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Askey-Wilson Polynomials
for Root Systems of Type BC

TOM H. KOORNWINDER

ABSTRACT. This paper introduces a family of Askey-Wilson type orthogo-
nal polynomials in n variables associated with a root system of type BCh,.
The family depends, apart from g, on 5 parameters. For n = 1 it special-
izes to the four-parameter family of one-variable Askey- Wilson polynomials.
For any n it contains Macdonald’s two three-parameter families of orthog-
onal polynomials associated with a root system of type BCy, as special
cases.

1. Introduction

In recent years, some families of orthogonal polynomials associated with root
systems were introduced. The families studied by Heckman & Opdam [6], [4],
[5] become Jacobi polynomials for root system BC;. The families studied by
Macdonald (see [11] for root system A, and [12] for general root systems) be-
come continuous g-ultraspherical polynomials for root system A; and continuous
q-Jacobi polynomials for root system BC} (see Askey & Wilson [1, §4]). For all
root systems Macdonald’s polynomials tend to the Heckman-Opdam polynomi-
als as ¢ tends to 1.

This paper introduces a family of Askey-Wilson type polynomials for root
system BC, which depends, apart from ¢, on 5 parameters. For n = 1 it
specializes to the four-parameter family of Askey-Wilson polynomitals. For any
n it contains Macdonald’s two three-parameter families as special cases: for
the pair (BCp, B,) directly and for the pair (BC,,C,) when ¢ is replaced by
¢®>. Moreover, the weight function integrated over the orthogonality domain
was explicitly evaluated by Gustafson [3] as a generalization of Selberg’s beta
Integral.
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190 T. H. KOORNWINDER

The proofs in this paper are very much inspired by Macdonald’s proofs in
[12], in particular by his proofs in case of root systems Eg, Fy, G2, where there
is no minuscule fundamental weight available.

The contents of this paper are as follows. Section 2 summarizes Macdonald’s
results. The special case BC, of these results is discussed in §3 and the fur-
ther specialization to BC; in §4. The long section 5 introduces Askey-Wilson
polynomials for root system BC,, shows that these polynomials are eigenfunc-
tions of a certain difference operator and establishes the full orthogonality of the
polynomials. Finally, in §6, special cases and open problems are discussed
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eral years ago, in December 1987, while the author was visiting the IRMA at
the University of Abidjan, Céte d’Ivoire. I thank prof. S. Touré for his hospi-
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root system BC, also include Macdonald’s polynomials for the pair (BC,, Cy),
was recently made by J. F. van Diejen. I thank G. Heckman and the referee for
useful comments to an earlier version of this paper.

2. Summary of Macdonald’s results

In this section we summarize Macdonald’s [12] results on orthogonal polyno-
mials associated with root systems. See Humphreys [7] and Bourbaki [2, Chap.6]
for preliminaries on root systems. Let V' be a finite dimensional real vector space
with inner product (., .). Write |v| := (v, v)}/2 for the norm of v € V. Write

v =20/}, O0#wveV.

Let R be a not necessarily reduced root system spanning V. Let S be a reduced
root system in V such that the set of lines {Re | « € R} equals {Ra | a € S}.
Then the pair (R, S) is called admissible and R and S have the same Weyl group
W. Now, for each « € R, there is a (unique) uy > 0 such that s ;== u;la € S.
Assume that R is irreducible. It can be arranged, after possible dilation of R
and S, that u, takes values in {1,2} or in {1,3}.

Let 0 < ¢ < 1. Put g4 := ¢%~. Let a — t, be a W-invariant function on
R, taking values in (0, 1) (for convenience). Then t, only depends on |a|. Put
to := 1 if o € V\R. Let ko > 0 be such that ¢k« =t¢,.

Let R be a choice for the set of positive roots in R. Let

Q := Z-Span(R), Q7' :=Z,-Span(R™).
Here, and throughout the paper, Z, := {0,1,2,...}. Let
P:={leV|(\a")eZ Yae R}, P':={xeV|{)Na")€EZ, Yae R}

be respectively the weight lattice of R and the cone of dominant weights. Define
a partial order on P by A> piff A — p € Q.
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For X € P let ¢* be the function on V defined by
eMz) =) eV

Extend this holomorphically to V + iV. If f is a function on V then put
(wf)(z) := f(w™lz) for w € W, z € V. Hence we* = e“*. Let A be the
complex linear span of the e* (A € P). Let A" denote the space of W-invariants
of A. Put
my = WAl Y er = D ek, e Pt
weW BEW

Here W) denotes the stabilizer of A in W. The m, (X € P*) form a basis of AW .
Note that my(z) = ma(—z) (A € P*, z € V). If —id € W then f(z) = f(-z)
for f € AW . In particular, we will then have that m,, is real-valued on V.

Let RV := {a¥ | @ € R} be the root system dual to R. Let Qv := Z-
Span(RY). Then T := V/(2rQV) is a torus. Let & be the image in T of z € V.
Let dz be the normalized Haar measure on T'. For A € P the function z + e*(z)
is well-defined on T'. For a,ai,...,a; € C put

[e] k
(@;:9)e0 := [[(1 ~ag’), (a1,...,ak50)e0 == [[ (a5} 9)oo-
j=0 i=1
Define
1/2 1/2
A = H (tZ{x €%; ga)oo At = H (tz/a €% ¢a)oo .
aer (ta t;{xz €%} da)oo wer+ (ta t;{xz €%; 4o )oo

Then A = At A+. Define a hermitian inner product on AW by
(o) =11 [ 1) 7@ A di
DEFINITION 2.1. For A € Pt let P, € A" be characterized by the two
conditions
(i) Pn=mx+ 3,5 uxrumy for certain complex coefficients uy , ;
(i1) (Py,m,) =0if p < A
THEOREM 2.2.
(Pr,Pu) =0 ifX#p.
Define

(Tuf)(z) == f(z ~i(logq)v), =z, veEYV,
for functions f being analytic on a suitable subset of V +:V containing V. Hence

T,e* = q(”"\) e*, deP

Let o € V be such that (o, a,) takes just two values 0 and 1 as a runs through
R* (o is a so-called minuscule fundamental weight for SV). Such o exists for all
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S not being of type Eg, F4 or G2. In these last three cases we can choose ¢ such
that (o, ) takes values 0, 1 and 2 as o runs through R*. Now put

T,AT
@0 =15

Eof =W, |™ ) w(® T, f),

weW

Dof = Wol™ Y w(®(To f — f)),

weW
Mo (X) 1= (W, |72 Y gfvo),

wew

Pk :::-é— Z ko a.

aERt

THEOREM 2.3. D, maps AW into itself. The P\ are eigenfunctions of D,
with eigenvalue

¢{7P%) (7 (A + pr) — Mo (pr))-
If S is not of type Eg, Fy or Go then E, maps AW into itself, the Py are also
eigenfunctions of E, with eigenvalue
g‘#) iy (A + pi).
and
D, = E, — E,(1)
with E;(1) scalar.

3. The case R = BC,

Identify V' with R™ and let €,...,&, be its standard basis. Consider in V
the root systems

R:={£e;} U {22} U{zxei L ¢j}ic; of type BC,,

Sp = {:EEJ'} U {:i:Eg :}:Ej};<j of type B,,.

Sc :={=xe¢;} U {%(:EE:,' t¢;)}lic; of type Cn.
Then Sp and Sc are reduced, R, Sp and Sc have the same Weyl groups and in
the mappings & — u; '« of R onto S and onto Sc, uq take the values 1 and 2.

Note that RY = R and that the weight lattice P and the root lattice Qof R
are both given by

P=Q={mer+ -+ muen|my,..., my €Z}.
Take
R* = {e;}U{2;} U {ei £ ¢; }ig;.

Then
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Pt={mie; 4+ -+ muen |[mi2my>...2m >0, my,...,m, €Z},
Qt ={mi(e1 —e2)+- -+ Mu_1(€n_1 —€n) +Mntn | My, ..., mp € Z4}.

The torus T := V/(27QV) becomes R™/(27Z"). Recall that we have a partial
ordering on P such that A > pif A — p € Q*.
For the pair (R, Sp) we have

9te; = 45  q+2¢; = q2: Qte;+e; = ¢,
and there are three different parameters t,, which we write as

@ :=Tgey, b:= ti2s,'; t:= ti:s.‘:l:ej-

(Recall that to = 1 if @ ¢ R.) Thus

(3.1) At =afag,
where
n 1/2 £5. 2e5. 42
o (b € )q)°° (6 54 )00
(3.2) A7 '—:,Izll (ab1/2 €359 00 (b e%i;¢%)oo

_ﬁ (€% @)oo
= 11 (q1/2 esj,___ql/2 es,"abl/Z 655, _b1/2 ee_,';q)co
J:
and

(33) A2+ = H _(?_i;q_)"i

(te*;9)oo

oa=¢;te;;i<j
For the pair (R, Sc) we have
Ghe; =0 Qa2e, =0 Qkeske; = 40
and there are three different parameters t,, which we write as
a:=1tie;, bi=trae;, 1= laete;.
Thus (3.1) holds with

n 1/2 pe5. 2e5. .2
+ . (b2 ef75g)00 (%734 Joo
(3.4) AT .—-E (ab172 55, Yoo (be%7;0%)0n

n (eZEj;q2)°°
_E (ab1/2 €ci, qabl/zee_.,-’ —pi/2 e, —q b1/2 PE qz)oo
and

35 Af= ]I (%50

- a2 :
a=eite;; i< (t ea’q )oo
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Since —id € W in case of root system BCj, my will be real-valued and we
can read for condition (ii) of Definition 2.1 that

prA(x) m(z) A(z)dd =0 if g <A,

For the element o of §2 we can take €1 in the case Sp and g1 +é2+---+én
in the case Sc. In both cases ¢ is minuscule. So Theorem 2.3 is valid with these
choices of o. In particular, in the case Sp the polynomial Py is eigenfunction of
D,, with eigenvalue

(5.6 S (@bt (¢ — 1) 471 (7 — 1),
j=1

The choice ¢ := 2¢; in the case S¢ would give values 0, 1 and 2 for (0, o) as @
runs through R*. It will turn out in §6.1 that, in case Sc, the P, are not only
eigenfunctions of F¢ 4...4¢, but also of Do, .

4. The case R = BC,

For n = 1 the two root systems Sp and S¢ coincide and the results of §3
specialize as follows. We have T = R/(27Z), P = Q = Z, P* = Z, the partial
order on P is the ordinary total order on Z,

elr pe~iir 1=1,2,...,
m;(x) =

lr 1=0.
and
2iz
+(z) = (e***;9) oo
AT (z) (% em, —qi2 e, abll2 gz, _pi/2 giz, g)
(CZiz; 92)00

T (abi/ZeiT, qabliZein, —bi/Zeim _qbi/2ein; g2)

The inner product for W-invariant functions f,g becomes an integral over the
period of 27-periodic even functions, so it can be written as

(f.9) = -2—1# /Ow £(2)3(2) A=) da.

Askey-Wilson polynomials p,(y;a,b,¢,d|q) (n € Z,) are defined, up to a
constant factor, as polynomials of degree n in y which satisfy the orthogonality
relations
(4.1)

" 2izx. 2
/ (pnpm)(COS Ta, b, c, d l q) (6 ) q)oo
0

(aei®,bei®, cei®, dei?; q) oo

dz =0, n#m.

See Askey & Wilson [1]. Here a, b, ¢, d are real, or if complex, appear in complex
conjugate pairs, and |a|, |b], |¢|, |[d| < 1, but the pairwise products of a, b, ¢, d are
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not > 1. When the condition |a|, |b],|c|, |[d| < 1 on the parameters is dropped,
finitely many discrete terms have to be added to the orthogonality relation (4.1).

When we compare the expression for A*(z) with the Askey-Wilson weight
function we see that Macdonald’s polynomials for root system BC} coincide, up
to a constant factor, with Askey-Wilson polynomials

pi(cos 256112, g% ab' /2 —b1/2 | g).

By Askey & Wilson [1, (4.16), (4.17), (4.20)] the continuous g-Jacobi polynomials
in M. Rahman’s notation can be expressed in terms of Askey-Wilson polynomials
by

P,(a’ﬁ)(cos z;q) =const. pi(cosz;ql/? —q'/?, ¢*t1/2 _gB+1/2 )

a+1/2, a+3/2, p+1/2’_qﬁ+3/2 qu)‘

=const. pi(cosz;q q

—-q
Thus, if we put a := ¢%, b := ¢#, then Macdonald’s polynomials for root system
BC coincide, up to a constant factor, with continuous g¢-Jacobi polynomials
P,(a+ﬁ ~1/2p-1/ 2))(cos z;q). This observation was already made by Macdonald
[12, §9].
If n = 1 then, with o :=1,
_ (1 — abl/2 eiz) (1 + b1/2 e“”)

@o(z) = 1= etz :

Thus, if we write
Ri(e’®) := Pi(x)
then Theorem 2.3 yields
o(—2) Ri(g™6%) + B (&) Ri(46'®) = (abg' + ") Ri(e™).
Compare this with Askey & Wilson [1, (5.7), (5.8), (5.9)]:
A(=z) (Ri(g™ ") — Ri(e'”)) + A(z) (Ri(ge™®) — Ri(e™®))
= —(1-¢7")(1 - ¢'"'abed) Ri(e™),
where

Ry(€'®) := const. pi(cos z;a,b,c,d|q)
and : : : :
(1~ ae*®) (1~ ber®) (1 — ce*®) (1 — de*?)
(1 — eiz) (1 — ge2iz) :
If ¢ = ¢1/2, d = —¢'/? (the continuous g-Jacobi case) then
(1 = ae’®) (1 — be'®)
1 — e2ic

Az) ==

A(z) =
and
A(z) + A(—z) =1 — ab,

A(—z) Ri(g™"¢"®) + A(z) Ri(ge'®) = (¢7' — ¢'ab) Ru(e”).
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Thus Macdonald’s difference equation for P; in case R = BC coincides with the
continuous ¢g-Jacobi case of the difference equation for Askey-Wilson polynomi-
als.

5. Askey-Wilson polynomials for root system BC,
We use the notation of §2 and §3. Let
R :={2;}j=1,.mn, RF :={eiteihicici<n,
R; = Ri" U] (-—R.l*), Ry = R; ¢] (—-R-{),
R} =Rt UR}, Ry:=RyUR2=R}U(-R}).
Let R be the root system of type BC, of §3. Then Ry = {& € R | 2a ¢ R}, a
root system of type C, in V with subsystems R; of type nA; and R, of type
D,,. (The subscript £ stands for ‘long’.) Let W be the Weyl group of R,. It
is a semidirect product of the group of permutations of the coordinates and the

group of sign changes of the coordinates. Let p, p1, p2 denote half the sum of
the positive roots of Ry, R;, R, respectively. Then p = p; + p2 and

pr=c1+er+-+en, p=(n-Der+(n-2)e2+ - -+en_1.
Let P, P* and the partial order < be as in §3. Write e(w) := det(w) (w € W).
Let AW consist of all f € A such that wf = e(w)f (w € W). Write
Iy = Z s(w)e"’*, A€EP.
weW
The Jy4, (A € P*) form a basis of AW¢. In particular, put
6:=J,= H (e3% —e73%) = ¢# H (I1—e™®)
o«€R} o€R}
and
xr=61Jxt,, AEP.
The x5 (A € Pt) are in AW and form a basis of A" . We have
X = my + Z ax,pu My, /\€P+,
HEPT; u<

for certain complex ay ,.
Fix ¢ € (0,1) and a,b,¢,d,t € C. Let

(5.1) INESEI (e%; @)oo I (6% @)oo
€R}

1 1 1 1
aez® bez® ce2® dez?; te;
QERT ( ) ) B )Q)oo o by ( 7q)°°

and
(5.2) A(z) :== At (z) AT (-z).

We are now ready to introduce Askey-Wilson polynomials for root system
BC,.
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DEFINITION 5.1. Assume a, b, ¢, d are real, or if complex, appear in conjugate
pairs, and that |al, 8], |¢], |d| < 1, but the pairwise products of a,b, ¢, d are not
> 1. Assume —1 <t < 1. Let T:=[~m,n]* C V. For A € Pt define P, € AW
by the two conditions

(1) Px=mx+ 3 cp+, uca Uaumy for certain coefficients uy , ;
(i1) [p Pa(z)mu(z) A(z)dz =0 for p € P+, p< A

We will generalize the case R = BC, of Theorem 2.2 by showing that the
Py are orthogonal on T with respect to the weight function A. The proof will
be based on two lemmas, the first one giving the action of a suitable difference
operator on the my, and the second one showing self-adjointness of this operator
with respect to A on T, when acting on AW .

Let o := €3, similarly as in §3 for the pair (BCy, B,). Define ®, and D, as
in §2, with A* being given by (5.1). Thus

(53) v, = B2
and
(5.4) D, f :=|Wo|™} wa(% (T,f - f))
=W, ‘:j (w8,) (Tuof — ), f €AY
sew
LEMMA 5.2.

D,my = E ax,my
pEP+; u<X

with
n . .
(5.5) axa = Z(q"1 abedt™™ =171 (gM —~ 1) + 771 (g™ — 1)),
ij=1

Here a,b,c,d,t may be arbitrarily complezx.

Proor. It will be convenient to replace a, b, ¢, d in the expression (5.1) for
A% by a, —b, ¢3¢, —q3d, respectively. Thus

(¢% 9o (€% Q)oo
(56) At = H T : . — H . .
«€RY (aez*, —be1%, q3ce3®, —q3de?%;¢)oo a€RY (te*; @)oo
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By substitution of (5.6) in (5.3) we obtain

& = (1—-ae“)(1+be“)(1—~q§ce“)(l+q%de€1) H 1—te®
a (1 — e2e1) (1 — ge2er) amerteril=2, 1—e
—-1,—€, —1,—¢&1
_ 2(n-1) (l—a € )(1+b € )
= abedt = e2)
8 (1—q'%c“le"“)(l+q‘%d‘1e‘“) H 1—t-le—
(1 - q—le-—2£1) a=¢,%e;;1=2,...,n 1—e"
1 -t (o) 2 (1- a—(G.Ej)e—fj) 1+ b—(dyej)e—fj)
_ 2(n-1)
= abedt 1 ——1I| =)
aER?’ j=1
y (1- q—%c—(v,ea’)e—c’j) (1+ q-%d—(o,sj)e—fj)]
(1—g~te?e) '
Hence
&, =671 454’1 v,,
where
(5.7) ¥, = (abcd)(”’l’l) 1£0:2p2) opt+2p H (1 _ t-(":a)e—a)
«€R}
X H [(1 —_ qe—zej) (1 _ a—<0;5j)€_ej )(1 + b‘(avtj)e'—ej)
ji=1

x (1—q 3c (ol eme5) (1 + g id (0l ee)]

and 6, is the following element of A% :

n
(5.8) 6q = H(q_%esJ — q%e_’ej) (q‘;‘esj _ q—%e-—ej)
ji=1
n
=62P\ H(l _ qe—2€j) (1 _ q—le—2a‘j).
j=1

If E C (3R1) U Ry then write
IE] =3 a.
a€E
Expansion of (5.7) yields
(59) ¥o= > 3" ko, pur T2 HIBRl=IE|= Bl IR
Eo,...,EsCLR} FcR?

where
(5.10) cpy,.. gy = (—1)/BolHIB B+ (| Eol~ 4| Es|- }|Edl

x al@er=lBI) ploipn=lIEall) o(o.01=HEsll) glo.or=I1Eall) ylo,202~IIFIl)



ASKEY-WILSON POLYNOMIALS FOR ROOT SYSTEMS 199

Now we can rewrite (5.4) as
D,f =67*67'D, f
with

(5.11) Dof =W, Y e(w) (w¥)(Tuof - f).
weWw
Consider (5.11) with f := my (A € P*) and substitute (5.9). Then
Domy = |Wo |7 W7 Y > > By, BuF e(wr)

w1,w2€W By . B,ciR} FcR?
x (gfwrowad) 1) evr(pt2n =201 Bol =l Bl == Ball =l FI)+w2X

Put wy = wiyw. Then
(5.12)
Domy =W, |7' W™t > > 3 g r (7N = 1)

weW E,,..  E4CiR} FCRT

X Jwr4p+201 21| Eol |- | Eal| == || Eal - | FI} -

Hence D,m) € A%<. Now the J-function in (5.12) is either 0 or e(w’) 8 x.,
where w’ € W, v € Pt and

w' (v +p) = wh+ p+2py — 2||Eo|| = ||Exll — - - = [|E4l| = | FIl,
so that

(5.13) v+p=(w)twA

+ ()7 (3p1 — 2| Eoll = [|Eal| = - - - = [| Eall) + (w”) " (o2 = [IF D).
Now
(5.14)
(w') "1 (3 — 2| Eoll = [1Bull = - = | Eall) = ()" 3 kjes = S Kiej < 31
j=1 j=1
with k;, &} € {-3,-2,-1,0,1,2,3},
(5.15) (W) M pa = [IFI)= (W) Y kea= Y kia<p
a€RY aeRY

with ko, k% = +3, and
(5.16) (w)"twd < A
Substitution of (5.14), (5.15), (5.16) in (5.13) yields

(5.17) v+p<A+3p+p2=r+p+2p1.
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Hence

(5.18) Dymy = S bduge
vePt;v<A+2p

for certain coefficients b,,. .
In order to compute by42,, observe that equality in (5.17) holds iff equality
holds in (5.14), (5.15), (5.16), i.e., iff (w’)~'w € Wy and

(5.19) IEoll = Bl = - = 1 all = (o1 — w'py),
(5.20) IF|l = p2 — w'pa.
Hence, by (5.12),
(5.21)
brtap, = [Wol™H WH[™? > e(w') ek, By F (¢ — 1),

w,w!'eW; (w')"weW,

where Ey,...,FEy, F are determined by (5.19), (5.20). It follows from (5.19),
(5.20) that

2| Eoll + |IF|| = p—w'p, hence (=1)IFHFl = ¢(w).
Substitution of (5.19), (5.20) into (5.10) now yields:
CBo,.. EaF = e(w) (abed) 3@ 0m)) yn=14((w) " a,p03)
When we substitute this last expression into (5.21) then we obtain

bat2p, = |W0|—1 |W>\|—1

X Z (abcd)%(1+((w')"0,m))t“—1+((w’)“0,p:) (q((w')"‘?«\) —1)
w,w' €W; (w' )" lweW,

= |W0l~1 Z (abcd)%(l'{'(wa’pl))tn"l‘l"(wavpl) (q(wa»)‘) — 1)

weW
Hence
(5.22) basap, = Z Z (abed)3 (1) gn=te(n=3) (gers _ 1),
j=1 e=%1

which is (5.5), when we take in account the replacement made for a, b, ¢, d.

Next we show that, for f € AW, D, f given by (5.11) is divisible by §,. In view
of (5.8) this will follow if we can show that, for each w € W, (w¥s)( w,,f f)
is d1v131ble by the 4n prime factors liqi'ﬂ'e'eJ By (5.7), all but the two factors
14qg~ 3¢-%9 are divisors of wV¥,. We will show that these two factors are divisors

of Tye f — f. Write f as a Laurent polynomial F(eft,... ), invariant under
the transformations €% — e~ . If wo = €5 then

Tuof —f=F(e,...,qe, ... &) = F(e, . .. e, e )
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becomes 0 for ef7 = iq'%, hence it is divisible by 1 + q“%e"‘i. A similar
argument is valid for we = —¢;.
By (5.18),

(5.23) 671 Dymy = > cym,
vePt,v<Ai42p;

for certain coefficients ¢,, with a2y, = bx42,, given by (5.22). Also, 67! D,m
will still be divisible by §,. By (5.8), §, € A" with highest term my,,. Hence
Dymy = 671§, Dymy will be in A with highest term byy,, ma. O

We have

A = H T ;(e ,q_l_)oo 1 H ((teea;;qq)):.

o o o4 a.
oER, (ae3®, be3*, ce3*,de3?%; ¢)eo o R,

Hence
A(z) = (wA)(z) = (wAF)(z) (wAT)(~2), weW.

LEMMA 5.3. With the assumptions of Definition 5.1 we have
(5.24) / (Do f)(z) o(z) Alz) dz = / 1(2) (Dog)(z) A(z) dz, f,g€ A7,
T T

PROOF. Since —id € W, f(z) = f(—z) and g(z) = g(—z). By (5.4) and
(5.3), formula (5.24) can be equivalently written as

(625) S / (Tuo (wA))(@) (Two F)(2) — £(2)) (wA*)(=2) g(—2) de

weW

Z/ (wAT)(2) £(2) (Two(wAT))(~2) (Tuog)(—2) — 9(~2)) d=.

weW

Since T, f and g are W-invariant, formula (5.25) will be implied by the two
identities

[@*n( - itog ) (A*a)-2)dz = [ (A*1)(&) (8% g)(~= ~ illogg)e) dz
and

ST (@At (wls) At (—wTle) = Y At (wTle) (TLAT)(~w T e).

weW weW

The second identity is obvious, since —id € W. For the first identity observe
that the integral

/(A"'f)(z —i(logq), 22, ..., zn) (At g)(—2,—x2,...,—zn) dz
c
over the contour

C=[-mrU[r,m+ilogg]lU[r+ilogq,—m+ilogq]U[-7 +ilogg, —]
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vanishes by Cauchy’s theorem. (By the assumptions on a,b,c, d,t there are no
singularities inside the contour.) Now the result follows, since At f and Aty are
invariant under translations by 27re. O

It follows now immediately from Lemmas 5.2 and 5.3 that:

THEOREM 5.4. D, P = ay x Px with ayx given by (5.5).
Now we are ready for the main theorem.

THEOREM 5.5. If A, u € Pt, X # p, then
/ Py(z) Pu(z) A(z) dz = 0.
T
Proor. All integrals

/ my(z) myu(z) Az) dz
T

are continuous in a,b,¢,d,t. Hence the coefficients uy , in Definition 5.1 are
continuous in a, b, ¢, d,t. This implies that

/ Py (z) Pu(z) A(z)dx
T

is continuous in a, b, ¢, d,t. By Theorem 5.4 and Lemma 5.3,
/ Pu(z) Pu(2) A(z) dz = 0
T

if ax » # a, u. Fix distinct A and p it follows from (5.5) that, for fixed nonzero
a,b,c,d, the eigenvalues ax » and a,, are distinct as polynomials in ¢. This
implies the orthogonality of Py and P, for a,b,¢,d,t in a dense subset of the
parameter domain under consideration. Hence, by continuity, the theorem fol-
lows. O

The method of proof in this last theorem is different from the method used in
similar situations by Macdonald [12]. While Macdonald leaves the parameters
fixed and shows that equality of eigenvalues for all ¢ implies (in most cases)
equality of weights, the above proof leaves ¢ fixed and shows that equality of
eigenvalues for all parameter values implies equality of weights.

6. Discussion of results

6.1. Special cases. When we compare (5.1) with (3.1), (3.2) and (3.3), then
it is clear that Askey-Wilson polynomials for root system BC, with a,b,¢,d,t
replaced by %, —q3%,ab?, ~b%,¢ become Macdonald’s polynomials for the pair
(BCy, By). The operator D, given by (5.4) then specializes to the operator for
which Theorem 2.3 is valid in case (BCy, By), and the eigenvalue (5.5) specializes

to the eigenvalue in Theorem 2.3, cf. (3.6). We can also work then with E,
instead of D, .
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Next, when we compare (5.1) with (3.1), (3.4) and (3.5) then it is clear that
our polynomials with a, b, ¢, d, t,q replaced by ab3, qab%,—b%, —qb‘%,t, ¢% become
Macdonald’s polynomials for the pair (BCn,C,). The operator D, given by
(5.4) then becomes the operator Dy, for the pair (BCy,,Cy). Theorem 2.3 does
not say anything about eigenfunctions of this operator, but Theorem 5.4 implies
that Macdonald’s polynomials for the pair (BC,, C,,) are eigenfunctions of Do, .
This corresponds nicely with the cases Eg, F4, G2 of Theorem 2.3, where (o, o)
takes values 0,1, 2 as o runs through Rt and we have to work with D, instead
of E,. It would be interesting to consider if P, might also be eigenfunction of
D, for other “quasi-minuscule” o.

Comparison of (5.1) and (4.1) makes it evident that the BC, Askey-Wilson
polynomials reduce to the one-variable Askey-Wilson polynomials for n = 1.

6.2. A Selberg-type integral and a conjectured quadratic norm. Let
A be given by (5.2) and (5.1) and let the parameters satisfy the inequalities of
Definition 5.1. Gustafson [3, (2)] evaluated the Selberg type integral

1 2 2 n n+j—2 .
~ / / A(z)dz = 2"n! H - (.t’lt - t:de’ ©eo — .
2mn Jo 0 e (t7,q,abti—Y acti=1, ... edti=1; q)oo

On the other hand, Macdonald [12, (12.6)] conjectured an explicit expression

for the quadratic norm (P, P,) for polynomials Py associated with any admis-

sible pair (R,S). It can be shown that Macdonald’s conjecture in case A = 0

and (R,S) = (BC,p, B,) coincides with Gustafson’s formula for (a,b,¢,d) =

(q%, —q%,ab%,—b%)‘ In October 1991, when prof. Macdonald was visiting The

Netherlands, first the author has given a conjectured expression for (Py, Pa)/(1,1),
where P, is an Askey-Wilson polynomial for root system BC,, and next Mac-

donald [13] has rewritten this as a conjectured expression for (Py, Py). On the

same occasion, Macdonald [13] has also extended his other conjectures in [12,

§12] to the BC, Askey-Wilson case.

6.3. The Askey-Wilson hierarchy for BC,. It is very probable that all
specializations and limit cases of one-variable Askey-Wilson polynomials have
their analogues in the case of BC,. Someone should certainly write down the
orthogonality relations and difference operators with explicit eigenvalues for all
these specializations. In some cases these explicit formulas may be rigorously
proved by straightforward limit transition from the general Askey-Wilson case.
In other cases, the limit transition may only give a formal proof and, for a
rigorous derivation, the proofs of the present paper will have to be imitated.

g-Racah-type polynomials for root system BCy, should also be obtained. Here
analytic continuation from the BC, Askey-Wilson polynomials will be needed
and residues, possibly higher dimensional, will have to be taken. Similar prob-
lems will arise when the condition |a|, [b],]|c|,|d] < 1 is dropped in Definition
5.1. In the corresponding one-variable case discrete terms are then added to the
orthogonality relations.
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6.4. Quantum group interpretations. It is known from work by Koorn-
winder [9], [10], Koelink [8] and Noumi & Mimachi [15], [16] that one-variable
Askey-Wilson polynomials have an interpretation on the quantum group SU,(2).
Noumi [14] announces an interpretation of Macdonald’s polynomials for root
system An_1 as zonal spherical functions on the quantum analogues of the ho-
mogeneous spaces GL(n)/SO(n) and GL(2n)/Sp(2n). According to Noumi,
this was already done for the quantum analogue of SL(3)/SO(3) by Ueno &
Takebayashi. It would be interesting to find quantum group interpretations of
Macdonald’s polynomials in case of all root systems, and also of the BC,, Askey-
Wilson polynomials considered in the present paper.
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