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In this part of the lecture notes on securities trading we aim at the 
transition from a binary market of part I towards the Poisson market described 
m Section 4. The conditions for this are formulated in Section 3, and the results 
in Section 5. The Poisson model describes the situation when the stock price 
develops with sudden jumps of a constant amplitude at random instants. 

1. lNTRODl'.CTJON 

In this paper the material is usPd of the prPvious paper DZHAP.\RIDZE 
mid VAN ZnJLEN (1 . which is refern'<:i to hPlow as part I. '.\Inst of this 
material is pre:-ented in Section~~ in tlw form ainwd at thP limiting transition in 
Section 5 towards the Poisson model (see Section 4 for dt>tails on this model). 
The presNitation in this paper is at tht' saim• low technical level as in 
part I. :\. path approa('h pursuP<l in t lwse papers is based on cr>rtain 
unsophisticated algebraic considerations. in contrast with the usual treatment 
based on a probabilistic approach, on a martingale approach, d. e.g. 
AASE (1988). BACK (1991), COLWELL. ELLIOTT and KOPP (1991), Ft)LLMER 
1991), H.\RHISON and PLISKA (1981), PAGE and SANDERS 1986). ThP results 

nbtained in this manner in Section 5 are of an heuristic nature, for the full 
wnu!d higher tPdmical level of the general theory of stochastic 

processes, see e.g. Dt:FFIE and PROTTEH. ( and the references therein. d. 
also WILLINGER and TAQQL' (1987, 1989, 1991 
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As in part I, it is assumed that in a securities market two assets, called the 
bond and stock, are traded during the time interval [O, T]. New prices on both 
assets are announced at certain fixed trading times, say to < t1 < · · · < tN 
where t0 = 0 is the current date and tN = T the terminal date. Thus the whole 
time interval (0, T] is divided in N trading periods by a grid {to, t1, ... , t N}. It is 
supposed throughout the present paper that the number N of the trading times 
is very large, and possibilities are sought for approximating the option pricing 
formulas of part I. To this end, we let N -+ oo. We can expect in the limit 
sensible results if only the grid { t 0, t 1 , ••. , tN} of trading times becomes finer 
and finer in the sense that the mesh size of the grid tends to zero as N -+ oo (the 
mesh size is the maximal length of the trading periods) and if the asset prices 
are made dependent on the index N in a certain special manner. See Section 
3.1 for the conditions under which the Poisson approximation of the present 
paper is obtained. Asymptotically, the cumulative return process on the bond is 
assumed to increase with a constant interest rate, see (3.1.10). The asymptotics 
of the returns on the stock is characterized by the displacements at certain 
random instants, upwards with a constant amplitude or downwards with an 
infinitesimal amplitude, cf. (3.1.17) or (3.1.18). To these displacements certain 
weights are assigned (called as in part I risk neutral probabilities, cf. (3.2.11) 
and (3.2.12)) so that under the conditions 3.1.1 and 3.1.2 the approximation 
(3.2.18) holds. (In the probabilistic interpretation, the upward displacements 
become rare events.) This leads to the Poisson approximation of Section 5. 

In Section 4 the complete description of the Poisson model can be found 
(or Merton's model, as it is sometimes called, cf. MERTON (1990)). The 
price processes on the bond and the stock are given by (4.1.2) and (4.1.4), 
respectively (see (4.1.1) and (4.1.3) for the corresponding returns). As usual, 
the self-financing strategy is defined by the portfolio selection founded only 
on an initial endowment so that all changes in the portfolio values are due to 
capital gains during trading and no infusion or withdrawal of funds is allowed. 
It is shown that the value process of a self-financing strategy has the integral 
representation and, moreover, Clark's formula holds; cf. the propositions 3.2.2 
and 3.2.6 in the binary case and the similar propositions 4.2.1 and 3.2.2 in 
the Poisson case (see OCONE and KARATZAS (1991) and NUALART (1995) for 
the genuine Clark formula). Next, it is shown in proposition 4.2.3 that this 
value process satisfies the differential equations ( 4.2.12) which play the same 
role in the Poisson case as equations (3.2.16) in the binary case. In particular, 
they entail the completeness of a Poisson market, see proposition 4.3.4. The 
hedging strategy against any desired wealth is explicitly defined by the portfolio 
components (4.3.9) and (4.3.10) in terms of the Poisson distribution (4.3.3) (in 
fact, the right hand side of (4.3.12) is a certain conditional expectation). This 
gives rise to the term Poisson market. Finally, the option pricing formulas are 
presented for a certain contingent claim (see (4.3.13) with a Poisson expectation 
on the right hand side) and for the European call option in particular, see 
proposition 4.3.5. 

The integral representations (3.2.8) and ( 4.2.5) mentioned above involve 
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the Riemann-Stieltjes integrals with respect to piecewise continuous functions. 
Certain elementary facts concerning this kind of functions and respective inte
grals are gathered in the next section. 

2. AUXILIARY RESULTS 

2.1. Piecewise continuous functions 
In the present paper the asset prices are supposed to evolve along piecewise 
continuous trajectories in a time period [O, T]. Therefore we will need some 
common facts concerning functions of this type. For the definitions below we 
make use of the indicator function h of a set T c [O, T] which is a function of 
time t E [O, T] such that 

h(t) = { 1 if t E T 
0 otherwise. 

Let F be a function of the same argument t E [O, T], discontinuous at certain 
instants Ti, . .. , Tn so that 0 < Ti < ... < Tn ~ T and continuous in-between. 
Let be defined by means of certain continuous functions {fkh=o,i, ... ,n so that 

n 

(2.1.1) F(t) = Lfk(t)I[Tk,Tk+i)(t). 
k=O 

Here To = 0 and Tn+i ;::: T for convenience. Note that Fis a right-continuous 
function in the sense that by approaching an instant t E [O, T) from the right we 
get lim8 ,it F(s) = F(t). With this function F another function F_ is associated 
by the following conventions: F_(Q) = F(O) and F_(t) = F(t-) = limsttF(s) 
fort E (0, T]. By continuity of the components {fk}k=O,i, ... ,n we have 

n 

(2.1.2) F_(t) = fo(t)I[T0 ,T1 j(t) + L fk(t)I(Tk,Tk+1l(t). 
k=i 

Obviously, F_ is a left-continuous function. We will write equally F(t) or Fi, 
F(t-) or Ft-, for the notation with the variable as a subscript is more widely 
used in stochastic calculus. 

Further, the function 6.F of jumps of Fis defined by 6.F = F - F_. In 
view of (2.1.1) and (2.1.2), 6.F takes on non-zero values only at the instants 
of discontinuity Ti, ... , Tn when 

(2.1.3) 

2.2. Riemann-Stieltjes integrals 
In the propositions 3.2.2 and 4.2.1 integral representations are asserted, in terms 
of Riemann-Stieltjes integrals with respect to piecewise continuous functions. 
The definition of such integrals is as follows (see e.g. SHIRYAEV (1984), Section 
II.6.10, for more details). 
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Let H be another piecewise continuous function defined by 

11 

H(t) = L (t)I[1;,.T.+iJ(t). 
k=O 

WP define the integral up to t E [O. T] of JL with resppct to F. using hvo 
alternatiw notations 

fo 1 
H,,_dFu =If_· Fi. 

the latt('f being usual in stochastic rakulus. 
Let G be a function of the abovt' type so that 

n 

O(t) = L f}k Jk+I I 
k·=O 

w!wre j •t 

t) = !h(T1:) + h1:(u)dfdu) 
f;. 

fort E [T.-.Tk+ 1 ). with = 0 and 

k-1 T k 

Yk(Tkl = L {'""' h1 (u)dfJ(u) + LhJ-dTJ)..'::,.F(T1 ) 

F'·O' l, j=l 

fur A· = 1, .... n. In onk'r to give a proper meaning to the integrals just 
introduced. assume all {/k h==o.i.. .. ,,, to be of bounded variation. Though this 
is truely supt<rtluous. as in the pn•sent paper only continuously differentiable 
funl'tions h· will occur, with df,..(11.) to be understood as f~.(u)du when• fl. is 
tlw <lerin1tiw of fk. 

The iutegral of H _ with respl'et to F is now defined b~· the ide11tity 

G = H_ ·F. 

Note that for A· = 1, ... , n and t E [Tk, Tk+ 1 ) 

Hener by (2.1.:3) 

(2.2. l) ..'::,.(H_ · F) = H_D.F. 

In Section 3 the trajectories of price development are certain piecewise con
stant functions. In this special case of F givPn by (2.1.1) with the constant 
componPnts fk(t) = fk, it follows from (2.2.1) that 

(2.2.2) H_. F1 = L H.,_D.F,,. 
uE[O,t] 
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2.3. Integration by parts 
Integrals defined in the previous section allow for integrating by parts: for each 
t E [O,T] 

HtFt - HoFo = H _ · Ft + F · Ht 

with the second integral on the right hand side to be understood as 

F. Ht = F_ . Ht + I: !::.Hu!::.Fu 
uE[O,tJ 

(see SHIRYAEV (1984), Section II.6.11 for more details). In the course of proving 
proposition 3.2.2 we will use the following consequence for this integration by 
parts formula. 

STATEMENT 2.3.1. Let H',F' and H",F'' be piecewise continuous functions 
of the above type. The function 

F = F' H' + F" H" 

has integral representation 

F - Fo = H' · F' + H" · F" 

if and only if 
F'_ · H' + F'!_ · H" = 0. 

2.4. Exponentials 
The details on the material of present Section can be found in SHIRYAEV (1984), 
Section II.6.12. See also JACOD (1979), ELLIOTT (1982) or PROTTER (1990). 

Obviously, in case of a continuous function F of bounded variation the 
solution of the integral equation 

(2.4.1) 

is uniquely defined by 
Ht = eF,-Fo. 

In the another extreme case of a piecewise constant F 

Ht = II (1 +!::.Fu)· 
uE[O,t] 

In case of a piecewise continuous function F the above two cases are combined 
in the solution 

(2.4.2) Ht = eF' -Fo II (1 + .0.Fu)e-D.Fu. 
uE[O,t] 
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In stochasti(' rnkulus thP solution to (2.4.l) is usually denoted hy H 1 = E(F) 1 
and n1lh·d Do!{•ans-Dadr expon<>ntial (or stochastic exponE'ntial). 

\YP 2.4.2) tu thP following special cast>. Ld .\" = {.\"1 }iE[O.T] be 
"m"'"''m' vro1-rs.~ with .\.(t) which rnullts tJw numiH'r of jumps 

ub~i·rwd up lo tillll' t E I3y assumption .\'(O) = 0. Furth~·r .\.(t) = 0 if no 
rn·i·ur up to timP t aw! .\'(t) =A· if and only if Tj, :S t fork E {L .... ri }. 

F(t) = a\.\.(t) - ,\t) 

with cfi·tain positiw numlwrs a and,\, cf. (.J.1.6). Then 

m•m·e (('f. (4.1.3)) 

3. Bl'.\.\HY ~l:\Rh:EI 

..'.l Fi = { a if t E { T1 •.••• T 11 } 

0 otlwrwise. 

,'l.1. Conditions on the bond and stock 1n·ice processes 
ConsidPr a binar~· spcurities market in which the bond and stock are traded 
during t lw time interval [O, T] which is divided in ,y trading pniods hy a grid 
{ t0 . t 1, •••• t,\ }. l'nlike in part L tlw prices on th<> bond and stock announc<>d 
at thP n'" trading time t 11 with 11 E {O, L ... , Iv"} are now denotPd by B;'/ 
and 5;;·, respPCt in•l.v. ill order to express the dependP!lCC Oil ;\' . .1\Ion'O\'E'l'. t lw 
corri•sptmding prirP pro(·esst>s B 1" = { B/'° }it=[o.T] and S 1v = { 8/v }iE[O.T! are 
tMiuPd in tlw Pntin• time intenal [O. T] by 

(3.1.l) 

and 

:V 

(3.1.:2) s·\' (t) =LS;-;' l[tn,tn+l)(t). 
n=O 

As in (2.1.1). an additional instant l:V+l 2: T is introduced for com·enienc(>. Put 
B·'(O) =land S"(O) = s for simplicit:v, wherP sis a certain positive rmmber. 
Tlw disrnuutPd stock pricf' proc0ss is dPnoted as in part I by 5s = {S;v}tE[0.1'] 
\\'ith 

(3.U) 
. . 5.v (t) CJ'' (t) = __ · 
~ BS(t)' 

TlH' bond is a riskless asst'! and the pricP procPss BI\' Pvolves along a pre
scriht>d pit><'fl\·ise rnustant trajertmy, while the stork is a risky asset and the 
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pri~e pr~cess SN is allowed to evolve along 2N different piecewise constant 

traJectones. These trajectories are specified by the binary transition scheme 

of part I, Section 3.1. They all start from the same fixed ·state s, the current 

state of the stock price 

s = sfo > 0. 

Furt?er, ~he whole price tree is uniquely determined by two offsprings at each 

tradmg time. If at tn-1 with n = 1, ... , N the stock price was in state st,,_1 , 

t~en at the consecutive trading time t,, it is announced either in state s~,n or 

s2k-l,n with 
N .N Q 

S2k,n > S2k-l,n > · 

Hence if t E [tn, tn+1) with some n = 0, 1, ... , N the stock price SN (t) may 
f N . 

occupy one o the states {sk (t)}k=l .... ,2n with sJ:'(t) :::: sf,,. Note that by 

definition ( cf. (2.1.2)) 

N-l 

(3.1.4) SN (t-) = sl[t 0 ,t 1J(t) + LS;{ lun.1n+ 1J(t). 
n=l 

During the first period [to, t 1 ), for instance, the stock price stays in the current 

state s > 0. At the terminal date tN = T the stock price 5N (T) may occupy 

one of 2N states sf (T) with some k = 1, ... , 2N. In this case we also say that 

the stock price evolves along the kth trajectory. In order to describe the stock 

price development along this particular trajectory, we specify the stock price 

state at each t E [tn, tn+i) for n = 1, ... , N by the identity s(, (t) = sJ::.n where 

kn = kn ( k, N) is the smallest integer exceeding 2~1V-_ln • Cf. part I. definition 

(2.1.4), according to which 

(3.1.5) [k -1] 
k71 (k,N) = 1 + 2N-n . 

Here and elswhere below the largest integer not exceeding a number J: is denoted 

by [x]. 
We shall now formulate the conditions of the present paper which restrict 

the behaviour of asset prices in the market so as to allmv for the limiting 

transition in Section 5 when the number of trading periods N increases un

boundedly while the length of each trading period, say j.t 11 = t,, - t 11 _ 1 with 

n E {l, ... , N}, tends to zero. For instance, think of the special case of mar

kets where new prices are announced regularly so that the trading times are 

equidistant, given by (5.1.1) in Section 5, and the corresponding mesh is given 

by (5.1.2). In fact, all the entries {tJ}J=O.l,. ... N in the Nth grid depend on 1V 

and one should write {tf}J=o,1,. ... N instead, but for simplicity the uppE'r index 

is always suppressed. 
Our conditions will be formulated in terms of returns on both assets. The 

cumulative return process on the bond RN = {R;'V }tE[O,TJ is defined as the 
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sum of all previous returns. At the current date to = 0 the return equals 0 by 
convention and at t E (0, T] it equals 

( 3.1.6) 

So 

(3.1. 7) 
6.EN ( dEN 

RN(t) = L ENu =Jo E; 
sE(O,t] u- O u-

and 

(3.1.8) EN (t) = II (1+6.1?..1;:) = f(RN)t, 
uE(O,t] 

see Section 2.3. 

CONDITION 3.1.1. As N -too the increase of the return process on the bond 
over each trading period becomes proportional to the length of this period: for 
each n = l 1 ••• , N 

RN (t,,) - RN (t,,_i) N 
-------- = r + Q,, ' 

tn - tn-l 

where r > 0 is a positive constant, while Qt;/, is a negligible remainder term. 

Obviously, condition 3.1.1 means that the return on the bond at the trading 
time t,, with n = 1, ... , N (when it is non-zero according to definition (3.1.6)) 
is asymptotically proportional to the length of the preceding period: 

(3.1.9) 

Here and elsewhere below the sign ,...., indicates that the ratio of the two sides 
tends to unity. In view of (3.1.6) - (3.1.8), we have for each t E [O, T] that 

(3.1.10) 

and 

(3.1.11) 

Indeed, by (3.1.9) 

log EN (t) ,...., L log(l + i-6.tk) ,...., r L 6.tk 
k k 
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(here log(l + x) ,...., x is used) and 

RN (t) ,...., r L !J.tk ,...., rt 
k 

where the summation extends over the lengths of all past periods up to time t. 
The cumulative return process on the stock RN = {Rf' hE[O,T] is defined 

similarly as the sum of all previous returns. At the current date t0 = 0 the 
return equals 0 and at t E (0, T] it equals 

So 

and 

(3.1.12) 

b.. N( ) _ !J.Sf _ Sf 
R t = sN - sN - i. 

t- t-

sN (t) = s[(RN)t = s II (1 + 6.R;j), 
uE(O,t] 

analogously to (3.1.7) and (3.1.8). In part I, Section 2.3, we also introduced 
the return process ftN = {Riv}tE[O,T] by 

R, N ( ) -11 dS1:/ _ ~ aS1: t - 'N - L.., 'N ' 
0 Su- uE(O,t] Su-

with the discounted stock price process SN defined by (3.1.3). Obviously, 

sN (t) = s[(RN)t = s II (1 + ak;:). 
uE(O,t] 

As was shown in part I, Section 2.3, at each t E [O, T] 

(3.1.13) 
'N - D.S{" - D..RN (t) - D.RN (t) 

!J.R (t) - SN - 1 + !J.RN(t) 
t-

We now formulate conditions on the behaviour of the returns { .U.RN (tn )},,=L-..,S 

in terms of their states 

(3.1.14) 
N - skN1' n _......:=''-- -1, k= 1, ... ,2', 

rkn = 8N 
kn-1,n-l 

where kn-1 = kn-1 (k, n) = [ ktl], cf. (3.1.5). 
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CONDITION 3.1.2. At the trading time tn with some n = 1, ... , N the return 
on the stock D..RN (tn) is in one of the 2n states 

(3.1.15) r·~,n =a+ a~,n' k = 1, ... , 2n-l, 

or 

(3.1.16) r~-l,n = -(b + 13~-l,n)D..tn, k = 1, ... '2n-l, 

where a and bare some positive constants, while {aft nh=1, ... ,2n-1 and 
{,B~-i,nh=i,. . .,z"-1 are negligible remainder terms as N ---+ oo. In fact b can be 
negative but exceeding -r with r > 0 of condition 3.1.1, to guarantee inequality 
(3.1.19) below. 

Using the same sign ~as above we may express (3.1.15) and (3.1.16) in the 
following form 

(3.1.17) 
if k is even 
if k is odd. 

If condition 3.1.1 holds as well, then the states {rfnh=i, ... ,2" of the discounted 
return 6.RN (tn) with n E {l, ... , N} are approximated as follows. Due to 
(3.1.13) it follows from (3.1.10) and (3.1.17) that 

(3.1.18) 

where 

(3.1.19) 

if k is even 
if k is odd 

is a parameter which later on will play the role of the intensity of the Pois
son distribution, cf. ( 4.3.3). Since the even state indices correspond to the 
upward displacements, and the odd indices to the downward displacements, 
the asymptotic relations (3.1.17) and (3.1.18) tell us that for N sufficiently 
large all the upward displacements are of the same order a > 0. We call this 
parameter a the amplitude of the upward displacements. On the other hand, 
all the downward displacements are infinitesimal, of magnitude D..tn- More
over, the range of the parameter bis restricted (see inequality (3.1.19)) so as 
to guarantee the negative downward displacements of the discounted returns 
in ( 3.1.18). This will allow us to assign the weights >..D..tn and 1 - >..D..t,, to the 
upward and downward displacements, respectively, which may be interpreted 
as risk neutral probabilities, see formula (3.2.18) and related comments. In the 
probabilistic interpretation the upward displacements become rare events with 
the probability of occurrence >..6.tn and this provides for the conditions under 
which the Poisson approximation of Section 5 is valid. 
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REMARK 3 .1. 3. In condition 3.1.1 the remainder term rl: is called negligible, 
because it can be suppressed in the asymptotic relation (3.1.9), as well as in 
its consequences (3.1.10) and (3.1.11). This is achieved, in particular, if 

max lg;;' I -+ 0 
nE{l, ... ,N} 

as N -7 oo. The negligibility of g;[ will be used several times below; see, for 
instance, lemma 3.2.7 and formula (3.2.20). The same applies to the remainder 
terms { a~,nh=i, ... ,2 n-1 and {/1~-i,nh=i, ... ,2 n-1 in condition 3.1.2, since they 
are negligible in the asymptotic relation (3.1.17) (cf. lemma 3.2.7 below, where 
yet another set of negligible remainder terms (3.2.20) occurs). For instance, let 
{a~,nh=1, ... ,2n-1 to satisfy 

max max }la.l/k I -7 0 
nE{l, ... ,N} kE{l, ... ,2n-1 ~ ,n 

as N -7 oo. 

3.2. Self-financing strategies and value processes 

Suppose that one invests an amount v 2: 0 in the two assets described in 
Section 3.1. Let \[1 0 and <I>o denote the number of shares of the bond and stock, 
respectively, owned by the investor at the current date t0 = 0. Since BN (0) = 1 
and SN (0) = s, the investment equals 

(3.2.l) v = Wo + s<l>o. 

Furthermore, let w;[ and <I>;[ denote the number of shares of the bond and 
stock, respectively, owned by the investor at the consecutive trading times tn, 
n = 1, ... , N. The couple ( w;:, <I>;;1) is called the investor's portfolio at time t,,. 
Observe that the components w;: and <I>;;1 of a portfolio may become negative, 
which has to be interpreted as short-selling the bond or stock. 

Since the investor selects his portfolio at time tn with n = 1, ... , N on the 
basis of the history of the price development in the market, the number of 
shares w;: and <l>1;: of the bond and stock he owns at time tn may depend on 
prices Bf; and Sf; with v < n, but not on prices not yet announced, e.g. B;/ 
and s;:. In particular 

which means that the currently selected portfolio is kept unchanged during 
the whole first period [to, ti]. Afterwords, just after the stock price S{' is 
announced at time t 1 the portfolio turns into (if!/;', <I>!i) and stays unchanged 
during the whole period (t1 , t 2]. The investor proceeds further in the same 
manner, selecting last time his portfolio (wfJ, <I>fJ) just after the announcement 
of the stock price Sj:J _1 at time t 1 and keeping it until the terminal date tN = T. 

The process 1fN = (\JI{", <I>f")tE[O,T] with the bond and stock components 

N-1 

(3.2.2) \[IN (t) = wf' I[to.li] (t) + L w;';'+1I(tn,tn+1J(t) 
n=I 
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and 

N-1 

(3.2.3) ~N(t) = ~f f[to,t1J(t) + L ~;";'+1f(tn,tn+1J(t) 
n=l 

is called a trading strategy. Note that the possible trajectories of both com
ponents are piecewise constant functions of the same type as those of S1! ( cf. 
(3.2.2), (3.2.3) and (3.1.4)). At each t E (0, T] the dependence of the portfolio 
only on the past prices means that if t E (tn, tn+il and 5N (t-) is in state s~ 
for some n = 0, 1, ... , N - 1 and k = 1, ... , 2n, then (\J!f', ~f') is in state 

('11;";'+1 (sfn), ~;";'+l (sfn)). 

In stochastic calculus processes of this type are called simple predictable, cf. 
PROTTER (1990), p. 43. 

With each trading strategy rrN we associate the process 

by 
VN (t; rr) = WN (t)BN (t) + ~N (t)SN (t) 

so that V N (O; rr) = v ;?: 0, cf. (3.2.1). This process is usually called the value 
process for a trading strategy rrN, since V N ( t; rr) represents the market value of 
the portfolio at time t held just before any changes are made in the portfolio. It 
will be shown below that the value process VN (rr) is of special structure when 
rrN belongs to the following class of trading strategies: 

DEFINITION 3.2. l. A trading strategy is said to be self-financing if the con
struction is founded only on the initial endowment so that all changes in the 
portfolio values due to capital gains during trading and no infusion or with
drawal of funds takes place. Then the corresponding portfolio satisfies the 
condition: for all t E [O, T] 

(3.2.4) Bi! · wf + Si! · ~f' = 0. 

The notion just introduced is of universal use whenever the integrals in (3.2.4) 
are well-defined, which in the present special case of piecewise constant portfolio 
components (3.2.2) and (3.2.3) are particularly simple: 

(3.2.5) BN. iI!N = ~ BN t:::,.\J!N - t L..., u- u 
uE[O,t] 

and 

(3.2.6) 5N . ~N = ~ 5N t:::,_~N - t L..., u- u, 
uE(O,t] 
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cf. (2.2.2). Hence (3.2.4) is equivalent to 

(3.2.7) 

Using the integrating by parts formula of Section 2.3, we obtain exactly in 
the same manner as in part I, Section 3.2, the following characterization of 
self-financing strategies. 

PROPOSITION 3.2.2. A trading strategy -rrN is self-financing if and only if its 
discounted value process t' N (-rr) = {t't ( 7r)}tE[O,TJ admits the following integral 
representation: at each t E [O, T] · 

(3.2.8) 

PROOF. In view of (3.2.5) - (3.2.7), the integral representation (3.2.8) follows 
by the same arguments as in part I, proposition 3.2.1. But it is valid also in 
general whenever the integrals are well-defined and statement 2.3.1 holds. This 
is easily seen by taking into consideration that (3.2.4) is equivalent to 

w{" - lfo + s~ . <I>f = o. 
0 

HEMARK 3.2.3. It is important to notice that the value process for a self
financing strategy is a process of the same type as the stock price process, 
since it evolves along one of 2N piecewise constant trajectories. In fact 

where l',t' ( 1T) may occupy one of the states 

(:3.2.9) 

with k = 1, ... ,2", cf. part I, remark 3.2.3. Recall that k,, = kv(k,n) is given 
by (3.1.5). 

REMARK 3.2.4. Suppose that currently an amount (3.2.1) is invested by se
lecting the portfolio ('110 , <I> 0 ) which afterwards is kept unchanged. Clearly, 
this particular strategy of keeping the constant portfolio (wf, <I>f') = (Wo, <I>o) 
all the time t E [O, T] is self-financing - this needs no infusion or withdrawal 
of funds (both terms on the left-hand side of (3.2. 7) equal 0). The integral 
representation (3.2.8) gives 

'N 'rv V (t; 7r) - v = <I>0 (S 1 (t) - s). 

in the trivial case (IJ!o,~o) = (0, 1) this reduces to the identity \'N(7r):::: SN. 
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In order to rewrite the integral representation (3.2.8) in the form of Clark's 
formula ( cf. part I, Section 3.3), define the difference operator D in the state 
space that is applied to the stock price process SN according to the following 
definition (cf. part I, definition 2.4.1). 

DEFINITION 3.2.5. The process DSN = {DSf}tE[O,T] is defined by 

N-1 

DSN(t) = DS['f[to,t,J(t) + L DS:/+1f(tn,tn+1J(t) 
n=l 

which is of the same type as SN(t-), cf. (3.1.4). Its states are defined condi
tionally on those of sN (t-): if SN (t-) is in states;;',, with some k = 1, ... '2n' 
i.e. t E (tn,tn+i] according to (3.1.4), then DSN(t) is in the same state as 
DS[:+1 which is s£t,n+i - s£t-l,n+l > 0. Taking into consideration remark 
3.2.3, define similarly 

N-1 

DVN(t;JT) = nvt(JT)l[to,ti](t) + L nv:+1(7r)l(tn,ln+1J(t) 
n=l 

which is in state v£t,n+i ( JT) - v£t-i ,n+I ( 7r), provided SN ( t-) is in state sfn. 
Introduce finally 

D1lN(t;JT) _ DVt(JT) N-l DVt+i(1r) 
DSN(t) - DSN l[to,tt](t) + L DSN l(tn,tn+1J(t). 

1 n=l n+l 
(3.2.10) 

The results similar to proposition 3.3.l and corollary 3.3.2 in part I are now 
formulated as follows: 

PROPOSITION 3.2.6. Under the self-financing condition (3.2.4) the stock com
ponent of the portfolio is given by (3.2.10): for each t E [O, T] 

1.>N( ) = DVN (t; 7r) 
t DSN(t) 

and therefore the integral representation (3.2.8) takes the form 

\lN(t·JT) =v+ DVN(1r) .5'N 
' DSN t. 

In the sequel we focus our attention on markets excluding arbitrage opportu
nities (see part I, Section 6) in which 

'.N < 'N 'N 
82k-l,n sk,n-1 < 82k,n 

for each n = 1, ... , N and k = 1, ... , 2n- 1 . This means that the numerieal 
values of 

(3.2.11) 
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and 

(3.2.12) 
'N 'N 

N 8 2k.n - 8 k.n-l 
P2k-l,n = -,N=----~-

s._,k,11 - .s:r;1. -h'.-1.ll 

are positive and satisfy 

(3.2.13) P!/ii,n + pf,,._l,n = 1. 

As is easily seen (cf. part I, Section 3.4), in this case every state sf.11 _ 1 at 
trading time t,,_ 1 is expressed as a convex combination of two alternative states 
sft-1,n and s!/ii,n at the next trading time tn, i.e. 

(3.2.14) 

By these considerations the numerical values of pfi.,,n and pf,,_ 1,,, are called in 
part I the risk ne'utral probab·ilities, see part I, remark 3.4.1. It is easily verified 
that in terms of the states of the discounted returns (3.1.13), relation (3.2.14) 
turns into 

(3.2.15) 

which means that the weights (3.2.11) and (3.2.12) with property (3.2.13) are 
chosen so as to neutralize the upward displacements in the discounted returns 
by the downward displacements (corresponding to the even and odd space 
indices, respectively). The identity (3.2.15) is easily derived: 

0 P~.n (s~,n - sf:.n-1) + P~-1.n (s~-1,n - sfn-1) 
p!/,,,n (rfi.,n - 6.RN(t,,)) +p!j,,_1 ,n (r!j,,_l,n - 6.RN(t,,)) 

N ,N N ,N 
P2k,nr2k,n + P2k-1,n r2k-1,n 

Furthermore, it is shown in part I, proposition 3.6.1, that the relations (3.2.14) 
extend to the states (3.2.9) of the value process VN (11") for any self-financing 
strategy JrN: for n = 1, ... , N and k = 1, ... , 2n-l we also have 

(3.2.16) , N ( ) N ,' N ( ) + . N .' N ( ) 
vk,n-l 7r = P2k,nu2k,n 71" P2k-l.nu2k-1,n 7r · 

Note that (3.2.16) reduces to (3.2.14) in the trivial case of remark 3.2.4 when 
only one share of the stock is kept all the time. Similarly, the relations of part 

I, corollary 3.6.2, 

(3.2.17) 
'N ( ·) ,N ( ) 

N vk,n-l 7r - 'V2k-!,n 7r 

P2k,n = ,' N ( ) .',N ( ) 
U2k,n 7r - U2k-l,n 7r 

and 
'N ( ) ,N ( ) 

N _ V2k,n 71" - Vk.n-1 7r 

P2k-1,n - 'N ( ) ',N ( ) 
V2k,11 Jr. - 1'2k-l,n 7r 
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reduce in this special case to (3.2.11) and (3.2.12). 
It will be shown next that under the conditions 3.1.1 and 3.1.2 we have the 

following approximation to the risk neutral probabilities: for each n = 1, ... , N 
and k = l, ... ,2n-l 

(3.2.18) 

By (3.1.19) the intensity ,\ is positive so that the expression on the right hand 
side of (3.2.18) may be interpreted as the risk neutral probability of the upward 
displacements. We have already mentioned this at the end of the previous 
section. By (3.1.18) and (3.2.18) 

P!/,.,,nr!ii.,n + P!ii.-1,nr£f,_l,n'""' a>.!:.tn + (1 - .A.6.tn)(-a>..6.tn) = a(.A.6.tn)2, 

which is of a lower magnitude than (3.2.18). Clearly, this meets (3.2.15), with 
0 on the left hand side. Thus the approximation (3.2.18) ensures that the 
contribution of the approximate upward displacements in (3.1.18) is neutralized 
by the contribution of the downward displacements. 

LEMMA 3.2. 7. Under the conditions 3.1.1 and 3.1.2 we have for each n = 
1, ... ,N that 

(3.2.19) 

w'ith negl'igible remainder terms {>.!i,.,n h=1, .. .,2n-1. 

PROOF. It will be shown that with the notations of the conditions 3.1.1 and 
3.1.2 

(3.2.20) 
,\N _ Qt;:+ /3~-1,n _ ,\ o:!/,.,,n - r~-1,n 

2k,n - N N N N 
r2k,n - r2k-l,n r2k,n - r2k-l,n 

which is indeed negligible under these conditions ( cf. remark 3.1.3). To this 
end, we first rewrite (3.2.19) in terms of the returns on both assets. By (3.1.3), 
(3.1.6) and (3.1.14) 

N t:,.R,N (t,,) - r~-l n 
P2k,n = .N N ' 

7 '2k,n - r2k-l,n 

Due to (3.1.9), (3.1.15) and (3.1.16), it follows from the latter equality that 

p!i,._.,n - )...6.tn = Qr;:+ /3~-l,n _ ,\ o:~,n + (b + /3~-1,n)!:.tn 
.6.tn r~,n - r~-l,n r~,n - r~-l,n 

Compare this with (3.2.19). It is easily seen that (3.2.20) holds. 

80 

D 



-------------- Q"""'""lf ..,, _____________ _ 

The approximate relations (3.2.22) asserted in the next proposition, may be 

viewed as a prelimiting version of equations (4.2.12) for the Poisson model to 
be discussed in Section 4. 

PROPOSITION 3.2.8. Let rrN be a self-financing strategy and VN (rr) its dis
counted value process. 

Then for each n = 1, ... , N the states {vfn(rr)h=i, ... ,2" given by (3.2.9), 
satisfy the following identities: 

(3.2.21) 
iJN (rr) VN (rr) 

2k-l,n - k,n-l _ -(' ,N )('N ( ) _ 'N ( )) 
t _ t - " + /\2k,n V2k,n 7f V2k-l,n 1r 

n n-l 

with A and {.A~,nh=i, ... ,2n-1 given by (3.1.19) and (3.2.20), respectively. If, 
moreover, the conditions 3.1.l and 3.1.2 hold, then 

vN (rr) - vN (rr) 
2k-l,n k,n-1 ,.__, -'('N ( )- ,N ( )) 

" V2k,n 1r V2k-l,n 7f · 
tn - tn-1 

(3.2.22) 

REMARK 3.2.9. It is easily verified that the equations (3.2.21) and (3.2.22) 
take the following undiscounted form: 

(3.2.23) 

vfk-1,Jir)-v};,n-l (rr) 
tn -tn-1 (r + Qf;)vf.n-l (rr) 

-(,\ + A~,n)(v~,n(rr) - V~-l,n(rr)) 

and 

(3.2.24) V~-l n(rr) - vf n-1 (7r) N ) ( N ( ) N ( )) 
, t - t , - rvk,n-l (rr ,..,, -A V2k,n 7f - V2k-l,n 7f • 

n n-l 

PROOF. We prove at once the undiscounted equations (3.2.23) and (3.2.24), 
departing from the following undiscounted version of equation (3.2.17): 

N (1+6'.RN (tn))vf.n-l (7r) - V~-l,n(rr) 
P2k,n = N ( ) N ( ) ' V2k,n 7f - V2k-l,n 7f 

see (3.1.6) for the definition of 6..RN. By (3.2.19) 

(1 + 6..RN(tn))vf.n-l (rr) - V~-1,n(rr) = (>. + ,\N )6..t . 
v~,n(rr) - V~-l,n(1r) 2k,n n 

Due to (3.1.9), this is equivalent to 

vf:.n-l (rr) - v~-l,n(rr) + (r + Q~)vf.n-l (rr)6'.tn 

= (v~,n(rr) - V~-1,n(rr))(A + .A~,n)6'.tn 
which yields (3.2.23). In conclusion, (3.2.23) implies (3.2.24), since Qf; and 

{A~,nh=i, ... ,2n-1 are negligible remainder terms. D 
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3.3. Completeness, hedging strategy and option valuation 

Given the states of the discounted stock price over the entire trading period 
[O, T], the risk neutral probabilities {Pfnh=1, ... ,2n are determined by (3.2.11) 
and (3.2.12). For each fixed n E {1, ... , N} and k E {1, ... , 2N}, we define 

(3.3.1) pNI (k) =pkf'! +1 ···PkN n> v = 0, l, ... ,n -1, nv. v+1,V ni 

where kv k,,,(k,n) is given by (3.1.5). Put P/Jn(k) = 1 for convenience. 
N N Denote Pkn = Pn 10 (k) so that 

(3.3.2) 

Note that p{;",1 = .f~n-l (k). We usually write PfN = PJ: (T). We use these 
notations to describe the solution of the system of recurrent equations ( cf. 
(3.2.14) and (3.2.16)) 

(3.3.3) ' N ' + N ' 
Xk,n-1 = P2k,nX2k,n P2k-1,nX2k-1,n 

for n = 1, ... , N and k = 1, ... , 2n-l, subject to the boundary conditions 

(3.3.4) ±kN = wf: (T), k = 1, ... , 2N, 

with given numbers { wf (T)} k=l, ... ,2N. They are assumed to be given in the 
form 

, N (T) = W(sf (T)) 
wk BN(T) 

For n = 0, 1, ... , N the solutions {xk,N-nh=i,. .. ,2N-n of these equations are 
obtained by 

(3.3.5) Xk,N-n = L P~IN-n(j)wf (T). 
2n(k-l)<js;2"k 

In particular 

2N 

(3.3.6) x10 = L Pt (T)wf (T). 
j=l 

In the trivial case of W(x) = x the boundary conditions are 

XkN =sf (T), k = 1, ... , 2N 
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(cf. (3.3.4)) and the solutions (3.3.5) and (3.3.6) reduce to 

{3.~t7) Bk,N-n = P N .· .• , '-"(T) 
NjN-n(J)Sj 

and 

(3.3.8) s = I: PJ" (T)sj (T). 
J=l 

A similar relationship is satisfied by the states of a value process for a self
financing strategy ( cf. (3.2.16)), and this results in the completenes8 of a binary 
market in the sense to be described next. 

Under the circumstances of Section 3.1, consider an investor who is willing 
to invest now (at t = 0) in the bond and the stock in order to attain at 
the terminal date T a certain wealth, say Hr/V (T), by trading over N periods 
without infusion or withdra\1rnl of funds. Knowing the conditions in the market, 
Le. knowing the 2N possible trajectories of the stock price development up to 
Hw terminal date T (which correspond as usual to the states {sf' (T)h=i .... Y' 
,-,f t lw f'tock price 8N (T)). the im·estor determines the wealth he desires to 
:ii.tain at the terminal date T by evaluating each of these possihi1ities. In this 
way lV,v (T) is interpreted as a variable which is in one of the 2N possible 
states: in state 'll'~~ (T) say, if the stock price is in state sf (T). In other 
words, wrN (T) is a certain function of SN (T). say n·N (T) = W(S.'11 (T)) and 

(T) = W(8f' (I')) fork= 1, ... , 2,v. 

D F:FIN lT!ON 3 .3 .1. A binary market is complete if any desired wealth TV N (T) 
nf t.lw above type is attainable with a certain initial ('ndmvment: there is a 
self-financing strategy n"" whose value process at the terminal date attains 
the identity v' N (T; 7T) = iv./\/ (T). The necessary initial endowment is then 
11 = v·N (0; n). 

As is shown in part I, proposition 4.3.3, the present market is indeed rnm-
and, rnoreo\·fl·, there exists a unique strategy, called tiw hl'dg·ing strategy 

against H' N (T), which attaim, this wealth. In part I, Section 4.3, one can fiw 
th~· detailed construction of such strategy. HerP we only note that the procE 
dme is based on the solution of the r·quations (3.3.3), subject to thf' boundary 
c:omliticms (3.3.4) with the states of the discounted desired \11·ealth on the right 
hand side. If Ml;~' is a variable with the possible states { i);J:"i,} k=l • .. 2" which 
are identified with the solutions (3.3.5) (so that ~'ckn = 11!):1,,), then a process 

H;N = {TVt }tE[O,T] is formed by 

N 

l-lrN (t) = L il·,~V /[I,, ,ln+l) (t) · 
11=0 

Obviously, at the terminal date T this process attains the desired wealth. Ac
r~mding to (3.:3.5) and (3.3.6), it starts from 
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2N 

(3.3.9) wfo = L Pf' (T)wf (T) 
j=l 

and then, for n = 1, ... , N, 

(3.3.10) 

The hedging strategy against wN (T) is then a unique strategy 1fN whose value 
process FN ('1r) coincides with the process wN formed above. 

In part I, Section 5, formula (3.3.9) is applied to the following problem of 
option pricing. Suppose that today, at time t = 0, we are going to sign a 
contract that gives us the right to buy one share of a stock at a specified price 
K, called the exercise price, and at a specified time T, called the maturity 
or expirat'ion time. If the stock price SN (T) is below the exercise price, i.e. 
5N (T) :::::; K, then the contract is worthless to us. On the other hand, if 
5N (T) > K, we can exercise our option: we can buy one share of the stock 
at the fixed price K and then sell it immediately in the market for the price 
5N (T). Thus this option, called the European call opt·ion, yields a profit at 
maturity T equal to 

(3.3.11) 

The function (3.3.11) of the stock price SN(T) is called the payoff functfon 
for the European call option. A contract with some fixed payoff function 
HN (T) = H(SN (T)), where HN (T) is a nonnegative variable with possible 
states H(.sf/ (T)) (not necessarily of form (3.3.11)) is called a contingent claim. 
The European call option is thus a special contingent claim with payoff (3.3.11). 

Now, how much would we be willing to pay at time t = 0 for a ticket which 
gives the right to buy at maturity t = T one share of stock with exercise price 
K'? To put this in another way, what is a fair price to pay at time t = 0 for 
the ticket? In order to determine the fire price of a contingent claim, consider 
the following procedure: 
(i) construct the hedging strategy against the contingent claim in question, 

which duplicates the payoff; 
(ii) determine the initial wealth needed for construction in (i); 
(iii) equate this initial wealth to the fair price of the contingent claim. 
In other words, construct the hedging strategy JrN against the contingent claim 
with a payoff function H N (T), whose value process F N ( 7f) coincides with a pro
cess that is obtained exactly in the same manner as the process WN by solving 
the equations (3.3.3), but now subject to the boundary conditions (3.3.4) with 
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}iN (T) = H(st;/ (T)) 
k BN(T) 

instead of wf: (T). This strategy indeed duplicates the payoff. It requires the 

initial wealth that yields the fair price cN = C(HN) of the contingent daim 

with the payoff function HN(T), which amounts to 

'2N 

C(HN) = L Pf" (T)hj"7 (T). 
J=l 

The European call option (3.3.11), in particular, has a special payoff function 

depending only on the stock price at maturity fN = T and its fair price is 

(3.3.12) 

4. POISSON MARKET 

4 .1. As8et pricing 

cN =I:Pf"(T)(sf(T)-k)+. 
.i=l 

In this Section we consider the limiting model for a securities market. According 

to (3.1.10) and ( 3.1.11), the model for the bond is defined by the lirwar return 

process R 0 = {RntE[O,T'] with 

(4.1.1) 'R~ =rt 

and the exponential price process B 0 = {BniE[O,TJ with 

(4.1.2) B o rt 
t = e , 

where r > 0 is a riskless interest rate on the bond. Note that B 0 = E(R 0 ) in 

the sense of Section 2.4. 
The stock is again a risky asset and its rPturn procPss R 0 = {Rflu::[o,T] 

may jump unexpectedly at certain instants. Let m be a number of jumps, a 

nonnegative integer equal zero if no jumps occur. Otherwise, if m > 0 jumps 

occur, we denote by T1 , ... , Tm the consecutive instants. \\.'e assume T1.- < T1.-+1 

for all k = 0, 1, ... , rn by adding To = ll and Tm+ 1 2: T for eom·eniencE'. Thus 

6.R0 (t) =()for all t E [O.T] except for 

6.R 0 (Tk) =a> 0, k = 1, ... ,m. 

In order to describe cumulative rPturn process R0 \Ve define the so-called co'Unt

ing proces8 N = {NdtE[O,T] with . .l\(('t) \~hich :·mmts the number ;lfjump~ ob

served up to time t E [O, T]. By assumption .I\! (0) = 0. Further.\ (t) = 0 if no 

85 



------------- CWlQuarterly -------------

jumps occur up to time t and N(t) =kif Tk ~ t fork E {l, ... , m}. In par
ticular N(T) = m. We define next the limiting return process R0 on the stock 
in accordance with the right-hand side of (3.1.17): the cumulative effect on 
the upward displacement yields aN(t) and that of the downward displacement 
yields -bt. This leads to the model 

(4.1.3) R0 (t) = aN(t) - bt. 

Consequently, the price process on the stock 8° = {St'hE[O,T) is now defined 
by 

S 0 (t) = s£(R0 )t 
( 4.1.4) 

(cf. Section 2.4) where s > 0 is a fixed current price on the stock 8°(0) = s. 
By (4.1.2) and (4.1.4) the discounted stock price process is defined by 

1.1.5) 
S' o(t) = S 0 (t) 

- B 0 (t) 

and the corresponding return process R0 = {RDtE[O,T] by 

( 4.1.6) R0 (t) = a(N(t) - >.t), 

cf. (3.1.18). The relation S 0 = s£(R0 ) is obtained in Section 2.4. 
The price process on the stock may be presented alternatively by introduc

ing the state s% ( t) of this process in the interval [Tk, Tk+1), k = 0, l, ... , m. By 
( 4.1.4) 

( 4.1. 7) 

(note that in the present case no distinction is needed between states of the 
stock price and their numerical values, due to one to one correspondence) and 
at each t E [O, T] 

m 

S 0 (t) = L:s%(t)l[Tk,Tk+i)(t). 
k=O 

Similarly, 
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·m 

(4.1.8) so(t) = L l;%(t)I[Tk,Tktl ;(t) 
k=O 

with the states 

( 4.1.9) 

in the interval [Tk, Tk+l ), k = 0, 1, ... , m. 
Analogously to (3.1.4) 

m 

S 0 (t-) = s~(t)I[o.T1J(t) + L s%(t)J(Tk.1'k+iJ(t). 
k=l 

Suppose that S 0 (t-) is in state s%(t). Then at time t the stock price either 
stays in state s~(t) or jump to state sJ'.+ 1 (t). This observation leads to the 
following definition of the difference operator DS 0 (t) in the state space of the 
present market: if S0 (t-) is in state sJ;(t), then DS0 (t) in the statf.' 

(l.l.11) Dk( Sn= s%(t) - s%_ 1 (t). 

Hence 

DEFINITION 4.1.1. The process DS0 = {DSl}tE[O,T] is defined by 

m 

( 4.1.12) DS0 (t) = Dirsnrro,TiJ(t) + l:Dk+1(S~)I(T, .. h+i1(t) 
k=I 

with the states given by (4.1.11). The process DS0 = {DSl}1E[o.r] is defined 
similarly so that 

DSO(t) = DSO(t). 
BO(t) 

PrtOPOSITION 4.1.2. The states (4.1.7) and (4.1.9) of the stock price process 

and its discO'!mted vers·ion satisfy the following dijff'rcntial equations: 

(U.13) dsJ;(t) 0 ) 'D ('S'o) t 'T T l --·- - rsk(t =-A k+l 1 , · E \ b k+JJ, 
dt 

87 



.'. u .. arterly -------------

( 4.1.14) 

PROOF. By (4.1.7) it follows from (4.1.11) that 

Dk(S'() = as(l + a)k-Ie-bt = as%_ 1 (t). 

Therefore, by differentiating both sides of ( 4.1. 7) we get 

ds%(t) - rs%(t) = -(r + b)s%(t) = ->.as%(t) = ->.Dk+I (S~), 
dt 

which yields (4.1.13). By definition (4.1.12), equation (4.1.14) follows from 
(4.1.13). The proof is complete. D 

4.2. Self-financing strategies 
Consider an investor who invests an amount v ~ 0 in the present market 
and then follows a trading strategy 7r = (w, <I>) with portfolio components 
\]! = {IJ!t}tE[O,T] and <l> = {<I>t}tE[O,T] which yield the value process V 0 (7r) 
'1!B 0 + <I>S0 defined at t E [O, T] by 

(4.2.1) V 0 (t; 7r) = iI!(t)B 0 (t) + <I>(t)S0 (t). 

Clearly, the initial condition is 

v = V 0 (0; 7r) = iI!(O)B0 (0) + <I>(O)S0 (0). 

Since between two consecutive jumps the stock price process evolve smoothly, 
the investor selects both components as piecewise continuous functions of type 

m 

(4.2.2) 1l>'(t) = 'lf;1 (t)I[o,Ti] (t) + L '!/JH1 (t)I(rk ,Tk+il (t) 
k=l 

and 

m 

( 4.2.3) <I>(t) = cpi(t)I[o,T,] (t) + L <Pk+1 (t)I(rk,Tk+i] (t), 
k=l 

where 1/!k and ifJk are continuously differentiable functions with iI!(O) = V;1 (0) 
and <I>(O) = if;1 (0). 

According to definition 3.2.1, a trading strategy 7r = ('1!, <I>) is self-financing 
if for each t E (0, T] 
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( 4.2.4) B':_ ·'lit+ S':_ · <I>t = 0 

In the present case proposition 3.2.2 may be reformulated as follows: 

PROPOSITION 4.2.1. A trading strategy 7r is self-financing if and only if its 
discounted value process V0 (7r) = {V,°(7r)}tE[O,T] admits the following integral 
representation: at each t E [O, T] 

(4.2.5) ' o r.o V (t;7r) =v+<I>·"t· 

It is important to notice that the process V0 ( 7r) for a self-financing strategy 7r 
is of the same type as the stock price process, since at each t E [O, T] it may be 
represented similarly to (4.1.8) as follows: 

m 

V0 (t; 7r) = L vZ(t; 7r)I[Tk,Tk+il(t). 
k==O 

In view of definitions in Section 2.2, the states {i1%(t;7r)}k==0,1,. ... m at t E 
[Tk, Tk+1) satisfy 

(4.2.6) 

with v0(To; 7r) = v and 

Note that sj(Ti) - sj_i(Ti) = Dj(Sr)• cf. (4.1.11). 
Arguing as before, we define DV0 (t;7r) as follows. Suppose that S 0 (t-) is 

in state sJ;(t). Then V 0 (t-; 7r) is in state vk(t; 7r) and at time t the process 
V 0 (7r) either stays in state vZ(t; 7r) or jump to state Vk+l (t; 7r). Therefore the 
corresponding state Dk(i~0 (7r)) of DV 0 (t; 7r) is defined by 

(4.2.7) 

Hence 

DEFINITION 4.2.2. The process DV0 (7r) = {DVi0 (7r)}tE[O,T] is defined by 

m 

DV0 (t; 7r) = Di(i~0 (7r))I[o,ri](t) + L Dk+1C\1t0 (7r))I(Tk.n+iJ(t) 
k==l 

89 



where Dk(\~0 (rr)) is given by (4.2.7). Obviously, D~"0 (rr) = D\" 0 (rr)/B0 • De
fine finally the proeess D\" 0 (rr)/DS0 by 

In the next proposition Clark's formula ( 4.2.9) is obtained. 

PROPOSITION 4.2.2. Under the self-financing condition (4.2.4) the stock com
ponent of the portfolio is given by 

(4.2.8) ;f..()= DP(t;rr) 
':l' t DS0 (t) . 

Therefore the integral representation ( 4.2.5) takes the form 

(4.2.9) 
, Dl'°(7r) , 
\" 0 (t;7r)=t•+ ·S1°. DS0 

PROOF. It suffices to prove (4.2.8). So, it is needed to verify that if S 0 (t-) is 
in state sk(t), i.e. t E (Tk, Tk+iJ, then 

(4.2.10) 

But if t E (Tk, Tk+i], then in view of (4.2.1) we either have 

vk(t; 7r) = t/'k(t)ert + 4>dt)s%(t) 

or 
Vk+I (t; 7r) = ~·'k(t)ert + 4>k(t)sk+I (t). 

These identities imply (4.2.10). The proof is complete. 0 

It will be proved in the next proposition that the value process for a self
financing strategy satisfies differential equations (4.2.11), similar to (4.1.13). 
Note that the diseounted versions of these equations (4.1.14) and (4.2.12) play 
in the present market the same role as the equations (3.2.14) and (3.2.16) in 
the binary market. 

PROPOSITION 4.2.3. Under the self-financing condition (4.2.4) the states of 
the value process and its discounted version satisfy the following differential 
equations: at t E (Tk, Tk+d 

(4.2.11) dv%(t; ir) o(t) - 'D (FO( )) dt -rvk - -A k+I t1 rr 

and 

(4.2.12) di1k(t)(7r) __ 'D (t>o( )) 
df - A k+I t t 7r • 
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By (4.2.6) 
dvk(t;7r) =,,., (t)dsk(t) 

dt 'f'k+l dt ' 

4.2.12) follows from (4.1.14) and (4.2.10). The equivalence of (4.2.11) 
12) is straightforward. The proof is complete. D 

!ging strategies 
o, T]. Consider the system of differential equations 

dxk(t) '(' () , ()) k ~ = -A Xk+l t - Xk t , = 0, 1, ... , 

to the boundary conditions 

xk(T) = hk(T), k = 0, 1, ... , 

ren numbers {hk(T)}k=0,1, ... · The parameter ). > 0 is the same as 
f. (4.1.14) or (4.2.12). 
explicit solution of this system is expressed in terms of so-called Poisson 
tion with the intensity .A, defined by P>.. = {pj(.A)}i=O,l, ... with 

positive numbers (4.3.3) sum up to 1, so that P>. is a probability dis
n. Note that definition (4.3.3) extends to).= 0 as follows: 

Po(O) = 1 and Pi(O) = 0 for j = 1, 2, ... 

lowing property of the Poisson distribution is well-known . 

. 4.3. l. At each t E (0, T] the Poisson distribution Pt>. = {pj(t.A) L=o,1 , ... 

by ( 4.3.3) satisfies the following system of differential equations 

dpj(t.A) . 
dt = -.A(pj(t.A) - Pj-1(t.A)), J = 0, 1, ... 

·I ( t >.) = 0 and the initial conditions ( 4.3.4) . 

. This is easily verified by the direct differentiation of (4.3.3). D 

're details see, e.g. FELLER (1971), vol. 1, Section 17.2, or Cox and 
R (1965), Section 4.1. Lemma 4.3.1 allows for the following explicit 
n of the system of equations (4.3.1). 
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PROPOSITION 4.3.2. The system (4.3.1) of differential equations in the interval 
t E [O, T], subject to the boundary conditions ( 4.3.2), is satisfied by 

00 

(4.3.5) Xk(t) = LPj(A(T - t))kk+j(T), k = 0, 1, ... 
j=O 

provided that the numbers {hk(T)}k=O,l, ... allow the differentiation under the 
summation sign. In particular 

00 

(4.3.6) .Xo(O) = LPJ(AT)hj(T). 
j=O 

PROOF. The boundary conditions (4.3.2) are satisfied due to property (4.3.4) of 
the Poisson distribution. Differentiating both sides of (4.3.5) we get by lemma 
4.3.l that 

=-A { 2::~ 1 Pi-1 (A(T - t))hk+J(T) - L:~oPi(A(T - t))hk+J (T)} 

=-A (±k+t (t) - :h(t)). 

This yields (4.3.1). The proof is complete. D 

By comparing (4.1.14) and (4.3.1) we see that the states (4.1.9) of the dis
counted stock price process S0 satisfy the relations 

00 

(4.3.7) sk(t) = LPj(A(T - t))sk+j(T). 
j=O 

In particular 

00 

(4.3.8) s = LPj(AT)sj(T). 
j=O 

This can also be verified directly, since 

00 (A(T - t))i L .1 e->-.(T-t) s(l + a)k+j e-a>-.T = s(l + a)ke-aAt. 
j=O J. 

Cf. ( 4.3. 7) and ( 4.3.8) with (3.3. 7) and (3.3.8). The differential equations 
( 4.3.l) and their solutions ( 4.3.5) and ( 4.3.6) play here the same role as equa
tions (3.3.3) and their solutions (3.3.5) and (3.3.6) in a binary market. They 
yield, in particular, the completeness of a Poisson market to be shown next. 
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Let W (T) be a wealth desired by an investor at the terminal date T. Sup
se that W(T) may occupy one of the states {wk(T)h=o.1, ... · There is, say 
:ertain function W so that W(T) = VV(S 0 (T)) and wk(T) = TV(sk(T)), k = 
1, . . .. The definitions in Section 3.3 of the completeness and the hedging 
·ategy extend straightforwardly to the present situation. However, we present 
ew the formulations, because of their importance. 

:;;FINITION 4.3.3. A Poisson market is complete if any desired wealth TV(T) 
the above type is attainable with a certain initial endowment: there is a 

lf-financing strategy 7r whose value process at the terminal date T attains the 
~ntity V(T; 7r) = W(T). The necessary initial endowment is then v = V(O; 7r). 

1is particular strategy is called the hedging strategy against W (T). 

milarly to proposition 4.3.3 in part I, we have 

rtOPOSITION 4.3.4. A Poisson market is complete. The hedging strategy 7r 

•ainst a desired wealth VV (T) of the above type is uniquely defined by the 
•rtfolio components (4.2.2) and (4.2.3) with 

.3.9) ·~;k(t) = f,PJ(>-.(T - t)) (1 + a)wJ+k(T1- <vJ+k+1(T) 

j=O 

1.d 

,_3.10) 

here {th(T)}k=O.l, .. are the discounted states of the wealth lF(T), i.e. Vlk(T) = 

~ i~j. The initial endowment needed amounts to 

'.Xl 

L3.ll) v = LPJ(>-.T)wJ(T). 
J=O 

'ROOF. Lett E [Tb Tk+ 1). By definition (4.2.1) the discounted value process 
>r the present strategy 7r is in state 

·v)'.(t; 7r) = '1/.'k(t) + <iik(t)s%(t) 

rhich by (4.3.9) and (4.3.10) coincides with 

4.3.12) 
x 

lllk(t) = LPJ(A(T - t))1h+;(T). 
j=O 

~ y proposition 4.3.2, ( 4.3.12) solves the differential equation ( 4.3.1) subject to 

he boundary condition ( 4.3.2) with 1h(T) instead of fik(T). Then by propo
ition 4.2.3 t.he present strategy is self-financing. Moreover, at the terminal 
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PROPOSITION 4.3.2. The system (4.3.1) of differential equations in the interval 
t E [O, T], subject to the boundary conditions ( 4.3.2), is satisfied by 

00 

(4.3.5) :h(t) = LPJ(>.(T - t))hk+j(T), k = 0, 1, ... 
j=O 

provided that the numbers {hk(T)}k=O,l, ... allow the differentiation under the 
summation sign. In particular 

00 

(4.3.6) ±o(O) = LPJ(>.T)hJ(T). 
j=O 

PROOF. The boundary conditions ( 4.3.2) are satisfied due to property ( 4.3.4) of 
the Poisson distribution. Differentiating both sides of ( 4.3.5) we get by lemma 
4.3.l that 

= ->. { I:;1 PJ-1 (>.(T - t) )hk+J (T) - I:;0 PJ (>.(T - t))hk+J (T)} 

= ->.(:h+1(t) - :h(t)). 

This yields ( 4.3.1). The proof is complete. D 

By comparing (4.1.14) and (4.3.1) we see that the states (4.1.9) of the dis
counted stock price process S0 satisfy the relations 

00 

(4.3.7) sk(t) = LPJ(>-(T - t))sk+J(T). 
j=O 

In particular 

00 

(4.3.8) s = LP1(>-T)sj(T). 
j=O 

This can also be verified directly, since 

f (>.(T·~ t))i e-.>..(7'-t)s(l + a)k+Je-a.>..T = s(l + a)ke-a.>..t. 

j=O J. 

Cf. ( 4.3. 7) and ( 4.3.8) with (3.3. 7) and (3.3.8). The differential equations 
( 4.3.1) and their solutions ( 4.3.5) and ( 4.3.6) play here the same role as equa
tions (3.3.3) and their solutions (3.3.5) and (3.3.6) in a binary market. They 
yield, in particular, the completeness of a Poisson market to be shown next. 
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Let W(T) be a wealth desired by an investor at the terminal date T. Sup
pose that W(T) may occupy one of the states {wk(T)h=o.i .... · There is, say 
a certain function W so that W(T) = W(S0 (T)) and wk(T) = W(sk(T)), k = 
0, 1,.. .. The definitions in Section 3.3 of the completeness and the hedging 
strategy extend straightforwardly to the present situation. However, we present 
anew the formulations, because of their importance. 

DEFINITION 4.3.3. A Poisson market is complete if any desired wealth l'r(T) 
of the above type is attainable with a certain initial endowment: there is a 
self-financing strategy 7T whose value process at the terminal date T attains the 
identity V(T; n) = W(T). The necessary initial endowment is then v = l"(O; 7r). 
This particular strategy is called the hedging strategy against W(T). 

Similarly to proposition 4.3.3 in part I, we have 

PROPOSITION 4.3.4. A Poisson market is complete. The hedging strategy 7r 

against a desired wealth W(T) of the above type is uniquely defined by the 
portfolio components (4.2.2) and (4.2.3) with 

(4.3.9) '1/Jk(t) = f Pi(>,(T _ t)) (1 + a)wi+k(T~ - wi+k+i(T) 

j=O 

and 

(4.3.10) </>k(t) = f>i(,\(T - t)) WJ+k+i(~lk(t)wi+k(T), 
J=O 

where {wk(T)}k=O,I, ... are the discounted states of the wealth W(T), i.e. ih(T) = 
~~ (~~ . The initial endowment needed amounts to 

00 

(4.3.11) v = LPi(>.T)wj(T). 
j=O 

PROOF. Lett E [Tk,Tk+ 1 ). By definition (4.2.1) the discounted value process 
for the present strategy 7r is in state 

i'k(t; n) = 1/Jk(t) + ef>k(t)sk(t) 

which by (4.3.9) and (4.3.10) coincides with 

00 

(4.3.12) Wk(t) = LPJ(>.(T - t))th+j(T). 
j=O 

B •t· 4 3 2 (4 3 12) solves the differential equation ( 4.3.1) subject to y propos1 ion . . , . . , 
the boundary condition (4.3.2) with tbk(T) instead of h1.-(T). Then by pr~po
sition 4.2.3 the present strategy is self-financing. Moreover, at tlw termmal 
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date Tits value process attains the desired wealth W(T). Thus 7r is the hedg
ing strategy against W(T). Since {wk(T)}k=0,1, ... in (4.3.12) are arbitrary, the 
Poisson market is complete. Finally, (4.3.11) is an easy consequence of (4.3.12). 

D 

The application of proposition 4.3.4 to option pricing is streightforward. Let 

H(T) = H(S 0 (T)) 

be a payoff function of a contingent claim, with possible states {hj(T)}j=O,l, ... 
where 

hj(T) = H(sj(T)). 

According to (4.3.11), the fair price of the contingent claim His 

00 

(4.3.13) C(H) = LPj(AT)kj(T) 
j=O 

with kj(T) = ~;0~'9). In the special case of the European call option 

(4.3.14) 

(with a certain exercise price K, cf. (3.3.11)), we have 

PROPOSITION 4.3.5. For a nonnegative integer io denote 

(4.3.15) F(jo; )..) = L Pj(A), 
j>jo 

cf. (4.3.3). Then the fair price C of the European call option with the payoff 
function (4.3.14) may be presented as follows: 

(4.3.16) 
C = sF ([ 1~;g~~:n; (1 + a))..T) 

+crT K F ([log K.+bT] . )..T) 
log(l+a) ' 

PROOF. By (4.3.13) and (4.3.14) 

00 

(4.3.17) c = 'L,Pj(AT)(sj(T) - k)+ 
j=O 

where k = crT K, as usual. Therefore, by (4.3.3) and (4.1.9) 

( 4.3.18) 
00 (>.T)i 

C = e-J..T 'L,-.-1 -(s(l + a)ie-aJ..T - k)+. 
j=O J. 
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Obviously, the terms with 

. < . _ [log lf + bT] 
J - Jo - log(l +a) 

equal zero so that (4.3.18) reduces to 

C = e->.T L (>.~)i (s(l + a)ie-a>.T - k) 
j>jo J. 

which yields (4.3.16) by definition (4.3.15). D 

REMARK 4.3.6. Formula (4.3.17) is often called the Cox and Ross option 
pricing formula (see e.g. Cox and Ross (1976) or HARRISON and PLISKA 
(1981), Section 6.2; cf. also Cox, Ross and RUBINSTEIN (1979} and Cox 
and RUBINSTEIN (1985)). Its probabilistic interpretation is as follows: the 
right hand side is the expectation with respect to the Poisson distribution 
'P>.r of a random variable taking on the value (sj(T) - K)+ with probability 
Pi(>.T),j = 0, 1, .... In its specific form (4.3.16), this formula is comparable 
with the well-known Black-Sholes formula for the geometric Brownian motion 
model, see BLACK-SHOLES (1973), HARRISON and PLISKA (1981), formula 
(1.5), or KARATZAS and SHREVE (1988), Section 5.8. 

5. ON THE POISSON APPROXIMATION 
5.1. Approximation of the assets 
In the present Section the link is sought between the binary model of Section 
3 and the Poisson model of Section 4. By using certain heuristic arguments we 
show that under the conditions of Section 3.1 the Poisson model can serve as 
an approximation to the binary model. This is already visible by the simple 
comparison of equations (3.2.22) and (4.2.12) (or (3.2.24) and (4.2.11)), for the 
right hand side of (3.2.22) may be viewed as a prelimiting version of that of 
(4.2.12). 

The limiting transition is carried out by letting the number of trading pe
riods N to increase unboundedly and letting the lenght of each trading period 
l:l.tn = tn - tn-l to tend to zero for n = 1, ... , N. Furthermore, we restrict 
our attention to the special case of markets where new prices are announced 
regularly so that trading times are equidistant, given by 

(5.1.1) { nT} tn=- ' 
N n=O,l, ... ,N 

and the lenghts of the trading periods are all given by 

(5.1.2) { T} Atn = N . 
n=I, ... ,N 
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For. this makes no difference fact mie can proceed without 
this however at the exiwnse of some <h•tails which we want tu aYoid 
lwn'). At the same timi\ the formulations an' sonwwhat simplified. Instmd of 

1.1 and 1.2). for instance. \\"P may write 

and 

As is the largest integer not exceeding :r. 
Concerning the bond. the situation is simple. sinee condition 3.1.1 I!1('ans 

that at 0ach fixpd t E 

as we> have already· sePn. ef. (~U.11) and (4.1.2). 
As for a risky assi.'t. tht' stock. the desired statement that at each fixNI 

t E T] 

concerns tlw trajectories of the processes on tlw both sides. The idea lwhind 
It 1s quite as will bP explained below. Its exact formulation, howeyer, 
would rPquin• probabilistic considerations that lay beyond tlw scope of Hw 
present papff (we int<:•nd to return to this subject in a latter part of t hesr 
lecture notes). 

At fixed t E T] 

[¥] 
sN (t) = s II (1 + ::i.n;';l 

n=IJ 

[ '"'] (cf. (3.l.12)) may occupy one of the 2 r states, i.e. up to tinw t the stock 

price may ernln• along one of 2['i] trajectories. The states of the returns 
0.R;; in (5.1.:3). giwn by (3.l.14), are under condition 3.1.2 approximated by 
( 3.1.17), with tlw right hand side independent of tlw index k. Therefore all 
trajeetorit>s oft he stock price up to time t E [O, T] formed by the same mnnber. 
say j E 1, ... , [ 1.~·]}. of upward displacerrwnts (and [ 1.~:'] -j downward 
displact'nwnts), get tlH' same approximation equal 

(5.1.4) ( 
bT)['i]·j 

s(l + a)J 1 - ,y 

due to ( 5.1.3). The latter expression tends to sj (t) ( cf. ( -4. l. 7)), since for fixed 
j ~ 0 and t E [O, T] 

( bT) ['i]-j ( lT) !.f 
lim. 1 - --:-;- = Fm . 1 - ~ = e-bl. 

/\ -7 X' J\ /\ ·+X J\ 
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As N --+ oo the index j in (5.1.4) may take on any nonnegative integer value, 

so that the approximate states are indeed { s_j(t) L=o,1, ... • 

5.2. Approximate option pricing 

According to lemma 3.2. 7, for each n = 1, ... , N the risk neutral probabilities 

{P£'.'nh=1, ... ,2n are approximated independently of the indices k and n by 

(5.2.1) IV >..T 
P2k,n"' N 

and 

(5.2.2) 
N )...T 

P2k-l,n "' 1 - N 

(cf. (3.2.19) and (5.1.2)). This allows for the approximation of the probabilities 

{ Pi:JV h=1, ... ,2N defined by (3.3.2). Recall that each value of the index k corre

sponds to a certain trajectory of the stock price development. Let us pick out 

any index k which belongs to the set of indices corresponding to the set of all 

trajectories formed by j upward and N - j downward displacements. Clearly. 

their number equals (·~). By (5.1.2) in all these C) cases we have the same 

approximation 

(5.2.3) N ,..._, (>..T)j ( _ A.T)N-.i 
pkN N l N 

We shall apply (5.2.3) to the option pricing formula (3.3.12). Taking into 

consideration the approximation of Section 5.1 to the stock price, we obtain 

(5.2.4) cN ,..._, t, (~) ( ~y (i - ~)N-j (sj(T) -k)+. 

The expression on the right hand side may be simplified, since for each fixed 

integer j 2:: 0 

= 

1---( j -1) 
N 

(,\T)J ->.J -.-,-e 
J. 

as N--+ oo. The limit is PJ(>..T), cf. (4.3.3). Thus (5.2.4) yields 

"° cN,...., LPiPT)(sj(T) -k)+, 
j=O 

cf. (4.3.17). 
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5.:J. Approximate hedging strategy ,. 

In this Section the heuristic arguments of the previous Sections 5.1 and 5.2 
are applied to the hedging strategy against the European call option. The 
construction of this strategy is based on the formula (3.3.10) with 

t 5.3.l) ,,N(T} = (sf: (T) - K)+ 
Uk BN(T) 

\Ve already know from Section 5.1 how to approximate the states (5.3.1). The 
set of weights in formula (3.3.10) 

(5.3.2) 

has to be approximated as well, for all k E { 1, ... , 2N -n}. By arguments similar 
to that of the previous Section, the approximation is free of the index k. Indeed. 
all entries in the subset of (5.3.2) corresponding to the subset of the trajectories 
formed by j upward and n - j downward displacements, j E { 0, 1, ... , n}, are 
approximated by the same number 

( >..T)J ( _ >..T)n-j 
N l N ' 

due to (3.3.1 ), (5.2.1) and (5.2.2). For each j E {O, 1,. .. , n} this subset consists 
of ('.j) entries. Consequently, the process WN of Section 3.3 occupies at time 

t E [O, T] one of the states {U.1t[tN/T]h=1. .... 2l•N/TI approximated as follows: 

(5.3.3) 

, N N-[!f] (N -.[t~)) (>..T)i ( >..T)N-[!.f]-J , N 
U'k.[tl\'/T] "' L . N 1 - N Wk+j (T) 

j=O J 

with u1f (T) given by (5.3.1). The expression on the right hand side may be 
simplified by the following considerations. Firstly, by the results of section 5.1 
and by (5.3.1) 

(5.3.4) 

with 
tt'J(T) = (sj(T) - k)+. 

Secondly, for each integer j ;::: 0 and t E [O, T] 

(5.3.5) 
(N-jlf l) ( AJ)j = (J\Ji)' ( 1 _ ['£1) ... ( 1- [lf)-j) 

[J\(T-tl]' 
-t j! 
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as N -+ oo. Finally, 

(5.3.6) 
. ( >..T)N-[':]-J ( >..T)N(1-+) 

hm 1 - - = lim 1 - - = e->.(T-t) 
N-+oo N N-+oo N · 

In view of (4.3.3), the equations (5.3.3) - (5.3.6) result in 

(5.3.7) 'N ' ( ) Wk,[tN/T] ""'Wk t 

where 
00 

'1h(t) = I:Pi(>..(T - t))wk+j(T) 
J=O 

(cf. (4.3.12)). Thus we have derived the relation (5.3.7) between the states 
f ' N ' o the processes W and W which yield the value processes for the hedging 

strategies against the European call option in the prelimiting binary market of 
Section 3 and the Poisson market of Section 4, respectively. 
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