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1. Introduction

The ODE systems and basic assumption
We consider systems of ordinary differential equations (ODEs) with given initial value in a vector space V,

u'(t) =F(u(t),  u(0) = u, (1.1)

where F : V — Vand uy € V. Throughout this paper we will make the following basic assumption: there is a constant
7o > 0 such that

lv+ oF ()| < |lv|| forallv eV, (1.2)

where || - || denotes a norm, seminorm, or convex functional on V (cf. Section 2).

It is easy to see that (1.2) implies ||[v + At F(v)|| < |lv| for all At € (0, 7o]. Consequently, applying the forward Euler
method u, = u,_{+ At F(u,_1), n > 1, with stepsize At > 0 to compute approximations u, ~ u(t,) att, = nAt, we obtain
llug]l < |lugll for n > 1 under the stepsize restriction At < ty. For general one-step methods, this property under a stepsize
restriction At < y 1 is often referred to as monotonicity or strong stability preservation (SSP). For multistep methods this
can be generalized in several ways, which will be addressed in this paper.
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Linear multistep and one-leg methods

In this paper we will consider one-leg and linear multistep methods for finding the approximations u,, ~ u(t,) at the
step points t, = nAt, n > 1.Itis supposed that starting vectors ug, U1, ..., U,_1 € V are known.

A linear multistep (LM) method applied to (1.1) reads

k k
Up = Y Gt + AL Y bF () (1.3)
j=1 j=0

forn > k. The parameters a;, bj and k € N define the method. Along with this linear multistep method, we also consider the
corresponding k-step one-leg (OL) method

k k
U, = Z ajun_j + AtBF(vy), vy = Z bju,_; (1.4)
j=0

j=1

for n > k, where Bj =bj/Band B = ZJ’;O bj # 0. 1f by = 0 these multistep methods are called explicit, and if by # 0 they
are called implicit.

One-leg methods were introduced by Dahlquist [1], originally only to facilitate the analysis of linear multistep methods.
Subsequently, it was realized that one-leg methods might be useful on their own, not just as an analysis tool. It is known
that the conditions for consistency of order p are the same if p = 1, 2, but for larger p the one-leg method has to satisfy
more order conditions than the corresponding linear multistep method; cf. [2], for instance.

On the other hand, one-leg methods have an advantage over the corresponding linear multistep methods with respect
to storage, which is often important for large-scale problems when function evaluations of F are expensive. If, for example,

by = 0 but ay, by, # 0, then for a step (1.3) with the linear multistep method we need storage of the vectors u,_1, ..., Uy_k
and F(u,_»), ..., F(u,_g), together with an evaluation of F (u,_1). For a step (1.4) with the one-leg method only storage of
Up_1, ..., Up_k is needed, together with evaluation of F (v,).

Scope of the paper

In this paper we will first consider the property

luall < - 0r1£1ia<>§<||uj|| foralln > kand 0 < At < y 19, (1.5)

whenever the basic assumption (1.2) is satisfied. Here the factor u > 1 and the stepsize coefficient y > 0 are determined
by the multistep method, and we are interested in having y > 0 as large as possible. If (1.5) holds with . = 1, then this
property will be called monotonicity. For many interesting methods, this property (1.5) will only hold with some & > 1, in
which case we refer to it as boundedness.

It is known, see e.g. [3,4], that the condition for monotonicity for either the linear multistep method (1.3) or the one-leg
method (1.4) reads

Gg=yb>=0 (1=<j=<k. (1.6)

This requires that all coefficients of the method are non-negative, which severely restricts the class of methods. It is therefore
of interest to study more relaxed properties.

The boundedness property (1.5) with some i > 1, has been studied for linear multistep methods. Sufficient stepsize
conditions At < yty were derived in [5,6] for having (1.5) with arbitrary seminorms under the basic assumption (1.2).
More simple conditions were found in [7], and these conditions were shown be necessary as well as sufficient.

In (1.5) the starting values uq, ..., u,_; are arbitrary. In practice these starting values will be computed from the given
initial value ug, for instance by a Runge-Kutta method. For such combinations of multistep methods and Runge-Kutta
starting procedures the following monotonicity property

lunll < llugll foralln > 1and0 < At <y 10, (1.7)

can still be valid, even if the multistep method itself is not monotone, but only bounded for arbitrary starting values, that is,
(1.5)is valid with u > 1, not with u = 1.

For some combinations of linear multistep methods and Runge-Kutta starting procedures, the monotonicity property
(1.7) was studied in [7], where conditions were derived with arbitrary seminorms and nonnegative sublinear functionals.
Earlier, for some two-step methods, sufficient conditions with seminorms were found in [5].

In this paper we will first describe in Section 2 a general framework for having boundedness with arbitrary starting
vectors, or monotonicity with starting procedures. This framework, which is valid for general multistep multistage
methods, will be based on the approach of Spijker [4] for monotonicity, and of Hundsdorfer, Mozartova and Spijker [8]
for boundedness. The results will then be applied to linear multistep methods and one-leg methods. For this, the methods
will be formulated in Section 3 in terms of input and output processes, so that the general framework is applicable.
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Section 4 contains a discussion for these two classes of multistep methods on the boundedness property (1.5) with ar-
bitrary starting vectors. It will be seen that the maximal stepsize coefficient for boundedness of a one-leg method is the
same as for the associated linear multistep method. In view of the close connection between one-leg and linear multistep
methods, this result is not surprising.

Next, in Section 5, we will derive conditions for having monotonicity (1.7) for these multistep methods with a starting
procedure. It will be seen that then the conditions for linear multistep methods are different from the ones for one-leg meth-
ods. In Section 6, a detailed study of the conditions will reveal that, for the class of explicit two-step methods, combinations
of the one-leg methods with natural Runge-Kutta starting procedures can give monotonicity with much larger stepsizes
than for the corresponding linear multistep methods with the same starting procedures.

2. General framework

We will primarily study ODE systems (1.1) with the basic assumption (1.2) for arbitrary (semi-)norms. In applications,
the vector space V for the ODE systems is usually RM with arbitrary M > 1. Interesting (semi-)norms are for example the
maximum norm ||v||ec = maxi<j<um |vj|, for v = (v;) € RM, and the total variation semi-norm ||v|,, = ZJM=1 lvi—1 — vjl,
where vy = vy for problems obtained by spatial discretization from partial differential equations with periodic boundary
conditions. Norms that are generated by an inner product, such as the Euclidean norm ||v||, = (Z’-\i] |vj|2) 172 are not a focus
in this paper; for such norms other boundedness results exist, under more relaxed stepsize conditions, related to G-stability,
see [1,2] for example.

To include related properties, such as maximum principles (as in [4]) and positivity preservation (as in [9]), it can be
useful to consider more general functionals. Recall that ¢ : V — R is a convex functional on V if

e+ A =Nw) <iApe@W)+ 1A =1 pw) (forall0 <A <Tlandv,w €V).

It is called a nonnegative sublinear functional if (v + w) < @(v) + ¢(w) and ¢(cv) = ce(v) > O for all real c > 0 and
v, w € V.Itis a seminorm if we have in addition ¢(—v) = ¢(v) > 0 for all v € V. Finally, if it also holds that ¢ (v) = 0 only
if v = 0, then ¢ is a norm.

In the remainder, the notations of [8,4] will be followed as far as possible.

For any given m > 1, leteq, es, ..., e, stand for the unit basis vectors in R™, that is, the jth element of e; equals one if
i = j and zero otherwise. The m x m identity matrix is denoted by I. Furthermore, e = e; + e, + - - - + ey, is the vector in
R™ with all components equal to one. If it is necessary to specify the dimension we will denote these unit vectors by e!™!;
usually the proper dimension will be clear from the context.

If K = (k) is an m x | matrix, then |K| stands for the matrix with entries |«;|, and we will denote by the boldface
symbol K the associated linear mapping from V! to V™, thatis, n = K& forn = [p] € V& = [§] € V' if
ni = Z(zl k& € V(1 <i < m).Inequalities for vectors or matrices are to be understood component-wise. In particular,

) N R . . R
we will use the notation K > 0 when all entries «;; of this matrix are non-negative.

2.1. The generic form

Application of a multistep method with a fixed number of steps leads to a process of the generic form

k m
Yi=25ijxj+AtZtijF(yj) (1<i<m), (2.1)
j=1 j=1
producing the output vectors yq, ¥a, ..., Ym from the input data xq, ..., x, in V. Typically, the set of output vectors will
contain approximations u,, n > k, whereas the input vectors x; will consist of linear combinations of the starting vectors
ug, Uy, ..., Ug_1 and their function values F (ug), F(u1), ..., F(ug_1).

Lety = [y;] € V™, x = [x] € VX and denote F(y) = [F(y;)] € V™. The coefficient matrices for the process (2.1) are
S=(sp) € R™Kand T = (tj) € R™™. With the above notations, the generic process (2.1) can be written in a compact
way as

y=Sx+ AtTF(y). (2.2)

Let [S T] be the m x (k + m) matrix whose first k columns equal those of S and whose last m columns are equal to those
of T. As we will see, the generic processes that are generated by the multistep methods will be such that all rows of S are not
zero and all rows of [S T] are different from each other. With unit basis vectors e; € R™, 1 < i < m, this can be expressed as

elS#0 foralli, (2.3a)

e[[ST]#e[ST] ifi+#]j. (2.3b)

It is obvious that two identical rows in [S T] lead to two output vectors y; and y;, i # j, with y; = y; for any function F and

arbitrary input vectors x;. This was called reducibility in [4]. In this paper we will refer to such a scheme as reducible (in the

sense of Spijker), and a scheme for which all rows of [S T] are different from each other is called irreducible (in the sense of
Spijker).
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2.2. Boundedness for arbitrary starting vectors

If y > 0issuch thatl + yT is not singular, we can write the process (2.2) also in the form

y:Rx+P<y+%F(y)>, (2.4)
where R € R™* and P € R™*™ are given by
R=U+yD7'S, P=(d+yT) yT. (2.5)
The number of steps with the multistep methods will be arbitrary, so the number m will allowed to be arbitrarily large
as well. Consider, for given vector space V and seminorm || - ||, the boundedness property
{{gagr(n lyill < - max lx;|l whenever (1.2)is valid, At < y 7o, and x, y satisfy (2.2), m > 1, (2.6)

with a stepsize coefficient y > 0 and boundedness factor ;« > 1. Note that this bound holds uniformly for all initial value
problems (1.1) under the basic assumption (1.2) with given 75 > 0.

For any m x m matrix K = (x;), let spr(K) be the spectral radius of K, and let ||K ||oc = max; Zj | ;| stand for the induced
maximum norm of K. From Theorem 2.4 in [8] we have the following result:

Theorem 2.1. Assumel+y T is not singular, and spr(|P|) < 1. Then, for any vector space V with seminorm || - ||, the boundedness
property (2.6) is valid provided that

Id=1PD7'IRllloo < p forallm. (2.7)

Moreover, if (2.3) holds, then the condition (2.7) is necessary for (2.6) to be valid for the class of spaces V.= RM, M > 1, with
the maximum norm.

For the multistep methods considered in this paper, the assumptions that I + ¢ T is not singular and spr(|P|) < 1 will
hold trivially. Furthermore we note that boundedness as in (2.6), that is, boundedness with respect to the input vectors x;,
can be considered for functionals that are more general than seminorms. However this does not lead to boundedness results
with respect to the starting vectors ug, . . ., U1, as in (1.5), unless additional constraints on the methods are imposed. For
example, as pointed out in [7], for linear multistep methods that would lead again to the very strict conditions (1.6).

2.3. Monotonicity with starting procedures

Instead of arbitrary starting vectors ug, Uy, ..., U1 for the multistep methods, we will consider Runge-Kutta starting
procedures to generate these vectors from uy. Assume this starting procedure produces a vector w = [w;] € V™, my > Kk,
where uj = w;; forj =0, 1,..., k — 1and the remaining w; are internal stage vectors of the starting procedure.

The whole starting procedure, which may consist of several steps of a Runge-Kutta method, can be conveniently written
as a single step

w = eplp + AtKoF(w), (28)
where eg = el™l = (1, ..., 1)T € R™, and K, € R™*™ is the coefficient matrix of this Runge-Kutta starting procedure;
examples are given in Section 6. As is well known, see e.g. [4], the conditions of Kraaijevanger [10]

(I+yK) 'eg=0,  (I+yKo) 'yKy>=0 (29)

guarantee that the starting procedure itself is monotone with the stepsize coefficient y, that is, |wj|| < lluo||(1 <j < my)
whenever (1.2) is valid, At < y 1o, for any vector space V and convex functional | - |.
The above Runge-Kutta starting procedure will give an input vector of the form

X = SoLlo + AtToF(U}) (210)

with Sy € R¥!, Ty € R¥*™o_ The total scheme, consisting of the multistep method and starting procedure can therefore be
written as

w = egly + AtKoF (w), 2.11)
y = SSotlg + AtSToF (w) + AtTF(y). ’

For the multistep methods considered in this paper, the output vectors y; will be consistent approximations to u(t,) for
some n > 0. By considering F = 0 it then follows that

SSy=e, (2.12)

wheree = (1,1,...,1)T e R™ Therefore, for any fixed m, the total scheme (2.11) is then just an (my 4+ m)-stage
Runge-Kutta method, with an (my + m) x (mg + m) coefficient matrix

Ko O
1<=<S;0 T). (2.13)
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To obtain monotonicity results we substitute y (v + %F(v)) — yv for the terms AtF(v) in (2.11). This gives, after a little
manipulation,

At
w=(I+yKo) 'equo+ (I +yKo) 'yKo | w + —F(w) |,

At At (2.14)
with matrices R, P as before and
Ro=So — yTol +yKo) 'eo,  Po=yToll+yKo)~". (2.15)
These expressions arise in a natural way by writing x = Roug + Po(w + %F (w)), together with relation (2.4).
We will consider, for m arbitrarily large, and a given vector space V with convex functional || - ||, the following mono-
tonicity property with stepsize coefficient y > 0:
{1max lyall < lluoll whenever (1.2)is valid, At < y 1y, and x, y satisfy (2.2), (2.8), (2.10), m > 1. (2.16)
<n<m

As we will see next, this type of monotonicity of the multistep methods with starting procedures will hold under the con-
dition
RRy > 0, RPy > 0, P>0 (forallm=> 1), (2.17)

where R, P are defined by (2.5). The following result is similar to Theorem 4.4 in [7], where sufficiency of condition (2.17)
was proven for nonnegative sublinear functionals.

Theorem 2.2. Assume I + yT is not singular, spr(|P|) < 1, and the starting procedure is such that (2.9) holds. Let || - || be a
convex functional on a vector space V. Then (2.17) implies the monotonicity property (2.16). Moreover, if all rows of the matrix
K in (2.13) are different from each other and (2.12) holds, then (2.17) is also necessary for this monotonicity property to hold for
the class of spaces V. = RM, M > 1, with the maximum norm.

Proof. Assume (2.9). Let n = (n;) € R™ with n; = |y;||. Since we have ||w; + %F(wj)u < llwjll < llug|l for 1 < j < my, it
follows from the second equality in (2.14) that

1 < RRo - llugll +RPoeg - [[uoll + Pn.
In case F = 0, all vectors wj, y; will be equal to ug, which implies e = RRy1 + R Pyeg + Pe. Hence

(I =Py =T —P)e- |luoll

Since spr(P) < 1, we have (I — P)~! = Yo P/ > 0, and therefore < e - ||ug||, that is, ||y;|| < |luoll for 1 <i < m.

If we have S Sy = e, then the total scheme (2.11) can be viewed as a step with a Runge-Kutta method with coefficient
matrix K, and if all rows of K are different from each other, then this method is irreducible (in the sense of Spijker). The
necessity of (2.17) therefore follows from [4, Theorem 2.7]. O

We note that, because (2.14) has the form of a Runge-Kutta coefficient matrix, the sufficiency of (2.17) for monotonicity
could also be derived from the results in [11,12] if SSg = e.

3. Reformulations of the linear multistep and one-leg methods

For the linear multistep methods (1.3) and the one-leg methods (1.4), it will be assumed throughout this paper that

k k k
da=1 Y jgg=) b>0, b =0 (3.1a)
=1

=1 =0

Here, the two equalities give the conditions for consistency of order one. Having Z};O b; > 0is then necessary for zero-
stability of the methods. The assumption by > 0 will be convenient, and it holds for all well-known methods. Furthermore,
k

for the generating polynomials p(¢) = ¢* — Y, qi¢* 7 and o' (¢) = Z}‘:O b;¢* it will be assumed that

p(¢) and o (¢) have no common factor. (3.1b)

Methods that do not satisfy this last condition are said to be reducible (in the sense of Dahlquist), and these are essentially
equivalent to a (k — 1)-step method.

As before, eq, e;, ..., e, stand for the unit basis vectors in R™, and I is the m x m identity matrix. Further, E =
[es, ..., em, 0] will denote the m x m backward shift matrix, that is, all entries of E are zero except the entries on the
first lower diagonal, which are 1.
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Let A, B € R™™ be defined by

k k
A=Y aF, B=) bF, (32)
j=1 =0
where E® = I. These are lower triangular Toeplitz matrices, with coefficients aj, b; on the jth lower diagonal. For m > k
we also introduce | = [eq, ..., e;] € R™* containing the first k columns of the identity matrix I. To make the notations
fitting for any m > 1, we can define ] = [eq, ..., ey, O] for 1 < m < k, with O being the m x (k — m) zero matrix. Finally,
Ao, By € R¥*k are given by
QG -0 2 O by -+ by by
ag ap bk b2
Ao = ) s By = ) - (3.3)
ay by

3.1. Formulation of linear multistep methods with input vectors

In order to apply the general results on boundedness and monotonicity we will formulate the multistep methods in terms
of input and output vectors. For the linear multistep methods this was done in [7], and this is repeated here to keep the paper
self-sufficient and to make comparison with the subsequent results for the one-leg methods easier.

The output vectors of the linear multistep scheme (1.3) are y, = ug_14n, 1 > 1. The starting values ug, uy, . .., ug—1 will
enter the scheme in the first k steps in the combinations

k k

QjUg_141-j + At Z bjF(uk,1+1,j) for1 <Il<k. (3.4)
= =l
The multistep scheme (1.3) can now be written as

X =

n—1 n—1

Vn = Xn + Z ajyn—j + At Z biF(yn—j) for1<n <k, (3.5a)
j=1 j=0
k k
Yn= ) @Gynj+ At bF(y,) forn>k, (3.5b)
j=1 Jj=0
where the starting values are contained within the source terms in the first k steps. The vectors xq, . . ., X, € V are the input
vectors for the scheme.
Considering m steps of the multistep scheme, m > k, leading to (3.5) withn = 1, 2, ..., m, the resulting scheme can
now be written compactly as
y =Jx+ Ay + AtBF(y). (3.6)
Clearly this is of the form (2.2) with
S=31U-A"Y, T=(U-A7'B, (3.7)
which gives (2.4) with
R=(U—-A+yB)7'Y], P=(U—-A+yB 'yB. (3.8)

If we consider the problem (1.1) with F = 8 and solution u(t) = « + Bt, then exact starting values u; = u(tj) (0 <j < k)
will give u, = u(t,) (for all n > k) because of consistency of the methods. From this it is easily seen that (2.3) holds, and
therefore the scheme is irreducible (in the sense of Spijker). It should be remarked that this is not directly related to the
Dahlquist irreducibility condition (3.1b) for the multistep methods.

The matrix I — A 4+ yB is invertible for any y > 0, because by > 0. The matrix P is again a lower triangular Toeplitz
matrix, and it has the entry mg = yby/(1 4+ ybg) € [0, 1) on the main diagonal. The spectral radius spr(|P|) of the matrix
|P| is therefore less than one.

The coefficients of the matrices R and P are easily found recursively. Let p; = 0 forj < 0.If we set (I — A + yB)l =
D woPnE"and P =" _, m,E", then these Toeplitz coefficients p,, 7, are given by pg = 1/(1 + ybo) and

k k
pn=Y Gpnj—¥ Y bipn forn>1, (3.92)
=1 =0
k
T =y bjon—j forn > 0. (3.9b)

Jj=0
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An inequality of the type Rv > 0 for all m > 1, with a vector v = (vg, v1, ..., Ux)’, is now equivalent to having

Z]{;o Vjon—j > Oforalln > 0.

3.2. Formulation of one-leg methods with input vectors

To derive results for one-leg methods, we will proceed in a similar way, using an input-output formulation. To distinguish
the arising vectors and associated matrices for the one-leg methods from those of the linear multistep methods, we will use
the upper bar symbol for the one-leg vectors and matrices. In particular, the matrices S, T, R, P will be as in (3.7) and (3.8)
for the linear multistep methods, and the corresponding matrices for the one-leg methods will be denoted by S, T, Rand P.
Likewise, in the generic form (2.1), (2.2) the dimensions m, k will now read m and k.

Consider m steps of the one-leg method (1.4), and lety = [y;] € V", m = 2m, with

Vi =U—14i,  Ympi = Uk forl<i<m. (3.10)

As input we have X = [X;] € Vﬁ, k = 2k, with

k k
)_(l- = Zajuk—1+i—jv )_‘i+k = Z bjuk_1+i_j i= 1,... s k. (3-]])
=i j=i
Let] € R™*and A, B € R™™ be as before. Then the m steps of the one-leg method can be written as
y =Jx + Ay + AtBF(j), (3.12)
where] € R™ and A, B € R™™ are given by
- (] O = A O = (0 pI

with zero matrices 0 € R™™ and 0 € R™*, We can rewrite (3.12) in the following form, comparable to (2.2),

j = Sx + At TF(j) (3.14)
with S € Rk and T € R™™ defined by

S=0-A""Y, T=(0d0-A7B, (3.15)
with m x m identity matrix I. Working out these matrices, in terms of S = (I —A)~Jand T = (I — A)~'B, gives

s_ (S 0 F_(0 BU-A"

S_<;BS ]), T_(O T . (3.16)

This can be further rewritten, for example with BS = TJ.

If there is only one index j, 0 < j < k, with b; # 0, then the one-leg method is the same as the linear multistep method.
For genuine one-leg methods, with b; # 0 for at least two indices j, it will now be shown that the scheme is irreducible (in
the sense of Spijker).

Lemma 3.1. Suppose b; # 0 for two or more indices 0 < j < k. Then all rows of [S T] are different from each other.

Proof. The u,, v, are consistent approximations to u(t,), u(t,), respectively, with t, = Z]k:o Bjtn,j. Using the same argu-
ments as for the linear multistep methods, it follows that the first m rows of [S T] are different from each other, and the
same holds for the last m rows.

It remains to show that none of the first m rows can be equal to any of the last m rows. For this it is sufficient to show

that the m x (m + k) matrices
G =(080—-A)"") and G = (JT)

have no common rows. Because of the entry J in Gy, it is clear that the first k rows of C, cannot coincide with any of the rows
of C.

Since the lower triangular Toeplitz matrices B and I — A commute, we have T = B(I — A)~!. Equal rows of (I — A)~!
and T can therefore only happen if Bef (I — A)~' = /B(I — A)~" withi > j. But then Be] = e] B, which implies that either
i,j < k or that only the coefficient b;_; is not zero.

Consequently, if the matrices C; and C, have common rows, then there is only one index j, 0 <j < k, withb; #0. O

As for the linear multistep methods [7], it follows from consistency of the one-leg method that S has no zero rows. The
conditions (2.3) are therefore fulfilled with the matrices S, T instead of S, T, provided the one-leg method is not a linear
multistep method.
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Since I + T is invertible for any ¥ > 0, the same holds for I + yT. From (3.12) we therefore obtain the transformed
form, comparable to (2.4),

_ - = At _

y:Rx+P(y+ 7F(y)), (3.17)
where R € R™* and P € R™™ are given by

R=(0—-A+yB)7Y, P=(d—-A+yB 'yB. (3.18)

These matrices R and P in (3.18) for the one-leg method will be expressed in terms of the m x m matrices R and P for the
linear multistep method, as given by (3.8). Let us here denote L = (I — A + yB)~'. Then it is found that

- 1—A Byl\"' L =Byl
1 _ —
(I—A+vyB) —<—;B I ) _<;BL I—AL)
The blocks consist of products of Toeplitz matrices that commute. Since L] = R, it follows that

- R —ByR = 0 Byl
R= (;BR a —A)R) . P= (o P (3.19)
Note that since spr(|P|) < 1, we also have spr(|P|) < 1. Furthermore we see that P > 0iff P > 0 and R > 0.

4. Boundedness for arbitrary starting vectors

In this section conditions are given for boundedness of the linear multistep methods (1.3) and the one-leg methods (1.4).
It will always be assumed that (3.1) is satisfied. Furthermore, in this section, boundedness is understood in the sense of
property (2.6) for any seminorm, with some v > 1, and with y;, x;, m, k replaced by y;, X;, m = 2mand k = 2k, respectively,
for the one-leg methods.

To formulate the results we will use some standard linear stability concepts for multistep methods, as given in [13,14,2]
for instance. We denote the stability region of the methods by 4, and its interior by int($).If 0 € § the method is said to be
zero-stable.

It was shown in [7] that for a zero-stable linear multistep method satisfying (3.1), the condition

—y eint($), P>0 (forallm), (4.1)

is necessary and sufficient for the boundedness property (2.6) to hold with some © > 1. As we will see, the same result is
valid for the one-leg methods. This can be shown using relations between a linear multistep method and the corresponding
one-leg method, as given in [1] or [2, Sect. V.6]. It is also possible to prove this directly from Theorem 2.1, which will be done
here.

For this, we consider the matrix

- - = 3= (M M
Mzu—wnwszd @Q, (4.2)

with matrices P, R for the one-leg method given by (3.19). Using the fact that (I — A)R = (I — P)J and BR = %P], it follows
by some calculations that the blocks M € R™¥ can be written as

My = (I — [P])""IRI,
My = By (U =PI = P| +1) IR|,
My = ﬁ a—Pp~"IP|J,
My = (I —|P)~'[I = P|J.
According to Theorem 2.1, boundedness of the one-leg method is equivalent to having a bound ||[M||s < w uniformly
for m > 1. By considering the M1 block, we therefore see that boundedness of the one-leg method implies boundedness of
the linear multistep method.

On the other hand, suppose the linear multistep method is bounded. Then we know that P > 0. Zero-stability implies
that ||S||« is bounded uniformly in m. Therefore, the maximum norms of the matrices R and

(I—IP)"y=U—~A+yB)S
are also bounded uniformly in m. Using the relations | —P)"'P = (I —P)"' —Tand I —P)"'| —P| < (I — P)"'U + P),

it follows that the maximum norms of all the blocks Mj; in (4.3) are bounded uniformly in m.
In conclusion, we have the following result on boundedness for our multistep methods (1.3) and (1.4).

(4.3)

Theorem 4.1. Consider a one-leg or linear multistep method, satisfying (3.1). Assume the method is zero-stable, and let y > 0.
Then there is a i > 1 such that the boundedness property (2.6) is valid for any vector space V and seminorm || - || if and only if
condition (4.1) holds.
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The above result, with equal stepsize coefficients for a one-leg method and its linear multistep counterpart, is hardly
surprising, given the close connection between one-leg methods and linear multistep methods. We will see, however, that
the allowable stepsizes for one-leg and linear multistep methods can be very different if we require monotonicity with
starting procedures.

The boundedness property (2.6) is expressed in terms of the input vectors x;. However, with seminorms this is eas-
ily translated into boundedness with respect to the starting values o, ..., u;_q as in (1.5), and likewise reversely; see
[7, Sect. 4.2].

5. Monotonicity with starting procedures

5.1. Linear multistep methods with starting procedures

Consider the Runge-Kutta starting procedure (2.8), producing the vector w = [w;] € V™. Let J, € R¥*™ be the matrix,
with columns ey, . . ., e, € R¥interceded by zero columns, which selects those components w; that correspond to a starting
value u; of the multistep method, that is,

Jow = (uo, ..., =)', JoF(w) = (F(wo), ..., F(ux—1))".
Further, let Ag, By be as in (3.3). Then it follows from (3.4) that

x = AgJow + AtBoJoF (w). (5.1)
This gives the representation x = Soug + AtToF (w), as in (2.10), with matrices Sy € R¥!, Ty € R¥*™0 gjven by
So = Ao Joeo, To = AoJoKo + Bo Jo- (52)

To obtain monotonicity results, the scheme is now written in the form (2.14) with matrices R, P given by (3.8) and with
Ry € R¥*1 Py e R¥*™o given by

Ro = AdJoeo — Poo,  Po = v (AdJoKo + BaJo) (I + yKo) ™. (5.3)
These matrices Ry, Py can be further rewritten as
Ro = (Ao — yBo)Jo( + yKo) e, (5.4a)
Po = (Ao — ¥Bo)o(I + yKo)~'vKo + ¥ Balo. (5.4b)
Consequently, the conditions (2.17) for monotonicity of the total scheme are:
P =0,
R (A9 — ¥Bo)JoU + yKo) "o > 0, (5.5)

R ((Ao — ¥Bo)o(I + yKo)~"'yKo + v BaJo) = 0.

Note that the first inequality, P > 0, that appears here is the essential condition for boundedness of the linear multistep
method (cf. (4.1)).

5.2. One-leg methods with starting procedures
As for the linear multistep methods, we now consider the formulas that are obtained if a Runge-Kutta starting procedure

is used for a one-leg method. It is assumed, as before, that this starting procedure is of the form w = epug + AtKpF (w) and
Jow = (up, ..., ug—1)T. From (3.11) it is then seen that

_ Ao Ao
X = (;}Bo>]0w = (;}B(]).IO(GOUO + AtKgF(w)).

This can be written as

X = Soug + AtToF (w), (5.6)
with
So = <1A§ >Joeo, To = <1A§ )]oKo- (5.7)
B0 B0

For any fixed number of steps m, the total scheme can be viewed as an (mg + m)-stage Runge-Kutta method, m = 2m,
with an (mg + m) x (mgy + m) coefficient matrix

_ Ko ©O
1=(§f0 T)' (5.8)
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To derive monotonicity results we substitute, similar as before, y (v + %F(v)) — yv for all terms AtF (v). This gives, as
in (2.14), the total scheme in the form

At
w=(+yKy) 'equg + (I + yKo)*lyl(o(w + 7F(w)),
. - - At _/_ At _
7= RRotig + RPy (w0 + 7F(w>) +P(7+ 7F(y)),

with matrices R, P given by (3.19) and

Ro=So—Poeo,  Po=yToll+yKo)™". (5.9)
Inserting the expressions (5.7) into (5.9) gives

— AO -1 = AO -1
Ro = %Bo Jo + yKo) ™ eo, Py = %Bo Jod + yKo)™ yKo. (5.10)

To compare the occurring matrices in the monotonicity requirement for the one-leg method with those of the linear
multistep method, we note that

i Ao\ R(Ao — yBo) _ R(Ao — vBo)
#B0) = \ 5(BRAo + (I = A)RBo) | ~ \ 5, (PI(Ao — vBo) + yJBo) ) *

The conditions for monotonicity of the total scheme, I_(R_O >0, I_QP_O > 0and P > 0, can therefore be written as

P >0, R>0,

R (Ao — yBo)Jo(I + yKo) 'eg > 0,

R (Ao — yBo)Jo(I + yKo) "'y Ko > 0, (5.11)
(PI(Ao — ¥Bo) + vJBo) Jo(I + yKo)~'eg > 0,

(PI(Ao — ¥Bo) + ¥JBo) Jo(I + vKo) ™'y Ko > 0.

These conditions differ from the ones given in (5.5) for the corresponding linear multistep method. We will see in the
next section that for explicit two-step methods the conditions (5.11) for the one-leg method are easier to fulfill than (5.5).

6. Application for explicit two-step methods

As an application of the general formulas derived in the previous section, we will give here detailed results for the class
of explicit two-step methods of order one. With this class of methods we can take a; and b, as free parameters, and set
a, = 1—ay, by = 2 — a; — by. The methods have order two if by = 2 — %al, and they are zero-stable if 0 < a; < 2.The
methods with by = 1 or a; = 2 do not satisfy the Dahlquist irreducibility condition (3.1b). Furthermore, if b; = 0 or b, = 0,
then the one-leg (OL) methods coincide with the corresponding linear multistep (LM) methods. For the one-leg methods it
can therefore be assumed that by # 0 and b, # 0.

For this family of methods, with free parameters a;, b, we will display in contour plots the maximal values of y such
that we have monotonicity or boundedness with arbitrary starting vectors (for seminorms) or monotonicity with starting
procedures (for convex functionals). For the ‘white’ areas in the contour plots, there is no positive y.

Fig. 1 shows the maximal values of y for which we have monotonicity with arbitrary starting vectors (left panel), or
boundedness with arbitrary starting vectors (right panel).

These maximal stepsize coefficients are often called threshold values. The threshold values for monotonicity and
boundedness are the same for the one-leg and linear multistep methods, and therefore the right panel in this figure coincides
with [7, Fig. 4]. We see that for boundedness the area of nonzero thresholds is much larger than for monotonicity and it
includes many interesting methods, for example the second-order methods with b; = 2 — %a1.

These threshold values for monotonicity were obtained directly from condition (1.6). To find the threshold values for
boundedness in the figure, condition P > 0 was verified numerically with m = 1000. Inspection with larger m showed that
the results do not differ anymore visually; in fact, for most methods a much smaller value of m would have been sufficient.
The conditions for monotonicity with starting procedures - such as (5.5) for the linear multistep methods and the related
conditions (5.11) for the one-leg methods - will be verified in the same way, using the recursive formulas (3.9) for the
coefficients of the relevant Toeplitz matrices.

In these plots, b; = 1 is a special case: starting with forward Euler, the whole linear two-step scheme reduces to an
application of the forward Euler method, so then we have monotonicity with y = 1. For the one-leg methods, a; +b; = 2is
also a special case: we then have b, = 0, so the one-leg method is then a linear multistep method, written in a reducible form.

6.1. Starting with the explicit Euler method

Consider explicit two-step methods, and suppose u; is computed by the forward Euler method,
u; = ug + AtF(up). (6.1)
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Fig. 1. Explicit two-step methods of order one, with parameters a; € [0, 2) horizontally and b; € [— %, %], by # 1, vertically. The contour plot shows the
optimal y > 0 for monotonicity (left picture) and for boundedness (right picture) with arbitrary starting vectors. The contour levels are atj/20,j =0, 1, .. .;
for the ‘white’ areas, there is no positive y. The lines by = 1 and a; + b; = 2 are special (reducible) cases.

This is of the form (2.8) with mg = 2, w = (w1, w2)T = (ug, u;) € V? and we get

Ko = (? g>, Jo= (é ?) (6.2)

For the linear multistep methods we then obtain from (5.4),

o+ 1=y yci+vyby yb
Ry = Py = 6.3
0 ( (1—)/)(,‘2 ) 0 25 J/bz ) ( )
with ¢; = a; — yb; for j = 1, 2. For the one-leg methods this Euler starting procedure leads to (5.10) with

a+1-ya ya; 0
- 1—=y)a - ya 0

Ro=1b+ra-pb | = |[vh o (64)
(1—y)by yby 0

The total schemes with the linear two-step methods are irreducible (in the sense of Spijker) because all u,, are consistent
approximations to u(t) at different time levels. The combinations of the two-step one-leg methods and the forward Euler
starting procedure are also irreducible (in the sense of Spijker) if b; # 0 for j = 1, 2. To show this we consider this total
scheme, written as one step of a big Runge-Kutta method with coefficient matrix (cf. (5.8))

K = K O
=\51, T

where S € R™4 T, € R**? and T € R™™ are given by

aq 0
§_< I-A7Y o) Pl 0 T—(O ﬁ(I—A)—1>
“\gBa-A77 J) 7 b 0f ~\o BU-m7)"
bz 0

Assume b1, b, # 0. This implies Bl # 0, Bl # 1, and it also easily follows that all rows f T are then different from each
other (which is easier than in the proof of Lemma 3.1 because we now have k = 2). Further it is clear that (I — A)~!
has no zero row. The first row of the lower triangular Toeplitz matrix B(I — A)~! is its only zero row, but the first row of
(%B(I —A)~Y DT, equals (131 0), which is not equal to one of the rows of Ky. Therefore the coefficient matrix K of the total
scheme has no equal rows.

In Fig. 2 the maximal values of y are shown for which we have monotonicity with the forward Euler starting procedure
for the explicit linear two-step methods (left picture) and the explicit one-leg methods (right picture). From this figure
we conclude that the monotonicity properties with forward Euler starting procedure are better for these explicit one-leg
methods than for the corresponding linear multistep methods if by > 1, a; + by > 2.

6.2. Starting with the explicit trapezoidal rule

Now suppose that u; is computed by the explicit trapezoidal rule, also known as the modified Euler method,

1 1
v = Uy + AtF(up), Uy = ug + 5AtF(uo) + 5AtF(vl). (6.5)
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Fig. 2. Optimal y > 0 for monotonicity of the explicit two-step methods with explicit Euler starting method. Left picture: linear multistep methods; right
picture: one-leg methods. Explanations as in Fig. 1.
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Fig.3. Optimal y > 0 for monotonicity of the explicit two-step methods with the explicit trapezoidal rule as starting method. Left picture: linear multistep
methods; right picture: one-leg methods. Explanations as in Fig. 1.

This fits in our general form with my = 3, w = (wy, wy, w3)T = (Yo, vy, u;)T and

0 0 O
1 0 O 1 0 O

Ko = 1 1 0 ’ 10:(0 0 -l) (6.6)
2 2

Here we have |Jw;]| < [lug|[(1 <j < myp), whenever (1.2) is valid and At < 7.
For the linear multistep method this gives, as in [7],

Ro—(@Fam)  p ciqo+yba g1 ybh 7 (6.7)
Calo C2qo Gq1 yb

with ¢ = a; — ybjforj=1,2,andro = 1—y + 3%, qo = 3¥(1 — ¥), g1 = 3. For the one-leg methods we obtain, with
the same rg, qo, q1, the formulas

a + aro aiqo aiq; O

- o - qo @2q1 O
Ro=|r 22 |, m=|P0 3 653
0 by +biro 0 bigo bigy O ©8

baro b,qo bq1 O

In the same way as with the explicit Euler starting procedure, it can be verified that the total schemes are irreducible (in
the sense of Spijker), under the assumption b; # 0 (j = 1, 2) for the one-leg methods. The monotonicity conditions (5.5)
and (5.11) are therefore not only sufficient but also necessary.

The maximal values of y > 0 for monotonicity with this explicit trapezoidal rule starting procedure are shown in Fig. 3;
in the left picture for the linear two-step methods, and in the right picture for the one-leg methods.

For the linear multistep methods monotonicity with the explicit trapezoidal rule as starting procedure leads to
monotonicity thresholds that are less than or equal to those with the forward Euler method.

The one-leg methods with the explicit trapezoidal rule as starting method give here almost the same thresholds as with
the forward Euler method, except for a parameter region with a;, b; > 1. There the thresholds are somewhat improved
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Fig.4. Explicit two-step methods of order two, with parameter a; € [0, 2). Vertical axis: thresholds for boundedness or monotonicity. Left picture: linear
multistep methods; right picture: one-leg methods. Dashed line for boundedness; solid lines for monotonicity with forward Euler start; dash-dotted lines
for monotonicity with explicit trapezoidal rule as starting method (where y = 0 for the linear two-step methods).

with the explicit trapezoidal rule. This is in marked contrast to the situation for the corresponding linear multistep methods,
where the thresholds deteriorate with this starting method in comparison with the explicit Euler start.

6.3. Explicit two-step methods of order two

The most interesting explicit two-step methods are of course those with order two, given by b; = 2 — %(11. This is a
one-parameter family with a; as free parameter. Here a more clear picture is provided in Fig. 4, where thresholds are plot-
ted for boundedness and for monotonicity with forward Euler and the explicit trapezoidal rule as starting methods for the
llinear two-step methods and the corresponding one-leg methods. This gives a cut of the previous figures along the line
saqp + b1 = 2.

’ The curves in these figures describing the thresholds are actually quite simple. The condition for boundedness is
y < f(ay) with f(z) =2z(3 —z)/(4 — z)? ; this value was shown in [5] to be sufficient and from the requirement
7y = y(a1by + ap) — y?b? > 0, it directly follows that it is also necessary.

For the linear multistep methods with forward Euler start it can be shown, in the same way as in [15], that a sufficient
condition for monotonicity is given by y < min{g;(a;), g2(a;)} withg((z) =z/(4 — z), g2(z) = (2 — z)/z; see also results
in[5]fora; < ‘51. We see in the figure that these sufficient conditions for monotonicity are also necessary. With an explicit
trapezoidal rule start there is no positive threshold for monotonicity; this can be shown by considering the Runge-Kutta
method that arises with m = 1, giving the coefficient matrix

0
k=|' ° (6.9)
=11 1 -
3 2 0
Bi B B3 O

with 81 = b, + %al, B = %al and B3 = by being the weights of this explicit 3-stage method. The conditions for order two
imply that 8; = 0, and using [ 10, Thm. 4.2] it can be shown that this Runge-Kutta method does not have a positive stepsize
coefficient for monotonicity.

For the one-leg methods with forward Euler starting procedure we have y < min{f(a;), h;(a;)} as sufficient condition
with hy(z) = 2(2 — z) /(4 — z). This follows from the results in [15] on positivity. With an explicit trapezoidal rule start the
sufficient condition becomes y < min{f(a;), hy(a;)} withh,(z) =1—-/(3z—-4)/(4—2),z > %. This sufficient condition
can be derived in a similar way as in [15]. Again, we see from Fig. 4 that these sufficient conditions for monotonicity are
necessary as well. This necessity can actually be proven by directly considering the Runge-Kutta methods that arise with

m = 1and m = 2, that is, after one or two steps of the one-leg method with these starting procedures.
7. Concluding remarks

In view of the reduced storage requirements, compared to linear multistep methods, one-leg methods are interesting for
large-scale computations. In this paper results have been presented for having boundedness with arbitrary starting values,
as well as for monotonicity with Runge-Kutta starting procedures.

It was seen that the stepsize restriction At < y 1o for the boundedness property (1.5) with seminorms is the same for a
one-leg method as for the associated linear multistep method. Differences between one-leg methods and linear multistep
methods arise when we consider the monotonicity property (1.7) with starting procedures.

For explicit two-step methods it was seen that the monotonicity properties with standard starting procedures are better
for the one-leg methods than for the linear multistep methods. However, no general conclusions are to be drawn from
this. For the implicit two-step methods of order two it was found that the requirements for monotonicity, starting with
backward Euler or with the 8-method, & = by, were not always better for the one-leg methods than for the corresponding
linear multistep methods. These implicit methods turn out to have thresholds less than or equal to two. Since this is not
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very much larger than for the explicit methods, the implicit methods are not recommended if monotonicity is important,
and therefore the results for these implicit methods have not been discussed here in detail.

A detailed study and comparison of the monotonicity conditions (5.5) and (5.11) for higher order linear multistep and
one-leg methods, with suitable Runge-Kutta starting procedures, is part of our research plans.

Finally we mention that some numerical tests were performed with the second-order explicit two-step methods for
scalar conservation laws u; + f (1), = 0 in one spatial dimension with f (1) = u (linear advection) and f (u) = %uz (Burgers
equation). For spatial discretization a van Leer type flux-limited scheme was used, for which it is known that the resulting
ODE system satisfies the basic assumption (1.2) with 7y proportional to the mesh width in space Ax. However, no significant
difference was found in these tests between the explicit two-step one-leg methods and the corresponding linear multistep
methods with the various starting procedures, even though the theoretical properties of the one-leg methods are more
favorable than those of the linear multistep methods. Consequently, the practical relevance of the differences between one-
leg and linear multistep methods found in this paper are not yet fully established. However, for practical computations the
theoretical findings do give a foundation for the explicit two-step one-leg methods with explicit trapezoidal start that is
more solid than for the linear multistep methods.
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