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ABSTRACT

The random walk on the lattice in the positive quadrant is
studied for the case that the one-step displacement vector
has zero drift, finite second moments and support contained
in (-1.01.2.3 x(-1.01.2.. [t is well known that the first entrance
time out from a point in the interior of the lattice into the
union of the coordinate axes is finite with probability one. In
the present study it is shown that its first moment is finite if
and only if the covariance of the ~ and y-component of the
one-step displacement vector is negative. For this case expli-
cit expressions are given for the first moment of the entrance
time and for the first and second moments of the hitting point
of the axes, in terms of the second moment characteristics of
the one-step displacement vector. The results are deduced
from the hitting point identity for the random walk.
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1. INTRODUCTION

The random walk on the lattice with nonnegative, integer valued coordi-
nates in R, is studied for the case that the x- and y-component of the
one-step displacement vector have zero drift, and finite second moments,
the support of the vector being contained in {—1,0,1,..} X{—10,1,..}.
It is well known that the first entrance time out from a point in the inte-
rior of the lattice into the set formed by the coordinate axes is finite with
probability one. In the present study necessary and sufficient conditions
for the first moment of this entrance time to be finite are derived. In the
case that it is finite an explicit expression for this moment is obtained,
similarly for the first and second moments of the hitting point at the
coordinate axes. The starting point of the derivations is the so called hit-
ting point identity, it has been derived in a somewhat more general con-
text in Cohen, [1], [2], and it represents a relation for the bivariate gen-
erating function of the joint distribution at the first entrance time and
the hitting point on the set of zero tuples of the so called kernel of the
two-dimensional random walk, see formules (1.12) and (1.13) below.

The hitting point identity is actually the key relation for the analysis of
two-dimensional random walks on the first quadrant. In general its
decomposition can be reduced to the solution of a Riemann Boundary
Value problem, cf. Cohen [3], this leads to a rather intricate analysis.
However, in the present case with zero drifts it is possible to deduce
directly from the hitting point identity explicit results. For the deriva-
tions here we need some rather basic asymptotical results concerning the
zero tuples. These asymptotical results have been derived in the appen-
dix of the present paper; they play also an important role in the study of
the ergodicity conditions of the random walk with reflecting boundaries,
see Cohen [4].

The main result of the present study is formulated in theorem 1.1, next
to this it shows the importance of the hitting point identity.

An elegant derivation of the statement (1.10)iii of theorem 1.1 has been
presented by Klein Haneveld and Pittenger [6] and a complete proof of
the theorem by Durrett [5]. These derivations, which are fairly simple,
have been obtained by using martingale theorems. However, the
approach via martingales fails for the analogous higher dimensional ran-
dom walks. Here the approach via the hitting point identity leads also
to results as it will be shown in a forthcoming study.

The random walk z,=(x,,y,), n=0,1,2,.., with state space S, the
lattice points with integer valued, nonnegative, coordinates in R, i.e.

S=1{0,1,2,..} X {0,1,2,...), (1.1)

is defined by: for n=10,1,2,...,
i. for x,>0, y,>0:

Xn+1~=Xp — 1+£n>
Yn+1=Yn — 1+m,; 12)
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ii. forx,=O0ory,=0,

Xn+1 = Xy,
Yn+1~= ¥n:
i. Xo = X9, Yo =yo;
with
i.  the starting point
z9=(x0,y0)€ES, (1.3)
ii. (£:,mn), n=0,1,2,.., a sequence of iid. vectors each with state
space S and

E{&,}=E{m}=1 oa:=E{{¢ 1)’ )<, a:=E{@m,—1)*}<co,
01— E{(‘En - 1)("';1 - 1)}

Let (§,m) be a stochastic vector with the same state space and bivariate
distribution as (§,,n,), i.e.

En ~ &)

The bivariate generating function of the distribution of (£,7) is defined
by

@ 1.p2):= Epfp), |p1l<llpal<l (14)
We introduce the
Assumption.
i lppr.p)|=1for |p1|= 1L p2|=1=py=1pr=1; (1.5)

ii. for every (i,j)€S the coefficient of pipb in the series expansion of

(¢ 1,p2)/p1p2]" with |p1|=1; |p2|= 1,n being a positive integer, is
positive for » sufficiently large;

1. ¢(0,1)>0, ¢(1,0)>0.

REMARK 1.1. (1.5)i implies that the random walk z, is aperiodic, cf.
Spitzer [7]; whereas (1.5)ii implies that its state space S is irreducible;
(L5)ii is an obvious assumption, otherwise x, and/or y, cannot
decrease. a

Put
B:= {0} X{0,1,2,...} U{0,1,2,..} X {0}, (1.6)
so B is the boundary of S.

Define
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m(zg): = nzig.fl {n:z,€B|zg€S}, (1.7)

= o0 ifz,€B for all n=0,1,2,..;

k(zo) = (k1(20),k2(20)): = Zm(xg) = (Xm(zp)> Ym(zo)) 1f m(z {10,
:=(00,0) ve = 00.

So m(zg) is the first entrance time of the z,-processes into the boundary
B when starting at z(, and k(zo) is then the hitting point of B, note that

ki(zg)ka(zg)=0 if m(zg)<co. (1.9)
The main result of the present study is the following

THEOREM 1.1. For zo€S \ B:

i Pr{m(zp)<eo} =1,

i. E{ki(z0)}=xo, E{k2z0)}=0; (1.10)

i, B(E—1@m—1)<0 & B{m(zg)} <o, E(kiEo)}<co, E{k3(z0)}<oo;
and for E{(§—1)(n—1)} <0,

, _ X0Yo0 .
' Blmizo) = "B vm-1)’
i B{(ki(zo)—x0)’} = E{—D?)E(m(z0)}, (1.11)

E{(ky(z0)—y0)*} = E{(—1?*}E{m(z0)}.

Theorem 1.1 is quite remarkable since it formulates explicitly in terms of
the second moments of the one-step displacement vector (§— 1,7 —1) the
necessary and sufficient condition for the first moment of the entrance
time to be finite and further the expression for this moment as well as
the expressions for the first and second moments of the hitting point.
Actually (1.10)i is a wellknown result for two-dimensional random walks
for which (1.3)i applies, cf. Spitzer [7].

The proof of theorem 1.1 is based on the hitting point identity for the
z,-process, see below, and it is presented in Section 2. The proof needs
several asymptotic results, these are derived in the Appendix, see Section

REMARK 1.2. Mostly we shall delete z( in the symbols defined in (1.7)
and (1.8), i.e. we shall write for zo &S \ B,

m =m(zq), k; =ki(zp), ky =ka(z0);
further (4) shall denote the indicator function of the event A4, i.e.
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A)=1 if A occurs,

= 0 bRl Z Y . D
| ’Il“hel: hitting point identity for the z,-process defined above reads: for
ri=<l,
Axop?)’o =E m~ki m —ln — m~ka
p1p2 =E{r"pr &>0)} + E{r"(k; =k =0)} + E{r"p3" (k2>0}},12)
with for |r|<1, r1,
(p1,p2) any zero tuple of the kernel

Z(r,Pl,PZ)::PlPZ"'"P(PI’PZ)» lPllgl, |P2|<1» (1'13)
and for r=1,
(@ 1,p2) any zero tuple which is the limit for r—1 of a zero tuple (f; l,ﬁ 2)

of Z(r,p1,p2) with |r|<]1, rs£1.
REMARK 1.3. (p1,p>) is said to be a zero tuple of Z(r,p1,p3) if
Z(I‘,ﬁ 13132): 0.

REMARK 1.4. The H.P.I. (1.10) is a special case of a more general iden-
tity discussed in Cohen [1], viz. take in the notation of [1], N=2, M=0
and T empty.

2. PROOF OF THEOREM 1.1
From lemma 3.1 it follows that (p1,p2) with

P2=p2 p2|=1, p1=P1(rp2), |r|<1, r#l, @.1)

is a zero tuple of Z(rp1,p2) p1/<1, [p2|<1, and that for r—1 it is
also a zero tuple. By symmetry the zero tuple

(P1,P20rp1), IP2|=1

is constructed.

Hence from (1.12) we have for zgeS\ B, |r|<], |p2|=1,

PO (rpo)p® = E(rmPY (rp2)(k1 >0,kp =0)) + E(r™p% (kp>0)}. (2.2)

Since P (r, 1)1 for r—1 it follows from (2.2) by taking p, =1 and let-
ting r—1 that

1= Pr{m<co},

ie. (1.10) i has been proved. For |r|<1, r3l, |pa|=1 we have
|P1(r,p2)|<l SO

[E(r™k; P§1 T (r,p2))| <o

363
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since P1(r,py) possesses a derivative with respect to p,, see Iemma 3.111,
it follows that the last term in (2.2) possesses also a first den‘vgﬂve.
Differentiate (2.2) with respect to p, and then take p, =1, it then fol-

lows for |r|<1, r%41, 2.3)
9P (r,p2) xo—1 my. ok —1 Xo CR{,mp —
Tlpz-“—l[xopl (r, D=E{r"k Py" " (r, D]+yoP1 (r, ) —E{rMky} =
So by letting r—1 we obtain from (1.3), (2.3) and (3.9),
a2
“‘_XO“E{kl}]JF)’o_ E{k;}=0, (2.4)

xo—E{kj} — —a‘f-[yo ~ E{k2}]=0

where the second relation in (2.4) follows by symmetry, cf. remark 2.1,
from the first one. Because of (3.3) the main determinant of the set of
equations is nonzero, so this system has only the zero solution, if
E{k;}<co, E{ky}<<co, and then (1.10)ii follows; for the ultimate proof
see below, directly after (2.13), and note that that proof uses only (2.2)
and (3.6).

By taking p, =1 in (2.2) and differentiating with respect to r we obtain
for |r|<1, r5%1,

dP(r, 1)
dr
E{(mr™ P} (r, 1)k 20,ky =0)) + E{mr™ " (k, >~0)}.
From (2.3) and (2.5) it follows for |r|<1, rs#1,
AP (r,p2)
92

xoPT ' 1) — Bk PY T 1)) (2.5)

Ips = LE(mr™ PN, DG =0k, =0) + (ky=0)} )] (2.6)

dPy(r, 1)
..... g Do P’ (n ) - E(r™ky})

We consider this relation for |r|<1, r~1, it then follows from (2.6),
(3.5)11, (3.9) and (1.10)ii that

{—ap +o(1)} E{mrm*] PX Dk =0,k =0) + (ky=>0)]} - (2.7)
V1- :
(24 -\f\/-_—-r-a "(ﬁ——’)»uo(l PR E(k( )

to(V1-r)= -2V2V1-rxgpgaf + 2 Eky(1 r™)) 4

[xqro — ~—\/~afE{sz——~ 1 - "(\/\/;I’
—-Fr
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Suppose

365

ayp <O. 2.8) -

then for r>0 and r~1 the lefthand side of (2.7) is positive, possibly
+ oo for r—1, and since

__.m
E{k, i/f_’:}>o for 0<r<1,

it follows from (2.7) that

m
V2 a7 %> limsup (kg e} >0,
xpoV2a; msup Bk, 77—

Hence the lefthand side of (2.7) has for r—1 a finite limit which since
P(r,1)—>1is equal to

—ay2 E{m}3
and hence E{m} should be finite, so we have shown that, cf. (2.8),
ap <0 = E{m}<co, (2.9)

and moreover that the following limit exists and

__m
1= y>o. 2.10)

—Fr

xqyoV2ei #>1lim E{k,
r—1

Next we take in (2.2) r=1 and differentiate with respect to p,, cf.
lemma 3.1 iv, this yields for |p;|=1, p27#],

E{klPk'—l(l,Pz)}M + B{kopy® ' }= 2.11)
X0 — d )
xoP7° 1(1,P2)P5°“"$l‘2‘)‘ +yoPT(Lp2py s
2
and
E{kl(kl“l)Pkl—z(l,Pz)}{ P (1 ,Pz)}
E{klPklwl(l,Pz)}—‘l(‘igl + E{kgylo—1py 2 )=
dp2

— dP(1,p2) -1
x0(g— DPY 2(1,pz>p%° —-—1(52—’1-—12+x01>’1‘° (1,p 2Py e

1( ’PZ)

2xqpoP7° (1,}72)}7”_l )’o(yo—l)PJf(’(l,Pz)P{O_z, (2.12)

. ) k )
as in the derivation of (2.5) it is readily shown that E{p;*(ky>0)} is

d?P,(1,
2(1,p2) N
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twice differentiable for |p,|=1, pp7%1. Letting po—1 in (2.11) yields
since P1(1,p2)—1,

dP(1,p7)
{E{kl}—xo}——l(—ﬂ—]m:l =y — E{kp). 2.13)
dp>
dpP (1, .
From (3.3) and (3.6) it is seen that ““é’(?zizlh:l is complex and
hence we obtain (1.10)ii.
Suppose
E(k}}<c, E{k3}}<oo. (2.14)
It then follows from (2.12) that for py—1,
dP,(1,p7)
(Bl = D) =o(xo ~ DI g, =) + @.15)
dP(1,p7)
E{ky(ky—D}—yoro—1D “ZxoyoTlp2=1 =
, _ ‘o d*P(1,p2)
— lim {[B{ki PY' ' (1p2)} —x0PT* ™ (Lp2)ph’ I—— ),

P21 dP%

where the limit in the righthand side should exist since (2.14) and (3.6)i
show that the lefthand side is finite.
By using (1.10)i, i.e. E{k;} =xy, it follows that for p;—1,

- -1
E(kiPl'" (Lp2)} = x0PT°" (Lp2)ph® =0, (2.16)
dP(1,p7)
dpz
hand side of (2.16) behaves as 1—p, for py~1, |p;|=1. Consequently, it
follows from lemma 3.3ii that the righthand side of (2.15) is equal to

zero; by using (3.6)i , or better (3.8), a simple calculation shows that
(2.15) with its righthand side being zero may be rewritten as

and so since |p,=1 is finite it follows from (2.14) that the left

30! dP(1,p2) o
2[E{(k, —XO)Z}“&T + xO}’O]Tl;n:l = E{(ky—y0)*} - . E{(k; —x0)*).
@.17)
. dPy(1,py) . .
Since Tlp2:1 is complex it follows from (2.17) that
2
[+5] o
E{(k; —x0)*} = xqyo —ayy’ E{(ky—yo)*}= xoyojaél?g)

The lefthand sides in (2.18) are positive and consequently it has been
shown that, cf. (2.14),

E(k}} <o, E{k3}<oo = a5,<0. (2.19)
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To complete the proof of (1.10)iii it is seen from (2.9) and (2.19) that we
have still to show that

E{m}<oo = E{k}}<oo, E{k3}<co. (2.20)
To prove (2.20) we rewrite (2.5) for |r|<1, r1 as
B{mr ™ P (r, 1)(k; >0k, =0)} + E{mr™~ ! (k;>0)} = 2.21)
dP (1) 1—P’f°“‘(r, 1) 1-PA7 e

(=P, D)~

dPl(' l)\/:E{kl ___r}

Hence by using the asymptotic relations (3.5) we have from (2.21) for
r~1,

+ E{k;r™

1-Py(r, 1) 1-Pi(r, 1) H

E{mr™PY (7, 1)(k; >0k, =0)} + B{mr™~ ! (k;>0)} = (2.22)

E{k, i/-l—rlir}{—flaf‘\/l—r - -1—\/'a“%(l—i(—\/__——_—l “11"’)+o(\/1'——7)}+
B —r

(—2V2air V1= r +aria -2 r))}

\/_
1-P7 1) 1-P5 71 1
— +E(k;r™ :
OTIIP ¢ ) NS

We next observe that (2.7) implies that

E(mr™ 1PV (r, D >0k =0)} + B{mr™ ! (kg>0)}>0, 0<r<1
and

E{k >0, 0<r<l,
{ 2 \/—:;}

both have a limit for »—1 and these limits are both finite or both + co.
So by symmetry, cf. remark 2.1, the same holds for

E(mr™ 1 PE (r, Dko >0,y =0)} + E(mr™ (k) >0))

and
1-r™
E{k .
=
Suppose
E{m)}<oo, (2.23)

then by the observation just made it follows from (2.22) that the follow-
ing limit should exits and be finite:
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Ay, 1-PPTe D
1-PinD ° 1P D)

Since k; (k; —1)=0 with probability one it follows that for 0<<r<1 and
r—l,

[lim Bk, ™ )| <d24)

1-P51( 1) 1-P5 71 ~
E{klr —I—Z—P-W)< E{kl 1-P1(n 1) }—-—) E{kl(]q 1)},
1—PY 1 1
X0 1-1P1(r(r]) ) s xoGio—1), (2.25)

and consequently (2.23) implies that E{k?} should be finite, and by sym-
metry also E{k2}<oo Hence (2.20) has been proved, and so is (1.10)iii.
To prove (1.11) let r—1 in (2.7) and (2.22) with a;5<<0 then it follows

\I/"l'i L, (2.26)

\/~—~}+a1 D E{(k; —x0)?},

~ayp E{m)= xoyr—;-\/iaifﬁrnm E(k;

= xoyo——%—\/ia lim E(k; -

E(m)= + > V2ai# lim Bk,

(2.27)
with the second relation in (2.26) based on symmetry. Elimination of the
limit from (2.26) and (2.27) yields by using (2.18),

E(m)= ~20, (2.28)
—ap
lim E{k; = ) = lim Bk, 4= ) =0,
Y T Y
and hence (1.11) follows from (2.27) and (2.28). tJ
3. APPENDIX

For the proof of theorem 1.1 we need a number of properties of a spe-
cial class of zero tuples of the kernel, i.e. for |r|<1, of

Z(rp1p2):= pipa - rEpfpd ), Ppil<lLlpal<l, (3.1
with, cf. (1.3)ii,

E{g)=1, E(m)=1, E(f)}<c, E(n*}<c.
Put

ap:= B{E— 1)), ap:= E{¢-1D(n— 1)}, a:= E{(n (33},
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so that, cf. (1.5),

o]0y >a%2- (3.3)

LEMMA 3.1. i The kernel Z(r,p1,p2) has for [r|<], r#], |ps|=1 a
unique zero, say, P(r,p7) in |p||<];

iL. Pl(l,pz):ZEjn%Pl(r,pz), P2|=1 p251 is a unique zero of
Z(1)P1>P2) in |P1|<1:

|P1(1,p2)|<1for |p2|=1, |p2|#],
Pl(l,l):: lim Pl(lyPZ): 19
pz—)l
and all these zeros have multiplicity one except P1(1,1) which has multipli-
city two.

iii. Py(r,p2), |r|<<1, r51 is a twice differentiable function of p, on
lp2|=1, the same applies for P1(1,p7) on |p2|=1, p271.

iv. P1(r,p2), [p2|=1 is a regular function of r for |r|<1, r5=1.

Proor. For fixed p, with [p;|=1 it is easily seen that E{p lgpz"_l }isa
regular function of p; for |p;|<1, and continuous for |p;|<1. From
(1.5)i it is seen for |r|<1, r~1, |p,|=1 that on |p|=1,

p1l=1>r| [E{pfps' ™"},
so that by applying Rouch&’s theorem the first statement follows, and
Pi(r,p2), |r|<1, r1, |p3|=1is a single zero and is nonzero for r#0,
cf. (1.5)ili. Obviously, P1(r,p3), |r|<1, [p2|=1 is a continuous function
of r since Z(r,p1,p2) is such a function, so Z(1,p1,p2), |p2|=1 can have
at most one zero in |p|<1, and since for |p1|=1, p15~], [p2|=1,

p11>E{pfps ),
it follows that P1(1,p;) is the only zero of Z(1,p,p2), [p2|=1, p271n
|7 1|=<1, it has multiplicity one and is nonzero, cf. (1.5)ii. Obviously
p1=1is a zero of Z(1,py,1), so that the continuity of Z(1,p1,p2) in
p1,p2 on |p1|<l, |py|=1 implies that P(1,p2)—1 for p,—1. Because
E{£}=1 and Pi(r, 1) is positive for 0<<r<1 it is readily verified that
P(1,]) is a zero with multiplicity two, note that

lim Py(r,1)= lim P;(1,p2)
r—l pa—l
The third statements follows directly from the fact that Z(r,p1,p2) pos-

sess a derivative with respect to p; for |p;|<1, and similarly with
respect to py for |p2|<1, and the fact that P;(rp2), lp2|=1 and

369
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P1(1,p7), lp2|=1, p271 are zeros with multiplicity one. The proof of
the ivth statement is similar. [

REMARK 3.1. Denote by m; for the cowponent random walk x,,
n=0,1,..,, cf. (1.2), with x¢=1 the first entrance time into the zero state.

Simple arguments from the theory of one dimensional random walks
lead directly to

Pi(rpa)= E{r™pr=im =Dy (3.4)

LeMMA 32. For |r|<], r~1,

i Py, )=1-V2a7#V1—r + o(V1—-1), (3.5)
dPy(n, 1) 1 sy 1 _o(V1-r) e
dr = 2(!1 -+ ) \/2_(11 ,———l_r (1 r————l_r )+ O( 1 r)-

Proor. For p;=1 it follows from (3.1) and lemma 3.1 for |r|<1, r-1,
since P(1,1)=1 and a; = E{(¢—1)*}<co that with r~1,

1=(1=P1(, D)= r E((1=(1—P\(, D)} =

rE(1) = rE(£}(1-P1( ) + TEEE—D)A-P1(, D) + o((1=P1(, DY),
or with E{§} =1,

%ral(l—m(n )+ (1 =r)(A—=P1(r, D)—(1—r)+o((1-P1(r, ) =0,

ie.
%m]{-———-—l \l;li_(r_;l) 2+ Vi, \Z_lgl) Bpprasa i) f;_:(r_;l))z)z 0.
Hence it follows that

w =0() for r~1

Vir ’

and so, note that 1—P (r, 1)>0 for 0<r <1,
1—-\21%1) = ril {—\/l—r + V1—r+2ra }+ 0(\/1T;),
and (3.5)i follows.

Obvious P (r, 1) has a derivative for |r|<1, r1, and by using the fact
that P(r, 1) is a zero of Z(r,p1,1) it follows readily for |r|<<1, r5~1,
dP(r, 1)

— B B((1-pPf, 1) = —i— E(PEYL(r, 1),
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or

dP(r,
__I&E——)E{a —H1—-1—Py(r, 1)>1€}~-—E{1 —(1=Py(r, IET).

Hence since E{§2}<oo and E{£}=1, we have for |r|<1, r£1, r~1,
dPl(r 1)

———[E{¢E-DEA-P (1)) + o(1—P(r, 1))]=
7(1 —E{E+D}A-Py(r, D)+

L B(E+ DEYI— Pl D + 00— Pa(r, D)

SO

dPy(n ) L od=Pin 1), 1 1 _2,
dr R A r1=Pi(r,1) r

aq

+2
> (1—=Py(r, 1)) + o(1—P(r, 1)).

Inserting (3.5)i in the latter relation leads directly to

dPy(r, 1) o(\/ )]_ l\/— — 4

2 N/
or
dP ((r, l) 1 1 o(V1— ) Vi-
y \/— — (1- = } = +0( I‘)
LemMMma 3.3.
drP,(1 2
102D = i LD L /o —arah)
dp, -1 dp2

where the == sign corresponds to p =Tt foi‘ J0;

ii. for |p2|=1, p25£1 and pr—],
a?pr,(1,
(1=p2) 1(L,p2) 50,
dp3

PROOF. With p,=e'?, —n<<¢<m, it follows readily from lemma 3.1iii
and

[1—(1—p)I1—(1—P1(L,p))] — E{{1— (1= P1(Lp2))F[1—(A—p)I"} =0,
that for ¢— =0,
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a1 (1=P1(Lp2)* +2012(1=p2)(1— P1(Lp2) +an(1—p3)* +
o((1=P1(1,p ") +o((1—-p)?)=0.
Hence
1-P1(1,p2)
I1-p2

has a limit for ¢/0 as well as for ¢10. For |p;|=1, p271 we have from
lemma 3.1,

dPi(Lpy) _ Pi(lp) E(1-mPF(po)ps}
dp2 P2 E{(U-9PF(LpapT)

Obviously p, =1 is a zero of the numerator as well as at the denomina-
tor in (3.7), hence for p;—1,
dPi(1,p,)

1 +E{(—-
dP(1,p7) E{A=—mg}—7—— dp, lp,=1 + E{(1—mm}

_—_lpz=1:_ >
dp2 E{(1—-&¢) ;;’PZ)IPZ 1+ E{(1-$m}

from which it follows
o dP(1,py) dPi(1,p2)
Y dp, dp»

and the latter relation leads directly to (3.6)i.
From (3.6)i it follows that p; =1 is a zero with multiplicity one of the
numerator and denominator in (3.7). Since, cf. (3.6),

dpP (1,
4 B (1-0PEp2p -1 = By L 1LPD)

dp; dps
=% Vah—ajey #0,

it is seen that (3.6)ii holds. O

3.7

|p2=1]2 + 2app lp,=1+ =0, (3.8)

lp,=1 + E{(01—Hm}

LeMMA 34. For|r|<], r~1,
9P 1(rp2)

bom1= — —2 4 o)) (3.9)
8py 27! o ' '

ProoF. From : for |r|<1, |py|=1,

P2P1(np)=rE{(Pf(rp)pd ),
it follows readily, cf. lemma 3.1iv that for |r|<1, r5£1, |p,|=1,
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0P (r, - £
P2 1(hp2) _ _PiGp JEA—mPE(rpo)p}

wW2) ’
%P2 ’ E{(1-9PF(r,pr)p)
so forpy =1,
9P 1 (r,p2) E{a-nPE@, 1)

op2

l]72=1= _Pl(r>1

"B{1-8PE(, 1)

Hence for |r|<1, r~1, by using (3.5),

aPl(r’PZ) —
8p2

E{((Q—n)[1—(1—P (r, 1)F)
E((1-8[1- P (r, D)}

—[1=(A=P1(» D)

373

E{((1—n)§}A—P(r, 1)) + o(1—Py(r, 1))

= —[1=A=P( )]

34
= - 2 150 0
a]
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