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We study semantic issues concerning control flow notions in logic programming
languages by exploring a two-stage approach. The first considers solely uninter-
preted (or schematic) elementary actions, rather than operations such as unifica-
tion, substitution generation, or refutation. Accordingly, logic is absent at this first
stage. We provide a comparative survey of the semantics of a variety of control flow
notions in (uninterpreted) logic programming languages including notions such as
don’t know versus don’t care nondeterminism, the cut operator, and/or parallel
logic programming, and the commit operator. In all cases considered, we develop
operational and denotational models, and prove their equivalence. A central tool
both in the definitions and in the equivalence proofs is Banach’s theorem on (the
uniqueness of) fixed points of contracting functions on complete metric spaces. The
second stage of the approach proceeds by interpreting the elementary actions, first
as arbitrary state transformations, and next by suitably instantiating the sets of
states and of state transformations (and by articulating the way in which a logic
program determines a set of recursive procedure declarations). The paper concen-
trates on the first stage. For the second stage, only a few hints are included.
Furthermore, references to papers which supply details for the languages PROLOG
and CONCURRENT PROLOG are provided.  © 1991 Academic Press, Inc.

1. INTRODUCTION

We report on the first stage of an investigation of the semantics of
imperative concepts in logic programming. Logic programming being logic
+ control (Kowalski, 1979), one may expect to be able to profit from the
large body of techniques and results in the semantic modelling of control
flow gathered over the years. We shall, in fact, take a somewhat extreme
position, and ignore in the analysis below all aspects having to do with
logic. Rather, we shall provide a systematic treatment of a number of
fundamental control flow concepts as encountered in logic programming
on the basis of a model where the atomic steps are uninterpreted elemen-
tary actions. This constitutes a major abstraction step at two levels. Syntac-
tically, we abstract from all structure in the atoms (using symbols from
some alphabet rather than terms involving variables, functions or predicate
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symbols). Semantically, we abstract from any articulation in the basic com-
putation steps, thus ignoring concepts such as unification, (SLD—) resolu-
tion, or substitution generation. Does there remain anything interesting
after this abstraction step? If yes, do the remnants shed any light on logic
programming semantics? These two questions are addressed in our paper,
and it is our aim to collect sufficient evidence that the answers to them are
affirmative. More specifically, we want to argue that the semantic analysis
of the collection of control flow concepts as provided below is justified for
at least three reasons:

— It helps in clarifying basic properties of control flow phenomena.
For example, we shall study versions of the cut operator and notions in
and/or parallel programming such as don’t know nondeterminism versus
don’t care nondeterminism and the commit operator; it may be difficult to
grasp these concepts in the presence of the full machinery of logic program-
ming.

— We shall systematically provide operational and denotational
models for the various example languages introduced below, and develop
a uniform method to establish the equivalence of these semantics in all
cases. We see as a main achievement the gathering of evidence that for such
comparative semantics it is sufficient to work at the uninterpreted level.
For both the operational and the denotational models, an interpretation
towards the detailed level of logic programming may then be performed
subsequently, if desired. The demonstration of the power of the uniform
proof principle which turns out to be applicable in all cases studied, may
be see as a subsidiary goal of our investigation.

— Altogether, we shall deal with six example languages, each
embodying a small (and varying) collection of control flow concepts.
Seemingly small variations in the language concepts require careful tuning
of the semantic tools, sometimes involving substantial modification of the
models employed. Thus, leaving the origin of the concepts aside for a
moment, one may view our paper as a contribution to comparative control
flow semantics in general. The confrontation of the (dis)similarities encoun-
tered throughout may provide an illuminating perspective on some of its
fundamental issues. It should be added here that, from the methodological
point of view, our (exclusive) use of metric methods may be seen as well
as a distinguishing feature.

The answer to the second question—what is the relevance of all this for full
logic programming semantics—awaits further work. Much will depend on
the feasibility of obtaining this full semantics simply by interpreting the
elementary actions as computational steps in the sense of the relevant
version of the logic programming language, leaving the already available
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(abstract) control flow model intact. A substantial part of the detailed
work in establishing this still has to be done. On the other hand, there are
already a few case studies available which may be seen as providing sup-
port for our thesis. A promising first step is made in de Vink (1989) and
de Bruin and de Vink (1989), where for a simple PROLOG-like language
it is first shown how to add interpretations of elementary actions as
(arbitrary) state transformations to the semantic model(s). This, in turn,
allows a smooth transition towards a model incorporating essential
elements of a declarative semantics for PROLOG: instead of the delivery
of (sequences of) states, by suitably specializing them the semantic defini-
tions are now geared to the delivery of (sequences of) substitutions (in the
familiar sense of logic programming). A second paper which follows the
approach indicated above is de Bakker and Kok (1988, 1990). This paper
continues earlier work of Kok (1988) reporting on a branching time model
for Concurrent Prolog (abbreviated as CP, and stemming from Shapiro
(1983), where the use of a branching time model is in particular motivated
by CP’s commit operator. In de Bakker and Kok (1988), an intermediate
language is introduced with arbitrary interpretations for its atomic actions,
and operational and denotational models are developed for it. Next, by
suitably choosing the sets of both atomic actions and of procedure
variables, by choosing one particular interpretation function (involving the
determination of most general unifiers), and by using the information in
the CP program to infer the declarations for the procedure variables, an
induced comparative semantics for CP is obtained. (In an appendix to the
present paper, we present a brief sketch of the interpretation chosen for a
rudimentary form of (and/or) parallel logic programming—based essen-
tially on ideas of Kok from de Bakker and Kok (1988, 1990)—in order to
illustrate the feasibility of obtaining logic programming with logic by
suitably interpreting logicless languages.)

We shall now be somewhat more specific as to which control flow
concepts will be investigated. In various groupings, we deal with the
following notions:

elementary action
> (procedure declarations and) recursion
o failure
sequential execution
o backtracking or don’t know nondeterminism
> cut (in two versions, to be called absolute and relative cut)
o parallel execution
o (don’t care) nondeterminism

o commit.
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These notions are grouped into six languages, L, to Ls. Each has
elementary actions, recursion, and failure, and the precise distribution of
the other concepts over the languages can be inferred from the syntax over—
view to be presented at the end of this introduction. Notable imperative
concepts missing from the above list—taking our decision to start frorm
uninterpreted elementary actions for granted-—are synchronization and
process creation. We have omitted them for no other reason than our wish
not to overload the present paper. We plan to include these concepts.,
which are indeed pervasive in many versions of parallel logic programming.
in a subsequent publication.

For each of the languages L, to L, we present both operational and
denotational semantics. The operational semantics will be based omn
labelled transition systems (Keller, 1976), embedded in a syntax directed
deductive system in the style of Plotkin’s Structured Operational Semantics
(Hennessy and Plotkin, 1979; Plotkin, 1981, 1983). The denotational
models will be built on metric structures (as will be the way in which we
infer operational meanings through the assembling of information in
transition sequences). Partly, these structures will be of the linear time
variety; i.e., they will consist of (nonempty closed) sets of finite or infinite
sequences over some alphabet. Partly, we shall work with branching time
domains. More precisely, the meaning of a statement will be a process (in
the sense of de Bakker and Zucker (1982)), i.e., an element of a mathe-
matical domain which is obtained as solution of a domain equation to be
solved using metric tools. Roughly, such a process is like a tree over the
relevant alphabet of elementary actions, satisfying various additional
properties (commutativity, absorption, closedness).

For the logic part of the semantics of logic programming we refer to
Lloyd (1984) or to the comprehensive survey of Apt (1987). A tutorial ora
and comparison of paralle! logic programming languages is the paper by
Ringwood (1988). Our interest in comparative logic programming seman —
tics, using techniques which fit more in the imperative than in the logic
tradition, was originally raised by Jones and Mycroft (1984). Elsewhere, we
have often used the term “uniform” for uninterpreted or schematic
languages (in general), e.g. in de Bakker ez al. (1986, 1987, 1988), and the
present investigation may also be seen as a semantic exploration of uniformn
versions of logic programming, with special emphasis on the comparative
aspects. Other papers which address operational versus denotational
semantics for PROLOG are Debray and Mishra (1988), Arbab and Berry
(1987), Nicholson and Foo (1989), de Vink (1989), and de Bruin and
de Vink (1989). We return to the latter two below. We already mentioned
de Bakker and Kok (1988, 1990) on semantic equivalence for Concurrent
Prolog. In Gerth et al. (1988), both operational and denotational semantics
are presented for Flat Theoretical Concurrent Prolog (from Shapiro
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(1987)). Whereas in Kok (1988) and de Bakker and Kok (1990) the
denotational models are based on processes as in de Bakker and Zucker
.(1982), in Gerth et al. (1988) the failure set model of Brookes ez al. (1984)
1s applied. In addition, Gerth er a/. (1988) discuss full abstractness issues.
A detailed analysis of operational semantics for (variations on) CP is
provided in Saraswat (1987). The papers such as Kok (1988), de Bakker
and Kok (1988, 1990), Jones and Mycroft (1984), and Gerth er al. (1988)
should all be situated primarily in the tradition of imperative concurrency
semantics, rather than pursuing the line of extending the declarative seman-
tics approach of “classical” logic programming in terms of (generalizations
of) Herbrand universes. It is the latter approach which is followed in Levi
and Palamidessi (1987), where a detailed comparison is given of syn-
chronization phenomena in a variety of parallel logic programming
languages. The paper Levi and Palamidessi (1985) concentrates in par-
ticular on the declarative semantics of CP’s read-only variables. Related
references include Falaschi and Levi (1988), Falaschi et al. (1987),
Furukawa er al. (1987), and Levi (1988).

For some time now, we have been utilizing metrically based semantic
models, e.g. in de Bakker and Zucker (1982), de Bakker and Meyer (1988),
de Bakker er al. (1984, 1986, 1988), and America er al. (1989). An essential
extension of the metric domain theory was provided in America and
Rutten (1989). An important advantage of the metric framework, com-
pared with the usual order theoretic one, lies in the fact that many of the
functions encountered in the semantic models are contracting and, hence,
have unique fixed points (by Banach’s theorem). This property may be
exploited both in the semantic definitions proper (see America et al. (1989)
for many examples), and in the derivation of semantic equivalences. It is
the latter technique, first described in Kok and Rutten (1988) which con-
stitutes the powerful method already referred to, and which will be applied
throughout our paper. (For further examples of the method see de Bakker
and Meyer (1988).) Our model of the denotational semantics of back-
tracking is a uniform (schematic) version of a definition from de Bruin
(1986). The operational semantics for the cut operator(s) were supplied by
de Vink (personal communication).

We conclude this introduction with an outline of the contents of our
paper. Section 2 contains some mathematical preliminaries, mainly devoted
to the underlying metric framework. The overview of the remaining sec-
tions is best presented by listing the syntax of the languages studied in
them. For each L, we define statements se L, which are to be executed
with respect to a set of declarations D. Let A be the (possibly infinite)
alphabet of elementary actions, with « ranging over 4, and let Pvar be the
alphabet of procedure variables, with x ranging over Puar. The following
operators will be encountered:
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- sequential composition s;; 5,
don’t know nondeterminism s, [ s,
absolute cut !

o relative cut !!

= parallel composition sy | 5,

- don’t care nondeterminism s + 5,

o commit §; S,

The languages, corresponding section headings, and respective syntactic
definitions are summarized in

L,: sequential logic programming with backtracking
su=alx| fail |s;; ]85 0s,
L,: sequential logic programming with backtracking and absolute
cut
su=a|x| fail |s,;5,] 5, 0s,0!

L,: sequential logic programming with backtracking and relative cut
su=a|x| fail |s;s,] s, 05|

L,: (and/or) parallel logic programming: the linear time case
su=a|x| fail s8] 5,520 +5;

Ly: (and/or) parallel logic programming with commit: the branching
time case
su=alx| fail [s;:5,] 5,218, + 5,

L.: (and/or) parallel logic programming with commit: increasing the
grain size
su=alx| fail [s,;55] 5,085 |5, [$2] 87+ 5,

For each language, a program in that language consists of a pair {D|s >,
selL;, D={x;<g;),, where g, is a guarded statement from L,—guarded
here meaning that occurrences of calls (of some x € Pvar) in g; are
preceded by some elementary action. Languages L, to L; are deterministic,
and the main issue is how to model the backtracking and cut operators.
Languages L, and L, are (very much stripped) versions of (and/or)
parallel logic programming. The difference between these two consists in
the transition from (normal) sequential composition (;) to commit (:). This
induces different failure behaviour which in turn leads to the definition of
a linear time (LT) model for L, and a branching time (BT) model for L .
An LT model (over an alphabet A) consists, as we saw earlier, of sets of
sequences of elementary actions from A4, whereas a BT model (also over 4 )
consists of tree-like entities (with the already mentioned extra features ).
Perhaps the technically most interesting issue of our paper is addressed in
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Section 8, where we combine the composition operations of sequential

composition (;) and commit (:) into one language. Whereas for L, we
encounter meanings such as, e.g.,, {ab, ac} and, for Ls, processes such as

or

in L we shall make use of meanings which have forms such as

ab a a
or

cd e bed be

Viewing the entities labelling the edges in the trees as the “grains” of our
model, we see that, in going from Ls to L,, we increase the grain size. We
shall (in the context of L) interpret sequential composition as an operator
which leads to larger atoms (or grains), and commit (just as for Ls) as an
operator which induces branches in the trees. In a final section (Section 9)
we introduce an alternative transition system for L., and show that this
leads to the same operational (and denotational) semantics as that defined
in Section 8. The appendix provides a brief sketch of a possible translation
from a rudimentary logic programming language towards L,.

2. MATHEMATICAL PRELIMINARIES

2.1. Notation

The notation (x € ) X introduces the set X with typical element x ranging
over X. For X a set, we denote by #(X) the power set of X, ie., the collec-
tion of all subsets of X. Z,(X) denotes the collection of all subsets of X
which have property n. A sequence x,, x,, .. of elements of X is denoted
by (x;)7~, or, briefly, by (x;),. The notation f: X — Y expresses that f'is a
function with domain X and range Y. We use the notation f{y/x}, with
xe X and ye Y, for a variant of f, i.e., for the function which is defined by

Siv/xHx) =y, if x=x'
= f(x), otherwise.

If f: X - X and f(x)=x, we call x a fixed point of f.
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2.2. Metric Spaces

Metric spaces are the mathematical structures in which we carry out our
semantic work. We give only the facts most needed in this paper. For more
details, the reader is referred to Dugundi (1966) and Engelking (1977).

DEFINITION 2.1, A metric space is a pair (M, d), where M is any set
and d is a mapping M x M — [0, 1] having the following properties:

1. Vx, yeM[d(x, y)=0<x=y]
2. Vx, yeM[d(x, y)=d(y, x)]
3. VY, v, ze M[d(x, y)<d(x, z) +d(z, y)].
The mapping d is called a metric or distance. In case d satisfies 3,
3. Vx, y, ze M[d(x, y)<max(d(x, z), d(z, y))]
instead of 3, we call d an ultrametric.
ExaMpLES. 1. Let A be an arbitrary set. The discrete metric on A 1s
defined as follows: Let x, ye 4:
d(x, y)=0 if x=yp
=1 if x#y.
2. Let 4 be an alphabet, and let 4 = 4* U A” denote the set of all

finite and infinite words over A. Let, for xe A™, x(n) denote the prefix of
x of length n, in case /ength(x)=n, and x otherwise. We put

d(.\', V) — 2 supin|x(n)= y(n)}
with the convention that 2~ =0. Then (4 ”, d) is an ultrametric space.

DeFiNITION 2.2. Let (M,d) be a metric space and let (x;); be a
sequence in M.

1. We say that (x;), is a Cauchy sequence whenever we have

Ve>03INeNVn, m>N[d(x,, x,,)<e].

2. Let xe M. We say that (x,), converges to x, and call x the limit of
(x;); whenever we have

Ve>03INeNVn> N[d(x, x,)<e].

We call the sequence (x,); convergent and write x =lim, x,.

3. (M,d) is called complete whenever each Cauchy sequence in AL
converges to an element of M.
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DEFINITION 2.3. Let (M, d,) and (M,, d,) be metric spaces.

I. We say that (M,,d,) and (M,.,d,) are isometric if there is a
mapping f° M, — M, such that
(a) fis a bijection
(b) V.\', Y€ M} [dz(f‘(.\f), j‘()‘)) = dl(-\‘~ ,V)]'

We then write M, = M,. If we have a function / satisfying only condition
(1b), we call it an isometric embedding.

2. Letf: M, - M,. We call f continuous whenever for each sequence
(x;); with limit x in M, we have that lim, f(x,) = f{(x).

3. We call a function f: M, - M, contracting if there exists a real
number ¢ with 0 < ¢ <1 such that

Vx, ye M [dy(f(x), f(3) <edy(x, p)].
4. A function /2 M, > M, is called non-distance-increasing if
Vx, ye M [dy(f(x), f(»)<d (x, )]

We shall denote the set of all non-distance-increasing functions (ndi) from
M, to Myby M, ->'M,.

THEOREM 24. 1. Let (M|, d,) and (M,, d,) be metric spaces, and let
J: M, — M, be a contracting function. Then f is continuous. The same holds
Jfor non-distance-increasing functions.

2. (Banach). Let (M, d) be a complete metric space. Each contracting
Junction f: M — M has a unique fixed point which equals lim, f(x,) for
arbitrary xo€ M. (Here [°(xo)=x, and ' '(xo) = £(f(xy)).)

It may be instructive to recall the proof of Theorem 2.4-2. Since /'is con-
tracting, the sequence (/"(x,)), is a Cauchy sequence. By the completeness
of (M, d), the limit x=1lim, /'(x,) exists. By the continuity of / (part 1),
S(x) = flim; f'(xy)) =lim, '+ '(x,) = x. If, for some ve M, f(y)=r then,
by the contractivity of f, d(x, y)=d(f(x), f())<c.d(x, v). Hence, since
¢ <1, we conclude that d(x, ) =0, and x = y follows.

DEFINITION 2.5. Let (M, d) be a metric space. A subset X of M is called
closed whenever each converging sequence with elements in X has its limit
in X. X is called compact whenever each sequence in X has a convergent
subsequence.

DerNITION 2.6. Let (M, d), (M,,d,), and (M>, d,) be (ultra) metric
spaces.
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1. We define a metric dg on the set M, » M, of all functions from
M, to M, as follows: For every fy, fre M, - M, we put

dp(fi, f2) = sup ds(fi(x), f2(x)).

xe M
2. We define a metric d, on the Cartesian product M, x M, by

dp((xl s }’1), (x.'lv .}12))2 i??’)‘(ﬂ d,-(.’f,-, yi)'

3. By M,u M, we denote the disjoint union of M, and M,, which
may be defined as ({1} xM,)u ({2} xM,). We define a metric dy, on
M, M, as follows:

dU(<i’ x>’ <jv _“>)=di(x’ ,V) lf I:l
=1 otherwise.

In the sequel we shall often write M, U M, instead of M, L1 M,, implicitly
assuming that M, and M, are already disjoint.

4. Let PipeaM)={X|XcsM, X closed} and £, ,pedM)=
{X| XM, X compact). We define a metric dy; on #,,.4(M) and on

Prompac (M), called the Hausdorff distance, as

duy(X, Y)=max{sup d(x, ¥), sup d(y, X)}

xeX veY

where d(x, Z) =inf._, d(x, z) (here we use the convention that sup & =0
and inf @ =1).

THEOREM 2.7. Let (M, d), (M,,d,), (M5, d,), dg. d,, dy, and dy be as
in Definition 2.6. In case d, d,, d> are ultrametrics, so are dy., ..., dyy. Now

suppose in addition that (M, d), (M,.d,), and (M, d,) are complete. We
have that

1. (M,—> M,,dy) (together with (M, —"' M,, di))
2. (Myx M. d,)

3. (MU M, dy)

4 (Piosea( M), dyy)

5. (Zompact( M), dy)

are complete metric spaces. (Strictly speaking, for the completeness of
M, > M,, the completeness of M, is not required.)

In the sequel we shall often write M, » M., M, x M5, M L M,, 2(M),
etc., when we mean the metric spaces with the metrics just defined.
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The proofs of parts 1, 2, and 3 of Theorem 2.7 are straightforward.
Part 4 and 5 are more involved. Part 4 can be proved with the help of the
following characterization of completeness of (2geea(M), dy):

THEOREM 2.8. Let (Poosed(M), dy) be as in Definition 2.6, with M
complete. Let (X,); be a Cauchy sequence in 2o M). We have

lim X, = {lim x,| x, € X,, (x,;); a Cauchy sequence in M }.
I i

Theorem 2.8 is due to Hahn (1948). Proofs of Theorems 2.7 and 2.8 can
be found, e.g., in Dugundji (1966) or Engelking (1977). The proof of
Theorem 2.8 is also repeated in de Bakker and Zucker (1982).

Part 5 is due to Kuratowski (1956):

THEOREM 2.9. If M is complete then (#ompac(M ), dy) is complete.
We conclude this section with

THEOREM 2.10 (Metric completion). Let M be an arbitrary metric space.
Then there exists a metric space M (called the completion of M) together
with an isometric embedding i: M — M such that

1. M is complete.

2. For every complete metric space M’ and isometric embedding j:
M — M' there exists a unique isometric embedding j: M — M’ such that

jei=J.
Proof. Standard topology. §
2.3. Metric Domain Equations

We shall be interested in developing mathematically rigorous founda-
tions for branching structures which are, in first approximation, nothing
but (rooted) labelled trees (with labels from some set 4) which satisfy three
additional properties suggested by

1. commutativity

N - NS
A\ -

3. closedness (precise definition omitted).

2. absorption
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We shall obtain the set of “trees” satisfying these properties as the domain
P of processes (with respect to 4; this notion of process was introduced in
de Bakker and Zucker (1982)) satisfying the domain equation (or
isometry)

P Pypes AU (A% P)). 21)

(Note that, for reasons of cardinality, (2.1) has no solution when we take
all subsets rather than all closed subsets of 4 U (A X P).) More precisely,
we want to solve (2.1) by determining P as a complete metric space (P, d)
satisfying

(Pa d) ;‘%losed(A o (A X idl,r’?_(Pa d))), (22)

where the right-hand side is built up using the composite metrics of Defini-
tion 2.6. In addition, we use the mapping id,,, where, for any real ¢>0,
id(M,d)=(M,d), with d.(x, y)=c.d(x, y). (The use of the mapping id, ,
is a technical—though essential—trick. Note that it affects only the metrics
induced. Hence, (2.1) is a correct rendering of (2.2) when attention is
restricted to the set components.) It has been shown in de Bakker and
Zucker (1982) how to solve equations such as (2.2): We define a sequence
of complete metric spaces ((P,,d,)) —o, With (Py, do)=(L, d,), d,
arbitrary, and

Pn+ 1 =‘J7(A Y (A X idl/Z(Pns dn)))
dn+ 1= (an)H'

Here d, is the metric determined (according to Definition 2.6) on
Au(Axid, ,(P,,d,)), where we assume some given metric ¢, on A. Next,
we put (P,.d,)=(U,P, U,d,) (with the obvious interpretation of
U, d,; note that P,= P, ), and we define (P,d) as the completion
(Theorem 2.10) of (P,,, d,,). Then we have.

THEOREM 2.11. (P, d) is a complete metric space satisfying (2.2). If d , is
an ultrametric, then so is d.

Proof. Essentially as in de Bakker and Zucker (1982).

Remarks. 1. The above explanation covers only one case out of a whole
range of possible domain equations. In America and Rutten (1989), a
category-theoretic treatment of the general case is described. (Standard

references for domain equations include Plotkin (1976) and Gierz er al.
(1980).

2. The reader who wonders about the connection between the
process domain P and the models obtained through bisimulation from
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Milner’s synchronization trees (or ACP’s graph models) is referred to
Bergstra and Klop (1987, 1989). In a nutshell, in all relevant cases
(assuming appropriate restrictions on the graph models) the domains
considered are isomorphic.

3. SEQUENTIAL L0OGIC PROGRAMMING WITH BACKTRACKING

The first language on our list, L,, contains a combination of the features
elementary action, recursion, failure, sequential composition, and back-
tracking. It is intended as a uniform (uninterpreted) approximation to
PROLOG, as yet without a cut operator (which will be added in Sec-
tions 4, 5). We shall develop operational (¢) and denotational (2) seman-
tics for L,. The two semantic models to be presented bring together certain
previously proposed ideas from the literature in such a way that a smooth
equivalence proof is made possible. The denotational model is a uniform
variation of ideas in de Bruin (1986), whereas the operational semantics for
L, owes much to de Vink (1989). In de Vink (1989), a denotational model
is developed as well, though of the direct—no continuations—variety. An
important technical difference between our work and that of de Vink
(1989) is that the latter is built on cpo structures (to be contrasted to our
metric ones), and requires rather more effort to obtain the equivalence
result. On the other hand, de Vink (1989) handles arbitrary interpretations
(rather than no interpretations), thus preparing the way for a transition
towards actual PROLOG which consists in the choice of a specific inter-
pretation: fixing the sets of elementary actions and procedure variables,
interpreting the elementary actions (in terms of most general unifiers),
determining the procedure declarations from the set of clauses in the
PROLOG program, etc. This transition is described in detail in de Bruin
and de Vink (1989), where also a continuation style denotational semantics
for PROLOG with cut is developed, together with an equivalence proof in
the cpo framework.

The equivalence proof we present below is an instance (many more
follow in later sections) of a technique based on the idea that both ¢ and
2 are fixed points of a contracting higher order operator (in a setting with
an appropriate metric) and therefore coincide. This technique was first
described in Kok and Rutten (1988) (for the metric case; see Apt and
Plotkin (1986) for an earlier order-theoretic argument). Various further
examples can be found in de Bakker and Meyer (1988), all of which deal
with programs with explicit (simultaneous) procedure declarations—as do
our languages L, to L¢—rather than with programs where recursion
appears through u-constructs.

We begin with the definition of the syntax for L,. Recall that « ranges
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over A. the set of elementary actions, and x over Poar, the set of procedure
variables. It will be convenient to assume that each program uses exactly
the procedure variables in the initial segment 2 = {x,, .., x,} of Pvar, for
some 1> 0.

DErINITION 3.1 (Syntax). a. (Statements). The class (se)L, of
statements 1s given by

su=a|x| fail |s;;s,| 5, 0, with xe&

b. (Guarded Statements). The class (ge )L{ of guarded statements
is given by

gu=alfail |g;s] g, 0 g,

c. (Declarations). The class (D€ )Zect; of declarations consists of
n-tuples D=x, < g,, .., X,< g,, or {x; <= g,>,;, for short, with x,e # and
g,elf,i=12, ., n

d. (Programs). The class (o€ )Zicg, of programs consists of pairs
c={D|s), with De Zect, and se L,.

ExaMPLES. 1. Assume a, b, ¢, deA. {x,<=(a;x,)0(b;x;), x5 =<
(¢;x,) 0 (d; fail), xy<=fail|a; x,; b>.
2. This example suggests how to use L, in the modelling of a
PROLOG like language. Let (x, y, z, u,ve ) Atom be the class of logical
atoms (atomic formulae such as, e.g., p(f(«, x), g(y, b, x))). Let

XX A X,
VEVIAVIA Y,

Joll

be a fragment of a PROLOG program, and let v, A v, be a goal. Let us
introduce the alphabet 4 = {atom(x, y): x, y € Atom}, where the intended
interpretation of atom(x, y) involves (in a way not elaborated here) the
unification of x and y. (More about this, including a variable renaming
scheme, in the Appendix.) The above program fragment and goal would
induce the following program fragment in L

Hu<= -0 (atom(u, x); x,; x, 0 (atom(u, y);
Yy yaOatom(u, z) D)) -+ b e arom| Vi3 V2D

Remarks. 1. All g, occurring in a declaration D=(x, < g:>, are
required to be guarded; ie., occurrences of x€ % in g; are to be preceded
by some g (which, by clause b, has to start with an elementary action). This
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requirement corresponds to the usual Greibach condition in language
theory. Note that in the context of logic programming, this is no restric-
tion: each procedure body starts with the execution of an elementary action
(to be interpreted as unification, cf. the above example 2 and the introduc-
tion to Section §).

2. We have adopted the simultaneous declaration format for
recursion rather than the p-formalism which features (possibly nested)
constructs such as, for example, ux[(a;x;puy[(b;y)0c];d)0e]. The
simultaneous format is natural in the context of logic programming.
Moreover, it allows a simpler derivation of the main semantic equivalence
results presented below. (Certain additional inductive arguments applied in
Kok and Rutten (1988) to deal with u-constructs can now be avoided.)

3. Usually, we do not bother about parentheses around composite
constructs. If one so wishes, parentheses may be added to avoid
ambiguities.

We proceed with the definitions leading up to the operational semantics
¢ for se L, and ¢ € Z104,. We introduce two auxiliary syntactic classes in

DErFINITION 3.2, a. The class (re )%cox, of success continuations is
defined by

ra=E|(s;r).
b. The class (1€ )Tcen, of failure continuations is defined by
tu=A(r:t).

Here E and 4 are new symbols, and the parentheses around (s;r) and
(r: 1) will be omitted when no confusion is expected. Note that, apart from
the end markers E and 4, t is no more than a sequence of r’s, and r is no
more than a sequence of s’s. Thus, the syntactic continuations are just
sequences of statements with some added delimiter structure.

The semantic universe (both for operational and denotational semantics)
for L, is quite simple. Let § be a new symbol not in A, the intended
meaning of which is to model failure. We define the semantic domain
(v, we )R in

DEFINITION 3.3. R=A*¥U AU A*. {5}

In other words, the elements of R (which will serve as meanings of
statements or programs) are either finite sequences over A, possibly
empty (¢) and possibly ending with ¢, or infinite sequences over 4. By
Subsection 2.2, we can introduce a distance 4 on R which turns it into a
complete ultrametric space (in the definition of d, J plays the same role as
the elements of A4).
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We now give the definitions of the operational semantics for L, and
#reg,. They are based on transition systems (as in Hennessy and Plotkin
(1979) and Plotkin (1981, 1983)). Here, a transition is a fourtuple in
Teen, x Ax Decly x Teon, written in the notation

=51 (3.1)

We present a formal transition system T, which consists of axioms (in the
form as in (3.1)) or rules, in the form

t =5,

u ”*
tz_‘)D t

Transitions which are given as axioms hold by definition. Moreover, a
transition which is the consequence of a rule holds in 7, whenever it can
be established that, according to T, its premise holds (or, in Section 9,
premises hold). We shall employ below notational abbreviations for the
rules such as (dropping the a and D in —3 ,, for convenience)

t, =15\t t, >t -t
‘—Lf as shorthand for 2 L
11|t =1 I =1
and

ty—t =t t ot
<2 a5 shorthand for L2 and L2
=1y 1y 1y 5=t
Is— g

Definition 3.4 (Transition system T,).
(@r):it=Sp5(r1) (Elem)

(gr)t-5,1

~, X <= inD R
(xsr):t-5,1 £ (Rec)

=t (Fail )

(fail; r) : 1 % 7

S (Sasr) iS5, 7

(Seq Comp )

($y382);rit-%, 1

(si5r) i ((s5r) )5, 7
131) 1 ((sa5r) 1 0) ; ) (Backtrack )

((syO0s3)57) 115,
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The axiom (Elem) describes an elementary step. (Rec) embodies procedure
execution by body replacement: for x < g in D, execution of x amounts
to execution of g. (Fail) replaces execution of (fail;r):r by that of . its
failure continuation. (Seq Comp) should be clear. (Backtrack) executes

((s, 0s3);r) 1 by executing (s,;r) and adding (s,:r) to the failure con-
tinuation 1.

We shall now define how to obtain ¢ from T,. We need an auxiliary
definition.

DEerINITION 3.5. Choose some fixed D.

a. Lett,, t,€Jeon,. The relation t; — 1, is the relation which holds
between ¢, and 7, whenever, for some a€ 4 and 1€ Jeen, we have that

1= 1

o g
I —pt

isarulein 7,. Also, *,, denotes the reflexive and transitive closure of —-.
b. 1 terminates whenever t 2 E: ¢, for some {’
c. t fails whenever t 5 4.

ExaMPLE. Assume that x < fail;a¢ is in D. We then have that
(x: E): 4 % 4, since the following are (instances of) rules in T':

((fail; a); E): 45,1
(x1E): 45,7

(fail; (a; E)): 45,1
((fail; a); E): 4 -5, 1

A7

(fail; (a; E)): 4 -5, T

The following lemma is immediate:
LEMMA 3.6. For each t, either t terminates, or t fails, or, for some a, t',
we have t —>, t'.

Proof. Omitted. (A formal proof requires the complexity measure
introduced in the proof of Lemma 3.12.)
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DEerFINITION 3.7.  a. The mapping (: P:04, — R is given by
C[{DIs>)=Cpl(s; E) - 4]
b. The mapping (),: Jeon, — R is given by
Cplt] =¢, if ¢ terminates
=9, if 1fails
=a.0p[t], if t-5,1,
where the transitions are with respect to 7T,.

It may not be obvious that the function ¢, is well-defined, since @p
occurs on the right-hand side (of the third clause) of its definition. Tradi-
tionally, recursion may be handled by the introduction of a fixed point
of some (higher-order) operator. Here we introduce the (contracting)
mapping @, with (/5 as its (unique) fixed point. This is expressed in

LeMMA 3.8. Let the operator ®p,: (Teon, — R)—= (Teen, - R) be
defined as follows: For any Fe Jeen, — R, we put
D,(F)(1) =6, if tterminates
=9, if t fails
=a.F(t), if 5,1
Then @, is a contracting mapping with Cp, as its fixed point.

Proof. Clear from the definitions and Banach’s theorem. |

Remark. In, e.g., de Bakker (1989) or de Bakker and Rutten (1989 ), we
present a similar technique in a setting where we deal with interpreted

elementary actions, leading to a model which involves states and state
transformations.

The next step is the development of the denotational model. This model
uses semantic counterparts for the syntactic continuations Aces, and
Feeny, in the form of

(pe)R-'R, the (semantic) success continuations
(v, w)e )R, the (semantic) failure continuations

(re)R=(R—-'R)->'R->"'R, a set which shall remain nameless.
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Mor.eover,.the usual notion of environment to deal with recursion is
applied, this time in the form of (ye)rI, defined as

I'=7%-~R
The denotational semantics function Z is of type
9 L,—»T, -'R;
ie., it is well-defined to write 2[s] y¢v = w. The function  will be used in

the definition of .#: #1649, > R.

Frgm now on, we shall often suppress parentheses around arguments of
functions. The denotational semantic definitions are collected in

DEFINITION 3.9 (Denotational semantics for L,, Zicy,).

a. P[a] ypv=a.¢v
D[ x] ypv = yxdv
@[[faill] ')J¢v =7
D515 8:] ypv=2[s,] (2 [s.] v¢)v
D[, 0 s2] vpv = 2[s,] v¢(Z[s.] y¢v)
b. M: Preg,— R is given by MH[{D|s>] =2[s] ypliv.€)(d), with
yp as in clause ¢

¢ yp=v{m/x;};, where for D=(x, =g,
{m,, .., n,y="fixed point (@, .., D,>,
with @,;: R" > R given by @,(<{n}, .., 1;,»))=2[g,] 7imi/x;},

Remarks. 1. In clause a, the first item reads, after adding parentheses,
as follows: 2[a](y)(#)(v)=a.$(v). Thus, on the left-hand side y, ¢, v are
arguments of the function Z[a]; on the right-hand side a is concatenated
(-) with the result ¢(v) of applying ¢ to v. Similar elaborations will be
omitted in the sequel, since the intended meaning can always be inferred
from the types of the functions concerned.

2. Note the symmetry in the definitions of Z[s,;s,] and Z[s, Us,],
where in the former case the success, in the latter case the failure continua-
tion is extended.

3. In clause b the meaning of s is initialized with the empty success
continuation Av.¢ and the empty failure continuation .

4. The (unique) fixed point in clause ¢ exists by the guardedness
requirement which ensures contractivity of the @, (Lemmas 4.6 and 4.7 and
Theorem 4.8 provide details for the more complex setting with L,).

We continue with the derivation of the equivalence ¢ = .#.
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First, we introduce two auxiliary denotational meaning functions #, and
7p, working on elements in #eceos, and 7 con,, respectively. (We find it
convenient to carry along D as a parameter, rather than as explicit
argument of the mappings # and .7.) The mappings #,: #con, - R —' R
and J,,: Jeen, — R are defined in

DerFINITION 3.10. a. Ap[E] = dv.e, Rpls;r] =2[s] ypRp[r], with y,
as in Definition 3.9.

b. T[] =3, Tplr: 1] =Rs[r] T,l1].

The following lemma is now easily established (cf. Definition 3.5 for — ).

Lemma 3.11.  Choose D fixed.
TplE:t]l=¢ Tp[d] =0
Tpllasryt]l=a.Tpr: 1]

If t, = t5, then Tp[t,] = Tp[1,].

o o »

Proof. We consider only one special case. Let ¢, = ((s,0s5);r):1, 1=
(s13r):((s25r)0). We have Fp[1,] =Zp[((s, 0sy);r):t] = Rp[(s, 0s,);7]
Toltl = 205,080 yp Aplr] Tplt] = 2[5\ v Rp[r1(2[55] v o A0 7]
Tplt])= - =Tpllsi5r): ((s257) : )]

The key step in the proof that ¢ =.# holds on Pueg4, is the following
lemma (which constitutes an application to L, of the general proof techni-
ques of Kok and Rutten (1988) and de Bakker and Meyer (1988)):

LeMMa 3.12. Let @51 (Teen, — R) = (Teen, > R) be defined as in
Lemma 3.8. Then & ,(T,)=T,.

Proof.  We introduce the following complexity measure ¢, on t€ Teon,:
cld) =1, cfr:1) =clr)+elt); ¢(E) =1, cls;r) = c(s); ¢la)=
cfail) =1, ¢ (x)=c,(g)+ 1, where x<=g is in D, ¢,(s,;5,)=c,(s;)+ 1,
c,(s;0s5)=cy(s,) +c,(s,) + 1. From the definition of T, we see that, for
each 7,, 7, such that

(1) 1, > 1y,
(1) 1, #1,, and
(iii) 7, of the form (s;r): ¢,
we have that c,(¢,) > ¢ (1,).

We now prove that @ ,(7,)(¢) = Z,[t], for each r. If ¢ terminates or ¢
fails, the result is clear by definition. Otherwise, ¢ is of the form ¢ = (s;r):t,
and, for some a, t,, we have r—>,1,. We use induction on ¢(z). The
following cases are distinguished:
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s=aq,
Pp(Tp)(a;r):t)y=a.Tp[r: 1] (def. @)

=TIpl(a;r): '] (Lemma 3.11)

s = fail,

D p(Tp)(fail; r) 1 1) = P p(T)(1) (def. @)

=9, (ind.hyp.)
=T, (fail; r) : t'] (Lemma 3.11).

§ =X,

Pp(Tp)(xir) 1)

Dp(Tp)(g;r)):t)  (def.dp)
((gsr):1") (ind.hyp.)
Tpl(x;r) o 1) (Lemma 3.11).

)

7,

.

I
N
S

1
N

s =($;;5,). Similar to s= (s, 0s,):
Dp(Tp)(s O sy);r) i)
=®@p(Ip)(sy:r): ((s257) 1 1") (def.®@p)
=Ip((s15r): ((s257) 1)) (ind.hyp.)
=Tp(((s;0sy);7): 1) (Lemma 3.11). §

The main result of the present section is now a direct consequence of this
lemma:

THEOREM 3.13.  For each 0 € Preg,, (o] = M ]o].

Proof. By Lemma 3.8 and Lemma 3.12, @, is a contracting mapping,
hence its fixed points ¢, and J}, coincide. Now

O[] = O[{D|s)]=Cpl(s: E) : 4] = Tp[(s: E) : 4]
=[] yp(2v.e)(8) = M[{D|s>]=M[o]. 1

4. SEQUENTIAL LOGIC PROGRAMMING WITH BACKTRACKING
AND ABSOLUTE CUT
We add a preliminary version of the cut operator, written as “I” and
inspired by PROLOGs cut, to the language L,, obtaining L,. This version
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we call “absolute cut.” Its operation is rather drastic: when the operator “!”
is encountered, all alternatives (kept available for possible subsequent
backtracking through a fail statement) collected as a result of previous
executions of s, [ s,-statements since the beginning of the whole program are
deleted. In the next section we shall deal with a more realistic version of the
cut operator, denoted by “!!” and called “relative cut.” The operator “!!”
deletes all alternatives (kept available for possible subsequent backtracking
through a fail statement) collected as a result of previous executions of
s, [ s,-statements since the beginning of the execution of the most recent
procedure call in which this “!'” occurs. We emphasize that the !!-operator
is the one which interests us. The “!” is studied only to help in under-
standing our treatment of “!!” in the next section. In particular, the
mechanism developed in the present section introducing the so-called dump
stack is not so much motivated by our wish to model “!” (in fact, all
applications of transition system T, leave the dump stack constant), but
rather designed for modelling “!!” (in T5 the dump stack indeed varies).

We shall design operational and denotational models for L, (and for L,
in the next section) involving a more subtle use of continuations. The
operational semantics for L; (and its approximation L,) are due to de
Vink, cf. de Vink (1989) and de Bruin and de Vink (1989). Our continua-
tion based denotational semantics for L, will be designed such that the
equivalence ("=.# on Piog, is a straightforward extension of the results
in Section 3.

DEFINITION 4.1 (Syntax).
a. (Statements). The class (s€ )L, of statements is given by
su=a |x| fail [s,;s,]5, 055"

b. (Guarded statements). The class (ge )L$§ of guarded statements
is given by

gu=alfaill g;s|g, 0 g,.
Note that ! does not act as a guard.

¢, d. The classes Zecl 5, Prog, are derived from L,, L§ analogously
to Definition 3.1, parts c, d.

We now present the new continuations:

DEFINITION 4.2. a. The class (ue)%con of statement continuations is
defined by

w=nil|(s; u).
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b. The class (re)Z%con, of success continuations is defined by
ru=FE[(u:t);r
c. The class (1€ )T con, of failure continuations is defined by
tu=Adl(r:t).

As before we define a transition system in terms of fourtuples in
Teonyx AX Dects X Teon,, employing the notation

t—5pt

DEFINITION 4.3 (Transition system 7).

(Wasu):tyry it =S, ((uan);r): (Elem)
ot =5, F (Nil)
((mil : t);r):t 54,1
((gsu):n)yr) it =551 c=ginD (Rec)
((su)ensr)y ol =570
U5pt (Fail)
(((Fail; w): 1);r): ' —5p1
(((sy5 (sasm)) s t)yr) it =51
C
(515520 0) - D7) 0 oy 1 (Seq Comp)
(((sysu) 0);r) s ((((sp3u) it)yr) i t) =7 (Backtrack)
(s, Osa)su)ct)sr)it =5p 17
((wit)r)it-S,7 (Cut)

(Gu)osr) it =551

It may be instructive to compare T, with T,. The system is organized by
the various cases for s in to= (((s;u):t);r) :t'. In ¢y, t' is the failure con-
tinuation, also to be called failure srack, which serves the same purpose as
in the constructs (s; r) : ¢ encountered in 7,. On the other hand, 7 in ¢, is
the “dump stack” (terminology from de Vink, 1989). Its function is as
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follows: When, as a result of (Backtrack) some o= ((((s, Us,);u):¢); 7)1
is transformed (by —-) into ¢, = (((s;;u):t);r):f (where 7 =
(((sy;u):t);r):t’), in f, the stack ¢ is preserved. In case we encounter,
while processing s,; 4, an occurrence of “!,” we shall transform the then
current "= (((}; u') 1 t);r): finto ((u':1);r):t, thus reinstalling the dump
stack instead of the currently active failure stack 7, effectively throwing
away the alternatives built up so far in 7 as a result of the [-statements
processed up to now. The other rules in T, should be clear: Once the
formalism involving a second (dump) stack is understood, the axioms
(Elem) and the rules (Rec), (Fail), (Seq Comp), and (Backtrack) are direct
extensions of similar rules in T,. Rule (Nil) expresses the natural fact that
execution of ((nil:?);r):¢ amounts to execution of r:1. We already
announce that in transition system T dealing with relative cut, we shall
only vary the recursion rule (and replace “!” by “!” in the (Cut) rule).

We next define how to obtain ¢ from 7. The notions of terminating or
failing ¢ are as in Definition 3.5.

DEFINITION 4.4. a. The mapping (: 210y, > R is given by
O[<DIs>]=Opl(((s;mil) : 4); E) : 4].

b. The mapping Op: Jecn, — R is given by

Oyl =e, if tterminates
=9, if 1fails
=a.,[1'], if 15,1,

where the transitions are with respect to T',.
Well-definedness of ¢’ for 104, follows as before.

We continue with the denotational semantics. Following the general
strategy first adopted in the previous section, we shall structure the denota-
tional definitions in direct correspondence with the operational ones in T,.
We first introduce the various domains

(v, we)R
(pe)R—'R
(pe)R-'(R-'"R)-»'"R—-'R
(e )(R—>'(R—'R)~'R—'R)

' (R->'"(R>'R)»'R->'R) £ R
(ye)M=X —R.
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The mappings : L, > I, —»' R and .#: #1094, — R are given in

DEFINITION 4.5.

a. 2[a] ypvdw = a.pvgw
2 x] ypvdw = yxpvgw
[ fail] ypvow =w
Dsy; 2] vovgw = 2[s,] (25,1 yp) vhw
D[, 0 5] ypvpw = D51 ypod(Z[s,] vpvéw)
D[] ypvgw = pvgu.

b. yp=y{m/x;};, where {m,..m,> is the (unique) fixed point
of (¥, .. ¥,>, with ¥: R"-R given by ¥,((n},.,m))=
@[[g,]] V{n;/xi}i-

Remark. The definitions in part a follow the axiom and rules in T,. The
following correspondence is maintained:

UueUcon<peR-"(R->"R)>"'R->'R
rEr%z'oﬁz@(ﬁER—*l R

t,t'e .7{'07/2¢ v, we R.

Also, a construct ((u:1);r):t corresponds with the semantic entity pogw.

We now first prove

LemMMAa 4.6. 9 is well-defined.

Proof. By induction on the complexity of s we prove that

1. ¥Yy:Vp:Vu:Vg:Yw:2[s] ypvowe R

2. Vy:Vp:Vo:Ve: 2[s]ypvg:R—"'R

3. ¥y :Vp:Vo:@[s]ypv:(R>'R)=»'R—>"R

4 Vy:Vp:@[s]]yp:R—-»l(R——»‘R)—»'R—v‘R

5 Vy:@[s]]y:(R—»l(R—-vlR)—-»lR—»lR)——>'R——>1(R—->'R)-»l
1

6. 2[s]:I'->'R

1. a-pvpwe R.

2. d(a-pvdw,, a-pvgw,) < Ld(pvgw,, prow,) < Sd(w,, w,), since prg:
R-'R.

3. dla-pod,w, a-pudyw)<id(pogiw, pogaw) < 3d(prey, prdy) <
Ld(4,, ¢,). since pv: (R =" R)—»'R-'R
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4 da-pvigw, a-poygw) < dlpuidw, posgw) < d(po,, pry) <
Ld(v,, vs), since p: R—»'(R—'"R)>'R~-"R.

5. d(a-p,ogw, a-p,vgw) < sd(p vgw, pvgw)<3d(p,, ps)

6. “Z[a] is constant (in 7).

1. 7(x) pvowe R, by definition of y.
2. y(x) pvpe R—"' R, by definition of y.
3. yp(x)pre(R—-'R)—"R~-"R, by definition of y.
4. y(x)pe R—'(R—-"'R)—"'R—"'R, by definition of y.
5. y(x)e(R—>'(R—>'R)>'R>'R)»'R—>"(R—»'R)>'R~"'R,
by definition of 7.
6. d(Z[x]yi, Z[x]yy)=d(yi(x), y2Ax)<d(yy, 72).
s = fail
1. 2[fail] ypv¢w=weR.
2. g[fail] ypvp=idec R—>"'R.
3. 2[fail] ypv is constant (in ¢).
4. Z[fail] yp is constant (in v).
5. Z[fail]y is constant (in p).
6. Z[fail] is constant (in y).
s=1
1. 2['] ypvégw = pvgv e R.
2. 2['] ypvé is constant (in w).
3. d2['] vovdw, J‘[[']] vpv¢m d(pvd v, pvd,v) <d(pvg,, prds)
<d(¢,,$,), since pre(R—'R)>'R—>'R.
4. d(@["Typv,dw, Z2[]7pv.0w) = d(pv,dv,, pr2¢v,) < max{d(pv,pv,,
pv1$v2)*, d(pv, vy, pvaduy)** .
*<d(v,, v,) since pv,ge R—"'R.
** < d(pv,, pvy)<d(v,,v,), since pe R-»"(R—-'R)>'R—"'R.
5..d2['] yp vgw, 21 yparvew) =d(p vdv, progv) < d(py, p,).
6. Z[!] is constant (in y).
S=S5y; 85
L. 2[sy;5,] ypvgw = 2[s,] Y (2[s,] yp) véw.
By induction (s,:4) we have %[s,] peR—'(R->'R)>'R—-'R, so
by induction (s, : 1) we have 2[s,] Y(2[s,] yp) véw e R.

2. D[si; 8] vpvg=2[s\] 1 (Z[s.] yp) vo.
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By induction (s,:4) we have Z[s.] ype R-"(R-"'R)>'R—>"'R, so

by induction (s, : 2) we have [s,] (< [s,] yp)vge R - R.
3.0 Zsiisalvpr=2 s ] (< [s.] o

By induction (s,:4) we have [s,] ‘,*,o&R—»‘(R—+l R)—='R-"'R, so

by induction (s, : 3) we have Z[s,] (¥ [s,] yp)ve(R—"'R)—~'R—->"'R.
4. Yls;is.]lvp=2Ls,] (< ss] vp)

By induction (s, :4) we have %[s,] ypeR->"(R-'R)-' R—-"'R, s0
by induction (s,:4) we have “[s,](Z[s,]yp)eR—-"(R-"R)
-'R-'R

5. Zsyissly=20s,17y-2[s-]7

By induction (s, :5)(s,:5) we have “[s,]7. “[s.]y€(R—-'(R—-"'R)
'R-'"R)»'"R-"(R-'"R)»"R-"R, so Z[s,]7 “ls,]ye(R-"
(R-'R)»'R-'R) »'R->"(R-'R)-»'R->'R

6. d(«[s,; 52]] s Clsiisl e <A 2 s ] (@ Ds]vp) s
7202520 720) < maxid(C s ] (Y Lsa]ip) CLs D@ sa] e
dZ[s\] 7 (ZLs2] y2p) 2050 pa(ZLsa] vap))** 5

*<d(Z[s5] yop. 2[s.] yap) (by induction (s, :5)<dZ[s,]7,
Zs.]7.) <d(y,, y-), by induction (s,:6).
*<d( s, 1y, Z0si07.)<d(y,, 7). by induction (s, :6).

s=s,0s,
1. 2[s, Os,] ypvgw =< [s,] yprd(Z[s,] yprdw).
By induction (s, : 1) we have &[s,] ypvéw € R, so by induction (s, : 1) we
have Z[s,] ypvd(Z[s,] yprgw) € R.
2. 2[5, 0yl ypvg=2ls, ] vprg 2 0s,] vpre.
By induction (s, : 2)(s, : 2) we have &[s,[| yprd, Z[s,] yprde R—"' R so
s, ] ypved - & s5] ’ptqﬁeR—» R
3. d(2[s, Oss] ypopyw, Z[s, 0 S:]l‘;‘pvcﬁzw) < dZ[s\] yprd (2]s,]
TPOP, W), 9[[S11]7'Pv¢z(9([szl]*/pv¢a“ ) <max(d Jl[ﬁl] 7peg (2 [s2]7ped W),
25,1 vpvg (2 [55] yovdow))*, d(Z[s,] yprd (2 [s5.] vprdaw), Z[s\] vpre,
(Z[s2] ypvgow))** .
*<d(G s, ] ypvdw,  Z[s,] yprgow)  (by induction (s,:2))<
A2 [s5] yovd . Zs,] ypvd,) <d(d,. ¢-). by induction (s, : 3).
** L dDs,] ypvd,, Z[s,] ypred,) < d(é,, ¢,), by induction (s, :3).

4. dz [‘1 05,0 ypvidw,  Z[s, O] ypvadw) <A< [s\ ] ypv, g2 [s5]
wpvidw),  Zs, 1 ypvad(Z s, yovsdw)) <max{d(Z[s ] yprid  (Z]s,]
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yov pw), 2[s, ] ypv,d (Z1s2] ypvagw))*, d(Z[si] vpv d(2[s:] ypvadw),
D[s,] 7pv28(2[s1] yovaw))** .

* < d(Z[sa] ypv,dw,  Z[s.] ypvadw) (by induction (s,:2)) <
d(Z[s,] 7pv,, 2[s5] ypv,) < d(vy, v5), by induction (s, 1 4).

** < d(2]s,] ypvi» Z[s,] ypva) <d(vy, v3), by induction (s, : 4).

5. d(2[s,0s,] yp vow, Z[s, 0s,] yp, vow) < d(Z[s,] yp, vd(2[5-]
1P UPW), 25,1 102 v$(2[55] yp200w)) < max{d(Z[s\] yp,v4(Z[s-]
s 00w), D05, yp 1 08(2]s:] yp.vw))*, A ZLs\] 7p.1v¢(Z[s2] yp,vPw),
D0s,] yp206(Z[5:] 702 08w))** .

*<d(D[s,] ypvdw, P[s,] yp,vew) (by induction (s,:2)) <
d(@[s,]1 vp,, 21551 vp2) <d(p,, p2), by induction (s5:5).
*x < d(2[s,] yp1» 2,1 yp2) <d(p,, p>), by induction (s, :5).

6. d(Z[s,0s,] 7, pvew, 2[5, 0s2] v2pvdw) <d(Z[s)] 71 pvd(Z[52]
popogw), 2051 y2 prd(2[s,] v2pvew)) < max{d(Z[s,] v, prd(Z[s.]
7pvdw), DIs,] 7, pvd(2[s:] y2pvéw))*, d(Z0s\ ]y pvd(Z[s:] v2pvew),
D15:] 72009(2[55] y2pvdw))** ).

*<d(2]s,] v, pvdw, Z[s,] yapvéw) (by induction (s,:2))<
d(Z[s:]7> 2[52]72) <d(y1, 7). by induction (s;:6).
** <dP[s,1y:, 2[s.]y.)<d(y,,7,), by induction (s, :6). §

LemMa 4.7. Vg 2[gl: I'='*R.

Proof. With induction on the complexity of g we prove that
. ¥y 2[gly: (R-'(R-'R)»'R—'R)>'"?R->"(R->'R)—'
R-'R
2. 2[g]:T-"R.

The details of the proof are very similar to those of the previous lemma,
and therefore omitted. §

THEOREM 4.8. In the definition of the denotational semantics for L, we
have that <¥,, ..., ¥, > is a contraction.

Proof. d({¥,, .., ¥.>{(my, ... T, KWy, oy LT,y T, )= *
d<2lg1v, - 20g.]v>, (2lgly, .. 2[g.]y>) = max{d(Z[g,],
@[[gJ]Y'),m, d(m@[[gn]] y’ @[gn]] ’Y,)} S %d()), yl)= %max{a’(rcl ’ nll ), RaRt] d(ﬂn, 7[:,)}
=3d({my, 1, D, T, oy D).

*: with y: & — R such that y(x;)==,.

*: with 9": & — R such that y'(x;)==/. §
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Similar to what we did in Section 3, on our way to establish that ¢ =./#

we use some (auxiliary) denotational semantic functions #,,, #4,. .7, with
types ’

Up:WUecon—-R—-'"(R>'R)-'R-'R
g[)I%CO?Zz—)R—}l R
,,TDZ .%1'07129 R

defined in

DEFINITION 4.9.

a. Upnil] = Av.1¢.¢

Up(s;ul =2 [s] ypuplul
b. Ap[E]=4Av.¢

Apl(u 1) r]=up[u] Tplt] Aplr]
c. Ipld]=9¢

Tplr 1] = 2,[r] Tpltl.

The following lemma is now easily established:

LemMa 4.10. Choose D fixed.

a. Tp[E :t]l=¢ Tpld] =o.
b. If t, = 1y, then Tplt,] = Tpl1,].

Proof. Clear from the definitions. f

In order to prove (' =.#, we again use an inductive argument involving
the complexity ¢,(¢) of the failure continuations r. Due to the more complex
structure of these, the argument will turn out to be more involved; it also
employs the auxiliary notion of derivable 1. We first present the definitions

of ¢, and of “derivable,” and then state various properties of the latter
notion.

DEFINITION 4.11. For te Jeon, we define ¢ (1) €N as follows:

a. c(d)=1Lcr:t)=c(r)+ ¢, (1)

b. ¢ (E)=1, ¢,((nil:1);r)=1 +c,(r)
c(((a;u) o) r=c(((fail;u) 2 1)y r
C t

)=1,
() ) r)=1 +o(((gu)it)r), x<=¢g in D,
e (((u)n)yr)=1+c((ut)r)
e ((((sy382)u) s t)ir) =1+ (U

( it (

; cu)it)r)
e (((Gsy 0s,); u) ity r)= 14 ¢,

Sy
(sy:u) 1) r)+ o (((saiu)rkr).
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DEFINITION 4.12. a. 4 is derivable.
b. If ¢ is derivable then E :t is derivable.
c. If
(i) r:tandr:1 are derivable,
(i) Fry,cmrit'=rii(ryio(rpit)---)), k=0 (take '=1 if
k=0),
then ((u:1);r): ¢ is derivable.

We next state a number of lemmas culminating in Lemma 4.16. This last
fact gives the desired property of derivable ¢ (and Lemma 4.15 explains the
terminology of “derivable”).

LEMMA 4.13. a. If r:t is derivable then t is derivable.

b. Ifr:tis derivable and r= (u, : 1,); (21 15); (- ((u, 2 1,)507) =+ ))s
n=1, then ¥ : 1, is derivable.

c. If r:t is derivable and r is as in part b, then 3Jry, .. rpit=

ryi(rat(e(rg i 8,) o0 )

Proof. a. Induction on the complexity (i.e., length) of r.
b. Induction on .
c. Induction on n.

LEMMA 4.14. If r:t is derivable and r is as in Lemma 4.13 part b, then

’

r' i (r:t) is derivable.

Proof. Induction on the complexity (i.e., length) of . [

LEMMA 4.15. a. ((u:4); E): 4 is derivable.
b. If t, is derivable and t, — t, then t, Is derivable.
c. Ift, is derivable and t, % t, then t, is derivable. |

Proof. By the various definitions and Lemmas 4.13, 4.14. |
LemMma 4.16. If ((u:t);r) 2t is derivable then ¢ (t')=c (1).
Proof. By the definition of “derivable.” §

In the formulation and proof of the final theorem we restrict ourselves to
the class of derivable 1, say te T con,.
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' THEOREM 4.17. Let @ ,: (Tl con — R) = (T cens - R) be defined as
follows: Let Fe Td cony— R. '
Dp(F)(1)=¢, if tterminates
=9, it 1 fails
=a.F(1'), if 151
Then & (Tp)=Tp.

Proof. First note that, for each derivable 7, we have that if 1 — ¢’ then
c(t)y>c(t'). This follows from the definitions of ¢, and of derivable,
and from Lemma 4.16. We now show that, for each derivable 1z,
Dp(Tp)t)=Tp(2). If t terminates or fails, the result is clear. Otherwise, use
induction on the complexity ¢,(r), cf. the proof of Lemma 3.12. §

COROLLARY 4.18.  For each 0 € Piroy,, (o] =.#{a].
Proof. Cf. the proof of Theorem 3.13. f§

5. SEQUENTIAL LOGIC PROGRAMMING WITH BACKTRACKING
AND RELATIVE CUT

Thanks to the preparations in Sections 3 and 4, we can now be quite
brief. In L, we replace “!” by “!!,” and assume all induced syntactic defini-
tions. We define the transition system T in

DEFINITION 5.1. T, coincides with T, (with !! replacing ! in the (Cut)
rule), but for the rule (Rec) of T, which is now replaced by
((gemil) 1 1'); ((uit);r) 0 =5p1
(((xsu)st)sr) it =5p 10

, x<ginD. (Rec")

As a result of (Rec'), if fo=(((x;u):0);r):t' =1, =(((g nil) . 1');
((u:1);r)): ¢, with x< g in D, u keeps its dump stack «, but the dump
stack for g is initialized at the current failure stack ". As a consequence,
occurrences of !! in g cause (re) activation of 1" as failure stack rather than
of t.

From T, the operational semantics definitions for L, and Prog; are
obtained in the by now usual way.

We proceed with the denotational definitions. We use the same domains
as in Section 4. The mappings Z:L; = I —!'R (where I'y=1T5,) and
M:Progy — R are given in

643/94/2-3
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DEFINITION 5.2. a. @[s] is as in Definition 4.5, for s different from !!.
Moreover, Z[!'] ypvdw = pvgv.

b. y,=v{m/x;};, where {m,,..m,> is the (unique) fixed point of
(B, .., D> with @, R" - R given by

Po({T), s T, D) PUPW
= 20g,] yin/x.), (G028 ¢') wlpvg)w.
c. MD|s>]=2[s] ypliv.Ad.¢) 5(iv.e) b

We have

LEMMA 5.3. In Definition 52, (@, .., P,) is a contraction.
Proof. A slight variation on the proof of Theorem 4.8. [

Finally, we are ready for the proof of
THEOREM 5.4. For 0 € Piog,, O]o] =.4[0o].

Proof. Almost exactly as that of Corollary 4.18 (and the lemmas and
theorem leading up to it). One detail is different: We here have to check
whether, if (((x;u):1);r):t is derivable then ((g;mil):1'); ((u:1);r) : t' 18
derivable. Now this follows directly from Definition 4.12. [

6. (AND/OR) PARALLEL LoGIC PROGRAMMING: THE LINEAR TIME CASE

We next turn our attention to the imperative features underlying the
general model of logic programming (rather than the PROLOG-like
variant discussed so far). Accordingly, we now allow parallel execution,
and, moreover, replace the backtracking choice s, I s, (don’t know) by the
general nondeterministic choice s, + s, (don’t care). We shall find it advan-
tageous to also keep sequential composition in our language. Parallel
execution will be taken here in the interleaving sense: The favorite example
is a| b, which obtains as meaning the set {ab, ba}. Thus, we have a com-
putational model which allows, in general, many outcomes of a computa-
tion, and sets rather than single elements are yielded as a result of the
semantic mappings.

The simultaneous presence of sequences of elementary actions and of (an
element modelling) failure in the sets of entities which are the meaning of
a statement or program leads to the following well-known phenomenon
(we use v, we R as before but now also consider subsets X, Y= R): First,
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if there is a choice between failure or something else (some X < R), we
want to keep only the something else:

0juX=4x, for X#. (6.1)

Second, we want that, for any v,

dv=9d (6.2)
(no visible result after failure), but we do not want that v.6 =4, for all v.
That is, we do not want that failure collapses all previous results. The last
property explains that it is not adequate to simply model failure by the
empty subset of R, since we do have v.@ = @&, for all v € R. Note that this
argument depends on the interpretation of “.” as the usual concatenation
operator; in a moment, we shall discuss an alternative interpretation for *.”.
Third, we have the choice (in our semantic model) as to how to model the
interplay between failure and sequence formation. In the present section we
shall take the sequencing operator in the usual sense of concatenation (*.”)
of sequences of symbols, and treat J as a special symbol satisfying (6.1) and
(6.2). Accordingly, we then have that

v X ur X,=0.(X,0UX,) (6.3)

with as corollary that v.{d}uv.X=0v.X, for X# . By the semantic
definitions to follow, (6.3) is at the bottom of the equivalence

(s38)+(S:8)=8:(5, +55). (6.4)

In a variety of phrasings stemming from different sources, we say some-
thing like

-— sequential composition is left-distributive with respect to non-
deterministic choice

— we have a “linear time” or trace model for the denotational
semantics
— the nondeterminacy is local or internal.

In the next section, we adopt an alternative view, and use a different
operator for sequence formation, denoted by “:” which does not satisfy
(v:X)u(v:X,)=0v:(X,UX,). We then obtain a model in which it is
not, in general, true that s: (s, +s,) and (s:s,)+ (s:5,) have the same
meaning. This model, to be described in detail in Section 7, is called
“branching time,” and the operator “:” is, in the framework of parallel
logic programming languages, called (don’t care) commir. In Section 8,
finally, we shall investigate what happens when we combine the two
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sequential operators *“;” and “:” into one language. This will give rise to
some interesting ensuing problems which can, somewhat metaphorically,
be described as having to do with the grain size of atoms in computations.
Most of the material in Sections 6, 7 is essentially known. The semantic
definitions go back to papers such as de Bakker er al. (1986, 1988), and the
equivalence proofs are versions of the results in Kok and Rutten (1988)
(the syntactic format for recursion adopted in Kok and Rutten (1988)
causes some technical complications not encountered below) or de Bakker
and Meyer (1988). What may be new is the emphasis on the comparative
analysis of “;” versus (without different versions of nondeterminacy
being involved). The idea to investigate properties of the commit operator
as a semantic operator in a branching time framework is due to Kok
(1988). Finally, we comment on the absence of synchronization in the
languages L, to Le. As already mentioned in Section 1, synchronization,
suspension, and the like are important notions in concurrent logic
languages. However, we have demonstrated elsewhere (de Bakker and
Kok, 1988, 1990) that for a language such as Concurrent Prolog, it is
possible to follow the two-stage approach as advocated in the present
paper using an intermediate language without explicit synchronization. The
idea is, briefly, that synchronization remains implicit in that it is handled
through (partially filled in substitutions as) shared variables rather than
through explicit communication actions.

After these explanations, we can be rather concise in the subsequent
definitions.

@,

DEerINITION 6.1 (Syntax for L,). a. (Statements). The class of statements
(se )L, is given by

su=a x| fail |s;;s,] 5, 152]8, + 5.

b. (Guarded Statements). The class of guarded statement (ge ) L§ is
given by

g u=alfail |g;s| g, g.1 g, + &>
c (De)Pecl, and (o€ )Pirog, are as usual.

From now on, we take R=4" uA“UA*.{5}: We have no more use
for ee R.

DEerFINITION 6.2. & =2, (R) is the set of all nonempty closed subsets
of R.

The metric framework employed below relies on
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LEmMA 6.3. Let d be the Hausdorff distance on . Then (¥.d)is a
complete ultrametric space.

Proof. See, e.g., Nivat (1979).
Below, we shall assume as known the operation of prefixing ae 4 to
YXe 4 yielding a.Xe &.

The transition system 7, is defined in terms of transitions in
Lix AxZecl 4x (Lyo {E}), written as

a u
§—>p 8

or
s, E.
DerFiNITION 6.4 (Transition system T,). Let 1 range over L,u { E}.

a—,E (Elem)

ua ' )
£77nt x<ginD (Rec)

-4 ’
X—,t

5=, 5" |E

- (Seq Comp)
5,855,858
|55, 80515
(Par Comp)
Flls 5,585
st .
(Choice)

SH5-Spt
- a
S+s—pt

Note that there is no transition for fail.

Preparatory to the definitions of ¢ and & for L,, we first introduce the
operator of reduction, denoted by red, from % to %. Informally speaking,
for each Xe&, red(X) delivers the result of applying all possible
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“simplifications” {4} Y=Y (for Y+# &) in X. In the formal definition
of red(X) we use the auxiliary notation (for any aed, Ye%)
Y,=* {v]lave Y and v+#¢}. Note that ¥, may be empty.

DEFINITION 6.5.
red({d})= {4},
red(X)={alae X} u|]) {a.red(X,)|ae A
and X, # 1, if X#{Jd}.
Well-definedness of red follows as usual.

The operational semantics, collecting successive steps in a way which is
an adaption of the one used previously, is given in

DEFINITION 6.6, a. (": Pirog,— & is given by O[{D|s>] = Cp[s].
b. ¢,: L,— ¥ is given by

pls] = red({als—"»,) E} ol {a.Cpls'T s —LDS’}>,

if the argument of red is nonempty

={J}, otherwise.
Well-definedness of ¢/, is established by the usual contractivity argument.

For the denotational semantics for L,, we first have to define the seman-

tic operators *<’, *+°, *||" (and the auxiliary operator of left merge *| ).

DEerFINITION 6.7 (The semantic operators +, -, ||, |). Let X, Ye &,

a X+ Y=red(XUY) where “U” is the set-theoretic union of
elements in &.

b. Let the operator @,: (¥ x.& =' %) (¥ x¥ ' ¥) be defined
as follows: Let g€ ¥ x.¥ -1 &, and let us write ¢, for @,(¢). We put

Fo{51)(Y)= {5}
Fo(X)(Y)= {a.4(X,)(Y)|ac Aand X, # &}

+J{a.YlaeXx} for X#{5}.
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c. Let the operator @ : (S xS Sy (F x ¥ > ) be defined
as follows: Let g€ ¥ x. —»' ¥, and let us write ¢, for @ (¢). We put

FuX)(Y) = Fo(X)(Y) + Gy Y)(X).
d. Let o =fixed point (@), || =fixed point (&), | =®,(]).

LemMMa 16‘8' Thg: above definitions are well-defined. In particular, &,
(xS =" LY xS S, and  similarly  for @,. Also, the
operators +, o, ||, |l are ndi.

Proof. Standard. Apart from minor variations, the required calculations
can be found, e.g., in Appendix B of de Bakker and Zucker (1982). §

We proceed with the denotational semantics proper. Let [,=.4" — ¥
The mappings : L, > ', — % and .41 Picg,— & are given in
DEFINITION 6.9.  a. Z[a]ly = {a}, Z[x]y=7x, Z[fail]y=1{d].

b. Z[s, op s,]y=2[s,]y op Z[s.]y. where op ranges over the
syntactic operators ;, ||, + and op ranges over the semantic operators
Il, +, respectively.

c. M[D|sy]=2[s]yp, where, for D=<{x,<=g;),. we put (as
usual) y,=7{X,/x,},, and

(X,, .. X,>="fixed point (¥, ... ¥,>
with W, =AY,. - AY,. Z[g ]y Yi/x}i
We have the usual equivalence theorem
THEOREM 6.10. ([o] =.#4[c], for all 6€ Piey,.

Proof. Let ¥, (Ly—> %)= (Ly—¢) be defined as follows. Take any
FelL,—%. We put

¥p(F)(s) =r()d<{a‘s"i"l) E}' + U {a.F(S,)\S ~—i>1> »\"}>,

if the argument of red is nonempty

= {0}, otherwise.

Let Z,: L,—~ & be defined by Iplsl = 2[slyp. We shall show that
(%) ¥, (Zp) = Zp, thus establishing that &, =() and, hence, (' =./, by
the usual argument.

Stage 1. First we prove that ¥ ,(Zp)g)=%plg] for each gelf,
using induction on the complexity of g. The cases g=a 0r g= fail are clear.

For the other cases, we first obsrve that it is easily verified (by an inductive
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argument on the complexity of g) that g has no transitions g —>, --- iff
Zplgl={d}. (Note that g has no transitions iff g obeys the syntax g ::=
fail |g; 5| ¢, 1l g-1 g, + g>). We now consider the case that g has indeed
transitions. We then have

g=g,:s
¥o(Zp)(gr:s)
= {algl;s—f—» E}+ U {a-gn[[ﬂ]|g1§5'_u’o§}
= ({al g1 —>p E}+ U {a.2p]s']] g -5 SI}) > Zp[s]
=¥Yp(Zp)g1) o Zpls]
=Zpl 8] > Zpls] (ind. hyp.)
=25l g:: 5]
g=2gl g
Yo(Zp)( gl ga)

= {algil g0 E} + | {a.2pl5] | g 82— 5
=U (a-Zolgal 181~ E}
+ U {a.2pls' | g.11 81505 5"}
+U (02,1811 g, E}
+ U {a-2plg 15T g:—5ps"}
- (te18, =)
U2l 1255 ) L 20l
+(1el g0 )
+U L0 2ols") € —20057) ) L Zole1]

=(¥p(2p)g)) L Zplg:])+(¥Pp(Zp)(gy) L Zplg,])
=(Zplg.] L Zplg.] + (Zpl g.] | Zplg.]) (twice the ind. hyp.)

=Zplg.ll gl
g=g,+ g,. Left to the reader.
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Stage 2. We now prove that ¥, ,(Z,)s)=Z,ls], for all selL,, by
induction on the complexity of 5. All cases are as in stage 1, but for the case
s=x. We only consider the subcase that ¥ ,(Z,)(x)# {J}.

We have Y,(Zp)(x) = {a|lx—5,E} +U {a.2p[5] | x5, 5} =
lalg =5, E}+U {a.2p[5]1g 253} = ¥p(Zp)(g) (with x<=gin D)=
Zplgl (stage 1)=Zp[x] (def. Zp). |

7. (AND/OR) PARALLEL LOGIC PROGRAMMING WITH COMMIT:
THE BRANCHING TIME CASE

In the next language studied (L) we replace the (noncommitting)
sequential operator “;” by the commit “:”. We recall that the essential
difference between L, and Ls consists in the fact that, in L,, we have the

equivalence (*)(s;s,)+ (s;5,)=3; (s, +s5). In particular, we have
(a;fail) + (a; b)=a; (faill + b)=a; b

On the other hand, in Ls we do not have, in general, that () holds. In
particular, we have that

(a:fail) + (a:b)#a: (fail + b) (=a:b)

Qur task is, therefore, to develop an underlying mathematical structure
which makes sufficient distinctions not to identify (the meaning of) the two
Ls-statements (a : fail) + (a : ) and a : (fail + b). For this purpose, we use
the (metric) process theory as first described in de Bakker and Zucker
(1982) (and further elaborated in America and Rutten (1989)) and
sketched briefly in Section 2.3. We introduce the domain (p, g€ )P of
processes as solution to the equation (isometry, to be precise)

P2 P AU (A% P)) (7.1)

Elements in P are, for example, p, = {a}, p,={<a {b}>}, p3=
(Ka, (b)Y, <a, {c}), pa={a {b.c}>}, ps=1{a D>} pe=
(da {<a {<a )5 ok pr=1a, <a la}>, <a {<a {a}>}D, ). We
observe, for example, that p, and p, are different processes. In a picture, we
can represent them as

respectively. Process p, can be obtained as lim, p,, with p; arbitrary,
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p. . =1<a, p,>}. Process p, equals lim,p,, with pg arbitrary, p,,, =
{a}u(p,: {a}) (see below for the operators L, : on processes). We
emphasize that the empty set & is a process (in (7.1) we use Zompaal-)
rather than 2, nempiycompaci( ). The empty process has indeed the
appropriate properties to model failure (note that ¢ has disappeared from
the scene in Section7): We shall subsequently define the semantic
operators “u” and *:” such that Jup=pud=p, J: p=, but
p. & # & (in general).

After this introduction, we first give the syntax for Lj:

DEerINITION 7.1. (a) (Statements). The class of statements (se)Ls is
defined by

su=a|x| fail |s;:55] 8,555, + 85,
b. The classes LE, Zeet s, and #1cg45 are defined as usual.

Remark. The reader who would like to see constructs : s or s : (commit
with empty left- or right-operand) will have to take the trouble to incor-
porate a silent atomic action 7 in 4, and read 7:s for 15, s: 7 for 5.

For the definition of the operational semantics for Ly, we introduce the
transition system T's. Fortunately, only one minor variation in the system
T, is required. We replace the rule for (Seq Comp) by

s §'|E .
pY| (Commit)

§15-5,5 153

and keep all other rules of 7, unchanged (including the rules for
(Par Comp)).

The essential new element in the operational semantics for Ly is the way
in which the individual transitions, based on T's, are assembled together to

form a process p € P (rather than a set Xe.% as was the case for L,). This
is described in

DEFINITION 7.2. a. (1 Zrogs— P is given by C[<{D|s)] = Cp[s].
b. Cplsl={als=5pE}u{<a (p[sT)|s—5ps"}.

Comparing this definition with Definition 6.5, we see the essential
difference in the «clause .- {{a,Cp[s']>| ---} which replaces
~-U{a.0p[s']] - }. In addition, there is no special treatment for the case
that the right-hand side in clause 4 is empty, since the empty process & is
a valid outcome requiring no amendments (in the form of some {4}).
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EXaMPLES. 1. Op(a:b)+(a:c)]={<a (b)), (a, e}
2. Opla:(b+c))={<a, (b c})}.
3. Cpla+fail] = {4},
4. Cf[{x<=(a:x)+b|x>]=p, where p=lim,p, p, arbitrary,
pn+l = Jl<aa Pn>, b}-

For the denotational semantics, we define the operators +, :, (and || )
on processes p, g in P. We follow the pattern of definition as in Defini-

tion 67 Note, however, that in the present context there is no need for the
reduction operation.

DErFINITION 7.3. Let p, ge P.

a. pugq is the set theoretic union of (the sets) p, ¢

b. Let the operator Y :(PxP—"'P)— (Px P—"'P) be defined as
follows. Take ge Px P! P;

Y(e)p)g)=1{<a,g)laep}lu {a,d(p'Ng)>|{a,p'deEp].

¢. Let the operator ¥: (PxP—'P)—(PxP—"'P) be defined as
follows. Take g Px P—"' P;

Y ()p)g)=F()(p)g) v P()q)p).
d. Let :=fixed point (¥.), | =fixed point (¥,), L = ¥.(I)

As before, U, :, ||, | are well-defined and ndi (a detailed proof needs an
appeal to the compactness of the p, ¢).

Let I's=.2 — P. The mappings ¢: L;— [s— P and ./: #icqs— P are
given in

DEFINITION 7.4. a. Z[a]y=la}, Z[x]y=yx, Z[fail]y =

b. Z[s, op s>]y=%[s,]y op “[s.]7. where op ranges over the
syntactic operators +, :, |, and op over the semantic operators v, :, 1N
respectively.

c. M[{D]|s>])=<[s]yp, with y,, as usual.
The equivalence of ¢ and .# for #1cg45 is established in almost the same
way as was done for Zreg,. In fact, the only difference is that in the

present case the proof is slightly simpler, since the complications having
to do with the reduction operator have disappeared. Thus, we have

THEOREM 7.5. For each 6 € Piogys, (o] = .4 [c].

By way of conclusion of this section we observe that the way our defini-
tions are organized have as remarkable benefit that the definitions of ¢ and
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., and the proof of their equivalence, are almost identical for .#;.,, and
#iregs, notwithstanding the essential difference in the underlying mathe-
matical structure: the objects in & are very much simpler than the objects
in P.

8. (AND/OR) PARALLEL LOGIC PROGRAMMING WITH COMMIT:
INCREASING THE GRAIN SIZE

The last language, L, of our list of abstractions of logic programming
languages embodies a version of (and/or) parallel logic programming
which combines both the (noncommitting) sequential composition (;) and
the commit (:) operator. This language was designed as a step on the way
towards the semantic modelling of logic languages such as Concurrent
Prolog (CP from Shapiro (1983)). The emphasis is here on CP’s commit
operator; see de Bakker and Kok (1988, 1990) for a discussion of its notion
of read-only variables. We do not want to go into details here (once more
referring to de Bakker and Kok (1988, 1990). Rather, we give a brief hint
as to how CP’s constituent concepts appear in L,. Take a CP program
with clauses

head « guard|body.

Here head is some (logical) atom, guard and body are conjunctions of
(logical) atoms, and | is CP’s commit. Such a clause would induce, in a
corresponding L program, a declaration of the form

x <= (unification step; parallel execution of atoms in guard):

(parallel execution of atoms in body ).

From this declaration (cf. also the appendix), it should at least be clear
that the combined presence in L, of “;” and “:” is necessary to model
normal sequencing together with committing behaviour). (In de Bakker
and Kok (1988, 1990) another operator is introduced which turns some
statement s into an atomic—noninterruptible—version, denoted by [s7].)

Why the terminology “increase in grain size?” Consider, by way of
example, a statement such as s, =a:(b+c¢) which we compare with
ss=(a,;a,): ((by; by)+ (cy;¢y)). We shall design our semantic model such
that the meanings of s, and s, are (pictorially) represented by

blbz C)Cy
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Thus, the atoms or grains a, b, ¢ are enlarged to a,d,. b, b5, ¢,¢,. In the
precise mathematical notation, we obtain the processes | (a, ! b, ¢ 1>} and
{Cayay, (<{byby,cies} >} The presence of entities of the latter form
necessitates an extension of the process domain as introduced in Section 7.
Instead of P satisfying P=2 . ,..(4U(4xP)) we now work with 0
satisfying O = 2, nempty compact{ RU (4 x Q). Details follow. Furthermore,
the combined presence of “;” and ":" requires a refinement of the trans-
ition system T, which now involves two types of transitions —, and -,
corresponding to steps of a noncommitting (a.---) versus steps of a
committing (<a, --- ) kind.

After these introductory remarks, we are now ready for the precise
definitions.

We start with the syntax.

DerINITION 8.1, a. (Statements). The class of statements (se )L, is
defined by

su=a|x| fail |s,;55] §; 085 |5, )52 8, + 55

b. The syntactic classes L§, Zcc/, and Picg4, are obtained from L,
as usual.

The operational semantics for L, is defined in terms of a transition
system 7T, and associated definition of (" which provides a synthesis of the
ideas for T, and T (and their associated definitions of ().

We first discuss the process domain (p, g € )Q which we use as semantic
universe. Q may be seen as a domain incorporating notions both from the
linear time model .¥ = 2, (R) (with special role of §; R as in Section 6) and
the branching time model P. We define Q as solution to the isometry

Q = %onempl) compucl(R o (A T x Q)) (81 )

In a moment, we shall describe formally how a domain Q satisfying (8.1)
can be obtained. Informally, we add the following comments. First, note
that we do not include ¢ as a valid element in Q. This is motivated by the
reappearance of 0 € R which, as before, plays the role of modelling failure.
Second, we consider a few examples of processes ¢ in Q 1 g, = {{ab, {¢} )},
gr=1{a"}, gy={<ab, {cd, e}>}, q4s=1{ad,b”}=Ilim,q,, where ¢, is
arbitrary, g, , , = {ad, <b", {c})}. Third, we note that entities {<v, ¢) } are
processes for ve A, but not for ve A“ or ve A*.{J}. Intuitively, it makes
no sense to “perform” ¢ after some v which is infinite or ends in &,
Altogether, we observe a certain interplay between linear time objects inter-
mingled with branching structure. The definitions below will be organized
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such that “:” influences the linear time aspects. Thus, the semantic
operator “-” modelling ;" will yield, for example, {ab}{{cd, q)>}=
{{abcd, ¢ }. On the other hand, the commit operator will impose branch-
ing structure. E.g., {ab} : {¢, d} = {<ab, {c,d})}.

The way in which we solve (8.1) does not completely follow the usual
pattern of solving domain equations as described in de Bakker and Zucker
(1982) or America and Rutten (1989). Rather, we apply a somewhat more
ad hoc technique which is a uniform variant of the definitions in Kok
(1988). We construct a sequence of complete ultrametric spaces (Q,,d,),.
defined by

(Q()ﬂ dO) = (‘y]iwnemply compucl(R)’ d)
With (& =)Z,onempty compaci{ R) and d the usual metric on ., and
Qn + 1 = %oncmply compucl(R o (A M X Qn))

where d, . , is defined as follows: The distance d,, , , is the Hausdorfl metric
(on sets in Q, ) derived from the point metric d,,, (on elements in
Ru (At xQ,)) defined in

d,, (v, w)=d(v, w), for v, weR
d, o0, <y g)) =d(v, w) i vtw
=27 if v=wandlength(v)=n

d,. (v, p», w) similar
an+l(<vw P>, <W~) 6[>)=d(v, H‘) if vFEW
=2 ".d,(p,q) if v =w and length (v)=n.

Observe that 0,=0Q,,,,, n=0,1,... Now let (Q,.d,)=(U, Q.. U, d,).
where, for any p, g€ Q,,, d,(p,q)=d,(p, q), with m=min{k|p, g Q,}.
Next, we define (Q, d) as the completion of (Q,,, d,,). By techniques as in

de Bakker and Zucker (1982), it can be shown that (Q, d) satisfies the
isometry (8.1).

Remark. By way of example, note that, by the above definitions, we
have that lim, {ad, {b", {¢}>} = {ad, b"}.

Notation. For ge Q, we shall use y to range over (the set) ¢. Thus, y
is an element of R or of 4+ x Q.

Below, we shall need various semantic operators involving ge Q0. The
first of these is prefixing a finite nonempty word v to some g:
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DEFINITION 8.2, Letved ", ge Q. We put
v.g={v.y|reql,
where v.w is as usual for we R, and v.{(w, ¢'> = (v, ¢' .

We are now sulfficiently prepared for the definition of T, and associated
(. In the present section, we shall use transitions of three forms.

a o o ’
s—p E, $— pS, $=, 8

(From now on, we drop the subscript D for easier readability.) Transitions
s —5, s" are intended to model noncommitting sequential steps—which in
the associated definition of ¢ will reappear as «.([s']. On the other hand.
transitions s —>, 5" model commit steps which we find back in the definition
of ¢ as {a, O']s'] ». Thus, we see the combined appearance of features from
Sections 6 and 7. Moreover, the semantic definitions will be organized such
that, on the one hand, (v.p,) |l p.=1v.(p, | p>), and. on the other hand,
{<o, pyytILpa={<v, py |l po>}. (More about this after the definition of
T,.) In order to have the operational semantics respect these identities, the
transitions for parallel composition are phrased in terms of || ” rather than
of “||” (as before). As last introductory remark we announce that we shall
devote the next section to the analysis of a related system where the
transitions s - E, s—5, 5, s—%, s’ are replaced by transitions with a
larger grain size: instead of ae A we shall allow arbitrary red” as
“atomic” steps, and we design T, in terms of s—= E, s =, 5", s —>, 5"
To avoid confusion, we emphasize that in the present section we have
already increased the grain size of the processes, working with processes
such as {(ab, {<cd, e, f}>}>} instead of (only) with processes such as
{<a, (b (e e [1D 1010

We present the system T, for L,. We also use the notation s -5, 5" as
shorthand for any of the three possibilities s =5 E, s =5 5", s =, "

DerINITION 8.3 (Transition system Tg).

a5 E (Elem)
gTiS, x<ginD (Rec)
X5,

§—5; 8 (Choice)
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s .
Ty 5y (Choice)
R i
syl s, =58
1L sy —— (Par Comp)
Sillsy =8
$alls, =,
s E ,
I (—,intro)
s 1
2
s— E (—,intro)
515,38
sLSs,—>S
s—>, 8 g5 8
855,85 §555-5,5 8 (Seq Comp)
§:5—, 81§ 152,58 :§ (Commit )
s 55, 5| § sl 55,85 (Left Merge )
1 2

The axiom and first two rules of T, are clear. The rule for (Par Comp )
states that a step from s, | s, is either a step from s, (case s, | s,) or from
s, (case s, | s,). The next two rules introduce the —, and —, transitions.
In the final group of rules, the type of transition (—, or —,) is always
inherited. We draw attention in particular to the rules for left merge. After
an —, step from s | §is performed, the step after that has again to be from
the (new) left operand in s’ || 5. On the other hand, after an —%, step is
taken, next a step from both operands (in s'||5) is possible.

Before defining ¢ and & for L, due to the reappearance of §, we again
have to reduce processes by applying, wherever possible, simplifications

{6} v p=p (note that p is now nonempty by the definition of Q). Reduc-
tion is defined in

DerFiNiTION 8.4. a. For pe Q, ae 4 we put

p.={ylayep}.
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b. We define the mapping red: Q—Q by red({6})={5}. For
p# {3}, we put ‘
red(p)={alaep} vl {a.red(p,)| p,+ &}
U {<a,red(p’) | {a, p'> e p}.

Remark. Note that, in clause a, p, may be the empty set and that, since
»y ranges over RuU (A" xQ), y cannot be ¢ in the definition of p,.

EXAMPLES. red({0, a})= {a}, red({ad, ab,c})={ab,c}, red({ad, {ab,
{c}d> ) =a.red({4, <b, {c}>})={<ab, {c})}.

We can now give

DEFINITION 8.5, a. (1 Progs— Q is defined as ([{(D|s)] = Cp]s].
b, Opls]=red({als—> E}u{a.Cp[sTIs 5"}
v {{a, Opls]) s —,5})
if the argument of red is nonempty

={J}, otherwise.

We see the already discussed mixed character of the right-hand side
delivering both noncommitting and committing outcomes (a.--- and

la, ).
EXAMPLE.

Opl(a; b) + (a; fail)] = red({ab, a.d})= {ab}
Opl(a:b)+ (a:fail)] =red({<a, {b} ), <a, 0i>h
= 1<(l, {b}>’ <a’ {5}>}

), is well-defined by the familiar contractivity argument. It may be
enlightening to observe that the presence of an empty process & in our
domain would invalidate this argument. Allowing p or ¢ to be empty we no
longer have that d(a.p, a.q)<3d(p,q), a property which does hold for
nonempty p and g. Note that in both scenarios (with or without empty
processes), we have that d({a, p), {a,¢7)= Yd(p, q).

We proceed with the denotational definitions. The definition of the
various semantic operators is now somewhat more involved. The operators
+, o, 1, |, |l are defined in

643/94/2-4
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DEerINITION 8.6. Let p, ge Q.

a. p4+g=red(puq), where “U” is the set-theoretic union of (the
sets) p, gq.

b. The higher order mappings @ , ®., @, all from (Q xQ —' Q) to
(0 xQ —"'Q), are defined as follows. Let e 0 xQ —' Q;

@ (9)(p)g)={vqlvepnAd™ |+ {v|lvepn(4”vA*.{3})]
+{<v, $(p')@)> | <v, p') € P}

D) p)g)={{v,g>lvepnA™}+ {vlvepn(4”vA*.{5})}]
+ {<v, ¢(p" V(@) > <v, p') € p}

@,(9)(p)q)=P(P)p)Nqg)+ P(S)q)(p)

c. We put o =fixed point (& ), : =fixed point (&), || = fixed point
(¢|| )a H. = ¢( ” )'

The definitions of £ and .# are now standard. Let Iy=%4 — Q. We
define &: Ly — I'c— Q and M: Proge— Q in

DEFINITION 8.7, a. Z[ad]y= {a}, 2[x]y=yx, Z[fail]y= {d}, Z[s, op

s3]y =2[s,1y op 2[s,] 7, with op ranging over ;, :, ||, +, op ranging over
o, 1, |, +, respectively.

b. M#[{D|s>]=2][s]yp, with y, as usual.
We conclude this section with the proof of
THEOREM 8.8. For U, 2, 7, as before, and s€ Lg:
Oplsl=2[slvp.

Proof. Let @p=As.2[s]yp. As always, it is sufficient to show that &,
is a fixed point of the operator ¥,: (L¢— Q)— (Ls— Q) given (for
FeLs— Q) by

‘I’D(F)(s)=red<{als——‘f-> E}ul {a.F(s') s, 5"}

v {<a, F(s’))ls«"—»zs’}>

if the argument of red is nonempty

={d}, otherwise.
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The proof follows the pattern as in the proof of Theorem 6.10. Essential
intermediate results are the following:
Y p(Zp)(g;8) =¥ p(Dp)g) « Zpls]
(this uses that (a.p)-g=a.(p ¢)and
€a pyleg=1{<a,pq>})
Yo(Dp)(g:5)=¥p(Zp)(g): Zpls]
(this uses that (¢.p) :g=a.(p:¢)and
a,p>}ig={<a p:g>})
Yo(Zp)(g1+ &)= ¥p(Zp)(g) + ¥n(Zp)gs)
Yo(Zp)gill 82) = ¥n(Zp)(gi L &)+ Pn(Zp)gs L gy)
Po(Zp)egr L g2)=¥p(Zp)g) L Znlg-]
(this uses that (a.p) | g=a.(p || ¢)and
{Ka.p>} Lg={<a,plg>}).

These results are to be embedded in an argument which is very much like
that of the proof of Theorem 6.10. §

9. INCREASING THE GRAIN SIZE IN THE TRANSITIONS

We conclude our study of flow of control concepts in uninterpreted logic
programming with the discussion of a somewhat more specialized topic.
We ask (and answer affirmatively) whether it is also feasible to base ¢ for
L, on transitions

, R
s— FE, §—> 8, s—, 5,

thus increasing the grain size of the atomic steps. One might defend the
case that this is a more natural style of transitions since the semantic
domain is designed such that “steps™ v, w, etc. (appearing in the process
domain Q) take the place of the “steps” a, b, etc. (from the process
domain P). In other words, we are now dealing with processes such as
{<u, {{w, --- >} >} rather than {<a, {<b,--- >} )}, explaining why it is
natural to also increase the step size in the transitions. We indeed
demonstrate in this section that, on the basis of a rather natural extension
of T,, we can define an operational semantics (derived from transitions
s~ .s') which is equivalent to the denotational semantics of Section 8
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(Definition 8.7) and, hence, also to ¢ as in Definition 6.8. The price to be
paid for this somewhat more satisfactory operational semantics is rather
more effort to be spent on the equivalence proof.

DEFINITION 9.1.  The system T, consists of

a. The axiom a5 E
b. All rules of T, with a throughout replaced by v

c. The new rule

vy 253
si— E, 55,5

TR (Inc Atom)

Sy383—> S
The accompanying definition for ¢'* is
DEFINITION 9.2. a. (*: Pr0og,— Q is given by (*[{D|s)] = Cp[s].
b. O%[s] =red({v|s—> E} o U{v.C5[s']|s 8"}
u{{o, ORI T s =2 8")),
if the argument of red is nonempty
= {4}, otherwise.

where the transitions are with respect to 7.

Note that, in this definition and elsewhere in Section 9, the sets involved
are (turned into) compact sets as a result of applying the red or “+7

operators.
We prove, for .#, as in Definition 8.7,

THEOREM 9.3. For each 6 € Proye, 0*[a] =.#[o].

Proof. We define the usual mapping ¥,: (Ly— Q) — (L, — Q). Take
FeL,— Q. We put

'I’D(F)(s)=red({v|s——f'—> E}ulJ {v.F(s")|s—5, 5"}

v {<o, F(S’)>|S—"->zS’}>

if the argument of red is nonempty

= {4}, otherwise.

We show that ¥,(2,)=2, (=% is.2[s]y,). The proof follows the
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standard pattern, but the rule (Inc Atom) causes some complications. We
first state the key properties of ¥ ,(%p)(s), for s ranging over L:

s=a ¥ p(Zp)a)= {a}

=x ¥ p(Zp)(x)=¥p(Zp)g), x<=¢gin D
s = fail ¥ 5 (Dp)(fail) = {5}
S=S8155, Y p(Dp)(s1:52) = ¥p(Zp)s) e Dpls.]

+ {Ulsl — E} o ¥ p(Zp)(s2)

S=S815, Yo (Dp)(s, 2 52) =¥ p(ZDp)s,) : Zpls,]

s=51+5;  Vp(Dp)si+s2)=¥p(Zp)s1) + ¥p(Zp)(s2)
s=s,ls, ¥ o(Zp)(s) 152) =¥ p(Zp)(s1 L s2)+ PolZp)(sz Lsy)
s=sLss PolZp)sy Lsa)=Pp(Zp)(s)) L Zpls.].

We give some details of the cases s=s,;s, and s=s, [ 5,. We consider
only the cases that the outcomes are # {4}

¥ o(Zp)(s1552)

=red<{v|s1;s2—i> Eyul) (0. 2[5 1513 55— 5}
Ui @Dﬁﬁn>|sl;sz—"»zf})
=({ul|sll+E}09,,[[sz]]
+ U (0. Zpl5'] s, — 18"} o Dolsa]
4 (<o D515y 08} Dol
+<{vlvz|(s1 2L E) A (5. E)}
+U {(v,05).Zp[s"]1 (s, 2L E) A (52— 8"))
+ 1<y va, Dpls" T 1 (s 2L E) A (53— s”)}>

= lPl)(gi))(sl)-QZ)D[[SZ]] + {U1|51 > E}-q]p(go)(sz)
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Y (Zp)(s, ILs2)

{vi]sy -~ E} | Zp[s.]

+ U {01-2p[s'] s, —”_]’1 s} L Zpls,]

+ {vy, DplsT 15, —> 5"} L Dols,]
=Y5(Zp)s)) L 91)[[32]1-

Next, we show that ¥ ,(Z,) = %, thus establishing that ¢} = Z,,, whence
O* = on H7'Z0g6.
We abbreviate ¥,(Zp) to ¥, and we prove that d(Zp, ¥,,)=0.

Stage 1. For each ge L§,
(2, ¢l ¢D(g))<flid(-@D’ 'pp)

(Note that, clearly, for all s, d(Z,[s], ¥p(s)) <d(Zp, ¥)).) We use induc-
tion on the complexity of g, and treat here only the (most complex) case
g=g,;s5 We have

Dplgi;s]=2plg]Zols]
= (Dplg,]ZplsT+ ({v] g — E}Dpls])
(by Lemma 9.4 below)
Po(g1:8)=(Pn(g1)°Zpls]) + ({v] &, — E} o Pp(s)).

Clearly, we have d(Zplg]°%Zpls], Pn(g:)°Zpls])<d(Zplg],
Po(g))<3d(2,, Pp) (ind. hyp.). Also

d({’)‘ gl—L) E}O-@D[[S]]» {U| & — E}° 'po(s))

1d(@pls], Pols)  (sinceeg {v] g, —> E})
5

Putting these two inequalities together, we have shown that
d(Dplg:551, Pol(8159) <3d(Zp, Pp).

(We use here that, for d any Hausdorff metric, d(X, v X,, Y, 0 7Y,)<
max{d(X,, Y)|i=1,2})

Stage 2. We now show that d(Z,[s], Pp(s))<id(Zp, Pp), for all
s, by induction on the complexity of s. For each case this proceeds
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as in stagel, except for the case s=x. Then d(¥,[x]. ¥,(x))=

/ N ' = X. A,l)u.\ﬁ. "pn(.\))—
d(2p[ 2], Pr(g)) < 3d(Z,, ¥p)(since g is guarded, stagel applies).
Altogether, we have d(2,[s], ®p(s))<id(Zp, Pp). for all 5. Hence,
d(%p, ¥p)=0, as was to be shown. J

Wg have one lemma still to be filled in. For convenience, we use the
notation (for p, g€ Q) p =g as short hand for p+g=yg.

LemMA 9.4. For each se L,
{vls—> E} < Z,[s].

Proof. We introduce the auxiliary relation s, =, s, by the transition
system

X >, 8 for x<=ginD
S+ Sy >p S,
S1+ Sy > p S,

S; >p S

Cls,]—»p C[Sz]’

for each arbitrary Lg-context C[-].

It is direct from the definition of —-, that, if s, =», s, holds, then

Dpls,12%p[s.]. We use —-», in the formulation of the following
straightforward

Claim. 1f s — E then either

o (v=a)A(s—>pa) or

o there exist s§,, S,, U, 12,EA* such that v=v,.vy, s, — E,
)
s,— E, and s = 5, 5,.

We now prove the assertion of the lemma by induction on the length of
v. If v=a, we have ae Z,[a] € Zp[s]. If v=v,v, (v,,0,€A47), then
s, -5 E, 5,2 E, and s -, 5,; 5. By induction, v, e Zpls ], vae Zpls.l,
and we obtain v,v,€ Zpls,;5,]. Since Zp[s,:s.] € Zpls], the desired
result follows. §

Altogether, we have completed the investigation of the transition system
T,, establishing that increasing the grain size in its transitions does not
affect the associated operational semantics for L.

APPENDIX

We provide a brief sketch of the translation of a rudimentary (and/or)
parallel logic program into, for example, the language L,. The approach
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followed in the translation is a (considerably) simplified version of the
translation (due to Joost Kok) as described in de Bakker and Kok
(1988, 1990).

Let a, ay, ..., 4, ... be elements of &/ /e, the set of (logical) atoms as used
in logic programming. We consider clauses ¢ of the form a«—a, A ... A a,
(n=0), programs m which consist of a finite set of clauses {c,, .., ¢}, k =1,
and goals of the form a, A --- A a,,, m>0. We provide a translation into
L, of a pair {m, g). The translation assumes a version of L, (with corre-
sponding semantics) which works for arbitrary interpretations (rather than
for no interpretation). That is, we assume a set X of states, and interpret
the elementary actions in A4 as, possibly partial, state transformations. One
further technical step is required to cope with possible clashes between
(individual) variables in the clauses or goal. We assume that the set of
individual variables Fwuea2 is partitioned into disjoint sets Svqr,, with
ae N* the set of all finite, possibly empty, sequences of natural numbers.
Moreover, we assume that all individual variables in 7 and g are initially
from Fvar,, and we assume injections o« Fvazg; — Fvasry ,, for each «a,
d@e N* The injections « are extended in the natural way to the atoms in
&/ {em. We now describe the translation:

o For A we take of {om X L om.
o For Puvar we take of £ om x N*,

o For X we take the set of substitutions (in the usual sense of logic
programming).

o As interpretation of an elementary action (a,,a,) we take

[(ay,a,)](c) =mgu(a,, o(a,))- o, where mgu denotes a fixed most general
unifier.

o We define the auxiliary mapping trl: €/ awsex Pvar - L§ by
putting

rlla—ay A -+ A ay, (@, 0))=(a(a), a); ((ala,), o 1) || -+ || (x(a,), a.n)).
o Let z={cy, .., ¢x}. Take for the set of L,-declarations D:
D = <(d9 a)c trl(ch (é’ d)) + o+ (ck’ (d’ a))>(d,a)s%uaz'

Note that, returning for a moment to the general L, syntax, D is of the
form

Cxs=ap (xy -l x)+ - Fag; oy |-

xknk >x € Prar

o Finally, take as translation of (x, g the L,-program

D@y, 1)1l (@, m)).
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