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is clear that we can choose @ = 2 and e = 3, so that we have found two
pbounded ?2-seqpences, both with semi-period £ = 4 and multiplier a = 4.

e general terms are

+25.2 4
n, = 2%%¢J13%9 (§=0,1,...; e=2 or e=3)
J e+27
n4j+1 = 2 +2.?.1?
n,. . =2%"%J7.19
45+2 .
n = 2e+2 I3 ?2
45+3 * :

.ese sequences are listed in table 7.3 as follows:

terms characteristics

2™32%; n =2

2"7.17 monotonically increasing
287,19 case 1

23,72 2 =4

- a =4

22232,

1 the first column, the terms of the periodic part are given, together
_th the first term of the next period, so that the behaviour of the
squence is completely determined.

sme characteristics of the sequence are given in the next column, namely
the admitted values of the parameter(s),

whether the sequence is (monotonically) increasing or decreasing,

the case to which the sequence belongs,

the semi-period £,

the multiplier a.
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TABLE 7,3

Special aliquot ‘{‘k—sequences (k=1,2,3) belonging to the cases 1, 2 and 4

k=1

terms characteristics| terms characteristics

5 (m) 31 m =8 3(m)5(n)7 mz1,n =8

5(m-1) 37 mon. decr. 3(m) 5(n-1) 29 mon. decr.

5(m-2) 43 case 2 3(m)S(n=1)19 case 4

5(m-3) 7(2) 1 =28 3(m)5(n-1)13 1l=15

S5(m-4)7.13 a = 5(6) 3(m)5(n-2) 47

5(m-5)7.31 3(m) 5 (n-3) 149

5(m-6)11.41 3(m)5(n-3)7.13

5 (m-7) 769 3(m+2) 5(n-4) 7(2)

=——m=mmmme—e 3(m+2)5(n-5)7.29

5(m-6) 31 3(m+2)5(n-5) 181
3(m+2)5(n-6)19.29

2(m)3(n)5(i)281 mmn 21, i 23 3 (m+2)5 (n-6) 409

2(m) 3(n)5(i-1)1979 mon. incr. 3(m+2)5(n-6)13.19

2(m)3(n)5(i-1)47.59 case 1 3(m+3)5(n-6)67

2(m) 3(n)5(i-1)4139 1=28 3(m+3)5(n-7)11.19

2(m) 3(n)5(i-1)11.17.31 a = 5(2)

2(m) 3 (n)5(i-2)53959 3(m+3)5(n-5)7

2(m)3(n)5(i-1)29.521

2(m) 3(n)5(i+1)29.31 2(m)3(n)5.7.47 m,n = 1
2(m) 3(n) 2963 mon. incr.

2(m) 3(n)5(i+2) 281 2(m) 3(n)5.593 case 1
2(m) 3(n) 23.181 1l =19

5(m)11.13 m =9 2(m) 3(n)17.269 a = 3(3)

5(m~1)293 mon. decr. 2(m) 3(n)5147

5(m-2)13.23 case 2 2(m)3(n)19.271

5(m=3)521 1 =10 2(m)3(n)11.521

5(m-4)17.31 a= 5(8) 2(m)3(n)7.971

5(m-5) 821 2(m)3(n)5.17.103

5(m~6) 827 2(m) 3(n) 137092

5(m-7)7(2)17 2(m)3(n) 13711

5(m-8) 7.269 2(m)3({n+1)7.653

5 (m-8) 709 2(m) 3(n+1)71.83

S=m====cooo— 2(m) 3(n+1)6203

5(m-8)11.13 2(m) 3(n+1)5.17.73

2(m)3(n+1)7.11.127
2(m) 3(n+1)14797
2 (m) 3(n+2) 4933

2(m) 3(n+3)5.7.47




TABLE 7.3 (continued)

47

k=2
terms characteristics| terms characteristics
2(m)3(n)5.7(1)13.19 m,n,i =z 2 5(m)103 m =z 7
mon. incr. 5(m-2)11.59 mon. decr.
2(m)3(n+1)5.7(i)13.19 case 1 5(m-3)23.53 case 2
1=1 5(m-5)89.109 1 =4
a= 3 =—mmmmc=eee a = 5(3)
5(m-3)103
2(m)3(n)11.13 m=22,n2=3
2(m) 3(n-1)5.13(2) mon. incr. 3(m)5.7 m26
case 4 3(m-1)103 mon. decr.
2(m-1)3(n+2)11.13 1 =2 3(m-3)5(2)17 case 2
3(m-2)127 1=6
2(m) 3(2)7 m=z 2 3(m-4)521 a = 3(3)
2(m) 7.17 mon. incr. 3(m-4)233
2(m) 7.19 case 1 ============
2(m) 3.7(2) 1 =4 3(m=-3)5.7
Ermmmmmm—— a= 2(2)
2(m+2)3(2)7 2(m)5.89 m =z 2
2(m+2)5(3) mon. incr.
2(m)3(n)7(2)43 mz2z2,nz265 2(m)3(2)5.13 case 1
2(m+1) 3(n-1) 7.907 mon. incr. 2(m+1) 3.13.17 1=6
2(m+1)3(n-3)5.7.3089 case 1 2(m+1) 3.367 a = 2(3)
2(m+1)3(n-1)5.7(2)11(2) 1 =4 2(m+1)5(2)59
a= 3(3) P ]
2(m) 3(n+3) 7(2) 43 2(m+3)5.89
3(m)13.743 m=z 3 3(m) 7.101 m 2 10
3(m-1)11.13.113 mon. decr. 3(m-1)5.283 mon. decr.
3(m)5.13.59 case 2 3(m-2)43.73 case 2
3(m)5.13.53 l1=6 3(m-4) 7.2011 1 =10
3(m)13.239 a = 3(2) 3(m-6)5.11.19.79 a = 3(3)
3(m-1)13(2) 31 3(m-6)5.41.409
3(m-6)5.11.29.41
3(m-2)13.743 3(m-6)5.19.691
3(m-7)5.31.1051
3(m) 13.2459 m=z5 3(m-8) 386549
3(m-1)13.11.373 mon. decr.
3(m-2)13.5.11,157 case 2 3(m-3}7.101
3(m-2)13(2)17.41 1 =28
3(m-2)13.6311 a = 3(3)

3(m-3)13.17.619
3(m-2)13.43.53
3(m-2)13(2) 109

3(m-3)13.2459
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TABLE 7.3 (concluded)

k=3

terms characteristics | texms characteristics

2(m) 3.5 m =z 3 2(m) 3.7 m =>4

======= mon. incr. 2(m) 3.13 mon. incr.

2(m+1) 3.5 case 1 2(m+1) 3,11 case 1

l=1 2(m+1)3.19 1 =13
a=2 2(m+1) 3.31 a = 2(10)

2(m+1)3.7(2)

2(m) 3 m =7 2(m) 3.11.17

2{m-1)3(2) mon. incr. 2(m) 3.353

2 (m-4) 3.41 case 1 2(m+2)3.7.19

S========= 1 =3 2(m+2) 3(2)89

2(m+2) 3 a = 2(2) 2(m) 3(2)619
2(m-1)3.6361

2(m)3.23 m =z 3 2(m+2)3.1193

2(m) 3.37 mon. incr. ============

2(m+1) 3.29 case 1 2(m+10)3.7

T T 1l =3

2(m+2) 3.23 a = 2(2)

terms charact. texms terms

2(m) 2137 m 2 22 2(m=19) 7(2)11,159311 2(m-12)79.1693

2 (m=-2) 7487 decreasing 2{m-19)23.53.97169 2(m-12)61.1973

2(m-2) 6553 (not 2(m-19)13.281.32213 2(m-13)218249

2 (m-4) 22943 monotonic.)  2(m-18)13(2)29.12323 2(m-15) 763879

2(m-4)17.1181 case 2 2(m-11)13.59.677 2(m-13)167099

2(m-5) 39631 1= 096 2(m-11) 548591 2(m-14) 292427

2 (m—-5) 34679 a= 2(8) 2(m-11) 480019 2(m=-15)17.30103

2(m~4) 15173
2(m-6)53113

2(m-8) 185903
2(m~-8)47.3461
2(m-8) 148913
2(m-10)17.23.31.43
2(m-10) 619277
2(m-12)13.137.1217
2(m-9) 280591

2 (m-9) 245519
2(m-9) 214831
2(m=-9)11.23.743
2(m-9) 71.3011
2(m~9) 79.2441
2(m-9) 89.1949
2(m-10) 311203
2(m-11)13.41893
2(m=-12) 43,25819
2(m-12)59(2) 293
2(m-14) 3728173
2(m-16) 23.31.18301
2(m-16)13.67.15277
2(m-16) 13964963
2(m-17)11.2221699
2(m-17) 25549561
2(m-19) 23.569.6833

2(m-12)11.76367
2(m-12)79.11117
2 (m-12) 379.2083
2(m-12)67.97.107
2(m-12) 654067
2(m-13) 1144621
2(m-15) 43.151.617
2(m-15) 3743539
2(m-16)439.14923
2(m-16)151.38153
2(m-16) 29.176303
2 (m-16) 97.49529
2(m-17) 2683. 3203
2(m=-17)7.47(2) 487
2(m-17)1367.6577
2(m-17) 7.1125973
2(m-17)2129.4231
2(m-17) 2539.3109
2(m-14) 7(3)2521
2(m-14) 43.23879
2(m-14) 943303
2(m-10) 79.653
2(m-10) 193.241
2(m-11) 79.1051

2 (m-11) 74771
2(m-12)19.71.97

2(m-15) 7(2) 41.251
2(m=-14) 7(2)6397
2(m-16) 7.211619
2(m-16) 1692967
2(m-14) 11.131.257
2(m-14)11.35993
2(m-13)139.1489
2(m-12)92077
2(m-14)29.11113
2(m-15) 31.19541
2(m-15)439.1291
2(m-15) 499151
2(m-15)31.73.193
2(m-15) 424601
2(m=-17)11.135101
2(m-15)11,35311
2(m-15) 73.5563
2(m-14) 182953
2(m-16)11.23,2531
2(m-16)17.61.701
2(m-15) 37(2) 271
2(m-15) 113.3067
2(m~14) 349.443

2(m-8)2137
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CHAPTER 8

ALIQUOT f-CYCLES

The subject of this chapter is the study of (aliquot) f-cycles, for
special choices of f. This chapter is divided into three sections:
section 8.1 deals with f-cycles of length 1 (also called f-perfects), in
section 8.2 we treat f-cycles of length 2 (also called f-amicable pairs)
and in section B.3 we study f-cycles of length £ > 2. We notice that it
follows from the definitions in chapter 3 that any (2k+2)-free o-cycle is
an Mk-cycle (k=0,1,2,...), that any (k+1)-free o-cycle is a ‘Pk—cycle
(k=1,2,...), and that any (k+2)-free o-cycle is an Lk-cycle (k=0,1,2,...)
and also an Rk—cycle (k=0,1,2,...).

8.1 f-PERFECTS

8.1.1 £ =0

24 even o-perfects are known, the smallest being N=6 and the largest being
N = 2p_1(2p—1) with p = 19937 [38]. Whether there exists any odd perfect
number is not known at present. If one exists, it must exceed 10°° [191 M)
and contain at least eight different prime factors [20].

8.1.2 £ = o"

5 even c*—perfects are known, the smallest being N = 6 and the largest
being N = 2183 5%7.11.13.19.37.79.109.157.313 [36], [39]. It is easy to
prove that odd d*—perfects do no exist.

8.1.3 £ =¥,
.0

There are infinitely many ¥ -perfects, namely N = 2 (m,n=1,2,...), and

there are no other ones [41].

*) Recently, this bound has been replaced by 10100. See M. BUXTON &

B. STUFFLEFIELD, On odd perfect numbers, Notices Amer.Math.Socr,
22 (1975) A-543.
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8.1.4 £ =¥,

THEOREM 8.1 The only ¥, perfects are 6 and 2%7 (m=2,3,...).

PROOF. From the definition of ‘{‘2 it follows that

[ o o
N = 1 72 a s
PyPy---Pp 9y 93 ---9g

(Pl""'Pr’ql""'qs are different primes, all o, = 2) is a 1-I*’2--}_:>|erf.ect, if
and only if

2 2 2
(8.1) N : = piD,...P G 5. -

is 'Fz—perfect. But N is 3-free, so that ‘l’zfﬁ) = o(N). B
Therefore, we look for numbers N of the form (8.1) which satisfy o(N) = 2N.
The only even numbers with this property are 6 and 28. If N is odd, then
it is well-known that r = 1 and p, = 1 (mod 4). Since STEUERWALD [35]
proved that these numbers N = pqu...qg cannot be o-perfect, our proof is
complete. (]

g.1.5 £ = '?3

THEOREM 8.2 The only ‘Fa—perfects are 6 and 28.

PROOF. By the same argument as in the proof of theorem 8.1 we look for the
4—free g-perfects. It is easy to see that there are only two numbers of
this kind, namely 6 and 28. 0

8.1.6 £ = "Pk

By the same argument as in the case f = ‘-Pz we can prove the general

THEOREM 8.3 The even Y\ ~perfects (k = 1) are

(i) the even (k+l1)—free o-perfects, and

(11) the numbers 2%*% (2k+1-1), for i=1,2,..., provided that 2*(2
o—perfect.

kﬂ—l) ig

We cannot answer the question whether there exist any odd 'Pk—perfects
for k 2 4.
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8.1.7 £ = Mk

wWe present a general theorem about even Mk—perfects, but we first prove

LEMMA 8.1 If min (1 <m = n), then

Mk(nl
21 4+ - (k=1,2,...).
n m

PROOF. Suppose the canonical prime factorization of n is given by
) e e
n = pli"'PsS (ei >0, i=1,2,...,s8). Then the divisor m of n must be of

the form m = pll...p:s (0 = @, = e, i=1,2,...,s, where at least one ay is

positive). Hence
e e

1 s
Mk(n) _ Mk{p1 ) M p ) _
n e, e,
P‘l P
1 1
2 (1 +=—)...(1 +—} >
Py Py
SR USRI .
o a a m

S
Py Py ---E’s
THEOREM 8.4 There are no even M -perfects N such that the exponent of 2 in

the canonical factorization of N is 2 2k + 1.

PROOF. Suppose contrariwise that N = Za‘Nl (Nl odd and a 2z 2k+1) is Mk_

perfect. Then we have

(8.2a) @ ke M, (N = 23+l N, so that
(N,) a+l

(8.2b) M"N . — 2 — .
1 o * e

From (8.2a) it follows that 2k+1-11N1 and from lemma 8.1 we infer that

M (N)) 1
't oar
1 2 -1
§ 2k+1. Za—k - 2aa+.‘1
r
I S T N O DR ¢ D
which contradicts (8.2b). 0

THEOREM 8.5 There are no odd M,-perfects.

BIBLICTHEEK MATHENMATISC H CowTRUM

—ANS TERDAM —



a e
PROGF. Suppose N = pll...pgs is an odd M,-perfect, so that

(8.3) Hiipfl!...ﬁlipzs) = 2p:1...pzs .

None of the exponents ei can be greater than 2 because, if so, then
Hi(pji) = (piH) (p‘:i-lﬂ} would have at least two prime factors 2, whereas
the right hand side of (8.3) contains exactly one prime 2. Hence, N is 3-
free, which implies that Ml (N} = o(N). But in the proof of theorem 8.1 we
showed that there are no 3-free odd oc-perfects. ]

L

We do not know whether there is an odd Hk*perfect for k 2 2.

8.1.85-Ikandfwﬂk

We have not found general theorems for f = Lk and f = Rk *J as we did for
f = 'Pk and £ = Hk' Table 8.1 gives a list of Lk-perfects for k=1,2,3,4 and
table 8.2 gives a list of Rk-perfects for k=1,2,3,4. These perfects were
computed by trial and error.

TABLE 8.1
Some Lk—perfects for k=1,2,3,4, found by trial and error

k Lkaper fects

1 2.3, 227, 2%7.13, 2%s%31, 2%5310.31.151
2 2.3, 2%7-

3 2.3, 27, 2%1, 2%31.61

4 2.3, 227, 2%

*
) with the following exception: if p = 3.2k+1-—1 (keXNgy) is a prime, then

+
27773.p is an Ry -perfect. A table of all k's < 1000 for which p is prime
may be found in [34].



TABLE 8.2

Saome Rkuperfects for k=1,2,3,4, found by trial and error

k Rk—perfects k Rk—perfects
1 2.3 2 2.3
225 227
233.11 243,23
2%3.5.19 2%3.7.13
253.5.7 28327.13.71
2%327.13.17.67 27335234
273%7.11.13.131 28327 .11.13.263
283.5.7.19.37 2%335229.31.173
223.5.7.13.103 219327 11.13.43.1031
2103.5.7.13.79 211335223 31,137
2123 527 .31.41.4099 2123%5 7.11217.19.47.373
213325%7 11.13.79.149.631 213335219.31 911
21632547 13.19.29.79.113.631.65539 21534537 13.19.23.47
218335219.31.683.2731.65543
3 2.3 4 2.3
227 227
2431 2431
2°3.47 2%5219.31
2%3.5.79 273%5217.31.53
273.7.11.13 219335231 53.211
28327.13.17.271 21138525 11.17.31
2%327.11.13.527 212325 11.13.43.4127
2103.5.7.13.1039 2*3335%23.31.229.457.2741
211327 11.13.43.2063
212327 11.13.43.257.4111
213335229.31.71.283
2143 5.7.23%31.79
215335219.31.683.32783
16 3,.2

2773.5.7.11717779.241.307.65551
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8.2 f-AMICABLE PAIRS

8.2.1 £ = 0.

More than 1100 o-amicable pairs are known [26], the smallest pair being
{220,284}. The four largest known pairs (with 32-, 40-, 81- and 152-digit
numbers) were recently computed by TE RIELE [31]. In the lists of f-amicable
pairs (for f # o) given in the sequel, those f-amicable pairs, that are also

C-amicable pairs, are omitted.

8.2.2 f =g (= My = Ly = Ry)-

In 1970, WALL [41] found more than 600 o -amicable pairs. HAGIS in 1971 and
TE RIELE in 1973 also investigated 0" -amicable pairs, both unaware of WALL's
thesis. HAGIS [21] computed all o -amicable pairs {m,n} with m < n and

n < 10° [21]. TE RIELE [32] published a list of more than 1100 g -amicable
pairs, including nearly all those pairs published by Wall. For some other

M .
new ¢ —amicable pairs, see [24].

8.2.3 £ = ?k (k=1,2,...).
Many ?k-amicahle pairs may be constructed from the known o-amicable pairs

[26] as follows. Suppose the pair {m,n} is c-amicable and m = pkm1 and

1 1 and n, are (k+1)-free.

Then it follows from the definition of Tk that the pairs {pam,pan},

n= pkn where k > 0, {p,ml) =1, (P'nl) =1, and m
(a=0,1,2,...) are ?k-amicable. In our list of Tk—amicable pairs (table 8.3,
PP. 56-58) we have not included these pairs, in order to save space. The
pairs given in table 8.3 were found partly by the method described in
chapter 7, partly by a systematic computer search for all pairs, the smal-
lest element of which does not exceed 104, partly by use of one of the
three following lemma's and partly by trial and error.

k+ k

LEMMA 8.2 If the two positive integers p = 2 12 and q = 2K ik are

primes, then the pairs

{2%p,2%% g} (a=k,k+1,...)

are ‘fk-am‘cabZe (k=2,3,...; i=1,2,...,k-1).

- LEMMA 8.3 Suppose

aB = 2X(2%oq) 4 K1 a =B,
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ig a factorization of the positive integer 2k(2k-1)+2k_‘1'. If the three
s . k k .
positive integers p = 2 -1+A, q = 2 -14B and r = zi(p+1) (gq+1)-1 are primes,

then the pairs

a+i

128" pq, 2%} where a=k,k+l,...,

are ‘?k—wﬁicabZe (k=2,3,...; i=1,2,...,k-1).

LEMMA 8.4 Suppose
aB = 25(2%-1) + 2k+i, A % B,

ig a factorization of the positive integer 2¥ (2K 42kt 1 f the three

positive integers p = 2k—1+h, q = 2k—1+B and r = ( 1)i ) _ 1 gre primes,
2

then the patirs

a+ir}

a
{2%q, 2 where a=k,k+1,... ,

are ‘Pk-micable (k=2,3,...; i=1,2,...,k-1).

The proof of these lemma's follows easily by solving the equations

{‘P x(m = ‘*‘km!

‘i’k(m)=m+n

for the pairs {m,n} given in the lemma's.

8.2.4f=lﬁc,f=l..kandf=llk.

Table 8.4 gives Hk— (k=1,2), Lk— (k=1,2,3,4) and R‘k - (k=1,2,3,4) amicable
pairs, which are not at the same time o-amicable pairs. They were found
partly by a computer search for all pairs {m,n} withm < n and m € 10%, ana
partly by trial and error.
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TABLE 8.3

Some ?k—amicables for k=1,2,3,4, found by variocus methods (see text)

?k—amicable pairs

{2m5n?.19 = (2% 1527y 1330

Mty o (B 15771y 550

507 11 = (22157723850

30571537159 95y = (@1 ““2 A= 2}764295

nl

{2m5n‘14?9 = (2™ 15772 4790
{2“‘7"5.23 = (21972 11270
72143 71 = (2 1?” 2y12922
PsP13.23 = (22 15™72) 14050
{2”5“‘111.139 = (21577215290
{2“5“7.53 = (2®157%72) 18550
@57 119,107 = (2% 15%72) 20330
{2“5“11.23.29 = (21527173370
257131 53 = (22715771 g2150
{3“5”7113 23 = (3% 15772171y 156995
385719119 g3 = (30150 2 i-1y 165585
{2“7“11113 109 = (22"1ymly l'1)218213
PRty ivlig o (omrlgn- 1 1y225302
{2“5“19111.113 - (2“’15“‘1191'1)236170
PsPgitlyy o (011911 5003y
225711343 .89 = (22 1577111171 450970
{ m_n,, i+l m-1_n-1,,i-1
2P 1itlzsg o (2 lgnly 4171 434390
{3 B5hgiig g7 = (3157729172 5g9505
{ )36229?0
-__2?§r_1ti§_f_{ﬂ_*’zl_:_iérf_i_?_i_ _____ ~%)3876550_
{2‘“3 = (%12
22 o (724
{2m5 (2" 340
22 2 (2™ 34

(m,n=1)

nz2)

(mz1,

(m=1,

nz2)

(mz1,

nz=2)

(m=1,

nz2)

(m,nz1)

(m,iz1, nz2)

(m,n,iz1)

(m,n,iz1)

(m,n,i21)

(m21, n,iz2)

(m,n=1,

i=22)

(m23)



TABLE 8.3 (continued)

k “x"k—amica.ble pairs
2 (cont.) {2“5.13 = (%) 260 (m22)
224y = (2% %328
{3“5.7.13 = (3™ 3)12285 (m>3)
3™ 17.13.17 = (3™ 3)13023
{3“5.?.13.23 = 3 2 (94185) (m23)
™15 13,47 = 3% %(115479)
{2.5m?.59 = 5°73(103250) (m23)
_______________ 2.5% Y2390 = s 319950y
3 {2m7 = (2 ¥s6 (m=3)
2m+3 - (2m_3)64
{2m11 = (™ %176 (m=4)
22123 = (2% %184
{2m13.19 = (2®3)1976 (m=3)
2@*+ly39 = (25732204
{2“11.29 = (2%3)2552 (m23)
2™*2g9 = (2™ 3)2848
2813.17 = (2% %) 3536 (m=4)
2™ 1503 = (2% 4024
3W5.7.19 = (37°)161595 (m25)
3®"25 29.47 = (3®7°)184005
3®5%7.109 = (3™ 5574 115880625 (m25, n24)
{3m'25“'159.659 = (3m55n4
3@s%; 199.967 = (3%°577>) 40916066625 (m=5, n>3)
___{a"_‘f?}ez:229;%@:_sé"f‘i?z»‘_‘iig@géeéng ______________
4 2@+los (4936 (m=4)
{2m47 = (2™ %752
{2“*219 = 2® %1216 (m24)

79 = (2® %1264

57
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TABLE 8.3 (concluded)

k ¥ —amicable pairs

k

4 {cont.) 2"
s

“19.107

m+1

19.83

2
{2m+3269

m

17.151

X
m+ly 367

2™17.199
3449

m+1

o

839 =

17.139

5039

(2°%) 25232
(2™ %) 26848

(2®4)32528
(2 %) 34432

(224 41072
(2®%) 43744

(2™ %) 54128
(2®%) 57472

= (2475616
= (2® %) 80624

(m=24)

(m=24)

(m=4)

(mz4)

(m=24)
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TABLE 8.4
The Mk—’ Lk- and Rk-amicable pairs {m,n} such that m<n and mf\104,
and some pairs, found by trial and error
£=n
k f-amicable pairs
3 a
1 {3608(2 11.41) { 9520(2%.7.17)
3052(2%13.19) 13808 (2%863)
2 none with m < 104
£ =1
k f-amicable pairs
1 {153(233.7) { 1548 (223%43)
248(2331) 2456(23307)
{920{235.23> { 5720(2%5.11.13)
952(237.17) 7384(2°13.71)
{1003(24327} {16268{22?283)
1592(23199) 17248(2°7%11)
2 {:2?2(2411.47)
432(2*17.31)
3, 4 none with m < 10%
£=R_
k f-amicable pairs
1 366(2.3.61) 16104(2%3.11.61)
{373(2.337) {16632(2333?.11)
3864(233.7.23)
{4534(233.191)
2 26448 (243.19.29)
{23?52(243.599)
3 none with m < 104

4 10194(2.3.1699)
{10206(2.367)
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8.3 £-CYCLES OF LENGTH £ > 2

8.3.1 £ = o.
Fourteen o-cycles of length £ = 4 and one each for £ = 5 and £ = 28 are
known [18].

8.3.2 £ =0 .
One U*—cycle of length £ = 3, 8 for £ = 4, one each for £ = 25, £ = 39 and
£ = 65 are known [24], [33].

8.3.3 £ = T3, £ = Ly £ =R,.
Table 8.5 gives the only three f-cycles of length £ > 2 (not at the same
time being g-cycles) which are known to us. They were found by trial and

error.

TABLE 8.5

Three aliquot f-cycles of length £ > 2, that are not o-cycles

£ £ aliquot f-cycle
¥, 4 23917 125344 (m = 5)
"%11.20.43 _ ,m-5 109736
2211 1453 127864
2"47.89 133856
L, 4 4040(275.101)
5140(2%5.257)
5696 (2°89)

5194(2.7253)

Ry 3 834 (2.3.139)

846 (2.324?)

1026(2.3319)
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CHAPTER 9

SOLVING THE EQUATION f(x)-x=m

In this chapter we investigate the equation
(9.1) f(x) - x =m ,

for £f e F and m ¢ N. If (9.1) has no solution x € N for some m, then m is
called f-untouchable, otherwise, m is called f-touchable.

In [14], ErRDOS proved that the lower density of the o-untouchables is
positive. ALANEN [1] found the 570 o-untouchables < 5000.

THEOREM 9.1 Let f e F. Suppose that f satisfies the additional condition

£(n)

£(4)
d n

(9.2) < 3
for all divisore d of n. If M 18 even and f-abundant, and if M' is an even
and f-abundant divisor of M, then the lower density of the f-untouchables m,

M, 5o

. . - . 1
sattefying m = M'(mod M), i5 2 E(l T EFMOon

Note that for M' = M, this statement reduces to: if M is even and f-
abundant, then the lower density of the f-untouchables m, satisfying

- 1 1
= T o - —
m O{mod M), is = T

Before proving this theorem, we give two lemma's.

LEMMA 9.1 The number of 2-full numbers < x s 0(Vx), for x + =,

PROOF. Any 2-full number n can be uniquely represented in the form n = azba

where a ¢ N and b is squarefree. If T(x) is the number of 2-full numbers
% X, then it follows that
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T(x) € ) (x/b3)1/2 <Vx 7} 2_-ovm , for x + =. ]
3 . 3/2
b =x b=1 b
b is squarefree

The next lemma is a special case of a more general result of Scour-

*
field ).

IEMMA 9.2 If £ € F, then for any 4 € N the number of positive integers
n £ x such that 4 | £(n), is 0(x) for x + =.

PROOF OF THEOREM 9.1. First notice that (9.2) implies that for any prime

divisor p of n

(9.3) f(n) - n = n/p.

Let A(N) be the number of n € N satisfying
(9.4) f(n) - n €N, and

(9.5) £f(n) - n = M" (mod M) .

This number is finite for any N ¢ N. Indeed, if n = p, then
f(n)-n =1 ¥ M'(mod M). If n is not a prime, and if Py is the smallest
prime divisor of n, then we have Py < Vo, so that by (9.3) we have
£(n)-n 2 n/p, 2 Vn. From (9.4) it follows that n < NZ.

If A, (N) is the number of odd n, satisfying (9.4) and (9.5), if A, (M)
is the number of even n, with n # -M'(mod M), satisfying (9.4) and (9.5)
and if As (N) is the number of even n, with n = M' (mod M), satisfying (9.4)
and (9.5), then we obviously have

(9.6) A(N) = Al(N) + Az(N) + A3 ()

If n is odd then by (9.5), f(n) is also odd. Since, for odd p, f£(p) =p+1 is
even, n must be 2-full. Suppose n=pz. Then by (9.3) £(n)-n2p, so that the

*) E.J. SCOURFIELD, Non-divisibility of some multiplicative funetions,
Acta Arithmetica, 22(1973) 287-314. .
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2 . .

number of odd n = p°, satisfying (9.4) and (9.5), is < m({N), which is o(N),
2 . .

for N+, If n # p~, and if P, is the smallest prime divisor of n, then we

1/3
have p, < n'/>, so that, by (9.3), £(m-n = n/p, > 02’3, From (9.4) it fol-

3/2 )
lows that n<N / » and by lemma 9.1, we conclude that the number of odd

n=# 92, satisfying (9.4) and (9.5) is O{N3/4}, for N + «, Hence
(9.7) AI(N) = 0(N) for N + e,

If n is even, then (9.3) implies that f£(n)-n = n/2, so that, by (9.4),
n £ 2N.

If n # -M'(mod M), then by (9.5) we have £f(n) # 0 (mod M). It follows from
lemma 9.2 that the number of positive integers n £ 2N such that
£f(n) ¥ 0(mod M) is 0(N), so that

(9.8) AZ(N] = 0(N) for N + =,

If n = -M'(mod M), then, since M'|M, we have M'|n and it follows from (9.2)
that

so that

£(M") - M' < f(n) - n
M' n -

By use of (9.4) we find that

Mt
mEN - Ty -w
Hence
N M'
By < § - Fwmn - W C

Combining this with (9.8), (9.7) and (9.6), we conclude that the upper

~ density of the numbers n satisfying (9.5) is at most M'/(M(£(M')-M")), so
that the upper density of the f-touchables m, satisfying m = M'(mod M), is
also at most M'/(M(£(M')-M')). From this we finélly conclude that the lower
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density of the f-untouchables m, satisfying m = M' (mod M), is at least

1____ M 0
M OM(£(M')-M') ~

Of the examples of f given in chapter 3, only the functions ¢ and \yk
(k=1,2,...) satisfy (9.2), so that theorem 9.1 applies to them.

Since M = 30 is squarefree, we have £(30) = 72 > 60, so that 30 is an
f-abundant number for all f € F. Therefore, we may apply theorem 9.1 with

M = 30, and M' = M, yielding

COROLLARY 9.1 For all functions £ e F which satisfy (9.2), the lower

density of the f-untouchables m, which are = 0(mod 30), is
1 30 1

304 -2 - 108

It is not difficult to improve this lower bound when we consider

special choices of f. As an example, we shall derive
COROLLARY 9.2 The lower density of the o-untouchables is > .0324.

To prove this, we note that every even number belongs to at most one
of the following congruence classes: O(mod 24), 12(mod 24), 30(mod 60),
20 (mod 60), 40(mod 120), 70(mod 420) and 350(med 2100). Every class is of
the form M'(mod M), where M'|M and both M' and M are even and g—abundant.
Hence theorem 9.1 applies to all these classes, so that the lower denstiy
of the even o-untouchables is at least
1 1 1 1 1 11

1
72 " 96 " 310 Y 560 TG00 * 7770 * 206850

> .0324 .

Since for all £ € F we have
fpe) ~pga=p+qg+1,

for primes p and q (p # q), and since almost all even numbers can be
written as the sum of two prime numbers (proved by VAN DER CORPUT [9],
ESTERMANN [15] and TSCHUDAKOFF [37]), it follows that the density of the
odd f-untouchables is zero, for all f € F.

Corollary 9.1 implies that for all f ¢ F, satisfying (9.2), there
are infinitely many f-untouchables. Although '-Pl belongs to this class
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of functions, we shall prove now, in a more constructive way, that there
are infinitely many ‘Pl-untcuchables. Unfortunately, this proof does not seem
to be applicable to other functions f € F.

THEOREM 9.2 The numbers 2"3.R (n=1,2,...), where R is fized and (6,R) = 1

2

are either all Yl—touchable or else are all ‘Pl—untouchabZe.
Before proving this theorem, we derive

LeEMMA 9.3 Any solution x = xq of the equation

(9.9) ‘Pltx) - x = 2™3.R R (n € N and (6,R)=1)

has the form Xq = 2"3.s, where (6,s) = 1.

PROOF. Let X be a solution of (9.9) with canonical factorization

x, =T

ej
0 i=1 p; t- Then we have
= e e. -1 s e
i i i n
‘l'(x)—x=l'l(p.+p )—I'Ip‘=23.R.
170 0 i=1 i j=1 1

Now xo must be even, since, if x

gives, with Py = 2,

0 is odd, then ‘Pltxo)—xo is also odd. This

Hence py = 3 and s =z 2, yielding

e, e s e, e. -1 s e,
2 13 2[2 m (p.l +p, T )- m p.l] = 23R,
. i i . i

i=3 i=3

so that e, =n and e, = 1. o

PROOF OF THEOREM 9.2. Let a € N be fixed and let R € N so that (R,6) = 1.

Suppose 2%3.R is ?I-touchable. According to lemma 9.3, any solution of the
equation

¥, 00 - x = 2%3.R

has the form xq = 2a3.S, for some S with (6,S8) = 1. From the definition of

‘i-’l it follows that
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e e _ ,e _ 28 = o%%25 p
¥, (@7xy) - 27xy = 2 ¥, (xq) 27xy =2 '

for all integers e 2 -a+l. Hence all numbers 2"3.R (n=1,2,...) are Y-
touchable.

n
Now suppose 2°3.R is ¥, -untouchable. Then all numbers 2 3.R (n=1,2,...)

must be ¥, -untouchable, since if any one of them is Wl-toucha.ble, it fol-

lows from the first part of this proof that they are all ‘Pl—tcucha.ble. a

According to lemma 9.3, any solution x = Xq of the equation

‘Pl(x)—x = 6R, (6,R) = 1, must have the form x., = 63, (6,S) = 1. Now we have

0

wl(xo) - xq = 12?1(5) - 65 = 6[2w1ts) - sl 268,

with equality if and only if S = 1. Hence it follows immediately that

30 = 6.5 is ‘l’l—untouchable, and that, since 42 = ‘1’1{303 =30, the number

42 = 6.7 is ‘i'l—teuchable. Application of theorem 9.2 shows that the numbers

2%3.5 (n=1,2,...) are all ¥
(n=1,2,...) are all ¥

l—untoucha.ble , whereas the numbers 2"3.7

1-—touchable.
In [1] ALANEN has given an algorithm for the computation of every

solution x of the egquation
(9.10) o(x) = x = n for all n £ N,

where N € N is given (yielding all o-untouchables < N). The largest value
of N, to which ALANEN applied his algorithm is N = 5000. We have improved
the algorithm, with respect to the required amount of memory, as follows.
Let o(x)-x=:s(x). The situation occurs that the values of a, s(a), ap: and
s(api) are knowm (a,e € N, Py is the i-th prime and (a,pi) = 1), whereas
the value of s(ap?'l) must be computed. In Alanen's procedure this is done
by use of the relation

(9.11) s(apiﬂ) = s(a)s(p?‘zl + as(piﬂ) .

e+2 +1
The values of s(pi ) and s(pi } are available in an array TABLE, where

TABLE[i:j] = S{Pi) = Pj_i + pi_z + ... + Pi + 1,
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for i=1,2,..., nw(N) and j=2,3,..., [logzN] + 1. In our procedure, instead of
(9.11), we use the relation

(9.12) s(ap?_+1

) = pis(apil + s(a) +a,

the validity of which may be easily verified. Now we only need to store the
primes Py for i=1,2,..., m(N), so that the required amount of memory for
(9.12) is of the order of magnitude of w(N), instead of w(N) logzN required
for (9.11).

With this improvement, we have applied Alanen's algorithm (to f = 0)
with N = 20000. With some appropriate modifications, the algorithm could
also be adapted for the computation of all solutions of £(x)-x = n, for all
n < N,_for other £ ¢ F. In particular, we have applied the modified algo-
rithm with N = 20000 to f = ¥,, ¥,, M, 0 (= ™).

Results of these computations are collected in tables 9.1, 9.2, 9.3 and 9.4.

Ll and R

Table 9.1 displays (for the functions f above) the number of even and
the number of odd f-untouchables < 20000; the number of n € N for which
f(n)-n is even and £(n)-n < 20000 (= A, = Ae(ZOOOO)): the number of n € W
for which £(n)-n is odd and 1 < f£(n)-n < 20000 (= AO = Ao{20000) . Note that,
for all £ € F, £(n)-n = 1, if and only if n is a prime); and, finally, the
value of the function

1 Ae
10000(1 - m) .
TABLE 9.1
number of f-untouchables 1 Ae
f < 20000 Be BO IOOOO(I-WJ
even odd
o 2565 1(5) *) 13434 1454747 2610
‘«Pi 2896 0 13854 1457942 2502
'1’2 2360 2(5,7) 13948 1454702 2479
M1 2485 1(5) 13891 1454829 2493
I'l 2181 1(7) 14468 1454994 2353
RD 157 3(3,5,7) 47083 1544668 90

*) The odd f-untouchables are given in parentheses.
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The last column of table 9.1 appears to be a reasonable approximation to the
number of even f-untouchables. This may be explained heuristically as
follows. When N, balls are randomly distributed among N, (initially void)
boxes, it can be shown, that the expected number of void boxes is given by

1 Nl
N2(1 Nz)

Hence, on the assumption that the even values of f(n)-n £ N are randomly
distributed among the numbers 2,4,6,...,N (assume N is even), we may expect
the function
(9.13) %{1 - %}Ae(m ,
where AE(N) is the number of n for which f(n)-n is even and f£(n)-n =N, to be
a reascnable approximation to the number of even f-untouchables £ N.
Unfortunately, the value of Ae(N) can not be given a priori (the value of
Ae(20000) in table 9.1 is a by-product of Alanen's modified algorithm).

However, we can give an asymptotic upper bound for A_(N), for any given
f ¢ F. As an illustration, we will carry this out for f = 0. We recall that
AE(N) is the number of n € W, for which o(n)-n is even and o(n)-n < N.
As in the proof of theorem 9.1, it is readily seen that the even numbers
n € N, which contribute to A_(N), are < 2N, and that the number of odd
numbers n € N which contribute to AE(N} is 0(N), for N + =, Hence, we have

AE(N) <N+ o(N) .
Furthermore, it is known (see for instance [40], pp.197-8, exercise 49.7)
that the density of the even o-abundant numbers is greater than 0.229, so
that asymptotically, for at least 0.229N + 0(N) of the even numbers n
between N and 2N, we have

ofn) - n>n >N .

Hence,

AE(N] = N - 0.229N + o(N) = 0.77IN + o(N) .
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From (9.13) we conclude that (under the assumption of the random distribut-—
ion of the even values of o(n)-n among the numbers 2,4,6,...,N) the number
of even o-untouchables = N is, asymptotically, greater than

N -
S - %)O TTINYO M) 5 1069N(1 + 0(1)) .

Let df(n) be the number of solutions x of the equation f(x)-x = n. In
table 9.2 we give the values of n £ 20000 for which df is maximal, and the
corresponding maximum. We also list the least number k0 for which there is

no odd number n < 20000, satisfying df(n) = ko.

TABLE 9.2

£ n (even) df(n) n (odd) df(n) kO

o 11194 10 18481 576 406
17914 10

?1 16384 9 18481 573 393
17594 9
17914 9

?2 11194 9 18481 576 374
17594
17914 ]

M1 11194 11 18481 576 387
17914 11

L1 11194 9 18481 576 374
17594
17914

RO 14848 26 18481 588 412

Table 9.3 presents the number of even n = 20000, for which df(n} =k,
for k=0,1,2,... .
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TABLE 9.3

Number of even n < 20000, for which df(n) =k, k=0,1,2,...

k f=9 =¥ =Y f=M =L f=R0
0 2565 2896 2360 2485 2181 157
1 3655 3299 3662 3598 3627 703
2 2370 2053 2407 2400 2584 1342
3 924 1054 1085 971 1081 1621
4 308 405 329 327 333 1639
5 102 167 90 132 120 1379
6 33 71 35 38 40 1042
7 27 37 18 27 17 673
8 15 11 10 14 496
9 3 3 7 3 325
10 200
11 145
12 82
13 58
14 43
15 27
16 26
17 20
18 12
19 2

20 2

21 3

22 Is)

23 1

24 1

25 0

26 1

*
=0
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*
In table 9.4 all 0 -untouchables < 20000 are given, including their

canonical factorizations. These numbers are connected with a conjecture of

DE POLIGNAC [28] which states that any odd number > 1 is of the form 25+p,

where k € N, and p is either a prime or the number 1. Since, if p is odd,

0" (2%p)-2%p = (2¥41) (pr1)-25p =

k
27+p+l, the truth of this conjecture would

imply that all even numbers > 2 are U*—touchable (except perhaps those even
numbers which are of the form 2k+2). However, ERDOS [12] and VAN DER CORPUT

(8] proved that the density of the odd numbers for which DE POLIGNAC's
conjecture is false, is positive.

TABLE 9.4

The o -untouchables £ 20000

2(2)

3(3)

4(2(2))

5(5)

7(7)
374(2.11.17)
702(2.3(3)13)
758(2.379)
998(2.499)

1542(2.3.257)
1598(2.17.47)
1778(2.7.127)
1808(2(4)113)
1830(2.3.5.61)
1974(2.3.7.47)
2378(2.29.41)
2430(2.3(5)5)
2910(2.3.5.97)
3164(2(2)7.113)
3182(2.37.43)
3188(2(2)797)
3216(2(4) 3.67)
3506(2.1753)
3540(2(2)3.5.59)
3666(2.3.13.47)
3698(2.43(2))
3818(2.23.83)
3846(2.3.641)
3986 (2.1993)
4196 (2(2)1048)
4230(2.3(2)5.47)
4574(2.2287)
4718(2.7.337)
4782(2.3.797)
5126 (2.11.233)
5324 (2(2)11(3))

6002(2.3001)
6174(2.3(2)7(3))
6270(2.3.5.11.19)
6404(2(2) 1601)
6450(2.3.5(2) 43)
6510(2.3.5.7.31)
6758(2.31.109)
6822(2.3(2)379)
6870(2.3.5.229)
6884(2(2)1721)
7110(2.3(2)5.79)
7178(2.37.97)
7332(2(2)3.13.47)
7406(2.7.23(2))
7518(2.3.7.179)
7842 (2.3.1307)
7902(2.3(2)439)
8258(2.4129)
8400(2(4) 3.5(2)7)
8622(2.3(2)479)
8670(2.3.5.17(2))
8790(2.3.5.293)
8850(2.3.5(2)59)
8862(2.3.7.211)
8916(2(2) 3.743)
8930(2.5.19.47)
8982 (2.3(2)499)
9116 (2(2) 43.53)
9518(2.4759)
9522(2.3(2)23(2))
9558(2.3(4)59)
9570(2.3.5.11.29)
9582(2.3.1597)
9642 (2.3.1607)
9930(2.3.5.331)

10002(2.3.1667)

5610(2.3.5.11.17)10022(2.5011)

5738(2.19.151)
5918(2.11.269)
5952 (2(6) 3.31)

10062(2.3(2)13.43)
10200(2(3)3.5(2)17)
10238(2.5119)

10254(2.3.1709)
10358(2.5179)
10620(2(2) 3(2)5.59)
10754(2.19.283)
10778(2.17.317)
10782(2.3(2)599)
11082(2.3.1847)
11172(2(2)3.7(2)19)
11438(2.7.19.43)
11542(2.29.199)
11772(2(2) 3(3)109)
11790(2.3(2)5.131)
11802(2.3.7.281)
11910(2.3.5.397)
12234(2.3.2039)
12252(2(2) 3.1021)
12372(2(2) 3.1031)
12596(2(2)47.67)
12806(2.19.337)
12878(2.47.137)
13092(2(2) 3.1091)
13298(2.61.109)
13352(2(3)1669)
13410(2.3(2)5.149)
13800(2(3) 3.5(2)23)
13902(2.3.7.331)
13962(2.3.13.179)
14022(2.3(2)19.41)
14048(2(5) 439)
14052(2(2)3.1171)
14078(2.7039)
14108(2(2) 3527)
14142(2.3.2357)
14250(2.3.5(3)19)
14382(2.3(2)17.47)
14532(2(2) 3.7.173)
14606(2.67.109)
14612(2(2)13.281)
14682(2.3.2447)
15038(2.73.103)

15060(2(2)3.5.251)
15162(2.3.7.19(2))
15300(2(2) 3(2)5(2)17)
15350(2.5(2) 307)
15374(2.7687)
15402(2.3.17.151)
15958(2.79.101)
15998(2.19.421)
16014(2.3.17.157)
16118(2.8059)
16508(2(2)4127)
16630(2.5.1663)
16754(2.8377)
16770(2.3.5.13.43)
16788(2(2) 3.1399)
17040(2(4)3.5.71)
17078(2.8539)
17340(2(2)3.5.17(2))
17438(2.8719)
17468(2(2)11.397)
17490(2.3.5.11.53)
17558(2.8779)
17580(2(2) 3.5.293)
17652(2(2)3.1471)
17862(2.3.13.229)
17958(2.3.41.73)
18210(2.3.5.607)
18566 (2.9283)
18608(2(4)1163)
18612(2(2)3(2)11.47)
18686 (2.9343)
18846(2.3(3) 349)
18870(2.3.5.17.37)
19058(2.13.733)
19260(2(2) 3(2)5.107)
19358(2.9679)
19362(2.3.7.461)
19632(2(4) 3.409)
19650(2.3.5(2) 131)
19710(2.3(3)5.73)
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The even numbers > 2 in table 9.4 cannot be of the form 2k+p+1 (for
some odd prime p and k € N), and, by inspection, we find that 4 is the only
number in this table of the form 2k+2. so that, if we subtract 1 from all
even numbers > 4 in this table, we have a set of numbers, for which DE
POLIGNAC's conjecture is false. For the sake of completeness, we give in
table 9.5 the remaining exceptions < 20000.

If B(N) is the number of pairs (k,p) for which 2k+p < N (where k ¢ N
and p is 1 or an odd prime), then we have

[log2N]
BN = § owmo- 25 .
k=1
By the same argument used in estimating the number of even f-untouchables,
we conclude, under the assumption of the random distribution of the numbers
2k+p among the odd numbers, that the expected number of exceptions < N to
the conjecture of DE POLIGNAC is

N 2, B(N)
51 = ) .
Since B(20000) = 28232, our approximation gives 10000(1 - 10300)28232 =

= 594.2, whereas the actual number of exceptions < 20000 is 590.
By using the estimate B(N) < w(N) logzN, we find for large N that the
expected number of exceptions < N is

N, _ 27N log,N
> 2(1 N) 2

~ J0279N(1 + o(1)) .



TABLE 9.5

The remaining exceptions

£ 20000 to the

127

149

251

331

337

509

599

809

877

205

307

959

977
1019
1087
1199
1207
1211
1243
1259
1271
1477
1529
1549
1589
1619
1649
1657
1719
1759
1783
1859
1867
1927
1969
1985
2171
2203
2213
2231
2263
2279
2293
2465
2503

2579
2669
2683
2789
2843
2879
2983
2993
2999
3028
3119
3149
3239
3299
3341
3343
3353
3431
3433
3637
3643
3739
3779
3877
3867
4001
4013
4063
4151
4153
4271
4311
4327
4503
4543
4567
4589
4633
4649
4663
4691
4811
4813
4841
4843

4855
4889
5077
5099
5143
5303
5405
5467
5557
5617
5729
5731
5755
5761
5771
5923
6021
6065
6073
6119
6161
6193
6247
6283
6433
6463
6521
6535
6539
6547
6637
6659
6673
6731
6791
6853
6941
7151
7169
7199
7267
7289
7297
7319
7343

7379
7387
7389
7393
7417
7431
7535
7547
7583
7603
7747
7753
7783
7798
7807
7811
7813
7867
7913
7961
8023
8031
8087
8107
8111
8141
8159
8287
8363
8387
8411
8429
8467
8527
8563
8587
8719
8831
8873
8887
8921
8923
9101
9239
9307

9371

9391

9431

9457

9473

9613

9787

9809

9907

9941

9959
10007
10027
10079
10121
10235
10327
10379
10391
10409
10447
10451
10483
10511
10513
10553
10607
10697
10873
10949
10963
11015
11023
11039
11069
11083
11105
11137
11141
11207
11219
11227
11231
11239
11279

11285
11317
11335
11347
11411
11435
11533
11549
11579
11593
11627
11695
11729
11743
11857
11921
11993
12007
12131
12191
12203
12223
12239
12373
12401
12427
12431
12479
12517
12671
12727
12731
12733
12749
12791
12881
12929
12941
13001
13083
13093
13099
13147
13169
13217

conjecture of DE POLIGNAC

13285
13393
13451
13469
13582
13603
13619
13679
13735
13841
13859
13897
13973
14009
14023
14039
14081
14101
14143
14227
14231
14279
14303
14347
14375
14383
14407
14437
14459
14467
14473
14489
14533
14585
14639
14765
14809
14879
14917
14921
14975
14981
15013
15041
15043

16865
16867
16973
17021
17047
17083
17089
17113
17137
17147
17229
17257
17269
17305
17327
17369
17371
17411
17429
17519
17593
17669
17735
17759
17767
17773
17827
17849
17887
17908
17921
17977
18033
18089
18103
18155
18209
18307
18359
18391
18427
18487
18517
18551
18613

18637
18719
18787
18817
18881
18889
18895
18897
18899
18911
18959
18971
19007
19093
19117
19135
19139
19163
19177
19273
19319
19345
19379
19483
19583
19807
19819
19889
19949
19961

73
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[10]
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SAMENVATTING

Aliguote rijen worden gevormd volgens het voorschrift: een startterm
wordt gegeven en iedere andere term is de som van de "aliquote" delers van
zijn voorganger. De "aliquote" delers van een getal zijn alle delers die
ongelijk zijn aan dat getal zelf. Wanneer een term van de rij gelijk is aan
een van zijn veoorgangers, spreekt men van cycles. Voorbeelden van cycles
zijn de zgn. volmaakte getallen (cycle-lengte = 1) en de bevriende getallen-
paren (cycle-lengte = 2); deze waren reeds bekend ten tijde van Pythagoras
(ca 500 v.Chr.).

Gegeneraliseerde aliquote rijen zijn rijen waarvan iedere term (behalve
de startterm) de som is van bepaalde, niet noodzakelijk alle, aliquote
delers van zijn voorganger.

In hoofdstuk 1 van dit proefschrift worden gegeneraliseerde aliquote
rijen gedefinieerd met behulp van een verzameling F van arithmetische
functies £ die bepalen welke delers moeten worden gesommeerd bij de bereke-
ning van een term uit zijn voorganger. Mede hierom wordt in het vervolg
gesproken over aliquote f-rijen, in plaats van gegeneraliseerde aliquote
rijen.

Hoofdstukken 2 t/m 5 bevatten voornamelijk langs theoretische weg afge-
leide resultaten. In hoofdstuk 2 wordt voor iedere f£ ¢ F het bestaan van
aliquote f-rijen met willekeurig veel monotoon stijgende termen aangetoond.
Daarnaast wordt de structuur van cycles onderzocht en er worden twee con-
structiemethoden voor cycles aangegeven. In hoofdstuk 3 worden enkele
klassen van functies f ¢ F gegeven, die in volgende hoofdstukken worden
gebruikt als "test-cases" voor experimenten met behulp van de computer.

In hoofdstuk 4 wordt de distributie van de waarden van de functies £ ¢ F
onderzocht. Hoofdstuk 5 geeft twee methoden voor de berekening van de
gemiddelde waarde van het quotient van twee opeenvolgende termen van een
aliquote f-rij.

Vele van de resultaten in hoofdstukken 6 t/m 9 zijn met behulp van de
computer verkregen. De meeste theoretische resultaten in deze hoofdstukken
werden geinspireerd door de computerresultaten. In hoofdstuk 6 zijn de
belangrijkste resultaten van de systematische berekening van de termen van
de aliquote f-rijen, voor de test-cases uit hoofdstuk 3, samengevat. Enkele

resultaten gaven sterke aanwijzingen voor het bestaan van onbegrensde rijen.
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Bewijs van het bestaan van, en constructiemethoden voor zulke onbegrensde
rijen vormen het belangrijkste onderwerp van hoofdstuk 7. Hoofdstuk 8 is
gewijd aan de berekening van cycles ter lengte, resp., 1, 2 en > 2, voor de
voorbeelden uit hoofdstuk 3, In hoofdstuk 9 worden zgn. "ongrijpbare"
getallen (untouchables) bestudeerd, d.w.z. getallen die alleen als start-

term in een aliquote f-rij kunnen optreden.
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I

8ls g : N + N een arithmetische functie is met de volgende drie eigenschap-
Jen:

i. g is multiplicatief;

ii. voor ieder priemgetal p en voor iedere e € N geldt

g(pe) : = pe + We_l(p), waarbij we— een polynoom is van de graad

1
< e-1 met coefficienten gelijk aan 0 of -1;
iti. 2%/9(2%) = 0(1), e + =,

o

dan geldt  1lim #(g,N)/N = n{(l - ;_J) Z 11 } '
Mo =) i=0 g(p™)

waarbij #(g,N) het aantal natuurlijke getallen n is waarvoor geldt g(n) < N.

1. Dit proefschrift, stelling 4.1.
2. R.E. DRESSLER, 4 density which counts multiplicity,
Pac.J.Math,, 34(1970)371-378. Hier wordt bovenstaande

stelling bewezen voor g = ¢, Euler's ¢-functie.

II

2
a. Ieder natuurlijk getal groter dan ﬂiil Py

worden geschreven als de som van twee f-abundante getallen, voor iedere

(pi is het i® priemgetal) kan

f ¢ F (voor definitie van F, zie hoofdstuk 1 van dit proefschrift; een
natuurlijk getal n heet f-abundant als f(n) > 2n).

b. Het grootste even getal, dat niet geschreven kan worden als de som van
twee U*—abundante getallen is 530086. Alle oneven getallen groter dan
2004452254833 kunnen als de som van twee U*—abundante getallen worden

* . s .
geschreven (¢ is de "som van de unitaire delers"-functie).

1. THOMAS R. PARKIN, LEON J. LANDER, Abundant numbers,
Aerospace Corp., Calif., june 1964. Hier.wordt bewezen dat
46 het grootste even, en 20161 het grootste cneven getal is,
dat niet als de som van twee g-abundante getallen kan worden
geschreven (0 is de "som wan de delers"-functie).

2, H.J.J. TE RIELE, On the representation of the positive
integers as the sum of two unitary abundant numbers,

NW 19/75, Mathematisch Centrum, Amsterdam, june 1975.

Hier wordt geval b. van bovenstaande stelling bewezen.



III

Zij R, (n € N) de verzameling van alle rekenkundige rijen ter lengte vier,
waarvan de termen natuurlijke getallen < n zijn. 2Zij fn(a,b) (a,b e W,
a=b, 1 = a,b £n) het aantal elementen van R . met a en b als termen. Als
ti(n) hetcaantal paren (a,b) is waarvoor fn(a,b) = i, dan geldt:

2

ti(n] ~ 35%6 n (n » =), met CO=280, c

c5=105, c6=42 en ci=0 voor i > 6.

1=324, c2=214, 03=189, c42106,

De in [2] beschreven methode is bruikbaar voor de behandeling van het ana-

loge probleem voor rekenkundige rijen ter lengte groter dan vier.

1. R.E. DRESSLER, A note on arithmetic progressions of length
three, Math.Mag., 47(1974)31-34.

2. H.J.J. TE RIELE, On integer arithmetic progressions of length

four, Mathematisch Centrum, Amsterdam, verschijnt binnenkort.

Iv

10 -s
n

Het Dirichlet-polynoom C,,(s) = [~

(s € €) heeft geen nulpunten op
de lijn s = 1 + it (t e R),

i. R. SPIRA, Zeros of sections of the zeta function, II, Math.
Cemp., 22(1968)163-173.

2. J. VAN DE LUNE, H.J.J. TE RIELE, 4 note on the partial sums
of £(s), II, ZW 58/75, Mathematisch Centrum, Amsterdam,
novembexr 1975.

Als € 2i de binaire representatie is van n € :NO, ak(n)

T
i=0 i
m l)uk(n)

(k € W) en sk(m) : = (-

- n=0

@ dan geldt
Lizo €i%i+1 i+k ‘ g

sk(m) = 0 (m k) (m + «), waarbij Bk = logzxk en x. de positieve wortel is van

k+1 k_1+xk_2+

de vergelijking x -2(x e.tx+l) = 0.



VI

De eenstaps rationale Runge-Kutta methode, gedefinieerd door de formule

(1)
> _ “n+l >
Ynt1 = 3(2) In’
Yn+1
waarin ;12-];-1 en ;r(ji Runge-Kuttaformules voorstellen die gekarakteriseerd

worden door de Butchermatrices

0 0 o] 0 0

2/3 0 resp. 2/3 0 0 .
1/4 3/4 1/4 -1/4 0
-1 0 1

is
(i) consistent wan de orde 3 en

(ii) A(a)-stabiel, waarbij o tenminste de waarde arctan (é 192V/6 - 369) =
= 0.841... heeft.

0.B. WIDLUND, 4 note on unconditionally stable linear multistep
methods, BIT, 7(1967)65-70.

VIiI
Zij Bn m' c[0,1] - cl0,1] de lineaire positieve operator, gedefinieerd door
T n _k n-k _, k
B, of = By p(£5%) = ¥ (X (1-%) £(==) (feclo,1], neN,
k=0
me :INO) .

Zij verder w(f;68) (6>0) de continuiteitsmodulus van f ¢ c[0,1]

(w(£;8) == su |E(x)-£(y)} |, %,v € [0,1]). Dan geldt voor iedere
Ix-yl1<é

f e c[0,1) en m ¢ ]NO:

(i) Qe rij {Bn In(f;x)} (n =1,2,...) convergeert uniform op [0,1] naar

£(x), als n + =;

2
. 5, m -4
(ii) an'm(f,x}—f(x)l < (Z +n+m)w(f; (n+m) *).



VIII

Beschouw een door verkiezingen gekozen college, waarin op basis van even—
redige vertegenwoordiging "zo eerlijk mogelijk" N zetels (N > 1) verdeeld

zijn over k partijen (k > 1) in de verhouding Z)f Zy % ee. 3oz (zi € N,

Z:=1 z; = N). Stel dat volgens de verkiezingsuitslag de zetels in de ver—
houding =

* * *
P25 01 ... zk verdeeld zouden moeten worden (zi £ Q,

Ll 3

2§=1 z; = N) . Het verdient aanbeveling om bij stemmingen in het college aan
de zetels van de i® partij het stemgewicht ZI/zi te geven (i=1,2,...,k), in
plaats van het gebruikelijke gewicht 1.

F.J. LISMAN, J.H.C. LISMAN, Waar zetelt wuw stem? Intermediair,
25(1973).

IX

Het verdient aanbeveling om in de referentielijst van omvangrijke onderzoeks-—
publicaties bij iedere referentie de plaats(en) te vermelden waar deze re-
ferentie in de publicatie wordt geciteerd.

X

In tijden van economische recessie plegen topdeskundigen uit de industrie
te pleiten voor overheidsmaatregelen op nationaal en internationaal niveau,
terwijl tegelijkertijd bezwaren worden geuit tegen wat genocemd wordt
"protectionisme" van de kant van de overheid. Dergelijke tegenstrijdige

betogen verdienen bestreden te worden.

Computable, mei 1975, hoofdartikel op pagina 1.

XI

Het bestaan van tussenpersonen bij allerlei soorten transacties is veor de
cliént een voortdurende bron van onvolledige en soms zelfs foutieve infor-

matie, van duplicatie en van frustratie.



