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INTRODUCTION AND SUMMARY

The problemto be considered in the chapters 1-3 and the append-
ix concerns the maximum likelihood estimation of partially (or
completely) ordered parameters of probability distributions. Let
X ---:Ekl} be independent random variables and let, for i=1,...,k,

e} 11
Xj qreneaXy o be n, independent observations of X5 Assume that
1 » i

i
the distributionof Xy contains one unknown parameter ei(i=1, ean )
Further assume that information about these parameters el,...,ek
is available in the following two forms. Let, for i=1,...,k,¢i(ei)
be a given function of Si and let Ii be a given closed interval,
then it is assumed

1. that ©,(0,),...,¢,(6,) satisfy a number of (non-contradict-
ory) relations of the form ¢, (6,) < mj(e.),i.e.it is assumed
that wl(el),...,@k(ek) are partially (or completely) order-
ed,

2. that, for each i=1,...,k,mi(ei) satisfies the inequality
©;(8;)el,.

Then the problem is todetermine the maximum likelihood estimates
of 0,,...,0, given these inequalities.

The problem of estimating PP is identical with the
problem of maximizing the likelihood function in a subspace of
the parameterspace; this subspace is defined by the restrictions
(inequalities) imposed on B1seeet By
In chapter 1 (section 1.2) conditions are given for the existence
and uniqueness of this maximum. 20 Further (cf. section 1.3 and
1.4) a recurrent procedure is given by means of which this maximum
may be found. Section 1.5 contains an explicit formula for the
maximum likelihood estimates and in section 1.6 it is shown that
(under certain conditions) the maximum of the likelihood function
coincides with the minimum of a sum of squares. In some special
cases this implies that the maximum likelihood estimates are
identical with the least squares estimates.

In chapter 2 the theorems of chapter 1 are applied to the follow-
ing special cases:

1) Random variables will be distinguished from numbers (e.g. from
the values they take in an experiment) by underlining their
symbols,

2} A part of chapter 1 contains the solution of a more general
problem,
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1. a binomial distribution with parameters n; and er

2. a normal distribution with mean ei and known variance,

3, a Poisson distribution with parameter 6.,

4. an exponential distribution with parameter 6.,

5. a rectangular distribution between 0 and ei,

6. a normal distribution with known mean and variance ©;.
In some of these cases numerical examples are given.
Chapter 3 contains a proofof the consistency of the maximum likeli-
hood estimates of 81,...,8k. In this proof no assumptions are
made on the differentiability of the likelihood function.
The appendix containsa descriptionof the solution given by MIRIAM
AYER, H.D.BRUNK, et al. (cf. [1] and [2]) for a special case of
the abovementioned estimation problem.

In chapter 4 a test for complete ordering of the parameters is
given. Let againlil,...,gk be independent random variables and
let, for each i=1,...,k,xill,...,xi,nibe independent observations
of x,. Let further, for i=1,....k,ei denote an unknown parameter
of the distributionof x;. Then a class of tests is described for
the hypothesis that the parameters 6,...,8, satisfy the inequal-
1ties

B, £ ... g0,
against the alternative hypothesis that at least one value of 1
exists with 8 > 8i+r
Thesg tests can be applied if, for each i=1,...,k-1, a test T,
for the hypothesis 8; < 8,1 against the alternative hypothesis
ei > ei+1 is available such that, for each pair of values (i,])
with i < j,

Pt ez, and t ez [0,=6, , and 6;=0,,,] <

J

<Pt ez,l0,=0 ].P[gjszj|ej=ej+l,

i+l

where I is the test statistic and Zi the critical region of Ti.
Tests T, satisfying these conditions are given for the following
special cases:

1. a rectangular distribution between 0 and 8

2. an exponential distribution with parameter 6.,

3. a normal distribution with variance 91'

4, a normal distribution with mean 6; and known variance.
Further an analogous distribution-free test, based on WILCOXON' s
two sample test, is considered.

12



CHAPTER 1

THE MAXIMUM OF A FUNCTION
IN A CERTAIN CONVEX SET

1.1 Introduction

The problem to be treated in this chapter is the following.
Let, for i=1,...,k,Ii be a given closed interval and let G denote
the Cartesian product of these intervals

(1.1;1) cdef 1 Iy
i=1

Let further H(n,...,m,) be a univalued function, subject to
certain conditions to be mentioned later and defined for each
point (nl,...,nk)eG.
Now let D denote the set of all points (nl,...,nk} satisfying
2 5% { Loy j(-my) £ 0 ARl

2. m el

where o j(i,j=1,...,k) are numbers satisfying

Lo By 2550

2. o, .=0 if the intersection Iian contains at most

(1.1;3) "7 one point,

3. ail.=0, 1 or -1 in all other cases,

4. %y J—l if oy =ah.j=l for any h.,1
Then (1.1;2.1) representszapartial orderingz) of the ni.If oo
is a pair of values with «; .=0 then n; and n; are not compar-
able, i.e. the set {1.1;2. 1) contains p01nts (nl,...,nk} with
n; < My, points (my,...,m) with n, =n; and points (ny,...,7m,)
with ”1 > ;. If o j-l then m; £ m; for each point (n;,...,n,)
in the set (1 1;2. 1) and this set contains points (nl,...,nk)
with n, < m; and points (n;,...,7n,) with ny=Nge Further D is a

convex subset of G.
The problem to be considered in this chapter is: to determine
the maximum in D of the function H(nl,...,nk).

1) (1.1;3.1) entails that the inequalities (1.1;2.1) for i < j
imply those for i > j.

2) A complete ordering is considered as a special case of a partial
ordering.

13



Section 1.2 contains conditions for the existence and unique-
ness of the maximum of H in D and in section 1.3 a recurrent
procedure will be given by means of which this maximum may be
found.

In section 1.4-1.6 we restrict ourselves to the special case
where H(n,...,m,) may be written in the form

k
(1.1;4) H(ny, o0 )= 2 By (1)
1=

where Hi (n) is a univalued function defined for each neli{i=1, oo, K.
For this special case the procedure described in section 1.3 may
sometimes be simplified by using one of the theorems of section
1.4. Section 1.5 contains an explicit formula for the maximum of
H in D and in section 1.6 the problem will be considered as a
minimumproblem for a sum of squares.

Remark 1.1:1

If no confusion is to be expected a point (yl,...,yr) in an
r-dimensional space will be denoted by y. Then, if ¥ and y'are
two points in this space, ¥y=y' states that each coordinate of
7 is equal to the corresponding coordinate of ¥'; ¥#y' states
that yi#y; for at least one value of i=1,...,r.

1.2 Conditions

In the sequel the set {1,...,k} will be denoted by E. Further
for a subset M of E,

(1.2; 1) 1.9 N1

iem

Now let Ml""’MN be subsets of E with

M i’

1 lﬁ M
: =E,
v=1 ¥
(1.2:2) 2. MM =0!) for each pair of values (v,p)
with vép (v,p=1,...,N),
3. I, #o for each v=1,...,N.
v

A set of subsets M1-°"*MN satisfying (1.2;2) will be called a
partition of E and will be denoted by bN.

Now consider, forapartition %, the diagonal space consisting
of all points T satisfying, for each v=1,...,N,
(1.2;3) ny=1; for each pair of values (i,j)st.

1) 0 denotes the empty set.

14



Let further GNI) denote the intersection of this diagonal space
with G. Then (1.2;2.3) implies that Gméo. Further G, may be writ-
ten in the form

N

vELIMv'
i.e. GN is a parallelepiped. Further the function H(ﬁ) reduces,
for ﬁsGN,.to a function of N variables. This function will be
denoted by H*(ﬁ) where 51,...,§N denote the coordinates “1""'”k
for neG . Thus H*(Y) is the restriction of the function H(n) with
respect to the parallelepiped G

(1.2;4) Gy

We now define
(1.2;5) Definition: If tp(}) ts a univalued function defined for
each point ¥ ina convex closed set I', if further the values taken
by w(¥) are real numbers or +», or -® then the function w(¥) will
be called strictly unimodal in T if
1. y(¥) possesses a unique maximum £ 4o in y*el', such that
ly*] < cufor each coordinate yt of ¥* .
2. eath point in I' can be connected with ¥* by a Jordan arc®
in I' such that y(3) is strictly increasing along this arc®’.
(Such an arc will be called a ‘tracer’).

Throughout this chapter it will be supposed that the following
condition is satisfied
Condition A: For each partition by the function H*(©) is strictly
unimodal in Gy and for each point in Gy a straight tracer exists.

1.3 The maximum of H in D

In the sequel it will be supposed that the variables Mpsewes Ty
are numbered in such a way that
(1.3; 1) G j 2 0 for each pair of values (i,j)eE with i < j.
Then we have, for the restrictions Ny ﬂj (i.e. «;, .=1),

i,]
(1.3;2) oy .o > 0 for at least one value of h (say h_)

h,j ]
between i and j,

1) G, is an abbreviation of G .
N by

2) A Jordan arc is a biunique continuous image of a line-segment.

3) The fact that Lp(}‘) is strictly increasing along this arc implies
that l.].!(s:):—co in at most one point of the arc., Further the defin-
ition implies that qj(}.)=+m in at most one point in I\



or
(1.3;3) Oy O j=0 for each h between i and j.
If n, n is arestriction satisfying (1.3;2) then o, h _ah j:l.

Thus in this case the restriction ni§1h follows from the restrict-
ions 7; = nho and nho < n; Therefore the restrictions n, £ ny
satisfying (1.3;2) will be called the non-essential restrictions
of D.

Further (1.3;3) implies that, for each h between i and j, My is
not comparable with n; or ;. Therefore the restrictions n, < M
satisfying (1.3;3) w111 be called the essential restrictions defzn-
ing D. These essential restrictions will be denoted by Ryy---,Rg-
Then each R, corresponds with one pair of values (i,j); this pair
will be denoted by (ik'jk)(l‘ ...,8). Because of the transitivity
relations (1.1;3.4) the system R ,...,RS is equivalent with the
inequalities oy (ni nj} <0 (i, JeE) and uniquely determined by
the numbers o, (1 jeB).

Now let, for a partition hN,

. def. 1)
(1.3;4) DN,5=D"‘GN ,

where s denotes the number of essential restrictions defining D.
Then Dy 1s a subset of Gy» i.e. DN " isa subset of the Cartesian
product of the N 1ntervals I, - Further Dy . is a subset of D,

thus it may be described, in an analogous way as the set D, by
means of a set of inequalities

! - <0
(1.3:5) “v,u(gv Qu) (v,p=l,..., N
gveIM

v

The numbers o, . then follow from fo, and the numbers o; . (i,JjeE).
If e.g. k=3 and if D is the set

Ty & < Mas
(1.3; 6) 13 M2 2 M3
0<m, €1 (ieB),

1

N3ls
p S D is the tetrahedron OPQS
\\ o Q _ Gy is the parallelepiped 0TQS
\\ /,’ Dy ¢ is the triangel 0QS
0=~ M
T 3 _—
Ty fig., 1.3;1: The sets D, Gy and DN'S

1) DN,S is an abbreviation of Db
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then (cf. fig. (1.3;1)) D is the tetrahedron OPQS. Now let FN
be the set of subsets {{1,2},{3}}, i.e. let N-2 and

L3 M,={1,2},
TN {M ={4%,

then Gy is parallelepiped OTQS and the intersection Dy 8 of D and
GNis the triangel 0QS. Thus D may be described by means of the
inequalities

- S ,
(1.3; 8) {51 S5y
0L, £1  (¥aL,2)

Thus, in the same way as for the set D, we can define the
essential restrictions defining D st If Sy denotes the number of
essential restrictions defining D s then S < s, If 5N=0 then

DN -G Further if N=k then I =iv for each v=1,...,k, thus
3 v

Dk s_D If s=0 then D=G, thus D U-G

Theorem 1.3;1: For each partttzon b the function H*(¥) is strict-
ly unimodal in Dy
Proof:

This theorem will beé proved by induction with respect to s (the
number of essential restrictions defining D), i.e. supposing the
theoremto be proved for each set of numbers oy (1 jeE) satisfying
(1.1;3) with 8, (or less) essential restrlctlons it will be proved
that the theorem holds for each set of numbers ai_jfl,JeE) satis-
fying (1.1;3) with s,+1 essential restrictions.

For s=0 we have DN’$=GN, thus in this case the theorem follows
from condition A.

Now consider, for a given partition bN. a set Dy
following two cases may be distinguished

T. DN 5 +1“GN (i.e. the number of essential restrictions defin-
ing Dy ?15 zero); then condition A entails that H* is strictly
unlmodal in D

N, s

N,s’

SO+1; then the

NS+1

II. N < +1£G (this situation is sketched in fig. 1.3;2 for

the case that N=2 and s +1=1); then consider the set DN z obtain-
Yo
ed by omitting one of the essential restrictions defining DN s +1°
Yo

Let this be the restriction L, < ¢, . Then D <Dy ¢
1 2 Z

+
N, s o

Now H* has a unique maximum in D attained at the point Vv, say,

N,s
Yo
and the following two cases may be distinguished.

1. V is outside Dh s +1 (cf. fig. 1.3;2a). Then an arbitrary

point P of DN_SO+1 “1th 5“1 < ;“2 can be connected with V by a

17



tracer within D and this tracer must contain at least one

N,s
[+]
borderpoint of Dy . ., With L, =G, . The first of these points
*“o 1 2
when following the tracer from P to V will be denoted by T; then
H* assumes a larger value in T than in P. Now T lies in a set
D + with s! < s_ and H* is strictly unimodal in Dy_

N-1,s_ : 1, s;'
§2 §1=§2 2 §1=§2
D F/// c C
I
2 M2
1B B
|
t
|
|
IC
0 i
1 IM1 gl
a. ABCD:GN=DN, s, b. ABCD:GN=DN.S°
i AEFD=D
EF=D S N, so+1
N-1,8
Q
fig.1.3;2

A tracer from P to the point U where H* attains its maximum in

DN.30+1 for s _+1=1 and N=2,

Let H* attain its maximum in Dy , o/ at the point U, then a
'“o

tracer in Dy_, ¢ exists from T to U. The tracer from P to T in
'To

DN'SO+1 and from T to U in Dn-l,s; together form a tracer from P

to the point U where H* attains its maximum in Dy _ -
*Yo
2. V is a point of Dy . .. Then H* attains a unique maximum
*Ta

in Dy ¢ 44 at V and the following two cases may be distinguished
a. H* attains its maximum in G at this point V (cf.fig. 1.3;2b).

Then, according to condition A, for each point P in DN s +1 @
*rTo
straight tracer (thusa tracer within DN < +1} exists from P to V,
*“o

b. V is not the point where H* attains its maximum in Gg; then,
if V' denotes the point where H* attains its maximum in Gy, we
have V' ¢ Dy . ,,- Further condition A implies that, for each

K [»]

18



point PeD astraight tracer exists fromP to V'. This tracer

N,So+l’

contains a borderpoint of D between P and V'. Thus in this

N, s°+1

case V is a borderpoint of D where at least two g, from

N,$°+l

Ci+-++.Cy corresponding to an essential restriction for DN,s°+1

are equal. Let this be the restriction {, < g, , thenwe consider
3 4

the set Dy . obtained from i
'To *“a

£, L, from the essential restrictions defining D
3 4

by omitting the restriction

. The
N_so+1

maximum of H* ané s is unique and the point where it is attain-
r
ed isapoint with £, 2 L, . The rest of the proof is the same as
3 4

for case II.1.

Taking N=k in theorem 1.3;1 we obtain that H(¥) is strictly
unimodal in D, i.e. H(Y) possesses a unique maximum in D. The
point where this maximum is attained will be denoted by u. Further
the point where H(7) attains its maximum in G will be denoted
by V.

Theorem 1.3;2: If D' is the set obtained from D by omitting the
restriction R, and if u' is the point where H attains its maximum
in D' then

1. u=u’ if u; $ug,
(1.3;9) s Js
2. u, =u if u, > u! .
iS jS iS JS
Proof:
If u; < u; then U'eD; thus in this case we have u=u'.
5 5 -
If uf > u; , then for each point mMeD a tracer within D' exists

[

S -
from 7 to u’' containing a point n with
1. T]is:'f]js,
2. H(W') > H(Y);

thus, if u; > u; . H attains its maximum in D for m; =7
5

(1.3;10)

J
(1.3;9.2) then follows from the uniqueness of the maximum.

By means of theorem 1.3;2 the problem of maximizing H in D is
reduced to the following two problems
1. to determine u’, i.e. the point where H attains its maximum
in D',
2. to determine the point, say u”, where H attains its maximum
in the intersection of D and the diagonal Ny =n; -
s 5

19



In order to solve the first problem, i.e. to find u’, we again
apply theorem 1.3;2 to the function H by omitting one of the
essential restrictions defining D’.For solving the second problem,
i.e. to find u”, we consider the function H under the restriction

Ny =Ny inD, i.e. we consider the function H* in Dy & with N=k-1,
Jg ;
where one of the M, (cf (1.2;2)) consists of the numbers i and

js. In order to f1nd u" we apply theorem 1.3;2 to the functlon H*

by omitting one of the essential restrictions defining D st

Thus by repeated application of theorem 1.3;2 we arrlve at the

problem of maximizing a function H* in a set D, _ , where the

o' o
number of essential restrictions defining D, . is zero, i.e. at
o' o

the problem of maximizing a function H* in a set G

Consequently the maximum of H in D may be found if the maximum of

H* in G is known for each partition foye
The procedure described above may sometimes be simplified by

using the following theorem.

Theorem 1.3;3: If (i,j) is a pair of values with

(1.3;11) o =0,

if D' is the subset of D where n; £ m;

where H assumes its maximum in D' then

—- =y

1. u=u if u

and if u' is the point

(1.3;12)

N

S 7
2. u; 2 Uy if u

Proof:

First considerthe case that u' =u!, i.e. the case that H attains
its maximum in D' for Ny=Nj- Then H attains its maximum in D for
“1 2 My» i.e. u, 2 u;. Thls proves (1.3;12.2). Further if u, 2 u;
then 1t may be proved in the same way as in theorem 1.3;2 that H
attains its maximum in D' for n nj. i.e. u =u; if u, 2 u;. Con—
bequently uy <u, if and only if u < uj. i. e. u 301n01des with u’
if u < uJ. ThlS proves (1.3;12. 1)

By means of this theorem the problem of maximizing H in D is
solved 1f u < uj. Further the restriction n, £ n; may be added
if u =ul. Thus by repeated applicationof theorem 1. 3 3 the problem
is reducedto the case ofa complete ordering (a _1 for each pair
of values (i,j)eE with i < j), which in many cases, e.g. in the
special case treated in the following sections, simplifies the

procedure.

20



Finally we have
Theorem 1.3;4: If oy ;(v;-v;) £0 for each pair of values (i,])
then
(1.3;13) u=v.
Proof:

This theorem follows from the fact that in this case veD. It
also follows from theorem 1.3;2.

1.4 Some special theorems

In the sequel of this chapter we restrict ourselves to the
special case where the following condition is satisfied.
Condition B: H(ﬁ) may be written in the form

(1.4;1) H()= 2 B, ().

where, for each i€E, H,(n) is a univalued function defined for
each mel,, satisfying
(1.4;2) -o £ Hi(n) <o for each mel,.

For this special case condition A may be expressed in terms of
conditions for the partial sums

. def
(1.4;3) HM(g)éii‘Hicm (CeI),

where M is a subset of E with IM;&).

We now first prove the following lemma (cf. definition (1.2;5))
Lemma 1.4;1: If T' is the Cartesian product of K intervals A
oe=1,...,K), if

K

(1.4;4) p(F) s 2 U o)
H=
where y (¥) is a univalued functiondefined for eachyeh, (x=1,...,K),
if further, for each x=1,...,K,
(1.4;5) -o < qjx(:,') < o for each yeA
and if, for each x=1,...,K,y (¥) is strictly unimodal in A, then

w(¥) is strictly unimodal in I and for each point in I' a straight
tracer exists.
Proof:

The function l?(s;) is a univalued function 2 -o defined for each
point yel.
Further the function ¢ (y) is strictly unimodal in A, thus y (¥)
possesses a unique maximum in Aw attained at, say, the point
y;c(x=1, ..+, K). Then we have, for each y eA with yx;éy,:c (cf. (1.4;5))

(1.4;6) -o £ ‘Vx(yx) < wx(y;) < o for each »=1,...,K.
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Thus, yx(y;) being finite for each x=1,...,K, we have, for each
point yeI' with ¥#¥y',

- K K 7 -
(1.4;7) V)= 3 (5,) < I 4, 009G

and (1.4;7) entails that qﬂ?) possesses a unique maximum in T

attained at the point ¥', i.e. y*=y'.
Now let ¥° be a fixed point in I' with ¥°4y* and let
= def o a7
Y(B)= (1-B)y +3y*,
(1.4;8) B P P
0sp<l.

Then ¥(3) is a point in I' and we have
- K
(1.4;9) MEIEE Elwn{yx(ﬁ)}.
H=

It will be proved that y{y(8)} is a strictly increasing function
of g in the interval 0 £ 3 £ 1.

First consider a value of » with y§=y;; then

(1.4;10) ¥, (B)=y; for each g with 0 £ 3 < 1.

Thus in this case we have

(1.4;11) ~a < wx(y;)=wx{yx(p)}=¢x(y;)< @ for each 8 with 0g8<1.
Now consider a value of » with y Zy%; then the fact that y (¥y) is
strictly unimodal in Ax and attains its maximum in Ay for y:y;
implies that

(1.4;12) ¢, (v2) <y vy, @Y < ¢y, B} < ¢ (32

for each pair of values (3,,B,) with 0 <8, <3, < 1.
From (1.4;11), (1.4;12) and the fact that at least one value of x»
exists with yiéy; then-follows

(1.4;13)  y{5O)} < ylF @} < v @} < ply )}
for each pair of values (3,,3,) with 0 <3, <3, < 1. Consequent-

1y y{¥(®)} is a strictly increasing function of g in the interval
0<BsL,

We now apply this lemma to the special case where condition B
is satisfied. From (1.4;3) and the definition of H*(T) follows

- N
1.4;14 H* = H .
( ) @)= 3 B, (©,)

Lemma 1.4;1 then entails that condition A is satisfied if the
following condition is satisfied

Condition A': For each McE with I #o the function H, (L) is strict-
ly unimodal in I.

In the sequel of this chapter we suppose that condition A’ is
satisfied.
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Now let, for a subset M of E with IM£0, Vi denote the value of

{ which maximizes H,(Z) in I,, then (1.4;14) entails that H* (D)

attains its maximum in Gy at the point {VH,..-,VM ). Thus by
1 N

means of the procedure based on theorem 1.3;2 the coordinates of
U are expressed in terms of .
1

In this section some theorems will b;‘proved by means of which
this procedure may be simplified.
The following theorem will be immediately clear.

Theorem 1.4;1: If M is a subset of E with

(1.4;15) 3 ol
hem 1t

then the coordinates u;, of U for ieM may be found by maximizing

Z H;(n;) in the set

ieMm

h:O for each ieM,

- <
(1.4:16) D, {“1'5("1 WES e,
n3¢1;
We now prove the fdllowing lemma.
Lemma 1.4;2: If n is a point in D such that for some pair of
values (1i,]j)

1. m, <1,,
(1.4;17) M >
X N WL
: A |
then a point m' exists satisfying
L my=n;
(1.4;18) ﬂﬁ=ﬂh for each heE with h#i and h#j,

2. H(®") > H(®).
If moreover
o; p for each h > i with héj,

1. «.
(1.4;19) i
o s for each h < j with h#i,

2. ah,i

then ' is a point in D.

N IA

1) If we consider, for a subset E' of E, the set
O LW T

Myely
then the coordinates which are not mentioned may assume any

values in their intervals I, i.e. D' is a k-dimensional subset
of G and DcD’.

(i,jeE")
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Proof:
For the proof of (1.4;18) the existence of a number m will be
proved satisfying
1' Tli‘éﬂg"]j;
2. Hy(m)+H;(n) > H; (ny)+H;(n;).
Then the point n' satisfying

(1.4;20) {

1. nl=1=4;
(1.4;21) nf ™
2. my=m, for each heE with h#i and h#j

satisfies (1.4;18).
The following cases may be distinguished (cf. fig. 1.4;1)

L. g < it p? Vi then take n=n;

(1.4;22) 2. vy £ 4 < U then take m=m,,
3. M < vy < Ny then take n=v,.
ny gk fni4nj> W
i
1 ° |
F S m [
D o S N .M
Iy | i
b | :
+(V1.Vj) +(Vi,\" b +(vtlv_)
I ! |
o T] Q i a 1’1
ng <My SV T vy S <y ny < vy <oy '
fig.1.4;1

A number 7 satisfying (1.4;20)

This number m satisfies (1.4;20.1). We now prove (1.4;20.2).
In case (1.4;22.1) we have

(1.4;23) Hj(n)=Hj{nj)

and

(1.4;24) n; <ME Ve

The fact that H; is strictly unimodal in Ii then entails that
(1.4;25) H (M) > H;(ny)

and (1.4:20.2) then follows from (1.4;23) and (1.4;25).
For the case (1.4;22.2) we have

(1.4;26) Hy (m=H, (n,)
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and (cf. (1.4;17.2))

(1.4;27) \£ SV, ENS Mg
thus
(1.4;28) Hy(m) > H;(ny).
Finally for (1.4;22.3)
1. 1. < v,=m,
(1.4;29) Mo
2. \£ g vy=n < UIE
thus
1. H.(n) > H,(n,),
(1.4;30) sal == gl
2, Hj(n) > Hj(ﬂj)-

In order to prove that'ﬁ'is a point in D it is sufficient to
prove that

1. ah'i(nh -m) €0 for each h < i,
2. o, ,{M-m,) £ 0 for each h > i,
(1.4;31) 1,00
3. oy J(nh—n) €0 for each h < j,
4. aj.h(n-nh) £ 0 for each h > j,
The fact that n satisfies
(1.4;32) ng $NEm

and the fact that m is a point in D imply that

(1.4:33) Lo, 1 My
2. aj’h(n-nh)

This proves (1.4;31.1) and (1.4;31.4).
We now prove (1.4;31.2). For each h > i we have % 4 > 0, Now

o, {my-ny) €0 for each h < i,

A A

o; p(ny-my) €0 for each h > j.

(1.4;31.2) is immediately clear for values of h with o h=0; thus
we only consider values of h > i with oy h=1. Then the'following
two cases may be distinguished ’

1. h=j, then (cf. (1.4;32))
(1.4;34) & p M=o ;(n-m;)=m-n; £ 0.

2. h#j, then (1.4:19.1) entails that «. p=1, thus h > j.
Consequently for each h > i with a -1 and hZj we have

1. ai,h(n-nh)=aj,h(n-ﬂh)'

2. h > j.

From (1.4;33.2) and (1.4;35) then follows

(1.4;36) o ,(n-n,) £ 0 for each h > i with hfj and o4

(1.4;35)

p=1s
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and (1.4:;31.2) then follows from (1.4;34) and (1.4;36).
The proof of (1.4;31.3) is analogous.

Theorem 1.4;2: If for some pair of values (i,])

T, oy j=l and v, 2 Vi

2. oy h=0, =0 for each h between i and j,
(1.4;37) , o
oy i:a ; for each h < i,
4, % =% n for each h > j,
then
(1.4;38) uy=u.
Proof:
From (1.4;37) follows
Lov, 2 Vi
(1.4;39) 2. oy y=0 g for each h > i with hj,
3. oy =04 for each h < j with h#i.

Now let m be a point in D with n, < T4 then lemma 1.4;2 entails
that a point n 'eD exists with

I
1. ﬂi=ﬂj ’
2. H(M") > H(W),
i.e. Hattains its maximum inD for ny=";y and (1.4;38) then follows
from the uniqueness of the maximum.

(1.4;40)

Theorem 1.4:2 is closely related to theorem 1.3;2. Taking for
Ry the restriction U < 1; (i.e. 1 =i,] _J)1t follows from (1.4;40)
that H attains its maxlmum inD’ for n; 2 My thus “1 2 uj Theorem
1.3;2 then entails that u,=u,.
However, the application of theorem 1.4;2 is simpler than the
application of theorem 1.3;2; for theorem 1.3;2 we need the point
u’, whereas for theorem 1.4;2 we only need v, and V. But theorem
1.4:2 can only be appliedif condition B is satisfied and if more-
over (i,j) is a pair of values satisfying (1.4;37); theorem 1.3;2
can always be applied.

By means of theorem 1.4;2 the problem is reduced to the problem
of maximizing

(1.4;41) hEE,Hh(nh}+H{i_j}(ni).
where
(1.4;42) g'9ef{1, ..., i-1,i+1,...,3-1,3+1, ..., K},

under s-1 (or less) restrictions.
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Theorem 1.4;3: If a; s=1 for each pair of values (i,j)e¢E with
i <j then :
(1.4:43) u;=u for each i€E with vy 2V
Proof:

If o =1 for each pair of values (i,j)eE with i < j then each
pair of values (i,j) with v, 2 v; and j=i+1 satisfies (1.4;37).
Thus the thecorem follows from theorem 1.4;2.

it+1 i+1°

By means of theorem 1.4;3 a complete ordering with s essential
restrictions is reduced to a complete ordering with s-1 essential
restrictions. Thus the case of a complete ordering may be solved
by means of the theorems 1.4;3 and 1.3;4.

Theorem 1.4;4: If (i,j) is a pair of values satisfying

lov, 2 Vi
(L) o ST
8. a; y $a , for each h > i with héj,
4. o y 2« ; for each h < j with h#i,
then
(1.4;45) uy 2 u;.
Proof:

If m is a point in D with ny < ; then it follows from lemma
1.4;2 and (1.4;44) that a point 7'eD exists with
1. my=n;,
2. H(®') > H(®).
NowD also contains points m with M > 1., « . being zero. There-

i,
foreH attains its maximum in D for M 2 nys (1.4;45) then follows
from the uniqueness of this maximum.

(1.4;46)

Theorem 1.4;4 is related to theorem 1.3;3, If D' is the subset
of D where 7m; £ ur then it follows from (1.4;46) that H attains

its maximumin D’ for n;=n;; thus uj=u;. Theorem 1.3;3 thenentails
u. 2 u..

i
i 2

However, the application of theorem 1.3;3 is more complicated,
because the point u' must be known. For theorem 1.4;4 we only
need A and V5 but this theorem cannot always be applied.
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1.5 An explicit formula

Let, for each ictE,

1. 8, defi Ens =1,
(1.5;1) {iloy, =1}
2. T. foluEns{Jla
and let further, for a subset M of E,
gl. Ly
1.5:2) LM
12. def \JT .
Ty 1eM
Further the complement of a subset M of E will be denoted by M, i.e.
; MnE"l:O,
(1.5;3) MUN=E.

In H.D.BRUNK [2] S, is called a lower layer and T, an upper layer.
From the deflnltlon of S and Ty it follows at once that the com-
plement S of a lower Iayer S is an upper layer with respect to
another M and vice versa.

In the sequel of this section the following theorem will be
proved.
Theorem 1.5;1
(1.5;4) ui=mix.mﬁp{vTMnSM,1iETMnSMa} (ieE),
where (cf.section 1.4) v, is the value of T which maximizes H, (L)
in L.

M

For the proof of this theorem we need the following lemmas.
Lemma 1.5;1: If for any pair of values (i,])

1. «, .:0,
(1.5;9) =

<
2 uy S Uy

and if 0’ is the point where H attains its maximum in the subset
D' of D where 7y S My then u =u'.
Proof:

This lemma follows immediately from the fact that UeD'eD and
the uniqueness of the maximum.

—,

Lemma 1.5;2: If for any value of M
(1.5;6) u. <u, ,

if D' is the set obtained from D by omitting the restriction Rl
and if U’ is the point where H attains its maxtimum in D' then u=u’.
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Proof:
Theorem 1.3;2 entails that uy =, if and only if u;l > ou; .
A
From (1.5;6) then follows u; < u;l, thus (cf. theorem 1
'S

— =,

u=u .

Lemma 1.5;3: If o .=1 for each pair of values (i,j) with i < j,
if a value 1 2 0 and a value h > 2 exist with

(1.5;:7) Uj g =l L,
if 1;,...,1, is a permutation of the numbers i+l,...,i+h with
(1.5;8) v 2 eww 2V

_11 lh

and if U' is the point where H attains its maximum under the
restrictions
(1.5’9) TI] g 4w é T]-i_ g T!]_ g e g Tilh ‘:( le_+|1+1 g ALY g ler
ng€l; (i€E),

then u=u’'.
Proof:

If D' is the subset of D where Mis1=>++=My,, then (1.5;7)
entails that UeD'. Further theorem 1.4;3 entails that u'eD’. The
lemma then follows from the uniqueness of the maximum.

Lemma 1.5;4: If

(1.5;10) Up=...=u,

then

(1.5;11) Vg 2 V3 for each McE.
M M

Proof :

We first consider the case that oy j=1 for each pair of values
(i,j) with 1 < j. Then, if M is a subset of E and if
def

(1.5;12) r=max i,
ieM
SM consists of the numbers 1,...,r and thus ém consists of the
numbers r+l,...,k. Now let 11,...,1r be a permutation of the
numbers 1,...,r with vll 2 e 2 vlr and let lr+1,..., Ik be a
permutation of the numbers r+l,...,k with L D v, . Let
o r+1 k

further u’ denote the point where H assumes its maximum in the set

M., .o S71p
(1.5;13) D' 1 k

n;€1, (ieB),
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then lemma 1.5;3 implies that

— ey

(1.5;14) u=u

Now let D" denote the set obtained from D' by omitting the restrict-
ionm, £y and let u” denote the point where H attains its
r +

maximum in D”. Then theorem 1.3;2 implies that ui :u{ if and
T r+l
only if u; b u; . From (1.5:;10) and (1.5;14) then follows
r r+1
uy 2 uy and the lemma then follows from (cf. theorem 1.4;3)
T r+1

(1.5;15) uy =vg ,uj  =vg .

Now consider the case that at least one pair of values (i, J)
exists with oy J-O From lemma 1.5;1 and (1.5;10) then follows
that for each pair of values (i,j) with oy .=0 the restriction
n = n; or the restriction n; 2 n; may be added Such a restrict-
1cn is added for each palr of values (i, J]SS with oy =0 and for
each pair of values (i, J)ES with o5 J—O in such a way that with-
in S and within S a complete orderlng is obtained. This new
orderlng is denoted by (n " } € 0(i, jeE). Then a value h ESM
exists with a 1_1 for each JES and a value h, eS with aﬁ ;=1

for each JeS : Further it follows from the definition of 8§, that

a} : 20 for each pair of values (i,j) with 1ESM and JES thus

ahd'hz 2 o “1-h2 > 0. If ahllhzdo we add (cf. lemma 1.5; 1) the

restriction n £ My - In this way we obtain a complete ordering
1 2

and the lemma then follows from the first part of the proof.

Remark:1.5;1
The lemma holds analogously for any T, and T,

< OXE
Ty = Ty

v

Lemma 1.5;5: If M, and M, are two subsets of E with

1. MIAM2=0,
(1.5;16) 5 y

v, <v,,

My = Mg
then
(1.5;17) v <v SV, .
Ml = MlvM2 M2

Proof:

This lemma follows easily from condition A'.
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Lemma 1.5;6: If

(1.5;18) uy=.. .= (=0),
then
(1.5;19) u=max v, =min Vg -
M MM M
Proof:
From lemma 1.5;4 and lemma 1.5;5 follows
(1.5;20) Vo 2V, = 2 Vg
S SyvSy = Sy
and from (1.5;18) follows
(1.5;21) V. = =V_=l.
Sy“8y E
Thus
(1.5;22) Ve 212 Vg .
Sy Sy i
From (1.5;21) and the first inequality of (1.5;22) then follows
(1.5;23) u=min Vg -
M M

The other part of (1.5;19) follows analogously.

Now let Ev(v=1,...,K) be subsets of E with

. K
3 E =E,
v=1 "
(1.5;24) 2. u;, < u; for each pair of values (i,j) with
ieEv,jeEu(u < ov,p=l,...,K),
3. ui=uj for each pair of values
(i.j)GEv(v=1,---,K)

and let, for v=1,...,K, Dv denote the set
a; j{n;-n;) £ 0
n €Ty

(1.5;25) (i,i€E).

Then we have
Lemma 1.5;7: The coordinates u; of u for i€E, may also be found
by maximizing T H,(n,) in D (v=1,...,K).

ieE !

Proof: M
Let u' denote the point where H attains its maximum in the set

K
(1.5;26) gdef Ap .

Then lemma 1.5;2 implies that u-u’. Further theorem 1.4;1 implies
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that the coordinates u; of u’ for i€k, may be found by maximizing
igé H;(ny) in D, (v=1,...,K).

v
Proof of theorem 1.5;1

We first consider the case that Uy=...=U,. Then, according to

k
lemma 1.5;6 it is sufficient to prove that, for each ieE,

(1.5;27) max an{vT ol ,|ieTMaSM'}=min Vg =max v
MM MTEN M MoM

The following relation always holds

Ty

(1.5:28) max min{v |ieT, S, ¢} 2 min{v ieT, S, s}
M MJI TynSy! M3 .\.1'n Ty ~Sy! L

for any M.

Thus, taking T, =E, we have, for each i¢E,
o

(1.5;29) max mip{v |ieT“nSMa} > min{vS r|ies“:} z min v
: w o Su :

oo TunSy! ' Mo Su
In an analogous way it may be proved, that, for each ieE,
(1.5;30) max min{v, . |ieT.~S,/} < max v
moom' Ty Sy’ L M Tu

and (1.5:27) then follows from (1.5;29), (1.5;30) and lemma 1.5;6.

Now consider the case that at least one pair of values (i, ]j)eE
exists with uifu. and let Ev(vzl,....K) be subsets of E satisfy-
ing (1.5;24). Then, if u"J denotes the value of u; for i¢E (v=1,...,K),
lemma 1.5;7 implies that

(1.5;31) u'-=min v =max v (v=1,,..,K)
Vi SynEy Ty TynEy

and from (1.5;31) follows

(1.5;32) Ve . 2 u; for each McE(v=1,...,K).
M~y

K
Thus if E/%f U B we have, for each McE, (cf. lemma 1.5;5)
p=v !

(1.5;33) vg 1=V K 2 min v 2 min w'=u;(v=1,...,K).

Wy U (B a8,) T vepgK Epnsm T owlugk W
L=V oM

Further, according to (1.5;28) with TM =E;,
(=]

for iva,
(1.5;34) max mip{v

mooM Sy’

i€T A8, } = min{v
| L M

- r
r|1€S :nE‘} 2
TMASM! AEV M v

Z ug=min v

= i g nEv(U=1,..-,K).

M
In an analogous way it may be proved that, for each iEEv,

(1.5;35)  max mip{vT S
MooM M

Theorem 1.5;1 then follows from (1.5;31), (1.5;34) and (1.5;35).

IieT nS, 1} < max v (v=lsesvaK):
PETTIMIRMOT S Tyt TTynEy
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1.6 The problem as a minimumproblem for a sum of squares

Let, for each ieE, (cf. condition B) H/{(n) be a univalued
function defined for each nEIi, satisfying

(1.6; 1) -o £ H{(n) < for each nel;.
Let further
H' (ML 3 H{(n)  (7eG)
i€E

(1.6;2) tipydef s e
HM(§)£21§MH1(§) (CeIy)

and let (cf. condition A'), for each McE with I #o0, Hy(L) be
strictly unlmodal in I,. Then H' (7)) possesses a unlque maximum
in D. Let u' denote the point where H'(n) attains its maximum in
D and let VH denote the value of [ maximizing H () in I

In thls section conditions will be given for the c01n01dence of U
and u’.

We first prove the following lemma

Lemma 1.6;1: If

(1.6;3) u,=...=u, (=u)
and
(1.6;4) max v! =min v. =u
M TMmom S
then u=u’'. )
Proof:
From (1.5;29) and (1.5;30) it follows that
(1.6;5) min vg £ uj € max v, for each ieE.
M M M M

From (1.6;4) and (1.6;5) then follows

(1.6;6) u;=u  for each icE.

Now let Ev(v=1,...,K) be subsets of E satisfying (1.5;24) and
let Dv(v=1,...,K) denote the set (1.5;25). Then
Theorem 1.6;1: If

(1.6;7) max v. =min v/ =v for each v=1,...,K,
w Tw*Ey m SyEy By

-

then u=u
Proof:
Lemma 1.6;1 and (1.6;7) imply that, for each v=1,...,K, the

point where I H,(m;) attains its maximum in D, coincides with
icE

the point where ¥ H (n ) attains its maximum in D,. Thus (cf.
].fE
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theorem 1.4:1 and the proof of lemma 1.5;7) the point where H
attains its maximum in B coincides withthe point where H' attains
its maximum in B. The theorem then follows the fact that D is a
subset of B containing the point u.

Remark 1.6;1

Condition (1.6;7) is e.g. satisfied if, for each McE,, and each
v:]'l"',Kl

i

(1.6; 8) V=V
and (1.6;8) is e.g. satisfied if
(1.6;9) vM=vé for each MZE.

Now let Ji be a closed interval such that Iich for each ieE.

Let further, for a subset M of E,

1

6;10) J.880
M= fem 1

and let the following conditions be satisfied
Condition B': H(W) may for me II J; be written in the form
i€E

(1.

6;11) H(M)= I H, (n,),
icE

where, for each i€E, H,(n) is @ univalued function defined for
each neJ,; satisfying

(1.

6;12) -0 £ Hi(n) < w for each neJi

and
Condition A": For each McE with J o the function Hy (L) is strict-

ly

unimodal in Jy.

Then,IM being a closed subinterval of JM. the conditions B and A’
are satisfied.

Now let, for each ieE, [Ci'di] denote the interval I, and let,

for McE,
cmgfrinaﬁ cys
(=
(1.6;13)
dmggfmin iy
i€M

then, if Imfo, I, is the interval [cm,dM]. Further let Wy denote

M

the value of { which maximizes Hy(Z) in J,, then

(1.

34

i <
Wy if Cy < Wy dm'

6;14) Vy= 4{Cy

d, if w,

[[Fa¥

if Wy Cy
dM.
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We now take for H' the function - ® qi(ni-wl)z. where Q;,...,q
i€E
are positive numbers; then - & qi(g—wi)2 is strictly unimodal in
' i€M .
: : ; 2
the interval (-o,®). Thus,J, beingaclosed interval, - I q,(C-w;)
iem

is strictly unimodal in Jy. Further if wé denotes the value of [
which maximizes - T qi(g-wi)2 in the interval (-o,), then
iem
(1.86;15) we =2a.w./ 2aq,.
W det Y/iEM +

From theorem 1.6;1 then follows
Theorem 1.6;2: If a;,...,q, are chosen in such a way that

1, (1.6;7) is satisfied,
2. 9 >0 for each icE,

(1.6;16)

then the point where H attains its maximum in B coincides with the
point where

(1.6;17) Q=Q(7) def qui(ni-wgz
i€
attains its minimum in B.
Remark 1.6;2
From (1.6;8) it follows (cf. also (1.6;14)) that (1.6;16) is

satisfied e.g. if, for each M<E,, and each v=1,...,K,
wy=w, if Cy < W, < dy,
~ ] -
(1.6;18) Wy < Cy if Wy < Cy»
LS =
Wy 2 dM if Wy 2 dM
and (1.6;18) is satisfied e.g. if, for each McEu and each
L
(1.6;19) w;=wM.
Theorem 1.6;3: If Ay,---,0Q are chosen in such a way that (1.6;16)

is satisfied and if U#W then the ellipsoid
(1.6;20)  q,

uit¥g B uj-¥y .
- =¥ q.
ieg I rl1 2 jeg 1 2

touches the set B (and the set D) on the outside in the point u.
Proof:

If U#w then w¢B.
Further U isa borderpoint of B and if 0 < g < 1 then BwW+(1-B)ufB.
This may be seen as follows. Lemma 1.4;1 entails that H{gw+(1-g)1u}

35



is a strictly increasing function of @ in the interval 0 < g £ L.
Thus if 0 < 8_< 1 then H{p W+(1-g)ui} > H(W).

The fact that H attains its maximum in B at the point U then
entails that B _W+(1-8,)UfB and that 1 is a borderpoint of B.

Now let R
rdef i i
= Vgi(ni"‘r“)‘
u,+w u.-w,
(1.6;21) ujdel Véicui-i—z-i): V;i% ,

ndef .k __»f_ Ui ¥y
W V%i(wi = 4

then (1.6;20) reduces to

J2 !}2 "2
(1.6;22) I =Dy (= 2w, )

and B reduces to a convex set B'. Further u” is a borderpoint of
B', W¢B' and if 0 < B < 1 then @W"+(1-g)u"¢B’.
From (1.6;21) follows

(1.6;23 Y q.(n.-w.)2= 2 (n'-w")?
) iEqu(nl 1) iEE(nj i)

2
and theorem1.6;2 then entails that I (n;-w;) attains its minimum

P i€eE
in B’ at the point u”, i.e. the sphere (1.6;22) touches B' on the
outside in the point u”: thus the ellipsoid (1.6;20) touches B on
the outside in the point u.

We now prove the following lemma
Lemma 1.6;2: Let C be a convex set and S a point on its boundary.
Let Kg be an ellipsoid touching C on the outside in S and let the
diameter of Kg passing through S intersect Kg in a point U(#8).
Let further Y be a point inside C or on its boundary and K, an
ellipsoid with diameter YU, with axes parallel to those of Kg and
with the length of the axes proportional to those of Kg. Then 8
lies inside or on K.

Proof:

We apply a linear transformation such that Kg reduces to a

sphere Kg; then (cf. fig. 1.6;1) K, reduces to a sphere Ky, C to
a convex set C', S to a point S’ on the boundary of C' and Y to a
point Y' inside C' or onits boundary. Further the sphere Ké touch-
es C' in §'.
Let (cf. fig. 1.6;1) P denote the centre of the sphere K; then
it is sufficient to prove that S'P < U'P. Now the fact that Y’
lies inside C' or on its boundary implies that PQ < PY'=U'P;
thus PQ < 8'P < U'P.
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s' lies inside or on K;f

Theorem 1.6;4: If Qy,e-..Q, are chosen in such away that (1.6;16)
is satisfied then
(1.6;24) Y q,(u,-w,)(u,-n%) £ 0 for each 7°€B.
i€E 1 1 1 3 1
Proof:
If U=w then (1.6;16) reduces to
(1.6;25) q, > 0 for each ieE.

Then the theorem is immediately clear. If u#w then the ellipsoid
(1.6;20) touches B on the outside in Uu. Thus (cf. lemma 1.6;2)
if 7°B then u lies inside or on the ellipsoid

o 2 o 2
N, +w. T -W,
jep 1\ 2 e 3\ 2
i.e. u satisfies
o 2 o 2
n; W, O_w
(1.6:27) p q.(u.- L 1) < Eqv(”lz i)
ieg A7 ieg

and (1.6;27) is identical with (1.6;24)

Further the foregoing implies that the following theorem holds.
Theorem 1.6;5: If a;,...,q, are chosen in such away that (1.6;16)
is satisfied then exactly one point meB exists satisfying the in-
equalities

37



(1.6;28) 2 q;(ng-n)) (ny-w) €0,
ieE
where the point n°runs through the set B.

. In some cases (cf. chapter 2) numbers Qpreees @y independent of
u may be found such that (1.6;16) is satisfied. In these cases
the point u may also be found by minimizing Q in D or by solving
the inequalities (1.6;28) for the point 7, where n° runs through
the set D.
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CHAPTER 2

THE MAXIMUM LIKELIHOOD ESTIMATES
OF ORDERED PARAMETERS
OF PROBABILITY DISTRIBUTIONS

2.1 Introduction

Consider k independent random variables Xpsenon Xy and n, in-
dependent observations x, ;,...,X; . of zi(ingif{l,...,k}).

d 'y

Assume that the distribution of Xy contains one unknown parameter
ei(ieE) and that its distribution function is
2.1;1) Fo(xlo&plx, < x[o,]  (iem).
Two types of restrictions are imposed on the parameters 61,...,9 %
Let I£ be a subset of the set of all values of 1 for which Fj(x T
is a distribution function, let ¢ (1) be a given function defined
for each TEI; and let Ii be a given closed interval such that

1. @ (1)el, if and only if TEIL

(2. 1323 2. if teI{ and '€l then o, (T)4p, (1")
if and only if +#<'.

Let further, for nEIi.wi(n) be the inverse of the function @, (1)
{15I;), then Fi(x]¢i(n}) is a distribution function for each
nEIi(iEE), but I, is not necessarily the set of all values of 7
for which Fi(x]@j{n)) is a distribution function.

Let further oy j(i.jfE) be given numbers satisfying (1.1;3), then

the restrictions imposed on 91""'9k are
o, 9. (0.)-.(6.)} <0
(2.1;3) RN (1, 3¢E)
®; (B;)€l,
and the problem to be considered in this chapter is the maximum
likelihood estimation of the parameters ©,,...,06, under the

restrictions (2.1;3).
The parameter 0; is e.g. a probability or the mean of a normal
distribution or the parameter of an exponential distribution.
Further in most practical cases I; will be an interval and wi(m)
will be a continuous function of 1 for each icE,

The special case that wj(T)ET for each i¢E has been treated by
the present author in [8], [9] and [10]. Further H.D.BRUNK [2]
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considers the case that, for each i¢E,q, (1)=1 and moreover I, is
the set of all values of m for which Fi(xln) is a distribution
function.

2.2 The maximum likelihood estimates of CITRERIN -

In the following it will be supposed that the parameters
8y,-..,6, are numbered in such a way that % s 2 0 for each pair
of values (i,j)eE with i < j. No other restrictions than (2.1;3)

are imposed on 01,...,8k. Consequently all points 7 satisfying
o, o (1 )=, (1.)} <0

(2.2; 1) S A LS R (i, jeE)
@, (1;)€el;

belong to the parameterspace.
Now let

the density function of x, if x; possess-
es a continuous probability distribution,
P[gi:xlei] if X, possesses a discrete
probability distribution,

(2.2:2) fi(xlei)igf

and n
;
L=ty (V4 2 In £, |0 Gelfiiem),
(2.2:3) i
L= 2L (1) (e 1L I)).
ieg * i€E

Then the maximum_likelihood estimates of ©,,...,8, under the
restrictions (2.1;3) are the values of Tyreeer Ty which maximize
L in the set (2.2;1).

Now let

Hy=H, (L {2, ()} (nely;ieB),
(2.2;4) - def .
HzH(n):::_E Hi(ni) (med).
i€E
Let further, for I, o,
(2.2;5) H (O ZHA(D)  (LeIy)
" iem !

and let condition A' and B (cf. p. 21, 22) be satisfied.

The value of ¢ which maximizes H,(Z) in I, will be denoted by
Ve Then Vi,e+.,¥, are the maximum likelihood estimates of
9,(8,)ev.,,(0,) under the restrictions ¢, (0;)el, (icE).

From theorem 1.3;1 it follows that H possesses a unique maximum
in the setD and this maximum may be found by means of the proced-
ure described in chapter 1. Let this maximum be attained at the

point U, then Uy ens, Uy are the maximum likelihood estimates of
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ml(el),...,mk(ek) under the restrictions (2.1;3). It then follows
from (2.1;2) that L possessesa unique maximum in the set (2.2:1),
i.e. the maximum likelihood estimates of ©y,-..,8, under the
restrictions (2.1;3) exist. These estimates will be denoted by
tl,....tk and we have ti=¢i(ui)(i6E)-

In the following sections some examples will be given. In all
examples we take

(2.2;6) @; (V)=c; 48,1 (i€E),

where 3,40 and «; are given numbers (ieE). Further we take for J;
(cf.section 1.6) the set of all values of n for which Fi(xl@i(n))
isa distribution function; theninall examples Js is an interval
foreach icE. Finally we only consider examples where the conditions
A" and B' (cf. p. 34) are satisfied. Then the results of section
1.6 may be applied.

The value of [ which maximizes H, (L) in J, will be denoted by
Wy Then Wisea, W, are the ‘ordinary’ maximum likelihood estimates
of @1(81},...,¢k(ek), i.e. the maximum likelihood est imates of
@1(91)....,¢k(9k) without any restrictions.

2.3 The binomial case
Let, for each ic¢E,

P{Efl]=ei,p[5i:0]:1-ei (0 <0, <1,

(2.3;1) n,
ef def, _
\ai—_Yglxi'Y.bi——-ni ai

=%

An example of ordered probabilities may be found in bio-assay.
E.g. let, for each ic¢E, n; animals be injected with a certain
drug at a dose-level 11, such that 11 L oeve K Ik. Further let
the response of the animals consist of a plus-or-minus-response
and let, for each ieE.laidenote the probability of a plus-response
at dose level 11‘

Now let the probability of a plus-response be a non-decreasing
function of the dose; then we have 8, £ ... < 8,, i.e. the
probabilities 81y+..,0, are completely ordered.

An incomplete ordering of 81,...,ek may e€.g. be obtained if two
different drugs are used each at one or more dose-levels. E.g.
consider three samples of animals, where the animals of sample 1
and sample 3 are injected with a drug D, at dose-levels 11 and
1, respectively. Then we have 8, £ 0,. The animals of sample 2
are injected with a drug D2 at dose-level 12. Now let it be
known that, for each dose-level, the probability of a plus-

41



response for drug D, is not larger than the probability of a plus-
response for drug D,. Then we have: B, < B,: thus in this case
8,, 6, and 8, are partially ordered with o, o=1, o, g=l, a; 5=0.

In this case we have (cf. (2.2;2))

R {e?(l-eijl“x x=0 and x=1 e,
& ¢ x£0 and #1

thus (cf. (2.2;3))

(2.3;3) Li(1)=ailn T+biln(1—1) (0 £ 1 £ 1;ieR).

From (2.2;6) then follows
(2.3:4) H, (n)=L, {&. (n)}=a Inlsb, 1n(1- St) (ned, ; ieE)
3] i M= ;12 () r=a;1n Bi +b, In(1- Si ned il ;

=0
where J, is the set of all values of n for which Fi(x|nﬁ L) is a
i

distribution function; thus for all icE

(2.3;5) J3=[min (o, 0+8,), max (o, 0 +8,)].
Further
(2.3;6) HM(S)—lgm{ajln g by In(l-% )} (ged)),

thus, for { in the open interval J,
i dHM(Q): . a;3;-n;(L-ay)
at,  ieM(C-o) (o 4P -0)
2 2 2
d HM(Q)_v—ni(Q-ai) +22,8; (C-o04) -2 B _

dgz iem (Q-ai)z(ai+§i-g)2

(2.3;D

Further, for each icE,
< 0 for each ZeJy, if 0 <a; <n
: 2 2 = 2 ;
(2.3;8) -n,(g-0;)"+2a,B, (C-a;)-a,f] =-n, (C-a;) if a,=0,

=n,(a;+,-0)%  if a;=n,,

1

dZHM(Q)
ag?
implies that at most one valueof { in the open interval Iy existswith
dHy (L)
dg
(cf. (2.3;4)) H;(n) £ 0 for each neJd; and each ieE; thus the
conditions A” and B’ (cf. p. 34) are satisfied.

thus, for each { in the open interval J,, < 0 and this

=0. Consequently Hm(g) is strictly unimodal in JM. Further
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dH, (L)
The function L 5

is sketched in fig. 2.3;1 for the case that

M={1,2,3}, a3+33 < oy < oy < og+By < o

for each i=1,2,3.

< a2+52 and 0 < a, <n

3 i i

dH,, (£)
g

!
|
|
|
|
|
|
|
|
|

Rl———————

|

|

|

|

| | |
PSSR | N | R SN | S

I

Fig,.2.3;:1

dH, (L)
The function —Y 5

for M={1,2,3} and 0 < a; < n; for each i=1,2,3.

In this special case Wy is the value of { satisfying
dH_ (L)
M t’ =0
(2.3;9) ag
?;EJM.

’

dHy, (5)

If however < 0 for each geJM (in the special case of fig.

d
2.3;1 this occ%rs e.g. if a,;=a,=b,=0) then H,(¥) is strictly de-
creasing in J,, thus in this case we have (cf. (2.3;5))

(2.3;10) wm=??i{min(aiai+ﬁi)}.
o 4By (D) .
In the same way, if > 0 for each ¢ in JM then
(2.3;11) wy, =min{max (o, oc; +8,) }.
iem

Further (cf. (2.3;7)) the value of n which maximizes Hi(n) in Jy
(i.e. wi} satisfies
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a
{5, 4715) wo=o#B,—  (i€E).
1
1y
The procedure will now be illustrated by means of the follow-
ing example.

Example 2.3;1
Let k=3 and
(2.3;13) a1’2=a2.3=1.
This (complete) ordering may be denoted by
(2.3;14} o— 0o 0 .
i 1 2 3

where a line connecting the points i and j (with i on the left
hand side of j) denotes that o j=1.

Let further
i 1 2 3
a; 3 15 6
(2.3;15) n, 25 33 25
oy 0 0 1
By 3 1 -3,
then (cf. (2.3;5) and (2.3;12))
i 1 2 3
(2.3:16) g, [0;3] (0; 1] [-2;1]
w, 0,36 0,45 0,28, 1
Finally let
) i 1 2 3
(2.3;:17) 1, [0;3] [o0;0,4] [-2:1]

then the problem is the maximum likelihood estimation of the para-
meters 0,, 6,, 6, under the restrictions (ef. (2.3;13) and (2.3;17))

{cpl(el) S 9,(0,) € @y(8y)

(2.3;18) .
v, (8,)€1,(i=1,2,3),

where ¢, (1)=a;+3,1(i=1,2,3).

First we determine Vi Vg and Y i.e. the maximum likelihood
estimates of ¢1(el),¢2(92) and ¢4(0,) under the restrictions
¢1(ei)eli(i=1,2,3). According to (1.6;14) we have

w, if e, <w, <d,,

1 1 1 1
(2.3;19) Vi= 4 if LA < Cy»

di if wig i

1) The comma denotes the decimal sign, thus e.g. 0.36:225—.

44



where I, is the interval [ci,di](i=l,2.3). Thus (cf.(2.3;16) and
(2.3;17))

i 1 2 3
(2.3;20) v, 0,36 0,4 0,28

and tEese estimates do not satisfy the inequalities v, £ v, £ v,,
i.e. v£D.

The estimates u;, u, and u; of ©,(0,),9,(6,) and ¢,(6;) may now
be found by means of theorem 1.4;3. We have v, > v, and theorem
1.4;3 then entails that H attains its maximum in D for m,=n,.

This reduces the problem to maximizing the function
(2.3;21) H*=H* (5,5 ,0 200, () +H, 41(C,)
in the set (cf. (1.3:4))

S ]

(2.3;22) Dy {;1 ; 52 .

' E r E »

19010 & {2.3}
where I =1,n1,=(0;0,4].
R . aH{p,5)(0) |
Further (2.3;7.1) and (2.3;15) entail that ———415———-15 positive
d

2
d“H (€)
for £=0,4; thus, __.iEAE%_E_ being negative for each { with
d
0 <g <1, we have E

dH o)
(2.3;23) __ing%_E__> 0  for each Lel, 53
d "

Consequently

(2.3;24) V{2‘3}=G.4.

i.e. H* attains its maximum in 6222511XI{2,3} at the point
(0,36, 0,4). This is a point in D thus (cf. theorem 1.3;4)

2,2
(2.3;25) u1=0,36;u2=u3=0,4
and from
Wyroy A
(2.3;26) ti= (ieE)
then follows '
(2.3;2T) t1=0,12;t2=0.4;t3=0,2.

The estimates u;, u, and u; of ¢,(8,),9,(8,) and ¢;(8,) under
the restrictions (2.3;18) may also be found by means of the
formula (1.5;4). Thus e.g.

(2.3;28) u,=max min{v |21 ns,, ).

2w M TynSy’
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Now we have
vy, if 1,={2,3},5,.={1,2},
. _ |V{2, sy 1f Ty={2.3),8,0={1,2,3},
Ty V{1, 9} if TM={1,2,3}.SM:={1,2}.

V{12, 3} Ty=11,2,3},5,,={1,2,3},

(2.3;29)

thus
(2.3:30) u2=max{min{v2.V{2_3}),min(V{1_2},v{1I2.3})}.
Further (cf. (2.3;1T7), (2.3;20) and (2.3;24))
(2.3:31) {1. 1{1.2}=I{1,2.3}=[0:0'4]'
2. V2=V{2'3}=0.4
and (2.3;31.1) entails
(2.3;32) V{1, 2} < 0,4;?{1'2I3} <0,4.
Consequently
min(vz-v{z,a})=0-4'
min(v{l.z}'v{l,z.a}} £0,4
and from (2.3;.30) and (2.3;33) then follows u,=0,4 (cf.(2.3;25)).

In a similar way u, and u, may be found by means of formula
(1.5;4).

(2.3,33)

1 3

We now consider the function Q (¢f. section 1.6). In the
special case of this section we have (cf. (2.3;12))

= a
(2.3:34) QM= I q,(n,-0,-B, 12
1eR n,
and if (cf. (1.6;15)) wé is the value of ¢ which minimizes

a.
QM(Q)g§5izmq1(ﬁ‘“1'ﬁi—i)2 in the interval (-m,®) then
€ n
i

a4 a1)2
o sf;_
(2.3,35) Wy = 1
z qi
1eM

Further if vy is the value of { which minimizes Q, (%) in the
interval IM then (ef. (1.6;14))

wy if ¢ < wy < d,
(2.3;36) v§= c, if wé < Cy
. 1
du if Wy 2 dm'
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Now let (cf. (1.5;24)) Ev(v=1,...,K) be subsets of E with

1. \J E,=E,
v=1
(2.3;37) 2.ui < u; for each pair of values (i,j) with
iGEU,.]'EE (v < v, p=l,...,K),
3.ui:uj for each pair of values (i,j) eE]v
(v=1,...,K)

and let (ef. (1.5;25)), for vzl,...,K,Dv denote the set
{ai.‘(ni_nj) <0

U

(2.3;38) (i.jeEU).

Finally let (cf. (1.5;26))
K
(2.3:39) i N p

then, according to theorem 1.6;2, the point where H attains its
maximum inBcoincides with the point where Q attains its minimum
in B if dy,---,q, are chosen in such a way that

1. max v,/ =min v/ =y for each v=1,...,K,
w  Tv°Ey W SynBy B,y

(2.3;40)

2. a > 0 for each ieE.
According to (1.6;18) a sufficient condition for (2.3;40) is
{1. wy=w,  for each McE, (v=1,...,K),

2 qa, > 0 for each i€E.

(2.3;41)

The question now arises if numbers Qyveeeany exist satisfying
(2.3;40). Inthe general case we are unable to answer this quest-
ion, Therefore we consider, in the sequel of this section, the
special case that ¢, (1)=1 (i.e. «;=0 and B,=1) for each ieE,

Then numbers q TERRERE (independent of ap,ee.,8y and I ...,I )
exist satisfying (2.3;40). Moreover con51derable simplifications
occur in the procedure by means of which the estimates tl,...,tk

may be found.
Ef 0 =0 and 31_1 for each i¢E then L H u;=t, and J is the
1nterva1 [0;1] for each ieE. Consequently the max1mum llkellhood

estimates tl,...,tk are the values of LUPERER which maximize
(2.3;42) H=H(m)= ¥ {a.1n m,+b, 1n(1-n,)}
i€E 1 % t
in the set
o, .(n.-m.) €0
(2.3;43) R B (i,jeE).
el
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The special case that Ii is the interval [0;1] for each iecE
has been treated by the present author in [7], whereas MIRIAM
AYER, H.D.BRUNK, G.M.EWING, W,T.REID and EDWARD SILVERMAN in (1]
consider the case that Ii=[0;1] for each i¢E andthat moreover

o j=1 for each pair of values (i,j) with i < j.
Now let agﬂa.bde_fg\b‘
M ieM T e
(2_3:44) ig ieM
def =
HM:, a,M +bM=l);Mnl .
then (cf. (2.3;42))
(2.3;45) HM(§)=aM1n g+bM1n(1-§).
a
Consequently H,(C) attains its maximum in J, for Cag L. e
M
a
(2.3;46) W= L3
Ny

Further if H attains its maximum in D for ny=n; then the problem
of maximizing H reduces to the problem of maximizing

(2.3:47) B By (n,) ey (1) with M={1,3},

where (cf. (2.3;45)) H, (L) is the likelihood function for the
pooled samples of X5 and gj.

We now consider an example with @1(1)51 for each ie¢E, k=4 and

an incomplete ordering of el,...,eé.
Example 2.3;2
Let k=4,
i 1 2 3 4
a; 13 i 15 2
(2.3;48) n, 20 10 30 5
a,
wi:ﬁi- 0,65 0,7 0,5 0,4
1, [005] [o;1] [0;1]  [0,6:0,8]
and

Then (cf. (1.1;3.4))
(2.3;50) oy =0y 4=1.

Thus the problem is the maximum likelihood estimation of the
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parameters 81,....94 under the restrictions
{91 s e3 s 64'92 s 83’
eiin(i=1,....4}.

First we determine Viserea Vg i.e. the maximum likelihood estimates

(2.3,51)

of ©,,-.., 6, under the restrictions BieIi(i=l,....4).
From (1.6;14) and (2.3;48) follows

_ i 1 2 3 4
(2-8;52) v, 05 0,7 05 0,8,
thus V¢D.

In order to find Uprena, Uy, i.e. the estimates of 81,“.,94
under the restrictions (2.3;51), we apply theorem 1.4:;4 with
i=2, j=1; we have (cf. (1.4:44))

1. vy < vy,
(2.3;53) 2. oy 4=0,
3. o

1,37%, 3%y, 47% 4o

thus H attains its maximum in D for Ny €M, i.e. we may add the
restriction Mm; £ My The problem then reduces to maximizing H in
the set

(2.3;54) D’ {nl = i 12 Y,

nisli(iEE)
and this problem may be solved by means of the theorems 1.4;3 and
1.3;4.
From (2.3;52) and theorem 1.4;3 it follows that H attains its
maximum in D’ for My=TMg. Substituting n,=n; into H (i.e. pooling
the sample of x, and X;) the problem reduces to the case of k-1=3
samples with

M {1} {2,3} {4}

ay 13 22 2

n, 20 40 5
(23753 we=t 0,65 0.55 0,4

M ny ! . '

L [0;0,5] [0;1] [o0,6;0,8]

vy 0,5 0,55 0,6
and from (2.3;55) and theorem 1.3;4 then follows
(2.3;56) t,=0,5; t,=t,=0,55; t,=0, 6.
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Further the function @ (ef. (2.3;34)) reduces to

- a.
(2.3;57) Q)= = a,(n,-H?
i€eE n,
with (cf. (2.3;85)) '
P qiii
, i€M Tn,
(2.3;58) W= -
Ia
ieM

Thus if we take

(2.3;59) q,=g,0; (ieEv;v=l,..,K),
where g“(v=1,...,K) are positive numbers then
3 a,
_ , iem ' Py
(2.3;60) W= = ===y for each McEv(v=l,...,K)
n, M
iem !

and (2.3:41) then entails that (2.3;40) is satisfied. Consequently
the point where H attains its maximum in B coincides with the
point where

. a
Z ny(ng-g

Ly &
i€E,, i

K
(2.3;61) I g,

v=1
attains its minimum in B. Further the inequality (1.6;24) reduces

to

K
(2.3;62) z
v=1

a. 5
g & ni(t.~n?){t.-—i) < 0 for each point m°eB.
ifE“ 1 1 1 I'].i
This is a generalization of the inequality (obtained by taking gv=1
for each v=1,...,K and 1°¢D)
o 2iy2 oy 2 B2 . . —o
(2.3;63) T n (n°--1)%2 T n.{(t,-n)“+(t.-—=)“r for each point n eD,
n il M
ieEl i . _iEEl x i 111i

n
1

which is mentioned in [1] (p. 644).
Further if gv=l for each v=1,...,K then (2.3;61) reduces to

(2.3;64) 5 0, (n,-2h)?,
ieg ' L By
i.e. the maximumlikelihood estimates of 81,....ekj11D are identic-

al with the least squares estimates in D.
Finally if Ii=Ji for each ieE then V= Wy for each McE. Thus
in this case formula (1.5;4) reduces to

(2.3;65)  tymu=max mip{ 2 ___a,/ 2 n|ieTns, i} (icE)

, i/ .
MM JETynSy s 7/ JETASy!
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and if o4 j=1 for each pair of values (i,j) with i < j then
(2.3;65) reduces to (cf. also [1], p. 644)

a_+...t+a
E:

(2.3;66) t.= max min —— (i¢E).
T 1grsi i<s%k note.adng

2.4 A normal distribution with unknown mean

Let, for each ieE, x. possess a normal distribution with mean
ei and known variance o, > 0.

A practical example of ordered means of normal distributions
may be found in bio-assay (cf. the example of section 2.3), if
quantitative measurements of the response are available. These
measurements may e.g. consist of changes in weight of the animals.
In such cases the mean response will be a non-decreasing function
of the dose.

Thus if the response at doselevel 1, is normally distributed with
mean ei (icE) an example of ordered means of normal distribution
is obtained.

In this case we have

) (x-0,)2
2
@&t (x|o)e — & (-o < x < ©; jeE)
3 X = e - X o 1ek),
1 i cri\/z'rr
thus
n.
1
Y o(x, -"c)z
o T L
(2.4,2) Li(1)=-%niln Mo -p————— (-0 < 1 < m jeE).
i 02

i
Further Ji is the interval (-o,®)(icE) and if

(2.4;3) X o Byx, o (y=l,...,ngicE),
then
n.
1
b (x; -?;)2
2 'Y:]_ Y
(2.4;4) Hy(Q)=-% T n,1n 2nci-% I ; (Ced )
iem * Yien (30 M
and
"E? ,
dH (0) =1 LY n,
(2.4;5) W' oY g4I A (Led)).
df  iem (30,07 1eM (B,0,)
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Thus H, (L) isstrictlyunimedal in Jy- Further H,(n) < ® for each
nedJ; and each ic¢E; thus the conditions A" and B' (cf. p. 34)are
satisfied.

From (2.4;5) follows

¥ ox!
y=1 1Y ns
L "a 2/ 2 2
ieM(Bjo,)  iem (B,04)
(2.4;6)
1 15
W.=—
Further let
(2.4;7) x;8fa 48.x,  (ieB),
then x (y= 1,...,n ) are n, independent observations of X !(i€E).
Then, 1f (i, j) is a pair of values with 3101 ﬁj i we have, for
M={i, i},
2
(2.4;8) H, (L)=-%n lnta—i-f-‘én In 2no+
t MR 52 M i
J
Ty
Z (xy,y 0
=1
_%———————7;———,
(Byop)

where nmgffn +n. and where x (y 1,...,nM) denotes the pooled

samples of x and x”

Thus if (i, J) is a pair of values with ﬁIO' =B. 39 and if H attains
its maximum in D for m, =1 then the problem reduces to the case
OF k-1 samples i.e. the sample of xl,..., ; 1'—1+1""’ 3-1‘
§J+1,...,x and the pooled samples of x and xJ.

Remark 2.4;1

From (2.4;6) it follows that the procedure described in chapter
1 may also be applied if the Uf are unknown and 0%/0? is known
for each pair of values (i,j). Then if

(2atefl] K, :E% (ieE),
24
we have
ni y
Yglxi'Y ny
(2.4;10) w,.= X
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and the maximum likelihood estimate sf of U? is

n. n.
J ' 2 Z%. -t )2
K, TEI(xj-Y-uJ) K, y:ixj'Y' ¢
(2.4;11) s Z}————z-—-=—1- P —  (i€E).
1.nyeg h K, D jeE K;
where
(2.4;12) plel 5 n,.
i€E

The procedure will now be illustrated by means of the follow-
ing example.
Example 2.4;1

Let k=4,

Oy o=0y =0, =1
(2.4’13) { 1,2 1,4 3,4 , thus c\c O/D

0y, 370y 5=Cg 4=0 % i 5 3 4
and
i 1 2 3 4
2,63 -1,27 0,58 0,67
-0,75 0,64 2,01 -2,41
0,14 0,81 0,22 0,99
iy 1,53 -1,22 -1,07
1,69 -0,10
1,06
(2.4;14) ¢ ; "4
S 1,14 0,06 2,98 -0,79
n, y=1 Y
o 4 0 2 -1
8. 3 3 -2 5
1
Ii (-w;5] (-, ) [0; @) (-o; )
L Ki 1 1 5 3

From (2.4;6) follows

n

. _ 1 d ;
(2.4;15) wi—aiﬂ':’»igT yglxi'Y (ieE),
1
thus
) i 1 2 3 4
(2.4;16) w, 7,39 0,18 1,40 -4,95.
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From Il.....I4 and (2.4;16) then follows

i 1 2 3 4
v, 5 0,18 1,40 -4,9.

In this case theorem 1.4;2 cannot be applied; for the pair i=1, j=2
e.g. we have

(2.4;18) o o=1,v; > v,,
but oy 4£32’4. In the same way it may be seen that the pairs
i=1, j=4 and i=3,j=4 do not satisfy (1.4:37).

Also theorem 1.4;4 cannot be applied; for the pair i=3,j=2 e.g.
we have

(2.4;19) v

(2.4;17)

<v 0,

2 ar%3 2%

but % 3 < Oy, 9t In the same way it may be seen that the pairs
i=1, j=3 and i=2, j=4 do not satisfy (1.4;44).

Thus in this case theorem 1.3;2 or theorem 1.3;3 must be applied.
We use theorem 1.3;2 with is=1,js=4, i.e. we omit the restriction
un < e Then 4’ is the point where H attains its maximum in the

set

< <
(2.4;20) D' My £ NarMg S My
TliEIi (ieE)

and according to theorem 1.4;1 the maximum of H in D’ may be

2
found by maximizing X Hi(ni) in the set
i=1

- P
(2.4;21) il n?
nieli(izl,z)

1
and maximizing 2 Hi(ni) in the set
i=3

g g
(2.4;22) N3 2 n?
niEIi(1=3,4}.

2
From theorem 1.4;3 and (2.4;17) it follows that X Hi(ni) attains
i=1

its maximum in the set (2.4;21) for N,=Ng» i.e.
(2.4;23) ui:ué:v{l’z},
Now we have (cf. (2.4;10))
n
i
T x!
2 'Y:l i'T %
W{1,2}=.2 3 2
i=1 BiKi i=1 Bixi

ny

(2.4;24) =0, 846.
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Further I{l 2} is the interval (-o;5], thus

(2.4;25) U;=U5=V{1'2}=0,846.
Analogously we have
(2.4;26) u3=u4=V{3,4}.

From (2.4;10) follows W{3 4}=0,0138; thus 1{3 4} being the inter-

val [0,») we have

(2.4;27) u3=u4=0,0188.

Thus

(2.4;28) u; =U) > U, =u;
s 3

and from theorem 1.3;2 then follows that H attains its maximum ih
D for Ty=Tl, This reduces the problem to maximiz ing the function

3
(2.4;29) H*zﬁt(§1’Qz_gs)iifH{llq}(;1}+i§2Hi(gi)
in the set
£ g <
(2.4;30) Dy 4 S ' , thus o——o o .
G g, 4y 5228 3 1 T

The function H* attains its maximum in the set 632251{1.4}x12x13
at the point (V{1'4},V2,V3). Now it follows from (2.4;10) that
W{ll4}=1.05; thus, I{l,q} being the interval (-»:5] ,we have
V{1'4}=1.U5. Consequently

(2.4;31) v, > V{1, 4} > v,

and from (2.4;30) and (2.4;31) then follows (cf. theorem 1.4;3)
that H* attains its maximum in D, 5 for T,=C,=C4) i.e:
(2.4;32) ul=u2:u3;u4=V{1I2.3_4}.

Now it follows from (2.4, 10) that W o3 41,:0.1'535;1;1111&;, I{l 9.3.4)
being the interval [0:5], we have Y TR

(2.4;33) ulzuzruﬁfuq=0.7535.
From

(2.4;34) t e S (i)

LR .= el

i Bi

then follows

(2.4;35) t,=-1,08; t,=0,25; t,=0,62; t,=0,38.
(2.7, 9) w =X (1€E).
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Prom (2.4;11) follows
’ 2_.2 5 0g. <2_ . B
(2.4;36) 51_52:2,38, 53—11,92, 54_7,15.

Further if Ii is the interval (-o,w) for each ieE then V=V
for each McE. Thus in this case (1.5;4) reduces to

n.

1
{ -Ygli'T nj l }
(2.4;37) o +3,t,=u -max mip{ > ——— i€T, aS ¢}
y 2 .
e T JETMASM! ]BjKj JGTMnSMf IB?KJ L
Further the function Q (cf. section 1.,6) reduces to
i 1 ni ' 2
(2.4;38) QM= q.(n,-— I x. )
iteg 1 % on, y=1 1Y
with
(2.4;39) ‘Lqinz,i' b
.4, B TR B } i £ a..
Miewn, y=1 1Y/ iew !
Thus if we take n
i
(2.4;40) q4,=8, 35— (isEv;v=1,...,K},
it
where gv(v=1....,K} are positive numbers, then w;,I:wM for each
McEv(vzl,...,K) and (1.6;19) then entails that (1.6;16) is

satisfied. Thus the point where H attains its maximum in B co-
incides with the point where
(2.4;41) Ye T ni( 1oy y*
.4 g — (M, ~— X,
v=1 "ieE 321( 711 n, y=1 L.y
v 11 1

attains its minimum in B D

1) For gv=1(v:1,...,K) this also follows from
2 ' 2
El(xi. -n;)
H(m)=-% 2 n;1n chf-'é z G
i€E i€l B.o.)
i7i
n n.
1 3 1 )
3 o(x - B x =

=-% X n;1n 2ﬂcf-% by i

) : 2 g2
i€E ieR (330
n, i
1 i 1 . 2
Tag RY b L ?xi. )
20] i€E ﬁiKi n; y=1 Y
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Further the inequality (1.6;24) reduces to

K ni I'l:-i 3§
(2.4;42) T g, = (u,-& £ x! )(u,-n°)<0 for each point 7°¢B
v=1 VicE, ﬁij POy y=1 L.y 2

and (2.4;42) is identical with

K n, 1 0y n?—u, . e
(2.4;43) 2 g, —I(t.-— X x. )(t,-2 1y<0 for each point 71°eB.
=1 "ieg. 3. Y= f3

i i,y i
V= n, 1 i

2.5 A Poisson distribution with unknown parameter

Let, for each icE, X, Dossess a Poisson distribution with para-
meter Bi > 0.

A practical situation of ordered parameters of Poisson distribut-
ions might occur if several toxicants are to be investigated
concerning their toxicity for a certain kind of bacterium.

Let T and T' denote two toxicants added to cultures of bacteria,
each in the two concentrations C, and C, (c, < Cz)' Then four
samples are obtained, the observations consisting of the numbers
of survivors in each of the experiments. Let 8ys+++, 0, denote the
expected values of the numbers of survivors, e1 and 92 for T in
the concentrations C1 and C2 respectively, 93 and 84 for T' in
the concentrations C, and C, respectively.

Now let it be known that the toxicity of T is smaller than or
equal to the toxicity of T', if added in the same concentration;
then we have 8, < 8, and 0, < 6,. If moreover the toxicity of both
toxicants is known to be a non-decreasing function of the concentrat-
ion, then we have moreover: 8, < 9, and 63 < 84. Thus we have

]

{91 6
91 47

(s}
i.e. 81....,84 are partially ordered with

3
Oy 40, =0y a=0n 4= 1
1,2%%,47%1,37% 4 thus .
Oy gD

1 3 2 3 4

2 4’

A 1A
A A

In this case we have

e 1%
——1. x:U,l....
X
(2.551) £, (x]0,)= (icE).
\0 X201,
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Thus

n n.

i i
(2.5;2) Li(1)=-n11+Y£1xilYln 1-Y§11n Xi’T! (1t 2 0; ieE).
Further
i e )
(2.5:3) J - {ai.w) if g, > 0,
. (-o, 0] if £; <0
and

C-a,
5 1

n.
s 1
I- 310 oxg )b (hedy)s

2.5; = L i-ng i
(2.5:4) Hy(©)= 2 {-n; LB R ymr Y

ieM ,3], Y

Consequently, for T in the open interval J,

dHM(%L z {-Ill-r 1 E‘.lx. }
dg  ieM B C-oy y=1 v
(2.5;5) n
Nk
2 = .
d HM(Q)=- 3 Y=1 1,Y
dc 2 ieM (g-ui;g

The following two cases may be distinguished

o 2
i ) d“Hy (D) )
1. 2 x;, ., > Oforeach ieM; then ———5— < 0 for each  in the
y=1 Y ag
open interval JM; i.e. HM(Q) is strictly unimodal in JM.
n I
i dH,, (O) n.
2. ¥ x. _=0 for each ieM: then —M > =- ¢ _1,
y=1 Y a5 ieM B,

Thus in this case H“(g) is strictly unimodal in J if and only if

=

[

(2.5;8) o3

‘ £0
ieM -

]

i

and (2.5;6) is e.g. satisfied if g, > 0 (or 3; < 0) for each ieM.
Further Hi(n) < = for each ned; and each ieE.

In general it is not possible to give an explicit formula for Wy

If a value of { exists satisfying

(B %
Cedy
e
then w, is equal to this value if C. If e.g. £; > 0 and y§1xi'7=0
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dHM(L_,]_ n.

for each ieM then J, is the interval [max o.,w)and = 5 L<0.
M ien ! az ieM B,
Thus in this case we have !
(2.5;8) Wy =max o .
) ieM
Further we have, for M=i,
B M
(2.5:9 W.omoL = B X,
) % y=1 B Y
1
Now let (i,j) be apair of values with Oy =0t (=x) and B pj(=ﬁ)
then (cf. (2.5;4)), for M={i,j},
_ c; o M g-o0 M ;
(2.5;10) H (8)=- nM+TZ:IxM Yln 3 -1511n XM-T’ (Ledy),

where n“ggfn +n. and where Xy, (y=1, »N,) denotes the pooled

samples of X, and x.. Thus if in thl% case H attains its maximum
inD for n, ﬂj then the problem reduces to the case of k-1 samples,
i.e. the samples of Xy (h#i,h#£j) and the pooled samples of X,
and xj.
Example 2.5;1

Let k=5,

(2.5:11) [*1.972,37%, 5%, 5=,
&1, 2%, ¢=0g 4=¢g 4=0

thus o

i 1 2 3 4 5

and
E
i 1 2 3 4 5
0 3 2 0 0
= 4 2 1 0 1
U 2 0 5 1 3
0 T 2 2
1
(2.5;12)§ "o,
szxl Y 6 12 8 4 6
{ o 2 6 3
B, 1 3 -2 -1
J [0;) | [2;0) 6] | (-=;3] | [0;e)
I, [0;@) | [2;) -0;4] | (-2;3] | [0;m)
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ny
Then X
y=1
in JM for each McE.

From (2.5;9) follows
i 1 2 3 4 5
w 1,5 11 0,67 2,2 3

i

X Y > 0 for each ieE, thus HM(;) is strictly unimodal

(2.5;13)

and (cf. (1.6;14))

i 1 2 3 4 D
(2.5;14)

vy 3 B 11 0,67 2,2 3 .
Thus o, 4(v;-Vv4) > 0 and o, (V,-v,) > 0, i.e. v£D.

We now épply theorem 1.4:4 with i=2, j=1; we have
1; vy < v,

(2.5;153) 2. o, 1:0,
3e G g=0y gaGy 40 42 % 570 g

thus H attains its maximum in D for m, S Mg- This reduces the
problem to maximizing H in the set

!
o, .(m.-m,) £0
(2.5;16) D' 1l = (i,j€R)
nisli

with

' L} !
o =X =0l =0
@.5:1m) ) ;7 RITHI 45T thus oo o0~
o), 470, 403, 40
i 1 2 3 4 5

To this problem we apply theorem 1.4;2 with i=2,j=3; then we have
1. aél3=1,v2 > vy,
(2.5;18) 2. ai_2=ai.3.
3 é.4=“3,4'“é.5=“3,5’

consequently H attains its maximum in D’ for Ny=Tg- This reduces
the problem to maximizing

5
(2.5:19)  H*=H*(C, 8,5, C)EEIH, (C ) #Hy, 5)(Cp)+ M (C))
in the set
“o(ger) $0  (1,3-1,2.4,5
(2.5;200 D, , U1y 2 ’ )
i ;€1;(1=1,4,5), 5,1y 3}
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where

uﬂ :ah’ _ ‘__C{” =1 s
(2.5;21) { 12 En 04-5 , thus  ° —
o8 =0 =
1,424 i 1 2 4 5

We first determine the values of ¢,.,%,,C,,l; which maximize H*
in the set

‘ def -
(2-5, 22) GQ:IIXI{Z,S}XIQXIS'
This maximum is attained at the point (vl.V{z 3}.v4,v5L
dH (cy
Now it follows from (2.5;5) that __iELﬁi_f_=0 for £=4,5; thus

J{z 3} being the interval [2;6], we have Wio 3}=4,5. Further
T{2,3} being the interval [2;4], we have v(, ,4=4, i.e. H* attains
its maximum in Gy at the point (1,5; 4; 2.2; 3) and this point
does not lie in D4

We now apply theorem 1.4;4 with i=2,j=4; then (cf. (2.5;21))

1. Vy < V{z'a},

2. ol :0,
(2.5;23) 2,8 =

3+ 0y 5704 5

4oy 57 0 g

thus H* attains itsmaximum in D, , for {, £ ,. This reduces the

2 2
problem to maximizing H* in the set

(2.5;24) p" G',:,j(gi_t—‘j] 'S' 0 (i,j=1,2,4,5),
{Qisli(i:1'4-5)’§251{2.3}’
where
0.”’ =0Lm :am =1
(2.5;25) L2 BT RET g a
0 S T

G147
i 1 4 2 5

We now apply theorem 1.4;2 with i=2, j=5; we have

(2.5;26) - 02,57 V{z,8) 7 Vel

2 a”! _ " 1" "
© By,27%, 50 %, 2%, 50

thus H* attains its maximum in D" for £,={,. This reduces the
problem to maximizing the function

(2.5;2T) H**=H**(C . C,, £)920H, (L)) +HY, 5 o3 (C)+H, (L)
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in the set

[ v o < a SRk «
(2.5;28) o, o il =0 (e
gyl (1=1,4), Lyely, 5 53
where
_ df 4oy o]
(2.5;29) i ' , thus 070
a1'4_0

i 1 4 2
The function H** attains its maximum in the set
(2.5;30) 6,201 X, 5 53XT,
at the point (vl,v{2 3 5},v4). From (2.5;5) and (2.5;12) it
dH{p 3,5} (0

dg

I, 5 5} isthe interval [2;:4]; thus V{y, 3, 5)=4 Consequently H**
attains its maximum in G, at the point (1,5; 4; 2,2) and this is

a point in D, ,. Thus H** attains its maximum in D,y 4 at the
point (1,5; 4; 2,2), i.e.

(2.5;31) ul=l.5; u2=u3=u5=4; u4=2,2

follows that is positive for each Cely, 5 53, where

u.-CL.
and from ti=-i——i(isE) then follows

i
(2.5;32) t,=1.5; t2=0,67; t3:1,5; t4=0,8; t5=2.
It follows from (2.5;9) that the function @ (cf. section 1.6)
reduces to

p e ﬁi 5 2
(2.5;33) Q(”)=1§Eqi(”i'°‘1'_ xi’Y)

with (cf. (1.6;15))

(2. 5:34) W;1=

and (cf. also section 2.3) the point where H attains its maximum
in B coincides with the point where Q attains its minimum in B
if q,,...,q, are chosen in suchaway that (1.6;16) is satisfied.
Concerning the existence of numbers Qpo-er satisfying (1.6;16)
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the same holds as in section 2.3; only in the special case that
o;=a for each ieE we are able to prove the existence of such
numbers. For this special case an explicit formula for Qpoeeen @y
will be given.

Now let, in the special case that o =0 for each ieE,

B; > 0 for each ieM_,

(2.5;35) -
@. <0 for each ieM ,
1 a

then (cf. (2.5;3)) for each pair of values (i,j) with 1eM and
JEM the intersection J. nJ contains exactly one point. Conqequent-
ly the intersection I, nI contains at most one point, thus (ef.
(1.1:3.2)) o j-O fo: each pair of values (i,j) with ieM, ,]EM §
From thcorem 1 4;1 then follows that the maximum of H in D may
be found separately maximizing 3 Hj(ni) and 7 Hj(nj).

~ tem, jem,
Further, for jeM_and with n’'8&f24-y
T]"G- _le T’]’-OC I'Ij ,
(2.5;36) H, Qa-n)=-n,——+ T x, L In x, _! (n' 2 o).

16 yo1 ¥ v -B; y=1 1Y

Thus we may suppose without any loss of generality that ﬁ >0
for each icE. Then J, is the interval [a ) (ieE). Further (cf.
(2.5;5))

I'l

z E

& X
dH, (L) n, iem y=1 0¥
(2.5;37) 5 gy Dy el et > a ,
T T~
thus
mn.
z f
ieM y=1 1Y
(2.5;38) Wy =0t
T 2
ieM ﬁi

The function Q (cf..section 1,6) reduces to
By "4
(2.5;39) Qm)= 3 q.(ni-a— 1oy x )2
ieg ! n, Y=1 Ly

with (ef. (1.6;15))

(2.5;40) w! zot
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Thus if we take

n.

(2.5;41) qi=gﬁ5% (1B ;v=1,...,K),

1

where gv{v=1,...,K) are positive numbers then wm=w' for each
McEv(vzl,...,K) and (1.6;19) then entails that (1.6;16) is satis-
fied. Consequently the point where H attains its maximum in B
coincides with the point where

K n. 8. 5 2
(2.5;42) g, T —n-o-2 T x )
v=1 "i€E, 3, bong y=1 .Y
i
attains its minimum inB. Further the inequality (1.6;24) reduces
to

K n, 3. " .
(2.5;43) X g, = -—l(u.-a-rwl- Z X, Y(u,-n%) <0 for each point n°eB,
v=1 1€E,, 8. L ny Y=1 Y Lo L
1
which is identical with

K ny
(2.5:44) T g. © n8, (.- Tx. N,
v=1 Vi€E L n, y=1 Y 1

ng-o o RS
) £0 for each point 1°€B.

v i i
Finally if Ii=Ji for each ieE then Vi =Wy for each McE, thus
in this case (1.5;4) reduces to

(2.5;45)
n.
i n,
ok, b=y =otmax min{ LI > _J|ieTMnSMr}(ieE).

! i — J'Y i
M M jeTyaSys =1 JET A8y ?'J-

2.6 An exponential distribution with unknown parameter

Let, for each ieE, X, possessan exponential distribution with
parameter 91 > 0.

An example of ordered parameters of exponential distributions
may e.g. be found in waitingtime problems. Let the intervals
between the arrivals of two succesive customers at a server be
exponentially distributed. Let observations of these intervals
be available for two or more periods Pl....,Pk and let Gidenote
the parameter of the exponential distribution for period Pi(ieE).
Then knowledge concerning the intensity of the arrivalsof custom-
ers in the periods PI,....PR may be available, leading to a part-

ial ordering of the parameters 0,,...,6,.
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In this case we have

-Gix
Gie x20
(2.6:1) £, (x]e,)= (1<E).
0 x<0
Thus
ny
(2.6;2) L, (x)=n;1n 1-17§1Xi'7 (1t 2 0;ieE)
and
(o, @) if B, > O,
(2.6;3) 3= i Py
(-w 0] 1f By < 0.
Further
r mn.
-o, C-o M
(2.6;4) H (5)=Z {n.1ng_i_‘° Losx } (el
E==>" e 1 B, B, y=1 i,y M

and, for { in the open interval J,

dH, (L) n. "y ;
”Yt" =x{—=-2 3x .}
dg ieM C-oy By y=1

(2.6;5) a2, () nj
G M2 —— <0,
ag?  ieM (Grap)

where (2.6;5.2) entails that H“(g) is strictly unimodal in JM.
Further H,(n) < @ for each neJ; and each icE.

This example is analogous to the one treated in section 2.5;

n

(2.6;5) reduces to (2.5;5) by interchanging n; and %
Y:

-

x. _(iem).
IR |
Therefore we do not give a numerical example.

Further (cf. also section 2.3 and 2.5) the existence of numbers
AypeeenQy satisfying (1.6;16) can only be proved for the special
case that o =o for each ieE. In this special case we may (cf.
section 2.5) again suppose that 31 > 0 for each i¢E. Then Ji is
the interval [a.m) and (ef. (2.6;5.1))

(2.6;6) L N B



Further

(2.6;,T)

thus (cf.

(2.6;8)

(1.6;15))

Biny .
Wj:{)',+ (1EE):
3
Y._Jlxi..Y
B.n,
Wy =asf ng, _* 1 2 q,t.
iem 'ng iem !
zx,
=l EY

Consequently if we take

(2.6;9)

1

'

1

q.=8,— 2 X.
g y=t Y

n.
1

(i€E,;v=1,...,K),

where gv(u=l,...,K) are positive numbers, then wmzwéforeach McEv

(v=1,...,K).

Thus (cf.

(1.6;19)) the point where H attains its

maximum in B coincides with the point where

(2.6;10)

Y:IXi’Y

attains its minimum in B. Further the inequality .(1.6;24) reduces

to

K .
(2.6;11) g, ¥
=1 i

v

EEv

LY

. 1 -
(u;-o- JiL_L }(ui-n?)g 0 for each point 7°¢B
n.
1
ki
y=1 Y

and (2.6;11) is identical with

(2.6,12)

K
Zg, Z P
v=1 ieEv

Ly
iyglxi’Y

(t

i

* : —o
) £ 0 for each point m eB.

2.7 A rectangular distribution between 0 and 8,

Let, for each icE, X; Dossess a rectangular distribution be-
tween 0 and 91 > 0; then
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L. gLz ze,

@t £,(x]e)= ¢ (1€E)
0 x <0 and x > ei
and
(2.7, 2) L.{(t)=-n.ln < (T2 max x. .; 1e€E).
1 1 = 15“’5“1 i.Y
Now let
§ def B
(2.7;3) Xj=oy+ Bilgﬁgi_xi’Y- (ieE)
S AT
and
. > 0 for each ieM_,
(2.7;4) Py i
B; < 0 for each ieM,
then
[X,,m) for each ieM ,
(2.7;5) Ji= : _°
(-m,Xi] for each ieM_.
Thus in this case J; depends on the observations x, T(y:l,...,ni).
Further :
(2.7;6) H ()= T n T B
! M iy 3 55y

and, for ¢ in the open interval J,,

diy () 0y
g 1eM C-oy

2
d HM(g): . o

2

(2.7,

dh, (L)
- =0 for at most one value of
dg
Cedy, i.e. Hy(g) is strictly unimodal in J,. Further H (n) < @
for each neJ, and each icE.
Further, for each neJ; with nfx, we have

<0 for iEMO,

and (2.7;7.2) entails that

dH. (1) .
(2.7:8) L

an MG (>0 for ieM,,
thus
(2.7;9) w.=X. (ieE).

1 1
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Now let (i,j) be a pair of values with a;=o;(=a) and 8;=3;(=8).
Let further, for M={i,j},
def

'ﬂmzl’liﬂlj '
(2.7;10) 5, 45 5
max X. 1 i
XMQEE iem
min X; if 8 < O,
ieM
then
(2. T:11) X, =048 max X
LS B< »Y
1=Y§nm
if x, Y(w,:l,...,n“) denotes thepooledsamplesnofgiandij. Further
: . Lo
(2.71::12) HM(5)=-nM1n—5—~ (Ced,),
where
[x.,0) if 8> 0,
(3.9 1) M '

W (e, x,) if 2 < 0.

Let further H attain its maximum in D for =" then (2.7;12)
entails that the problem reduces to the case of k-1 samples, i.e.

the samples of gh(hﬁi,h#j) and the sample xMIT(yzl.....nM).
We now consider the following example.
Example 2.7;1
Let k=4,
(1 1 2 3 4
0,28 1,65 0, 80 0,32
0,94 2,36 1,29 1,96
X1,y 0,03 1,87 1,38 2,28
0,68 155 1,26
(2.7,14) k4 0’30
P 0 4 2 -4
1
i 1 -1 -2 1
3, |[0,9450) [(-w;1,64] | (-;-0,76] | [-1,72;)
Xi:wi 0,94 1,64 -0,176 -1,72
and
; =0y 4= =1
(2.7:15) { 1,27%2,47%047 thus o —— .
oy, g=0y, 3=0 @
i 1 2 3 4




Let further Ii:Ji for each ieE, then Vy=Wy for each McE.
Now we have: o, ,(W,-w,) > 0 and oy g (Wg-w,) > 0, thus weD.

In order to find Uypne-,lly We apply theorem 1.4;4 with i=2,j=3;
we have

1. Wy > Was

2. o, ,=0,
(2.7;16) 2

3. Oy 4% 4

4. oy 4 & L I

thus H attains its maximum in D for ng < 7,. This reduces the
problem to the problem of maximizing H in the set

[
; al ,(n.-m.) €0 )
(2.7;17) D {1j - (i,je€E),
N; €Yy
where
o o=al ol o=l
(2.7;18) { LETRATRAS, s @ g
al‘szg /

i 1 3 2 4
Now we again apply theorem 1.4;4 with i=1,j=3; we have
]_. W > wa:

(2.7;19) 2. o, =0,

1
I
1,3
3 T - I T !

- Oy 9=0g 9,0y 4=03 40
thus H attains its maximum in D' for n, < 7m,. This reduces the
problem to maximizing H in the set

o {ﬁg By £ Mo £ %

(2.7;20)
niEJi(i=1....,4)

and this problem may be solved by means of the theorems 1.4;3 and
1.3;4. We have w, > Wy» thus (cf. theorem 1.4;3) H attains its
maximum in D" for m,=m,. This reduces the problem to maximizing
the function

(2.7:21) HY=H* (5, 0y G) S20H, (5D +He,  }(5,5) #H, (Tg)

in the set

LSt & B5
o (25505
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where (cf. (2.7;14)) J{2_4}is the interval [-1,72:1,64]. Further,
for QeJ{z Ny

(2.7:23) dH{2J4}(§)=_{ ng . n, - 8L+8

- v - v2
dg -0y G-oy L"-16

Thus M—o forl=-1, i.e. w =-1. Co tly H* attai
= = = i i B {2 4}— 3 nsequen ¥ attalns
dg '

its maximum in the set Jli{2 4}xJ at the point (0,94;-1;-0,76)
and this is not a point in D3 g1 We have w, > LICY 4} Thu&
according to theorem 1.4;3 H* attains its maximum in D3'3 for
€,=L,, which reduces the problem to the problem of maximizing the
function

(2.7;24) H¥*=H** (51, )8 He | 5 35+, (5y)
in the set

b ( .
(2.7,25) D, {250

(5169{4, 2,4} 5395
where J{l 2.4} is the interval [0,94;1,64]. Further (cf. (2.7:7))

dH (L)
(2.7;26) 2.4 o for v, 64,
dg
thus we have

dH (L)
(2.7;27) 2. g gor 0,94 < T <1,64
ag
and (2.7;27) entails that Wiy 2, 4}_0 94. Thus H** attains its
maximum in the set J{I 2, 4}xJ at’ the point (0,94;-0,76) and thls
is a point in D2 3 i.e.

(2.7, 28) u,=u,=u,=0,94; u,=-0,76.

o=

u i
From t,= 1(1EE) then follows
Vi

(2.7, 29) t,=0,94; t,=3,06; t,=1,38; t,=4,94.

The existence of numbers PR« satisfying (1.6;16) will
again only be proved for a special case. In this sectionwe consider
the special case that 3, > O for each ieE. Then, for each i¢E, J;
is the interval [x , ), thus

(2.7,30) = [max X, 1r®)e
ieM
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Further

dHy (L) n,
(2.7;31) ' == X 1 <0 for each Cedy,
dl ieM C-o ’

g 1
i.e.

w,. =max X.

M i

(2.7;32) ke

wi=X; (i€E)

and if q,,...,q, are positive numbers, then (cf. (1.6;15))

La;wy
ieM
(2.7:33) wr:1=—-—-< Wy
= M
L gy
ieM
Thus (cf. fig. 2.7T;1)
. v S oy il . -
(2.7;34) €z w, > w, for each ledy .
PRSI AP
e —————— Jl\ e e A A ]| i g e S
Wy ¥y Yu=Vu
fig. 2.7
v.=v' for each McE

Consequently, Il,.1 being a closed subinterval of J“, we have

.9e . , 4
(2.7;35) Cy > Wi > W

Thus (cf. (1.€;14))

(2.7;36) vmrv; for each Mc¢E

and (2.7;36) entails that (1.6;16) is satisfied.
Consequently, for each sel of positive numbers Ays--r Ay the

point where H attains its maximum in B coincides with the point
where

(2.7:37) Q)= T g, (1;-X;)?

i€E

attains its minimum in B. Further the inequality (1.6;24) reduces
to

(2.7:38) T q;(u;-X,)(u-ng) € 0 for each point7°eB,

1€E

T1



which is identical with

(=]
no-a, .
3§( t.- max X; ) (t,-———)<0 for each point n°eB.

(2.7;39) T q
i A ¢
€ 1$YSn;

1}2i

i
Finally, if o =0 for each ieE then we may suppose (cf. the
foregoing sections) that 2, > 0 for each iecE.

Remark 2.7;1

Inan analogous way it may be proved that the conditions A" and
B' (cf. p. 34) are satisfied if, for each icE, X, possesses an
exponential distribution for x; 2 ©,. Then

-“'i(x'p'i) -

p" € X = i?
(2.7;40) £ 4x |00 { i i

\0 x < 8y,
with known parameter p;, > 0 (i€E).
In this case we have

ny

2.7;41 L.{(t)=n.ln w.-p. & X, _+1 N.p. € min X D ieE
DALY Lgludemplng e B % y*% Bgey (8 S, 88 Y5 o9

and it may easily be verified chat (cf. (2.7;3) and (2.7;9))

(2.7,42) Wm0y + Bilimyifnn_xi'\' (i¢E).
==

2.8 A normal distribution with unknown variance

Let, for each ie¢E, x, possess a normal distribution with vari-
ance Bi > 0 and known mean u,; then

2
_%(x-ui}
gi
@.81) f(xle)= e (-» < x < ®;icE),
2‘4'['8i
thus
ot
2
YEl(xi‘Y—pi)
(2.8;2) Li(1)=-‘zﬁniln 2m-lh ————— (1 2 0; i€E).
T
Further
(o, 0) if 3, > 0,
(2.8;3) Ji= L ot
(-w,0,] if 3, <0
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and

(2.8:4)  H,(©)=% 2 n,ln oy 3 (Led,).

Bi ieM Q-mi

thus, for { in the open interval JM,

n
i
2
n (L-a)-B. T (x, _~W;)
dH, (D) S Bl-y:l Ly
==k ¥ > i
dl ieM (C-oy)

(2.8;5)

Further H; (n) < @ for each neJ; and each icE.

We flrst c0n51der'thespec1al case that oy = for each i¢E, then
(in the same way as in the foregoing sectlons) we may suppose that
ﬁi_> 0 for each i€E and then Ji is the interval [o,o) for each icE.
Further

“1

2
( ) Zn.- 2 Z Sl )
dHy, (L) s jem t iemB y 1 *1.YyH
(2.8:6) =-% (Ledy,, Cha),
dg (Q—a)

thus, ﬁi being positive for each icE, HH(Q) is strictly unimodal
in JM and

n.
1

2
LB, B o(x, _-u) Zon.w
P B ieM

ieM IY:i "Y ii
(2.8, Wy =0t =
¥n, In,
ieM ! iem !

Further if I.=J, for each i€E then (1.5;4) reduces to

(2.8;8) ot =max mm{:n :n | ieT WSy}

H ]ETHI’\SM! JETHnSM:
and if
(2.8;9) Q,=8,0; (ieE,; v= ) T &
where gv(v=1,...,K) are positive numbers, then Aqree-2Qy satisfy

(1.6;16). Consequently the point where H attains its maximum in B
coincides with the point where

ny 2

B 9
2.8;10 Z T —ge—- X -,
( 1 v-lgvieE | L Y1 (xl Y By)
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attains its minimum in B. Further the inequality (1.6;24) reduces
to

(2:8,11)

ui)z (u;-n9) € 0 for each point 7°¢B

K l?’i ni
g I onlu -% Lo(x, -
y=1 VisEv Lt ng y=1 1.Y

and (2.8;11) is identical with
(2.8;12)

ny n
2

L(x, _-u.) )(t =

i Y'_]- l,Y 1 i 13)

Pt
i

K ; =
LE 5 u 8 b ) €0 for each point 7n°¢B.
v=1"Y1elr, TP\t iny -

Now let (i,j) be a pair of values with 3,=3, (=) and ui=pj(=p)
then, for M={i,j}, we have (cf. (2.8;4))

n

-y 2
gD (x, oW
58 e B Y
(2.8;13) HM(§)=-%HMIU 2n—-% (QGJM).
3 C-
3 L&
where nmgifni+nj and where x, . (y=1,...,n,) denotes the pooled

samples of x; and X;. Consequently if in this case H attains its
maximum in D for m,=n, then the problem reduces to the case of k-1
samples, i.e. the samples of x, (h#i,h4j) and the sample Xu, v
(y:l”..,nML

If uila. for at least one pair of values (i,j)sM then HM(g)
need not be strictly unimodal in e This may be seen from the
following example.
Suppose k=2, n;=n, (=m) and o,=0. Let further 3, > 0,8, < 0 and

>
oy 0 then

J1=[0,w).J2:(—m.a2].

(2.8;14)
J{1.2}=[0.a2].
Now let
B8
Aldéf—l ?(XL'Y-[LI) b
m Y—l
(2.8;15) 3
der P2 T 2
A2='T Tgl(xg_-‘,-p'z) '

then A, > 0,A, > 0 and, for M={1,2},

dH, (D) C-A, C-o,+A
M5 {2 1,2 7272

d L2 (Goy)?

(2.8;16)
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Further

s dH (D)
im =+m,
Y0 d
(2.8;,17) & -
. dH (L)
im =-
3;;‘0.2 dl
Now let
dH, (C)
I , S0 de 4A-A, <20,
a5/ C=30, :
(2,8;18) :
dH,, ()
(—it-) L >0 de. A > A,
dg l:=§&2

dH, (0)
then it follows from (2.8;17) that __ltfi.:o for three values of
dg

Ced,. Further (2.8;18) is e.g. satisfied if

M°

: 1
(2.8;19) Ay < A <0,

From the previous sections it follows that the conditions A”
and B’ are also satisfied for some combinations of two or more
of the examples considered in the sections 2.3-2.8,e.g. if b
possesses a normal distribution with mean 6, and known variance
cf for ieM_, and an exponential distribution with parameter 6
for ieM_(M_#o,M_#0).

i

5
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CHAPTER 3

THE CONSISTENCY OF THE MAXIMUM
LIKELIHOOD ESTIMATES OF
ORDERED PARAMETERS

3.1 Introduction

In this chapter the consistency of the maximum likelihood
estimates of 6,,...,9, under the restrictions (2.1;3) will be
investigated. In the proof of the consistency no assumptions are
made on the differentiability of the likelihood function; the
method used is based on a proof by A.WALD [14], but is simplified
by condition A’ (cf. p. 22) which does not occur in WALD" s paper.
In the sections 3.3-3.8 the consistency-theorem will be illustrat-
ed by means of the examples of chapter 2.

3.2 The consistency of £ ,.... 1k,

In this chapter we suppose that the following condition is
satisfied.
Condition C: For each i€E the interval I, and the function o,

does not depend on the observations X; j,...,Xy .

Now let, for mel,,Z, (®;(n)) denote the set of all values of x
for which f {x|@ (n)) > 0 Then we have, for all y= 1,...,ni and
all ieE,

(3.2:1) Plx, ,<2; (0 ]0,]=1,
thus the n observations Xy qr---o Xy o WAy be considered as the

il k
coordinates of a point, say X, in the Cartesian product

(3.2;2) ACTUMRRE - S 0 1—p i Z; (9;),
icE Y 1
where
< def
(3.2;3) n I, .
i€eE

We now suppose that the following condition is satisfied.
Condition D: The conditions A’ and B are satisfied for each set
of numbers n,,...,n, with min n; 2 1 and for each point Xxe

i€E
2(0,,...,6 .nk).

T PR
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Now consider, for ieE, the function

(3.2:4) R,

fi(xlei)
This function is defined for each mel, and each xeZ, (8,). This
may be seen as follows. For each xezi(el) we have: fi(xlei) >0,
thus 1n fi(x|ei) > -w. Purther for a fixed value of xezi(ei) we
have by condition B: 1n f, (x[d, (M) < o for each ﬂEIi- Thus, for
each icE,

£, (x|@ o) 4
fi(x 81)

(3.2;5) - £ 1n @  for each nel, and each xeZ, (9,).

Now let, for each isE,{ci,di] (with ¢4 < di) denote the inter-

val I, and let 6,s-.., 5, be numbers satisfying (cf. fig. 3.2;1)
(3.2;6)
B } ) ; : : :
1. 0<8, <minfp, (8,)-c,,d;-@,(0,)} if @, (8,) is an inner point of I,
D 0<Si§di-ci if q:ri(ei) is a borderpoint of Ii.
1, (8
" /S ———
i Yo e ! X
I,(8;)
i |,___A._‘-
ﬂ L
dy=pptogd
fig.3.2;1

The interval Ii(ﬁi}

Let further, for & > 0, Ii(a) denote the set of all values of
nel; satisfying

(3.2;7) In-, (8)] €8  (ieE)
and let, for neIi(Bi).

f.(
g; (e {1n 1= 6}
' t(x; 18
(3.2;8) ' (i€E)
f.(x,|®, (M)
Gi(n)&’a?{m#”—]ei}

£ (x.]0),)

8



Then we suppose that the following condition is satisfied.
Condition E: For each ieF a number By exists satisfying (3.2;6)
such that for each nin(hi) with nle(ﬂi)
{1‘ o S gl (7]) . 0]
1)
2. Gj(n) < o, ‘

WALD’ s [14] assumptions 2, 4 and 6 are sufficient for condition

E 1. In our case, where condition C and D are satisfied, the

following lemma holds.
Lemma 3.2;1: If condition C and D are satisfied, if

(3.2;9) o < F{In £,(x,l0)]0,} <=
and if a number &, exists satisfying (3.2;6) such that
(3.2;10)
@ < {1n fi(§i|®i(n))|ﬂi} < for each nelI, (%) with nﬁvi(oi}
then
(3.2;11) -o £ gi(n) <0 for each nEIi(Si) with n:wj(ﬁi).
Proof:

Consider any eI.(Bi) with n#wi(ei) then (cf. (3.2;10))
#{1n fi(§i1@i(n)) Giﬁ < @, Clearly g,(m) < 0 if £{1n fi(§i|

]éi(n))|6i}=—W. Thus it is sufficient to prove (3.2;11) for
the case that &{lIn fi(ﬁi[¢i(n))|9i} > -o, Then (cf. (3.2;9))

(3.2;12) o < g () <@

and from (3.2;12) follows2’

1) In most cases (cf. the sections 3.3-3.8) this condition is
satisfied for each m in the open interval J, with nimifﬂj).

2) If X is a random variable with
p(x > 0]-1,
|€ 10 x| <o |10 £ x| <o,
then
Eink gint ¥
The equality sign holds if and only if a number c¢ exists with

Plx=c]=1.
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£ (x|® ()
(3.2;13) g; ()= c//q gy T8 dr, (x]8,) <

x€z, (8;) £, (x]8;)

£ (x|, ()
1n o/ -t 4p (x|e,)=
xeZ,(0,) £, (x[8))

[IFaY

= 1n V/‘ fj(xl@i(n))dx < 1n 1=0.
xezi(Bi)

Thus the lemma is proved if we show that in at least one of the
two inequalities of (3.2;13) the equality sign does not hold.
The first inequality in (3.2;13) is an equality if and only if
a number ¢ exists with

£y le, ony

(3.2; 14) plin o0 L gl ]=1
£,(x;19;)

and then we have (cf. (3.2;12) and (3.2;13))
(3.2;15) —o < g; (n)=c £ 0.

Thus it is sufficient to prove that each number c satisfying
(3.2;14) satisfies c¢#0. This may be proved as follows. Suppose
c=0, then (3.2;14) reduces to

(3.2; 16) Plin £, (x; 1%, on)=In £, (x;lep e J=1.

The fact that 1n fi(x1®i(n)) is, for each xezi(ei), strictly
unimodal in Ii then entails that

3.2,11  Plin £,(x,le, (") > In £,0x;00p) [0, ]=1

for each n' between 1 and ¢, (2,).
Further (3.2;17) is identical with

(3.2;18) Plt, (x, le, ") > £,(x; 0] 1=1
for each 7' between 1 and wi(ﬂi), which is in contradiction with
(3.2:19) ddei(xiwi(n'n)= erFi(x|Gi)=L

xez (@, (n")) x€Z, (8;)

Thus if ¢ is a number satisfying (3.2;14) then c#0.

Now let
(3.2:20) 0{Lfp. (8,)  (icE),
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then
(3.2;21) ei=@i(e;) (ieE)

and we have
Theorem 3.2;1: If the conditions C, D and E are satisfied then
we have, for each i¢E,

(3.2;22)  1imP[[v,-e!| < elel=1  for each e >0,
ﬂl—'ED

i.e. the maximum likelihood estimate ofq:i(Bi) under the restrict-
ion @, (0,)el, ts, for n;~®, a consistent estimate of @; (0,).
Proof:

Consider a fixed value of i€¢E and let e, be a positive number
satisfying
(3.2;23) e
then (cf. fig.3.2;1)
(3.2;24)

6 +e,€I, (5,) and 6;-e,€l,(8,) if 6 is an inner point of L
Bite; €l (8;) or B{-e,€I, (8;) if 6; is a borderpoint of I,.
Thus the following two cases may be distinguished
1. B8/+e €I.(5.),
(3.2;25) { R e
2. 8;+e FL, (8,).
In case (3.2;25.1) we have

o fi(zi’y|¢i(ei+81))
€{ % 1n =
oo o)

|91}=“131(ej+€1) <0,

"y fi(51,7|‘1’i(91"91”

- le!}=n.G,(6/+e,) < ®
= o gl Tresmgang iy =y
y =1 ri(gi_Y|Li(ei))

and BIENAYME' s inequality then entails that

n. n.
i ~} - ! } i o [
(3.2;27) P[Willn £y(xy, 4] € O] +e)) > AL £,(x;, |25 6] 6]]=

n f.(x

i i*=i,
=p[ 1n L

y=1  fy(x

T U '
@i(9i+b1)) ’ G;(B%ep
> 0le!] <

|- o T ' 2
£,y12:¢8) n,{e; 0 +e )}
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and thus

ni ni ! I
(3.2;28) P[ T In £,(x; lo; @jve;)) < EIn £, x; o) le]]

=1
: Gi(e;+elj
> l-— .
- nj{gi(8;+el)}2
0y
Further (cf. fig. 3.2;2) the fact that H.(n)= Z 1n . (x, |@.(n))
i y=1 s e R e |
is a strictly unimodal functicn of m in the interval Ii entails
that
(3.2;29) “
i i El I
v, € Bj+e, if Y>;11n fi(xilY|®i(ei+sl)} % Tilln fi(xilTi@i(ei)L
H, (1)
|
fig.3.2;2
H,(8)) 2 H, (6;+e,)
Consequently
G. (0 +e,)
(3. 2;30) By, $lpe lot] S gt T
= Ay =0y teplivyl 2

n{e 0]+en}?
and condition E then entails

; : . oot #T8
e o) &}ng[gi; 6l+g,|0!]=1.
1
Consequently
(3.2:32) limP[y, < @!+el0]]=1 for each e > 0.
n,—o
i

In case (3.2;25.2) we have
(3.2;33) v, <86

s T
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i.e. (3.2;32) holds in both cases (3.2:;25.1) and (3.2:25.2).
In an analogous way it may be proved that
(3.2;34) limPlyv, 2 0;-e|e;]=1 for each e > 0.

n,—w
1

Theorem 3.2;2: If the conditions C, D and E are satisfied, if,
for each i€E and for each nel; (8,),¢;(n) is cont inuous?’ and if

(3.2;35) lim n;=o  for each icE
n—w
then
(3,2;36)
lim P[|t;-0,] < e for each icEle,,...,8]=1 for each & > 0,
N=—0

i.e. the maximum likelihood estimates of 81,...,6k under the
restrictions (2.1;3), are, for n-o, consistent estimates of

el,...,ek.
Proof:
Let Mv(vzl,...,N) be subsets of E with
N
1. \JM}E,
v=1
(3.2:37) | 2- 8, < 8; for egcn pair of values (i,j) with
ieM,, jeM (v < p;v,p=l, ..., N),
1L
3. 9;:9; for each pair of values (i,j)eM,(v=1,...,N)
and let 93 denote the value of 6; for ieM,(v=1,...,N).
Let further gy denote a positive number satisfying
(3.2;38) € < min §,
ieg !
and let
(3.2:39) A ZEns{iem, [0+e eI (5)))  (v=1,...,N).
Then, if A; denotes the complement of Av in Mv(v=1,...,N), we

have (ef. (3.2;25))
1. Gv+8161i(8i) for ie;‘\\I

" i ' (V=1,.-.,N).
2. 0y+e, A1, (B;)  for ieAy

(3.2;40) {

1) The continuity of @i(n) in Ii(Bi) is a necessary condition

for the consistency of t;,...,t,., but not for the existence
of typee.uty (c¢f. chapter 2). Further if Qi(n) is continuous
in Ii(Si) then ¢, (1) is monotone in Ii{ﬁi) (cf. condition

£2,1;2) )
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Thus (cf. (3.2;33))

w " : L
(3.2;41) vy < ev (15Av,v_1,...,N)

and (cf. (3.2;28))

n,
1
(3.2:42)  PL Z1n £,(x; [e,(0se) <
y=1 :
n,
1 "
< Elln £,(%4 Y|fbi((_%:)) for each iEAvIOv] >
Y= :
G, (B +e )
itwv 1
> 1- 2

2 . w9 (VEL, s 0omey N )
i€A, “i{gi‘ev+91)}2

Further (cf. (3.2;29)) we have, for v=1,...,N,
(3.2;43) v, S0+, for each ieA  if

1

n. n.
1 " 1 - o -
Yglln fi(xi'T|‘Pi(E}v+al)) < Yflln ri(xilwl@i(e\,)) for each ieA .
Consequently (cf. (3.2;41))

o
Gi(Gv+81)

(3.2:44) P[maxv, < 0"4e,|0"121- % . (v=1,...,N).
jem L i€a, ni{gi(9u+81)}2
Now let (cf. (3.2;39))
. def . "_ . =
(3.2:45) B 2%fEns{ieM 0l-e €I, ()}  (v=1,...,N)
then it may be proved in an analogous way that
, 6.(0,-8,)
(3.2;46) Plminy, 20"-¢ |0/] 2 1- T -l M I (2 (R, )
ien, ! ie, n, {e; (0)-ep}
From (3.2;44) and (3.2;46) then follows
(3.2; 47)
P[Gv"el < ]ningi < max v, < B,+e; for each v:l,...,Nie ,....BN] 2
ieM ieM
Vv v
" 6, (B %e,) G, (67-€))
21-34{ 2

RIS

+ I =
v=1 i€A, ni{gi(8:+sl)}2 ieB,, ”i{gi(ev'el)
Now take for g, a positive number satisfying (3.2;38) and

. 1 . " iy i
(3.2;48) oy < mn (00,700,
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then

(3.2;49) minvi <u, £ max v, for each jeMv and each v=1,...,N
iem d ieM
v W
if 6-e; £ minv, < maxv, < OJ+e; for each v=1,...,N.
iem, ieM,

Consequently, if e, satisfies (3.2:38) and (3.2;48) then
(3.2;50)
o -e,

1A

" s " "
u, <0 +e, foreachjeM, and each v:l....,N|Ol,...,BN] 2

" "
Gi(ev*'El) Gi(ev*el)

RS

N

1-9{ % —mM8 4+ T —04m ———},
£ + = " 2 ¥ o 2
V=1 i€A, “1{gi(gv+€1)} ieB, ni{gi(ev-el)}

From condition E and (3.2;35) then follows

(3.2;51)  1lim P[|u;-0]| < &, for each jeeloy,...,0;]1=1,
N—
consequently
(3.2;52)
lim P[|u,-6'| < e for each jeE|0!,...,0/]=1 for each ¢ > O.
e =3~ = 1 k

Further (3.2:36) follows from (3.2;52) and the continuity of
¢, (n) for mel, (8;)(icE).

In the sections 3.3-3.8 the theorems of this section will be
illustrated by means of the examples of chapter 2. Thus we take
¢1(1)=ai+ﬁit, where 61#0 and o; are given numbers (ieE). For
this special case condition E may be written in a more simple
form as follows. Let (cf. fig. 3.2;3)

(3.2;53) (ieE),
el T
Pi
then (cf.section 2.1) I is the interval [min(c;,d;),max(c;,d;)]
with cgzd; and eieI;(ieE).

Let further (cf. (3.2;6)) 8,...,8, be numbers satisfying
(3.2;54)
~ . f_ E i'_ . - * - I
1. 0< 8 € mm{|cj By iy 91|} if 6, is an inner point of I,
2. 0 <5 < ]d;-c;] if 8, is a borderpoint of I.
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1, 5, {0, (8))

@; (1)

d.
i

1
Fig.3.2;3
Relation between 81 and 6;

and let, for & > 0, I;(B) denote the set of all values of 161{
satisfying

(3.2;55) lx-0,| < 8.
Finally let

g} (&g {o; (1)}
(3.2;56) (tel; (]); icE),
6; (%6, {o; (0}
then
£, (x|0
gj(0)=E{ln———Je,}
fi(ii[ i’
(3.2;57) (11} (B]); ieE)
5 fi(ii]T)
G! (1)=0"{1n 0.}
3 f.(i,ie,)1 >

1 ) 1
and condition E is equivalent with the following condition.
ConditionE': For each i€Eanumber 6; exists satisfying (3.2;54)
such that for each ’EEI;(S;] with 'c;fei

1. -» g g;(T) <0,

2. G/ (1) < o

3.3 The binomial case
Let, for each ieE,
@:3:1) Plx;~1]1=6,, Plx,~0]-1-0; (0 <86, < 1)
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then (cf. (2.3;2))

(i€E).

e’.‘u-ei)"x x=0 and x=1
(3.3;2) £ (x|e)= {1

xZ0 and #1

Thus,ei being #0 and #1, Zi(ei) consists of the numbers 0 and 1
and from section 2.3 it then follows that condition D is satisfied.
Further

(3.3;3)  1In f,(x;|v)=x,In t+(1-x)In(1-t) (0 € ¢ € 1;icE).
Consequently
R T 1-T .
(3.3;4) gi(1)=eiln-—+(1-e.)1n———- (0 <1 < 1;ieE).
0, " 1o,
1 1
The function g;(ﬁ) possesses a unique maximum in the interval

0 <1 <1 and this maximum is attained for 1:81.
Further

(3.3;5) g;(61)=0

consequently
(3.3;6) g;(x) <0 for each t£6, with 0 < 1t < 1(i¢E).

Further o
T(1-0.)
(3.3;:7)  G'(1)=0,(1-6,){ln—32L32 (0 < 1 < 1;i¢E),
1 1 1 8, (1-1)
thus
(3.3;8) G;(m) < o for each © with 0 < 1 < 1(i€E)

and (3.3;6) and (3.3;8) entail that condition E' is satisfied.

3.4 A normal distribution with unknown mean

Let, for each 1eE X, possess a normal distribution with mean
9, and variance oj (0 < o; < ), where U%/G is known for each
pair of values (i, JEE) Then zl(el) is the interval (-=,w) and
(cf. section 2.4) condition D is satisfied. Further

"C)

(3.4; 1) v)=-%In 2no?- %-13————— (- < 1 < @ ieE).
Gi
Consequently
, (8,-T)2
(3.4;2) g (t)ei—— (-2 T K9 icK)

i
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and

; (Bi-’t)2 .
(3.4;3) Gl ()=—ty—  (-» < 1 < ie).
Oi
Thus condition E' is satisfied.

3.5 A Poisson distribution with unknown parameter

Let, for each i€E, X; possess a Poisson distribution with
parameter Bi (0 < R < @), Then (cf. (2.5;1))

____jil x=0,1,...
(3.5:1) £, (xlopy=¢ (ieE),

0 x£0,1,...
thus, Bi being positive and finite, zi(ej) consists of the
numbers 0,1,... . Consequently (cf. section 2.5) condition D
is satisfied if and only if igm-gifﬂ for each McE.

Further
(3.5;2) 1n fi(51|1)=-¢+511n t-1n x;! (1 2 0;ieE).

Consequently

(3.5:3) g;(1)=6,-146.1nT (1 2 0;icE).
1 1 6 . i
1

The function g;(m) possesses a unique maximum for t 2 0 attain-
ed for 1=ei; further

(3.5;4) g;(6;)=0  (i¢E),

thus

(85559 g{(1) <0 for each 2 0 with 176, (icE).
Further

(3.5;6) Gi’(m):ai{ln&}z (1 > 0;icE)

and (3.5;5) and (3.5;6) entail that condition E' is satisfied.

3.6 An exponenttial distribution with unknown parameter

Let, for each i¢E, X; possess an exponential distribution
with parameter ei(o < 8, < ®); then zi(ei) is the interval [0, ®)
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and (cf. section 2.6) condition D is satisfied. Further

(3.6;1) In f(x;[0=In 1t x; (v 2 0;ieE).
Consequently

; = -8, X
(3.6;2) g (t)=ln_.-_1 (v 2 0;icE).

1 8,

The (unique) maximum of g (1) in the interval = 2 0 is attain-
ed at the point 1=6, and g, (0,)=0; consequently

(3.6;3) g (1) <0 for each t 2 0 with 1#0, (i€E).
Further

; (6, -1)2
(3.6;4) Gi(1)=-—3—§——— (1 > 0;ieR),

thus condition E' is satisfied.

3.7 A rectangular distribution between 0 and 8,

Let, for each iecE, X; Dossess a rectangular distribution
between 0 and ei (ei > 0), then (cf. (2.7;5) and (2.7;9))

(w.,o) if g. > 0,
6 AR J,= L i i
(-o,w,] if 8, <0,

where (cf. (2.7;3))

(3.7, 2) W, SO+ max x. (ieE). !
vt ﬁiliyﬂn. .Y
= 2
Consequently I depends on Xi qreeea Xy i.e. I1 may depend
¥ 1
On Xy yuwew, Xy o (ieE). This entails that the theorems of section
3 g |
3.2 cannot be applied.
In this case the consistency of ty..., 1, may be proved as
follows.
We have, for each icE, (ef. (3.2;20))
(3.7;3) Oi=ai+ﬁjei.
Now let & be a positive number with
(3.7:4) e < min|g,|e.,
i€E A
then we have, for each icE,
3.7:5) Pllw,-0!| < ele’1=P[| max x, .-0.] < — |o.].
' A <7< T B - R
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Further we have

(3.7, 6) max Xx. . < 6. for each icE,
ngSni 1,Y 1

thus, for each ie¢E,
3.71:7)  Pllw.-6’| < e|o’]-P[ max x, 2 0,- —8,].
-i il = i 1§T§ﬂimi'Y_ i |F31| i

Further we have, for 0

A

x g CH and for each icE,

3.7;8) P[ max x, _ 2 x|6.)=1-P[ max x, _ < x|e,]=
1§ﬁﬂi_i'Y F i- nggni i,y i
l'li I'Ii
=1-P[x, _< Bl iy =1- o J<xfe =12} .
1-Px; | $x for each y=1, ,n 6,1 YI;IIP[_ngq_xl . (91)

Consequently, for each icE,

w01 < el
(3.7;9) P[{w.-0!| < ¢ e‘]=1-(1- & ) )
i 7 i '[31 0,

Further we have, for each ic¢E, (cf. (1.6;14))

w, if ¢; < w,; < d,,
(3.7; 10) v;= {c; if w, < Cyr

d; if w; 2 dy
and
(3.7;11) ¢; £ 6 £
Consequently

Py
(3. 7;12) P[lxi-eﬂ 3 ele;] 2 1-(1-#) for each ieE
By19;

and (3.7;12) implies that

i€E

ny
(3.7:13) P[|v.-6'| e for each icE|6’,...,0/121- = (1- e ;
g ol 1 k |51|91

Now let Mv(vzl,...,N) be subsets of E satisfying (3.2;37) and
let e: denote the value of G; for ieMv(vzl....,N). Let further
gy denote a positive number satisfying (cf. (3.2;48))

(3.7; 14) g; < %1{3g3_59v+1-ev),
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then (cf. (3.2;49))
(3.7; 15) |uj—ev < e

1 for each jeMv and each v=1,...,N if

8" < i
|vi 91| < gy for each ieE.

Thus for each positive e, £ min1§i|ei satisfying (3.7, 14) we
i€E
have (cf. (3.7;12))

3.7:16)  P[|u,-0}| < e, for each icE[6],...,08.] 2
n.
1
By
> 1- 2 [1- :
e B8,
Consequently, if
(3.7, 17) lim n.=o»  for each icE,
n—o !
then
(3.7;18) lﬂmP{lgi-8;|§ e for each ieEle;,...,8£}=1 for each €> 0
N=—0

and this is equivalent with

(3.7;19)

lim P[|t;-6,| < e for each icEle},...,0.]=1 for each e > 0. )
n-—x

3.8 A normal distributicn with unknown variance

Let, for each ic¢E, X; possess a normal distribution with
known mean p; and variance ei(o < 0 < @); then zi(ei) is the
interval (-o,®) and (cf. section 2.8) condition D is satisfied
if o =0 for each i€E. Further

2

(X, -}.)
(3.8;1) 1n £,(x;|v)=-%ln 2m-$ 212 (v 2 0; ieE).
T
Consequently o
= - =T
(3.8;2) gl (v)=-%InE-% L (1 2 0;icE)
1 9, T

1

and from (3.8;2) follows
(3.8;3) g;(1) <0 for each 1#6, with 0 < 1 < ®(icE).

Further
(3.8;4) Gy ()=H(0;-0 % (x> 0;i<E),

thus condition E' is satisfied.
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CHAPTER 4

A CLASS OF TESTS FOR THE HYPOTHESIS
THAT k PARAMETERS 6,,...,8,
SATISFY THE INEQUALITIES e; £ ... £ o,

4.1 Introduction

Consider k independent random variables x,,...,X, and, for

each ifEiﬁE{l,...,k}, ny independent observations X{ preeenXy o
¥ ? i

of X;. Let for each icE, Bi denote an unknown parameter of the
distribution of x,.

In this chapter a class of tests will be described for the
hypothesis

(4.1;1) H:9 £...£6

k

against the alternative hyp&thesis

(4.1;2) H: at least one value of i exists with 81 > Gi+r
These tests possess the following properties. Let o denote the
size of the critical region (i.e. let Gy denote the probability,
if H0 is true, of rejecting Ho). Let further « be a positive
number < 1, let

(4.1;3) ndel 5

ieg !
and let the limit n-o be taken under the conditions

(4.1;4) lim n;=o for each icE.
n—+on

Then the tests are constructed in such a way that
(4.1;5)
Lo« Sa,
2. the probability of rejecting Ho under the hypothesis
0,=...=0, is 2 a-ta?,
3. the probability of rejecting Hy under the hypothesis
8 € s < 6, tends to zero for n-w,

4. the probability of rejecting H, under the hypothesis
H tends to 1 for n-e,
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A description of the tests will be given in section 4.2, In
section 4.3 the properties (4.1;5) will be proved and the sections
4.4-4.8 contain some special cases.

4.2 Description of the tests

The n observations Xy qrevesXy o may be considered as the
5 ] ] k
coordinates of apoint x in an n-dimensional space Rn.Letfurther

e def 7o =
(4.2, 1) Ni-_—_-ni+ni+1 (1-1, # -.,k 1).
Now let, for i=1,...,k-1, Zil) denote a subspace of R with the
following properties
I. Let X denote any point in Z;, then if X’ is any point in R,
with
I

b it =X.
(4.2;2) e il

L™ ey

for each y=1,...,n,,

for each y=1,...,n; ;.
we have E’ezi.
II. Let the limit Niwm be taken under the conditions

lim n; =,
N.—m
(4.2;3) o
#{T 0 417@
j. {4 5]
and let
¥ defp[7 K
(4.2:4) ai=P[EeZi|61-61+l]

then Zj satisfies
1. PEez, o, < 0,,,] € o,
(4.2;5) 2. 1lim P[Zez |6, <o, .]=0,
N .= 1 1
1
3. lim Plxez o, >0, ]=1.

Ni—’m

i+1

II1. Z; and Zj satisfy, for each pair of values (i,j) with i < j,
J

1.P[Zez|0,=0,, ]

(4.2:6) P(Xez;n2, |6,=0,,, and ©,=6

i+l j+1

S P[Eezileizei+1

1) Z. is an abbreviation of Z. .
1 1.n1,ni+1
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Now let

k-1
(4.2;7) 2y z,,
i=1
then the hypothesis H  is rejected if and only if XeZ.
These tests for the hypothesis H0 may also be described as
follows. Let, for i=1,...,k-1, T, denote a test for the hypothesis
(4.2;8) H .:6.586

o,i" 71 i+1

against the alternative hypothesis

(4.2;9) Hi:ei > ei+1

based on the observations of X; and X1 Let H0 i be rejected
if and only if XeZ;, where Z,...,2, , satisfy the abovemention-

ed properties I, II and III. Then the hypothesis H, is rejected
if and only if a value of i exists for which HO i is rejected.

4.3 Some properties of the tests

In this section the properties (4.1;5) will be proved. Let o
denote the size of the critical region, i.e. let

(4.3;1) o 2efp[Xez|H ],
then
Theorem 4.3;1:
(4.3;2) <5
.3; i TS Vi o
) = i=1 1
Proof:
We have
(4.3;3) o =P[Xez|H ]~P[§ek'lz ln] <
TR o & = 0" T = ;;ﬁ i'Yed =
3 k-1 ez, | k-1
= iElP XeZ;|8; < 91+1] s i§1“1°

Theorem 4.3;2: If (4.2;6) is satisfied for each pair of values
(i,j) with i < j then

. : k-1 k-1
(4.3;4) PlRez|6,=...=6,] 2 = o;-%{ £ o }2
i=1 i=1

This theorem has been proved by R.DOORNBOS and H.J.PRINS [6].
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Thus, if Zl.....Zk_1 are chosen in such a way that

then the tests possess the properties (4.1;5.1) and (4.1;5.2).

Theorem 4.3;3: If (4.2;5.2) is satisfied for each i=1,...,k-1
and if

(4.3;5) lim nj=0  for each icE
n—m
then
(4.3;6) lim P[Xez|6, < ... < 8,]=0.
n—m
Proof :
We have
S k=l
(4.3;7)  lim PZezle, < ... < o] < lin z P[Xez, |0, <o, ]=
n—m n—o i=1
k-1 -
2151 Jqf; P{;eziiei <e,,,]=0.

i

Theorem 4.3;4: If (4.2;5.3) is satisfied for each i=1,...,k-1
and if

(4.3;8) lim n;=w  for each ieE
n—xo
then
(4.3;9) lim P[Xez|H) =1.
N—oo

Proof:

L?t i0 be a value of i with 8, > ©;,1 then
(4.3;10) lim P(%ez|H]=1-1im P[3¢Z|H] 2

n—w n—+®
2 1- Lin P[§£2101910 > eio+1]=1.

4]

Remarks:

4.3;1. If, for each i=1,...,k-1, (4.2;5.2) and (4.2;5.3) also
hold if lim n; =C; < ®, then it follows easily from the proofs

Ni"‘CO

of theorem 4.3;3 and 4.3;4 that these theorems also hold if
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lim n;=m for each i=2,...,k,

n=+m
(4.3;11) )

lim n,=C,.

N=—m
Analogously, if for each i=1,...,k-1, (4.2;5.2) and (4.2;5.3)
also hold if lim ni+1=C. < o  then the theorems 4.3;3 and

N L i+l
1

4.3;4 also hold if

lim n;=o for each i=1,...,k-1,

n-+m
(4.3;12) .

lim n, =C,.

M=o

In section 4.4 an example of this situation will be given.
4.3:2. In the special cases, which will be considered in the

sections 4.4-4.8, Z,,...,%, _, are chosen as follows.

Let, foreach i=1,...,k-1, t, denote a test statistic for the
hypothesis H0 i then we choose for Z1 the set of all values
of xl’i,...,xk'nk satisfying

(4.3;13) t; 2 ti,a ,

i

where ti ¢ satisfies
bl |

J=c,.

© =ei+1 i

(4.3; 14) Plt, 2 ti'ail ;

4.4 A rectangular distribution between 0 and 8,

Let, for each ieE, X; bossess a rectangular distribution be-

i : def
tween 0 and E)i with 0 < ei < o, Then (cf. (2.7;9)) zi=1§n;a§;1xi'Y

is the maximum likelihood estimate of ei(ieE). In this case we
take, for i=1,...,k-1, as a test statistic for the hypothesis
H

o,i

24
(4.4; 1) g

Z.
Zi41

and H0 i is rejected if and only if

(4.4;2) t; 2 ti,ai’
where ti,ai satisfies
(4.4;3) Plt, 2 t 8.=0

i.ai iT7i+1

Joa
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We first prove that this test satisfies (4.2;5). In order to
simplify the notation we take i=1. Further we suppose that
0 < Oy < 1.

According to (3.7;8) we have, for 0 € z £ Gj and j=1,2,

5 n.
(4.4:4) Plz, € z]=(2) ),
0.
]
thus
(4.4;5)
x8,
1 te
n,-1 2 n,-1 n 5]
“1“2J; dx |y 2 dy= ﬂl(—iﬁ 2 if 2L,
0 0 Nt O, Oy
Plt, 2 tl= 0,
té' 1
1 n,-1 n n n 0
1-n1n2‘f x ! odx j-y 2 dy=1--2t 12y v ar pg-l.
0 X8, Ny 1 2
to

Consequently (cf. (4.4;3))

n
2
n n
( ! ) T8 =4
S N Ny
.4,6) t
1,0, = N
n
1
By 275 By
—(1-ay) if oy 2 —.
n N
2 1

Further (4.4:5) entails thag P[El > t] is, for fixed t, a mono-

tone increasing function of-a}, i.e. (4.2;5.1) is satisfied.

We now prove (4.2;5.2) and we first consider the case that

(4.4;:7) lim n,=m.

N~

1

Let ¢, be a positive number < 1, then (cf. (4.4;5))
i n ny

(4.4;8) Plt, 2 cllefez]:l-ﬁzcl ,

1
thus

(4.4;9) P[gl 2 cl|81=92} > oy for sufficiently large n,
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and (4.4;9) entails

(4.4; 10) by g > ¢, for sufficiently large n,.
s

0
Now suppose 81 < 92, then substitution of f:.1=e—1 in (4.4;10) gives
2

]

(4.4;11) t S

L —  for sufficiently large n,,
el | 92

thus we have (cf. (4.4;5))

n
; . 9 :
(4.4;12) lim P[t, 2 t, |o, <o )=1im _1[__1
n o =1 1.0.1 1 2 n - Nl tl 62

,0’-1

Thus if moreover

(4.4;13) lim ny=o
Nl-c:l

then (4.4;11) and (4.4;12) entail that

(4.4;14) lim Plg, 2 1;1.m1|e1 < g,]-0.
1
Thus (4.2;5.2) is satisfied if lim n,=» and lim n, {7
Ni_m 1 Ni_'m 1+
If on the other hand (cf. remark 4.3;1), lim n,=C, < o, then
N -
1
n
(4.4;15) a, -1 for sufficiently large N,,
N
1
thus (cf. (4.4;6))
1
n nz
(4.4;16)  t, o =(—— for sufficiently large N,.
1Ny

Consequently in this case we have (cf. (4.4;12))

N,—o N

g/ 6, \ 2 /6| 2
(4.4;17) lim Pt 2t, , |0, <0,)=1in 21 = (L] >o0.
Nlﬂm 1 1 1

Thus (4.2;5.2) is not satisfied if Nll_.mm niH:CH1 < o,

1
Finally,let lim n,=C; <®. Thenif 0 < c; < 1 we have (cf. (4.4;8))

N 1

Cc
(4.4;18) 0< lim Plt, 2 c,[6,=0,]=1-c, * < 1,
Nlﬂm
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thus, for sufficiently small 0y
4.4;19) 0<«, < lim Pt, 2 c,|6,=6,].
( 1 o BT 1| D
. : 9 1)
Substituting 6_ for c, (4.4;19) entails that
2

8

(4.4; 20) Lyow >_1  for sufficiently large Ny
| (5]
2

thus in this case we have

ny 01 2
(4.4;:21) lim P[t; 2 t, w8y % 6,]=lim — =0.
Nl—-co 1 Nl—-\:o N1 tl.ale2}

Consequently, if lim 11].L=C].L < o, then (4.2;5.2) holds if oy is
N,.—wm
1
sufficiently small, i.e. (cf. remark 4.3;1) theorem 4.3;3 also
holds if

lim n, =o for i=2,...,k,
n—mo

(4.4; 22) lim n =C, < o,
n—w

oy is sufficiently small.

We now prove (4.2;5.3) and we first consider the case that
(4.4;23) lim n,=o.

Nl—'CO

Let c, be a number > 1, then
n

¥

(4.4;24) Plt, > c,|0.=6]=
=1 2171 72 Njo, 2

thus
(4.4;25) P[’E1 2 c2|91=92] <«  for sufficiently large n,.

Now suppose that 91 > 82, then (4.4;25) entails that

(4.4; 26) t <

1o for sufficiently large n,.
|

GDICD
-

b3

5
1) If c1=§l. (4.4;19) is identical with

2 0 Cl
0 <o <11} .
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Thus (cf. (4.4;5))

(4.4;27) lim Plt, 2 t 8, >8,]=1-1i 33 t %2 1
o 5 im it =1-11m — -
n,-m S 2 n,~o N, 1,04

Consequently, if moreover

(4.4;28) lim n
Nl-w

=m,

1

then (cf. (4.4;26) and (4.4;27))

(4.4;29) Nlli_‘:l Plt, 2 tl-“1181 > g,]=1.

Thus (4.2;5.3) is satisfied if lim n;=w and lim n, ,=o.
N ,—@ N,—@

If, on the other hand, lim n;=C, < ® then (cf. (4.4;6))

Nl_"ﬁ0

ol

Ny

N
(4.4:30) t, %_1(1-&1)} for sufficiently large Ny,
s W 5y
2

thus in this case we have

c
e 1
(4.4;31) 1lim P[L1 2 ty o |91 > 62]=1-(1—o.1) " < 1.
Ny i) & 91

Consequently (4.2;5.3) is not satisfied if lim n1=C1 < o,

N.—wm
1
Finally let lim n2=02<m. Then, if c, > 1, we have (cf. (4.4;24))
N, =®

4.4;32 0< lim Plt, 2 ¢ |0,=0,]=1 _< 1,
( ) e e 2| 1772 o5

1 c,

thus, for sufficiently large oy,

(4.4;33) lim Plt, 2 cyl0,26,) <o < 1.
N~
1
8y
Substituting — for c,, (4.4;33) entails
2
9
(4.4;34) By o <—e—~ for sufficiently large N,
|
2
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thus in this case we have

n 0 :
(4.4;35) 1lim P[t, 2 Ie >e,]=1- lim 2ft, 2] -1
R~ = Ny 9y

Consequently, if ELHL ni+1=Ci+1 < ®, then (4.2;5.3) holds if oy
i

is sufficiently large, i.e. (cf. remark 4.3;1) theorem 4.3;3 also
holds if

lim n,=w for i=1,...,k-1,

n—wo
(4.4;36) lim nk-C < @,
n—+xo
%y g is sufficiently large.

We now prove (4.2;6), i.e. we prove that, for each pair of values

(i,j) with i < j
(4.4;37) P[t, 2 ty,q, and t; 2 tj,aj|91=91+1 and 0,=0,,.] <
s P[Ei 2 ti,ot | 1+1] P[t J o.jlejze.l-{vl]‘

It will be clear that (4.4;37) holdsif j > i+1. Thus it is suffic-
ient to prove (4.4;37) for j=i+l. In order to simplify the notat-
ion we take i=1 and we omit the index o in tI - and ty o

First consider the case that t; 2 1and t, 2 1; then

(4.4;38) Plt, 2 t, and t, 2 t,|0,=0,-0,]=

(n1+n2+n3)N2t1
Thus (4.4;37) is, for i=1 and j=2, identical with (cf. (4.4;5))

n n.n

n
(4.4;39) L < T4

(n1+n2+n3)N2t
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which is identical with

(4.4;40) t

which is evidently true.
In an analogous way (4.4;37) may be proved for the case that
t; < 1 for at least one value of i=1,2.

Remark 4.4; 1

If

(4.4;41) ny=...=n,
and

(4.4:;42) OLy=e e S0 s

then (cf. (4.4;6))

(4.4;43) tl'al=...=tk_1’ak_l(=ta, say).
Thus in this case H0 is rejected if and only if

4.4;44 max t. 2 t_.
¢ ) 1<igk-1 1 7 &

4.5 An exponential distribution with unknown parameter

Let, for each ic¢E, X, possess an exponential distribution with
parameter Gi (0 < 9, <o), i.e. let

-8, x

(4.5;1) P[g(_i > xl=e ? (x 2 0;icE).
Now let
o3
(4.5:2) e astl S (i€B),
1 ni Y':l I,.Y

then we take, as test statistic for the hypothesis HO i (cf. e.g.
[11]) '

X

-

1 (i=1,...,k-1).

i

(4.5:3) t.=

=1

(e

Now (4.5;1) entails that, for each i¢E, 2eini§i possesses a

Oi+1

x2~distribution with 2n; degrees of freedom, i.e. L, (and

i

103



thus t; under the hypothesis 8,=6,,,) possesses an P-distribution
with 2n,, , and 2ni degrees of freedom (i=1,...,k-1). Further we

take critical regions of the form ti‘f;“ti - where ti & satisfies
vy ]

(4.5;4) Plt, 2 ti,ailefein]’“i (1=1, .5 k-1):
Thus, for i=1,...,k-1, Ty o, My be found from a table of the F-
distribution. T
Remark 4.5;1
If n=...=ng then §1,...,§k_1 possess under the hypothesis
91=...=9k the same probability distribution. Thus, if moreover
Oy=e e =0 g, then tl,alz"'ztk-l,ak_1(=ta' say). Consequently

in this case H is rejected if and only if
(4.5;5) max t, 2 t..
1<igk-1 +~ *

We now prove (4.2:;5). In order to simplify the notation we take
i=1. Let

8
(4.5;6) £ 2 26,
0
1
then " =
5.7 plt, 2 t, . J=Plt! > 921; ]
(4.5, 212 M7 LS gL

1

Consequently P[Ll 2t o ] is a monotone increasing function of
|

3]

1, i.e. (4.2;5.1) is satisfied.

92 1 02 . i i

We now prove (4.2;5.2) ) We havgzrgl possessing anF-distribut-

1

ion with 2n2 and 2n1 degrees of freedom,

(<] n
By fy
821_8_ n,-1
2 My
(4.5; 8) 2 2.
02(1: y= El nj(N; 1)
=t"lg -2 2’
3/ Mg(ng-2)(n,-1)

1) The proof of (4.2;5.2) and (4.2;5.3) is based on a method which
may be found in D.VAN DANTZIG [3].
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thus
S 1

(4.5;9) iy lomn et

nl-l

i.e., for sufficiently small o, we have

n

> 1 -
1 nl-l

(4.5;10) L
Now consider the case that 9I < 92, then
(4.511) P, 2 thllel < p,l=

8 n
1 1
-l B, <0,
1,0 1 2-
i b 62 ni-i

=P[t,-€t, 2 ¢t

where (cf. (4.5;10))

2] n n
(4.5;12) ks sy e TR e
92 nl-l nl-l Lhas |
Thus, if
lim n; =,
Nlam
(4.5;13) .
lim n,=w,
Ny—o

then, according to BIENAYME’ S inequality,
(4.5;14) lim P[t, 2 by, 181 € 0, €

N,—m

1
2

0, 2 . ni(N;-1) P

— | lim B, n; 5%

2
6,] N.=@ n_ (n -2)(n,-1)°(t -— )
2/ "1 2y 1 - 6, np-1

nA

2

(¢} N
!} 1im —L =0.
82-61 lem nn,
Consequently (4.2;5.2) is satisfied if lim n; = and lim n =
N,—® N =

1
We now prove (4.2;5.3). Let ¢ be a constant > 1, then, accord-
ing to BIENAYME's inequality,

1A

Nl-l

nz(nl~2}(c-l)2

]

24
(4.5; 15) Plt, 2 c—2[o,=0,) ¢
nl-l
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thus for each ¢ > 1 we have

n

(4.5:16) t <eg !
Lty n,-1

1

Now let 6, > 8,, then

for sufficiently large ny and n,.

4.5:11 Pl <t, lo, > 6,)=
s |

it f
1o
18,

=P[t,-€t <t 0, > 0,l,

n1-1
where (cf. (4.5;16))

e S
62 n -1

(4.5;18) t; < for sufficiently large n, and n,.
%

Consequently if (4.5;13) is satisfied then we have, according to
BIENAYME’' s inequality

(4.5;19)  lim P[t, < 1;1_m1|e1 >0,] €

1™®

2 2
2] n,(N,-1)
g —1 lim 3 ) —2:0!
O/ Ny 2 9 %1y
no(n,-2Y{(n,-1)"(t i o
2y 1 1o
1 62 nl-l
thus
(4.5;20) Lin Plt, 2 tl.a1|81 > 0,]=1.

1
Consequently (4.2;5.3) is satisfied if lim n, = and lim n; .=
N . - N .—®
> 1

We now prove (4.2;6). It will be clear that this inequality
holds if j > j+1. Thus it is sufficient to prove (4.2;6) for the
case that j=i+l. In order to simplify the notation we omit the
index oy in ti,ai and we take i=1. Then, 291“151 possessing, for
each i¢E, a Xz-distribytion with 2n; degrees of freedom, we have
(4.5;21) Plt, 2 t, and t, 2 t,le,=6,-6,]=

- 1

n.+n,+n
2 12 30 T (nyT(ny)

@ n1-1 -kx i “2'1 -y e n3-1 -z
.fx e dx J ¥ e clyf z e dz.
0 n n
t —?x t —EJ
lI'I zn
1 2
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Thus if f(t;,t,) is the simultaneous density function of t, and

t,, then
(4.5;22)
1 n3 n3 n2 n2+n3 N2-1 na-l
f(tl’tz)' - = tl t2 i
+n +n 2 n1
2 30 (n T (0 T(ny)
% 1 -% "2 )
n1+n2+n3- - x(1+tl-—-+t tz._
L x e Ty N1 dx=
0
No-1 n,-1
n n,+n 2 3
T'(n +ny+ng) (_3) 3(53 23 ty ty
P(n )T(n )P(n ) n n n, n,+n,+n
! (14t 24 g, -5 1208
R | ny

According to theorem 6.1 in [5] condition (4.2:;6) is satisfied if
(4.5;23) £(t;, t,).£(s5,,8,) < £(t;.s,). (s, t,)

for each t;, t,, s, and s, with t, 2 s, and t, 2 s
From (4.5;22) it follows that (4.5;23) is identical with

(4.5;24) (1+t1—— +t,t,-3) (145 ~248,5,-3) 2
ny oy 'n, y

n
2 (1+t1_3+t S, 3)(1+s 245 .t ——) for t, 2 s, and t, 2 s,
n l‘l [1 I]
1 1 1 1
which is identical with

n
(4.5;25) n—a(tl-sl)(tz-sz) 20 fort,2s, and t, 2 s,
1

Consequently condition (4.2;6) is satisfied.

4.6 A normal distribution with unknown variance

Let, for each ic€E, X, possess a normal distribution with un-
known mean p; and unknown variance ©,. Then if

(4.6;1) (ieE)
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we take as a test statistic for the hypothesis H0 i

2
5%
(4.6;2) Ei: El (i=1,...,k=1)
Si+1
(n.-1)1~;2

Now —*%
5]

———1i-posse55es a Xz—distributionwithni—l degrees of
i
.
freedom, i.e. —itl
0.
1
n,,,-1 degrees of freedom. We again take critical regions of the

form tig ti - (i=1,...,k-1) and the proofs of (4.2;5) and (4.2;86)
it

are identical with the proofs given in section (4.5).

t; possesses an F-distribution with n,-1 and

Remark 4.6;1

n
i
Ifw, is known then s2 is replaced by 1 3 (x,; -u.)z. possess-
i =i n, y=1 =Ly VL
i Y=

ing a Xz-distribution with n; degrees of freedom (icE).

4.7 A normal distribution with unknown mean

Let, for each icE, X; possess a normal distribution with mean
9i and known variance c%. Then if

n

i
(4.7:1) x, &1 3y (i€E)
ni =1 Y
we take, for i=1,...,k-1, as a test statistic for the hypothesis
Ho,i
(4.7:2) 57X X

Now t, possesses a normal distribution with

€;=0,-0; 44
(4.7;3) (i=1,...,k-1).
o? (g, )=—ts 121
B Mi+n
~.
The hypothesis H, , is rejected if and only if t, > ty a. and

1

(4.7;3) then entails that

o
it S 2 SUTE TR Y '
i M+l

(4.7:4) ty o <E
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where g is defined by

1 P

(4.7;5) e | 81 dx=c.
VZﬂE
o

It will be clear that, for each i=1,...,k-1, this test for H,
satisfies (4.2;5) if

lim n,=o,

Nymo
(4.7,;6) .

Nl i TS Bt

i

Further it will be clear that the inequality (4.2;6) holds for
each pair of values (i,j) with j > i+l1. Thus it is sufficient to
prove (4.2;6) for the case that j=i+l1. In order to simplify the
notation we take i=1. Then

(4.7 821£2=€(3132'3133'E§+3233}-
Thus
» 0—2
(4.7; 8) E(t1t,10,=0,=0,)=-0%(%,|0,=0,=0,)=-_2,
n
2
i.e.
2
Oy
(4.7;9) cov(ty, t,]6,=6,=0,)=--2.
n
2

Consequently, if 6,=6,=6,, t, and Ez possess a two-dimensional
normal probability distribution with negative correlation-co-
efficient and in [5] it has been proved that (4.2;6) holds in
this case.

Remark 4.7;1

If
2 &2
[a] =
(4.7; 10) A2A%2 0 por 4=1,... k-2
Ny Miso
and
(4.7;11) o N
then (cf. (4.7;4))
(4.7;12) 1o et (7t SaY).

1
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Thus in this case Ho is rejected if and only if

(4.7, 13) max (X;-X 2 -

)
1<i<k-1 ¥

4.8 An analogous distribution-free test

In this section an analogous distribution-free test based on
WILCOXON’s two sample test (cf. e.g. [12] and [15]) will be
considered.

Let Xiveonn Xy be k independent random variables possessing
continuous probability distributions. Let further, for each i€E,
xill,....xi‘n_ be n; independent observations of X5 and let (cf.

e.g. [4])

Mi+1

. def o 1) "

4.8;1 i . =X, =1;oaa,k=1),
( ) LA & 7\zilsgn(:l(l’Y 1+1,l) (i=1 1)
where

1ifz> 0,
(4.8;2) sgnz= /0 if z=0,
1if z < 0.

In this section a test will be described for the hypothesis H,
that Xy, .--,X, DOSsess the same probability distribution, based
on Wy,...,W _,. This test is performed as follows. The statistics
Wy ....W,_, may be considered as the coordinates of a point W in
a (k-1)-dimensional space R, _,. Now let, for i=1,...,k-1, H] .

denote the hypothesis that Xy and X;,, bossess the same probabil-
ity distribution and let Z; denote the set of all points WeR, |
satisfying

(4.8;3) W, 2 W, _,

where W, " is the smallest integer with
i |

(4.8;4) PlW, 2 W, o 1] ) <.

1) If Uiis the test statistic of WILCOXON's two sample test, applied
to the samples of Xy and x; ., according to H.B.MANN and D.R.
WHITNEY [12] ,then

‘Iﬁ'i=2Ui-nini+1 (i=1,...,k-1).

110



1 k-1 I E 2 E: i
Let further z'48fy; Z;, then the hypothesis H; is rejected if and
i=1

only if Wez’, i.e. H) is rejected if and only if a value of i
exists with Wez;.

For small values of n, and ng,q the critical values W may be

i,o.
found from a table of the exact probability distributién of W,
under the hypothesis H;_i (cf. e.g. [12] and [13]). For large
values of n, and g ﬂi is under the hypothesis H;_i approx-
imately normally distributed with

JE (W, [1, )=0,

(4.8;5)
koz{ﬂi!H;.i)zénini+1(Ni+1L

thus in this case an approximation to wi.ai may be found from a
table of the normal distribution.

In the sequel of this section some properties of this test will
be proved.
We first prove the following lemma.
Lemma 4.8;1: For each pair of values (i,j) with i < j we have

(4.8;6) Pfez;nz; |t ; and B, .] <

< Pliez; 0] 1.P(Wez; H, i

Proof:

It will be clear that (4.8;6) holds for each pair of values
(i,j) with j > i+l. Thus it is sufficient to prove (4.8:6) for
the case that j=i+1. In order to simplify the notation we omit
the index oy in Wi B and we take i=1. The proof is analogous to

the proof of the inequality (9.5) in [5].

Let
; Jdef ' ' — 7
1. Pnh.nh+1[hh]=::P[ﬁh 2 “h[nh,nh+1,Ho'h} (h=1,2),
2. P [Wh|j]g§£ the conditional probability of
The They
(4.8;7)

W, 2 W, under H; p €iven that the largest observ-

ation in the samples of Xy and x belongs to the

2h+1
j-th sample for the sample sizes n

(i=h,h+1;h=1,2)

and n,.

h 1
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and

(4.8;8)
def Ty ’
L. Pnl,nz,na[wv“'z]:P[El 2 W, and W, 2 W, "1'“2'“3'Ho.1'ﬁu.2]-
2. B [Wi.W2|j]d_i_f the conditional probability of W, 2 W,
1*Mgr g

. N
and W, 2 W, under H; , and H; , given that the largest observ-
ation in the samples of X1, X, and Xq belongs to the j-th

sample for the sample sizes n,, n, and n, (j=1,2,3),

then we have to prove

(4.8;9) P“x'“z*“s[wl'wz] < Pnl’%[wl].P

We shall prove (4.8;9) by induction with respect to 0, +0,+0,.
Clearly (4.8;9) holds for n,+N,+0, < 2 (we take ﬂh=0 with probab-
ility 11if nh=0(h=1,2)). Now suppose (4. 8; 9) holds for n,+n,+n, <N-1,
then we prove that the inequality holds for n1+n2+n35'ﬂ\l.

We have

(4.8;10) P 3[w1.w2]=

3 n

i Y b
¥ Jp [w,,w,|3]=
nl.nz,n j=1N “1'“2'“3 12

n
o _2 -
“3[w1 nz,w2]+ : P“1' ny-1.ng {wlml,wz n3]+

n
3

+-2P L Iw,wo4n,) <
N Dypr0gelg 1717272

n
2
LA R [w,] +2P [w,+n 1.

n,~-1,n

N M1 n;n,-l

n
3 _
; Pnz— Loy [W,-n,] +‘§Pn 5 nz[wi] 'Pnz. ng-1 [Wy+n,])=

n n
1 2
=_lp w,|1].p [w,]+-2p w,|2].p [w,|2]+
N 111.n2 1| n2.n3 2 N nl,n2 II n2.n3 2

n
3 L
+?Pn1. nz{wl]'Pnz. n, [w2|3]‘

n n n
1 2 3
=1p (w |11{2p [w,|2]+-2p [w,|31}+
N ByrDy 1l N, Mg, Ny 21 N2 N, Ny 2

n
2
+=28, .nz[w1|2]'Pn2.n3["‘212]*
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13 1.4 i Ry ;
+?Pn2. 5, [w,|3] {i.-_Pnl- nz[m]] 1] i nz[wlizl}.
1 1

Thus (4.8;9) holds if
(4.8;11)

n n n

1 2 3

- Pnl.nz[wlll] {N_Pn2’n3[w2| 2] +N—P2 "2'“3[w2|3]}+
2

n
2
+;Pn1_n2[w1|2}.Pn2. I]3[\'.r2]2]+

T3 i By
+-3p [w,|31{2p (w,[1]+-2p (w.]2]} <
N n2,n3 2| {NI Ry, 0, 1| Nl 111.n2 1‘ =

n n n n
s{=2p,  Dw[1d+2plw [20M=2p, _ [Dwy|2]+=2p_ [w,[3]},

Ny L lg Ny N, "2'"3 N, 2773

which is identical with

(4.8;12)

1111121'13 .

——P W.|1l-P W. 2] 1P w,|2]-P W.|3]}20

e B, J1-py o WD e, l20-p, o Dh,[8])2

and in [5] (cf. p. 34) it has been proved that

4.8;13) P w.[il 2 P [w.|i+1]  (i=1,2).
¢ LS| 1[ = omy 1 l|

rni
Now let o, denote the size of the critical region, i.e. let
(4.8;14) o Piiez’ |1!],

then (cf. the proofs of theorem 4.3;1 and 4.3;2) lemma 4.8;1
entails that
Theorem 4.8;1

k-1 k-1 2 k-
(4.8;15) So,-b 2o} <o € Ba,.

i 1 1 =0

i= i= i
Now let, for i=1,...,k-1,
. rdef
(4.8;16) o;%fp(x. > x,,,]
and let Hi denote the hypothesis

(4.8:17) for each value of i:E)'i < %,

113



then
Theorem 4.8;2: If

(4.8;18) lim n, = for each icE
n=m
then
(4.8;19) lim P[fez’ |H{]=0.
n—m
Proof:
We have
(4.8;20) P[Wez' |H!] < “SPlw 2w lo! < 1]
g N gt = SR = M s :
Further if
lim n.-=w,
N i—-cn
(4.8;21) ‘
Nll__“; 0=
i
then (cf. D.VAN DANTZIG [3])
(4.8;22) lim Plw, 2 W, |6/ <¥=0 (i=1,...,k-1).
N, —m POy

i

Thus (4.8;19) is satisfied.

Now let H; denote the hypothesis

(4.8:23) at least one value of i exists with e; > 1%,

then

Theorem 4.8;3: If

(4.8; 24) lim n;=e for each ie€E
n=m

then

(4.8:25) lim P[Hez’ [HL]=1.

n—os
Proof:
Let i  be a value of i with e; > 1%, then

(4.8;26) Pliez’ |n})=1-P[H¢z’ |n}) 2
> 1-Plw, < W, g >l
= —i0 10.0Li | 10

o]
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Further if (4.8;21) is satisfied then we have (cf. D.VAN DANTZIG

(3

4.8:20  lim Plw, <w, _ [o) > ¥l=1 (i=1,...,k-1),
N;~® it

thus (4.8;25) is satisfied.

Finally let H, denote the hypothesis

for each value of i:e; <,

(4.8;28) '
at least one value of i exists with 6 =%
and let
MifEns{ile] < %},
(4.8;29)

ﬁd-_ifﬁ‘.ns{i16;=‘)’z}.

Then Mo and we have
Theorem 4.8;4: If
(4.8;30) lim n,=o  for each ie¢E

n—+mw i

and if o is sufficiently small for each ieM then

(4.8;31) lim P[§ez’ H;] < 1.
n-+x
Proof:
We have
(4.3;32) Pliez’ |H!] < kélp[w >w, _ |o! <=
£ = B0 Fy LB LGN B

r | ! i
=3Py 2w, lef <4+ 5 Plw 2w,

ieM i ieM

|o1=4).

lol'i
Thus (cf. (4.8;22))

: : T (e ; '
(4.8;33) 1lim P[¥ez'[H;)= = lim P[W, 2 ""’1.a1|91""’~]-

n—m ieM Ni-—-{n
Further if (4.8;21) is satisfied then (cf. D.VAN DANTZIG [3])
(4.8;34) Llin Plw, 2 wi_ai1ei'=;@] <
o® ;0,71

3
< lim < —- (i=1,...,k-1).
= B T = 2 ' g
Ni @ Ealc (Ei Ho i’ Eo'.

y 1
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Thus

(4.8;35)

Consequently, if
(4.8;36)

then

(4.8;3T)

Remark 4.8;1

lim P[Wez' [H;] < 3
i [HSZ|H3]_

=1

ST

(238 ]
"

| -

Z
ie

(211

M

1

— ¥

E
2

lim P(fez' |H;] < 1.

n—+co

Condition (4.8;36) is e.g. satisfied if

(4.8;38)
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APPENDIX

A.1 Introduction

In this appendix the results of MIRIAM AYER, H.D.BRUNK, G.M.EWING,
W.T.REID and EDWARD SILVERMAN [1] and of H.D.BRUNK [2] will be
compared with those given in the chapters 1-3.

In section A.2 a descriptimrn will be given of the situation in
which the methods of MIRIAM AYER, H.D,.BRUNK et al. may be applied.
The procedure itself will be given in section A.3.

Throughout this appendix we use the notationof the chapters 1-3.

A.2 Description of the problem of MIRIAM AYER, H.D.BRUNK, et al.

In [2] H.D.BRUNK describes the following problem. Let k and K
be positive integers and let ?i=(ri,...,ré)(isE) denote k points
in a K-dimensional space RK. Let Xyveoon Xy be independent random
variables and let the distribution of X, be completely specified
by the knowledge of a single parameter ei(ieE}. Let the parameters
81,...,Em be known to satisfy the fo%}owing monotonicity condition:
there is a real valued function €(r) monotone non-decreasing in
each of the separatevariables r1(1=1,...,K),suchthat@1=@{?i)(ieE).
Further let the distribution af;i belong to (cf. [2]) the ‘exponent-
ial family' (ieE) and let, for each pair of values (i,j)eE,the
distribution functions of x; and X5 be identical if and only if
81=8j.

The distribution of a random variable x belongs to the ‘exponent-
ial family’ with parameter @ e.g. if
1. x possesses a binomial probability distribution:

(A.2;1)  Plx=x|6]=(M)e*(1-0)""*  (x=0,1,...,n),
2. x possesses a normal distribution with mean © and variance 1:

X 2

-¥(u-0)
(A.2;2) P[x € x|e]=L (e
ﬁﬂ-m

du (-0 < x < @)

3. x possesses a normal distribution with mean 0 and variance ©9:

ul

X -%E
(A.2;3) P[zgx]6]=,_1_je du  (-» < x < @),

2m8 7,
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4. x possesses a Poisson distribution with mean ©:

e~ Yk

(A.2;4) Plx=x|0]= (x=0,1,...),

x!

5. x possesses an exponential distribution:

(A.2;5) Plx < x|el=1-e%* (0 < x < ).

Now let X; y(r=1,...,n4) be ng independent observations of x,
(i€E). The proglem solved by BRUNK [2] is the determination of the
maximum likelihood estimates of I subject to the above-
mentioned monotonicity condition. Inderiving these estimates BRUNK
does not specify K and the function €(r).

It will be clear that the monotonicity of the function 6(T) is
equivalent with the partial (or complete) ordering of the parameters
el,...,ek specified by the following set of inegualities. Let
ai’j(i,jEE) be numbers satisfying

1. O =70 .

Z. oy =1 if no coordinate of r' is greater than
(A.2;6) 1 the corresponding coordinate of T,

3. oy j=0 in all other cases.

Then it follows from the fact that 6(r) is monotone non-decreasing
ineachoftheseparatevariablesr1(1=1“..,K)andthat 8(r1)=ei(ieE)

that 01,...,9k satisfy the inequalities

(A.2;7T) ai_j(ei-ej) <0 (i,jeE).

Further it may easily be seen (cf. [2], p. 611) that the conditions

A' and B (cf. p. 21, 22) are satisfied if

1. the distributionS(inl....,5R belong to the ‘exponential family’,

2. for each pair of values (i,j)e¢E, the distribution functions of
X; and x, are identical if and only if ei=ej.

Thus the problem solved by BRUNK is a special case of ours with,

for each ic¢E,

1. the distribution of x. belongs to the ‘exponential

1
family’,
(A.2;8) 2. o, (1=,

3. I, is the set of all values of © for which F, (x|7)
is a distribution function.
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On the other hand every partial (or complete) ordering of the
parameters 91....,8k can bg represented in the abovementioned way
by means of a function 6(r) in a space of a sufficiently large
number of dimensions K. However, the conditions for BRUNK’s method
as stated in [2] need not be satisfied if the conditions for our
method are satisfied; we have e.g.

1. if x; possesses, for each i€¢E, a rectangular distribution be-
tween 0 and 81 then the conditions A’ and B are satisfied (cf.
section 2.7), but the distributions of Xy, ...,X, do not belong to
the ‘exponential family’,

2. if (cf. chapter 2) X; possesses a normal distribution with
mean Bi and known variance for ir—:MD and an exponential distribution
with parameter 6, for ieM (M #0,M_#0) then the conditions A’ and B
are satisfied. However, at least one pair of values (i,j)¢E exists
such that, for ei=ej,_3iand5j do not possess the same probability
distribution,

3. BRUNK's method can only be applied if, for each ieER,

a. @ (1)=,
b. I, is the set of all values of 1 for which Fi(X[T) is a
distribution function.

Further MIRIAM AYER, H.D.BRUNK et al. consider in [1] a special
case of BRUNK’s problem, namely the case of completely ordered
probabilities.

A.3 The results of MIRIAM AYER, H.D.BRUNK et al.

In [2] BRUNK gives an explicit formula for the maximum likeli-
hood estimates tl,...,tk of the parameters 81,...,6k. This formula
is identical with the one derived in section 1.5 under the less
stringent conditions A’ and B, i.e. if SM and TM are defined by
(1.5;2) and if v, 1s the value of { which maximizes H, (€) in I,
then
(A.3;1) ti=m;x ﬂﬁn{va“SM' i€TynS, 1} (ieE).

In [1] formula (A.3;1) may be found for the special case of
completely ordered probabilities (¢f. also section 2.3). For this
special case MIRIAM AYER, H.D.BRUNK et al. also give the procedure
based on theorem 1.4;3 and the inequality (1.6;24).
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SAMENVATTING

In de hoofdstukken 1-3 en de appendix wordt het volgende pro-
bleem behandeld: beschouw k onderling onafhankelijke stochas-
tische grootheden x,,...,x, '’ en, voor iedere i=1,...,k, n, onaf-
hankelijke waarnemingen Xi,1r---»X; , van Xx,. Veronderstel dat,
voor iedere i=1,...,k, de verdeling ;an . €én onbekende para-
meter bevat en dat de parameters 81,...,6k voldoen gan de vol-
gende ongelijkheden: laat, voor iedere i=1,...,k,¢i(9i) een ge-
geven functie van 8, zijn en laat I, een gegeven interval zijn
dan veronderstellen we dat @1(91),...,wk(ek) voldoen aan een
aantal (niet strijdige) ongelijkheden van de vorm ¢i(ei)§<pj(@j)
(d.w.z. we onderstellen dat wl(el)....,¢h(9k) parti€el of volle-
dig geordend zijn) enbovendien dat, voor iedere i=1,...,Kk, mi(ei)
voldoet aan de ongelijkheid @1(61)611. Het probleem is nu het be-
palen van de aannemelijkste schattingenvande parameters Byreees By
met de gencemde ongelijkheden als bijvoorwaarden.

Dit probleem komt neer op het maximaliseren van de aanneme-
lijkheidsfunctie in een deelgebied van de parameterruimte, waar-
bij dit deelgebied gedefini&erd wordt door de voor 81,...,ek ge-
geven ongelijkheden.

In hoofdstuk 1 worden voorwaarden gegeven waaronder dit maximum
bestaat en uniek is?’. Verder worden in dit hoofdstuk recurrente
methoden beschreven met behulp waarvan men dit maximum kan vin-
den, terwijl ook een expliciete formule voor dit maximum gegeven
wordt.

In hoofdstuk 2 worden de stellingen uit hoofdstuk 1 toegepast op
het genoemde schattingsprobleem en wel voor de volgende speciale
gevallen:

1. een binomiale verdeling met parameters n; en ei,

2. een normale verdeling met gemiddelde ei en bekende sprei-

ding,

3. een Poisson verdeling met parameter ei,

1) Stochastische grootheden worden onderscheiden van getallen (b, v.
van de bij een experiment aangenomen waarden) door hun sym-
bolen te onderstrepen.

2) In een deel van hoofdstuk 1 wordt een iets algemener probleem
behandeld.
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4. een exponentiéle verdeling met parameter ei,

5. een homogene verdeling tussen 0 en'ei,

6. een normale verdeling met bekend gemiddelde en met varian-

tie 9,-

In hoofdstuk 3 wordt bewezen dat de aannemelijkste schattingen
van el,...,ek asymptotisch rake schattingen van el,...,ek zijn.
Bij dit bewijs worden geen onderstellingen gemaakt over de dif-
ferentiéerbaarheid van de aannemelijkheidsfunctie.
De appendix bevat een beschrijving van de oplossing die MIRIAM
AYER, H.D.BRUNK, e.a. (zie (1] en [2]) gegeven hebben voor een
speciaal geval van het genoemde schattingsprobleem.

In hoofdstuk 4 wordt een, met het voorafgaande nauw verwant,
probleem behandeld. Laat weer X,,....X, onderling onafhankelijke
stochastische grootheden voorstellen en laat, voor iedere i=1,...,Kk,

, X onderling onafhankelijke waarnemingen van X,

R T
zijn. Laat verder, voor iedere i=1....,Kk, ei een onbekende para-

meter van de verdeling van X, voorstellen dan wordt in hoofdstuk

4 eenklasse van toetsen beschrevenvoor de hypothese dat Oyseees 0
voldoen aan de ongelijkheden
8, £ ... 0,

tegen de alternatieve hypothese dat ©, > ©;,, voor minstens €eén
waarde van i=1,...,k-1.

Oom deze toetsen te kunnen toepassen moet men, voor iedere
i=1,...,k-1,beschikken over een toets T; voor de hypothese
8. < 841 tegen de alternatieve hypothese ei > 0,41 met de ei-

genschap

Plt ez, en t,ez |6,=6,,, en 0;=0,,,] <
< Plt,ez,l0,=0,, 1. Plt ez 0=0, ]

voor ieder paar (i,j) met i < j, waarbij t, de toetsingsgroot-
heid m1zide kritiekezonevantkatoets‘rivoorstellen(i=1,...,k—1L
Toetsen T, met de bovengenocemde eigenschappen worden in hoofd-
stuk 4 gegeven voor de volgende speciale gevallen:

1. een homogene verdeling tussen 0 en ei,

2. een exponenti€le verdeling met parameter 6.,

3. een normale verdeling met variantie 81,

4. een normale verdeling met gemiddelde ei en bekende varian-

tie.

verder wordt een analoge verdelingsvrije toets beschreven ge-
baseerd op de twee-steekproeven-toets van WILCOXON.
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STELLINGEN



STELLINGEN

1

De in hoofdstuk 1 van dit proefschrift beschreven recurrente me-
thode voor het maximaliseren van een functie in het gebied (1.1;2)
kan pegeneraliseerd worden tot een recurrente methode voor het
maximaliseren van een functie in een deelgebied van G dat begrensd
wordt door een aantal willekeurige hypervlakken.

2

De in hoofdstuk 4 van dit proefschrift beschreven toets voor de hy-
pothese, dat de parameters ©,,...,0, voldoen aan de ongelijkheden
8, <. <e kan gegeneraliseerd worden tot een toets voor de hypo-
these H, dat (in de notatie van hoofdstuk 1 van dit proefschrift)
deze narameters voldoen aan de (essentigéle) ongelijkheden: ©, lg 831
voor iedere A=l,...,S. Bij deze generalisatie toetst men, voor ie-
dere »=1,...,s, dehypothese Ho,?&: eik < Bj)\ tegen de alternatieve

hypothese: 6, 1y > E) i, en verwerpt Hj dan en slechts dan als er een

A is, waarvoor H }Nverworpen wordt. De eigenschappen vandeze toets
zijn analoog aan ‘die van de in hoofdstuk 4 beschreven toets. De on-
gelijkheid (4.3;4) geldt echter in het algemeen niet als er een
paar (h;,2,) c{1,...,s} bestaat met A,;#%, en i?~1=i7L2 of j’*1=j7‘2°

3

Als meneen hypothese wil toetsen op grond van een aantal steek-
proeven van verschillende grootten dient men er, indien mogelijk,
voor te zorgen dat de alternatieve hypothesen, waarvoor de toets
asymptotisch onderscheidend is, niet afhangen van de verhoudingen
der steekproefgrootten.

C.VAN EEDEN, J.HEMELRIJK,

Proc.Kon, Ned. Akad.v.Wet. A 58 }
Indag.Math. 17 (1955) 191-198, 301-308

4

De twee-steekproeven-toetsen van E.J.G,.PITMAN, F.WILCOXON, M.E.
TERRY en B.L.VAN DER WAERDEN zijn, toegepast op twee steekproeven



die tezamen twee knopen bevatten, identiek met de methode der 2x2-
tabel.
C.VAN EEDEN, Statistica Neerlandica 10 (1956) 157-162

5

Het verdient aanbeveling in de toetsings- en schattingstheorie in
de notatie onderscheid te maken tussen de ‘ware ligging’ van de
onbekende parameter en de ligging van een veranderlijk punt in de
parameterruimte.

6

De door J.E.WALSH in par.8 van zijn artikel beschreven symmetrie-
toets is identiek met die van R.A.FISHER. De door hen beschreven
methode ter bepaling van de verdeling van de toetsingsgrootheid
onder de getoetste hypothese kan vereenvoudigd worden met behulp
van de door C.VAN EEDEN en A.BENARD gegeven recursieformule.
J.E.WALSH, Ann.Math.Stat. 20 (1949) 64-81,
C.VAN EEDEN, A.BENARD,

Proc. Kon. Ned. Akad. v.Wet. A 60
Indag.Math. 19 (1957) 381-408

T

De door J.H.PEEK ontwikkelde methode voor het aan ondernemingen
toekennen van gevarencijfers, die afwijken van het gevarencijfer
van het bedrijf, waartoe de onderneming behoort, moet als verouderd
worden beschouwd. Het ware wenselijk deze methode door een ande-
re, ook voor niet zeer grote ondernemingen toepasbare, methode te
vervangen.

J.H.PEEK, Proc. of the fifth intern. congres of math. (1913)

395-406

8

Hoewel de stelling van A.DREWES inzake de uitspraken van de Cen-
trale Raad van Beroep (S.V.) juist is, iseen wijziging in de hou-
ding der Centrale Raad niet te verwachten voordat in deskundige
kringen een goed gefundeerde statistische methode voor het aan on-
dernemingen toekennen van gevarencijfers algemeen aanvaard is.
A.DREWES, Dissertatie, Amsterdam (1945), stelling IX.



