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l. Z1] k een geheel getal, k 2 0 . Beschcuw de volgende drie aannamen.

(al) X 1is een reele of complexe Hilbertruimte met inwendig produkt
(*y*) en norm |||l ;

(a2) A: X - X 1is lineair, Re(Ax,x) < 0 en |lAxll <€ |lx]l (voor alle
X =« X )3

(a3) De rationale functie ¢ , gedefinieerd door
d(g) = (qo+q1§+...+chk)“] (p0+plc+...+pkck) (Cel), heeft reele
coefficienten q.,p. (0sjsk). Verder is ¢(g) regulier en

1773
| ¢(g)] =1 wvoor alle z € C met Re z <0 , lzl < 1

De volgende bewering geldt dan en slechts dan als k < |

(b) (al), (a2) en (a3) tezamen impliceren dat
6(A) = (q,T+q A%...+q A

en ||¢o(A)x!|l £ [Ix]| (voor alle x € X ).

(pOI+p1A+...+pkAk) gedefinlieerd 1is

2. Voor gegeven getallen p > 0 en 0 2 0O beschouwen we de klasse I:p 5

van functies F die aan de volgende voorwaarden (1)-(4) voldoen. De

.. n . T .4
Euclidische norm van x € IR duilden we aan met |/x|| = (x x)i

(1) F: 1€1—+:RP', n 21, alle partiele afgeleiden van F bestaan

. . : I
en zijn continu op R .

(2) Er 1s een x* € EJI met F(x*) = ()

(3) (F(X)HF(y))T(xﬂy) =2 0 (voor alle x,y ¢ Efl).

(4) Voor alle x,y € R" met lx-x || < o Hy-x*ll

lineaire afbeelding E(x,y) van R"” naar R" zodat

IA

0 18 er een
E(x,y)v]l < ollvll (voor elke v ¢ R") en
F'(x) = F'(y) (I+E{x,y))

Z1] w21 en A > 0 . Voor gegeven T ¢ FD 5 beschouwen we het

lteratieve proces

Ko, = %~ wlF' ()17 Fx) (k=0,1.2....)



.y
voOor het benaderen van x

x , x o
Er geldt H}Hc -x || < H:ﬁ{wiku (voor alle F L}'p,d . 3

+ ]
startwaarden XO € Ifl met H}%fﬁ{[i < p ) dan en slechts dan als
w < 2/(1+0)

IV

0 , en

(1] ORTEGA, J.M., RHEINBOLDT, W.C., Iterative solution of nonlinear

equations 1n several variables, Academic Press, New York 1970.

3. Voor vierkante complexe matrices A = (aij) definlieren we
|All = max £ l|a..|
. . 1]
L J
Z1] © > 0 . Beschouw de volgende twee uitspraken.
(1) A 1s een vierkante matrix met ||All € a en |lexp(tA)ll = 1

(voor alle t = 0 ):

(11) I - BA 1is regulier, en II(I-GA)“I(I+(I—8)A)||:£ | -

We definieren

0 = sup{a:020 en (ii) geldt voor alle A die aan (i) voldoen!

Er geldt
oy
@« >0 d.e.s.d. als 6 > 35 .

4. Z1j G een Runge—-Kutta methode met coefficienten aij en bi (1<1,3<m) .
Neem aan dat er getallen dj (1£3sm) Dbestaan zodat
. m
b. = I d.a.. (1€1<m) .
1 =1 1 31

Neem verder aan dat G BSI-stabiel 1s. Dan is G ook BS—stabiel.

[2] FRANK, R., SCHNEID, J., UBERHUBER, C.W., Stability rroperties of
implicit Runge—Kutta methods, Report no. 52/82, Inst. Num. Math.,
Tech. Univ. Wien (1982).



5. Het bewijs van stelling 2 uit [3] is onjuist.

L3] BRENNER, P., THOMﬁE, V., On rational approximations 0F semi—groups
SIAM J. Numer. Anal. 16, 683-694 (1979).

6. Zij A een reele m X mmatrix, m =21 , en Yy > 0 . We beschouwen de
collectie hypervlakken

H = {H(II,I ..,In):nal, L ,I ,I zijn onderling

5 - 2l I
disjuncte deelverzamelingen van {1,2,...,m} en elke

Ik (1£k<n) bevat minstens twee elementen} ,

waarbi j

T m
H(II’IZ""’IH) = {v.v—(vl,vz,...,vm) e R , v, = vj als

1 en j tot een zelfde verzameling L (1€k<n) behoren} .

Neem aan dat er voor iedere H ¢ H een v € H bestaat zodat

Av ¢ H . Dan zijn er vectoren X = (xl,xz,...,x )T en

m

Xi # xj ) (yi“yj)/(xi“xj) < =y (voor 1<£1< 3<m).

(4] HUNDSDORFER, W.H., SPIJKER, M.N., 4 note on B-stabirlity of
Runge—Kutta methods, Numer. Math. 36, 319-331 (1981).

[5] BUTCHER, J.C., 4 short proof concerning B-stability, BIT 22,
528-529 (1982).

7. Middelbare scholieren die wiskunde willen gaan studeren moet worden
ontraden om, ten koste van het aantal moderne talen, het wvak

"wiskunde II" in het eind—-examen pakket op te nemen.
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CHAPTER |

INTRODUCTION

1.1. THE PROBLEM OF STIFFNESS

The subject of this monograph 1s the numerical solution of initial
value problems for systems of ordinary differential equations. Numerical
methods for such problems have already been known for a long time. The
oldest and most simple one is Euler's method (cf. example 1.1.1). More
sophisticated and accurate methods have been proposed afterwards, and now-
adays very efficient procedures exist for a large class of problems arising
in practice. Still there is a class of problems, the so—called stiff
problems, for which the numerical procedures are less efficient and
reliable. With such problems we shall be concerned in the following. In

this section it will be explained what is meant by stiffness.

We consider an initial value problem for an autonomous system of s

ordinary differential equations

(l.1.1.a) u'(t) = £(U(L)) (0<t<T)

(1.1.1.b) U(O)muo.

This problem may be real or complex. The function f: K° » K° , the wvector
uy € K° , and the positive number T are given. Here X stands for
elther the set of real numbers R or the set of complex numbers & , and s

1s a positive integer. It will always be assumed that the problem (1.1.1)

1s such that there exists a unique solution U .

For the numerical solution of (1.1.1) we shall deal with step—-by—step

methods, which produce approximations u, to the solution U at grid-

points t . These gridpoints are defined by t =t _; +h_ (l<n<N)

t0 = 0 , where the numbers hn > 0 are the stepsizes and tNm T . If all

stepsizes are equal, say hn = h (1=n<N) , the grid {tn} 1s said to be

uniform. For comvenience this will be assumed in the subsequence.

b



Application of a step~by—-step method to a concrete problem (1.1.1)

results in a difference scheme from which the approximations u_ can be

computed one after another. We shall deal only with one—step—-methods where
for the computation of u_ only u__, 1s needed and not the uj with
] £ n-2 .

During the numerical integration errors will be introduced. Such errors
are mainly caused by the fact that the differential equation i1is replaced by
a difference scheme; these are the so—called local discretizatlion errors
(see section 3.1). Also by the computer arithmetic errors will be produced
in the computation of u_ from u_q o The introduction of these local
errors, which are small if the stepsize is chosen properly, does not lead
to a bad overall result if the effect of such small errors remains small.
Thus if we have two sequences {Gn} , {un} satisfying the difference

scheme, and u, = U(tk) » # U(tk) , we like to know whether ‘uk+n_uk+nl

remains small for all n ,if l?k-ukl 1s s0. We call a numerical scheme

stable 1f there exists a constant o > 0 such that

(1.1.2) luk+n~uk+n| < Uluk'-ukl (H=1,2,.---,N"‘k)

for all 'Ek’uk e K> and 1 £ k < N . Here | «] stands for some given norm
S

on K

If a numerical scheme is known to be stable with a moderate stability
constant ¢ , and the local errors are small, then also the global errors
|U(tn)-u,nl (1<n<N) will be small.

For the stability analysis it is often assumed that the function f

appearing in the right-hand side of the differential equation satisfies a

Lipschitz condition

(1.1.3) £(x)~f(x)| =< L|x-x| (for all X,x ¢ K°),

which implies

(1.1.4) T(e+at)-Ut+At)| < e*2F |T(e)-U(t)|  (0<t<t+At<T)

for any two solutions U,U of the differential equation (l1.1.1.a). There
exlists a rather satisfactory theory by means of which one can predict how

well a numerical scheme will approximate the exact solution U of (1.1.1),



provided that the product TL 1is not too large and hL 1s sufficiently
small. Important contributions to this theory can be found in the books

by DAHLQUIST (1959), HENRICI (1962) and STETTER (1973). Actually the
Lipschitz condition (l1.1.3) only needs to hold on some tube around the
solution U . Many practical problems meet this requirement with a Lipschitz
constant 1L such that TL 1s not very large. In such a case the require-

ment on hL will not lead to an excessively large number of steps.

In (1.1.4) equality is possible for functions £ satisfying (1.1.3)

1 ~

(e.g. with K> = R s, £(x) = Lx (x¢IR) ). 1f this 1s the case and Uy s Uy

are good approximations to !ﬁ(tN)’U(hN) , respectively, we therefore have

IuN uN] RS eLT]uO u,

with g > e . From this observation it can be seen that if TL 1s very

large and (1.1.4) is not pessimistic any numerical scheme will encounter

| , and the stability inequality (1.1.2) will only hold

serious problems.

Suppose the norm |*] 1is generated by an inner product <.,.> on
K> , and suppose, instead of or in addition to (1.1.3), that f satisfies
a so—called one-sided Lipschitz condition

2 (for all ';,x e K° ),

(1.1.5) Re <f(x)-f(x),x-x> < B|x—x|
with B € R given. This condition implies that we have for arbitrary
solutions ﬁ;U of (1.1.1.a)

eBAt

(1.1.6) |ﬁ(t+At)—U(t+At) | < I'fJ"'(t)-U(t) | (0St<t+ALsT)

(see e.g. DAHLQUIST (1959)). Even if the Lipschitz constant L 1is very

large, .the one—-sided Lipschitz constant B may be close to zero or

negative. The inequality (1.1.4) 1is then much too pessimistic. As an

i1llustration we consider the following simple problem.

EXAMPLE 1.1.1. Let X" = El , T =1, and let f be defined by

f(x) = Ax (for x € T )
where A ¢ T satisfies Re A =0 , [A]| = 106 . With <x,y> = x§ (for
x,y € T ), (1.1.5) holds with B = 0 , whereas we have to take L = 106

for (I.1.3) to hold.
The method of Euler is given by



u = u + hf(un ) (lﬁnﬂN) »

n n— | - ]

. . n
from which we obtain here the approximations u = (1+h)) u,
At

the solution U(t) = e u, of (1.1.1). For two sequences of approximations

computed with different starting values u

(1<n<N) to

O’uO , W& have

lu -u | | 1+h )| luomuol (1<£n<N)

- 3 3
If hL 1s large, say h = 10 > , then |1+h)A| = 10 and N = 10" . Thus

we have the unfavourable result

1000 |~
lu . -u.] .

IuN--uNI ~ (1000) 0" Y

A completely different behaviour shows up with the Backward Euler

method where the approximations are computed according to

u =u + hf(un) (1<n<N)
For this case we obtain En -~ un = (1---'--h)\)mr1 (ﬁowuo) (1=n<N) , and now we
have

Iun--un| < luo--uol (1<nx<N)

for all stepsizes h > 0 .

We thus see from this example that there are numerical methods, such
as the Backward Euler method, which may produce stable approximations with
a stability constant o~ | no matter how large hL is. If the solution
U we want to approximate 1is smooth (slowly varying) then the local
discretization errors will be small for stepsizes h which are of moderate
size. For such a problem we then may obtain accurate approximations, even
1f hL 1is large.

Suppose the solution U of (1.1.1) is smooth, and (1.1.5) holds with
B 2 O . We call this solution U stiff if for any openm region D < K°
containing {U(t):0st<T} the Lipschitz constant L of the restriction of
f to D 1is such that TL is very large.

Many numerical methods, for instance Euler's method, are unsuited to

solve stiff problems (problems with a stiff solution), due to the fact that



a large value of TL will casue an extremely large stability constant
unless hL 1is sufficiently small. Such a restriction on h leads to a
very large number of steps. On the other hand there are methods, for example
the Backward Euler method, for which the requirement on hL is unrealistic,
and for such methods we may obtain accurate approximations to stiff solutions
with a moderate number of steps.

Stiff initial value problems are encountered in many practical

situations, for instance in control theory, chemical kinetics and diffusion

processes,. Adetailed discussion and more examples can be found in
WILLOUGHBY (1974) and BJUREL et al. (1970). Very often in these situations

the solution U of (1.1.1) is such that U(t) wvaries wildly for a short
period, the so-called transient phase. After this phase U(t) becomes
smooth. We then only call the latter part of the solution stiff. In the
transient phase the use of a small stepsize is inevitable for keeping the
local errors small. Since this period is only very short this does not
lead to an extremely large number of steps. After the transient phase a

larger stepsize can be used, provided that the scheme remains stable, and

there a numerical method which is suited for stiff problems is recommended.

REMARK 1.1.2. Instead of (l1.1.1) we could also consider the more general

(nonautonomous) problem

(1.1.7.a) U'(t) = £(t,U(t)) (0<t<T) ,

(1.1.7.b) U(0) = u,
where f: R x K> - K° and Uy € K® . We will restrict ourselves to
(1.1.1) for the sake of simplicity. The analysis presented in this mono-
graph could also be given for nonautonomous problems (1.1.7), but this
would only complicate the results in some chapters without leading to new

insights. Moreover, any nonautonomous initial value problem (1.1.7) can

U;+1(t) = 1 , with initial value U N (0) = 0, to the system and replacing
f(t,U(t)) by f(US+1(t),U(t)) . After this conversion we obtain an initial

value problem for an autonomous system of s+1 differential equations.
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‘ollowing definition is due to DAHLQUIST (1963). It is concerned

.1lass of problems where £f satisfies (1.2.3) with Re XA < 0

[ 1.2.1. A one—step method is satd to be A-stable ZFf the contract-

tton (1.2.2) holds for all dissipative problems satisfying (1.2.3)
ary stepstzes h > 0 .

bility has been established for many numerical methods. A funda-

itribution to this subject is given by WANNER, HAIRER and N@RSETT

eneral one-step methods A-stability i1s no guarantee that the method
L.ces stable results for arbitrary nonitinear stiff problems. It can
see e.g. SPIJKER (1982 B) and section 5.3 of this monograph, that
‘hod 1s A-stable, the differential equation (l1.1.1.a) is linear
vative, and the norm |-+| on K°® is generated by an inner product,
ontractivity relation (1.2.2) will hold for arbitrary stepsizes

Lle situation with arbitrary norms is totally different. For results
.rection we refer to NEVANLINNA and LININGER (1978,1979), BRENNER

» (1979) and SPIJKER (1982 A).

,all confine ourselves to the case where the norm || 1is

by an inner product <°,;°>

[ 1.2.2. A one—-step method ts satd to be B—contractive if the

1ty relation (1.2.2) holds whenever h > 0, and £ satisfies
Zth B = 0 .

concept, G—-stability, was introduced by DAHLQUIST (1975) for

» methods. Definition 1.2.2 is due to BUTCHER (1975), who used the
\bility. For the schemes which arise if a one—step method 1is

» a nonlinear problem, there is no equivalence between stability
ictivity. Therefore we have chosen the term B-contractivity in

L 1.2.2.

e definitions 1.2.1, 1.2.2 no restriction is imposed on the step-
y dissipative problem is solved numerically with a B—contractive

» stepsize has only to be chosen in such a way that the local

1ain small, and we need not worry about an unfavourable error

)11,



1.3. THE SCOPE OF THE STUDY

In this monograph we shall mainly be concernmed with implicit Runge-
Kutta methods and semi-implicit one—-step methods for nonlinear stiff initial
value problems. These methods can be viewed as generalizations of explicit
Runge-Kutta methods, and they constitute the class of one-step methods which
are mostly used for stiff problems.

First, in chapter 2, useful technical results will be obtained.

In chapter 3 we take a closer look at the implicit Runge~Kutta methods
and the semi-implicit methods, which have to be provided with a suitable
approximation to the Jacobian f' . Some restrictions on the semi-implicit
methods will be motivated in this chapter.

In chapter 4 we consider the following subject. If an implicit Runge-
Kutta method is used for the numerical solution of a nonlinear initial

value problem, at each step of the integration a nonlinear system of

algebraic equations has to be solved. The approximations u_ ~are only

well defined if the algebraic equations are uniquely solvable. It is known
(see e.g. GRIGORIEFF (1972)) that there exists a unique solution if the
product of the stepsize h with the Lipschitz constant L of f is
sufficiently small. The implicit methods however are intended to deal with
cases where hL 1is not small.

Using only the one-sided Lipschitz condition (1.1 .5) and continuity
as assumptions on f , and thus allowing L to be arbitrary large, suffi-
cient conditions, on the coefficients of the Runge—-Kutta method and the step-
size' h , for having a unique solution to these algebraic equations will be
presented in section 4.3. Similar results obtained in CROUZEIX, HUNDSDORFER
and SPIJKER (1983) and DEKKER (1982) are slightly generalized. By a
combination of these sufficient conditions with results of FRANK, SCHNEID
and UEBERHUBER (1982 A), it can be shown that for many B—contractive Runge-—
Kutta methods the numerical approximations are always well defined for
dissipative problems, without any restriction on the stepsize. This is a
useful completion of the B-contractivity concept for these methods.

1f we deal with linear differential equations or with semi-implicit
methods only linear systems of algebraic equations have to be solved. These
cases are considered in the sections 4.2 and 4.4.

In chapter 5 the error propagation in implicit and semi—-implicit
methods applied to nonlinear stiff initial value problems 1s studied. We

shall assume that it is known in advance how the methods behave on the



scalar, linear testproblems (1.2.3), and consider questions of the following
type. Suppose a method 1s A-stable. Can we then also apply this method to
nonlinear, nonscalar, dissipative problems without having an unfavourable
error propagation?

For a rather large class of implicit Runge—-Kutta methods (the B~con-
tractive ones) the answer 1s already known to be affirmative. The implicit
Runge—Kutta methods are therefore only considered shortly in section 5.5.
For the semi~-implicit methods much less is known at present. It will be
shown in section 5.4 that i1f we use a Rosenbrock method (a semi-implicit
method using an exact Jacobian approximation) for approximating a slowly
varying solution U of (l1.1.1), and the variation of the Jacobian f' 1is
restricted, the error propagation will not differ much from the case where
we deal with a testproblem (1.2.3). Also for semi-implicit methods using a
fixed Jacobian approximation we get this positive result, provided that the
Jacoblian approximation is good enough. These results indicate for what
kind of nonlinear 1nitial value problems the semi-implicit methods are
suited. In this analysis essential results of HAIRER, BADER and LUBICH
(1982) (on semi-implicit methods using a constant Jacobian approximation)
and of HUNDSDORFER (1981) (on a small class of Rosenbrock methods) are
generalized. Besides it will be proved that such positive results are not
valid for all choices of the Jacobian approximation in semi-implicit
me thods.

For some simple implicit and semi-implicit methods the bounds on
the error propagation obtained in chapter 5 are used in chapter 6 to derive

convergence results where the initial value problem may be arbitrarily

stiff.
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s
(2.1.2) wlA] = sup{Re<x,Ax>:xcK ,|x|=1}

(cf. STROM (1975)). The set of eigenvalues (in &) of the operator A will
be denoted by o (A)

Let A be an sn X sm matrix and B an sm X sk matrix, which are

both partitioned into blocks Aij’Bij e L(I{S) ,

| A A 3 _
nl m!

The blocks A
C = AB ¢ L(K

ij 9re called the block-entries of A . Ve shall also write
to denote these blocks. The block-entries C'j ¢ L(K°) of

1
Sk, ]Ksn) are given by

m
C.. = A. , B,.
1] EEI 12 23

2""’Dm € L(I(S) , then D =

. .,Dm) € L(Rsm) stands for the block—diagonal matrix with

(see e.g. GANTMACHER (1959)). If DI’D
= diag(Dl,Dz,.
blocks D]’DZ""’Dm. on the diagonal.

The Kronecker product (cf. MARCUS and MINC (1964)) of two matrices
A and B will be denoted by A ® B

Let g: K® -~ K° (ox L(I(S) ) be a given function. The Gateaux-—
derivative of g will be denoted by g' (see section 2.3.1 for more
details). We shall also write ng(x) instead of g'(x) (for x € Ifg).

If y: € - T 1is such that lim Y(z) exists, we denote this limit
by ¥ (=) Tl

Finally, if m,n € N and m > n , we use the conventions
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2.2. RATIONAL FUNCTIONS

2.2.1. Half-plane bounds for rational functions.

Consider a rational function ¢ defined by

(2.2.1) v(z) = [q()1™' p(z) (z € T) ,

k , k
0+qlc+"" +qu 2 P‘;) mF)O."“F)-‘IC."‘" L +pkc ,kém,

and all coefficients qj.:.pj are 1in K . We assume that qy. # 0 , and that

o> 0 1is a given number such that ¢ 1is analytic on {z:zel,Re <o}

Further we put 0 = 0"1 .

where q() = ¢

—

We define the function VY: IR »- IR by
(2.2.2) Y(t) = sup{|Y(z)|:zeC,Re C=t,Y is regular in z} (t € iR).

From the maximum modulus theorem it follows that Y(t) equals

sup{|{y(z)|:zeC,Re =t} whenever t < o .

LEMMA 2.2.1. Assume P, = 0 . Then there is a constant w > 0 such that

Y(t) £ w (1--“-61:)”'1 (for =-= < t £ 10 ).

PROOF. Let £ be the largest index such that pﬁL# 0 . Then

bD) = [q o (+0c NI Ip gfaro@ NI (gre)

£

Hence there exists a p > 0 such that

g £k

lp ()| < ZIpﬁ/ku (for z| > p ).

Since £ - k £ -1 , there 1is an w, > 0 such that

(2.2.3) @I s w elzl)  (for Izl > p ).

If Re t < t < -p , then clearly |z| =2 -t > p . Hence we obtain from
(2.2.3)
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can be seen, using simple geometrical arguments, that there is an r > 0

such that ¢ = £ + in Dbelongs to some B(nj) if |&] <= r , |zl € R .

We take A = min A(n.) . Then
1<j<n ]

W ()| = 1 + AE (for z =&+ in, -r = & <0, [¢] <R).

Put ﬁkt) = max{1+At,¥(-r),c} (t < 0). It follows that VY¥(t) < ?Xt) for

all t £ 0 . Furthermore VY has the desired form. -

REMARK 2.2.5. For rational functions ¢ satisfying ¢(g) = e’ + O(;z)

(z -~ 0), a result similar to theorem 2.2.4 can be found in CROUZEIX and
RAVIART (1980).

If we assume that ¢ 1s such that V¥(t) < 1 (for all t < 0 ),
p(z) = e® + 0 (g~ 0), and |p(in)| < 1 (for all n e R with
n# 0 ), 1t has been shown by HAIRER, BADER and LUBICH (1982) that V(t) =
- e+ 0t (£t > 0), and thus ¥(t) = 1 + £(1+0(t)) (t - O)

2.2.2. Rational functions with operator coefficients.

Let Yy,q and p be as 1n section 2.2.1 (see (2.2.1)), and let

S : :
s € N . On the space X vwe consider a norm |°| generated by an inner

product <*,->

Let A ¢ L(I(S) . We shall say that ¢(A) ¢xists whenever q(A) =

- qOI + qlA + ... + qkAk 1s regular. For such A we define ¢y (A) by

1

B k.- k
(2.2.5) p(A) = (qOI+q1A+...+qkA ) (POI+p1A+...+pkA ) .

It 1is well-known (see e.g. GANTMACHER (1959)) that the spectrum
c(q(A)) of q(A) 1is given by

o(q(A)) = {q(r):xec(A)} .

We thus see that q(A) is regular iff o(A) does not contain a zero of

q . This leads to the following lemma.

LEMMA 2.2.6. Let T ¢ R . The matrix Y(A) exists for any A\ ¢ L(K®) with
s 21 and uwlAl <t 2ff q has no zeros in {r:rzel,Re =t} .

PROOF. If ulAl < 1t , it follows from (2.1.2) that Re A £ 1t for all
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For the next 1

e

we consider a function f: X + X , and we assum




that the norm |*|] on X 1is generated by an inner product <<,:> . We

then have the following analogue of lemma 2.3.2.

LEMMA 2.3.3. Let D <« X bDbe open and convex, and let B € R . Suppose f
is continuously differentiable on D . Then Re <f(X)—f(x),x-x> < B|x—x|
(for all X,x € D) iff wlf'(x)]1 <8 (forall x e D).

2

We now derive some simple rules for the differentiation of products
and inverses, which will be used in the next section. Relations similar to

(2.3.1) and (2.3.3) can he found in DEN HEIJER (1979, lemma 4.2.2).

S : . :
Let P< K be an open set, and k € N . We consider given functions

AI’A A X >L(X) and f: X » X .

923"

It is assumed that A3 1s invertible for all x € 0 . The functions

w,U,V,W are defined on 07 by

w(x) AI(X)f(x) , U(x) = AI(X)AZ(X) ,

]

V) = AT, W) = A S

LEMMA 2.3.4. Suppose A, (i=1,2,3) and £ are Gateaur—-differentiable

on D . Then also w,U,V and W are Gateaux—differentiable on DV . For
arbitrary x € D and v € X we have

(2.3.1)  w'@v = TA)v] £ + A (x) [E'G)v]
(2.3.2) U'(x)v = [A;(x)v] Az(:x) + Al(x) [Aé(x)v] ,
(2.3.3) V'(x)v = “A3(K)—l [AE(X)V] AB(X)HI .

k p—
(2.3.4) W@v= ) & el L.

£=1

PROOF. For t > 0 we have

wix+tv) - w(x) = [Al (x+t‘v)---1\1 (x)] £(x) +

+ A](x) [f(x+tv)—-f(x)] + [Al(x+tv)-A1(x)] Lf (x+tv)-£f(x)]

19



, and that (2.3.2) and (2.3.3) hold. From (2.3.1) it
induction with respect to k , that W 1s Gat
19 %ivan by (2.3*&). 3

MfXﬁrfﬂgiQn$%waQS%r#tﬂruValu9dwfunctiﬂn$r

S a(@) =gy v q (0 + ...+ g2
(1£3sk) and d;, # 0 . Let D be an open

) 1s continuously differentiable on

all x € P . We consider the function

(x ¢ ]KS) .

, and for all x D,

k] )
R'(x)v = I 2 Lq(A(x))

) A(K)HIJEA'(x)v]
jm] ﬁ_m}

(x)3 g A )3 R 7 .

by P(x) = p(A(x)) , Q(x) = q(A(x))
emma 2.3.4 1t follows that P,Q and R are Gateaux

‘ bt (x)v

R' (x)v = -Q(x) "' [Q' (x)v] Qx) 'R (x) + Qx)”

In view of (2.3.4) we obtain




By using the fact that

Pl

j=1 £=1 i

H
e By
#QMW

we can rewrite (2.3.6) as

k
(2.3.7) R'(x)v = z [q(A(x))
=1

]

AGOY TV T LA v [v (A G)) ]

£

where the rational functions 1, (l1sf<k) are defined by

£

v, =a@ ™ ] - Th@1 e .

j=¢ ]

We take a closer look at the degree of the numerator of the wg_--At
first sight this degree seems to be larger than k , which would imply

lim,wﬁﬁ;) = o , This 1s nat so.
>

For arbitrary ¢ € L the Wﬁ(C) satisfy the recurrence relation

Vo(e) =, = 4,9 'p(2) + (o) (1= k1)

Further we have

.k . -
b, @ = a@™ Y .t q@-a, 0 ] -

sy 3
- 1 k k 1+3-1
= q(z) ) (qui*q-pi) C =
j=1 i=0 ]
-] X -1
- 1 @5y ¢

Thus we see that

b (@) =0 ) (L=,

and in view of the recurrence relation we get

21
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FOR 0 H (¢ > = (1< £2K)
Since we also have
a) P o) @ (1sl<k)

(2.3.7) leads to the following result.

THEOREM 2.3.6. Let R be defined by (2.3.5). R 1is continuously different—
iable on D ,andfor all x e D , V € K° we have

R'(x)v

i)
i ~1 %

¢£(A(x)) (AT (x)v] ¢, (A(x)) -

£=1

Here ¢p,yp are rational functions, which can be written with denominator
q , and which satisfy ¢£ () = ‘Pg () = 0 (1=s€<k)

2.4. SOME MATRIX RESULTS

2.4.1. Notation.

In this section we will use the following notation. Let s € NN . On
the space K° we consider the inmer product <-+,+> and the related norm
x| = <x,x>£ (for x ¢ K> ). For arbitrary m € N we denote by (°,°*) the
Euclidean inner product on R" . For a given positive definite diagonal

matrix D = diag(dl,. ..,dm) we define the inner product [-+,-] and norm

D
1 *IID on XK by
m
[x,y]. = X d. <x.,y.> Hxll~ = [x x]i
>7°D soy 1 1’71 °? D >*°D
sm ., T T T, T T T T.T
for x,y ¢ K, where x = (xl,xz,...,xm) , Y = (yl,yz,...,ym) ,

S

and all X.,y, are column-vectors in the K

Further we use in this section the following convention. Let m ¢ IN,
. m '
A = (aij) e LCLR) , b (bi) e R , and let I(S) be the s X s unit-
matrix. Then the Kronecker products A ® I(S) , D ® I(S) will also be

denoted by A,b, respectively. Thus for v = (v'f,vg,...,vT)T with all
m

S S : : '
V. € K (or L(K") ), w=Av is given by w = (w?,wg,...,wi)'r with
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m
W, = 2‘ a.. v. € K° (or L(I(S) ) (1€1i<m) .

2.4.2. Matrix results for implicit Runge-Kutta methods.

In this section we shall prove some results which will be of much use

in the study of stability properties of implicit Runge-Kutta methods.

Let me N and o € R. We consider the following condition on an

arbitrary matrix A « L(IRm) .

(2.4.1) There is a matrix D = diag(dl,d .,d ) with di > 0

2°°° m
(11i<m) such that

(v,DAv) 2 o(Av,DAv) (for all v € ]Rm).

The class of regular matrices A e L(]Rm) satisfying (2.4.1) will be
denoted by Am(d)

Let A ¢ L(]Rm) . We note that DA + ATD 1s positive definite for
some positive definite diagonal matrix D ¢ L(IRm) 1ff there is a o > 0O
such that A «¢ Am(cr) .

The following lemma is a slight modification of a result of DAHLQUIST
(1975, lemma 2.2). This lemma can be proved in the same way as Dahlquist's

lemma.

LEMMA 2.4.1. Let o € R. Suppose A € L(R) satisfies (2.4.1). Then
2 _ sSm
Re [w,Aw]D > ollAwllD (for all w e K )

The next lemma can be obtained as a corollary to theorem 4.3.1. Here

we give a short direct proof.

LEMMA 2.4.2. Let o € R, A ¢ Am(o) , and let 2Z = diag(zl,zz,...,zm)

with z, e L(K°) , ulz,] <t < o (lsism) . Then I - AZ <is invertible.

. _ -1
PROOF. Suppose that u ¢ K°™ is such that (I-AZ)u = 0 . Then A u = Zu ,

and therefore

I:upAulu]D = Euszu]D ’



{ 2 * i& ) g } o
NETL& 2 » & - ‘E

he matrix artsing

K~) u[zi] £ T <O

1

o, w o= z(1-a2)" 1y .

with u # 0 , and let v = (I-AZ)

it easily follows that Re [v,w]Ds

lemma 2.4.] ’ that Re [V . AW Vv :ID 2 O “V “ é .

proves the first inequality of the lemma with o = [|A

3 T ...
Writing

]

w = A“(V“u) »
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we see that

] -~

Iy vl *llull) < 1A |

Iy (HA‘"HD(U--T)“ L1 ull .

IIWIID < |lA

This yilields the second inequality.

Let oc¢ R and me¢e W with m = 2 . In the following we deal with

the class Bm(O‘) consisting of the matrices A ¢ L(]Rm) which are such that

T .
e’ A =0 (the first row of A 1is zero), and

belongs to Am--l (o) .

LEMMA 2.4.4., Let 0.8 > 0 and A € Bm(o) . Then 1 - AZ 18 regular, and

there are constants W,y sW, > 0 such that the s x s blocks of (IHAZ)mle €
e L(K°,K°™) satisfy

1 !

|I[(I-AZ) e]il < w, wch(G“'r)“ (18i<m) ,
for all z = diag(z,,z,,...,2 ) with z. e L(K®) , ulz.l s t < fo,
and lzi--zll < 8§ (l<i<m) .
PROOF. Let a, = (a a cerd )T and e = (1,1,... 1)T € IRm“] . With
A Bl ! 21°931°°° ">l ' S -
the convention introduced in section 2.4.1 we can regard y and e also
. o ~ T.T . .
as operators 1in L(I(S,]KS (m 1)) . Suppose w = (wT,wg,...wm) , with all

W, € L(RS) , 1s such that (I-AZ)w = e . Then W, = I , and

w--Zw-e-alzl-wO.
- T T T. T - . . e
Here w = (WZ,WS,. ...,wm) and 2Z m___‘f_i_lag(zZ’ZS’ ...,zm) . Since A € Am_l(c) ,

we know from lemma 2.4.2 that I - AZ 1is regular. It follows that

- =1

w = (I-AZ) (€+£lzl) ,

and I — AZ 1s regular.

lLet 2Z. € L(l(s(m“l)

I ) stand for the block-diagonal matrix with blocks
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z, on the diagonal. We have

. o o] = = = e -]
(1-a2)"' - (1-AZ)) ' o i AGE-z) a-Az) T .

Hence

1

- =]

(2.6.2)  w= (1-AZ)7 (eva;z)) + (I-AZ) ° A(Z-2)) (I-AZ)) = (e+a;z))

Let D = diag(dl,dz,...,dm__]) be a positive definite matrix such that
(V,BKV) > U(KV,BKV) (for all v € ]Rmm1 ). From lemma 2.4.3 we know there

-1 -1

exists a constant ® > 0 such that ||(I-AZ) |I_ < (o=1) w.

. . D
Let wl,wz,...,wm_l be rational functions such that

(wI(C),IPZ(C),. ..,wm____l(c))T = (I-*EZ;)“] (E+§1c) (ze®) . It follows from lemma
2.4.2 that all 1[)1 are analytic on {z:zel,Re Z<o} , and, since A 1s
regular, all tpi(c) remain bounded when |[Z| = « . By corollary 2.2.8 we
therefore know that there exists a constant w, such that lwi(zl)l < Wy

(1€i€m~1) . Moreover, by using lemma 2.4.6 it can easily be shown that

—= =]

(1-22,)"" (eva,z) = @, zp 0, DT, Ly DD

The proof of the lemma now follows from (2.4.2). O

The following lemma can be viewed as a corollary of lemma 2.4.6,
corollary 2.2.9, and a result proved by CROUZEIX and RAVIART (1980). Since
this reference is hardly available, the proof of Crouzeix and Raviart is

incorporated in the following.

T-'f-eTA.Then
m

LEMMA 2.4.5. Suppose A « Bm(c) with o > 0, and let b
I - AZ, s regular, and there is a constant w > 0 such that all s % s

block—elements of hT(I---z!u.?.o)ml € L(I(S.m,lcs) satisfy

1 1

Ib (1-A2) ', 1 < (o-1) ! w (1si<m) |,

for all Z, = diag(zj,zj,...,2,) € L(K"") with z

S ;
5 € L(K™) , u[zO] <
< 1T < o0,

PROOF. The existence of (I-~--uﬁ;2.0)m1 follows from lemma 2.4.4.

We introduce the rational functions ¢. (l<i<m) satisfying
T -1 _ _ N T -
b (I-Az) = (¢,(2),¢,(8)5.-.5¢ (£)) (z € T) . We then have b (I-AZ)
= (d)l(zo),¢2(zo),...,¢m(zo)) . This result can easily be proved by using

1
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lemma 2.4.6.

In view of corollary 2.2.9 it is now sufficient to show that all ¢i
are analytic on {zZ:zeC,Re r<o} , and ¢i(m) = 0 (l<€ism)

The fact that all ¢i are analytic on the given set follows as in the
proot of lemma 2.4.4, since det(I-Az) = det(I-Az) (¢ € )

Further we have

T -1 -1 T -] -1 T -]
b (I-Az) =C e Az (I-Az) = - em(l-(I*-Ac) )

Tbe degree of the polynomial det(I-Az) equals m - 1 (not smaller). Thus

all entries of (I-“-"-A?;)m1 remain bounded when |z]| - « , and we see that

¢i(°°) = 0 (1si<m) . 0
2.4.3. Miscellaneous results.

In this section some results on matrices are collected which are of
a different type than the lemmata of section 2.4.2. We start with a result
which has been used already in the proofs of the lemmata 2.4.4 and 2.4.5.
Let me N, and let V: € +~L(mm) be a matrix—-valued function such
that the entries vij(c) of V(z) are rational functions, with real
coefficients, in the variable ¢ . For A\ ¢ L(I{S) (s € N) we denote by
V(A) the sm x sm matrix with block-entries vij (A) € L(I{S) . We shall

say that V(A) exists if all Vij(A) exist (cf. section 2.2.2).

LEMMA 2.4.6. Let V be as above, and let W be a matrix—valued function

such that W(r) = V(c)“] (whenever 7 ¢ T and V(z;)_l 18 defined).
Suppose A € L(‘_IKS) and V(A) exists. Then

W(A) exists tff V(A) 1s regular.

Further 7f V(A) <s regular, we have W(A) = V(A)_l . "

PROOF. We denote the entries of W(z) by 'wij(;) (Isi,Jsm , £ € ©T).

1. Let ¢Y(z) = det(V(g)) (g € T) . Suppose Y(A) = 0 for some A € ao(A) .
Let x € ms and u € mm' be nonzero vectors such that Ax = Ax and

V(A)u = 0 . Then we have

V(A) (uex) = (V(AM)u) @ x

i

0,
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and thus V(A) 1s singular.

2. Assume V(A) 1s regular. From the above we see that .w(-)wl 1s

analytic on o(A) . It follows that all w,; are analytic on o(A) , and

thus W(A) exists.

3. We now assume that W(A) exists. It will be shown that V(QA)W(A) =
= 1 ¢ L(]Ksm) , which yields the proof of the lemma.
The block—entries of V(A)W(A) are given by

It r~8

1 an(A) Wnk(A) (ISJ ,kSm)

n.
Let I' be a continuously differentiable, simple, closed curve in T with
a pesitive orientation, such that o(A) 1is contained in the interior of

', and all v, are analytic on and inside T . By applying Cauchy's

w.
jk’ ik
integral formula for matrices (see e.g. DUNFORD and SCHWARTZ (1958)), we

obtain

1

N ~8

1 -1 . T .
v () v (A) = “'z‘";;;f (zI-1) [ngl v (@w  (2)] dp =

n=|]

] -1 | .
= 5 $ (zI-A) ‘Sjk dr = I Sk (I1<],ks<m)
" .

Here (Sjk stands for the Kronecker delta. We thus see that V(AW(A) 1is
sm
) . 0

the identity operator in L(X
Suppose f: K° > K° is a continuously differentiable function such
that Re <f (;)--f(x) ,§~x> < 0 (for all ;f,x e K° ). We know, by a combination

of lemma 2.3.3 and theorem 2.3.1, that there exists a A e L(KS) such
that f(%') - f(x) = A(;--x) and u[A] £ 0 ; namely A = folf' (x+t(':-\:'-i—.-x))dt .
With the following lemma we see that such a A also exists if f 1is not

continuously differentiable.

LEMMA 2.4.7. Suppose u,v ¢ K° with v # 0 and Re <u,v> < 0 . Then
there exists a A ¢ L(]KS) such that wlAl < 0 and u = Av .
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asily be shown that [M| s |

. Since M(v-u) = v + u , 1t follows that

e

r we have for arbitra

refore Av = u . Furthe

ry

® Th&n RE ":’E, Ve % 0 . M th@ an
(K®) with w(F1<0 and % =Tv .
. Then ulAl <

conslider two

(1<1,3sm) .

m), and W = (I-V) = .

(1 € 3 <1< m. Then

S =;f B St SV <J<ism .
| < € ” 1T (I+Ek) (1£3<1i<sm)

In order to find

relation between the block~-entries Vij and wij
ind given v ),

L

consider the following

u (a

equation with unknow




T.T
and v = (VT,Vg,,..,VM)

sively. We obtain

5 = I, v, =0 (for k # j ). Then u, = W:i'.j

Y TOWm { 2 s {é . E} ) we thﬁ re f ore e t

Let 1 s ] Then EO = 1 and it follows

n =+, ) n (2snsm—~j) . By induction it is

“1+n- 1 =1

(1snsm~3j) . 0

1sm).

For the next lemma

(151, j ﬂm) . We put A(r) = (a ij (z)) e LXK )




(for 1 <= 1 < 7 < m )., aud all
-

&

A, .,0
11 1
are ﬁﬁ%%%ﬂﬂ@ﬁﬁ.

]

Then the statements (1) and (ii

(gﬁ;igjﬂgm} "

< o (1<i,j<m) ,

relation (2.4.5) it can be shown inductively that

= | (for 1 = j S W

sum of products of the with k < 1 ,

| ( i . j ) .
Therefore if (1) holds, we

Suppose (ii). Let 1,3 be
(k,£) # (i,j) . This implies that u; ; is bound

g'm © , Hence 'W.j 18 not bounded on

& u ch t h t . il | *l - B ) it 0 f G E‘

& d On E B ¥

L, and (i1i) 1is

thus have



1 value problem

(3.1.1) u'(t) = £(U(L)) (t20) , U(O) = Uy >

uy € K° are known. Let h > 0 be a given step-

ation of a one-step

method for the numerical solution of

sgults in a scheme which we write as

s G(un;h, f) (nﬂoa ! 5 2: o . -) .

is defined on some suitable subset of ]KS , and depends on

e function f . If h and £ are fixed we will
tead of G(°;h,f) .

tep method which determines the function G(*;-,-:) (in the

e called the method G . The restriction to a constant

2 above i1s merely made for notational convenience. If

ﬁ {t et mo,timt, +hi (iE]N)} N application

n O 1—1
m (3.1.1) yields the scheme u g = G(un;hn+1,f)

We recall that the local discretization errors fh (tn) of method G
w.r.t. the solution of (3.1.1) are defined by

(4p) = GQUCE )3h,£) + hb (t ) (n=0,1,2,...) .

of the method G is the largest integer such that -Eh (t ) =
| 1)

miformly in n ) whenever f is sufficiently often
HENRICI (1962)).
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Runge-Kutta methods. With these methods G(*) = G(:;h,f) 1is defined by

m
(3.1.3.a) G(x) =x + ) b, hf(y.(x)) ,
1=1

where the internal vectors yi(x) e K° satisfy

1— 1

(3.1.3.b) yi(x) = x + E aij hf(yj (x)) (1<1<m) .
j=1

Here m , the number of stages, is a positive integer, and aij’bi are
real parameters.

Explicit Runge-Kutta methods are frequently used for non—-stiff initial
value problems. However, because of their restricted stability properties
(see remark 5.3.1), these methods are not suited for stiff problems. For
this reason generalizations of the explicit Runge—Kutta methods have been
introduced. Such generalizations will be considered in the following

sections.

3.2. IMPLICIT RUNGE-KUTTA METEODS

Let me N, A= (aij) € L(]Rm) and b = (bi) ¢ R". This set of
parameters determines a Runge—Kutta method where G(.) = G(*:;h,f) 1is
defined by

m
(3.2.1.3a) G(x) = x + z bi hf(yi(x)) .
1=1

m
(3.2.1.b) yi(x) = X + z a.. hf(y-_.-.i (x)) (1<1<m)
j=1

1]

(for x € K> , with h > 0 and f: K° > K° as in section 3.1). If A 1is
strictly lower triangular, (3.2.1) reduces to (3.1.3), an explicit Runge-
Kutta method. If a, . # 0 for some 1 and j with 1 £ i< jJ <m , we
call the Runge—Kutta method implicit.

With implicit Runge-Kutta methods the problem of solving the internal
vectors yi(x) from the system of algebraic equations (3.2.1.b) is no

longer trivial, and in prac¢tical computations some numerical iterative
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method is used for this purpose. This numerical method should also be

convergent in cases where the product of h with the Lipschitz constant L

of the function f 1is large, because the implicit Runge-Kutta methods are

intended to treat such cases. For this reason one generally uses some modi-

fication of Newton's method, rather than direct (functional) iteration (see

e.g. SHAMPINE (1980), FRANK, SCHNEID and UEBERHUBER (1982 B) ).
By the work of Butcher (see e.g. BUTCHER (1965), GRIGORIEFF (1972)) it

1s known that by choosing the parameters aij and bi in a suitable way,

one can construct an implicit Runge—~Kutta method with order 2m , but not
higher. These methods with maximal order (for a given m ) are frequentiy

called Gauss-methods. Other important classes of i1mplicit Runge-Kutta
methods can be found for instance in ALEXANDER (1977) and CHIPMAN (1971).

In recent years much research has been devoted to the stability and
contractivity properties of implicit Runge—-Kutta methods. Many implicit
Runge~Kutta methods are known to be B—~contractive or A-stable. A short

review and references are given in chapter 5.

REMARK 3.2.1. For a nonautonomous initial value problem

U'(t) = £(t,U0(t)) (e20) , U(0) = Uy s

with f: R x K° » K° » Ug € K> , a one—~step method yields a scheme of the

type

un+1 = G(tn:un) (n=0,1,2,...) ,

where G(+,*) = G(*,°;h,f) depends on f and the stepsize h . For

Runge—-Kutta methods G(-,-) is then defined by

m
G(t,x) = x + X b. hf (t+c.h,y. (t,x)) ,
jop & 1 1

yi(tsx) = X + ii

Ho~—B8

a. . hf(t+cjh,yj. (t,x)) (1<i<m)

j=1

(for t 20 and x ¢ K°). Generally i1t is assumed that c, = a., +
1

a., + ... + a, (lsi<m). The Runge—-Kutta method for nonautonomous problems

12 1m
1s then again determined by the choice of the real m X m matrix

A = (a..) and the vector b = (b.) € R .
1 1

"

J
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3.3. SEMI-IMPLICIT METHODS

3.3.1. Description of the methods.

The use of an implicit Runge-Kutta method for solving a nonlinear
initial value problem (3.1.1) numerically, involves at each integration

step the solution of a nomlinear system of algebraic equations. If we use

a modified Newton method for this purpose the Jacobian f£'(x) , or an

approximation J(x) to f'(x) , is needed. To avoid the nonlinear equations
while retaining favourable stability properties, one can also incorporate
the Jacobilan directly in the method. This idea, which orginates with

ROSENBROCK (1963), leads to the following generalization of the explicit
Runge~Kutta methods.

Let G(*) = G(*;h,f) be defined by

m
(3.3.1.a) G(x) = x + Z bi(hJ(x)) hf(yi(x)) .
1=]

i—1
(3.3.1.b)  y.(x) =x + ) a;; (hI(x)) hE(y. (%)) (1<i<m)
_ i5

(for x e K° , with h > 0 and f: K° » K° as in section 3.1). Here

J() = J(+3;h,£): K - L(]KS) 1s a given function depending on h and f

-

and the aij’bi are rational functions with real coefficients (which we
shall call the coefficients of G ).

The class of methods (3.3.1) has been introduced by VAN DER HOUWEN
(1977). In practical computations J(x) will be an approximation to
f'(x) . If some of the denominators of the rational functions aij

'bi are not identically equal to one, a method of the type (3.3.1) is

called a semi—implieit.method. To compute G(x) for a given x ¢ K° , we

and

then have to solve linear systems of algebraic equations of the form

q(hJ(x))v = w where w ¢ K° is known and q 1s a denominator of one of

the or b. . Unless the matrix J(x) has a special structure this is

a. .
generaiiy done éy'making an LU-decomposition of the matrix q(hJ(x))

If p € R 1s such that all rational functions a, ; and b, only have
a pole at p , it is sufficient to make a single LU-decomposition of
PL — hJ(x) to solve all the linear systems arising in (3.3.1). A class of

semi—~implicit methods which have this favourable property is formed by the

ROW-methods. These methods are given by
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m
(3.3.2.8) G(x) =x + ) B, hF (%),

1=]
1—1
(3.3.2.b)  (I-yhJ(x)) F (x) = £(x+ ) oy hF (x)) *
j=1
i-1 i=1 ,
' : + §.. F.(x) 1<1<m)
+ E Ylj hJ (x) FJ(X) '-Z] i3 J(
]=1 J=
. mbe e R . arameters defining the
The real numbers aiJ,Bi,YlJ,GlJ and Yy are p . g
method. By taking
1= 1
= : , 1<i<m) ,
Yi(x) X + j;l ai.J hF_] (x) ( )

it can be seen by some calculations that (3.3.2) can also be written i1in the

form (3.3.1) with coefficient functions aij’bi defined by

- =~

A(R) = (a;;(2)) = A(D-CE) (zel) ,
T —T = = -]
b(Z)" = (b, (2),b,(8),...,b_(2)) =B (D-CL) (zeL) ,
where A e L(mm) is strictly lower triangular with entries aij . b ¢ R™
has components Bi , C ¢ L(Rm) 1s lower triangular with numbers <Yy on the
diagonall and entries Yij below the diagonal, and D e L(]Rm) 1s lower
triangular with diagonal elements 1 and entries &.,. below the diagonal.

1]
The ROW-method (3.3.2) can therefore be considered as a special semi-

implicit method (3.3.1), with 1/y being the only pole of all aij and
b.

- In (3.3.2) 1t Is no restriction to take either all Yij or all aij
equal to zero (see KAPS and WANNER (1981), and VERWER, SCHOLZ, BLOM and
LOUTER-NOOL (1982)). For actual computation it is convenient to take the
“fij equal to zero, since then the matrix—vector products J(X)Fj (x) do
not have to be computed.
- By ROSENBROCK (1963) semi-implicit one-step methods have been

proposed which use more than one Jacobian evaluation per step. Since each
new Jacobian {or Jacobian approximation) also involves a new LU-decomposi-

tion, these methods are unattractive from a computational point of view.
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With the semi—implicit methods (3.3.1) we have the freedom of choosing
an appropriate approximation J(x) = J(x;h,f) to the Jacobian f'(x) . If

the exact Jacobian f'(x) 1is easily available we can take J(x) = f'(x)

f' a Rosenbrock method.

A second cholce 1s to keep J fixed during the whole integration (or

We call the semi-implicit method (3.3.1) with J

i

a large part of it). This case is also of much practical interest since
solving the linear systems to compute the yi(un) and u = G(un) from

n+1

a given u_ will generally be rather expensive. If J(un) remains

constant for n = 0,1,2,... , the amount of computational work is reduced
considerably since the LU-decompositions of the denominators can be used
throughout the integration proces, provided that the stepsize is not

changed. If, for example, we know in advance that

(3.3.3) f(X) = Ax + w(x) (for x € K ),

: : S S
where A 1s a linear operator from K to X~ and w: K> > K° has a

small Lipschitz constant near the solution U of (3.1.1), the choice
J(-) = A seems very attractive from a computational poilnt of view.

The situation (3.3.3) occurs for instance i1f an initial-boundary wvalue

problem for the semi-linear parabolic equation

2
_;E u(x,t) = _a__2_ u(x,t) + g(u(x,t)) (0=x<1 , t=0)

oX

is solved by the method of lines, and g 1s a smooth function near the

solution.

A strategy which has been followed by VERWER and SCHOLZ (1982) is to
use the semi-implicit scheme u S G(un) (n20) with an exact Jacobmnan
which is re—evaluated after every v steps. This corresponds with the

choice J(ukv+ﬂ) = f"(ukv) (for £ = 0,1,...,y-1 and k = 0,1,2,...). The
scheme which arises then can be viewed as an application of a Rosenbrock

method :with vm stages and with stepsize Vvh , by looking at the vectors

Wo+1 2 Y hp+2? t 02Uy &S internal vectors yi(uk ) .

V

For the order conditions for the general semi—~implicit methods (3.3.1)
the reader is referred to VAN DER HOUWEN (1972), N@RSETT and WOLFBRANDT

(1979). The maximal attainable order p*(m) for a given m 1s known for

m< 3 . These orders are



p (1) =2 ,p (@) =4 ,p(3) =5.

Let q*(m) 1 order which can be reached with ar

¥ . :
ce ROW-method. We have q (m) s m+l (see STEIHAUG and WOLFBRA

m—& L a

(1979)). It was shown by KAPS and WANNER (1981) that order 5 is not possible
for

m = 4 . For the ROW-methods we have the following results:

q*(l) = 2 9 q*(z) = 3 y q*(B) = 4 ’ q*(a) == L,

S LA, 3 @ 3 » E @ Th ere

are two options to adapt the semi-implicit methods to
autonomous problems U'(t) = f£(t,U(t)) (t20) , U(0) = u

The first one

0 »
e a nonautonomous versionm G(t,x) of the G(x) given by (3.3.1),

Dxf(t,x) instead of J(x) , and replace f(yi(x))
by f(t*cih,yi(x)) in (3.3.1). The second possibility is to convert the

nonautonomous problem to an autonomous one (see remark 1.1.2). After this

CONnVvVe

rsion (3.3.1) can be applied directly.
hese two options yield different results - see VERWER (1981 A) for

at with the ordinary Runge—-Kutta methods

ead to the sa

se options would me result because of the choice c. =

1
=a., ta., ... toa, (Isism) (cf. remark 3.2.1).

3!31I2‘

Perturbed semi-implicit methods.

In this section we will m
ijnbi of the i~-implicit methods (3.3.1), that will be

convenient (though not strictly ne

ate a condition on the coefficient
functions g

8 e

cessary) for the analysis in chapter 5.
This condition is related to the BS~ and B! ANK,

EID and UEBERHUBER (1982 A), add to the A-stability c oncept of CROUZEIX
and RAVIA

I-stability concepts of FR:

\RT (1980), for implicit Runge-~Kutta methods.
We will consider the following class of functions f: T - T that was

involved in the definition of A-stability (see section 1.2),

(3«- 3*5') f(‘}{) = A% (fﬂr X € m) With A e (0

Further h > 0 will be an
J(x3h,£) = & (for all x ¢ U

If a semi—~implicit me

arbitrary stepsize, and we assume that
) for £ given by (3.3.4). ,
1 G of the type (3.3.1) is used for the

solution of an initial value problem, at each step linear systems of
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algebraic equations have to be solved. In dealing with stiff problems it
1s natural to require that solving these linear systems will not give rise
to numerical difficulties for the class of simple testproblems where f 1is

given by (3.3.4). To meet this requirement we have to assume that

(3.3.5) the rational functions aij and bi (1£1,j<m) are

analytic on T .

We then know that G(x) = G(x;h,f) is defined for the class (3.3.4) (see
also section 4.4). Further we will impose conditions on the method G to
ensure that small perturbations will not disturb the computation of G(x)
and the internal vectors yi(x) too much.

Let f: € > C be given by (3.3.4), and let x € & . For r ¢ L we
denote by A(rz) the strictly lower triangular m X m matrix with entries
aij(c) s and by b(Z) the column vector in T with ;omponents bi(c)
Further vy(x) will stand for (yl(x),yz(x),...,ym(x)) . Then G(x) =
= G(x3;h,f) is given by

(3.3.6) G(x) = x + hA bhA) T y(x) .

I

y (x) ex + ha A(hr) v(x) .

Besides (3.3.6) we consider the slightly perturbed version

(3.3.7) - E(x)

X + h\ b(hA)T ;(x) + Wy

V(x) = ex + hA A(h)) v(x) + w .

m : _ :
Here Wy € L and w e U are small perturbations, for instance due to

roundoff errors. From (3.3.6), (3.3.7) we obtain the relations

T(x) - yx) = (I-hAA)) ' w ,

Tx) - G(x) = hA b(hM) T [F(x) -y (x)] + w

0 °

The requirement that the computation of G(x) and y(x) cannot be dis-
turbed unduely by small perturbations Wy W for arbitrary £ satisfying

(3.3.4), thus leads to the following condition.
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1

(3.3.8.a) sup_ I[(I-QA(C))“ ]i.l < (1<i, j<m) |,
Le( J
(3.3.8.b) Sup_ I[ab(C)T(I-z;A(C))“]]iI < (lﬁi-‘;m)

cell

From lemma 2.4.11 we see that this condition is equivalent to
(3.3.9) aij (®») = 0 (for 1<£j<i<m) and bi(m) = 0 (1<1<m)

Summarizing the above we obtain the following result.

THEOREM 3.3.2. Suppose (3.3.4)=(3.3.7) and h > 0 . Let ||-|| be an

arbitrary norm on € . There are posttive constants % and o such

that |G(x)-G(x)| < OO(IWOHH wll) , Ily@-y&)Il < ollwll for all X e T

vy € € and w e C" tff (3.3.9) holds.

EXAMPLE 3.3.3. Consider the methods given by

G, (x3h,£) = x + (I-hf'(x))" ! he(x)

(m =1, bl(c) = (1~--~-c)w1 ), and

x + hf(x+(I-hf' (%)) 'hf (x))

Gz(x;h,f)

with m=1, A=1 and b = | ). If f 1is linear and there are no
perturbations, G1 and G2 will yield the same numerical results.
However, if we consider perturbations WysW  as 1n (3.3.7) for the

simple class of testfunctions (3.3.4), we get with the first method
G, (x) - G (x) = Wy + hA(1=hA)  w (wy>we LY
whereas we obtain with the second method

WO + ((l+h)t)“1 hzkz,h)\)w (wo ell , we (Ez)

il

Thus for |A| - o s the effect of the Perturbations remains bounded with

method G1 » which satigsfies (3.3.9). For method G2 we have

b
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raz(x)—Gz(x)l > 0 (for |A]l = =),

In view of the foregoing we will confine ourselves in subsequent
chapters to semi-implicit methods satisfying (3.3.9). Most well-known semi-
implicit methods, such as the ROW-methods, do satisfy (3.3.9).

We note that (3.3.9) can be viewed as a BS + BSI-stability requirement
on the semi—implicit methods for the class of problems (3.3.4). Also for
the S-stability analysis in VERWER (1977), (3.3.9) was assumed (but not

motivated as in this section).

3.4. ADAPTIVE RUNGE-KUTTA METHODS AND TRANSLATION INVARIANCE

The methods we have encountered thus far constitute the class of one-
step methods which are mostly used for solving stiff problems, and we shall
restrict ourselves to this class in the subsequent chapters.

A further generalization of the explicit Runge—-Kutta methods was
proposed by LAWSON (1967) (see also GRIGORIEFF (1972)). Modifications of
Lawson's methods were given by EHLE and LAWSON (1975), FRIEDLI (1978) and
STREHMEL (1981). In their general form these so called adaptive Runge—Kutta
methods are given by the following function G . For f: K° +~ K> and
h >0 given, we define G(:) = G(-;h,f) by

I
(3.4.1.2) G(x) = $(hJ(x))x + _E B, (hJ(x)) hg, (x) ,

1=1]
(3.4.1.b) gi(X) = f(yi(X))"J(X) yi(X) (1<ism) ,
i-1
(3.4.1.¢)  y.(x) = ¢(v,;hI(x))x + ) a; 5 (hI(x)) hg, (x) (1<i<m)
j=1

(for x € K° ). Here ¢ is a rational approximation to the exponential

function, the aij and Bi are rational functions, and the Y, are real

parameters. By some manipulation it can be seen that (3.4.1) can also be

written in the form

m
(3.4.2.a)  G(x) = cy(hI(x))x + ')j b, (hJ(x)) hf(y,(x)) ,

1=1

1-1

(3.4.2.b)  y.(x) = c;(hJI(x))x + 521 aij(hJ(x)) hf(yj(x)) (1<i<m)
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where the a..,b. and ¢. are rational functions. This seems like a real

11’1 1
generalization of (3.3.1) where all Ci are identically equal to one. In
this section it will be shown however, that if not all c, can be taken

identically equal to one, method (3.4.2) suffers from a drawback which

1s not present in the methods (3.3.1).
The first adaptive Runge-Kutta methods given by LAWSON (1967) are of

the type (3.4.2) and cannot be written as (3.3.1). With many of the sub-
sequent modifications the Q. ,8 and Y in (3.4.1) were chosen such

that the methods can be wrltten as (3.3.1).

EXAMPLE 3.4.1. Lawson's generalization of Euler's method is given by
G(x) = ¢(hJ(x)) (I-hJ(x))x + ¢(hJ(x)) hf(x) ,

where ¢ 1s a rational approximation to the exponential function. Unless

~ ] .
¢(z) = (1-¢) (zel), this method of the type (3.4.1) cannot be written
in the form (3.3.1).

EXAMPLE 3.4.2. By FRIEDLI (1978) and STREHMEL (1981) the following method

was considered.

G(x) = ¢o(hI())x + [9; (AT (X)) - 29, (hI(x))] hg, (x) +
+ 24, (W) hg,(x) ,

yl(x) = X ?

i

5 () = ¢5(chI(x))x + c¢, (chI(x)) hg,(x) ,
where 8: (x) = f(y (x)) - J(x) ' (x) (1=1,2), ¢ € IR ; cpo is a rational
approx:l.matlon to the exponential function, ¢1(z;) = -[cpu(z;) 1] , and

By some manipulation it can be seen that this method can be written

2 and

in the form (3.3.1) with m

f‘-zl(*;) =c¢,(e) , b, () = ¢,(5) - -ladaz(c),

by (2) = 26, (x) (zel) .
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' = h“l[u(t-t-h)-G(U(t))] w.r.t. the stationary solution U(t) = w ,

equals
h [1-¢(hA) (1-hA)] w .

Suppose L € R and L >> 1 . Then Eh(t) is small for all Ae & with
Re A £ 0, |[A] €L iff hL 1is small. Thus if we deal with a stiff initial

value problem, the stepsize h has to be exessively small in order to

ensure a small local error.

By some simple calculations it can be shown that all methods of the

type (3.3.1) are translation invariant, provided that

(3.4.3) J(x;h,f) = J(x~w;h,g) (for all x € K> , b > 0 ) for
arbitrary w ¢ K° and f,g: K° »~ K° satisfying

f(x) = g(x~w) (for all x e K° ) .

Note that f'(x) = g'(x-w) if f and g are as 1n (3.4.3). The following
theorem shows that the above is not true for those adaptive Runge-Kutta

methods which cannot be written as (3.3.1).

THEOREM 3.4.5. Assume (3.4.3). Let G be a method of the type (3.4.2).

Then G s translation imvariant iff G 1is equivalent to a method
of the type (3.3.1).

FROOF. Suppose the method G, given by (3.4.2), is translation invariant.

L

By G we denote the method given by (3.3. 1) with the same coefficient
funCtionS a. . and b. as G -
1] 1

We have G(0;h,f) = E(O;h,f) for all h > 0 and f: K° » K% . Since

e

both G and G are translation invariant it follows that G(x:h,f) =

= E(x;h,f) for all x € K° , h >0 and £f: K° » K° . Thus G and G

always yield the same numerical approximations.



CHAPTER 4

THE EXISTENCE OF UNIQUE SOLUTIONS TO
THE ALGEBRAIC EQUATIONS IN IMPLICIT AND SEMI-IMPLICIT METHODS

4.1, INTRODUCTION

If we approximate the solution of the initial value problem

u'(t) = £(U(t)) (£=0) , U(O) = Uy s using an implicit Runge—Kutta method,

at each step of the integration a system of algebraic equations of the

following type has to be solved (cf. (3.1.2), (3.2.1.b)).

m
(4.1.1) yi(un) =u_ + gl 24 3 hf(yj(un)) (1<i<m)

It 1s known (see e.g. GRIGORIEFF (1972)) that if f£: K® > K° (s21)

satisfies a Lipschitz condition
lf(§)—f(x)| < L|%-x| (for all §,x e K° ),

and the product hL 1s sufficiently small, then (4.1.1) has a unique

solution. However, if the initial value problem is stiff such a restriction

on h 1is embarrassing.

In this chapter we consider the question whether the system (4.1.1)
has a unique solution for all continuous functions f: K° > K°

a one-sided Lipschitz condition

satisfying

(4.1.2) Re <f(§)-f(x),§-x> < BI';ic"----"--}r;|2 (for all ';,x € ]KS) .

Here B8 ¢ 1R >

» <+s+> 1s an arbitrary inner product on X~ and |-

stands
for the corresponding norm.

If we deal with semi—implicit methods the similar question arises

whether all the linear systems that have to be solved to compute an

approximation U from a given u_ have unique solutions. This question

1s much easier to answer and will only be considered in section 4.4. Until

45
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rhen we turn our attention to the implicit Runge-Kutta me thods.

Instead of (4.1.1) we shall consider in the subsequence the more

general system

m
(4.1.3) y. = ) a,. th.(yJ.) (l<ism) ,

S , .
where all functions fj: K® > K are continuous and satisfy

L

S
(4.1.4) Re ~<':f:'j ('}“E)-fj (x) , X—x> < Bl'i’-xlz (for all x,x ¢ K™ ) .

By taking fj (x) = f(x+um) (xel(s) and replacing yj by yj. (un) - u
(i<jsm) , the system (4.1.3) reduces to (4.1.1). An advantage of (4.1.3)
over (4.1.1) is that also perturbed systems (4.1.1) or the systems which
arise for nonautonomous problems (see remark 3.2.1) can be dealt with.

These cases are covered by considering

m
5. = . +c.h,y. + v. (1gi<
v.(u) =u + zl alJ f(tn th yJ (un)) v, (1<1i<m)

with perturbations v, € K° , and f: R x K® > K> , instead of (4.1.1).
Such perturbed equations were considered by FRANK, SCHNEID and UEBERHUBER
(1982 A,B) for proving B-consistency of some implicit Runge—~Kutta methods.
In this chapter we use the notations and conventions that were intro-—
duced in section 2.4.1. Let A = (a ) e L(R™ ) . With the convention
that the Kronecker product A @ I(s) will also be denoted by A , the

system (4.1.3) can be written as

o P, . o ' .
wrh'talrS y = (7Fy5, e yDT and F(y) = (£, (y)" (7,5 E (v ITHT €
e K

1f = 1, the system (4.1.5) is essentially the same as the system
of algebraic equations that arises if a linear multistep method is wused to
compute the approximations u_ . For thlS case several authors have

dlscussed the exlstence and uniqueness of solutions; see e. g. DAHLQUIST
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(1975), DESOUR and HANEDA (1972), and WILLIAMS (1979). Their results can
also be used for dzagonally implicit Runge—Kutta methods, i.e. a.. = 0

1]
whenever 1 < ]

The question whether the system (4.1.1) has a unique solution for
stiff initial value problems was considered in CROUZEIX and RAVIART (1980),
and HUNDSDORFER and SPIJKER (1981). The results of these papers were
combined in CROUZEIX, HUNDSDORFER and SPIJKER (1983). Results similar to
those in CROUZEIX and RAVIART (1980) were obtained by DEKKER (1982).

We now give a short outline of this chapter. In the sections 4.2 and
4.3 we deal with implicit Runge-Kutta methods. The case where the
differential equation is linear with constant coefficients will be
considered 1in section 4.2. In section 4.3 sufficient conditions (on A , h
and B ) will be given that ensure the existence of a unique solution to
(4.1.5). These results slightly generalize some results given in CROUZEIX,
HUNDSDORFER and SPIJKER (1983) and DEKKER (1982). Finally, in section 4.4,

the semi~implicit methods will be considered.

4.2. IMPLICIT RUNGE~-KUTTA METHODS FOR LINEAR DIFFERENTIAL EQUATIONS

In this section we assume that the functions fj , arising in (4.1.5),
are of the form

(4.2.1) £ (x) = Ax + v, (xe K> , 1<j<m)

where A ¢ L(I{S) and wj ¢ K° (1€<3sm) . This case occurs 1f the

differential equation is linear with constant coefficients, U'(t) =
= AU(t) (t20) - or more general U'(t) = AU(t) + w(t) (t=0) .

For these functions fj necessary and sufficient conditions (on A ,

h and B8 ) for the unique solvability of (4.1.5) can be given quite easily.

Writing w = (W;I,WZT,...WIE)T e K°© s Zg = hA and
Z0 = diag(zo,zo,. ..,zo) € L(Ksm) , (4.1.5) reads for this case
(4.2.2) (I-AZO)y = hAw .

Obviously this system has a unique solution i1ff the sm X sm matrix I - AZO

1s regular.

In the following lemma we use the sets Cr < L defined by
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C = {g:zet, |z~ "2"};')"2}}'"' or £=0} if r < 0 ,

{z:zeC,Rez>0 or z=0} if r=0

I .
C_ = {g:gel, |- -él;l‘il“:z;l or z=0} if 1r > O

g
I

THEOREM 4.2.1. The following three statements are equtvalent.
.. . Sm
(1) I - AZ, 18 regular whenever Z_ = dlag(zo,zo,... ,zo) e L(K™)

0 0
with Zqy € L(I{S) s S 21, u[zOJ < hRB
(11) I - A:;O 18 regular for all CO e © with Rec 0,5 hg .

(iii) o(A) < ChB :
PROOF. We observe that AZO can be written as A ® Zq for ZO =
0’20"‘“’20) . It follows (see e.g. MARCUS and MINC (1964)) that

the spectrum U(AZO) equals CI(A)O(ZO) = {A\):AEO(A),\MG(ZO)} . This fact

= diag(z

will be used in the subsequence.

Obviously (i) implies (ii) if X =T . Assume K = R and T - At_’,o
1s singular, 2;0 = &, + ino with go < hB . Let cill,.d2 be vectors 1in the
R2 which are orthonormal w.r.t. the inner product <- ,*> . As 1in the proof

of lemma 2.2.6 we define z. « L(]Rz) by

0
Zod) = 80d) T Mgdy > 2pd, = mpd, + Ed, .

By some calculations it can be seen that u[zoj = 50 and Co € cr(zo)
Hence 1 ¢ G(A)G(ZO) m'c;r(AZO) y I - AZO 1s singular. Thus (i) also implies
(ii) if K = R .

Now suppose (ii) holds, and let Zy € L(I(S) with u [zo:l < h B. Then
Rev <= hB8 for any v ¢ c;r(zo) . It follows that 1 ¢ CI(A)O’(ZO) . Hence (1)
holds.

The equivalence of (ii) and (1i1) follows by some elementary calcu-

lations. -

We note that for B = 0 the above equivalence of (i) and (ii) was

given already by SPIJKER (1982 A).



