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1. INTRODUCTION

.. -1 .
Statistics of the form T = n gt ¢. X. ,nz21, where X, 1 =1,

n 1=1 "in 1n in
2,...,n denotes the ith order statistic of a random sample Xl""’xn of size

n from a distribution with distribution function (d.f.) F and the Cin i-=
1,2,...,n are known real numbers (weights), are said to be linear combin-
ations of order statistics. In the last decade there has been considerable
interest in these statistics with regard to the problem of their asymptotic
normality, which has been investigated under different sets of conditions
by many authors in this area. We refer to the important papers of SHORACK
(1972) and STIGLER (1974) and the references given in these papers. More
recently attention has been paid to the rate of convergence problem. Berry-
Lsseen type bounds for linear combinations of order statistics were established
by BJERVE (1977) and HELMERS (1977a), (1977b;. An account of the first two
of these results is given by VAN ZWET (1977).

The purpose of this paper is to establish Edgeworth expansions for
linear combinations of order statistics with remainder O(n—l) for the case
of smooth weights. Our method of proof was outlined by VAN ZWET (1977). In
his paper he obtained a bound on the characteristic function of a linear
combination of order statistics which solves a crucial part of our problem.
An important drawback of the approach followed in the present paper is that
our results do not include trimmed means. However BJERVE (1974) has shown
that trimmed means admit asymptotic expansions. His method employs special
properties of the trimmed means and does not carry over to the more general
linear combinations of order statistics we consider. In HELMERS (1978)
Edgeworth expansions for trimmed linear combinations of order statistics
are established. Though there is a strong similarity between the proofs
given in HELMERS (1978) and the present paper a major difference is that
totally different representations of a linear combination of order statis-—
tics are used.

The paper is organized as follows. In section 2 we state our results
in the form of two theorems. Section 3 contains a number of preliminaries.

Theorem 2.1 is proved in section 4 and theorem 2.2 in section 5.



2. THE RESULTS

Let J be a bounded function on (0,1), which is three times dif-
ferentiable with first, second and third derivative J', J'' and J''' on (0,1).
Let J"' be bounded on (0,1) and let F be a d.f. with finite fourth moment.

The inverse of a d.f. will always be the left-continuous one. Xg denotes the

indicator of a set E. Let Inl = SUPG s <] [h(s)| for any function h on (0,1).
Introduce functions hl,h2 and h3 by

1

_ _ -1

(2.1) by (u) = f 3(8) (X (g, g =8)E ™ (s)

0

1
-1
- - 1 - -
(2.2) b,y (u,v) f TN (X (g, 5 7(W78) (x g g7 (W=8)EF ' (5)
0
1

— - " - - - -1

(2.3) hy(u,v,w) = J J (S)(X(O,S](u) S)(X(O,S](V) S)(X(O,S](w) s)dF (s)
0
for 0 < u,v,w < 1. Furthermore define, for each n 2 | and real x, the func-
tion Kn by
K K K2
- - 3 2y A3l 3 (P-10%>

(2.4) Kn(x) = &(x) ¢(X)[6n%(x 1)+ 24n(x 3x)+ 72n(x 10x +15x)]

where ¢ and ¢ denote the d.f. and the density of the standard normal distri-

bution. The quantities k., = K3(J,F) and k, = K4(J,F) are given by

3 4
1 Il
(2.5) Ky = KB(J,F) = _E_L—-— [J h?(u)du+3 JJ hl(u)hl(v)hz(u,v)dudv}
o"(I,F) 55 00
and
1
(2.6) £, = K (0L = o U b (wdu-30" (I ,F) +
o (J,F)

0



11 111
+ 12 JJ h?(u)hl(v)hz(u,v)dudv + JJI (4h1(u)hl(v)h](w)h3(u,v,w)+
00 000

+ 12hl(u)hl(V)hz(u,w)hz(v,w))dudvdw]

where
1
(2.7) 6% = o2(3,F) = J b’ (u)du.
0
In our first theorem we shall establish an asymptotic expansion with remain-

der O(n—l) for the d.f. F;(x) = P(T;Sx) for -« < x < = where
*
(2.8) T = (Tn- E(Tn))ﬁJ(Tn)

for the case of smooth weights.

THEOREM 1. Suppose that positive numbers c, m, M, M, and numbers 0 < t, <
£, S 1 exist such that

(2.9) c, = J(E%T) for i = 1,2,...,n, n = 1,2,...,3

J 78 three times differentiable on (0,1) with first, second and third bound-
ed derivative J', 3" and 3™ on (0,1). Suppose further that

(2.10) J(s) = ¢ for tl < 85 < t2.
and that on (F—l(tl), F—l(tz)) F ig twice differentiable with density f and
second derivative f' such that on (F—l(tl), F—l(tz))

(2.11) m<f <M and [f'] < M

1 2°

4
Suppose also that F possesses a finite fourth moment B, = EX]. Then we

have that



lim n sup IF*(x) -K (x)| = o0.
n n
o X
Our second theorem is a modification of theorem 2.1 which lends itself

better to applications. We shall establish an asymptotic expansion with

- 1
remainder o(n l) for the d.f. Gn(x) = P(nz(Tn-u)/OSx) for == < x < « where
1
(2.12) b= u(J,F) = [ F ' (s)J(s)ds
0

and 02 = 02(J,F) as in (2.7). Introduce a function h4 by

1

(2.13) h, (u) = - J C%"S)J'(S)(X(O’S](U)'S)dF—l(S)
0

for 0 < u < I. Furthermore quantities a = a(J,F) and b = b(J,F) are given
by
1

(2.14) a = a(J,F) = O(}—F) [2" f s(1-5)J' (s)dF ' (s) -
0

1
- f Fl(s) (%— $)J" (s)ds]
0

and

1
(2.15) b =b(J,F) = __E_L___ [( (h[(u)hz(u,u)-+2hl(u)h4(u))du +
267 (J,F) 6

11

+ [J (2_]h§(u,v) + h](u)h3(u,v,v))dudv].
00

Finally define, for each n 2 1 and real x, the function Ln by

a (aK3+32+2b) aKs g
(2.16) L (x) = K (x) - ¢(X)[‘ T + 5 ¥ %n X ]'




THEOREM 2.2. Suppose that the assumptions of theorem 2.1 are satisfied.
Then we have that

:-l—ifol n sup 6,0 - L o] =0
It may be useful to comment briefly on these results. In the first
place we remark that it is not difficult to check from our proofs that
assumption {2.9) (see CHERNOFF et al. (1967) and STIGLER (1974) were the
same type of weights are considered) can be replaced by the weaker condi-

tion that

1 1
n n
max |c. - n J J(s)ds = J M(s)ds]| = O(n—Y), as n + «,
1-1 i-1
n n

for some y > | and smooth functions J and M(J(M) must have bounded third
(first) derivative on (0,1)),provided we replace the factor (%”‘S)J'(S)
appearing in the integrands of (2.13) and (2.14) by M(s). In particular

this condition is satisfied in either one of the following cases: c. = J(%)

in
(see MOORE (1968)) or

—gir

n J(s)ds

0
]

in

i-1

n
(see BICKEL (1967)) with M(s) = %-J'(s) and M(s) = 0 respectively.

Secondly we note that the assumptions (2.10) and (2.11) are needed to
ensure sufficient smoothness of F; and Gn’ which is what CRAMER's condition
(C) (see CRAMER (1962)) does in the classical case of sums of independent
and identically distributed random variables (cf. the proof of relation

(4.2); see also VAN ZWET (1977)).
Next we give a numerical example which indicates that the expansions

given in this paper perform well as approximations of the finite sample
exact d.f.'s. It also shows that they are better than the usual normal
approximation.

We consider the asymptotically first order efficient estimator, based

on linear combinations of order statistics, of the centre & of the logistic

distribution



which is (see e.g. DAVID (1970) p.224) given by the weight function
J(s) = 6s(1-s), 0 <s < 1.

As in this case the conditions of theorem 2.2 are easily verified we find

after long but straightforward computations
L) = 00| (Poa ¢ L9
n 20n X ¥ n X

In the following table we give the numerical results. The exact d.f. Gn(x)
is computed by numerical integration of the multiple integrals involved

in this computation for n = 3 and n = 4 and by Monte-Carlo simulation based
on 25.000 samples for n = 10 and n = 25. The agreement between Gn and Ln

is already reasonable for n = 3.

x | 63 | L3 G | Ly | G | Lyg | G5 | Los ?
0.0 |.5000 {.5001 |.5000 |.5000 |.5000 |.5000 |.4991 |.5000 |.5000
0.2 |.5640 |.5604 |.5663 |.5652 |.5734 |.5736 |.5758 |.5770 |.5793
0.4 |.6262 |.6197 [.6307 |.6286 |.6445 |.6447 |.6492 |.6511 |.6554
0.6 |.6850 [.6766 |.6919 |.6889 |.7089 |.7110 |.7152 |.7198 |.7257
0.8 {.7391 |.7301 |.7469 |.7446 [.7680 |.7707 |.7728 |.7812 |.7881
1.0 [.7875 |.7793 |.7963 |.7948 |.8196 |.8227 [.8295 |.8339 |.8413
1.2 |.8248 |.8234 |.8391 |.8388 |.8629 |.8665 |.8756 |.8776 |.8849
1.4 |.8658 |.8621 |.8752 |.8764 |.8985 |.9021 |.9100 |.9124 |.9192
1.6 |.8958 |.8951 |.9049 |.9076 [.9275 |.9302 |.9376 |.9392 |.9452
1.8 |.9202 |.9223 [.9287 |.9327 [.9486 |.9515 |.9580 |.9591 |.9641
2.0 [.9397 (.9441 |.9474 [.9524 |.9646 |.9673 |.9732 |.9733 |.9772
2.2 |.9550 |.9611 |.9618 |.9673 |.9764 |.9786 |.9830 [.9831 |.9861
2.4 |.9669 |.9738 |.9726 |.9783 |.9845 |.9864 |.9895 |.9896 |.9918
2.6 |.9758 |.9829 |.9807 |.9860 |.9905 |.9916 |.9942 |.9938 | 9953
2.8 |.9825 |.9892 |.9865 |.9913 [.9937 |.9950 |.9963 |.9965 |.9974
3.0 [.9875 |.9935 [.9907 |.9948 |.9959 |.9971 |.9982 |.9980 |.9987




To conclude this section it may be mentioned that an important applica-
tion of the asymptotic expansions established in this paper lies in the
computation of asymptotic deficiencies in the sense of HODGES and LEHMANN
(1970) for estimators and tests based on linear combinations of order stat-
istics. These computations will be given in a separate paper. Here we note
only that in the case that F is symmetric about its expectation (say, zero)
and J is symmetric about é-there is no term of order n-% in the expansions..
We also note (we omit the details) that in the asymmetric case the phenome-
non, first noted by PFANZAGL (1977), that "first order efficiency implies
second order efficiency" (see also BICKEL & VAN ZWET (1977), p.4 and p.74),

also holds true for linear combinations of order statistics.
3. PRELIMINARIES

In this section we present a number of preliminary results which will
be needed in our proofs.

Let, for each n 2 1, Ul""’Un be independent uniform (0,1) r.v.'s
and let Uin (1<i<n) denote the ith order statistic of Ul""’Un' It is well-
known that the joint distribution of X],...,Xn is the same as that of
(F_](U]),...,F-I(Un)) for any d.f.F. Therefore we shall identify Xi with
F_](U.) and also X. with F_I(U. ). The empirical d.f. based on U,,...,U

i in in 1 n
will be denoted by Fn. Throughout this paper we shall assume that all r.v.'s
are defined on the same probability space (2,A,P). For any r.v.X with
0 < 0(X) < » we write i = X - E(X) and X* = i/o(X). For any positive number
£ the Lth absolute moment of F will be denoted by £,.

We start by stating a very simple but useful lemma.

LEMMA 3.1. Let {Xn} and {Yn} be two sequences of r.v.'s and let there exist
a number n > 1 such that

(i) o*(x-Y) = 0@™") and

(ii) 0 () = 0(m), as n + =.

Then we have that oz(X:—Y:) = O(n_n+]), as n > .
PROOF. Note first that

(3.1) (X =Y ) = (0(X)-0(¥ )° + 2(1=p Do(X Do (¥)



where pn denotes the correlation coefficient of Xn and Yn. Because of
assumption (i) and the fact that each of the terms on the right of (3.1) is

nonnegative we find that

_n
(3.2) o(X )-0(¥ ) = 0(n 2y, as n + .
and also that
(3.3) 2(1-p_)o(X )o(Y ) = 0™ M, as n > .

Using now the assumption (ii) and (3.2) and noting that n > | we see that
O—Z(Yn) = 0(n) as n » . Combining this and assumption (ii) with (3.3) we
find that 2(l-pn) = O(n-n+l) as n + «, Because GZ(X;-Y:) = 2(l-pn) we have

proved the lemma. U

Secondly we present an obvious result concerning the finiteness of

certain integrals.

LEMMA 3.2. a. Let £ be a number >1 and let, for some & > 0, B£+6 < o, Then
there exists A > 0, depending only on £ and &, such that

1 1 1
[ 7 -
(3.4) J (s(l-s))ﬂ dF l(s) <A B£+6
0

m'

246 ©
b. If £ =1 and 6§ = 0 then (3.4) holds with A = 1.

PROOF. Applying integration by parts we obtain

1 1 1 1
(3.5) J s-sn* ar () = sa-sNT Vs | -
0 0
1 1,
v J F—l(s)(s(l-s))£ (1-2s)ds.
0

Both under the assumptions a. and b. the first term on the right of (3.5)
is easily seen to be zero. To conclude the proof of part a. we apply Holder's

inequality to the second term on the right of (3.5):



1 1 1 1
._.—l —_—
T J Fls)s(1-s))%  ds| < J P ) [ (s(1=s)T  ds <
0

0
1 a8 L+6-1
cob e (| -y HETD 4 B

0

The proof of part b. is immediate from (3.5) and the remark made after it.

This completes the proof of the lemma. g

The third lemma of this section will enable us to estimate certain

moments.

LEMMA 3.3. Let £ be a positive integer and let, for some § > 0, By o < <.
Then for any number p for which p £ = 2, there exists A > 0 depending only
on p, £ and 8§, such that

1 £ _pt
P o] £ £+8 2
(3.6) E(J IPn(s)—sl dF (s)) <A B£+6 n
0

PROOF. By Fubini's theorem we have
%
-1 L
E(| |t (s)-s|PaE " (s))
0

1 1
- E % It (s.)-s,|P dF (s, ).dF (s )
<o izt a7 %% R ol
0

J
0

An application of Holder's inequality shows that

1

L £ N4
E Ty [T Gsp) =i 1P s (T Elr (s =54 [PD)

for all 0 < SyseeesSy < 1. Hence we know that

1 1
E(J |rn(s)-s|PdF"(s))£ < (J (E[r_(s)-s
0 0

1
PHT 451 (o)t



. -1 _n
= >
Since Pn(s) n Zi=l X(O,s](Ui) for all 0 < s <1 and n =2 1 the
MARCINKIEVITZ, ZYGMUND, CHUNG inequality (see CHUNG (1951)) yields for

pL 22, n21and 0 <s < 1
Elr_(s)-s|P“ <30 2 s(i-5)

where B > O depends only on p and £. It follows that

1 _pl 1 1
E([ IPn(s)-slde-l(s))K <Bn 2 (f (s(l-—s))K dF-l(s))E.
0 0
An application of lemma 3.2 completes our proof. a

To formulate the following lemma we introduce functions Hl’ H2 and H3

by
1
-1
(3.7) Hl(u) = J |J(s)|~|x(0’sj(u)-s]dF (s)
0
1
. -1
(3.8) Hz(u) = f IJ (S)I-IX(O’S](u)-s|dF (s)
0
1
" -1
(3.9) H3(u) = J IJ (S)|°IX(O,S](U)-SIdF (s)
0
for 0 < u < 1, Note that the integrand of H, majorize the integrand of

hi and hence that Hi majorize hi (1 <1i < 3). Remark also that h2 and h3

are symmetric in their respectively arguments.

LEMMA 3.4.
(a) Take £ = 1, suppose that J has a bounded second derivative on (0,1) and
Bp = E|X1|£ < w, Then

(3.10) Eﬂf(ul) < w

£
(3.11) EHZ(UI) <



£
(3.12) EHB(UI) < o,

(b) Let J be twice differentiable with bounded second derivative on (0,1)
and let 6 = E|x,| < =. Then Eh (U;) = 0 for amy i, and with probability
one E(hz(Ui’Uj)IUj) =0 fori# jand E(h3(Ui,Uj,Uk)|Uj,Uk) =0 Zf
i#jandi# k.

PROOF. We first prove (3.10). It is immediate from (3.7) that

Hl(u])qun-(f sdF 1(s) + J (1-s)dF ) (s)).
(O,Ul) [Ul,l)

Applying the cr-inequality we find

-1 a1t

E Hf(ul) < 2 [E( J de_](s))ﬂ +

©0,U)

+ E( j (1-s)ar ! ).
[Ul,l)

Using integration by parts, the finiteness of BE’ and applying the c.-
inequality once more we see that

Y

EC f sar ' (st = EluF ) - J F 1 (s)ds
(O,Ul) 0

<

¢

|” <
1

A edr T wpf (JIF-I(S) lasyby < 287 el 1C+ Elx, DO
0

IA

IA

2£E|xl IE.
Similarly we can show that

E( f (l-s)dF_](s))K < 2£E|x1|’e
[u,, 1
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so that E Hf(Ul) < o which proves (3.10). The other statements of part a.
can be proved in essentially the same way.

b. We shall prove that with probability one E(hB(Ui’Uj’Uk)]Uj’Uk) = 0 for
i # j and i # k. Note first that using Fubini's theorem for non-negative

integrands and applying (3.12) with £ = 1 we see that with probability onme

1

E(J 3" [0, 57075 (0,630 75 x(0, 5105
0

-1
dF (s)IUj,Uk) < EHg(U) < =,

Therefore the conditional expectation E(hB(Ui’Uj’Uk)IUj’Uk) is well-defined
and Fubini's theorem can be applied to see that E(hB(Ui’Uj’Uk)IUj’Uk) =0
with probability one. The other two statements of part b are easier and can

be proved in essentially the same way. 0

REMARK. Lemma 3.4 will be applied frequently in the following sections.
In particular the proof of lemma 4.6 depends heavily on it. In this remark
we give two typical examples of the way we shall use lemma 3.4.
(i) Suppose that 82 < ® and J' is bounded on (0,1). Then Ehl(Ul)hZ(Ul’UZ) =
2 -

Ehl(Ul)hZ(Ul’UZ) = 0.

(ii) Suppose that J has a bounded second deriwative on (0,1) and 84 < o,
4
Then E(h (U;) +h, (U,)) [h, (U, ,U) | < .

PROOF.
(i) We first prove that Eh%(Ul)hz(Ul,Uz) = 0. It follows directly from
(2.1), (2.2), (3.10) and (3.11) and the independence of Ul and U2 that
2 2 .
IEhl(U])hZ(Ul’UZ)] < E Hl(Ud) EHZ(UZ) < «, Hence we can write

2 2
E h(U)h,(U,,U,) E[E(hl(Ul)hz(Ul,Uz)IUl)]

= E[n?(U)Eh, (U,,0,) U, }] = 0,

because of lemma 3.4.b. This proves the assertion. The other statement can
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can be proved in essentially the same way.

(i1) We remark that

4
E(h (U) + h (U,))" |[h,(U,,U)] <

IA

4 4 _
8E}H(Ul)|h2(Ul,U2)| + 8E1H(U2)|h2(U1,U2)| =

4 4 _
16Ehlﬂ“)|hzﬂH,U2)|s 16 EH (U )H,(U,) =

4
16 EHI(UI) EHZ(UZ) < @,

using lemma 3.4 and the independence of U] and U2. This completes the

proof. O

The fifth and last lemma of this section gives conditions which guarantee

that 02 = 02(J,F) (c.f. (2.7)) is bounded away from zero.

LEMMA 3.5. Let J be bounded on (0,1) and By < . Suppose that a positive

number c and numbers 0 < t, <ty < 1 exist such that on (F_l(tl), F_](tz))

F possesses a bounded density and on (tl’tz) assumption (2.10)

1e satisfiled. Then 02(J,F) > 0.

PROOF. Note first that because J is bounded on (0,1) and 8] < = the function

h, is well-defined and finite for every 0 < u < 1. Secondly we remark that

3

t
o (J,F) = fé h?(u)du.;zft2 hf(u)du. It follows directly from (2.1) and the
assumptions of the lemma that hl(uz) - hl(ul) > c MIl(uz-ul) for t1 <u <

u, < t, and some constant M;> 0. The geometry of the situation ensures now

ty, 2 t1_f2 ¢
that /_2 h{(u)du is minimized for h (u) = (u-—-~--—3)3—. Hence
t; 1 1 2 2°M
2 eyt )’
g (J,F) = 5
12 Ml

This completes the proof of the lemma. 0
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4., PROOF OF THEOREM 2.1.
The purpose of this section is to provide a proof of theorem 2.I. Since

our proofs will depend on characteristic function (c.f.) arguments let us

denote by pi(t) the c.f. of T; and by Sn(t) the Fourier-Stieltjes transform

P (t) = f exp (itx)dK_(x)

of Kn (see (2.4)).

We shall show that for some sufficiently small ¢ > 0O

4.1) f|§u>—%unhr%t=u{5
|t|<n®

and that

(4.2) J Ip;(t)lltl-ldt =o@ D)
n€<|t|Sn3/2

and

(4.3) f |Sn(t)]]t|—ldt = o b,

lel>log(n+1)

hold as m + =. An application of Esseen's smoothing lemma (ESSEEN (1945))
will then complete our proof.
We first prove (4.1). We shall essentially have to expand p:(t) for

. To start with we define for 0 < u < 1

these "small" values of |t

1
(4.4) w](u) J J(s)ds - (l-u)31
u

and

1
wz(u) I (-12--S)J'(s)ds - (1-u)32
u
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viiece 'J J(s)ds and 32 = fé (éﬂ-s)J'(s)ds. Then it is easy to check

(see STORACK (1972) for a similar approach) that with probability one

i

1
(4.5, T = J (W, (1 () + 0 'y (T_(s)))dF ' (s) +
0

- -l= . -1 ¢ -1
© (3, +n Jn Z Fo(U) +

-n I(s)ds - (—,]2—-s)J'(s)ds)F-](Uin).

in

+
=}
i
e~
~~
(g}
Hs
B[
He

Let J e cwice differentiable with first and second derivative J' and J"
on (C,1). Let J" be bounded on (0,1) and let B, = EIX]I < o, Introduce for

each n > | the r.v. Sn by (a prime denoting differentiation)

(4.5) 5 = f {wl(s) + n-lwz(s) + (T _(s)=s) (py(s) + n-]wé(s)) +
(r_(s)-s)" (r_(s)-5)" .
B ye) ¢ Ry "'<s)} (s) +

= -l= -1 v _-i
+ @ +n J)n z F ().

Note that le(u)l = 4llg "u(l-u) and ]w (u)l 13N u(l-u) for 0 < u < 1,
and that ¢'(s) = =-J(s) + J], wz(s) (s-—)J (s) t JZ’ w"(s) = ~J'(s) and
w?'(s) = -J"(s) on (0,1) so that it easily verified that S is a well-
defined r.v. Later on in this section it will become clear that T - S is,
under appropriate conditions, of negligible order for our purposes.

It is convenient to introduce some more notation. Define r.v.'s I

mn
form=1,2,3,4 and n = 1 by

(4.7) J(s)(Fn(S)-S)d°“I(S)

=

I

|
O —

n_I Z h (U )
1=1



| ' (-9 | L, n o
4.6) I, =- f J'(s) 5 dF (s) = 2 izl jzl hz(Ui,Uj)
0
| 3
(T_(s)-s) _ ., 0 mn n
4.9) 13n=-jJ"<s>——n—6—_dF'<s>=6’ 3y v oy
5 i=1 j=1 k=1
h3(Ui’Uj’Uk)
1
(4.10; o=t [ desyrre) @ )=s)ar s) = 072 T h ()
.10) 4n " n 5 s s n s)-s s) = n L 4Us

0

where the functions hl’ h2, h3 and h4 are given by (2.1) - (2.3) and (2.16).

It is easily checked that

4 4
(4.11) s =S -Es_ =} I =1 (r - EL ).
m=1 m=1
Furthermore define r.v.'s Jmn form= 1,2,3,4, and n 2 1 by
(4.12) Jmn = Imn/o(Sn) = (Imn - EImn)/o(Sn),
so that
N 4
(4.13) s =7 3J
n mn
m=1

The proof of (4.1) will now be split up in a number of lemma's. In the first
lemma of this section we give an asymptotic expansion for the variance of

S .
n

LEMMA 4.1. Suppose J /has a bounded second derivative on (0,1) and that

Bz < «, Then we have that

5
L1k lo%s ) = n'o? - %] =0 %), asn e

2
where o~ = SZ(J,F) 7g ag in (2.7) and b = b(J,F) as in (2.15).
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PROOF. In view of (4.11) cz(Sn) = 02(Z$=1 Imn). It follows directly from
(2.1) and (4.7) that Oz(Iln) = n_loz. Also note that it is immediate from

(4.7), (4.8) and an application of lemma 3.4 that
3 o D

n
261, I, =n " ) 'Z ) Eh) (U;)h, (U,,U,) =
i=1 j=1 k=1

2 COV(I]n’IZn)

1
n_2 I h](u)hz(u,u)du.
0

Next we consider 02(12n). Using lemma 3.2 and lemma 3.4 once more we

directly find that

2 -1 -2 2 -
E .= 4 n " (E hz(U],U])) + 2

I -2 2
n t hz(U],Uz) +

+ O(n_3), as n - =,
2 -1 -2 2
Because we know also that (E IZn) =4 n “(E h2(U],U])) we have shown
that

11
02(12n) = 2_] n_2 JJ hg(u,v) dudv + O(n_S), as n > =,
00

Similarly we can prove that

1

1

_2 -

2 COV(I]n’ISn) =n J J h](u) h3(u,v,v) dudv + O(n 3), as n > «
00

and also that

1
) = 2n 2 J h;(u) h,(v) du.
0

2 cov(I]n,I4n



18

Finally we remark that it is easy to prove by using similar arguments as

above that
2 2 _ -3 -
o} (IBn) + 0 (I4n) =0 7), as n >

and also that
5

- 2 -
|cov(12n,I3n) + COV(IZn’I4n) + COV(IBn’I4n)I =0(n °), as n » o,

Combining all the results we have proved (4.14). a

LEMMA 4.2. Suppose that J has a bounded second derivative on (0,1) and
By < . Then oz(J,F) > 0 implies that for any fixed real number m

m m

2o

(4.15) 0™ ) -0 0™ = 0@® ),  asn>e.

where 02 = 02(J,F) i8 as in (2.7).
PROOF. The statement is immediate from lemma 4.1. O

The next lemma will enable us to show that T; - S; is of negligible order

* *
for our purposes. Let T denote the c.f. of Sn.

LEMMA 4.3. Suppose that J has a bounded third derivative on (0,1), assump-
tion (2.9) is satisfied and 82+6 < o for some § > 0. Then 02(J,F) >0
implies that for every e > 0.

(4.16) J o7 (t) - T;(t)lltl_[dt = 0(n ), as n > =,

€
|t]<n

PROOF. It follows from lemma X.V.4.1 of FELLER (1966) that -
* * * *
- < —_
(4.17) Ipn(t) rn(t)l < ItIEITn S|

for all t and n = 1. Using (4.5), (4.6), the boundedness of J"' on (0,1)

and applying Taylor's theorem we see directly that



1
(4.18) 02(Tn-Sn) < 31gm IIZE(I (rn(s)—s)“dp"(s))2
0
1
+ 3"J""2n_2EKJ (Fn(s)-s)zdF_](s))2
0

~ 3 I""

+ 302(n z (J(——~)'

- Hsyds= | G-8)I()ds)T (U, ),

[
[
1

d

Application of lemma 3.3 with £ = 2 and p = 4 and p = 2 respectively implies
that the sum of the first two terms on the right of (4.18) is O(n_a), as

n -+ =, To treat the third term on the right of (4.18) we need the following
simple inequality: 02(2?=] aixin) <0 (Zl I bixin)’ provided aiaj < bibj

for all 1 < i, j < n. (The proof of this inequality is immediate from the
well-known fact that the covariance of any two order statistics is always

non-negative.) Using this and the fact that it is easily verified that

I

I(s)ds - (3- )3 (s)ds] = 0@ %),

i

max IJ(———) - n
° +
j<icn M

| —B

.—l.
u||u——ﬁn|w-

as n > «

under the assumptions of the lemma, we find that

(4.19) o2 2 (J (2

l_

i

I'} n
n+]) n J J(s)ds - J(lz—s)J'(s)ds)F_[(Uin)) =

- i-1

n

= O(n_s), as n -+ o,
Combining these results it is easy to conclude that

(4.20) 02(Tn- 5) = 0 as n - .
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To complete our proof we remark that it follows from an application of the
lemma's 3.1 and 4.2 (with m = -2) that 02(T:-S:) = O(n_3) as n + «, This
combined with (4.17) proves (4.16). g

Next define for real t and n > 1
itJ

_ In .
(4.21) r]n(t) = Ee (1+—1t(J2n+-J +J

2
(it) 2
3n 4n) + 2 J2n)'

In the following lemma we shall approximate T; by t, for all |[t]| <

In
LEMMA 4.4. Suppose that J has a bounded second derivative on (0,1), and

63+6 < = for some & > 0. Then c2(J,f) > 0 implies that for every e > 0

-§+3€

(4.22) [ IT:(t)-Tln(t)IItl_ O(n ), as n » o,
|t|<n®

PROOF. Application of lemma X.V.4.1. of FELLER (1966) yields

itdy, lt(J2n+J3n+J4n)

*
ITn(t) - T]n(t)l = lEe (e -1- 1t(J 3 +J4n) -
(1t) 2
= J2n)l_ e (El3, I [+El3, Tl ¥El3 3, [+E I3

1%,

2 3
u/ I L R P A N

for all t and n 2 1. It is not difficult to verify from the proof of lemma
4.1 and from lemma 4.2 that the coefficient of t2 in the above inequality
is O(n_3/2), as n + =, An application of the cr-inequality, lemma 3.3 with
£=3and p=2,3 and &4 respectively, and of lemma 4.2 shows that also
El3, +J, +J 3. O(n_3/2

3n 4n|
check that (4.22) is proved. 0

), as n + », Combining these results we easily

. . . . . 2
We continue with the analysis of T, (t). For convenience we write Cn to

In
indicate noz(Sn) and we denote the c.f. of h](U]) by p. To start with we

remark that it follows from (4.21) that



(4.23)

t
T8 = o) +
n 2
n-o
n

it

(h, (U)+h, (U,))

Nol=|

it n-2, t nooy
p( I ) n(n-1) E e

3 nio
2

n

_%E_ h (V)
it n-1, t n20n
po (—InkEe

2

2 nio
2

h,(U,,U) +

n

—— (h, (U)+h, (
. n‘o

L1t pn—B( E Yn(n-1)(n-2) E e n
nzcn

N

6n o

21

-hz(U],UZ) +

U,)+h, (U5))

-h3(U],U2,U3) +

it
;;;— (h](Ul)+hl(U2))
0" 2t )3n(n-1) Ee °

n’c
n

e
(a3

N

6n“o

—— h W)
2
n°c

+ lt pn_]( |t )n E e n ?13(U]’U] ,U]) +

it
—j——'h](U])

h, (U)) +

it -4, t
(it) o0

)yn(n-1) (n-2) (n-3) -

hy(U,U,,U,) +
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it
;;;— (h[(Ul)+fﬁ(U2))

n 2
- (Ee hZ(Ul’UZ)) +
(it)? n-3 t
*S55 e (——)4n(n-1) (n-2) -
8n o nzon
it
;{;_(hl(ul)+hl(U2)+h[(U3))
n
. Ee hz(U[,Uz)hz(Ul,U3) +
(it)2 n-3, t
* =350 (—)2n(n-1) (n-2) -
8n" ¢ n2o
n n
it
;;;—(hl(Ul)+hl(U2)+h](U3))
n -
. Ee h,(U;,0)h, (U,,U05) +
(it)2 n-2, ¢t
550 (——)4n(n-1) -
8n~¢ n3g
n n
it
;;;—(hl(U])+hl(U2))
n ”~
——(h (U)+h, (U,))
.2 2t nlo 9
(it) n- _ n
+ g;g;f P (néo )2n(n-1) Ee (hZ(Ul’Uz)) +
n
it
——h (U)
2 nlo ol
i -2 ~ 2
+ D 72 £ yn(n-1) (Ee Ry 0’

8n~o n‘o
n n
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it
—; b, (U)
(i)? n-1, t oy ~ 2
+ p  (—)n Ee (h,(U.,U.))".
8n302 nlg 271771
n n

In the next lemma we derive an asymptotic expansion for the factors
n-m t

o (

) appearing in the terms on the right of (4.23).

T
nio
n

LEMMA 4.5. Suppose that J has a bounded second derivative on (0,1) and

By < = Then cz(J,F) >0 implies that there exists a > 0, a sequence of
positive numbers 6], 62, eve WiEH 6n depending only on n and with

limn_mén = 0, and a fixed polynomial Pin t, such that for any fixed m = 0

and all |t| < an® and n = 1.

n-m, t _%? (it)2 m (it)3 fé h?(u)du
IO ( T ) — e (1'—'——“(5“‘13) + I3
2 n 6n?
I'lO'n n-o

(4.24) +

aotu) ntwaes®  @0fu) nlwa®
+ + )| =
24n04 72n06

t2

0(s o' lelp(te *),

where 02 = GZ(J,F) is as in (2.7) and b = b(J,F) as in (2.18).

PROOF. Since (O(n-m))_% Z?;? h](Ui) is a properly standardized sum of inde-
pendent identically distributed r.v.'s with expectation zero, variance one,
and finite fourth moment, it follows directly from the classical theory of
Edgeworth expansions for such sums (see e.g. GNEDENKO-KOLMOGOROV (1954),
5§41, theorem 2.1, inequality (b)) that there exist a > 0 and a sequence of
positive numbers 6],6 ,... satisfying the assumptions of the lemma such

that for all |t| < an? and n = 1
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I
2’ J b (w)du
n-m t __E-/ 0
l — 1) T3 ¥
(n-m) %0 6no
1 ]
(it)4(I h?(u)du—3o4) (it)6(J h?(u)du)z
0 0 \ -
+ + =
24n04 72n06 /

t2

= 0(8_ o e| P(E) e

A

), as n > o,

where P is a fixed polynomial in t. We perform now a change of variables

t =
n

the result of lemma 4.1 that we obtain (4.24).

1 1
tnzon/(n—m)zo). It follows after expanding e

0

around t and using

The expectations appearing on the right of (4.23) are expanded in the
following lemma.

LEMMA 4.6. Suppose that J has a bounded second derivative on (0,1) and

By

(4.26)

it
;;;—(hl(Ul)+h1(U2))

|Ee

11

£, (U)

hZ(U[’UZ) -

~ it

< o, Then oz(J,F) > 0 implies that for all t

(it)
2
no

l
;)

2

1

|

0

i

h[(u)h[(v)hz(u,v)dudv -

5

J I hZ(Wh, (Wh,(w,v)dudy | = 0 (2t + 0 2 ().

3

hl(u)hz(u,u)du I = O(n—[t2+n 2Itl).



(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

25

it
—TE(h, (U)+h, (U)+h, (U,))

2

ncn
|Ee hy(U,;,U,,05) -
RN _24_23
_(ﬁg) J I J h](u)hl(v)hl(w)h3(u,v,w)dudVdW| = 0@ then 2e] ).
5563 000

n-o

h3(U]’U]’U2) -

11 -3
- ﬂF J [ hl(u)hB(u,v,v)dudvl = O(n_]t2+n 2Itl).
2
n'o 54
= h (U)
nzon ! -~ -1
|Ee h3(U],U],U])| =0 ?|t])-
it
1 b (U)) I 3
|Ee " h, (U)) —-j%L J h[(u)ha(u)du] = O(n_]t2+n 2Itl).
n’o
0

I(Ee

(i

n

n

|Ee

it
—T—(h, (U)+h, (U)))
n On 2

1 5

1
4 -=
;22 (J J h](u)h[(v)hz(u,v)dudv)zl = 0(n 2P+ 3.
0

0

2

5 (0, (U))+h, (U +h, (U,))

o
n
hZ(U]’UZ)hZ(U]’UB)
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111 3
) -=
) i}E%_ J ( hy (u)h, (v)h, (u,w)h, (v,w)dudvdu| = 0 (n 2leP+n72eh.
no J
00O
it
n ~ _ 2,3
(4.34)  |Ee h2(U1,U])h2(U2,U3)| =0 “|t]7).

-—r——(h (U )+h (U ))
no -
(4.35) |Ee ™ hZ(U[,Ul)hz(Ul,Uz)I =0 %ltD).

1t
——(h, (U)+h, (U,)) | !

ncn a 1 s -

Th 30 te (!~2 UI,J,))“ - [ J hz Cuyeidudv| = O(n ltl).
00
—#5— h, (U))
nfo, 2 -1.2

(4.37) | (Ee hz(Ul,Ul)) | = 0(n 't%).

_I_"h(U)

I‘lOn 2
(4.38)  |Ee (hz(U],U])) | =0, as n » «

PROOF. Because the statements (4.26) - (4.38) are all proved in essentially

the same manner we shall only prove, by way of an example, (4.26). Expand-
ing exp< (h (U )+h (U ))) around t = 0 and applying part (i) of the remark

made after lemma 3.4 we find that for all t and n = 1

1t
T (hy (0))+h, (0,)) 1
(4.39) |Ee M h, (U, ,U,) - Ge)” J J h (Wh, (V)h,(u,v)dudv -

noz
n00
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1
3
_ (i) 2 )
3 J J h](u)h](v)hz(u,v)dudvl
23 00
no
n
<t Eln, (U )+, (U)]*h (U, ,0.) |
BV RN Rt b 2 "2 2l
n

Application of part (ii) of the remark made after lemma 3.4 shows that the
-20-4
-1 _ -1 T
lemma 4.2 implies that o, =0 * O(n ), as n > «. Inserting this result

in (4.39) we have proved (4.26). g

term on the right of (4.39) is O(n té), as n > », Next we remark that

We are now in a position to prove (4.1). We first apply lemma 4.3 with
0 < e < %-to see that the integral on the left of (4.16) 1is O(n—]), as

n - «», Secondly we use lemma 4.4 with 0 < e < %—to find that the integral

on the left of (4.22) is also o(n_]), as n > », To proceed let us note that

we can write down En(t) explicitly as

2 .3 b
(4.40) () = e Z (-

Next we apply (4.40) and the results of the lemma's 4.5 and 4.6 to check

that for all n 2 1

J e, (6) = 5 (©) [t e = 08 n )
ltISan%

with a and 6n as in lemma 4.5. Hence we can conclude that (4.1) holds for
0 < e <-% under the assumptions of theorem 2.1.

Next we consider (4.2) and (4.3). Finding sufficient conditions for
(4.2) is a problem of an entirely different nature, which was solved by
VAN ZWET (1977). In his theorem 4.1 he obtains a bound for the character-

istic function for a linear combination of order statistics. This result
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of VAN ZWET (1977) provides the argument at exactly the same place in our
proof where Cramer's condition (C) (see CRAMER (1962)) is used in the class-
ical proof for sums of independent identically distributed r.v.'s.

To prove (4.2) we remark first that application of theorem 4.1 of
VAN ZWET (1977) shows that his bound applies to our situation, under the
conditions of theorem 2.1. It is also clear from VAN ZWET (1977) that the
only missing ingredient to complete the proof of (4.2) is the requirement
that there exist positive numbers e and E such that e < néo(Tn) < E for all
n 2 1., To see this we first use the lemma's 3.5 and 4.1 to find that
n%O(Sn) is bounded away from zero and infinity and then apply (4.20) (c.f.
also (5.10)). Hence (4.2) is shown to hold under the assumption of theorem
2.1,

To prove (4.3) we simply use (4.40) and note that, under the assumptions
theorem 2.1 and lemma 3.5 there exist positive constants A3 and A4 such that
|K3l < A3 and |K4l < A4. Since the assumptions of theorem 2.l imply those

of lemma 3.5 this completes the proof of theorem 2.1.

To conclude this section it may be useful to mention that if we suppose
+ . .
that, for some § > 0, B4+5 = E|X[|4 8w and that the assumptions of theo-

rems 2.1 are all satisfied the expansion Kn established in theorem 2.1 is
1

. . . -1 .
in fact an Edgeworth expansion; i.e. Kgn ? and k,n ~ are the first order

. . *
terms in the asymptotic expansions for the third and fourth cumulant of Tn’
whereas the higher order terms in these expansions can be proved to be of

order o(n-l).
5. PROOF OF THEOREM 2.2.

In this section we present a proof of theorem 2.2. To start with we

remark that for each n > 1 and real x
\ _o* -3 -1 a -1
(5.1) Gn(x) = Fn(xcn o (Tn) + (p E(Tn))o (Tn)).

Using this identity and applying theorem 2.1 we find that
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1

-1 - -1 -
(5.2 supIGn(x)-Kn(xon g ](Tn) + (p—E(TD))h 4“U))} = O(Snn ),

X

as n » » holds under the assumptions of theorem 2.1. T proceed we shall
S -
need expansions for on 20 ](Tn) and (u—E(Tn))o 1(11) in the following
1§

lemma we give these expansions.

LEMMA 5.1. Suppose that J has a bounded third derivaitive ci (0,1) and

%2+6 < o for some § > 0. Then oZ(J,F) > 0 implies that
-3
-1 -1 2
(5.3) | (uE(T ))o (T )-an 2| = O(n )
n n
(U’L\J
-3
-1 -1 -1 2
(5.4) lon %o (Tn)-1-+bn | = 0(n %), as n ~ =.

with a = a(J,F) and b = b(J,F) as Zn (2.17) and (2.18).

PROOF. We first prove (5.4). Application of lemma 4.1, (4.20) and the

Cauchy-Schwarz inequality yields

02 02 -%
(5.5) = 1+ 0@ 7Y, as n > w.
n02(T ) nOZ(S )
n n
Lemma 4.1 implies that
) 3
(5.6) — 9 -0, as n -+ =,
n02(S ) n
n
Combining (5.5) and (5.6) we find
) 3
(5.7) -2 - - 22-+ O(n 2), as n > «.
2 n
no (Tn)

Inequality (5.4) is an immediate consequence of (5.7). To prove (5.3) we

first use (4.20) again to see that

(5.8) ET_=ES_+ O(E[T_-5S_|) = ES_ + O(n—z), as n > «.
n n n ‘n n



30

Using the definition of Sn (cf. (4.6)) and noting that E(I’n(s)-—s)3 =

-9
=n “s(l-s)(1-2s) we can easily check that

ESn =py - acm--1 + O(n-z), as n + o

so that (5.8) implies that
) -1 -2
(5.9) go= ETn = aon + O(n 7), as n » =,
Because (5.7) directly implies that
-1 +1 -1 -3
(5.10) o (Tn) =n ‘c +0m?, as n > «,

we have proved (5.3). U

To complete the proof of theorem 2.2 we use (2.4), (2.19), (5.3),
(5.4) and lemma 3.5 and apply a simple Taylor expansion argument to find

that
3

(5.11) Kn(xn-%o-l(Tn)o + (u—E(Tn))c-l(Tn)) =L (x) + 0(n 2), as n + «,

uniformly in x. Combining this with (5.2) completes the proof of theorem

2.2.
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