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1 Introduction and Preliminaries
1.1 Background

We consider the problem of minimizing a continuous function f : R™ — R over a compact set
K C R™. That is, we consider the problem of computing the parameter:

JminK = gél% f(z).

Our main interest will be in the case where f is a polynomial, and K is defined by polynomial
inequalities and equations. For such problems, active research has been done in recent years to
construct tractable hierarchies of (upper and lower) bounds for fiink, based on using sums of
squares of polynomials and semidefinite programming (SDP). The starting point is to reformulate
fmin Kk as the problem of finding the largest scalar A for which the polynomial f — X is nonnegative
over K and then to replace the hard positivity condition by a suitable sum of squares decomposition.
Alternatively, one may reformulate fumink as the problem of finding a probability measure p on
K minimizing the integral | i fdp. These two dual points of view form the basis of the approach
developed by Lasserre [I6] for building hierarchies of semidefinite programming based lower bounds
for fmink (see also [I7,20] for an overview). Asymptotic convergence to fmin k holds (under some
mild conditions on the set K). Moreover, error estimates have been shown in [25[24] when K is a
general basic closed semi-algebraic set, and in [4[5L67OTIL26] for simpler sets like the standard
simplex, the hypercube and the unit sphere. In particular, [25] shows that the rate of convergence
of the hierarchy of lower bounds based on Schmiidgen’s Positivstellensatz is in the order O(1/v/2r),
while [24] shows a convergence rate in O(1/ 4/log(2r/c’)) for the (weaker) hierarchy of bounds
based on Putinar’s Positivstellensatz. Here, ¢, ¢’ are constants depending only on K and 2r is the
selected degree bound. For the case of the hypercube, [4] shows a convergence rate in O(1/r) using
Bernstein approximations.

On the other hand, by selecting suitable probability measures on K, one obtains upper bounds
for fminx. This approach has been investigated, in particular, for minimization over the standard
simplex and when selecting some discrete distributions over the grid points in the simplex. The
multinomial distribution is used in [23[6] to show convergence in O(1/r) and the multivariate
hypergeometric distribution is used in [7] to show convergence in O(1/r?) for quadratic minimization
over the simplex (and in the general case assuming a rational minimizer exists).

Additionnally, Lasserre [I8] shows that, if we fix any measure p on K, then it suffices to search
for a polynomial density function & which is a sum of squares and minimizes the integral | ¢ Jhdp in
order to compute the minimum fi,in k over K (see Theorem [l below). By adding degree constraints
on the polynomial density h we get a hierarchy of upper bounds for fiink and our main objective
in this paper is to analyze the quality of this hierarchy of upper bounds for fimin k. Next we will
recall this result of Lasserre [18] and then we describe our main results.

1.2 Lasserre’s hierarchy of upper bounds

Throughout, R[z] = R[x1,...,2,] is the set of polynomials in n variables with real coefficients,
and R[z], is the set of polynomials with degree at most r. X[z] is the set of sums of squares of
polynomials, and X[z], = X[z]NR[x]2, consists of all sums of squares of polynomials with degree at
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most 2r. We now recall the result of Lasserre [I8], which is based on the following characterization
for nonnegative continuous functions on a compact set K.

Theorem 1 [18, Theorem 3.2] Let K C R™ be compact, let u be an arbitrary, fized, finite Borel
measure supported by K, and let f be a continuous function on R™. Then, f is nonnegative on K

if and only if
/ g*fdp >0 Vg € R[z].
K

Therefore, the minimum of f over K can be expressed as

fmin,K: inf /hfd,u St/hd‘u:l (1)
1] K K

heX|

Note that formula () does not appear explicitly in [I8, Theorem 3.2], but one can derive it easily
from it. Indeed, one can write fumink = sup{A: f(x) — A >0 over K}. Then, by the first part
of Theorem [ we have fmink = sup{A: [ A(f — A)du > 0Vh € Xz]}. As [ h(f — N)dp =
Jic hfdp — X [y hdp, after normalizing [; hdp = 1, we can conclude ().

If we select the measure p to be the Lebesgue measure in Theorem [T then we obtain the following
reformulation for fiink, which we will consider in this paper:

fmink = inf /Kh(:c)f(:zr)da: s.t./h(:z:)d:z::l.

hEE[z] K
By bounding the degree of the polynomial h € X[x] by 2r, we can define the parameter:

&= inf /Kh(x)f(:zz)dzzz s.t./h(z)d:z::l. (2)

heX(z], K

Clearly, the inequality fuink < f g) holds for any r € N. Lasserre [18] gives conditions under which
the infimum is attained in the program (2)).

Theorem 2 [18, Theorems 4.1 and 4.2] Assume K C R™ is compact and has nonempty interior
and let f be a polynomial. Then, the program (2) has an optimal solution for every r € N and

; (r) — ¢ .
Tli{{)loiK - fmln,K'

We now recall how to compute the parameter f g) in terms of the moments m,, (K) of the Lebesgue
measure on K, where

me(K) :z/ %z for a € N”,
K
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Let N(n,r) == {a € N*: 3" | a; < r}, and suppose f(z) = 2 BeN(nd) f52” has degree d. If we

write h € Yz], as h(z) = 3, c n(n,2r) Mat®,; then the parameter ﬁ? from (@) can be reformulated
as follows:

fD=min > f5 D hamars(K) (3)

BEN (n,d) a€N(n,2r)

s.t. > hama(K) =1,

a€N(n,2r)

Z hoz® € Xx],.

aE€N(n,2r)

Hence, if we know the moments m (K) for any a € N with |a| := >, o < d + 2r, then we can

compute the parameter ig) by solving the semidefinite program (B]) which involves a LMI of size
n—+2r

( 2r )

When K is the standard simplex A, = {x € R : Y | ; < 1}, the unit hypercube Q,, = [0,1]",

or the unit ball B1(0) = {x € R™ : ||z|| < 1}, there exist explicit formulas for the moments mq (K).

Namely, for the standard simplex, we have

[1i-, 0!
ma(4,) = 20— 4
(4An) ol + )1 (4)
see e.g., [15] equation (2.4)] or [14] equation (2.2)]. From this one can easily calculate the moments
for the hypercube Q:

n

nooa1
1
ma(Qn):/ %z = /x?idxiz .
S LV | e

To state the moments for the unit Euclidean ball, we will use the notation [n] := {1,...,n}, the
Euler gamma function I'(-), and the notation for the double factorial of an integer k:

k-(k—2)---3-1,if k> 0 is odd,
K=< k-(k—2)---4-2,if k> 0 is even,
1 ifk=0o0r k=—-1.

In terms of this notation, the moments for the unit Euclidean ball are given by:

a2 (=)t a7 D/20AD/2 (o 1)1

Ma(Bi1(0)) = { (1 22 hyalelz EERE if o is even for all i € [n],
0

()

otherwise.

One may prove relation (B) using

1
x%dr = / z%exp (—||z||?) dz
Lo Tt G Ja/2) Joe & P 2l

(see e.g. [I9] Theorem 2.1]), together with the fact (see e.g., page 872 in [I§]) that
+o00 o ) .
/ tP exp (—t2/2) dt = { V2r(p— 1! if pis even,

0 if p is odd,

— 00
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and the identity I'(1+ £) = 2(kﬁ'1')/2 /7 for any integer k € N (see e.g., [1l Section 6.1.12]).

For a general polytope K C R", it is a hard problem to compute the moments m,, (K). In fact, the
problem of computing the volume of polytopes of varying dimensions is already #P-hard [I0]. On
the other hand, any polytope K C R™ can be triangulated into finitely many simplices (see e.g.,
[8]) so that one could use ) to obtain the moments m,(K) of K. The complexity of this method
depends on the number of simplices in the triangulation. However, this number can be exponentially
large (e.g., for the hypercube) and the problem of finding the smallest possible triangulation of a
polytope is NP-hard, even in fixed dimension n = 3 (see e.g., [§]).

Example

Consider the minimization of the Motzkin polynomial f(z1,22) = xiz3 + 2325 — 32323 + 1 over the
hypercube K = [—2,2]2, which has four global minimizers at the points (41, +1), and fiinx = 0.
Figure [I] shows the computed optimal sum of squares density function h*, for r = 12, corresponding
to ﬁ?) = 0.406076. We observe that the optimal density h* shows four peaks at the four global
minimizers and thus, it appears to approximate the density of a convex combination of the Dirac
measures at the four minimizers.

; I
A

Fig. 1 Graph and contour plot of h*(x) on [~2,2]? (r = 12 and deg(h*) = 24) for the Motzkin polynomial.

We will present several more numerical examples in Section Fl

1.3 Our main results

In this paper we analyze the quality of the upper bounds f ") from @) for the minimum fiin K

of f over K. Our main result is an upper bound for the range f (r) — fmin, K, which applies to the
case when f is Lipschitz continuous on K and when K is a full- dlmensmnal compact set satisfying
the additional condition from Assumption [Il see Theorem [3] below. We will use throughout the
following notation about the set K.

We let D(K) = max, yek ||z — y||? denote the diameter of the set K, where ||z| = />, z;2 is
the £3-norm. Moreover, wyi, (K) is the minimal width of K, which is the minimum distance between
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two distinct parallel supporting hyperplanes of K. Throughout, Be(a) := {z € R" : ||l — a|| < €}
denotes the Euclidean ball centered at @ € R™ and with radius € > 0. With ~,, denoting the volume
of the n-dimensional unit ball, the volume of the ball B.(a) is given by volBc(a) = €™,.

Assumption 1 There exist constants ng > 0 and ex > 0 such that, for any point a € K,

vol(Be(a) N K) > nkvolBe(a) = nke™yn, for all 0 < e < ek. (6)

For instance, full-dimensional polytopes and the Euclidean balls satisfy Assumption [ see Section
BTl for details. Moreover, for any compact set K C R™ satisfying Assumption [T define

D(K)e
26%

D(K)e

if ex > 1. (7)

—
[\
~—

rK = max{ ,n} ifex <1 and rg :=

We can now present our main result.

Theorem 3 Assume that K C R™ is compact and satisfies Assumption [I Then there exists a
constant ((K) (depending only on K) such that, for any Lipschitz continuous function f with
Lipschitz constant My on K, the following inequality holds:

C(K) My

iiz) — fmink < NG

for any r > rk. (8)

Moreover, if [ is a polynomial of degree d and K is a convex body, then

2

) ¢ < 2d°((K) SUPgzeK |f(2)] o any T > 1 9
iK fmln,K — wmin(K)\/; f Yyr Zrk. ( )
The key idea to show this result is to select suitable sums of squares densities which we are able
to analyse. For this, we will select a global minimizer a of f over K and consider the Gaussian
distribution with mean a and, as sums of squares densities, we will select the polynomials H, ,
obtained by truncating the Taylor series expansion of the Gaussian distribution, see relation (I4).

1.4 Contents of the paper

Our paper is organized as follows. In Section 2] we give a constructive proof for our main result
Theorem Bl In Section Blwe show how to obtain feasible points in K that correspond to the bounds
f g) though sampling. This is followed by a section with numerical examples (Sectiond]). Finally, in
the concluding remarks (Section[l), we revisit Assumption[I], and discuss computational perspectives
of the approach studied here.
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2 Proof of our main result in Theorem [3]

In this section we prove our main result in Theorem[3l Our analysis will hold for Lipschitz continuous
f, so we will start by reviewing some relevant properties in Section 2.1l In the next step we indicate
in Section how to select the polynomial density function h as a special sum of squares that we
will be able to analyze. Namely, we let a denote a global minimizer of the function f over the set
K C R™. Then we consider the density function G, in ([I2)) of the Gaussian distribution with mean
a and the polynomial H, , in (I4]), which is obtained from the truncation at degree 2r of the Taylor
series expansion of the Gaussian density function G,. The final step will be to analyze the quality
of the bound obtained by selecting the polynomial H, , and this will be the most technical part of
the proof, carried out in Section

2.1 Lipschitz continuous functions

A function f is said to be Lipschitz continuous on K, with Lipschitz constant My, if it satisfies:
[f(y) = f(@)] < Mylly — || forallz,y € K.

If f is continuous and differentiable on K, then f is Lipschitz continuous on K with respect to the
constant

My = max||Vf(z)]. (10)

Furthermore, if f is an n-variate polynomial with degree d, then the Markov inequality for f on a

convex body K reads as
2

) S |f(@)],

see e.g., [3 relation (8)]. Thus, together with ([0, we have that f is Lipschitz continuous on K
with respect to the constant

<
max ||V f(2)] <

24>
My < o (K) jgglf(x)l- (11)

2.2 Choosing the polynomial density function H, ,

Consider the function

1 x — al|?
Go(x) := WGXP (—%) , (12)

which is the probability density function of the Gaussian distribution with mean a and standard
variance o (whose value will be defined later). Let the constant Ck , be defined by

/ Ck,aGo(z)dx = 1. (13)
K

2
Observe that G, () is equal to the function We‘t evaluated at the point ¢ = ”12;3”
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Denote by H, , the Taylor series expansion of G, truncated at the order 2r. That is,

e p—— o (LT (1)
ra(t) = ———s ) —|(—F—ees— | .
’ (2mo2)n/2 = k! 202

Moreover consider the constant cg ,, defined by

/ ek o Hro(z)dz = 1. (15)
K

The next step is to show that H, , is a sum of squares of polynomials and thus H, , € X[z]2,. This
follows from the next lemma.

Lemma 1 Let ¢o.(t) denote the (univariate) polynomial of degree 2r obtained by truncating the
Taylor series expansion of e~t at the order 2r. That is,

2r _n\k
Gon (t) - Z(;!) .

Then ¢o, is a sum of squares of polynomials. Moreover, we have

t2’r‘+1
0< gop(t) —e ' < —— It>0. 16
Soul) =< G forallt> (16)
Proof First, we show that ¢, is a sum of squares. As ¢o, is a univariate polynomial, by Hilbert’s
Theorem (see e.g., [20, Theorem 3.4]), it suffices to show that ¢o,(t) > 0 for any ¢ € R. As
Por(—00) = @op(+00) = +o00, it suffices to show that ¢o.(t) > 0 at all the stationary points ¢

where ¢5,.(t) = 0. For this, observe that ¢,.(t) = irzl(—l)k%, so that it can be written as

&, (t) = —dar(t) + % Hence, for any t with ¢5,.(t) = 0, we have ¢o,(t) = % > 0.

Next, we show that ¢o,.(t) > et for all t > 0. Fix ¢t > 0. Then, by Taylor Theorem (see e.g., [30]),

one has e™! = ¢o,.(t) + % for some ¢ € [0,¢]. As ¢ (¢) = —e~¢, one can conclude
675 s _ is

that e‘t—¢gr(t)=—(2%21;1 <0and et — ¢, (t) > —%. 0

We now consider the parameter fl((r)a defined as
fI({)a = /K f(@)ck o Hyox)dz. (17)

Our main technical result is the following upper bound for the range f1(<r,)a — fmin,k, Whose proof is
given in Section [2.3] below. Theorem [l follows then as a direct application of Theorem [l

Theorem 4 Assume K C R™ is compact and satisfies Assumptiond, and consider the parameter
rk from (7). Then there exists a constant ((K) (depending only on K) such that, for any Lipschitz
continuous function f with Lipschitz constant My on K, the following inequality holds:

C(K)My

(r) _ . <
fK,a fmln,K >~ 5 T 1

,  foranyr > TTK (18)
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Moreover, if [ is a polynomial of degree d and K is a convex body, then

2d*¢(K) sup,ck | f ()] TK
Winin (K)V2r +1 7 for any r = 27 (19)

fy(qr,)a — fmink <

Proof (of Theorem[3) Assume f is Lipschitz continuous with Lipschitz constant M, on K and a is
a minimizer of f over the set K. Using the definitions (2)) and () of the parameters and the fact
that H, , is a sum of squares with degree 4r, it follows that

JEHD < fO < fD - for any r € N.
Then, from inequality (I8) in Theorem [l one obtains

C(K) My
Vor+1

iﬁ”l) — fmink < igr) — fmink < I(;)a — fmink < for any r > %{

Hence, for any r > rk,

_ CHOM, _ (KM,
S rEL S r

M for odd r.
T

for even r,

iﬁz) - fmin,K
iiz) — fminK <

This concludes the proof for relation (8]), and relation (@) follows from (I9) in an analogous way.
This finishes the proof of Theorem [3 O

2.3 Analyzing the polynomial density function H, 4

In this section we prove the result of Theorem [ Recall that a is a global minimizer of f over K.
For the proof, we will need the following four technical lemmas.

Lemma 2 Assume K C R" is compact and satisfies Assumption[dl Then, for any 0 < € < ek and
r € N, we have:

2\n/2 2
(2mo?)™/? exp (;7)
77K6"7n '

Proof By Lemma [l ¢, (t) > et for all ¢ > 0, which implies H, ,(z) > G,(z) for all z € R".
Together with the relations ([3) and (I5) defining the constants Ck . and c ,, we deduce that
k.o < Ck,q- Moreover, by the definition ([@3) of the constant Ck 4, one has

1 B 1 [z — al®
Crcn —/KGa(:zr)d:r—/K Gro)2 exp (— 550 dx

>/ ¥exp _M dx
= JknB.(a) (2m02)"/2 20

1 2

2 W exp (—;7) vol(K N Be(a)).

C;(_’a S CK,a S

(20)
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We now use relation (@) from Assumption [l in order to conclude that vol(K N Bc(a)) > nke™vn,
which gives the desired upper bound on Ck . a

Lemma 3 Given £ € R" and a function F : Ry — R, define the function f : R® — R by
f(z) = F(||lx — &||) for any x € R™. Then, for any ps > p1 > 0, one has

P2
/ fla)dx = n’yn/ 2"1F(2)dz,
Bp2 (2)\391 (i) P1

a(n=1)/25(n+1)/2

where v, = —i

is the volume of the unit Fuclidean ball in R™.

Proof Apply a change of variables using spherical coordinates as explained, e.g., in [2]. a

< 6n.

n
1 ) T I@r+h)fen

Lemma 4 For any positive integers r and n, one has (2T+1

Proof Let n € N be given. Denote

1 _4(27‘+q)+2n o
g(r) = (2T m 1) = (27‘ + 1)4(2T+1)+2n (7‘ > O).

Observe that, g(0) =1, g(r) > 0 for allr > 0,1n(g(r)) = g7z, In(2r+1), and thus lim, . g(r) =
1. It suffices to show g(r*) < 6n for any stationary point r*. Since
din(g(r))  —8nln(2r +1) 2n
dr (8r+4+2n)2  (2r+1)(8r +4+2n)’
and ¢'(r) = ﬁ dln&i(r)), any stationary point r* satisfies
dIn(g(r*))

=0 (2r" + 1) [In(2r* +1) — 1] = .

dr 2

Since

3

@r* + 1)(In(3) — 1) < (2" + 1) [In(2r* +1) — 1] =

o N3

one has 2r* +1 < syas—y < 6n. Since g(r) <2r+1forallr >0, one has g(r*) < 2r*+1 < 6n. O

Lemma 5 Assume K CR"™ is compact and satisfies Assumption[d. Then, for any 0 < e < ek, one

has

n+1 2
/ Ck.ollz — a||Ge(z)dz < e+ mﬂip(n)e?,
K €K

where p(n) 1= f0+oo tne=t"/2dt is a constant depending on n, given by

ifn=1,

1
p(n) = \/?H?ﬂ (2j—1)ifn=2k and k > 1, (21)
T, (24) ifn=2k+1andk > 1.
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Proof Let ¢ := [ Ok allz — a||Ga(2)dz denote the integral that we need to upper bound. We split
the integral ¢ as ¢ = @1 + @2, depending on whether z lies in the ball B.(a) or not.

First, we upper bound the term ¢; as
Q1 = / [l — a]|Ck,aGo(z)dx < 6/ Ck,aGo(z)dx < e/ Ck,oGo(z)dz = €.
KNB.(a) KNBe(a) K
Second, we bound the integral
P9 = CK,a/ |z — a||Go(x)dx.
K\Bc(a)
Since K C B\/m(a), one has

2 < OK,a/ |z — a||Go(z)dz,
B\/m(a)\Be(a)

where the right hand side, by Lemma [3] is equal to

C'K alYn D(x) Z2
: / z" exp (— ) dz.

(2mo2)n/2 |, 202

By a change of variable t = Z, one obtains

Ck.anVyno [V DK)/a t?
: / t" exp ( ) dt,

2ETRn ™ Sy, 2
and thus
CK . aNYn 0O /+°° t2 CK.aNYno
< 2 o " —= | dt = ———7— .
#2 S o . exp | =5 n) 2 p(n)
Here we have set p(n) := [ t"e~% dt which can be checked to be given by ([ZI) (e.g., using

induction on n). Now, combining with the upper bound for Ck , from (20), we obtain

no"tlp(n) .2
o < TP 2
€UTK

Therefore, we have shown:

no"p(n) 2
¢:@1+¢2§6+W62”27

which shows the lemma. O

We are now ready to prove Theorem [4]
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Proof (of Theorem[f)) Observe that, if f is a polynomial, then we can use the upper bound (IIJ) for
its Lipschitz constant and thus the inequality (9] follows as a direct consequence of the inequality
([IR). Therefore, it suffices to show the relation (IJ]).

Recall that a is a minimizer of f over K. As f is Lipschitz continuous with Lipschitz constant M
on K, we have

J(@) - f(a) < Myl — al| Vo€ K.

This implies
0, = fwinac = [ eaea@)(@) = F@)de < My [ o= al e o Hra(o)d
K K

Our objective is now to show the existence of a constant ((K) such that

Y= / cKa||:1: a||Hy q(x)de < \/Q%, for any r > rk, (see ()

by which we can then conclude the proof for (Ig]).

For this, we split the integral ¥ as the sum of two terms:

v= [ ala =~ alGuloits + [ el al(Hra(o) - Gule)da.
K K

=) =12

First, we upper bound the term ¢1. As ¢k , < Ck o (by @0)), we can use Lemma [5 to conclude
that, for any 0 < € < ek,

"p(n) 2

v < [ Crealle—allGule)dn < e+
K €"NK

Second we bound the integral
o = /K i all = all(Hr (@) — Gal@))da.

We can upper bound the function H, ,(z) — G4(x) using the estimate from (I0) and we get

1 = — af*+2

Hya(z) = Ga(z) < (2mo2)n/2 (202)2+1(2r + 1)1

Then we have

1/} < 1 / r Hx B CLHMJFS d 1 / H H4r+3d
TS C xr = xr—a xZ.
2= 2ro2)n/2 [y Kt (202)27F1(2r + 1) (2mo2)n/? (20-2)2r+1 2r T1)
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D(K

/ ||z — a||4r+3d:v < / |lx — a||4r+3d:v,
K B (a)

D(K)

Now we upper bound the integral [ [z — a||*"*3dz. Since K C B\/—)(a), one has

where the right hand side, by Lemma [3] is equal to

4r4+n+3
2 4r4+n+3
2

< n'YnD(K)

nNYn

\/w/ D(K) Z4”‘+n+2dz _ ’]’L’ynD(K)
0 dr+n+3

Thus, we obtain

1 C;{ a 4r4+n+3
< : 2wD(K) 2
Y2 < (2rmo2)n/2 (202)2r+1 (2 + 1)!”7 (K)
We now use the upper bound for cg , from (20):
(2mo?)™/? exp (%)
ko <
o eV
and we obtain
nexp (%) D(K) B
Y2 < 2)2r+1
nre™(2r + 1)!1(202)2r+
Finally we use the Stirling’s inequality:
2 1 2r+1
2r + 1)l > /27 (2r + 1) ( T > ,

and obtain

by < n exp (;7) DK) = ( D(K)e )>2r+1 1
N 27 (

202en/(2r+1) (27 41 2r 4+ 1)

11 D(K)e 2r+1
/27T(2T+ 1) 20-2€n/(2r+1)(2r+ 1) '

We can now upper bound the quantity ¥ = 11 + 1), by combining the upper bound for ; in ([22])
with the above upper bound ([23) for ¢2. That is,

<
1/) < eur + 27T(2T T 1) 20.26n/(2r+1) (27~ +1

We now indicate how to select the parameters € and o.

First we select o = ¢, so that both parameters p; and ps appearing in ([22]) and (23) are constants
depending on n and K, namely
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np(n)el/? nel/2D(K)"s"
=11 p(n) and iy = (K)
K K
Next we select € so that 262+n/?251fl))e(%+1) =1,ie,
2r+1 2r+1 1_ n
B D(K)e 202r+1)+n B D(K)e 22r+1)+n 1 2 A(2r+1)+2n
‘T2t 2 2r 11 '

Summarizing, we have shown that

1 n 2r+1 n
1 27 a@r+D+2n D(K)e ) 2@+D+n 1 4@r+)+2n
Y < &) Ml-i-ﬁ
2r+1 2 Vor \2r+1

1 3 D(K)e M2
< (2T+1) 6n <u1max{1, 5 }—i—m) (24)

-
) i@r+1)+2n

To obtain the last inequality (24]), we use the inequality ( < 6n (recall Lemma M),

1
2r4+1

2r41 _n

together with the two inequalities (&) e < max {1, &} and (2T1+1) eI <1.
(24 _-n_

Since we have assumed € < ek (recall Lemmal[2]), this implies the condition r > WEK( ta) %,

—(24-n_
i.e., the inequality (24) holds for any r > %EK( ) _ 1. If ex < 1and r > n/2, then we
(24 =n_
have eK( o) < e;{?’ and thus the inequality (24) holds for any r > max { Dig)e, %} Ifexk >1

then 6;(2+T“) < 1 and thus (24) holds for any integer r > %. Hence, the inequality (24)) holds

for any r > rk /2, where ri is as defined in ().
Finally, by defining the constant

((K) :=6n (,Ul max{l, D(;()e} + \722—71_> )

which indeed depends only on K and its dimension n, we can conclude the proof for (Ig]). O

Remark 1 Note that in the proof of Theorem[d] we use Assumption[lonly for the selected minimizer
a € K (and we use it only in the proof of Lemma[2]). Hence, if the selected point a lies in the interior
of K, i.e., if there exists 6 > 0 such that Bs(a) C K, then the result of Theorem[ (and thus Theorem
B) holds when selecting nx = 1 and ex = 4.

Our results extend also to unconstrained global minimization:

rER™

if we know that f has a global minimizer a and we know a ball Bs(0) containing a. We can then
indeed minimize f over a compact set K, which can be chosen to be the ball Bs(0) or a suitable
hypercube containing a.
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3 Obtaining feasible solutions through sampling

In this section we indicate how to sample feasible points in the set K from the optimal density
function obtained by solving the semidefinite program (2)).

Let f € R[z] be a polynomial. Suppose h*(z) € X[z], is an optimal solution of the program
@, i.e., ig) = Jg f(@)h*(x)dz and [ h*(x)dz = 1. Then h* can be seen as the probability

density function of a probability distribution on K, denoted as Tk and, for any random vector
X = (X1,...,Xn) ~ Tk, the expectation of f(X) is given by:

E[f(X)] = /K Fa)h* (@)dz = 110, (25)

As we now recall one can generate random samples = € K from the distribution 7Tk using the well
known method of conditional distributions (see e.g., [2I), Section 8.5.1]). Then we will observe that

with high probability one of these sample points satisfies (roughly) the inequality f(z) < ig) (see
Theorem [ for details).

In order to sample a random vector X = (X1, ..., X,,) ~ Tk, we assume that, for eachi =2,... n,
we know the cumulative conditional distribution of X; given that X; = z; for j = 1,...,7 -1,
defined in terms of probabilities as

Fz(xz |$1,...,I1‘,1) = Pr [Xz S xX; | X1 = Il,...,Xi,1 :xifl].

Additionally, we assume that we know the cumulative marginal distribution function of X;, defined
as:
Fl(:vz) = Pr [Xl S ,Ti] .

Then one can generate a random sample z = (z1,...,2,) € K from the distribution Tk by the
following algorithm:

e Generate z1 with cumulative distribution function Fj ().

e Generate z2 with cumulative distribution function F (-|z1).

e Generate x, with cumulative distribution function F, (‘|z1,...,Zn—1).

Then return = = (1,2, ..., 2,)T.

There remains to explain how to generate a (univariate) sample point x with a given cumulative
distribution function F'(-), since this operation is carried out at each of the n steps of the above
algorithm. For this one can use the classical inverse-transform method (see e.g., [21] Section 8.2.1]),
which reduces to sampling from the uniform distribution on [0, 1] and can be described as follows:

e Generate a sample u from the uniform distribution over [0, 1].

e Return x = F~1(u) (if F is strictly monotone increasing, or x = min{y : F(y) > u} otherwise).

As an illustration, we now indicate how to compute the cumulative marginal and conditional dis-
tributions F;(-) and F;(- | @1...2;—1) for the case of the hypercube Q,, = [0,1]". We will then
apply this method to several examples of polynomial minimization over the hypercube Q,, in the
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next section. As before we are given a sum of squares density function h*(z) on K = [0,1]™. For
i=1,...,n, define the function f; _; € Rlz1,...,x;] by

1 1
fl,,,i(:vl,...,xi):/ / h*($1,...,$n)d$i+1"'dl‘n.
0 0

Then the cumulative marginal distribution function Fi(-) is given by

x1
Fie) = [ filo)dy
0
and, for i = 2,...,n, the cumulative conditional distribution function F;(- | 21 ...2;_1) is given by

. fri(x, .o i1, y)dy
E(xi|$1~'~$i—l):f0 ( ) :
fl...(i—l)(xlv"'v'rifl)

We now observe that if we generate sufficiently many samples from the distribution 7k then, with
high probability, one of these samples is a point z € K satisfying (roughly) f(z) < ig)

Theorem 5 Let X ~ Tk. For any € > 0,

1
14¢€

Pr [f(X) > ﬁ? +e (ﬁ? - .fmin.,K):| <
Proof Let X ~ Tk so that E[f(X)] = ig) Define the nonnegative random variable
Y= f(X) = fmink-
Then, one has E[Y] = ﬁ? — fmink. Given € > 0, the Markov Inequality (see e.g., [22] Theorem
3.2]) implies

1
14+¢€

Prly > (1+OE[Y] <
This completes the proof. a

For given € > 0, if one samples N times independently from 7k, one therefore obtains an x € K
such that

flz) < ﬁ? +e (ﬁ? - fmin,K)

N
with probability at least 1 — (%ﬂ) . For example, if N > 1+ % then this probability is at least
1—1/e.
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Table 1 Test functions

Name Formula Minimum (fmin,K) (Sf{a)rch domain
= —2
Booth Function J:; B (g:)12+2:c2 77+t f(1,3)=0 [—10,10]?
5 —
— 2 AN
Matyas Function 5.48;11,20'26@1 + @3) £(0,0) =0 [~10,10)?
~ — 922 — 10523 = 1.0
Three. Hump Camel | f = 2x7 ; 1.05z7 + g=§ + £(0,0) =0 (5,52
Function T17T2 + T35
Motzkin Polynomial f=atxZ+aix]—323x5+1 | f(£1L,£1)=0 [—2,2]?
Styblinski-Tang Func- o~ 1.4 a2, 5. | f(=2.093534,...,-2.093534) =| n
tion (withn —2,3,4) | 1= 21 9% — 8T+ 5% | T 5g 16590y, [-5,5]
Rosenbrock  Function | f = S 1100(ziq1 — _ B n
(with n = 2, 3,4) 1’?)2 + (= i= 1)2 f(1,...,1)=0 [—2.048,2.048]

Table 2 ig) for Booth, Matyas, Three—Hump Camel and Motzkin Functions

Booth Function Matyas Function ThreefHump Camel Motzkin Polynomial
r Function
Value Time Value Time Value Time Value Time
(sec.) (sec.) (sec.) (sec.)
1 244.680 0.30 8.26667 0.26 265.774 0.44 4.2 0.17
2 162.486 0.34 5.32223 0.34 29.0005 0.38 1.06147 0.28
3 118.383 0.41 4.28172 0.27 29.0005 0.31 1.06147 0.08
4 97.6473 0.39 3.89427 0.41 9.58064 0.39 0.829415 0.13
5 69.8174 0.55 3.68942 0.47 9.58064 0.55 0.801069 0.06
6 63.5454 0.59 2.99563 0.69 4.43983 0.55 0.801069 0.13
7 | 47.0467 0.64 2.54698 0.72 4.43983 0.59 0.708889 0.13
8 | 41.6727 0.70 2.04307 0.76 2.55032 0.67 0.565553 0.16
9 34.2140 0.83 1.83356 0.81 2.55032 0.70 0.565553 0.16
10 | 28.7248 0.94 1.47840 0.87 1.71275 0.84 0.507829 0.22
11 | 25.6050 1.03 1.37644 0.94 1.71275 0.84 0.406076 0.31
12 | 21.1869 1.48 1.11785 1.25 1.27749 1.11 0.406076 0.27

Table 3 ig) for Styblinski-Tang and Rosenbrock Functions (with n = 2, 3)

. Sty.—Tang (n = 2) Rosenb. (n = 2) Sty.—Tang (n = 3) Rosenb. (n = 3)
Value Time Value Time Value Time Value Time
(sec.) (sec.) (sec.) (sec.)
1 —12.9249 | 0.41 214.648 | 0.34 —18.8832 | 0.34 629.086 | 0.37
2 —25.7727 | 0.31 152.310 | 0.34 —36.0339 | 0.38 394.187 | 0.34
3 —34.4030 | 0.39 104.889 | 0.35 —44.9525 | 0.65 295.811 | 0.44
4 —41.4436 | 0.36 75.6010 | 0.33 —54.4424 | 0.98 206.903 | 0.53
5 —45.1032 | 0.41 51.5037 | 0.50 —60.5823 | 0.66 168.135 | 0.66
6 —51.0509 | 0.50 41.7878 | 0.45 —67.6027 | 0.98 121.558 | 1.05
7 —56.4050 | 0.52 30.1392 | 0.41 —74.5791 | 1.33 101.953 | 1.23
8 —58.6004 | 0.58 25.8329 | 0.42 —79.1261 | 2.28 77.4797 | 1.92
9 —60.7908 | 0.67 19.4972 | 0.55 —82.9581 | 3.53 66.6954 | 3.08
10 | —64.0147 | 0.83 17.3999 | 0.61 —87.6127 | 7.82 53.0369 | 4.44
11 | —65.7111 | 0.86 13.6289 | 0.76 —91.0233 | 10.53 46.5871 | 7.89
12 | —66.5532 | 1.23 12.5024 | 0.94 —93.2038 | 19.47 38.4281 | 13.99
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Table 4 ig) for Styblinski-Tang and Rosenbrock Functions (with n = 4)

Sty.—Tang (n = 4) Rosenb. (n = 4)
r Value Time (sec.) Value Time (sec.)
1 | —24.6541 0.25 1048.19 0.34
2 | —45.5192 0.34 690.332 0.42
3 | —55.0577 0.61 536.367 0.48
4 | —66.8202 0.78 382.729 0.72
5 | —74.7215 1.37 314.758 1.39
6 | —82.8699 3.09 236.709 3.09
7 | —90.8863 9.98 202.674 6.61
8 | —97.1192 28.64 156.295 19.62
9 | —102.387 83.01 137.015 60.59

4 Numerical examples

In this section, we consider several well-known polynomial test functions from global optimization
that are listed in Table [
For these functions, we calculate ig) by solving the SDP (@) for increasing r.

We performed the computation on a PC with AMD Phenom(tm) 9600B Quad-Core CPU (2.30
GHz) and with 4 GB RAM. Moreover, we use CVX [12[I3] in MATLAB, selecting SDPT3 [27,2]]
as the SDP solver.

We record the values f g) as well as the CPU times (needed to solve the SDP) in Tables 2] Bland @

Furthermore, for each order r, we use the method described in Section [B] to generate samples that
are feasible solutions of (), for the bivariate Rosenbrock and the Three-Hump Camel function in
Table [l For each order, the sample sizes 20 and 1000 are used. We also generate samples uniformly
from the feasible set, for comparison. We give the results in Tables [f] and [6] where we record the
mean, variance and the minimum value of these samples together with f iz) (which equals the sample

mean by (27])).

Note that the average of the sample function values approximate f iz) reasonably well for sample
size 1000, but poorly for sample size 20. Moreover, the average sample function value for uniform
sampling from K is much higher than f g). Also, the minimum function value for sampling from
Tk is significantly lower than the minimum function value obtained by uniform sampling for most
values of 7. In terms of generating “good” feasible solutions, sampling from Tk therefore outperforms
uniform sampling from K for these examples, as one would expect.

5 Concluding remarks

We conclude with some additional remarks on Assumption [[l and some discussion on the compu-
tation perspectives of the approach studied here for global optimization.
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Table 5 Sampling results for the Rosenbrock Function (n = 2)

. ig) Mean Variance | Minimum | Sample Size
U] 268 s ey | oonosTs o0
2 | 152810 e S %R0 1000
S el 0 S 1
4 75.6010 6%42?1 223372(1) 06.005(;172288153 1(2)80
5 51.5037 5204222 ggggg 06_60618368729 1(2)(0]0
6 41.7878 32'7%23 23903967-.2(;1 (1)(1)2123 1(2)80
G O - 27 o 01
8 | s o 500
Il e - .
10 | 178090 |t 1000
o 1 o 01
el I v 7 7 S 1
Uniform Sample 489.722 | 433549.0 9.0754 20
465.729 | 361150.0 0.0771463 1000

5.1 Revisiting Assumption [

In this section we consider in more detail our Assumption [Il First we recall another condition,
known as the interior cone condition, which is classically used in approximation theory (see, e.g.,
Wendland [29]).

Definition 1 [29, Definition 3.1] A set K C R™ is said to satisfy an interior cone condition if there
exist an angle § € (0,7/2) and a radius p > 0 such that, for every z € K, a unit vector {(z) exists
such that the set

C(z,&(x),0,p) ={z+ A y:y eR", |jy|] = 1,yT§(x) > cosf, A €0,p]} (26)
is contained in K.

In fact, one can show that any set satisfying an interior cone condition also satisfies Assumption [I]

Lemma 6 If a set K C R” satisfies the interior cone condition (26) then K also satisfies Assump-
tion [, where we set
sin 6

— d ex = p.

me= |
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Table 6 Sampling results for the Three—~Hump Camel Function

- ﬁ;) Mean Variance | Minimum | Sample Size
U | 26571 | Toses 0 | G050
2 | 29.0005 2287'.0731424 ngfé,ggs 0,165525 1380
3 29.0005 1342?396531 ?22891081 (2640582545256 1380
I e LT o0
5 | 9.58064 2%11695087 164 4;?855 (2 5101195399244 1380
6 4.43983 74'?587‘;811 23)53.01829 (? 6102365154871 1380
7 4.43983 33?76971111 2507'?’814973 (;).62()67()513111 1380
8 | 259082 | s am67 | 00027 | To0
0 | 2m0s | et sos 1000
10 | 1.71275 11'_053016799 Ofgég‘fﬁ 8:(0]2111451352 1380
11| 171275 11'%0377597 17'?20591885 Siggi?ﬁi 1380
12| 127M9 e hosTSTo00
Uniform Sample | 204032 | 163021.0 | 165885 20
243.216 | 183724.0 | 0.00975034 1000

Proof Assume that K satisfies the interior cone condition (26]). Then, using [29, Lemma 3.7], we
know that, for every x € K and h < p/(1 +sin#), the closed ball By, sing(x + h&(x)) is contained in
C(z,&(x),0,p) and thus in K. Then, for any o € K and € € (0, p], after setting h = ¢/(1 + sin6),
one can obtain

vol(Be(xo) N K) S volC'(zg, &(x0), 0, €) S vol B sing(wo + h€(x0)) [ sin® "
volBc(zg)  — volBe(xo) - volB.(xo) 1+sinf

sin 6

n
Thus, Assumption 1 holds after setting nk = {l-ﬁ-siné} and ex = p. O

For instance, every Fuclidean ball with radius € > 0 satisfies an interior cone condition, with radius
e and angle § = /3, see e.g., [29, Lemma 3.10]. Moreover we now show that any full-dimensional
polytope satisfies an interior cone condition.

Theorem 6 Any full-dimensional polytope satisfies an interior cone condition.

Proof Let K C R™ be a full-dimensional polytope with set of vertices {u1,...,un}. Since K is
full-dimensional then, for any vertex u; (i € [N]), there exist a unit vector &;, an angle 6; and a
radius p; such that C(u;, &, 0, pi) € K. Set 0 := min;cn) 0; and p := min;e[ny pi- Then, for any
vertex u; (i € [N]), one has C(u;,&;,6,p) C K.

We now claim that, for any = € K, a unit vector {(x) exists such that C(z,¢{(2),0, 47) C K.
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We may assume w.l.o.g. that x = Z?:ll a;u; with oi; > 0 for any ¢ € [n+ 1] and Z?:ll a; =1. One
can easily see that there exists j € [n + 1] such that a; > and we can assume w.l.o.g. that

. . 1
7 =1, that is, a; > R

From the fact that C(u1,&1,60,p) € K, we can obtain that, for any unit vector y € R"™ with
yT€& > cosf and for any 0 < r < p, then u; + ry € K holds.

We now consider x + Ay, where 0 < \ < 7#1. We have

1
n+1?

n+1 n+1
A
Ay = A iU = — iUi-
T+ Ay = oiuy + y—l—;au a1<u1+a1y)+;au
Asa12%Handog)\gn%rl,wededucethatogO%Spandthusul—i—o%yeK.
Hence, x + Ay € K and thus C(z,&1,6, 755) C K. O
Combining with Lemma [0l we get the following corollary.

Corollary 1 Full-dimensional polytopes and Euclidean balls satisfy Assumption [1

For example, as the hypercube Q,, is a full-dimensional polytope, it satisfies an interior cone con-
dition and thus Assumption [Il This can also be seen directly. Set

s(z — Le)

1
f =arcsin —, p=1/2, and &(x) =— TR
|z — gell

vn’
where s(z) denotes the sign vector of x for any « € R™. Then, one can check that

C(2,(x),0,p) € Qu for any € Q.

Furthermore, one can also easily check that Q,, satisfies Assumption [I] with the constants

1 1
NQ, = o and €eq, = 5

5.2 Computational perspectives for global optimization

Recall that the computation of the upper bound ﬂ;) by solving the semidefinite programs (3]

involve matrix variables of order (";2 "

when using interior point SDP solvers.

Having said that, the sampling approach of Section [ often provides good feasible solutions for
the examples in Section[d] even for small values of r. One may therefore explore using the sampling
technique (for small r) as a way of generating starting points for multi-start global optimization
algorithms.

Another possibility to enhance computation would be to investigate more general sufficient
conditions for nonnegativity of h on K, than the sum-of-squares condition studied here. This may
result in a faster rate of convergence than for f;?.

). Thus one is limited to relatively small values of n and r,
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