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Abstract. Coordination languages have emerged for the specification
and implementation of interaction protocols among concurrent entities.
Currently, we are developing a code generator for one such a language,
based on the formalism of constraint automata (CA). As part of the com-
pilation process, our tool computes the CA-specific synchronous product
of a number of CA, each of which models a constituent of the protocol
to generate code for. This ensures that implementations of those CA at
run-time reach a consensus about their global behavior in every step.
However, using the existing product operator on CA can be practically
problematic. In this paper, we provide a solution by defining a new, local
product operator on CA that avoids those problems. We then identify
a sufficiently large class of CA for which using our new product instead
of the existing one is semantics-preserving. Finally, we describe how to
apply this result to code generation and also sketch how to use the same
theory for projecting choreographies.

1 Introduction

Context. Coordination languages have emerged for the specification and imple-
mentation of interaction protocols among concurrent entities (services, threads,
etc.). This class of languages includes Reo [12], a graphical dataflow language for
compositional construction of connectors: communication media through which
entities can interact with each other. Figure [1f shows example connectors in
their usual graphical syntax. Briefly, connectors consist of one or more channels,
through which data items flow, and a number of nodes, on which channel ends
coincide. Through connector composition (the act of gluing connectors together
on their common nodes), users can construct arbitrarily complex connectors.
To implement and use connectors in real applications, one must derive imple-
mentations from their graphical specification [SIT3IT4UTHIT20/21], as precom-
piled executable code or using a run-time interpretation engine. Roughly two
implementation approaches currently exist. In the distributed approach, one im-
plements the behavior of each of the k constituents of a connector and runs
these k& implementations concurrently as a distributed system; in the centralized
approach, one computes the behavior of a connector as a whole, implements this
behavior, and runs this implementation sequentially as a centralized system.
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Fig. 1: Four example connectors. Open circles represent boundary nodes, on which
entities perform 1/0-operations; filled circles represent nodes for internal routing.
Every connector in this figure consists of two primitives (i.e., minimal subcon-
nectors); the pairs of primitives in the first, third, and fourth connector have one
common node.

Currently, we are developing a Reo-to-Java code generator using the central-
ized approach based on the formalism of constraint automata (CA) [4]. On input
of a graphical connector specification (as an XML file), our tool automatically
generates code in four steps. First, it extracts from the specification a list of
the channels constituting the specified connector. Second, it consults a database
to find for every channel in the list a “small” CA that formally describes the
behavior of that particular channel. Third, it computes the product of the CcA in
the constructed collection to obtain one “big” CA describing the behavior of the
whole connector. Fourth, it feeds a data structure representing that big CA to a
template. Essentially, this template is an incomplete Java class with “holes” that
need be “filled” (with information from the data structure). The class generated
in this way implements Java’s Runnable interface. This means that a Java vir-
tual machine can execute the implemented run method (declared in Runnable
and generated by our tool), which simulates the big CA computed in the third
step, sequentially in a separate thread (details appear elsewhere [13]).

Problem. Computing one big CA (the third step of the centralized approach)
and afterward translating it to sequential code (the fourth step) can be prob-
lematic: at run-time, the generated implementation may unnecessarily restrict
parallelism among independent transitionsEI The problem is implementing such
a big CA using exactly one thread: single-threaded programs cannot execute
multiple independent transitions simultaneously, but instead, they force those
transitions to execute one after the other (see Section [2| for details). Conse-
quently, although formally sound, the generated implementation may run overly
sequentially (e.g., if the first transition to execute takes a long time to complete,
while other transitions could have fired manifold during that time).

One approach to this problem is to mot compute one big CA but gener-
ate code directly for each of the small CcA instead, essentially moving from the
centralized approach to the distributed approach: the implementations of the
small CA compute the product operators between them at run-time instead of at
compile-time. Although this approach solves the stated problem—independent

! Independent transitions cannot disable each other by firing.



transitions can execute simultaneously—the necessary distributed algorithms for
run-time product computation may inflict a substantial amount of overhead.

Contribution. This paper provides a better solution to the stated problem by of-
fering a middle ground between centralized and distributed approaches, wherein
some subsets of the constituent automata are statically composed to comprise a
distributed system of locally centralized automata. Typically, each locally cen-
tralized automaton interacts/synchronizes with few other such automata for its
transitions, while it represents the composition of a subset of the constitutent
automata that interact/synchronize with each other relatively heavily.

Taking the purely distributed approach as our starting point, we define a
new product operator whose computation at run-time requires only relatively
simple distributed algorithms—ca need to communicate only locally (i.e., with
“neighbors”) instead of globally (i.e., with everybody)—while allowing indepen-
dent transitions to execute simultaneously. We then characterize a class of prod-
uct automata where substituting the existing product operator with our new
product operator is semantics-preserving. This class includes product automata
whose constituents communicate only asynchronously with each other, and so,
the optimization technique based on the identification of synchronous and asyn-
chronous regions of connectors can be combined with our results [20].

The rest of this paper looks as follows. In Section [2, we introduce the au-
tomata we work with in this paper, including their existing product operator.
In Section [3] we introduce our new product operator. In Section [4] we define
a class of automata for which substituting the existing product operator with
our new product operator is semantics-preserving. In Section [p] we sketch how
connector implementations can compute the new product operator at run-time.
In Section [6 we discuss related work and conclude.

Although inspired by Reo, we can express our main results in a purely
automata-theoretic setting. We therefore skip an introduction to Reo; interested
readers may consult [112].

2 Preliminaries: Port Automata

Many formalisms exist for mathematically defining the semantics of connec-
tors [12]; our code generator, for instance, relies on constraint automata (CA).
In this paper, however, we adopt a simplification of cA, called port automata
(pA) [16]. We prefer PA, because they allow us to focus on the core of our problem
(synchronization of communication) without getting distracted by those details
of cA (the data exchanged in communication) irrelevant to our present purpose.
The results in this paper straightforwardly carry over from PA to CA.

A PA consists of a finite set of states and transitions between them, each
of which has a set of ports as label. A transition represents an execution step
of a connector, from one internal configuration to the next, where synchronous
interaction occurs on the ports labeling that transition. Let PORT and STATE
denote global sets of ports and states (see Definitions in Appendix .
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Fig. 2: Port automata, denoted by «, 5, 7, J, €, and (, describing the behavior of
the primitives constituting the example connectors in Figure [T} o and 8 model
the primitives in the first connector, o and = the primitives in the second, o and
6 the primitives in the third, and € and ¢ the primitives in the fourth.

Definition 1 (Universe of port automata). The universe of PA, denoted by
PA and typically ranged over by «, B, or 7y, is the largest set of tuples (Q, P,
—, 1) whereﬂ

— @ C STATE; (states)
— P C PoRr; (ports)
- —=CQXpP)xQ; (transitions)
— and1 € Q. (initial state)

Figure [2| shows example PA. For instance, the {A, B}-transition of a describes
the only (infinitely repeated) execution step of the horizontal primitive, say Prim,
of the first connector in Figure [} In that execution step, Prim has synchronous
interaction on nodes A (a write of data d by the environment) and B (the flow
of a copy of d from the horizontal to the vertical primitive). Similarly, the {A,
C, E}-transition of € means that the left-hand primitive of the fourth connector
in Figure [I| has synchronous interaction on nodes A (a write of data d by the
environment), C (a take of a copy of d by the environment), and E (the flow of
another copy of d from the left-hand to the right-hand primitive). Port automa-
ton ¢, which models the right-hand primitive of the fourth connector in Figure
has two transitions. The right-hand primitive can repeatedly choose between two
step: it has synchronous interaction either on nodes B (a write of data d by the
environment) and D (a take of a copy of d by the environment) or on nodes E
(the flow of data from the left-hand to the right-hand primitive) and D. It can
choose the latter transition only if the left-hand primitive simultaneously does
its {A, C, E}-transition (otherwise, there is no data available on E).

If o denotes a PA, let State(a), Port(e), and init(«r) denote its states, ports,
and initial state (see Definition [L5]in Appendix [A]).

We adopt strong bisimilarity on PA as behavioral equivalence [I6]: if o and 8
are bisimilar, denoted by a &~ (3, « can “simulate” every transition of 5 in every
state and vice versa (see Definition [17|in Appendix .

Individual PA describe the behavior of individual connectors; the application
of the existing product operator to such PA models connector composition [16].

2 Let p(_) denote the power set operator.
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Fig. 3: Port automata describing the behavior of the example connectors in Fig-
ure |1}, constructed using X («, 3, v, J, €, and ¢ denote the pPA in Figure .

We define this operator in two stepsﬂ First, we introduce a relation that defines
when a transition of one PA, say Alice, and a transition of another PA, say Bob,
represent execution steps in which Alice and Bob weakly agree on their behavior.
In that case, Alice and Bob agree on which of their common ports to fire while
allowing each other to simultaneously fire other ports. In the following definition,
we represent a transition of Alice as a pair of port-sets: one for all Alice’s ports
(P) and one that labels a particular transition of hers (P, ). Likewise for Bob.

Definition 2 (Weak agreement relation). The weak agreement relation, de-
noted by O, is the relation on p(PORT)? x p(PORT)? defined as:

] P, CP, and Pg C Pg
(PaaPa)O(PﬁvPﬁ) iff and P, NPz =PsNP,
Next, we define the existing product operator on PA in terms of §.

Definition 3 (Product operator). The product operator, denoted by _X_, is
the operator on PA x PA defined by the following equation:

a X 8 = (State(a) x State(8), Port(a) U Port(5), —, (init(«), init(8)))

where — denotes the smallest relation induced by:

o £>oz q/a and qp iﬁ qlﬂ and (POFt(O{)7 Pa) Q (POI’t(B) ’ PB)

RV (WKAGR)
Py, / Pﬁ /
fo —a qp and gz € Qp 45 —>p 45 and go € Qa
and P, NPort(3) =0 and Pz N Port(a) =0
- 5 ) (INDEPA) b 5 (a) (INDEPB)
o 3
(o> a8) = (44, 48) (4o s 48) — (o » )

The previous definition reformulates the product of PA in [16], which is a simpli-
fication of the product of CA in [4]. Figure shows examples of the application of

3 This simplifies relating this product operator to the product operator of Section



X. The {A, B, C, D}-transition in the second PA results from applying rule Wk-
AGR to disjoint sets of ports. This models that two independent transitions coin-
cidentally can happen simultaneously (true concurrency). The following lemma
states that bisimilarity is a congruence. See [16, Theorem 1] for a proof.

Lemma 1. [azﬁ and 'y%cﬂ implies aX vy~ KX §

Furthermore, X is associative and commutative.

Interestingly, X “transitively” propagates synchrony over successive applica-
tions. We explain what this means with an example. Suppose Alice knows about
ports {A, B} and has one transition in which she fires exactly those ports. Simi-
larly, suppose Bob knows about ports {B, C} and has one transition in which he
fires exactly those ports. Because these two transitions satisfy ¢, the product of
Alice and Bob has one transition labeled by {A, B, C}. This means that Alice
and Bob always synchronize on their common port B: Alice can perform her
transition (i.e., is willing to fire B) only if Bob can perform his (i.e., is ready to
fire B) and vice versa. Now, suppose Carol knows about ports {C, D} and has
one transition in which she fires exactly those ports. By the same reasoning as
before, the product of [the product of Alice and Bob]ﬁ and Carol has one tran-
sition labeled by {A, B, C, D}. Thus, in the product of Alice, Bob, and Carol,
Alice “transitively” synchronizes with Carol, through BobE|

The problem addressed in this paper is that code generators using the cen-
tralized approach produce connector implementations that may unnecessarily
restrict parallelism. To illustrate this problem, suppose Dave knows about ports
{E, F} and has one transition in which he fires exactly those ports. The prod-
uct of Alice, Bob, Carol, and Dave computed by a tool using the centralized
approach has three transitions: one labeled by {A, B, C, D} (Alice, Bob, Carol
make a transition), another labeled by {E, F} (Dave makes a transition), and
yet another labeled by {A, B, C, D, E, F} (Alice, Bob, Carol and Dave coinci-
dentally make a transition at the same time by true concurrency). At run-time,
in every iteration of its main loop, the thread simulating this big automaton
nondeterministically picks one of those transitions, checks it for enabledness (in
which case all ports are ready to fire), and if so, executes it. By this scheme, as
soon as the automaton thread has selected the transition labeled by {A, B, C,
D}, the transition labeled by {E, F} has to wait for the next iteration, even if it
is enabled already in the current iteration. In other words, Dave cannot execute
at its own pace despite being independent of Alice, Bob, and Carol.

Although the centralized approach may unnecessarily restrict parallelism, it
guarantees high throughput compared to the alternative, distributed approach of
generating code for Alice, Bob, Carol, and Dave individually. The problem with
the distributed approach is the communication necessary for computing X at run-
time. To see this, suppose that we indeed have separate threads simulating the
automata of Alice, Bob, Carol, and Dave. Now, if Alice at some point becomes

4 Square brackets for readability.
5 This property of X models an important feature of Reo: compositional construction
of globally synchronous protocol steps out of locally synchronous parts.



willing to execute her {A, B} transition, she must ask Bob if he is ready to
execute his {B, C} transition. Before he can answer Alice’s question, however,
Bob in turn must ask Carol if she is ready to execute her {C, D} transition. All
this communication negatively affects throughput: it takes much longer for Alice,
Bob, and Carol to agree on synchronously executing their individual transitions
than for one big automaton to make and carry out such a decision by itself.
Nevertheless, the distributed approach enhances parallelism: Dave can execute
his transition while Alice, Bob, and Carol communicate to come to an agreement.

3 A New Local Product Operator

The approaches of the previous section force one to choose between two desirable
properties: high throughput between interdependent port automata (PA), at the
cost, of parallelism, and maximal parallelism between independent ones, at the
cost of throughput. We need to find a middle ground between the purely cen-
tralized and fully distributed approaches that has both these desirable qualities.

Working toward such an approach, we start from the purely distributed ap-
proach of computing X at run-time through global, transitive communication
between automaton threads (e.g., Alice talks to Bob, who in turn talks to Carol,
etc.). The idea is to bound this transitivity: generally, when some Alice asks some
Bob if he is ready to fire a transition involving common ports, Bob should im-
mediately answer without engaging others. By doing so, Alice and Bob achieve a
higher throughput, while independent others can still execute at their own pace.

In the proposed approach, automaton threads no longer compute X: instead,
they compute a new product operator whose run-time computation requires only
local communication. Problematically, however, computing that new product op-
erator instead of X can be unsound or incomplete, sometimes to the extent of
deadlock. Which of those two happens depends on how Bob immediately answers
Alice in cases where he actually should have consulted Carol (and possibly oth-
ers). If Bob replies being ready, the firing of Alice’s ports (including her ports
common with Bob) incorrectly introduces asynchrony between Bob’s two ports.
However, if Bob always replies not being ready, he and Alice never interact on
their common ports. In the rest of this section, we formalize the new product
operator and make a first effort at studying under which circumstances substi-
tuting X with the new product operator is semantics-preserving.

First, we introduce a relation that defines when transitions of Alice and Bob
represent execution steps in which they strongly agree on their behavior (cf.
Definition [2] of ¢). In that case, they agree on which of their common ports to
fire (possibly none), and either Alice forbids Bob to simultaneously fire any other
port or vice versa. Afterward, we define our new product operator on PA.
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Fig. 4: Port automata constructed using [ (o, 3, v, 0, €, and ¢ denote the PA in

Figure .

Definition 4 (Strong agreement relation). The strong agreement relation,
denoted by #, is the relation on p(PORT)? x p(PORT)? defined as:

P, C P, and P3 C Pg and

(,Poupa)’(,PB?PB) iff Pa:PoszB or PB:PBmPa
or P,NPz=0=PzNP,

Definition 5 (Local product operator, l-product). The local product op-
erator, l-product, denoted by _[1 _, is the operator on PA x PA defined by the
following equation:

a0 B = (State(a) x State(8), Port(a) U Port(3), —, (init(«), init(8)))

where — denotes the smallest relation induced by INDEPA, INDEPB, and:

Go 2250 ¢, and g5~ 5 and (Port(a), Py) ¢ (Port(B), Ps)

T (STAGR)
(0 s 48) — (¢4 » 45)

Figure 4] shows examples of the application of [J. The following lemma states
that bisimilarity is a congruence. See page 29| for a proof.

Lemma 2. [azﬁ and 7%6} implies ally~ pgH6

Furthermore, [ is commutative but generally not associative. This makes us-
ing [ for modeling purposes nontrivial. We address this issue in Section 5} To
minimize numbers of parentheses in our notation, we assume right-associativity
for . For instance, we write a 1 S~ ¢ for « L (S (v H0)).

As informally explained earlier, substituting X with [ is not always seman-
tics-preserving. It is, for instance, for the two l-products in the middle of Figure[d]
(cf. the two products in the middle of Figure [3)) but not for the l-products on
the sides. To determine when substituting X with [ is semantics-preserving, we
first define when Alice is a subautomaton of Bob. In that case, Bob has at least
every transition that Alice has.

Definition 6 (Subautomaton relation). The subautomaton relation, denoted
by C, is the relation on PA X PA defined as:

(Q, P, —a, ) C(Q, P, —pg,2) if —,C—p



The following proposition follows directly from the previous definition. In the
rest of this section, we investigate under which circumstances its premise holds.

Proposition 1. [a C S and S C a] implies a =

Before showing that the l-product of Alice and Bob is a subautomaton of their
product, the next lemma states that strong agreement implies weak agreement:
if Alice fires exactly those common ports that Bob fires or vice versa, Alice and
Bob agree on their common ports. See page [30] for a proof.

Lemma 3. (P, P,) ¢ (Pg, Ps) implies (P,, P.) O (Ps, Pg)

The next lemma states that the l-product of Alice and Bob is a subautomaton
of their product: the product of Alice and Bob can do at least the same as their
l-product. See page 31| for a proof (which uses Lemma [3)).

Lemma 4. aC aKj

The product of Alice and Bob is not necessarily a subautomaton of their 1-
product: if Alice and Bob agree on which of their common ports to fire, this does
not necessarily mean that they fire no other ports. To characterize the cases in
which they do, we define conditional strong agreement as a relation “in between”
of ¢ and ¢ (and lifted from transitions to PA): Alice and Bob conditionally
strongly agree iff, for each of their transitions, their weak agreement on which
of their common ports to fire implies their strong agreement.

Definition 7 (Conditional strong agreement relation). The conditional
strong agreement relation, denoted by @, is the relation on PA x PA defined as:

Po / Pg /
do —a 4o and gz —p q5 and
(Qa ) POL) —>aa Za) .ﬂ_. (Port(a)7 Pa) <> (Port(ﬁ)v Pﬁ)
1
@®(Qp,Ps, —5,13) implies (Port(a), P,) 4 (Port(3), Ps)

for all qa,qg,q&,q;gapmpﬁ

The next lemma states that if Alice and Bob conditionally strongly agree, their
product is a subautomaton of their l-product (cf. Lemma . See page |32| for a
proof.

Lemma 5. o @ 8 implies aXSC aldp

We end this section with the following theorem: if Alice and Bob conditionally
strongly agree, substituting X with [J is semantics-preserving (in fact, not just
under bisimilarity but even under structural equality). See page [34] for a proof
(which uses Proposition [1] and Lemmas [4] [5).

Theorem 1. o @ 5 implies aHg=aX g



4 Substituting X with [J, a Cheaper Characterization

To test if Alice and Bob conditionally strongly agree, one must pairwise com-
pare their transitions. This can be computationally expensive (i.e., O(nins2),
where n1 and ny denote the numbers of transitions), and it makes the @-based
characterization, although (conjectured to be) complete, hard to apply in prac-
tice. In this section, we therefore study a cheaper characterization of (a subset
of) conditionally strongly agreeing port automata (PA) without restricting the
applicability of [ for our present purpose.

In Section [2] we explained reduction of parallelism in terms of independent
PA. Therefore, substituting X with [J should be semantics-preserving at least
when applied to such PA. We start by formally defining when Alice and Bob are
independent: in that case, they have no common ports.

Definition 8 (Independence relation). The independence relation, denoted
by =, is the relation on PA x PA defined as:

a =< 8 iff Port(a) N Port(B) =0

The next lemma states that if Alice and Bob are independent, they conditionally
strongly agree (because their independence means that Alice and Bob have no
common ports). See page [34] for a proof.

Lemma 6. o < 8 implies o @

Lemmal 6] and Theorem [I]imply that substituting X with [J is semantics-preserv-
ing, if their operands satisfy the independence relation. Moreover, checking <
costs less than checking whether pA conditionally strongly agree: O(1) versus
O(ninsz). The next lemma states another important property, namely that [
preserves independence: if Alice is independent of Bob and Carol individually,
she is independent of Bob and Carol together. See page [35| for a proof.

Lemma 7. [axﬁ and axw] implies a < [~y

Although checking PA for independence is cheap, the result implied by Lem-
ma [6] and Theorem [I] in its present form has limited practical value: total inde-
pendence is a condition rarely satisified by the PA encountered in code generation
of a composite system. To get a more useful similar result, we now introduce
the notion of slavery and afterward combine it with independence. We start by
formally defining when Bob is a slave of Alice: in that case, every transition of
Bob that involves some ports common with Alice, involves only ports common
with Alice. In other words, if common ports are involved, Alice completely dic-
tates what Bob does. Our notion of slavery does not prevent Bob from freely
executing transitions involving only ports that Alice does not know about.

Definition 9 (Slave relation). The slave relation, denoted by —, is the rela-
tion on PA x PA defined as:

(Qp, Pg, —3,13) S [

N Pz N Port(a) # 0

s 5 and
s 4z an implies P C Port(a)]
for all gg, g5, Ps

10



The next lemma states that if Bob is a slave of Alice, they conditionally strongly
agree (i.e., Alice forces her will upon Bob). See page [35| for a proof.

Lemma 8. § — « implies @ «

Lemma[§ and Theorem [I]imply that substituting X with [J is semantics-preserv-
ing, if their operands satisfy the slave relation. Moreover, checking — costs less
than checking whether PA conditionally strongly agree: O(ny) versus O(ninz).
The next lemma states another important property, namely that [J preserves
slavery: if Bob is a slave of Alice, he is a slave of Alice and Carol together. See

page [37 for a proof.
Lemma 9. 8 — « implies §— aldy

By combining independence and slavery, we obtain the notion of conditional
slavery: Bob is a conditional slave of Alice iff Alice and Bob not being indepen-
dent implies that Bob is a slave of Alice.

Definition 10 (Conditional slave relation). The conditional slave relation,
denoted by =, is the relation on PA x PA defined as:

b= o iff [Bxa or B»—>a]

The next lemma states that if Bob is a conditional slave of Alice, they condi-
tionally strongly agree (i.e., Alice and Bob are independent or Alice forces her
will upon Bob). See page [38| for a proof (which uses Lemmas @ .

Lemma 10. 8= « implies S & o

The combination of Lemma[I0]and Theorem [I]implies that substituting X with [
is semantics-preserving, if the PA involved satisfy the conditional slave relation.
Moreover, checking the conditional slave relation costs the same as checking the
slave relation (i.e., less than checking whether PA conditionally strongly agree).
The next lemma states another important property, namely that [J preserves
conditional slavery: if Bob is a conditional slave of Alice and Carol individually,
he is a conditional slave of Alice and Carol together. The corollary following this
lemma generalizes this result from 2 to k individuals. See page for a proof
(which uses Lemmas [7], [9)).

Lemma 11. [ﬁ = a and (= ﬂ implies = oy
Corollary 1. [ﬁ = op and --- and 8= ak] implies 8= (o O O ay)

With conditional slavery, in contrast to independence alone, one can charac-
terize a sufficiently large class of PA that satisfies the premise of Theorem (i.e.,
for which substituting X with [ is semantics-preserving), as follows. Suppose
that we have a list of & PA such that every i-th PA in the list is a conditional
slave of all PA in a higher position. Then, the I-product of all PA in this list, start-
ing from the ones with the highest positions and working our way down, is in the
class. The following definition formalizes this (recall that [ is right-associative).

11



Definition 11. A denotes the smallest set induced by the following rule:

[i #j implies a; = q;] forall 1<i<j<k
o Haye A

Strictly, A contains terms over (PA, [J), which represent PA, rather than actual
elements from IPA. Nevertheless, we often call the elements from A “PA” for
simplicity. Also, instead of writing c; [+ - - [l oy, we sometimes write a; - - - aor,
even more compactly, [a]’fﬁ

The following theorem states that for every PA in A, substituting X for [
is semantics-preserving. See page for a proof (which uses Lemma and

Corollary.
Theorem 2. a1 H---Hai € A implies a1 - - Hap =a; X--- K ay

Although o - - -Hay, = a1 K- - -Way, generally does not imply a1 - - -Hayg, € A,
it does for the examples considerd in this paper. For instance, Figures [3] [ show
that 0§ = X6 (Figure deﬁnes B and §). By the commutativity of [J and X,
we have also 6 1 8 = § K 5. Now, because ¢ is a slave of 8, we conclude that
0[5 is an element of A: indeed, if § makes a transition involving ports common
with 5 (only B), it fires no other ports (3, in contrast, does fire another port in
that case, namely C).

Previously, we claimed that the subclass of PA characterized in this section
(i.e., A in Definition does not restrict the applicability of [J for our purpose.
We end this section by substantiating that claim. We start by introducing a
further restricted class of PA with a more natural interpretation in our context.

Definition 12. B denotes the smallest set induced by the following rule:

i1 # iy implies a;, = «;,| forall 1 <i;, iy <k| and

[[[[jl # jo implies §;, < §;,| for all 1§j1,j2§l]] and
[ai%ﬁj foralllgigk,lgjgl}
alﬁ-uﬂakDﬂlD-nDﬂleB

The following proposition follows directly from the previous definition.
Proposition 2. BC A

The combination of Proposition [2] and Theorem [2] implies that substituting X
with [ is semantics-preserving for every PA in B.

Informally, every PA in B is the l-product of (i) k£ PA that are conditional slaves
of all other PA in the term and (ii) [ pairwise independent PA that are “masters”
of the k conditional slaves. The masters, being pairwise independent, do not
directly communicate with each other. However, when two or more masters share
the same slave (the definition of B allows this), communication between those

5 Mixing these notations does not induce parentheses: right-associativity is preserved.
For instance, [a]38 stands for a1 @ (a2 B (a3 B B))—not for (aq O (a2 D as)) O B.

12



masters occurs indirectly through that slave. Such indirect communication is
always asynchronous: if it were synchronous, the slave involved would fire ports
of more than one of its masters in the same transition, which slavery forbids.

The previous interpretation of masters and slaves corresponds exactly to the
notion of synchronous and asynchronous regions in the Reo literature [14120].
Roughly, one can always split a connector into subconnectors—the regions—
such that firings of ports in such a subconnector are either purely independent
(i.e., always, only one port fires at a time) or require some synchronization (i.e.,
at least once, more than one port fires). Furthermore, the synchronous regions
of a connector are maximal in the sense that no two synchronous regions have
common ports: all synchronous regions are, by definition, pairwise independent.
Consequently, the PA describing the [ synchronous regions of a connector can
act as the [ masters in a PA term from B5.

To actually obtain those PA, for every synchronous region, a code generator
during compilation computes the existing product of the PA describing the con-
stituents of that particular region (finding the synchronous regions of a connector
is trivial). At compile-time, this resembles the purely centralized approach, while
at run-time, it ensures high throughput between interdependent “small” PA for
constituents of the same synchronous region (i.e., no run-time computation of
product operators within synchronous regions). The asynchronous regions then
form the “glue” between the synchronous regions: the PA for every asynchronous
region has the same shape as § in Figure and consequently, they can act as
the k conditional slaves in a PA term from B. Finally, at run-time, the automaton
threads executing the generated code compute the l-product operators.

In summary: a code generator can always process the set of PA describing a
connector to a form that satisfies B, by computing X between interdependent
PA belonging to the same synchronous region at compile-time (for the sake of
throughput), and by computing [ between the resulting “medium” PA plus
the PA for the asynchronous regions at run-time (for the sake of parallelism).
Proposition [2f and Theorem [2| ensure that this is semantics-preserving.

5 Note on Associativity

The associativity of X plays a role in the centralized approach and is even more
important in the distributed approach. In the centralized approach, it guarantees
that it does not matter in which particular order a code generator computes the
product of the port automata (PA) for the constituents of a connector—all have

" Port automaton § in Figure [2| describes the behavior of an asynchronous Reo prim-
itive, called Fifo [1I2], with a buffer (of capacity 1) that accepts data on one port
(i.e., B), buffers it, and at a later time dispenses that same data on another port
(i.e. C). Of the currently common Reo primitives, only Fifo is asynchronous, and so,
only Fifo instances induce asynchronous regions in the current practice. In general,
a PA modeling an asynchronous region can have more than two states or ports but,
crucially, each of its transitions has a singleton set of ports as label (as does §), which
guarantees that that PA can act as a conditional slave in a B-term.
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the same semantics. In the distributed approach, it guarantees that it does not
matter in which order PA threads communicate with each other: the PA term
corresponding to a particular communication order is always bisimilar to the
original (because one can freely move parentheses).

Now, recall from Section [3|that [ is generally not associative. The structure
of the PA terms from A also reflects this (and the proof of Theoremexploits this
structure). This means that the PA constituting such terms must communicate in
a particular order at run-time for the substitution of X with [ to be semantics-
preserving. This can kill performance and seems a serious practical problem.
Below, we sketch a solution applicable to terms from B. For reasons of space,
we postpone a full exposition to a future paper; interested readers may consult
Appendix [C] for a dense formal overview.

Suppose that we have a PA term 1 - - agBk+1 - -+ Br4 from B (we juxtapose
instead of writing [J). Because [ is right-associative, at run-time, the PA indexed
j must communicate with all PA between 7 and j before it may communicate with
the PA indexed 1 < ¢ < j. If those intermediate PA are independent of j, however,
their communication is effectively redundant and should be avoided for the sake
of performance: at run-time, j should communicate directly with ¢ “skipping” the
PA between them. One can formally model this skipping as reordering the original
PA term: ¢ moves as far as possible to the right, while j moves as far as possible
to the left, until ¢ = j — 1. Although generally not semantics-preserving (because
[J is not associative), one can prove that if masters initiate communication with
slaves and never the other way around (ie., 1 < i < kand k4+1 < j <
k + 1), the corresponding reordering of oy « -+ axSBxt1 - - - Br+1 is always bisimilar
to the original, just as in the purely distributed approach. Moreover, one can
prove that B is closed under such reordering. Thus, as long as masters initiate
communication—a trivial constraint—not imposing a particular communication
order is still semantics-preserving.

6 Related Work & Conclusion

Related work. Closest to ours is the work on splitting connectors into (a)synchro-
nous regions for better performance. Proenca developed the first implementation
based on these ideas, demonstrated its merit through benchmarks, and invented
an automaton model—behavioral automata—to reason about split connectors in
his PhD thesis and associated publications [I9J20/21]. Furthermore, Clarke and
Proenca explored connector splitting in the context of the connector coloring
semantics [§]. They discovered that the standard version of that semantics has
undesirable properties in the context of splitting: some split connectors that
intuitively should be equivalent to the original connector are not equivalent under
the standard version. To address this problem, Clarke and Proenga propose
a new variant—partial connector coloring—which allows one to better model
locality and independencies between different parts of a connector. Recently,
Jongmans et al. studied a formal justification of connector splitting in a process
algebraic setting [I4]. Although, as shown in Section {4} one can use the notion
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of (a)synchronous regions to apply our results to code generation for connectors,
our results go beyond that. (They can, for instance, also be applied to code
generation for Web service proxies in Reo-based orchestrations [15].)

Also related to the work presented in this paper is the work of Kokash et
al. on action constraint automata (ACA) [IT]. Kokash et al. argue that ordinary
port/constraint automata describe the behavior of Reo connectors too coarsely,
which makes it impossible to express certain fine parallel behavior. In contrast,
ACA have more flexible transition labels which, for instance, allow one to ex-
plicitly model the start and end of interaction on a particular port (one cannot
make this distinction using port/constraint automata). Consequently, ACA bet-
ter describe the behavior of existing connector implementations (under certain
assumptions). However, the increased granularity of ACA comes at the price of
substantially larger models. This makes them less suitable for code generation.

Conclusion. Existing approaches to implementing connectors force one to make
a choice between high throughput (at the cost of parallelism) and maximal par-
allelism (at the cost of throughput). In this paper, we proposed a formal ba-
sis to support a solution for this problem. We found and formalized a middle
ground between those approaches by defining a new product operator on port
automata (PA) and by showing that in all practically relevant cases (with re-
spect to code generation for connectors), one can use this new operator instead
of the existing one to get both high throughput and maximal parallelism in a
semantics-preserving way.

Although we developed our results for PA, they generalize straightforwardly
to the more powerful constraint automata (cA) []: the problem dealt with in
this paper is essentially about synchronization, while the actual data exchanged
play no role. More concretely, the premises of rules WKAGR and STAGR do not
change when defining X and [ for CA. Thus, whenever those rules are applicable
to PA transitions, they are applicable also to the corresponding CA transitions.
Although the conclusions of WKAGR and STAGR, in contrast, change when
defining X and [ for cA (because CA have richer transition labels), those changes
are exactly the same for both WKAGR and STAGR. Thus, whenever those rules
are both applicable, they yield exactly the same composite transition, as in the
PA case. Consequently, all our proofs directly carry over from PA to CA.

While inspired by Reo, our results apply to every language whose programs
can be described by automata satisfying the characterizations in Section [4} For
instance, a possible application of our results outside Reo is projection in chore-
ography languages [BUGIOITOITITT]. A projection maps a global protocol speci-
fication among k parties, called choreography, to k local specifications of per-
party observable behavior, called contracts [5l6] (or peers [QI0] or end-point
processes [QII1]). The challenge is to project such that the collective behavior of
the resulting contracts conforms with the projected choreography. Interestingly,
for some choreographies, without adding extra communication actions to their
original specifications, no projection to contracts exists that satisfies the confor-
mance requirement. The theory presented in this paper constitutes a step in a
process that may alleviate this problem by automatically inferring which com-
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munication actions need be added to otherwise unprojectable choreographies.
Below, we make a first sketch.

Choreographies are commonly formally modeled as labeled transition systems
(LTs) or automata. To compute a projection of a choreography involving k par-
ties, we take such an LTS as our starting point (i.e., our approach builds on top
of existing choreography models). If this LTS is finite, we translate it to a chore-
ography PA (by mapping transition labels in the LTS to ports)ﬂ Afterward, we
decompose the resulting “big” PA into a number of “small” pA [3]. Essentially, by
recovering the internal structure of the big PA, this step reveals the previously
“hidden” communication actions necessary to make the original choreography
projectable. Next, we recombine the small PA into a number of contract PA such
that for each of those PA, its input ports represent communication actions of
only one party. To do this, we first apply the theory of masters, slaves, and
(a)synchronous regions for computing a number of “medium” pA from the small
PA using X (see Section. Subsequently, we iteratively compute X of every two
medium PA whose input ports belong to the same party. Finally, we construct
a number of sets of PA, each of which contains: (i) a contract PA resulting from
the previous step and (ii) a number of Fifo PA such that the output port of every
Fifo PA is the input port of the contract PA. Those Fifo PA essentially represent
incoming message buffers of parties.

Generally, the sketched process yields [ sets of PA. We conjecture that, with
some extra steps skipped here for simplicity, [ = k: we have a PA set for every
party. Every such as PA set can then be compiled into the implementation of
a party. Communication between PA of different sets (i.e., between different
parties) has to satisfy only the local synchronization requirements imposed by [,
which can be done relatively efficiently. The previous process is applicable also
to choreographies represented as UML sequence diagrams using a translation by
Meng et al. [I§].
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A More Definitions
Definition 13 (Universe of ports). The universe of ports, denoted by PORT

and typically ranged over by p, is a set.

Definition 14 (Universe of states). The universe of states, denoted by STATE
and typically ranged over by q, is a set induced by the following rule:

go € STATE and gg € STATE
(ga , q3) € STATE

Definition 15 (Accessor functions on port automata). The accessor
functions on port automata, denoted by State, Port, and init, are functions from
PA to p(STATE), (PORT), and STATE defined as:

State((Q, P, —, 1))
Port((Q, P, —, 7))
init((Q, P, —, 1))

Q
P
(3

Definition 16 (Similarity relation). The similarity relation, denoted by =,
is the relation on PA x p(STATE?) x PA defined as:

(Qavpa7_>a,1a) jR (Qﬁv’])ﬁ,_)ﬁazﬁ) iff
R CQa.xQp and P, =Ps and 1, R 13 and

P
[[ o —a da for some q’ﬁ”

and ¢, R g3

P /
implies [ a8 —p 9
and ¢, R qj

Definition 17 (Bisimilarity relation). The bisimilarity relation, denoted by
~, is the relation on (PA x (STATE?) x PA) U (PA x PA) defined as:

ax"pgiff |

<R 3 and ﬁjR_l a]
axp iff | ~

Q
o B for some R]

B More Results

The following proposition follows directly from Definition |17| of =: if Alice and
Bob are equal, they are bisimilar.

Proposition 3. o = implies a ~ (8

The following proposition follows directly from Definition [3| of X: the ports of
Alice and Bob together equal the union of the ports of Alice and Bob individually.

Proposition 4. Port(a X 8) = Port(a) U Port(3)

Also the following proposition follows directly from Definition [3| of X: the uni-
verse of port automata is closed under product, product is associative, and prod-
uct is commutative.
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Proposition 5. (Pa, X) is a commutative semigroup:

1. [a&ﬁxy and WE]P’A] for some 7
2. (aXP)Ry~=al(fK7)
S aXf~ Ko

The following proposition follow directly from Definition[5|of K: the ports of Alice
and Bob together equal the union of the ports of Alice and Bob individually.

Proposition 6. Port(a [ 3) = Port(a) U Port(3)

Also the following proposition follows directly from Definition [5| of [: the uni-
verse of port automata is closed under product and product is associative.

Proposition 7. (Pa, [J) is a commutative magma:

1. [al]ﬁ%*y and WE]P’A] for some ~
2. alllf~pHa

The following lemma states that similarity is a congruence. See page [22] for a
proof.

Lemma 12.
a <% 3 and ¥ <B> § and

(4> ¢y) R (g5, s5) iff implies a7y <k B

[¢a Ry qs and ¢, R, gs]

The following proposition follows directly from Definition [8| of =< (plus Defini-
tionof ~2): if Alice and Bob are independent and Bob and Carol are bisimilar,
Alice and Carol are independent.

Proposition 8. [a = and =~ 'y] implies o =<~
The following corollary generalizes Lemma [7] from 2 to k individuals.
Corollary 2. [a =p; and --- and a = ,Bk] implies a =< (f; -+ B)

The following proposition follows directly from Definition |§| of — (plus Defini-
tion [17] of =): if Bob is a slave of Alice and Alice is bisimilar to Carol, Bob is a
slave of Carol.

Proposition 9. [ﬁ — a and a =~ *y] implies g+ v

The following proposition follows directly from Definition of = (plus Defi-
nition [17] of =): if Bob is a conditional slave of Alice and Alice is bisimilar to
Carol, Bob is a conditional slave of Carol.

Proposition 10. [ﬁ = a and a~ *y] implies (= v
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C Reordering Communication, Formally

Lemma 13. [a%ﬁ and «, va] implies aH(BEY) = (& B) Dy
Proof. See page a
Lemma 14. [a%ﬁ, ~v and = a, fy] implies aH(BHy) = 8L (a D7)
Proof. See page [0} O
Lemma 15. [axﬁ, ~ and ﬁx'y] implies aH(BEy) =~ 8E («@D7y)
Proof. See page O

Lemma 16.

i <1 and [0][8]" colies |11 2 (8-18,)[Bl 4, € B and
[1 <j <l and [o]{[f]; € B] pl [[a]]f[ﬁ}]l_Q(@j—lﬂj)[ﬂ]éﬁrl ~ [a}’f[ﬁ]ﬁ]

Proof. See page [42 0

Corollary 3.

[1<j<I and [a]}[8)} € B] implies l[a] (BB 4, € B and ]

k
(BI85 11 ~ i [814

Lemma 17.

_ o ([l T () (Bl € B oand
(ei9h € 5 and au= ... ] imptis [ (O ZF 400
Proof. See page a

Corollary 4.
i<k and [o]f[]; € B

0 =Bor o B tmmlies |11 (edk—iaB1)[B]s € B and}
and | foran || PN [[ B (lalt o B ~ [l (8]}
k—itl<i <k

2

Definition 18 (Move-to-the-left functions). The move-to-the-left function,
denoted by <, is the function from PAXB to PA defined by the following equation:

1al*18Y 28,8, L) i ) <
(8, lai18)}) = {Eﬁﬁgjlf PR ) L i

The move-all-to-the-left function, denoted by <, is the function from p(PA) x B
to PA defined by the following equation:

€(37 [Oé]]f[ﬁ]ll) — {[ﬁ](]ﬁﬁ]_llB(l)v <:(B(1), [Oé]'f[ﬂﬁ)) ift}ir%vfsﬁela SRR Bl}
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Lemma 18.

: n (ﬁj ) [O‘]If
F@%ﬁfsgqimmmslmm<i@

Proof. See page [47]

Corollary 5.

BC{Bf,..., 0} 1mp11es
&(B, [off[8]}) = [a }’fB(lBl Lisrsin\B
and &(B, [o]f[8]) € B
and <(B, [off[8])) = [oF[]}

Definition 19 (Move-to-the-right functions). The move-to-the-right func-
tion, denoted by =, is the function from PA x B to PA defined by the following
equation:

- a’L’ [ ] [B] ) {[j](]foflﬁ]ll[a]ll_ ai+1a2[ ]Z+2[IB] ) i)ftlie:vil;ek

The move-all-to-the-right function, denoted by =, is the function from p(PA)x B
to PA defined by the following equation:

3(14, [a}llc[ﬂ]ll) _ {i](kf[lﬂ? A(l)v :>(A(1), [a]lf[ﬂ]ll)) if AC {ala cee Oék}

11811 otherwise

ik o [HI4) = fo ol ol
[ T } implies [and =-(a;,
! € and =(oy,

Proof. See page [50}

Corollary 6.

ACHay, , ag} implies
=(A, [a]f[8]1) = [af [far,....annaA(A]) - - AQ)[B]}
and =(4, [o]f[]}) € B
and = (4, [af[8]}) ~ [alf[B];

Definition 20 (Role functions). The role functions, denoted by Slave and
Master, are functions from PA x p(PA) to p(PA) defined by the following equa-

tions:
Slave(8, A) = {a | a€ A and a+— S5}

Master(a, B) = {8 | 8 € B and a+ (3}
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Proposition 11. Slave(8, A) C A and Master(o, B) C B

Definition 21 (Reorder function). The reorder function, denoted by |, is
the function from PA x B to PA defined by the following equation:

ety = AT (A1 BT Bl B 1< <1
W55 lal§11) = {MM (581 P7) s otherwise

A = Slave(8;, {a1, ..., ag})

B = (Unea Master(a, {81, ..., 6i})) \ {8}
GlEIBl = =(4, &(B, (8, [ali[811)

for

Theorem 3.
[1<j <1l and [o]f[8]} € B] implies

Proof. See page

D Proofs

D.1 Proofs of Section [3]

Proof (of Lemma @) Assume:

a =<t g

y =g

(da s 4y) R (45, 4s) ifF [g0 Ry g5 and g, R, gs]
a=(Qas Pas —a; ta)

B=(Qs,Ps, —p.15)

Y =(Qy, Pys —v, 19)

0=(Qs,Ps, —s,15)

—+ denotes the smallest relation induced by the rules STAGR, INDEPA,
and INDEPB under a and ~.

— denotes the smallest relation induced by the rules STAGR, INDEPA,
and INDEPB under 8 and J.

Observe:

@ Recall a <1 3 from @ Then, by applying @, conclude (Qu , Poy —a s
1) =1 B. Then, by applying @, conclude (Qu , Pos —a s 1) = (Qp,
Ps, —4, 15). Then, by applying Definition [16] of <, conclude P, = P;.
Then, by applying Definition of Port, conclude Port((Qu , Poy —a s
o)) = Port((Qg, Ps, —3, 13)). Then, by applying @, conclude Port(a) =
Port((Qs, Ps, — g, 13)). Then, by applying @7 conclude Port(a) = Port(
B).
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@ Recall v <%2 § from @ Then, by applying @, conclude (Q, Py, —,

1,) <B2 §. Then, by applying @, conclude (Q~, Py, —+, 14) <2 (Qs,
Ps, —s, t5). Then, by applying Definition of X, conclude P, = P;.
Then, by applying Definition [15of Port, conclude Port((Q~ , Py, —+, )
= Port((Qs, Ps, —s, ts5)). Then, by applying @, conclude Port(vy) = Port(
(Qs, Ps, —>5, 15)). Then, by applying @, conclude Port(y) = Port(9).

Recall v <2 § from @ Then, by introducing @, conclude [a <P 3 and
v =2 §]. Then, by applying @, conclude [(Qa , Pas —a ;s ) 21 B and
v =%2 §]. Then, by applying @), conclude [(Qa, Pa, —a . %) = (Qp,
Pz, —g3,13) and vy <R, 6]. Then, by applying @, conclude:

(Qa ) PCE7 —>Oéa Za) le (Q[37 7),35 —>[37 Zﬂ)
and (Q.,, Py, —>,1,) <26

Then, by applying @, conclude:

(Qa ) Pom —a Za) le (Qﬁa PBa —7B, Zﬁ)
and (Q’Y? ,P’Ya _>’yv 7”)/) jR2 (Q57 P57 —65, 25)

Then, by applying Definition of =, conclude [za R 13 and ©, R 25].
Then, by applying @), conclude (14, 2,) R (15, 15).

Recall v <2 § from @ Then, by introducing @, conclude [a =B 3 and
vy =fs 6}. Then, by applying @7 conclude [(Qa s Pay —as 1a) <1 B and
vy <P 6]. Then, by applying @, conclude [(Qa y Pay —Fas ta) <P (Qp,
Ps, —5, 1) and v <P 5]. Then, by applying @, conclude:

(Qa s Poay —as 'La) le (Qﬁv Pﬁ’ —8, Zﬁ)
and (Q,, Py, —, 1y) <26

Then, by applying @, conclude:

(Qa77)ot, —>Oé; Zoz) le Qﬁ77)ﬂa —>5325)
and (Q’Y7 P’ya _>"/7 Z"/) ij (Q57 P5a —>57 7’5)

Then, by applying Definition |16/ of <, conclude [Rl C Qs xQp and Ry C
Qy x Q(s]. Then, by rewriting under ZFC, conclude:

an R, gs implies [qa € @, and g € Qg” for all ¢, , qﬁ]
and [[qﬂ, R, g5 implies [q7 €@, and g5 € Q(;H for all ¢, Q5]

Then, by basic rewriting, conclude:

da € Qo and g € Qp ]
and ¢, € Q4 and g5 € Qs

for all q., qs, v, qs

[[qa R, gs and ¢, R, qg] implies
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Then, by rewriting under ZFC, conclude:

(‘Iou QW) € Qa X Q"f ]]
and (¢s, ¢5) € Qp x Qs

for all q., q3, ¢y, gs

an R, gz and ¢, R, q5] implies {

Then, by applying @, conclude:

and (gs, q5) € Qp x Qs
for all ¢a, 48, a4y, a5
Then, by rewriting under ZFC, conclude R C (Qq X Q) X (Qg X Qs).

Reasoning to a generalization, suppose:

(6o ) B g5 05) tuuplies [, (e ) €00 < O

P
[(qa > ¢7) =+ (4, d,) and (qa, ¢y) R (g3, 45)]
for some do > 485 9~ 5 45 5 q(/lvquv P
Then, by applying @, conclude [(qa, qv) LT (¢4,,4,) and ¢, R; qp and
ay Ry q(;]. Then, by applying @, conclude:

[[STAGR applies] or [INDEPA applies] or [INDEPB applies]]
and ¢, R, ¢ and ¢, R, ¢s

Then, by basic rewriting, conclude:

[ STAGR applies} and ¢, R, ¢ and ¢, R, qtg}
INDEPA applies| and ¢, R, gg and ¢, R, g5
INDEPB applies| and ¢, R, ¢gs and ¢, R, ¢s

or
or

Proceed by case distinction.
— Case: [[STAGR applies] and ¢, R, gg and ¢, R, q(;].
Then, by applying Definition [p] of STAGR, conclude:

P=P,UP, and g, 2, ¢, and ¢, 5. ¢/,
and (Port(a), P,) 4 (Port(v), Py) for some P,, P,
and ¢, R, gg and ¢, R, g5

Then, by introducing @, conclude:

v =R § and P=P,UP, and q, P—"‘>a q, and gy iﬂ, Z,
and (Port(a), P,) 4 (Port(v), P,) and ¢, R, gg and ¢, R, g5

Then, by applying @, conclude:

(Qy, Pyy —+, 1) =2 § and

P=P,UP, and ¢, &m q, and g, iv q’V and
(Port(c), P,) 4 (Port(v), Py) and ¢, R, g3 and ¢y R, gs
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Then, by applying @, conclude:

(Q’Y? P’ya —>’y7 Z’Y) jR2 (Q57 P(Sa —s ) 25) and

P=P,UP, and q, &m q,, and ¢, iﬂ, ¢, and
(Port(c), P,) 4 (Port(v), Py) and ¢, R, g3 and ¢y R, g5

Then, by applying Definition [16] of <, conclude:

r, r,
& =77 %y | implies [| 9709 | forsome gj]]
and ¢, R, gs and ¢, R, gs

and P=P,UP, and ¢, Lo q,, and g, iﬂ, ¢, and
(Port(a), P,) 4 (Port(y), P,) and ¢, R, qs and ¢y R, ¢s

Then, by basic rewriting, conclude:

[

and P=PFP,UP, and ¢, Loy, q,, and
(Port(at), P,) 4 (Port(v), Py) and ¢ R, g3

P
g5 —s 45

, .| for some q5]
and ¢}, R, gs

Then, by introducing @, conclude:

r,
a = 3 and [[ 45 —76 45 for some qg}

and ¢, R, qj

and P=FP,UP, and ¢, P—“>a q,, and
(Port(ar), P,) 4 (Port(y), Py) and ¢ R g3

Then, by applying @, conclude:

(Qa ) POL? —7as Za) le /B and

[

and P=P,UP, and ¢, Loy q,, and
(Port(ax), P,) 4 (Port(y), Py) and ¢ R, g3

P’V
qs —5 g

, ,| for some a5
and ¢, R, g;

Then, by applying @, conclude:

(Qaa Pom —a; 7/04) le (Qﬂa ,Pﬁv —>ﬁa ZB) and
P.
[| —5 g5

) .| for some ¢j]
and ¢, R, g;

and P=P,UP, and g, P—“>a q,, and
(Port(cv), P,) 4 (Port(y), Py) and g, R, g3
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Then, by applying Definition [I6] of <, conclude:

Py ’
48 —8 43

for some ¢/
and ¢, R, ng qﬁ”

P, ,
[ oo —7a 4qq
and ¢, R, g3

[

and P=PFP,UP, and g, Lo, q,, and
(Port(cr), P,) 4 (Port(y), Py) and g, R, g3

Then, by basic rewriting, conclude:

implies [ [

P’Y
qs —5 G

, ,| for some a5
and ¢, R, gs

Po.
[[ a8 =5 4p for some ¢j]

and ¢, R, ¢;

for some qﬁ and 5 _>5 as
and qV R, gj

and P =P, UP, and (Port(a), P,) ¢ (Port(v), Py)
Then, by basic rewriting, conclude:

P,
g5 —p q5 and ¢, R, ¢5 and

P. / /
a5 —s ¢5 and ¢, R, ¢5 and for some q;, g5

P =P,UP, and (Port(a), P,) 4 (Port(y), P,)
Then, by applying @, conclude:
P’Y
43 ‘%ﬁ qs and g, R, ¢35 and g5 —5 ¢5 and ¢, R, g;
and P =P, UP, and (Port(53), P,) 4 (Port(v), Py)

Then, by applying @, conclude:
s ﬁl—)g q5 and ¢, Ry g5 and g; E—m qs and ¢ R, gj
and P =P, UP, and (Port(3), P.,) ¢ (Port(d), P,)
Then, by applying Definition of STAGR, conclude [[STAGR applies] and

) P
46 Iy g5 and ¢, Ry q5]. Then, by applying @, conclude [(g3, ¢5) —4 (q5
¢5) and ¢, Ry qg and ¢, R, q(’;].

— Case: [[INDEPA applies] and ¢, R, g3 and ¢, R, q(;].
Then, by applying Definition [3| of INDEPA, conclude:

P =P, and ¢, = ¢, and

Go 2254 ¢/, and P, N Port(y) = | for some P,
and ¢, R, ¢ and ¢, R, ¢s

Then, by introducing @, conclude:

a3 g and P=P, and ¢, = ¢, and

o ia q,, and P, NPort(y) =10
and ¢, R, g3 and ¢, R, g5
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Then, by applying @, conclude:

(Qos Pay —as ta) <k 3 and P =P, and Qy :q; and

Ja LCTY ¢, and P, NPort(y) =0
and ¢, R, ¢ and ¢, R, g5

Then, by applying @, conclude:

(Qa ) Pot, —>Oé; Zoz) le (Q,B ) Pﬁa —>,37 ZB)
and P =P, and ¢, = ¢, and
o ia q,, and P, NPort(y) =10
and ¢, R, g3 and ¢, R, g5

Then, by applying Definition [I6] of <, conclude:

P ’
4 —p 4g

for some ¢/
and ¢, R, qg qﬁ”

P, ’
[ da —a QQ
and g, R, g3

implies [ [

and P =P, and ¢, =¢, and
Go 254 ¢, and P, N Port(y) = 0
and ¢, R, ¢ and ¢, R, ¢s

Then, by basic rewriting, conclude:

Pa.
[[ 9 =895 | for some q’ﬂ] and

and ¢, Iy g;

P =P, and ¢, = ¢, and P, NPort(y) =0 and ¢, Ry gs

Then, by basic rewriting, conclude:

P, ’
4 —p 4

for some ¢/
and ¢, Iy q; U5 ]

[q(; = ¢5 for some qg] and [l
and P =P, and ¢, = ¢/, and P,NPort(y) =0 and ¢, R, ¢s
Then, by basic rewriting, conclude:

¢s = ¢5 and g¢g im g5 and ¢, R, g5 and P =P,

for some ¢j, ¢5
and ¢, = ¢/, and P, NPort(y) =0 and ¢, R, gs

Then, by introducing @, conclude:

v =R § and g5 = ¢} and ¢ P—“>5 q’ﬁ and ¢, R, qg and
P =P, and ¢, = ¢, and P,NPort(y) =0 and ¢, R, gs

Then, by applying @, conclude:

Po,
(Qy, Py, —>~,1,) =26 and ¢; = ¢§ and qg —>5 g5 and ¢, Ry qj
and P =P, and ¢, = ¢/, and P,NPort(y) =0 and ¢, R, gs
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Then, by applying @, conclude:

(Q’Ya P’ya —>"/7 Z"/) ij (Q57 P(Sa —s ) 7’5) and
g5 = ¢5 and gg P—")g q5 and g, Ry g5 and
P =P, and ¢, = ¢, and P, NPort(y) =0 and ¢, R, ¢s

Then, by applying Definition [I6] of <, conclude:

R, CQ,%x Qs and ¢; = ¢5 and gg P—O‘>5 q5 and ¢, R, ¢5 and
P =P, and ¢, = ¢, and P,NPort(y) =0 and ¢, R, gs

Then, by rewriting under ZFC, conclude:

¢s € Qs and ¢; = ¢5 and gg E“%g qs and g, R, g5 and
P =P, and ¢, = ¢, and P,NPort(y) =0 and ¢, R, ¢s

Then, by basic rewriting, conclude:

gs € Qs and gz P—“m q5 and ¢, R, ¢5 and
P =P, and P,NPort(y) =0 and ¢, R, gj

Then, by applying @, conclude:

g5 € Qs and gg P—“)g g5 and ¢, R, ¢5 and
P =P, and P, NPort(§) =0 and ¢, R, gj

Then, by applying Deﬁnitionof INDEPA, conclude [[INDEPA applies] and

do Iy g5 and ¢, Ry q5]. Then, by applying @, conclude [(g3, gs) f‘*i (a5
¢5) and ¢, R, q’ﬁ and ¢/, R, qg].
— Case: [[INDEPB applies] and ¢, R, ¢ and ¢, R, Q§]. Symmetrically.
Hence, after considering all cases, conclude:
P
(45, 45) =1 (3. ¢5) and g, R, g5 and ¢, R, gj] for some gj, j
/

. P
Then, by applying @, conclude [(qlg 2 qs) — (qzﬂ , ¢s5) and (q,,, q;) R (qﬁ,
qg)}. Then, by generalizing the premise, conclude:

P P
[| @or ) =t War @) | implies | (9809) =1 (45, 6) |
and (ga, ¢v) R (g8, 5) and (g, ¢;) R (g5, q5)
for all qa, 95, Gy, 95, 00> 4> P
Then, by introducing @, conclude:
(Zoéa Z’Y) R (Zﬁa 25) and
P / ’ P / /
[| (@ a) =1 (6 4) | implies (955 45) =1 (45, 45) ]
/ ! / /
and (¢a, ¢4) R (g5, 95) and (q,, q,) R (g5, ¢5)
forall ¢u, 45,9y, 95, 90, 9y, P
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Then, by introducing @, conclude:
R C(Qa xQy) x(QsxQs) and (24, 2y) R ('Lﬂ , 25) and

P
[| (s ay) =4 (@a: 45) | implies | (9% g5) i (5 ) ]
and (ga, ¢,) R (95, 5) and (¢, , qv) R (g5, q5)
for all qa, 95,0y, 95, qn> 4> P
Then, by applying Definition [16| of <, conclude:

(anQvaaUP'ya —, (lavz'y))
<R (QsxQs,PsUPs, —, (18, 15))

Then, by introducing @, conclude:
@ and (Qa X Q'yv Pa UP,Y, —>Ta ('Lav Z'y))
2P (Qp xQs,PsUPs, —, (15, 15))

Then, by introducing @, conclude:

(anQ s Po UP 7—>T7(Zoul ))
@ and @ and (Qﬁyx QéaPB’YUP674)ia('L’YBaZ¢S))

Then, by applying Definition [3| of [, conclude:

(Qozvpa7Haala)D(Q’YaIP’)w—%yvz’y)
jR (Qﬁapﬁv*),352,3)5(@677)57*”577’5)

Then, by applyling @, conclude a B (Q-, Pyy —+, 1) 2 (Qp, Ps, —5.,
18) 0 (Qs, Ps, —s, 15). Then, by applying @, conclude a0y <% (Qg, Ps,
—3,13) 0 (Qs, Ps, —s, 15). Then, by applying @, conclude o [y <% B[
(Qs, Ps, —>s, 15). Then, by applying @, conclude a0y <F 4. O

Proof (of Lemma[g). Assume:
a~p
k)

Recall v ~ § from @ Then, by introducing @, conclude [a ~f and 7~ 6].
Then, by applying Definition |17| of ~, conclude:

[ ~M 8 and ~ ~ M2 §] for some R, R,
Then, by basic rewriting, conclude:

i (90> ¢y) R (g5, q5) iff

for all s 3 y for some R
[¢a Ry g5 and g, Ry gs dos 48 5 G » G5 ]

and o ~™ 3 and 5 M s
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Then, by basic rewriting, conclude:

[[ (¢a s @y) R (a8, q5) iff

for all q., g3, q-,
(4o Ry qp and ¢y R, q(;ﬂ Qo 45+ G > 45)

for some R

and a ~™ 3 and o ~f §
Then, by rewriting under ZFC, conclude:

[{ (4o ¢v) R (g5, q5) iff
[da Ry qs and ¢, R, g5

[|: (QBa qlé) Ril (QOM Q'y) 1iﬁ
[ R' qo and g5 Ry ¢,

]] for all ga, gs, ¢y, ¢5] and

} for all qo, 43, ¢y, ¢s|
and o ~™ B and ~y ~f2 g
Then, by applying Definition |17 of ~, conclude:

[[ (90> @) R (45, as) iff
[Qa R, qs and g, R, g5

[[ (43, (115) R (¢ 4y) 1iff
[gs R7" qo and g5 Ry g,

]] for all ¢., g3, ¢y, Q§] and

ﬂ for all g, g5, ¢y, Q]
and a <1 3 and B < o and v <2 § and § <Rz 4

Then, by applying Lemma conclude [aD’y <P 06 and BES <R aDv].
Then, by applying Definition|17|of ~, conclude a1y ~H BL16. Then, by applying
Definition [17] of =, conclude o [y = S [ 4. O

D.2 Proofs of Section [3]
Proof (of Lemma/[3). Suppose (Pq , Ps) % (Pg, Ps). Then, by applying Defini-

tion [4) of 4, conclude:

P, CP, and Pg C Pgz and Py ="PoNPs or Pﬂ:*pﬁﬂpa}

or PaﬂPﬁZQ):PBﬂPa
Then, by rewriting under ZFC, conclude:

P, CP, and P3 CPg and P, =P, NPg| or
P, CP, and P3 CPg and Pg="PsgNP,| or
[Po C©Po and P CPs and PoNPs=0=PsNP,]

Proceed by case distinction.

— Case: [Pa C Py and Pg CPg and P, =P, N Pg}.
Then, by rewriting under ZFC, conclude [Pa C Pg and P, C P, and
Pg C Pg and P, = P, N Pg]. Then, by rewriting under ZFC, conclude
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[Pa C Pz and P, € P, and P3 C Pg and P, = P, N Pg]. Then, by
rewriting under ZFC, conclude [Pa =PsNP, and P, CP, and Ps C Py
and P, = P, N Pg]. Then, by basic rewriting, conclude [P, C P, and
Pg CPg and P, N Pg ZPBﬁPa].
— Case: [Pa C Py and Pg CPg and Pg ="PgN Pa]. Symmetrically.
— Case: [P, CP, and Ps CPg and P, NPs=0="PszNP,].
Then, by rewriting under ZFC, conclude [Pa C P, and Pg C P and
Pa NP =PsN Py
Hence, after considering all cases, conclude [Pa C Py and P3 C Pz and P, N
P =PgN P,]. Then, by applying Deﬁnition of ¢, conclude (Py , Po) O (Ps,
Pﬁ). O

Proof (of Lemmal[{]). Assume:
a:(QOzaPa7 —>a77/oz)

B8=Qs,Ps, —5, )
—x denotes the smallest relation induced by the rules WKAGR, INDEPA,
and INDEPB under a and £.

— denotes the smallest relation induced by the rules STAGR, INDEPA,
and INDEPB under a and .

Reasoning to a generalization, suppose:

P
(4o > 48) =0 (4, , q3) for some ¢, g3, q,,, g5, P

Then, by applying @, [[STAGR applies] or [INDEPA applies] or [INDEPB
applies]]. Proceed by case distinction.
— Case: [STAGR applies}.
Then, by applying Definition [3|of STAGR, conclude:

P
P=P,UP; and ¢, P—a>a q(/x and ¢g —H>5 q;S

for some P, , Pg
and (Port(a), P,) 4 (Port(8), Ps)

Then, by applying Lemma [3] conclude

P=PFP,UP; and ¢, &m 7, and qg iﬂ e
and (Port(a), P,) ¢ (Port(8), Ps)

Then, by applying Definition [5| of WKAGR, conclude [P = P, U Pz and [

WEKAGR applies]]. Then, by applying @, conclude [P = P,UPs and (q.,
PoUP, . .

q8) ﬁ@ (¢, , q’ﬁ)] Then, by basic rewriting, conclude (qq , ¢s) L@

(d0+ q5)-
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— Case: [INDEPA applies].
. P
Then, by applying @, conclude (qq , q3) —w (4}, q’ﬁ)
— Case: [INDEPB applies].
Then, by applying @), conclude (g , g3) e (0 95)-
Hence, after considering all cases, conclude (qq , ¢3) £>|g (¢a > q3)- Then, by
generalizing the premise, conclude:
P . . P
(4o > 98) =0 (4., q5) implies (¢u, 45) —r (¢ > 45)]
forall qu, g5, q,, a5, P

Then, by rewriting under ZFC, conclude — C —x. Then, by introducing
@, conclude [@ and —p C —>g]. Then, by introducing @, conclude [@
and @ and —pg C —>|g]. Then, by applying Deﬁnition@of C, conclude:

(Qa XQﬁyp(xU,]Dﬂ7 —0, (Za77’,3))
@ and @ and C (Qa xQp, PaUPs, —x, (1, 15))

Then, by applying Definition [5| of [, conclude:

(Qa7pavHaaza)D(Qﬁ7Pﬁ7_>ﬂ37’B)
B and 10 % Qs PaUPa, —oms (10 15)

Then, by applying Definition |3| of X, conclude:

(Qa77)0¢7—>aaZQ)D(Q57Pﬂ7_>5’ZB)
E(Qaapa7Havza)lz(QBaP,ﬁW—}BaZ,B)

Then, by applying @, conclude a(Qp, Ps, —p, 13) C aX(Qs, Pg, —3,
13). Then, by applying @, conclude a B C aX 5. O

Proof (of Lemma @ Assume:
a®p
a:(QaaPaa —>a77/oz)

B8=Qs,Ps, —p, )
—x denotes the smallest relation induced by the rules WKAGR, INDEPA,
and INDEPB under a and £.

— denotes the smallest relation induced by the rules STAGR, INDEPA,
and INDEPB under a and §.

Reasoning to a generalization, suppose:

P
(4o » 48) =& (¢4, q5) for some qa, qp, q,,, g5, P

Then, by applying @, HWKAGR applies] or [INDEPA applies] or [INDEPB
applies”. Proceed by case distinction.
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— Case: [WKAGR applies].
Then, by applying Definition [|of WKAGR, conclude:

P, P,
P=P,UP; and q, —, ¢/, and ¢z —>p 9| for some P.. P
and (Port(a), P,) ¢ (Port(8), Ps)

Then, by introducing @, conclude:

P, P
a®f and P =P,UPs and ¢, —>, ¢/, and gz .ﬂm qI’B]

and (Port(a), P,) ¢ (Port(3), Pg)

Then, by applying Definition [7] of @, conclude:

o 250 q, and ¢g ig q5 and
(Port(a), Py) O (Port(B), Ps)

implies (Port(c), P,) 4 (Port(8), Ps)

for all qa,qg,q/a,q/ﬂapavpﬁ
and

P =P,UPs and g, &%a q,, and gz iﬁ 5
and (Port(a), P,) ¢ (Port(3), Ps)

Then, by rewriting under ZFC, conclude:

P=PFP,UP; and gq, P—“hx 7, and qg iﬁ e
and (Port(a), P,) ¢ (Port(8), Ps)

Then, by applying Definition [5| of STAGR, conclude [P = P, U Pg and [

STAGR appliesﬂ. Then, by applying @, conclude [P =P, UPsz and (qq,

PoUP, . .
q8) &m (¢, , qg)] Then, by basic rewriting, conclude (qq , ¢s) i)[]

(d0+ q5)-
— Case: [INDEPA applies].

Then, by applying @), conclude (g , gs) L (0 95)-
— Case: [INDEPB applies].

Then, by applying @, conclude (qq , ¢3) iﬂ] (4., , qg)

Hence, after considering all cases, conclude (qq , ¢3) R (¢a > q3)- Then, by
generalizing the premise, conclude:

P . . P
(4o > 48) —w& (¢, q5) implies (¢u, q5) —a (¢, ¢5)]
for all ¢u, g5, q,, 45, P
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Then, by rewriting under ZFC, conclude —x C —3. Then, by introducing
@, conclude [@ and —yg C —>g]. Then, by introducing @, conclude [@
and @ and —g C —>B]. Then, by applying Deﬁnition@of C, conclude:

(Qa XQﬂvanP,B7 —>®’ (Za77'ﬁ))
@ and @ and C(Qa xQp, Pa UPs, —n, (ta, 15))

Then, by applying Definition |3| of X, conclude:

QO”PO”—)Q,Z&) (Qﬂapﬁv_)ﬂ ﬂ)
@ and 0 P UPs s s (10 19)

Then, by applying Definition [5| of [J, conclude:

(Qa77)0¢7—>aa2a)|Z|(QB7Pﬂ7_>5’ZB)
E(Qaapa7—>a7za)D(QBaPﬁ7—>BaZB)

Then, by applying @, conclude aX (Qp, Ps, — g, 13) C ald(Qs, Pg, — 5,
18). Then, by applying @, conclude a X 8 C o[ §. ad

Proof (of Theoreml) Recall aX g C a1 from Lemma Then, by introducing
Lemma 4, conclude [a OFfCaXpand aX g C all ﬂ] Then, by applylng
Proposition (I} conclude a0 8 = a X 5.

D.3 Proofs of Section [

Proof (of Lemma @ Assume:

a = .

a=(Qa, Pas —as ta)
B=(Qs.Ps, —p,15)
Reasoning to a generalization, suppose:

(Port(ar), Py) O (Port(8), Ps) for some P, , Ps

Then, by introducing @), conclude [a < B and (Port(a), Py) ¢ (Port(8),
PB)]~ Then, by applying Definition |8|of =<, conclude [Port(a) NPort(8) =0 and
(Port(at), Py) ¢ (Port(B), Ps)]. Then, by applying Deﬁnition of ¢, conclude:

Port(a) N Port(8) =0 and P, C Port(«r) and Ps C Port(f)
and Port(a) N Pg = Port(8) N P,

Then, by rewriting under ZFC, conclude:

Port(a) N P3 =0 and P, C Port(a) and Pg C Port(f)
and Port(a) N Pg = Port(8) N P,
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Then, by rewriting under ZFC, conclude [P, C Port(e) and Ps C Port(3) and
Port(a) N Pg = § = Port(8) N P,|. Then, by applying Deﬁnitionof ¢, conclude
(Port(cv), P,) 4 (Port(5), Pg). Then, by generalizing the premise, conclude:

[ (Port(cv), Py) ¢ (Port(s8), Pg)

implies (Port(a), Pa) ¢ (Port(3), Pﬁ)} for all P, Py

Then, by basic rewriting, conclude:

P, / Pﬁ !
4o —a ¢y and gg —g g3 and
(Port(a) , Py) O (Port(3), Pp)

implies (Port(c), P,) ¢ (Port(5), Ps)

for all q., qs, ¢, 45, Pa, Ps

Then, by applying Definition [7] of @, conclude (Qq , Pa, —a, ta) ® (Qp, Ps,
—3, t3). Then, by applying @, conclude o ® (Qs, Pg, —3, 15). Then, by
applying @, conclude a @ 5. a

Proof (of Lemma @) Suppose « < 3, . Then, by applying Definition [§| of =,
conclude [Port(ar) N Port(8) = () and Port(cr) N Port(y) = 0]. Then, by rewrit-
ing under ZFC, conclude Port(a) N (Port(3) U Port(y)) = @. Then, by applying
Proposition@ conclude Port(a) NPort(8Hy) = (. Then, by applying Deﬁnition
of <, conclude a =< S [d~. O

Proof (of Lemmal[§). Assume:
a—f

a=(Qa, Pay —as ta)
B=(Qs,Ps, —5,13)

Reasoning to a generalization, suppose:

P
Qo E%a g, and g¢g .ﬁm q’ﬂ and

for some ¢, q,ﬁaq/ozv 43, Pa Pg
(Port(a), Pa) 0 (Port(8)  Ps) ’

Then, by introducing @, conclude:

Po, Pg
o B and [qa —%a ¢, and g —5 q5 and

(Port(a), Py) O (Port(B), Pg)

Then, by applying @, conclude:

Pa P
(Qa s Pay —as Za) —  and da —7a q/a and ds —E>B q% and
(Port(cr), Py) ¢ (Port(8), Ps)
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Then, applying Definition [J] of —, conclude:

Ga Lo, q., and 1

P, N Port(B) # 0

P
G ~a ) and g5 —g q5 and
implies P, C Port(f)

(Port(a), Pa) ¢ (Port(5), Ps)

for all ¢, ¢, Pa

Then, by basic rewriting, conclude:

P Pg
da —a 4o and g —p g3 and

P, N Por 0
t(8) # (Port(a), Py) O (Port(8), Ps)

Qo R q,, and
and [
implies P, C Port(3)

Then, by basic rewriting, conclude:

(not go = ¢l
or P, NPort(8) =10

or P, C Port(5)

and |4 SN ¢, and ¢z iﬁ q5 and
(Port(a) ) Pa) O (Port(ﬁ), PB)

Then, by basic rewriting, conclude:

(not ¢q La, q.,) and g, P—“m 4, and qg iﬂ qu
and (Port(a), Py) ¢ (Port(3), Ps)

or

P, NPort(8) =0 and g, L o and gg iﬂ a5
and (Port(a), P,) ¢ (Port(3), Pg)

or

P, C Port(f8) and g, P—“>a q, and ¢g i,@ s
and (Port(a), P,) ¢ (Port(8), Ps)

Then, by basic rewriting, conclude:

P, NPort(8) =0 and ]

P, C Port(3) and ]
Port(a) , Py) O (Port(B), Pg)

false or {( r [(Port(a), P,) O (Port(5), Ps)

Then, by basic rewriting, conclude:

{( P, NPort(8) =0 and }

P, C Port(8) and }
Port(a), P,) O (Port(8), Pp)

r [(Port(a), P,) ¢ (Port(B), Pp)

Then, by applying Definition [2] of ¢, conclude:

P, C Port(a) and Ps C Port(f)
and Port(a) N Pg = Port(8) N P,

P, C Port(a)) and Pg C Port(3)
and Port(a) N Pg = Port(8) N P,

P, NPort(8) =0 and
or

P, C Port(8) and }
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Then, by rewriting under ZFC, conclude:

P, C Port(a)) and Pg C Port(5)

and and Port(a) N Pg = Port(8) N P,

P, C Port(e) and P C Port(f)
or
Port(a) N Pg = () = Port(3) N P, [

Then, by applying Definition {4 of #, conclude [(Port(a), P,) ¢ (Port(8), Ps)
or (Port(at), P,) 4 (Port(3), Ps)]. Then, by basic rewriting, conclude (Port(a),
P,) ¢ (Port(8), Pg). Then, by generalizing the premise, conclude:

o Loy q,, and ¢z i)g q5 and
(Port(cr), Py) ¢ (Port(8), Pg)

implies (Port(c), P,) 4 (Port(5), Ps)

for all qa,qta,qqugapavpﬁ

Then, by applying Definition m of @, conclude (Qu, Po, —a, ta) ¥ (Qs, Ps,
—3, t13). Then, by applying @, conclude o ® (Qs, Pg, — 3, 15). Then, by
applying @, conclude o @ 5. a0

Proof (of Lemma @ Assume:

a—f
O‘:(QaaIPou—)oula)

Recall a — 3 from @ Then, by applying ®7 conclude (Qq , Pos —a ) ta) —
. Then, applying Definition [9] of —, conclude:

[

Pa.
o —> o a0d | 41 hhies P C Port for all A

Then, by introducing Proposition [6] conclude

Qo LT q., and ]

P N Port(8) # 0

Port(3 [1~) = Port(3) U Port and
( V) 8) ™ implies P, C Port(3)

for all ¢,, ¢, Pa

Then, by rewriting under ZFC, conclude:

Ga LT q,, and ]

P, N Port(B) # 0

Port(3) C Port(B ~) and
) (8E17) implies P, C Port(3)

for all ¢, , ¢, P.
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Then, by rewriting under ZFC, conclude:

[

P, /
o — (4, and . li P. C Port o f I , P
P, N Port(3[y) # @] implies P, C Port(37)] for all qq, g, , Pa

Then, by applying Definition |§| of —, conclude (Qq, Poy —>a s ta) — S 7.
Then, by applying @, conclude a +— S [ 7. ad

Proof (of Lemma . Suppose a = . Then, by Definition |[10| of &=, conclude
[a = g or a — %Then, by applying Lemma @, concludc!a @3 or a—
6]. Then, by applying Lemma |8 conclude [a @5 or a B]. Then, by basic
rewriting, conclude o @ f3. ad

Proof (of Lemma . Suppose a = (3, . Then, by applying Definition
of =, conclude Hoz = or a+— ,B} and [a = v or aw~ 7]] Then, by basic
rewriting, conclude:

[ < and a<7] or [a =< and a 1]
or [a»—>ﬁ and ax*y] or [a»—)ﬁ and ou—>7]

Proceed by case distinction.

— Case: [axﬁ and ax*y].
Then, by applying Lemma [7} conclude o < 8 [J~. Then, by applying Defi-
nition [I0] of &=, conclude a = S 7.

— Case: [axﬁ and ou—wy].
Then, by applying Lemma [ conclude o — ~ [ 3. Then, by introducing
Proposition |72, conclude [557 ~vHp and a+— 755]. Then, by applying
Proposition [9) conclude a — B [1~. Then, by applying Definition [10] of &=,
conclude a = S 7.

— Case: [ou—>ﬂ and axw].
Then, by applying Lemma [9] conclude o — 3 J~. Then, by applying Defi-
nition [I0] of =, conclude o = 3.

— Case: [ou—>ﬁ and ou—wy}.
Likewise.

Hence, after considering all cases, conclude a = 514, a

Proof (of Theorem @) Assume:

o d---Hape A
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Proceed by induction on k.

— Base: k = 1. Immediate.

a1 0---Ha; € A implies

aE---0a=a R---Ka,

— IH: forall &,...,a4;, k<k

— Step: k > 1. Assume:
G;=a;4 forall 1<i<k-—1

k=k-1

Recall oy M ---Hag € A from @ Then, by applying Definition |11{ of A,
conclude Hz # j implies «o; = aj] forall 1<i<j< k;] Then, by basic
rewriting, conclude [al = as, ..., ap and Hz # j implies «; = aj] for
all 2<i<j< k;” Then, by Corollary [1f conclude:

o1 = (- --Oay) and [[i # j implies «; = ;] forall 2 <i< j <Kk

Then, by applying @, conclude:

[Z?éj implies @i%d{j}
a1 (az B+~ Blay) and [foran 1<i<j<k-1

Then, by applying @, conclude:

i # j implies &; = dj]

ap =2 (a0 Day) and{ forall 1<i<j<ih

] and k < k
Then, by applying Definition of A, conclude [al = (a0 O ayg)
and ¢; ---0éa; € A and k < k] Then, by applying , conclude [
o1 = (p---Hay) and ¢ - Ha;, = a; K- --Xd; ). Then, by applying
@, conclude [al = (- -Hag) and &8 -Hag—1 = & K- ~&o}k,1].
Then, by applying @, conclude [al = (e Hag) and a0 -Hayg =
as X - X ak}. Then, by applying Lemma [al @ (a2 Do) and
as - Hay,=asX--- X ak]. Then, by Theorem (1}, conclude:

o Had-- Hag=a1 K (aeE- - Dag)
and ag[---Hap =as X--- Koy

Then, by basic rewriting, conclude a; as - - Hap = a1 Kas K- - K ag.

O

D.4 Proofs of Section
Proof (of Lemma . Assume:

a%ﬂ
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@) a, Bx7y

Observe:

@ Recall @ < ~ from @ Then, by introducing @, conclude [a — [ and
a = fy]. Then, by applying Definition of =, conclude o = 3, . Then,
by applying Lemma conclude a = B [d~. Then, by applying Lemma
conclude oo @ 8. Then, by applying Theorem [1} conclude o & (8 EHy) =
a®(BEY).

@ Recall f =< ~ from @ Then, by applying Definition of =, conclude
B = ~. Then, by applying Lemma [10] conclude 5 & 7. Then, by applying
Theorem [1} conclude SE vy = B K.

@ Recall a = 3 from @ Then, by applying Lemma conclude o @ 3. Then,
by applying Theorem [I} conclude a1 8 = a X 5.

Recall a, 8 < v from @ Then, by applying Definition |8 of =<, conclude
[Port(cr) N Port(3) = 0 and Port(8) N Port(y) = 0]. Then, by rewriting
under ZFC, conclude [Port(3) N Port(a) = ) and Port(y) N Port(3) = 0].
Then, by applying Definition [8] of =<, conclude v < «, 8. Then, by applying
Definition of =, conclude v = «, 8. Then, by applying Lemma
conclude v = « [0 3. Then, by applying Lemma [I0} conclude v & a [ S.
Then, by applying Theorem |1} conclude v (o« 8) =y K (a E B).

Proceed by equational reasoning.

al(BEY)

= /* By applying @: */
al ()

= /* By app]ying@: */
al(BXY)

= /* By applying Proposition @'2: */
(X B) Ky

= /* By applying @: */
(BB Ry

= /* By applying Proposition 3: */
YX (a I B)

= /* By applying @: */
yE (e B)

= /* By applying Proposition @3 */
(l@pB)Hy
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Proof (of Lemma . Assume:

as B,y
@) B=a,y

Observe:

@ Recall o = (3, v from @ Then, by applying Lemma conclude o =
B . Then, by applying Lemma[I0} conclude o @ 3 ~. Then, by applying
Theorem [1} conclude oo (1 (B 7) = a R (B 7).

@ Recall 5 = v from @ Then, by applying Lemma conclude 3 @~y. Then,
by applying Theorem [I} conclude S~y = X ~.

@ Recall a = v from @ Then, by applying Lemma conclude o @~. Then,
by applying Theorem [I] conclude a [y = a X +.

Recall 8 = «, v from @ Then, by applying Lemma conclude (8 =
aJy. Then, by applying Lemma[I0} conclude 3 @ a.[Jv. Then, by applying
Theorem [I] conclude S (e EHv) = BK (aE7).

Proceed by equational reasoning.

al(BEY)

= /* By applying @: */
aX (8E7)

= /* By applying @: */
al (8K Y)

= /* By applying Proposition @'2: */
(X B) Ky

= /* By applying Proposition @3 */
(BR )Ry

= /* By applying Proposition @'2: */
AR (aX7)

= /* By applying @: */
BH ()

= /* By applying @: */
BE (aBy)

Proof (of Lemma . Assume:

@) axpg,y
@) B=~
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Recall a < 8 from @ Then, by applying Definition [8| of =, conclude Port(a) N
Port(8) = 0. Then, by rewriting under ZFC, conclude Port(3) N Port(a) = 0.
Then, by applying Definition [8| of =, conclude 8 =< «. Then, by introducing @,
conclude 8 < a, 7. Then, by introducing @, conclude [a =p,v and B =< «,
7]. Then, by applying Deﬁnitionof =, conclude [a = 0,v and = «, 7].
Then, by applying Lemma conclude a0 (B v) = 1 (7). O

Proof (of Lemma IE) Assume:

@) 1<j<li
@ [af[B)} € B

Observe:

@ Recall [a]¥[B]} € B from @ Then, by applying Deﬁnitionof B, conclude:

i1 # io implies «;, = «a;,| forall 1 <i;,i; < k| and
J1 # jo implies §;, < §;,| forall 1 <j;, j» <I| and
[oi = B, forall 1<i<k,1<j,<I]

@2 Recall [[j1 # j» implies B;, < 8;,] for all 1< ji, j» <] from @). Then,
by introducing @, conclude [1 < j <l and [[jl # jo implies 3; =< ﬁjz]
for all 1 < 51,42 < l]] Then, by basic rewriting, conclude [ﬁj,l =
B; and Bj_1 < Bjy1, ..., 0 and B; < Bjy1, ..., Bl]. Then, by apply-
ing Corollary [2| conclude [Bj,l = Bj and 81 < Bjt1---f and §; =
Bjg1- - Bl]. Then, by applying Deﬁnitionof =, conclude [Bj,l = B; and
Bi—1 =< Bjt1---B and B; < Bj1q--- Bl] Then, by applying Lemma con-
clude 3;_15; [ﬁ]é-_,_l = (6j_1ﬁj)[ﬁ]§-+1. Then, by applying Lemma conclude
)T (81 = [F 1B (85-18)) (841

Assume:

[B11 2 =[8)]"* and B;_1 = B,_18; and [B]" = [8]\,,
Observe:
@ Recall Hjl # jo implies §; =< sz] forall 1 <jp, jo < l] from @ Then,

by introducing @, conclude [1 < j <l and [[jl # jo implies 3; =< ﬂjz]
forall 1 <j;, 52 < l]] Then, by basic rewriting, conclude:

[[j1 # j» implies B, < f;,] forall 1 <j; <j—2,1< j, <]
and j —1 7& jg implies ijl = ﬂjz] for all 1 < j2 < l]

and ||j # jo implies 3; < 5;'2] forall 1 <j, < l]

and [[j1 # j> implies 3, < 3;,] forall j+1<j <1,1<j><]]
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Then, by applying Definition [§] of =, conclude:

[[j1 # jo implies B, < B;,] forall 1<j; <j—2,1<j, <]
and [[j — 1 +# jo implies Port(8;_1) N Port(B;,) = 0] for all 1< j, <]
and |[j # j» implies Port(3;) N Port(3;,) = 0] for all 1 < j, <I]
and [[j1 # jo» implies 8, < f;,] forall j+1<j <1, 1< js <]
Then, by basic rewriting, conclude:

[[71 # 7> implies B, = f;,] forall 1 <ji <j—2,1<j<l]

1
[j —1+# j, implies Port(8;_1) N Port(3;,) = 0]
and | |and [j # j» implies Port(8;) N Port(B;,) = 0]

for all 1 <j, <l
and [[jl # jo implies §; =< ,sz} forall j+1<j75 <I[,1<j< l]
Then, by basic rewriting, conclude:
[[j1 # j» implies B, < f;,] forall 1 <j; <j—2,1<j, <]

=144 ] o Port(f;-1) N Port(;,) =0
and [[and J# 322} tmplies [and Pojrt(lﬁj) A Port(JBjZ) =0 }

forall 1 <j, <1
and [[jl # jo implies §;, =< sz} forall j+1<j; <I1,1<j3< l]
Then, by rewriting under ZFC, conclude:
[[j1 # j» implies B;, < 8,] forall 1<j; <j—2,1<j, <I]

o [[ ajn; 1;; J;J implies (Port(83;-1) U Port(8;)) N Port(3;,) = 0]
forall 1 <j, <]

and Hjl # jo implies (;, < 53'2] forall j+1<j,<I[,1<jy< l}
Then, by applying Proposition [6] conclude:
[[jl # jo implies §;, = ,sz} forall 1<j;<j—2,1<j5< l}

J=1#j| . . 3. N
and [{and it jz} implies Port(8;_1;) N Port(8;,) = 0]
forall 1 <j, <1

and [[jl # jo implies §;, =< BjQ} forall j+1< 751 <1,1<j3< l]
Then, by applying Definition [8] of =<, conclude:
[[71 # j» implies f8;, < 3;,] forall 1 <ji <j—2,1<j><I]
J=1#Fg2 | . . = .
and U{and i jz] implies (8;_15;) < 8;,] forall 1< j, <1
and [[jl # jo implies §;, =< sz} forall j+1<75 <1,1<j2< l]
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Then, by applying @, conclude:

[[j1 # j» implies f3;, < B;,] forall 1 <ji<j—2,1<j,<l—1]
and [[J — 14 jo implies ;-1 < ﬂjz] forall 1 <j, <I[-— 1]

and [[jl # jo implies §;, =< Bh} forall j <j; <[,1<jp<1— 1]

Then, by basic rewriting, conclude [[jl % jo implies le = BjQ] for all
1<j1,j2<1-1].
Recall [a; = B, for all 1 < i < k,1 < jo < ] from @). Then, by

introducing @, conclude [1 < j <1l and [ai = B, forall 1 <7<k,
1<y < lH Then, by basic rewriting, conclude:

[a; = B;, forall 1<i<k,1<j,<j—2]
and |o; = (-1, B; for all 1§i§k]
and |o; = §j, foralllgigk,j—&—lgjggl]

Then, by applying Lemma conclude:

[ai= B, forall 1<i<k,1<j,<j—2]
and |o; = f;_10; for all 1§i§k]
and |o; = §j, foralll§i§k7j+1§j2§l]

Then, by applying @, conclude:

[ai = Bj, forall 1 <i<k,1<j,<j—2]
and [ai%,@j_l for all 1§i§k] and
and [ai%ﬁﬁ for all 1§i§k,j§j2§l—1]

Then, by basic rewriting, conclude [ozi = sz forall 1 <i<k,1<j<
1],

Recall [ozi = sz forall 1 <i<k,1<jo<1— 1] from @ Then, by
introducing @, conclude:

[[j1 # j» implies §; 1 < B;,] forall 1 <ji,jy <l—1]
and [a; = B;, forall 1<i<k,1<j,<l-1]

Then, by introducing @, conclude:

[[il # iy implies oy, %jlz‘z] foNr all 1 <iq,i9 < k:]

and [[jl # jo implies (3;_; < ﬁj2] forall 1 <j;,jo<Il-— 1]

and [ai%b’]é for all 1§i§k71§j2§l—1]
Then, by applying Deﬁnition' of B, conclude [a]¥[3],"! € B. Then, by
applying 2, conclude [a]F 8 (8;-16,)[8]}1, € B.
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Conclude the consequent of this lemma by and-ing the results from @ and @
O

Proof (of Lemma . Assume:
[]¥(8] € B
OZkXﬂQ, 761

Observe:
@ Recall [a]¥[B]} € B from @ Then, by applying Deﬁnitionof B, conclude:
[[[[il # 9 implies o;, = «;,| forall 1 <i;, iy < k}} and

j1 # j2 implies B;, < 3;,] forall 1<, j, <! and
[ovi = Bj, forall 1<i<k,1<j,<I]

@ Recall from @:

[[j1 # jo implies B;, < B;,] forall 1<, j» <]
and [ai%ﬂh forall 1<i<k, 1<y, gl]

Then, by basic rewriting, conclude [61 =P, ..., 0 and o = 61}. Then,
by introducing @, conclude [ak = fs,...,0 and B < By, ..., 5 and
o = ﬁl]. Then, by applying Corollary conclude [ak , b1 < B2+ B and
o = B1]. Then, by applying Lemma conclude ay31[8]L ~ (arB1)[BlL-
Then, by applying Lemma conclude [a]f ™! (ax81) (Bl =~ [a]¥[A]L.

Assume:
B =auf and [Bls = (Bl
Observe:

(1) Recall [[j1 # jo implies B;, < 8;,] for all 1< ji, j» <] from @). Then,
by basic rewriting, conclude:

/le/BQa"'aﬁl
and [[31 # jo implies §;, xﬁjz} forall 2<j; <I,2< gl]

Then, by introducing @, conclude:

akXBQa"'aﬁl and 51x627"'56l
and [[jl # jo implies §;, xﬁh} forall 2<j; <I[,2< Sl]

Then, by applying Definition [8] of =<, conclude:

[Port(az) N Port(B;,) =0 for all 2 < j, <]
and [Port(B1) N Port(B;,) =0 for all 2 < j, <]
and [j1 # jo implies §; = sz} forall 2<j; <1,2<jy< l]
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Then, by basic rewriting, conclude:

Port(ay,) N Port(B;,) = 0
[ and Port(31) N Port(3;,) =0

and [[jl # jo implies §; = ﬁh} forall 2<j;, <[,2<js < l]

for all 2 < j, < l]

Then, by rewriting under ZFC, conclude:

[(Port(ay,) U Port(B1)) N Port(B;,) =0 for all 2 < j, <]
and [[jl # jo implies §;, =< sz} forall 2<j; <[,2<j < l]

Then, by applying Proposition [6] conclude:

[Port(az31) N Port(3),) = 0 for all 2 < j, <]
and [[]1 7& jQ implies ﬂjl = ,8]'2} for all 2 S jl S l, 2 S j2 S Z]
Then, by applying Definition [8] of =<, conclude:

[akﬁl = By, forall 2 < jy < l]
and [[jl # jo implies §; = ﬁjQ} forall 2<j; <[,2<js < l]

Then, by applying @, conclude:

(51 = Bj, forall 2<j, <I]

and [[]1 7& jQ implies ﬂjl = ,8]'2} for all 2 < jl < l, 2 < j2 < Z]
Then, by basic rewriting, conclude [[jl % jo implies le = sz] for all
1<ji,j2 <1].
Recall from @:

Hil #io implies o;, = aiz] forall 1 <iy,ip < k]
and [ai%ﬁh forall 1<i<k,1<j §l]

Then, by basic rewriting, conclude:

ar, ..., 1= ap and oy, ..., ap_1 = G
and [il # io implies «y, %am] for all 1 <iq, ig §k—1]
and |o; = Bj, foralll§i§k71,2§j2§l]

Then, by applying Lemma conclude:

ap, ..., ap_1 = ogf
and [il # io implies «y, %aiz] forall 1 <iy,ir < kfl]
and |o; = Gj, foralllgigk—1,2§jggl]

Then, by applying @, conclude:
Ay enn, ak_l%ﬁl

and [[21 # iy implies o, %aiz] forall 1 <iy,io <k-— 1]
and [ai%ﬂﬁ for all 1§i§k—1,2§j2§l]
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Then, by basic rewriting, conclude:
[[il 75 9 implies oy, = aiz} for all 1 <1, , 1y < k— 1]
and [ai%ﬂb for all 1§i§k—1,1§j2§l]

Then, by introducing @, conclude:

[[jl # jo implies le = sz] forall 1 <j;, 52 < l]
and [[21 # iy implies o, = aiz] forall 1<iy,iy<k— 1]
and [o; = 3, forall 1<i<k—1,1<j,<]]

Then, by applying Definition [12] of B, conclude [a]*~'[3]} € B. Then, by
applying @, conclude [a]’ffl(akﬁl)[ﬂ]é € B.

Conclude the consequent of this lemma by and-ing the results from @ and @
O

Proof (of Lemma[1§). Assume:

1<j<li
CHES:
Proceed by induction on 1 < j <.

— Base: j = 1. Observe:

1) Recall [[not 1 < j <] implies <(5;, [a]f[8]}) = [a]f[]}] from Def-
inition Then, by applying , conclude Hnot 1<1< l] implies
<(B;, [aJf[84) = [a]f[BlL]. Then, by basic rewriting, conclude [false
implies <(8;, []}[8]}) = []§[B]}]. Then, by basic rewriting, conclude
=(8;, [a]F[8]1) = [adf[B)3-

@ By equational reasoning, conclude:

<(B;, [a]F[8]1)

= /* by applying @ */
G

= /* by unfolding */
(o]} 5; (8]

= /* by inserting an “empty” [ |- */
[o]55; (8121515

= /* by basic rewriting */
[a]§8;[81 18111

= /* by applying */
(]38, 181 181544
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@ Recall [a])¥[B]} € B from @ Then, by applying @, conclude <(5;,
[a]T[8)) € B.

Recall <(8;, [a]¥[8]}) = [a]¥[]} from @). Then, by applying Proposi-
tion conclude «<=(5; , []%18]}) ~ [a]¥[B]}-

Conclude the consequent of this lemma by and-ing the results from @, @

, and @

— IH:

1 Sj <[ and| . . Iy A i
[[ ()58t € B ] implies |and ¢(ﬂja [O‘]]f[@]ll) €B . ]
and <=(8;, [a]T[8)}) = [f[5]]
forallBl, 7Bl73<]

— Step: 1< j <. Assume:

[Bj/Z,Bj forallA[lgj’Sj_Q iand j+1§j’§l]]
and $;_1 =pf; and §; = ;1

i=i-1

Observe:

(1) Recall [a]¥[B]} € B. Then, by applying Definition [L2| of B, conclude:
i1 # 2 implies «;, = «a;,| forall 1 <i;,is < k| and
j1 # jo implies 3;, =< f;,| forall 1 <j;, jo <I| and

[ = B forall 1 <i<k,1<j <lI|

Then, by applying @, conclude:

[[il # iy implies «;, = o%] forall 1 <iy,ip < k] and
[[jl # jo impligs B, =< 5j2] forall 1 <ji, jo < l] and
[ai%ﬁj, for all 1§z‘§k,1§j’§l]

Then, by applying Definition [12| of B, conclude [a]¥[3]} € B. Then, by

introducing [Step|, conclude [1 < j < | and [« ]]f[B]ll € B]. Then, by
basic rewriting, conclude [1 < j —1 < I and [o]}[3 3 e B]. Then, by
applying ), conclude [j <jand 1<) <[ and [oJ}[B]} € B]. Then,

by applying 7 conclude:
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2 Recall [1 < j <[ implies <(8;, [a]f[8]}) = <(5;, [aJ}[B12B;8;-1
[ﬂ]é +1)] from Definition Then, by applying [Step|, conclude <(3;
[@IF[81%) = (85, [dFIB1B;Bj-11B]41).

@ By equational reasoning, conclude:

=(8;, [T [B1h)
= /* by applying @ */

<=(B;, [o)f[B1 2B Bj-118]L41)
= /* by applying @ */

=(Bj—1, [} B 2B;-18;18]i41)
= /* by applying B */

=(B;, [a]lf[B]{ilﬁAij+l[B]é+2)
= /* by collapsing */

<(B;, [F81h)

By equational reasoning, conclude:

=(8;, (5 [6]1)

= /* by applying @ */
<(B;, [f181h)

= /* by applying@ */
a3, (81141,

= /* by applying B3 */
o]} 81 (B2 (81}

= /* by unfolding */
[o]f 851 (81285181 414

= /* by applying B */
(85181 81181} 41

= /* by collapsing */
(65 81 18]} 14

(¥5) Recall ¢(33, [a]¥[B]}) € B from @. Then, by applying @), conclude
<(8;, la]f[B]1) € B.

Recall [o]§[8]} € B. Then, by applying Definition [12| of B, conclude [
[jl # jo implies §;, = ng] for all 1 < j;, js < l}. Then, by ba-
sic rewriting, conclude [8;_1 < B;, Bj41, ..., B and B; < Bj41, ...,
Bi]. Then, by applying Corollary |2} conclude [3;-1 =< §;, [f]},, and
B; = [Bl511]. Then, by applying Lemma conclude 31558, ~
BiBi-11Bl41-
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@ By equational reasoning, conclude:

=(8;, [5[6]%)
= /* by applying @ */
(B, [eltIAL)
/* by applying @ */
EHEH
= /* by unfolding */
(¥[8 Bj=18;181 41
=/ * by applying @ */
[ 181285851181} 41
/* by applying @ */
()X 81128185181 41
= /* by collapsing */
(7[5}

Conclude the consequent of this lemma by and-ing the results from @, @

, and @

Q

Q

a

Proof (of Lemma @) Assume:

1<i<k
[]¥(8]} € B
Proceed by induction on 1 <i < k.

— Base: 7 = k. Observe:

@) Recall [[not 1 < i < k| implies =(a;, [o]F[B]}) = [J¥[B]}] from
Definition Then, by applying , conclude [[not 1<k < k]
implies =(«;, []§[A]}) = []§[B]4]. Then, by basic rewriting, conclude
[false implies =(a;, []f[8]}) = [a]}[B]}]. Then, by basic rewriting,
conclude =(a; , [af[8]) = [alf[B];-

@ By equational reasoning, conclude:

=

]
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=(ai, [a]f[A]})
= /* by applying @ */
(718}
= /* by unfolding */
[ i [B)
= /* by inserting an “empty” [ |- */
(]~ ]k B}
= /* by applying *

[0 oty a8

@3 Recall [of[B] € B from @). Then, by applying @), conclude =(ay;,

[o]F[8]}) € B.
Recall =(a;, [o)¥[B]}) = [ }’f[ﬁ} from @J). Then, by applying Proposi-
tlonl conclude = (o , [o]¥[B]}) =~ [a]F[B]}.

Conclude the consequent of this lemma by and-ing the results from @, @

, and @

— IH:
; =(a;, [)F[81) = [a)i ' [alk as(81}
| Gt g | mPlies |and —(a;, [a]t[3])) < B ]
ot <5 and =(a;. [lt[8]}) ~ (o)}
forall &;,..., 6 ,1>1

— Step: 1 <1< k. Assume:

[y =ca; forall [1<¢ <i—1and i+2<i <Kk]]
and OAQ = Q41 and di+1 = Q4

i=i+1

Observe:

(1) Recall [a]¥[B]} € B. Then, by applying Definition [L2| of B, conclude:
[[[[il #io implies o, = «;,| forall 1 <i;, iy < k}] and

j1 # jo implies (3;, =< f;,| forall 1 <j;, jo <I| and
[ovir = B forall 1 <i' <k,1<j<l]

Then, by applying @, conclude:

i1 # 1o implies &;, = &;,| forall 1 <4y, iy <k| and
J1 # j» implies B;, < §3;,] forall 1<, j, <!| and
[@i/%ﬁj for all lgi’gk,lgjgl]

Then, by applymg Definition [12| of B, conclude [4]¥[3]} € B. Then, by
introducing [Step|, conclude [1 < i < k and [&)§[3]} € B]. Then, by
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basic rewriting, conclude [1 < i+1 < k and [a]f[8]} € B]. Then, by
applying 3, conclude [i > and 1 <i <! and [a]f[8]} € B]. Then,
by applying 7 conclude:

=(a;, [)F[81) = [a); o]k as (8%
and =(a;, [a)f[5]}) € B
and =(a;, [a]5[3]}) ~ [a]}[6)4

2 Recall [1 <i <k implies =(a;, [aJ}[8]}) = =(ai, [o]] " is1as[e]F,,
[A]4)] from Definition Then, by applying , conclude =(q;,
[]f[8]}) = =(ai, [a]i air1ai[a]f,[B]1).

@ By equational reasoning, conclude:

= (i, [a]f[6]1)
= /* by applying @ */

= (i, [a]i tasaila]f L [8]h)
= /* by applying @ */

= (i1, (A} didi [@F 5 [B]0)
= /* by applying @ */

=(a;, [ali%a;_,a;[al, [811)
= /* by collapsing */

=(4;, [a]7[A]})

By equational reasoning, conclude:

=(ai, [F[6]})

= /* by applying @ */
=(ay, [alF[B]%)

= /* by applying @ */
[a]1 ' [a]¥, & (614

= /* by applying B */
[&]1[a]F, 01 [B]4

= /* by unfolding */
[} dulalF i [B1)

= /* by applying @ */
[a]ﬁ_laiﬂ[a]ﬁzai[ﬁ]a

= /* by collapsing */
[}~ ok, i8]

¥5) Recall =(a;, [&]¥[8]}) € B from @). Then, by applying @), conclude
=(ai, [o]f[B)}) € B.
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Recall [a]¥[B]} € B. Then, by applying Definition [12| of B, conclude:

[[il # 19 implies «;, = ad forall 1 <iy, i < k]
and [a; = B; forall 1< <k,1<j<]]

Then, by basic rewriting, conclude:

ai%aHl,aHQ,...,ak,ﬂl,...,Bl
and a1 = o, Qiyo, .., 0k, B, L., B

Then, by Corollary conclude [a; = aiy1, [o]f,[8]) and a1 = ay,
[a]F,1[B]}]. Then, by applying Lemma (14} conclude a;oviy1[al¥,([B8]} =
ai+1ai[a]i+1[ﬁ]ll-

@ By equational reasoning, conclude:

=(a;, [o]f[B]})
= /* by applying @ */
=(a;, [a]f[6]})
/* by applying @) */
[y 1814
= /* by unfolding */
[} G [A1F, 5 [81)
= /* by applying @ */
[y ]k o814
/* by applying @ */
[} i [o]f, 5 [81)
= /* by collapsing */

[o] 1
Conclude the consequent of this lemma by and-ing the results from @, @

, and @

Q

Q

a

Proof (of Theorem @ Assume:

1<j<lI

[olf[8)} € B

A =Slave(B;, {a1, ..., ax})

B = (Uaea Master(a, {Br, ..., Bi})) \ {B;}
Ao ={a1, ..., ap}
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Boz{ﬁ17"'aﬁl}

Observe:

@

@

@)

Recall [a]¥[]} € B from @ Then, by applying Deﬁnitionof B, conclude
[ai = pj forall 1 <7<k, 1<5< l]. Then, by applying Definition
of =, conclude [ai, Bj € Paforalll <i<k,1<j5< l]. Then, by
rewriting under ZFC, conclude {1, ..., ap} U{B1, ..., Bi} C PA. Then,

by applying @, conclude Ag U {p1..., i} C PA. Then, by applying @,
conclude Ag U By C PA. Then, by rewriting under ZFC, conclude [AO C Pa
and By C ]P’A]

Recall [AO CPA and By C IP’A}. from @ Then, by applying @, conclude [
Ao CPa and {f:1, ..., 8} C ]P’A]. Then, by introducing @, conclude [1 <
j<land Ay C Pa and {81, ..., 0} C IP’A]. Then, by rewriting under
ZFC, conclude [Ao CPA and j; € IP’A]. Then, by applying Proposition
conclude Slave(3; , Ag) C Ag. Then, by applying @, conclude A C Aj.

Recall A C Ay from @ Then, by applying @, conclude A C PA. Then, by
rewriting under ZFC, conclude Hoz € A implies a € ]P’A] for all a]. Then,
by introducing @, conclude [[a € A implies [a € PA and By C IPA]]
for all a]. Then, by applying Proposition conclude Ha € A implies
Master(a, Bg) C BO] for all a]. Then, by rewriting under ZFC, conclude
Uaea Master(a, By) C By. Then, by applying @), conclude |, , Master(a,
Bo) €{B1, ..., Bi}. Then, by rewriting under ZFC, conclude (| J,. 4, Master(
a, Bo))\{B;} € {B1, ..., Bi}. Then, by introducing &), conclude [1 < j <

! and (U, Master(car, Bo)) \ {8;} € {B1, ..., Bi}]. Then, by rewriting
under ZFC, conclude (|J,4 Master(a, Bo)) \ {B;} C {B1, ..., Bi}. Then,

by applying @, conclude B C By.
Reasoning to a generalization, suppose:
€ A and € By\ (BU{B;})| for some a, 3

Then, by rewriting under ZFC, conclude [a € A and 8 € By and 8 ¢
(BU {ﬁ]})] Then, by applying @, conclude:
a€ A and 8 € By and
B¢ (UpeaMaster(a, {B1, ..., Bi}) \ {B;}) U{B;}
Then, by rewriting under ZFC, conclude [a € A and 8 € By and 8 ¢

Uaea Master(a, {81, ..., £i})]. Then, by applying @), conclude [a € A
and 3 € By and 8 ¢ |J,c, Master(a, BO)]. Then, by rewriting under
ZFC, conclude [ € A and 8 € By and 8 ¢ Master(av, By)|. Then, by
Definition [20| of Master, conclude [« € A and 8 € By and [ ¢ By or |
not a+— ] Then, by basic rewriting, conclude:

[aéA and § € By and ﬁgéBo]
or [aeA and g € By and [not ou—>5]]
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Then, by rewriting under ZFC, conclude Hoz € A and false] or [oz €A
and § € By and [not a— BH] Then, by basic rewriting, conclude [false
or [oz € A and 8 € By and [not a > ,8]]] Then, by basic rewriting,
conclude [@ € A and 8 € By and [not a — f]]. Then, by introducing
@), conclude [[a]f[8]} € B and a € A and 8 € By and [not a — f]].
Then, by applying Definition [I2] of B, conclude:

[ai%ﬁj foralllgigk,lgjgl] and
a€ A and S € By and [not ar—>6]

Then, by applying @, conclude

[ai%ﬂj, for all 1§i§k,1§j’§l] and
a€{ar,...ar} and B € By and [not ou—>,8]

Then, by rewriting under ZFC, conclude [[a = 3;, forall 1< j' <] and
8 € By and [not a BH Then, by applying @, conclude [[a = B
forall 1 <j <] and 8 € {B1,..., B} and [not a — S]]. Then, by
basic rewriting, conclude [a = 0 and [not a 5“ Then, by applying
Definition of =, conclude [[a = 8 or a — ,6’] and [not a > B]]
Then, by basic rewriting, conclude [[a = and [not o ﬁ]] or [a — 0
and [not > 6]]] Then, by basic rewriting, conclude [[a = [ and [not
o — B]] or false]. Then, by basic rewriting, conclude [a = and [not
a ﬁ]] Then, by basic rewriting, conclude a < 3. Then, by generalizing
the premise, conclude [Ha €A and g€ B\ (BU {,8]})] implies o = ﬁ]
for all «, ﬂ].

Recall A C A from @ Then, by rewriting under ZFC, conclude |A| < |Ag].
Then, by applying @, conclude |A| < [{a1, ..., ai}|. Then, by rewriting
under ZFC, conclude |A| < k.

Recall B C By from @). Then, by rewriting under ZFC, conclude |B| < |By|.
Then, by applying @, conclude |B| < [{f1, ..., fi}|- Then, by rewriting
under ZFC, conclude |B| < I. Then, by basic rewriting, conclude 1 < |B| +
1 <.

Assume:

0y = [0l Loy, pia and [015_ 4 = A(JA]) - AQ1)
By = B; and [ﬁ/]g = [5]{_1 and [B/]§'+1 = [/BE'H
317" = B(B) -~ B(1) and [8") 5, = 181 Lo\ B

Ap={a, .. o}
By ={b1,.--, B}
By ={61, .-, B}
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Observe:

1) Recall [a]}[8]} € B from @). Then, by introducing @), conclude [1 < j <
and [a]{[B]} € B]. Then, by applying Lemma conclude:

<=(8;, [al5[81L) = [k 85181 18144

@ By equational reasoning, conclude:

By
= /* by applying @ */
{ﬂl 9 ety ﬂl}
= /* by applying @ */
{B1, ..., 8}
= /* by applying B3 */
B/
0

¥3) Recall <=(3;, [o]¥[B]}) € B from @). Then, by applying @), conclude [a]}
[8']Y € B. Then, by introducing @), conclude [B C By and [a]f[3']} € B].
Then, by rewriting under ZFC, conclude [B C By and [a]f[3']} € B]. Then,
by applying @, conclude [B C Bjy and [a]f[3']} € B]. Then, by applying
@3, conclude [B C {B}, ..., B;} and [oJ}[#']} € B]. Then, by applying
Corollary [f] conclude:

E(B, [oli[8']) = [a]fB(IB))--- BB} [1s;....50 15
and &(B, [o]f[8])) € B
and <(B, [o]f[8) = [a]F[5]]

E(B, [aff[8']) = [a]}[8"]}
and &(B, [alf[8);) € B
and &(B, [off[8]]) = [a]F[B']}

By equational reasoning, conclude:
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By
= /*by app]ying@ */
B, B}
= /* by applying @ */
By, ....8/'}
= /* by applying @8 */
Bl
¥9) Recall <(B, [a]¥[8']}) € B from 3. Then, by applying @), conclude [a]}
[8”]4 € B. Then, by introducing @, conclude [A C Ay and [o]}[8"]} € B].

Then, by applying @, conclude [A C {ay, ..., ai} and [oJf[3"]} € B].
Then, by applying Corollary [6] conclude:

=(4, [a]f[8"]}) = [o] l{al ..... arnaA(A]) - A"

and = (4, [a]{[8"]}) €

and = (4, [a]f[8"]}) ~ [ HEGH

Then, by applying @, conclude:

= (4, [o]f[8"]5) = []F[8")}
and =(A, [o][3"]}) € B
and = (4, [a]f[8"]}) = [alf[8"]

By equational reasoning, conclude:

Ag
= /*by app]ying@ */
{a1, ..., ar}
= /* by applying @& */
{ef, ..., o}
= /* by applying @ */
Aj
Assume
€D [} ==(A, (B, <(8;, [a]f[81)))
Observe:

&) Recall [a]F[8]} = =(A, &(B, <(8;, [F[8]}))) from €. Then, by intro-
ducing @, conclude:

B= Uaea Master(a, {B1, ..., Bi})
[a]F[B)1 = =(A, &(B, «<(8;, [0]}[8]1)))
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Then, by introducing @, conclude:

A = Slave(B;, {ou, ..., ai})
B = U,ca Master(a,{B1, ..., Bi})
[GIYB) = =(A, &(B, <(8;, [} 8))

Then, by introducing @, conclude:

A = Slave(B;, {oa, ..., ar})
[]*[8]} € B and B =U,eaMaster(a, {B1, ..., Bi})
GIIAI = S(A4, (B, <(3;, [atI81))

Then, by introducing @, conclude:

A =Slave(B;, {a1, ..., ax})
{15,‘3[; and] and B = UQGA Master(a, {1, k , Bi})
o [GEIBTL = =(A, (B, <(8;, [o]}[8l}

Then, by applying Definition [21| of |}, conclude {(3;, [a]}[8]}) = [a];~

(1615 a2 BB gy
@ By equational reasoning, conclude:
GRIEH
= /* by applying @ */
[ [8"]}
= /* by applying @ */
=(A4, [7]8"])
/* by applying @ */
[a]F[8"}
= /* by applying @ */
E(B, [aJf[8171)
/* by applying @ */
[a]}[8}
= /* by applying @ */
<(8;, [a]f[A]})
/* by applying @ */
[a]F 814

@ By equational reasoning, conclude:

Q

Q

Q
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[a]F 1814
= /*by app]ying@ */
= /* by applying @ */
=(4, &(B, [df[81h))
= /* by applying @ */
=4, [o7[8"1)
= /* by applying @ */
(/17 [8"]%

Recall =(4, [a]¥[8"]}) € B from ). Then, by applying @), conclude
[@']%[8"]} € B. Then, by applying @, conclude [a]¥[3]} € B. Then, by intro-
ducing @, conclude [1 <|B|+1<! and [d]’f[ﬁ]ll € B]. Then, by applying
COrouary conclude [[a]5 (81" [Bll5 ,, € B and [a)E([B1")[B) 4
~ [o]f[B]1].

Recall [[[a € A and € By\ (BU{B;})] implies o < 3] for all o, §] from

@. Then, by rewriting under ZFC, conclude:

[ae {AQ1), ..., A(JA])}]
land € By \ (BU{3;})]

—

implies a < ﬂ] for all o, 8

Then, by applying @, conclude:

[ e{a)_japirs s k)]
land 5 € By \ (BU{B;})]

—

implies a < ﬁ] for all o, 8

Then, by applying @, conclude:

[ae{a japprs o )]
land € Bj\ (BU{B;})]

Then, by rewriting under ZFC, conclude:

—

implies a < ,8] for all «, 8

[ ae{a)_jq410 - Okt

and € (By\ {f;}) \ B

Then, by applying @, conclude:

implies a < B] for all o,

_ , , ;
a€f{ag 4415 -5 05}t and

1Be B, BIIN{B})\ Bl
Then, by applying @, conclude:

—

implies a < ﬂ] for all o,

. , , -
ae{a)_ g4 - @} and

1Be B B\ \ B

—

implies o < B] for all o, 8
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Then, by rewriting under ZFC, conclude:

[ae{a2_|A|+1,...7afc} and

Be{fy, .-, B}\B

Then, by basic rewriting, conclude:

implies a = ﬁ} for all o,

ae{a_ g4 -} and
1B€{Blisy, .omms -+ Biligy, .. spsll

—
1

implies a < ﬂ] for all o, 8

Then, by rewriting under ZFC, conclude:

a€f{ag 4415 -5 05} and
1Be{Blisr,..mmms -5 Bilisy, .. 881

—
1

implies a < 6] for all o, 8

Then, by applying @, conclude:

a€{a_ s, alt | .

[ and 6;{‘5?;127 o kl,,} implies axﬂ] for all o,
Then, by basic rewriting, conclude [[a € {a;c—|A|+1’ ..., a,} implies a =<
ﬁ|’§3|+2, ..., B'] for all a]. Then, by basic rewriting, conclude [, < B\I}BH-Q’
o, B forall E—|A|+1<7¢ < kz] Then, by applying @, conclude [di, =
B|B|+2 ..., B forall k— [Al+1 <4 < k:] Then, by introducing @, conclude:

~ |Bl+1 Qi X B|B|+27 By

A Al € B ana g 0 P o

Then, by introducing @, conclude:

3 Bl+1 &ir = Biplyas - B

Then, by applying Corollary 4] conclude:

[&}?_\A\([&]ﬁ_ml_’_l[@IlBH-l)[ﬂ:HBHQ € B and
G @S a2 B Bl ~ (4B,

Then, by applying @ conclude [ll(ﬁj, [a ] 8 ]ll) € B and |(5;, [a]’f[ﬂ]ll) ~
[o?]’f[ﬁ] ] Then, by applying @ conclude [ (Bi, [a]¥[BlY) € and |(5;,
[7[811) = [a]f[B]1]- O
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