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Action-angle Maps and Scattering Theory for Some
Finite-dimensional Integrable Systems
Il. Sutherland Type Systems and their Duals *

By
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Abstract

We present an explicit construction of an action-angle map for the nonrelativistic N-particle
Sutherland system and for two different generalizations thereof, one of which may be viewed as a
relativistic version. We use the map to obtain detailed information concerning dynamical issues such as
oscillation periods and equilibria, and to obtain simple formulas for partition functions. The
nonrelativistic and relativistic Sutherland systems give rise to dual integrable systems with a solitonic
long-time asymptotics that is explicitly described. We show that the second generalization is self-dual,
and that its reduced phase space can be densely embedded in P¥ ' with its standard K#hler form,
yielding commuting global flows. In a certain limit the reduced action-angle map converges to the
quotient of Fourier transformation on C" under the standard projection C¥\ {0} — P~
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1 Introduction and Summary

1.1 Introduction

In two previous papers [1, 2] (henceforth referred to as I, II) we have
studied Calogero-Moser type N-particle dynamics whose long-time asymptotics can
be encoded in a soliton-like scattering transformation. In this paper our starting

point consists of the closely related Sutherland dynamics

1,1 !
H=->2pi+yg*lul® > (M)
24 4 1gj<ksN |, | 1]
sin > x,-*xk)

and two integrable generalizations thereof, viz.,

N
H= § ch(Bp)V;(x), BE (0, ) (M)
) 1/2
V=TT 1+ — Sr‘ z
! sinz—g——(xj—-xk)
N

H=2, cos(|BlpHViGx), BEi(0, ) (Im,)

5 1/2
ve=TI(1- ot , 70, 7/N)

k% ,

sin ———2——(xj—xk)
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We may and will view these dynamics as the simplest non-trivial representants of
three classes of commuting dynamics, each of which has an associated class of
‘dual’ dynamics. The former dynamics yield oscillatory motion, but the dynamics
dual to (1.1) and (1.2) (which are exemplified by (1.106)—(1.108)) have a
solitonic long-time asymptotics. The integrable systems associated with (1.4) will
be shown to be self-dual.

Unless explicitly stated otherwise, we take

£€i(0, ), g<0 (1.6)

Setting
z=ifug/2, t=pug/2 (1.7

this convention entails z > 0 for the case I (where 8 > 0) and 7 > 0 for the case
I, (where —i3 > 0). We suppress dependence on the parameters whenever this
causes no ambiguities. (The sign of g is fixed to ease the definition of certain
matrices ; the various maps and dynamics occurring below are even in g, cf. also
I Proposition 5.5.)

To a large extent this paper is self-contained. However, we do need the
spectral asymptotics and canonicity results obtained in I. For more context and
background material concerning the integrable systems at hand, we refer to [3-6].
In particular, in our survey [6] we discuss both the classical and the quantum
versions of the above-mentioned systems, their elliptic generalizations and Toda
type limits, and their relations to infinite-dimensional integrable systems. Also, in
[4] the terminology ‘nonrelativistic’ (nr) vs. ‘relativistic’ (rel) is explained, cf. also
[5,7]. (To model solid-state phenomena it may be more natural to replace the speed
of light by the speed of sound, e.g.) The suffix b in (1.4) stands for ‘bounded’.

In contrast to the dynamics handled in I and II (whose interpretation is
unambiguous), there exist three different interpretations of the Hamiltonians (1.1)
and (1.2), whereas (1.4) admits even more than three versions. To explain this, we
introduce the Weyl alcoves

w,= {6ER"[6,, ..., 8, >0, |u|36,<x}, n=N-1 (1.8)
Jj=1
Wy={gERY(q1—q2,927q3, ..., §n—qN)/2EW,} (1.9)

Clearly, Wy is an open convex set, so we obtain a symplectic manifold <Q, @) by
setting

Q= {(g, ) ERY |gEW )} (1.10)

N
j=1



250 SIMON RUIJSENAARS
Replacing x, p by g, 6 at the rhs of (1.1)~(1.3), we obtain smooth positive functions

on . The Hamiltonians defined in this way will be denoted by H.
Next, consider the Z-action on {2 whose generator reads

G:(g1, - qn,01, ... , 6n) *‘*"(QN+27T/|/~¢|,Q1, v gN-1,0N,601, ..., Ox_1)
(1.12)

This action is well defined, free, discrete and symplectic, and the functions H are
Z-invariant. Thus we may divide out this action to obtain a manifold

Q=0/Z (1.13)

equipped with a symplectic form w, and smooth functions H on 2. We coordinatize
Q2 by setting

Q= {(x, p) ER*|xEFy} (1.14)
where Fy is defined by
Fy= GERY| -/ |u| <xn < <x:i<a/|ul} (1.15)

This is a natural choice, since F y is a fundamental set for the Z-action restricted to
W . To be more specific, given (g, ) E42, there exist uniquely determined xEF y,
I€{1, ..., N} and mEZ such that

x1=q,+2xm/ | 1]

xN—1+1=QN+27fm/iﬂ|

xN—l+2fQ1+27I(m—1)/|,U| (1.16)
XN;41—1+27T(M“1)/|#|
and then p is defined by
pi=0
P10y (1.17)

pN~1+z:t91

pn=0,
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We may and will view (1.1) and (1.2) as the coordinate expressions for the smooth

functions H on £2 we have just defined. Note that on the open dense coordinate
patch {x,<z/|u|} one has

N
w=2,dx; Ndp; (1.18)

j=1
For later purposes it is expedient to insert an important observation at this
point : two vectors g, §& W y belong to the same orbit under the Z-action if and

only if the diagonal matrices 4 (q) and 4 (§) are related by a permutation, where 4
is defined by

A(y) =diagle™, ..., e*N) (1.19)
(Note that the permutation involved is necessarily cyclic.)
Physically speaking, the Hamiltonians H (g, ) on the phase space & describe
N particles on the line whose distances are bounded below and above due to energy
conservation. Hence they can be distinguished by their ordering. The Hamiltonians
H(x, p) on £ describe particles on a ring, whose angular positions are encoded in
the phase factors exp(ux,) ES'CC. Then the ordering is fixed up to a cyclic
permutation. Factoring out the Z-action generated by G amounts to viewing the
particles as indistinguishable.

However, one may also treat the particles as being distinguishable. Then one
needs a phase space

Q=7 (1.20)
where Z’ denotes the Z-action generated by
GY:(q, 0) — (g +2n/ el ..., qn+21/ ||, 6) (1.21)
One way to coordinatize £2° and the quotient form @’ is to take
Q= ((r WERMYEF), o= 3 dy; Adk, (122)
where
Fi= EWy| 3y, E(=aN/ |, 2N/ 1) (1.2)
That is, for a given (g, 6) E€ one has

y1=q1+27'[M/|ﬂl, kaej, j=1, ...,N (124>
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where m €Z is uniquely determined. Replacing x, p by y, k in (1.1)=(1.3) yields
smooth functions H'(y, k) on 2'. Note that one has

Q=QYZy (1.25)
where the Z y -action consists in cyclic permutations of y, k ; this amounts to writing
Z=ZyXZ (1.26)

Summarizing, we have
(g HET > (y, EQ > (x, p)EQ (1.27)

(Here and below, 7( » ) denotes regular covering projections.) As far as dynamics
is concerned, our emphasis will be on understanding a class of commuting
Hamiltonian flows on § that contains in particular the flow generated by H. All of
these flows admit quotient flows on Q" and Q, whose relevant features can be read
off from the covering sequence (1.27).

Just as in I and I, we shall arrive at a detailed understanding of the
commuting flows via an explicit picture of the action-angle map and its ‘harmonic
oscillator’ extension. These maps are most easily constructed at the left side of the
sequence (1.27), since & is convex and hence topologically trivial. Moreover, a
linear coordinate change turns £ into a product of R? and an open convex subset
M of R*, encoding the center of mass motion and reduced (center of mass frame)
motion, resp., for the Sutherland dynamics. Correspondingly, the action-angle map
can be factorized. Since this change of coordinates

%:0—>R*XM, (g, 6) > (6,,7:;6,7) (1.28)

plays a key role in the sequel, we detail it now :

8,=(g:+++gn)/N g1=0,+2n6,+mn—18,+--+6,1/N
: — : ’
8.,=(gr—qn)/2 gy=0,+2[—6,1—28,—--—nd,]/N
7s2(91+"’+5N)/N O1=7s+7:
71=6,—(0,+--+6y)/N O,=7+t712— 71
S — : (1.30)
7n=01++0n~n(91++6N)/N 0N:Ts_'7n

(Recall n = N—1.) Clearly, this entails
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M=w,XR" (1.31)

Also, the new coordinates are not quite canonical ; setting

w;=Ndoé; \Ndy, (1.32)
(M) szg do; Ady, (1.33)

one easily checks that
¢ (w,+to)) = (1.34)

(Of course, the scale factors 2 and N are a matter of convention. Our choice
ensures absence of similar factors in many later formulas.)
We now turn to the I, systems. Here, we need the open convex sets

wt= (6ER |ul6y, .o, ]8> >0, |g|26,<1—1 (1.35)
j=1

Note that the restriction 7 < z/N in (1.5) is equivalent to w’ being non-empty.
Now we put

Q= {(g, ) ERY|g=EW}} (1.37)

and equip Q with the symplectic form @, cf. (1.11). As before, replacing x, p by g,
6 at the rhs of (1.4), (1.5) yields a smooth real-valued function H on Q. (The
restriction on ¢ guarantees that all radicands in (1.5) are positive.)

Next, we define a Z"-action on £ by setting

0+——0+2nk/|B|, kEZN (1.38)
and a Z-action via the generator G, cf. (1.12). Combining these, we obtain a free
action of a semi-direct product of Z and Z" (the action of Z on Z* being generated
by ki, ..., ky) —> (ky, k1, ..., ky-1)). This action is symplectic and leaves A
invariant, so H descends to a smooth funtion H on the quotient symplectic manifold
{R, w), where

Q=Q/@XZ") (1.39)

Introducing
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Fh=WiNFy (1.40)
an obvious coordinatization of £ reads
Q={( p)ER™|xEF}, pE(—n/|B|, /I8N (14D

Here, x is defined via (1.16), whereas the definition (1.17) of p should now be read
mod 27/|B8].

Clearly, upon quotienting out part of the Z X Z¥-action one can obtain various
phase spaces and Hamiltonians interpolating between {Q, @), H and {Q, w), H,
each with its own physical interpretation. We single out one of these, because its
action-angle map is most easily constructed.

To this purpose we introduce the subgroup

N
Ey= kEZY| 2 k,=0} (1.42)
j=1
Changing coordinates on @ via (1.29) and (1.30), the action of E y leaves (8, 1)

ER?and sEw) fixed, whereas 7., ... , 7, change by multiples of 2z/|8|. Then the
quotient manifold

Q°=0/Ey (1.43)
may and will be viewed as
Q°=R>*XM°, M°=wiXT" (1.44)
Here and from now on T' denotes the torus
T'= e ||y, |=-=|v =1} (1.45)
The obvious coordinates on Q° are J,, 7, 6 and 7, with 7 now varying over

(—=z/|Bl, n/|8]1" The corresponding quotient form and Hamiltonian will be
denoted by w*© and H¢, resp. Thus we have

w'=w;+wM° (1.46)

where w ; is given by (1.32) and w (M °) by (the obvious reinterpretation of) the rhs
of (1.33).

Having prepared the arena, the battle can begin. Lest the logistics go haywire,
we suggest that the reader skip the following two sections at first reading. These
sections contain a rather detailed summary of Chapters 2~4 and might be referred
back to as needed. (This is perhaps the best policy as regards all of Chapters 2-4.)
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Quite a few auxiliary objects and a lot of notation must be introduced to define and
study the various maps and spaces that are relevant for the systems at hand, and
some of this is already necessary to even sketch their constructions. Thus Sections
1.2 and 1.3 should serve both as a database and as a flow chart, uncluttered by the
many technicalities arising in Chapters 2—4 and Appendix A. In Section 1.4 we
summarize Chapter 5 in a more descriptive fashion.

We close this introductory section with three more remarks. First, we would
like to point out that many of the M., and M, objects reduce to their I,
counterparts when one fixes g and #, renormalizes suitably, and takes S to 0.
(Similarly, taking  to O in the I, systems and their duals, one obtains the [,q and
1I .., systems, resp., studied in 1.) Butjust asin I and II, we do not have sufficient
control over this limit to rigorously obtain all of the I, results as corollaries of the
I, and/or W, results. Therefore, we handle the 1, systems separately, choosing
however notation and arguments that admit partial generalization to the M,y and
I, systems.

Secondly, a part of this paper can be reformulated in terms of notions from the
area of Lie groups, Lie algebras and symmetric spaces ((affine) Weyl groups, root
and weight lattices, totally geodesic submanifolds, to name a few) ; the afficionado
will have little trouble doing so. (Cf. also [3] for this viewpoint.)

Thirdly, we remark that the above-mentioned dual dynamics emerge as a
corollary of the constructions in Chapters 2-4. As such, we have deferred their
definition to the beginning of Section 1.4. At this point, the dual dynamics (1.106),
(1.107) appears to be very far removed from the Sutherland dynamics (1.1). As
will be seen below, however, the inverse of the harmonic oscillator map for the
latter dynamics serves as the action-angle map for the former—a quite unexpected
and most remarkable bonus. Similarly, the self-duality of the dynamics (1.4), (1.5)
amounts to the corresponding harmonic oscillator map being (in essence)
involutive. (Cf. also our previous paper I, where the notion of ‘dual system’ is
more readily understood.)

1.2 Summary of Sections 2.1, 2.2, 3.1, 3.2 and 4.1, 4.2

We begin by discussing the I, and Il.. systems, which can be handled in
much the same way. First of all, the commuting Hamiltonians can be obtained
from an N XN matrix-valued function L on £, which is self-adjoint in both cases.
This Lax matrix is defined by (2.1) and (2.51), resp. Just as in I and II, its
spectral properties are an essential ingredient for the explicit construction of the
action-angle map. Once again, the starting point for obtaining detailed spectral
information is the commutation relation between L(g, 8) and the matrix 4(g)
given by (1.19). (This relation was first used for the Il systems in (8, 9], cf. also

(10l
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Combining the commutation relation with algebraic information assembled in
Appendix A, we show in Section 2.1 that L has eigenvalues 4y, ..., A y satisfying
|A;—2;| > |ugl, i#j; in Section 2.2 we obtain positive eigenvalues obeying |In A,
—In A;| > 2z i#j. The subset of 2 where all inequalities are strict is denoted by
Q.. (Here, r stands for ‘regular’. On the boundary set @, = 2\ 2, the dimension
of the vector space spanned by the gradients of the commuting Hamiltonians is
smaller than N.)

It is convenient to view & as RZXM, M=w,XR", via the above coordinate
change %, cf. (1.28)-(1.30). Then the spectral requirement amounts to a restric-
tion on M :

Q.=R*XM, (1.47)

Fixing PE§,, there exists a unitary matrix U(P) such that

diag(él, eey é[v) (mnr)
(U*Lu)(P) = ) @ a0 (1.48)
diag(e™, ..., e"™) (I )
where 8 varies over the action set
Ay={0€RY|6;—8,., >d, j=1,...,n}, d=|ug| (1.49)
Introducing
§,=(0,+-+8y)/N
« A A (1.50)
5j5 (9j_0j+1)/2, ]=l, P (4
it follows that &, varies over R and § over
a,={6€R"|5,, ..., 6,>d/2} (1.51)
In both cases we obtain
§:=7, (1.52)

A suitable fixing of the gauge freedom left in U now gives rise to n phase
factors that are written exp(u7,), ;€ (—n/|u|, n/|ull, j=1, ..., n. Setting

7s=0; (1.53)

we then obtain the (action-angle) map
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P :R*XM,—>Q°, (6,, 7,56, 7) —>(8.,7:;6,7) (1.54)

where

P

Q=R*XM° M°=a,xXT" (1.55)

I

Furthermore, the map can be factorized as

d=P,X¢, (1.56)

Here and below, P denotes the flip map on R*:
Pulx,y) =(p,x), x,yeR* (1.57)

The detailed construction of @ can be found in Sections 2.1 and 2.2 for the
cases Il ,, and I, resp. Itis proved there that Pisa bijection onto Qe Moreover,
the Z-action on 2° corresponding to the Z-action on £ is determined, cf. Lemmas 2.1,
2.2. We shall write the inverse of @ as

E=P,Xb% b'=¢! (1.58)

(Thus far, our notation may appear somewhat bizarre. However, we are
anticipating an extension to all of (2, as well as the self-duality of the case Il,. Once
the whole picture has been sketched, we hope the patient reader will agree that our
notation is appropriate.)

The principal result of Sections 3.1 and 3.2 is that the map & is a real-analytic
(henceforth C*) symplectomorphism from {Q,, @) onto {R*XM°, &°), where

il

O°=Ndy, Nd,+w(M®) (1.59)
w(M° =237 d7, A dé, (1.60)
j=1

This is proved by exploiting the canonicity results obtained in I. In brief, a
suitably chosen analytic continuation yields a branch

B:Q=R¥%xd4y,—Q,, (4, 6)+— (g, 6 (1.61)

of the multi-valued holomorphic function R from II Sections 3A and 3B. The
continuation preserves canonicity, so that

B*¢=d (1.62)
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where
cﬁsg‘dqmdé,- (1.63)
Then we define a coordinate change € by (1.50) and by
7s= (@it +4n/N
Fi=¢.1++4,—j(G \++gn)/N, j=1,...,n (1.64)
and a Z"-action by
gr—>g+2mk/|nl, kEZY (1.65)

Upon quotienting out the E y-subgroup (given by (1.42)), the following commu-
tative diagram arises :

B
4, 0)Ed=R"xdy ———— (g,0)EQ,
z(Ey) o0& € (1.66)

(s, 755 6, DER* Xa,XT" ———————> (8,,7,; 6, 7) ER>XM,
&

Since the quotient form &/E y equals &°, the salient properties of & can now be read
off : in addition to being bijective (as already shown in Chapter 2), £ is C* and
symplectic.

The situation on 2, can then be understood by dividing out the Z-action on £,
and the corresponding Z-action on °. This yields a commutative diagram

Q 3,~R*XM,
n(Z) n(Z) (1.67)
[9) Q,

@

Here, Q equipped with the quotient form @ is the action-angle phase space
corresponding to the starting point <@, w), H. Explicitly, we may take
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Q=T XA y={&, p)ERY|RE(—n/|1|, n/||]", pEA } (1.68)
a“)=éd‘j/\dpj (1.69)

where the coordinates are related to those on 55 by

pi=0;, %,=¢; (mod2z/|u|), j=1,..,N (1.70)

In Sections 4.1 and 4.2 we show that the C® symplectomorphism ¢, : {M,,
wM,))—M° w(M°)) admits an extension to a C“ symplectomorphism

¢: M, (M) —> M, o)), (6,7) > (u,v) (L.7D)

with inverse b extending b°. Here, one has
M=R”, o0 =3 du; Ndy, (1.72)

j=1

and M° is embedded in M as the open dense full measure submanifold where (u;,
v)#(0,0),j=1, ..., n. Specifically, we have on M°

u;=—208;/ il —1gl/2)"* cos |ul7; 7;=—arctg(v; /u;)/ 1|
= j=1,...,n (1.73)
v; =208/ il —lgl/2D) " sin |pl7; 6= lulwi+v?+2lgl)/4

50 w(M) in (1.72) extends w (M®) in (1.60). From this result one easily under-
stands the state of affairs on £, and a corresponding ‘harmonic oscillator’ picture
for £2 can then be read off from the following commutative diagram :

OF=P,X¢ .
QiF=R2XM Q=R>XM
z(Z) lﬂ(Z) (1.74)
Q* Q



260 SIMON RUIJSENAARS
1.3 Summary of Sections 2.3, 3.3, 4.3 and 4.4

We proceed by sketching the corresponding results for the case I,. Here our
starting point is the manifold 2°, cf.(1.43). In contrast to the previous cases, where
the Lax matrix is self-adjoint, L is now unitary, cf.(2.82). Once more, L has simple
spectrum on Q°; moreover, the minimal eigenvalue distance (in arclength along
S1) is equal to 27. As before, we first restrict attention to the open dense full
measure submanifold

Qi=R*XM? (1.75)

where all distances are larger than 2z. Fixing PEQ¢, there exists a unitary U(P)
such that

(U*LU) (P) =diag(e®, ..., ) (1,) (1.76)

Here, 6 is uniquely determined by requiring that it satisfy

ﬁl 0,=N7, (1.77)
and belong to
A4k=ER(y1=ys, ..., ya—yw)/2€a0} (1.78)
where
at=(EER[IBIE., ..., lBIE, >7, 6] 5 & <n—7) (1.79)
Introducing &, and &1, ..., §, by (1.50), it then follows from (1.77) that (1.52)

holds true ; also, from 4% one gets §Eal.
Again, a suitable gauge fixing of U now yields a unique & (—x/|u|, 7/ || ],
and defining 7, by (1.53), we obtain a bijection
G=PyX¢!: Q=RXM’——Q:=R>XM?, (6., 7:; 6, 1) —> (&, 7. 6, 7)
(1.80)
Here we have

M°=abtxT" (1.81)

with the subscript » on Q¢ and M° signifying restriction to points where the
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eigenvalue distances of the dual Lax matrix 4 (defined by (2.109), (2.82)) are
larger than 27 ; for the @-images this property is manifest from the relation

AB)=U*4U)(P), P=d(P) (1.82)
Writing the inverse of @ as
£=P,Xb?, b= (¢N"" (1.83)

we also prove in Section 2.3 that b’ is essentially an involution. More precisely,
taking 8 =/ one can identify M° and M? in an obvious way, and then b? 0 b is the
identity map. (The case 8#u is solely a matter of more notation.)

In order to sketch the results of Sections 3.3 and 4.3, we begin by pointing out
some crucial differences between the case I, and all previous cases (including those
studied in I and II). First, due to the spectral restriction in the definition of Qc,
we are no longer dealing with a manifold that is manifestly connected. However,
this is actually the case, as will be shown in Section 4.3. But £¢ is not simply-con-
nected, as will also be proved in Section 4.3.

Correspondingly, in contrast to all previous cases, where we wind up with a
(one-valued) branch B of R, we now have to invoke the multi-valued function R to
conclude that the bijection @ given by (1.80) is a C® symplectomorphism when Q¢
is equipped with w® (cf.(1.46)) and Q¢ with @ ¢ (cf.(1.49), (1.50)). To be specific,
we introduce the open convex set

Q= 1{(g 6)ERY |64t} (1) (1.84)

and note that 9° is then obtained from ( in the same way as before. Denoting the
o x . .
cover of £¢ by {2, we arrive at a commutative diagram

= R -~
Q, Q,
n(Ey) 0@ T(Ey)o% (1.85)
Q¢ - Q¢
&

instead of (1.66). However, since we still have R *® =, we reach the conclusion
mentioned earlier.

The corresponding conclusion for 2, is now obtained by quotienting out the
remaining Z X Z-action on 2¢ (recall (1.39) and (1.43)) and the corresponding Z
X Z-action on £¢; this gives rise to a commutative diagram
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Qf e Q¢
1(ZXZ) 1(ZXZ) (1.86)

QL

]

r

from which the salient features of @ can be read off.

As it happens, it would be quite awkward to prove connectedness of the spaces
in the above diagrams already in the context of Section 3.3. Therefore, the main
result of this section (Theorem 3.5) actually involves certain connected compo-
nents, whose equality to the spaces in (1.85) will become clear in Section 4.3.
Moreover, a consideration of the diagram (1.86) is shifted to Section 4.3 as well.

Just as in the previous cases, we begin Section 4.3 by calculating the reduced
map ¢ ° explicitly for n=1. This enables us to infer that ¢ admits an extension ¢°
to M°, provided two new points are added to M°. This extension gives rise to a
non-self-dual situation, but self-duality can be restored by adding two new points to
M?, too, and by extending #° to a map ¢ : M — M. The extended spaces M and M
may and will be viewed as being homeomorphic to the two-sphere, and then ¢ is a
homeomorphism, cf. Figures 2 and 3 below.

This purely topological extension procedure has an analytic reformulation that
greatly enhances its cogency. First, we identify the sphere with radius R in R* with
the projective line P'=CU {oo} via stereographic projection. Thus we have two
patches {(1,z1)}, {(zo, 1D}, zo, 2/ EC, related by the transition function z —>
1/z, z&EC*. (Here we view C as R? viaz ——> (Re z, Im z), so the transition func-
tions are C in Re z, Im z. ) Next, we introduce coordinate changes

i MO——sC*, (8, 7)) W/ (1.87)

where the superscript f signifies that the hat is facultative and where

1/2 g 1/2
_ sl lelo—z > o < Bl6—1 )
w=e T<7Z'—T“‘ Iﬂla N w=ef T—7— |ﬁ|6 (1.88)

Then the above embedding of M’° in S* may be described by identifying (57, #/)
with (1, /). The crux is now that the following holds true.
(i) One has

i (wg) =246/ A dif, RP=-or

= IB.UI (7[“2'[) (1-89)

where the symplectic form
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dRezANdImz dz N\dz
= 2 =9 R?2
R =R Re )t m ) 2R 1+ [z (1.90)
amounts to the area form on S2. (This is easily verified from (1.88).)
(ii) The map
¢: M, wg)—><M, —wr), m——m (1.91)

is a C“ symplectomorphism.

(iii) The compactification of M ° just described gives rise to a C* extension of
the (reduced n=1 version of the) Hamiltonian (1.4). Hence one obtains a com-
plete Hamiltonian flow on M, as opposed to the flow on M°, which is not complete.

(iv) Last but not least, M is a minimal completion, in a sense detailed below.

All of this turns out to admit a generalization to n > 1. Specifically, (1.87)
and (1.88) generalize to

M —C*, (7)) S (1.92)
w,-zeﬂn<|l—5‘|—§(’;};~>m, wizeﬂfi<-||~%§‘(;—:—z—>m, i=1,..,n (1.93)

where we have set
6057%—1; 5, 5‘027”—‘~j:1 5) (1.94)

The extension of M”° is now given by
M/=P"= (C*\{0})/C* (1.95)

Here, we view P” as a real 2n-dimensional C* manifold by using the N obvious
patches

2, = {(zo,...,2,) ECY|z,#0} /C* = zE€C¥|z,=1} =C", v=0, 1,...,n (1.96)

whose transition functions are indeed C® Then the embedding of M/ in P" is
given by (&7, /) — (1, W) E2,.
Inverting (1.93) yields

lw,|?

l¢|6,—7= (ﬂ-NT)m,

v=0, ...,n, woe=1 (1.97)
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efi=w,/|wil, i=1,..,n (1.98)

so the first property expressed by (1.89), (1.90) generalizes to

% (wR) =23 d8! A dF, RZETEL—'(”—NT) (1.99)
j=1
2'R7' n n n
Q)RE”’E—'—"T_< de/\dZ—j_'—‘—l—‘_z“<ijde>/\<2deZ-k>> (2051)
1olz, |2\ A oolz, |2 \i

(1.100)

Thus, wz is a multiple of the global symplectic form derived from the obvious
(Fubini-Study) Kihler metric on P", the multiple being such that the integral of
w g over a projective line equals 47R 2. Now the properties (ii)—(iv) hold true for
n > 1, too.

We mention in passing that the starting point for geometric quantization on
the Kihler manifold (P", wy) is the integrality condition

2R*EN* (1.101)

of. e.g. [11]. For N=2 this is exactly the quantization condition (3.85) in our
survey [6], which we imposed for quite different (self-adjointness) reasons,
however. For N > 2 one again needs (1.101) with R ? now given by (1.99). (We
arrived at the above solution to the classical non-completeness problem after
writing [6].)

With the reduced situation under control, it is easy to introduce and study

extensions of 2¢ and 2. Specifically, (1.86) may and will be extended to a
commutative diagram

¢*=P,X¢

Q#F=R*XM R¥E=RIXM

n(ZXZ) 7(ZXZ) (1.102)

QF QF
¢><

In Section 4.4 we study the reduced map ¢. Identifying M and M with P", we

may and will view ¢ as an involutory antisymplectomorphism of the symplectic
manifold {P", ® ,..), Where
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wrenEwR/sz (1.103)

This renormalized form equals 27 times the Fubini-Study form and is derived from
the symplectic form 2Im (x, y) on C¥=R?, (We take the inner product on CV
antilinear in the first slot.) The normalization ensures that for a self-adjoint matrix
A the quotient of the unitary group exp(—it4) (under the projection C¥\ {0} =P",
cf. (1.95)) equals the Hamiltonian flow exp(tH ,) on {P", @ .n), With

H,z) = (,A2)/(z,z), zeCY\{0} (1.104)

This will be convenient for studying the limit 7 1 z/N.

Our main result concerning the map ¢ is an immediate consequence of
Theorem 4.9 : ¢ is not equal to the quotient of an anti-unitary on CY for any & (0,
7/N), whereas for t 1 n/N it does converge to such an anti-automorphism of P".
Specifically, we obtain

lim ¢g=kof, (1.105)

4 /N

Here, k and f, are the quotients of complex conjugation and Fourier transfor-
mation on C¥, cf. (4.108) and (4.128), resp. In contrast, the 7 | O limit does not
yield a continuous map.

1.4 Outline of Chapter 5

The key objects in the construction of the action-angle transform and its
harmonic oscillator extension are the matrix 4 (1.19), the Lax matrices L (given by
(2.1), (2.51) and (2.82)), and their duals 4 and L. The Hamiltonians (1.1)—
(1.5) are not used anywhere in this construction. They can be viewed as the
simplest non-trivial dynamics that arise by taking the trace of a suitable function of
L. Letting this function vary, we obtain commuting dynamics that are simultane-
ously diagonalized by the harmonic oscillator transform.

In Chapter 5 we study a class of dynamics obtained in this way, as well as a
class of dynamics similarly associated with the dual Lax matrix 4. The latter
dynamics are simultaneously diagonalized by the inverse of the harmonic oscillator
transform. Since the case III, is self-dual, the dual dynamics will not be separately
studied.

The dual systems I, and M., are very different from (1.1) and (1.2),
however. In the coordinates (£, p) on the dense submanifold @=T" XA y (cf.
(1.68)) of the extended phase space Q¥ the simplest non-trivial representants read
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N
D= Z cos(|u|2)V;(p) (1.106)
where
2 \12
v,=11 <1——,lﬁ5—l—-—z—) (1 .) (1.107)
k#j <Pj”Pk)
1/2
2
v=T{1-—— 2 (1 o) (1.108)

k#j

Shz“";‘(ﬁj_pk)

From a physical viewpoint the dual dynamics describe particles on a line,
whose distances are bounded below by |ug|; their momenta vary over the first
Brillouin zone (—n/|u|, 7/ |w|]. (Admittedly, denoting positions and momenta
by p and %, resp., amounts to physical heresy. Introducing additional notation
would have its own drawbacks, though ; cf. I for a similar dilemma as concerns the
I, and I, systems.) The flows generated by the dual dynamics are not complete
on @ ; at the end of Sections 5.1 and 5.2 we will be in the position to explain how
the extension to complete flows on 2 can be viewed as a minimal completion.

We now turn to a more detailed sketch of Chapter 5. Section 5.1 begins with
an explicit description of the flows associated with L in terms of the center of mass
coordinates & s, 7s and harmonic oscillator coordinates u, ..., v,. Then we study
equilibrium properties of various dynamics. In particular, for the Sutherland
dynamics H we show that the points

(g, 0), qa,,s—“—‘fi(zvﬂ—zj)w. ¢ER, j=1,...,N (1.109)

are the only equilibria (in agreement with the physical picture).

In Theorem 5.1 we detail a relation between the position part ¢ (¢) of the flows
and the eigenvalues of a f-dependent matrix defined in terms of 4 and L. In
Theorem 5.2 we exploit the canonicity of the action-angle map to derive a simple
integral representation for the partition functions of a countable set of quotient
dynamics on £2, containing the ‘indistinguishable particles on a ring’ version H of
the Sutherland dynamics, cf.(1.1).

We then study the class of dual dynamics mentioned earlier. Here, the inverse
of the harmonic oscillator map is exploited to derive an explicit description of the
various flows on £ * in terms of the coordinates (g, 8) on & ; the state of affairs on
the quotient manifolds 2% and Q2 can then be determined via the diagram (1.74).

Theorem 5.3 details a relation of the position part of the dual flows with
eigenvalues of a -dependent matrix defined in terms of 4 and L . As a consequence
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of this relation, the t — £ co asymptotics of the spectrum of this matrix yields the
long-time asymptotics of the positions. On a distinct-velocity open dense submani-
fold the spectral asymptotics can be readily determined by invoking Appendix A
in I.

Correspondingly, Theorem 5.4 shows that the long-time behavior of the dual
particles is solitonic : the set of momenta is conserved and the position shifts are
factorized in terms of the 2-particle shift. Subsequently, these scattering results are
used to clarify the issue of ‘minimal completion’ mentioned above.

The results for the IIl,, case in Section 5.2 are quite similar to those for the I,
case, with Theorems 5.5-5.8 corresponding to the theorems we have just described.
Therefore, we refrain from a further discussion. Instead, we wish to draw attention
to an important distinction with the previous case.

This concerns the possibility to generalize the dual dynamics (1.106), (1.108)
describing N solitons to a dynamics describing N + < NN solitons and N -=N—N
antisolitons.via the ‘crossing’ substitution

pr—pr+in/B, k=N.+1,..,N (1.110)

We expect that the resulting ITI,el systems can be handled along lines similar to those
followed in II. In particular, the role of the pseudo-self-adjoint Lax matrix from
1T should be played by a pseudo-unitary matrix, there should be soliton-antisoliton
bound states, scattering factorized in terms of the (analytically continued) 2-soliton
shift, etc. Using Lemma A.2 below it is not hard to check that the substitution
(1.110) (with p replaced by ) in the dual Lax matrix (2.61) indeed yields a
pseudo-unitary matrix ; moreover, for N., N -=1 one easily verifies all of the
above scenario. We believe however that a reasonably complete study of the
general case would be a quite laborious enterprise, even at the purely algebraic level
of Chapter 2 and Appendix A in II.

We conclude with a brief sketch of Section 5.3. Again, the harmonic oscillator
map enables us to obtain an explicit picture of the flows generated by an extensive
class of commuting Hamiltonians. More specifically, oscillation frequencies and
equilibrium properties can be read off from the diagonalized flows. Theorems 5.9
and 5.10 may be viewed as generalizations of Theorems 5.1 and 5.2, resp. ; they
specify position parts in terms of eigenvalues, and partition functions for certain
dynamics on 2%, resp.

The last two topics of Section 5.3 concern the 7 1 7/N limit and the issue of
‘minimal completion’. We study these issues only in the reduced context already
mentioned below (1.102) ; the non-reduced state of affairs can be readily estab-
lished from this.

As they stand, all of the above-mentioned Hamiltonians converge to constant
functions on M as 7} z/N. (For instance, the Hamiltonian (1.4) has limit 0, since
the potential (1.5) does, cf. (1.41).) This may be viewed as a consequence of the
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spectrum of L becoming constant for 7 1 z/N, cf. (1.76)-(1.79). By means of a
suitable renormalization, however, we can ensure non-constant limiting Hamilton-
ians and, correspondingly, non-trivial limiting flows.

All of the resulting Hamiltonians are of the form (1.104), with 4 belonging to
the maximal abelian algebra of self-adjoint matrices that are diagonalized by
Fourier transformation on C¥ In particular, the limit of the (renormalized)
defining dynamics (1.4) is shown to be proportional to the discrete Laplacean on
CYV with periodic boundary conditions. Thus, the map k © ¢ may be regarded as a
nonlinear generalization of Fourier transformation, in much the same way as the
IST for the KdV equation (say). We would like to stress, however, that the z-value
yielding the ‘free’ dynamics is not =0, but t=7/N. (This is not at all evident from
(1.4), even with hindsight.)

Our last result is Theorem 5.11, which shows that for t near /N the phase
space M =P" may be viewed as a minimal completion of the phase space M° (on
which the commuting local flows are not global). The proof makes essential use of
the simple limiting behavior of the various flows and maps for 7 1 z/N, which has
already been sketched above.

2 The Action-angle Transform : Algebraic Aspects
2.1 The Case I,

On the space £ given by (1.8)—(1.10) the Lax matrix is defined by

Ly=0646,+(1-6,) —ﬂ"—‘g———w, LEi0, ), g<0 .1
25}1'2"(%'—‘11()

Thus the Hamiltonian H can be written
_1 2
I?—ETr L (2.2)
cf. (1.1). The fundamental commutation relation reads
1
T L1=e®e—4, d=iug=|ug| (2.3)
where A=A (g) is given by (1.19) and e is the vector with components
e;j=e"’”?, j=1,...,N (2.4)

Since L is self-adjoint, there exists a unitary U such that
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L =U*LU=diag(8,, ..., 0y), Oy<--<8, (2.5)
Setting
4 = U*AU (2.6)
f=U*e Q.7
g = Ule (2.8)

the transformed commutation relation can be written
A d+0,—0)=df; g« (2.9)
Upon restriction to the subset
Q,=1{(q, 0E2|6,-0,#d, j#k) (2.10)
this entails
Ap=f,cO, 1, —g; s (2.11)

where the Cauchy matrix C is given by (A.1). Taking determinants, it follows from
Cauchy’s identity (A.2) that o(L) is simple and that

£i#0, §;#0 (2.12)
J

Next, using 4 ~"* =4 and C=C (the bar denoting complex conjugation), we
deduce from (2.11)

(€= filCelgel® (2.13)
Comparing this to (A.5) and noting C;#0, we get
|figel?=Ur0, 1, —g; 0 (2.14)

Consequently, the inequality (A.7) with 8=0 and a =0 results. Moreover, (A.8)
is satisfied in view of (2.5) and simplicity of 0(L) on £,. Therefore, Lemma A.3
yields G4 y. As promised below (A.6), one then gets positive quotients in (A.4),
so taking positive square roots yields an unambiguous matrix C, cf. (A.6).

Since §;—0;+, >d on ,, the unitary U is uniquely determined by (2.5) up to
right multiplication by a diagonal phase matrix. Before fixing this gauge ambiguity,
it is expedient to observe that (2.14) entails the gauge-invariant relations
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|fil =817 gl =E""r)"% E>O (2.15)

Now U is an isometry, so that

N=lel=U%el =1 fIi=g S 1,=8 % T 152 ) (2.16)

We claim that the sum at the rhs equals N. To prove this, we need only show that
the sum does not depend on . But this follows just as in the proof of Lemma A.5 ;
in fact, the sum is a degenerate form of S 1, cf. (A.24). Hence we infer £=1, so that

Lfil=17 gl =r)? 2.17)

In order to fix U we now require
(U*AU) 41 <0, k=1, ...,N—1 (2.18)
(U'e)1 >0 (2.19)
This makes sense, since the quantities at the lhs are nonzero in view of (2.6), (2.8),
(2.9) and (2.10). Moreover, (2.18) fixes U up to an overall phase, and then (2.19)

fixes this phase.
Next, we set

7.= (1t +qn)/N (2.20)
and introduce
'f'],...,7nE(~7[/|ﬂ|,7[/lﬂ|], ?OifNEO (2-21)

by writing g; as (cf. (2.17))

1/2
e (-l + G- D7D (1525 (2.22)
A\ 88,

It now follows from the above that we must have

1/2

2 L e d

f,~=exp<u[7,»+m3>n(1—u ) (2.23)
k#j 0]'"“6[(

Ap=exp(u[7, 47 DCO, 1, —g; Ny exp(—p[Fr—r+ Kk —13])  (2.24)
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where CESO(N) is the modified Cauchy matrix (A.6). Indeed, | £, ..., | fvl
follow from (2.17), whilst the phases of fi, ..., fy-1 follow upon combining
(2.11), (2.18) and (2.22). (Note Cy x+1 < 0, cf. (A.1).) Moreover, due to (2.20)
one has |4|=|4|=exp(uN7,), so the phase of fy must be equal to exp (uN7.).

The main reason for our gauge choice can now be made clear : The dual Lax
matrix 4 given by (2.24) has a limit for 8, —8,, | d that does not depend on 7,
which will be crucial in Section 4.1. Indeed, in this limit one has Cy ;+,— —1 and
Cjk+1, Cu—0 for j#k, I#k+1 (in agreement with orthogonality), as is readily
checked.

Next, we trade <4 y for (§,, §) ER X a, via (1.50), and (g, ) EQ, for (5,
7s; 6, Y)ER?*XM, via (1.28)—(1.30). From Tr L=Tr L and (2.20) we then
deduce that (1.52) and (1.53) hold true, resp. Thus, we have now supplied the
details of the construction of the map & given by (1.54)-(1.56). (The factorization
(1.56) follows from invariance of § and  under shifts g,—>¢;+qo, 8;—>6,+8,, j
=1, ..., N, which is easily established from the above.)

We proceed by showing Pisa bijection. To this end we fix ., T3 d, ) =0k
and define €4 y via the inverse of (1.50), cf. the rhs of (1.29). Then we define
L by the rhs of (2.5), § and f by (2.22) and (2.23), resp., and 4 by (2.24). Since
A= UW), there exists a unitary V such that

V*Av=diag(a,, ..., ay), acT¥ (2.25)

Transforming the commutation relation

5_[14’ P1=fes—4 (2.26)
with ¥, we then obtain
SLi@—a) =eyen—Gcty (2.27)
where we have set
L'= v*Lvy (2.28)
e, = V* (2.29)
e, = V'g (2.30)
Taking j=k, this says
eje,;=a;#0 (2.31)

so that
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e;#0, e;#0 (2.32)
Choosing then j#k, we get a;#a, so a(4) is simple.

We may now conclude that there exists a uniquely determined xEFy (cf.
(1.15)) such that

o) ={e™, ..., e™n} (2.33)

Next, consider the vectors g = W y that are on the Z-orbit of x. These are given by
(1.16), so one has

2z

N
Yx;=2 g 2xmN-1+1)/|¢l, mEZ, €1, ..., N} (2.34)
Jj=1 j

=1

Thus we can uniquely determine m and [, and hence g & Wy, by requiring

N
2. q;=N7¥, (2.35)

=

Now we are in the position to fix the permutation ambiguity in ¥ by demanding that
in (2.25) one has

a;=e", j=1,...,N (2.36)

We continue by defining
6;,=L}, j=1,...,N (2.37)
These numbers are real, since L’ is self-adjoint. Moreover, they are uniquely
determined, since the diagonal phase matrix ambiguity left in ¥ only renders the
off-diagonal elements of L’ ambiguous. Consequently, we obtain a well-defined
point (g, 8) in 2. Changing variables according to (1.29), (1.30) now yields a map

E:R*XM°—R* XM, (,,7:;6, ) —>(8,,7:;6,7) (2.38)

Lemma 2.1. The map & is an injection onto R*X M , with inverse @, which may
be factorized as P, Xb°. The generator

G:(au 75;513 ~--a6n, T, -'-yrn)l_ﬁ_)

(63 27[/1V|ﬂ|, 75,7[/|,U| 2;613 61; ---5611*1, Tn’yl Tny---:‘),n-—l ?’n)
j=
(2.39)
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maps R*XM, onto itself, and one has

GE@?OGO&;: (8‘31 ?s;gl’ -'-,gny ’fl: ~-~:7‘>n)'_—)

s, 7ot2n/Nlul; 81, ooy 80, 71—22/N |, .o, Fa—2m/Nle)  (2.40)

Proof. Switching j <>k in (2.27), the modulus of the lhs is invariant, since L’
is self-adjont. In view of (2.32) this entails that |e; /e,;| does not depend on j.
Since [le;I>= [ /I>=N and lle, |>= g [>=N, it follows that |e;|=e,|. Com-
bining this with (2.29)-(2.31) and (2.36), we infer that V can be rendered unique
by requiring

elj‘:erj:equ/z (241)

Next, we fix a point PEQ°, yielding a point P=%¢ '(§(P))EQ. We assert
that the Lax matrix (2.1), when evaluated in P, coincides with L”. Indeed, in view
of (2.37) these matrices have equal diagonals. Using (2.36), (2.41) and (2.27) to
express the off-diagonal elements of L’ in terms of g, ..., gy, we obtain the
off-diagonal elements in (2.1). Thus our assertion is proved.

As a consequence, the numbers 8,(P), ..., 8y(P) are the eigenvalues of L (P).
Since they satisfy |6,—8,| #d, we may infer that & maps Q° into R2XM,. (In
particular, we may conclude at this point that M, is not empty.)

We proceed by observing that U(P) coincides with V' *. Indeed, from (2.28)
and L’=L(P) it is evident that ¥ * has the diagonalizing property (2.5) of U(P).
Moreover, from (2.25), (2.36) and (2.24) we obtain

VAPV *)kr1=d k1 <0, k=1,...,N—1 (2.42)
and from (2.30), (2.41) and (2.22) we get
(V*eP)) =g, >0 (2.43)
Thus V * has the three properties that uniquely determine U(P). As a result, we
may infer @ 0 £=id(Q¢). Arguing similarly for a fixed PoE£,, the matrix ¥ * (@
(¢(Py))) must equal U(Po). This yields & 0 @=id(82,), so the first assertion of
the lemma now follows.
The map (2.39) amounts to the map (1.12), as anticipated by our (abuse of)
notation, cf. (1.28)-(1.30). Now (2.1) entails
LS(P) =L(GP))=S'L(P)S (2.44)

where S is the antiperiodic shift (A.35). Therefore, one has o(L %) =0(L), so G
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maps @, onto itself. Moreover, it follows that G leaves & y ey 8, invariant. Since
the first two coordinates in (2.40) obviously transform as specified, it remains to
consider 7.

To this end we observe that the unitary

UeP)=S'UP) (2.45)

satisfies
US(P)*L(G(P)US(P)=(U*LU)(P) (2.46)
US(P)*4(G(P)UC(P) =(U*4AU) (P) (2.47)
US(P)e(GP)=U'e)(P) (2.48)

This entails that U ¢(P) has the three properties that uniquely determine U(G (P)),
cf. (2.5), (2.18), (2.19). Hence we must have

UGP)=sS'Uup) (2.49)
From (2.47) it now follows that
A4(GB))=4(P) (2.50)

By virtue of (2.24) and 7,—>%,+2x/N|¢|, this implies 7, —— 7,—27/N |¢],
which completes the proof of (2.40). O

2.2 The Case I,
In this case the Lax matrix reads

Ly =exp[B(0;+60)/21(V; V) (g)"* th , —iy, B,z >0 (2.51)
sh z+7(q,~—qk)>

where V; is defined by (1.3). Then H can be written
H=—;—Tr(L +L ) (2.52)

(To see this, use (A.2).) Reparametrizing z by (1.7), the commutation relation
reads
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1 1
Scth(8d/2)[4, L] =e®e—(AL+L4), d=|ug| (2.53)
where

e;=exp(ug;/2+B6;/2)V;(g)\? (2.54)

Moreover, L may be written

Ly=e;C(u, B, g; Quex (2.55)

cf. (A.1). Since gEWy, Lemma A.1 entails L > 0.
Proceeding now as in Section 2.1, we choose a unitary U such that

L =U*LU=diag(e®, ..., e®), fy<-- <8, (2.56)
Defining 4, f and g by (2.6)-(2.8), we then obtain as the generalization of (2.9)
Ay sh!;—(d +8,—0,) =sh(Bd/2)e #4072 f, ¢, (2.57)

On £, (defined by (2.10)) this can be rewritten
Ap=F,CB, 1, —g; Db (2.58)

cf. (A.1). Thus, (A.2) again yields non-degeneracy of (L) and (2.12) follows,
too.

Using unitarity of 4 and the properties of C in the same way as before, we now
obtain (2.14) with O replaced by 8. From this the inequality (A.7) is plain, and
since (A.9) is satisfied, we deduce €4 y from Lemma A.3. Then (A.6) yields
again an unambiguous matrix CESO (V).

Once more, (2.15) readily follows, but in the present case it is not easy to
determine £ explicitly. In fact, we are only able to solve this problem at the end of
this section (the result being £=exp[ (N —1)z/2]).

To fix U we may and will impose (2.18) and (2.19), and then we write § as

. 1/2
) sh%(éj—é?ﬂrd)
&=t texp(—ulf; 1+ (= D7 +80,/D 11 5 - - (2.59)
g Sh_2—(81—'91>

where (2.20), (2.21) are in effect. Then it follows as before that f and 4 are given
by
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N N 1/2
—‘;—(6,—9,—@

Shg‘ (91‘0[)

sh

fi=E exp(ul7,+i7.] +B6,/2) g (2.60)

Ap=exp(ult;+i7:)CB, 1, —g; Dpexp(—u[fr-1+&k—D7])  (2.61)

with CESO(N) given by (A.6). The limiting behavior of 4 for 8, —0,., ! d is
now the same as for =0, which motivates our gauge fixing.

Mimicking the reasoning in Section 2.1, we again obtain (1.52) and (1.53), the
first equality now following from exp(8N7,) = |L|=|L| =exp(8NS,), cf. (A.2).
Thus we have once again constructed a map & given by (1.54)—(1.56).

To prove d is bijective, we fix PEQ¢ and define A y as before. Also, we
define I by the rhs of (2.56) and 4 by (2.61). Finally, we define renormalized
vectors § ,, f, via the rhs of (2.59), (2.60) with the factors £ ', £ omitted. Then
one readily checks

Seth(8d/2) (4, L1~f,@g,~5 AL + LA (2.62)
Now 4 is unitary, so there exists a unitary ¥ obeying (2.25). Then (2.62) yields
L;k [(ajwa k)Ch(/Bd/Z) + (a,»-!-a k)Sh(Bd/2>] =2e Ij €rk sh (,Bd/Z) (263)

where L’ is defined by (2.28) and where

e, =V*, (2.64)
e, =V'g, (2.65)

Now assume @;=ay for j#k. Then (2.63) implies that the 2X2 principal
minor of L” containing the indices j and k is a dyadic, and hence of rank one. But
we have L’ > 0, a contradiction. Thus o(4) is simple.

Next, we follow again Section 2.1, writing first 0(4) in terms of a unique x &
Fy via (2.33), and then determining a unique g Wy on its Z-orbit via (2.35).
Now we may and will fix the permutation freedom in ¥ by insisting on (2.36).
Then (2.63) can be rewritten

L;":eljc(ﬂ: B: g5 q)jkerk (266)

We now introduce & RY by setting

Ly=e®V(g), j=1,..,N (2.67)
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(This makes sense, since V; is positive and L’ > 0 implies L’ > 0.) As before, L};

is gauge-invariant, so after the transformation (1.28)-(1.30) a well-defined map &
given by (2.38) results.

Lemma 2.2. The assertions of Lemma 2.1 hold true in the 1., case, too.

Proof. Consider the relation (2.66). Taking determinants, we infer (2.32)
holds true. Taking thenj <>k and using |M ;| =|M |, M=L’, C, we deduce that
there exists £ > 0 such that

lej/e;| =€% j=1,..,N (2.68)

Taking now j=k, we obtain

eje =eiL’; (2.69)
so we may fix ¥V by requiring
e;=Ee i (Li)"?, ey;=E 'eu?(Lip'? E>0 (2.70)

The reasoning in the proof of Lemma 2.1 now applies, with (2.43) replaced by

(V*eP)\=E(V*e ) =Egn=EE(P)g >0 (27D

cf. (2.54), (2.70), (2.65) and the definition of §, above (2.62). O
To conclude this section we show that the scale factor £ is given by

E=e W2 (2.72)

as announced above (2.59). In the process we obtain the remarkable functional
equation

F(y,z)=e“ F(y, 0) (2.73)

where

F(y,z)= 3 en ] shlyizy;tz)
i=1

2.74)
J#Ei Sh(y i ——yj)

To prove these identities we first observe that
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E2F(BO/2, —z)=IfIP=lU*e|*=|le|*=TiL=TrL =F(86/2,0) (2.75)

where we used (2.60), (2.7), (2.54), (2.51) and (2.56). Similarly, consideration
of | g|? yields

E~2F(B8/2,2)=F(B86/2, 0) (2.76)
Combining this with (2.75), we obtain the identity
F(y, 2)F(y, —z)=F(p, 0)%, y&ECY zEC (2.77)

(Indeed, from the above it follows that (2.77) holds for positive z and 2y &84 y.)
Next, we fix y in the region y y < -+ < y(say) and consider the function

G,(z)=e W 2F(y,z), zEC (2.78)
Clearly, G, is entire and 27i-periodic, and one has

N ViV
Rlim G,@)=2e¥]l
ez—>o0

s Gy =AW (2.79)

Now A (y) does not vanish identically, since one clearly has

lim e 1 A (y) =1 (2.80)

Also, using (2.77) we may infer

im Gy(z)=£§1yz’;%)~2— (2.81)

From Liouville’s theorem we now deduce G,(z) =G,(0), which entails (2.73).
Due to (2.75) we then get (2.72).
2.3 The Case II,

As announced in Section 1.3, we start from the space 2°=R2XM? in the
present case, cf. (1.43), (1.44). Our choice of Lax matrix reads

L(u,B;6s, 75, 6, Vp=exp(—Bl7;-1+(G—Dr)C(, B, g ; i
exp(Blre+kr)), iu,iB,g<o0 (2.82)
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Here, we have 7o, ¥ =0, g is defined by (1.29), and CESO (N) is defined via
(A.6), (A.1) and (A.4). (Since gEWY, the quotients in (A.4) are indeed
positive.) With (1.7) in force, we then obtain
H‘=‘;—Tr(L +LY (2.83)
and the commutation relation reads
Seth(Bug/2) (4, L] =f®g— 1 (AL+L4) (2.84)
where (cf. (A.4))
fi=exp(=Bly;-1+G—Dr. DL, B, g ;9" (2.85)
g;=exp(Bly;+ir Dri(u, B, g5 )" (2.86)

Since L is unitary, there exists a unitary U,(p for provisional) such that

USLU,=diag(e®, ...,e®"), —n/|B| <py<--<p,<n/|B] (87
Setting
A,=U}AU, (2.88)
Fr=URS (2.89)
§,=U,g (2.90)
we obtain
Ay sh% (iug+px—p,) =sh(iBug/De P2 fo 6 (2.91)

Thus, putting
Q= A{PEQ°|p,—pr* lugl, 2n/18| — lugl, j#k} (2.92)
we have on 2}
A =fCB, 12, =8 Pl Epk (2.93)
We now use (A.2) to deduce py < -- <p and

Ju#0, §470 (299
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on §2F.
Next, using unitarity of A » and the features of C we get

|fpi§pklz=e—ﬁ(pj+pk) (lj r) (B, 1, —g; B) (2.95)

From this (A.7) (witha —p) follows, and since (A.10) is satisfied on ¢, we infer
HEFY from Lemma A.3. Moreover, using |L|= |L | we conclude

exp(NBr,) =exp(BLp 1+ +pn]) (2.96)

Now consider the map yy, ..., yn——>yy+27/18!,y1, ..., yn-1. Clearly,

this map acts bijectively on the set A% defined by (1.78), so we may use it to
generate a Z-action on A%. The set F% may and will be viewed as a fundamental

set for this action. Furthermore, in view of (2.96) we can find a unique 4 on the
orbit of p satisfying (1.77). Therefore, we may now switch to a unitary U that

satisfies

U*LU=diag(e®, ..., e*") =L (2.97)

Next, we define 4, f and ¢ by (2.88)—(2.90) with the subscripts p omitted.
Then we get (2.91), (2.93)-(2.96) with p’s omitted and with p— 8. We claim that

|Fil=118, 1, =g D12 gl =1r;(8, 12, —g; )| (2.98)

To prove this, we first note that (2.95) entails
|HI=EIL12 gl =E7"rl2, >0 (2.99)

Thus we need only show £=1. Now we have

N sin(—i—|— (q,.—qj)+r>

zl 2|,4 == 1u =17
J SinT(Qi—qj)
(1Bl .54 4
N sin __(ei—ej)—f
=311 ( 2| | ) (2.100)
i=1 j#i Sin 2 (él_éj)

and when we apply the result (A.23) of Lemma A.5 to the function S, cf. (A.24),

we infer that both sums are equal to X ; exp(it(N+1—2;)). Hence we have £=
1 and our claim (2.98) follows.
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To fix the diagonal phase matrix ambiguity left in U, we require
(U* AU 11 <0, k=1,...,N—1 (2.10D)
e 2 (U'g), >0 (2.102)
With the definition
Ts=0; (2.103)
and the conventions (2.21) in force, we may now define 7, ..., 7. by writing ¢ as
sin<|—§—|~ 0,-6) +r>
gi=exp(—u[#;-1+ (i~ D71 +66,/D1] (2.104)
1% 1Bl .4 &
sin—5— CISD)
Then f and A are given by
. 1/2
sin(-’—'—;i| 6,-96, —r)
fi=exp(u|?,+j#.]+86,/2) T1 (2.105)
1#) . I ,B | A A
Sin T (9 i 0 1)
and (2.61), resp., as will be clear by now.
We proceed by trading 4% for (§,, ) ERXa’ via (1.50). Then the
upshot is, that we have defined a map
G:Qi——Q°, (6,,7:;6, 16,756, 7) (2.106)
where
Q=R*XM° M°=alXxT" (2.107)

As before, this map may be written P, X ¢ ?, which follows for instance by using the

readily verified relation

UG, 753 6, p=exp[—Brs(2j—1)/2]U(0, 0; 6, 7)j exp[—ud,(2k—1) /2]

Moreover, comparing (2.61) and (2.82), we obtain the pivotal relation

(2.108)
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A=L(B, 156, 7:,6,7) (2.109)
(Note that taking g— —g in (A.1) and (A.6) amounts to a transposition.)

From this relation it will be clear how to continue : We should go through the
same steps as were made to define @, in order to construct a map

&: 90—, (6,756, D0, 7536, 7) (2.110)

Thus, Q¢ is defined as follows : Fixing PEQ¢, there exists a unitary ¥, such that

ViAv,=diagle™,...,e), —n/|u|<xy<-<xi<a/lpl (2.111)
where A4 is defined by (2.109). Then we set

Q:= PEQ°|x;—xi# Bgl, 2a/lul—1Bgl, j#kK} (2.112)

cf. (2.92). Arguing as before, we obtain x EF% and using exp(Nu7,) =exp(u X ;x;)

we then get a unique g& W¥% on the Z-orbit of x, cf. (1.16), (1.36), (1.40). Then
we trade V, for a unitary ¥ such that

V*AV=A4(q) (2.113)
and render ¥ unique by imposing
V*L V)1 <0, k=1,...,N—1 (2.114)
e M2V f) >0 (2.115)
where L and f are defined via (2.97) and (2.105), resp.
At this stage the rest of the construction of & will be obvious. But in contrast
to the previous cases, it is not obvious that the definition domain Q¢ of & is

non-empty. Among other things, we shall take care of this in the following lemma.

Lemma 2.3. The points

BB 1 =51 575 Do SN, 61
(2.116)

belong to ¢ and the points
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P0<6s, ')’s) E<5s’ Ts 'j\_]-—ﬁﬂ'(ly ceny 1), Xrlﬂ?r(na “en ,](N"]>, ey n>>7 6:: TSER

(2.117)
belong to Qt. The map & is an injection onto Q¢ with inverse ®, which may be

factorized as P, X b?. The generator (2.39) maps Q¢ onto itself, and (2.40) holds
true. The involution

K:Q—Q° (6:,7:6,7) 6, —7:;6, —7) (2.118)
maps §2¢ onto itself, and one has
K=00Ko&:(6:,7;61, e, 6, T1y oy o) F—
(=84, 755 6ny wees 81y —Fuy vy =70 (2.119)
Finally, identifying Q<(u, 8) and Q¢(B, 1) in the obvious way, one has

Eu, B =8B, 1w (2.120)

the notation being clear from context.
Proof. The Lax matrix (2.82) evaluated in P,(8,, 7,) is similar to
exp[Brs+in(N+1)/N]Eyw %, w=e*™" (2.121)

with E given by (A.29), so it follows from (A.2) and Lemma A.4 that o(L)
consists of the Nth roots of a phase. Thus we obtain

6:(Po)= i=1,..,n (2.122)

_r
N|BI”
and P,&Q¢. Using (2.108) this argument can be repeated for P, yielding

T

5,’(}30):”]V_1m‘, l=1, R ) (2123)

and POEQi
The second assertion follows as before by exploiting the commutation relation
and the uniqueness of U and V, which yields

v(B)=UP)*, P=d(P) (2.124)

To prove the third claim, we first observe that
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L(P) =L(G(P)) =D (P)S'L(P)SD ¢(P) (2.125)
where
D¢(P) = ef % Wdiage™n, 1, ..., 1) (2.126)

and S is given by (A.35). Therefore, the reasoning below (2.44) applies, and
setting

U°(P) =Ds(P)S'UP) (2.127)

one easily checks (2.46), (2.47) and (2.48) withe—g. Since @ is invariant, it now
follows from uniqueness that

UG(P))=DsP)S'UP) (2.128)

Then (2.47) entails (2.50), and so (2.40) follows.
The involution K clearly satisfies

A¥=4, L¥=L, g¥=Ag (2.129)

where F¥X is defined by FX(P) = F(K (P)). Now from LX=L one readily deduces

OKP)=(=0yP), ..., —6:(P)) (2.130)

Hence one has K (Q2) =Q¢, and &, 6 transform as specified in (2.119). Thus, to
prove (2.119) it remains to show 71, ..., Fob—> —Fu, ..., —71.

To this end we invoke Lemma A.7. It enables us to infer that f and g are
related by

f=xnvLAg, xy=e™ (2.131)
(To check this, use L x=f;C;g.) This relation can now be employed to prove
U=y U®, UX(P)=UK(P)) (2.132)
where we have introduced the reversal matrix
R =0; n—k+ (2.133)

Granting (2.132) for a2 moment, it follows from g¥=A4g and (2.131) that
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UkigK=yyRU *Ag=RU*L "' f=kL ~'f (2.134)

From (2.130), (2.104) and (2.105) one can now read off that 7 transforms as
claimed in (2.119).

To prove (2.132), we show that the rhs has the three properties that uniquely
determine UX. The first property (2.97) is clear from (2.130), and the second one

(2.101) follows from AX=A4 and (#A'R)i+1 <0. The third one (2.102)
amounts to

ePn2(UX 4g), >0 (2.135)

Using the equations (2.131), U * f=F and (2.105) withj=N, it follows that y y U%
has this property, too, and so (2.132) results.

It remains to prove (2.120). We take 8=y and then suppress the dependence

on B, i, the general case being clear from this. The key to proving the involution

property @ ~' =@ is the relation (2.109). By uniqueness of U and V it entails we
must have

v(B)=U(P) (2.136)
On the other hand, (2.124) holds true, so that
UP)=UP), P=3d(P) (2.137)

But now we may deduce (using L =4, A=A4")

L(®2(P))=(U*4U) (B)'=UP)AB)UP)*=L(P) (2.138)
A(*(P)=(U*LU) (B)=(UP)L(B)UP)*)'=4(P). (2.139)
This entails ¢ 2(P) =P, since the pair L, 4 separates the points of {(J,, 75)} X M°.
O

In Section 3.3 we shall show
B(Po(8., 7)) =Po(rs, 6.) (2.140)

by invoking the implicit function theorem and analyticity arguments. In fact, for
N odd we might also prove (2.140) already at this point, as will transpire from
developments below Corollary 4.8. However, this would involve additional
notation and a change of viewpoint that could be confusing at this stage.
Moreover, for N even the fixed-point arguments we are alluding to do not quite
yield (2.140).
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3 The Action-angle Transform : Analytic and Geometric Aspects
3.1 The Case I,

As we have seen in the course of proving Lemma 2.1, the subset 2, of £ given
by (2.10) is non-empty. Alternatively, non-emptiness is obvious from a perturba-
tion argument : Fixing gE W y and taking 6,—6;,,=4d, j=1, ..., N—1, it follows
from (2.1) that €4 y for A large enough. Furthermore, 2, is an open subset,
since L is continuous on £. Thus the symplectic form (1.11) may be restricted to
9., yielding a symplectic manifold {2,, ®). We are now prepared to state and
prove the main result of this section, already described in Section 1.2.

Theorem 3.1. The map @ from Section 2.1 is a C* symplectomorphism from
(Q,, @) onto {Q%, ©°), where &° is defined by (1.59), (1.60).

Proof. In view of Lemma 2.1 we need only show that & is a C* map satisfying
&*®=w" Just as in I, this will be done by constructing and exploiting a
commutative diagram, viz., the diagram (1.66). The spaces and maps occurring in
(1.66) have been defined above (1.66) and in Section 2.1, except for the map B,
which has only been described in general terms.

In order to define B, we introduce the matrices

of =diag(f,, ..., x) 3.1)
(1,84, 0x=C0, 1, —g; Oy (3.2)
with
M Ee“qkll;{ [1+u2g%/(8,—86)*]" (3.3)
taking at first
(i, 8,4, 0)E, ©)X(—0c0, 0) XR¥XGy=D, (3.4)
where
Gy={yER"|yy < - <y} 3.5

We are going to make use of the map
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which is uniquely determined by the requirements
Bi' P B =diagle”, ...,e"), yEGy 3.7)
B.=¢ =0, ..., (3.8)
(Here and below, the subscript 1 signifies that the arguments belong to D.) In the
present case (as opposed to the situation considered in II) it is crucial to take the

parameter dependence into account. Arguing as in the proof of I Lemma 3.1 one
infers that 4, is C*. Consequently, the definitions

qu=ur ' In(B7' L1 B0 (3.9)
Oy=(Bi'A B (3.10)

give rise to a C* map
B :D—>GyXRY, (u,g,4, 0)—(q1, 60 (3.11)

This map (denoted & in 1) is in fact canonical (i.e., Bi*dg: A d6y=dg N dd), as
is proved in I. Our strategy is now to continue ¢ to the imaginary axis, yielding
a map B that inherits the canonicity property. Specifically, we are going to choose
the continuation path I” such that one stays away from the branch varieties and
such that the image points move into £2,. The details now follow.
The path I is defined by fixing |¢| > 0 and g& (— 0, 0), setting
p() = A=0)|p|+itlul, 10, 1] (3.12)
and taking ¢, and 8, equal to
g} =n(N+1-2j)/Nul, j=1,...,N (3.13)
04 =d(N+1-2))A, j=1,..,N, d=|pg|, A>1 (3.14)
resp. Rewriting % along I as
£ (1) = diag(exp(u(®)g?, ..., exp((®)§)) +V (2, A) (3.15)

it readily follows from (3.2), (3.3) that

Ve ADl=0AAh), A— (3.16)
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uniformly along I". (Here and below | * | denotes the operator norm derived from
the standard inner product on C¥ ) Therefore, taking /A > 1 ensures that % is
holomorphic and has simple spectrum in an open neighborhood in C*** of I". It
follows from this that %, analytically continues to an open neighborhood in @ of
the endpoint (which clearly belongs to 3). Moreover, since | £ (1) |=exp[1 (1) T ;4]
#0, the map B continues too, cf. (3.9), (3.10). More specifically, we take /1 so
large that

lg;(®)—g?| < m/2N|nl|, [0, 1], j=1,...,N 3.17)

where §(¢) denotes the continuation of g along /. This guarantees not only
simplicity, cf. (3.13), but also ensures §(1) EF y, as we shall show shortly.

The continuation just detailed yields functions &/, ¢, # and B that are well
defined and C* on an open convex neighborhood in @ of the point (§°, 64) with A
> 1. Choosing a point P in this neighborhood, it follows that the matrices ./ and
& in P are related to L. and 4 in P= (B y) (€(P)) via

2 B)=L (B (3.18)
PBE)=D'4D)(F), D=diag(fi, ..., ) (3.19)

(To check this, recall the definitions (3.1)-(3.3) and (2.5), (2.11), (2.22)—
(2.24).) Furthermore, &/ and % clearly extend to C* functions on @ satisfying
(3.18), (3.19) on all of ©.

Next, we claim that % and B can also be analytically continued from the above
neighborhood in  to all of é, yielding C“ maps

B:0—>GL(N, C) (3.20)
B:Q—03,, (40— (g0 (3.21)

Here, we have suppressed the dependence on (, since ¢ is now again assumed to be
a fixed number in i (0, ). Moreover, the image of (¢, 8) under B is provisionally
denoted (4, §) ; we shall see shortly that (g, §) equals (g, 8) =(¢ "o fon(Ey)
0 %) (g, §), as anticipated in the diagram (1.66).

To prove the above claim, we begin by noting that (3.19) implies 0 (£ (B)) =
o(A(P)). Since 0(4) is simple on Q° (as we have shown in Section 2.1), it follows
that o(%) is simple on . But  is a convex subset of R, so that & and B
continue to C* functions on & (cf. the proof of I Lemma 3.1). Moreover, # and
B continue to be related by

B ' PH=diagle ", ..., e ") (3.22)
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(.@OId%)jj:gj (3-23)

since % and B are related in this way, cf. (3.9), (3.10). Therefore, our claim will
be proved once we show that (§, ) belongs to &,.
To this end we first recall the formula

(V*AV) (P) =diag(e™, ..., e"n), qgEWy (3.24)

from Section 2.1, cf. (2.25), (2.36). Now from (3.19) it follows that the numbers
at the rhs of (3.22) evaluated in P are equal to the phases at the rhs of (3.24), up
to an eventual permutation. From (3.17) we may then infer (1) EFyC Wy,
Moreover, letting P vary over @ and recalling § is continuous on 55, it follows that
4 must remain real and cannot cross the hyperplanes bounding Wy. (Indeed, these
hyperplanes correspond to eigenvalue collisions.) Therefore, § belongs to Wy.
Since A(g) and 4 (g) are related by a permutation, it now follows that g and § are
on the same Z-orbit in Wy. (Cf. the paragraph following (1.18).) But we also
have 3g;=X4; (by analytic continuation) and Xq,=N&,=N7,=34;, so that
24,=2.q;.

Consequently, we must have §=¢q. From this we deduce
#(B)=DB "' v(PD(F) (3.25)

where D is an invertible diagonal matrix. (In fact, one has D;;=exp(ug,;/2), as is
easily verified.) But now we may conclude that the vector § in (3.23) equals the
vector 6 in (2.37), cf. (2.28). Hence, we have (§, §) = (g, 8) ER2,, so the above
claim is now proved.

In the process of proving the claim we have also defined B and shown that the
diagram (1.66) commutes. Since B is a C* map satisfying (1.62), it follows from
commutativity that & is a C* symplectomorphism. O

Thus far we have restricted our considerations to the open submanifold 2, of
Q. Recalling the definition (2.10), we see that the boundary set

o

o\Q, (3.26)

is equal to the zero locus of the function

F= JI [Q;—20*+1 g’ (3.27)
1<j<k<N
where A1, ..., Ay are the roots of |L(g, 8) —A1y|. Since F is invariant under

permutations of 1 1, ..., Ay, it is a polynomial in the symmetric functions of L. But
L is C*® on @, so it follows that F is C on §2, too. Therefore, 2, is a subvariety of
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codimension at least one. As a consequence, £2, is a dense full measure submani-
fold of Q. In particular, we may now deduce that L has simple spectrum with
minimal eigenvalue distance > d on all of Q. (Recall that A4 y on 2,, i.e., the
eigenvalue distance is >d on £,.)

With Theorem 3.1 at our disposal, we can settle two obvious questions about
Q,. First, we may infer that G, is non-empty. Indeed, Theorem 3.1 entails that
@2, and Q¢ are symplectically diffeomorphic, so a fortiori these manifolds are
homeomorphic. Therefore, we have

1:(0) =n.(Q) =1 (3/EN) =E (3.28)

where the last equality follows from the convexity of 55 Since & is convex, 100, Q.
is smaller than @, as claimed. Second, we may deduce that @, does not separate Q.
into several connected components (as it might, a priori). Indeed, Qcis connected,
so £, must be connected as well.

In Section 4.1 we shall greatly improve on these observations by detailing the
structure of @, in regard to &,. In particular, it will be shown that @, actually has
codimension 2.

We close this section by studying the two quotients described by the covering
sequence (1.27). First of all, it should be recalled that the Z-action on & is
isospectral w.r.t. L, cf. (2.44). Therefore it leaves §2, and Q, invariant, and so we
obtain open dense full measure submanifolds

Q=077 , Q.=0./Z (3.29)

I

of ' and R, resp. Next, we recall (2.39) and (2.40). From these formulas we
read off

GN¥(Bs, 753 m)=(8,, 7o+2m/|u); m), mEM® (3.30)
GY(6s, 753 m)=(6+2n/|ul, vs;m), mEM, (3.31)

Hence, quotienting out the Z’ -action amounts to letting the center of mass position
0, vary over S' instead of R, in keeping with the physical picture sketched in
Section 1.1. Since the quotient respects the direct product structure of the center
of mass space and the reduced space, and since it acts trivially on the latter, results
for this situation are immediate from Theorem 3.1, and correspondingly we shall
not spell these out.

The situation on {2, is more interesting, in as much as the quotient now mixes
the center of mass and internal spaces. Consider the top line of the diagram (1.67).
The map @ is a bijection mapping orbits of the Z-action on £, onto orbits of the
Z-action on Q¢ (cf. (2.39), (2.40)). Thus we may and will define the map @ in the
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bottom line in such a way that the diagram commutes. The space £ may and will
be viewed as being obtained from G=R"XA y by factoring out the Z"-action
(1.65) on R¥, which yields (1.68)—(1.70). We are now prepared for the last result
of this section.

Corollary 3.2. The map @ is a symplectomorphism from {(Q,, w) onto {2, ®).

Proof. This follows from Theorem 3.1, the above definitions and the commu-

tative diagram (1.67). O
3.2 The Case I,

Just as in the case I, the set 2, given by (2.10) is a non-empty open subset
of 2, so that (§2,, ®) is a symplectic manifold. However, in this case there appears
to be no obvious analytic argument from which non-emptiness follows. (Recall we
proved non-emptiness by purely algebraic means in Section 2.2.)

Theorem 3.3. The assertion of Theorem 3.1 holds true for the map & from
Section 2.2.

Proof. The proof runs parallel to the proof of Theorem 3.1. To define the map
B in the diagram (1.66) we replace (3.1)—(3.3) by the functions

o = diag(e®, ..., e#) (3.32)
g(ﬁy K, g q: é)jk = C(B, L, -8 é)jknk (333)
— ] 2 1 2 B A A 172
ne=e*s T [1+sin*(hug)/sh? 5-(8:—6)] (3.34)
I#k

from T Section 3B. Thus 8 and ¢ are positive numbers, and we take at first (¢, 6)
ERYXGy, cf. (3.5), andgE (— /B, 0). As before, the set of (8, 1, 8,4, 8) thus
obtained will be denoted by D;. Again, our starting point is the map (3.6)
determined by (3.7), (3.8). Arguing as above, this map gives rise to a C“ map

BI:DI—_—-)GNXRNs (B,#;g! q’ é)l—“><4h 91) (3-35)
which is now defined by

qu-;:ﬂ_l lna_,', ajE(.@f‘,Sf[.%I),j (336)
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i 1 (e”a-——e""a )(e —ira._eira )
0y=8"In(B' % jj——z—B_hI(ﬂ : (a k——ak)z ] k
#j J

> (3.37)
Here, all logarithms may and will be chosen real, and B thus defined is a canonical
transformation, as proved in 1. (Indeed, B, coincides with the map & of the I .
regime.)

Next, we continue &/ 1, %, % and B along a path [ that is here defined as
follows. We fix 8, |u| > 0 and take

gE(—en/N|Bul,0) =1., £€(0,2] (3.38)

where ¢ is yet to be chosen. Now we take (z) and § equal to (3.12) and (3.13),
resp., whereas 0 ; is taken equal to

09=n(N+1-2j)/N|B8|, j=1,..,N (3.39)
As the analog of (3.15) we now set

£ (t) = diag(exp(u(®§D), ..., exp(u @) +V(, g) (3.40)

Then we infer from (3.33), (3.34) that
V@, g)ll=0(), €0 (3.41)

uniformly on [0, 1]XI,. Hence, by taking ¢ <1 we can ensure that % is
holomorphic and (%) simple in a C**?-neighborhood of I". In fact, we may and
will require that & be sufficiently small so that (3.17) holds. This entails

0< | §;(t) ~gu(e) +iBgl| < 2m, [0, 1] (3.42)

(Use (3.12), (3.13) and (3.38) to check this.) Therefore, the argument of the
second logarithm in (3.37) stays away from O along I’. But then the argument of
the first one does so, too, ¢f. I (3.63)—(3.67).

As a result, we obtain functions &, £, # and B that are C* in (g, g, 8) for
gE€I. and (4, §) varying over an open convex neighborhood in € of the point (§°,
8°). (A priori, this neighborhood depends on g.) Again, the matrices ./ and % are
related to the matrices L and 4 via (3.18) and (3.19), resp. (To see this, compare
(3.32)-(3.34) and (2.56), (2.58), (2.59)-(2.61).) It is also clear by inspection
that o and % admit a further continuation to all of @ and to any g& (—0,0), and
that (3.18), (3.19) continue to hold.

Proceeding as before, we now claim that £ and B can be continued to all of 9]
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and to any g& (— 0, 0), yielding C* maps (3.20), (3.21) when the dependence on
the parameters is again suppressed. To prove this claim, we first note that in view
of (3.19) the spectrum of % on Qis simple and belongs to the unit circle. (Indeed,
this holds for 4 on Q°, cf. Section 2.2.) Also, since it > 0 in the case at hand, the
argument of the second logarithm in the continuation of (3.37) cannot vanish on
. Since Q is convex, we may now deduce the continuation property by repeating

arguments detailed in I, cf. I Lemma 3.1 and I (3.63)—(3.67).
To finish the proof of the above claim, we show that B maps into 2,.

Following the reasoning for the previous case, (3.36) again leads to (3.22), whilst
(3.37) entails

(B A B);(B) =V, (§)" (3.43)

Now (3.24) is still valid, so it follows as before that the two vectors § and g are
equal and that (3.25) holds true. From (3.25) we now deduce that the vector 8 in
(3.43) and the vector &RY in (2.67) are equal mod 27i/5, so it remains to show
that the former vector is real.

To this end we recall the defining properties (3.7), (3.8) of £, the definition
(3.33) of .#, and our choice (3.13) of §. From this we readily infer that #— 1y
along " as g 1 0. But then the continuation of (3.37) cannot lead to a non-zero
multiple of 27i/8, so that & is real. Thus, our claim now follows, first for small g
and then for any g& (— 0, 0) via analytic continuation. The last paragraph of the
proof of Theorem 3.1 now applies verbatim, completing the proof. I

In the present case the boundary set (3.26) equals the zero locus of

F= TJI [Q;=2)*—42;A,sh’z] (3.44)

1<j<k<N

Hence it follows as before that codim J, > 1 and that 2, is a dense full measure
submanifold of . Moreover, L has positive and simple eigenvalues satisfying
[In A;,—1n A, | = 2z, j#k, on all of Q. Finally, since (3.28) is still valid, it follows
once again that @3, is non-empty and does not disconnect 2. Among other things,
we will sharpen these results in Section 4.2 by proving codim Q,=2.

Since (2.44) still holds in the case at hand, it follows that @, and 9, are left
invariant by the Z-action on . Thus, the definitions (3.29) again make sense.
Since (3.30), (3.31) hold as well (cf. Lemma 2.2), the observations below these
equations apply again. In particular, Theorem 3.3 has the following corollary.

Corollary 3.4. The assertion of Corollary 3.2 holds true in the 1 . case, too.
O
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3.3 The Case I,
It is convenient to begin this section by introducing
Qf = QF\QF (3.45)

where f signifies that the hat is facultative, and

F= H [().j'—).k)2+4lj/1k3inz7:] (346)
1<j<k<N

F= JI [(e;—ap)?*+4a;a,sin’7) (3.47)
1<j<ksN

where the A ; and a; are the roots of the characteristic polynomial of L (P), PEQ,
and 4 (P), PE§*, resp. Then the boundary sets Q§ and § are equal to the zero loci
of F and F, resp. Now we have seen in Lemma 2.3 that the set Q% is a non-empty
subset of Q. Consequently, F/ does not vanish identically on £, and so @f is a
subvariety of codimension at least one. Therefore, @f is an open dense full measure
submanifold of Q% This entails in particular that the minimal distance between the
4; in arclength along the unit circle equals 27.

In Section 4.3 we shall obtain a quite detailed picture of the boundary sets. As
it turns out, these subvarieties have codimension two, so they do not disconnect Qc
and Q¢ However, for the time being we have to phrase the following theorem in
terms of connected components. Specifically, we denote the component of Q¢
containing the point P,(0,0) (given by (2.116)) by £%, and we set

Qi =8(Q%) (3.48)
Theorem 3.5. One has
&(P4(0,0))=P(0,0) (3.49)
where Po(0, 0) is given by (2.117). The space Q% is equal to the connected compo-
nent of Q5 that contains P,(0, 0). The map @ is a C® symplectomorphism from
(R%, w°) onto {Q%, &°), where w° is given by (1.46) and &° by (1.59), (1.60).
Proof. We begin by continuing the functions &« 1, £ 1, Z1and B defined in the
proof of Theorem 3.3 to the I, regime. To this end we choose a path I” by taking
¢ and 6 equal to §° and 8°, resp. (cf. (3.13), (3.39)), fixing |¢|, |8| >0 and g as
in (3.38), and defining 4£(¢) by (3.12) and B(¢) by

B@® = 1-0)|g|+it|g], [0, 1] (3.50)
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Then the endpoint of I has image P,(0, 0) under 7(Ey) 0%, and (3.40), (3.41)
hold true again. Thus we may and will choose € so that (3.17) is valid, and then
(3.42) with S replaced by 8(¢) follows as before.

As a consequence we obtain functions &/, &, # and B= (g, ) that are C® in
(g,4,0) forgl, and (¢, ) varying over an open convex neighborhood N,C o)
of (¢° 8°). On N, these functions satisfy

B PR =diagle "D, ..., e" W), Br={ (3.51)
(B AB),;=e" V(G (3.52)

due to (3.7), (3.8), (3.36) and (3.37). Moreover, the matrices &/ and & are
related to the matrices L. and 4 from Section 2.3 via (3.18) and (3.19), resp. From
this and (3.24) it follows once more that §(B) equals ¢(P) for any PenN ¢ In
particular, from X§;= 2¢; and (2.123) we may infer

q(l)j | |<N+1 2}) j= .., N (3.53)

At the expense of shrinking N,, we may now analytically continue the above
functions to any g& (—2n/N|Bu|, 0). Fixing g in this interval and a correspon-
ding N,, it is obvious from (3.32)—(3.34) that & and £ have a one-valued contin-
uation from N, to all of the convex set @, and that the key relations (3.18), (3.19)
continue to hold.

However, this can no longer be concluded for the functions 4 and B. Indeed,
in the present case we have ¢ > 0, so the argument of the second logarithm in the
continuation of (3.37) can now vanish on Q. In view of (3.19) this can only
happen for points in the subvariety

Qy=(a(Ey) 0®)7 QD (3.54)
But then the open dense submanifold
2.=0\8, (3.55)

need not be connected, a priori.

Consequently, we restrict attention to the connected component o} »0 containing
the endpoint (§°, 8°) of I'. It follows from previous arguments that % and § have
a one-valued continuation to &,0 (§(P) being equal to ¢ (P) onall of @ ), and that
(3.25) is valid. However, though 8 can be continued to o , the resulting function
is not necessarily one-valued, since é,o need not be simply-connected. (As a matter
of fact, 8 is multi-valued and (hence) o] multiply-connected, cf. Section 4.3.)
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On the other hand, from Section 2.3 we may infer
v L V)jj =ij=€XP(/3 [')’j‘“?’j—l +7s1) V}’ (g, 6)) (3.56)

of. Lemma 2.3 and (2.82). Let us compare this with (3.52), recalling g =4, (1.30)
and (3.18), and noting ¥.6,=X.8,=N5,=Nr,. Then we readily deduce that the
diagram (1.85) is well defined and commutative, provided {5 - is replaced by 55 0 and
R is defined as the continuation of B to 0] . Moreover, R still inherits the can-
onicity property from B;. Hence DRESp(2N, R) and so |[DR|=1. But then the
space

G.=R(B.) (3.57)
is an open subset of 2,. By virtue of (3.48) and commutativity, the image of this
set under 7(E y) © € equals 2%, so 2% is open. Therefore, the last assertion of the
theorem now follows from the commutative diagram obtained from (1.85) upon

replacing the four subscripts r by r0.

Next, we prove (3.49). As we have already seen (recall (2.123)), its lhs can
be written

£(P,(0,0)) =<o, 0; Fﬁ—l—(l, D, TZ’T> (3.58)

Thus we should show u =u,, where
_ T . .
uOZW(n, e JAN=), ey m) (3.59)

To this end, consider the symmetric functions of L(0, 0; #(N|x|) '(1, ...,
1), 7). They can be written

=2 /2 1/2
st0=Z (o) I (- 28 30)
k&1

where x; = exp(86;) and 0 is defined via (1.30). On the other hand, (3.58) and
(2.116) imply

¢9<FI%T(1’ D, TZT)‘(W“\%F“’ LD, —ﬁ-) (3.61)

so the spectrum of L in the point (3.58) consists of the Nth roots of (—1)". Asa
result, this point yields S;,=0, [=1,...,n,and Sy=1.
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Now we invoke Lemma A.4 to infer that the system of N equations
Si(x,g)=0, I=1,...,n, Sykx,g)=1 (3.62)
for the unknown vector x = (x 1, ..., xy) is solved by the N vectors
x® =explint(N+1+2v—2j)/N], j=1,...,N, v=0,...,n (3.63)

and their complex conjugates. For N=2, 3 these are readily seen to be the only
solutions. However, for N > 3 one has N ! > 2N, whereas the system obviously has
exactly N ! solutions for g=0. By virtue of the implicit function theorem, there
exists a unique solution in a C¥-neighborhood of each of these for g= (—e¢, 0],
provided € > 0 is sufficiently small. (Indeed, the relevant determinant is non-zero,
since it amounts to a non-zero multiple of a Vandermonde determinant for the Nth
roots of (—1)".) Of course, the above solutions x ’, x ® do not depend on g ; most
likely, the remaining solutions do.

Next, consider L evaluated in the point (3.58). In view of (2.116) the
corresponding L reads

L =diagx{, ..., x) (3.64)
Now #(4° 6°)—1yas g 1 0, so by (3.25) we have
(F Vif (Po(0, 0) =0, j#k, g10 (3.65)

But |f;| and |fi| do not depend on g, cf. (3.58). Hence, the off-diagonal elements
of V(B,(0, 0)) go to 0. Combining this with (3.56) and (3.64), we conclude
u—>uyasg ! 0. Thus we must have u=u, for sufficiently small g, and real-analyti-
city in g entails u =u, for any g& (—2z/N|Bu|, 0). Therefore, the proof of (3.49)
is now complete.

Combining (3.48) and (3.49), we deduce that 2 contains P,(0, 0). Further-
more, we have already shown that Q% is symplectically diffeomorphic to 2%.
Recalling the self-duality property (2.120), a moment’s thought suffices to conclude
that the second assertion of the theorem holds true. O

As announced in Section 1.3, we relegate a consideration of the diagram
(1.86) and its consequences to Section 4.3. Note in this connection that the set
{Po(8,, 7:) |6, 7.ER} CR% is not left invariant by the generator (2.39). Thus, at
this stage we do not even know whether Q2% is left invariant by G.
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4 The Harmonic Oscillator Transform
4.1 The Case Il

In keeping with our summary in Section 1.2, we begin this section by showing
that the map ¢, admits an extension to a C* symplectomorphism, cf. (1.71)~
(1.73). Inthe process, we shall arrive at a complete pii:ture of the limiting behavior
of the invariant tori as one or more action differences 0; converge to their minimum
d/2.

It is instructive to detail the case n=1 first. Then ¢, can be explicitly
determined by exploiting equality of Tr A(P), Tr L (P) and Tr A(P), Tr L(P),
resp., where P = &(P) = (P, X ¢,) (P), cf. (1.66). Indeed, it is straightforward to
verify that ¢, is given by

u=—2u|"*6(6+d/2) " cos|u|d (4.1)
v=2p| " V*(5+d/2) Py sin|u |6 (4.2)
5= (y2+d*¥/4sin?|u|6)? (4.3)

in terms of the coordinates u, v on M° and 6=(g,—¢.)/2, y=(6,—0,)/2 on M
(cf. (1.73) and (1.29), (1.30), resp.). Its inverse b° can now be calculated and
reads

_ 1 fur—i N =
o= 2 Ln(ur+i>’ Lo(—1) =ir (4.4)
7=%—vr< Ilél w?+v? +d>, d=|ugl (4.5)
2 2 1/2
r3< 4|lg| +u+v > 4.6)
4g+4|glvi+vi(u+v?)

Clearly, the boundary set
M,=M\M, 4.7)
is given by
M,={(z/2|p|, 0)} (4.8)

Moreover, from the above one reads off that ¢, and b° extend to C* maps ¢ : M
—M and b: M— M, as advertised. The state of affairs is depicted in Figure 1.
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Y $ v
b =
b
a e C 3 __5_? e < u
x/2|u|
A
d
d
A
M 45-— M

Figure 1. The n=1 maps ¢, b and spaces M’/. The indicated points are related by p =@ (p).

It appears out of the question to calculate b® and ¢, explicitly for n > 1. Of
course, the cases n=2, 3 should still be accessible via Cardano’s formulas, but it
seems unlikely that this would yield substantially more information than the
following theorem, which handles the general n case.

Theorem 4.1. The maps ¢, and b° extend to mutually inverse C® symplecto-
morphisms ¢ and b between M, w(M)) and M, w(M)), where the symplectic
forms are given by (1.33) and (1.72), resp. The boundary set (4.7) has codimension
2 and one has

b (0, o)=<N—l’;l-(1, oD, o> (4.9)

Proof. Since we restrict attention to the internal spaces M and M, we may and
will take 64, 7/=0 in the above and replace the set {(0, 0)} XM/ by M”. First, we
note L is C* on M and we recall o(L) is real and simple on M. Thus the eigenvalues
of L are C® on M. As a consequence, the vector §E4 y has a C* extension from
M, to all of M, and the extension satisfies A4 %, where cl denotes closure.

Next, we note that the lhs of (2.18) and (2.19) can be rewritten

v *AU)k,kJrl:C(()y U, —8; é>k,k+1

d d d 2
= l——5 |1+ = 4.1
(9k+1—9k) ’*'g"l(( ek'—91>( 6k+1—01>> ( 0)

(U'e)1=g = H<1+ = d = )1/2 (4.11)
1>1 01"91

From these formulas one reads off that the rhs has a non-zero C* extension to all
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of M. (Note, in particular, that the rhs of (4.10) converges to —1 as Br—0ri1 |
d.) Therefore, we may and will define a unitary U satisfying

U*LU=diag(@,, ..., Oy), OSA4 (4.12)
and (2.18), (2.19) on all of M. (Thus, this unitary U coincides on M, with the
unitary U from Section 2.1.)

Now we fix m= (5, y) €M and a ball B°C C* with center m such that L is
holomorphic and o(L) simple in B°. Eventually shrinking the radius, there exists
a holomorphic map & : B°— GL (N, C) such that

D 'LYP=diag(A+, ..., Ay), Axy(m) <---<21,(m) (4.13)
on B¢, and we may ensure B=B°\R™ is a ball in M. (In particular, the radius
should be smaller than 7/ |z |.) Then the restriction of @ to B is C® in B. Since the

eigenvalue ordering on B is fixed by the order in m, and since the order imposed in
m coincides with the order corresponding to U, it follows that on B one has

2=U diag(x1, ..., x»), X;:B—C* (4.14)
We now claim that the quantities
P =Exk/Xk+1, k=1,...,n (4.15)
are C” in B. Indeed, from (4.14) we have
0(D ' AD) k1= U*AU) ki1, k=1, ..., n (4.16)

Since the rhs and ¢, are non-zero on B, the matrix element at the lhs is non-zero.
Moreover, this element and the rhs are C“ in B, so the claim follows. As a
consequence, the renormalized matrix

2,=2diag(1, 1, ¢1¢2, e, b1+ ) (4.17)

is C“ in B and satisfies
9 r=X1 U (4 1 8)
Now consider the equality

(2:e)1=x,(U'e); (4.19)
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Since (U'e), is non-zero and C* in M and the lhs is C* in B, we may infer that ¥,
isC?inB. In view of (4.18), we may then conclude that the map M — U(N), (6,
) —Uis C%

We have now shown that § and U have C* extensions to M. Next, we exploit
this to prove that ¢, has a C“ extension to M, provided M° is viewed as being
densely embedded in M via (1.73). To this end we introduce (u, v) ER* by setting

u,-+ivjE(U'e),-+|/Nj, _]=1, R () (420)
where
/2 1/2
_ 1/ lu] >1 < d )
N, = ——|*+%— 1+———"—5 4.
J 2( 0 IH;_I[;]'I'Fl B;+1— 6 “21)

Since N is negative on all of M, and U, e and N; are C® on M, it follows that u and
v are well-defined C“ functions on M. Furthermore, comparing (4.20), (4.21) and
(2.8), (2.22), we deduce that on M, the relation between u, v and &, 7 is given by
(1.73). Therefore, ¢, extends to a C* map

¢ :M=w,XR"— M=R?>, (5, 7)+—> (u, v) (4.22)

as announced.

To prove that b® admits a C® extension to M after the coordinate change
(1.73) on M°, we begin by studying the vectors (2.22), (2.23) as functions of the
variables u, v. Recalling (2.8), (4.11), (4.20) and (4.21), we infer that ¢ has a C®
extension to M. Also, f may be written (recall ¥, = 0)

1 I/J 1/2 d 1/2
po Lo oy [ 1K -2 i=1, ..., 4.23
fi=3 “'+””)<5,-> H<1 e,.—ek> p Tk (4.23)
d 1/2
fy= e S 4.24
S R(l eN—6k> (424)

from which we read off that f has a C“ extension to M, too. Clearly, the same is true
for C(0, i, —g ; @), provided I #k+ 1. Therefore, 44 has a C* extension for [ #
k+1, cf. (2.11). But 4, ;+: is given by the rhs of (4.10), and from this equation
one sees that these elements have C“ extensions as well.

The upshot is, that f, § and 4 have C extensions to M. Since the matrix 4 is
unitary on M ° and continuous on M, it is unitary on M. Likewise, the commutation
relation (2.26) holds true on M. Thus we may extend the diagonalizing unitary V
to M by repeating the steps that defined ¥ on Q°, cf. (2.25)-(2.36), (2.41). (Note
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in this connection that for g= Wy the constraint >.g;=0 does not entail g=Fy
when N >2.) Along the way, we infer in the same way as before that o(4) is
actually simple on all of M. Since 4 is also C* on M, we may deduce that the
eigenvalues of 4 are C® on M. But then it follows that the C* map M°—>w,, (u,
v) >0 has a C® extension to M, mapping M into w,. (Note that A(q) has
degenerate spectrum on the walls of the alcove w,.)

To prove that 7 has a C® extension, too, we choose i EM, a ball BC M around
#, and a C® map 9 : B—GL(N, C) such that

(9 'AD)p=0, j*k, (97'4D) ()= *4AV)(h);, j, k=1, ..., N (4.25)

Now the matrix ¥ * AV equals 4 (g) and so is C® on M. Hence, it equals 9 "' 49
on B due to (4.25). Therefore, we must have

9=v diag($1, ..., ¥v), R;:B—>C* (4.26)

which entails
(G'LD)y=WV*Lwv)y,, j=1,..,N (4.27)

As a consequence, the lhs of (4.27) is a real-valued function on B, which we
denote by 4, in agreement with (2.37) for points in BNM°. Defining 7 via (1.30)
(with 7,=0, of course), it follows that y is C* in B.

The upshot is, that b has a C extension b, as announced. The relations

b%o¢,=id(M,), ¢,0b°=id(M°) (4.28)

then extend by continuity to
bog=id(M), ¢ ob=id(M) (4.29)

so that b and ¢ are mutually inverse bijections. Moreover, since b and ¢ are
symplectic on dense submanifolds by virtue of Theorem 3.1, the first assertion of
the theorem now follows.
Since M \ M ° is the subvariety of M=R? for which at least one (u;, v,) equals
(0, 0), it has codimension 2. Hence its image M, under b also has codimension 2.
Finally, to prove (4.9) we observe that b(0, 0) is the point in M that is
uniquely determined by all eigenvalue distances ,—8,+,,j=1, ..., n, being equal

tod. Now the point at the rhs of (4.9) corresponds to the point (g¢, 6°) EQ given
by
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e T . .
qJ‘W(N+1_2]), 6;:0’ J::]', --"N <4"30)

The Lax matrix (2.1) evaluated in this point equals idE /2, where E , is given by
(A.31). Hence its eigenvalues read

5_d
9,-=7(N+1-2j), j=14 ...,N (4.31)

by virtue of (A.33). Thus, (4.9) follows. O

Now that we have the relevant maps and their key properties under control, a
comment on the strategy we have followed is in order. From (3.19) and (3.25) one
sees that the matrix-valued functions ¥ and % do not admit a regular extension
from M° to M. (To check this, recall fis given by (2.23).) However, by using &
and # we could solve the canonicity problem via the results of I and analytic
continuation. Just as in I and in the cases I, and I, the gauge fixing #{={
involving the constant vector ¢{=(1, ..., 1) (as opposed to functions with
singularities) enabled us to control the continuation between the different
parameter regimes. But we employed A and V to handle the extension of the
action-angle transform to the harmonic oscillator transform, since these functions
admit a C* extension from M° to M.

To complete this section we detail the results for @ and R following from
Theorem 4.1.

Corollary 4.2. The maps & and & extend to mutually inverse C* symplecto-
morphisms ®* =P, X $ and E*=P,Xb between {8, &) and (2%, &, where

Q% =R*xM, @“CENdfs/\dSs+§ du, A dv, (4.32)
The boundary set (3.26) has codimension 2 and one has
£%(0,0;0,0)=(g*, 8 (4.33)
where the rhs is given by (4.30).
Proof. This is clear from Theorems 3.1 and 4.1. O
Now we transform the free symplectic Z-action on Q generated by G (recall
(1.12)) into a free symplectic Z-action on 0% via ¢*. Thus the latter action

extends the Z-action generated by G on Q¢ (recall (2.40)). Next, we set

Gt=0%/7, ot=a*/2 (4.34)
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and define a map ®* by requiring that the diagram (1.74) commute.

Corollary 4.3. The map ®* is a symplectomorphism from {Q, w) onto {Q¥,
).

Proof. Obvious from the above. O

We finish this section by supplying an illuminating coordinatization for Q*,
Namely, we set

Q*={& p;a bH)ERY|ZE[0, 22/N|1 )} (4.35)
where the relation to the coordinates (§;, 7. ;u,v) on Q* is defined by
exp(Nu£) = exp(Nuf,), p=NG6, (4.36)

explu(7,—%)] =exp(2nil/N) =

(aj, b))'=RQ#l/N) (u;, v))’, j=1,...,n (4.37)
_ cos ¢ sin ¢
R(9) —< —sin ¢ cos gb> (4.38)

(Note that [ takes values 0, 1, ..., n, depending on 7,.) Using (2.40) it is easy to
verify that this makes sense. (That is, the coordinates are in 1-1 correspondence to
Z-orbits in 2%.) Also, on the open dense patch {£+0} one has

N-1
©*=dt Adp+ 3, da; \db, (4.39)

Finally, we point out that the action-angle phase space equals the
submanifold of Q¥ given by (a ;»b)#(0,0), j=1,...,n, and that the relation to
the coordinates (£, ..., )/ v) on £ is given by

2

p=pit+-+hy, af+b,-2=m~(pj-ﬁj+l—d), Jj=1 ...,n (4.40)
e**diag(p1, $2b1, 9101, ..., $.) =diagle “*1, ..., e “v) (4.41)

with
¢;=(—a;+ib)/@}+bH"2, j=1,..,n (4.42)

Observe that (4.41) amounts to a picture of the obvious maximal U (NV)-torus as a
fiber bundle over U(1) (given by the determinant) with fiber the obvious maximal
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SU(N)-torus and transition function exp(27i/N)1y.

4.2 The Case 1.

Just as in previous chapters, this case can be treated along the same lines as the
Il,. case. Thus, we start again by detailing the n=1 situation. Proceeding as
before, we find that ¢, reads

_ o S—dn \”
u=-—2|u| "Zsh136<;hTB5T:/;ﬁz—z—> cos|u|d (4.43)
) o §—dn \" .
U=2|ﬂ| 1/2011,35(";1*1*2‘/"3—5‘{;1‘—2;) thB‘)’Sln|u|5 (4.44)
where
5:7;—Arth([th2/37 sin? |z |6+sh?z]"? /[sin? || 6 +sh?z]"%) (4.45)

Also, the §-part of b° is again given by (4.4) and 7 reads

7=LArth urthﬁ- M[uz—i—zﬂ] +d (4.46)
B 2\ 2
where we now have

1/2

sh2§ <£21|— (u?+0v?] +d>——shzz

, z=Rd/2 (4.47)

‘
I

uzshzz+v2sh2~§— (I—';I- lu’+2?) +d>

Note these formulas reduce to (4.1)-(4.6) for 8| 0. The boundary set (4.7) is
again given by (4.8), and the real-analytic extension properties are manifest from
(4.43)—(4.47). Moreover, Figure 1 applies once more.

Theorem 4.4. The assertions of Theorem 4.1 hold true, with ¢, and b° denoting
maps defined in Section 3.2.

Proof. The proof of Theorem 4.1 can be mimicked to a large extent. First,
since L is C® on M (cf. (2.51)) and o(L) is positive and simple on M, it follows
that & has a C“ extension to M, taking values in A%. Next, we rewrite the lhs of
(2.18) and (2.19) as
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shz
(ék+l—ék)

W*4AD) k1= 3
Sh'é“

Sh‘g’(ék_éI—d) Sh“’;—(ék+]—él+d>

. h 5 (4.48)
Ik, K+ Sh_z_(ekmgl) sh“?(@kﬂ"'el)
’8 ~ . 1/2
. s sh7(91—61+d>
(U'e)=e 2750 I1 442

1>1

sh—g-(é,—é,)

cf. (2.6)—-(2.8), (2.59)-(2.61) and (2.72). From this we see that these quantities
have non-zero C extensions to M. (The rhs of (4.48) again goes to —1 as 8, —

Bi+1 | d.) Thus we may uniquely determine a unitary U on M by requiring (2.18),
(2.19) and

U*LU=diag(e®, ..., "), 64 (4.50)

Then it follows in the same way as before that U is C* on M. Moreover, replacing
(4.21) by

1/2

Shg(éﬁ—l—ék—}.d)

Q 1/2
N, = 16-71+g@j+,<lulsh5(5,» d/2)>
k#j,j+1

e (6,—d/2)sh g6, (4.51)

2 ~ A
Sh§(0j+l_9k)

and (2.22) by (2.59), the paragraph containing (4.20) applies verbatim. (Recall
the positive factor £ in (2.59) is given by (2.72).)

Using (4.49) and (4.51) we see that g has a C“ extension to M. Since fcan be
written

1/2

sh§(§j~§k—d)

.1 o n,.Bs [ lulsh B, —d/2)\"
fj:*'(-u_,"l‘”)j)e Zz+ 2 Z ( = d = H
2 ;= i #j,j+1 A A
(6;,—d/2)shB5; |+ shg @,

(4.52)

L 1/2

R LI )

fy=ez 3 | ——F—— (4.53)
Sh’i‘(ep]"‘ek>
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it manifestly has a C“ extension to M as well. From (4.48) we conclude that A .+,
has a C“ extension, so it follows again that A has a C“ extension to M.

We are now in the position to extend ¥ to M via (the extension of ) (2.62)~
(2.66), (2.68)—(2.70). (Note that £=£~'.) From (2.63) we deduce as before that
o(A) is simple on M, so it follows that & has a C“ extension to M with values in W .

The paragraph containing (4.27) now applies verbatim. Since the rhs of
(4.27) is positive on M, the Ihs is positive on B. Thus we may and will introduce
OERY by setting

(@ 'LD)=e®V,(Q), j=1,...,N (4.54)

(This agrees with (2.67) for points in BNM°.) Defining 7 by (1.30), we thus
obtain a C extension of 7 to B. As a consequence b° has a C* extension b to M,
so the first assertion of the theorem follows as before via (4.28), (4.29).

Now it is again obvious that codim M,=2, so it remains to prove that the
vector § in the point (4.30) is given by (4.31). But since we have

L(g¢, 6°)=E (4.55)
with E given by (A.29), this follows from (A.32). O

The comment after Theorem 4.1 applies to the present case, too. Note that the
explicit formula (2.72) for £ has not been used in the proof of Theorem 3.3,
whereas it is needed in the proof of Theorem 4.4. (A priori, £ need not be C* on
M)

The paragraph containing (4.34) may and will be taken over verbatim.

Corollary 4.5. The assertions of Corollaries 4.2 and 4.3 hold true in the .y
case, t00.

Proof. This follows from Theorems 3.3 and 4.4. O
Clearly, the paragraphs containing (4.35)-(4.42) can also be applied to the
case I, .
4.3 The Case I,
We begin again by studying the case n=1 in considerable detail. This will
enable us to obtain a complete picture of the extensions already described in general

terms in Section 1.3. In particular, the real-analyticity of the map (1.91) will be
explicitly verified.
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Proceeding as before, we find that ¢ ¢ reads

5=—1—Ln<——————-——~Q °°S|B|7+i>, Ln(—1) =irx (4.56)
28 c.c.
7"=—|—;—|Arg(cos|u15+iQ sin|B|y sin|¢|8), Argz&(—1, n] (4.57)

where

Q=( sin? |¢|6—sin’t )l/z
“\sin?t cos?|Bly+sin?|u|dsin? |8y

(4.58)

Then b? is given by the interchanges S<>yu, 1< 7, 5<6, in agreement with
self-duality. Moreover, introducing

M= M\ ML° (4.59)

we obtain

Mg:Kz@i’O)’(zﬁl’ =) Mg={<3|‘7f‘é|"°>’<szel’“l‘ff“l>} (4.60)

Evidently, M4° has codimension 2 and M4° is connected, but not simply-connected.
Figure 2 provides a sketch of the spaces and maps.

As indicated in this picture, when the boundary points (z/2 ¢ 1, 0), (z/2|u],
n/|B|) in M° are approached, & converges to the endpoints 7/|8|, (x—1)/|8],
resp., of its definition interval, whereas 7 has direction-dependent limits, cf. (4.56)—

MY — MO
b? '

r

Figure 2. The n=1 maps ¢°, b? and spaces M{°. The crossed points and bounding circles do
not belong to M1°.
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Figure 3. The two-step extension procedure for n=1.

(4.58). Thus, we may extend M? with two ‘endpoints’ by letting the #-torus
collapse to these points as § | 7/|8| and § 1 (z—7)/|8|, resp. Then ¢° has a
continuous extension ¢°: M°—M,, where M, is the extension of M?.

Next, we note that when we fix 7 and take 6 | z/|x| and 6 1 (z—1)/ |1, we
get (8, 7)— (z/218], 0), /2|81, n/|w|), irrespective of the fixed 7-value, cf.
(4.56)—(4.58). Thus, it is clear how the loss of self-duality incurred in the
extension can be restored : We should extend M ° with two ‘endpoints’, too, and M,
with the two boundary points of M, yielding (topological) manifolds M, M =S
and mutually inverse homeomorphisms ¢ : M—M, b: M —M. The situation is
depicted in Figure 3.

We have now supplied the details of the extension already sketched above
(1.87). We proceed by verifying property (ii), cf. (1.87)~(1.91). Since we already
know that ¢?: (M2, wr)— (M, —wg) is a C* symplectomorphism—a fact that
can be verified from <{4.56)—~(4.58), in principle—we need only check that ¢ is C*
at the 4 points in M \ M. This can be seen by inspection, provided one employs a
suitable representation for ¢. Specifically, using (4.56)—(4.58) and (1.88) we find
that for points in the patch 2,= {(1, z,) |z, EC} the image m=¢(1, w) can be
written

m=(1,cw)EP,, w#*—1 (4.61)
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where
_ [cos d(w) +ip(w) (Im w)sin d (w)] < dw)—1 )‘“
N low)2(Re w)*+112 (sin?d(w)—sin® 1) (r—7—d(W))
(4.62)
d E£_<£—r><1~ Wl /(1+wl?) (4.63)
2 \2
_ sin?d(w) —sin®* 7 2
P =< (Re w)?sin? 7+ (Im w)?sin? d (w) ) (4.64)
d= —%Ln(ﬂ%gf—‘—”ii) Ln(—1) =irn (4.65)

(with c.c. = complex conjugate). Alternatively, we have

m=kw), DEP,, w#l (4.66)
where
_ [cos d(w) —ip(w) (Im w)sin d(w)] ( 7—1—d(w) >‘/2
r= low)*(Re w)2+1]172 (sin?d(w) —sin*(x—1)) (d (W) — 1)
(4.67)

(Note that o(w)x(w)=1, w= * 1, as should be the case.) Now from (4.62) one
easily sees that Re ¢, Im ¢ are C“ functions of Re w, Im w at w=0, 1; similarly,
from (4.67) it follows that Re «, Im £ are C® at w=0, —1. (Note these 3 points
are the points ¢, a, b, resp., in Figure 3.) Substituting w —1/w in the above one read-
ily verifies that ¢ is C® at m= (0, 1) €2, too. (This is the point d in Figure 3.)

Of course, we may just as well view ¢ as a C“ antisymplectomorphism of the
symplectic manifold {(P', wz). Note that the self-duality property (2.120) then
entails ¢ © ¢ =id(P'), and that ¢ depends solely on & (0, z/2). Finally, we point
out that ¢ has two fixed points at m = (1, *i) (the points p and g in Figure 3) ;
these points lie on a Jordan curve I'CM? of fixed points given by

Ir'={(6, 1EM®|Q cos |Bly=cot |6} (4.68)

(This readily follows from (4.56)—(4.58).)
We proceed by studying the general case. First, consider the function M°—
R, wh—|w,|/(1+|w,|*+ -+ |w,|?), where v&€ {0, 1, ..., n}. This function



ACTION-ANGLE MAPS FOR SUTHERLAND SYSTEMS 311

may be viewed as the restriction of the function P*— R, (zo, ... ,z,) —>|z,|%/(z,
z) to M°C#,. The latter function is manifestly C* on P". (To avoid any mis-
understandings, let us recall what this means : Setting z ,=1, it is real-analytic as a
function of the real and imaginary parts of zo, ..., Zo=1, Zo+1, ... , 2, &C, for any
o={0, 1, ..., n}.) From (1.97) we now see that the functions &,, v=0, ..., n,
extend to C functions on M, again denoted 6,. Thus, the matrix A(g) (with
2.q,=0) extends to a C* function on M, cf. (1.29). Similarly, the matrix elements
C(u, B, 8; @), j#k=+1, and

sin 7

Lk+1 k= l
' . el
sin—>— (gr1—4qw)

sin(lgi(qkﬂ—q,)—kr\) sin(—l—'gl( —q,)——r) .

| | 2|
m_z_(‘IkH"QI) Sln_‘”@k q;)

(4.69)

I#k, k+1

where k=1, ..., N(cf. (2.82)), have C* extensions to M. (Here and below, we use
mod N notation. Thus, e.g., gn+1=¢1.)

Consider now the vector-valued functions f and g given by (2.85) and (2.86),
resp. These can be rewritten

. Iul 2
. N\ sin (q,— 41)"’7)
flze%ql<ML<So_£>_> (4.70)

sin [¢|8 sin-l-'%|~ (g:—9q0)

172

A Iul
(lu|6o—Dsin(|12]6;-1—17) >”2 sin (g,— q,)+r>

(|#|5j_1~r)sin‘/.£|5j~1 smM—L(qJ q,)

j=2, .., N (4.71)

iq_—
fj—e 2 Wi

1/2

sl60=Dsinul0s) sin(14! g, —g)—7)

(le|6k—1)sin|ulb: AL sm—|—”—|~(qk —q))

k= (4.72)

Sln<l l(QN —q)— T) .

el
SlnT(qN—Qz)

K
gr=e 2% wk<

(4.73)

. /
=eﬂ7,,N(s1n(lﬂ|5o—r) >‘ ’
&n sintlu|5o 1#N,1
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Clearly, the exponentials and the factors in the products extend to C“ functions on
M. Moreover, substituting

Z, |zu[2(7[——NT) _
LT |6, —7t— o) . v=0,1,..,n (4.74)
in the remaining terms, one readily checks that the functions f; g, j, k=1, ..., N,

have C*® extensions. Therefore, the Lax matrix L admits a C“ extension to M
(recall L equals f; C;xgx on M°.)

On the other hand, although the functions f and g have C extensions to £ ,C
M, they do not even admit a continuous extension to all of M. This is due to the
factors |zo|/zo in (4.71) and |zo|/zo in (4.72) ; similarly, the factors sin( |z |8,
—17)"% in (4.70) and (4.73) are C° but not C' for |zo|—0. To cope with this
difficulty, we introduce the phases

12
y = 1(‘“‘5” T) :ZO‘Z;A!’ U=O, ey (475)
w, |,L£|50_T Z,,lZo|
and define
fY=0.f, ¢¥=0.8, v=0,..,n (4.76)

Then £ and g have C* extensions to the patch #,CM. This is crucial in the
proof of the following theorem, for which we are now prepared.

Theorem 4.6. The maps ¢?° and b? extend to mutually inverse C*® symplecto-
morphisms ¢ and b between M, wr) and <M, —wr). Employing homogeneous
coordinates on M/=P" one has

ble,)=¢e,, v=0,..,n 477
where
e, =L, o™ ...,0™™), w=e¥@N (4.78)
and where e, ..., e, is the standard basis of C". The varieties
M7= M\ M/° (4.79)

and M%° have codimension 2. The manifolds M{® and QF are connected, but not
simply-connected. Finally, identifying M and M with P", the map ¢ is an involutory
C* antisymplectomorphism of (P", w g).

Proof. We follow the proof of Theorem 4.1 as far as possible. We have already
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shown that L has a C“ extension to M, which we denote again by L. Since L is
unitary and has simple eigenvalues whose distance is bounded away from 0 on M°,
the same holds true on M. Therefore, the vector g EA4Y% has a C® extension to M
satisfying 0= (4 3)°

Next, we rewrite the lhs of (2.101) as

(U*AU)k,k+1= IB|SIIi“L‘ R
sinT(9k+l~9k)
1/2
sinl—fl—(ék—é,—d) sin—'—gl(ém—éﬂrd)
! EPa B (4.80)
o sinT(Bk—e,) SinT(9k+l_61>

where k=1, ..., n. Inspecting the rhs of this formula, one sees that it has a
non-zero C* extension to M. (Once more, it converges to —1 as =841 1 d
Note that (4.80) holds for k=N, too, and that the rhs then converges to 1 for §;
—68y 1 2n/|8] —d.) Thus, when we introduce a function U : M— U(N) obeying

a a - N -~
U*LU=diag(e?, ..., "), 8%, 2 8,=0 (4.81)
j=1
(T*40)1 141 <0 (4.82)

then U is determined up to an overall phase ambiguity.

We proceed by fixing this phase in each patch £, , yielding N unitaries U, ...,
U,. Specifically, we require that the first non-zero quantity in the sequence
(Uig“), ..., (ULg ™)y be positive. (This makes sense : (4.76) yields a C“ vector
g® on 2, ; the paragraph containing (2.100) entails

sin Nt

W2 = W2 =
PRIPRIEE

(4.83)
on the dense subset M? of 2, ; hence (4.83) holds on #,, so U,g#0on 2,.)
Then the unitaries thus defined on &, are related to the unitary U defined in Section
2.3 by
U,=p,U, v=0,..,n (onM?) (4.84)
(To see this, recall (U'g); >0 on M?.)
Next, we ix mE 2, a ball BC 2, around m (w.r.t. the Fubini-Study metric)

and a C* map 9 : B—GL (N, C) satisfying

P 'Lo=diag(X,, ..., An), A;m)=e® ™, j=1,..,N (4.85)
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Then it follows as before that (4.14) holds true on B, provided U is replaced by U,.

With this replacement the paragraph containing (4.18) applies, too, the result being
that we obtain a renormalized C“ function 2, on B of the form

2,=xU,, x:B—>C* (4.86)
We continue by introducing
§.=92'g¥ (4.87)

Clearly, g, is C* in B and ¢,#0 on B. Consider now the function Z: B—C"
defined by

TP
(|5|5k~1—t)sinlﬁ|5k-1>‘/2 sin o (6,=0))
1#k—1,k

sin(|8|0k-1—1) sini;(gk"él"‘d)

2 Egrke”k’z<

(4.88)

where k=1, ..., N. (Recall our standing mod N convention, entailing Bo=0y.)
The quotients in brackets are all C* and positive on M, so Z is C* and #0 in B.
Furthermore, on the set B? =B NM? we have

g =xUig ¥ =xp,U'g=xU'g=x§ (4.89)

cf. (4.86), (4.84), (4.76). From g,#0 on B® we now deduce 2,#0 on B).
Therefore, the quantities

Wi=2%2,/2¢, i=1,...,n (490)

are well defined on B?; moreover, they coincide with the w; in (1.93), as follows
from the formula (2.104) for &.

The point is now, that Z may be regarded as supplying homogeneous
coordinates for a function ¢ : B—>M ~P" (since 2#0 on B). This function is C*
in B (since 7 is), and it coincides with the (reparametrized) map ¢° on the dense
set B? (as we have seen in the previous paragraph). But then it is routine to deduce
that ¢? extends to a C* map ¢ from M into M. By virtue of self-duality, the
analogous conclusion for b? is plain. Therefore, we may conclude that ¢ maps onto
M and has a C* inverse b extending b?. Using Theorem 3.5, connectedness of M/,
and real-analyticity of ¢ and b, the first assertion of the theorem now easily follows.
Then the last assertion is clear from self-duality.
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Next, we prove (4.77). The points £, belong to M° and have coordinates
6;(e.)=n/Nlul, rie,)=-2mj/N|B|l (mod2z/|8]), j=1,...,n (4.91)
in view of (1.93). By (2.82) and (A.29) this entails
L(e,) =diag(1, 0%, ..., w")E diag(w™, 0™ %,..., D)~w™E, v=0,...,n (4.92)

where ~ denotes similarity. Using (A.32) and £8,=0, it is then straightforward
to verify

8.(e.)=d/2, o+#v, §,(e,)=n/|8|—nd/2 (4.93)

(recall (1.94)). Now we choose a sequence p ,=M? converging to &, as k — o,
Using (1.93) to write

d(p)= ((50(P W —d/2)\V ..., e”f’(’*)<(§i<P K —d/2)V L) (4.94)
it follows from (4.93) and the continuity of ¢ (already established above) that ¢
(¢,) =e,, which entails (4.77).

We continue by proving

codim M{=2 (4.95)

To this end we first observe that the variety M¢ defined by (4.79) amounts to P"\
C*", and so has codimension 2. Second, we note that

M{Co(M®) (4.96)

so that codim M§ > 2. Third, we assert that there exists an open neighborhood N,
CM of e, such that

d(N,)CM° (4.97)

Indeed, (4.77) and self-duality entail ¢ (e,) =€, so existence follows from £, EM°
and ¢ being a homeomorphism. Fourth, we define

Ne=N,NM¢, No=N,NM° (4.98)
From e, &N¢ we then deduce codim N¢=2. But due to (4.97) we have ¢ (N2 C

M3, implying codim M$ < 2. Hence, (4.95) results.
Since M° is connected, it now follows that M°\M$=M/ is connected.
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Therefore, it remains to show that M? is not simply-connected. To this end we
observe that the commutative diagram (1.85) may be invoked. (Indeed, the com-
ponents occurring in Theorem 3.5 are equal to the spaces in the diagram due to the
connectedness of M just established.) Since z(E y) is a regular covering projection,
we need only prove that @, is not simply-connected. Because R is C“ in Q rs 1t
suffices to show that the &-part of R is multi-valued.

To prove this, consider the set N ° defined by (4.98). Due to (4.97) this set is
a subset of M. Therefore, M ? contains the tori {(8, 7) |y (—=n/|8], n/18]]"}
for 6=at sufficiently close to the alcove corner 6(e,). But as exp(By;) winds
counterclockwise once around S}, the corresponding 8; and — &, clearly increase
by 27/|8], cf. (1.85), (1.30). O

Corollary 4.7. The maps ® and & extend to mutually inverse C* symplecto-
morphisms & * = P, X ¢ and & * = P, X b between (2%, w*) and {Q%, &¥), where

QF=R2XM, w*=Ndé;, Ndy,+wr (4.99)
Q¥ =R*XM, &*=Ndj,NdS,~wr (4.100)
Proof. Obvious from Theorem 4.6. O

Next, we supply the details of the diagram (1.86) and its extension (1.102).
We begin by recalling that the first Z-factor in the Z X Z-action on R*XM?° has
generator G given by (2.39). The second factor corresponds to the quotient group
Z"/Ey, cf. (1.42). One easily checks that its generator reads

Go: B, 7550, 7) —> (8, 7s+21/NIBl; 6, 71—22/N|BI, ..., 7.—2m/N|B|)

(4.101)
Recalling self-duality, it should cause no surprise that G, equals the map (2.40)
when hats are omitted and y is replaced by 8. By the same token, the dual generator
G,=®d0G,0& is given by (2.39) with hats added and z—S. Since these gen-
erators map £f onto itself, the projections in (1.86) are well defined. The map @

is now defined so as to ensure commutativity.
We proceed by introducing

g: Pn____>Pn, (20721, see ,Zn) > (zn,ZOyzl’ s ,Z,,..]) (4102>
9o: P"——P", (z0,21,...,2,) > (20, 0 'z1,..., 07 "z,), @ =e¥™" (4.103)

One readily checks that these maps are symplectomorphisms w.r.t. w x whose Nth
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powers equal the identity. Moreover, viewing M ° as C*"CP" via (1.93), we have
G5, vs;m)=(8,+21/N|ul, 7,5 9(m)) (4.104)
Go(8:, 155 m)= (8, 7:+21/N|B| 5 g, (m)) (4.105)
Therefore, G and G, extend to symplectomorphisms of (2%, w*), with duals that
are obvious by now. The corresponding group actions are clearly free, so we obtain
symplectic manifolds

QF = QP YZIXTY, &F =@l /LI XZ (4.106)

Note that 2% may be viewed as a fiber bundle over

T2={(8,, .)€ [0, 27/N|r|) x [0, 27/N|B1)} (4.107)

with fiber P” and transition functions g and g4 w.r.t. the J, and 7, tori, resp. The
map @ * in the diagram (1.102) is now defined such that the diagram commutes.

Corollary 4.8. The maps @ and @ * in (1.86) and (1.102) are symplectomor-
phisms from {Q,, w) onto {Q,, @) and from (2%, w*) onto {Q*, &*), resp.

Proof. Clear from the above. O

4.4 The I, Map ¢

In this section we shall obtain more information on the reduced harmonic
oscillator map ¢, viewed as an involutory antisymplectomorphism of <P”, @ ), cf.

(1.103). To this end we introduce the involutory antisymplectomorphisms
k: @o, oecyz) > (0o, ..., Z4) (4.108)
QZ(ZQ, ...,Zn)l’——)<20,2n,...,21> (4109)

and the involutory symplectomorphism

p=kok=kok: (zo,z1, .., 2,) > 20,20, .-, 21) (4.110)

Then we have

pok=kog, gpok=kog¢, gop=pog (4.111)



318 SIMON RUIISENAARS
by virtue of (2.119). Next, we set
t=g0g,=g,09: (Zo, .o, 2) > (20, ® 20, coo, © "Znm1) (4.112)
where we used (4.102), (4.103). One readily verifies
potop=t~! (4.113)
so p and t generate a dihedral group action on P". Using (4.111) and the relations
pog=g,0¢, $0g,=g0@p, ¢ot=to¢ (4.114)

(which follow from (2.40)), we deduce that ¢ commutes with this action.

Clearly, the generators g, g,, t and p are isometries of the Riemannian
manifold {P", grs), where ggs denotes the Fubini-Study metric. Indeed, they may
be viewed as pushdowns of unitaries on C” whose action on C" can be read off from
(4.102), (4.103), (4.112) and (4.110), resp. For the first three cases the eigen-
values of these unitaries are the Nth roots of 1, and the corresponding eigenspaces
give rise to N fixed points. Obviously, for g and g, these are given by ¢, and e,
v=0, ..., n, resp. Introducing

pu =exp(ink(N+2v—k)/N), k=0, ...,n, VEZ (4.115)

(so that p,+y=p,), one readily checks that t has fixed points pq, ..., pa.
Next, we introduce the fixed-point space

I'= zeP"|¢(2) =z} (4.116)

Since we have

p(p.)=py-v, v=0,...,n (4.117)

the only point p, that is fixed under p for any N is p o, whereas for N even we obtain
an extra fixed point py,. Now ¢ commutes with the dihedral group action
generated by t and p, and for N odd we have just established that p  is the only fixed
point under this action. Thus we must have p &1 for N odd, whereas for N even
we can only conclude that ¢ leaves the set {po, pn,,} invariant.

We now observe that the points p, have already appeared above, cf. the
paragraphs containing (3.60) and (3.63). In particular, using (2.117) and (1.93)
one sees that p , amounts to the point P,(0, 0). Thus, the above yields a new and
completely algebraic proof of (2.140) for N odd, as announced below (2.140).
(Indeed, the developments after Corollary 4.8 can be rephrased in the context of
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Lemma 2.3.) In view of (3.49) we actually have

poET (4.118)
for any N, which entails
panEl (N even) (4.119)
Next, we observe that
9(p)=pi+1, 94(p)=ps- (4.120)
and so
p(p)=(@0g)(pa)=(g;09)(po)=g;(po)=pn-. (4.121)

Moreover, introducing the points

p.=k(p,) (4.122)

we have

¢(Eu>:(¢ok)(p:):(lzO¢>(Pv)=E<PNV»)=<kO p)(pN—u)=k<pv):1-"u
(4.123)

where (4.110), (4.111) and (4.117) have been used. Thus,
p.ET, v=0,...,n (4.124)
Since the map ¢ is an antisymplectomorphism, its Lefschetz number equals 0/
1 for n odd/even. Thus, I could have been empty for n odd, a priori. Note that
the fixed points are not Lefschetz, since ¢ is involutive.
We continue by introducing the symplectomorphism
f=kog (4.125)
which satisfies

fr=p, f*=id (4.126)

on account of (4.110) and (4.111). Using (4.56)—(4.58) one easily checks that for
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n=1 this map has 2 and only 2 fixed points at
z.=01, £([d@)—1)/[r—7t—d()])*"?), d(2) = Arcsin((sin 2)'?) (4.127)

More generally, for any n > 1 it must have at least N fixed points by virtue of
Lefschetz theory. In view of the convergence result we are about to prove, it is
plausible that the fixed-point space of f has the same characteristics as the
fixed-point space of the P"-automorphism f, that is the quotient of

11 1 1
2 n

Fosn-w| 1 @ @8 @8 = g (4.128)
1w w? - o

In particular, we expect 3 and only 3 fixed points for N=3, and 2 and only 2
isolated fixed points for N=4. (Note F, has eigenvalues 1, —1, i for N=3, 4, the
first one being degenerate for N=4.) After the following theorem we shall show
that one of the N=3 fixed points is in fact z-independent.

Theorem 4.9. The symplectomorphism T obeys

lim f(z) =f,(z), VzEP”" (4.129)

tta/N

where the limit refers to the Fubini-Study metric and is uniform on P". There exists
no T (0, 7/N) such that f is the quotient of an invertible linear map on C".

Proof. In view of (4.77) and (4.125) we have
fle,)=¢,, v=0, ...,n, vr(0, n/N) (4.130)

(Recall b equals ¢ in the picture adopted after Corollary 4.8.) Now assume that 7,
€(0, n/N) and MEGL(N, C) exist such that f is the pushdown of M. Then M
must satisfy

Me,=m,e,, v=0,..,n (4.131)

for certain m ,&C*. Moreover, as f is symplectic, M is unitary up to a scalar, so
Imo|=--=|m,| =p. Recalling now f2=p, it follows that M e ;=Np 2e'%,, cf.
(4.110). This is readily seen to entail m ,=pe'*?, so we may as well take M =F,,
cf. (4.128).

Summarizing, the above assumption implies that f equals f, for t=7,. Now
for N=2 the fixed points of f, are given by
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z.0=(, 2Q"72-1"Y (4.132)
Comparing with (4.127) we conclude
a(z)=0B=2")r, a(x) = Q¥*-2)Q2"%d(z)—1) (4.133)
Since a (7) increases from 0 to (3—2*?)x as 7 goes from O to 7z/2, this contradicts
700, 7/2).
Next, let N > 2 and consider Tr L evaluated in the point

z,=(1,x,0,...,0), xER (4.134)

Using (1.97) and (4.70)-(4.73) one obtains

Tr L =x(sin r(x))1/2<8in(x2r(x)) _sin(2z+7(x))sin(2z+x?r(x)) )”2

x? sin(z+r(x))?sin(z+x?r(x))?
sin’t /2
' wﬂz.w(l— sinz(xzr(x)—i-(l—l)r)) (4.135)
where
r(x)=(z—N1)/(1+x%) (4.136)

Clearly, Tr L can be analytically continued off the real axis. The function thus
obtained is two-valued : it has a square-root branch point at x =i (Nz/7)"? e.g.
On the other hand, taking x # —1 one obtains from (4.128)

1+xw 1+xw">

folz:)=(1, 1+x > 777 1+x

(4.137)

Using (the duals of ) (1.97) and (1.29) we can evaluate Tr L in this point, yielding
- N

Tr L =2 exp(r;(x, 7)) (4.138)
j=1

where the functions r; are rational in x. Thus it follows that for z=7, the one-

valued function (4.138) equals the two-valued function (4.135), a contradiction.
It remains to prove the first assertion. We begin by noting

lim |u|6,=z/N, v=0, ...,n (4.139)

i a/N
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uniformly on P, cf. (1.97). Hence,

lim Azdiag<ei7r(Nvl)/N, em(N-—a)/N, s ein(~N+1)/N) =4, (4.140)
i 2/N
lim L=—S'=L, (4.141)
tta/N

uniformly on P", cf. (4.30), (4.69)—(4.73), (A.35).
Next, we introduce the matrix

Oo=Colw®, ..., u™) (4.142)
cf. (A.37). From L,=S" "' and (A.36) one deduces
UsL,Uo=40 (4.143)
and using (A.37) one readily verifies
(OF 40k x1=—1, k=1, ...,n (4.144)

Consider now the unitary U defined by (4.81), (4.82) up to an overall phase.
We are going to prove that this phase can be chosen such that we have

lim U=0, (4.145)
/N .

uniformly on P". First, we observe that (4.141)—(4.143) entail that L has eigen-
projections P; converging to the projections on u”, j=1, ..., N, as 71 z/N.
Furthermore, the convergence is uniform, since the limit (4.141) is uniform.
Therefore, the vectors a ” = P;u ’ converge uniformly to the (constant) vectors
u,j=1, ..., N. In particular, there exists ¢ > 0 such that a ’ is non-zero for all
jEA{1, ..., N}, zEP", and t=(@/N—e, n/N]. Restricting attention to this
z-interval, we deduce that the vectors b’ =a ?/ || a | yield an orthonormal base
of eigenvectors of L converging uniformly to u”?, j=1, ..., N. Therefore, the
unitary matrix U'=Col( ", ..., b™) converges uniformly to U, as 7 } z/N.

Denoting now the columns of Uby ¢ ", ..., ¢ ™, we may and will fix the phase
ambiguity in U by requiring ¢V =b  ; then one has ¢ =y,b , j > 1, for certain
phase functions x;: P"—S'. We claim that this phase choice ensures (4.145),
uniformly on P".

To prove this claim, we need only show x;— 1 uniformly, since we already
know b ?—y ) uniformly. To this end, we use (4.140) and (4.144) to infer
(U'*AU )i,k +1 =cx—> —1, uniformly on P" (with k=1, ... ,n). Next, we observe
that ¢x =) Xi+1nk, Where n = (U *A0) 1+, and x, = 1. Since |c,|— 1, we get
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|ni|—1, and since ny < 0 (recall (4.82)), this entails ny— —1, k=1, ..., n.

Hence we obtain successively y,—> 1, ..., x,— 1, uniformly on P", so the proof of
(4.145) is now complete.

We continue by fixing zE 2, and introducing the renormalized vectors

sin T

1/2
220 =[] 596, v=0,...n (4.146)

cf. (4.75), (4.76), (4.83). Then we obtain

lim gfe“n)(z): (z,2z)"2 |Zv| (em(N-l)/mzl
4t /N z,

in(—=N+3)/2N
y s @

in(=N+1)/2N
z",em )/ ZO)

= lzvl g2, 2E2, (4.147)

(Indeed, this follows from (4.139) ; note, in particular, that the product in (4.72)
and (4.73) has limit 1.) Moreover, a straightforward calculation yields

(U458 ren (@) ) =g TN H1=20/2N Zo w* Yz, /[N 2)]'”

ein(N+1~2k)/2N

:W(FO(ZO, Zlyenns Z,,)')k, k=1,...,N, vVzEP" (4.148)

We are now ready to exploit the paragraph containing (4.88). It entails that
f=k 0 ¢ : B—P" may be written

(@)= (0'@g % @) exp(—B0,2)/Dp (), k=1, ...,N (4.149)

where the function p, denotes the product of all square-root factors at the rhs of
(4.88). Thus we have

lTim p (@)= (sin(z/N))"*=p (4.150)
/N

and using also (4.145), (4.147) and (4.148) we now obtain

lTim f@= (z, )2 |§y| Fo(zo, ..., 24)", VZEBCZ, (4.151)
tt /N N v

w.r.t. the Fubini-Study metric. From this one easily deduces (4.129).
Finally, we prove the uniformity assertion. Since P is compact, it suffices to
show that (4.151) holds uniformly for z in an arbitrary compact KCB. Now the
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limit (4.147) is clearly uniform for zEK, and so is the limit (4.150). Since the

limits U‘(z) — U} and B8, (z) =iz (N+1—2k)/N are uniform on P”, it follows
from (4.149) that (4.151) holds true uniformly on K. ad

For n=1 one obtains from (4.61)—(4.65)

12
i —exp(£i|w|? : M) N
1{1{1{} ow) =exp(£ir|w|>/ 1+ |w] ))(7[_ TArgwl) Argwe (0, 1) (4.152)
0
lim o(w) = Tw >0 (4.153)
740 -

Thus, though ¢ (and hence f) has a pointwise limit for 7 | 0, the limiting map is
discontinuous. Probably, f has a pointwise limit for n > 1, too, but again the
limiting map cannot be a diffecomorphism. One way to see this is to observe that

li}'n fa,wy, ..., wy)=e,, VYWeE(0, )" (4.154)
740
(Indeed, from (1.93) and (2.82) one deduces that for these points one has L — 1y
as 7} 0.)

For the last topic of this section it is convenient to write ¥ =P" and use
suffixes 0, 7, b, e for V¥ just as we did for M and M. In particular, we have

ve=Cc*, ve=vV\V° Vi=V°Ne¢(Ve) (4.155)

so V¢ is the union of the N complex hyperplanes P*"!'C ¥V obtained by requiring
zoz1z,=0. Next, we introduce

V=gV, Vi=VeNV, (4.156)

and note that ¢ may be replaced by f in these formulas. (Indeed, k and k leave V*
invariant.) As we have already seen, V§ is empty for n=1. Now let n > 1 and
consider the projective variety

Ve(n/N) =Vento(ve) (4.157)
Clearly, it consists of N copies of P""2, and it is the limit of the space V§ as t 1
/N, cf. (4.129).

It is a remarkable fact that V§ is actually 7-independent for N=3 :

Vi=Vi(x/N), N=3 (4.158)
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Possibly, this is true for N > 3 as well. The proof of (4.158) that we shall now
sketch does not generalize to N > 3, however. Let us put

C,={(zo,z1,2)EP?z,=0}, v=0,1,2 (4.159)

P,,=C,Nf,(C,) (4.160)

Using (4.128) it is routine to verify

Puw=(0,1, —1), Pu=(0,1,e ™), Pp=(0,1,e"™?) (4.161)
Py=(1,0, —1), Puy=(1,0,e™), P,=(1,0,e ") (4.162)
P20: (l: ——1, O), P21=(1’ e"iit/S’ 0)1 PZZZ(I’ ei”/sy 0) (4-163)

Then one easily checks

Pyp—>Py (4.164)
Py Py Py Py Py, (4.165)
Py P Py Py Py (4.166)

where the arrows symbolize the map f,.
To prove (4.158) it suffices to show

C:NVy={Py, Py, Pxn} (4.167)

(Indeed, sufficiency follows from
gV =gop(¥)=9¢og,(¥)=¢(r)H=v, (4.168)
g(C)=Co, g*(C)=C, (4.169)
cf. (4.102), (4.114).) To verify (4.167) we first calculate the symmetric functions
of the Lax matrix L in the points (1, w, 0), wEC *. (We need not consider (1,0,0)

and (0, 1, 0) : these points are equal to ¢ (¢,) and ¢ (e,), resp., and &,& V°.) From
(1.97) and (4.70)-(4.73) we obtain

Sl:

/2
w (sin(a—37/2)sin(a+31/2) >‘ 5 g 4170
[w] < sin(a—1/2)sin(e+1/2) )’ §2=51, 55 (&.170)

where



326 SIMON RUIJSENAARS
a=31/2+@—30)/(1+|w|) e (31/2, 7—37/2) (4.171)

Next, we observe that (1, w, 0) belongs to ¥, iff L(1, w, 0) has a minimal
spectral gap. In turn, this holds iff (L) can be written

o(L)={—e'@*?, ¢! 9} g=(—n, 7], ¢E[—n+3r, 73] (4172
But if 0(L) is of this form, one gets
|S:]=12cos 7—e™| 22 cos 7—1 (4.173)

with equality iff ¢=0. (Note cost > 1/2 for N=3.) On the other hand, from
(4.170) one readily deduces

cos(37/2)

5.1 < cos(z/2)

=2cos 7—1 (4.174)

with equality iff @ =7/2.

The upshot is, that if L (1, w, 0) has a minimal spectral gap, then one must have
¢=0in (4.172) and |w|=11in (4.171). Using S;=1, we then obtain three possible
cases, viz.,

0(L> = {—e iiry 1}, {ei(—-”/:iir)’ —e _i”/3}7 {ei(”/Str)’ _eilt/3} (4‘175>
It follows from the above that these cases actually occur iff w= —1, e 773, '™/,

yielding the points Py, Py, P2, resp., cf. (4.163). Thus, (4.167) and (4.158) are
now proved.

An interesting corollary of (4.158) is that (4.164)—(4.166) hold true under the
action of f, too. In particular, one obtains a r-independent fixed point

f(0, 1, —1D=(, 1, =1 (4.176)

(To see this, one need only recall (4.129) and observe that f leaves V¢ invariant.)
Furthermore, it follows that one has

¢(P,)=P,, vp=00, 12, 21 (4.177)
¢(P01) =P, ¢'(Poz> =Py, ¢(Pn> =Py (4.178)
This state of affairs is depicted in Figure 4.

Finally, let us point out that one can directly verify that P,,(say) is fixed under
¢. Indeed, using (1.93), (1.94) and (4.69)—(4.73) one obtains
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Figure 4. The action of the map ¢ on the points P,, for y=i and z=7/6. For clarity the
non-fixed points are slightly displaced from the edge midpoints.

A(P ;) =diag(e' ™79, ¢/*379, —e"/?) (4.179)
0 e "™sh’p 2ch p sin /2
LPy=| —1 0 0 (4.180)
0 —2chpsint/2 e™sh?p
g(P 1) =1(0, e "5+ *2sh p ch p, e "™*sh p) (4.181)
where we have set

shp = (2cost—1) 12 (4.182)

A long, but straightforward calculation now yields

i(n/6+7) —le w2 e'i(n/G-r/Z) e M/BCh 1Y
together with
(U*4U)(P 1) =L(P)", (U*LU)(Pp)=4P) (4.184)

Thus one gets ¢(P1,) =P, as advertised. Note that U(P,;) is symmetric, as
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should be the case on the fixed-point space of @, cf. (2.137) ; note also that one can
now reobtain (4.177), (4.178) and (4.164)—(4.166) by using the maps p, g, g,
and k.

5 Dynamics and Scattering
5.1 The Cases I, and I,

The above construction of the action-angle maps & and @ and their harmonic
oscillator extensions ®* and ®* has not involved any Hamiltonian. On the other
hand, the construction does make essential use of the Lax matrix (2.1) and the dual
Lax matrix (2.24), and these matrices can be used as generating functions for a
large collection of commuting Hamiltonians. We begin this section by studying
Hamiltonians on 2=~R?*XM defined by

H,=Trh(L), hE® (5.1)
Here, ¥ denotes the class of non-constant entire functions of the form X 2-or x*,
ri&R. (Since L is self-adjoint, we could just as well allow all Cg (R)-functions,
but % is large enough for our purposes.) Note that the choice 4 (x) =x /2 yields the
Sutherland Hamiltonian (2.2).

To study these dynamics (and the dual dynamics to be defined later on) we
shall exploit the relations

L(P)~L (), A(P)~AB), Pc(, P=o*P)c (5.2)

where ~ denotes similarity. First, we claim that the flows exp(tH,), hE ¥, are
complete and commute. To prove this, we set

HhEHhOg# (53)
and use (5.2) to obtain
-~ N -
Hh(537 ?S;u) U)ZZ;I h(91> (54‘)

where (cf. (1.50), (1.73))

o=b.+ 1l vri-2p+ (S wirop-LEkw@ivd) 69

k=j

Thus, H, generates the flow
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e . P t X ~
exp(tH ) (8,, 7, U, V) =<5;, 7s+—ﬁ2 R'(8,) ; uicostwny +vysintwy, ...
= '

vy Up COSEW ,, —U , SiN tw,,,,,) (5.6)

where the oscillation frequencies are given by
! LA ] & N
wh,lE I/_[l j‘é‘h(e’)_j\f*;h,(&))’ l=1, PR (] (5.7)

This flow is manifestly complete, and letting h vary over ¢ clearly yields commuting
flows. Thus, the above claim now follows from Corollary 4.2.

We continue by noting that the above can be used to obtain complete and
commuting flows on the reduced phase space M. Specifically, we may take §,, 7,=
0in (5.1) and view the resulting functions as Hamiltonians on M (again denoted

H,). In view of the product structure of ®* (cf. (1.74)) we can then use the
relations

Lm)~L (m), Am)~A(h), meM, m=¢(m)EM (5.8)

to obtain
(H,0b) @, v) =§: h(B) (5.9)

where 6 is given by (5.5) with §, =0. The corresponding flow on M is then given
by (5.6) with the first two coordinates omitted.

In the Sutherland case h(x) =x2/2 the flow just defined actually arises quite
naturally : it describes the center of mass frame motion. More precisely, the flow
(5.6) leaves the submanifold {(0, 0)} XM =M invariant and coincides with the
flow on M just detailed. Thus, this holds true for the Sutherland flow exp(tH) on
{(0, 0)} XM, too. Note that the center of mass frequencies

’ ~ -~ N -~
wi=u|2 8, €45, 2.6,=0 (5.10)
j=1 j=1

are rationally independent except on a set of measure zero. Thus the orbit closure
is generically n-dimensional. As a consequence, the commutant of the reduced
Sutherland Hamiltonian is abelian.

Obviously, the point (0, 0) EM is left invariant by all of the reduced flows
exp(tH 4). More generally, the equilibria for a fixed A& € are the points in the set

ér={u, V) ER™ [u}+0}#0 =>4, I=0,j=1, ..., n} (51D
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In the Sutherland case all of the frequencies are positive on all of M (cf. (5.10)),
so that

6,=1{00,0)}, hx)=x22 (5.12)

For other dynamics, however, é, in general contains tori T/, jE {1, ..., n}.
Returning to the H, flow on R?XM, the equilibrium set is given by

-~ -~ N -~
E,={0,, 7:;u, VER*XM| 2] K =0, ultv}#0—
j=t
wi;(B)=0, j=1,...,n} (5.13)
In particular, this yields
E,={0,2;0,0)| aER}, h(x)=x%/2 (5.14)
in the Sutherland case. Thus the points (1.109) are the only equilibria of the H
flow, as announced. (Recall (4.33).) It readily follows that H has a global mini-
mum at the points (¢¢, 0) and no further critical points. (The vanishing of VH at
(g%, 0) can of course be seen directly, cf. (1.1).)

It is not hard to verify that these properties hold true more generally for the
dynamics

H,=Trh(L), hk(x)E—ili(—x”‘, k=1,2,3, ... (5.15)

Specifically, H, has a global minimum

H(gs, 0)=—211(-§<'|—L62&|—(N+1—2j)) (5.16)

and no further critical points. (Observe that w1 > 0 whenever XL, 677 =0.)
Next, we derive a representation for the position part gq(¢) of the flows
exp(tH ;). This involves the matrix-valued function on R X £ given by

A4, P) =AP)exp(euh’ (L (P))) (5.17)

Theorem 5.1. Let hE%, tSR and PES). Then the matrix A ,(t, P) has simple

spectrum on the unit circle. Its eigenvalues & ,(t), ..., ay(t) can be ordered such that
the position part of the integral curve exp(tH ;) (P) is given by

g, =¢'In(e;(®)), j=1,...,N (5.18)

Proof. This follows from the chain of similarities
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A, (t, P)~A(B)exp(tuh'(L (P)))~A (exp(tH 1) (B)) ~A(exp(tH ) (P))  (5.19)

cf. (5.2). (The second step is most easily verified first on £, using the coordinates
(1.50), (1.64) ; its validity on 2* then follows by continuity.) O

Combining the equilibrium property
exp(tH,) (g%, 0)=(g%, 0), V(i k)ERX{L, 2, ...} (5.20)
and (5.19), we obtain an isospectrality relation that is quite non-obvious, viz.,

o(diag(w”, "% ..., w ™expUrET))
={w", 0" ...,0", V@& mERXI{],S]3,S, ...} (5.21)

with E | given by (A.31).

We proceed by examining partition functions for the Hamiltonians (5.15). In
keeping with the physical picture sketched in Section 1.1, these make no sense on &
(due to ‘infinite volume divergence’). However, the Hamiltonians are invariant
under the Z-action (1.12) in view of (2.44). Thus they descend to smooth
Hamiltonians (again denoted H;) on £, cf. the diagram (1.74). Moreover, it is
clear that the corresponding flows on §2 are complete and commute. Since one is
now dealing with particles on a ring, one expects that the partition functions (cf.

(1.14))
Z,(T) = fg exp(—Hy(x, p)/Tdxdp, T, ), k=1,2, .. (522)

are finite. This expectation is borne out by the following result, which expresses Z
in a far simpler form.

Theorem 5.2. One has
Z,(D)= —~2—”~Nf exp - ﬁp?’c dp, k=1,2 (5.23)
g lel/) Jay 2kT =77 )% i

where A y is defined by (1.49).

Proof We may restrict the integration in (5.22) to Q,, since 2\, has
measure zero. Now we use the action-angle map @ : Q,——Q, (x, p) —> (%, p)
(cf. (1.67), (1.68)) to change variables. Since @ is canonical, the Jacobian equals
1, so that (5.23) follows from (1.48) and (5.15). O
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We continue by studying a collection of dual dynamics defined on the extended
dual phase space Q% = R2XM, cf. the diagram (1.74). These are given by

D,=Tr (W) +he), hEF. (5.24)
Here, €. is the class of all non-constant entire functions and h.c. stands for
hermitean conjugate. (The dual Hamiltonian (1.106), (1.107) is obtained by
choosing 4 (x) =x/2.) Note that D, is a C* function on R2XM, since 4 is.

We claim that all of the flows exp(tD,) are complete and commute. Indeed,
setting

Dy=D,o¢* (5.25)
we have
D.(q, 8) =§, (h(exp ugq,) +c.c.) (5.26)
Thus, on & we get the complete commuting flows
expD)(q, ) =(q\, ..., qn, 01 FtUh 1, ..., O+104 x) (5.27)
where
vh,; = —u(exp(ug)h’(exp 1q;) —c.c.) (5.28)
Now Corollary 4.2 entails that the flows exp(tD,) on R>*XM are complete and

commute. Using (5.8) as before, we can also obtain complete and commuting flows
on the reduced phase space M.

To obtain the analog of Theorem 5.1 we introduce
Lit, )=L B)—tud@P)H AP))—h.c.) (5.29)

Theorem 5.3. Let hE%., tER, and PEQ*. Then the matrix L,(t, P) has
simple and real spectrum. With the eigenvalue ordering X ,(t) > -+ > A x(2), one has

OO (5.30)
where 8,(2) is given by the integral curve exp(tD,) (P) and (5.5).
Proof. We have

Lv@t, B)~L(P) —tu(4(P)h (A(P)) —h.c.)~L(exp(D,) (P))
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~L (exp(D ) (P)) (5.31)

where the second step follows from (5.27), (5.28) and (2.1). Recalling (2.5), the
assertions readily follow. 0

Next, we use this result to study the long-time asymptotics of the quantities
8,(¢). Fixing PER?XM, we set (¢, ) = &*(P) and introduce the distinct-velocity
subset

(RZXM>;,, % = {pER2XM1'Uhyx, ey Un N diStil’lCt} (532)

This is an open dense full measure submanifold, since 4 is a non-constant entire
function.

Theorem 5.4. Let hE%, and PE (R*XM),, », and let 0ES y be such that

Vb, o) > *** 2 Uk, o) (5.33)

Then one has

0 ; O)—0up—tnoy—0, t—*00, j=1,..,N (5.34)

N-j+1

Proof. In view of Theorem 5.3 we need only determine the spectral
asymptotics of

L(P) +t diag(w,,,(P), ..., vu x(P)) (5.35)
This can be read off from Theorem Al in I, yielding (5.34). O

To conclude, we consider the exceptional set
QFN\Q=R*XM* (5.36)

cf. (4.79). As we have seen above, this set is characterized by at least one of the
differences 6,—0,. being equal to |ug|. Fixing hE¥, and PER*XM, the orbit
exp(tD ) (P) either belongs to R*XM?¢ or meets R?XM* for a discrete set C, 5 of
times. In view of Theorem 5.4 the latter possibility applies (with |C, ;| EN)
whenever P belongs to (R*XM), ». Now the phase factors exp(ugq;(P)) are
distinct, so one can find hE%, such that the velocities v, 1(P), ..., v4 v(P) are
distinct. As a consequence, there exists no PER2XM¢ for which the orbits
exp(tD,) (B), tER, belong to R2XM* for all hE ¥, ; equivalently, for any PER?
X M¢ one can find B°SER?*XM° hE%, and tER such that P=exp(tD,) (P°).
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Consequently, the extension R>XM of R2XM?° is minimal in regard to
completing all of the orbits exp(tD,) (P°), PPER2XM?°, as defined piecewise—
namely, for tER\C, so—via the map &. More precisely, adapting the minimal
extension procedure introduced in I (cf. the paragraph containing (6.140)), the
map Q —> P=exp(tD ;) (P°) between equivalence classes Q of triples (P, i, t), P°
ER*XM® hE¥., tER, and points PER?XM is a well-defined bijection.

Of course, these considerations apply with obvious changes to the various
reduced flows and phase spaces.

5.2 The Cases I, and 1

We proceed along the same lines as in the previous section. First, we consider
a class of dynamics on £ defined by

H,=Trh(B'InL), hEF (5.37)

(Recall L is positive in this case ; thus, its logarithm can be defined in the obvious
way.) Clearly, the Hamiltonian (2.52) is obtained by choosing 4 (x) =ch Ax.

Defining H, by (5.3) (with &* the II,, map, of course), we infer from (5.2)
and (2.56) that (5.4)—(5.7) still hold true. Using Corollary 4.5 we then deduce
that all flows exp(tH ,), hE%, are complete and commute.

As before, we obtain commuting complete flows on M by taking §,, 7,=0 in
(5.1). The point b(0, 0) is an equilibrium for all of the flows, and more generally
the set of equilibria is given by b(¢,) with é, defined by (5.11). Similarly, the H,
flow on £ has its equilibria at the points of &*(E,), with E, given by (5.13).

Next, consider the dynamics

H,‘E_;-TI(LMFL ), k=1,2, ... (5.38)

which correspond to the functions 4 (x) =ch Bkx. Since (4.33) and (4.30) still
hold, we obtain in the same way as before

exp(tH ) (g5, 0)=(g5, 0) (5.39)
N
Hi(gs, 0)=2; ch(kz(N+1-2/)) (5.40)
e
Moreover, it follows again that no other equilibria occur ; correspondingly, H ; has

a global minimum at (g%, 0) and no other critical points.
The analog of Theorem 5.1 involves the matrix

Ay(t, P)=A(P)exp(tuh’ (B~ In L(P))) (5.41)
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Theorem 5.5. The assertions of Theorem 5.1 hold true in the . case, too.

Proof. Substituting L (F) =8 ~'In L (P) in (5.19), the proof of Theorem 5.1
applies verbatim. O

As the analog of (5.21) we obtain the remarkable isospectrality relation

o(diag(w®, ..., w ™expir(E*—E ")) ={w", ...,w ™}, V(, k)ERXN

(5.42)
(Recall (4.55), (A.29).)
Next, we consider the partition functions (5.22).
Theorem 5.6. One has
N
_[ 2% > . .
Z,.(T) =[-2- exp(— 3 ch(Bkp,)/T)dp, k=1,2, ... (5.43)
e Ay j=t
Proof. This follows in the same way as (5.23). Od

By means of (5.24) we obtain once more a class of real-analytic dual
Hamiltonians on R?XM. Defining D, by (5.25), we deduce again (5.26)-(5.28),
so Corollary 4.5 yields completeness and commutativity of the flows exp(zD 4).

Instead of (5.29) we now need the matrix

L.it,P) =L Bexp(—tuAP)h'(A(P))—h.c.)) (5.44)

Theorem 5.7. Let hE%., t=R, and PEQ*. Then the matrix L., P) has

simple and positive spectrum. With the eigenvalue ordering A (@) > > An(), one
has

B~ In(;()) =6, (5.45)

Proof. We have

4G, B)~L (P)exp(—tu(4(P)h'(4(P)) —h.c))~L(exp(D ) (P))
~ L (exp(D ) (P)) (5.46)

where the second step follows from (5.27), (5.28) and (2.51). Thus, the assertions
follow from (2.56). O
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With the definition (5.32) in effect, we are prepared for the next result.

Theorem 5.8. Fixing hE%., PE(R>XM),, + and 0ES y such that (5.33)
holds, one has

é j (t)—ea(j)i-—;-<kz: _kz >6(QO(j)—qo(k)> —tVp, o(j)'_)o,
<j >j

N-j+1
t—*co, j=1,...,N (5.47)
where
_ sh?z
6((]) =4 "In{ 1+ —*T-T—— (5.48)
sinzwlzl— q

Proof. By virtue of Theorem 5.7 we need only calculate the spectral
asymptotics of

L(P)exp(t diag(vs, 1(P), ..., van(P)) (5.49)

Combining Theorem A2 in I (or an obvious specialization of Theorem C1 in 1)
and Cauchy’s identity (A.2) one readily obtains the above result. O

To conclude this section, we observe that the discussion below Theorem 5.4
also applies to the case in hand, with Theorem 5.8 playing the part of Theorem 5.4.

5.3 The Case I,
In this section we study the set of C* Hamiltonians on Q * =R 2 X M defined by
H,=Tr(h(L)+hec.), hE¥, (5.50)

More precisely, via (2.82) the rhs yields a function on Q°=R?*XM?°, and this
function has a C“ extension to 2% (since L has, cf. Section 4.3). Using (2.125),
(4.101) and (2.82), we deduce that all of these Hamiltonians are invariant under
the Z X Z-action on 2%, so they descend to smooth Hamiltonians (again denoted
H,) on Q% cf. the diagram (1.102). The Hamiltonian (1.4) and its cover H ¢ arise
by taking h(x) =x/2 in (5.50).

We proceed by studying the above dynamics along the same lines as in the two
preceding sections. The role of (5.2) is now played by
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LP)~LP), AP)~A(P), PEQ*, P=&*(P)ER* (5.51)
First, setting
Hy=H,08* (5.52)
we obtain
Bi., 72520, o 22)= 3 (hlexp f0) +o.0) (5.53)

where (cf. (1.50), (1.93)-(1.99))

6,=6.+148L vy 1- 2)+2|“|R (

Slal-x Skl

1
R*=-7—@—Nt .
3] ¢ ) (5.54)
The corresponding Hamiltonian flows read

exp(H ) (s, 75330, ..., 20)

s t & . . . ,
:<5s, P+ N g Unj; 20,21 expltwn 1), ..., 2, exp(zta);,',.)> (5.55)
where
1 l N
wh,15|ﬂ|<z Un,j— NZW.]); =1, ..,n (5.56)
j=1 =1
n; =B exp(Bdh (exp BO) —c.c), j=1,..,N (5.57)

(Use (1.64), (1.93) to check this.)

Using Corollary 4.7 we now deduce that all of the flows exp(tH ), hE¥% ., are
complete and commute. As before, we can obtain complete commuting flows on M
=P" by omitting the first two coordinates. (Of course, in this case completeness
already follows from compactness of M.)

We proceed by examining special orbits, considering first the reduced flows on
M. Using (the reduced version of ) (5.55) and (4.77), we begin by noting

exp(tH,) (e,)=¢€,, V(, h, V)ERXE,.X{0, ..., n} (5.58)

That is, all of the flows have equilibria at the points €, ..., £,. These N equilibria
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need not be the only ones, however. The generalization of the equilibrium set
(5.11) reads

éy=(EM|if2,2,#0, thenw;, ¢)=ws,, &}, ©wro=0 (5.59)

cf. (5.55). Since the frequencies depend only on |%,], ..., |2.|, additional equi-
libria belong to tori T/, j& (1, ..., n}.

It is instructive to look at an explicit example for n =2. Consider the circle
(Kreis)

K={(,1,e"|te(0, 27)} CP? (5.60)

From (5.54) we see that all points of K yield

n
8]

Using now (5.56), (5.57) we conclude that on K

6,=+ (z—1), 8,=0 (5.61)
3
V1= VU3, Un2=0, Wn1=ws2, VHEF (5.62)
As a consequence, K consists of equilibria for the H, flow whenever hE¥C¥..
Next, we observe that K contains the points (4.161). From (4.177), (4.178)
it then follows that for all h =% the reduced H , flows have a circle K =b(¥) of
equilibria, connecting the points Py, P o and Py, (cf. Figure 4). However, for k&
% .\ % this need not be true. For instance, taking 4 (x) =ix/2, one gets on K
Un 1=0s 3= |B| cost, vi.=—|B], wii1Fwh2 (5.63)
which implies
{exp(tH ) (Poo) |h(x) =ix/2, tER} =K (5.64)
Returning to the general N case, we may use (5.53), (5.54) to infer
N
H,(e,) =2 (h(explit(N+1—2j) —2miv/N]) +c.c.) (5.65)
=t
For h(x) =x/2 this specializes to

H¢<(e,) =cos2nv/N)sin(N1)/sint, v=0, ..., n (5.66)

It is not hard to see that v=0 yields the (global) maximum of H¢. Similarly, when
N is even, the choice v=N/2 yields the minimum.
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We proceed by noting that the equilibrium set for the H, flow on Q¥ =R?X
M is given by

- A . N
Ey=6"({(;, 7:; DER’ XM | L v4,;=0, if £, 2, #0, then w4, ,, (5, 2)
=w,,,6,, D} (5.67)

cf. (5.55). Next, we introduce the special Hamiltonians

H,=Tr(h, (L) +he), hk(x)E-;— Eok=1,2. ... (5.68)

Using (2.130) one infers that all of these functions on Q2% are K-invariant.
Moreover, for all of them E, is easily seen to contain the points

2z (v 1
<0’W<N+2>’E”>’ ve {0, ..., n}, IEZ, aER (5.69)

and from (5.52)—(5.54) one obtains

2m (v 1) \__y sinNkz L1
Hk<ay !Bl <N+2>,Ey> ( ) Sink‘L‘ ) T% kN (5.70)

On the compact quotient manifold 2* the above points give rise to two circles
of critical points for the quotient Hamiltonians (again denoted H ), cf. (4.102)-
(4.106). Specifically, one obtains

K.={(a,0;¢e0)las [0, 22/N|u|)} (I even) (5.71)
K_=1{(, 0;enn)las0, 22/N|u|)} { odd, N even) (5.72)
K _={(a, 7/N|B| ; e wsnn) la€ [0, 22/N )} (I odd, Nodd)  (5.73)

when the coordinates in (4.107) are used. Clearly, these circles belong to Q; wr.t.
the coordinates (x, p) in (1.41) they can be written

K +={(qe+a(1, ., D ; 0) laE(——Zﬂ?—iﬁ, m%ﬂ—}} a even) (5.74)

K_={(qe+a<1,...,1);|—ZT<1,...,1>>|ae<—Nfﬂ| : Nlﬂul” (I 0dd) (5.75)
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Of course, the quotient Hamiltonian H ; equals the Hamiltonian (1.4) on Q. Note
that H; attains its maximum/minimum on the circles K +/K _.

In order to present the analog of Theorem 5.1, we introduce the matrix-valued
function on RX Q%

Ax(t, P) =AP)expu L (P)R'(L(P))—h.c.)) (5.76)
and the vector-valued function on Q%

a;,(P)=0.+ T <(N+1 2j)r+3%ﬂ(2| kIZ——— Z klzl >>

j=1..,N (5.77)
In contrast to previous cases, P varies over a phase space that is not equal to the

cotangent bundle of a configuration space. Even so, it is natural to refer to g (P) as
the position part of P.

Theorem 5.9. With € and Q replaced by €. and Q%, the assertions of Theorem
5.1 hold true in the 1, case.

Proof. As before, this follows from

A2, P)~A(Bexp(tu (L (B)h'(L (B)) —h.c.))~A (exp(tH ) (B))
~A (exp(tH ) (P)) (5.78)

(The second similarity is readily verified on 2¢ by using (2.61) and (5.55)-(5.57).)
[

Applying this theorem to the equilibria (5.69) for the H , flow, we obtain once
again the isospectrality relation (5.42).

The partition function for H, diverges on Q* due to the infinite range of
variation of §,(on which H does not depend). On the compact quotient manifold
2% we do get finite partition functions, of course. Since 2%\ Q has measure zero,
the latter are given by (5.22), with (1.41) in force.

Theorem 5.10. One has

v N
Z,()= <|#|>L%MN(@cxp<—§cos(lB]kﬁ,-)/T>dﬁ, k=1,2,... (579

with A% given by (1.78) and Fy(u) by (1.15).
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Proof. We may restrict the integration in (5.22) to 2., since 2\, has
measure zero. Then we can use the canonicity of the map @ : Q,— 0, w.rt. the
coordinates (x, p) on 2, and (% p) on 2,. (The latter are defined by dualizing
(1.41) ; this yields the integration region in (5.79), cf. also (1.35), (1.36) and
(1.40).)

In the remainder of this section we restrict attention to the reduced phase space
M equipped with the renormalized symplectic form w,,. By now, it will be plain
how corresponding results for Q% =R?X M and its quotient 2* can be obtained. In
contrast to the situation in Section 4.4, it is notationally and conceptually more
convenient to view ¢ as a symplectomorphism from <M, @ e,y onto (M, — e
with inverse b.

First, we study the limit 7 } 7z/N at the level of dynamics. To this end we recall
that we have

lim exp(B88)) =explin(N+1—2j)/N]1 =x/, j=1,...,N (5.80)

ot z/N

on all of M, cf. (5.54). Thus, for the entire function h (x) =2 > a xx ¥ we obtain
from (5.53)

lim H,¢)=2N Y, (-—)**DReqar=r,, VEIEM (5.81)
tt7/N kENN

We can get finite and non-constant limits, however, via an appropriate renormali-
zation. Specifically, setting

Hh. ren = (Hh'—rh>/(7z'_NT), Hh,ren EI:Ih, ren o b (582)
we obtain from (5.53) and (5.54)
Eh, 0(2) = hm Hh, ren(2>
ot /N

N
=i > GO (x ) —cc.) -
j=1

_ (N+1-2)) 2 (&L . L&, 2>
< N TG\ By ki (5.83)
Introducing

Vpjo0=200c OO0 x®)—cec), j=1,..,N (5.84)

! ] &
wh,I,OEZUh,j,O—"N"ZUh,j,Og l=1, ...sh (585)
j=1

j=1
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this can be rewritten

B, 0&)=(,D:2)/G,2) (5.86)
where
D, =diag(0, s 1,05 -+ » Whno) tcrly (5.87)
| =
¢h=— 5N ]Z (N+1=2)v4 0 (5.88)

The flow generated by the Hamiltonian (5.86) on (M, —w .., is given by
exp(tH 1, 0) &)= (o, 2, explitw s 1,0)s .-, £n €XpUt@h n 0)) (5.89)
cf. the paragraph containing (1.104). This agrees with the limit of the flow exp
(tH 1 ven) (¢) for 71 /N, as should be the case, of course. (To calculate this limit,
recall ., differs by a factor |Bu|/2(wr—N7) from wp, cf. (1.103), and use (5.55)
—(5.57).) Introducing
H,o=H,o0kofg (5.90)

and recalling k and f, are the quotients of complex conjugation and Fourier
transformation Fo on CV (cf. (4.128)), resp., we also conclude

Hh,o(z>:(2, Ax2)/(z, z), Ay =F§D,F, (5.91)
For the special Hamiltonians (5.68) we have (using obvious notation)
Vo= —2k sin(k(N+1—2))/N), k=1, 2, ... (5.92)

so we may as well restrict attention to k < N. Then we obtain for N=2

W, 1,o=“‘2, C]=1, D1=diag(1, "'1) (593)
and for N > 2
Wi, o=(~)k+’———k——(cos(2klrr/N)——l) k=1 (5.94
, 1 Sll’l(kﬂ,'/N) ) y <oy R .9 )
o= (=W —K oy, (5.95)
sin(kz/N)’ > :



ACTION-ANGLE MAPS FOR SUTHERLAND SYSTEMS 343

D= (=)t ——K 5 cos@ivn/N), k=1,....n, v,0=0,....n (5.96)

sin(kz/N)

Specializing to k=1, we obtain from (5.91)

(2, 4,0 2) [2 N=2)
Hio@)= 2(z, 2) {sin(ﬁ/N)'1 (N >2) (.97

where 4, is the periodic lattice Laplacean

0 1 0 1
1 0 -- 0 O
dpw=| 1 1 i (5.98)
0 0 s 1
1 0 1 0

It is straightforward to verify directly that the Hamiltonian (1.4), divided by = —
N, yields the limit (5.97) upon taking 7 1 7/N. (Recall (1.30), (1.98) to write exp
(Bp;) —>z;lzj-11/|z;z;-1 (with zy=2z,), and use (5.77) to obtain the limits of
vt/ (n—N7).)

Finally, we study the question whether M==P" is a minimal completion of M°
=~C*" w.r.t. the non-complete flows on M°. Just as for the cases 1, and M,,, this
boils down to the question whether or not there exist points P in the exceptional set
Me=M\M?° for which the orbit union

O(P) = {exp(tH,) (P) |[tER, hE¥F .} (5.99)

belongs to M*°. We begin with some (related) observations that are valid for any
7= (0, n/N).

(i) The answer to the above question does not depend on whether or not one
renormalizes the Hamiltonians via (5.82) and the symplectic form via (1.103).
(Indeed, such renormalizations only give rise to a rescaling of the evolution
parameter %.)

(ii) For any PEM we have

p(O(P) = 2eM|5@) =5 (P))} (5.100)

Thus O (P) either equals a point (viz., iff P=¢o, ..., &,) or a torus TP, j(P) E {1,

..,n}. (Fixing PEM and letting h vary over €., the vector (.1, ..., V4 x) (B)
varies over all of R”, cf. (5.57); but then the vector (Wp 1, ..., @4 ) (P) varies
over all of R”, since the connecting matrix has rank n, cf. (5.56) ; hence the
assertion follows from the reduced version of (5.55).)
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(iii) The ‘superfluous’ set
M= {PeM|0(P)CM} (5.101)

is closed. (If PoEM*, tER* and hE¥. are such that exp(tH ) (Po) ZM*, then
one has exp(tH ;) (P) €M* for P near P,.)
(iv) One has

e.EM,, v=0,..,n (5.102)

Thus one can find open neighborhoods of ey, ..., e, not belonging to M,;. (The
point poEM° is a fixed point of @, cf. (4.115)~(4.118) ; from (5.100) one then
infers that O(p,) is n-dimensional and contains e, ..., €,.)

(v) One has

My=0=5@M))=(at)* (5.103)

(This equivalence readily follows by combining (5.100) and (5.101).)
Next, we show that M is a minimal completion of M° for N=2, 3 :

M,=@, Vre(0, 7/N), N=2,3 (5.104)

For N =2 this is obvious : the set M¢= {¢, d} in Figure 3 lies on the H ;-orbit (great
circle) through p and ¢q. (Equivalently, one need only specialize (5.102) to N=2.)
For N =3 this can be seen as follows (cf. Figure 4). Assume M, is non-empty and
fix PEM ;. Now O(P) is connected and e, e, e,&M , so O(P) lies above one
of the 3 simplex edges. Since T? does not embed in C*, the orbit union O (P) is
either a circle or a point. In the latter case it would follow that ¢ (P) equals one of
the equilibria £, &, &, lying above the barycenter, a contradiction. Thus @ (P) is
acircle. But then we have ¢ (0 (P)) CM¢, cf. (5.100). Using the notation (4.156)
and the corresponding identification, we deduce O(P) C¥V§. But V7§ consists of 9
points, cf. (4.158), so we arrive again at a contradiction. Hence, (5.104) is now
proved.

We now proceed to our last result, which says in particular M ;,=@ for z near
n/N. To this end we first introduce the orbit union and superfluous set for the
limiting t-value /N by putting

0o(P) = {exp(tH,, o) (P) [tER, hE¥F.} (5.105)
My o= {PEM|0,(P)CM*) (5.106)

It is easy to rephrase the observations (ii)~(v) for z=7z/N by using renormalized
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quantities
5,0=12,17/(,2), v=0,...,n (5.107)

so we shall not spell this out. (Note that ¢ 1,0y «oes é ».0) varies over the closure of
the Weyl alcove (1.8) with |¢| =, cf. also (1.97).)

Theorem 5.11. One has
My =0, YN2>2 (5.108)
There exists € (N) > 0 such that
M =0, Vi€ @/N—eWNN), n/N) (5.109)
and €(N) may be taken equal to n/N for N=2, 3.

Proof. Assume M o is not empty and fix PEM s .. Choosing a vector ¢ &
C"V\ {0} that descends on P under the projection C¥\ {0} —P", the assumption
entails that when we fix t&R and & €., at least one of the coordinates of the vec-
tor exp(—izd ;)¢ vanishes. (Recall the latter vector descends on exp(tH ; o) (P).)
Letting ¢ vary, it easily follows that at least one of the coordinates vanishes for all
tER. That is, for any hE%. we can find o< {0, ..., n} such that

(e,, exp(—itd,)¢) =0, VtER (5.110)
Equivalently, using (5.91) we have
N
3w PUTD exp("‘ich,jj>(Fo¢>j:O, VtER (5.111)
j=1

But if we now choose / such that the numbers D, 11, ..., Dy yv are distinct, then
we infer from (5.111) that ¢ =0, a contradiction. Thus the first assertion is proved.
Next, assume there exists a sequence T | 7/N, k—o0, such that M (z) is
non-empty. Choosing PxEM ,;(7,) CM?*, we can find a subsequence P; with limit
PyEM*, as M* is compact. But then we may deduce 0 o(Po) CM* from O(P,)C
M¢, since ¢ converges uniformly to k 0 f,, cf. Theorem 4.9. This contradicts
(5.108), so (5.109) results. The last assertion has already been proved, cf. (5.104).
O

We conjecture that in (5.109) one may take e (N) =z/N for N=4, 5, ..., too.
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Appendix A. Some Algebraic Lemmas

In this paper we will make use of the Cauchy matrix from II, taking g, p—>a
and M —N. Thus we have

i
sy )
CBu, g;a)=e " 5 e P jk=1,..,N (A1)
sh~2~(aj——ak+iug)

and Cauchy’s identity reads

shzg(aj—-ak)

|Cl=e 5411

j<k

3 5 (A2)
sh ~2—(aj~ak+iﬂg)sh—2“(aj—ak—i,ug)

of. II, Appendix B. The Lax matrix arising for the Il system (and for the I
system studied in 1) can be seen to be positive by using the following lemma.

Lemma A.l. Let B, gER * and L EiR For any gEW y (where W y is defined
by (1.9)) the matrix

Ci=e""C(1, B, g ; Qpe" (A.3)
is positive.

Proof. The restrictions ensure that C’ is well defined and self-adjoint.
Moreover, C’ has positive principal minors in view of (A.2). O

For the systems dual to the I, and I, systems, and for the I, system
(which is self-dual) it is expedient to employ a different Cauchy matrix. This
matrix (denoted €) involves the quantities

shg(aj—ak—}-i,ug)
LB u g;a)=e*]]

k#j

’

sh—[;—(aj-ak)
riBou, g;a) =1L;(B, 1, —g;a) (A.4)

and its pivotal orthogonality property hinges on the following lemma.
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Lemma A.2. Ler (8, 11, g, a) EC**N be such that Cy, 1, 74,j, k=1, ..., N, are
well defined and |C| 0. Then one has

(C Mp=1;Cury (A.5)

Proof. This identity can be verified by a straightforward calculation using
(A.2); cf. Lemma B2 in I for a slightly more general result. O

Defining now
Cu=1}Curl? (A.6)

it follows from the lemma that CEO(N, C). Since diagonal sign matrices are
orthogonal, this property holds true irrespective of the sign conventions for the
square roots.

In Chapter 2, however, we will wind up with positive quotients in the product
occurring in (A.4), and correspondingly we may and will take positive square roots
throughout. To be specific, the construction of the action-angle map in Chapter 2
leads to the inequality

shg—(aj-—aﬁ—d) shg(akﬁam——d)

I1

1#j

>0, jyk=1,...,N, d=|ug| (AT
m#k

shg(aj—a,) shg‘(ak*am)

Here, one has in addition

ay<--<ay, B=0 (A.8)
ay<--<a,, B>0 (A.9)
—n/|8] <ay< --<a,<n/|B|, —iB>0, d<2n/N|B| (A.10)

for the cases Il,., My, I, resp. A cornerstone in the construction is then that
this inequality entails a further restriction on the actions a1, ..., ay (implying in
particular positivity of the quotients in (A.4)).

We shall detail and prove this restriction in the next lemma. To this end we
introduce

Ay= {GERNldj >d, _]:1, ., N— 1},(1]50_;“0]4—1 (All)

B4 = {aeRY|d; >d, j=1,..,N, —n/|B| <ay,a<u/|Bl},dy
EGN“‘G1+27[/lB] (A12>
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Note the definition (A.11) agrees with (1.49), whereas F'% is a fundamental set for
a Z-action on the set 4% defined by (1.78) (cf. the paragraph containing (2.97)).

Lemma A.3. Suppose (A.7) holds true. If, in addition, (A.8), (A.9) or (A.10)
are valid, then one has aSA y, A y or F4, resp.

Proof. Fixingk& {1, ..., N—1}, let us assumed=d. Then the factor with m
=k-+1 at the Ihs of (A.7) vanishes, contradicting (A.7). Thus one must have
either d,€ (0, d) or di >d. Let us now first start from (A.8) or (A.9). We
assume that at least one d is smaller than d and derive a contradiction to (A.7).
We distinguish three cases.

(i) One has

die<d,k=1,...,N—1 (A.13)

Taking j=1and k=N—1in (A.7), it easily follows that all factors but the one for
which m =N are positive, contradicting (A.7). This takes care of the special case
N =2, so we may now assume N > 2.

(ii) There exists ko< {1, ..., N—2} such that

dk<d,k:1, ---,kO,dko+l>d (A.14>

Taking j=ko+2, k=k,, we then obtain positive factors at the lhs of (A.7), but for
the factor with m =k -+ 1, a contradiction.
(iii) There exists ko& {1, ..., N—2} such that

dk>d,k:1,...,ko,dku+1<d (A]S)

Taking once morej=k,+2, k=koin (A.7) we now obtain positive factors but for
the factor with /=k,+1. This contradiction completes the proof of the lemma
when (A.8) or (A.9) is assumed to hold.

Finally, we start from the hypothesis (A.10). First, we assume that there
exists at least one k{1, ..., N—1} such that d, <d. Then the above case
distinction and the corresponding conclusions apply verbatim. As this is not
immediate, we add two exemplary verifications. In the first case one infers posi-

tivity of sin —Ilg—|(a \—ay+d)/sin —I—/g-l—(a 1—ay) by noting

die<d, k=1,...,N—1==a,—ay< N—1)d < 2z/|8| —d

and in the second case (taking ko < N—2) one gets positivity of sin 18] (@ryr2—

2
ay+d)/sin ~|gl—(a k,+2—ay) by noting
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Aryrr—an=ari—ay—dy 1 <a,—ay—d < 2zn/|B8| —d

As a consequence, (A.10) impliesd, >d, k=1, ..., N—1. It remains to prove
dy >d. But this becomes clear when one takes j, k=1 in (A.7) : assuming d y <
d, the factor with /=N is not positive, whereas all other factors are (notea —ay—;
=(a,—ay)+(ay—an-1) <2z2/|B8| —d). u

The next lemma will be used in Section 2.3 to show that in certain phase space
points the spectrum of the Lax matrix consists of the Nth roots of a phase factor.

Lemma A.4. For any function G : (0,2] = Cand any < {1, ..., N—1} one has

(Z Mo 6(lo—wk)=0, w=e?WN (A.16)
1Cq1, ..., N} jEI
|1l =1 1&1

Proof. We rearrange the sum such that subsets I related by cyclic permutations
of {1, ..., N} are grouped together. For any such group the factor [IG(---) takes
the same value. Therefore, fixing I, with |I,| =I, we need only show

> [T w/=0 (A.17)

{1 =1 jer
I~1

where ~ denotes cyclic equivalence.
First, consider the case where all cyclic translates of I are distinct. Then the
lhs of (A.17) reads

N-1
S T o (A.18)
m=0

JEI

Since IE ({1, ..., N— 1}, this vanishes, as asserted. Next, assume that after M <N
cyclic translations of I, one reobtains I,. This entails

[Mew=0™]I] v (A.19)

JEI =

so that one must have IM=nN, n€ {1, ..., M—1}. But then the lhs of (A.17) can
be rewritten

M—1 M-1
wlmH w1=<H wj)Z eZm‘nm/M (AZO)
which vanishes, too. O

We proceed with Lemma A.5, whose corollary Lemma A.6 will be used in
Chapter 4 to find the points in phase space where the Lax matrix has minimal
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spectral gaps. (These points are the equilibrium points, cf. Chapter 5.) Lemma A.5
can also be exploited to find the ground state and ground state energies of the
quantized systems. Finally, a corollary of the proof will be quite useful in Sections
2.1 and 2.3.

Lemma A.5. Let yECP, z&C be such that the matrix

shz

Ex=cs sh(y;—yitz)

, J,k=1,...,N a21)

with

sh(y;—yi+2)
5 sh(y;—yp)

ji=

, J=1,...,N (A.22)

is well defined. Then the roots of the polynomial A ——>|E—21y| are given by
Aj=eWrtizae j=1 N (A.23)

Proof. Due to Cauchy’s identity (A.2) the symmetric functions of E are given
by

Si=3 II sh(y;—y,;+z)

=k i€1 Sh(J’i_J’j>
JEI

(A.24)

We claim that S does not depend on y. Taking this for granted, we sety , = —kA,
A >0, in E to obtain

jlm E=d1ag(e (N“l)z’ e(N—l)z’ e e(~N+l)z> (A25)

and the lemma follows. Thus it remains to prove the claim.

First, we note that S, is symmetric in y, ..., yn, S0 we need only show
constancy iny ;. To this end we fix y,, ..., yx, z in general position, so that each
of the terms at the rhs has at most simple poles for y,=y; (mod 2mi), [ > L
Clearly, S is 2zi-periodic in y, and converges to a constant for Re y,— + oo,
Therefore, by Liouville’s theorem it suffices to prove that the residues vanish.
Moreover, by symmetry and periodicity we need only consider the pole at y =y ,.

To show that the residue at this pole vanishes, we first observe that when the
index set I does not contain the indices 1 and 2 or contains both of them, then the
corresponding term in S has no pole at y ;=y,. Next, we pair off the remaining I
by setting I,= {1} UJ, I,= {2} UJ, where 1, 2&J. Then the residue sum for any
such pair vanishes. Indeed, omitting the singular factors 1/sh(y;—y,) and
1/sh(y>—y1) inIandI,, resp., and setting y , =y , in the remaining products, the
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latter are manifestly equal. O

The application of this lemma to spectral properties of the Lax matrix arises
upon setting

y,-=-12]7—f-[~(N+1—2j), j=1,...,N (A.26)

Then one readily verifies

sin<77f,— G-D +iz>

c;=TI =r(iz) (A27)
" sin (D)
N
where
sin<7:+~7—[—> sin<r+g£> sin<1+~u!:p—”-> .
() = N N/ N _sin Nt (A.28)
’ 3 o _(N—Dz  Nsint ‘
sin— sin N
Hence, setting z = it, we may rewrite E as
Ey= sin J}"z ¢ (A.29)
N sin<r——1—V— (j~k)>
Then
E,=lim L(E-1,) (A.30)
7—0
reads
1
EDp=0x—1) 7 (A.31)
sin-AT (J—K)

Lemma A.6. Let t& = (0, n/N) or itER™, and let E and E, be given by
(A.29) and (A.30), resp. Then E and E have simple spectrum given by

o(E) = fe Wi pW-2ir g ("N DTy (A.32)

o(E\)=i{N—1,N-3, ..., =N+1} (A.33)
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Proof. The assertion about E follows from Lemma A.5. To prove (A.33) we
rewrite E as

. 2 N-1
E__:smNT 'lN S i S i S
N \sint < +_7r_> . ( _{_27_[) sin<r+ (N—l);z)
sin{ 7+ sin{7+ TN
(A.34)
where S is the antiperiodic shift,
0 1 0
S= 0 0 - 1 (A.35)
-10 -0
Now S has eigenvalues
Sp=em*k-DN - p=1 N (A.36)
and corresponding eigenvectors
uj(k) =N —l/zein(ij*j—k)/N’ k,j= l,..,N (A37)
as is easily verified (and well known). Thusu @, ..., ¥ ™ is an eigenvector basis
for E, and so (A.33) follows from (A.30) and (A.32). O

As a corollary we obtain the remarkable identities

N-1 eizq‘(Zk—I)/N

sin Nz 2, ——————=Ne"™W+1-%) =1 . N (A.38)
j=0 . 7
Sm<‘[+—ﬁ>

Indeed, these follow upon combining (A.32), (A.29) and (A.34)-(A.36). (To
verify that the 1-1 correspondence works out right, one need only check (A.38) for
| —n/N.)

Our last lemma amounts to yet another functional identity, viz.,

hz i e %k Sh(yk_y1+z> =e (1=N)z

., j=1,..,N  (A39
it sh(ye—y;+z) i sh(y,—y) / ( )

It will be used in the proof of Lemma 2.3.
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Lemma A.7. One has

Cr=e"M2r r=(1,1,..,1) (A.40)

where C and r are given by (A.1) and (A.4), resp.

Proof. Putting y,=—pa;/2,z=iBug/2 in (A.1), (A.4) one sees that (A.40)
is equivalent to (A.39). To prove (A.39), we note that the lhs is 27i-periodic in y;
and bounded for |Re y;|—co. The residue sums at the (generically) simple poles
y;=y: (mod 27i) are easily checked to vanish, so that the lhs does not depend on
y; by virtue of Liouville’s theorem. Thus it is equal to its limit for Re y;—— 0,
which yields (A.39). |
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