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0. Introduction

The aim of this paper is to unify some recent results in adjoint semigroup theory
concerning the interplay between the weak topology of a Banach space X and the
o(X, X®)-topology induced by the adjoint of a Cy-semigroup on X.

If T(t) is a Cy-semigroup on a Banach space X then the semigroup T*(t) = (T'(t))*
on X* is called its adjoint. An adjoint semigroup is weak*-continuous and is weak*-
generated by A*, the adjoint of the generator A of T(t). T*(t) need not be strongly
continuous and hence the definition

XO = (" € X" lim|T*(t)e" - ¥ = 0}

makes sense. It can be shown that X® = D(A*) and therefore X© is a weak*-dense
closed subspace of X*. It is easy to see that X© is invariant under 7*(t). Hence
the restrictions of T*(t) to X©, denoted T®(t), define a Cy-semigroup on X®. The
generator of T9(t), denoted A®, is the part of A* in X©. For details we refer to [2,4]

Repeating this construction starting from T©(t) one obtains successively X©*,
TO*(t), XOO, T®O(t). The map j : X — X©* defined by

(jr,z%) = (2%, 2)

is an embedding which maps X into X©®. If j(X) = X©© then X is called ®-reflexive
(with respect to T(t)).



VAN NEERVEN

X© induces a weak topology on X by taking as fundamental neighbourhoods of
the origin the sets of the form

V(aP,..2260) = (z € X : |e@,2)| < i=1,..,n},

where z0,...,29 € X© and € > 0. Since X®, being weak*-dense in X*, separates

points of X this is a locally convex topology on X which will be called the o(X, X®)-
topology. In general X© is a proper subspace of X* in which case the o(X, X©®)-
topology is strictly weaker than the weak topology. However, the following is always
true. Let R(A, A) = (A — A)~! be the resolvent of the generator A of the semigroup
T(t).

Theorem 0.1 (Phillips-de Pagter [4,8]). The following are equivalent:

(1) X is O-reflexive with respect to T(t);
(2) R(\, A) is o(X, X ©)-compact;
(3) R(\, A) is weakly compact.

The equivalence (2)&(3) has a simple consequence. Letting By denote the
closed unit ball of the Banach space X, the identity map ¢ : (R(A, A)Bx,weak) —
(R(X,A)Bx,0(X,X9)) is continuous. If X is ®-reflexive then by Theorem 0.1 both
spaces are compact (and Hausdorff) and therefore ¢ is actually a homeomorphism.
So if X is @-reflexive then the relative weak- and o(X, X ®)-topology on R(\, A)Bx
coincide, regardless whether X© = X* or not.

Motivated by this observation, in this paper we will study in detail the relationship
between the weak- and the (X, X®)-topology.

Section 1 deals primarily with the question to characterise those weakly closed
sets G that are o(X, X @)-closed. We treat successively the cases G arbitrary, bounded,
bounded and convex, and G = By.

In section 2 we apply the results of section 1. A class of sets, containing all sets
of the form R()\, A)H with H bounded, is singled out on which the weak- and the
(X, X®)-topology always coincide, thereby generalising the equivalence of (2) and
(3) in Theorem 0.1. No compactness assumption on H is needed whatsoever. As
an application we show that an Eberlein-Shmulyan theorem holds for the (X, X ©)-
topology, and that the uniform limit of a sequence of o(X, X ®)-compact operators is
again o(X, X®)-compact. Finally a variant of Theorem 0.1 is proved which asserts
that X is O-reflexive with respect to a Cp-semigroup if and only if the integrated
semigroup is weakly compact if and only if the integrated semigroup is (X, X®)-
compact.

In section 3 we apply some of our results to the study of the so-called Favard class
of a semigroup. A characterisation is given of those semigroups for which Fav(7(t)) =
D(A) holds.
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1. The ¢(X, X®)-closure of bounded sets

In this section we will study in detail which sets are o(X, X®)-closed. From now
on T(t) denotes some given Cg-semigroup with generator A on a Banach space X.

The starting point of our investigations is the following simple o(X, X®) equals
strong’ result from [6].

Theorem 1.1. Every closed T(t)-invariant convex set G is o(X, X®)-closed.

In fact, if z ¢ G we may choose t so small that the vector z, = %fot T(7)x dr is

still not in G, hence also not in Gy = 1 fot T(7)G dr which is a subset of G. By the
Hahn-Banach theorem =z, can be sepa,rated from G4 by some z* € X*. But then z
and G can be separated by 1 f T*(7)z* dr (the integral being in the weak*-sense),
an element of D(A4*). Tt follows that G is o(X, X ©)-closed.

It is important to observe that for this proof to work we only need the following:
for z & G there should be a t > 0 small enough such that z, can be separated from G,.
For this we only need some control on the G, as ¢t | 0. This was achieved in the above
theorem by imposing on G the rather strong assumptions of invariance and convexity.

Motivated by this, for a given set G we define Gy := {lt fot T(r)g dr: g € G}.
At this point we remark that most of our results can be restated in terms of G :=
AR(), A)G; one obtains the 'Laplace transforms’ of the corresponding statements on
t-

weak

Theorem 1.2. IfG =59 Upcs<:Gs then G is o(X, X ®)-closed.

Proof: It suffices to prove that the inclusion

—U(YX ) ﬂ U G ———uweak

t>0 0<s<t
. —_— k —o(X,X®
always holds. Fix any z ¢ (5, U0<3<tG “*" We must show: z g G (XX5)
—  weak
By assumption there is a t; > 0 such that z ¢ U0<8<MG “**" " Choose norm-1

functionals z},...,z}, € X* and € > 0 such that the weakly open set
V=V(z],. ,eh;e6z)={ye X: |z}, z —y)|<e, i=1,..,n}

which contains z is disjoint from Uocs<t, Gs+ By the strong continuity of T(t) we
may choose 0 < t; < tg such that a.ddltlonally we have

1 /B €
”-——/ T(r)z dr—z| < <.
tl 0 2

We claim that ¥ N G = 0§, where

t t
V=V(%/; T*(r)x] d-r,...,;ll-/(; T*(7)zy, dr; ,:1:)
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Indeed, fix any ¢ € G and choose iy € 1,...,n such that
1 [
(.2 — . T(r)g dr)| > e.
1 Jo

Such an 1 exists since VN Gy, = 0. Then

1 [t
g [ T, drz -

1 ty 1 t
= |(al,, — / T(r)e dr — = / T(r)g dr)|
t1 Jo t1 Jo

1 ty ty
>lfehpe =5 [ T drll = el [ T(r)z ar =)
1 Jo 1Jo

2€e—

[SS e

| o

This shows VNG = 0 and the claim is proved. It is easy to see that % Ot’ T*(r)zy d7 €

D(A*). Therefore Vs o(X,X®)-open, and we have Vv ﬂ@u(x’xo)
the theorem is proved. 111/

=0. Sincez €V

Let us have a look again at Theorem 1.1. If G is convex, closed and T(t)-invariant,
then Gy C G for all t > 0, as is easily seen. Moreover, since convex closed sets are
weakly closed, it follows that

ﬂ U G_,weak _ ﬂ —G—'weak -G

>0 0<s<t >0

In section 2 we will single out a class of sets which are in general not T'(t)-invariant,
but do satisfy the condition of Theorem 1.2. Indeed, the set R(A, A)Bx (cf. Theorem
0.1) belongs to this class.

The content of Theorem 1.2 is that a sufficient condition for ¢(X, X ©)-closedness
is a kind of ‘infinitesimal invariance’ with respect to the weak topology. The following
theorem asserts that bounded sets are in fact characterised by this property.

Theorem 1.3. IfG is a bounded set then
—o(X.XO ——0(X,X©) —————weak
-0 Je =N Ue
t>0 0<s<t t>0 0<s<t
Proof:  In view of the inclusion proved in Theorem 1.2 we only have to prove the

inclusion
Nn ue

t>0 0<s<t

o(X,X9) c _C_;_a.(x,)(O)‘
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o
Suppose ¢-§G(X'X ). Then there are 2?,...,22 in X© and € > 0 such that
V(29,...,22;62)N G = 0.

Since G is bounded there is a constant K such that ||g]] < K for all ¢ € G. Choose
to > 0 such that for all i = 1,...,n and 0 < s < ¢, we have

Ve v 0 4 0« €
IS / T*(r)e? dr - 22 < 55

Let ¢ € G be arbitrary and fixed. Choose iy € 1,...,n such that ](xﬁ,z —g)| = e
Then for 0 < s <t

(@9 =2 [ T(rg an)

> (s,2 = )~ o0 - 5 [ T d)]

1 /% .
> e |(; [ () dr - 22,9
0
€ . €
ZG—éI:I\ ;2:

1t follows that for all 0 < s < ¢y we have VN G, = @, where V= V(x?, ey 225 55 T).
Since V is o(X, X©)-open, it follows that

o(X,X9)

N U o6 =0

Osssto

Since z € V the proof is finished. /1l
Remark 1.4. If G is bounded then one has

Ea(x,x@) _ ﬂ W

>0 0<s<t

o(X,X09)

The proof of this is similar to those of Theorems 1.2 and 1.3. The content of this
identity is that every bounded o(X,X®)-closed set is ’infinitesimally invariant’ with
respect to T(t) in the o(X, X®)-topology. The corresponding formula for both the
weak- and the norm topology fails: in Example 1.8 below we will construct a semigroup
on ¢g for which the inclusion By C Niso Uo<s<i T(s)Bx is proper.

For convex sets, Theorem 1.3 assumes a particularly nice form. Let ©0G denote
the closed convex hull of a set G.
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Theorem 1.5. If G is convex and bounded, then

-éu(x,xo)=n <E U T(s)G).

>0 0<s<t

Proof: For every set G we have GUeet C ©@G. On the other hand for every 0 < s <t
we have

G,c® ] T(s)G.
0<s<t

Together with Theorem 1.3 this proves the inclusion

@"(X’Xo)c ﬂ (35 U T(s)G>.

>0 0<s<t

For the converse inclusion, suppose y € (V5o (€6Ugc,<; T(8)G). This means that
there is a sequence of convex combinations T

N;
yi = Z @inT(tin)gin
n=1

converging to y strongly, with g;n € G and max,=1...N; tin < i~1. Put

N;
2i = E Aingin-
n=1

Since G is convex we have z; € G for all i. Since G is bounded, thereis a K < oo such
that ||g|| < K for all g € G. For fixed 2© € X© we have

N; N;
l(zo,yi - zi)l = |(1'®, Z a’inT(tin)gin - Zaingin)l
n=1 n=1

N;
=13 @in(2®, T(tin)gin — gin)|

2:

=Y @in(T*(tin)2® — 22, gin)|
1

]

n

N;
<K Z @in||T*(tin)2® — 29| —0 asi— oo,
n=1
since on the one hand maxp=1.. N; tin < -1- and on the other hand ||T*(#)z® —2®|| — 0

as t | 0. This shows that z; —y; converges to 0 in the o(X, X©)-topology. But y; — y
strongly, hence z; — y in the o(X, X®)-topology. Since z; € G for all 7 it follows that

e TTN, /111
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The weak closure of a convex set is just the norm closure; the above theorem can
be regarded as an analogue for the o(X, X®)-closure of bounded convex sets.

Weakly convergent sequences admit norm convergent convex combinations. For
(X, X®)-convergent sequences we get the following analogue: if z, — z in the
(X, X®)-topology, then for every § > 0 and € > 0 there are numbers t, € [0,]
and a, > 0 with ¥ a, = 1 such that

lz =" anT(ta)zall < e
n=1

Indeed, take G to be the closed convex hull of (z,,). Regarding G as a subset of X©*,
by the uniform boundedness theorem G is bounded in X®*. Since the canonical map
j : X — X©* is an isomophism into, we see that G is bounded in X and Theorem
1.5 applies. The following example, which improves [6; Cor. 1.9], shows what this
means for the translation group T'(¢t)f(z) = f(z +t) on Cy(IR), the Banach space of
continuous functions on IR vanishing at infinity, equipped with the sup-norm.

Corollary 1.6. Let (f,) be a bounded sequence in Co(IR) which converges a.e.
(with respect to the Lebesgue measure) to some f € Co(IR). Then for every § > 0
and € > 0 there are numbers t, € [0,6] and «,, > 0 with ) «, =1 such that

IF =" anT(ta)full < e

Proof: We have Co(R)® = L'(IRR), see e.g. [2,4]. Since by assumption (f,)
i1s bounded, the dominated convergence theorem shows that f, — f pointwise a.e.
implies that f, — f in the o(Co(IR), Co(IR)®)-topology. Now the conclusion follows
from the preceding remarks. 111/

The final result of this section, which is of a somewhat different nature, describes
under what conditions the closed unit ball Bx is o(X, X ®)-closed.

Theorem 1.7. Bx is o(X, X®)-closed if and only if the canonical embedding
7 : X = X©* is isometric.

Proof: Define on X the norm || - ||’ by

el = sup |(z®,z2)I.
lz0=1

In other words, X is normed by X©. This norm is easily shown to be an equivalent
norm on X, see [4]. Clearly j is isometric if and only if ||-]|' = ||-||. Therefore to prove

_ o
the theorem it suffices to show that the equality By sXXT) _ g x,-|» holds. For the

proof of this, first we note that it is an immediate consequence of the definitions that

(X, XO
Bx . is o(X,X®)-closed. Therefore we have to show that Bx | C Bx XX ).
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—=—0(X,XO . —=—a(X,X©
Suppose y ¢ on( ! ); we will show y & Bx .|/ Since Bx X5 is a o(X, X©)-

closed convex set, by the Hahn-Banach separation theorem there is a norm-1 vector
z € X© which separates y and By, that is, there is an € > 0 such that

I(l‘?,y——l‘)l}e, Vz € Bx.

Note that we made use of the fact that X is locally convex in its o(X, X ©)-topology.
Since ||z{]| = 1 and X© is normed by By, for every scalar a with |a| < 1 there is an
z4 € Bx such that

(2D, 24) = .
In particular,
[(2,y) — ol = 25,y — za)| > ¢
for all |a| < 1. It follows that ||y||' > |(z$,¥)| > 1 +e. 111/
Inspection of the above proof shows that the same argument goes through for any
subspace Y C X™* which induces an equivalent norm in X.

The following is an example of a strongly continuous semigroup on ¢o for which
B, is not closed in the o(cy, c{)-topology, although ¢ has codimension one in ¢§ = I*.

Example 1.8. Let e, be the nth unit vector of ¢o; put z, = Z:=1 er. It can be
shown [5] that {z,}3, is a Schauder basis for ¢;. Define a semigroup T'(t) on ¢q by

T(t)zn = e"("'l)twn.
By [7] this is a Cy-semigroup satisfying | T'(t)|| < 2 for all t > 0. We claim that

2z, =(2,0,0,0,....) € ﬂ U T(s)Beo-
t>0 0<Ls<t
=g C Co
In view of Theorem 1.5 this implies that 2x; € B, (coreg ). Indeed, put yr = 2z, — z4.
Then yx € Be,. Fix any t > 0. Then we have

kli_{x; Ty = klijgo(’zzl —e~k=Dtg ) = 24,

We will now show that c$ has codimension one in I'. It is easily checked that
the coordinate functionals of the basis {z,}3%; of the above example are given by
k= e}, — el .1, where e}, is the nth unit vector of I'. Clearly the closed linear span of

{z2}22,U{et} is I'. Since by [7) we have that c{ is the closed linear span of {z},}52,,
it follows that ¢ has at most codimension one in I'. But for each n,

IT*(8)e; — eill = I(ef, T(t)an — za)| = 1 — e~ (*7D%,

so || T*(t)et—ef|| > 1forallt > 0. Consequently e} ¢ ¢ and hence c§ has codimension
one in I'.

In [7) it is shown that ¢ = I! for every Co-semigroup on ¢ satisfying ||T(t)|| <
(2—€)e“* for some € > 0 and real constant w. The semigroup from the present example
satisfies lim supy, [|T(¢)|| = 2.
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2. Equicontinuous sets

In this section we define a class of sets which satisfy the condition of 'pointwise in-
finitesimal invariance’ from Theorem 1.2. The following definition defines a kind of
"uniform infinitesimal invariance’.

Definition 2.1. Let G be a subset of X. We will say that G is equicontinuous
with respect to a (semi)group T(t) if the collection of maps t — T(%)g, where g ranges
over G, is equicontinuous. G will be called weakly equicontinuous if for each z* € X*
the collection of maps t — (z*,T(t)g) is equicontinuous.

If G is (weakly) equicontinuous, so are G, TG and hence also _G"weak. Equicontin-
uous sets are weakly equicontinuous, but the converse need not be true. For example
consider Co(IR) and define the translation group T'(t) as in Corollary 1.6. Let f, be
the piecewise linear function defined by

0, z<n-2;
fl@)={1, z=n;
0, x2n+%,

and which is linear on the intervals [n — 1,n] and [n,n + 1]. The sequence (f,) is
equicontinuous in the classical sense but clearly not equicontinuous with respect to
T'(t). We claim that (f,) is weakly equicontinuous with respect to 7'(t) however. This
follows from the following proposition.

Proposition 2.2. Let T(t) be the translation group on Co(IR). A bounded sequence
(frn) is weakly equicontinuous with resect to T(t) if and only if (f,) is equicontinuous
(in the classical sense).

Proof: If (f,) is weakly equicontinuous, then for each x the maps
t—= (6, T(t)fn) = T(t) fu(z) = falz +1)

are equicontinuous. Hence (f,) is equicontinuous in the classical sense. Conversely,
suppose (f,) is equicontinuous in the classical sense. It clearly suffices to prove weak
equicontinuity at ¢ = 0. Fix ¢ > 0 arbitrarily and let K be such that ||f,]| < K for
all n. Let u € (Co(IR))* be arbitrary. By the Riesz Representation Theorem, y is a
regular Borel measure on R. In particular, there is an r > 0 such that

lel(R\[=r,7]) <e.

By the equicontinuity of (f,), for each z € [~r,r] there is a §(z) > 0 such that
|z — y| < &(x) implies |fn(z) — fu(y)| < € for all n. The open sets B(z;6(z)) form an
open covering of the compact interval [—r,r]. Let By, ..., By be some finite subcovering
and let A be its Lebesgue number. By definition this means that for each z € [—r, 7]
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there is an i € 1,..., N such that B(z;)) C B;. Note that if y,,y2 € B(z,) then
[ fa(y1) = fn(y2)| < 2€ for all n. For |t| < A we find

(T = Judl =1 [ (Fale +0) = fo(o))

< ( / " / ) fulz +8) — fulz)] du+ / " falz + 1) = ful@)] dp
< e 2K +2¢- [ul([=r,]) < 2+ (K + Ju])

/111

It is an easy consequence of Definition 2.1 that for an equicontinuous set G we
have G = (\;59 Up<s<:tGs- That this formula also holds with respect to the weak
topology is the content of the following theorem.

. . . —weak ————————weak
Theorem 2.3. IfG is weakly equicontinuous, then G = Neso UOSSS’ Gsuea

—weak w

—_——weak
Proof: Fix any 2 ¢ G . We must show: = & Uy <s, Gs ““" for some to > 0.
There are norm-1 functionals z§,...,z} € X* and € > 0 such that the weakly open set

V=V(z},.,th;ez)={ye€ X: |(z},z —y)| <e¢, i=1,..,n}

which contains z is disjoint from G. By the weak equicontinuity of G we may choose
to > 0 such that for every 0 < s < ¢y, every ¢ € G and i = 1,...,n we have

(=3, T(s)g = 9l < 5-

In particular we get for every 0 < s <tp, g EGandi=1,...,n

a2 [ T dr - ) < 5

Now the proof may be finished by estimates similar to those in the proof of Theorem
1.3. 111/

Corollary 2.4. The weak- and the o(X, X®)-closure of weakly equicontinuous sets
are equal. In particular weakly closed weakly equicontinuous sets are o(X, X ®)-closed.

Just combine Theorems 1.2 and 2.3. Since subsets of weakly equicontinuous sets
are weakly equicontinuous, we obtain:

Corollary 2.5.  The relative weak- and o(X,X®)-topology coincide on weakly
equicontinuous sets.

Proof: Let G be weakly equicontinuous and suppose that H C G is relatively
weakly closed. Let H be the weak closure of H in X then H NG = H. Moreover, H
is 0(X, X®)-closed by Corollary 2.4, so H = H N G is relatively (X, X®)-closed in

G. /117
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Corollary 2.6. A weakly equicontinuous sequence in X is weakly convergent if and
only if it is o(X, X®)-convergent.

Proof:  Suppose (z,) is (X, X©)-convergent to z. Put G = {z,}5, U {z}. Then
G is weakly equicontinuous as well. Let V' be a weakly open neighbourhood of z in
X. Then V N G is relatively weakly open in G, hence relatively ¢(X, X®)-open in G
by Corollary 2.5. It follows that all but finitely many z, lie in VNG C V, which was
to be shown. 111/

In particular weakly equicontinuous (X, X ©)-convergent sequences admit norm
convergent convex combinations.

Example 2.7.  Let T(t) be the translation group on Co(IR). Let (f,) be a bounded
equicontinuous sequence in Co(IR) converging pointwise almost everywhere to some
f € Co(IR). Then as in Corollary 1.6, f, — f in the o(Co(IR), Co(IR)®)-topology. By
Proposition 2.2 (f,,) is weakly equicontinuous with respect to T(t), and Corollary 2.6
now shows that f, — f weakly, in particular f, — f pointwise.

Of course the conclusion we drew in this example is easily proved by an -
argument, but it is a nice illustration of what is happening in Corollary 2.6.

After Theorem 0.1 we noted that the relative weak- and o(X, X®)-topologies
coincide on R(A, A)Bx in case this set is weakly compact. The following proposition
shows that the compactness assumption can be omitted and that the conclusion holds
for every set of the form R(A, A)H with H bounded.

Proposition 2.8. If H is bounded then R(\, AYH is equicontinuous.

Just note that T(t)R(A, A)h — R(X,A)h = fot T(1)AR(M, A)h dr and use that
AR(A, A) is bounded.

It follows that Corollaries 2.5 and 2.6 hold for such sets. This ’explains’ the
equivalence (2)<¢>(3) of Theorem 0.1.

As an illustration of this proposition let us derive an Eberlein-Shmulyan type
theorem for the o(X, X®)-topology from the standard Eberlein-Shmulyan Theorem.

Corollary 2.9. A set is 0(X, X®)-compact if and only if it is o(X, X ®)-sequentially
compact.

Proof:  Suppose G is o(X,X®)-compact and let (z,) be a sequence in G. Since
R(A, A) is continuous in the o(X, X @)-topology, also R(), A)G is ¢(X, X©)-compact.
By Corollary 2.5 R(\, A)G is weakly compact. Hence by the Eberlein-Shmulyan The-

orem there is a subsequence (z,;) and an ¢ € G such that R(\, A)z,;, — R()\, A)z
weakly. So for every z* € X* we have

(R(A, A™)z" 20,) = (2%, R(N, A)zn;) — (2%, R(), A)z) = (R(A, A™)z*, z).
Since R(\, A*)X* = D(A*) is norm-dense in X© it follows that z,, — z in the

o(X,X©)-topology.
Conversely, assume that G is o(X, X ®)-sequentially compact. Let j : X — X©*
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be the canonical embedding. Then jG is weak*-sequentially compact. Since jG is
bounded (by the uniform boundedness theorem) it follows that the weak*-closure
of jG up in X©* is weak*-compact. Therefore it suffices to show that we have

—weak® —=weak™

jG = jG. Let z©* be any element of ;G and choose a net z, C G
such that jz, is weak* convergent to z®*. Consider the net R(\, A)zq. Since the
a(X,X®)-sequential compactness of G and the o(X,X®)-continuity of R(}, A) im-
ply that also R(), 4)G is o(X, X ©)-sequentially compact, it follows from Corollary 2.6
that R(A, A)G is weakly sequentially compact, hence weakly compact by the Eberlein-
Shmulyan Theorem. Hence the net R(A, A)z, has a weakly convergent subnet, say
with limit R(A, A)z. This forces that jz = z®* and the corollary is proved.  ////

There are general results supplying sufficient conditions on a locally convex space
for the Eberlein-Shmulyan Theorem to hold. These concern the so-called Mackey
topology, see e.g. [9]. Although Corollary 2.9 might possibly be deduced from such
results, the above proof seems to be by far the simplest approach.

Implicit in the proof of Corollary 2.9 is the following:

Corollary 2.10. A bounded set G is a(X, X ®)-compact if and only if R(\, A)G is
o(X, X®)-compact.

Corollary 2.10 fails for the weak topology. To see this, let X = I' and define a
contraction semigroup T'(t) on X by T(t)yn = € "'y, where y, is the nth unit vector
of I'. We have (I')® = ¢y and I' = (I*)®*, as is easily seen. In particular we have
R(X, A) = R()\,A®*) = (R(), A®))*, so R(\, A) is an adjoint operator and therefore it
is continuous in the weak*-topology of I'. It follows that R(), A)Bp is weak*-compact,
since By is. But this means that R()\, A)Bp is o(I*, (I*)®)-compact, since ¢o = (I1)®.
By Corollary 2.5 it follows that R(A, A)Bp is weakly compact. Clearly B is not
weakly compact, since ! is not reflexive.

Corollary 2.10 is related to the fact that R(), A) is weakly compact if and only if
R(A, A)? is weakly compact [8]. More generally we see from Corollaries 2.5 and 2.10:

Corollary 2.11.  Suppose G is a bounded, weakly equicontinuous set. Then
R(\, A)G is weakly compact if and only if G is weakly compact.

The following theorem is an easy consequence of Corollary 2.9.

Theorem 2.12. If ||T, — T|| — 0 in the uniform operator topology and each T, is
a(X, X®)-compact, then also T is o(X,X®)-compact.

Proof: Let (zx) be a bounded sequence, say ||zx|| < 1 for all k. By Corollary 2.9 we
must show that there is a subsequence (zx,;) and a y € X such that (z©, Tzy, —y) — 0
for all z® € X©. Since each T, is o(X,X®)-compact, by Corollary 2.9 a simple
diagonal argument produces a subsequence (z; ) such that for each n thereisa y, € X
such that for all z® € X©,

lim (zG,T,.zkl. —ya) = 0.

1— 00
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We claim that the sequence (y,) is norm-Cauchy. Indeed, since for all i and z® € X0
we have

22,9 = ¥} € [(2%, Tus, = T )| (2%, Ta, = vadl + 1(20, Tz, = i)
it follows that for all z® € X©,
(2, yn = ym)| < 2®01 T = Tonll-

But ||T, = Tl = 0 as n,m — co. Since X© induces an equivalent norm the claim
follows. Let y be the norm-limit of (y,) and fix some z© € X®. Then for all n and i
we have

KIG’T‘T"-' - y)l < l(‘TGsT‘T'k.‘ - Tnmki)l + '(a:@aTﬂxki - yn)' + I('TG’ Yn — y)l
Let € > 0 be arbitrary. Then we may ng choose large enough such that for all z,
I(:c@,T.Tk‘. -y < I(fE@,Tnozk.’ = Yno)| + 2¢.

Hence
lim |(z®, Txy, — y)| < 2¢

1—00

and the theorem is proved. 111/

In case each T} leaves X @ invariant the proof of the above result becomes much
easier: in fact, if S is a bounded operator whose adjoint leaves X© invariant, then
S is o(X, X ®)-compact if and only if S®* maps X®* into X. Here S® denotes the
restriction of $* to X©. From this Theorem 2.12 immediately follows.

The proof of Theorem 2.12 goes through for any subspace ¥ C X* that induces
an equivalent norm in X and for which the Eberlein-Shmulyan theorem holds in the
o(X,Y)-topology.

We close with another consequence of the preceding results which is in a sense
the "Laplace transform’ of Theorem 0.1. It states that X is @-reflexive if and only if
the so-called integrated semigroup [1] is weakly compact.

Corollary 2.13. Define S(t)z = fot T(7)x dr (t > 0).The following are equivalent:

(1) X is ©O-reflexive with respect to T(t);
(2) S(t) is o(X, X©)-compact;
(3) S(t) is weakly compact.

Proof: (1) = (3): If X is O-reflexive with respect to T(t) then R(), A)By is a

weakly compact set and the formula

% /0 T(r)e dr = R(), A)[%/0 T()e dr — %(T(t)z ~2)]
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shows that S(¢)Bx is contained in some multiple of it. Since S(¢)Byx is convex and
closed it is weakly closed and therefore weakly compact.

(2) & (3): It follows from the above observation that S(¢)Bx is equicontinuous.
(3) = (1): For fixed A > 0 sufficiently large define the operators R, by

n2

Ro=Y e MT(2)5(2

¢ n
1=0 n

).

Then R, is weakly compact. Since we have

n? . 1 n? il
R,z = e_)‘%T-z-/nTTxdrz /ne“A%TdeT
g )] T 2_) . ()

it follows that R, — R(\, A) in the uniform operator topology. Since the weakly
compact operators form a closed ideal in the space of bounded linear operators, R(A, A)
is weakly compact. /111

3. The Favard class of a Cy-semigroup

Let T(t) be a Co-semigroup on a Banach space X and let A be its infinitesimal
generator. The Favard class Fav(T(t)) of A is the set of elements z € X such that
the orbit ¢+ T'(t)x is locally Lipschitz continuous:

Fav(T(t))={z € X : lintlls(,)up %HT(t):c - z|| < oo}.
The estimate
T 2l = [ TAe atl < t- sup [T -2l (= € DAY

shows that D(A) C Fav(T(t)).

It is well-known that Fav(T(t)) = D(A®*)N X, see [2]. In particular, if X is
reflexive we have Fav(T(t)) = D(A). In this section we will give a characterisation of
those semigroups for which Fav(T(t)) = D(A) holds.

Recall that || -||" denotes the equivalent norm on X induced by X©, see the proof
of Theorem 1.7. If T(t) is a contraction semigroup, then || - || = [ - ||. For the easy
proof of this we refer to [4]. We need the following lemma.
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Lemma 3.1. We have the following inclusions:

R A)Bx ) C R(A,A%)Bxo-NX C |J n-RO,A)Bx,-
n€N

Proof: By the Banach-Alaoglu theorem, Bxo. is weak*-compact. Therefore
R(\, A®*)Bxo- is also weak*-compact, so in particular norm-closed. The first in-
clusion now follows easily from the fact that the canonical embedding j : X — X ©* is
an isometry from (X, ||+ ||') into X©* and using the fact that R(), A)z = R(\, A®*)jz
for all z € X. The second inclusion follows from the equality

% /0 T(r)z dr = R(/\,A)[% /0 T(r)e dr - <(T(t)z - 7).

Indeed, we have R(\, A®*)Bxo. N X C D(A®*)N X = Fav(T(t)). Therefore if
z € R(\, A%*)Byo-NX, then the righthand side 2 [ T(7)z dr—1(T(t)z - r) remains
bounded as ¢ | 0 whereas the lefthand side converges to z.

Theorem 3.2. Fav(T(t)) = D(A) if and only if R(X, A)Bx,. - is norm-closed.

Proof:  Suppose Fav(T(t)) = D(A). Let y € R(A,A)Bx .|, say y = R(}, A®*)zO*
for some z®* € Bxo-, using Lemma 3.1. Since Fav(T(t)) = D(A®*)N X, y €
Fav(T(t)) and hence by assumption there is an ¢ € X such that y = R(A, A)z.
But R(\, A)z = R(X,A®*)jz and since R(\, A®*) is injective, we have jz = z©*.
But j is an isometry from By ;.- into Bxo. which forces = € Bx . Hence y €
R(\, A)Bx .- as was to be shown.

Conversely, if R(A, A)Bx . is closed, then by Lemma 3.1 we have

R()\,A®*)Bxo-NX C |J n-R(,A)Bx, = D(A).
nelN

Since Fav(T(t)) = D(A®*)NX it follows that Fav(T(t)) C D(A), as was to be shown.
1111

If T(t) is a Cy-semigroup on a reflexive space X, then we have X© = X*, so
Bx -y = Bx and this set is weakly compact. Hence R(A, A)Bx is weakly compact
as well; in particular R(), A)Bx is closed. From Theorem 3.2 it now follows that
Fav(T(t)) = D(A).

Reflexivity is not needed in order to have Fav(T(t)) = D(A). In fact, this equality
is trivially true for any uniformly continuous semigroup. A more interesting example
is the semigroup T'(t) on I* constructed after Corollary 2.10. There it was shown that
R(X, A)Bp1 is weakly compact. This in particular implies that this set is norm-closed.
On the other hand, since T'() is a contraction semigroup we have Bjy = By ... Hence
Fav(T(t)) = D(A) by Theorem 3.2.

Our next result describes the ®-reflexive case.
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Theorem 3.3. Suppose X is O-reflexive with respect to T(t). The following are
equivalent:

(a) Fau(T(¢)) = D(A);

(b) j maps X onto X©*;

(¢) R(A\,A)Bx .| is weakly compact;
(d) R(X\, A)Bx . is o(X, X®)-compact;
(e) Bx .y is o(X, X ®)-compact.

Proof: (a)&(c): Since || - ||' is an equivalent norm, this follows from Theorems
0.1 and 3.2.

(c)=(b): By assumption X is O-reflexive and R(A, A)Bx .| is closed. Hence
from Theorem 3.2 and from the inclusions D(A®*) C X©© = X we have D(A®*) =
D(A®P*)NX = Fav(T(t)) = D(A) = D(A®®). Since A®® is the part of A®* in X©O,
it follows that X©® = X©*  Since X is O-reflexive with respect to T(t), this is the
desired result.

(b)=(e): Bxo- is weak®-compact. By assumption we may identify Bx .- with
Bxe- and (e) follows.

(e)e(d)<(c): Combine Corollaries 2.10, 2.5 and Proposition 2.8. /11!

— )
Remark 3.4. In the proof of Theorem 1.7 we saw that By XX Bx -

Therefore (a)-(e) remain equivalent if in (c), (d) and (e) one replaces Bx |- by Bx,
provided 'compact’ is replaced by ’relatively compact’.

If T'(t) is a semigroup on a space X such that one of the equivalent conditions of
Theorem 3.3 holds, then by (b) X must be isomorphic to a dual space. One can prove
more, viz. that X must have the so-called Radon-Nikodym property (RNP), see [3]
for the definition. This is an easy consequence of the facts that separable dual Banach
spaces have the RNP and that a Banach space has the RNP if and only each of its
separable closed subspaces has this property [3]. Indeed, suppose we have X = X©*
and let Y be a separable closed subspace of X. We must show that ¥ has the RNP.
By considering the closed linear span of the set

{Tt)y:t>0,yeY}

we may assume that ¥ is T'(¢)-invariant. Then the restrictions Ty(t) of T(t) to ¥’
define a Co-semigroup on Y, say with generator Ay. Now by Theorem 3.3 we have
Fav(T(t)) = D(A) and X = X©©. 1t is easily seen that these properties are inherited
by Y, that is, Fav(Ty(t)) = D(Ay) and Y = YO (for the latter use Theorem 0.1).
Therefore by Theorem 3.3 we get Y = Y©* so the separable space Y is isomorphic
to a dual space and consequently has the RNP.

Many common non-reflexive spaces, such as L'[0,1] and C[0,1], fail to have the
RNP. Thus, if such a space is ®-refexive with respect to some Cy-semigroup, then one
can a priori conclude that its Favard class is strictly larger than D(A).

Until now we were concerned with one single semigroup. Our final result considers
all possible semigroups on a given space. It gives a partial converse to the fact that
Fav(T(t)) = D(A) on reflexive spaces. For the terminology on bases we refer to [5].
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Theorem 3.5. Let X have a Schauder basis {z,}%2,. Then X is reflexive if and

n=1"

only if for every Co-semigroup on X we have Fav(T(t)) = D(A).

Proof:  Suppose X is nonreflexive. By Zippin’s theorem [10] there is a non-boundedly
complete basis {yn}3%, for X. Define T(t)y, = ¢ ™'y,. By [7] these operato.rs ex"cend
to a Cy-semigroup on X. We claim that the Favard class of this semigroup is strictly
larger than D(A4). Let {y%}52, be the coordinate functionals of {y»}5%;; they fo‘rm a
non-shrinking basis for their closed linear span [y}]. Let {y%*}32, be the coordinate
functionals of this basis. By [7] we have X© = [y%] and X = X©®® = [y2*], so X
is @-reflexive with respect to T(t). But since {y?}°, is non-shrinking, [y5*] = X is

n=1

strictly smaller than [y]* = X©*. Now apply Theorem 3.3. 111/
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