK([g]) | Ke A*/Candc(K)=1)}
= Ji{K| KeA*/Cand c(K) =1}

=ch

The first equality of the proposition now follows from Lemma 14. Since the languages L € A*/C form a partitioning of A*,
the second identity (isomorphism) follows. [

We are ready to prove the following.

Proposition 16. For every congruence quotient A*/C € C
coEq(A*/C) is a preformation of languages
with A*/C as the set of atoms.
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Proof. It follows from Proposition 15 that coEq(A*/C) is a complete atomic Boolean algebra, with A*/C as the set of atoms,
and containing A* and .

Because coEq(A*/C) is a subautomaton of (24", 1), it is closed under right derivatives.

In order to prove that it is also closed under left derivatives, consider L € coEq(A*/C) and w € A*. By Lemma 14, there
exists a colouring c: A*/C — 2 with L =o0.([¢]). We define a new colouring c,, : A*/C — 2, for [v] € A*/C, by

cw(lvD) =c(lvw])
(Note that ¢y, is well-defined because C is a (left) congruence on A*.) Because
veoe, (D) & cw(vD =1 & c(lvw) =1 & vwel & veyl
it follows that oc,, ([¢]) = wL. And because o, ([¢]) is in coEq(A*/C), so is wL. L[
Still on our way towards a proof of cofree(C) = (PL)°P, let us next fix a preformation of languages V € PL and show
that it is the image under cofree of a congruence quotient on A*. To this end, we define the following mapping:
n:A* — A(V) n(w) = the unique atom L € V withw € L
Because V is a complete atomic Boolean algebra containing A*, n is well-defined and surjective. We shall show next that it
is a congruence quotient of A*.
Lemma 17. The set ker(n) is a congruence on A* and hence 7 is a congruence quotient

n: (A%, 0) — (Au(V), [a])

Proof. It suffices to show that, for all v, w € A*, if n(v) = n(w) then, for all u € A*,
nuv)=n@w) and n(vu)=n(wu)

In order to prove the first equality, we assume 7(v) = n(w) and consider n(uv). Because uv € n(uv) we have v € n(uv),.
Because V is closed under right derivatives, n(uv), € V and because V is atomic, we have n(v) € n(uv),. We have the
following sequence of implications:

nw) Snviy = n(w) Snuv)y = wenv)y = uw env) = nuw) < nv)
The same argument will prove n(uv) C n(uw), which proves the first equality. The second equality follows by the same
argument, using left instead of right derivatives. [
There is also the following.

Lemma 18. Eq(V) = ker().

Proof. We have to show, for all v, w € A*, that
(forallLeV : Ly, =Ly) & nv)=n(w)

From ¢ € n(v)y, = n(v)y it follows that w € n(v) and hence 1n(v) = n(w), which proves the above implication from left to
right.

For the implication from right to left, assume 7(v) = n(w). Since V is a complete atomic Boolean algebra, it suffices to
prove that L, =Ly, for L € At(V), since (right) derivatives commute with unions. So consider u € A* and n(u) € At(V). For
all x e A*,

xenu)y = vxenu) = nw) =nvx) = nu)=nwx) = xenU)w

where the last but one implication follows from Lemma 17. This proves n(u), € n(u)w. The same argument proves the
reverse inclusion, which concludes the proof. [J

Combining the two lemmas above now gives the following.
Proposition 19. free(V) = (At(V), [0])

Proof.
free(V) = (A*/Eq(V),[0]) = (A" /ker(),[0]) = (At(V),[0]) [

Corollary 20. cofree o free(V) =V
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Proof. By Proposition 19, cofree o free(V) = cofree(At(V), [o']). And by Proposition 15, cofree(At(V),[c]) =V. [

Finally, we obtain the main result of this subsection.
Theorem 21. cofree(C) = (P L)%
Proof. The identity holds for objects, by Proposition 16 and Corollary 20. Furthermore, every epimorphism of congruence
quotients is mapped by cofree to the reversed inclusion of the corresponding preformations, and conversely, every inclusion
of preformations is easily seen to stem from an epimorphism of congruence quotients. [
6.3. The main theorem: free and cofree form a dual equivalence

We have obtained the following dual equivalence.

Theorem 22. The category C of congruence quotients is dually equivalent to the category P L of preformations of languages via the
functors free and cofree. That is,

cofree: C = (PL) :free

Proof. For a preformation of languages V,
cofree o free(V) = V

by Corollary 20. For a congruence quotient A*/C, we have
free o cofree(A*/C) = At(cofree(A*/C)) = A*/C

by Proposition 19 and Proposition 16, respectively. This proves the theorem for objects. One readily shows that this corre-
spondence extends to arrows as well. [

As a consequence of our Theorem 22 we deduce the following corollary

Corollary 23. For every congruence C in A* and every language L in 24",

L € coEq(A*/C) & C CEq(L).
Proof. If L € coEq(A*/C), then (L) is completely included in coEq(A*/C). By Theorems 10 and 22 there exists an epimor-
phism from A*/C to free(L), that is, C € Eq(L). On the contrary, if C C Eq(L), there exists an epimorphism from A*/C to

free(L). By Theorem 22, coEq(A*/Eq(L)) is completely included in coEq(A*/C). Recall that the colouring §; : A*/Eq(L) — 2,
given by § ([w]) =1 iff w € L, is a well-defined function and the equation oy, ([¢]) = L holds, therefore L € coEq(A*/C). U

Corollary 24. Let L be a language in 24", then L € coEq(A*/Eq(L)).

7. Ilustrating the duality

We illustrate the duality Theorem 22 with some examples.

Example 25 (Example 9, continued). We consider our previous example

a

b

for which we had computed

free(Z,y) = b
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We recall that the transition structure of the automaton free(Z, y) is inherited from the automaton (A*,o) and hence
satisfies

(W] —— [wa]
(In particular, transitions between these states are not given, as in (247, t), by right derivatives.) By Lemma 13, each of

the languages [¢], [a] and [b] can be explicitly computed as the behaviour of the initial state [¢], under the corresponding
one-point colouring. This gives:

free(Z,y) = »

By a computation similar to the one in Example 9, we obtain

Oz WO v
O='0 a

b
cofree ofree(Z, y) =
a
a,b
a,b b a
b

By Proposition 16, the automaton cofree o free(X, «) is a preformation of languages. In particular, it is a Boolean subalgebra
of 247, which we can represent as follows (indicating language inclusion by edges):

A (11)

(b*a)* At (a*b)*
cofree ofree(Z,y) = ‘ ‘
(b*a)* 1 (a*b)*

S

(Note that cofree o free(Z, y) = P (free(Z, y)). Since free o cofree o free = free, we obtain the following picture, in which we
have included an example of an epimorphism e and its image, to illustrate the action of free and cofree on arrows:

A*

N

(b*a)* At (a*b)*
| > X
(b*a)* 1 (a*b)*t
b @ \@ /

cofree

e Wm
]
free

(1)
SBO=t

|

() ”

ab 1/ \A+
ab @ NS
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(Although it is made superfluous by the duality theorem, it is an interesting little exercise to apply free to the automaton
cofree o free(Z, y) ‘by hand’, that is, by using the definition of free.) [J

Example 26. Here is an example of an application of the duality Theorem 22 to a language that is not regular. Let A = {a, b}
and let, for w € A%,

|w|g = number of a’s occurring in w
|w|p = number of b’s occurring in w

We consider the context-free language L defined by
L={weA"| |wla=>|wl}

Its minimal automaton (L), which is the smallest subset of 24" that contains L and is closed under right derivatives, looks
as follows:

where L, = {w € A* | |[w|q +n > |w|p}, for all n € Z. If we define a transition function « : Z — Z4 by ny =n + 1 and
np =n — 1, then we obtain an isomorphism (L) = (Z, ). It is easy to see that free(L) = (L). If we next define a transition
function B : P (Z) — P (2)4, for all K C Z, by

Ko=K+1={n+1|nek} Kp=K—1={n—-1|nekK}
then it follows that cofree(L) = (P (Z),8). [

Example 27. In this example, which is taken from [26], we shall illustrate how the duality Theorem 22 can be used for the
equational definition of interesting classes of languages. Let A = {a, b} and let ab = ba denote the smallest congruence on
A* containing the equation (ab, ba). It is easy to prove that, for all v, w € A¥,

(v,w)eab=ba & |v|g=|w|qand |v], =|w]p
As a consequence, languages [w] in the congruence quotient A*/ab = ba satisfy
[w]= {v e A" | vis apermutation of w}

(with the usual definition of permutation of words). By the duality Theorem 22, we have that V = cofree(A*/ab = ba) is
a preformation of languages. We now call a language L commutative whenever L € V. This terminology is justified by the
following equivalences:

L € V < Lis the union of permutation equivalence classes [w]
< (L) =ab=ba

The first equivalence follows from the fact that V is a preformation with atoms [w]; the second from the fact that free(V) =
A*/ab = ba, whence Eq(V) = ab= ba. [

8. Eilenberg’s variety theorem revisited

Eilenberg's variety theorem [2] is a celebrated result in computer science. It underscores the importance of varieties
of finite monoids or pseudovarieties in the study of regular languages. Eilenberg's theorem states that varieties of regular
languages are in one-to-one correspondence with pseudovarieties of monoids, that is, classes of finite monoids closed under
taking submonoids, quotients and finite direct products.

Scattered results in this direction appeared in the mid-sixties. Schiitzenberger [27], for example, proved that star-free
languages are in one-to-one correspondence with aperiodic monoids. The success of Eilenberg’s theorem relies on the gen-
erality of the result; he understood that finite aperiodic monoids are just an example of a pseudovariety. We can find further
instantiations of this result; the rational languages, for example, are associated with the variety of all finite monoids [2,25]
and the piecewise testable languages with the variety of finite J -trivial monoids [28].

Several attempts to generalise this result appear in the literature; see for instance [29-31]. These papers aim at extending
Eilenberg’s result by relaxing some conditions on the class of monoids or on the class of languages. A strong attempt to
embrace these results in a common categorical background was made in [15], where the authors introduced varieties of
languages in a category C, and proved their correspondence with pseudovarieties of monoids in a closed monoidal category
D, provided that C and D are dual on finite objects. In any case, all the results involve classes of finite monoids.
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In this section, with the Duality Theorem 22 we presented above, we will prove a variation of Eilenberg’s original variety
theorem: below, we will relate varieties of monoids, instead of pseudovarieties, and varieties of languages, which are now
defined in terms of properties of equations and coequations (see Definition 35 below). Although similar, the notion of
pseudovariety differs from the notion of variety introduced by Birkhoff [7]. A class of monoids is a variety of monoids if it
is closed under taking substructures, quotients and (not necessarily finite) products. Thus, infinite objects are allowed in a
variety. This section provides an interesting example of the expressiveness of the functors free and cofree. Moreover, the
results we present for classes of non-necessarily finite monoids subsume Eilenberg’s original variety theorem.

8.1. On transition monoids

In algebraic language theory (cf. [1,2,6,32]), regular languages are typically studied in terms of so-called syntactic monoids
and congruences. We recall that a monoid (M, -, 1) consists of a set M, a multiplication operation that is associative, and an
element 1€ M with m-1=1-m=m. For every set, there is the monoid (XX, -, 1x) defined by

XX={plgp: X—>X} Ix®=x ¢-Vv=vo¢

It can be used to define for every automaton (X, o) a pointed automaton
XX 1x,6) @)@ =¢Xq

where ¢ (x)q = o (¢ (x))(a), as usual. Now the transition monoid [32] for (X, «):
(trans(X, @), 1x, @)

is defined by trans(X, o) =im(r1,), where rq, is the reachability map of (XX, 1x, @):

1 Ix
Ix
8J/ \
S —

'z

Theorem 28. For an automaton (X, o),

(free(X, ), X, &) = (trans(X, @), 1x, @)
Proof. Let X ={xq,...,xy}. For every y € free(X, @) we define

Py X—>X o) =i

Then ¢(y) = ¢3 defines an isomorphism of pointed automata. [J

We have defined free(X, o) using the product space ITX rather than the function space XX, because it allows us to define
the automaton cofree(X, o) using the coproduct X X. As a consequence, cofree(X, ®) can be seen as the dual of free(X, @)
or, equivalently, of the transition monoid. If (X, &) = (L), the minimal automaton for a fixed language L € 24":

1

1x
&

A* ————— free(L) = trans(L)
Ty

then the kernel of the reachability map ry, is the syntactic congruence =; of L, as we already observed in (6) and (7).
Interestingly, the fact that free(X, «) carries a monoid structure (which it inherits from the concatenation of words in A*)
does not play any role in our proof of the duality between free and cofree.

8.2. Eilenberg’s variety theorem

We recall in this subsection the definitions used in the classical Eilenberg’s variety theorem, in order to better understand
the results and the notions we will present below.

Definition 29. A variety of finite monoids, or pseudovariety, is a class of finite monoids H satisfying:
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(i) every homomorphic image of a monoid of H belongs to H,
(ii) every submonoid of a monoid of H belongs to H,
(iii) the direct product of a finite family of monoids of H also belongs to H.

Definition 30. A variety of regular languages H is an assignment to every alphabet A of a family of regular languages satisfying

(i) For each alphabet A, H (A) is closed under Boolean operations and derivatives.
(i) If L is a language of H (B), then for each monoid homomorphism ¢: A* — B* the language ¢~ !(L) belongs to H (A).

Recall that the syntactic morphism is just the quotient homomorphism 7: B* — free(L) (see Corollary 8). At first sight,
no other relation with monoids seems to appear in the definition of variety of regular languages. Nevertheless, Eilenberg [2]
proved the following striking theorem.

Theorem 31. (See [2].) There is a one-to-one correspondence between varieties of finite monoids and varieties of regular languages.

In order to prove that result, Eilenberg associates with each variety of finite monoids H, the set H (A) of all recognisable
languages of A* whose syntactic monoid belongs to H. Conversely, to each variety of regular languages H, he associates the
variety of finite monoids H generated by the syntactic monoids of every regular language L in H (A), for a certain alphabet
A. These constructions define mutually inverse bijective correspondences between varieties of finite monoids and varieties
of regular languages.

8.3. A variant of Eilenberg’s theorem

We present in this subsection some algebraic definitions in order to prove a variant of Eilenberg’s variety theorem [2].
Here, varieties of finite monoids are replaced by varieties of monoids (as stated by Birkhoff [7]) and varieties of regular
languages are replaced by varieties of languages. The definition of variety of languages is given in terms of equations and
coequations.

Varieties of monoids

Definition 32. A variety of monoids is a class of monoids V satisfying:

(i) every homomorphic image of a monoid of V belongs to V,
(ii) every submonoid of a monoid of V belongs to V,
(iii) the direct product of every family of monoids of V also belongs to V.

There are two points in which this definition differs from that of pseudovariety (Definition 29). One is that all monoids
in V are not assumed to be finite. The second one is that V is closed under arbitrary direct products. Birkhoff proved two
main results; the characterisation of varieties by sets of identities and the closure conditions a class of algebras must satisfy
in order to be a variety. To simplify some proofs below, we will work with subdirect products.

Following [33, p. 78], we say that a monoid M is a subdirect product of the product of a family of monoids {M; |
iel} if M is a submonoid of the direct product [];.; M; and each induced projection m; from M onto M; is surjective.
A monoid M which is isomorphic to such a submonoid P is also called a subdirect product of the monoids {M; | i € I}.
The following theorem of Kogalovskil [34] (see also [35,36]) characterises varieties of monoids in terms of quotients and
subdirect products.

Theorem 33. (See [34].) A class of monoids V is a variety if and only if it is closed under taking arbitrary subdirect products and
quotients.

Varieties of monoids are equationally defined classes of monoids [35,7]. For a monoid M, its residual with respect to a
formation of monoids V, written My, is defined as

My = ﬂ{C C M x M| Cisacongruence and M/C € V}.
The above family is not empty as the total relation Vyy = M x M is always included.

Proposition 34. If V is a variety of monoids, for every monoid M, the quotient M /My is a monoid in V.

Proof. Note that M/My is the subdirect product of the family of all quotients of M in V. Kogalovskii's Theorem 33 guaran-
tees us that this subdirect product is in V. [J
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Varieties of languages

Definition 35. A variety of languages V is an assignment to every alphabet A of a family of formal languages satisfying:

(i) for each alphabet A, if L is a language in V(A), then coEq(A*/Eq(L)) is included in V(A);
(i) for each alphabet A, if the family {coEq(A*/C;) |i € I} is included in V(A), then so is coEq(A*/(;¢; Ci);
(iii) for every two alphabets A and B, if L is a language in V(B) and n: B* — free(L) denotes the quotient homomorphism,
then for each monoid homomorphism ¢: A* — B*, the set coEq(A*/ker(1n o ¢)) is included in V(A).

We will see that varieties of languages are in one-to-one correspondence with varieties of monoids. Consequently, we
adopted the name “variety of languages” to emphasise this property. In the definition above, if V assigns to each alphabet
a family of regular languages and we replace the arbitrary family of congruences {C; | i € I} in item (ii) we can recover
the notion of variety of regular language (Definition 30) originally introduced by Eilenberg. Here, we require closure under
arbitrary intersection of congruences to mirror the respective closure under arbitrary products in the definition of variety of
monoid.

A variant of Eilenberg’s variety theorem
Proposition 36. Every variety of monoids V induces a variety of languages V.

Proof. Consider the assignment:
V: A+— coEq(A*/AY)

(i) Let L be a language in V(A) then by Corollary 23, Ay € Eq(L). It follows that coEq(A*/Eq(L)) is included in V(A).

(i) Assume that the family {coEq(A*/C;|i € I} is included in V(A), then Ay, € C; for all i € . It follows that Ay € () Ci.
By Theorem 22, coEq(A*/(;¢; Ci) is also included in V(A).

(iii) Now, let A and B be two alphabets, let L be a language in V(B) and let n: B* — free(L) denote the quotient homomor-
phism. Finally, let ¢: A* — B* be a monoid homomorphism. Since L is a language in V(B), we conclude that free(L) is
a monoid in V. Recall that A*/ker(n o ¢) is isomorphic to im(n o ¢) which is a submonoid of free(L). Since V is closed
under taking submonoids, we conclude that A*/ker(n o ¢) is a monoid in V. It follows that the residual Ay is included
in ker(n o @), thus coEq(A* /ker(n o ¢)) belongs to V(A).

Proposition 37. Every variety of languages V induces a variety of monoids V.

Proof. We take V to be the class of all monoids M that are isomorphic to A*/C for some alphabet A and some congruence
C on A* satisfying that coEq(A*/C) C V(A). We will use the characterisation made by Kogalovskil (Theorem 33).

(i) Let f: M — N be a surjective monoid homomorphism defined on a monoid M in V. Then there exists a set A and
a congruence C satisfying that M = A*/C and coEq(A*/C) € V(A). Let y denote the isomorphism between A*/C
and M. Then f oy: A*/C — N is a surjective monoid homomorphism. Moreover, C C ker(f o ) which implies that
coEq(A*/ker(f o y)) is included in V(A). Finally, A*/ker(f o y) is isomorphic to N, which implies that N belongs to V.

(ii) Now, let M be a monoid that can be expressed as the subdirect product of an arbitrary family {M; | i € I} of monoids
in V. Therefore, for each index i € I, there exists an alphabet A; and a congruence C; on A} satisfying M; = A}/C;
and coEq(Af/C;) € V(A)). Let us denote the corresponding quotient homomorphisms as 7;: A] — A7 /C;. Consider
the alphabet B = | J;.; A;. By the universal property of the free monoid, we can construct a monoid homomorphism
@i: B* — Af, for all i € I. Thus, n; o ¢;: B* — Af/C; is a surjective monoid homomorphism for all i € I. Denote the
congruence ker(n; o ¢;) by D;. As V is a variety of language, the set coEq(B*/D;) belongs to V(B). Note that M can
be expressed as the subdirect product of the family {B*/D; |i € I}. Since B generates each monoid in the family, M is
generated by B. It follows that M = B*/F for some congruence F on B*. Since M is a subdirect product of the monoids
B*/D;, we have that ();.; D; € F. Note that coEq(B*/();; Di) is included in V(B). By Theorem 22, coEq(B*/F) is

included in V(B) and, finally, M is a monoid in V. [

In order to prove our variant of Eilenberg's variety theorem, we shall use the following universal property of the free
monoid (see [37, p. 10]).

Proposition 38. Let y : A* — Q be a monoid homomorphism and n: P — Q be a surjective monoid homomorphism, then there
exists a monoid homomorphism ¢ : A* — P withnogp =1y.
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Theorem 39. The assignments V +— V and V +— V define mutually inverse correspondences between varieties of monoids and varieties
of languages.

Proof. Consider a variety of monoids V. The first correspondence gives us the variety of languages V that assigns to each
alphabet A the set coEq(A*/Ay;). Let W be the class of all monoids M that are isomorphic to A*/C for some alphabet A
and some congruence C on A* satisfying that coEq(A*/C) C V(A).

Let M be a monoid in V and let B be the set of generators of M. Then M = B*/F for some congruence F on B*. Recall
that By; is included in F, therefore coEq(B*/F) is included in V(B). We conclude that M is a monoid in W. On the contrary,
let N be a monoid in W, then N is isomorphic to D*/E for some alphabet D and some congruence E on D* satisfying that
coEq(D*/E) € V(D). By Theorem 22, Dy C E and N is a quotient of a monoid in V. We conclude that N is a monoid in V.

Now, let V be a variety of languages. The first correspondence give us the variety of monoids V which is defined as the
class of all monoids M that are isomorphic to A*/C for some alphabet A and some congruence C on A* satisfying that
CoEq(A*/C) S V(A). Let W be the variety of languages that assigns to each alphabet A the set coEq(A*/Ay).

Let L be a language in V(B), then coEq(B*/Eq(L)) is included in V(B). It follows that free(L) is a monoid in V. Hence,
By € Eq(L). By Theorem 22, coEq(B*/Eq(L)) is included in W (B). Note that L is always a language in coEq(B*/Eq(L)).

Now, let L be a language in W (B), then coEq(B*/Eq(L)) is included in W (B). By Theorem 22, By, € Eq(L), therefore
free(L) is a monoid in V. By definition of V, the monoid free(L) is isomorphic to D*/E for some alphabet D and some
congruence E on D* satisfying that coEq(D*/E) € V(D). Let n: D* — D*/E and &: B* — free(L) be the corresponding
quotient homomorphisms. Let p: free(L) — D*/E be the corresponding monoid isomorphism. It follows that y = p 0§ is
a monoid epimorphism from B* onto D*/E. By Proposition 38, there exists a monoid homomorphism ¢: B* — D* with
1 o ¢ = y. Summarising,

B* free(L)
: Y
(7 0
y* D*/E
D 7 /

As V is a variety of languages, the set coEq(B*/ker(n o ¢)) belongs to V(B). Note that L is a language in
coEq(B*/ker(n o ¢)). [

The steps on the original proof of Eilenberg’s variety theorem can be traced in the proof we just presented. However, in
our case, the existence of a relatively free monoid over a given alphabet simplifies most of the proofs. For a variety V of
monoids, since the residual Ay is the smallest congruence on any free monoid A* whose quotient is a monoid in V, the
preformation of languages coEq(A*/Ay) is the biggest preformation of languages over A whose syntactic monoid is in V.

Example 40. A monoid M is commutative if for all m,n € M, the equation mn =nm holds. The class of all commutative
monoids, denoted by C, is a variety of monoids that can be characterised using the identity xy = yx. For an alphabet A, the
residual of A* with respect to the variety of commutative monoids is given by

A¢=\/{ab=ba|a,be A}

where the right-hand side of the above equation denotes the smallest congruence on A* containing all congruences ab = ba,
for a,b in A. Every class [w] in A*/Ag is completely determined by the amount of different letters appearing in w. Thus,
it is easy to show that, for a finite alphabet A, the monoid A*/A¢ is isomorphic to the monoid NA, of all functions from A
to N. In the case of infinite alphabet, we should consider only functions with finite support. Following Example 27, we see
that a language L over A is commutative if L € cofree(A*/Ag).

9. Equational bisimulations

This section introduces the notion of equational bisimulation and we show how it can be used to prove that a language
satisfies a given set of equations. First of all, recall the following property on coloured bisimulations (see Section 2 and [3]),
which follows from the fact that 24" is a final (2 x F )-coalgebra.
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Proposition 41. (See [3].) Let R C 24" x 24" be a coloured bisimulation on (24", €?, 7). If (K, L) € R then K = L.

It follows that no non-trivial coloured bisimulation can be defined on 24". The above property is often called the coin-
duction proof method: in order to show that K = L, it suffices to define a coloured bisimulation R with (K, L) € R. We refer
to [3] for examples that illustrate the usefulness of this proof method. In [38], it is shown how variations on the above
proof method lead to surprisingly efficient algorithms for proving the equivalence of non-deterministic finite automata.

Here we generalise the notion of bisimulation for languages as follows. Let C € A* x A* be a congruence. We call a
relation R C 24" x 24" an equational bisimulation with respect to C, or C-bisimulation for short, if, for all (K, L) € R,

(i)eeK & cel
(ii) Y(v,w) eC, (Ky,Lyw) €R

We have the following corresponding proof principle.

Proposition 42. Let C C A* x A* be a congruence and let R € 24" x 24" be a C-bisimulation. For all (K, L) € R,

(i) K=L
(ii) (K) =C

Proof. Since (a,a) € C, for all a € A, any C-bisimulation is trivially also an ordinary bisimulation. Thus (1) follows from
Proposition 41. For (2), let (K,L) € R and consider any state K, € (K) and any pair (v, w) € C. Since (K,K) = (K,L) € R
and R is a C-bisimulation, and since (uv,uw) € C, it follows that (K, Kyw) € R. By (1), we have K, = K, and thus
(Ky)y = (Ky)w, which proves (2).

Example 43. Let K = aA* + b(a*b)* + b(b*a)*. We shall use Proposition 42 to show that K is commutative. Referring to
Example 27, we need to prove that (K) = ab = ba. Let
M=A* N=@b*+@®*'ot, 0=@b’+b*0)*
and let
R= {(K,K)}U {M,N, 0}?
Then R is an (ab = ba)-bisimulation. Thus (K) |=ab = ba, by Proposition 42. []

Example 44. For a next example, we return to the context-free language of Example 26:
L={weA"| |Wla=|wl}

and show that also L is commutative. Let L, = {w € A* | |w|, +n> |w|p} and let
S={{Ln,Ln) In€Z}

Then S is an (ab = ba)-bisimulation and thus (L) = ab = ba, by Proposition 42. [

10. Discussion

The work by Gehrke

We begin by relating our duality result to the work of Gehrke [17]. There all automata A =(Q, A, 6,1, F) are finite.
Consequently, the language recognised by A, denoted L(A), is regular. For a finite alphabet A, the concatenation operation
on A* gives rise to a residuated family of operations on the set of all languages of A* as follows. Complex concatenation on
P (A*) is given by

KL={uv|ueKandvel}
The residuals of this operation are uniquely determined by the residuation laws:
VK,L,M e P (A*) KMCL & MCK\L & KCL/M
In particular, for any word w € A*, the following operations coincide
{WhL = Ly and L/{w} = L

Since L is regular, the set {,Ly | y, x € A*} is finite (see [17, Proposition 1]).



A. Ballester-Bolinches et al. / Information and Computation 244 (2015) 49-75 73

Definition 45. (See [17, Definition 4].) Let A be a finite alphabet and L C A* a language over A. Let B(L) be the Boolean
subalgebra of P (A*) generated by the set {,Ly|x,y € A*}. We will call B(L) the quotienting ideal generated by L. More
generally a quotienting ideal of P (A*) is a Boolean subalgebra which is closed under the quotienting operations ( )y and
y() for all x, y € A*.

The following theorem is one of the most important results of [17].

Theorem 46. (See [17, Theorem 1].) Let L be a language recognised by an automaton. The extended dual of the Boolean algebra with
additional operations (B(L), \, /) is the syntactic monoid of L. In particular, it follows that the syntactic monoid of L is finite and is
effectively computable.

The next proposition states that the dual object to the syntactic monoid of a regular language L coincides with the
preformation of languages cofree o free(L) we described in the present paper. To prove it, we will use a previous lemma
stating that every class [w] in A*/Eq(L) belongs to the Boolean algebra generated by the set {,Lx|x, y € A*}.

Proposition 47. For a regular language L over an alphabet A*, the Boolean algebra with additional operations (B(L), \, /) and cofree o
free(L) coincide.

Proof. We will use the following abbreviation V = cofree ofree(L). Let (v, w) € Eq(L), then for all x € A*, we have that Ly, =
Lyw. Therefore, for y € A* we deduce the equations yLyy = yLxw. It follows that Eq(L) C Eq(yLy). By Corollary 23 Ly is
included in V. Since V is a variety of languages, we conclude that B(L) is included in V. Recall that for any pair of languages
K, M in 24", the equations K\M =(",,cx Mw and M/K = (,,cx wM hold. Hence, V is closed under residuals. Now, let [u]
be an element in A*/Eq(L). Since L is regular, every atom in V can be defined according to [39, Proposition 2.14] using
finitely many Boolean operations. Thus, it belongs to the Boolean algebra generated by the derivatives of L. It follows that
V is included in B(L). [

Recall that, for regular languages, the set B(L) is a finite lattice and it is, therefore, complete and atomic. We can say
that, for finite automata, our duality coincides with that obtained by Stone duality in Theorem 46. It is interesting to note
that our result emerges from a structural study of automata and, so far, no direct appeal to Stone duality is required.

Profinite techniques

Stone duality is used to obtain further stronger results for regular languages and finite monoids. The connection between
profinite words and Stone spaces was already discovered by Almeida [18,19]. However, it was Pippenger in [20] the first to
formulate it in terms of Stone duality. They both observed that the Boolean algebra of regular languages over A* is dual to
the Stone space A* of profinite words. This duality extends to a one-to-one correspondence between Boolean algebras of
regular languages and quotients of A*.

On the other hand, Reiterman [40]| showed that pseudovarieties of monoids are characterised by “implicit” identities that
they satisfy. “Implicit” identities are limits of sequences of the ordinary terms that appear in ordinary identities. Eilenberg
stated that pseudovarieties could be characterised by infinite sequences of identities, with each monoid satisfying all but
finitely many identities in each sequence. (Thus, aperiodic finite semigroups, for example, satisfy the identity x* = xk+1 for
sufficiently large k). The modern rendering of such intuitions appear in the work done by Gehrke [21,17] and Pin [22], who
take a further step in this direction showing that lattices of languages are precisely those classes of regular languages being
defined by profinite identities [22]. It follows from these works the strong connection between classes of regular languages,
finite monoids and sets of profinite identities. This approach is also very useful to establish effective decision procedures.

This correspondence strongly depends on profinite techniques. Recall that the profinite monoid A* can be constructed
both as the completion of an ultrametric defined on A* or as the projective limit of all finite monoids whose generators are
in A (see [22] and [41], respectively). Indeed, our results in the monoid side refer to objects (A*/C, for some congruence C
on A*) and the results on [20,22,21] and [17] refer to limit constructions (profinite monoid). Indeed, the monoid A* cannot
be written as A*/C for some congruence C on A* and, therefore, our results per se do not apply.

However, the ftigctorial approach we present here could be used to retrieve a similar situation. Projective limits (the
profinite monoid A*) and inductive limits (the set of all regular languages Reg(A*)) are categorical limits in which all
arrows involved are epi or mono, respectively. So far, we know that the category A, has inductive limits, whereas A,
require an additional argument to guarantee that the mediating map from the limit to the monoids is epi. At this point, it
seems necessary to appeal to topological arguments (see for instance [42, Lemma 3.1.27]). If such limits in both A,; and A,
exist, our equivalence will preserve both limits and colimits and we will retrieve a similar result on limit constructions. All
in all, this line of future work deserves further study.

The present paper already contains some contributions that encourage us to continue working along these lines. The
first relevant insight is that we are able to deal with infinite automata and non-regular languages. It lies in the fact that
the duality we find is the (conceptually simpler) discrete duality between sets and complete atomic Boolean algebras. The
latter duality is also used in [43], where it was lifted to a dual equivalence between deterministic automata and so-called
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Boolean automata. We hope to retrieve some of the results presented in the papers [18-20,22,21,17], specially Reiterman’s
characterisation in terms of profinite equations. Further limit constructions of non-necessarily finite monoids need to be
investigated.

A second useful approach we presented here is the categorical description of the duality presented in Theorem 22 and
its more manageable Corollary 23. Of special interest on its own is the variant on Eilenberg’s theorem we presented here
as an almost immediate consequence. The expressiveness of the functors free and cofree has been decisive in this proof.
Recall that the connection between varieties of languages (Definition 35) and congruences is explicitly presented from the
very beginning with the help of equations coequations. We want to understand further variants of Eilenberg’s result. We
are specially interested in the result achieved in [39], where varieties of finite monoids were replaced by the less restrictive
concept of formations of finite monoids. We hope that the version for varieties presented here could help us to achieve a
result on formations of non-necessarily finite monoids.

Because we are working within the algebra-coalgebra duality, we can use both algebraic notions, such as congruence,
and coalgebraic notions, such as bisimulations. Our notion of equational bisimulation, which is a generalisation of the
standard notion, seems to be new and so does the corresponding coinduction proof principle. Within this context of the
algebra-coalgebra duality, we also want to study the notions of varieties and covarieties of automata. In [44], some initial
results are mentioned but with the present duality in place, we expect that more can be said. The notion of equational
bisimulation and its corresponding coinduction proof principle deserve further study, both the present instance for automata
and its coalgebraic generalisations.

Finally, we want to investigate to what extent our duality can be further generalised to other dynamical systems, such
as Moore automata and probabilistic automata. The algebra-coalgebra duality as such has already been extended to such
automata in [12,13], leading to generalisations of Brzozowski’s algorithm. In addition, we plan to study the connections with
[45] and [46], where dualities for generalised rational structures have been studied.
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