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PREFACE

In recent years a large number of papers dealing with the singular
perturbation method has been published. However, only some of these publi-
cations refer to the foundations of this method.

In this thesis a class of well-known one-dimensional singular pertur-
bation problems is treated in relation with a paper of Eckhaus [5] on the

foundations of the method of matched asymptotic expansions.

It is further demonstrated that certain principles underlying the one-
dimensional singular perturbation method can be extended in such a way that
they serve as a basis for the two-dimensional case. The main reason for
studying the basic principles of the two-dimensional method is to give an
analytical description of the so-called "birth of a boundary layer", a
terminology introduced by Eckhaus [6]. It is a well-known fact that in cer-
tain boundary-layer problems the usual asymptotic solution is singular at
the extremities of the boundary layer, one may say that boundary layers
originate in such points. This idea is reflected in the title of this the-
sis.

In the investigation of this type of problems several topics of mathe-
matics are involved such as non-uniform convergence, singular perturbations
and the maximum principle. In order to obtain an adequate description of
the structure of boundary layers much attention has to be given to the re-
lationship between these topics. As a result of this approach a complete

insight into certain types of boundary layer problems is achieved.

I wish to express my gratitude to the Board of Directors of the
"Stichting Mathematisch Centrum" for giving me the opportunity to carry out
the investigations presented in this thesis and for publishing this study.

Finally, I acknowledge Mrs. S. Hillebrand and Miss O. de Jong for the
typing of the manuscript and Messrs D. Zwarst and J. Suiker for the print-

ing and the binding.
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CHAPTER I  INTRODUCTION

Solutions of singular perturbation problems are often obtained by
means of heuristic methods, such as coordinate stretching and matching. In
order to gain understanding in the fundamental aspects of these methods it
is instructive to study the asymptotic behaviour of explicitly given singu-
lar functions ¢(x,y;e) which converge non-uniformly in a closed domain G of
the x,y-plane when ¢ tends to zero.

Eckhaus [5] demonstrated the usefulness of such an approach for functions
of one variable and a small parameter. It is to be expected that a great
deal of the results obtained by Eckhaus also hold for functions of two
variaﬁles and a small parameter. However, it appears that some new aspects
arise which are specific for two-dimensional theory. A part of this mono-
graph is dedicated to these matters.

The references [14] and [L4] can be considered as introductory studies
in the field of matched asymptotic expansions in two variables. The first
paper, which was written by the author, deals with the asymptotic behaviour
of the exact solution of an elliptic problem. It exhibits the phenomenon of
the birth of a parabolic boundary layer. In the second paper Eckhaus stud-
ies an elliptic problem which is related to ordinary boundary layers. This
paper contains a number of suggestions for the further investigation of

the birth of an ordinary boundéxy layer.

We shall utilise these informations for the study of implicitly de-
fined singular functions (singular perturbation problems). Hereby we re-
strict our investigation to those functions &, which satisfy linear, ordi-

nary or elliptic, second order differential equations of the type
Gen) Le¢EsL2¢‘+ L, =h,

where L, is a second order and L1 a first order differential operator.

Furthermore, h is a given function and € a small positive parameter. The

case where L1 and L2 are ordinary differential operators provides the star-

ting point of our investigations.




In two-dimensional singular perturbation problems, which are known
from literature, the exact solution converges non-uniformly in the neigh-
bourhood of a curve which may either be contained in the definition domain
G or be a part of the boundary. These situations are related to free and
ordinary boundary layers, respectively. For such problems a coordinate sys-
tem (p,0) is introduced in which p is normal to the curve and 6 varies
along the curve.

In the present analysis a formal approximation of the solution of
these problems will be constructed in five distinct steps, as follows:

i The coordinate p is stretched by introducing a transformation of the

type

(2} p = e, a > 0,

(py8) = (0,8) at the curve. By transforming equation (1.1) into an

equation depending on £, 6 and €, and by letting € tend to zero we
(a)

0 for different values of a:

obtain the degenerated operators L
lim eYLE = Léa),
e>0

(a)

o &re 0(1) in €.

where y is chosen such that the coefficients of L
2. The general solutions: of

fads
L0 wu = 1lim € h.

e>0

are constructed. The functions E; are said to be formal limit func-
tions.

3. The matching principle yields relations, which must exist between the
integration constants of different formal limit functions.

4. The boundary conditions are satisfied. The formal limit functions are
then uniquely determined.

5. A formal uniformly valid approximation is composed of the formal limit
functions.




Finally, it must be established that this formal approximation does
indeed approximate the exact solution with a certain degree of accuracy. In
our approach such a proof is based on the maximum principle for differen-
tial equations (see Protter and Weinberger [30]).

When an approximation, obtained in this manner, exhibits a singularity
at an isolated point of the curve, it is obvious that stretching must be
applied to both coordinates p and 6. Thus

(1:3) p = ge”, 6 = neB, a,B > 0,

(p,8) = (0,0) at the singular point. In order to achieve a formal uniformly
valid.approximation the same five steps must be passed through.

Our main objective is to solve the elliptic singular perturbation
problem of the function &(x,y;e) satisfying (1.1) in a bounded strictly
convex domain G with given boundary values.

This problem has been the subject of a large number of papers. In
chronological order we mention Wasow [34], Levinson [21], Visik and
Lyusternik [3L4], Eckhaus and De Jager [T], Mauss [24] and [28], Roberts
[31], Frankema [11] and De Groen [1T1].

In the present monograph two aspects can be distinguished: the study
of non-uniform convergence of explicitly given functions, and, in addition,
the method of constructing formal approximations of implicitly defined
functions. These two aspects are, to a certain degree, complementary.
Therefore, the former can never be used to prove the validity of the lat-
ter. However, the study of non-uniformly converging functions reveals some
essential features of singular perturbation problems, which enables us to
understand the boundary layer mechanism.

Some definitions and properties of asymptotic approximations are reviewed
in chapter 2. In this manner we indicate which concepts of perturbation
theory are used in the sequel.

In chapter 3, a summary is given of the paper of Eckhaus [5] which deals
with the foundation of matched asymptotic expansions in one variable. Only

those subjects are treated which are important in the present study. In




section 3.7, the author considers a two-dimensional boundary layer struc-
ture, which can be interpreted in terms of Eckhaus' analysis.

Chapter 4 is devoted to a class of solution methods of well-known singular
perturbation problems. Some seemingly arbitrary procedures in these methods
are interpreted as natural results from theory discussed in chapter 3.
Moreover, the validity of the approximating solutions is proved by means of
the maximum principle.

In chapter 5, new results are obtained concerning non-uniform convergence
of functions of two variables and a small parameter. The use of the method
is demonstrated for so-called parabolic boundary layers.

In chapter 6, an analysis of the elliptic problem, mentioned above, is
made. Besides a complete explanation and description of the singular behav-
iour of the solution, which results in a clear picture of the birth of an
ordinary boundary layer, we also give the proof of validity of a uniform
approximation. Moreover, a physical application of the elliptic problem is

discussed.




CHAPTER II DEFINITIONS AND PROPERTIES OF ASYMPTOTIC APPROXIMATIONS

In the following chapters we will express the order of magnitude of a
function ¢(s;e) (s=x or s=(x,y), 0<e<<1) by means of functions which depend
only on €. For this purpose we introduce so-called order functions.

Let 8(e) be a real, positive, continuous function of the real variable € on

an interval 0 < € 2 €y and let 1lim 8(e) exist, then every function having
>0
these properties is said to be an order function. When a comparison between

two order functions is made, the following notations are used:

(2.1a) 6, < &

1 5S¢ 800 1, 61/62 is bounded for € »> 0,

(2.1p) § s

1 2g So» if 61 és 62 and 52 ;s 61,
(2.1¢) 8, 55 S if lim 6./6, = O.
>0
The signs - ;s’ ;; indicate the asymptotic ordering between two samples

of the set of order functions. The relationship between two order functions
given by such a sign does not imply a same relation with the usual equality
and inequality signs. It is emphasized that the set of order functions is
only partially ordered in this manner.

1r 61 :s 62, the functions 61 and 62 are called asymptotically equal.
From the set of order functions infinite denumerable subsets can be chosen

forming a function sequence Gn with the property

8 n=0, 1, 2, eev «

n+1 as én’

For any such sequence the following lemma holds.

Lemma 2.1 Let 6 (e) be a sequence of order functions with the property

8 8 s n=0, 1, 2, .o.,

<<
n+l as n

then order functions 6*(e) exist such that




as n
for all n.

. * . . .
Any order function 8 (e) having this property will be called asympto-
tically equivalent to zero with respect to the sequence Gn(e). Lemma 2.1 is

closely related to the DuBois-Reymond theorem [5].

Definition 2.1 A function ¢(sj;e) is 0(8(e)), if ¢(s;e) is asymptotically

equal to §(e) for all values of s in the definition domain.

Remark This definition differs from the one Landau used: if ¢ - Ge(e) and
Ge(s)'gg 6(e), then according to Landau's definition we may say that
¢ = 0(8(e)). However, from definition 2.1 it follows that in this case

¢ = 0(8(e)).

Definition 2.2 Two functions ¢(s;e) and zb(s;e) are asymptotically equiva-

lent in D, if ¢(s;e) = 60(2), Eb(s;e) - 60(5) and
¢(s3€) -30(8;6) i< 6y(e)

for all s € D. In such a case we write ¢ ;-JO'

With the aid of these definitions we are able to describe the way to
obtain an asymptotic expansion of a function ¢(sj;e). When ¢(s;e) o 60(5)

for all s € D, we construct an approximation of type

¢(s3e) 2 ¢y(s3e) 8y (e).

(At this stage we do not study the manner in which such an approximation is

obtained.) Further, we introduce the order function 61(5) satisfying
§,(e) =, ¢(s3e) - ¢4(s3¢) 84(e).

The construction of a higher order approximation is achieved, if we find a

function ¢1(s;e) such that




{2.2) #(s3e) - o.(s3e) 6,(e) = 9,(s5e) 8,(e).

If this construction of higher order approximations is continued indefi-

nitely, we obtain the asymptotic series

¢(sse) = ) Gm(E) ¢m(s;8) + R(sje),
m=0
where R(s;e) = §*(e) for all s € D and 6 (&) is asymptotically equivalent

to zero with respect to the sequence Gn(e) (see Lemma 2.1).

The following lemma of [5] establishes the asymptotic equivalence of

¢(s;e) and the approximation ¢o(s;s).

Lemma 2.2 Let ¢(s;e) and ¢0(s;e) be continuous functions in D for -
o» 8nd let both functions be of order 0(1). Then ¢(s;ec) and
¢0(s;e) are asymptotically equivalent if, and only if, the limit

0<e<e

lim |¢(s3e) - ¢0(s;s)| = 0
>0

holds uniformly in D.

When the limit lim ¢(s;e) = wo(s) converges uniformly in D, it is
e>0
easily deduced from lemma 2.2 that an order function 61(6) exists such that

|o(s;e) - wo(s)l = 61(5) = 1 for all s € D,
or

¢(s3e) = wo(s) + 0(61).

Functions ¢(s;e) which have the property that the limit lim ¢(s;e) exists
>0
and converges uniformly in D are called regular. If the limit converges

non-uniformly in D the functions ¢(s;e) are called singular. For the higher
order terms (see (2.2)) we have to reconsider this problem, because

lim (¢-¢060)/61 may converge uniformly or non-uniformly independently of
>0
the course of the foregoing term.




In the sequel, we only study the case where ¢(s;e) is a singular function
for which the non-uniformity occurs near isolated points in a closed inter-
val of the x-axis, if s = x. For s = (x,y) we may have non-uniform conver-

gence near both curves and isolated points in a closed domain of the x,y-

plane.




CHAPTER IITI NON-UNIFORM CONVERGENCE OF FUNCTIONS OF ONE VARIABLE
3.1 SOME ASPECTS OF NON-UNIFORM CONVERGENCE

It is assumed that ¢(x3;e) is a continuous function of x and the para-
. * . .
meter € in the domain G_ = {x,e: 0<x<R, O<e<e } and that w(x) is a contin-

uous function in G = {x: 0<x<R}. Moreover, the limit

{3c1) lim [¢(x3e) - w(x)I =0
>0
converges non-uniformly in G, and uniformly in G - GA’ where
GA = {x: 0<x<A} and A is an arbitrary positive constant. Thus, for any num-
ber q > 0, a number eo(q) exists such that |¢(x;e) - w(x)| < q, if

0 <e<eylq) and A < x <R.

As a consequence of the non-uniform convergence the upper bound of ¢

also depends on the choice of A. This dependence is such that
lim eo(q,A) = 0.
A>0

Of all possible functions e,(q,x) we chose those (defined for 0 < x < R and
0<gq :.qo) which satisfy the following conditions:

a. [o(x3e) - w(x)] <q, if 0 <e :_eo(q,x) and 0 < x < R,
b. eo(q,x) is continuous in q and x,

% eo(q,x) is monotonic increasing in q and x,

d. 1lim eo(q,x) =0, lim so(q,x) = 0,

a0 x>0

e. For any X > 0 values x, within 0 < x, < X exist such that
|¢(xk;e) - w(xk)| > q for € = eo(q,x ) + 0, where o > 0 is arbitrarily
small.
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The functions so(q,x) satisfying these conditions are particularly
adapted to describe the behaviour of the non-uniformly converging limit

(3.1), as we shall verify in the following three points.

e |¢(x,e) = w(x)| < q, if 0 < € < p(q,A), where p(q,A) = min eo(q,x).
A<x<R
Thus the convergence is indeed uniform for 0 < A < x < R.

2. We show that the limit is non-uniform for 0 < x < R by assuming the
opposite. In that case for any q (0<‘1iqo) a number u(qg) would exist
such that for 0 < € < u(q) and 0 < x < R relation [o(x;e) = w(x)]| < q
would hold. However, for x sufficiently small we would have

w(q) > eo(q,x), which contradicts condition e.

3. The existence of functions so(q,x) is easily established by assuming
the opposite. This would lead to uniform convergence for 0 < x < R.
Moreover, we can prove that any two functions of this set eo(q,x) tend
to zero in the same way:

(1) (1)

e, "(q,x) g lax)
1im7oa——=o and 1im7°35———=o
0 € (q,x) X0 €y (q,x)

Finally, a lemma is proved that will be of great value in the follow-

ing section.

Lemms 3.1 Let eo(q,x) be a function with the properties a, ..., e, then

€ (x)
. .= . . %o _
there exist functions eo(x) with lim o s 0 for all q.
x>0 0
Proof Let r(x) be a monotonic increasing function with lim r(x) = 0. For
x>0
0 < q < q, < 9 two possibilities are distinguished:
. golagsx) _
1. )J;I(I)lw # 0, then Eo(x) = r(x) eo(qo,x),
€lapsx) _
25 11 =0 t = .
x_::l(z)l w . hen eo(x) eo(r(x),x)




It
3.2 EXTENSION THEOREMS

It appears that the domain of uniform convergence of the limit (3.1)
can be extended in such a way that the origin also is included. Using the
properties of non-uniform convergence, as given in the preceding section,
we will investigate the bounds of the extended domain of convergence. The
term "uniform convergence" is considered here from another point of view
than the classical definition. A formulation is obtained which turns out to

be appropriate to our case. The following definition will be used:

Definition 3.1 Let P_bea domain of the s,e-space (e>0), containing an

interval S of the s-space for € = 0. Then we say that the limit

lim [¢(s3e) - w(s)l =0
e>0

is uniform inI}, if for all values s = s, contained in S

lim [¢(s3e) - w(s)l =0
>0
s»s,

independently of the choice of the path in Pe'

With the aid of lemma 2.1 the extension theorems 3.1 and 3.2 are

proved (see [5]).

Theorem 3.1 Let ¢(x3;e) be a continuous function in

A *
G8 = {x,e: 0<x<R, O<e§po}, and let the limit

lim [¢(x;e) - w(x)) =0

e>0
hold uniformly on the interval O < A < x < R for any value of A and R being
fixed. Then there exist functions € = Eb(x), positive, continuous and mono-
tonic increasing with lim‘EO(x) = 0, such that the limit

e+0

lim [¢(x3e) - w(x)] =0
>0




g2
is uniformly valid in Eow {x,e: 0<x<R, Ofpj}b(x)}.

Theorem 3.2 Let ¢(x3e) be a continuous function in
*
G_ = {x,e: O<x<R, O<e<e }, and let the limit

lim [¢(x2€) - w(x)] =
>0
hold uniformly on the interval O < A < x < B < R for any A, B and R being
fixed. Then there exist functlons €=¢ (x), as defined in theorem 3.1, and
moreover, functions € = €, (x), p051t1ve, continuous and monotonic decreas-
ing with 1i;1 Eo(x) =0, such that the limit
x>

1im [é(x3e) - w(x)] =
>0
-_— = *
is uniformly valid in P_ = {x,e: Ox<R, ijjpin[eo,eo,e 1}. (R may tend to

infinity.)
3.3 LIMIT FUNCTIONS

The non-uniformly converging function ¢(x;e), defined in section 3.1,
will be studied more precisely. Using theorem 3.1 we obtain an extended do-
main of uniform convergence = {x,e: 0<x<R, O:;j?o(x)}. An inverse func-
tion of € = Eb(x) exists, because € = Eb(x) is continuous and monotonic in-
creasing. Clearly, this inverse function, say 60(5), is an order function

with lim Eb(e) =
>0
It is also poss1ble to introduce an inverse function of € = ¢ (q,x) Let

G(Q)(s) be this inverse. We easily verify that 6(q)(e) has the proper-

ties
e Géq)(e) is an order function,
23 1lim 5(q)(6) = 0, 0 <aq _<-qo,
>0
(q4) (a,)
3 60 ;s 60 8 0 < q, < q, f_qo.
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Because of the relationship existing between the functions eo(q,x) and
;b(x), the following asymptotic inequality is valid:

Géq) O
This relation implies that the set of functions Eb(e) is bounded by the set
of functions déq)(e).

When a given function belongs to a set of asymptotically equal order
functions &§(e), other samples of this set are easily constructed by multi-
plying this function by a constant. Therefore, within the domain of uniform

convergence we may consider a family of paths given by
(3.2) x = £8(¢e),
so that the limit

(3.3) lim [¢(x3e) - w(x)] =0

e>0
holds along any such path, if Géq) 25 § s 1. Taking the limit (3.3) along
a path (3.2) is equivalent to the following manipulations of substituting
(3.2) into (3.3) and letting ¢ + 0, while & is kept fixed. We shall use for

such an operation the notation

(3.4) lim [¢(x3e) - w(x)] = 0.
2
The path (3.2) was chosen in the extended domain of convergence of the
limit (3.4). On the other hand when the procedure (3.4) is applied to a
path

(3.5  x=¢6(c)

(a)

without a restriction of type 60

the singular function ¢(x;e) is obtained

& Gv, a generalization of the limit of




1k

X3€ -
(3.6) 11m [; (e) = wv(Ev)]

Definition 3.2 We say that for a transformation (3.5) the limit of the

singular function ¢(x;e) exists, if there exists a non-trivial function
wv(gv) and an order function 6:(2) such that (3.6) is satisfied on some
interval of Ev'

Example 3.1 We consider the singular function
¢(x3e) = (x2+2x+2£) + (x+x2) exp(-x/€e) and construct its generalized limits

according to (3.6). We notice that w(x) = x2+2x and that for the paths

the 1imit functions are

*
v, = 2§, . §,=€s 0<v<i,
-E\) “
v, = (25v+2)+gve - 8§, =€, va=1,
wv =2 A 6: =€, VE>N.

3.4 LOCAL ASYMPTOTIC APPROXIMATIONS

A limit function wv(Ev) can in a certain way be considered as a local
asymptotic approximation of the singular function ¢(x;e).
Assuming that the limit

. x3¢) _ .
(3.7) Lin E‘i—i—) %‘5\,)] = o, x =8

v
holds uniformly on the interval 0 < A/ 2 &, <B, <=with A, and B arbi-

{£),

trarily chosen, we obtain by application of lemma 2.2

€

$(xze)
*(E) - l1’\’ 8 (Es)
v

\()r)(e) << 1.
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Hence

¢(x3e) = wv(g—%gy) 8 (e) + o(a(r) )
Y

for A8 < x < B . When theorem 3.2 (R>~) is applied to (3.7), an exten-
ded domain of convergence is obtained. Let x = E 8 (€) - E $ (E)3 (e) (also
allowed in 6 =6 /6 ) be a path in this domain, then an order function
G(r)(e) = exlsts such that

d(x3e) = ( )6 +0(6:7'6")

() 5%
\RTRRY
for Aﬁﬁ <x §_B6u, 0 <A<B< o,

3.5 THE MATCHING PRINCIPLE

With respect to the set of order functions Géq)(e) of section 3.3 two
cases will be distinguished. The set may consist of asymptotically equal
order functions or it may consist of order functions with the property

(q,) (q,)

(3.8) 8y 8. o 0<aq <aqy<a,

Two examples are given: S(Q)(e)
functions, and Géq)(e) = eq is a set of order functions satisfying (3.8).

éq)(e)

is a set of asymptotically equal order

In the present analysis we study the case where the bounding sets §

consist of asymptotically equal order functions.

The matching principle is contained in the following theorem (for
proof and details see [5]). It is used to determine unknown constants in
local approximations of a function ¢(x;e) in cases where such a function is

implicitly defined by differential equations (see example 3.2).

Theorem 3.3 Let

(3.9) lim [iéfiil - v, (€ {] = 0,
£ L (e) V1M1
V1 \’1
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and

(3.10)  1lim [%i’ﬂ- v, (g )} = 0,
g, L6 (e) V2 V2
\31 V2

where x = £ 8 (e) = ¢ &8 (¢e).
vV, v, V,

Then an order function 3£

§

~(1,2) ¥o : )

§ << —— << 1 the following relation holds:
as § as

1’2)(8) e 1 exists such that for

Gv s $

v §
(3.11)  lim [—y ()| = 2n[—2y (E e )|,
v, & M v, 6 Cu
2 § 2
H H 1 u M 2

x = gu«su(e), sz =5 Gu =3 6\)1

Both limits must exists and be non-trivial.

Example 3.2 The function ¢(x;e) has the following properties:

i lim [¢(x3e) - w(x)] = 0, w(x) = Eiﬁ_%l for x > 0,

>0 I#x
2. éim [—:j - vpv(gv)] =0, x-= gve", 0<v<i1,

v v
where wv(Ev) =CJE, and § =¢,
3. lim [i; - w1(51)] =0, Xx=E,¢,

& 8

1 1

1/, .

where ¢1(§1) =C.Ee + Co and §, = e.

Applying theorem 3.3 to two limit functions ¥, and wv s
1 2
0 < vy < v, <1, we obtain C, =C, =0, sofor all 0 <v < 1 we have

1 Vo




L

Cv = C. Matching w(x) and wv , where Vo is chosen such that the condition
0
6(1’2) << § << 1 of theorem 3.3 is satisfied, yields C = 2. Finally,
as vo as
matching ¢1 and wv of the set 0 < v, < 1, where v, is chosen such that

1 1
3(1’2) << §./8 << 1 is satisfied, leads to the result
as 1" v, as

1

3.6 UNIFORMLY VALID ASYMPTOTIC APPROXIMATIONS

We will apply the results just obtained for the construction of an
asympfotic approximation of a singular function which holds uniformly in
the definition domain of this function. It is assumed that the function
¢(x;e), defined in G_ = {x;e: 0<x<R, ij:p*}, is continuous in x and e.

To begin with we determine the function w(x) satisfying

; " & = (q)
(3.12) élm [o(x3e) - w(x)]l =0, x = Evév’ 60 = 8, = 1.

v
According to definition 3.2 a limit function wv(Ev) can be introduced that

satisfies

(3.13) lim Pi§5€—)-¢v(£v)]=o,x=gc,s <IN}

g, -6,(e)
Obviously, the limit functions wv(Ev) corresponding to the paths x = Evé
(Géq)§§6v251) can also be obtained from the function w(x), because (3.12)
converges uniformly along these paths, so

w(€ 6 )
vov' (a)
* - wv(gv)’ 60 g; 6v ;s L

(3.14) lim
g §
v v

Continuing with (3.13) a limit function ¢1(£1) is defined by

i 9— - = = = (q)
lim [ -~ ¢1(€1) 0, x=Eg.8, . 8y -
e
Furthermore, we apply theorem 3.3 so that for an appropriately chosen order

function Gv (e) we find the relation
i)
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1as pas v
1 Eu 1 vy 1
in order of magnitude it is allowed to

*
G My
(3.15) :Eum 6—*:4:1(6 gu) = lim -G-u—wv (6 gu) , 6, << 6 < & ;;1.
H M

3¢ dv is sufficiently close to §
1
t = §

take the path x £u u(e), Gu(e)

1

Gv (e), and (3.15) then transforms into
1

* §

1% V1

(3.16) 1lim !tT 4‘1(_6' Ev {l v (. )s
£ [ 1 1
v, Cv,

Combination of (3.14) and (3.16) yields the relation

(3.17) JHRTI )
31T lim |— ¢, (— & =y (¢ )=1lim |[—/| .
e & 1V %V Vi Y1 & 5

L ¥ ¥

Applying theorem 3.3 to the limit function ¢1(§1), we obtain

) 2_ _ - = (Q)
élm [;* w1(51{] ST KT e U T
) 1

Once more a limit function is introduced,

in [ - = = gl
lim [6*-14;2(52)] 0, x=£868, §,= 67

62 2
Similar to (3.17) we have the relation
6; sz 6: 6v2
(3.18)  lim [, (5= & )| =¥, (& ) =lim [ V. (=& )|,
- = 2 2 2 2 EV Gv 1 2
2 2 2 2

<< § << §_,

§
2 as v, as 1

Continuation of the procedure leads to a denumerable sequence of limit
functions wn(en). This sequence ends with the construction of a limit func-

tion wm(Em) of which the corresponding limit.

*
Em

(3.19) lim [9—- V()| =0
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holds uniformly for £ > 0 and 0 < ¢ :_e*. Finally, the function ¢0(x;e) is

introduced, which is a composition of the foregoing limit functions:

(3.20) ¢ (x;€) = w(x) w(")a*«»lfw(x)e* mfw (=—2X—)s"
. X3€) = w(x) - e— -— - .
0 v1 6v1 v1 n=1 A 6n H n=1 vn+1 Gvn+1 vn+1

In [5] it is shown that ¢O(x;e) approximates the function ¢(x;e) uni-
formly on the interval O < x < R. It means that for 0 < x, < R the limit

(3.21) lim [o(x3e) = ¢4(x3e)1 = 0
e>0
x-*x1
is valid along all paths contained in the domain
P_= {x,e: O<x<R, ijj;o(x)} and ending at (x,e) = (x,,0).
From lemma 2.2 we deduce that because of the uniform convergence of (3.21),

there exists an order function agr)(e) such that
[¢(x3e) - ¢0(X;E)I =1 Ggr)(e) s .
We introduce a function ¢or)(x;e),
¢(x3e) = ¢0(x;€) + dgr)(s)¢ér)(x;e),

and proceed in the same way as for ¢(x;e) in order to construct an approxi-
mation for ¢ér)(x;s). Let ¢1(x;e) be an approximation of ¢ér)(x;e) which is
uniformly valid for O < x < R, then we obtain the expression

r) (r
( )¢$ )

o(xse) = dgxse) + 67 () (x3e) + 657017 (xs0).

This procedure can be continued indefinitely.

Remark When in (3.19) m = 1, the results of this section provide a justi-
fication of the matching procedure frequently applied in boundary layer
problems. For m = 2, 3, ... this study represents a justification of the

so-tvalled multiple boundary layer theory.
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Example 3.3 We analyse the behaviour of the function ¢(x;e), defined in
*
g {x,e: 0<x, O<eze 1},

2
d(x;e) = (xPexe-1) + (2exfe)e™/€ 4 2N/, lat1)/e

The reader will observe that every substitution of the form x = £ § (¢)
yields ¢(x;e) =_ 52 (e) = §*(e) = 1.

Generally, limit functions satisfying (3.13) will be called equiva~-
lent, if there exists an order function 6*(€) such that 6: - s for all
transformations of type x = £ 6 (€). In such a case the representation of
the matching principle and the construction of a composite expansion can be
simplified, as we will see in the present example.

We observe that

lim [¢(x3e) - w(x)] = 0, w(x) = x°-1 for x > 0
>0

and that the limit

lim [¢(x3e) - wv(Ev)] =0, x=E& Ev.
£

A%

has as corresponding limit functions

wv(sv) = -1 (0<v<1),
_51
‘J’1(51) = -1+ (24’51)6 (\’=1)’
v, (8) =1 (1<v<2),
_252
Uo(Ey) =1 + e (v=2),
v,(g,) =2 (v>2).

Formulae (3.18) and (3.21) transform into

(3.22)  lim vy (g ) = lifo Voo (Bpq)s

En+° gn-1




il

m m-1
(3.23)  dg(x3e) = w(x) = w(0) + ] v (3=) - ] v (0).
n=1 n n=1

For this example (3.23) becomes

-£ -2&
¢o(x;s) = x2 -1+ (2+£1)e L e 2.

3.7 A SPECIAL CASE OF NON-UNIFORM CONVERGENCE OF FUNCTIONS OF TWO VARIA-
BLES

We assume that the function ¢(x,y;e), defined in
*
g = {x,y,€: 0<x<R, -R<y<R, O<e<e }, is continuous in x, y and €, and that
w(x,y), defined in G = {x,y: 0<x<R, -R<y<R} is continuous in x and y. More-

over, it is assumed that

(3.24)  lim [¢(x,y;€) - w(x,y)d =0
>0
converges non-uniformly in G and uniformly in 8- GA’ where
Gy = {x,y: 0<x<A, -R<y<R} and A is an arbitrary positive number.
Let s be a vector with components x and y, s = (x,y), then (3.2L4) changes

into
lim [¢(s3e) - w(s)] = o.
>0
In a similar manner as in section 3.1 we define functions eo(q,s)
satisfying the conditions
a. |é¢(s3e) - w(s)| < q for 0 < ¢ :_eo(q,s) and 0 < x <R, -R <y <R,
b. eo(q,s) is continuous in q, x, and y,

c. eo(q,s) is monotonic increasing in q and x,

d. 1lim e.(q,s) = 0 and 1lim e.(g,8) = 0, -R <y, <R,
0 0 -1 -
q>0 5*(0’y1)

e. 1let x = x(1), y = y(1) be an arbitrary path along which a point
(x(0),y(0)) = (0,y1) is approached, and let x be monotonic non-de-
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*
creasing for 0 < A < A . Then for an arbitrary small A > O values A

0
o such that [¢(s(2.),e) - w(s(A))| > q for

Eimie, (q,s(xk)) + 0, where 0 is a positive arbitrarily small number.

exist with 0 < Ak < A

Lemma 3.2 Let eo(q,s) be a function with properties a, ..., e, then there

exist functions Eo(x) such that

€ (s)
. 0
lim = 0, 0<gq<q, -R<y, <R,
z 5 = -— =
s»(o,y1) €0\ 18 &

independently of the path chosen in the domain 0 < x <R, -R <y < R.

Proof For 0 < 9, = q, j_qo we may have that

€0%p»8)
lim 20, Yy, €T
s*(O,y1) eOZq1,ss 1 1

or

e (a,s8)
. 0 9o
lim = 0, ¥, € F2, F1 + F2 = [-R,RJ.

s+(o,y2) Enhﬂsi
It appears that the function Eo(s) = r1(s)so(r2(s),s) satisfies the condi-
tion of the lemma. The functions r1(s) and r2(s) are positive and continu-

ous, r2(s) < qq for all s,

1lim r1(s) =0 for y, €T
1 1
S'*(O.y1 )
and
lim r2(s) =0 for ¥, € Ty

Theorem 3.4 Let ¢(s;ec) be a continuous function, defined in

*
G, = {s,e: 0<x<R, -R<y<R, O<e<e } and let the limit

lim [¢(s3e) - w(s)]l =0
e>0

hold uniformly in G - G,, where GA = {x,y: 0<x<A, -R<y<R} and A is an arbi-

A
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trary positive number. Then there exist functions € = Zo(s), positive, con-
tinuous in x and y, monotonic increasing in x with lim e (s) = 0, such
that the limit s>(0,y,)

(3.25) lim [¢(s3e) - w(s)]l =0
e>0

is uniformly valid in P_ = {s,e: 0<x<R, -R<y<R, 0:;:;6(8)}.

Proof The main lines of the proof of theorem 3.1 are followed. The func-
ions Eo(s) are determined with the aid of lemma 3.2. We consider an arbi-
trary path in the domain P_, which ends in a point (s,e) = (51,0), where

s, = (x1,y1), 0<x, <R, -R <y, <R. On such a path a sequence of points

Qm(em,s1+dm) is defined which has a limit of type lim €, = 0 and
m—m
lim o = (0,0). Moreover, there exists a sequence g9 with 1lim q, = 0. For
m
| sand n>®
any n a domain Q = {x,y: 0<x<g (y), -R<y<R} exists in which

Eo(s) j.eo(qn,s).

Pagen3 et
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Let T = fx.v: x=gn(y)} be the boundary of 2 , then we define the numbers

= 11111111 so(s), E - xrx‘un eo(q_n,s), (EOniEOn)'
n n

E:On

* —
The number mn is chosen such that ¢ < €

*
. for m > m . For these values of

Oon
m we may have the following

| A

€< eo(s1+cm) so(qn,s1+om), if s, +0 €@,

or

€ <€

. 4 )
- .4 eo(qn’s1+cm), if s, +o €0

. * . . A s
In both cases 1is & < so(qn,s1+0m) for m > m which agrees with definition
3.1 of uniform convergence.
(q)

0
and that x = GO(y,e) is the inverse function of € = eo(x,y). These inverse

We assume that x = § (y,€) is the inverse function of € = eo(q,x,y)

functions belong to sets of order functions having the following proper-

ties:
T 5((1)( = i & ( .
a. im 8 ¥y,€) = 0, lim olyse) = 04
€>0 >0
(q,) (a,)
b. 8, (¥se) 5. 8,7 (¥se) for 0 < q, < 9y < qps
c 88V (y,6) << T (y,e) for all 0 < q < q,..
' 0 2 ae R0 =9

Thus we may say that (3.25) holds uniformly for ETS-O(y,s) <Bx F<RR{
(a)

-R <y <R, where £ is some positive constant and 60

(vs¢) <5 Eo(y.e) s 1

fora.llO<qiq0.
Let the function wv(g,y) satisfy the limit

(3.26)  1lim [1(—,5;(‘-5—;- - q;v(gv,y)J =0, x=¢g23 (y,e), & < 1.
£ 5\) €

\Y
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Definition 3.3 The limit of the singular function ¢(x,y;€) as given in

this section exists, if there exists a non-trivial function wv(iv,Y) and an

order function G:(e), such that (3.26) holds for some E,-

Using the method of constructing a uniformly valid approximation of

¢(s3;e), as applied in the preceding sections, we obtain

¢(s3e) = ¢, (s3e) + 8 (e)¢ S3€),

where ¢0(s;e) has a same composition of terms as in (3.20), except that we

now have terms of the type w(x,y), ¥ _(=—r>—,y) and ¥_ (= SV
n GnZy,es n, Gn (y,€)

In most applied mathematical problems the order functions 6n(y,e) and

" (yse) are independent of y. An exception in this respect is contained in
v
Mahony [22], who introduced a transformation of the type
xk(y) = Gve + 0(x), which is an indication for the direction of the

greatest rate of change in the boundary layer portion of the approximation.

Example 3.4 We observe that for the function

o (x,y3e) = (1+y +X/E) exp(—h—Z—) + 1 + x2
(y +y“+e)e
the limit
(3.27) lim [¢(x,y3¢e) - w(x,y)] = 0, wlx,y) = 1 + x2,

>0

holds uniformly in the greater part of the domain 0 < x <R, -R <y < R.
However, for x = 0 we have ¢(0,y;e) = 2 + yz, so the function ¢(x,y;e) will
change suddenly near x = 0 for small values of € ((3.27) converges non-uni-
formly near x = 0).

Applying the extension theorem we obtain a uniform convergence ofR(3727)
for x = £, § v? 0 < |y| < R, where 5(q) < 6 <B1% 6(q) (y +e)e. Further,
the limlt functlon w1(£1,y) is 1ntroduced by

(3'28) lim [¢(x9y;9) = ‘p1(€13y)] =80, k= €151(Ya5)’ 61(}',6) ;S Géq)(y,e),
E‘I
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sothat ¥,(&,y) = {1+y2(1+51)} exp( 21
¥y *

The limit (3.28) nolds uniformly for g, > 0. Finally, the uniformly valid

) + 1.

approximation appears to have the form

: —3
bolxsy3e) = (14x%) + {1"'3'2(“‘51)} exp(2—1), & = 2x :
y +1 (y©+e)e
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CHAPTER IV  APPROXIMATIONS OF IMPLICITLY DEFINED FUNCTIONS
4.1 INTRODUCTORY REMARKS

In chapter 3 we have analyzed the behaviour of a singular function and
have obtained results concerning the foundations of the matching principle
and the construction of composite approximations. These results have been
derived for explicitly given functions. However, the purpose of the match-
ing principle is to use it for implicitly defined functions in order to
determine unknown constants and to construct uniformly valid expansions.
Nevertheless, from the preceding chapters we have obtained a complete in-
sight into the structure of singular functions.

Our aim is to apply this knowledge in singular perturbation theory,
we shall consider both ordinary and elliptic differential equations with a
small parameter contained in the highest derivatives. Here a new aspect
arises, namely that we have to prove the uniform validity of the composite
approximation of an implicitly defined function. This leads to the necessi-
ty of providing an estimate of the accuracy of the approximation. By means
of the maximum principle some theorems concerning this type of estimates
are proved. Erdelyi [9] and O'Malley [23] also give such theorems for the
case of ordinary differential equations. Their proofs are based on the
method of successive approximations. It will appear that by our approach
the accuracy of more complicated linear problems can also be determined
(see chapter 6).

In this chapter we compare the formal singular perturbation procedure
with the results obtained for the exact solution which we are supposed to
be explicitly given (chapter 3). We will show that for certain classes of
differential equations the solution of the limit equation equals the limit
of the exact solution as € + O (theorems 4.4, 4.7 amd 4.10).

4.2 THE INITIAL VALUE PROBLEM FOR AN ORDINARY SECOND ORDER DIFFERENTIAL
EQUATION

We consider the function ¢(x;e), defined on the interval 0 < x < 1,

satisfying the differential equation
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(4.1) L. ¢ = eL2¢+L1¢=h(x), 0f<he << 1y
where L2 and L, denote the linear differential operators
=
d d
L, = —+ a_(x) =— + a_(x)
2 1 dx 2
dx2 8
L b (x) & + 1 (x)
1 1 dax 0 :

The coefficients ays 8¢5 bo, b1 and h are three times continuously differ-
entiable. Furthermore, we assume that eao(x) + bo(x) < 0 and b1(x) > 0 on

the complete interval. The function ¢(x,e) has the initial values

(4.2a) ¢(03¢e) = p(e) = Py» _ Py * 0,

(h.26)  ¢'(03¢) = qle) = q_y .

This problem can be solved with the usual singular perturbation method
as we shall see later. However, an asymptotic solution obtained thet way
only holds formally. In order to prove the consistency of this asymptotic
solution (with the exact solution) we have to use other concepts. It
appears that the maximum principle provides a starting-point for such a
proof.

We formulate the maximum principle for the above mentioned problem as
follows:

1% 5 Lev(x;e) > 0 for a < x < b and V(x;e) takes a maximum value M (>0) at

x = x, (a<x1<b), then V(x3;e) = M. When ego(x) + bo(x) £ 0, M is zero.

For several applications of the maximum principle the reader is referred to
[30]. In the following lemma the functions Y(x;e), so-called barrier-func-

tions, are introduced.

Lemma 4.1 Let the twice to x continuously differentiable functions ®(x;e)
and § (x;e) satisfy within 0 < x < 1 the relation |L€¢| <Ly with L_ as in
(4.1), and let |o(03¢e)| < w(03e), |®x(0;e)| 5_wx(o;e), then

lo(xse)] < w(x;e) within 0 < x < 1.
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Proof Considering the function V(x;e) = ¢(x3;e) - &(x;€) we notice that
v(ose) > 0, Vx(O;s) >0, and LV >0 for 0 < x < 1.

First we will prove that
(4.3) V(x;e) = ¥(x3e) - #(x3¢e) > O, 0<x<1.

Taking an arbitrary point x, (0<x0<1) we observe that accordingto the maxi-
mum principle the function V(x;e) cannot have a positive maximum on the

open interval 0 < x < x.. So the maximum must occur at either x = 0 or at

0

X = x.. Since Vx(O;E) > 0 we conclude that the maximum can only occur at

X

0
x = x,. Thus V(xo;e) > V(03e) > 0 for any 0 < xq < 1. Similarly it is pro-
ved that for the function W(x;e) = yY(x;e) + ®(x;e) the following relation

holds
(k.4) W(xse) = p(xze) + o(x3e) > 0, 0<x < 1.

Inequalities (4.3) and (4.4) complete the proof of lemma k4.1.

The barrier-function y(x;e) gives a bound for the absolute values of
®(x3e) on the interval 0 < x < 1.

The procedure of estimating the remainder term of an approximation of
¢(x3e) satisfying (4.1) and (L4.2) consists of the construction of an appro-

priate barrier-function, which is achieved in the following theorem.

Theorem 4.1 Let Z(x;e), defined on the interval 0 < x < 1, satisfy the

differential equation
LEZ(x;e) = h(x;e)

with Le as in (4.1), and have the initial values Z(0;e) and Zx(o;e).

H H
If |2(03¢)| < me T, |z, (05¢) ] :_meu2 and |h(x;e)| < me 3 for 0 < x < 1,
then a real number K independent of x and € exists such that

|Z(x3¢e) | :_Kmea, a = min(u1,u2,u3), 0<xx 1,

Proof Let s be a number that satisfies the inequalities s > 1,

ea1(x) + b1(x) > 1/s and eao(x) + bo(x) > -s, then yY(x3e) = me® exp(2s°x)
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is a barrier-function for Z(x;e). It turns out that ¥(0;e) = me® z_meu1,
WX(O;E) = 2m52€Ol 3_meu2
Lew(x;e) 3_(hshe+2/3se—s)mea exp(232x) z_msa 3_meu3 z_|L€Z(x;s)|. Applica-
tion of lemma 4.1 leads to the estimate |Z(xje)| < Kme“.

and

This theorem can be interpreted in the following way:
. s |
if 2(03e) = 0(5111), Zx(O;E) = 0(5“2) and L€Z(x;€) = 0(e 3) on the interval
0 <x <1, then Z(x3e) = O(Smln(U1:U2,u3)

Let ¢app(x;e) represent an approximation of a function ¢(x;e). Then substi-

) on this interval.

tution of ¢(x3e) = ¢a (x3e) + Z(x3e) in (4.1) leads to the inhomogeneous
equation LEZ(x;e) = -Le¢app + h(x). Further, estimation of the right-hand
side of this equation and the initial values of Z(x;e) yields the neces-

sary information to apply theorem L.1.

Now we pay attention to the construction of an approximation of ¢(x;e)
satisfying (4.1) and (4.2). As we have mentioned before, the singular per-
turbation method is usually applied to solve such problems. We will give an
outline of the method and a proof of the validity of the approximation

which is obtained in this way. Let
(4.5) o(x3e) = Uo(x) + 2 (x;5¢€)
where Uo(x) satisfies the reduced equation of (4.1)

LUy = h(x),

x x b (%) h(x)-C.b_(x)
expi- J_ 0 v a&) 99 4.
% 01(%) b, (%)

Uo(x) =C, + Io

We observe that Uo(x) generally does not satisfy both initial conditionms,
so approximation (U4.5) cannot be valid near x = 0. The local coordinate £
is introduced

(h'6) X = 58.

Substitution of (4.6) in L_ leads to the operator expansion
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e 2=
(ST €L, = M, + eM, + € M,
2
d d
M, = — +b,(0) —= ,
0 2 1
M, = (a,(0)+ b!(0) % + v,(0)
1 1 1 dg 0 &

ﬁé is a first order differential operator containing the truncated terms of
the operator expansion. We suppose that for 0 < x < Ke with K an arbitrari-.

ly large positive number independent of € another approximation will hold
(4.8) o(xse) = Vo(E) + eV, (£) + 2 (x;¢), x=Ee,
where Vo(ﬁ) and V1(£) satisfy the equations

(4.9) MY. =0, M.V

0’0 oV1 = M,V + 1n(0),

and have the initial values

vo(o) =g v,(0) = o,
av, . av, o
——— - . P .
E |y aE

For VO(E) we have

-q_, -b,(0)¢ a_,
(h'10) VO(E) L m e + (po + m)’
1

a similar expression holds for V1(£).

Through the matching condition
lim V. (&) = lim U, (x)
0 0
£ x>0

the value of C, is determined: Co =Py * q_1/b1(0). For the following theo-

rem it is assumed that SO(E) and S1(€) represent the non-exponential terms
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of Vo(g) and V1(£). In this theorem the validity of a (formal) composite

solution is demonstrated.

Theorem 4.3 Let the function ¢(x;e), defined on the interval 0 < x < 1,
satisfy the differential equation LE¢(x;e) = h(x) and have the initial

values
¢(0;¢) = p(e) = pg, P, * O
¢, (03¢) = qle) = q_,e .
It is then possible to approximate the function ¢(x;€) by
o(x;€) = Uy(x) + {V,(€) - 8 (E)} + 2,(x;¢), x = Ee,

where Zo(x;e) = 0(e) for 0 < x < 1.

Proof
(4.11) ¢o(x3e) = U, (x) + {v,(g) - Sole)} + (Vv () - 5,(E)}e + Eo(x;E),

Eb(x;e) is a uniformly bounded function, because of the boundedness of ¢,
Uys Vy-8, and v1-s1. Substitution of (4.11) in (L4.1) yields

(lto12) ﬁzo(x;e) = -EKO(x;e),

Ko(x;e) = LU, + M1(V1-S1) - M2(VO-SO) + eM2(V1-S1).

From the boundedness of K,(x;e) it follows that L Z = 0(e) for 0 < x < 1.

0(e?) and 0x(0;6) = 0(e). Applying
0(e) on the interval 0 < x < 1.

The initial values of Z0 are Eb(o;e)
theorem 4.1 we conclude that Eb(x;e)
Finally, it follows from the boundedness of V1—S1 that

d(x3e) = UO(X) + Vo(x/e) - So(x/e) + Zo(x;c), where Zo(x;e) = 0(e).

The foregoing analysis leads to the solution of the singular perturba-

tion of the initial value problem, as established in the literature. This
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method contains some more or less arbitrarily chosen steps such as the way
of introducing the boundary layer coordinate £ = x/e and the matching pro-
cedure.

Our task is to show the deeper meaning of these seemingly arbitrary
steps. Inspired by the results, which we obtained for explicitly given
functions, we came to the following procedure of constructing a formal ap-

proximation.

a. All degenerations of the differential operator Le are taken into con-
sideration. Substitution of x = Evdv(e) into L€¢(x;e) = h(x) changes

the equation into

2
= s24%¢ = a¢
(4.13) Le¢ - Eév d£2 * esv & (Evév) dE & eaO(Evdv)¢ *
v

-1 4% -
6v b1(€v6v) dEv + bO(Eva)¢ B h(Eva)'

+

Both sides of (4.13) are multiplied by an order function 5 (e) such

that lim & L. = ("), imeren

0 0
>0
the first or second order with coefficients of order 0(1).

denotes a differential operator of

b A formal limit function is defined as follows.

Definition 4.1 We say that for transformation x = gvév(e) a formal limit

function E;(Ev) exists, if there exists a non-trivial solution of
— - —-*
sy LY E) =B (6, B(E) = Lim T(e)n(E6 )
v v v
e>0
on some interval of Ev'

In this way the formal limit function is determined with the exception

of the integration constants.

c. For two paths sufficiently close to each other the corresponding for-
mal 1limit functions have to match. Let x = gvsv and x = §
(8

v+A6v+A

<< 8 ). Then the order function § << 1 exists such that the
v+A as Vv VvV as
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following relation holds

5. _ 5, 5 s,
(4.15) lim |[— ¥V (== € )| = lim | —— ¥, (=— € )|,
£ 6* v 6\) M (% 6* s 6v+A M
U Y H H
x = £.8,(e), Soen 55 Su 558w
if 8, as 6\)+A/6v as 1 PR .
At this stage the order functions Gv, 6v+A and Su are unknown. Condi-

tion (4.15) yields relations that must exist between the integration

constants of the formal limit functions and between the order func-
. * *

tions 6\) and 6v+A'

d. One of the formal limit functions satisfies the initial conditions,

Wy

ag, Ly

£,=0

By these conditions the formal limit functions '\-p-v(gv) and the order func-

(4.16) ¥, (0) = py,

* . r
tions Gv are determined uniquely.

Let x = E\,Gv(e) be a path in the domain 0 < x < 1. For év :s 1 we have

the formal limit function w(x) satisfying L1;(x) = h(x),

_ X X bo(i) h(;)—CObO(;)
(%.17) w(x) = Co * J exp{- f_b—m ax} . =¥,
0 x 1 b, (x)

For 6\) ;g 1 the reader is referred to table I where we summarize the re-

sults of a, b, c and d for the initial value problem.

e. Finally a formal uniformly valid asymptotic approximation is composed
of the formal limit functions:
*

m m-1
— — * — —— —_—
(4.18) ¢ (x;¢) = J W (x/8 )6 - ) w.  (x/6_ )8 (b =w).
0 n=0 ® %% n=0 Vm#1 Vn#1 Va1 O
This composition of terms is suggested by the results we obtained for
explicitly given functions (see formula (3.20)).

{En;n=0,m} denotes the smallest subset of limit functions from which




Teble I

Dy + E, = p, = 0.

a b c d
s el L(v ) v matching integration
v v 0 v relations constants
= d =0 C=E
8,21 1 b, (x)3+b, (x) y,=w(x) L, 0 1
§ =6 C =C
0 V4 0 \)1
a -— * * =
e<<8  <<1 s b, (0)— v =C s =8 c. =C c, =E,
\)1 \)1 1 dE\) V1 V1 V4 c \’1 1
1 5 =8t C =E
d2 a -b.I(O)E.I Vyq 1 Vs 1
61:58 61 —2+b1(0)'dz- w1= 1e +E D1=‘Q_1/b1(0)
de, L §7=6" | D +4E,=F E.=p.+q_,/b.(0)
1 v 171y 170 *-1""1
5 2 2
-1.2 4q * % *) —
8 <<6 €8 — V. =G E_+F § =8| F_=F, F, =D,*E,
V588 1 V5 dgi Vo V5TV, Yy Vo F vy >
2 G =0 G, =0
v, )
& Another possibility is G =G, F = 0, 8" = 3. & However, this is excluded, because
v2 v2 v, G

43
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all the other limit functions can be derived (by substitution of the
proper local coordinates and by letting € tend to zero).

The order function Gn(e) determines the corresponding paths

X = Enén(e). The set {wv , n=0,m-1} denotes the set of matching

n+1
terms.

For the initial value problem is m = 1.
Comparing the method of solution we followed and the usual singular

perturbation solution we observe that both methods are formal and that the
methods differ as far as it concerns the description of the types of formal
limit functions that can arise. By application of theorem 4.1 we showed
that in the case of the usual method the formal composite solution indeed

approximates the exact solution (theorem k4.3).

In the following theorem it is demonstrated that the adjective "formal"
could be omited in an earlier stage: every formal limit function arising in

step b. appears to be identical to a limit function of the exact solution.

Theorem 4.4 For the function ¢(x;e) satisfying the initial value problem
(4.1), (4.2ab), the formal limit functions E;(Ev)’ defined in b, c and 4,
are identical to the limit functions wv(gv) defined by

¢(E 8 3¢)
. IR _
lim [—22— _y (g )| = 0.
E\) Vv

Proof From theorem 4.3 it follows that
(4.19) ¢(x3e) = Eb(X;e) + Zo(x3e),

where Zo(x;e) is 0(e) uniformly for 0 < x < 1 and 30 is given in (L4.18).
Applying the definition of limit functions we obtain

lim [Eb(X) —ik (x) + $1(x/e) *+ 2o(x5e) -y ()1 =0, x=¢g8 .

£, 1

It turns out that y (£ ) = EQ(gv) for all § < 1.
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As a direct consequence of this theorem we may conclude that the
matching conditions for the formal limit functions are well-posed (step c),
because these relations also hold for the limit functions of the exact so-
lution, as proved in theorem 3.3. A same argument applies to the construc-
tion of the formal composite function (L4.17).

In applied mathematical problems we frequently meet the supposition
that the solution of the limit equation equals the limit of the exact solu-
tion. In this section we have proved by means of rigorous analysis that

this supposition is correct for the initial value problem (L4.1), (L4.2).

4,3 THE BOUNDARY VALUE PROBLEM FOR AN ORDINARY SECOND ORDER DIFFERENTIAL
EQUATION

An analysis of the mathematical foundations of the singular perturba-
tion method for the boundary value problem will show a great resemblance to
the initial value problem of section 4.2. Again we study the function
¢(x3€), defined on the interval 0 < x < 1, satisfying the differential

equation
(us20) L¢ = ely¢ + Lo = h(x), OR<h <<l

under the same consitions as in (L4.1). However, b1(x) may now be either
positive or negative on the interval. For b1(x) > 0 we expect a boundary
layer near x = 0 and for b,(x) < O one near x = 1 (see lemma 4.3). For the

function ¢(x3e) we have the following boundary values

p(e)

(h.21a) ¢(0;€) PO, po 7 0’

(4.210)  ¢(13€)

q(e)

q.o‘

First, the maximum principle is applied for the boundary value prob-
lem. Besides the possibility of proving the validity of the asymptotic
solution, we are also able to determine the location of the boundary layer

with this principle (lemma L4.3).
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Lemma 4.2 Let the twice continuously differentiable functions ¢(x3;e) and
v(x3;e) satisfy

|L o] < -L.v
with L, being given in (L4.1), and

|e(0se)| < w(o3e), |@(15€)| < w(13e).

A

Then

|e(xse)| < w(x;se)

|A

within 0 < x < 1.

Proof The function V(xj;e) = -y(x3e) + ®(x;e) satisfies the differential
inequality LV 20, so in accordance with the maximum principle V(x;e) does
not have a positive maximum on the interval 0 < x < 1. For this reason and
because V(03e) < 0, V(1;e) < O we conclude that V(x;e) < O on the interval
0 < x < 1. Similarly we show that the function W(x3e) = -¥(x;e) - ®(x;e) is
non-positive on 0 < x < 1. On the interval 0 < x < 1 both

-P(x3;e) + @(x3€) < 0 and -Y(x3;e) - @(x3e) < 0 hold, so that

lo(xse) | < w(xse).

Lemma 4.3 For the function ¢(x;e) satisfying (4.20), (4.21ab) a number M
independent of e exist such that

|o(x3e) = po| < Mx, if b1(x) = (o)
and

[6(xse) - q5| < M(1-x), if b (x) > O.

Proof We only deal with the case where b1(x) > 0. Let us consider

p(x) = M(1-x) as a barrier-function of ¢*(x;e) = ¢(x3e) - >
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*
= + -
L ¢, h(x) qo(eao(x) b, (x))
=Ly > M(b, (x)-by(x)).
If we choose M, such that
M.min(b,(x)-by(x)) > max(n(x)+q (eay(x)-b,(x))),
then
lL_¢%] < -L
el sl
All conditions of lemma 4.2 are satisfied, so that
*,
|¢e(x;e)l < M(1-x).
This lemma carries the consequence that the derivative to x of ¢(x;e)
has to be bounded with respect to € near x = 0 for ‘b1(x) < 0 and near x = 1

for b1(x) > 0. Therefore, the boundary layer is to be expected at the oppo-

site boundary. In the sequel it is assumed that b1(x) >R OR

Theorem 4.5 Let Z(x;e), defined on the interval 0 < x < 1, satisfy the

differential equation
LZ = h(x;e)
with Le as in (4.1), and have given boundary values Z(03;e), Z(13e). If
M M H .
[Zz(0se) | < me Yo 1z(15e) | < me 2 and |n(x;e)| < me 3 on the interval
0 < x <1, then a real number K independent of m and € exists such that

|Z(x3¢) | iKmea, a = min(u1,u2,u3), greix oty

Proof Let s be a number that satisfies the inequalities
sx

ea (x) + b,(x) > /s, eao(x) + bo(x) > -2s and s > 1, then y(x3e) = me®e

is a barrier-function for Z(x;e), w(0j;¢) = me® % meu1,
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u
v,(15¢) = me®e® > me 2 and Ly ~(s%e+1/s.5-25)me%"* :_(-sze-1+2s)mea >
me® =, |L€¢| for 0 < e < 2(8-1)/52. Application of lemma 4.2 completes the

proof of theorem 4.5.

The singular perturbation solution of the boundary value problem
(4.20), (4.21) is as follows.

We suppose that for ¢(xj;c) an approximation exists of type
(4.22) ¢(x;e) = Uo(x) & ZU(x;s),
where Uo(x) satisfies the differential equation

LU, = h(x).
The function Uo(x) can only satisfy one boundary condition, we expect that
it is at x = 1, because of the boundedness of the derivative of ¢ (see lem-
ma 4.3). Thus Uo(x) takes the form

x b (%)
exp{- J 0 =
. b, (%)

1 h(;)—qobo(;c-) _
dx

ax}

Uo(x) Mg f .

X b, (x)

Further, we introduce the local transformation x = £e and assume that in

the domain 0 < x < Ke with K an arbitrarily large positive number indepen-

dent of e, there exists an approximation of the type
(4.23) ¢(x3e) = VO(E) + €V1(E) & Zv(x;e), x = Ee,
where V, and V, satisfy the equations (see section 4.2)

(4.24) MV =0, MV, = =M,V

0’0 0'1 + 1(0)

0
and have the boundary values

(k.25)  V,(0) = py, v,(0) = o.

Moreover, the following matching condition holds




L1

(4.26) UO(O) = lim vo(z).

oo
It is easily established that

-b,(0)¢
Vo(€) = {py - Uy(0)}e + U, (0)

satisfies all conditions.

The proofs of the following two theorems are similar to the proofs of,

respectively, theorems 4.3 and 4.l and will, therefore, be omited.

Theorems 4.6 Let the function ¢(x;e), defined on the interval 0 < x < 1,
satisfy the differential equation

L ¢(x3¢) = h(x)

and have the boundary values

$(03¢) PO’ PO # 0.

¢(1;€) qo'

Then it is possible to approximate the function ¢(x;e) by
¢(x3e) = UO(X) 7 VO(E) - UO(O) + Zo(x;e), x = &g,

where Zo(x;e) = 0(e) uniformly for 0 < x < 1.

The construction of a formal asymptotic approximation consists of the
same five steps as the method we used for the initial value problem. Only

for d. another condition arises

d'. The formal limit function w(x) of (4.17) has to satisfy

5(1) = qo’




Lo
and a formal limit function E%(gb) exists with
¥, (0) = p,.

In table I column d changes into

1 1 b.(%) - 1 b.(x)
c, = { -Jexp(-J_oA ag) lx) &}/{Hexp(- 9 __ &)1,
o~ "o 0 x 01(%) b, (x) Jo b, (x)
c\)1 = Cy
Dy =Py - Cp» Eq = Cys

It appears that also for this class of problems the solution of the
limit equation equals the limit of the exact solution as we will see in the

following theorem.

Theorem 4.7 For the function ¢(x;e) satisfying the boundary value problem
(4.20), (4.21ab), the formal limit function E;(gv), defined in b, ¢ and 4d',
are identical to the limit functions wv(zv) defined by

¢(£ 8 s€)

(k.27)  1lim [—":—— - wv(gv)] = 0.

£ 5
£ v

v

Remarks

1. When Py = 0, there arise non-equivalent limit functions. See example
3.3 and remark at table I.

2. When the coefficient b1(x) of LE vanishes at x = 0 it appears that the
thickness of the boundary layer depends on the behaviour of b1(x) at
x = 0. For example, if b1(x) = x, the boundary layer will have a
thickness of 0(/e).

3. An example of a differential equation corresponding to a multiple
boundary layer (m>1 in (4.18)) is given in [6].
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L.} THE ELLIPTIC PROBLEM

In this section we summarize the results of Eckhaus and De Jager [7]
on this subject. The method of solution is closely related to the one that
solves the boundary value problem for ordinary differential equations. Our
contribution consists of a theorem which shows that in this case the for-
mal limit functions are also equivalent to the limit functions of the exact
solution.

We study the differential equation
(L4.28) Le¢ = elyg + L0 = h(xey)s 0 < g << 1,

valid in a strictly convex bounded domain G. L, and L, denote the differen-

tial operators

52 g 32 3 3
L, = a(x,y)—5 + 2b(x,y)3;3; + c(x,y)—5 + dlxy)gy + e(X.y)g; + £ixx),
ax Yy
. 9
Ly 2= ox g(x,y).

At the boundary I of G the function ¢ has the values

(4.29)  o(x,y3e)| = pylx,y;e).

T
We assume that the coefficients a(x,y), b(x,y), ..., h(x,y) are continuous-
ly differentiable up to the third order. Moreover, we suppose that
a(x,y) > 0 and g(x,y) - ef(x,y) > 0 in G and that the differential operator
L, is elliptic in G.

The characteristics of the operator L1 are the lines y=constant. In a
neighbourhood of a point where such a characteristic is tangent to the
boundary an approximation of the usual singular perturbation type is not
valid. Therefore, the following theorem will appear to be very appropriate

in the applications. The proof is given in [T].




Ly

fig. 4.1

Theorem 4.8 Let the function Z(x,y;e), defined in the domain G, satisfy

the differential equation
L2 = h(x,y;3e),

have prescribed values at the boundary T', at which there are two unique
points A(x1,y1) and B(x2,y2) where the ordinates take on maximal and mini-
mal values, respectively. Further, it is assumed that Z(x,y;e) is uniformly
bounded in G for sufficiently small values of €.
Hi U2
If |2(x,y3e)| <me ' at T and |h(x,y;e)| < me
bitrarily small neighbourhoods V(A) and V(B) of A and B, where h(x,y;e) is
singular, and if min(u1,u2) < 1, then there exists a real number K indepen-

in G with exception of ar-

dent of m and £, such that
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|2(x,y3e)| < Ke®, a = min(uysu,),

in G - V(A) - V(B).

An approximation of ¢(x,y;€) is constructed with the singular pertur-
bation method in the following manner.
Let Fl be the part of the boundary at the left-hand side of A and B, and T
the part at the right-hand side. ry is represented by the function

x = Yl(y) and Fr by x = Yr(y). We suppose that outside a neighbourhood of

Pr an approximation exists of the type

o(x,y3€) = Up(x,y) + Z(x,y3¢),

where

X X

pi j &(3.3)dp}

(4.30)  Upy(x,y) = poly;(¥)oy) - J
2

Yl(y)
{n(p,y) + &(2,y)py(v,(¥),¥)}dp.

Further, we introduce the coordinate system (p,0), p varies along the inner
normal of a point of Fr (p=0 on Fr) and 6 varies along 3 (e(A)=0).
Substitution of these variables in the operator L€ yields the differential

operator

- 32 32 32 3 3
s, = e{a(oge)gzg +2B(o,9)3;33 +Y(D.9);;5 +C(o,6)3; +n(o.9)33 +£(p,0)} +

9_ 9 _
-{u(o,e)ap +v(p,0)77 +&(p,0)}.
The thickness of the boundary layer near % is determined in the same way

as in the preceding sections. It appears that a boundary layer contribution

arises in the local coordinates £,6, where

(4.31) £ = p/e.
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Substitution of (L4.31) in Se leads to the operator expansion

_ =
eSe = MO + t-:M.1 + € M2,

2
M, = e, {03 e) (03 e)

-u
852 0

oE?

02 2 2,9
5 *Yo(0, 02— + {z,(0,8)€-u,(0,0)E"} 57 +

2
M o=a (o, e)e +28 (o 0)—r=x
2 aga o Y3

13
3
-{n0(0.9)-v1(0.9)5}53 B {fo(e)-g1(9)£}.

The operator ﬁz

suppose that the following approximation is valid for 0 < p 2 Pps
0 < 6 < 8(B) with o sufficiently small (but independent of ¢)

contains the truncated terms of the operator expansion. We

o(x,y3€) = Vo(p/s,e) + Zv(x,y;e),
where Vo(p/e,e) satisfies

1. the differential equation MOVO = 0,
2. the boundary condition v, (0,6) = po(x,y)l
r
3. the matching condition  lim V,(£,0) = U (x,y)l
£ r.

A solution that fulfils these three conditions has the form

u,(8)
Vol6s8) = {Bo(xsy) = Uolxap)ly exple ;27;; + Up(xy)| s

uo(e) <80%

We multiply this boundary layer term with a smobthing factor K(p/po) which

is zero outside the interval 0 < 6 < Y and has the following values inside
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the interval

e K(o/po) = 1 for 0 < p < 1/300.

2. K(p/po) is sufficiently many times differentiable and monotonic
decreasing for 1/3po <p 5_2/3p0,

3 K(p/po) =0 for p > p,.

In this manner one has obtained a function
Vo (£,8) = K(p/og)Vy(E,6), p = Ee,

which holds in the complete domain G.

In the following theorem it is demonstrated that an approximation of

the solution can be made which is composed of the terms UO and VO'

Theorem h.g Let the function ¢(x,y;e), defined in the strictly converse

domain G, satisfy the differential equation
L_¢ = h(x,y)
and have the boundary values
¢(x,¥3¢) = p(x,¥y3€) = py(x,y)
at I'. Then it is possible to approximate the function ¢(x,y;e) by

o(x,y3¢) = Uy(x,y) + Vo(o/e.e) - Up(xy) |+ Zy(x,y3e),

iy
T

so that Zo(x,y;e) = 0(e) in G - V(A) - V(B).

Proof See [T].
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Further, a study will be made of the various types of formal limit

functions arising in the elliptic problem.

In five steps we come to the construction of a formal asymptotic ap-
proximation, which is uniformly valid in G - V(A) - V(B):

a. All degenerations of S are taken into consideration. We substitute

p = E 8 (e) in S ¢ = h(p.e) Further, both sides of this equation are
(v)
S

0 °* where

multlplled by an order function 2 (e) such that lim GvSE =
>0
the coefficients of the limit operator are of order 0(1).

b. We introduce the formal limit function E;(gv,e).

Definition 4.2 We say that for transformation x = Evév(e) a formal limit
function E;(sv,e) exists, if there exists a non-trivial solution of

sV% (£,,0) = B (£,,0), B (£,,0) = Lim 5h(E 5,,0)

>0

on some interval of § for 0 < X <6 < 6(B)-1, where A is an arbitrarily

small positive number.

c. The matching condition can be described as follows:

There exists an order function Ev ;; 1 such that

s° s 6
A Eyi= = 14 v+
lim |— w"(% Eu.eﬁ lim [ = v+A( Eu’e;J’

if Gv . 6v+A //GY ;g 1.

d. The formal limit function w(p,8) satisfying L1§ = h(p,6) is required
to have the values w(x,y) = pO(X,Y) for y = Yl(x). A formal limit
function Es(sb,e) exists with the values
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¥, (p58) = py(x,¥)

for y = Yr(x)-

e. The formal uniformly valid asymptotic approximation has the form
- xf — * m§1 — *
¢ (0,9;8) - /] (‘)/(S 36)6 = 1} (9/6 ,6)6 O
0 n=0 " = = n=0 ‘n+1 = Vn+1

This composition of terms is suggested by the results we derived for

explicitly given functions depending on one variable (see also L.2e).

For the elliptic problem we have m = 1. We remark that this formal ap-
proximation holds uniformly with the exception of neighbourhoods of A
and B.

Theorem 4.10 For the function ¢(x,y;e) satisfying the boundary value prob-
lem (L4.28), (4.29) the formal limit functions determined by b, c and d, are
identical to the limit functions wv(gv,e) defined by

lim I}‘i"—'m - w\,(e\,,e)} =0, o =E6 .

* vV v
E\) 6\)

Proof Similar to the proof of theorem L4.T.

In this chapter we have shown that for three classes of problems the
different steps in the construction of a formal approximation are correct.
We have obtained this result by imposing those conditions upon the formal
limit functions which were proved to be valid for the limit functions of
the exact solution (see chapter 3). Theorems 4.4, 4.7 and 4.10 prove that
these two types of limit functions are identical. From this identity it
follows that the matching conditions of step ¢ and the method of composing

a solution as in step e are indeed correct.

Remark If in the elliptic problem a part of the boundary I' coincides with
a characteristic of L, (a line y=constant), then along this part of the
boundary a so-called parabolic boundary layer of thickness 0(Ve) arises.

This problem is dealt with in sections 5.6 and 5.7T.




50
CHAPTER V  NON-UNIFORM CONVERGENCE OF FUNCTIONS OF TWO VARIABLES
5.1 INTRODUCTORY REMARKS

In the preceding chapter examples were given of singular perturbation
problems having as essential feature "the stretching of one coordinate".
Theorems 4.4, 4.7 and 4.10 of this chapter form a linkage between at one
side the foundations of matched asymptotic expansions (chapter 3) and at

the other side the examples just mentioned.

However, the theory of chapter 3 is not complete, because not all as-
pects of linear singular perturbations are covered by this theory. In sec-
tion 4.4t an approximation of the solution of a linear elliptic singular
perturbation problem was given, which is valid in the domain of definition
of the function with the exception of the neighbourhoods of two points A
and B. In these points the characteristics of L, (the lines y=constant) are
tangent to the boundary of the domain. In chapter 6, a method will be de-
veloped which produces an approximation that also is valid near these sin-
gular points.

As an introduction we investigate in the first part of this chapter
the behaviour of explicitly given functions converging non-uniformly near
an isolated point of the x,y-plane. The material of this chapter preceding
theorem 5.3 resembles the theory of chapter 2 very much. In the remaining
part some problems arise which are specific for the two-dimensional case.
We solve them by introducing the supplementary matching theorem 5.4, which
enables us to treat two-dimensional singular perturbation problems.

In section 5.5 a uniformly valid asymptotic approximation of a func-
tion ¢(x,y;e) is composed of the limit functions. The function ¢ may con-
verge non-uniformly near a curve as well as near an isolated point of the
domain G of the x,y-plane. Here our efforts are concentrated at a uniform
description of the various configurations of limit functions, which depend

on the type of functions ¢(x,y;e).
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5.2 EXTENSION THEOREMS

Let ¢(x,y3;e), defined in Ge = {x,y,e: 0<x<R, O<y<R, 0<e§p*}, and
w(x,y), defined in G = {x,y: 0<x<R, O<y<R, (x,y)#(0,0)}, be continuous
functions, and let the limit

(Sa1) lim [¢(x,y3e) - w(x,y)l =0
>0
converge non-uniformly in G and uniformly in G - GA’ where
GA = {x,y: O:;:Ax, O§y<Ay} for any 0 < Ax, Ay < R. Then it can be demon-
strated that there exist functions eo(q,s) with s = (x,y) having the fol-

lowing properties:

a. [6(s3e) - w(s)| < q for 0 < € < eo(q,s) and s € G.
b. Eo(q,s) is continuous in q, x and y.
c. eo(q,s) is monotonic increasing in g, x and y.
d. 1lim Eo(q,s) = 0, lim eo(q,s) = 0.
a0 s*(0,0)

e. Let x = x(A), y = y(A) be an arbitrary path along which the origin is
approached, (x(0),y(0)) = (0,0), and let x,y be monotonic, non-de-
*
creasing for 0 < A < A, Then for an arbitrarily small AO > 0 values

Ak exist with 0 < Xk < AO such that |¢(S(Ak),€) = w(s(kk))| > q for

€= eo(q,s(kk)) + 0, where 0 is positive and arbitrarily small.

The functions eo(q,s) give a complete description of the non-uniform be-

haviour of ¢(sje).

Further, we can show that there exist positive, continuous functions

Eb(s), monotonic increasing in x and y, having the property

e (s)
lim -e—-%-—s—;-=0 for0<q_<_q0.
s+(0,0) f0' %

The proofs of the following theorems are omitted, because they are similar

to the proof of theorem 3.k.
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Theorem 5.1 Let ¢(s;e) be a continuous function, defined in the domain Ge’
and let the limit

1lim [¢(s3e) - w(s)]l =0
>0

hold uniformly in the domain G - Gy for 0 < e < g, (Ax’Ay)’ where

G, = {x,y: 0<x<A_, 0§y<Ay} and (Ax’Ay) is chosen arbitrarily. Then there
exist functions € = Eb(s), positive, continuous and monotonic increasing in
x and y, with lim Eb(s) = 0, such that the limit

s+(0,0)

lim [¢(s;e) - w(s)l =0
>0

is uniformly valid in G for 0 < ¢ :_Eo(s).

Theorem 5.2 Let ¢(s;e) be a continuous function, defined in the domain Ge’
and let the limit

lim [¢(s3e) - w(s)l =0
€>0

hold uniformly in the domain G - G, - Gp, where G, = {x,y: 0%x<A_, O§y<Ay}
and Gy = {x,y: Bx<x;5, By<y§B} (A and B arbitrarily chosen). Then there
exist func:}ons € = eo(s), as defined in theorem 5.1, and, moreover, func-
tions € = eo(s), continuous and monotonic decreasing in x and y with

lim € (s) = 0, such that the limit
s*(R,R) °

1im [¢(s3e) - w(s)l =0

e>0
is uniformly valid in G for 0 < € :_min[?b,zb,e*].
(R may tend to infinity.)

5.3 LIMIT FUNCTIONS

In order to study the non-uniform behaviour of the functions ¢(s,y;e)
defined in the forgoing section all paths, along which the origin can be

approached in Ee’ are considered. For that purpose the order functions
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6x v(e), Sy v(e) are introduced so that an arbitrary path always has the
9 t]

form

(5.2)  x=¢€38_ (), (e).

X,V

<
|

anY’V

Let ¢v(£v.nv) be a function satisfying the limit

(5.3) 1lim —i—Jx‘—l - wv(zv,nvi] =303 (Ev’"v fixed and €*0),
E,sNy & (&)

where (5.2) is substituted in ¢(x,y;€).

Definition 5.1 The limit of the singular function ¢(x,y;e) exists for a
transformatlon (5.2), if a non-trivial function V¥ (Ev,n ) and an order
function § (s) exist, such that (5.3) holds for some values of E and n,e
wv is called a limit function.

Let ¢ = (p) and € =6 _ > (q) be the inverse function of p = Gx v(e)
’ “J
and q = Gy v(e), then (5.2) leads to the relation
3

(5.) 7! (x/g) = 67 (y/n).

Using this relation we construct the pair of order functions {6
such that

(a) (q)
x,0? dy,O}

= Evéiqg(E). y= nvéifg(e)

satisfy € = eo(q,s) of the foregoing sections.
From extension theorem 5.1 it follows that the limit

lim [¢(x,y3e) - w(x,y)] =0
>0

(a )
holds uniformly along & path (5.2), if 8 9 x,0 a8 °x,v as




5k

Example 5.1 We consider the function

¢(x,y3€) = -31-+3—x >
X +y+2€

and observe that the limit

lim [}(x.y;E) - 113%1 =0

e>0 x2+y

converges non-uniformly near (x,y) = (0,0). Introduction of the so-called

local coordinates £ and n by the transformation

x = E€e°, Y= nee. a,B >0

leads to different limit functions Y(&,n) satisfying the limit

1im |$Xa¥ie) _ w(e;,n)] = 0.

e>0 L §%(e)

Table II

v(E,n) §*(e) a,B

1/52 € 0<2a<B<1

1/n € 0<B<2ax<1

1/(£2+n) ¢~ 0<2a=R<1

1/(£24n+2)| &' 20=p=1
1/(52+2) i 2a=1<B
1/(n+2) e g=1<2a

1/2 € 1<a,B
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5.4 THE MATCHING PRINCIPLE

In this section the matching principle for limit functions of two lo-
cal variables will be formulated. It will appear that in the two-dimension-
al case the attention must be focused at matching of special ("signifi-

cant") limit functions in order to give the matching principle a practical

purpose.
When 1limit (5.3) holds uniformly in E(v) = Giv) = Gév), where

—() . . (v) _ .

G(v) = {Ev,nv. <& , ognv}, g, "= {g,on,: °5§v<Ax,v’ ijv<Ay’v} and

GB = {Ev,nv: Bx’v<5v<“, By’v<nv<°} (A and B arbitrarily chosen), it fol-

'lows from lemma 2.2 that

* v'é v
Gv(e) X,V

xarie) oy (Eo, Fo)| = 6T (e) e,
¥,V
SO

* *
(5.52)  #(x,y3e) = ¥, (zE—, L7 (e) + o(s{F)e?)
v'é § v v v
X,V Y,V
in that domain. Application of theorem 5.2 (R+») to limit (5.3) extends the
domain of validity of (5.5a). Let x = gudx o nudy , be a path in this
] t ]
extended domain of convergence, then an order function 5(r) << 1 exist such

vV, as
that

(5.50)  #(xyse) = v, (55—, FE)6i(e) + osT)e?)
X,V ¥,V 2

in T _ Giu) - Géu), where E(U) = {Eu,n : 02E ), O:nu},

G(U) { . #
A E 4n : 0<E <A, 0<n <A} and
(u) H YsH

GB“

MR N == e 1
B <
{Eu,nu o
Before formulating the two-dimensional matching principle we mention

£u<w, By u<nu<m} (A end B arbitrarily chosen).
L]

some important consequences of the preceding theory. Let for an arbitrary
path

s [
V X,V V ¥,V
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the limit
(5.6)  vim [PKE)_y ¢ n)] =0
£, 8 (6)
hold uniformly in the domain E(v) - G(v), where G = {£ sN._: 0<E , 0<n_} and
A NIEY =ty 2ty

(v) _ .
gy = {Ev,nv. O§§v<Ax’v, oinv<Ay,v}' Moreover, let the path

(5.7) RS Ev+A6x,v+A’ y= nv+A6y,v+A’

be situated in the extended domain of uniform convergence of (5.6), and

have the corresponding limit

(5.8) lim —;2— - wv+A(€v+A’nv+A{] = 0.

VL -§v+A

Then according to the extension theorem the following limit is valid

)
§ § [
. vtA ¢ _ Y vtA Yavia -
(5.9) £ lim 5 s wv(gv+A § = * Noer 76 5 ) Ds
via?vea L Oy Ouaa Xs ¥s
Notice that lim ¢/6 exists and is non-zero, see (5.8).
€*0

Examination of the relation (5.9) reveals the following two interesting

points:

1. the asymptotic behaviour of the limit fucntion wv(a ,nv) is governed
. * * *
by the ratio GV / 6v+A for € + 0. Only for Gv oo 6v+A wv tends to a
bounded non-zero value.

29 substitution of (5.8) in (5.9) yields the relation

*

6

[
s X,V+A x,v+A -
. 1lim 6 ] (€v+A > No4n 76 ) wv+A(€v+A’nv+A)’
va® vea Pysp A !

which implies that for any order fUnction 3* >3 1 an order function

) ak % * *
1
3» $$ 1 exists such that § << 5 /8 v+A glord <6 ., / 8§, 5 1
if 3 << § / 8 < 1 and 6 << 6 / 8 < 1. This result
as X,v+A X,V as as y,vtA ¥,V as

expresses the continuous dependence of the set of order functions 6

upon the sets of order functions {éx,v’ Gy,v}'




2

Assumption 5.1 All sets of bounding order functions {G(Q) ;qi} consist
]
of asymptotically equal order functions,
(q,) ) 6(q2) 6(q1) ) (q2) S
Xy ViEaa X SURE ¥,V as y ViR 2 1

Theorem 5.3 Let

(5.10) lim [¢ X sl | v, (&, N )J = 0,
£, oN, 8, (€) 1 1 1
1 1 1
and
4 o(x.¥:€E
(5.11) lim -9 (E ,n {] =0
£, »N, [5: (e) Vo V'Y, '
2 2 2

i . = § = 1 5 =
where in (5.10) x £v1 x,,’ y nv16y,v1’ and in (5.11) x = £ 6 s

y=n 6 (8 =6 T .8 =68 3
o ¥V, X5V, X5V, X, Y5V, YsVy VsV
For approximately chosen order functions & << 1, 8 << 1
X,V as y,v as
_\_1
(Gx,v(sx v( €)) = y v( e v(e)))’ a set of paths
= § = S
x=E x’H(E), y=n, y,u(e)

exists for which the relation

— %
6v1 6x 8 T
lim —_— wv (G_LL Eu’ EI’-L nu) =
Eu’n}{ __611 1 X,\)1 Y:V1 a
(5.12)
e _1
Vo Gx §
511: L§* va(sx v Eu, 6y v ﬂu)
’ u »Vo »Vo _J

Hu

holds, if §_ << 3&_ < 1, «3 <
X,V a8 X,V as Y,V as y,v as
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Proof Application of theorem 5.1 yields the uniformly converging limit

(5.13)  1lim [—i’— - ¥, (g, o )] = o,
= 1 1 1

along the path x = Ev16x,v16x,v1’ y = “v16y,v16y,v1’ where

s 3 < 1, {0 3 < 1. Moreover, it follows from theorem
X,V 88 X,V as ¥sv, 85 y,v, as

5.2 that the limit

. ¢ -
(5.1L4) _.112 [;* - wvz(ivg,nvzi] =0

Ev 2Ny Vo
converges uniformly along the path x = 3 / s .
v x, S
2 2 2
Y= ;. 8 /s ,_» where G(Qi << 3 oL o ls 6(q3 << 3 v S e
2 YV > Y > Xy 2 as X, 2 as Y 2 as Yy, 2 as

The pair of order functions {3x’v(e), Ey’v(e)} is required to satisfy two
conditions.

The first condition is that sx,v and § v must be of an order of magnitude
sufficiently close to 0(1) so that (5.13) and (5.14) can have a common path
for their limits. The second condition will be established later.

Let x = EHGX,H, y= nuﬁy,u be such a common path. This means that
§. =6__6_ =6 /8 . =6_ 8 =4 /5., and

X, x’v1 x9V1 x9V2 X,VQ’ Ysu y’v1 Y;V1 ys“g y:Va

that (5.13) and (5.14) can be transformed into

n |- 3 3. =
(5-15) 511:: 6 g 1( u x,v1 udy’v])] o
p’u _V1
TR B 5 =
(5.16) 511: 5 v 2( u/ X v2 u/ y,Vz) o
'y _\’2

Thus ¢(x,y3;e) is locally approximated by two limit functions (see the be-

ginning of this section)
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*

|
€

s€) = v, (€8 T )6t L o(slT) 6t
(5-17) ¢(x,y,€ V1 i X,V1’ nu y,v1 M 5* v1,u v1 &

*

—_ — * \)2 (r) *
(5.18)  ¢(x,y3e) = (£ /5. ,nd )& —=4+0(8" & ).

*
V2 H x,\)2 U y!\)2 H Gu \)2,“ \)2
When the pair of order functions {Ex o? Sy u} is chosen such that
L] ]
S X
lim Gir) —;l = 0, lim B(r) *2 = 0,
er0 VoM 5. >0 V2rH g
(5.17) and (5.18) turn out to be equivalent to
5
| 7 _
Elllrl: sF & l""1(‘5“ x,v,” "Wy, °
(TR TR u
and
:
e 2 = 3 -
1lim - * ¢ (Eu/ax s N /‘S ) et Os

* v v THER T
) S ’ ’
LT " 2 2 2

(see lemma 2.2). Relation (5.12) follows straight away from these limits.

Finally, we remark that matching of wv and ¢v is also possible, if
1 2

$ << § and § . In such a case we have to study non-uni-

<< §
X,V, 85 X,V, Ysv, 88 ¥,V,
form convergence near (R,0) and (0O,R). Evidently, the fact that a similar

result can be obtained is quite trivial.

The reader will have observed that so far the theory of this chapter
exposed a great resemblance with the theory of non-uniform convergence in
one variable. One would expect no difficulties in continuing the analogy.
However, in this section we will encounter some new aspects. By giving
three examples of functions with a different asymptotic behaviour we show

one of the problems we deal with. It concerns the eventual freedom to se-
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lect a path inside the common domain of convergence of two limits. It ap-
pears that for matching purposes only a restricted set of paths has to be

considered.

Definition 5.2 A limit function wv is contained in a limit function wn, 1f

Gx V V 6:1(5)
lim dln(ﬁv G_’_’ ﬂv EI’—) * L W\)(E\’,nv)-
Ev’nv X0 ¥ Gv(e)

Definition 5.3 A limit function ¢ (& ,n_ ) is called significant, if ¢_ is
a'"a’ a a

contained in no other limit function.

2
¢(x,y3¢€) = H“%— :
x+y +e

Taking the limit € - O along a path
X= de’ Y= ﬂsy, 8§ 56 < 1,

yields the limit functions

Table ITI

W(E,n) Gx :S GY :S

a | (14n+£2)/(g+n°) 1 1
2 2
b 1/(&+n°) Gy /Eg§6y§§1
c 1/(g+n%+1) e /e
d 1/€ e<<§ <<1 Sh<<y s
as xas yas x

e 1/n2 § <<§ Ve<<§ <<1
xas y as yas
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-1né
b Ty ;
|
|
€ d :
]
I
]
I
I
|
i
|
Ve 4 4 i e
b
e
& -1né
’ o X
— . Gx
1 /e €

It is interesting to verify the validity of matching theorem 5.3 for the
limit functions a and c. The paths corresponding with b, d and e lie in the
domain of convergence of both the limit of a and the limit of c. Notice
that it is sufficient to verify the matching condition for the paths of by
because the limit functions of d end e are contained in the limit function
of b. The values of the order functions are brought in a diagram, see fig-

ure 5.1.

Example 5.3 Just to show that a function with a different behaviour is

treated in a same manner we mention the function

¢(x,y3€) = y In(x+e) + x + ¢
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Table IV
v(E,n) Gx . éy -
a nlnE+§ 1 il
-+ -
b n+g €§§6x§§1 ‘lelmsx
c | =n+E+1 € -€/1lne
. - €55%xas! 6yég_ax/lnsx
e -n -éx/lnsxégéy -e/lne;;dy;g1
§ =1né
y |
I
|
1
a |
-¢/1lne m=r c
b (o
veb 4
a -1né
14 5 x
= Gx
1 Ve €
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Example 5.4 In this example no special set of limit functions exists in

the common domain of convergence.

{xty)

2
d(x,y3e) = (x+2) + e S
Table V
v(g,n) Q= 98-
a E+2 1 1
b 2 e<<§_<<1 or e<<§_<<I1
as xas as yas
c | 2+exp{-(&+n)} € €
[ -1né
y |
I
i
|
€4 (e e
Ve J b
a
1] , ‘ -1né
X
. : 8
] Ve € =
fig. 53

The first two examples have an analogous configuration of limit func-
tions. We distinguish

ks two significant limit functions wa’ wc of which the corresponding

limits have a common domain of uniform convergence.
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25 a set of identical limit functions wv , which are contained in both

b
. = S = 1 1
wa and wc The set of paths x Ev 2au y=n, Gy,v 1s continuous
b b b b
in v, and lim § =346 , lim 6 =6 for s = x,y.
e v.»a 5V S:8° 5 Sy 8D
b b
3e two sets of identical limit functions wv “ wv , which are contained in
d e
¢v .
b

The configuration of limit functions of the last example can be con-
sidered as a special case of the above configuration. In the sequel we will
interpreté such a special configuration, as being composed of the three
types of limit functions mentioned above.

The existence of such a configuration is ascribed to the following
property of limit functions. Let the asymptotic behaviour of a limit func-
tion wh(gh,nh) be

v (Eeny) = R(&y 5N, )

for 0 < g << 1 and nh/f(ﬁh) = 0(1) with respect to E,s vhere the function
f£(&) is required to have the properties of an order function, If the path

=£6 8 =né 8§  lies i i
X Ev x,h x,V° y n, v,h°y,v lies in the domain of convergence of the

limit of wh’ and if Gy,v(e) = f(dx’v(e)), then

w\)(g\)’n\)) = R( Ev,nv),

or in terms of definition 5.2: wv is contained in wh.

A same type of argument holds for £ >> 1.

Returning to our examples we consider the set of limit functions wv ’
b
of which the paths x = £ § s Yy=n ¢ are chosen such that
Vo YV
b b b
§ e) = £(68 €
oo, () 2 208, (D),

where f follows from
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Gy’c(e) = f(dx’c(e)).

From the foregoing we deduce that generally the limit functions 8 satisfy
b

U] (E o N ) =V (E s N )
vb Vb vb b vb vb

as far as the corresponding paths lie in the domain of convergence of the

limit of ¥, and that
Vo(Egony) = ¥ (€ sm.)

for 0 < £ << 1 and na/f(Ea) = 0(1) with respect to 3

Likewise we have that
wc(ﬁc.nc) ~ wb(Ec,nc)

for £, >> 1 and nc/f(Ec) = 0(1) with respect to £,
Thus, Yy is contained in both wa and wc.
Notice that all limit functions of the common domain of convergence are

contained in 1%

In theorem 5.4 these properties will be proved for the general case.

We then consider the significant limit functions wa(Ea,na) and wb(gb’nb)

satisfying
(5.23)  lim [ﬂ%x-’-e—l - wa(za,na)] =0,
a2y sa(e)
and
(5.24) lim [ﬂi;m - wc(ac,nc)] =0,
Eerle Gc(E)
vhere in (5.23) x = £.8, ., ¥ = n,8 ., and in (5.24) x = €6, .,
¥ = nefyer Sxpe T Sx,afx,b? Sy, T SyLaly,e Cxp &5 T Oyp as 1)
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Theorem 5.4 Let for a pair of order functions {Gx - dy . } the corres-
’ ’
ponding limit function v, satisfy B L
b

¢ V. Gy v 6*
)b !b a
lim ] (E 3 s N ) S =9 (E N ) L
E, o, o b xa b 8,8 5 Yo b b
b Db b
(5.25)
Gx v Gy v, &
£ ] L]
lim ¥ (& 3 b, n b) =,
c V. v, § *
Ev N, P x,c b y,c Gv
b b b
where Gx,b ;; dx,vb ;; T 6y,b g; Gy’“b gg 1 and
and 5" (8. (e)) = 8. (8. ().
X,b X3y Y,b ¥saVy
Then for any path x = Evsx,v’ y = nvéy,v in the common domain of conver-

gence of (5.23) and (5.24)

* *

[ § § § §
lim (g 22¥, o ¥y B g4y oy (g Za¥ g oY) ©

a‘'’v § v § 6* £ c § v § 6*

gvsnv X,a y.a v v’nv X,C yscC v
Remark The theorem is also valid, when § =5 & Sh 0 =6 8 .,
m—— e — X,a X,C X,b YsC Y8 ¥sb

and when Gx,b :s 1 or 5y,b :s 1

Proof The proof of this theorem is considered to be completed, when it is
demonstrated that all limit functions in the common domain of convergence

are contained in ¢y .
Vb
Let x =& § sy Y =& § be an arbitrary path (not belonging to the
Vg XaVy ZRON
set of paths & s, 8 ) in the common domain of convergence of (5.23)
x,v" Yavy

and (5.25). Moreover, let the following limit exist

(5.26) vin i) (e 0 ) = o
g, on, | 85 (e) Ya Va Va
a ‘a Va

Since wa(sa,na) ~ wvd(ga,na) for na/f(ga) = 0(1), 0 < £y << 1y in which
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n. - f(Ea) is derived from

8 (e) § (e)

YaVg X3Vy )
fe)t

(5.27) 3 ) = f(Gx

¥

28

it is easily deduced, that other paths satisfying (5.27) generate a same

limit function vy N ) = wd(év oM, ), as far as these paths lie in the
d d d d

domain of convergence of (5.23).

L&

Starting with the limit function wc a same argument can be applied. This
method results in an equality of all limit functions, of which the order

functions are situated at one side of the set of order functions

{s 5 0 }, as it is shown in figure 5.4. For the other side we have
X,V " ¥,V
v, (&, on, ) =9 (8 ,n ).
e e e e e
-1ng
¥

=-1né§
b'e

fig. 5.4
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Application of theorem 5.3 for two limit functions b, and wv yields rela-
tions (1) and (2): 2 2

v (E ,n ) = v (& ,n ).
Ha Ma Ma (3) Va Ma

From relations (2) and (3) it follows that the paths x = Eu Gx .2
da ™’ d

n 6 and x = £ § ,y=n_ 86 may coicide, while (1) still
Hg Yoly Vg X2y Vg Y2V

remains valid. This leads to the limit

y'=

x’\)d Y’\)d b
v. 6 ¥ )
b da x,\)b

(5.28) lim ¥, (&
E sﬂv

v, §
d y,v. 6
Vq a b

Likewise it is shown that v, is contained in b, -
e b

Theorems. 5.3 and 5.4 are of great value in singular perturbation com-
putations. By these theorems the verification of the validity of the match-
ing principle is simplified. It is no longer necessary to take limit (5.12)
for all paths in the common domain of convergence. It will be sufficient to
take one path (5.25). Another consequence is that for implicitly defined
functions unknown constants are completely determined by relations of the

type (5.25), as we will see in chapter 6.
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5.5 LOCAL AND UNIFORM ASYMPTOTIC APPROXIMATIONS
We now come to the construction of an approximation. Non-uniform con-

vergence in both one and two variables will be studied. We distinguish

three types of domains in which a limit may converge non-uniformly:

G1 = {x,y: 0<x<R, O<y<R}
G, = {x,y: 0<x<R, O<y<R}
G3 = {x,y: 0<x<R, O0<y<R, (x,y) = (0,0)}.

Moreover, the following sequence of open domains {Gi A } is introduced:

T

G. D6 =) ity = (e D ees
1,A1 1,A2 1,An 2
G. =G, - G, +S. lim S. = @.
1,An 1 i 1,An’ N 1,An
The limit

(5.29) lim [¢(x,y3e) - w(x,y)] =0
>0

converges non-uniformly in Gi and uniformly in Ei - G. for any n. Using

i,A
*“n

definition 5.1 we obtain a limit function wv that satisfies

(5.30) lim [ﬁ%wl- v (E 4n )] =0
Ev’"v 6v(e) CU

(5.31) x=£6 y=n5é T's

L] ] 6 < 1’
V X,V V Y,V X,V as

) <
YsVv as

Application of theorem 5.1 yields bounds for the paths (5.31) along which

(5.29) converges uniformly:
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(a) (a)

(5.32) 6x,O,v1 as Gx,v as Ls Gy,o,v1 an 6y,v as 1

where x = (q) (e)y, ¥y = (q) (e) satisfy 6 (x) (y) and
x50,V 1 ¥,0, \’ sV

= eéq)(x,y) of theorem 5.1. Since (5.29) converges uniformly along these

paths, the corresponding limit functions can also be derived from w(x,y)

(5.33)  1im [P oy e n ),

L (E)

It is assumed that the set of order functions {G(qé 4 ;q% } contains a
’ ’ 9
finite number of order functions 1 L
(a) 2
(5.3)  {s{®) § 5 K= 1, 2, covy K,y
X0,V " ¥a0,Vyy L

for which the limit functions ¢1k(51k,n1k), satisfying
(5.35) lim ﬁ;x._l - b (&, k,nm):] = o,

Zepeil 1x(€)

1k’ 1k

(a) (a)
” = = Yy = =
(5.36)  x= &8, e V= by e Ok, 1k 3s 6x,0,v1k’ S 1k <sy,o,\»m’
are significant limit functions.
Let the set of order functions {§ 8 } satis
x,O,v1k’ y,O,vlk fy
5 § g) = f § €))
(5:30 6y 0,y (€)= for by 0, (),
where the function f01 1k is determined by the relation
]

y,1k(e) = fo1,1k( X, x(€))

The corresponding paths of {8 s O } have to lie in the extended
x,O,v1k y,O,v1k

domain of uniform convergence of both (5.30) and (5.35). The corresponding

limit functions are one and the same function wo v Application of theo-
>k

rems 5.3 and 5.4 yields
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(EO v Gx 0, V1k 1k6y,0 v1k
(5-38) lim 6* =

& Al

03V 0sVyp Os ¥4y
" (& sN ) =

05y 0oy Osvyy

S 8 *
- oilE X505y y y’°’“1k) S 15
b} .

Eo . Mg W0V Sk OV Sy 5

Wie Vg 1k

From practical point of view it would be convenient to choose an or-
dered numbering of the significant limit functions. Considering

1k(x) as an order function we decide that for 0 < x << 1
’

f01,1k(x) = 01 1l(x), if and only if k > 1.

As we made the assumption (in the foregoing section) that every set of

bounding order functions {6(q) éq)} has to consist of asymptotically

equal order functions for all q, the extended domains of convergence of

(5.35) will overlap for k = k~ and k = k +1 (1<k’"<k,-1). The matching con-
=5 55y

dition in the form of theorems 5.3 and 5.4 leads to the relation

1 L 8"
e v (E Xy ’Uk . Y .uk 1k -
' -
£y sM, ey, Oy © Ll Oy 6:
’Uk ,uk ’Uk
1,uk(£1,uk’ huk)
Xvlsbp Yoloby Spet
lim V(B 3 RTINS ’
E,  sM "M O, 1k e Oy 1kt 6
1’uk 1:Uk Tyu




e
where the path

(5.39) x=E > y=n,

5 8
Touy Xy 150 sl Yo Ton’

k

lies in the common domain of convergence. The order functions satisfy

8 8
y!1suk(€) ( Xy 1,0 (E))
PO L e O I
6y,1k € 1k 6x,1k €
where the function 81k follows from the relation
8y e+ (e) - (6x 1c+(€)
5y,1ki€5 ik Gx,1k(€

It can be shown that the order functions of (5.39) belong to the set of

sla) sla) e (5 30, Application of the

bounding order functions
x,O,v1 y,O,v1

extension theorems to (5.35) yields the set of bounding order functions

W, o9
O L Ysls k
Let there be k. order functions {G(q) ,.G(Q) }
2 x,1,vkl y,1,vkl
(z{éx’1m,6y’1m},m=1,...,k1) of which the limit functions, say

wzl(g2l’n21)’ 1=1, ..., ky, are significant.

For two limit functions V¥ a matching relation can be derived, if

1k’ l1’21
their limits have a common domain of convergence:

x,1,vkl 6y,1,vkl G:R
lim L e ke ) =
1§ ) ) § 14V 8 *
61 sNy kl D il kl ¥ 1k 61
e s L | 2] |
B 8 8 *
X,1,v Yalsv §
lim v (E sV kla N,ysV. L L
21'°1? 'kl § ekl § *
£ N x,21 y,21 &
1Y) 1 15w
k1 Ykl *Vk1]
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(g

)s
kl E

l"'1,\) ’vkl

5N
1’vkl

e (8 /8

§ =
/ ¥, 1k 1,21 ", 1,0,

6y,1,vkl x,1k)’

where f is determined by the relation

1k,21

6y,2l / 6y,1k = fix,21 (Gx,21/6y,1k)°

In this way some superfluous relations may be introduced.

s U the paths of two
e,

samples coincide, one set is deleted, see example 5.6.

When of two sets of limit function w1 .
Ll al
aa

The construction of significant limit functions is proceeded until for

n = n,_ the order functions {G(q) s G(q) JonkrE o e ki do i not
t x,n,vk y,n,vk n

correspond to a new significant limit function .
The index n of wnk denotes a sort of boundary layer level. The func-
tion w is a limit function at level zero and could alse be written as w01.
For any path

(5.40) x = £ ,6 1

v x,.v? y=n2
s

, 6 < 0 <
NIX, Y X,V as Y,V as
a significant limit function ¢nk exists such that the limit function wv
corresponding with (5.40) is contained in wnk' When the path (5.40) lies in
the domain of convergence of more than one limit defining a significant
limit function, it is arranged that wnk at the lowest level n is assigned
to that path. If there remains more than one significant limit function,
the one with the order function § or § tending to zero in the slow-

x,nk ysnk
est manner is chosen.

Let wn K be such a significant limit function. According to (5.5ab) this

aa
limit function can be considered as a local approximation of ¢

8 8
X,V Yav * (r) *

nk (5,3 . E ) 8y *+ 008, 6naka)'
x,na -, Y e a aa

(5.41) o(x,¥5¢) = y




7h

Having in mind the construction of an approximation, uniformly valid

in E;, we distinguish four types of limit functions

a.

b.

Yok (k=1,2,...,kn, n=0,1,...,nt), on level n there are k_ significant

limit functions.

wn - (n=0,1,...,nt-1), between level n and n+1 a set of equal limit
’

k1l
functions exist which are contained in both by and Yo+t The other

limit functions defined in the common domain of convergence are con-

tained in wn T
> ki

(n=0 el k=1,2,...,kn-1) these sets of equal limit func-

t,

wn,uk

tions are contained in both wnk and wnk*’ they have the same proper-
ties as the limit functions of b.

] s ¥ (n=1,2,...4n,-1) the sets of paths of these limit func-
NGy Babyy e
tions are bounded by the paths of a, b and c. The differences between

) and ¥

are shown in figure 5.5.
n,0,,

0,8y

-1ng
y




1f=

Example 5.5
2 2
X+
¢(x,y3¢€) = 2x + J;_i

x+y +s2 y+x +52

We introduce the transformation
(5.42) x = g%, ¥ = ne?, a,B8 > 0,
and determine the limit functions belonging to the sets mentioned above.

The diagram with the values of the order functions is simplified for this
special case (5.42) (see figure 5.6).

Table VI
a,B v )8 v
§+§2 n+ 2 L
7 a=R=0 Yy * 5+ -J-2— g 20=p=2 w13 =1+ 2
E4n”  n+E i Fht
b| 0cam2B<2 | Yy | = =5 +1 A LA
V11 gan "
c | O<a= B<2 =2 i| 1<a<2,p=2 i
l1'0,"1:2 ’ ¢1'”2 Syl
d | 0<2a=R<2 wO 5 =1+ 1 J | 0<a<2,a<2B<2a wo a =2
Vi3 H+E a1
e | a=2B=2 Y1 = _f—é_— + 1 k | B<2a<2B,0<B<1 ¢0 =
£4n"+1 e
=R= = i‘ L
£ o=B=2 | ¥,, E+1 T
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B
2 g il 519

d h

J
1 ¢ .
b

a 1 2 o

fig. 5.6

Example 5.6
d(x,y3e) = (xy+1) {exp(-xy/e) + exp(—xy/ez) + 1}.

Here we may have two configurations (a and B are chosen as in (5.43)):

fig. 5.7




(41

Theorem 5.5 The explicitly given function ¢(x,y;e) is approximated uni-

formly in Gi by

(5.h4k) ¢0(x,y;5) =

n k
Zt Zn v, (x/6 /5. )6X (e) +
= X » ¥ €
SR nk x4nk ysnk’ nk
ntg1 §n kn§1 » o
- v (x/6 s y/8 8 €) +
mn g1 14 D,V XMV, YolsVip ' ByVyq
e ( )8 (e)
~ x/6 § § €) +
nZ1 kZ1 wnsuk /x.n.uk' Y/ y,n,uk n,uk
nt-1 lgn kn§1-1v
+ ] ¥ (x/8 » ¥/6 )8 +
N n,0 X050 1 Ysms0y 1’ By0,
nt-1 kn-1 kn_f1 . i
+ Z z ) (x/8 sy S )8 ’
n=1 k=1 1=1 Bobyy  XoBebyy Tomsbyy” Bebyy
v as far as the subscripted limit functions exist.

Proof According to definition 3.1 we need to prove that

(5.45) lim Co(x,¥3e) = ¢4(x,y3€)] = 0,
(x,y;e)*(x1,y1,0)

Oh<ix B<E Ry O x5 = R,

S, Sl o=
independently of the path chosen in the domain
Ee = {x,y,e: 0<x<R, O<y<R, ijgp*}.

Firstly, the asymptotic behaviour of the significant limit functions is

analyzed. Three cases are considered.
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12 In wnk the coordinates of a transformation corresponding with a sig-
nificant limit function on a higher boundary layer level are substi-
tuted. Let this limit function of a higher level be connected to the
limit functions V¥ . by wn,v s «s. « We may have

B k1
k -1
n+1 n+1
: e * v * v *
a. ifk=%x% y .8 = T "y 8 - 1 ¥ 8 :
nk nk =1 n,vkl n’vkl 1=1 n,akl n,akl
(¢ exists)
n,vy g
itk kS Y & =y 8 1=k-1 for k > k°
Rans nk nk n,Hy n,ul’ T &
(v does not exist) 1=k for k < k°.

n,\)kl

2. In ¢nk the coordinates of a transformation corresponding with a sig-
nificant limit function wnm on a same boundary layer level are aubsti-
tuted, then wnk behaves as in (5.45), 1 = k-1 for m < k and 1 = k for

m > k.

3.0 In wnk the coordinates of a transformation corresponding with a sig-

nificant function on a lower boundary layer level are substituted

k k -1

n-1 n-1
= = ¥ w 5* - v 5*
nk

§ ]
1=1  DeVyg BaVyy 1=1 By BoByy

wnk
Secondly, the asymptotic behaviour of the limit function wn . is analyzed.
3
k
1. When the coordinates of a transformation at a higher boundary layer
level are substituted

* *

(5.472) ¢ 8 =y )
Doly Doly  Dabyy Doy,

2. For a transformation at a lower boundary layer level it becomes

* *

(5.470) wn,uk Dy = wn—1,alk6n-1,alk 2
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These results enable us to prove the validity of (5.L43).
Let

(5.48) x = E60. ¥ =nd, § < 1,86 1

<
X y X as y as

be an arbitrary path in the domain Ee' This path lies in the domain of con-
vergence of one or more limits. One of these limits defines a significant

limit function wn in the way it is prescribed in (5.41). The asymptotic

k
aa
formulae for wnk and ¢n . remain the same when instead of the coordinates

]
SRaH 2
Enaka, nnaka the coordinates Ev’ n, are substituted, so that

na; ;m . na; kn kn+1 . .
(5.49a) v 8§ =
n=0 k=1 "X BE ;o0 k=1 1=1 BaVyy RV
n -1k =1
a n *
+ v +
n=0 k=1 Doty Moy
if k*k° or
(k+1)#(k+1)°
n-1 kL1
-3 LY e e
n=0 k=1 1=1 DGy oy
kn kn-1
* L *
(5.49b) I v .8 =y 8 = 7 v 8
=1 Pa"nk DPa¥s %afa k=1 Sa’¥k Ba’Mk
F e 2T s
(5.49¢) v 6 = ) s +
n=n_+1 k=1 nk nk nen_ k=1 1=1 MaViq BoVyy
n.~1 k=11
n v *
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n -1 k -1 n-1%k-1k
az nZ " az nz n§1 v .
(5.494) b $ = ) 8 >
n=0 k=1 Vg P =0 k=1 1=1 By Babyy
if k=k® and if k=k° and
(k+1)=(k+1)¢ (k+1)=(k+1)®
;t kn£1 * nt£1 ;n ln-El:-f'1 v %
(5.k49e) ) 8 = 0 ) .
n=n_+1 k=1 Moty Ty n=n_ k=1 1=1 Bslyy Boly
Thus (5.43) turns out to be true, if
p X,V3€) éx Ey
lim |5 -k G £, 3 n)| = 0.
E,n 6naka(e) aa X0k yon k.

This limit is valid, because the path (5.48) lies in the extended domain of

uniform convergence of it.

Ex le 5.
X sin ylne -y+xlne
LAl thLL y+3e € €
¢(x,y3e) = =1 + yxIn(y+e+xye) + e s (e + e )

The asymptotic behaviour of such a function is completely revealed, when
those limit functions ¢ satisfying

lim&i&xs_l_w(g,n) =0 x=E5, ¥ =ns
X y
Esn (5)

are determined, which belong to the four types mentioned before (fig. 5.8).
The uniformly valid approximation has the form

(=xine -x1lne

0o(xs¥3€) = ¥y (x¥)+,, (v ) +ey, o (~xIne,y/€)+ey, , (~xine/e,y/e) +

lne
- ¥ (x,y)-v (x,¥)-¥ (==Ey)- eV, (=x1ne,y/e)+y (x,¥).
it 0svys Thuy 1sVq4 05044
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This example only serves to explain the method developed in the preceding

sections. The function ¢0(x,y;e) could be derived from ¢(x,y;e) in an

easier way.

Teble VIT
v(E,n) 8 (e) GY(E)
a ] =n2+2n+n£lnn § =1 § =1
01 xas yas
b ¢o’ 11=n +2n -e/lne;;éx;;1 6y251
(< Wo’v12=2n+£n -1/1ne;§6xa§1 Gy:sexp(-1/6x)
2 1 S - =
d w11 =n“+2n+nexp(~-£sinn) sxas e/1lne dyas1
e | ¥ =2n+En+(n+3)exp(-£n) 8 =g-1/1ne Gy:se
e w1,u1 =2n+nexp(-&n) -e/lneg;éxé§-1/lne Gy:s-e/(dxlne)
g w1,v11=3n+3 -e/lne;;éxggq/lne Gy:se
h |y, =2n+(n+3){ 1+exp(~£-n)} 8.z ~c/lne Gy:se
i wo’a11?2n -e/éylne;;éxgg-1/1n6y €§§6y§§1
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-1né§
5 A
Vi
& e g h
£
Ve c
i
d
45 + +— -1né
a b X
11 o] .
Ve € X
=l ==t
1lne €

5.6 APPLICATION TO AN EXPLICITLY GIVEN FUNCTION

In order to show the advantages of the theory developed in the preced-
ing sections an application is given. The examples previously given were
more or less prefabricated. This application, however, forms a more signif-
icant contribution to the theory of singular perturbations. The computa-
tions arising in this application have been given in [14].

We consider the problem of approximating asymptotically the function
U(x,y3e) satisfying the differential equation

2%y , 2%u| _au _

(5.50) LU= eg|[~—= +—| -
€ 3x2 ay2 Ay

Qs x>0,y>0, 0<e€ << 1,

and the boundary conditions

(5.512) U(x,0) = kx
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(5.510) U(o,y) = o(y), #(0) = o.

Our purpose is to expand the exact solution of (5.50), (5.51) in order
to understand the mechanism of its boundary layers.
In section 5.7 an approach from singular perturbation point of view will be
given. Here we study the exact solution, as obtained by means of Green's

theorem

U(x,y3e) = = Jo ¢2(p)exp(y—;§)g—xﬁ<o(/x +é€'y) )K= +r(ale’+y) ):ldpd-k.x,

where Ko(z) denotes a modified Bessel function.

Introduction of a transformation of type

{5552} x = g%, Yy =ne, a,8 >0
yields for
a. a=8=0,

(5.53a) wm(E,n) = k&,

b. 0<ac<1/2, B=0,

(5.53b) wo’v11(£,n) = kg,

c. 0<a=8<1

(5.53¢) v (gyn) = k&,
0sV40

d. a=1/2, B=0,

(5.53) v, (&) = \[2

m

1.2
0 -t 2
f e a(n - Sjat,
£/V/2n 2t

e, 1/2<(!< 1’ B=2a—1’




8k

&
(5.53) v, , () = 0 (@) VE [ et -,
M1 E/ven 2t

(5.538) ¥ 5(E,m) =

_%'(0 J D exp("—B li _gJE_l_') __g_(B_L':I dp + k&g,
0

™

g. B<a< 1/2(B+1), 0 < a < 1

(5.538) ¥, . (&,n) = k&.
11

B
11 4

(o] [~

g
0 a d

a
0 b 1/2 1
£IgIN5L0

The approximation, which holds uniformly for x > 0, y > 0, is

(5.54) oo(xsy3e) = vy, (x,y) + w11(x//2.y) + b (x/e,y/e)e +

g wo’v11(x,y) =¥oy (x,y) - w1'u1(x//E,y) +

12




+ wo’a11(x,y).

5.7 THE BIRTH OF THE PARABOLIC BOUNDARY-LAYER

85

In the singular perturbation solution of (5.50), (5.51) the degenera-

tions of the differential operator Le are considered for transformations of

type

(5.55) x = £e®, y neB, a,B > 0.

In figure 5.10 all degenerations of Le are shown:

Haa (el =10l
Bah a,B € a,B
e
& 2
an 2 2
: : e
2 9 (13 an
(< "_'2—-8;
1 3n % 3 3
d == *"2"m
. 9L an n
e || |22
an ag2 an 352
0
0 1/2 1 a

fig, 5.10
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Further, formal limit functions, satisfying

(0)
(5.56) LQ’B

E;’B(ﬁ,n) = 0,
are introduced.

In chapter 4 the usual singular perturbation method was demonstrated,
before the term "formal limit function" was used. However, for the present
problem such a solution is not available in literature.

In a first approach the general solutions of the local equations are

determined.

©
|}

e (€), 0<a <1/2(B-1), 0<B, <1,
a a a

2
=S " e v
a8, = Fo,,8 (P20 exP[E(n-pE:I / Finea)s

o
<
|

a, = 1/2(8,-1), 0 <8 <1,
— _ n
c. agl T Qac,1(€)e + Rac’1(£)n + Pac’1(E). e R
oy 2
N ¥y-9 (£=p)“+(n-q)
A V4 Fi,1(@:0) exP[ze] Kol 2¢ )s

fry2 2
e. v =F ’B (P’q) ln(ﬁ E)QZLQ-Q) )’ 1 <

a a8, - a a8, ag = Be»
. n = R s s
f waf’Bf af’sf(g)n s Paf’Bf(E) 0 < G.f < st 1< Bf
" =5 + T . 1/2(g =1) < 0 < 1
g ageBy o‘g’sg(n)f: ag,‘sg(n) /2(Bg=1) < ag, 0 < By < 1

and < o 1< .
Bg g’ Bg
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The functions L g are Green's functions, which are used to determine solu-
’

tions that satisfy the boundary conditions.

Because of the matching conditions the following relations hold

Q () =R () =R (g) = o,
ac,1 ac,1 af,Bf
B oo (EY=E_(6) =B o (6) =P (E)
a f
Moreover, E;e’se is contained in 51’1 and E; .8 in ;1 1°

Taking account of the boundary conditions we obtain expressions for the
formal limit functions which are identical to (5.53).
Finally it is proved that

(5.5T) o(x,y3€) = ¢ (x,¥3¢) + Z(x,y3€),

where Z(x,y3;e) = 0(e) for x > 0, y > O and ¢0(x,y;e) is given in (5.54).
Substitution of (5.57) in (5.50) yields

2 2 82

(5-58) LEZ = =€ :_2" U’O ( QY) el (x//_QY) b —2' (X/f’y{]
> d By oy

The singular terms in the right-hand side of (5.56) cancel out, so

(5.59) L2 = o(e)

for x > 0, y > 0.
Moreover, from (5.51) and (5.54) it follows that

(5.60) z(x,0) = Z(0,y) =

In a theorem Eckhaus and De Jager [T] pose that under conditions (5.59),
(5.60) 2z(x,y) = 0(e) uniformly for x > 0, y > O.
Since in formula (5.54)
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ey, (x/e,y/e) - ¥ (x/Ve,y) = 0(e)
12 1,u1
uniformly, the approximation can be simplified:

o(x,y3€) = b (x,5) + ¥, (x/e,y) =y, o (x,5) + 0(e)
*V11

uniformly for x > 0, y > O.

Remark For an approximation with a higher degree of accuracy the reader is

referred to [14].
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CHAPTER VI  THE BIRTH OF A BOUNDARY LAYER IN A LINEAR ELLIPTIC SINGULAR
PERTURBATION PROBLEM

6.1 PRELIMINARY REMARKS

In this chapter the elliptic problem formulated in section 4.4 will be
submitted to a more detailed analysis. By means of the two-dimensional co-
ordinate stretching technique the boundary layer structure near the singu-
lar points A and B (see figure 4.1) is revealed. Moreover, higher order ap-
proximations of the solution are constructed. Until so far we only employed
limit functions as local approximations of the solution. We now introduce

asymptotic series as local approximations.

(m, )

Definition 6.1 The function ¢ E (Et,nt;e) is an approximation up to

Gm (e) of ®(x,y3;e), if for

t
(6.1) x = EtSX,t(e), y= ntéy’t(e), Gx’t T 1 Gy,t e |
(mt)
(6.1a) o, (g, sny3€) =
(m, )
T (Egan, )6 00 () + T (Epan, )8V (e) + L. 4 T, (Egany )6, (<),

where the term To(gt,nt) satisfies

(6.2a) lim {%15&1131 To(gt,nt{] =0

oy Géo)(E) )

and the terms Tn(Et,nt) satisfy

n-1
r&(x,y;e)- ) Tk(Et,nt)5ék)(€)
k=0

(6.20)  1lim
Eyomy 5% (e)

- To(Egsng)l =0,

et fs e e s
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If Gx $ 1 or Gy e 1 this approximation is called a "local" approxima-
) ) E]
tion.
(m,)
Definition 6.2 A local approximation . (Eu,nu;e) is contained in
(m )
(Evsnv;e): if
(mv) sx u y,u 1
s 2 2 -
llm ¢V (Eu 6 E] nu 6 ) R) bt UO(Eu,ﬂu),
My X,V y.v 8 7" (e)
(mv 6x u f u (k)
: _X,u YUy _ ~
T S e ) Z U (E,om)8 ()} —1—7———
gu’nu Xy ¥ YV k=1 u (e
U, (En)s n=1,2, ..o, m.

(m_)
Definition 6.3 An approximation ¢ V' is called significant, if

AQ

V

)(£ sn, ) is not contained in any other local approximation.

We consider the function &(x,y;e) satisfying a differential equation
of the elliptic type, i.e.

(6.3) L€d> = elyd +L,0= h(x,y)

1

in G, where L1 and L2 denote the differential operators

% 52 52 3 3
= alx,y)—5 + 2b(x,y)ax—ay +elx,y)—3 + dlx,y)ys + e(x,y)g * £(x,7)s

L. =
2 9x oy
and
= oy L
L1 = = 9x - S(Xa}')-

We assume that the operator L, is elliptic, a(x,y) > O and

g(x,y) - ef(x,y) > 0 in G, and that the coefficients a(x,y), ..., h(x,y)
are continuously differentiable up to order 2m + 3 (m=0,1,2,...) in G.
Moreover, it is assumed that G is a bounded strictly convex domain with a

smooth boundary T which has the property that its parametric representation
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with the arc length as parameter is continuously differentiable up to

2m + 6. At the boundary ®(x,y;e) satisfies the condition

(6.4) o = ¥(x,¥),

T
where ¥(x,y) is continuously differentiable up to order 2m + 3 for all
points at T'. Without loss of generality it may be assumed that the position
of the domain G with regard to the x,y-coordinate system is as follows: Let
A and B be the points of the boundary I', where the characteristics of L,
(the lines y=constant) are tangent to I'. We assume that A is on the posi-
tive y-axis see figure 6.1. In this chapter we deal with the case of first
order tangency in both A and B. In section 6.4 the case of higher order
tangency is studied.
The part of the boundary T' at the left-hand side of A and B is called T
and the part at the right-hand side T

L

¥

In order to apply the method developed in the preceding chapter we

introduce the p,6-coordinate system

(6.5) x = (r(6)-p)sin 6, y = (r(8)-p)cos 0,
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where 0 < p < r(6) and 0 < 6 < 6.
Substitution of (6.5) in (6.3) yields the differential equation

(6.6) Lo = 8.0 + 5.4 = h(ips0)l5

2 2
I, . SR A { ar'(e)p _ __ g } 2”
- (r(e)-o)2 392 (r(e)-p)2 r(6)-p/ 363p

. { r'(e)p _r'(e)g t} QE_ " { -g 4 cosé-e sine}.g_ -
(r(0)-p)%  r(6)-p 30°  (r(8)-p)? r(e)-p ) ®

. {rn(e)p-rv(e)q _ p+r(6)(d cosb-e sind) + (4 sine+e cose)}-g— ‘2,
(r(6)-p)? r(6)-p %

2]
"

cos® 9 ) r'(6)cosb _ singl 2 4
1=~ |r(8)-p 20 r(0)-p 3 | 8>

a cosee - 2b sinb cosb + ¢ sinee,

o)
n

(a~c)sin26 + 2b cos286,

Q
n

t=a sin26 + 2b sin6 cosH + ¢ cosee.

Here the coefficients a, ..., h are functions of p and 6.

Substitution of

(6.7) p = Eev, ) neu, v>0, u>0,
into the operator Le leads to the operator expansion

Yr. = Y 2y mys
(6.8) el =N, +eN, +e¢ N2+...+e Nm.

the terms of the formal local approximation
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(6.9) 3™ (g,mse) =
To(Esn) + YT, (g,n) + eeYTZ(E,N) £ )

are determined by an iteration process, which follows from an equalization
of coefficients of terms with equal powers in e in the equation
Y 2Y, myy Y
(N0+e N +e" N+ e Nm) (To+e T

+52YT2+. . .+emYTm) = ¢'n.

1 1

Moreover, the terms of a formal local approximation are required to
satisfy a matching condition. Contrary to the limit functions no matching
theorem exists for the local approximations. This problem is still un-
solved.

For the formal local approximation we propose the following type of match-
ing condition.

Assuming that there exist two significant formal local approximations

_(m )

¢(X’Y;E) = u (E 9“ 3€) + 2 u(Eu,nu;E),

(m )

¢u = UOéu,o * U16u,1 ¥ U26u,2 B Um Gu,m ’
u u

and
_(m)

o(x,y3e) = o (Esn se) + zmv(sv,nv;e),

_(m)

Qv a vOsv,o * v16v,1 i v26v,2 L Vm,vsv,mv’

of which the corresponding limits have a common domain of convergence, we

take a path x = Ewa R g 6 - in this domain. Substitution of
’
gu = w x w / 6x w TNy y, /8 ¥su S50 E Evﬁy v / éy,v’
LR v e / 6 Y into the series and development of its coefficients
b} ’

yields




9k

¢ = UéO)Gi?é + Ué1)6£:g G
50 G0 oo O 0w Rt o og
g(0s(0) L (D)
m m u,m
u u,m u u
u
2(0)g(0) o (1)s(1) .
m Z,m m u,m
u u u u
and
(0)4(0) (1)5(1)
b=, GV,O * Yo GV,O T ?
78 0090 h oS ass o d D
S0s(0) (D)
m_ V,m m_ Vv,m
v v v v
Z( )6(0) + z(1)6(1) TR
m Z,m m v,m
v v v v

Equalization of the coefficients of equal order functions of both series
leads to the matching condition. When such a coefficient contains a term

of Z or Zm s of course, no matching information is produced by such an

u v
equalization. In section 6.2 we will see how this matching condition works

out for this very problem. Besides the boundary conditions of section L4.lLd
other boundary conditions arise, which we will also meet in section 6.2.
The reader will certainly have observed the links with the preceding theo-
ry. The first term of a local approximation represents the limit function,
and the first term of a formal local approximation is identical to the

formal limit functions.

Our objective is to construct the significant formal approximations
of o(x,y;e) (see section 6.2). In figure 6.2 we show some degenerations of
L_ for a transformation of type (6.7) as far as is important for the pres-

ent problem.
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2218
a2 ~ ¥(0) an
£
2 I‘ (0) 1 9
c°;+(1 —(")‘)“ = *(0) an

r (0)

co—+(1- 7—” 5 n 2= 3%

2

3€

r,(0)

3 13
"r'(05 "3 ~ ¥(0) an
-g(x,y)

0 ¢ ~+ vb v
0 2/3 /1
r'(e)Po(e) r'(e)qo(e) 32 cosf r'(6)
o TR ol®) o weine- Sy 5

fig. 6.2
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In terms of limit functions we expect a structure as shown in figure 6.3.

u
14 Vo1
()
1svp4
1/3 L2P
wO,v ¢1,u
WO o J
1 JP
+ v
Yo1 Il’o,\;” 2/3 .
fig. 6.3

The significant formal approximations are:
a. Vv=0, u=0, the outer expansion,
b. v=1, p=0, the ordinary boundary layer expansion,
c. v =2/3, u=1/3, the intermediate boundary layer expansion,
d. v=1, u=1, the interior boundary layer expansion.

In section 6.3 these expansions are composed to a formal uniformly valid
approximation. With the maximum principle it is proved that such a formal
approximation is uniformly valid with a certain degree of accuracy.

6.2 LOCALLY VALID EXPANSIONS

a. OQuter expansion

It is supposed that there exists an expansion
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m
(6.10) :bl(lm) = z Un(Xay)En,
n=0

of which the coefficients Un satisfy the differential equations

LU, = h(x,y), LU, = L2Un-1’ nim 20 ey s
Along Fl the boundary conditions are
Uy = y(x,y) and U = 0, N a i) e s
te i

This iterative system is solved in an elementary way. It is easily verified
that the functions

X

x — —
expl- J g(p,y)dp]

wt

VK ()] - J
1 -1
y K1y (K73 (3)) p

(6.11a) Uo(x,y)

{h(p,y) + glp,y) w[k;;,(y)]}dp,

x x
J eXP[-I g(p,y)apl (LU _,(p,y)}dp,

(6.110) U (x,y) -1
k1x(k1y(Y)) P

n = 1.2, cesy My

satisfy both the equations and the boundary conditions. In (6.11) the fol-

lowing functions were introduced:
x = r(08) sing = klx(e)’ ¥y = r(8) cosd = k]y(e)

for 0y < 6 < 2m,

el = w(km(e),kw(e)).
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b. Ordinary boundary layer expansion

Substitution of (6.7) with v = 1, u = 0 in the coefficients @, ..., h

yields the expansions
m+ 1 _m+1
€
m+1

g

(6.128)  a(eE,0) = a (0) + €ka,(6) + ... + (®),

(6.12h)  h(eE,0) Rt

ho(e) + e£h1(6) + ...+

Using these expansions we obtain for the operator Le

+ »32M2 T

= +
eLe MO eM 1

1

r'(e)p,(6) r'(e)q,(6) 32 : cosé r'(6) |3
Moz{ re)2 Tt +t°(°)}a—¥+{sme' r(e) }3—5

An ordinary boundary layer expansion

~(m) _ ¢ n
(6.13) o ' = ] v (g,0)e,

n=0

is introduced such that vn(g,e) satisfy the equations

(6.14) MV, =0, MV =- ) MV o, n=1,2, oo, M.

Moreover, the functions i satisfy at I‘r the boundary conditions

(6.15) v,(0,8) = ylel, v (0,8) = 0, D=1, 2, eooy MW,
where ylel = w(kex(e),kzy(e)).
x = r(6) sine = k2x(e)’ y = r(0) cose = kzy(e)’ 0<6c<86,.

The solution can be written as
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(6.16) v _(g,0) = An(E,e)e'Ek(e)

. r'(8)p.(6) r'(6)q.(e)
k(0) = {sine - EEE%TETLQl} { r(e? - r(e? + to(e)}.

vwhere An(E,e) and Bn(E,e) denote polynomials in £. Conditions (6.15) change

+ B (£0), n=0,1,2, ..., m,

into
Ay(0,8) + B,(0,6) = ylel, A (0,6) + B (0,8) =0,
R Al P s ok

When in the outer expansion (6.10) the local coordinates corresponding to

v =1, uy =0 are substituted and the expansion is reordered, it transforms

into
gim) - U(o)(g’e) . eU(1)(£,6) . eeu(e)(g’e) N
where
(0) (1) BUO
Ut =Uy s U =T +E=—2 L e,
Ol p 1o o |p
{ o r r

The matching condition takes the form
lim [V _(£,6) - U(n)(c,e)] = 0, SN - A
E-)cn 2} ‘

Thus, it turns out that
Ao(Ese) = ylel - Uo(kax(e)’kzy(e))’

Bo(£,0) = Ug(ky, (6) Ky (0)).

¢. Intermediate boundary layer expansion

We consider the case v = 2/3, u = 1/3. Again the coefficients

a, ..., h are expanded in Taylor series.
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2/3 m+1/3

(6.17a) a(€2/35,81/3n) = a0+e1/3a1(n)+e az(E,n)+-..+e a3m+1(z,;),
(6.17)  n(e?/3g,e"/3n) = nyre3n (e Pn (e m)e.. 0™ 30 (E).
Lé is expanded as follows
/3. = 1/3, 2/3 m+1/35
€ Le = T0 + € T1 + € T2 e FRE T3m+1’
2 r_(0)
I 2 a1 3
g o ot e ) AT ()

Supposing the existence of an intermediate boundary layer expansion

(6.18) &™) Iy (eme/3,

n=0
we obtain the equations

n
(6.19) TY, =0, T¥ =- ] T.¥ .+h (£n), n=1,2, ..., 3

2 i=1

In addition the functions Yn(E,n) have to satisfy conditions such that
they are uniquely determined. On the one hand the intermediate boundary
layer expansion has to match the outer and the ordinary boundary layer ex-
pansion, on the other hand it has to satisfy the boundary condition
w(s1/3n) for £ = 0and n = 0.

In the outer expansion (6.10) the local coordinates corresponding to
v = 2/3, u = 1/3 are substituted and the expansion is reordered. This

yields
(6.20) o = u(®(g,n) + 30013 (g n) + 230D (gn) + .

The outer expansion matches the intermediate boundary layer expansion,
provided that for E/n2 = 0(1) and |n| >> 1,

(6.21) Y (£,n) = u(n/3)(g,n).
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For this case the limit & = Cn2, n > @ corresponds to the direction of the
line, which connects a and c, see figures 6.2, 6.3 and 6.4, The terms

sees Uy of (6.10)

U(n/3)(£,n) consist of contributions of all terms Ugs Uys

U(n/3)(E,n) - U(()n/3)(£’n) o Usn/3)(gsn) + ...+ U’in/.?t)(g’n).

According to the matching principle for Yn(E.n) a same expansion must hold

Yn(E,n) = Y§°)(£,n) + Yi')(i,n) + Yiz)(e,n) + ... 4 Yim)(E,ﬂ),

(€/n%=0(1), |n|>>1)

where

6.22) ¥ (g,n) = v (gn) = 0™, k=0, 1,2 ..., m,

n=0, 1, 2, seey 3Mm.

A same procedure is applied to obtain a matching formula for the ordi-
nary boundary layer expansion (6.13) and the intermediate boundary layer

expansion. The local coordinates corresponding to v = 2/3, u = 1/3 are sub-

stituted in expansion (6.13). Reordering of this expansion yields

0™ w v((g,ny & VB (g 0y & B3(B) g ) 4 .,

v g ny = v gn) + v (gm) + e v (B3 (g0

Let the series

(1)

Wgum + @ em) + o+ ¥ ™ ig,n)

v (gan) = Y (g,m) + ¥

express the asymptotic behaviour of Yn(g,n) for &n = 0(1), n >> 1. Then the

matching condition becomes
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(6.23) Yik)(i,n) = Vin/3)(€,n) =0 3%), k=0, 1,2, co.p m,

nA=E0 SR 2 R et M s

1/3n] at the bound-

Expansion (6.18) is required to have the values yle
ary with an accuracy 0(e™). When a Taylor expansion of this given function
is made, the boundary condition takes the form

Y (0,n) = w(n)[o] e

For n = 0,1 explicite solutions are available.

(6.24) YO(E,n) vlol

and

(6.25) Y, (g,n) = R(g,n){y'l0o] + r(0)2} - nr(0)Q, @ = h, + govLol,
where
. 3 2 2
R(E,n) = -exp(-1/2a&n-1/128n") . {wR,+u R -0 R3-th}/Y.
°° Ynxw2
R1(€,n) = fo A1( Al(x-me)e dx;
Ry(E,n) = {0 A1( Al(x-mw E)eYnxwdx,
Ry(E,n) = Jo AT (o) A (x-mog) e ax,
Rh(E,n) = f Ai—ﬁilg-Al(w X—-mi g)eYnxdx.
0 Ai(w x)

Ai(z) represents the Airy function with argument z and Ai'(z) derivative,
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w = exp(2/3mi), a = (r(O)-rz(O)) / (cor(O)),
w? = exp(-2/3ni), B = r(0)a,
m3 = a/(2cor(0)),’ Y = cor(o)mz.

R(£,n) satisfies the homogeneous equation of (2.15) and has the boundary
values R(0,n) = n (see appendix A).
The reader will notice that the matching conditions are indeed satis-

fies, we verify the first two terms

Uéo)(i,n) = v(()O)(r:,n) = Y(()O)(E.n) = ylol,

U(()1/3)(£’n) - Ygo)(g’n) = - n2+2£(r(0)-r2(0))'1 .

{v'lo] + r(0)Q} - nr(0)Q,

v 73 (e,n) = ¥ (e,n) = ¥{(0,m) + 2ntyrtod + r(0)ar

r(O)-ra(O)
exp4-&n —"'T"ycor 0 g &

(see appendix B).

H
1
£2/n=0(1), |n|>0

£/n%=0(1)

1/3
[ ] En=0(1), me

0 .

0 2/3 1

fig. 6.4
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d. Interior boundary layer expansion

In this case the values v = 1, y = 1 are substituted in (6.7). The
coefficients a, ..., h are expanded as follows.
m+1

&0 + 881(£’n) e £ E am+1(E;;):

(6.23a) alek,en)

hy + ehy(E,n) + ...+ €0 (E,0).

(6.23n) h(eE,en)

The differential operator LE becomes in expanded form

- 2 m+ 1=
eLe = KO + eK1 Fhe K2 2 Ayt G Km’
g 0 2% %o 9% 9% 1 a

It is supposed that an expansion exists of the type

m
(6.26) o™ ¥ W (g,
n=0

so that Wn(E,n) satisfy the equations

n
(6.25) KN, =0, E¥ =- ) KW . +h (En), n=1,2, ..., m,
i=1
and the boundary conditions
W_(0,n) = ¢ (0] n¥ ut -
pl0sn) = ¢ 0l n/ni, D Ty Py oo Sk

For n = 0,1 we obtain the solutions

WO(E.n) ¢[0]’

WP (g,n) - nr(0)a, (a=h,j+g,yL01)

W1(E,n)
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+0 K, (kr)
Wsh)(e,n) = %E J i S 7P f1(;%§7) —l;-- dp,

du2+(v-p)2, k = 1/2c / (a -b ),

r=

u = 1/2 i(x1-x2)g,

v = 1/2 (A1+A2)E + r(0)n,
A1’2 = (-b +1 0 O—bo) / cy

K1(z) denotes a modified Bessel function with argument z. The function
f£,(z) has to be bounded and continuous with f,(0) = 0 and

£1(0) = (a+y'[01)r(0). A function that satisfies these conditions is
£,(z) = £1(0)ze™".

Finally, we study the matching conditions for the interior boundary-
layer expansion and the intermediate boundary-layer expansion. In (6.2L4)
the local coordinates corresponding to v = 2/3, y = 1/3 are introduced, so

that

ofm) - w(()o) R e1/3{w$1/3) . w;(31/3) P w;1/3)} -

* € . cae

2/3(2/3) | (@13, L@y,

Let
v (5m) = 1,0+t en) + ¥ B g +

constitute an asymptotic expansion of Yn(E,n) for n/E2 = 0(1), 0 < £ << 1,

It appears that the matching condition is satisfied, if

n_+3k

Yik)(i,n) = w(n/3) =o(c 0 ),

(n+n0+3k)/3
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n, =1 if na=E G B e alels
n,. =2 if n = . b 7L e,

n, =3 i N =03 6RO S
We remark that indeed

1, = w{I(e,n) = (n+

5700 CO) (p'Col+ar(0)) - nar(0),

see appendix C.
6.3 UNIFORMLY VALID EXPANSIONS

In this section an expansion for the solution is constructed, which
holds uniformly in G.

First, a formal uniform is composed of the significant formal approxi-
mations. For that purpose, the results of the matching method are utilized
to reorder the local expansions in such a way that expansions with regular
coefficients can be obtained.

Next, it is proved that the first three terms of the formal composite

expansion approximate the solution ®(x,y;e) with an accuracy O(e).

Until so far we only studied formal local approximations which hold in
a neighbourhood of A. We also have to investigate the formal local approxi-
mations holding in a neighbourhood of B, since we have the intention to
construct a formal uniformly valid approximation. With a similar analysis
it can be shown, that the same types of local expansions arise near B. In

the sequel, the expression

3m
—(m) _ n/3
¢y = nZo Yne

represents an intermediate boundary-layer expansion near A and B: i.e.

= y®) )
n n n
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(B)

n

where YiA)(g,n) has the form of (6.18). The function Y has a same form

YiB)(E;;), where £, n follows from

x = (r(8)-p) sin 6 + R
y = (r(8)-p) cos 8,
7 -8 =mel3, o = Te?/3,

Similar assumptions have been made for the interior boundary layer expan-
sion and for the matching terms.

The ordinary boundary layer functions Vn(p/e,e) are ‘exponentially in-
creasing in the left part of the domain G. In order to express these bound-
ary layer terms as functions defined in the whole domain G we multiply them
by an infinitely differentiable smoothing factor K(p/po), which is defined
in G as follows.

Outside a neighbourhood of Fr it equals zero, inside a neighbourhood of Fr

we distinguish three cases for 81/3 <9 < eB - 51/3

a. 0<op 5_1/3p0, wvhere K(p/po) =1,

b.  1/3p, < :_2/3p0, where K(p/po) is monotonic decreasing
from one to zero,

c. 2/305 2P <P where K(p/p,) = 0.

Thus in the sequel the following expression for the ordinary boundary layer

function is used
Vn(o/E,e) = K(p/po) Vv (p/e,8).

Before continuing our analysis we summarize the results of the prece-

ding section.

a. We have obtained an approximation of the solution, which holds outside

neighbourhoods of the points A and B:
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m
(6.26)  o(x,y3e) = [ {U (x,y) +V_(0/e,6)}e" + 2 (x,y;¢).
n=0
In [7] it is proved that Zm(x,y;e) = 0(€m+1) uniformly in G apart from
small neighbourhoods of A and B.

b. Near the points A and B we obtained formal local approximations, which

we called intermediate and interior boundary layer expansions.

c. By means of matching methods conditions were derived for the terms of

the expansions mentioned in a and b.

In figure 6.5a we show in a suggestive picture the domains correspon-
ding with the various expansions. The lines separating these domains are
determined by the thickness (in order of magnitude of €) of the boundary
layers (see figure 6.5b). The values of V,u of figure 6.5b correspond with
the values from formula (6.T).

200K

1/3

fig. 6.5a fig. 6.5b
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Step by step a formal asymptotic uniform approximation is composed.

Expansion (6.26) is reordered and the terms U(n/3) in/3) which were ob-

tained with the matching method are put forwards in the series

W) 4+

(6.21) o =uy+T,+ 3 (1/3),5(1/3), (‘/3)+V£‘/3)+.

+...) +

2/3(U(2/3) (2/3) (2/3)4722/3) )

+...) +

e(U1—U$1/3) (2/3)+V v(1/3) (2/3) (3/3);;;3/3)

Using (6.22) and (6.23) we deduce that Y has the following asymptotic be-
haviour

v = plp/3) , §(0/3) , ,(n/3) +-‘7$n/3) " Uén/3) +"7ér1/3) "

n 0 0 1

Considering these relations we introduce an expansion, which is identical
to (6.27) in domain I and to (6.18) in domain II.

(6.28) 0=1U + 7V, + 51/3(Y1-Ué1/3);Vé’/3)) + e2/3(22-uézl3)4782/3)) +

(v, U(1/3) (2/3)+V v(1/3)
o U(3/3) (3/3) (3/3) (3/3)) o

Finally, we are able to construct an expansion, which is identical to

(6.28) in I and II and to the interior boundary layer expansion (6.24) in
I1T,

(6.29) & =uy+ T+ o x ol 13y, 23y yl2/3)5l203), ,

e(u,-0{ /3 4?73 5 F(1/3) 5(2/3),

(3/3) =(3/3) ..(3/3) =(3/3 (1/3) ..(2/3)
Earlly "=V el Ntk )+w1-w1 -, £ 2
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Expansion (6.29) has all properties desired for the function ®(x,yj;e) such
as exponential decay near the boundary I and an "Airy function" behaviour
near A and B, which forms a linkage between the interior solution expressed
in modified Bessel functions and the solution outside neighbourhoods of A
and B.

However, until so far we did not prove that a finite number of terms
of (6.29) approximates the function ®(x,y;e) with some accuracy in €. We

will prove that

(6.30) 8=Uy+V,+ €1/3(Y1_U(()1/3)_-‘;(()1/3)) - 52/3”2‘”(()2/3)'7(()2/3)) $

8(71—V$1/3)-V$2/3)+Y3-U(()3/3)-‘723/3)-723/3)) + 2,

where Z(x,y;e) = 0(e) uniformly in G.
For this purpose a theorem of Eckhaus and De Jager [T] is reproduced, which

forms an application of the maximum principle.
Theorem 6.1 Let &(x,y;e) be the solution of the boundary value problem
Lo = he(x,y;E)
valid in a bounded domain G with
of =¥ (x,y;¢)
I

along the boundary I' of G. If

0(e%) in G, a > 0,

h (x,y3€)

and

v (x,y3€) 0(eP) along T, 8 > 0,

then at most

o(x,y3e) = o(emin(a,s)) in G.
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Substitution of (6.30) in (6.3) yields

(6.31) Lez = -[e(L +M2V M v +T 5 2+T Y.) +

2 V313 (VI /3
0

h0+h1e+1/2heee +hpp-L€{e

e2/3(U(2/3) (2/3) (2/3))+ (U(3/3) (3/3) (3/3))}]'

moreover it follows from (6.30) that

The right-hand side of (6.31) contains singular terms, but it will be
proved that all these singularities cancel out.
The following properties of the local expansion terms will be used in

order to prove that
LE(Z) = 0(e)

uniformly in G.
a. The expressions

. (1/3) =(1/3) =(1/3)
K, = T3(Y1-Uo Vs -V, D

— T (2/3) =(2/3) =(2/3)
K, = T2(Y2—UO —VO -3 e

_ (3/3) 5(3/3) (3/3)
Ky = Ty (¥3-05" 7'V, )

are bounded in G, so that a number M independent of ¢ exists such that
max{|K,|, |K,|, |K3l} <M.

bis In appendix D we prove that




gae

2
ho + h1e + 1/2heee + hpp +

(E-1/3T0ﬂ.1+€1/3T2)€1/3(Ué1/3)vé1/3)+V§1/3)) .
(5-1/3'1'0*"1'1)52/3(U82/3)+V(()2/3)+v$2/3)) +

('3

To)E(U(()3/3)+_‘7(()3/3)+753/3)) -

Slng{L2U0} + Slng{MZVO} + Slng{M1V1} + 2,
where

1/3 1/3

N
|

<9 <06, =-¢

N
= 0(e”) for 1/3p) < p < 2/3p,, € B

(N arbitrary large)

0 elsewhere in G.

0N
n

Sing{S(x,y;e)} denotes the singular terms of a development of S(x,y;e)
near A (and B).

The contribution to the right-hand side of (6.31) comes from the regu-

lar parts of L UO’ M2V0, M1V1 and from K1, K2 and K3. Thus we find that

2
L.z = 0(e) in G.

Applying the theorem mentioned above we may conclude that Z(x,y;e) = 0(e)
uniformly in G. We remark that a same accuracy is obtained when the term of
0(e) is omited in (6.30).

It is emphasized that an estimate of the remainder term of a truncated for-
mal uniform expansion can only be made with the maximum principle, if the
last term of the truncated expansion is of order 0(e™), m = il 2 ooo o 18
this last term the contribution from the interior boundary-layer expansion
can be omitted.
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6.4 HIGHER ORDER TANGENCY

It appears that the order of tangency in the points A and B determines
the composition of the uniformly valid approximation. Therefore, we study

this tangency in detail

In a neighbourhood of A the coordinates of the boundary
x = r(08)sin 0, y = r(6)cos 6
are expanded for small 6

= r(0)e + ( -‘”—(21

r, (o) 2191 r (o) e3
3!

y=r(0)+( +

r,(0)  1,(0)
t g -

+ r(0))9 S

In the preceding sections we considered the case r(0) > r2(0) which

agrees with the relation

x = r(0) \/ ;T67:§;T67 Vr(0)-y + 0((r(0)-y))

between the coordinates of the boundary near A (see also Visik and
Lyusternik [34]).
From now on we also consider the case where the tangency of the char-

acteristic of L, to the boundary in A is of higher order. Let

1

y = r(0) - kén)ez - kgn)93 - kﬁ“)eh = kén)es .
and kén) = kgn) = ... é§)1 = 0, k(n) > 0, then the tangency is of the

order 2n - 1. This leads to the followlng relation between the coordinates

of the boundary near A
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2n .

x=10) \/ &) (r(0)p)®

An analogous argument holds for the tangency in B.

In comparing the local expansions for different orders of tangency we
see one important change, i.e. the intermediate boundary layer.
Firstly, the intermediate boundary layer arises for other values of v and u
(see formula (6.7)), and secondly, the local equation (and therefore also
the local expansion) is different. Thus, the intermediate boundary layer is

determined by the order of tangency.

Let (vn,un) be the point in the v,u-plane that corresponds to the in-
termediate boundary layer equation in case of (2n-1)th order of tangency.

Then the differential operator euan is expanded as follows

2
&SN = Tgn) + eunTsn) + € unTén) + eeey

1-2vn+un 32
coe ——5 + €
o€

T(n) "2™Vn X(n) 1.3
0 0

r(0) an °

We take 1 - 2v_ + u_= 0, so that the first and third term of Tén) are of

the same order of magnitude in €. Xén) is the first term of the expanded
operator
u u
. n n u
r'(ne )cos ne ~ _ sin(ne 2) I
L ¥y 13
r(ne 7) - &e
For the (2n-1)th order of tangency the following expression for Xén) is
computed
X(n) _ k(n) 2n-1 (2n—1)un a_
g =%m B % 9 *
*n"Vn_(n) ) .
The term € XO is of the order 0(1), if by =0 4 (2n-1)un = 0. Since

the condition 1 - 2vn *u, = 0 also exists, we obtain for Vo My the values

2n — 1

v o= ~ .
n In-1° un In-1




115

A diagram as figure 6.2 can be made. When these diagrams are brought in one
figure (fig. 6.6), we observe that

8. lim (\)n’un) = (1/2’0)9
n->o
b in order to match the intermediate boundary layer and the outer expan-

sion we need to introduce limits of the type E/n2n = 0(1), |n| » =,

(i in order to match the intermediate boundary layer and the ordinary
boundary layer expansion we have to introduce limits of the type

on-
Enn1=o(1),n+w.

W-

111 g
:‘2 7
ST 7
/2 v3v2v1 1
fig, 6.6

In the point (v,u) = (1/2,0) the intermediate boundary layer equation
degenerates to a parabolic equation

) _
0 -2~ 7(0) 3 - &’ 1 = By

It is easily deduced that this parabolic equation forms a local representa-
tion of a parabolic boundary layer equation, which is obtained from (6.3)

: . il .
by stretching the y-coordinate, y = r(0) - Epe /2, and letting € tend to
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zero (see figure 6.7).
(elx,r(0)) L = 2~ g(xyr(0))) Y. = B(x,(0))
clx,r agz - 35 - 8lxr " X,Tr .
P

y

l r(0)

Returning to finite n we suppose that an intermediate boundary layer

expansion exists of the type

u 2u
om) o yln) , Toy(a) |, Pay(a) L my(e)
Yy 0 1 2 m/un
Remark Exactly, as in the case of first order tangency a particular solu-
tion of the homogeneous intermediate boundary layer equation is available.

For example for n = 2 we have
Ai(x—m£+32(n)) . exp[-1/2a&n + ynx + t2(n)],

s,(n) = 1/2k£,”n2 e 1/hmk£2)nl‘,




5 b g

t,(n) = (1/hk§1)a+1/128)n3 - 1/8ak£2)n5.

(n)

Kk such that

With the aid of this particular solution we can determine Y

it satisfies all conditions.

Let the order of tangency in A be 2nA ~ 1 and in B 2nB - 1. Following

section 6.3 the remainder term Z(x,y;e) of

u, (n,) (u,) _(u,) (ny)  (uy) _(ng)
@ =Uy+ TV, +e A{Y1 A -U, L v, oty euB{Y1 - ~U, 'B -, B
2u (i) Oy _(ug) _(1=up)

o + elv, v =V -V, .-V +

N 1ty 1 1

(n,) (u/w,) _(u,/u,) (o)) (uo/wy)  (uo/w.)  (wo/w)
A APl MHpATE B /¥’ =‘Hg/Hp/ _Hp/l¥y
Y1/uA’Uo = +Y1/uB'Uo Sy -V b+,

can be estimated.
The proof that Z = O(e) uniformly in G is similar to the proof given in ‘

section 6.3. ‘

The following statement is a direct consequence of the foregoing.
If the order of tangency in A is (2nA-1) and in B (2nB—1), then
1

. 1
min(G P Tt

¢ = UO * V0 + 0(e )

uniformly in G. Frankena [11] estimated the remainder term

. 1 1
min(g =)
o(e A B,

6.5 A MAGNETOHYDRODYNAMICAL PROBLEM

The mathematical problem we dealt with in this chapter is concerned
with parallel flow of conducting fluid along an insulating pipe of circular
cross-section perpendular to which a uniform magnetic field B0 is applied.

The system satisfies the modified Navier-Stokes equation and the induction
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equation (see Gold [13]). This problem is reduced to that of solving the

equations
2
v v b
—_— —— - M =_1’
x2 y2 X
32b aab oV _
2t Ny "%
ox oy b'd
with the boundary values
v=b=0 on r=1.

The variables v and b denote the velocity of flow and the induced magnetic
field, both in a direction normal to the x,y-plane. The constant M repre-
sents the Hartmann number

M= BO(G/pv)Vz,

where p and v are the density and the viscosity of the fluid and o is its

electrical conductivity.

-1 1

fig. 6.8




Because of the symmetry with respect to the x-axis, it

to solve the problem

(6.32a) A0 - M 3% = -1

(6.32b) ¢ =0 on r=1,
V(xsy) - V(-x’y) =
b(x,y) = -b(-x,y) =

119

is sufficient

1/208(x,y) + &(-x,y)1,

1/2[0(x,y) - o(-x,y)1.

An exact solution of this problem is available

(6.33) #(r,0) = r sinb exp(-2r sin®
M M
x = r siné, y =
kn =1 if n =0, kn -
For large

M
w I2)
) ] k B (ﬂ) sin né,
n=o 21 (%) 2
n'2
r cosf,
2 I N =20,

values of M expression (6.33) is computationally useless,

since the series converges slowly. A first attempt to describe the asymp-
totic behaviour of (6.33) was made by Shercliff [32]. Roberts [31] gave an
approximation for large M, which agrees in great lines with our analysis

(see sections 6.1 - 6.2).

The differences are noted in the following three points

1. In [31] it is not evident that the approximation of (6.32) is still

singular in (0,1) and (0,-1). It turns out that another boundary layer

exists (the interior boundary layer). We must admit, however, that

this does not change the value of the net flux of fluid down the pipe

~1/3y.

for therequired accuracy of 0(M

The contribution of the interior

boundary layer to the next flux is of order O(M-h).

2. The matching conditions, that we derived, differ from the ones used by
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Roberts. It is worth mentioning that our approach has reduced the num-
ber of necessary computations. Conditions (41) and (42) of [31] are
replaced by one condition (B.1).

By estimating the remainder term, we have shown that the first terms

of the formal asymptotic solution indeed approximate ¢(r,6).
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APPENDIX
APPENDIX A

The problem, studied in this appendix, is formulated as follows.
A function R(&,n) satisfies the differential equation
2 r (o)
9 R _1_®R _
—_— +
(A.1) <o Z (1 - "?T67) " 3 ~ T(0) an = 0,

and has the boundary values
R(0,n) = n

Moreover, the matching conditions have an effect on the problem. The fol-

lowing asymptotic behaviour is a consequence of it,

= V52+2g(r(0)-r2(0)) for £/n°

R(E,4n) 0(1), [n] >> 1,

and
r(o)-r2(0)
cor(O)

R(E,n) = -n + 2n exp{-&n } for &n=0(1), n> 1.
The solution of this problem has been given by Roberts [31]. In great
lines it is as follows.

Introduction of a new dependent variable &(&,n),

(A.2) 8(£,n) = exp(+1/2a€n+1/128n3) R(E,n),

a = (x(0)-ry(0)) / (esr(0)), B = r(0)o%,

leads to the equation

2
(A.3) o 2—% + com3£® - = 3
13

= a/(2c0r(0)),

and the boundary condition
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(A.L) 2(0,n) = n exp(1/128n3).

We note that

(a.58)  Py(&sm3p) = " Ai(p-mE),

(A.50)  P,(&,n3p) = "™ Ai(wp-muk),

e'"P Ai(wzp—mm2z),

(A.5¢) P3(E,n;p)
w = exp(2/3ni), W? = exp(-2/3mi), vy = cor(O)m2

are solutions of (A.3), where Ai(z) denotes the Airy function and p an ar-
bitrary constant.

Two of the three solutions (A.5) can be chosen independently. By consider-
ing these three solution together some special properties of Airy functions
can be used.

Roberts [31] introduces the solution

(A.6) R(E4n) = L exp(—1/2a£n-1/128n3){mR1+w2R2—w2R3—th} ! ¥,
“ Al' Ynxm2
R1(E,n) = JO A1(x Ai(x-mwE)e dx,
R,(E,n) = Jo A1 & Al(x —muw E)eYnxmdx,
R3(E,n) = J Al(mx-mmg)eYn dx,
O
Rh(E,n) = J -——iﬂ—ZI Al(m X=-Tmw E)eynxdx.

0 Ai(w x)

From the theory of Airy functions it is known that for all x

(A.7) Ai(x) + whi(wx) + w2Ai(w’x) = 0
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and consequently

(A.8) Ai'(x) + mzAi'(wx) + wAi'(wzx) = 0,
Thus
-2 W . Ynx Ynxm2 2 _ynxw
(A.9)  R(0,n) = -m exp(-mesn)f A1 () (Ve X0 4, 2V MX0) gy
0

In [31] it is shown that indeed

R(0O,n) = n.

Moreover, the conditions for the asymptotic behaviour are satisfied, as we

will see in appendix B.

APPENDIX B

We prove that

(B.1) R(g,n) = - Vn2+2£(r(0)-r2(0)) for £/n° = 0(1), |n| >> 1.

After a changing of integration variables R(£,n) takes the form

el 3
(B.2) R(g,n) = -m = exp(-1/128n~) [R,+R +R +R ]
o 2
_ Al' (mwE+x ‘ ynw x
Ry = o JO T Ai(x)e dx,

2 [* air
RB N I Al mw +X Al(x)eanxdx,

0 Al(mm E+x)

_ 2 Al' (mwE+wx) . ynx
Ry = =0 fo T lmt Ai(wx)e' ax,
® A" (o’ gx)
Ry = -u S Al(w x)e'ax.

lo A1(mw2£+m x)
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For n > 0 the greatest contribution comes from RC and RD' Taking these
terms together and making use of the asymptotic property

Ai' -1
}ﬁ(p) %-/p+o(p) for |p| >> 1,

we obtain

R, + Ry ™ - j VmE+x {wAi(wx) + szi(wzx)}eYnxdx.
0

With (A.7) this form is reduced to

(B.3) Ry + Ry ™ J VmE+x  Ai(x)e’ Fax.
0

Application of the saddle-point method leads to asymptotic formula (B.1).
For n < 0 RA and RB dominate and behave like (B.3).

For the proof that

r(0)-r,(0)
R(E,n) = -n + 2n exp{-&n ‘—E—;TBT——}, gEn = 0(1), n > 1,
0

the reader is referred to [31].
APPENDIX C

In this appendix it is shown, that

2
- 2
R(E,n) = n + 5;{%7;8 for n/&° = 0(1) and 0 < £ << 1,

The integrands of (A.6) are expanded to &

- =2 3
R(E,n) = -m ° exp{-1/2a&n-1/128n"} {0, +0,+0 40 },

® = - 2
- o _ Ai'(x e Al"sx; YNXW
[ w Jo Ai'(x){1-nwg e + S Ww £ red + ...}e dx,
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s ) sy 2 AiM
o J B X} T E +-12-m2u)€ Ail(x) | jeYnxw
0

Ai(x =

©
n

Ai(x

2 (7 ., Ai'(wxg il .8 a2 Ai"%wx) . Ynx
o= fo Ai' (wx) {1-mwE o e tomwE S ... }e' “ax,

© ' D e
-0 J Ai'(wzx){1-mw2£ Aé-iﬂgﬁl + %-mzwiz 55—19551 + ... e ax.
D 0 A (0°x) Ai (wx)

o
|}

o
Let these developments to £ be represented by

e iR R G

o

(1) (2) (3)
Tl ey

then for small £

(3)(5

r(g,n) = RV (e,n) + ) (g,n) + R )+ oeee,

R(n)(E.n) = 02 exp{-1/2a€n-1/128n°) {Qin)+¢én)+¢én)+¢én)}.
Using (A.8) and (A.9) we obtain

2 (g,n) = n + o(e3).

o0 . 2 2
(2) (2) - {Ai'(x)} 2 ynxw Y NXw
9, + ¢B = mg Jo Ailx {-0"e -we }ax,

{ait(wx)}® | (ai'(0%x)}?
Ai(wx) Ai(wzx)

0. <y 2
The function P(x) = - J {A;i(:)} ds is introduced, so that
0

eYnxdx.

(2) (2) _ -
@C + QD = mé Jo
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o0

} Ai(s)ds =~ —J sAi(s)ds = -J Ai"(s)ds = Ai'(z)
z z

P(z) = -[w (Ali(s

Ai(s
z
for an integration path s = R(o) AL T R(c) >> 1 and 0 < [¢(0)| < m.

2
0{2) + o{2) = meriwe ™ | we™p(x)17 +

2
- myEn I P(x){-we'™¥ _ m2eYnxm}dx,
0

oéz) + ¢£2) mE[eynx{sz(WX) s “P(”2X)}]; *

- my&n r [Plux)u® + Plutx)ule ax.
0

It is easily verified that

8@ (g,n) = o(e

o 2
o{3) + o{3) = 1 n?e? [ xhi' (x) (V™Y 4 VMg,
0

o3 + (3

% m°E J x{—mzAi'(wx) - wAi'(w x)}eYnx
0

e
Ynx+eYnm+eynxm }ax

R (e,n) = - 1 &2 exp(-1/20En-1/1280") J xhit(x){e
0

Partial integration yields
(3) 182 3 [ 3 YnX,_ynxw, ynxw" 3
R'Z(E,n) = 5 £ exp(-1/128n7) | . Ai(x){e'"+e' " +e } ax + o(g).
.0
Applying the same manipulation as to (A.9) yields
2

() 3
R (g,n) = E;Tgygg + 0(g3).

Finally we mention that
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R (g,n) = o(3) forn sk, 5, 6, o .

APPENDIX D

In this appendix we prove that

2

ho & h16 + 1/2heee + hpp +

(6-1/3TO+T1+€1/3T2) 81/3(U(()1/3)+V(()1/3)+V$1/3)) .

(8-1/3T0ﬂ1) 62/3(0(()2/3);‘;(()2/3)+752/3)) .
(/) E(Ués/3)+7(()3/3)+vg3/3)) -
.Sing{LZUO} + Sing{MQVO} + Sing{ﬁ171} + 2,

where Z = O(eN) for 1/300 <p < 2/3p0, 81/3 <9 < eB - 51/3 and N arbitrary
large. Sing{S(x,y;c)} denotes the singular terms of a development of

S(x,y;e) near A (and B), see section 6.3.

Before we prove this relation, some differential operators are intro-
duced. Let p = co® (C20) and 6 = 0(51/3), then the operators S, and S, of

2
(6.6) are expanded as follows

Ry = Ryp * Byq F o = Ria aaes

95 & B9 * Boq * Bog * Bug * cins

where

; 1 r,(0) 3 _ 5500 o,
Ryo - l:r(OBE+ (FEy - " 93'6:" Rip 5 - |zx(oy @ E*gc;]’
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) -1 TA(0) > 3
Big [%2 o U * ey &t r(0)2} N
- r,(0)  ry(0) r(0) 5 r,(0) 3
MR O IO R () I A ey o8} 55 * 31é]’
2 -2b 2 r,(0) 2
_ 3 _ 0 _d 2 3
Rog = % e R21% T70) 338 * 201 - 767 © ;;5 ’
2
a 2 ar.(0) a.-c 2 ar.(0)
_ %5 5 o'2 0o ) 0'2
R,, = =+ 2 - ) o + {( %
22 7 1 (0)2 262 r(0)2  r(0)7 " 3000 r(0)?
2r, (0)(a.-c )+r_(0)b 2
2 0 "0° "3 %0 2 3
- rrb) = (ao-co)) 6 + cpp} ;;5 +
N (aorz(o) ) a0+r(0)d0 el 2
r(0)2 r(0) 0’ 3 °

Let £ = ¢/6 (C=20 and p=£c) and 6 = 0(51/3), then the ordinary boundary

layer operators Mi i=0, 1, ... are expanded as follows

M 13 2 Mo RS OR an

0 00 01 02

M1 = P10 + P11 + P12 + a0y

=

]
J
+
o
+
J
+

-

where

32 24 (0) r2(0) 32 r3(0) 29

2 3
P = — - —— - -
00 = % ’2 oy -V 935 Por 2001 - —rGy) 2e2  2r(0) * 3

2
i aOrQ(O) 2r2(0)(a.0-co)+r3(0)b0 5 32 r)(0)
Poz = (T 7 - Q) * (o)) T & *
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r2(0) r (o)

220y (1 ¥ (05) i 3} 3 10 - T r(0) 28’

2b 2 a.r (0) a.,-c 2 2
0 9 ra0:2 00 ) )
= - =R TN D=0 - 16 12 (Gelf s
r(0) 9£a0 0 12 r(0)2 r(0) 9£00 £ agz
{aor2(0) i a.o+r(0)d0 . 2, 1 o r2(0)) e 2
r(0)2 r(0) 0" 3t  2r(0) r(0) 96
(0) a 2
= = = 0_23 A
ge - g6, P = A =0, P S —— —_—,
r(oS 1 20 21 22 r(0)2 252 r(0)2 Y}

It is readily established that between these operators expansions and

the intermediate boundary layer operators Ti the following relations exist:

/3 - =2/3 2
(D.1a) T0 = e (R10+ER20) = e (Poo+eP1o+e on),

. .2/3 e 2
(D.1b) T, =€ (R11+€R21) = e (P01+2P11+e P21),

_ = 2
(D.1¢) T, = ¢ (R12+cR22) z (Po1+eP12+e P22).

Since S1U = h(p,6), we have for p and 6 sufficiently small the rela-

0
tion

(R o*Rq1*R, +...) (w +U(1/3) (2/3)+...) =

1

2
ho e h16 + 1/2h966 + hpp e .

Equalization of terms of a same order of magnitude yields
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Rigbo = ©
R11¢0+R1oe1/3ué1/3) =y
R12w0+R1151/3U(()1/3)+R1032/3U(()2/3) =h8
R13w0+R1251/3w0+R11e2/3uéz/3)+R1osUé3/3) - 1/2h8962+hpp

1/3,(1/3)
(D.2) (Ryo*R 1R 2*R )V (R 4R L +R ) e 770 =0
2/3.(2/3) (3/3) _ 2
(R10+R11)e U, +R1OeU0 = h0+h1e+1/2heee +hpp.

Similarly, because M .V. = 0 and MOV

0'0 b M1V1 = 0, we have the relations

1

L N I L S R

(D.3a) (P +Py,+P 00*F01 00%'0

00 "01 "02

‘2/3v§‘/3) + (P +P )5-1/3‘,52/3) +p y$3/3)

(D.30)  (Pyy+Po +P 00*F01 001

00*P01*Po2)€

V3D e e )2/HEID Ly y(3/3) g,

(Py*P1*P 10%'0

12

Formulae (D.1), (D.2) and (D.3) are utilized in order to show that

(D.}) hy + b0 + 1/2h9692 +hp+
(V3 am e 3n) Ml VDD FD)
(V3 am ) 2/3{213) 71213 2/
(e"/3n) - eI FI )
NEIEIRRLC Y UE S YD SN CE I
(P20+P21+P22)eh/3Vé1/3) + (P20+P21)55/3;éz/3) + P20e27é3/3) +
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1/3=(1/3) 2/3=(2/3) =(3/3)
(P1o*P4*Pyp)e 3V1 + (PyotPyy eV * PioVy *
where
z = 0(e") for /30, <0 < 2/304, e3¢ 9 < op - 51/3,
Z=0 elsevhere in G.

The right-hand side of (D.l4) cancels the singular terms of LyUgs ﬁévo and
H1V1.
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SAMENVATTING

In de laatste jaren is het aantal publikaties, dat betrekking heeft op
de singuliere storingsmethode, sterk toegenomen. Slechts in enkele van deze
studies gaat men in op de grondslagen van deze methode.

Bij wijze van inleiding wordt in dit proefschrift een klasse van be-
kende één-dimensionale singuliere storingsproblemen behandeld en wordt een
verband gelegd met een ;ublikatie van Eckhaus [5] over de grondslagen van
het aansluitingsprincipe. Vervolgens wordt aangetoond dat het aansluitings-
principe in twee-dimensionale singuliere storingsproblemen op analoge wijze

gefundeerd kan worden. In het nu volgende probleem is deze theorie van toe-

passing.

Wij beschouwen het Dirichlet probleem voor de inhomogene elliptische

partiéle differentiaalvergelijking

eL,® + L,¢ = h(x,y)
in een begrensd convex gebied G van het x,y~vlak. In deze vergelijking

stellen L, en L, respektievelijk een lineaire eerste orde en een lineaire

tweede or;e opegator voor en is € een kleine positieve parameter.

Het is bekend dat de funktie ¢ een steil verloop heeft in een omgeving
van een deel van de rand. In die omgeving is de limiet van ¢(x,y;e) voor
€ * 0 niet-uniform. Met de gebruikelijke singuliere storingsmeth;de con-
strueert men twee asymptotische ontwikkelingen: de grenslaagontwikkeling,
die geldt in genoemde omgeving, en de uitwendige ontwikkeling, die geldt in
het resterende gebied van G. Volgens het aansluitingsprincipge dienen deze
ontwikkelingen in een ;eker overgangsgebied eenzelfde gedrag te hebben.
Tenslotte wordt uit de begintermen van de twee ontwikkelingen een asympto-
tische benadering van ¢ samengesteld, die uniform geldig is in e

Het is echter niet mogelijk om op deze wijze uniform geldende hogere
orde benaderingen te konstrueren, daar de hogere orde termen van de beide
ontwikkelingen singulier zijn in twee punten van de rand. In de direkte om-

geving van deze singuliere punten onstaat in feite de grenslaag. Dit ver-

schijnsel, in de literatuur [6] "geboorte van een grenslaag" genoemd, wordt
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in dit proefschrift bevredigend verklaard door middel van een lokale analy-
se van de oplossing van de differentiaalvergelijking, zodat een volledig

‘inzicht in de struktuur van de grenslaag verkregen wordt.

De hoofdstukken 1 en 2 vormen een inleiding tot dit onderzoek. Hoofd-
stuk 2 bevat bovendien een aantal definities en eigenschappen voor asympto-
tische benaderingen.

In hoofdstuk 3 wordt een samenvatting gegeven van de eerder genoemde
publikatie van Eckhaus [5]. Hierin wordt het gedrag van funkties ®(x;e) on-
derzocht, waarvan de limiet voor € + 0 niet-uniform is in de omgeving van

een geisoleerd punt x, van de x-as. Het is mogelijk om door middel van

nader te specificeren1gegeneraliseerde limieten funkties te definiéren,
welke in de omgeving van X, een lokale benadering van ¢ vormen. Men kan
aantonen dat voor dit type funkties het aansluitingsprincipe geldig is.

In hoofdstuk 4 behandelen wij enkele bekende singuliere storingspro-
blemen. De gebruikelijke oplossingsmethode wordt getoetst aan de resulta-
ten, die in hoofdstuk 3 verkregen zijn. Een belangrijk hulpmiddel hierbij
is het maximum principe.

In hoofdstuk 5 beschouwen wij, in analogie met hoofdstuk 3, niet uni-
forme konvergentie van funkties ¢(x,y;e) voor € - 0. Het blijkt dat de
twee-dimensionale theorie naast vele punten van overeenkomst ook enkele
specifieke trekken bezit. Als voorbeeld wordt het ontstaan van een parabo-
lische grenslaag geanalyseerd.

In hoofdstuk 6 wordt het ontstaan van een gewone grenslaag beschreven.
Voor de oplossing van het eerder geformuleerde Dirichlet probleem wordt een
asymptotische benadering geconstrueerd, die, zoals wij met het maximum
principe aantonen, uniform geldig is. Tenslotte wordt nagegaan in hoeverre

deze oplossing van toepassing is op een magnetohydrodynamisch probleem.
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STELLINGEN

i

In de grenslaag struktuur van een zeker magnetohydrodyna-
misch probleem kan men drie typen grenslagen onderschei-

den.

Dit proefschrift, hoofdstuk 6.

It

De nauwkeurigheidsschatting, welke door Frankena gemaakt
is van de asymptotische oplossing van een elliptisch sin-

gulier storingsprobleem, kan worden verbeterd.

1. J.F. Frankena, A uniform asymptotic expansion of the
solution of a singular perturbation problem. Arch.
for Rat. Mech. and Anal. vol. 31 (1968).

2. J. Mauss, Approximation asymptotique uniforme de la
solution d'une probleme de perturbation singuliere
de type elliptique. J. de Méchanique, vol. 8 (1969).

3. J. Grasman, A linear elliptic singular perturbation
problem. Report TW 121, Mathematisch Centrum Amster-
dam (1970).
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De parabolische grenslaag kan worden beschouwd als de

limiet van een rij intermediare grenslagen.

Dit proefschrift, sectie 6.L.

Iv

Toepassing van goed gefundeerde aansluitingsregels heeft
voor een aantal bestaande oplossingsmethoden van singu-

liere storingsproblemen tot gevolg, dat berekeningen kun-
nen worden vereenvoudigd en eventuele fouten kunnen wor-

den gesignaleerd.

1. H. Bavinck en J. Grasman, Relaxatietrillingen, Syl-
labus 8, Mathematisch Centrum Amsterdam (1969).
2. Dit proefschrift, sectie 6.5.

V'

De uitdrukking "stabiel op een eindig tijdsinterval", wel-
ke door Hahn is geintroduceerd, is onbruikbaar.
In het algemeen verdient het aanbeveling het aantal stabi-

liteitsdefinities beperkt te houden.

1. W. Hahn, Stability of motion, Springer Verlag-
Berlin-Heidelberg-New York (1967).

2. J. Grasman, Stabiliteit van oplossingen van niet-
lineaire differentiaalvergelijkingen en het bestaan

van Lyapunof funkties. Voordracht in het kader van




het colloquium "Niet-lineaire differentiaalvergelij-

kingen", Mathematisch Centrum Amsterdam (1968).

VI

Het is zinvol om bij het oplossen van singuliere storings-
problemen in de eerste plaats aan analytische methoden te
denken, daar numerieke methoden slechts dan toepasbaar

zijn, als men bekend is met plaats en vorm van de grens-

laag.

VII

Het verdient aanbeveling te onderzoeken in hoeverre toe-
passing van interaktieve rekenmachines kan bijdragen tot

het oplossen van grenslaag problemen.

VIII

In hun leerboek fonetiek suggereren Van Praag en Monné in

een illustratie dat

a. de toonhoogte van een geluidstrilling bepaald wordt
door zijn amplitude,

b. superpositie een zich herhalende opéénvolging van af-
zonderlijke trillingen is.

Een dergelijke interpretatie van een fysisch verschijnsel

is niet verantwoord.

H.M. van Praag en A.M. Monné, Manual de la phonétique

du frangais actuel. Thieme-Zutphen, pag. 6.




IX

Het verdient aanbeveling om in het studierooster van exac-
te studierichtingen een cursus '"rapportering van resulta-

"

ten” op te nemen.

X

De recente kwikvondsten bevestigen de verwachting van
futurologen, dat de oceanen eens de grootste leveranciers
van mineralen zullen worden. Met betrekking tot hun bewe-
ring, dat dit eveneens geldt voor de levering van voe~

dingsstoffen, is een zeker pessimisme gerechtvaardigd.

Delft, 20 oktober 1971 J. Grasman




