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Chapter 1

Introduction

A graph algorithm is called dynamic or on-line if it maintains some information re-
lated to a graph while the graph is being changed, e.g., by the insertion or deletion
of an edge or a node. A dynamic data structure and its maintenance algorithms ex-
ploit a suitable data representation for a graph and use information of the old graph
to compute the required information for the updated graph. It is anticipated that a
dynamic algorithm does not need to compute a new solution from scratch, i.e., by
using the new graph as input only, and a better performance may be expected com-
pared to an algorithm that simply “recomputes”. Dynamic algorithms are known
for e.g. transitive closures [18, 19, 23, 28], incremental planarity testing [5], minimal
spanning trees [8, 9], and maintaining shortest paths [2, 29]. One sometimes uses
the term “on-line” or “semi on-line” when only insertions (of nodes or edges) are
allowed.

A problem that is important for several dynamic graph problems is the Union-Find
problem, which is given as follows. Let U be a universe of n elements. Suppose U
is partitioned into a collection of (named) singleton sets and suppose we want to be
able to perform the following operations: Union(A,B,C), i.e, join the two sets named
A and B and call the result C, and Find(z), i.e., return the name of the set in which
element z is contained. A well-known result of Tarjan [31] states that a sequence of
up to n — 1 Union and m Find instructions can be executed in O(n + m.a(m,n))
time on a collection of n elements, where a(m,n) denotes the functional inverse of
Ackermann’s function. In Chapter 3, we develop a new approach to the problem
and prove that the time for the k" Find can be limited to O(a(k,n)) worst-case,
while the total cost for the program of Union’s and m Finds remains bounded by
O(n + m.a(m,n)). These techniques appear to be closely related to the techniques
in [11] used for the Split-Find problem. The new algorithm is important in all
set-manipulation problems that require frequent Finds. Because a(m,n) is O(1)
in all practical cases, the new algorithm guarantees that Finds are essentially O(1)
worst case, within the optimal bound for the Union-Find problem as a whole. The
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algorithm can be implemented on a pointer machine and does not use any for‘rn
of path compression. The dual problem of the Union-Find problem is the S})hi;—
Find problem, which is given as follows. Let U be a universe of n elements (listed
in a fixed order). Suppose U is partitioned into a collection of ordered sets whose
contents are given in order, and suppose we want to be able to perform the following
operations: Find(x) and Split(z), i.e., split the set that contains element z into two
new sets, viz, one set containing all elements smaller then z and one set containing
all elements that are greater than or equal to z. In [11], Gabow presented a solution
for the Split-Find problem that runs with a time complexity as above for the Union-
Find problem, and that can be executed on a pointer machine. In Chapter 4, we
consider a generalisation of the Split-Find problem: a generalised Split divides an
ordered S into two ordered sets S; and S; such that S) is the concatenation of a
bounded number of intervals of §, and S, is the remainder. (The usual Split is a
special case.) The generalisation has applications in problems like maintaining the
3-edge-connected or 3-vertex-connected components of graphs. We present results
that have similar complexity bounds as above for the Union-Find problem, and that
can be run on a pointer machine.

In 1979, Tarjan [32] proved the well-known lower bound for the time complexity of
the Union-Find problem on pointer machines that satisfy the separation condition:
for all n and m > n, there exists a sequence of n — 1 Union and m Find operations
that needs at least Q(m.a(m,n)) execution steps on a pointer machine satisfying
the separation condition. (The separation condition says that, at any moment,
the records in the data structure can be partitioned into disjoint sets that have no
pointers to each other, where each set of records corresponds to exactly one set of
elements.) In [3, 33] the bound was extended to Q(n 4+ m.a(m,n)) for all m and
n. In Chapter 5, we prove that the lower bound of Q(n + m.a(m,n)) holds on a
general pointer machine without the separation condition, thus resolving Tarjan’s

conjecture. We prove that the same lower bound holds for the Split-Find problem
as well.

Consider an undirected graph. Two nodes z and y are called k-edge-connected iff
there exist k edge-disjoint paths between z and y, i.e., k paths that do not have an
edge in common. Two nodes z and y are called k-vertex-connected iff there exist
k different vertex-disjoint paths between = and y, i.e., k paths that do not have a
common node except perhaps for their end nodes = and y. In Chapter 6, a data
structure is presented to maintain the 2- and 3-edge-connected components of a
graph under insertions of edges in the graph. Starting from an “empty” graph of
n nodes, i.e., a graph with no edges, the insertion of e edges takes O(nlogn + e)
time in total. The data structure allows for insertions of nodes also (in the same
time bounds, taking n as the final number of nodes). Moreover, at any moment,
the data structure can answer the following type of query in O(1) time: given two
nodes in the graph, are these nodes 2- or 3-edge-connected. To obtain better time
bounds for this problem, we develop a data structure, called fractionally rooted trees,



which are presented in Chapter 7. By means of fractionally rooted trees, we obtain
optimal solutions for the problems of maintaining 2-edge-connected and 3-edge-
connected components of graphs in Chapter 8. The solutions have a time complexity
of O(n + m.a(m,n)) for m edge insertions and queries, starting from an “empty”
graph with 1 nodes and no edges. The data structure allows for insertions of nodes
also (in the same time bounds, taking n as the final number of nodes). In Chapter 9,
we consider the problem of maintaining 2- and 3-vertex-connected components of
graphs. Here, the following type of query is considered: given two nodes in the
graph, are these nodes 2- or 3-vertex-connected. By means of fractionally rooted
trees, we obtain optimal solutions for the problem of maintaining the 2-vertex-
connected components of graphs, with the same time complexity as above. Finally,
we briefly describe an optimal solution (with the same time complexity) for the
problem of maintaining the 3-vertex-connected components of graphs.



Chapter 2

Preliminaries

2.1 Graphs and Terminology

Let G =< V, E > be an undirected graph with V" the set of vertices and E the set of
edges. The edge set E consists of edges with the incidence relation in the following
form: an edge is a triple (¢, 2,y), where ¢ is the edge name and & and y are the end
nodes of the edge. The order of the end nodes x and y of an edge is not relevant
(hence, (e,x,y) = (e,y,)). Moreover, all edge names are required to be distinct.
Therefore we can denote an edge by its name only. A graph is called empty if its set
of edges is empty.

We use the following notions (see also [15]). Two nodes are called adjacent if there
is an edge with these nodes as end nodes. A path between two nodes r and y is an
alternating sequence of nodes and edges such that z and y are at the end of this
sequence and each edge in the sequence is bracketed by its end nodes. However, we
often consider a path to consist of the (sub)sequence of the nodes only. A path is
nontrivial if it contains at least 2 distinct nodes. A path is simple if no node occurs
twice in it. Two paths are called edge-disjoint if they do not have an edge in common.
Two (different) paths are called vertez-disjoint if they do not have a common vertex
except perhaps for their end vertices. Two nodes are called conn ected if there exists
a path between them. A (elementary) cycle is a path of which the end nodes are
equal and in which no edge occurs twice. A cycle containing just one distinct node
is called trivial, otherwise it is called nontrivial. A cycle is simple if there is no node
that occurs twice in it except for the end nodes.

We extend the terminology. Consider a tree T. A set of nodes of T' induces a subtree
of T if these nodes are the nodes of a subtree of T. A set of edges of T induces a
subtree of T if these edges and their end nodes together form a subtree of T'.

Suppose the vertex set of T is partitioned into disjoint subsets, where each set
induces a subtree of T'. Suppose each induced subtree of T is contracted to a single

5
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new node, called a contraction node. We say that the subset that induces the subtree
is contracted to the contraction node. We say that a node (or an edge) in such a
subtree is contracted to (or is contained in) this contraction node. For an edge
(e,z,y) that connects nodes in two different induced subtrees that are contracted to
the nodes p and ¢, the edge (e, p, ¢) is called the contraction edge of (e,z,y). Edge
(e,z,y) is called the original (in T) of (e,p,¢). (We give an edge and its induced
edge the same name e.) The tree CT consisting of the above contraction nodes and
contraction edges is called a contraction tree of T and T is said to be contracted to
CT. For a class D of edges in T, the class of edges in CT induced by D consists of
the contraction edges in CT that have their originals in D.

If the tree T' is contracted several times, resulting in a tree CCT, then we say that
anode z € T is contracted to (or is contained in) contraction node ¢ € CCT if the
consecutive contractions result in node ¢ if we start from node z (i.e., we make the
relation transitive). Similarly, we make the relation between edges and contraction
edges a transitive relation.

Now consider a rooted tree T. The father node of an edge is the end node of the
edge that is closest to the root. The the father edge of a node z is the edge incident
with z and the father node of z. The father edge of an edge is the father edge of
the father node of that edge. For a subtree S of T the mazimal node of S is the
(unique) node of S that is nearest to the root. We call an edge of S a mazrimal edge
if it is incident with the maximal node of S.

When we consider classes (sets) of nodes in a graph, we often refer to a class of
nodes that is represented by a node ¢ as “class ¢”.

A singleton class or set or a singleton tree is a class, set or tree that consists of one
element or node, respectively.

Notation 2.1.1 For a set S, |S| denotes the number of clements in the set. For a
tree T, |T'| denotes the number of nodes in the tree. For a list L, |L| denotes the
number of elements in the list. (If to each element in a list L a sublists is attached,
then |L| denotes the number of elements in the list without the sublists.)

2.2 Representation and Data Structures

We informally describe the main aspects of two models of computation: the Pointer
Machine and the Random Access Machine. For a detailed description we refer to
[31, 20, 21, 30] and [25], respectively. A pointer machine is a machine of which the
memory consists of (equal) records. A record in memory is only accessible by means
of a pointer to that record, which is a specification of that record (e.g., a pointer
can be seen as the internal address of the record in memory). Fields of a record may
contain either data values or pointer values. However, no arithmetic on pointers is
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the only operations on pointers are assignment and testing for equality.
e, a record can not be obtained by calculation of its address but only by
T following a sequence of pointers. A Random Access Machine (RAM) is a
of which the memory consists of storage locations that are numbered 0,1,2,
o.g. we interpret the locations as records also, where the values in the fields
cers. A record in memory is accessible by means of its number. However,
rer that can be stored in a field is limited to a size O(logn) (i.e., it consists
71) bits), where n is the problem size (i.e., the number of items considered
-oblem, like the number of nodes and edges in a graph).

shesis we will specify data structures in terms of nodes (or equivalently:
and pointers to nodes. As usual, a pointer is a specification of some node
unique name or some other identifier) and a node may contain additional

;ion in some field(s) (e.g. a string, symbol, or pointer). Note that in the

odel, a pointer matches with the number related to a storage location.

all the algorithms and data structures that we describe can be implemented

a pointer machine and a RAM, with the same complexity. Le., the memory
Lsed by the implementation consists of records that can only be accessed by
f pointers on which no arithmetic is performed, where cach record contains a
1 number of fields (that may contain pointers), and where each field contains
} bits. This kind of implementation of an algorithun and its associated data
es is called a pointer/logn solution.

= to handle graph maintenance problems, we represent a graph as follows.
es and edges of a graph are represented in memory by records, which we
sider to be the actual nodes and edges. I.e., we do not distinguish between
< (or an edge) and the record that represents it. Also, we will often not
tish between a pointer to a record and the record itself. Each wvertex has
Lence list, that consist of pointers to all edges in the representation that are
s with it. Also, each edge contains pointers to its two end nodes. (Hence,
bices that are adjacent to some vertex v can be obtained by means of the
=e list of v and the pointers from the edges to their end nodes.) An edge that
> inserted is given by its record, with the pointers to its end nodes.

algorithms we present, we use lists (or equivalently: sets) that can be ma-
=d in the following way. We make use of lists of (pointers to) nodes that
ae following operations: two lists can be joined or a node can be inserted in
»oth in O(1) time, and a list can be enumerated or removed in linear time.
sly, an implementation of a list as a doubly-linked linear list of nodes with
nial pointers to its two end nodes will do (where the union operation can be
1ed just by concatenating the linear lists). We do not make these operations
. in our algorithms, but simply use the mathematical denotations like “U” for
on of two lists and “{z}” for the list consisting of the element = only.
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2.3 The Ackermann Function

The Ackermann function A plays an important role in our algorithms and complexity
analyses. It is defined as follows. For all integers i,z > 0, function A is given by

A(0,z) = 2z forz >0
A(,0) = 1 for i > 1 (2.1)
A(i,x) = A(i—-1,A({,z—-1)) fori>1, > 1.

It is easily seen that A(z,1) = 2, A(,2) = 4 and A(: + 1,3) = A(z,4) for ¢ = 0.
Moreover we have

A(0,z) = 2z
A(l,z) = 27

22"2} z two’s
A(2,z) = 2

. 22}2}1 tWO two’s
2 22" } . two’s

227 }2 two’s

A(B3,z) = 2 e
x braces

In fact, for every ¢, A(i +1, z) is the result of = recursive applications of the function
A(4,.) (compare e.g. A(1,z), A(2,z) and A(3,z)).

Lemma 2.3.1 Let A9(i,y) := y and ACHV(i,y) := A(i,A®)(4,y)) fori,z,y > 0.
Then A(i,z) = A®(i—-1,1) fori>1, z > 0.

Proof. Straightforward by induction on z. m|
Lemma 2.3.2 A(¢,2') > A(i,z) for all i’ >, 2’ > z.

Proof. By induction it follows that for every i, A(i, z) is strictly increasing in z
and A(¢,z) 2 2z. Next it follows by induction that for every a, A(i,z) is strictly

increasing in i. This concludes the proof. (Also cf. [31].) m

Definition 2.3.3

1. The row inverse a of the Ackermann function is defined by

a(i,n) = min{j > 0|A(4,5) > n} (2.2)

fori,n > 0.
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2. The functional inverse a of the Ackermann function is defined by
a(m,n) = min{t > 1|A(i.4[m/n]) = n} (2.3)
form >0, n > 1. Here we take [0] = 1.
(The row inverse a(i,n) for some fixed 7 is a slowly increasing function: the higher

the index i is, the slower the function a(i.n) grows in n. On the other hand, the
inverse Ackermann function a(n,n) grows slower than any row inverse.)

Note that a(0,n) = a(n,n). The above two definitions differ slightly from those
appearing in [31, 32, 33]. However, it is easily shown that the differences are bounded
by some additive constants (except for the functions a(0,n) and a(1,n)).

Lemma 2.3.4

a(i, A(z,x)) = x (i1=0,r>0)
a(i, A+ 1,2 +1)) = A(t+1,2) (120, r>20)
a(t,n) = a(t,a(t=1,n))+1 (1 =21, n=2)

Proof. The first equality follows by definition. By (2.1) we have a(¢, A(i+1,2+41)) =
a(i, A(i, A(i +1,2))) = A(i +1,x). Moreover, since n = 2 implies a(¢,n) = 1 and by
(2.2), (2.1) and ¢ > 1 we have

a(i,n) =

= min{j = 1|A(:,]) = n}

min{j > 1|A(i — 1, A(Z,7 — 1)) = n}
min{j = 1JA(1,7 — 1) 2 a(i — 1,n)}
min{j’ = 0]A(i,j")) = a(i = 1,n)} +1
a(iya(t—1,n)) + 1.

O

The following lemma shows the relationship between two successive row inverses.

Lemma 2.3.5 Let al9(i,n) := n and aU+V(i,n) = a(i,aV(i,n)) for 1,57 > 0,
n 2 1. Then a(i,n) = min{j|laV)(i — 1,n) = 1} fori,n > 1.

Proof. Note that n > 2 equals a(z,n) > 1. Hence, by Lemma 2.3.4 it follows by
induction that a(z,n) = a(i,aV) (i —1,n))+j if aV)(i —1,n) > 1. As a(i,1) = 0, this
yields the required result. m]

Thus we have for n > 1:

a(0,n) = [3]

a(l,n) = [logn] = min{j|[5] =1}
a(2,n) log*n min{j|[log” n] =1}
a(3,n) min{j|log”’ n = 1}

Il
Il

Il
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where as usual, the superscript “(j)” denotes the function obtained by j consecutive
applications.

Lemma 2.3.6 a(i,n) < a(¢,n') for: >4, n' = n.

Proof. By Lemma 2.3.2. o

By means of the row inverse of the Ackermann function we can express the functional
inverse a as follows.

Lemma 2.3.7 a(m,n) = min{i > 1la(i,n) < 4.[m/n]}.
Corollary 2.3.8 a(m',n') < a(m,n) for m’ > m and n’ < n.

2
1 65536 two's
Finally, note that a(m,n) < 3 for n < 2* } wo's

all practical values of n.

, which will be the case for

For simplicity, we extend the Ackermann function as follows:
A(z,—1)=0forallz > 0. (2.4)
Notation 2.3.9 The set of all integers greater or equal to -1, is denoted by N_;.

We state some more lemma’s that we will need in the sequel. The proofs can be
skipped at first reading.

Lemma 2.3.10 Leti > 2, n > 0. Then a(i,n) > 5 = a(i,n) < La(i —1,n).
Proof. Suppose a(i,n) > 5 (and hence n > 2). Then Lemma 2.3.4 gives

a(i,a(z—1,n)) = a(i,n) —1

and therefore by (2.2)
a(i—1,n) > A(4,a(i,n) — 2). o (29)

Since A(2,5 — 2) = 16 > 3.5 and since A(2,x + 1 — 2) = 24272 it follows that
A(2,z—2) > 3.z for z > 5. Applying this (by means of Lemma 2.3.2) in (2.5) yields
a(i —1,n) > 3.a(i,n) (2.6)
a

Lemma 2.3.11 Letn > 1, f> 0. Then

a(f,n) < G(O,ﬂ) = f>nA8f2= n.a[cr[f,n),n)
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Proof. Let o f,n) < a(0,n). Then by Lemuma 2.3.7
£.12 < ata(f.n).m < 4750,
n n
Since [0] = 1, this yields f > n and n.a(a(f.n),n) < 8.1 o
Lemma 2.3.12 Let n 2> 1 and let fy and f, be such that

o(fs + 1,n) = a(foon) =1 = a(fi + Ln) = 1 = a(fi,n) - 2.
(Hence, fi and f; are two consecutive values of f “after” which the value of a(f,n)
decreases.) Then fp 2 3.fi = 3.n.
Proof. Let f; and f; be as defined above.
First, for all f such that o(f + 1,n) = a(f,n) — 1 we have by Lemma 2.3.7
4.[f/n] <ala(f +1,n)n) <4[(f+1)/n].
Hence f/n must be a (positive) integer, which yields

-"—{—GN A 4‘£ 4a{a{f+],n}.n)£4.(£+1). (2.7)
i1} T n

Note that f; and f; are two such consecutive values of f for which the value of
a(f,n) decreases.

Let &y = a(fi+1,n). By a(fi+1,n) = o fo+1,n)+1 it follows that a; > 2. Because
of a; = a(fi + 1,n) = a(fi,n) — 1 and Lemma 2.3.7 we must have a(a;,n) = 5.
Applying Lemma 2.3.10 yields

a(a, — 1,n) > 3.a(ay,n). (2.8)

Combining (2.8) and (2.7) gives (by using a(f: + 1,n) = a; — 1)

3.4.{—: < 3.a(ay,n) < alay, —1,n) < 4‘(% +1).

Hence,
frogh_y
n n
and since by (2.7) {‘1 and {3 are integers, this gives f, = 3. f;. Lemma 2.3.11 provides
the second inequality f; + 1 > n, since a(fi + 1,n) < o fi,n) < a(0,n). O
The next lemma’s use the following:
n>3Ai>1=a(i,n)> A(i + 1,a(i + 1,n) — 2). (2.9)

This follows by using Lemma 2.3.4 that gives a(i + 1,a(¢,n)) = a(i + 1,n) — 1 and
by using (2.2).
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Lemma 2.3.13 For n and ¢ such that a(n,n) > a(c,¢) + 1 the following holds for
1t with1 <i < a(n,n) —3:

a(i,n) > 8.12%0.(c+ 1) .(2a(i + 1,n) + ¢ + 1).

Proof. Let n and ¢ satisfy a(n,n) > a(c,c¢) + 2. (Hence a(n,n) > 3.)
Claim 2.3.14 ¢+ 1 < a(i,n) fori with 1 <i < a(n,n) — 2.

Proof. By (2.3) we have A(a(n,n) — 1,4) < n and A(a(e,¢),4) = e. By using
a(n,n) — 2 > ale,c) it follows that

n > A(a(n, n) - 1)4) = A(a(n, n) - 2! A(Q’(‘R,‘R} - 2$4))) 2 A(a(n,n) - Q!C)'

Hence by (2.2) we obtain ¢ < a(a(n,n) — 2,n). By Lemma 2.3.2 it follows that
¢ < a(i,n) for 7 with 1 <7 < a(n,n) — 2. This proves the claim. a

Claim 2.3.15 A(i+ 1,2 —2) > 2.12"* 4.2 for 2 > 6 and i > 1.

Proof. We prove the claim by induction to 7 and z. Firstly, For i = 1 and = = 6
we have A(2,4) = A(1,A(1,4)) = 2! > 2.122.1.6. For i > 1 and « = 6 we have by
induction

AT+ 1,4) = A(7, A(3,4)) > 24049 > 92120G-1).6"1 5 5 9841 ; 6i
Finally, for z > 1 and z > 6 we have by induction
Al + 1,2 —2) = A(1, A(2 + 1,z — 3)) > 246+12-3) 5 92127 Ni(z-1)' 5 9 J9i+l ; i
This proves the claim. m]

Let ¢ be such that 1 < i < a(n,n) — 3. Note that i + 2 < a(n,n) — 1 implies
a(i +2,n) > 5 and n > 3. By applying (2.9) for i + 1 we obtain

a(i+1,n) > A(i+2,a(i +2,n) —~2) > A(1 + 2,5 - 2) > A(3,3)>6
Hence, Equation (2.9) and Claim 2.3.15 give that
a(i,n) > 212" 4 (a(i + 1,n)) = 8.12°.4.(a(i 4+ 1,n))" "1 (2a(i + 1L,n)+a(i 4+ 1,n)).
By Claim 2.3.14 the inequality of Lemma 2.3.13 follows. m]
Lemma 2.3.16 Letn >0, 1 <i < an,n) — 2. Then a(i+ 1,n) < 9-(—".'21

Proof. Since i +2 < a(n,n) we have a(i + 1,n) > 5 and n > 3. Claim 2.3.15 gives
that A(i+1,2—2) > s.zforz > 6 and i > 1. Moreover, A(141,5-2) = A(4,4) > 4.5
by Claim 2.3.15 or by A(1,4) = 16. Applying this in (2.9) yields the required result.

[m]
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2.4 Obtaining Ackermann Values

First we consider the Ackermann function as an infinite matrix A with Ackermann
values: A(i,r) (i 2 1, ¢ = —1). Note that Az, —1) = 0, 4(1,0) = 1, A(:,1) = 2
A(i,2) = 4 and that A(i,3) = A(1 — 1.4) (¢t > 1).

Let n be an integer, n > 1. Suppose we only need Ackermann values A(i, x) to
compare them with numbers n’ for 0 < n' < n, ie. to evaluate a predicate n’ <
A(i,z), for i = 1 and =1 < r < a(i,n). (In our later algorithms we have this
situation: for a universe of size n the size m of a set in it “grows” and from time
to time 2 is compared with some A(i,r) for r < a(i,n).) If all Ackermann values
in the matrix that are at least n are replaced by the value oo, then this does not
influence the result of the above comparisons. Note that by (2.2) A(z,a(i,n)) 2 n
and A(i,a(i,n) — 1) < n. By Equation (2.3) it follows that A(a(n,n),4) > n. By
A(a(n,n) +1,3) = A(a(n,n),4) and by Lemma 2.3.2 this gives that 4(7,3) 2 n for
i > a(n,n). Therefore, if all Ackermann values that are at least n are replaced by co
in the matrix, then all rows with row nuinber at least a(n,n) + 1 become identical.

Therefore, it suffices to have a table that contains the values 4(i, r) for
1<i<a(nn)+1 and —1<r <a(in).

where all values A(z,a(i,n)) (1 € < a(n,n) + 1) are replaced by oo. (In fact,

we even can do with less.) In this case, row a(n,n) + 1 represents all rows ¢ with
i > a(n,n).

In correspondence with these observations we define the following notion.

Definition 2.4.1 Let ngex be an integer, ngex > 1. An Ackermann table for nacr
with row number tack = a(Nacks Nack) 18 @ table A’ that contains values A'(1, r) for

1 <1< a(ngeksnack) +1 and —1 <z < a(?, nack) (2.10)

with A'(1,a(i, ngex)) = 0o and A'(i, x) = A(7, x) otherwise.

Lemma 2.4.2 Let A’ be an Ackermann table for naq. with row nuwmber aaer. Then
the following holds for 0 < n’ < ngek, i 2 1, =1 < x < a(i, nack):

n' < Ali,x) & n' < A'(min{i, cga + 1}, @)

In this Section we consider how to compute Ackermann tables for some rnge. and
how to store them: first by a matrix array and then by a pointer structure. We
note that the iterative technique that we employ for computing Ackermann val-
ues is well-known, but that the primary reason for this subsection is to define the
representations.
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2.4.1 Matrix Representation

Suppose we want to represent an Ackermann table for n,e by a matrix. Then this
matrix needs columns numbered from —1 up to a(l,n.e) and rows numbered from
1 up to gek + 1 = a(Nacks Nack) + 1. Since agee cannot be computed directly, an
upper bound like logn can be taken. Let A’ be the matrix that represents the
Ackermann table for ng. Then A’ can be computed by means of the algorithm
given in Figure 2.1, where n denotes nqcr. We consider the algorithm briefly.

Figure 2.1: The (matrix) computation of the Ackermann table A’.

(1) 2:=0; A(i+1,-1):=0; A'(¢4+1,0) :=1; z := 0;

(2) do A(i+1,z)<n —A(i+1,z+1):=2A(i +1,z); 2 := 2+ 1 od;
(3) A(i+1,z):=o00;2:=1+1; ain:=uzm;

(4) doain>3vi=1

(5) —sA(i+1,-1):=0; A'(2+1,0) :=1; o := 0;

(6) do A'(i+1,z) #

(7) —if A1+ 1,2) 2 ain —A'(i+ 1,2+ 1) := o0

(8) I A(i+1,2) <ain —A(i+1,2+1):= A({,A(i + 1,2))
(9) fi;

(10) zi=x+1

(11) od;

(12) ii=i1+1l;ain:=z

(13) od;

(14) cqer :=1—1

Note that in line 2, ¢ + 1 is used instead of just 1. This is for later convenience. In
line 2 it is used that A(1,z) = 2% and that 2*+' = 2% + 2%, Also, when row 7 + 1 is
computed, then ain has the value a(i,n) (i.e., the “last” element of row i and hence
A'(2,ain) = oc). The definition of the Ackermann function is used straightforwardly,
and in line 7 it is used that if A(i + 1,z) > ain then A(z + 1,2+ 1) = A(s, A(i +
1,z)) > A(i,ain) = n. Therefore it easily follows that the algorithm computes the
Ackermann table for n correctly. Note that the entire table can be computed by
means of additions and comparisons only, since the expression 2. A'(i+1, z) occurring
in line 2 can be replaced by A'(i + 1,2) + A'(i + 1, 2).

2.4.2 Node Net Representation

Since we want to run our algorithms on a pointer machine, we represent the Acker-
mann table for n. by 2 “node net”, i.e., a data structure of nodes (records) that
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represent the entries A’(i, x). Apart from rngqe, we assuine that a positive integer 7,
is given too.

Each node contains a value of the Ackermann table for n,. The node net consists of
(say, “horizontal”) linear lists of nodes corresponding to rows of the matrix preseuted
above, while the leading nodes of the lists themselves form a (say, “vertical™) linear
list corresponding to the column —1. In this description we will denote each node
in the net by its coordinates in the corresponding Ackermann matrix. (Hence, node
(7, x) represents the coefficient 4’(z, r).) Furthermore, the Ackermann net contains
the parameter a..x, the pointers rowg and row, that point to the leading nodes of
rows Qger and 1 respectively (i.e., to nodes (@gek, —1) and (1, —1) respectively) and
an additional pointer row? that points to the first node of row (min{ip, cuex+1}, =1).
Finally, in each node (i, —1) the value a(i,n) is stored together with a pointer to
node (i,a(i,n)). The structure of the node net is illustrated in Figure 2.2. We call
such a node net the Ackermann net for ng..

Figure 2.2: An Ackermann net.

Bm
\‘Dﬂ—— o [ o O o — D_:_—_pinf
!

—O—o0O—og—nQinf
/- l:]l — O —0O—pninf
row-ack al&a—ack

In this representation, the Ackermann table A’ can be computed in a similar way as
in the case of a matrix representation. We only need to make the obvious adaptations
to deal with records and pointers instead of array locations and to deal with the
additional pointers that have to be present in the net. We describe the alterations
that need to be incorporated in the algorithm given in Figure 2.1. Firstly, together
with the variable 7 used in the algorithm a pointer is maintained that points to the
node (z,—1), except initially at line 1 (i = 0), where pointer rowi is initialized to
point to node (1, —1). For each value A’(:+ 1, —1) that is created in the algorithm of
Figure 2.1 (line 1 and 5) a node is created and it is appended to the linear “vertical”
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list that corresponds to column —1. Moreover, this node is taken to be the first node
of the “horizontal” list corresponding to row i 4 1. For every other value A’(¢+1, z)
(z > 0) that is computed in the algorithm of Figure 2.1, a node is created containing
that value and is appended to the list representing row i + 1. Together with the
variable = used in the algorithm a pointer is maintained that points to the node
(i +1,z) (where row i + 1 is the row that is computed). Then all comparisons w.r.t.
values A'(i + 1, ) as performed in lines 2, 6, 7 or 8 are performed by means of this
pointer. The only remaining question is how to obtain the value A’(z, A'(¢ + 1, 7))
in line 8. Recall that the function A is monotone (cf. Lemma 2.3.2). Since during
the computation of row i + 1 the computed values A'(i + 1,z) are computed for
increasing values of z, the values A'(i, A'(i + 1,z)) are values A’(z,y) that are to
be obtained for increasing y too. Therefore during the “traversal” of row i + 1 in
line 6-11 these values can be obtained by “simultaneously” traversing row z with
variable y and an appropriate pointer corresponding to y. Note that in this way
each row is traversed at most two times in the entire process (“by” x and “by” y).
If a row ¢ is “finished” (lines 3 and 12), then the value a(?,n) (= ain) can be stored
in node (i, —1) together with a pointer to node (z,a(%,n)).

Finally, pointer rowge is initialised. Note that pointer rowi can be initialised to
point to node (min{ip, caer + 1}, —1) during the above computations.

In the above way the Ackermann net for g is computed. By Lemma 2.3.10 and
Lemma 2.3.7 it is easily seen that the Ackermann net contains O(log n) values and
that it is computed in O(log n) time. Therefore we have proved the following lemma.

Lemma 2.4.3 The Ackermann net for nac can be computed in O(log naex) time.

Finally, we consider the extension of an Ackermann net for increasing n,... We only
consider values n,.. such that n, = 2%e<* for some ..

Lemma 2.4.4 Let the Ackermann net for naer = 2%eck be given. Then the net can
be extended to the Ackermann net for 2.ngce = 2%+ in O(a(Nack, Nack)) time.

Proof. Suppose we have the Ackermann net for ngy = 2%, Now extend the
Ackermann net as follows. First consider row 1, that is reachable by means of the
pointer row; pointing to node (1, —1). Note that zat = a(l, 4k ). Now replace the
value oo in node (1, Zack) by 2%2¢ (= ngei) and append a new node (1, Zaex + 1) With
value co to row 1. Moreover, adapt the relevant values and pointers in node (1, —1).

Then the remaining rows are augmented as follows: if row ¢ (i < @gek) is not
extended, then we are ready, otherwise compare the value a(t, nger) with A(i+1, a(i+
1,74 ) —1) (both can be obtained in O(1) time using the available pointers, since we
can maintain a pointer to node (2, —1)): if a(z, naex) = A(Z+1,a(i+1,n4cc) —1) then
store the value nger (= A(%,a(i, nack)) in node (i + 1,a(i + 1,740)) (cf. (2.1)) and
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append a node with value oo to it. Then modify the values and pointers accordingly
in node (i + 1, —1). Otherwise, nothing needs to be done.

If row a(nacksNack) + 1 18 adapted too, and this row contains the new node
((Nacks Nack) + 1:4)s then a new row a(it,ek. ek ) + 2 is created containing nodes for
—1 < r < 3, where (@(Tacks Mtack) + 2,3) contains the value oo, Afterwards increase
the value agex by one and adapt the pointer row,ex accordingly. After this procedure
is finished, set ngex 1= 2.nack and Tgex '= Tack + 1. Moreover, the pointer row: can
easily be set to point to node (min{io, ack + 1}, —1). It is easily seen that all the
above actions can be performed in O(a(nack. 1tack)) time. 0O



Chapter 3

New Techniques for the
Union-Find Problem

3.1 Introduction

Let U be a universe of n elements. Suppose U is partitioned into a collection of
(named) singleton sets and suppose we want to be able to perform the following
operations:

e Union(A,B,C): join the two sets named A and B and call the result C,

e Find(z): return the name of the set in which element r is contained.

The occurring set names must satisfy the condition that, at every moment, the
names of the existing sets are distinct. The problem of efficiently implementing
Union-Find programs is widely known as the disjoint set union problem or, simply,
the “Union-Find problem”.

Several data structures and algorithms for the Union-Find problem have been de-
veloped. In [16] two set union algorithms were presented (of which the second is
the familiar set union algorithm using balancing and path compression), and it was
shown that these take O((n + m).log" n) time for n — 1 Unions on n elements and
for m Finds, where log™ denotes the “iterated log-function”. In 1975, Tarjan (31]
proved that the worst-case time bound for the set union algorithm with balancing
and path compression is O(m.a(m,n)) for n — 1 Unions and m > n Finds, where
« is the inverse Ackermann function (see Section 2.3). The algorithm can be im-
plemented on a pointer machine that satisfies the separation condition (i.e., at any
moment the records in the data structure can be partitioned into disjoint sets that
have no pointers to each other, where each set of records corresponds to exactly one
set of elements) (cf. [32, 27] for a precise description). In [32] a lower bound was

19
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proved on the time complexity of any Union-Find program that runs on a pointer
machine and that satisfies the separation condition: any program of n — 1 Unions
and m Finds takes at least Q(m.a(m,n)) time, if m > n. In [3] and [33] the lower
bound was extended to Q(n +m.a(m,n)) time for all n and m. Until now all known
algorithms that run on a pointer machine satisfy the separation condition. Finally,
in [22] the first algorithm presented in [16] was combined with path compression
yielding a time bound of O(n.log" n + m) time for all Unions on n elements and for
m Finds.

In this chapter, we reconsider the Union-Find problem, and study the question
of bounding the individual complexity of the Finds. We present a collection of
Union-Find structures that each take O(1) time per Find in the worst case. Le., we
present a collection of structures UF(i) (i > 1) that solve the Union-Find problem
on a pointer machine, such that for UF(z) a Find operation takes O(z) time and all
Union operations together take O(n.a(i,n)) time for a universe of n elements (7 > 1,
n > 2), where a(i,n) is the row inverse of the Ackermann function (see Section 2.3).
Moreover, by means of these structures, a Union-Find structure is given that has a
worst-case time of O(a(f,n)) for the f** Find, while the total time complexity for
m Finds and n —1 Unions is O(n+m.a(m,n)). This structure therefore differs from
the structures that use path compaction (cf. [31, 33]) in the fact that the worst-case
time bound of a Find is small instead of the worst-case time bound of a Union.
Because a(m,n) < 3 in all practical situations, the new algorithm guarantees that
Finds are essentially O(1) worst case, within the optimal time bound for the Union-
Find problem as a whole. The techniques in the algorithms appear to be closely
related to the techniques used in [11] for the Split-Find problem.

The results stated in this chapter have the following applications. The results can
be used in cases in which a low worst-case time of a Find is more important than
that of the Union(s) because of additional computations (e.g., cf. chapters 8 and 9).
Furthermore, because a(m,n) is O(1) in all practical cases, the new algorithm guar-
antees that Finds are essentially O(1) worst case, within the optimal bound for the
Union-Find problem as a whole. On the other hand, the techniques will be used
to design an efficient generalized Split-Find structure that runs on a pointer ma-
chine (cf. Chapter 4) (a generalized Split divides an interval I into two intervals
I and I5: I, is the concatenation of a bounded number of subintervals of I and
I, is the remainder; the usual Split is a special case), and structures to maintain
2- and 3-edge/vertex-connected components (cf. chapters 6-9). This is because of
the possibility of maintaining structural information by means of these techniques,
whereas e.g. path compression destroys this kind of information.

As in [27, 31, 32, 33], we consider the Union-Find problem in terms of nodes in a
pointer machine. We will not explicitly keep track of the 1-1 correspondence between
these nodes and the elements and set names in the actual computing environment (if
these are different). However, our procedures are such that the 1-1 correspondences



3.2. THE UNION-FIND PROBLEM AND POINTER MACHINES 21

can easily be maintained when necessary.

This chapter is organised as follows. In Section 3.2 we deseribe the Union-Find
problem (on pointer machines) precisely. In Section 3.3 we present a collection
of structures UF(7) for all integers 1 > 1 by meaus of an inductive coustruction
starting from the structure UF(1), that in fact is equivalent to a well-known simple
Union-Find structure that takes O(nlogn) time for all Unions. Inductively we will
describe UF(z + 1) by means of UF(:). The structure UF(:) will turn out to have a
time complexity for a Find of O{i) in the worst case and a time complexity for all
Unions of O(n.a(i,n)): these time bounds are proved in Section 3.4. In Section 3.5
we consider how the transformation of UF(2) structures to other UF(:') structures
can be employed to yield a time bound of O(n + m.a(m.n)) for all Unions on n
elements and for m Finds. In Section 3.6 we cousider the problem of insertions of
elements.

3.2 The Union-Find Problem and Pointer Ma-
chines

We formulate the Union-Find problem in terms of nodes as follows (also ¢f. [27, 31,
32, 33]). Let U be a collection of nodes, called elements. Suppose U is partitioned
into a collection of singleton sets, and suppose to each singleton set a (new) unique
node is related, called set name. We want to be able to perform the following
operations:

e Union(s,t): given two (pointers to) set names s and t, join the corresponding
sets into a new set, relate either s or ¢ to it as set name and dispose the other
one, and return (a pointer to) the resulting set name.

e Find(x): given (a pointer to) element r, return (a pointer to) the set name of
the set in which element x is contained.

The occurring set names must satisfy the condition that, at every moment, the
names of the existing sets are distinct.

The above description differs slightly from the description given in [31, 33] where
nodes that represent elements represent set names too, but it easily seen that because
the fields of nodes can be chosen arbitrary and because (a pointer to) the resulting
set name is returned by Union(s, 1), other descriptions can easily be simulated.

Now, in the Union-Find problem on a pointer machine each node is identified with
some unique record in the memory of the pointer machine. Note that this means that
nodes have a fixed number of fields and that nodes can only be reached by means
of pointer values on which no arithmetic is possible. Therefore we will describe our
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Union-Find structures in terms of nodes only and we will not distinguish between a
node and the record that represents that node in a memory.

With respect to the 1-1 correspondence between the elements in a pointer machine
model and the elements in a actual computing environment we only mention some
well-known techniques (that also apply for [27, 31, 32, 33]): if these elements in the
environment are records themselves, the 1-1 correspondence can be implemented by
means of bidirectional pointers, where a bidirectional pointer between two records
denotes that the two records have a pointer to each other. On the other hand, if
the elements are represented by arrays, then the 1-1 correspondence can be imple-
mented by means of pointers in the one direction and indices in the other direction.
Moreover, note that records can be implemented by means of arrays, where pointers
are, in fact, indices in the arrays. Finally, with respect to the correspondences of
the set names in a pointer machine and the set names in the environment, similar
remarks can be made. Then these 1-1 correspondences can be used and adapted (if
necessary) just before and after the executions of Union(s,?) and Find(x) operations
and in this way the operations Union and Find as described in Section 3.1 can be
achieved.

3.3 The Union-Find Structure UF(z)

In this section we present a collection of structures UF(i) (i > 1) that allow Union
and Find operations as described in Section 3.2. Let i > 1. A UF(2) structure is a
collection of rooted trees. The collection of trees is changed by Union operations.
For each set name s let the set of elements corresponding to name s be denoted by
set(s,i). Each set name is the root of a tree. The leaves of the tree with root s are
the elements in set(s,) and have an equal distance < i to the root. The nodes of
the tree without the root can be split into layers of nodes that have equal distance
to the root. The layer that contains the elements of set(s,7) is called layer 7, the

other occurring layers are numbered consecutively in a decreasing order starting
from layer i.

To each set name some parameters are associated and the corresponding tree satisfies
additional constraints w.r.t. these parameters, which will be given in the sequel.

Trees are represented as follows: for each node z the field father(z) contains a

pointer to its father if = is not a root and it contains the value nil otherwise.
Moreover, sons(z) is the list of the sons of z.

Structure UF(i) allows the operations UNION(s,t,1) and FIND(x) that satisfy the
specification given in Section 3.2. Function UNION(s, t,1) will be given in the sequel.
Function FIND(z) is given in Figure 3.1. Obviously, FIND(z) outputs the root of
the tree in which node z is contained. From the above description of UF(%) it follows
that for any element z, FIND(z) outputs the name of the set in which z is contained.
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Figure 3.1: Procedure FIND(xz) in UF(¢) (¢ > 1).

(1) procedure FIND(z); return < set name >;

(2) if father(z) =nil — FIND ==z

(3) father(z) # nil — FIND := FIND( father(z))
(4) fi

The structures UF(¢) are defined inductively for ¢ > 1, starting from a base struc-
ture UF(1) (that, in fact, is equivalent to a well-known simple Union-Find structure,
which can be found in [1]). First we outline the structure of UF(1) in Subsec-
tion 3.3.1, and then we describe UF (i) for ¢ > 1 in Subsection 3.3.2,

In the sequel we denote by “UF(z) elements” elements that are involved in the
Union-Find problem to be solved by the UF(z) structure. Moreover, sometimes we
will refer by “UF(i) structure” to the algorithms too.

3.3.1 The Union-Find Structure UF(1)

Structure UF(1) is the structure that underlies the straightforward set-merging al-
gorithm. Recall that the set corresponding to set name s is denoted by set(s, 1) and
that the nodes in set(s,1) are in layer 1. According to the above constraints, for
every element z father(z) contains a pointer to the name of the set in which it is
contained and for every set name s, sons(s) = set(s,1).

For each set name s we have a parameter weight(s,1) that contains the size of
set(s,1): weight(s,1) =| set(s,1) |.

If UF(1) is used to solve the Union-Find problem, then the initialisation for some
(sub-)collection of elements into sets is straightforward (for any initial collection of
sets, but usually singleton sets).

The Union of two sets can now be performed by the algorithm UNION(s,t,1) given
in Figure 3.2. The algorithm is based on changing the father pointers of the elements
of the smallest of the two sets that are involved in the Union. The generation of all
e € sons(t) that occurs in line 3 of the procedure can be performed by enumerating
the list sons(t). Moreover, the joining of the two lists occurring in line 5 can be
performed in O(1) time (cf. Section 2.2).
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Figure 3.2: The Union procedure in UF(1).

(1) procedure UNION(s,t,1); return < set name >;

(2) {pre: weight(s,1) > weight(t,1); otherwise interchange s and #}
(3) for all e € sons(t) — father(e) :="s rofj;

(4) weight(s,1) := weight(s, 1) + weight(t, 1);

(5) sons(s) := sons(s) U sons(t);

(6) remove node t; return node s

3.3.2 The Union-Find Structure UF(z) for ¢ > 1

Let ¢ > 1. Structure UF(7) is a structure that satisfies the following conditions.
Recall that the set corresponding to set name s is denoted by set(s,:) and that
nodes in set(s,t) are in layer i.

For each set node s we have a parameter weight(s,:) that contains the size of
set(s,1): weight(s,7) =| set(s,?) |. Moreover, we have a parameter lowindez(s,z) €
N_; that satisfies

2.A(1, lowindexz(s, 1)) < weight(s,1). (3.1)
Note that lowindez(s,2) does not have to be the largest number that satisfies this
inequality, and that the above restriction on lowindex is equivalent to

Eﬁght(;_ﬁi_l])_ (3.2)

(The parameter lowindex is incremented from time to time by the Union algo-
rithms.)

lowindez(s,i) < a(z, [

Two cases are distinguished.

o If set(s, 1) contains more than one element (i.e., weight(s,i) > 1), then set(s, i)
is partitioned into clusters (subsets) of at least 2 elements. For each such
cluster C there is a unique so-called cluster node ¢ (which is not an element in
set(s,1)); all nodes in cluster C' have node c as their father and sons(c) = C.
In this description we denote the set of these cluster nodes by clusset(s, 7).

A cluster node ¢ € clusset(s, i) satisfies (besides | sons(c) |> 2)

| sons(e) |> 2.A(3, lowindex(s,1)). (3.3)

The subtree between s and clusset(s,i) is a tree of a UF(z — 1)-structure:
the nodes of clusset(s,i) are the elements of the set named s in a UF(i —1)



3.3. THE UNION-FIND STRUCTURE UF(I) 25

structure. Thus:
set(s,i— 1) = clusset(s,i).

Finally, clus(s,i) contains a pointer to an arbitrary cluster node in
clusset(s,1).

e If set(s,i) consists of precisely one element e (i.e., weight(s,i) = 1) then
father(e) = s, sons(s) = {e} and clus(s,i) = nil.

(Note that in each of the above cases, the elements in a tree have the same distance
< 1 to the root, which easily follows by induction.)

By means of this recursive definition, the UF(z) structure consists of a collection of
trees, one for each set. In each tree different layers can be distinguished starting
from the elements at layer ¢ via clusters nodes that are “elements” on layer ¢ — 1
etcetera, to some layer that consists of only one element or that is layer 1 (what
depends on the considered set, cf. Figure 3.3). Alternatively stated, UF(z) consists
of trees that have one leaf as the son of the root and of trees that are trees in some
UF(i — 1) structures if the leaves are removed.

Figure 3.3: Set representations by trees in UF(z) (z > 1).

set names

cluster nodes

elements

If UF(3) is used to solve the Union-Find problem, then the initialisation for some
(sub-)collection of elements in singleton sets is as follows: for each element e
with set name s for the singleton set {e}, the following initialisation is per-
formed: father(e) = s, sons(s) = {e}, weight(s,i) = 1, lowindez(s,i) = —1
and clus(s,?) = nil. In this way the set names and the elements satisfy the condi-
tions of UF(7) initially. (Note that afterwards, the insertion of an element in the
collection of elements can easily be performed in this way too.) If we want to ini-
tialise the structure for some collection of elements into a collection of given, directly
available sets (not necesarily singleton sets) then this can be performed as follows:
for each set with set name s that contains more then one element, create a cluster
node c, let the father pointers of all its elements point to ¢ and put them in the list
sons(c). Then make sons(s) = {c}, father(c) = s, clus(s,i) = ¢, weight(s,i) =
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[the number of clements in the set] and clus(s,i — 1) = nil, weight(s,i — 1) = L.
Finally, lowindex(s,i) = lowindex(s,i — 1) = —1.

The Union of sets can now be performed by the algorithm UNION(s,%,7) given in
Figure 3.4. We do not consider the problem of how to obtain and store the values
weight, lowinder, and clus yet (note that all these values depend on both the set
name and i, the layer number). The set sef(s,z) can be obtained by the function
generate(s,i) given in Figure 3.5. This function generates set set(s, 1) and removes
all intermediate tree nodes between s and sef(s,i).

Procedure UNION(s,t,1) operates in the following way. W.l.o.g. we assume that
lowinder(s,i) > lowindex(t,i). The procedure is based on changing the father
pointers of set(t,?) towards cluster node clus(s,i) if set(¢,i) has a lower value
lowinder than set(s,i) (lines 5-10), otherwise, if the union of both sets has a size
that allows a larger lowinder than the actual (equal) values of the old sets then
the father pointers of both sets are changed towards an entire new cluster node
(lines 14-21), and otherwise a recursive call is performed (line 12-13).

We describe the procedure in more detail. First, both the weights of s and ¢ are
adapted. (For, at this moment, both s and  can be the name of the set resulting
from the Union.) If the levels of s and t are distinct (line 3), then all elements of ¢ are
put beneath a cluster node ¢ of s, and the necessary updates are performed (line 6-
10, also cf. Figure 3.6). Le., the elements of ¢ in this layer are generated, while
all “intermediate” nodes are removed (line 7), the father poiuters of these elements
are adapted, the list sons(¢) is augmented with these elements and finally ¢ itself
is removed. Otherwise, if the levels are equal (line 11), then two cases are possible.
If the size of the union becomes “sufficiently large™ (line 14), then all elements of
the union are put beneath a new cluster node ¢ while the necessary updates are
performed (line 15-27, also of. Figure 3.7), i.e., the elements of both s and ¢ in this
layer are generated in the list sons(¢) while all “intermediate” nodes are removed,
their father pointers are adapted to the new cluster node ¢, node ¢ is “put below”
node s and the parameters for layer ¢ and layer ¢ — 1 are updated. Finally, set node
t is removed. Otherwise, if the size of the union does not become “sufficiently large”
(line 12}, there is a recursive call to join the cluster nodes for layer i of both sets
(line 13). Then the above cases appear on a lower layer (cf. Fig. 3.8).

Note that at the moment of the recursive call (line 13), all parameters at layer i
satisfy the UF(i) conditions for the ultimate joined set, whichever of the two set

names s or t will be its name. It is readily verified that the procedure maintains the
conditions of UF(i).

We want to state here that the value lowindex(s,i) can also be defined as the
largest value that satisfies (3.1). In this case the corresponding UNION procedure
is obtained from the procedure give in Figure 3.4 by changing the guards of the if-
statements: line 15-21 only gets the guard newweight > 2A(i, ls+ 1), lines 6-10 and
13 get the guard newweight < 24(i, s + 1) while the distinction between lines 6-10
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Figure 3.4: The Union procedure in UF(7) (¢ > 1).

(1) procedure UNION(s,t,i); return < set name >;

(2) {pre: lowindex(s,?) > lowindex(t,); otherwise interchange s and t}

(3) s :=lowindex(s,?); It := lowindex(t,);

(4) newweight := weight(s, ) := weight(#,1) := weight(s, ) 4+ weight(?,2);

(5) ifls>1t

(6) — {ls >0, hence clus(s,t) # nil}

(7) ¢ = clus(s, 7); setT := generate(t,1);

(8) for all e € setT — father(e) := ¢ rof;

(9) sons(c) := sons(¢) U setT;

(10) remove node ¢; return node s

(1) [ Is = It

(12) — if newweight < 2.A(4,Is+1)

(13) — UNION(s,t,i—1)

(14) [ newweight > 2. A(i,ls + 1)

(15) — create a new cluster node ¢;

(16) sons(c) := generate(s,i) U generate(t,i);

(17) for all e € sons(¢) — father(e) := ¢ rof;

(18) sons(s) := {c}; father(c) := s;

(19) lowindex(s, 1) := lowindex(s, ) + 1; clus(s, ) 1= ¢;

(20) lowindex(s,7 — 1) := —1; weight(s,7 — 1) := 1; clus(s,2 — 1) := nil;

(21) remove node t; return node s

(22) fi fi

Figure 3.5: Procedure generate(s,:) in UF(z) (2 > 1).

(1)
(2)
(3)
(4)
()
(6)
(7)
(8)

function generate(s,?); return < set of nodes >;
{generate(s,1) generates the nodes in set(s,7) and removes all intermediate }
{tree nodes between s and set(s,) }
if 2 = 1 V weight(s,7) = 1 — generate := sons(s);
[ ¢ >1Aweight(s,7) > 1 — clusset := generate(s,? — 1);
generate := sons(clusset);
dispose all nodes of clusset
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Figure 3.6:
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and 13 is made by the guards Is > It and Is = It respectively. In that case the values
lowindex need to be computed in initialisations of sets that contain more than one
element (which can be performed without increasing the complexity).

3.3.3 Representations

First we consider the Ackermann values that are needed. Consider UF(z) for some
i 2 1. Suppose there are n elements in UF(z). Then for every occurring set name s
we have set(s,i) < n. Since the leaves of the trees of UF(i) are UF(i) elements, it
follows that every occurring set of UF(7’) elements inside the UF(i) structure (for #’
with 1 < ¢’ < %) has at most n elements too. Consider procedure UNION(s, t,1’) for
some ¢’ with 2 < 2/ < 7. Since the parameter newweight in this procedure is the size
of a set of UF(2’) elements that is the result of a Union, it satisfies newweight < n.
By Figure 3.4 (cf. lines 3, 4, 12 and 14) and by the definition of lowindexr (cf.
Section 3.3.2) it is easily seen that comparisons newweight < 2.A(i',1+1) only occur
if 2.A(¢,1) < newweight and hence only if 2.A(¢',1) < n which yields I < a(¢,n).
Therefore comparisons E—“’—“;m < A(',x) are performed only for = and "'w“é—“‘ﬂﬁi
with —1 <z < a(i',n) and 0 < %’3& < n. By Lemma 2.4.2 an Ackermann table
for any ngex = n can be used for computing the comparisons.

We describe how to represent and how to obtain the information that is introduced in
the previous subsection. Again we describe the representation inductively. Consider
a UF(i) structure for some i > 1. Suppose there are n elements. For each set name
s there is a distinct record status,; for this layer i. Moreover, an Ackermann net
for some ngex With nger = n is present (e.g., nack = n).

Record status,; contains the fields layer, weight, lowindez, clus, Ack, le ft Ack and

up. For i = 1, layer(status,,) = 1 and weight(status,,) = weight(s,1) and the
other fields are irrelevant. For i > 1 the following holds.

e Field layer(status,,) = i, weight(status,;) = weight(s, 1),
lowindex(status,;) = lowindex(s,i) and clus(status,;) = clus(s,?).

e Field Ack(status,;) contains a pointer into the Ackermann net that points to
the node (min{%, cack + 1},1) where | = lowindex(s,1).
e Furthermore field le ft Ack(status,;) contains a pointer into the Ackermann

net that points to the node (min{i, aack + 1}, —1)).

e Finally, field up(status, ;) contains a pointer to the record status,;_, for s and
layer ¢ — 1, provided that weight(s,i) > 1 (i.e., clusset(s,i) # 0).

Then, the Union procedures are adapted slightly in the following way. First of all,
instead of UNION(s,t,) we have UNION(status, ;, status,;,z). By means of the
pointer up(status,,;) the recursive call in line 13 of Figure 3.4 can be performed.
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The statement “remove (set) node ¢” occurring in lines 10 and 21 has to be ex-
tended with the removal of the related chain of status records. A new status record
status, i, has to be created in line 20 if it did not exist already and otherwise all
status records status, ; for j < i — 1 must be removed. (This can be done in O(1)
time per removal of a status node.)

Furthermore, when the value of lowindex(s,1) is increased by one (in line 19), the
corresponding pointer Ack(status,;) is adapted accordingly (obviously, this can be
performed in O(1) time too). When lowindexz(s,7 — 1) is put to —1 (in line 20),
the corresponding node (min{i — 1, a4 + 1}, —1) can be obtained by means of
the pointer le ft Ack(status,;) that points to node (min{z, ags + 1}, —1) and hence
the pointers Ack(status,;—) and le ft Ack(status,;_1) can be assigned in O(1) time.
(Note that we need the values aqex and ¢ to distinguish whether the above two nodes
are equal or not.)

Now, the Ackermann values (lines 12 and 14) can be obtained by means of the point-
ers Ack(status,;) into the Ackermann net and the successor pointers of Ackermann
nodes (with the convention that Ackermann values that are at least n are replaced
by the value oo).

As stated above, the call of a Union procedure in UF(7) is now performed by taking
the appropriate status node at layer ¢. If the UF(7) structure is applied within some
computing environment (i.e., it is not part of a UF(i + 1) structure), then each set
name s contains a pointer to its status record status,;. Moreover, some Ackermann
net for ng > n is taken (e.g., nae = n), where pointer row: points to node
(min{i, ager + 1},—1). Note that by means of pointer rowi the initialisation of a
UF(2) structure (for > 1) as described in Subsection 3.3.2 can easily be augmented

to initialize the pointers described above without increasing the total time in order
of magnitude.

All the operations on status records as stated above (except for the removal of a
chain of status records) can be done in O(1) time each. Moreover, the removal of a
status record can be charged to its creation. Therefore, all additional actions w.r.t.
the status records that are performed in the way described above, do not increase
the time order of the algorithms. Moreover, since for a set name s there only exists
a status record for layer ¢ if set(s,i’) # 0, and since layers do not intersect, the
status records do not increase the order of space used by the algorithms. We will
therefore not consider the status records in the complexity analysis in Section 3.4.

3.4 Complexity of UF(i)

The execution of a Find in a UF(z) structure (¢ > 1) takes at most O() time, since
the elements in UF(7) have distance at most ¢ to the corresponding roots.
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As shown in (1], all Unions on n elements (n > 1) in structure UF(1) take at most
¢o.n.logn time for some constant ¢, hence at most cy.n.a(1l,n) time. We briefly
recall the proof. Consider procedure UNION(s,t,1). The execution of procedure
UNION(s,t,1) takes at most cp.|weight(¢,1)| time (for some appropriate constant
o), where set(t,7) is the smallest of the two sets to be joined. Now charge the cost
of such a Union to the nodes in set(t, 1) by charging to each node at most cp time.
A node can only be charged to if it becomes an element of a new set whose size is
at least twice the size of the set it belonged to. Hence a node can be charged to at
most |logn] times. Therefore, all Unions take at most co.n.|logn]| < co.n.a(l,n)
time together.

We now consider the complexity for all Unions in UF(z) with > 1. We perform the
analysis by means of induction on i.

Suppose UF(i — 1) takes at most c.k.a(i — 1, k) time for all Unions on k elements
(k > 1), where ¢ is some arbitrary constant. We consider the cost of all Unions on n

elements (n > 1) by means of UF(z). Therefore, consider procedure UNION(s, t,1).
We divide this procedure into several parts.

1. The for-statements and the generate-statements (lines 7-8 and 16-17).

2. The recursive call UNION(s,t,7i — 1) (line 13).

]

. The removal of parts of the structures.

4. The rest of the procedure.

We compute the cost of each of the above parts for all executions of procedure
UNION(s,¢,1) together.

3.4.1 The For-Statements and the Generate-Statements

We consider the for-statements and the generate-statements (viz., lines 7-8 and
16-17). Firstly, it is easily seen by induction on i that the generation of set(s,t)
by means of procedure call generate(s,i) takes time that is bounded by ¢{. |
set(s,i) | for some constant ¢, since the number of cluster nodes for layer z is
at most half the number of elements at layer ¢ (cf. Subsection 3.3.2). More-
over, the execution of the for-statements (lines 8 and 17) takes time bounded by
c/.(the number of processed elements). Therefore, we charge the cost of the above
statements to the processed elements. Note that in both cases the processed ele-
ments will be contained in a new set that has a higher lowindez value than the
old set (cf. line 5 and 19), and that an element will never be contained in a set
with a lower lowindez value. Therefore the number of times that an element can
be charged to is bounded by the number of different lowindez values. Since there



32  CHAPTER 3. NEW TECHNIQUES FOR THE UNION-FIND PROBLEM

are at most n (> 1) elements in a set, there are by the definition of lowindex (cf.
(3.1) and (3.2)) at most a(i, [2£7) + 2 < 3.als, n) different values. Therefore, the
total cost of the considered parts of the procedure is at most ¢;.n.a(z, n) for some
constant ¢;.

3.4.2 The Recursive Call UNION(s,t,7— 1)

The recursive calls UNION(s,#,i — 1) are performed on cluster nodes. Therefore we
first consider cluster nodes and the conditions for a recursive call UNION(s,¢,7 —1).

Observation 3.4.1 The operations on cluster nodes by procedure UNION(s,t,1)
are.

1. the creation of a cluster node in a singleton set (viz. ¢ and clusset(s,t) in
lines 15 and 18)

2. the Union of sets of cluster nodes by UNION(s,t,i —1) (viz. clusset(s,1) and
clusset(t,i) in line 13)

3. the removal of a complete set of cluster nodes (viz. clusset(t,i) in line 7 or
clusset(s,1) and clusset(t,1) in line 16).

Claim 3.4.2 A recursive call UNION(s,t,i — 1) inside UNION(s,t,1) is performed
only if

1 < lowindex(s,1) = lowindex(t,i) < a(i,n) A

weight(s, 1) + weight(t,1) < 2.A(1, lowindex(s, 1) + 1).

Proof. It follows directly from Figure 3.4 that the recursive call is performed only
if
lowindex(s, i) = lowindex(t,1) A (3.4)
weight(s,1) + weight(t,i) < 2.A(i, lowindex(s,1) + 1). ’

Since —1 <1 < 1 implies that 2.maz{2.A(3,1),1} = 2.A(i,1 + 1), it follows by (3.4)
and (3.1) that lowindex(s,i) > 1. By n > weight(s,i) > 2.A(:, lowindex(s,1)) it
follows that lowindex(s,i) < a(i,n). ]

For a cluster node ¢ € clusset(s,i) we denote by lowindexz(c) the value
lowindez(s,1). It is easily seen that a Union does not change the value lowindez(c)
for any cluster node ¢ that is not removed by it (for in that case the new set name
that corresponds to ¢ has the same lowindexz value as the old one). Therefore for
any cluster node ¢ the value lowindez(c) is fixed (i.e., ¢ is a cluster node for sets

with some fixed lowindex only). We call a cluster node ¢ with lowindez(c) = I an
I-cluster node.
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Similarly, we say that a recursive call UNION(s,¢.7 — 1) is an [-call or an {-Union if
! = lowindex(s, 1) = lowindexr(t, ). Obviously an [-call operates on [-cluster nodes
only and [-cluster nodes are only operated on by l-ealls. We compute the cost of all
l-calls for fixed value [

Let | be a fixed number satisfying 1 < [ < a(i,n). We cousider the cost of all
recursive [-calls UNION(s,1,i—1). By Claim 3.4.2 and by Subsection 3.3.2 it follows
that in case of an l-call UNION(s,#,i — 1) the size of the set clusset(s,i — 1) U
clusset(t,i — 1) is at most A(1,1 + 1). Therefore the maximal size of any occurring
set of [-cluster nodes is A(:,] + 1). Now partition the total collection of all I-
cluster nodes involved in [-calls into collections that correspond to the maximal sets
that ever exist (which is possible because of Observation 3.4.1). Then the size of
such a maximal collection is at most A(7,{ + 1). For each such maximal collection
of k cluster nodes, the cost of all Unions on these nodes in UF(i — 1) is at most
cka(i=1,k) < e.k. a(i—1, A(:,[+1)). Hence, the total cost of all Unions in UF(i—1)
on [l-cluster nodes is at most c.(number of l-cluster nodes). a(i — 1, A(i,1+1)). Since
each I-cluster node has at least 2.4(7, [} elements as its sons (cf. (3.3)), and since as
long as an element is contained in sets with lowindex value | it has the same cluster
node as its father (cf. Subsection 3.4.1), there are at most n/(2.4(:,1)) l-cluster
nodes. Therefore, the total cost for all I-Unions is at most

n . .
C-m. (1[! - 1,.‘1(1,I+ 1})
= %c.z-(fz—fj.a[i*l,.é[é—1..-1(:',1)))
< %c.n

by using ¢ > 1, equation (2.1) and Lemma 2.3.4 respectively.

Since there are less then a(i, n) applicable values [ of lowinder to be considered (viz.
I'with 1 < I < a(z,n)), this yields that the total time complexity of all UF(i — 1)-
Unions is at most jc.n.a(i.n).

3.4.3 The Removal of Parts of Structures
The removal of parts of structures can be performed in O(1) time per item that

must be removed. Therefore, we charge the cost of the removal of an item to its
creation. This increases the cost of some operations by constant time only.

3.4.4 The Rest of the Procedure

The execution of all statements together except those considered in subsections 3.4.1,
3.4.2 and 3.4.3, requires at most ¢4 time per call of UNION(s,1,1). Since there are
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at most n — 1 Unions, this takes altogether at most c4.n time.

3.4.5 The Total Complexity of Unions

Combining the results of subsections 3.4.1 to 3.4.4 yields that the total time is at
most

1 .
cy.maa(z,n)+ ic.n.a(z, n) + 4.1

Note that this is at most e.n.a(z,n) if ¢ > maz{co, 2.(cy + c4)}.

Since the constant ¢ was arbitrary and since ¢; and ¢4 do not depend on ¢, we can
take ¢ = max{co, 2.(c1 + ¢4)}. Then it follows by induction that UF(¢) takes at most
c.n.a(z,n) time for all Unions together.

By means of induction we have established the following result .

Lemma 3.4.3 The total time that is needed for all Union operations in UF(%) for

a universe with n elements is O(n.a(i,n)), whereas each Find operation takes O(z)
time (i 21, n >2).

By Lemma 2.4.3 the Ackermann net for n can be computed in O(logn) time and
takes O(logn) space. Moreover, it is readily verified that the initialisation of UF(i)
as described in Subsection 3.3.1 (for ¢ = 1) and Subsection 3.3.2 (for ¢ > 1) can be
performed in O(n) time. Finally, by induction to 7 it easily follows that the total
space complexity of UF(1) is O(n), since the elements at layer i > 1 are the leaves
of the trees UF(z) consists of and since all nodes in a tree except the root have at

least two sons (cf. Subsection 3.3.2). Therefore, we have established the following
theorem.

Theorem 3.4.4 A UF(i) structure and the algorithms that solve the Union-Find
problem can be implemented as a pointer/logn solution such that the following holds.
The total time that is needed for all Union operations in a UF(i) structure for a
universe with n elements is O(n.a(i,n)) and the time needed for a Find operation
is O(i), whereas the initialisation can be performed in O(n) time and the entire
structure takes O(n) space (i 21, n > 2).

Corollary 3.4.5 Let i > 1. Then there exists a structure and algorithms for the
Union-Find problem that can be implemented as a pointer/logn solution such that
for a universe of n elements all Unions can be performed in O(n.a(i,n)) time and

each Find can be performed in O(1) time, while the structure uses O(n) space and
can be initialised in O(n) time.
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3.5 An Alternative for Path Compression

By applying UF(2) structures for appropriate values of 7, we obtain a Union-Find
structure that has the same total complexity as the method using path compression,
but that has a trade-off in the worst-case complexities for Union and Find operations.
This is expressed in the following theorems.

Theorem 3.5.1 There exists a data structure and algorithms that solve the Union-
Find problem with the following properties: the total time needed for all Unions and
m Finds is O(n + m.a(n,n)), while each Find takes O(a(n,n)) time, where n is the
total number of elements (n > 2). Moreover, the data structure and algorithms can
be implemented with this performance as a pointer/logn solution.

Proof. First compute an Ackermann net for n. Then a(n,n) (= @) can be
obtained from the net. Now use UF(a(n,n)). o

Theorem 3.5.2 There exists a data structure and algorithms that solve the Union-
Find problem with the following properties: the total time needed for all Unions and
m Finds is O(n + m.a(m,n)), while the f'* Find takes O(a(f,n)) time, where n is
the total number of elements (n > 2). Moreover, the data structure and algorithms
can be implemented with this performance as a pointer/logn solution.

Proof. We make use of UF(7) structures. All the set names that are present at some
time are contained in a list. Hence, if some set name is removed because of a Union,
then it must be removed from this list too. (This can be easily implemented by
providing additional pointer fields in set names to form a doubly linked list.) More-
over, some additional variables are maintained, which will be introduced henceforth.
Initially, make a UF(7) structure with ¢ = a(n,n). This is performed like in the case
of Theorem 3.5.1. At any moment, let f be the number of Finds performed thus
far. Each time that «(f,n) becomes one smaller than 7 (= o f — 1,n)), rebuild the
structure UF(:) to a UF(i — 1)-structure. The rebuilding is as follows.

If ¢ = 1 then nothing needs to be done, since we have for all future values of f
occurring in this situation: «( f,n) = 1. Otherwise, we only have to check whether
af f,n) decreases by one after we haveincreased f. This can be inspected by checking
whether a(i—1,n) < 4.[£] (cf. Lemma 2.3.7). The value a(i—1,n) can be obtained
in O(1) time from the Ackermann node (min{i—1, cack+1}, —1) that can be reached
by means of pointer row: pointing to (min{z, ek + 1}, —1) and by means of a net
pointer (cf. Subsection 3.3.3). Hence, the comparison can be made in O(1) time.
(Note that the value 4.[4] can easily be maintained for increasing f by means of
comparisons and additions in O(1) time and O(1) space. In this way it is not
necessary to use divisions and to take entier values each time.)
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If indeed a(i — 1,n) < 4.[L] then the UF(i) structure is rell)uilt to a Ul-j‘(i -1
structure in the following way. First adapt pointer rowi pointing to (r.mn{z, Qack +
1}, —1) to point to node (min{i — 1, ctack + 1}, —1) which can be done in Ogl) time.
Moreover, for each set name s, dispose all status records status,,; forl<j<i-—1
(which are at most n records, cf. Subsection 3.3.3). For each set name s enumerate
its elements e.g. in the way of procedure generate” (cf. Figure 3.9) that, contrary

to procedure generate, does not remove the intermediate nodes yet.

Figure 3.9: Procedure generate*(s,) in UF(z) (7 > 1).

(1) function generate*(s,i); return < list of nodes >;

(2) {generate(s,i) generates the clements in set(s, )}

(3) if i =1V weight(s,i) = 1 — generate® := sons(s);

(4) [ i>1Aweight(s,i) > 1 — generate” := sons(generate*(s,1 — 1));
(5) fi

If set(s,i) contains only one element, then the only thing to do is to make a
status record status,;, with values weight(s,7 — 1) = 1, level(s,i — 1) = -1,
clus(s,i— 1) = nzl and with corresponding pointer fields (the pointers into the Ack-
ermann net can be adapted by means of the “old” record status,;).

If i — 1 = 1, adapt all father values of the elements to s, perform the original proce-
dure generate(s,z) to get rid of all “old” intermediate nodes between s and set(s,2)
and to initialise sons(s) to the list of these elements. Finally, make a status record
status, ;- with weight(s,i — 1) = [the number of elements in the set].

Otherwise (i.e.,  — 1 > 1 and weight(s,i) > 1), make a new cluster node c,
make father(c) := s and adapt all father values of the elements to ¢. Then
adapt sons(c) to the list of these elements and perform the original procedure
generate(s,1) to get rid of all “old” intermediate nodes between s and set(s,7).
Finally, adapt sons(s) to {c} and adapt the status record status,;_; as fol-
lows: weight(s,i — 1) = [the number of elements in the set], level(s,i — 1) = —1,
clus(s,z —1) = c and adapt the corresponding pointer fields accordingly (the point-
ers into the Ackermann net can be adapted by means of the “old” record status,;.)
and make a status record status, ;_, similar to the case above.

Finally, for all cases, adapt the pointer from node s that points to the record status, ;

such that it points to status,;_, and dispose record status,;. Trivially, all this can
be done in O(n) time.

This rebuilding of the structure to a UF(i — 1) structure is now performed in the
following way. Until n next Finds have been passed or a next Union has to be
performed, perform O(1) time of the building of UF(: — 1) per Find instruction
and if a Union operation occurs before n next Finds have been performed, perform
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the remainder of the building first during this Union operation and then perform
the usual Union operation on this new structure. It is easily seen that during the
rebuilding there always remains a tree path between an element and its set name,
which is of length at most 2. Therefore, during the rebuilding, a Find operation can
be performed in O(z) = O(z — 1) time (since i — 1 > 1). Moreover, a Union is never
executed during a period of rebuilding.

We now show that a rebuilding is completed before a next one has to be started and
we consider the time complexities.

Let f; and f; be two consecutive values of f after which a rebuilding is started. From
Lemma 2.3.12 it follows that f; — f; > 2.n and hence that a rebuilding is completed
before a next one is started (cf. the conditions for starting a rebuilding). Hence, at
each moment the structure that is present is either UF(a(f, n)) or an “intermediate”
structure between UF(a(f,n) + 1) and UF(a( f,n)) such that the root paths of the
elements are of length at most a(f,n)+1 (< 2.a(f,n)). Therefore, the time needed
for a Find operation is obviously O(a(f,n)) (Note that an “intermediate” structure
is not used for Unions, but only for Find operations.)

We show that the time needed for performing all rebuildings and all Union and Find
operations together is O(n + m.a(m,n)).

Initially, we have the structure UF(:) with ¢ = a(n,n). By Theorem 3.4.4 and
Lemma 2.3.7 it follows that all Unions in this structure take O(n) altogether.

Now consider the rebuildings of a UF(¢) structure to a UF(:2 — 1) structure. Suppose
this is started because of the ( f+1)** Find operation: let f be such that o(f+1,n) =
o(f,n) — 1. By Lemma 2.3.11 we have if i := a(f,n):

8(f+1)=na(t—1,n) and f>n=>2. (3.5)

Now charge all cost for performing the rebuilding and for performing future Unions

in UF(i — 1) to the previous [}f] Find operations. Then by Theorem 3.4.4 and
(3.5) it follows that each of these Finds is charged for O(1) time. By Lemma 2.3.12
it follows that any Find operation can only be charged at most once. Therefore all
Union and (re-) building operations take O(n + m) time together.

Finally, consider the cost of all Find operations. We already showed that the fth
Find operation takes at most c.a(f,n) time for some appropriate constant ¢. Hence,
the total cost of these operations is bounded by

S calfn)
=1

= c. i a(m,n) +c. i(a(f,n) — a(m,n))
J=1 =1

a(ln)

= cma(mn)+e 3 (a—a(mn).|{fla(f,n) =a}l

a=a(mn)+1
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allmn)

emalmn)+e. Y. |{fle(fin) Z o}

a=a(mmn)+l1

alln)—a{mmn)=1 )

l 1
cm.a(m,n)+c. Z {5} .m

=0

IA

< 3.em.a(m,n)

where o(f,n) > a(m,n) = f < mand f < m = a(f,n) = a(m,n) are used
(cf. Corollary 2.3.8) and where Lemma 2.3.12 provides the first unequality. This
concludes the proof of the theorem. m]

3.6 Increasing the Number of Elements

We now consider structures that, aside from the operations Union and Find, allow
the operation

o Insert(x): add a new element z to the universe, create the singleton set {z}
and output the name of this set.

In this way the collection of elements can be augmented. We call the problem
that deals with the above three operations the Union-Find-Augment Problem. Note
that in order to have the appropriate Ackermann values we have to augment the
Ackermann net from time to time (cf. Section 2.4).

Theorem 3.6.1 The UF(i) structure can be augmented o allow Insert operations,
such that it remains a data structure with algorithms that can be implemented as a
pointer/ logn solution and that solves the Union-Find problem. The total time that
is needed for all Union operations in a UF(i)-structure until a moment on which
there are n elements is O(n.a(i,n)) while the time needed for a Find operation is
O(i), an insertion can be performed in O(1) time and the entire structure takes O(n)
space (i 2 1, n > 2). The initialisation can be performed in O(nini) time, where
Ninit 18 the number of elements at the initialisation.

Proof. It is easily seen that a UF(¢) allows element insertions with the above
time bounds if the required Ackermann values are available and if there always is a
pointer available to the Ackermann node (min{z, aga+1}, —1) (viz., parameter rowi
in Subsection 2.4.2). Therefore, the only difficulty is to augment the Ackermann net
properly from time to time. We do this as follows. Let n;e > 1 be initial the
number of elements. Initially, make an Ackermann net for value ngq = 2.2M108Rmnu],
(This can easily be done by making such a net for value 2.n:,i;, and then by taking

for nack the value 2°"") which would have been stored in the node (1,a(1,n)) if it
was not replaced by oo.)
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Now each time an element is inserted in a collection with n elements such that
2.n < Naek < 2.(n + 1), the Ackermann net is to be augmented to a net for 2n,..

However, the augmentation of the Ackermann net can give a new list for row
(Nack, Nack) + 2. Hence if i > a(1ack,ack) + 1 then the pointers of the status
records of UF(7) that point into the Ackermann net for layers (Tackys ack) + 2 up
to ¢ need to be adapted to point to the new list. This is done by means of a list of

all set names that are present at some time. Moreover, the variable row? need to be
adapted.

By Lemma 2.4.4 it follows that adaptations of the Ackermann net can be performed
in O(e(nack, Mack)) = O(a(n,n)) time. Adaptations of the status records can be
performed in O(n) time, since obviously there are only O(n) status records in a
structure with n nodes (cf. Subsection 3.3.3) and since the relevant pointers have
to be redirected to one of only 5 new Ackermann nodes only. Until 3n next Finds
or Inserts have been passed or a next Union has to be performed, perform O(1)
time of these Ackermann calculations per Find instruction and if a Union operation
occurs before }n next Finds or Inserts have been performed, perform the remainder
of the calculations first during this Union operation and then perform the usual
Union operation . Then it can easily be seen that the adaptations of the Ackermann
net are completed before new adaptations need to be performed (since before a
new adaptation, the number of nodes must be doubled) and before a next Union is
executed, and that the time bounds for the three operations Union, Find and Insert
do not change in order. Finally, in this way the Ackermann net always contains
all relevant values up to n (the number of nodes that are present), since always
Nack = M.

Remark: note that the adaptations of status records have to be performed as long
as 1 > &(Nack,Mack) + 1 only. Of course, this will not too often be the case. On the
other hand, this can also be solved by creating an Ackermann net with ¢ rows in
the initialisation anyway, thus spending O(nini + i) time for initialisation and by
adapting rows j with 1 < j <1 only. m|

Theorem 3.6.2 There ezists a structure that solves the Union-Find-Augment Prob-
lem in total time O(n + m.a(m,n)), where n is the total number of elements and
m is the number of Finds. Moreover, the f'* Find is performed in O(a(f,ny))
time, where ny is the number of elements at the time of the ft* Find. An operation
Insert(z) is performed in O(1) time. The structure can be implemented with this
performance as a pointer/ logn solution.

Proof. We define a structure by using a UF(z) structure in which the operations
Union, Find and Insert are performed and by rebuilding (transforming) the UF(z)
structure to a UF(:’) structure (i’ # i) from time to time. By Theorem 3.6.1 it
follows that a UF(i) structure allows Insert operations and that an Insert operation
can be performed in O(1) time. Like in Theorem 3.5.2 we maintain a list of actual
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set names (that obviously allows an insert operation too). In this way we have
a structure with the operations Union, Find and Insert, together with additional
computations, the so-called general updates. (The rebuilding of UF(i) structures is
a part of these general updates.)

The following parameters are maintained with the following meaning at every mo-
ment during the entire sequence of operations. (In this description of the parameters,
the initialisation of the entire structure is considered to be the first general update.)
Let npqqe denote the number of elements at the start of the last general update. Let
frase denote the number of completed Finds performed up to the start of the last
general update. Let fi,, denote the number of completed Finds performed since
the start of the last general update. Let n denote the number of elements that are
present. Let apg,e be the value 7 that corresponds to the present structure UF (z) or
that corresponds to the structure UF(i) that is being build at that moment. The
parameters are changed as follows. Parameter fiq, is increased by one at the end
of a Find operation and parameter n is increased by one at the end of an Insert
operation (note that an element is considered to be present after the insertion oper-
ation for that element is completed), whereas all parameters except parameter n are
changed by a general update (according to the above description). Moreover, the
pointer row? into the Ackermann net (cf. Subsection 2.4.2) always points to node
(@ase, —1) in the Ackermann net (which is always present). We first describe the
strategy and prove a claim, and we show afterwards how the relevant values a(p,q)
can be obtained.

Initially, let n and ng,, be equal to the number ninit of elements, and let fiq. and
foase be zero. Build an Ackermann net for ngp = 2010816m40.] (cf. the proof of
Theorem 3.6.1) and build a UF (g4 ) structure with Cbase = O frase, $Mbase ).

Afterwards, perform the following strategy (that is related to the strategy presented
in Theorem 3.5.2). Each time that at the end of an operation Find or Insert (hence
Just after the regular update of the relevant parameters) the condition

(a(fbase + fl‘ash‘in) < Opgge N flasi ‘2 2fbasc ) Von = 4n'base (36)

holds, we perform a so called general update as follows.

1. Ada’Pt fbtue = fbﬂse + ﬁash ﬁasf = 0; Mbase = Ny Qgld = Cpgge and Dpgse =
Q'(fbase14n)-

2. (a) Augment the Ackermann net for Ngck = 2%k to an Ackermann net for
n! 4 = 2%act such that 16nbase < 1y, < 320440 (if necessary).
(b) If Qpase # cora rebuild the present structure UF(aqq) to a UF(case)
structure and adapt pointer rowi at the beginning of this rebuilding.

As stated above we do not consider how to compute value o fugse,4n). The above
augmentation of the Ackermann net is performed once or twice in the way of The-
orem 2.4.4 and takes O(a(nack, Nack}) = O(a(Nbases Mbase) ) time. It will appear that
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Cold — 1 € Qpage < oig + 2, which yields that pointer rowi can be adapted in O(1)
time. The above rebuilding of UF(ag4) to UF(apase) is performed in the way of The-
orem 3.5.2 and takes O(npase) time (by Theorem 3.6.1). (During the augmentation
and rebuilding new elements are inserted as new elements in UF(apase).)

The general update is executed as follows.

1. The adaptation of the parameters is performed immediately at the end of
the Find or Insert operation in which condition (3.6) becomes true. These
adaptations will appear to take O(1) time.

2. The execution of the augmentation of the Ackermann net (a) and the execution
of the rebuilding of the structure (b} (henceforth just called augmentation and
rebuilding) is performed in the same way as in the case of Theorem 3.5.2,
where Insert operations are treated in the same way as Find operations: until
%.nb‘,,, next Finds or Inserts have been passed or a next Union has to be
performed, perform O(1) time of the augmentation or the rebuilding per Find
or Insert instruction and if a Union operation occurs before %.nba,e next Finds
and Inserts have been performed, perforin the remainder of the rebuilding first
during this Union operation and then perform the usual Union operation on
this new structure.

The above extra O(1) time that is spent in Find or Insert operations does not
increase the worst-case time order of a these operations. Therefore we will ignore
this extra time for these two operations henceforth. Note that the execution of a
general update is distributed over at most %J‘.‘,M,e operations. Moreover, note that
if condition (3.6) becomes true then either an augmentation or a rebuilding needs
to be performed anyway. Finally, it is easily seen that always

Opage = a(fbuaea 4nbase) N Mpase E n < 4Npase- (3'7)

Claim 3.6.3 If the strategy described above is followed, then at cvery moment

Qpase — 1 S a(fbnse + fl’ash4n} S Opase + 2.

Moreover, there are at least %n;mc Find operations or at least 3np,,. Insert operations
after the start of a general update with np,e elements before a next one is started.
Therefore a general update is finished before a next one can be started.

Proof. Just after the execution of part 1 of a general update, the inequality stated
in the claim cobviously holds (cf. (3.7)).

If at some moment &( foase + fiasts 412) < &( foases 4Tpase) and hence by (3.7) a( foase +
frasts 47base) < @(foase; 4Mbase) While no general update is started, it follows by the
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update condition (3.6) that fiase < 2fbase and hence Srast + foase < 3fvase- On the
other hand, if a general update is going to be started then either a( foase + fiast, 41) =
Al foaser AMbasc } =1 OF fiast = 2 frase because fiaq 18 increased one at a time': and because
a is rebuilding started as soon as condition (3.6) is true. Concluding, we have
Frast + frase < 3foase OF o foase + frasts41) = o( foaser dNpase) — 1. Now Lemma 2.3.12
gives in case of flas + foase < 3 fpase that af foase + flasts ase) = ( foases ANpgse) — 1
and hence by (3.7) af fease + frastsdm) = o foases - Mbase) — 1

On the other hand, since n < 4npgee We have o foase + frast,4n) < Obase + 2 which
is seen as follows. Ifa(i,n) S zAz = 1Az 24 then a(i,4n) < = + 2 and hence
by Lemma 2.3.10 and Lemma 2.3.6 a(i + 2,4n) < maz{}(z +2),4} < maz{zz,4}.
Now let x = 4. f%{m] Since by (3.7)

i-fbase + fhut-l 2 rfbﬁse + flaat-] 2 E.[fbaae + fiast
in 167 pase 4 4npase

it follows by the above observations that

f base T f last
47?-&:39

fbase + ffaaf

a(i,n) < 4[ y 1

1= ali +2,4n) < 4

and hence of faase + flasts 41) < Cbase + 2.

Consider the condition (3.6) again :

{a(féxuc + fl’nsh 473} < Qpage N f.‘asf Z Zfbaae) Von= 4'“'baae-

By Corollary 2.3.8 and Lemma 2.3.11 it follows that ( faqse + flast > 410 = 412pase N
Frast = 2foase) V 1 = dnpaqe and hence flasr > Enpase V 1 = 4npg,.. Hence, at least
%.n;m, Find or at least 3.np.se Insert operations must be performed after a general
update with npq,. elements before a next one is started. Since a general update takes
3base Operations at the most, these are finished before the next one is started. O
We discuss how to compute the relevant values a(p, ). The value o foase + flasts 4-72)

used in a general update can be obtained in a way similar to that of Theorem 3.5.2
as follows.

First we consider how to compute condition (3.6) only. Note that by Claim 3.6.3 the
value o foase + flast,4n) only needs to be available if at least 2?15,,3.,- Find operations
or 2npq,e Insert operations have been performed since the last general update, i.e.,
Flast 2 2Npage OF 1~ Npgse 2> 2Mpase. Therefore we augment condition (3.6) to

(a{fbu'e+flaof14n} < Q'basc"\ffaal 2 2fbaae A ffast +n 2 3?3bose } vV on= 4“&046- (38}
At the time that flge +n > 2npa,e holds, the last augmentation of the Ackermann

net for naek With 16nsee. < ngct < 3204006 is completed, and hence the net fits for
value 4n (< 16npq, ). Moreover, the condition only uses whether a( foase + flast, 41) <
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Qpase. Therefore, it suffices to compare the value a(ap,,. — 1.4n) with the fraction
4.[1““%‘1”‘-‘1 (cf. Lemma 2.3.7), and only if ape,e > 1.

The value a(Qpase — 1,4n) can be obtained as follows. Pointer row? points to node
(base — 1,-1). Therefore node P = (Otase — Loa{erpase — L nger )) are available in
O(1) time, together with value a(apase — 1. g ) (cf. Subsection 2.4.2). Now traverse
the list for row apege — 1 backwards starting from P until we have an Ackerinann
node which has a predecessor with value smaller then 4n. If the number of nodes
pa.-aspd in this way 1s , then apparently a{opgse — 1,40) = a(Qpage = L, ttgek) = & (cf.
Figure 3.10).

Figure 3.10:

r%wl | p

k?_\g_n_ O—0— e — 0=
T=S=0—-0-0- - = O

Since we have that 4n < 16044, < Ngere < 321445 < 320 it follows that o = O(1)
and hence that the above manipulations take O(1) time. Hence, this comparison
can be performed in O(1) time. Finally note that since a(i,n) < n (i,n > 1)
and since 4.[ltasetlian] is only used to compare with a(i,n), we only need the
value min{4. [ihﬂf;&m‘}, 4n}, which can be maintained by means of additions, sub-
tractions and comparisons ouly in O(1) time and O(1) space for increasing n and
fbane + flast-

On the other hand, if a( frase + flast-4n) has to be computed in the case that n =
4Npage, this can be perforined similarly for rows apeqe up to maz{apgse +2, @ucr } only,
since a( foase + flast-4n) < @pase + 2 (cf. Claim 3.6.3) and since by 4n < nge we have
& foase + flast,41) < ok = @(Mgeks Nack ). (Like above, the Ackermann net fits for
value 4n.) Therefore, this can be performed in O(1) time too.

Finally, concerning the initialisation of the entire system, value «a(0,4n;,;;) can be
obtained during the initial construction of the Ackermann net in a similar way.

We show that this strategy yields the time bounds stated above.

By Claim 3.6.3, Equation (3.7) and the observation that at any time an augmen-
tation and a rebuilding can be performed in O(npa,) time, it follows that all aug-
mentations and rebuildings together that are performed up to some moment take
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at most O(n + m) time where n is the number of elements at that moment and m
is the total number of Finds that have been performed up to that moment.

By Theorem 3.6.1 a Find operation in UF(i) can be performed in O(¢) time. Further-
more, note that like in the proof of Theorem 3.5.2 during the rebuilding of a UF(z)
structure to a UF(i’) structure a Find operation can be performed in O(i') time,
since the root path of each element is at most of length i + 1 (since by Claim 3.6.3
i—1 < i <i+2) Let ¢ be a constant in accordance with this observations, i.e., each
Find takes at most ¢’.apase time. Moreover, let ¢ be a constant in accordance Theo-
rem 3.6.1, i.e., all Unions performed in UF(apase) need at most ¢”.n.a(Qpase, n) time
together if the final number of elements is n (for all n > 2). Let ¢ = maz{c,c"}.

By Claim 3.6.3 it follows that a Find operation takes at most

C.Qbgse < 2.0.0( flast + foase, 41) < 4.0.0( flast + foases 12)

time. This yields the time bound for a single Find operation (i.e., the ( fiast + foase )
Find) as stated in the theorem.

We now consider the cost of Finds an Union together. Let the parameters frase,
fiast and npq.e be defined as before. Then C/( foase, flasts Nbase) denotes the cost of all
frase + fiast Find operations together with the cost of all Union operations performed
until the start of the last (re-)building. (Note that the cost of augmentations and
rebuildings are not included.) We show that at any time

C(fbau) ffuah ﬂ-base) S 28’cvabcac-fbass + C-abqse-ffas! + G-C-nbﬂst' (3'9)

Obviously, (3.9) holds initially. Note that this cost parameter can be changed
by a Find operation or a general update only. Therefore we consider four cases
in which this cost parameter can be changed, viz. the Find operation and three
cases of the general update, and show that (3.9) is preserved in these cases. Below,
the unprimed parameters denote the parameters right before these four cases of

the operations while the primed parameters denote the parameters right after the
adaptations of the parameters.

1. The execution of a Find operation.

By the choice of ¢ it follows that a Find operation always takes at most c.cpgse
time. Hence, (3.9) remains valid in case of the execution of a Find operation.

2. Starting a general update when o(fease + flast, 4n) = Qpase, i-€., no rebuilding
needs to be performed. Then the adaptations of the parameters in the general
update obviously do not violate (3.9).

3. Starting a general update when o( foase + fiast, 41) < Cbase, i.e., a rebuilding is

started. Then o fogse + Srast; 4n) = Qpase — 1 (by Claim 3.6.3). According to
(3.6) we distinguish two cases:
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. ffaat 2 2 frase
e n = 4Npgge-

In this case, we have by o fanse + flast, 4-1) < Qpase = O foases $Mbase ); DY
Lemma 2.3.6 and by Lemma 2.3.7

4‘ r4fbase ] < ﬁ{ﬂ(fbaae + ffag[| 4.?1 ) N 4”6033)
-Npase
S a(a(fbose‘+‘ ﬁ'g,:,4-?1),4.31}
< ‘HM‘ET-
4.n

Because n = 4npg,e this implies flos > 3 foase-

Hence, in both cases we have flao = 2 foase-

Since Q’(fbau + fl’aahén} < Qpase = Q(fbasea‘Lnbase) S a(fbast‘a 4“) S 0(01 4”) we
find by using Lemma 2.3.11

4‘n'a(a(fb€ue + f;m,,ﬁmj,éln) S 8-(fbﬂsc + flnaf)- (310)

and hence by Lemma 2.3.6

4.n.a(pase, 1) < 8.(foase + flast)- (3.11)

The total cost for all Unions performed after the start of the last (re-)building

of UF(apase) is at most e.n.a(apgse,n) time and hence by (3.11) at most
8.¢.( foase + fiast) time. Therefore,

C(ftases fiasts Mbase)

C( foases fiasts Mbase) + 8.¢.( foase + frast)

28.¢.Qpage- foase + C-Qbase-flast + 6.C.Tpase + 8.¢.( foase + fiast)
28.¢.(pase — 1)- foase + 26.C. flast + C.Qpase- flast + 6-C.Tbase
28.c.(ebase — 1).(foase + flast) + 6.C.Npase

28.¢.00,4e- frase + 6-C.Mpuse

IAIACIA A

where the third inequality follows with fiuse < % flase and the fourth inequality
follows with qpase — 1 = &’ > 1.

4. Starting a general update when o fease + flast; 1) > Obase and (hence) n =
4npqye, 1.€., a rebuilding is started.

Combining Lemma 2.3.11 and Lemma 2.3.7 gives

a(e( frase,n),n) < 4V n.a(al fease;n), 1) < 8 frase- (3.12)
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The total cost for all Unions performed after the start of the last (re-) build-
ing of UF(pase) is at most c.n.a(apase, ) time and hence by (3.12) at most
8.¢. foase + 16.C.Nqse time. Therefore,

C(fi:au! f;alf! n,base)

C(fbaaes ﬁ'asl: anse) + S‘C-fbﬂu + 16.(:‘..1’.'.60“

28-c-abcue-fbaac + C-abose-ffasf + 6.c."pase + S-C-fbase + 16-C-nbvase
28.c.(base + 1).( foase + frast) + 22.C.Npase

28.C.044 4o frase T 6:C.Tgqe-

IA A IAIA

By the above result and by the choice of ¢, at any moment the total cost of all
Unions and Finds is bounded by

C(fba.!c) f!r;sh n'baae} + (‘..??-.(L(O‘b“_,e, ”—}

and hence by

28-C-abnse-(fbase + flasl) + G-C-nbaae + C.ﬂ.ﬂ({l’bu_,,_., n)

which is
O(Ubase-(fbase + ffaat) + T!.)

because of (3.12) and npee < 7 < 47pgge. Since an Insert operation takes O(1)
time and since the time needed for all augmentations and rebuildings is O(n + m),
the total cost at any moment is (by using npese < 7 < 4Npgse, Claim 3.6.3 and
a(fbaae + fldshén) <2+ a(fbasc + ﬁaahn} < 3a(fbﬂse + ﬁaah 1’1) = Sa(myn))

O(n + m.a(m,n))

where n is the number of elements at that moment and m is the number of Finds
performed up to that moment. This concludes the proof. 0

3.7 Concluding Remarks

In this chapter we have presented a collection of Union-Find structures, including
structures that a have time complexity equal to the algorithms using path compres-

sion, but that have a small worst-case time complexity for the Finds instead of for
the Unions.

2 3
Note that a(m,n) <3 forn < 2” } 65536 two ° Therefore in practice there is no
need to perform transformations of structures like those occurring in Section 3.6:
structure UF(3) suits for all practical situations. The time bound for the Unions in
UF(3) is c.n.a(3,n) < 4.c.n for such n, where c is a relatively small constant (cf.
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Section 3.4 for its definition). Moreover, a Find can be performed in < 3.cpin: time,
where €point 1s the time needed to perform a pointer comparison and to access a node
by means of a pointer (which is small).

Of course, the same can be said for UF(2): all Unions on n elements take
< en.a(2,n) < 4.c.n time for n < 2! = 65536 and take < 5.c.n time for very

2 ?
large practical values n < 2% } S twos 265536 (which is slightly more than the
time needed in UF(3)), whereas a Find operation takes < 2¢poine time.
Moreover, note that in all practical situations for UF(2) and UF(3) only the
nontrivial Ackermann values 16 and 65536 need to available (being A(2,3) and
A(2,4) = A(3,3)) respectively), so there is no need to compute Ackermann values
(neither in the initialisation nor in case new elements are inserted like in Section 3.6).

Therefore, we conjecture that UF(2) and UF(3) arc fast and simple structures for
all practical situations, with a constant time Find query.

On the other hand, note that all arithmetic occurring in the algorithms can be
performed by using additions, subtractions and comparisons only. Furthermore, in
case arrays are used for representing elements, an Ackermann matrix can be used
instead of an Ackermann net. (In this case the array that contains these values
needs to be of size O(logn.logn) only.)

In case a set must be enumerated, note that this can easily be done in linear time
(i.e., linear to the set size) if the set name or an element of that set are given. Viz.,
by performing a call generate*(s,:) (cf. Fig. 3.9) in the structure UF(z) that is
currently used, where if an element x € set(s, ) is given instead of set name s itself,
then this call is preceded by s := FIND(xr).

Finally, we mention some direct applications for special cases of the Union-Find
problem. Firstly, if the number of Finds m is known in advance, then each Find can
be executed in O(a(m,n)) time by taking structure UF(a(m,n)), where a(m,n)
can be computed similar to the way described in the proof of Theorem 3.6.2. Sec-
ondly, the Union-Find algorithm for the special case of the Union-Find problem on
a Random Access Machine that is presented in [13] (i.e., where the structure of the
sequence of Union applications is known in advance), can be altered to an algorithm
with the same overall time bound O(n + m) such that each Find operation takes
O(1) time in the worst case. This can be done by applying UF(2) instead of an
algorithm with path compaction.



Chapter 4

A Fast and Optimal Algorithm
for the Generalized Split-Find
Problem on Pointer Machines

4.1 Introduction

Let U be a universe of n elements (listed in a fixed order). Suppose U is partitioned
into a collection of ordered sets whose contents are given in order, and suppose we
want to be able to perform the following operations:

e Split(x): split the set that contains element x into two new sets, viz, one set
containing all elements smaller then x and one set containing all elements that
are greater than or equal to z,

e Find(z): return the name of the set in which element « is contained.

The occurring set names must satisfy the condition that at every moment, the names
of the existing sets are distinct. This problem of efficiently maintaining the sets and
supporting the operations is widely known as the Split-Find problem.

In [16], an algorithm was presented for the Split-Find problem that runs in O((n +
m).log* n) time for m operations. Later, in [13] an algorithm was given for the
Split-Find problem that runs on a RAM in linear time. This algorithm relies on the
RAM feature of address calculation and makes use of precomputed tables that e.g.
encode structural information of subuniverses of size O(loglogn) in integers of at
most logn bits. In [17], this solution was extended to deal with insertions. In [11],
a solution for the Split-Find problem was presented that runs on a pointer machine
in O(n + m.a(m,n)) time. In Chapter 5, we will prove that this time complexity is
optimal on pointer machines.

49
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In this chapter, we consider the Generalized Split-Find problem on pointer machines.
We consider the operation Split(z,y) that is given by

o Split(x,y): split the set that contains both 2 and y into two parts, viz. one set
containing all elements = with © < = < y, and one set containing all remaining
elements.

Here, y is allowed to have the value nil, which is interpreted as oc in the above
inequality. Moreover, just before such a Split, a new element may be inserted as the
predecessor of element z, and similar for y. (Note that if we always take y = nil,
then we obtain the original Split-Find problem with only one split value.)

We present a collection of Generalized Split-Find structures that take O(1) time per
Find in the worst case and O(n.a(i,n)) time for all Split operations together for
any fixed but freely chosen value of . By means of these structures we construct
a structure and algorithms that have a total time complexity of O(n + m.a(m,n))
for m Finds and n — 1 Splits. All structures can be implemented in this time bound
on a pointer machine. The generalized operations are important in e.g. problems
in which named cyclic lists exist, where from time to time such a list is split into
two parts according to two “split nodes™, and each part forms a new named list
again. Such an application can be found in the maintenance of 3-edge-connected
components or 3-vertex-connected components of graphs (see e.g. Chapters 6, 8
and 9). In the last part of this chapter, we generalize the problem to operations for
splitting at any fixed number of elements and adapt our solutions for this case. In
such operations for a fixed number k, a set is partitioned into intervals according to
the (at most k) splitting elements: then, if the intervals are numbered consecutively,
one resulting set consists of the concatenation of all even numbered intervals whereas
the other resulting set consists of all odd numbered intervals. Note that this indeed
is a generalization of the above Split for two elements. The Generalized Split-Find
structures we present are closely related to the structures in [11], but, nevertheless,

it seems that the structures in [11] cannot straightforwardly be adapted to allow
Generalized Splits.

In Section 4.2, we describe the Generalized Split-Find problem on a pointer machine.
In Section 4.3, the Generalized Split-Find structures GSF(2) are presented by means
of a recurrence, where a GSF(i) structure has time complexity O(n.a(i,n)) for all
Splits and for n elements, while an individual Find can be performed in O(z) worst-
case time. These time bounds are proved in Section 4.4. In Section 4.5, a structure is
given based on transformations of GSF(z) structures into GSF(z — 1) structures: the
resulting Generalized Split-Find structure has a time complexity of O(n+m.a(m,n))
for all Splits on n elements and m Finds. In Section 4.6, we consider the multiple
Split for any fixed number of split elements as defined above and discuss simple
operations to detect the order of elements in a set.
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4.2 The Generalized Split-Find Problem

We formulate the Generalized Split-Find problem (for splits with two split elements)
in terms of nodes as follows. Let U be a lincarly ordered collection of nodes, called
elements. Suppose U is partitioned into a collection of ordered sets and suppose to
each set a (new) unique node is related, called set name. We want to be able to
perform the following operations:

e Split(z,y) (where either y = nil. or y i1s in the same set as r and r < y):
given (pointers to) elements r and y (where y may be an element or nul), split
the set that contains r into two new sets, viz., one set containing all elements
z that satisfy # < z < y, and one set containing all other elements (where
nil is taken to be oo and where the original set in which r was contained is
destroyed), and relate set names to the two new sets

e Find(z): given (a pointer to) element x, return (a pointer to) the name of the
set in which element r is contained.

The occurring set names must satisfy the condition that, at every moment, the
names of the existing sets are distinct,

In particular, we will consider Extension Splits, that are given as follows.

e Split((z',z),(y',y)): given r and y as above, and given 2’ and y’ that are
(pointers to) new nodes or are nil, where y' satisfies y = nil = y’ = nil, insert
2’ and y’ as the predecessors of r and y respectively in the set in which 2 and y
are contained (if 2’ # nil and y’ # nil, respectively), and perform Split(z,y).

Hence, a call Split(x,y) corresponds to a call Split((nil,r),(nil, y)). In the sequel,
we will refer to the first Splits as regular Splits if we want to make a distinction.
However, we will often omit the words “Extension” and “regular” in cases where it
is clear which operations are considered.

The Split operation can be used in graphs for “splitting named cycles into two
subcycles”, where from time to time the name of a cycle must be obtained. The
“splitting cycles into two subcycles” is as follows: split the cycle into two new
parts, defined by two splitting nodes, and make a new cycle of each part. If the
spit nodes are r and y, then this corresponds to Split(min{x,y}, max{z,y}) if the
cycles are represented by ordered lists. (The minimum and maximum can easily be
obtained, see Section 4.6.) This operation will be used in algorithms for maintaining
the 3-edge-connected components of graphs. Moreover, the Extension Split can be
applied in cases where (a representative of) each split node must be present in
each resulting cycle: in each resulting cycle, a new representative of the split node
that is not contained in that resulting cycle is inserted. Hence, the Extension Split
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operation can be considered to represent a “Split” in which firstly the nodes z and
y themselves can be “split” (each can be split into two nodes) and then the regular
Split is performed on the set of nodes. This operation can be used in algorithms
for maintaining 3-vertex-connected components of graphs. We will call the above
operations for cycles so-called Circular Splits.

4.3 The Generalized Split-Find Structure
GSF(2)

In this section, we present a collection of structures GSF(i) (¢ = 1) that allow
Extension Split and Find operations as described in Section 4.2. We will refer to
Extension Splits by Splits. Let ¢ > 1. A GSF(i) structure is a collection of rooted
trees. The collection of trees is changed by Split operations. For each set name s,
let the ordered set corresponding to name s be denoted by set(s,?). Each set name
is the root of a tree. The leaves of the tree with root s are the elements in set(s,1)
and have an equal distance < i to the root. The nodes of the tree without the root
can be split into layers of nodes that have equal distance to the root. The layer
that contains the elements of set(s,?) is called layer 1, the other occurring layers are
numbered consecutively in a decreasing order starting from layer i. For each layer
there is a linear list of nodes of which the layer consists, called the linear layer list.
For a node z, the linear layer list in which it is contained is denoted by linlist(z).
The order of the elements of set(s,?) equals the order of the elements in the linear
layer list of layer 1.

To each set name some parameters are associated and the corresponding tree satisfies
additional constraints w.r.t. these parameters, which will be given in the sequel.

Trees and linear layer lists are represented as follows. For each node z, the field
father(z) contains a pointer to its father if z is not a root and it contains the
value nil otherwise. List sons(z) contains the collection of sons of z, i.e, it contains
pointers to its sons, and each son contains a pointer to the record in which it occurs.
Moreover, nrsons(z) is the number of sons of . We will henceforth assume that for
a node z, every change in the value of father(z) or the removal of node z updates
sons(c) and nrsons(c) of the old (and the new) father ¢ of & properly. (This can
be performed in O(1) time, trivially.) Furthermore, each node z contains the fields
left(z) and right(z) that contains pointers to the predecessor node and the successor
node in the linear layer list of z respectively (and nil if such a node does not exist).

Structure GSF(i) allows the operations SPLIT((z',z),(y’,y),i) and FIND(z) that
satisfy the specification given in Section 4.2, where the parameter i in the former
refers to the structure GSF(7) in which it is used. Function FIND(z) is given in
Figure 3.1. (FIND(z) chases father pointers until a root is reached, which is the
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name of the set in which « is contained. It takes O(i) time.)

The structures GSF(z) are defined inductively for ¢ > 1, starting from a base struc-

ture GSF(1). First we outline the structure GSF(1) in Subsection 4.3.1, and then
we describe GSF(¢) for ¢ > 1 in Subsection 4.3.2.

In the sequel, we denote by “GSF(t)-elements” the elements that are involved in the
Generalized-Split-Find problem to be solved by the GSF(:) structure. Moreover,
sometimes we will refer by “GSF(7) structure” to the algorithms too.

4.3.1 The Split-Find Structure GSF(1).

Structure GSF(1) is the structure that is derived from the straightforward set-
merging algorithm. Recall that the set corresponding to set name s is denoted
by set(s,1) and that the nodes in set(s,1) are in layer 1. According to the above
constraints, for every element z, father(az) contains a pointer to the name of the
set in which it is contained and for every set name s, sons(s) = set(s,1).

If GSF(1) is used to solve the Split-Find problem, then the initialisation for some
(sub-)collection of elements into sets is straightforward (for any initial collection
of sets, but usually one set being the universe), where an initial set is assumed to
be given as the ordered linear list linlist of the elements. Procedure build that
performs the initialisation is given in Figure 4.1 (where the last three parameters
of the procedure are constants: in the next subsection we extend the procedure to
build(z, 1, clussize, i) for GSF(z) with 7 > 1).

The Split operations can now be performed by the procedure SPLIT((2/, z), (¥',¥), 1)
that is given in Figure 4.2. The auxiliary procedures insert, splitlist and countparts
are given in Figures 4.3, 4.4 and 4.5. For brevity, we write statements like le ft(p) :=
q and Tp g := left(z) instead of if p # nil — left(p) := ¢ fi and if  # nal
—Tpepr 1= left(z) |z = nil —zpepe =2l fi .

The Split operation is based on changing the father pointers of the smallest of the
two resulting sets that are the result of the Split.

Figure 4.1: Procedure build in GSF(1).

(1) procedure build(z, oo, c0,1);

(2) create a set name s;

(3) for all w € linlist(z) — father(w) := s rof;
(4) left(s) := right(s) := nil
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Figure 4.2: The Split procedure in GSF(1).

(1)
(2)

(4)
(5)
()

(8)

procedure SPLIT((2/,2), (¥, %), 1);

{(Find(z) = Find(y) Az < y)Vy = nil}
{pre: left(z) # nil Vy # nil}

insert(z’, z) ; insert(y’, y);

s := father(z);

splitlist(z, ¥, Teonus Tte st; Yleft):

countparts(z, Teonvs 00, Minweight, Tmin, Toaz )}
build(z min, 00, 00,1) ;

Figure 4.3: Procedure insert in GSF(z) (2 > 1).

(1)

(3)
(4)
(3)
(6)

procedure insert(z’,z);
{pre: z = nil = z’ = nil}
if z' # nil — left(z') := left(z); right(left(z’)) := z';
right(z') := z; left(z) := a'; father(a’) := father(z)
[ ' =nil — skip
fi;

Figure 4.4: Procedure splitlist in GSF(i) (1 > 1).

(1)
(2)
(3)
(4)
(5)
(6)
(7)

procedure splitlist(z, y,output : Teonys Tiesis Wieft);
Tiege = left(2); yiege 1= left(y);

right(ziese) := y; left(y) := 2y 50

right(yiese) 1= nil; left(z) := nil;

lf‘y 95 m'I —* Teony ‘= Y

!] Yy =nil — Toon, 1= Lleft

fi;
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o
o

Figure 4.5: Procedure countparts,

(1) procedure countparts(r, Leone, iarcount output @ mnwetght, Oy, Lmar )
(2) {pre: marcount =1 }
(3) start counting the number of nodes in the lists that contain &+ and repne

(4) as follows: “simultancously” traverse both lists and alternatively

(5) encounter a new element of each list;

(6) stop as soon as ecither:

(7) (*)a list has been counted completely; then

(8) minweight:= the number of nodes counted in this list;

(9) Tmin:= an element of this list; &4 1= an element of the other list;

(10) (*)the lists have not been traversed completely vet, but
(11)  in both lists maxrcount nodes are counted;
(12) then minweight := marcount + 1 and rpun = & and Topur 1= Teonol

After having inserted the new elements &/ and y’ the procedure works as follows. If
the ordered set that contains r must be split at & (and y). then first the linear list of
elements (viz., linlist(x)) is split into two lists according to the specifications of the
Split operation (cf. Section 4.2). That is, the two lists contain the elements of the
ordered sets that result of splitting the set in the proper order. This is performed by
procedure splitlist(x,y, Tconvs Tiests Yiept) (cf. Figure 4.4). Moreover the procedure
outputs a value Zcony that is an element of the resulting “converse” list, 1.e, the result-
ing list that does not contain x, and it outputs the old predecessors Tiey: and yepe of
r and y respectively. It is easily seen that this “converse” list is not empty, since ei-
ther y or the predecessor of z exist (i.e., are not nil) (cf. line 3 of procedure SPLIT).
(These old predecessors of z and y are not needed in GSF(1): these will be used in
subsequent algorithms for GSF(i) with i > 1.) After the splitting of the list into two
new lists, the father names of the nodes in one of the lists have to be changed. To do
this, first the smallest of the two lists is determined. This is done by means of a call
of procedure countparts(x,Teony, maxcount, minweight, Tpun, Ymar) (cf. Figure 4.5)
that outputs the values minweight, &, and Tpqr as follows. If both lists (i.e., the
list containing = and that containing ) have more then marcount elements, then
minweight has the value mazcount + 1, Tpin = & and Tpmar = Teone - Otherwise, the
(or: a) smallest list is determined, minweight contains its size and &,y is an element
of it, while Z,4z is an element of the other list. Henceforth, we denote a linear list
resulting from a splitting in procedure splitlist, by means of a prime. Hence, we have
|linlist'(Tmin)| = minweight. (In GSF(1), we do not use the parameters maxzcount
and T,nez of procedure countparts, but we will need them in GSF(z) with7 > 1.) It
is easily seen that countparts satisfies the above specifications, and that it can be ex-
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ecuted in time at most cep.min{|linlist'(z)|, [linlist'(Zcony)|, mazcount} and hence
at most cop.min{|linlist/(xmin)|, mazcount} time (by using that a # nil # zpn)
(where ¢, is some appropriate constant)

After having determined the smallest list, all elements of that list are put beneath
a new set node s' by means of procedure build in line 8 (cf. Figure 4.1), which
concludes the procedure.

4.3.2 The Split-Find Structure GSF(7) for i > 1.

Let 2 > 1. Structure GSF(2) is a structure that satisfies the following conditions.
Recall that the ordered set corresponding to set name s is denoted by set(s,?) and
that nodes in set(s,z) are in layer 3.

Two cases are distinguished.

o If set(s,?) contains more than one element, then set(s,i) is partitioned into
consecutive intervals (so-called clusters) of elements. For each cluster C there
1s a unique so-called cluster node ¢ (not being an element in set(s,1)); all nodes
in cluster C have node ¢ as their father and sons(c) = C. The cluster nodes
are (linearly) ordered by the order of the corresponding intervals of set(s,?)
(where for any two intervals A and B in the partition, we write A < Bifz <y
holds for all z € A, y € B). We denote the ordered set of these cluster nodes
by clusset(s,1).

For each cluster node ¢ € clusset(s, 1), there is a parameter highindez(c), that
is an integer > 1. For set name s, there exists a value highindez(s,t) such
that for all ¢ € clusset(s,i)

highindez(c) = highindex(s,1) (4.1)
and such that
16.A(2, highindex(s,1) + 1) > |set(s,)|. (4.2)

Note that highindez(s,) needs not to be the lowest number that satisfies this
inequality, and that the above restriction on highindez is equivalent to

highindez(s,i) + 1 > a(i, rli”t{—";éllﬂn. (4.3)

(The value highindex(s,1) is fixed.)

A cluster node ¢ € clusset(s,7) satisfies

[sons(c)| < 16.A(z, highindez(c)) (4.4)
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The subtree between s and clussef(s.1) is a tree of a GSF(i — 1)-structure:
the ordered nodes of elusset(s,1) are the elements of the ordered set named s

in a GSF(i — 1) structure. Thus:

set(s,i— 1) = elusset(s, ).

o If set(s,i)consists of precisely one clement ¢, then either we have father(e) = s
and sons(s) = {e}, or we have the previous situation (i.e., there exists a cluster
node).

If GSF(i) is used to solve the Split-Find problem, then the initialisation for some
(sub-)collection of ordered sets is as follows (where the ordered sets are supposed
to be given as a linear list linlist in which the elements appear in increasing order
b.m.o. left and right pointers): for each ordered set, some element r is taken,
and procedure build(x,a(i.n;),16A(i, a(é,n,)),i) is executed (which is given in Fig-
ure 4.6), where n, is the number of nodes in the set containing r. Note that since
16A(i, a(i,n;)) > n,, we have that clussize in this procedure is larger then the num-
ber of elements in linlist(z) in the procedure: hence, if n, > 1 then the tree that
is built consists of the elements with exactly one cluster node above it (cf. line 5-6
and 8-9), while the cluster node has the set name as its father.

The splitting of a set can now be performed by the algorithm SPLIT((2', z), (¥, ¥),7)
given in Figure 4.7. We do not consider the problem of how to obtain the Ackermann
values and how to store the values highindex yet. The procedures that are called
within procedure SPLIT are given in the figures 4.7, 4.4, 4.5, 4.6, 4.8 and 4.9.

Procedure SPLIT((z',z),(y',¥), 1) operates in the following way. The procedure is
based on splitting linlist(z) into two lists and on counting the sizes of the lists just
as for GSF(1), as far as these sizes do not exceed some size mazcount. Then, if the
smallest resulting list allows cluster nodes with a lower value of highinder, then the
father pointers of this list are changed to new cluster nodes. otherwise a recursive
call is performed.

We describe the procedure in more detail. The algorithms work as follows after
having inserted nodes z’ and y’. First the linear list linlist(r) is split into two
lists according to the specifications of the Split operation. This is performed by
procedure splitlist(z, Y. Teonws Ttests Yiegt) (cf. Figure 4.4), that outputs the values
Teonvs Tlest and Yrepe as described in Subsection 4.3.1. Henceforth, we denote these
two resulting lists by linlist'(z) and linlist(xcony). After the splitting of the list,
the set name for the elements in one of the new lists has to be changed. To do this,
the smallest of the two lists is determined if it has at most 16.4(i, h) elements. This
is done by means of the call countparts(x, Teonv, 16.A(2, 1), minweight, Toin, Tmaz)
(cf. Figure 4.7) that outputs the values minweight, pin and Tpez as described in
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Figure 4.6: Procedure build in GSF(i) (i > 1).

(1)

procedure build(z, h, clussize, i);

(2) {pre: i > 1 Aclussize > 2}
(3) if |linlist(z)| = 1 —screate a set name s; father(z) := s
(4) [ |lnlist(z)] >1
(5) —make an ordered list D of intervals of linlist(z) that all
(6) have size clussize except for the last interval that may be smaller;
(7) do D #0
(8) — take the front interval I in D and remove it from D;
(9) create a cluster node ¢; highindex(c) := k;
(10) for all w € I — father(w) := ¢ rof;
(11) enqueue(e, clusqueue)
(12) od;
(13) make a linear list of the nodes in clusqueue by
(14) adapting the left and right pointers properly;
(15) anext ;= a(i — 1, |clusqueuel);
(16) build(c, anext, 16A(i — 1, aneat),i — 1)
(17) fi;
Figure 4.7: The split procedure in GSF(i) (i > 1).
(1) procedure SPLIT((z', z), (v, ), );
(2) {pre: (Find(z) = Find(y) Az < y) V y = nil}
(3) {pre: left(z) # nil Ay # nil}
(4) insert(z’,z); insert(y’, y);
(5) Cy :=father(z); C, := father(y); h := highindex(C,);
(6) splitlist(z, y, Zeony, Tie fts Yleft);
(7) countparts(, Zeons, 16.A(, k), minweight, zin, Tmaz);
(8) if minweight < 16.A(i, h)
(9) —hnew :=maz{h—1,1};
(10) mOdifY(x) Y, Iminai)
(11) build(zmim hnew, 16A(3, hﬂew)a i)
(12) | minweight = 16.A(i, k) + 1
(13)  ——splitcluster(zyefy, z, CL);
(14) splitcluster(yie e, y, C);
(15) SPLIT((C;! C::)‘ (C;-s cy)‘ i— 1);

(16)

fi;
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Figure 4.8: Procedure modify in GSF(%) (z > 1).
(1) procedure modify(z,y, Tmin,1);
(2) {preei>1Aus#nil}
(3) C;:=father(z); C, := father(y);
(4) FN := {father(z)|z € linlist(Tmin)} ;
(5) for all w € linlist(xmin) —father(w) := nil for;
(6) FND := {C € FNlarsons(C) = 0} ;
(7) if |[FND|>0
(8) ——C\in := an element of FND;
(9) obtain C] and C|, being the cluster nodes that define the splitting of
(10) linlist(C,) that has FND as one of the resulting lists (with,
(11) hence, C. = C, or C. = right(C,), and similar for C);
(12) splitlist(C,, Cy,, *5);
(13) if i — 1 > 1 —modify(CL, C}, Cruin,t — 1) fi;
(14) dispose all nodes C € FND
(15) fi;
Figure 4.9: Procedure splitcluster in GSF(z) (z > 1).
(1) procedure splitcluster(ziey, z,output : C1);
(2) if ziepe # nil Afather(zieg) = father(z)
(3) — create a cluster node C.
(4) W = zpeqr; C; 1= father(z);
(5) do w # nil A father(w) = C,
(6) — father(w) := C; w = left(w)
(7) od;
(8) highindex(C?) := highindex(C.)
(9) [ ziesr = nil v father(zies) # father(z)
(10) — C! :=nil

(11)

fi;
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Section 4.3.1. Afterwards, two cases are distinguished, according to the critical size
of 16.A(z, h) for the smallest of the two lists:

o The smallest list has at most 16.A4(i, k) elements. Then the first alternative of
the if-statement in line 8-11 is executed. Then all elements in the smallest list
(that contains the element z,,:,) are deleted from the “old” tree, an entirely
new tree is built for these elements, and the old tree is adapted according to
the GSF(7) specifications. This is performed by procedures modi fy and build
(given in figures 4.8 and 4.6).

Procedure modi fy (given in Figure 4.8) that is called in line 10 of procedure
SPLIT works as follows. First, it deletes the elements of linlist'(zmin) from the
tree by setting their father pointers to nil (line 5); then it puts the cluster nodes
that do not have any sons left in a list FN D (lines 4 and 6) and it determines
the proper split nodes for an artificial split, such that FN D is one of the parts
resulting from the split (line 9-11, this can be done in O(1) time). In line 12,
it splits the list of cluster nodes accordingly, and in line 13, the cluster nodes
in FND are deleted from the tree by a recursive call. These cluster nodes are
deleted in line 14. Therefore, in line 14 the tree with the remaining cluster
nodes as leaves is a GSF(i — 1) tree (by an inductive argument; note that if
¢ —1 =1, then the recursive call need not to be applied). Therefore, line 15
yields that the remaining tree is a GSF() tree.

Procedure build obviously creates a new tree that satisfies the conditions of
GSF(2). In particular, it is easily seen that the equations (4.2), (4.1) and (4.4)
are satisfied indeed.

¢ Both new lists contain more then 16.A(4, k) nodes. We now have the following
situation.

Observation 4.3.1 In this case we have father(z) # father(y) if y # nil.

This is seen as follows. If y # nil, then at the beginning of procedure SPLIT,
father(y) has at most 16A(i, k) sons. Moreover, in line 4 new elements are
inserted as the direct predecessor of = and y only. Since there are at least
16A(i, k) + 1 elements z € linlist'(z) that therefore all satisfy z < z < y, it
follows that = and y cannot have the same father.

In this case the second alternative of the if-statement in line 12-15 is performed.
The nodes in linlist'(zeony) that have father(z) as their father are “put”
beneath a new cluster node C’. The same is done for linlist'(z), father(y) and
Cy- This is done in lines 13 and 14 by means of procedure spliteluster (given
in Figure 4.9). Afterwards, we have a new splitting problem on clusset(s,i —
1) (where s is the name of the set that is being split), viz. the splitting
of this set at the values C. and C, after having inserted the new nodes C;
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and C] (as far as these are not nil). This is performed by the recursive
call SPLIT((C%, C.), (C,,Cy)yi — 1) . Note that the conditions “Find(C,) =
Find(Cy) AC, < C,) vV Cy = nil” and “left(C;) = mil = C, # nil” are
satisfied at the moment of calling SPLIT((CZ, C,), (C;, Cy),i—1), since w.r.t.
the first condition, Observation 4.3.1 yields that if y # nil then C, # C,
and hence C, < C,, and since w.r.t. the second condition, we have that if
C, = nil then y = nil, and since at least 16A(7, k) + 1 elements are smaller
than z, C, must contain a predecessor. Finally, it is easily seen that after
SPLIT((CL,C:), (C,Cy),1 — 1) has been performed, that the trees have been
split according to the values x and y.

4.3.3 Representations

We descibe how to represent and how to obtain the information that is used in the
previous subsection. Again we describe the representation inductively. Consider a
GSF(7) structure for some ¢ > 1. Suppose that the maximal number of elements
that is in any initial set is ng. Moreover, suppose that an Ackermann net for some
Ngek With nger = ng is present.

Each node has, besides the fields described above, a pointer field ack and a field
highindexz. If the value highindez(z) is defined for node x, then its field highindex
contains that value highindez(z), otherwise the field is not defined. If node z is
in layer 7 of the GSF(i) structure, then field ack of z contains a pointer into the
Ackermann net that points to node (min{i, agex + 1}, —1).

During an execution of the procedures, the value A’(z,1) is substituted for A(z,1).
This does not affect the algorithms, which is seen as follows.

Observation 4.3.2 At any time, highindex(c) < a(i,ng) holds for any cluster node
in GSF(i).

This observation holds indeed, since initially all highindex values are at most
a(i,no), and since new highindex values are not larger than the old ones.

Like in Chapter 3, the value A(i, h) can be substituted by A’(z, k) in the procedures
(where in the initial call build(z, a(i, no), A(%, a(Z, no)), t), the value A’(z, a(i,no)) can
be used instead of the A-value, for similar reasons). We assume that when a GSF(z)
structure is initialised, all elements contain a pointer to node (min{i, agex + 1}, —1)
of the Ackermann net.

Note that at the moment that build(z, h,16A(3, h), 1) or splitcluster(ziep, z,C) is
called, then z is an element (in layer ¢) that (therefore) contains a pointer to node
(min{i, agek + 1}, —1) of the net. Hence, a pointer to node (min{i, g + 1}, —1) of
the net can be obtained in O(1) time. (In fact in procedure splitcluster this pointer
can be obtained in O(1) time from C, too.) Therefore during the creation of a node
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in these procedures, the initialisation of the ack field takes O{.l] time only, which
we will henceforth consider to be part of the O(1) time of creating such a node.

Now, since there are at most ng GSF(i)-elements in any set in QSF(i) (cf. Sec-
tion 4.4), there are at most ng cluster nodes in any tree of GSF(z) and hence an
Ackermann net for nq suffices for GSF(z — 1) too.

Ackermann values are used in procedures SPLIT and build only. Note that now all
Ackermann values A(i, k) that are required in the procedure SPLIT, can be obtained
from node (min{i, agq + 1}, —1) of the Ackermann net in O(k) time. l\floreovert the
value a(i — 1, |clusqueue|) for the recursive call in procedure build can be obtained
in O(a(i — 1, |clusqueue|)) time. Finally, the value a(i — 1,n,) needed in the call
build for the initialisation can be obtained from node z and its pointer to node
(min{i,@ack + 1}, —1) of the Ackermann net in Ofa(i — 1,n,)) time. (Remark that
in a node ¢ with highindex(c) = k, a pointer to Ackermann node (min{i, aacx+1}, k)
can be stored too. This decreases the O(k) time for the first of the above cases to

O(1) time.)

4.4 Complexity of GSF(z).

In the sequel we will denote the procedures build(z,!, clussize, i),
modi fy(,y, Tmin, 1) and SPLIT((2', ), (¥',¥),7) by build;, modi fy;, and SPLIT;,
respectively, to make only parameter i explicit.

We consider the cost of a sequence of procedure executions in GSF(i). Note that a
FIND operation does not affect the GSF(i) structure and that an execution takes

O(i) time. Therefore we do not need to consider the complexity of this operation
any further.

Consider a call modi fy;. There are two cases in which modify; can be called, viz.,
within procedure SPLIT; or within procedure call modi fy,,, if the GSF(i) structure
is part of a GSF(z 4 1) structure. The call of modify; performed in SPLIT; is

denoted as a dependent call (w.r.t. GSF(i)), whereas the other calls are denoted as
independent.

Similarly, a dependent call of procedure build; (w.r.t. GSF(i)) is a call performed
in SPLIT;, and an independent call is a call performed otherwise.

Observation 4.4.1 Procedure build(z,l, clussize,1) (given in Figure 4.1 and 4.6)
can be executed in at most d.|linlist(z)| time, where d is some constant.

Proof. For i = 1, the assertion obviously holds for some constant d,. Now suppose
procedure build(z,l, clussize,i — 1) works in at most d.|linlist(z)| time for some
constant d. Then it is easily seen that the execution of the procedure takes at
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most d’.|linlist(z)] time apart from the recursive call. For, note that the inverse
Ackermann value a(z — 1, |clusqueue|) that is computed in line 15 of the procedure,
can be obtained in O(|clusqueue|) = O(|linlist'(z)]) time from the Ackermann net
by using the pointer to node (min{i, aaex + 1}, —1) of the net; a similar observation
holds for the Ackermann value A(: — 1, anext) computed in line 16. Consider the
case in which the recursive call is performed. Then clussize > 2 and hLence it follows
that the number of cluster nodes that is created is at most 3.|linlist(z)|. Hence, the
recursive call takes at most 3.d.|linlist(z)| time. By taking d = max{4d’,d,} the
assertion follows. m!

Observation 4.4.2 Procedure modify(x,y, Tmin,1) (given in Figure 4.8) can be ea-
ecuted in at most d'.(|linlist(zmin)| + dispnod) time, where dispnod is the number
of nodes disposed by the procedure and where d’ is some constant.

Proof. This easily follows by induction. ]

We charge the cost d' for a node that is disposed to its creation: this does not
affect the order of the time complexity of executions of the procedures together
with the initialisation (b.m.o. build), and this yields that we have a net cost of

d'.|linlist(zmin)| for a dependent call modi fy; and a net cost of 0 for an independent
call.

Observation 4.4.3 A call of the procedure modify(x,y, Tmin, 1) has a net cost of
d'|linlist(Tmin)| if it is dependent, and a net cost 0 if it is independent.

We consider a sequence of independent calls of build;, SPLIT; and rnodi fy; oper-
ations in which precisely one independent build; operation occurs, viz., as the first
operation. By Observation 4.4.3, it suffices to consider independent calls of build;
and SPLIT; only. We call these operations the independent operations on GSF(z).

Note that all the above operations only affect the (tree of the) set that has to be split
and that other sets (trees) are left unchanged. Therefore we only need to consider
the case in which initially there is precisely one set.

Let ng (no > 1) be the initial number of elements that is present, and let n be the
total number of elements that ever exist (recall that SPLIT may insert two new
elements). We assume that an Ackermann net for nacx > no is present, and that each
element contains a pointer to node (min{i, aaex + 1}, —1) of the net, in its field ack.
We assume that for the initialisation b.m.o. an independent call build; a linear list
linlist is given, containing the elements in the proper order. By Observation 4.4.1,
procedure build; can be executed in O(ng) time, if ng is the number of elements
in the list. We show that a sequence of Splits in GSF(z) take O(n.a(z,n0)) time
altogether.
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4.4.1 Complexity of GSF(1)

We prove that GSF(1) requires O(n.logng) time for all independent operations
together. Obviously, the number of splits that is performed is at most n — 1.

Consider a single execution of procedure SPLIT((z',z),(¥',¥),1). Since the split is
nontrivial, we must have |linlist'(z )| = 1 afterwards. Moreover, note that despite
the possible insertion of two new elements in the ordered set, the resulting sets have
size not exceeding the size of the original set. (For, a node z' (y’) that is inserted,
will not be part of the resulting set in which z (y’) is contained.) Obviously, the
execution of procedure splitlist takes O(1) time, and the execution of countparts
takes cp.|linlist!(z,min)| time (cf. Subsection 4.3.1). Since the building of a new tree
for linlist'(zmin) in line 8 can be performed in d.|linlist'(2,,s)| time (cf. Observa-
tion 4.4.1), it follows that the entire execution of procedure SPLIT takes at most
esprrr-|linlist'(Zmin)| time (for suitable csprrr). We distinguish two cases.

o |linlist'(x,,in)| < 2. Then procedure SPLIT takes at most 2csppr time. Ob-
viously, all executions of procedure SPLIT that satisfy |linlist’(2mi.)] < 2 take
at most 2.cgppr.n time together.

o |linlist'(z,min)| = 3. Now charge the cost of such a split to the nodes in
linlist'(z,in) by charging at most cgpp 7 time to each node. Then (if linlist(a)
is the ordered set before the execution of the considered SPLIT operation) the
following holds:

linlist(z)| + 2 > 2.|linlist!(xmin)|

since linlist!(x i) is the smallest of the two lists resulting from the split
and since before the splitting of the list at most two new nodes are inserted
in it. Therefore, every node that is in linlist(z,,) has become element of
a new set that is at most % times the size of the old set in which it was
contained before the split. Since initially there are sets that are of size at
most 1 and since the independent operations do not yield larger sets, this
can happen at most 4.[log ng] times for a node. Hence, each node is charged
to for at most 4.csprir.[log ng] time. Hence, all such executions of procedure
SPLIT for a collection of n nodes take at most 4.csprir.n.[logng] time (=
4.csprir-n.a(l,ne) time).

By the above case analysis, it follows that all Splits take at most cy.n.logng time

together. Moreover, it is easily seen that at any time the GSF(1) structure requires
at most 2n nodes.
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4.4.2 Complexity of GSF(7) for ¢ > 1

We consider the complexity of all Splits in GSF(7) with i > 1. We performn the
analysis by means of induction to i.

Suppose GSF(i — 1) takes at most c.om.a(: — 1,mg) time for all Splits starting from
a set with initial size my > 1 and with a total collection of m elements. We consider
the cost of all Splits for a total collection of n elements by means of GSF(z), where
ng is the size of the initial set of elements.

Consider procedure SPLIT({2',z),(y’,y),2). We divide this procedure into several
parts: some procedure calls within SPLIT((z', z), (v',¥),7) and the remainder. For
a procedure call we consider the net cost of the call, 1.e., the cost that is not charged
to another procedure. ‘

1. The (dependent) calls modi fy; and build; in SPLIT; (line 10-11)
2. The call splitcluster in SPLIT; (line 13-14)

3. The call countparts in SPLIT; (line 7)

4. The recursive call SPLIT;_, in SPLIT; (line 15).

5. The rest of procedure SPLIT;

We compute the cost of each part for all executions of SPLIT; together. However,
we first consider procedure SPLIT,; more carefully.

Observation 4.4.4 Let 1 < ho < a(i,no). Then at most ygzrg calls of SPLIT;
have h = hy and minweight > 16A(i, k) + 1 in line 7 and line 12.

Proof. Let ho be as above. Consider a call SPLIT((2',z), (v, ¥),?) that yields
h = ho and minweight > 16A(i, h) at line 7 and 12. Then apparently |lznlist’(z)| >
16A(3, h) + 1 and [linlist!(2eons)| = 16A(i, k) + 1.

The sets resulting from a Split operation are not larger than the original set on
which the operation is performed: for, a node 2’ (or y’) that is inserted, is inserted
as the predecessor of = (y) and hence it will not be part of the resulting set that
contains = (y). Obviously procedure modify; does not extend a set either. Since
the total collection of elements is n, since the only operations that change set sizes
are SPLIT and modi fy, and since both the sets resulting form such a call have size
at least 16A(z, h) + 1 this implies that there can be at most 57315 such calls. O
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1. The Calls modify; and build; in SPLIT;

Consider the two consecutive calls of procedures modify; and build; in procedure
SPLIT;. By observations 4.4.1 and 4.4.3, it follows that the time for the execution
of the calls is bounded by d.|linlist'(Tmin)| = d.(the number of processed elements)
for some constant d. We distinguish two cases.

e h = 1: then there are at most 32 elements that are processed and hence the
cost of the calls modify; and build; in this case is O(1). We will therefore
charge this O(1) cost to procedure SPLIT; itself (hence, it will be accounted
for in part 3).

e h > 1: we charge the cost of the calls modify; and build; to the processed
elements. Note that the processed elements will have new fathers that have a
lower highindez value than the old fathers. Moreover, an element never has a
new father with a higher highindex value. Therefore, the number of times that
an element can be charged to is bounded by the number of different highindez
values, which is at most a(7,n0) by using Observation 4.3.2. Hence, the total
cost of all the calls of modi fy; and build; for h > 1 is at most ¢;.n.a(i,n) for
some constant c;.

Hence, the total net cost of all calls modi fy; and build; is at most ¢;.n.a(,no)-

2. The Call splitcluster in SPLIT;

Consider a valueof k, 1 < h < a(z,n9). Procedure spliteluster is called in procedure
SPLIT; only if minweight = 16A(z, k) + 1. Hence, by Observation 4.4.4, procedure
splitcluster is called at most ﬁ:_{ni-T) times. The calls splitcluster(zi e, v, CL) and
splitcluster(yies, y, C;) can obviously be executed in at most c}.A(i, k) time to-
gether, since C; and Cy, have at most 16A(7, k) + 2 sons. (Or even 16A(3, k) +1 sons
by using Observation 4.3.1.)

This yields that the cost of all these calls of procedure splitcluster for fixed value h
is at most ¢;.n for some constant c;.

Since 1 < k < a(i,no), the total cost of all procedure calls splitcluster 1s at most
cz.n.a(z, ng).

3. The Call countparts in SPLIT;
In subsection 4.3.1, it was seen that the call

countparts(z, Teony, 16A(1, h), minweight, €,.in)
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takes at most cep.min{|linlist'(xmin)], 16A(2, h)} time. We consider two situations
for fixed value of h, 1 < h < a(i,n).

e minweight < 16A(z,h). Then the cost of the procedure call is
Cep-|linlist! (2 min)|. We charge this cost to the execution of procedure build;,
that is executed in this case too: this increases the cost of that procedure with
an additional factor only.

e minweight = 16 A(¢, h)+1. Then the cost of the procedure call is c.,. 16 A(z, ).
We charge this cost to the executions of procedure splitcluster, that is ex-
ecuted in this case too: this increases the cost of that procedure with an
additional factor only.

Therefore the net cost of procedure countparts is 0.

4. The Recursive Call SPLIT,_; in SPLIT;

The recursive calls SPLIT;_, are performed on cluster nodes. Therefore, we first con-
sider cluster nodes and the conditions for the execution of a recursive call SPLIT,_;.
Note that SPLIT;_, is called only if minweight > 16A(i,h) + 1 and hence there
are at least two cluster nodes in the tree that is operated on.

Observation 4.4.5 The operations on cluster nodes are:

1. the creation of a singleton set of exactly one new cluster node by procedure
build; (called in line 11 of SPLIT;), where the cluster node has the set name
as its father: such a node is called a trivial cluster node

2. the creation of a complete set of at least two new cluster nodes by procedure
build; (called in line 11 of SPLIT;): these nodes are called initial cluster nodes

3. the Splitting of a set of at least two cluster nodes by SPLIT;_; (called in line 15
of SPLIT;)

4. the creation of a new cluster node by procedure splitcluster (called in line 15-14
of SPLIT;): such a node is called an incremental cluster node

5. the disposal of a cluster node by procedure modi fy;
By Observation 4.4.5, it follows that for SPLIT;_; we only have to consider non-
trivial cluster nodes.

It is easily seen that for any cluster node ¢ the value highindez(c) is fixed. We
call a cluster node ¢ with highindex(c) = h an h-cluster node. Similarly, we say
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that a recursive call SPLIT((CL,C:),(CL,Cy),i — 1) is an h-call or an A-Split if
h = highindex(C;) (= highindez(C,)). We compute the cost of all h-calls for fixed
value h.

Let h be a fixed number satisfying 1 < h < a(i,n). We consider the cost of all
recursive h-calls SPLIT((CL, C:), (C},Cy)si — 1) -

Consider the operations on cluster nodes starting from some build; operation that
creates a set S of at least 2 h-cluster nodes. Then the size ko of such an initial
set S is at most 16A(i, h + 1). For such a set S of kg cluster nodes, the cost of
all SPLIT;_, operations on these nodes in GSF(i — 1) is at most c.k.a(i —1,ko) <
c.k.a(i —1,16A(:,h + 1)), where k is the total number of cluster nodes that are in
set § or that are created during the considered operations.

Hence, the total cost of all calls SPLIT;_; in GSF(i —1) on all these h-cluster nodes
is at most

c.(total number of nontrivial h-cluster nodes). a(i — 1,16A(z, h + 1)).

Note that an element can have only one initial h-cluster node as its father. For,
if the father of an element changes, then the new father is either an incremental
h-cluster node, a trivial h-cluster node, or a h — 1-cluster node. Moreover, note that
if n > 1 then there are at most 2'Tcﬁi,_hj initial h-cluster nodes, since initial h-custer
nodes are created in a set of a least two cluster nodes where each such cluster node
has at least 16A(i, h) sons, except for possibly the last one (cf. line 5-7 and 8-9
of procedure build). By Observation 4.4.4 it follows that there are at most ﬁ(ﬁj
calls of SPLIT; in which the condition in line 12 is true and hence there are at
most l—sfﬁm incremental nodes. Hence, there are at most 4n/(16A(z, h)) nontrivial
h-cluster nodes. Therefore, the total cost for all k-Splits is at most

e i —1,16A(i, /
-m-a(i—- y16A(1, b + 1))

< EC’T&?ET' (a(s = 1, A(6 — 1, A(i, b)) + 4)

4
= —C. —_
1 n+ an(i,h)
3
< Z.c.n

by using : > 1, Equation (2.1), Lemma 2.3.4 and h > 1 respectively.

Since there are a(i,n0) applicable values h of highindez to be considered, this yields

taha.t the total time complexity of all operations SPLIT:_, in GS F(i—1

- ) is at most
fen.a(ing).
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5. The Rest of Procedure SPLIT;

The execution of all statements together except those considered in the previous
parts require at most ¢}.(1 + k) time per call of SPLIT;, where h is the highindex
value during the call. (For, the computation of a value A(Z, h) takes O(h) time.)
Since there are at most n Splits and since highindexz(c) < a(i,ng), this takes at
most cs.n.a(t,ng) time altogether.

The Total Complexity.
Combining the parts yields that the total time is at most
3 .
(er + 2+ ZC + ¢5).n.a(, ng)

which is at most c.n.a(i,ng) if ¢ = maz{co,4.(c1 + 2 + ¢s)}. Hence, GSF(i) takes at
most c.n.a(i, no) time for all Splits together.

We now consider the space complexity of GSF(7) structures for ¢ > 1. Suppose that
any GSF(i — 1) structure for m elements has at most 4m nodes. Now consider a
GSF(i) structure for n clements. We prove that the space complexity is at most
4n. Consider the total number of cluster nodes that ever exist. In part 4, we have
already seen that the number of nontrivial h-cluster nodes for some h is at most
mf‘;’m. Therefore the total number of nontrivial cluster nodes is at most

a(i,n) n 1
5 <k,
= 4A(i,h) ~ 4

Since nontrivial cluster nodes are the elements of a GSF(: — 1) structure this yields
that there are at most 1.4.n nodes in the GSF(z — 1) structures for these cluster
nodes. At any time the number of trivial cluster nodes is at most n. Since each
trivial cluster node has only the set name as its father, the trivial cluster nodes give
rise to an extra amount of n nodes except for the set names. Finally, elements may
have not have a cluster node as their father, but the set name instead. Hence, all
elements together with their set names are at most 2n nodes. Hence, we have at
most 4n nodes in the structure.

Since GSF(1) has at most 2n nodes, it follows by induction that GSF(z) has at most
4n nodes for any 2.

4.4.3 Total Complexity of GSF(i) for i > 1

Note that an Extension Split on a set S may have two sets S; and S as result with
IS| = |S1], viz., if Sz is {z} or {z,3'} and if 2’ # nil (or with = and y reversed
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and y # nil). In that case, the only changes on the GSF(i) tree' for set S is ?he
replacement of & by «’. This takes O(1) time. If we separately c.gnslder.tlxese Splits,
together with Splits on sets of size at most 2, then we are left with splits on sets AOf
size at least 3 that yield two sets of smaller size. We call the latter splits essential
splits. By induction, it is easily verified, that there are at most 2np — 5 essential
Splits. Hence, if we consider essential splits in GSF(z) only, then we have at most
20 — 5 splits and at most 3ng elements in GSF(z). (All other splits take O(1) time
and can be performed “outside the scope” of GSF(1).)

By means of induction we have established the following result.

Lemma 4.4.6 The total time that is needed for all regular Splits in GSF(i) on a
universe of ng elements is O(ng.a(i,ng)) (i = 1, no > 2). The total time that
is needed for all Extension Splits in GSF(1) is O(n + no.a(i,no)), where n is the
resulting number of elements.

We use an Ackermann net for nger = no. By Lemma 2.4.3, the Ackermann net can
be computed in O(log ng) time and takes O(logng) space (together with a pointer
to node (min{i, ctaer + 1}, —1) of the net). (Note that when GSF(:) is used, in
this way all elements can be provided with a pointer to node (min{z, ager + 1}, —1)
in O(no) time. This pointer initialisation preceeds the initialisation described in
Subsection 4.3.2 (viz., the execution of procedure build).)

We have established the following theorem.

Theorem 4.4.7 For every i > 0, the GSF(i) structure is a data structure with
algorithms that can be implemented as a pointer/logn solution and that solves the
Generalized Split-Find problem. The total time that is needed for all regular Split
operations in a GSF(i) structure for a universe with no elements is O(ng.a(i,ng))
and the time needed for a Find operation is O(%), whereas the initialisation can be
performed in O(no) time and the entire structure takes O(ng) space (i > 1, ng > 2).
If Extension Splits are executed, then the total time that is needed for all Extension

Splits is O(n+no.a(i,n0)) and the structure takes O(n) space, where n is the resulting
number of elements.

4.5 Structures That Are Optimal on Pointer
Machines

By a?plying GSF(i) structures for appropriate values of i, we obtain a structure
that is optimal for pointer machines. This is expressed in the following theorems.
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Theorem 4.5.1 There exists a data structure and algorithms that solve the Gener-
alized Split-Find problem with the following properties: the total time needed for all
reqular Splits and m Finds is O(ng+m.a(ng.ne)), while cach Find takes O(a(ng, ng))
time, and where ng is the initial number of elements (ny > 2). The data structure
uses O(ng) space and can be initialised in O(ng) time. The data structure and al-
gorithms can be implemented as a pointer/logn solution. If Ertension Splits are
executed, then the total time needed for all Splits and m Finds is O(n + m.a(ng, ny))
and the space complerity is O(n), where n is the resulting number of elements.

Proof. Like Theorem 3.5.1. O

Theorem 4.5.2 There erists a data structure and algorithms that solve the Gen-
eralized Split-Find problem with the following properties: the total time needed for
all regular Splits and m Finds is O(ng + m.a(m,ne)), while the f™" Find takes
O(a(f,ng)) time, and where ny is the initial number of elements (ng = 2). The
data structure uses O(ng) space and can be initialised in O(ng) time. The data
structure and algorithms can be implemented as a pointer/logn solution. If Exten-
sion Splits are executed, then the the total time needed for all Splits and m Finds is
O(n+m.a(m,no)) and the space complerity is O(n), where n is the resulting number
of elements.

Proof. We make use of GSF(i) structures. All the set names are contained in a
list. (This implies that when a new set name is created, it is inserted in the list.)
The transformation of structures is performed similar as for Theorem 3.5.2, where
we have the following remarks. If Extension Splits are considered, then only the
set names for sets of size > 3 are in the list, the transformations are only applied
on the elements of sets of size at least 3, and ng (and not n) is considered in the
transformation condition. The procedure build,_, is used to initialise a new structure
GSF(i — 1): it is performed for each set that is present, with the same arguments as
in case of the initialisation, where a slight adaptation is performed: the creation of a
set name in line 3 is omitted, but the actual set name s of the set that is considered
is taken. ]

4.6 Extensions

4.6.1 The Multiple Split

In this section we consider the multiple Split operation. Let k be some fixed even
number, k > 2. Then the k-multiple Split operation Splits(t) is defined as follows:
t = (ei)1<ick is a sequence of I (I < k) distinct elements concatenated with k — 1
values co, where all elements are in the same set S, and where the elements ¢; occur
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in order in the sequence. The set S has to be split into two subsets S, and Sa,
defined as follows:

S, = {1‘ S S|3E0£ 21 < k—1 J"\Ez,’.'_-] _<_ T < 62{+2]}

and S is the remainder, where e, is taken to be co .

Obviously, this is a generalisation of the Split operation we have considered before.
The structures and algorithms we have presented can be adapted to be used for
this generalization. This is performed as follows. We denote the new structures by

GSFy(i).

As for k = 2, we consider an extended Split operation SPLIT,(#, t) where t' is the
sequence of new elements that are to be inserted and where ¢ may contain one of
these new elements too: for each existing element e; in ¢ = (¢;); the corresponding
e; of t' = (e!); is either a new element that has to be inserted as the predecessor of
e;, or it contains the value nil; for each ¢; with €; = co we have e} = nil; finally, for

a new element e;, we have ¢! = nil and el = e

Now the adaptations in the procedures for GSFi(1) are as follows. Firstly, procedure
splitlist is adapted in the obvious way to obtain the two new lists of elements.
This changes the time complexity by an additional term k. The remainder of the
procedures for GSF(1) is not changed.

The total complexity analysis does not change apart from the constants: obviously
set sizes never increase because of a Split. We consider splits that yield a smallest
set of size at most 2k and splits yielding sets of size more than 2k: in the latter
situation the smallest of the resulting lists has size that is at most 2 of the size of

the original set. In this way we obtain the same complexity (with a larger constant,
of course).

The adaptations in the procedures for GSFy(i) with i > 1 are as follows (apart from
some obvious adaptations). In procedure SPLIT the two calls of splitcluster are
replaced by other calls in the following way: the k elements are divided in consecutive
parts such that each part has the same father. Then, for each part all sons of the
father are split into two subparts, where one subpart has a newly created father f’
and the other subpart has the original father f. The subpart that contains the last
split element has the old father f as its father, the remainder has f’ as its father.

The recursive call is now performed on these fathers, where the new fathers are the
new cluster nodes. Moreover, if an old father f bad an even number of sons that
were split elements, then the new father f’ occurs as a predecessor of f in the split
sequence ¢ of SPLIT;_; too. Finally, the constants 16 that appear in equations 4.2,
4.3 and 4.4 and in the procedures are replaced by the constant 1642,

Now the complexity analysis is as follows. Firstly, the factor 16 in Observation 4.4.4
is replaced by 16k?. Obviously, the analysis of procedures build and modify does
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not change. On the other hand procedure splitcluster is called at most &k times
per SPLIT-call. However, by Observation 4.4.4 this still yields the same order of
complexity. Moreover, the charging of the cost of procedure countparts can be done
similarly. The cost of the recursive call is similar, apart from replacing 16 by 1642
in the analysis and apart from the fact that there are at most k incremental nodes
created per SPLIT; operation. Since all occurrences of constant 16 are replaced
by 16k? this yields that the total number of incremental nodes is at most TOR AT
Then the total cost can be bounded by the same result. Finally, the cost of the rest
of the procedure obvioulsy is O(k + k). This yields a time bound of ¢x.n.a(z,ng) for
GSF(z), where ¢ is a constant that is dependent of k. Hence, the theorems stated
in the previous sections also hold for the k-Split problem for some fixed k.

4.6.2 Additional Operations

For the Split operation, the conditions that if y 3 nil, then = and y must be in
the same set and z < y, must be satisfied to yield a (nontrivial) split. Therefore,
we have the operation ORDER(z,y) that outputs true if * < y and nil other-
wise. (Note that by means of this operation we can easily obtain the operation
SPLIT(min(z, y),max(z,y)).) Moreover, we also want to be able to perform the
operations PREV(z) and NEXT(z) for each element x that return its predecessor
and its successor in its set if these exist, and nil otherwise: these operations enable
us to test beforehand whether a split operation is useful or not. (For, if z is the first
element of its set and y = nil, then a split operation does not change anything.)

The operations ORDER, PREV and NEXT can easily be implemented as follows.
During the initialisation of a set, the elements in a set are number consecutively
starting from one. Moreover, in case Extension Splits are performed, a new node z’
that is inserted as the predecessor of z gets the same number as z. (This suffices,
since after the Split, these elements will be in different sets). Obviously, in this
way the ORDER between two elements in a set can easily be obtained in O(1) time
at any moment during the Split-Find problem. On the other hand, the operations
PREV and NEXT can easily be performed by means of the pointers le ft and right
in each element, that point to the predecessor and the successor element in that set.

Suppose we want that at any time the largest element of a set is the output of a
Find operation on an element of that set. Then this can be maintained as follows for
GSF (). Below we will denote by the name of the set the root of the tree in GSF(i),
like before. At any time, each node in the tree has a pointer to its its rightmost son
(i.e., according to the order of the sons). When a Split is performed, these pointers
can easily be maintained within the same order of complexity. Now, during a Find
the largest element of a set can be obtained from the set name in O(i) time by
following these pointers starting from the set name. Therefore, all previous time
bounds for the GSF(i) structures remain valid.
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4.7 Increasing the Number of Elements

For application in Chapter 8, we now consider structures that, besides the operations
Split and Find, allow the creation of a new set in the universe. In this way the
collection of elements can be augmented.

Theorem 4.7.1 The GSF(i) structure allows creations of new sets. The total time
that is needed for all Split operations in a GSF(i)-structure until a moment on which
there are n elements is O(n.a(i,n)), while the time needed for a Find operation is
O(i), and the entire structure takes O(n) space (i > 1, n > 2). The initialisation
can be performed in O(ninit) time, where ny,, s the initial number of elements.

Proof. The creation of a new set S in a structure GSF(#) requires a call of procedure
build on the elements of S, together with the augmentation of the Ackermann net
that is used. We can do this in a way similar to the proof of Theorem 3.6.1. m]

Theorem 4.7.2 There exists a structure that solves the Generalized Split-Find
Problem and that allows creations of new sets, such that the following holds. The
total time is O(n+m.a(m,n)), where n is the total number of elements and m is the
number of Finds. Moreover, the f** Find is performed in O(a(f,n;)) time, where
ny is the number of elements at the time of the f'* Find. The structure can be
implemented as a pointer/logn solution.

Proof. The strategy is similar to that in the proof of Theorem 3.6.2. o

4.8 Concluding Remarks

In this chapter, we have presented a collection of structures for the Generalized
Split-Find problem, that can be implemented on pointer machines, including struc-
tures that have time complexity that is optimal for pointer machines. All arithmetic
occurring in the algorithms can be perforimed by using additions, subtractions and
comparisons only. Like in Chapter 3, in practice there is no need to perform trans-
formations of structures like those occurring in Section 4.5: structures SF(2) and
SF(3) are suited for all practical situations.



Chapter 5

Lower Bounds for the Union-Find
and the Split-Find Problem on
Pointer Machines

5.1 Introduction

As we mentioned in the previous chapters, there are several Union-Find algorithms
that run on pointer machines in O(n + m.a(m,n)) time for n — 1 Unions and m
Finds, and that use a form of path compaction [31, 33]. In Chapter 3, we presented
a new algorithm without path compaction that runs on a pointer machine and that
has a worst-case time bound of O(a(f,n)) for the f** Find, within the bound of
O(n + m.a(m,n)) time for n — 1 Unions and m Finds on universes of n elements as
a whole. In this chapter, we consider the problem of obtaining lower bounds for the
Union-Find problem on pointer machines. We also consider lower bounds for the
Split-Find problem on pointer machines.

In 1979, Tarjan [32] proved a lower bound on the time complexity of Union-Find
programs on a pointer machine that satisfy the separation condition (defined in detail
below): such programs of n—1 Unions and m Finds take at least Q(m.a(m,n)) time,
if m = n. In 3, 33] the bound was extended to Q(n + m.a(m,n)) time for all n
and m. The proof of the bound relies heavily on the separation condition (cf. [32]),
which is the following property:

At any time during the computation, the contents of the memory of the
pointer machine can be partitioned into collections of records such that
each collection corresponds to a currently existing set, and no record in

one collection contains a pointer to a record in another collection.

As shown in [27], the separation condition can imply a loss of efficiency (see also

75
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Table 5.1). Hence, the lower bound of [32] is not general enough for pointer machines.
(Moreover, not all known Union-Find algorithms that run on a pointer machine
satisfy the separation condition: the algorithm in Chapter 3 does not satisfy it
because a list of all records with set names is used. However, since the list is not
used for Finds, the model in [32] can be liberalized such that the algorithm implies
a modified algorithm with the same time bound that does satisfy the condition.)

In this chapter, we prove a Q(n+m.c(m, n)) lower bound for the Union-Find problem
on a general pointer machine, without the separation condition. A consequence of
the lower bound is that the Union-Find algorithms given in [31, 33] and in Chapter 3
are optimal for pointer machines.

In [11] an algorithm for the Split-Find problem is presented that runs in O(n +
m.a(m,n)) time on a pointer machine, and in the previous chapter we presented an
algorithm for the generalized Split-Find problem with the same complexity. Until
now, no lower bound was known for the Split-Find problem on a pointer machine.

We prove a Q(n + m.a(m,n)) lower bound for the Split-Find problem on general
pointer machines too. A consequence of the lower bound is that the above Split-Find
algorithms are optimal for pointer machines.

Our proofs use inductive structures that are related to the inductive structures used
in the previous chapters. The lower bounds are proved for all possible sequences of
Unions (or Splits, respectively) that are in some class of “balanced” sequences of
Unions (or Splits) and that may be known in advance: each such sequence can be
intermixed with appropriate Finds to yield the lower bound. Some consequences are
that the special cases of the Union-Find problem that can be solved in linear time
on a RAM (cf. [13]) (viz., where the structure of the (arbitrary) Union sequence
is known in advance) do not have a linear solution on a pointer machine, and that
although the Split-Find problem can be solved in linear time on a RAM (cf. [13]),
this is not possible on a pointer machine.

Table 5.1: Complexity of Set Manipulation on Pointer Machines

Problem! General model Separation condition
UNION-FIND

worst case/instruction | O(loglogn) 71?2 | ©( r%’ﬁ,’s‘—") (4]
amortized O(n + m.a(m,n)) new | O(n + m.a(m,n)) [32]
SPLIT-FIND

worst case/instruction | O(loglogn) [27] | ©(logn) [27]
amortized O(n + m.a(m,n)) new | O(n + m.a(m,n)) new

1n is the number of elements and m is the number of Finds
2for special cases of the Union-Find problem
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Recently, in [10] a lower bound was proved for the Union-Find problem on the Cell
Probe Machine with word size log n, where n is the size of the universe. Our result
does not use any restrictions on the word size, but is only based on properties of
addressing by means of pointers instead. Some previous lower bounds for the Union-
Find and the Split-Find problem on pointer machines were given for the worst-case
time of the Union-Find problem on a pointer machine with the separation condi-
tion [4] and the worst-case time of the Split-Find problem [27]. Table 5.1 gives an
overview of the existing and new results for lower bounds on pointer machines. (The
upper bound for the Split-Find problem on pointer machines with the separation
condition is given in [24].)

As remarked by Tarjan in [32], for each individual Union-Find problem on n elements
there exists a dedicated pointer machine that solves the problem in linear time. (E.g.,
take a pointer machine with at most n pointers per node and link each element to
a central node and link the central node to each set name.) Therefore, it is not
possible to have a non-trivial general lower bound for all pointer machines with
a varying number of pointers per node. (Note that this observation holds for all
related problems too, including worst-case problems.) Tarjan conjectured that for
individual pointer machines the a-bound should hold. In this chapter, we prove that
this bound holds indeed. Moreover, we show that there is a uniform constant d that
holds for all pointer machines, such that a lower bound of d.(n + m.a(m,n)) steps
holds for all m and asymptotically for n. This implies that there is no “asymptotic
speed up” for the Union-Find problem if we increase the maximal number of pointers
per node in a pointer machine. Note that this is the strongest result that is possible.
The same observations can be made w.r.t. the Split-Find problem.

This chapter is organized as follows. In Section 5.2 the model of pointer machines
is considered. In Section 5.3 we define some notions w.r.t. Unions and we introduce
machines for which we prove lower bounds in Section 5.4. In Section 5.5 the actual
lower bound for the Union-Find problem is proved. In Section 5.6 the lower bound
for the Split-Find problem is proved.

5.2 Pointer Machine Model

The computational model we use is a liberal version of the pointer machine as
described in [32] (see also [20, 21, 30]). A pointer machine consists of a collection
of nodes. A pointer is the specification of some node (namely, of the node pointed
to). Each node contains c fields that each may contain one pointer or the value nil
(¢ > 1). (Note that in this chapter we make difference between a pointer and the
value nil.) The instructions that a pointer machine can execute are of the following
types:

e the creation of a new node with nil in all its fields,
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o a change of the contents of a field of a node.

We call a pointer machine with ¢ fields per node a ¢-pointer machine. A program is
a sequence of instructions to be executed by a pointer machine. (The instructions
given above are more liberal than those in [32] since we do not restrict the way of
addressing yet. The special way of addressing will be condensed in the definition
of the cost of the operation Find. Furthermore, we do not consider an output
instruction explicitly.)

A pointer machine can be regarded as a dynamic directed graph when a pointer to
node y in a field of some node z is represented by an edge (r,y). A path from node
z to node y is a sequence of nodes such that each node contains a pointer to its
successor in the sequence and the first and last node of the sequence are x and y,
respectively. The length of a path is the number of nodes in it, not counting its first
node. The distance from z to y is the minimum length of any path from z to y.

The Union-Find problem on a pointer machine can be formulated as follows (also cf.
[32] or [27, 31, 33]). Let U be a collection of nodes, called elements. Suppose U is
partitioned into a collection of sets, and suppose to each set a (possibly new) unique
node is related, called “set name”. This partition is called the initial partition. (For
the regular Union-Find problem the sets in the partition are singleton sets; however,
for convenience in our analysis, we allow other partitions too.) The problem is to
carry out a sequence of the following operations:

e Union(A,B): join the sets A and B (destroying the old sets A and B) and
relate a set name to the resulting set

e Find(z): return the name of the current set in which element z is contained.

The occurring set names must satisfy the condition that, at every moment, the
names of the existing sets are distinct. (Note that the name of the resulting set is
not prescribed by the Union operation.) Moreover, the operations are carried out
semi on-line, i.e., each operation must be completed before the next operation is
known, while the subsequence of Unions may be known in advance.

An ezecution of a sequence of Union and Find operations on a pointer machine con-
sists of a (so-called initial) contents of the pointer machine together with a sequence

of programs that carries out the Union-Find problem according to the following
rules:

1. initially, before the first operation is carried out, the contents of the pointer
machine, called the initial contents, reflects the initial partition of the universe:

i.e., for each element there exists a path to the (unique) name of the set in
which it is contained.
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2. each Union is carried out by executing a Union program, which halts having
modified the contents of the pointer machine to reflect the Union (where some
node is indicated as the name of the resulting set) and, hence, to reflect the
new partition of the universe.

3. each Find is carried out by executing a Find program, which halts having
identified the name of the set containing the considered element while the
pointer machine still reflects the (unchanged) partition of the universe.

4. for each Union or Find operation in the sequence, the corresponding program
is not executed until the program of its predecessor operation has halted.

Che cost of an execution of a sequence of Union and Find operations is the cost of
he Union and Find operations, which are defined as follows:

e the cost of a Union is the number of pointer addings, i.e., changes in fields that
change the contents of a field (whatever the contents was) into some pointer
(hence, not nil).

e the cost of Find(z) is the length of the shortest path from z to its set name at
the start of the Find together with the number of pointer addings performed
during the Find.

Chen the number of (pointer machine) steps performed during the execution of a
Jnion-Find problem certainly is at least the cost of that execution as we defined it,
vith a minimum of one step per operation. (We will use the notion of steps only in
some final theorems.) Note that in our complexity measure (viz, cost and number
>f steps) we do not account for any change of the contents of a field to nal.

5.3 Turn Sequences and GU(i,c,p) Machines

[n this section and in the next, we only consider the Union operation and a related
>peration. Consider a universe V. Let US be a sequence of Unions on V' starting
rom partition P and resulting in partition P’. We represent each Union by the pair
‘A, B) of the two sets A and B that are joined by it. Henceforth we use the sequence
"(Ak, Bi))x so obtained to denote the Union sequence US. US is called complete if
P consists of singleton sets and P’ = {V'}.

Suppose universe V has 2% elements (for some integer z). Let P be a partition
>f V into sets of size 2° (for some integer a). A Union Turn or 0-Turn T with
initial partition P is a collection of pairs (A, B) of sets A, B € P such that each
set in partition P occurs exactly once as a component in the collection of pairs.
(The Union Turn actually denotes the joining of the sets in the pairs.) Partition
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P’ = {AU B|(A,B) € T} is called the result partition of T' (consisting of sets of
size 2°+1). A 0-Turn sequence TS = (T); is a sequence of 0-Turns T; such that the
result partition of any 0-Turn is the initial partition of the next 0-Turn (if any) in
the sequence.

Now consider some subuniverse U C V and some «, 0 < a < 3, with |[U] >
(1 = @).|V|. Consider a 0-Turn T on V. Then the restriction of T to U is given by

Ty = {(ANU,BNU)|(A, B) € T).

We call T|y an a-Turn or just a Turn. The initial partition of T|y consists of
all non-empty sets occurring in the Turn and the result partition is the collection
{AUB|(A,B)e TluA AUB # 0}. We say that the sets in such a partition of U
have a-size 2% if the sets in the corresponding partition of V' have size 29. (Note
that the actual universe V 2 U does not need to be known explicitly: a follows
directly and uniquely from the partition of U, since, by 0 < a < 3, the partition
consists of sets of size < 2% of which at least one must have size > 29-!.) Now
consider a 0-Turn sequence T'S = (T}); on V. Then the sequence T'S|y := (T:|us )
is called an a-Turn Sequence on universe U. The initial partition of the sequence is
the initial partition of its first Turn and the result partition of the sequence is the
result partition of its last Turn. Note that both the universe U, the initial partition
and the final partition are completely determined by the o-Turn sequence. A 0-Turn

sequence is called complete if the initial partition consists of singleton sets and the
result partition consists of one set.

The operation o-Turn T is given by: for each pair (4,B) € T (A # 0V B # 0), join
the sets A and B (destroying the old sets A and B if both A and B are nonempty)
and relate some set name to the resulting set AU B. (Note that ife.g. A#0 = B
then set A remains unchanged, but it may get a new name.) The names of the
resulting sets have to be distinct.

We now consider the actual erecutions of sequences as described above. An eze-
cution of a Union sequence US is defined as an execution of a sequence of Union
and Find operations (as defined in Section 5.2) consisting of the Union sequence U S
only, where the non-occurrence of the Find operations may be known in advance
(and, hence, because of the semi on-line condition, the entire Union sequence may be
known in advance). An ezecution of an o-Turn Sequence on a pointer machine con-
sists of a (so-called initial) contents of the pointer machine together with a sequence
of executions of a-Turn operations according to the following rules:

1. initially, before the first operation is carried out, the contents of the pointer
machine (called the initial contents) reflects the initial partition of the universe:
i.e., to each nonempty set some (unique) set name is related and for each
element there exists a path to the name of the set in which it is contained.
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2. each a-Turn is carried out by executing a program. which halts having modified
the contents of the pointer machine to reflect the a-Turn and, hience, to reflect
the new partition of the universe.

3. for each operation in the sequence, the corresponding prograin is not executed
until the program of its predecessor operation has halted.

The above executions are called UF(z, ¢)-erecutions if the executions are performed
on a e-pointer machine and if initially (i.e., when the pointer machine reflects the
initial partition) and at the end of each operation (i.e., when the pointer machine
reflects the partition resulting from the operation) each element has distance at most
i to its set name.

Let TS be a 0-Turn sequence. Then a Union sequence obtained from TS by re-
placing each Turn by a sequence of its pairs is called an implementation of TS. A
Union sequence is called balanced if it is an implementation of a complete 0-Turn
sequence. A Union sequence on a universe U of n elements is called sub-balanced if
it is a complete Union sequence on U that cousists of a balanced Union sequence on
some subuniverse V C U with |V| > in that is intermixed with additional Unious.
Obviously, for any universe there exists a sub-balanced Union sequence on it.

Lemma 5.3.1 Let T'S be a complete 0-Turn sequence. Let US be a Union sequence
that is an implementation of TS. Let E be a UF(1,c)-erecution of US. Then there
erists a UF(i,c)-execution of TS with cost that is at most the cost of E.

Proof. The UF(z, ¢)-execution E is a valid execution of T'S if all instructions in E
for the Unions corresponding to one Turn are executed consecutively as one program.
a

Definition 5.3.2 Let ¢ > 1 and 1 < ¢ < p. A GU(l,c,p) machine G (Generic
Union machine) is a pointer machine that is used for the erecution of an «-Turn
sequence and for which the following constraints and modifications hold:

1. at any moment the collection of nodes in G is partitioned into i + 1 disjoint
sets, called layers. The layers are numbered from 0 to i. Every node remains
in the same layer.

2. at any moment set names are in layer 0 and elements are in layer 1.
3. nodes in layer i have p fields and all other nodes have c fields.

4. a field of a node in layer j (0 < j < i) contains either the value nil or a pointer
to a node in layer j — 1 (if j > 1).
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Lemma 5.3.3 Let TS be a 0-Turn sequence on a universe U of n elements (n is
a power of twe). Let E be a UF(i,c)-execution of TS and let C be the cost of E.
Then there exists an evecution EE of TS on a GU(i,c+1,¢+ 1)-machine GG such
that initially in GG, when GG reflects the initial partition of TS, there are at most
2.(c+1)'.n fields that contain a pointer, and such that EE has cost that is at most
2.i.(c+1)~1.C if 1 > 2 and at most C ifi = 1.

Proof. Let G be a c-pointer machine G on which execution E is performed. Let
the c fields of a node be numbered from 1 to ¢. We first derive an execution EE’
on a GU(4,¢c + 1,¢ + 1) machine GG’ from E. Every node z in G has for each j
(0 £ 5 £1) a (fixed) representative node z; in layer j of GG’ and each node in GG’
is a representative of one node in G. Let the fields of a node in GG’ be numbered

from 0 to ¢. Then execution EE’ is obtained from E by maintaining the following
relations:

e for each node z in G the representative z; in GG’ with 1 < j < ¢ contains a
pointer to the representative z;_; in its 0" field;

e if in G node x contains a pointer to node y in its a'” field (1 < a < ¢), then in
GG’ node z; (1 < j <1i) contains a pointer to y,;_; in its a** field;

e all other fields in GG’ contain nil.

The elements in GG’ are the representatives e; of the elements e in G (i.e., these
nodes e and e; are identified with each other). The set names in GG’ are the
representatives zo of nodes z that occur as set names in GG'.

We describe how to obtain an execution EE on GG. FEach node z’ in GG’ has
at most one representative node z in GG and conversely, each node in GG is the
representative of precisely one node in GG’. Moreover, node z in GG is in the same

layer as its original z’ in GG’. Then execution EE is obtained from EE’ by the
following rules:

e the initial contents of GG consists of those nodes z for which node z’ in the
initial contents of GG’ is reachable from some element in GG’ (i.e., there exists
a path in GG’ from some element to z‘).

e at the end of each operation GG contains all nodes z that either existed in GG
at the start of that operation or of which the (possibly just created) original

z’in GG’ is reachable from some element in GG’ at the end of that operation
in EE’.

e initially and at the end of each operation the contents of the fields satisfy: if
in GG’ the a** field of node 2’ contains a pointer to node y’, then in GG the

a** field of node z (if present) contains a pointer to node y (if present) and it
contains nil otherwise.
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Note that a node in GG’ can only become reachable from some element in GG’ if
some pointer adding occurs in a field in G. Each field in G corresponds to at most 2
fields outside layer 0 in GG. Each pointer added in such a field points to a node in
a layer j with 0 < j < i. Moreover, a node in layer j: 0 < j <1 of GG' has at most
Zi:j(" + 1P *F <2 (c+ 1P =1 < 2(c+ 1% ~ 1 nodes outside layer 0 of GG
that are reachable from it. Therefore it follows that any pointer adding in G can
certainly be performed within a factor 1.(1+ (¢ +1).(2.(c+ 1) = 1)) < 2. (c+1)"!
of cost if i > 2. (For, any node that becomes reachable has ¢ + 1 fields that may
contain a pointer (at a cost of 1 per pointer) except for the nodes in layer 0 that
contain nil in their fields only (having cost 0).) For 2 = 1 we obtain factor 1, since
a layer j with 0 < j < 1 does not exist.

Finally it is easily seen that initially in GG there are at most 2.(¢ + 1)'.n fields that
do not contain nil (and even (¢ + 1).n for i = 1). 0o

5.4 Lower Bounds on GU(i,c,p) Machines

In this section we will prove lower bounds for GU(7, ¢, p) machines.

Lemma 5.4.1 Let G be a GU(1,¢,p) machine. Let TS be an a-Turn sequence for
some a, 0 < o < %, and let n be the number of elements. Suppose the initial
partition consists of sets of a-size 2% and the result partition consists of sets of a-
size 291, Suppose q, — qg = 4p. Let E be an execution of TS on G. Then at least
%.n.(q1 — qo) pointer addings occur in E.

Proof. Let U be the universe of elements of T'S. By the definition of a-Turn
sequence, there exists a universe V 2 U and a 0-Turn sequence TSO on V such
that TS = TSO|y and n > (1 — «).|V| . Let integer v be given by |V| = 2. Hence,
n>(l-a)2¥.

We define a so-called matching sequence of an execution of T'S or T'SO as follows.
Let TT denote TS or TSO. Let EE be an execution of TT on G. Firstly, for a
Turn T in TT a matching sequence for T w.r.t. EE is a sequence that contains all
the pairs (e,s) of elements e and set names s such that s is the set name for e at
the end of the program for T in EE. A matching sequence of EE is a sequence of
pairs obtained by replacing each Turn in TT by a matching sequence for that Turn
w.r.t. EE.

Consider an execution EE of TSO on G. Let M be a matching sequence of EE.
Then it obviously consists of (g — go).2" pairs. For some node s that occurs as a set
name in M, consider the last time that s is the name of a set in M. Let A be this
set and let T4 be the 0-Turn that yields set A. Suppose A has 2° elements. Then
the matching sequence for Ty occurring in M contains 2¢ different pairs with s as
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set name. For all 0-Turns preceding T4 at most one set per 0-Turn has s as its set
name. Therefore, at most 1 +2+2%2+... 42271 = 2% — 1 pairs in M contain s as set
name before the matching sequence for T4 occurs in M. (These pairs may contain
elements of A.) Therefore at least half of the pairs in M that contain s as set name
are distinct. Hence the number of distinct pairs of elements and set names in M is
at least 1.(q1 — qo)-2".

Hence, any matching sequence of an execution of T'SO contains at least

1 -
5-(a1 = q0).2" (5.1)
2

different pairs.

Consider the execution E of T'S. Let M be a matching sequence for E. Note
that E can be augmented to be an execution of T'SO by performing at most
(¢1 — go)-(2° — n) pointer addings in the 2" — n elements of V\U during the Turns.
Then M appropriately intermixed with (g1 — go).(2” — n) pairs for the elements in
V\U is a matching sequence of the resulting execution of TSO. By (5.1) this gives
that there must be at least 3.(g1 — go).(2n — 2¥) different pairs in M.

Note that each pair (z,s) in matching sequence M corresponds to a pointer to set
name s in some field of node z. Since initially every element in G has at most p
pointers, it follows that the total amount of pointer addings in E is at least

1
5(% -2°)(q1 — ) —n.p
> (20— ——n)(
Z plen— gy mia ) — n.p

1 4
2 320 = (za+1)n)(q = ) — n.p

1 2
(5 - §‘1}-“-((}1 — Qo) — N.p

(7~ 2e)n(a1 = 90)

\%

1
> —.n. — .
2 (o - )
by using n > (1 —«).2, 0 <o < § and 4p < g1 — go. =]

Corollary 5.4.2 Let G be a GU(1,¢c,p) machine. Let TS be a complete 0-Turn
sequence on n elements (n is a power of two). Suppose 4p < a(l,n). Let E be an
ezecution of TS on G. Then at least 5.n.a(1,n) pointer addings occur in E.

We introduce some notions. An execution of an a-Turn sequence T'S on a GU(4, ¢, p)
machine is called conservative if the program for each Turn is minimal w.r.t. changes
of contents of fields: i.e., the omission of one field change in the program for the
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Turn would yield that at the end of the Turn there would be no path from some
element to its (new) set name. As a consequence, changes of the contents of fields
from a pointer to nil do not occur in a conservative execution: all field changes are
pointer addings.

Obviously, for each execution E of an a-Turn sequence TS on a GU(7, ¢, p)-machine
G there exists a conservative execution E’ of TS on G with cost not exceeding the
cost of E and that starts with the same initial contents of G. This is seen as follows:

e the initial contents for E' equals that for E,
e all creations of nodes performed by E are also performed by E',

e the program for a Turn in E’ may (only) change the contents of a field into
the contents that the field has at the end of the program for that Turn in E,

s the program for a Turn in E' is minimal w.r.t. changes of contents of fields:
i.e., the omission of one field change in the program would yield that at the
end of the Turn some element would not have a path to its (new) set name in

G.

Obviocusly, E’ is conservative and the cost of E' does not exceed the cost of E.
Therefore it suffices to consider conservative executions only.

We need the following claim.

Claim 5.4.3 Let G be a GU(i.c,p) machine. Let TS be an o-Turn sequence. Sup-
pose the initial partition of TS consists of sets of a-size 2°. Let E be a conservative
execution of TS on G. Suppose that in the initial contents of G for E at most F
fields contain the same pointer. Then at the moment in E that G reflects a partition
that consists of sets of a-size 2°, at most F+2.¢'712% fields contain the same pointer.

Proof. The bound trivially holds for @ = b. Moreover, no fields contain pointers to
nodes in layer i. Hence we only need to consider pointers to nodes outside layer .
Suppose the bound holds for some b with b > a. Then initially (if b = a) or after
the execution of the Turn that yields sets of a-size 20 (if b > a) at most F + ¢'~12b+!
fields contain the same pointer in G. Consider G at the end of the execution of the
Turn yielding sets of a-size 26+, Colour all fields with new pointers arisen from this
Turn red. For any node z outside layer 1 there are at most ¢'~! set names that are
reachable from node z, say that the collection of these set names is §(x). Moreover,
since the Turn sequence is executed conservatively, for every red field with a pointer
to z there exists some element e for which all paths from e to its (unique) set name
in §(z) use that red field. (Consequently, for distinct red fields with a pointer to z
such elements are distinct.) Since the sets arising from the Turn have size at most
2541 there are at most 28+ - ¢~! red fields with a pointer to x. Hence, at most
F 4 =125+ 4 2b+1) < F 4 ¢=125+2 fields contain a pointer to z. w]
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Lemma 5.4.4 Let G be a GU(i,c,p) machine for some 1 > 1. Let TS be an a-
Turn sequence TS forsomea, 0 < a < 2-G+1) | qnd let n be the number of elements.
Suppose the initial partition of TS consists of sets of a-size A(Z, qo) and the resulting
partition of TS consists of sets of a-size A(i,q). Let E be an execution of TS on G,
where in the initial contents of G at most A(i, qo+1) fields contain the same pointer.
Suppose ¢~ - p < A(i, @), @ = 4 and ¢, — go > 4. Then at least 127*.n.(¢1 — qo)
pointer addings occur in E.

Proof. We prove the lemma by induction. Let i > 2. Suppose that if i —1 > 2
then the lemma holds for z — 1. We prove that the lemma holds for i.

W.l.o.g. E is conservative. Let U be the universe of the elements in T'S. There
exists a universe V' 2 U with |V| = 2 and a 0-Turn sequence TSO on V such that
TS =TSOy and n 2 (1 —a)2". We split T'S into consecutive subsequences TSP,
TSrest and TS, (0 <k < [ﬂ;%l'—lj — 1) such that TS = TS*e, (T Sk )x, T SP*** and
for each k, the initial partition of TSy consists of sets of a-size A(2, go+ 3k +1) and
the result partition consists of sets of a-size A(7, o + 3k + 4). (The subsequence
TSPt may be empty.) Let T'SO be split into subsequences TSOP™, T SOP°** and
T SOy, such that TSO|y = TSk. (Obviously TSy is an o-Turn sequence that is the
restriction of T'SOy, to U.)

Consider execution E. Let C; be the contents of G at the start of the execution of
T'Sx. Then Cj represents the partition in sets of a-size A(i,qo+ 3k + 1). Since E is

conservative, it follows by Claim 5.4.3 that in Ci the number of fields that contain
the same pointer is at most

Allyo+1)+2-¢"1 - A(i,qo + 3k + 1) (5.2)
< A(i,go+3k+1)-(1+2A(i,q)) (5.3)
< (A(3,q0+3k+1))? (5.4)
< A, go + 3k + 2) (5.5)

since initially in G at most A(z,¢o + 1) fields contain the same pointer and since
¢t < ¢p < A(i, o), 1 2 2 and go 2 4.

By Claim 5.4.5 (given below) it follows that at least ;-i—n pointer addings occur
in E for the execution of T'Sy. Hence, by ¢1 — go > 4 at least

@1 —q—1 1 1 ¢a—q 1
(om—n) > —. 2> — (a1 — o).
Tl Gpm M 2 smm g 2 (e —w)n

pointer addings occur during execution E of T'S.

We are left with the task to prove Claim 5.4.5.

Claim 5.4.5 Let 0 < k < [#=0=1] — 1. Let A be an execution of TSy on G.
Suppose that initially in G (when the partition in sets of a-size A(z,qo + 3k + 1)

is reflected) at most A%, qo + 3k + 1))* < A(i, qo + 3k + 2) fields contain the same
pointer. Then A contains at least z_l;‘_ln pointer addings.
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Proof. W.l.o.g. A is conservative. (Note that every change in a field of an element

is a pointer adding now.) Suppose A contains less than ;= n pointer addings. Let

U’ be the collection of elements of which the contents of the fields are not changed.
Then U’ satisfies

n' = |U|> (1 - -2-—-1——jn >(1-

v o__ — ’ v
T3 1.2V = (1 - 4a').2 (5.6)

s~ o
for some o’ with 0 < o’ < 27%. Let T'S} be given by TS, = TSOy|y.. Then TS}
is an «'-Turn sequence on universe U’, its initial partition consists of sets of o'-size
A(?,q0 + 3k + 1) and its result partition consists of sets of o'-size A(i, qo + 3k + 4).

We construct an execution A’ of T'S;, on a GU(: — 1, ¢, ¢p) machine G’ by means of
execution A of T' Sy as follows,

For each node y at layer i — 1 or i of G, we denote by px(y) the contents of the k*
field of y. (Note that 1 < k < cfor layer i —1 and 1 < & < p for layer 7.) For
each node y at layer i — 1 of G, we denote by pi(y) the contents of the A™* field of
y (1 € k < ¢p). Then execution A’ is obtained from A by maintaining the following
relations:

e the contents of G’ is identical to the contents of G with respect to layers 0 to
i— 2: i.e., the collection of nodes in these layers are identical and the fields of
these nodes contain pointers to the same nodes (if any),

e layer ¢ — 1 of G’ consists of the elements of U’ only; these elements have cp
pointer fields,

o for an element e € U’ in G’, the contents of its fields p)(e) in G’ (1 < h < ¢p)
are given by

pEI—l]c+k(e) = pk(pf(e)) (1 S l S By 1 S k S CJ

which is nil if pj(e) = nil (and which is the contents of the k'* field of the
node pointed at by p(e) otherwise).

It is easily seen that initially and at the end of each Turn there is a path from an
element e € U’ to its set name s in G iff there is a path from e to s in G'. Therecfore
A’ is an execution on G’ of the a'-Turn sequence T'S; on U’.

By the condition given in the claim we have that initially in G (when G reflect the
initial partition in sets of a-size A(i,qo + 3k + 1)) at most (A(Z, g0 + 3k + 1))? <
A(i,qo + 3k + 2) fields contain the same pointer. Since the contents of the fields of
the elements in U’ are not changed by A in G, this gives that execution A’ on G’
contains at most

A(i,qo+3k+2)- P (5.7)
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pointer addings if P is the number of pointer addings performed in 4. Moreover, it
follows that initially at most

(A(i,qo + 3k +1))* (5.8)
fields in G’ contain the same pointer.

We show that the number of pointer addings in A’ is at least 3.1270=V 5 4(i, ¢, +
3k + 2).

Let r and y be given by # = A(i,qo+ 3k) and y = A(7, go + 3k + 3). Hence, by (2.1)
and i > 2

A(i-1,7) = A(i,go+3k+1) (5.9)
Ali-1,y) = A(i,qo+3k+4). (5.10)
Note that by go > 4 and ¢ > 2 we have
r = Ali,go+3k)> g >4 (5.11)
y—z = Ali,g+3k+3)— A(l,qo+3k) 2 A(i,qo + 3k +2) > 4. (5.12)

Now we have that A’ is an execution of the a’-Turn sequence T'Sj, on the GU(i —
1,¢, cp) machine G’ with 0 < o’ < 2%, and that the initial partition of TS, consists of
sets of o'-size A(i—1,z) and the result partition consists of sets of o/-size A(i—1,y).
We show that for 1 =1 = 1 and ¢ — 1 > 2 the additional constraints for using
Lemma 5.4.1 or the induction hypothesis on A’ are satisfied.

e  — 12> 2. Then by (5.8) we have that initially in G’ at most.
(Al1,qo+3k+ 1)) = (A - L a))' < A(f = 1,2 + 1) (5.13)

fields contain the same pointer by using (5.9) and A(i — 1,2 + 1) = A(i —
2,A( = 1,2)) = A(1,A(Z — 1,2)) = 246=19) > (A(i — 1,2))* where the last
inequality follows with A(i — 1,2) > = > A(i,¢) > A(3,4) > 100 (by (5.11)
and 1 — 1 > 2),

Note that since 1 < ¢*~'-p < A(1,g0) < A(3—1, z) holds (viz., by the conditions
of Lemma 5.4.4) we have
1< (ep) S A1 —1,7) (5.14)
and that by (5.12) and (5.11) we have
y—x 24Nz >4 (5.15)

By (5.13), (5.14) and (5.15), the induction hypothesis for i — 1 yields that
there occur at least

12761 ' (y — 2) > FI5T 12‘ —.n.A(4, go + 3k + 2)

pointer addings in A’ by using (5.6) and (5.12).
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e ¢ —1 = 1. Unequality (5.12) and the conditions in Lemma 5.4.4 give y — 2 >
Al qo+ 3k +2) > 4.A(i, o) > 4 - cp. Hence

y—a > dep (5.16)

By (5.16) and Lemma 5.4.1 it follows that there occur at least

1, 1
2oy —z) >
W) 2 33

pointer addings in A’ by using (5.6) and (5.12).

1 .
E‘n.A(z,qn+ 3k +2)

By the above case analysis it follows that at least 11270~ .n. A(i, g + 3k + 2)
pointer addings occur in A’. By (5.7) it follows that there are at least 3.127(=1.n
pointer addings in A. Contradiction with the assumption that there are less than
%.12‘“'”.7@ pointer addings. This proves Claim 5.4.5. m]

This concludes the proof of Lemma 5.4.4. m]
Lemma 5.4.4 yields the following result.

Corollary 5.4.6 Let G be a GU(i,c,c) machine for some ¢ > 1. Let TS be a
complete 0-Turn sequence and let n be the number of elements. Suppose ¢ <
Alz, L%,a(z',n)_] — 1) and a(i,n) = 10. Let E be an execution of TS on G, where ini-
tially in G at most ¢! fields contain the same pointer. Then at least %A12““.n.a(i, )
pointer addings occur in E.

Proof. W.lo.g. E is conservative. Let qo = |}.a(?,n)] —1and ¢ = a(i,n)—1. Then
at the moment that that G reflects the partition with sets of a-size A(i,qo) = 2°
(for some b), it follows by Claim 5.4.3 that in G at most

¢4 2.671.2° < A(i, o). (1 + 2.A(4,90)) < A(i, g0 + 1)

fields contain the same pointer (by using ¢ > 1 and go = 4). By Lemma 5.4.4 it
follows that at least }.127".n.a(¢,n) pointer addings occur in the part of execution
E that corresponds to the subsequence of T'S with the initial partition consisting of
sets of size A(1, go) and resulting partition consisting of sets of size A(7,¢;). Thus

the cost of E is at least 1.127".n.a(i,n). m
5.5 A General Lower Bound for the Union-Find
Problem

Lemma 5.5.1 Leti>1,c> 1. Let E be a UF(i,c)-execution of a complete 0-Turn
sequence T'S on n elements (n is a power of two).
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Then E costs at least W.n.a(é, n) — [c-i— 1).n pointer aa’ding.s; ifi1 > 2,
a(z,n) > 10 and A(1, [3a(i,n)] — 1) > (c+ 1), and it costs at least 5.n.a(l,n)
pointer addings if i =1 and a(i,n) > 4(c + 1).

Proof. Let C be the cost of E. From Lemma 5.3.3 it follows that there cxislts an
execution B’ of T'S on a GU (%, c+1, c+1) machine G with cost at most 2.4.(c+1)"L.C
if ¢ > 1 and with cost at most C if = 1, while initially at most 2.(c+1)'.n fields in
G contain a pointer.

e For ¢+ = 1 Corollary 5.4.2 gives that the cost of execution E’ is at least

35-n.a(1,n). Hence, C > 75-n.a(1,n).

e For i > 1 we change execution E' into execution E” as follows. Consider the

initial contents of G for E’. Colour a minimal collection of fields red such
that for each element in G there is a path to its set name using pointers in
red fields only: i.e., if some red field would not be red, then there would be
some element that would not have a path to its set name via red fields only
any more. Colour all other fields that contain a pointer blue. Now the (new)
initial contents of G for E” equals that for E’ except that all fields that are not
red contain nil. Furthermore, execution E” consists of first adding all pointers
in blue fields (at the beginning of the execution of the first operation) followed
by E’.
Hence, the cost of E” is at most 2.i.(c + 1)~1.C + 2.(¢ + 1)'.n. Moreover,
initially in G at most (c+1)~! fields contain the same pointer, since every set
consists of one element and since the number of red fields is minimal (also cf.
the proof of Claim 5.4.3). By Corollary 5.4.6 it follows that the cost of E" is
at least 1.127".n.a(i,n), which establishes the result for C.

This concludes the proof of Lemma 5.5.1. m]

Lemma5.5.2 Leti>1,c>1andn > 1. Letn and c satisfy a(n,n) > ale,c)+1.
Let US be a sub-balanced Union sequence on a universe of n elements. Then every

UF(i, c)-ezecution of US with 1 < i < a(n,n) — 3 costs at least n.a(i+ 1,n) pointer
addings.

Proof. Consider a UF(i,c)-execution E of US. Let E have cost C. Since US is
sub-balanced, US consists of a balanced Union sequence US’ on a subuniverse of
2" > 1n elements that is intermixed with additional Unions. We modify execution
E into execution E’ for US’ as follows. For each Union Un in US’ let Pre(Un)
be the longest subsequence of US that ends with Un and that does not contain
Unions of US' except for Un. Then a program for a Union Un in US’ consists of
the sequence of instructions in E for the Unions in Pre(Un). In this way we obtain
execution E’ that obviously is a UF (¢, c)-execution of US’ with cost at most C.
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Let TS’ be the 0-Turn sequence of which US’ is an implementation. Then by
Lemma 5.3.1 there exists a UF(i, ¢)-execution E” of TS’ with cost at most C. We
show that the cost of E” is at least n.a(? + 1,n). First we show that E” satisfies the
conditions of Lemma 5.5.1. Note that by Lemma 2.3.13 we have

a(i,n) > 81204 (e4+ 1) (2a(i + 1,n) + e+ 1). (5.17)
e For i = 1 we have by (5.17) e(1,n) > 8.12.(2a(2,n) +c+ 1) = 4(c+1) +1
and hence by n’ > %n we have a(l,n') = a(l,n) — 1 = 4(c + 1).

o If : > 2 then we have (by n' > in aud by (5.17))

A, [%a(i,n’)] —1) > Al [%a(f:‘nu —9)

> A(4,4.120.(c+ 1) (2e(i+ 1,n) +c+ 1) —2) > A, (c+ 1)) 2> (e + 1)

and a(i,n') > 3a(i,n) 2 4120 (c+ 1) (2a(i + 1,n) + ¢+ 1) = 10.
Hence by Lemma 5.5.1 the cost of E” is at least
1
E.n'.a(l,n'}
if ¢ = 1 and at least

1 - ’
m*;—l)ﬁ'—_l-ﬂ’-a(a,n )= (c+1)n

if i > 1. By using a(i,n’) 2 %a(i,n), n' > In and (5.17) this is at least n.a(i +1,n).

This concludes the proof of Lemma 5.5.2. O
Theorem 5.5.3 There exists a constant d > 0 such that:

For any c-pointer machine, for any integer f and for any sub-balanced
Union sequence on a universe of n elements there exists a Union-Find
problem consisting of the Union sequence intermired with f Find opera-
tions whose execution by the c-pointer machine has a cost that is at least
d.f.e(f,n) if a(n,n) > ale,c) + 1.

Proof. Let n and ¢ satisfy the constraints given above. Consider some sub-balanced
Union sequence US on n elements. Let

i = maz{j|[f < @hlﬁjﬁa(n,ra)-—Z]vj:l}. (5.18)

We construct a Union-Find problem that contains US as the subsequence of Unions
and that costs at least f.i and we show that i > }.a(f,n). We distinguish two cases.
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e { = 1. Then at any moment after the first Union, at least one element cannot
equal its set name and hence any f Finds performed on such elements cost at
least f together.

t > 1. We construct a Union-Find problem semi on-line, starting from the
(known) sequence US of Union operations and intermix it with Finds. If at
some moment when some partition is reflected (i.e., initially or at the end of
some operation) there is an element that has distance > ¢ to its set name, and
if less than f Finds have been performed thus far, then perform a Find on that
element. Otherwise perform the next Union or stop if a next Union does not
exist. Let E be the execution of the Unions and Finds obtained in this way.

We distinguish 2 cases.

— At least f Finds have been performed. Then obviously these Finds have

cost at least > f.i.

Less than f Finds have been performed. We change E into an execution
E’ of Union sequence US as follows. The initial contents of the pointer
machine for execution E’ is the contents for E at the beginning of the
first Union. All Finds occurring before the first Union are ignored w.r.t.
E'. (These Finds are condensed in the new initial contents of the pointer
machine.) Furthermore, each execution of a Find (not occurring before
the first Union) is appended to the execution of its previous Union. Then
obviously the number of pointer addings in E' is at most that in E.
Because less than f Finds have been performed, it follows that initially
and at the end of the (thus extended) execution of each Union all elements
have distance < i to their set names. Therefore, E' is a UF(i — 1,¢)-
execution of US with 1 <i—1 < a(n,n) —3. By Lemma 5.5.2 it follows
that at least n.a(i,n) pointer addings occur in E’. Hence the cost of E
is at least n.a(z,n).

Hence in both cases the cost is at least min{f.i,n.a(i,n)}. By i > 1 and (5.18)
we have f -7 < n.a(i,n). Hence the cost of E is at least £

We show that i > 1.a( f,n). We distinguish three cases.

¢ 1 <i<an,n)~—2. Then by (5.18) &E’Lﬂl < f- Then we certainly have by
Lemma 2.3.16 n.a(i+2,n) < f. By Lemma 2.3.7 it follows that i+2 > a(f,n)
and hence by ¢ > 1 it follows that: 5 > 3(+2) > Lo(f,n).

¢ i = a(n,n) — 2 (and hence a(n,n) > 3). From a(f,n) < aln,n) it follows
that i = a(n,n) =2 > La(n,n) > La(f,n).

® : =1> a(n,n)—2. Hence a(n,n) < 2. From a(f,n) < a(n,n) it follows that
i =12 ja(n,n) > La(f,n).
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Combining the above cases gives that ¢ > L.a(f,n).
By combining the above results it follows that the cost is at least y.fa(f,n). O

Theorem 5.5.3 implies that even if all Unions are known in advance, the worst case
time bound is still Q(f.a(f,n)) for all sub-balanced Union sequences on a pointer
machine that are intermixed with f appropriate Finds. Hence the linear bound
proved in [13] for Union-Find problems in which the structure of the (arbitrary)
Union sequence is known in advance and that is implemented on a RAM. does not
extend to a pointer machine.

Finally, since each operation takes at least one step on a pointer machine, we obtain
the following theorem.

Theorem 5.5.4 There erists a constant d > 0 such that:

For any c-pointer machine and for any n and f with o(n,n) >
a(e,€)+ 1 there is a Union-Find problem on n elements with a sequence
of n —1 Union and f Find operations whose execution by the e-pointer
machine requires at least d.(n + f.a(f,n)) steps.

Corollary 5.5.5 For any pointer machine there ezists a constant d > 0 such that
for any n > 1 and f > 0 there is a Union-Find problem on n elements with a
sequence of n — 1 Union and f Find operations whose execution by the pointer
machine requires at least d.(n + f.a(f,n)) steps.

5.6 A General Lower Bound for the Split-Find
Problem

We first describe the Split-Find problem on a pointer machine. Let U be a linearly
ordered collection of nodes, called elements. Suppose U is partitioned into a collec-
tion of sets and suppose a (possibly new) unique node is related to each set, called
set name. (For the regular Split-Find problem the partition consists of one set only.)
We want to be able to perform the following operations:

e Split(A, B): split the set AU B with A < B (i.e.,z <y forallz € A,y € B)
and A # 0 # B into the two new sets 4 and B (destroying the old set AU B)
and relate set names to the resulting sets.

e Find(z): return the name of the current set in which element 2 is contained.

The occurring set names must satisfy the condition that, at every moment, the
names of the existing sets are distinct. (Note that the name of the resulting set is
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not prescribed by the Split operation.) Moreover, the operations are carried out semi
on-line, i.e., each operation must be completed before the next operation is known,
while the subsequence of Splits may be known in advance. The definition and rules
for pointer machine executions that solve the Split-Find problem are similar to those
for the Union-Find problem as given in Section 5.2.

We use the results of Section 5.4 to obtain a lower bound for the Split-Find problem.
Like in Section 5.3 we consider a Split sequence as a sequence of pairs ((Ax, Bi) )k,
where a pair (Ag, Bi) represents the operation Split(Ay, Bi). We define a sub-
balanced Split sequence as a reversed sub-balanced Union sequence. Then, obvi-
ously, there exists a sub-balanced Split sequence on every universe. (Note that we
can also define Split Turns and sub-balanced Split sequences independent of Union
Turns and Union sequences.) A UF(i, ¢)-execution of a Split sequence is defined
similar as for a Union sequence. We prove the equivalent of Lemma 5.5.2.

Lemma 5.6.1 Leti > 1, ¢>1andn > 1. Letn and ¢ satisfy a(n,n) > ale,¢)+1.
Let S be a sub-balanced Split sequence on a universe of n elements. Then any

UF (i, c)-execution of S with 1 < i < a(n,n) — 3 costs at least n.a(i + 1,n) pointer
addings.

Proof. Consider a UF(Z, c)-execution E of Split sequence S and let C be the num-
ber of pointer addings in it. Let G’ be the pointer machine on which E is executed.
Modify the execution such that no changes in fields from a pointer to nil are per-
formed and such that no creation of nodes occur in E (which can easily be obtained
by assuming that nodes that are created during F exist in the initial contents of G
already, where they contain nil in their fields at that moment). Obviously the thus

modified execution E is still an execution of S and contains exactly C changes of
field contents.

Let S~! be the reverse sequence of S. Then S~! is a sub-balanced Union sequence
on universe U. We construct an execution E' of S~! by means of execution E of S as
follows. The initial contents of G for E’ equals the final contents of G after execution
E (i.e., the contents of G at the moment that the program of the last operation in
S halts). Then E'is obtained by maintaining the following relations with as few
pointer addings as possible. At the end of an execution of a Union in S—1, pointer
machine G has the same contents as at the beginning of the corresponding Split in
S. Then apparently, a change of the contents of a field by E’ during the execution of
a Union occurs only if there is a change of the contents of that field by E during the
corresponding Split in 5. Hence, E’ contains at most C changes of field contents.

Since at the beginning or at the end of every Union in S~! the contents of the pointer
machine is identical to that at the end or at the beginning of the corresponding Split
in S, it follows that E' is a UF(i, c)-execution of Union sequence S-!. Lemma 5.5.2
yields that C > n.a(i + 1,n). ]

Completely similar to the proof of Theorem 5.5.3 we can prove the following theorem.
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Theorem 5.6.2 There exists a constant d > 0 such that:

For any c-pointer machine, for any integer f and for any sub-balanced
Split sequence on a universe of n elements there exists a Split-Find prob-
lem consisting of the Split sequence intermized with f Find operations
whose execution by the c-pointer machine has a cost that is at least

d.f.a(f,n) if a(n,n) > alc,c) + 1.

Theorem 5.6.2 implies that even if all Splits are known in advance, the worst-case
time bound on a pointer machine is still Q(f.a(f,n)) for all sub-balanced Split
sequences that are intermixed with appropriate Finds. Hence the linear bound
proved in [13] for Split-Find problems on a RAM does not extend to a pointer
machine, even if the sequence of Splits is known in advance.

Like for the Union-Find problem we obtain the following further results.
Theorem 5.6.3 There erists a constant d > 0 such that:

For any c-pointer machine and for any n and f with a(n,n) >
a(e,¢) + 1 there is a Split-Find problem on n elements with a sequence
of n — 1 Split and f Find operations whose erecution by the c-pointer
machine requires at least d.(n + f.a(f,n)) steps.

Corollary 5.6.4 For any pointer machine there erists a constant d > 0 such that
foranyn > 1 and f > 0 there is a Split-Find problem on n elements with a sequence
of n—1 Split and f Find operations whose execution by the pointer machine requires
at least d.(n + f.a f,n)) steps.

Finally, we make some remarks about the separation condition for the Split-Find
problem. In case the separation condition holds, the lower bound of Theoremn 5.6.3
becomes valid for a uniform d for all n independent of c¢. (However, in this case we
need to include all changes of contents of fields in our ultimate complexity measure,
i.e., including changes to nil.) This matches the result in [32] for the Union-Find
problem with the separation condition. We will not present the proof here.

5.7 Concluding Remarks

We remark that even if during a Union or a Split the new set name is not assigned
to the resulting set immediately, but is assigned to it at some later time before or
during the first Find that is performed on an element of that set, Theorems 5.5.4
and 5.6.3 still hold. We omit the proofs.



Chapter 6

Maintenance of the 2- and
3-Edge-Connected Components of
Graphs: Basic Solutions

6.1 Introduction

In this chapter we consider the problem of maintaining the 2- and 3-edge-connected
components of a graph under insertions of edges (and vertices) in the graph, where
k-edge-connectivity (K > 1) is defined as follows. Let G be an undirected graph.
Two nodes = and y are called k-edge-connected in G if the removal of any set of at
most k — 1 edges leaves 2 and y connected (i.e., there is a path between x and y).

We present a data structure and algorithms for maintaining the 2- and 3-edge-
connectivity relation of a graph. The algorithm starts from an empty graph of n
nodes in which edges are inserted one by one, and at any time and for any two nodes
z and y, the query that asks whether 2 and y are 2- or 3-edge-connected can be
answered in O(1) time. The insertion of ¢ edges takes O(nlog n+ ¢) time altogether.
By using additional data structuring techniques that we will present in Chapter 7,
the time bounds for maintaining the 2- and 3-edge-connected components can be
improved, as will be demonstrated in Chapter 8.

This chapter is organized as follows. In Section 6.2, we introduce some terminology
and state properties dealing with connectivity. In Section 6.3, we consider the
dynamic 2-edge-connectivity problem, and in Section 6.4, we consider the dynamic
3-edge-connectivity problem. In the latter case, we first consider maintaining the
3-edge-connected components in 2-edge-connected graphs and then extend this to
general graphs.

97



98 CHAPTER 6. 2- AND 3-EDGE-CONNECTIVITY: BASIC SOLUTIONS

6.2 Preliminaries

6.2.1 Graphs and Terminology

Definition 6.2.1 Two nodes x and y are k-edge-connected iff there exist k edge-
disjoint paths between x and y.

It is easily seen that we may require that the paths referred to in the definition
are simple paths, without affecting the definition. Furthermore, it is easily seen
that if two nodes are k-edge-connected, then they are k’-edge-connected for any &'
with 1 < k' < k. Note that for £ = 2, two nodes are 2-edge-connected iff they
lie on a common elementary cycle. The following lemma due to Menger (cf. [26])
characterizes pairs of k-edge-connected vertices.

Lemma 6.2.2 [Menger] Nodes = and y are k-edge-connected (k > 1) iff after the
removal of any set of at most k — 1 edges x and y are (still) connected.

If the removal of a set of edges separates the vertices 2 and y (i.e., disconnects z
and y), then this set is called a cut edge set for z and v.

Lemma 6.2.3 k-edge-connectivity is an equivalence relation on the set of nodes of
a graph.

The 2-edge-connected components of a graph G are the subgraphs of G that are
induced by the equivalence classes of nodes w.r.t. 2-edge-connectivity. To be precise,
2-edge-connected components are defined as follows.

Definition 6.2.4 Let G =< V,E > be a graph. Let C C V be an equivalence
class w.r.t. 2-edge-connectivity. Then < C,{(e,z,y) € Elz,y € C} > is a 2-edge-
connected component of G (induced by C ).

The following lemma is based on the observation that for two nodes that are k-
edge-connected (k > 2), there exist k edge-disjoint simple paths between them, and
hence, all the nodes on these paths are 2-edge-connected.

Lemma 6.2.5 Let G =< V,E > be a graph. Let H be a 2-edge-connected com-
ponent of G. Then H is a 2-edge-connected graph. Moreover, nodes T,y € H are
k-edge-connected in H iff they are k-edge-connected in G (k=1).

Proof. Let z and y be two nodes of H. Suppose there are k edge-disjoint simple
paths in G between z and y, for some k > 2. (For k =1 the lemma is trivial.) Let
P, and P, be any two of these paths. Now between z and a node ¢ on P, there are 2
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edge disjoint paths: they can be obtained by splitting P, at @ and by concatenating
P, with the appropriate part of P, in reversed order. Hence, all nodes on P, are in
H and therefore P; is a path in H. Hence, G and H contain the same simple paths
between z and y. -

For an equivalence class C of nodes w.r.t. 3-edge-connectivity, we can define the no-
tion of a 3-edge-connected component (induced by that class) such that Lemma 6.2.5
holds for 3-edge-connectivity too. We will not give the formal definition here, but
only state that it contains the edges of the graph that have both end nodes in C,
together with for each pair of nodes = and y in C, a number of new edges between
them that equals the maximal number of nontrivial edge-disjoint paths between x
and y that intersect with C' at z and y only, and that intersect with V\C.

Henceforth, we will usually call an equivalence class for 2-edge-connectivity a Zec-
class, and an equivalence class for 3-edge-connectivity a Jee-class.

By means of Lemma 6.2.5 the following corollary easily follows.

Corollary 6.2.6 Let G be a graph. Let Cy be a 2ec-class and let C'y be a Sec-cluss of
G. Then either CoNCy3 =0 or C3 C Cy. Let H be the 2-edge-connected component
of G induced by Cy. If C3 C Cy then Cy is a 3ec-class of H.

Stated differently, each 3ec-class of G is a 3ec-class of some 2-edge-connected com-
ponent of G and vice versa.

Figure 6.1: The 2- and 3-edge-connected components of graph G.

>

Graph G 2-edge-connected 3-edge-connected
components components

In this chapter, we will represent the 2ec-classes and the 3ec-classes of a graph by
means of a “super” graph. To this end, we introduce the notion of a class node.
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Definition 6.2.7 Let G =< V. E > be a graph. Let V' be partitioned into classes
and let some new node be related to each class, where each such node is called the
class node of the class which it represents. Let cc(x) be the class node of the class
containing node x (x € V). Then the induced node set cc(V'), the induced edge set
cc(E') of a set of edges E' C E and the induced graph cc(G) are given by

ce(V) = {ce(z)|lxr €V}
ce(E') = {(e,ce(x),ce(y))l(e.x,y) € E' Ace(x) # ce(y)}
ce(G) = <ce(V),ce(E) >

Lemma 6.2.8 Let G =< V,E > be a graph and let k be a positive integer. Let V
be partitioned into classes and lct some new node be related to each class. Suppose
that any two nodes x and y that are in the same class are k-edge-connected. Let
ce(z) be the class node of the class containing node x (x € V). Then the following
holds.

1. A collection E' C E of at most k — 1 edges is a cut edge set for v,y € V in G
iff the induced edge set cc(E') is a cut edge set of cc(x) and cc(y) in co(G).

]

. If E' is a cut edge set for nodes x and y of at most k—1 edges and if (e, u,v) € E
such that ce(u) = cc(v), then B'\{{e,u,v)} is a cut edge set for x and y too.

3. Forallz,y e V and 1 < ¥ <k, x and y are k'-edge-connected in G iff ce(x)
and ce(y) are k'-edge-connected in cc(G).

Proof. Let E' C E be a set of at most k — 1 edges.

If E' is not a cut edge set for x and y, then there exists a path P in G between =
and y that does not use an edge of E'. The path corresponding to P in ¢c(G) is a
path between cc(z) and ec(y) that does not use an edge of cc(E'). Hence cc(E') is
not a cut edge set in ce(G).

Suppose cc( E') is not a cut edge set for ce(z) and cc(y) in cc(G). Then there exists a
simple path C'P between cc(z) and ce(y) in ce(G) that does not use edges of cc( E').
Let P be the path in G constructed from C P as follows. Each edge (e, ce(u), ce(v))
in CP is replaced by the (unique) edge (e,u,v) in G. Morcover, the vertices « and
v surround this edge in P in the proper order (i.e., if cc(u) occurs before cc(v) in
CP, then u occurs before v in P). Finally, surround the obtained sequence with the
nodes z and y. Now we have a sequence of nodes and edges in G such that each
edge is surrounded by its end nodes, and such that two consecutive nodes w,vin P
without an edge in between are in the same class with class node ec(u) (= ec(v)).
Since a class is k-edge-connected and since E' contains at most k — 1 edges, there
exists a path between such u and v that does not use an edge of E’. Now we can
obtain the path P from the above sequence by inserting these paths between these
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nodes. Hence, P is a path in G that does not contain nodes of E’. Therefore, E’ is
not a cut edge set for  and y in G. This concludes the proof of the first statement.

If E' is a cut edge set for nodes z and y of at most k — 1 edges and if E’ contains an
edge (e,u,v) such that cc(u) = cc(v), then (e, cc(z), ce(y)) € cc( E') while ec(E') is a
cut edge set for ce(z) and ce(y) in c¢(G). Hence, by the first statement, E'\{(e, z,y)}
is a cut edge set for z and y too. This proves the second statement.

The third statement now follows since we only have to consider cut edge sets E’
with |E'| = [ec(E')]. o

In other words: “internal” edges of classes of k-edge-connected nodes are not relevant
for cut edge sets up to size k — 1.

6.2.2 Problem Description

The problems that we consider in this chapter are as follows. Let a graph be given.
Then the following operations may be applied to the graph.

insert((e,z,y)): insert the edge (e, z,y).

2ec-comp(z): output the name of the 2-edge-connected component (2ec-class)
which contains z.

3ec-comp(z): output the name of the 3-edge-connected component (3ec-class)
which contains x.

We call a problem the 2ec-probiem if the operations insert and 2ec-comp are consid-
ered, and we call it the Sec-problem if the operations :nsert, 2ec-comp, and 3ec-comp
are considered. Note that the query whether two nodes are 2-edge-connected (or
3-edge-connected) can be performed by means of two calls of 2ec-comp (or 3ec-comp,
respectively), namely, one call for each node.

In addition, the set of operations can be extended with the insertion of a new
(isolated) node in the graph. We will consider this operation only in the last steps
of our solutions.

We call the insertion of an edge an essential insertion for a given problem, if some-
where in the graph either the connectivity relation changes or for the 2ec-problem the
2-edge-connectivity relation changes, or for the 3ec-problem the 2-edge-connectivity
or 3-edge-connectivity relation changes. An insertion is called nonessential other-
wise.
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6.2.3 Representation and Algorithms

By Lemma 6.2.3, k-edge-connectivity is an equivalence relation. In our algorithms
we need operations on equivalence classes like joining classes and determining in
which class an element is contained. This problem is abstractly dealt with in the
Union-Find problem. In this chapter, we use a simple algorithm (UF(1), cf. Sub-
section 3.3.1 or [1]) taking O(nlogn) time for all Unions together and O(1) time
per Find. This is good enough, since the additional computations already take
O(nlog n) time.

In the sequel, the Union-Find structure is used to maintain the equivalence classes
for connectivity, 2-edge-connectivity and 3-edge-connectivity, where the Unions and
Finds on the different kind of sets are denoted by Union., Find., Uniony., Finds.,,
Unionge. and Findse., respectively. Note that this can easily be implemented by
reserving a dedicated field for each type of (equivalence) set in each of the considered
nodes, where this field either contains the (sub)field(s) for the corresponding Union-
Find structure or contains a pointer to a representative record of the node for the
considered Union-Find structure. We often denote the above three types of Finds
just by ¢, 2ec and 3ec, respectively.

For maintaining the 3-edge-connected components, we also need a structure for
the Circular Split-Find problem (cf. Chapter 4). In this chapter, we use a simple
algorithm (GSF(1), cf. Subsection 4.3.1) taking O(n log n) timefor all Circular Splits
together and O(1) time per Find, again since additional computations already take
O(nlogn) time.

We consider the connectivity problem for edge insertions. Let G =< V,E > be a
graph. Suppose a sequence of edge insertions in G and queries whether two nodes
are connected is performed. The equivalence classes of connected nodes ( “connected
classes”) are represented by a Union-Find structure on these nodes. The class to
which node = belongs has ¢(x) as its name. Hence, nodes = and y are connected
iff e(z) = e(y). If an edge (e,z,y) is inserted, there are two cases. If ¢(z) = ¢(y),
then nothing needs to be done. Otherwise, if ¢(z) # ¢(y) then z and y are not
connected yet and the (old) equivalence classes ¢(z) and ¢(y) need to be joined. This
is performed by Union.(c(z),c(y)). Since apart from these Unions each insertion
takes O(1) time, it follows that all insertions and queries can be performed in O(|E|)
time plus the time need for the Union and Find operations. In the sequel, we use
this well-known algorithm for maintaining connectivity.
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Two-Edge-Connectivity

L Graph Observations

' =< V,E > be a graph. The set V can be partitioned into 2ec-classes. Let
2ec-class C' be represented by a new node ¢, called the class node of C. Let
) be the class node of the 2ec-class in which the node z is contained. We define
-aph 2ec(G) as follows (according to Definition 6.2.7):

ec(G) =< 2ec(V), {(e, 2ec(x), 2ec(y)) (e, ,y) € E A 2ec(z) # 2ec(y)} > .

:, 2ec(G) is the graph that is obtained if we contract each 2-edge-connected

>nent into one (representing) class node. Since 2ec(V) represents the set of

alence classes of G' (for 2-edge-connectivity), it follows by Lemma 6.2.8 (sub 3)
ec(G) is aforest (cf. Figure 6.2). We maintain the 2-edge-connectivity relation
edge insertions by means of the graph 2ec(G).

Figure 6.2: Graph G and the corresponding graph 2ec(G@).

Graph G Graph 2ec(Q)

insertions can be handled as follows. Suppose a new edge (e,z,y) € E is
>d in graph G =< V, E >. We distinguish three cases.

*(z) # ¢(y). Then by Lemma 6.2.8 (sub 3) 2ec(z) and 2ec(y) are not connected
n 2ec(G). Hence, (e,2ec(z),2ec(y)) connects two trees in 2ec(G), which now
>ecome joined into one tree.

*ec(z) # 2ec(y) A c(z) = c(y). Then the edge (e,2ec(z),2ec(y)) arises as
0 inserted edge in 2ec(G). Edge (e, 2ec(x),2ec(y)) connects the class nodes
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2ec(x) and 2ec(y) in a tree of 2¢¢(G) and a cycle arises. Hence, all class nodes
on the tree path from 2ec(x) to 2ec(y) become 2-edge-connected in 2ec(G). By
Lemma 6.2.8 (sub 3) all nodes in 17 that are contained in the corresponding
classes become 2-edge-connected too. The update can now be performed in
the following way.

e obtain the tree path in 2ec(G) between 2ec(r) and 2ec(y).

e join all the classes “on” this tree path into one new class € and adapt
the related information.

3. 2ec(z) = 2ec(y) Ac(x) = c(y). Then the edge (e, x,y) connects two nodes that
are 2-edge-connected in G, and, hence, insertion of this node will not affect
the 2-edge-connectivity relation (cf. Lemma 6.2.8, sub 3).

6.3.2 The Algorithms

We will now describe the different steps in more detail.

In our algorithms we represent each of the collections of connected classes and 2ec-
classes of a graph G by a Union-Find structure (cf. Subsection 6.2.3), where the
name of each class is the class node of that class (i.e., a Find on an element of a class
outputs the class node related to that class). Therefore we (may) denote Find,.(x)
or Findae () by ¢(z) or 2ec(x) too (cf. Subsection 6.2.3). We represent the forest
2ec(G) by means of rooted trees. We denote a rooted forest by 2ec(G)¥ without
making the roots explicit in our description.

For each class node ¢ we have a field father(c) that is nil or that contains a pointer
to the edge (e, x,y) such that 2ec(x) = ¢ (i.e., z is contained in class ¢) and 2ec(y)
is the father of 2ec(z) in the rooted forest 2ec(G)R. Edge (e,z,y) is called the
interconnection edge between (classes) 2ec(x) and 2ec(y), and it is called the father
edge of (class) 2ec(x). (Note that the father of 2ec(z) in 2e¢(G)# can be obtained
by following the father edge of 2ec(x).)

Initially, there are no edges, each node forms both a connected class and a 2ec-class
by itself, and for all class nodes ¢, father(c) = nil.

Now, suppose a new edge (e,r,y) € E is inserted in graph G =< V, E >. Then
after inserting edge (e,z,y) in the proper adjacency lists, procedure insert, given
in Figure 6.4 updates the structure as follows. (The sub-procedures of insert, are
given in Figure 6.5 and Figure 6.6.) We distinguish the three previous cases.

1. e(z) # c(y) (line 2-8). Then (e,2ec(x),2¢c¢(y)) connects two different trees in
2ec(G) that now are joined to one tree. Since the trees are represented as
rooted trees, this means that one of the two trees has to be redirected w.r.t.
the father relation of classes. We take the tree with the smallest size, i.e., the
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tree that has the least number of nodes that are contained in the classes in
that tree. (This can be determined by means of a parameter in the Union-
Find structure for connected components.) W.l.o.g., this is the tree containing
2ec(y). It suffices to “reverse” the father pointers for the nodes on the root
path of the class node 2ec(y) (i.e., the path from node 2ec(y) to the root of
its tree). This is performed by procedure ReverseRoot Path that is given in
Figure 6.5.

2. 2ec(x) # 2ec(y)Ae(z) = c(y) (line 9-12). All classes on the tree path in 2ec(G)
between 2ec(x) to 2ec(y) become 2-edge-connected and must be joined. This
is done as follows. First of all, the tree path P between 2ec(z) and 2ec(y)
is obtained by means of procedure call TreePath, that outputs tree path P
together with a pointer fath to the father edge of the nearest common ancestor
top of 2ec(z) and 2ec(y) in 2ec(G)R (this pointer is nil if this edge does not
exist). These are obtained by stepwise traversing the root paths from 2ec(z)
and 2ec(y) in an alternating way (cf. Figure 6.6) until a node top has been
visited by both traversals. This class node top is the nearest common ancestor
of 2ec(z) and 2ec(y). Then the path between 2ec(z) and 2ec(y) consists of

the two parts of these root paths up to and including this “first mutual class
node”.

The joining of the classes on P is done by means of Union,e. operations. Note
that the father edge of the resulting class is the father edge of the (old) class
top. (Cf. Figure 6.3.)

Figure 6.3: Joining the classes of the tree path from 2ec(z) to 2ec(y).

3. 2ec(z) = 2ec(y) A c(x) = ¢(y) (line 13-14). Then nothing needs to be done.
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For the Union-Find structures we take the basic Union-Find structure that takes
O(n.logn) time for all Unions on n elements and O(1) time per Find.

Figure 6.4: Procedure inserts(e,z,y).

(1) procedure inserty(e,z,y);

(2) if e(z) # c(y)

(3)  — if size(c(z)) > size(c(y))

(4) — ReverseRootPath(2ec(y)); father(2ec(y)) := (e, z,y)
(5) [ size(e(z)) < size(c(y))

(6) — ReverseRootPath(2ec(x)); father(2ec(z)) := (e, z,y)
(7) fi;

(8) Unione(c(z), c(y))

(9) [ e(z) = cly) A 2ec(a) # 2ecly)
) — Treepath(2ec(z),2ec(y), P, fath);

) for all C € P\{2ec(z)} — Unionz.(C,2¢c(x)) rof;
(12) father(2ec(z)} fath
)

)
)

Figure 6.5: Procedure ReverseRootPath(C').

(1) procedure ReverseRootPath(C);
(2) if father(C) # nil

(3) — (e,u,v) := father(C); father(C) := nil;

(4) wlo.g., 2ec(u) = C A 2ec(v) # C (otherwise, interchange u and v);
(5) ReverseRootPath(2ec(v)) ;

(6) father(2ec(v)) := (e,u,v)

(7) [ father(C)=nil
(8) — skip
(9) fi

6.3.3 Time Bounds

We consider the time complexity of the algorithm. The insert operations can be
performed in O(n log n+e) time for e edge insertions together (where n is the number
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Figure 6.6: Procedure TreePath,(C, D, output P, fath).

procedure TreePathy(C, D, output P, fath);

(description)

e stepwise traverse the root paths from ¢ and D alternatingly, i.c., by performing
steps of the traversals of these root paths in an alternating way. During these
traversals, mark the class nodes encountered and stop the traversals if one of
the two path traversals reaches a class node top that has been marked by the
other traversal;

e path P between C and D consists of the two parts of these root paths up to
and including top;

o fath := father(top);

e remove the marks

of nodes). This is seen as follows. All redirections of trees are performed in the basic
Union-Find way, i.e., always only the father values in the smallest tree are adapted.
Since the redirection of a tree of size size is performed in O(size) time and since
after the linking the resulting tree has to be at least twice as large as the smallest
of the previous two trees, the total time for all these adaptations is O(nlogn).
Furthermore, the Unions take O(nlogn) time altogether too. A computation of a
tree path P (line 10) is done in O(|P]) time, since the traversed part P; of one of
the two root paths contains class nodes of P only, while the traversed part Py of
the other root path contains at most as many class nodes as P, : hence at most
2.|P| class nodes are encountered in these traversals. Since the number of classes
decreases by |P| — 1 (> 0), since initially there are n classes and since the number
of classes never increases, all tree path computations take O(n) time altogether.
Finally, each insertion takes O(1) time apart from the cost considered above.

Combining the above time bounds yields that all e insertions take altogether
O(nlogn + e) time.

We consider the space complexity. Note that all edges that do not become an
interconnection edge at the moment of insertion, are not used by the algorithm and
hence do not need to be stored in memory. We show that there exist at most n — 1
interconnection edges during all edge insertions. An edge that is inserted becomes
an interconnection edge if its end nodes are in two distinct connected components
Just before its insertion, while these connected components are joined. Since initially
(in the empty graph) there are n connected components, at most n — 1 joinings of
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components occur and hence there exist at most n — 1 such edges during the entire
sequence of insertions. Therefore, it follows that the space complexity is O(n).

A query 2ec-comp(z) is simply done by performing a Finds.(z), which takes O(1)
time.

Theorem 6.3.1 There exist a data structure and algorithms that solve the 2ec-
problem, which can be implemented as a pointer/logn solution, such that the fol-
lowing holds. Starting from an empty graph G =< V,0 >, the insertion of e edges
takes O(nlogn + €) time altogether, if n is the number of nodes in G. Any 2ec-
comp(z) query can be answered in O(1) time. The data structure can be initialised
in O(n) time and uses O(n) space.

It is easily seen that besides edges, new nodes can be inserted in the graph in
O(1) time (where each inserted node forms a 2ec-class on its own at the moment
of insertion). Therefore, the statement in the above theorem can be extended with
node insertions, where n is the final number of nodes in the graph.

6.3.4 Algorithms for Initially Connected Graphs

We now consider the 2ec-problem in case the initial graph is connected.

We represent the graph 2e¢(G) by means of a spanning tree of G, denoted by ST(G).
Now, a 2ec-class induces a subtree in ST(G). This is seen as follows. Let the two
nodes = and y be 2-edge-connected . Then every node z that is on the tree path
between z and y is 2-edge-connected with z and y too. For, suppose that an edge is
removed from G. Then at least one of the tree paths between = and z or between y
and z is not affected. Moreover, there still exists a path between z and y in G since
z and y are 2-edge-connected . This yields that there still exists a path between z
and z and between z and y in G.

Since at any time, every 2ec-class induces a subtree of ST(G), and since the tree
ST(G) can be constructed in advance (i.e., the tree is not built on-line), we can
use the Union-Find algorithms of [13] to maintain these classes: this algorithm runs
in O(n + m) time for m Finds and n nodes for this special case of the Union-
Find problem. (It runs on a RAM but not on a pointer machine with this time
complexity.) Moreover, as remarked in Subsection 3.7, a Find can be performed in
O(1) worst-case time.

We give the algorithms in case the initial graph is a tree. Consider graph G that
initially is a tree (without additional edges). The initialisation of the data structure
we use is as follows: implement the tree as a rooted tree and initialise the Union-
Find structure of [13] accordingly. For each set name, the father pointer is set to
the father edge of the (only) node in the set. We recall from [13] that the name of
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a set in the Union-Find structure is the (unique) node in the set that is closest to
the root. (Therefore, we may actually omit these additional father pointers for set
names, since in the rooted tree the father relation is already implemented. In that
case we may omit the setting of these father pointers in the procedure below, too.)

Now, procedure inserty as given in Figure 6.4 can be used for the insertion of an
edge (e, T,y) again, with the following marginal changes. Firstly, the test clr) = cly)
and the case for ¢(x) # c(y) (line 2-8) can be omitted, since the graph (always) is
connected. Secondly, procedure TreePathy(2ec(r),2ec(y), P, fath), given in Fig-
ure 6.6, must return the nodes on P in the right order from 2ec(x) to 2ee(y), and
subsequently the Unions in line 11 of procedure insert, must be performed in the
order of P (to meet the conditions in [13]), hence, starting from 2ec(z). (Note that
this is not really a change, since we only specify the first node of the returned path
P, and since we have not specified the order of the for all loop in line 11 of insert,
before. Of course, we can also adapt line 11 such that P may start at either of the
end nodes 2ec(x) and 2ec(y) instead.)

We consider the time complexity of the method as described for trees. As before,
the tree path computations take O(n) time altogether. However, now all Unions
and m Finds only take O(n + m) time. Finally, each insertion takes two Finds and
O(1) time, apart from the cost of path computations and Unions.

In case the initial graph is connected but not a tree, then we do the following. First
obtain a spanning tree of the graph, and initialise the structure for this tree. Then
insert the edges of the graph that are not in the tree by means of the operation
inserty. Then the actual insertions can be performed. Obviously, this initialisation
can be done in O(ep) time, if € is the number of edges in the initial graph. (Note
that eg = n.)

Hence, we have the following theorem.

Theorem 6.3.2 There erists a structure and algorithms that solve the Zec-problem
for graphs G that are initially connected, and that can be implemented on a RAM,
such that the following holds. Starting from a connected graph G, m insert operations
take O(n + m) time, if n is the number of nodes in G. Any 2ec-comp(x) query and
any nonessential insertion can be performed in O(1) time. The initialisation can be
performed in O(eo) time and the entire structure takes O(n) space, where ey is the
number of edges in the initial graph.

6.4 Three-Edge-Connectivity

We now extend the results to the maintenance of the 3-edge-connectivity relation
in a graph. We first introduce some notions and prove some properties for them.
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In Subsection 6.4.1, we consider maintaining the 3-edge-connectivity relation in 2.
edge-connected graphs, and, in Subsection 6.4.2, we consider the problem for general
graphs.

Let G =< V., E > be a graph. The set V" can be partitioned into 3ec-classes. Eacl
3ec-class C is represented by a new (distinct) node ¢, called the class node of C,
Let 3ec(x) be the class node of the 3ec-class in which the vertex r is contained. We
define the graph 3ec(G) as follows:

3ee(G) =< 3ece(V), {(e, 3ec(x), 3ec(y))|(e.x.y) € E A Bec(r) # 3ec(y)} > .

Hence, 3ec(G) is the graph that is obtained if we contract each 3-edge-connected
component into one representing (class) node (see Figure 6.7 if G is 2-edge-
connected). By Lemma 6.2.8 (sub 3) it follows that 3ec(G) does not contain pairs
of distinct class nodes that are 3-edge-connected in 3ec(G).

6.4.1 Two-Edge-Connected Graphs

Throughout this subsection, we suppose that the graph G is 2-edge-connected. By
Lemma 6.2.8 (sub 3) for 2-edge-connectivity, every two distinct class nodes must
lie on a common elementary cycle in 3e¢(G). On the other hand, simple cycles
cannot intersect in more than one class node, since 3ec(G) does not contain pairs
of distinct class nodes that are 3-edge-connected. (The proof is as follows. Suppose
that two different simple cycles §; and S, intersect in at least two different nodes.
Take a maximal part P of one cycle, w.l.o.g. cycle Sy, that consists of at least three
nodes, and that has no nodes in common with Sy except for both its end nodes,
say r and y. Then P together with the two paths between x and y obtained by
“splitting” S at z and y, yield 3 edge-disjoint paths between & and y, which gives
a contradiction.) Therefore, it follows that each edge in 3ec(G) is on exactly one
simple cycle in 3ec(G).

Let Cyc(3ec(G)) be the graph that is constructed from 3ec(G) as follows. Each non-
trivial simple cycle (i.e., consisting of at least two distinct class nodes) is represented
by a distinct node, called a cycle node. Let cn(3ec(G)) be the set of cycle nodes.
For a cycle node s let cyele(s) be the set of all class nodes that are on the cycle s.

Then the graph Cyc(3ec(G)) is defined uniquely up to the choice of (distinct) edge
names by

Cye(3ec(G)) =
< 3ec(V) U en(3ec(G)), {(e.c,s)|c € 3ec(G) A s € en(3ec(G)) A ¢ € eycle(s)} > .

Hence, Cyc(3ec(G)) consists of the class nodes and cycle nodes of 3ec(G), where
a class node ¢ is adjacent to a cycle node s in Cyc(3ec(G)) iff ¢ lies on cycle s
in 3ec(G) (i.e., c is “incident” with cycle s). Therefore, graph Cyc(3ec(G)) shows
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the incidence relation for class nodes and cycles. The structure of Cye(3ec(G)) is
illustrated in Figure 6.7, where the cycle nodes are drawn as boxes.

Below we will show that C'yc(3ec(G)) is a tree. Therefore we call graph Cye(3ec(G))
the cycle tree of G.

Figure 6.7: A 2-edge-connected graph G and the related graphs 3ee(G) and
Cyc(3ec(G)).

Graph G Graph 3ec(G) Graph Cyc(3ec(G))

Lemma 6.4.1 Let G be a 2-edge-connected graph. Let ¢,d € 3ec(G). Let P be a
path between ¢ and d in Cyc(3ec(G)). Then there are 2 edge disjoint paths in 3ec(G)
between ¢ and d that only consist of edges from the cycles represented by the cycle
nodes on P.

Proof. Between any two distinct class nodes on a simple cycle, there are precisely
two edge disjoint paths within that cycle. On the other hand, each edge is contained
in exactly one simple cycle. Now the lemma easily follows. m]

Lemma 6.4.2 Let G be a 2-edge-connected graph. Then Cyc(3ec(G)) is a tree.

Proof. Let ¢ and d be two class nodes in Cyc(3ec(G)). By Lemma 6.2.8 (sub 3),
graph 3ec(G) is connected. Hence, there is a simple path P in 3ec(G) between class
nodes ¢ and d. We can construct a path in Cyc(3ec(G)) between ¢ and d by the
observation that each edge (e, f,g) on P is in some simple cycle s and hence that
there are edges between f and s and between g and s in Cyc(3ec(G)). Hence, all
class nodes are connected in Cyc(3ec(G)). On the other hand, each cycle node is
adjacent to at least one class node. Hence, Cyc(3ec(G)) is connected.
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On the other hand, suppose there is a nontrivial simple cycle in Cye(3ec(G)). Then
it consists of at least distinct 2 class nodes ¢ and d and at least 2 cvcle nodes.
Lemma 6.4.1 yields that there are at least 4 edge disjoint paths between ¢ and
d in 3ec(G), since an edge in 3ec(G) is contained in precisely one simple cycle.
Hence, by Definition 6.2.1 ¢ and d are 3-edge-connected in 3ee(G). This contradicts
Lemma 6.2.8 (sub 3). o

Graph observations

We maintain the 3-edge-connectivity relation under insertions of edges by means of
the graph Cyc(3ec(G)).

Suppose a new edge (e,r,y) is inserted in the 2-edge-connected graph G =< V. E >
((e,x,y) € E). Because G is 2-edge-connected, we have two cases. If 3ec(r) = 3ec(y)
then the edge connects two nodes that are 3-edge-connected in G, and, hence (by
Lemma 6.2.8, sub 3), insertion of this edge does not affect the 3ec-relation and the
graphs 3ec(G) and Cye(3ec(G)) remain unchanged. So, we are left to consider the
other case: 3ec(x) # 3ec(y) A 2ec(x) = 2ec(y). Then edge (e,3ec(x), 3ec(y)) arises
as an inserted edge in 3ec(G) and connects two class nodes 3ec(x) and 3ec(y) in
3ee(G).

Lemma 6.4.3 Let G be a 2-edge-connected graph. Suppese edge (e, 3ec(x), 3ec(y))
is inserted in the graph 3ec(G). Then all the class nodes on the tree path from 3ec(r)
to 3ee(y) in Cyc(3ec(G)) become S-edge-connected in 3ec(G), while the other pairs
of distinct class nodes in 3ec(G) stay only 2-edge-connected.

Proof. Let P be the tree path in Cyc(3ec(G)) between the class nodes 3ee(x) and
3ec(y). Let c and d be any two class nodes on P. Now split P into 3 disjoint parts:
part Py from 3ec(z) to ¢, part Py from ¢ to d and part Py from d to 3ec(y). By
Lemma 6.4.1, there exist 2 edge-disjoint paths @, and Q; in 3ec(G) between ¢ and
d that only consist of edges from cycles represented by cycle nodes on P,. Similarly,
it follows from Lemma 6.4.1 that there exists a path R; from ¢ to 3ec(x) that only
uses edges from the cycles represented by cycle nodes on P, and a path R, from
3ec(y) to d only using edges from cycles represented by cycle nodes on Ps. Let Q3 be
the path Ry, (e, 3ec(z),3ec(y)), Ry from ¢ to d. Then it follows that ()3 has no edges
in common with Q; and Q. Hence, by Lemma 6.2.1 ¢ and d are 3-edge-connected.

On the other hand, let ¢ and d be 2 distinct class nodes in 3ec(G) such that ¢ is
not on P. Consider a cycle node r that is adjacent to class node ¢ in Cye(3ec(G))
such that r separates ¢ from 3ec(z) and 3ec(y). (This node exists because r is not
on P.) The deletion of the two edges in 3ec(G) that are incident with ¢ and that
belong to the simple cycle r, separates ¢ from all class nodes on the other side of
r in the tree Cyc(3ec(G)). (For, otherwise there would be a distinct class node on



6.4. THREE-EDGE-CONNECTIVITY 113

cycle r that was 3-edge-connected with c.) Hence, the removal of these edges either
separates ¢ from both d, 3ec(z) and 3ec(y), or ¢ and d are “on the same side of
r” in Cyc(3ec(G)). In the first case it follows that insertion of (e,3ec(z), 3ec(y))
does not make ¢ and d 3-edge-connected, in the latter case we can make the same
construction for d, yielding the required result. O

By Lemma 6.4.3 all class nodes on the tree path from 3ec(z) to 3ec(y) in Cyc(3ec(G))
become 3-edge-connected in 3ec(G) and, hence, by Lemma 6.2.8 (sub 3) all the cor-

responding classes form a new class. The update can be performed in the following
way:

e obtain the tree path in Cyc(3ec(G)) between 3ec(z) and 3ec(y),

e join all the classes “on” this tree path into one new class C’ and modify the
cycle tree Cye(3ec(G)) into Cyc(3ec(G')) accordingly (where G’ is the result
graph after the insertion of the edge).

The update is illustrated in Figure 6.8. The cycle tree changes as follows. Consider

Figure 6.8: Adapting the tree path between 3ec(z) and 3ec(y).

3ec(x) 3ec(y)

the simple cycle s and the class nodes ¢ and d (¢ # d) such that s,c and d are on
P and ¢,d € cycle(s). Then classes ¢ and d are joined into the new class ¢. The
original simple cycle s splits into two “smaller” simple cycles, each one consisting
of the class node ¢ for the new class and of the class nodes of one of the two parts
of the cycle between ¢ and d, in the same cyclic order (cf. Figure 6.9). One or both
of these two new cycles may be a trivial cycle: i.e., consisting of class node ¢’ only
(which is the case if one of the parts mentioned above of the cycle is empty).
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Figure 6.9: Splitting cycles.

The algorithms

In our algorithms we represent the collection of 3ec-classes of a graph G by a Union-
Find structure (cf. Subsection 6.2.3), where the name of each class is the class node
of that class (i.e., a Find on an element of a class returns the class node related to that
class). Therefore we (may) denote Finds..(z) by 3ec(z) too (cf. Subsection 6.2.3).

We represent the cycle tree Cyc(3ec(G)) as a rooted tree in a way which will be
described in the sequel, where the root of the tree is some class node. We denote
this rooted tree by Cyc(3ec(@))R in the descriptions below without making the root
explicit.

The edges in Cyc(3ec(G)) are represented as follows. The data structure is ex-
tended with a (variable) collection of class representatives, which are new records.
Each class representative represents some edge in Cyc(3ec(G)) between a class node
and a cycle node. (If a cycle tree changes because of an edge insertion, a class rep-
resentative may represent another edge of the resulting cycle tree.) We denote the
class representative that is related to the edge between class node ¢ and cycle node
s in Cye(3ec(G)) by repr(c, s).

To implement the relation between a class representative repr(e,s) and the corre-
sponding edge between ¢ and s in Cyc(3ec(G)), we use a Circular Split-Find and
a Union Find structure, from which the end nodes ¢ and s of that edge can be
obtained. (Hence, in contrast to the representation of ordinary edges in the graph
G, a class representative repr(c, s), which represents an edge between ¢ and s in
Cyc(3ec(G)), does not have direct pointers to the end nodes ¢ and s of that edge.)
These structures are used in the following way. A class representative repr(c, s) is an
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element of the so-called cycle list for cycle node s and of the so-called representative
set for class node ¢, which are given as follows. The cycle list for a cycle node s
contains the class representatives repr(c,s) of all class nodes ¢ in cycle s in 3ee(G)
in the order in which these class nodes occur in cycle s. The collection of cycle lists
is implemented as a Circular Split-Find structure (cf. Subsection 6.2.3), where the
name of a cycle list for cycle node s is s itself. (Hence, a Find on an element of
that list returns node s.) We denote a Circular Split or a Find in this structure by
Spliteye or Find.y. respectively. The representative set for a class node ¢ is the set
that contains the representatives repr(c, s) for all cycle nodes s for which repr(e, s)
exists. The collection of representative sets is implemented as a Union-Find struc-
ture, where the name of the representative set for class node c is ¢ itself. (Hence, a
Find on an element of that set returns the node ¢.) In the algorithms we perform a
Union on two representative sets (of class representatives) for two class nodes ¢ and
d iff the corresponding classes ¢ and d (of ordinary nodes) in the graph are joined.
Therefore we will not make these joinings explicit in our algorithms. We denote a
Find in this structure by Find_,,,. Hence, the operations Findg,,, and Find., on
a class representative yield the end nodes of the edge that is related to it.

The father relation in Cyc(3ec(G))® is implemented as follows. If } is the father of
g in Cyc(3ec(G))"?, then father(g) is a pointer to the class representative repr(g, h)
or repr(h,g), depending on which of the nodes ¢ or k is the class node. Then the
father of g in Cyc(3ec(G))” can be obtained by means of Findey.(father(g)) or
Findaes( father(g)) respectively.

We assume that initially the 2-edge-connected graph G is represented as described
above, where the father relation satisfies the orientation in Cyc(3ec(G))R for some
root.

Now, edge insertions can be handled as follows. Suppose edge (e,z,y) is inserted
in graph G =< V, E > with (e,z,y) ¢ E. Then after inserting this edge in the
incidence lists, procedure inserts (given in Figure 6.10) performs the updates as
follows. We distinguish the two cases. If 3ec(z) = 3ec(y) A 2ec(z) = 2ec(y) (line 2),
then nothing needs to be done. Otherwise, we have 3ec(z) # 3ec(y)A2ec(x) = 2ec(y)
(line 3-7). Allclass nodes on the tree path in Cyc(3ec(G)) between 3ec(z) and 3ec(y)
become 3-edge-connected in 3ec(G). The procedure first determines this tree path
(line 4) and then adapts the cycle tree accordingly by first splitting all cycles on P
(line 5) and then joining all classes on P (line 6). This is done as follows.

1. The computation of the tree path (line 4). In line 4, the tree path P between
3ec(z) and 3ec(y) is obtained by traversing the root paths of 3ec(z) and 3ec(y)
alternatively like in Section 6.2. This is performed by the call of procedure
TreePaths which is given in Figure 6.11. This procedure returns the tree path
P. Moreover, it detects whether the nearest common ancestor top of 3ec(z)
and 3ec(y) in Cyc(3ec(G))R is a cycle node (if this is the case, topcye = true is
returned) and it returns the class representative father(top) in the parameter
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toprepr.

. The splitting of cycles (line 5) is performed by procedure AdjustCycles, which

is given in Figure 6.12. The strategy is as follows: let ¢, s and d be three
consecutive nodes on P,where s is a cycle node. Note that, since Cyec(3ec(G))R
is a rooted tree, either ¢ or s contains a pointer to repr(c, s) and that the same
holds for d, s and repr(d, s). Therefore, these records can be obtained by using
these pointers. The cycle list for cycle node s is split into two parts: the part
from repr(c, s) up to but excluding repr(d, s) and the part from repr(d,s) up
to but excluding repr(c, s). This is done by a Circular Split operation at those
two elements. (Each part forms a new cyclic list, for which a new cycle node
is generated.) If one (or both) of these two lists appears to correspond to a
trivial cycle (i.e., it contains only one element), then this list is deleted. Note
that if s’ and s” are the cycle nodes resulting from the Circular Split, then the
class representatives denoted by repr(c, s’) and repr(d, s") (after the Circular
Split) actually are the class representatives formerly denoted by repr(c, s) and
repr(d,s). Each resulting cycle node s’ or s” (which can be obtained by the
Find.y. operation) gets a father pointer to repr(c, s*) or repr(d, s”) respectively.

. The joining of the classeson P is done by joining the classes pairwise, resulting

in a new class ¢’ (line 6). Note that afterwards all cycle nodes s’ that have
resulted from the previous Circular Splits, now have a father pointer to the
class representative denoted by repr(c, s').

- Finally, the father(c’) value for the newly formed class ¢ is assigned by pro-

cedure AdjustFathers (line 7). Procedure AdjustFathers is given in Fig-
ure 6.13. The father values are updated according to the following observa-
tions.

Consider the old graph Cyc(3ec(G))R. Let top be the nearest common ancestor
of 3ec(z) and 3ec(y) in Cye(3ec(G))”. Recall that toprepr is the class repre-
sentative corresponding to the edge between top and its father in Cyc(3ec(G))
(if any). We have the following cases:

e top is a class node that is the root. Then the new class node ¢ will be
the root of the new tree.

e top is a class node that is not the root. Then the father of top in
Cyc(3ec(G)) is a cycle node s for which no Circular Split is performed
on its cycle list. Then s must be the father of the new class ¢.

® top is a cycle node (that is not the root). Then let ¢ be the class node
that is the father of top in Cyc(3ec(G))R. Note that the father of the new
class ¢’ must be the cycle node s that contains both « and ¢: this cycle
node s may be different from #op since a Circular Split just generates
two new cyclic lists with two names (being the resulting cycle nodes)
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Hence, the father of ¢/ is s and the father of s is a. Note that s can
be obtained by Find.,.(toprepr). Then repr(¢,s) can be obtained by
father(s), since all involved cycle nodes have their father pointers to the
representative of class ¢/. (See Figure 6.14 that shows the results of the
four successive parts as distinguished above for this case (top is a cycle
node), where a class representative together with the father pointer to
that class representative is indicated as a directed edge as follows: e.g.,
if the father pointer of node ¢ points to repr(d,t), then this is indicated
as the directed edge from ¢ to d.)

Hence, ¢ becomes father of all the cycle nodes that are on P or that are

created in the cycle splittings, except for the cycle node s of the third case
given above.

Figure 6.10: Procedure inserts((e, z,y)).

(1) procedure inserts((e,x,y));

(2) if 3ec(z) = 3ec(y) — skip

(3) [ 3ec(a) # 3ec(y)

(4) —TreePaths(3ec(z),3ec(y), P,toprepr, topcyc);

(5) AdjustCycles(P);

(6) for all class nodes ¢ € P\{3ec(z)} — Unionae(c,3ec(z)) rof;
(7) Adjust Fathers(3ec(z), toprepr, topeyc)

8) fi

Complexity

We now analyse the time complexity of the method. We express the time complexity
of an execution of procedure inserts in terms of the number of computational steps
that are executed, where a Find operation (e.g. for obtaining fathers in a tree) is
considered to be one step. Consider an insertion. Apart from O(1) steps for lines 1-
3 we have the following cost (only if 3ec(z) # 3ec(y)). Let the number of classes
decrease by d (d > 1). By a similar argument as for procedure call T'ree Path; it
follows that a call of T'reePaths (line 4) takes O(d) steps of computation. It is easily
seen that the call of procedure AdjustCycles (line 5) takes O(d) steps plus the time
needed for the Circular Split operations. Finally, line 6-7 take O(d) steps apart from
the time needed for the Unions.

Concluding the above observations we obtain the following property.
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Figure 6.11: Procedure TreePaths(c,d, output P, toprepr,topcyc).

procedure TreePaths(c,d, output P,toprepr,topcyc);
(description)

e traverse the root paths from ¢ and d alternatively, i.e., by performing steps of
the traversals of these root paths in an alternating way. During this traversals,
mark the nodes encountered and stop the traversals if one of the two path
traversals encounters a node top that has been marked by the other traversal;

e path P between ¢ and d consists of the two parts of these root paths up to
and including top;

e topcyc :=[top is a cycle node];
toprepr := father(top);

e remove the marks

Figure 6.12: Procedure AdjustCycles(P).

procedure AdjustCycles(P);

(description)

traverse P, and for all three consecutive nodes ¢, s, and d on the path where s is a
cycle node, perform the following:

e obtain the class representatives repr(c, s) and repr(d, s) by means of the fields
father(c), father(d) and father(s).

e split the cycle list for cycle node s into two parts by a Circular Split
Spliteye(repr(e, s),repr(d,s)): the part from repr(c,s) up to but excluding
repr(d,s) and the remainder, (while (new) cycle nodes are related to these
cycles as names); dispose of such a cycle list if it contains only one element.

e as far as the considered class representatives repr(c, s) and repr(d, s) are not
disposed:

father(Findy(repr(c,s))) := repr(c, s);
father(Find.y(repr(d,s))) := repr(d, s);
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Figure 6.13: Procedure Adjust Fathers(3ec(z),toprepr,topecyc).

procedure AdjustFathers(3ec(z),toprepr,topeyc);
(1) if topeye — s := Find.y(toprepr);

(2) father(3ec(z)) := father(s); father(s) := toprepr
(3) [| —topcye — father(3ec(z)) := toprepr
(4) fi

Figure 6.14: Changes in the father relation.

toprepr toprepr
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Property 6.4.4 A call of procedure inserty in a 2-edge-connected graph takes
O(1 + d) steps plus the time needed to join Sec-classes and to perform Circular
Splits, where d is the value by which the number of classes decreases.

Observe that there exist O(n) different classes during all insertions. Moreover,
initially for the given 2-edge-connected graph, there are at most 2(n — 1) class rep-
resentatives, since each class representative corresponds to an edge in Cyc(3ec(G)),
the tree Cyc(3ec(G)) contains at most n class nodes, leaves of the tree are class
nodes and edges connect cycle nodes and class nodes only. Hence, we obtain the
following lemma, which e.g. can be used in Chapter 8.

Lemma 6.4.5 Given a 2-edge-connected graph G of n nodes with a cycle tree, there
ezists a data structure for the 3ec-problem (that also maintains a cycle tree), such
that the following holds. The total time for m insertions and queries is O(m + n)
plus the time needed to perform O(m + n) Finds and O(n) Unions and Splits in a
Union-Find or a Circular Split-Find structure for O(n) elements. The data structure
takes O(n) space.

6.4.2 General Graphs

We now extend the solution of the previous section to general graphs.

Note that for detecting the 3ec-classes, it suffices to detect the 3ec-classes inside
the 2-edge-connected components (cf. Lemma 6.2.6). Therefore, our algorithms
for general graphs maintain the 2ec-classes by using the previous solutions for 2-
edge-connectivity (Section 6.3) and maintain the 3ec-classes by using the previ-
ous solutions for 3-edge-connectivity within 2-edge-connected components (Subsec-
tion 6.4.1).

The representation of a graph consists of the representations and the data structures
of both Section 6.3 and Subsection 6.4.1 (for 2-edge-connectivity and 3-edge-
connectivity respectively). Hence, there is a cycle tree (of 3ec-class nodes) for each
2-edge-connected component.

Initially, there are n nodes and no edges in the graph. Each node forms a connected
class, a 2ec-class, and a 3ec-class on its own. For each class a distinct class node
with the data as described in the previous (sub)sections is present. (Of course no

cycle nodes are present yet.) Note that the initialisation can be performed in O(n)
time.

Suppose edge (e, z,y) is inserted in graph G, yielding graph G’. Then the updates
are performed by procedure INSERT (given in Figure 6.16), that is based on
procedure insert, (cf. Figure 6.4). The procedure works as follows. Three cases are
considered (cf. Figure 6.16).
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If e(z) # ¢(y) (line 2-3), then the 2ec-classes do not change. Therefore the compu-
tations performed in insert, for this case (i.e. line 2-8 of Figure 6.4) suffice here.

Otherwise, if 2ec(z) = 2ec(y) (line 23-24) then the edge is inserted inside a 2-edge-
connected component. Therefore procedure insert; (Figure 6.10) is performed, that
deals with 3ec-classes within a 2-edge-connected component.

Otherwise, we have 2ec(z) # 2ec(y) Ac(z) = c(y) (line 4-22). Then consider 2ec(G).
Let P; be the tree path between 2ec(z) and 2ec(y) in 2ec(G) (consisting of the
class nodes only) and let CS; be the cyclic list obtained from P; by inserting the
interconnection edges between consecutive class nodes of P, and by inserting the

edge (e,z,y) between class nodes 2ec(z) and 2ec(y). Then the major changes are
the following:

e all 2ec-classes corresponding to class nodes on P, form one new 2ec-class,

o for each 2ec-class C' on P, the 3ec-classes inside C' (and hence the correspond-
ing cycle tree) are changed: several 3ec-classes may form one new 3ec-class,

e a new cycle of 3ec-classes arises that links the (updated) cycle trees that cor-
respond to the 2ec-classes on CS,.

We consider the updates more precisely.

Consider the changes of the 3ec-classes that occur in 2ec-classes on P;. Consider a
particular 2ec-class C on P; in 2ec(G). Let u and v be the two nodes in C that are
end nodes of interconnection edges on C'S;. Then there is a new path between u and
v in G’ that does not intersect with C except for u and v, where such a path did not
exist in G before. Hence, considered within C only, this corresponds to inserting a
temporary edge between the nodes u and v (cf. Figure 6.15). Therefore, we can first
insert a temporary edge between u and v to update the 3ec-classes (and hence the
cycle tree) inside C' (causing v and v to be in the same 3ec-class) and then perform
all remaining updates w.r.t. the insertion of (e, z,y).

Now suppose all these “local” insertions are performed for the 2ec-classes on Ps.
Then the two edges in C'S; that are incident with one 2ec-class C on P, have
their end nodes in the same (updated) 3ec-class in €. Call such a 3ec-class the
interconnection 3ec-class. Then all these interconnection 3ec-classes form a new
cycle r. Hence, all the updated cycle trees for the 2ec-classes on P, (that result from
the local insertions of temporary edges) must be linked to the new cycle node r. All
these cycle trees now form one new tree together.

According to the above observations the following is performed in procedure
INSERT (cf. line 5-21).

First, the tree path P; in 2ec(G) is computed together with the corresponding se-
quence CS; that also contains the interconnection edges and the edge (e, z,y). Note
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Figure 6.15: Tree path versus temporary edges.

2ec(G) together with 3ec(2ec(u)) after inserta(e,u,v)
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that these interconnection edges can easily be obtained from the father fields of all
class nodes that are on P,. (In fact this sequence can be obtained in TreePath,
instead of P,.) Then for each pair of nodes u and v that are in a 2ec-class on P,
and that are end nodes of two consecutive edges in C'S; (where u and v may be
equal), procedure inserts((e’,u,v)) is executed to adapt the 3ec-classes inside class
2ec(u) by means of a temporary edge (¢, u,v) that only exists during this execution
(cf. Figure 6.15). Moreover, the cyclic list C'S; of the interconnection 3ec-classes is
extended with the (updated) class node 3ec(u) (= 3ec(v)). Finally, if the 2ec-class
2ec(u) is not the largest class ¢g “on” P, (i.e., it does not contain the largest number
of nodes), then class node 3ec(u) is made to be the new root of the (updated) cycle
tree in which it is contained (inside the 2ec-class 2ee(u)) by reversing the root path
of node 3ec(u). This is done by procedure ReverseRoot Paths, which works similar
to procedure ReverseRootPath, with obvious adaptations.

Afterwards all 2ec-classes are joined (while the father of the resulting 2ec-class 2ec(x)
1s adapted) and a new cycle node r for the new cycle corresponding to C 53 is created.
For each 3ec-class ¢ € CS3, that is on cycle r, a class representative repr(c,r) is
created and is inserted in the representative set of class node ¢. (This can be done
for the Union-Find structure as follows: first make a singleton set of repr(e,r) and
then join that set with the representative set of ¢.) Then the father pointers w.r.t.
this new cycle node r are adapted: the father of  will be the class node cco (the
3ec-class ccp is the interconnection 3ec-class that was contained in the largest 2ec-
class ¢g), while all other 3ec-class nodes in CS3 have r as their father. Note that
now each 3ec-class node occurring in the new cycle has at most one father pointer,
since all class nodes in CS3 except for ccg were the roots of the cycle trees in the
2ec-classes on CS;. Therefore, all father pointers implement a rooted tree.

The Union-Find and the Circular Split-Find structures that we use here are the
basic structures that take O(n.logn) time altogether for all the Unions/Splits on n
elements and that take O(1) time for each Find (cf. Subsection 6.2.3).

Complexity

We now consider the time complexity. Note that procedure INSERT operates
similar to procedure insert, apart from the computations made because of 3-edge-
connectivity. Therefore we only have to consider these extra computations.

First we show that the total number of class representatives that exists during the
entire process of insertions is at most 2n — 1 if n is the number of nodes in the
graph. Note that class representatives (in cycles) are only created when 2ec-classes
are joined. In particular, one class representative arises per 2ec-class that is joined
with another class. Since initially in the “empty” graph (with no edges) there are n
2ec-classes, it follows that there exist at most 2n — 1 different 2ec-classes throughout
all operations. Hence, there exist at most 2n — 1 different class representatives.
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Figure 6.16: Procedure INSERT((e,r,y)).

(1) procedure INSERT((e,x,¥));
(2) if () # c(v)
(3) — inserty((e, z,y))
(4) 1 e(z) = e(y) A2ec(z) # 2ec(y)
(5) — Treepathy(2ec(z), 2ec(y), Py, fath);
(6) let ¢ be the class node on P, with the largest number of nodes in its class:
(7) construct the cyclic sequence C'Sy from P, by inserting the
)

(8 interconnection edges between consecutive class nodes on P, and by
(9) inserting edge (e,2,y) between class nodes 2ec(x) and 2ec(y);

(10) CS;:=90;

(11) for all end nodes u,v of consecutive edges in C'S; with 2ec(u) = 2¢e(v)
(12) — inserts((€', u,v)), for a temporary edge (', u,v);

(13) insert 3ec(u) in C'Sj;

(14) if 2ec(u) # co— ReverseRoot Pathi(3ec(u))

(15) [ 2ec(u) = cg— ccg 1= 3ec(u)

(16) fi

(17) rof;

(18) for all C € P\{2ec(z)} — Unionae(C,2ec(z)) rof;

(19) father(2ec(zx)) := fath;

(20) make a new cycle r of the class nodes in C'Sy in the same cyclic order
(21) in which they appear in C'S3, where ccg is the father of the new cycle
(22) node r and the father of the class nodes in C'S3\{ccy} is »

(23) | e(z) = c(y) A 2ec(z) = 2ec(y)
(24) — inserts((e,x,y))
(25) fi
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We now compute the time complexity of procedure INSERT for all edge insertions.

All computations in lines 1-5, 18, 19, 23 and 25 correspond to computations of
procedure inserty and hence take altogether O(nlog n+e) time for e edge-insertions.
Moreover, lines 6-10 and 20-22 can be performed within the same time complexity
as line 5 since they all need time linear to the length of P,. Therefore we charge
this cost to line 5, what does not increase the order of time complexity of that
line. Hence, the only computations we need to consider now are those performed in
lines 11-17 and line 24.

By Property 6.4.4 the execution of inserts takes O(1 + d) time apart from the time
needed to join 3ec-classes and to perform Circular Splits, where the number of 3ec-
classes decreases with d. Firstly note that the number of calls of procedure insert,
in line 12 of procedure INSERT is O(|CS;|). Therefore we can charge O(1) time
per call to line 5 without increasing the order of time complexity too. A similar
remark can be made for the call of procedure insert; in line 24; O(1) time can be
charged to procedure call TNSERT. Hence, we only need to consider the remaining
part O(d) of the cost O(1 4 d) of a call of inserts;. Since initially there are n 3ec-
classes and since the number of classes only decreases and never increases, it follows
that the remaining time O(d) spent by procedure insert; (where d is the decrease in
the number of 3ec-classes) adds up to O(n) for all calls together. The Union-Find
structure and the Circular Split-Find structure take O(n.logn) time for all Unions
and Splits, since there are O(n) elements occurring in these structures.

Adding all the above time complexities yields a total time complexity of O(nlogn+e)
for the insertions of e edges. Moreover, only the edges that become interconnection
edges between 2ec-classes at the time of insertion (and hence, for which their end
nodes are in two distinct connected components just before the insertion) need to be
stored. Hence, since there exist at most n — 1 such edges during the entire sequence
of insertions, the space complexity is O(n).

We have thus proved the following theorem.

Theorem 6.4.6 There erist a data structure and algorithms that solve the Sec-
problem, which can be implemented as a pointer/logn solution, such that the fol-
lowing holds. Starting from an empty graph G =< V,0 >, the insertion of e edges
take O(nlog n-+e) time altogether, where n is the number of nodes in G. The queries
2ec-comp(z) and 3ec-comp(z) can be answered in O(1) time. The data structure can
be initialised in O(n) time and uses O(n) space.

It is easily seen that besides edges, new nodes can be inserted in the graph in O(1)
time (each inserted node forms a 2ec-class and a 3ec-class in its own at the moment
of insertion). Therefore, the statement in the above theorem can be extended with
node insertions, where n is the final number of nodes in the graph (and where n is
the initial number regarding the time needed for initialisation).
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6.5 Concluding Remarks

In this chapter, we have presented algorithms for maintaining the 2- and 3-edge-
connected components in a graph under the insertion of edges and vertices. The
insertion of e edges costs O(n.logn + €) time in total, while at any moment con-
nectivity queries can be answered in time O(1). The time bound for the insertions
together with the cost for queries can be improved to O(n +m.a(m, n)), where m is
the total number of queries and edge insertions and n is the number of nodes, using a
number of sophisticated data structuring techniques. These results will be presented
in the next chapters, since the additional data structures are rather complicated.
Moreover, the same time bounds will be achieved for 2- and 3-vertex-connectivity.



Chapter 7

Fractionally Rooted Trees

7.1 Introduction

A major problem in obtaining better time bounds for the connectivity problems is
obtaining paths in trees if, in addition, trees may be linked from time to time. In
the previous chapter, we used ordinary rooted trees for obtaining tree paths between
nodes. However, if we use rooted trees, where the father relation is implemented
accordingly, then, each time when two trees are linked, the father relation must
be adapted in one of the trees. If this is done in the way of a simple Union-Find
structure (U F(1), cf. Subsection 3.3.1 or [1]), viz., by processing the smallest tree,
then this takes O(n.logn) time for n nodes.

Another problem is that a tree may be changed itself (“internal change”): cf. the
cases of inserting an edge in the trees that are used for the 2ec-problem or the 3ec-
problem. However, in the previous chapter, we have seen that for a spanning tree
ST of graph G, each 2ec-class of nodes induces a subtree of ST. Moreover, two
different 2ec-classes can have at most one node in common. Therefore, 2ec-classes
partition ST into subtrees such that two different subtrees have at most one node
in common, but they do not have edges in common. Therefore, we can express
2ec-classes in terms of trees with edge classes, where trees are linked from time to
time, and where the only “internal change” consists of joining classes of edges. This
partially motivates the description that we will give below.

In this chapter, we present a data structure, called the fractionally rooted tree.
It allows the linking of trees, while tree paths can be obtained efficiently at any
moment. Moreover, it allows classes of edges that induce subtrees to be treated as
single units, i.e., for a tree path that runs through some subtrees that are induced
by classes of edges, it is not needed that every node or edge on the tree path is
returned, but one representative for each subtree suffices. The data structure can
be maintained in O(n + m.a(m,n)) time for n nodes and m operations, where the
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allowed operations are as follows. First, thereis a query of the form: given two nodes
of a tree, return two tree edges that are in the same class of edges and such that
each node is incident with at least one edge. Second, one can join all edge classes
that occur on the tree path between two nodes into a new edge class (destroying
these old edge classes). Third, one can link two trees. (Actually, the operation for
joining edge classes is split into two different operations that we will both need in
Chapter 8, but this will be considered later.)

In Chapter 8, fractionally rooted trees will be used to obtain optimal solutions for
both the 2ec-problem and the 3ec-problem, while in Chapter 9, we will also use
the data structure to obtain an optimal solution for the problem of maintaining the
2-vertex-connected components.

This chapter is organised as follows. In Section 7.2, we describe the problem, i.e.,
we describe the trees and operations for which the data structure can be used, and
we give observations and ideas that we will use in our data structure. In Section 7.3,
we describe a data structure called a division tree, that forms an essential part of
the fractionally rooted tree. In Section 7.4, we present the fractionally rooted trees.
Finally, in Section 7.5, we determine the time complexity of the operations.

7.2 Problem Description and Observations

7.2.1 Problem Description

We give a formal description of the operations supported by fractionally rooted trees,
without considering the data structure itself yet.

Let a forest F' be given. Suppose the collection of edges is partitioned into disjoint
classes such that each class induces some subtree of F. Such a partition is called an
admissible partition.

Let = and y be two nodes in the same tree of F. Let P be the tree path between x
and y. We call a node z on tree path P an internal node of P if it is incident with
two edges of P that are in the same edge class. We call a node of P a boundary
node otherwise. Hence, a boundary node is either one of the end nodes z or y of
P, or it 1s a node for which its two incident edges on P are in different classes. A
boundary edge set for a boundary node z on P is a set of (0, 1 or 2) edges that
contains for each edge e of P that is incident with z, exactly one edge e’ which is
incident with z and which is in the same edge class as e. (See Figure 7.1, where path
P is drawn with heavy lines, C, and C, are two different edge classes, {e;,e;} C Cy
and {es, es} C C3, and where {e;,e3}, {e1, €4}, {€2,€3}, and {e2, €4} are boundary
edge sets for z on P.) A boundary list for the two nodes z and y is a list consisting
of the boundary nodes of P, where each boundary node has a sublist that contains
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Figure 7.1: Boundary edge sets

a boundary edge set for it on P. An edge class occurs in a boundary list if an edge
of it occurs in a sublist in it. (Note that in a boundary list for « and y with z # y,
all nodes have a sublist with two edges except for nodes x and y that each have one
edge in their sublist. The boundary list for z and y with r = y consists of node z
with an empty sublist.) We say that z and y are related nodes, denoted by r ~ y,
if + = y or if all the edges on P are in the same edge class. (Hence, r ~ y iff r and
y are the only nodes in a boundary list for » and y.)

A joining list J is a list of nodes with sublists of edges as follows. An edge class
occurs in list J if an edge of it occurs in a sublist of J. Let C'J be the collection
of edge classes occurring in J. It is required that the union of the classes in CJ
induces some subtree in F' (and hence yields a new admissible partition of the edge
set.) Moroever, the nodes in list J must be the nodes that are incident with edges
of at least two classes in C'J. For each node z in J, the sublist of = must contain an
edge for each class in CJ that contains an edge incident with =.

The following operations, called FRT -operations, may be performed on a forest F.

link((e,z,y)): Let ¢ and y be nodes in different trees of forest F. Then link the
two trees containing x and y by inserting the edge (e,x,y).

boundary(z,y): Let z and y be in the same tree of F', with = # y. Then output
a boundary list for  and y.

joinclasses(J): Let J be a joining list. Then join all the edge classes of which an
edge occurs in the list.
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equal-class-edges(r, y) : Return an edge incident with » and return an edge inei-
dent with y: these edges are in the same class if such edges exist. Return the
names of the edge classes in which the edges are contained.

A call boundary(z,y) is essential if =(x ~ y) and it is nonesse ntial if r ~ y. (Note
that an essential call boundary outputs a boundary list with at least three nodes
and at least two edge classes occurring in it, and it outputs a boundary list with
two nodes and one edge class otherwise.)

An essential sequence is a sequence of calls of link, essential calls of boundary and
calls of joinclasses where every (essential) call boundary, returning a list BL, is
followed by the call joinclasses(J) such that the edge classes occurring in BL also
occur in J. (Note that by the definition of joining list this means that J consists
at least of the nodes in the boundary list BL that is output by boundary except
possibly for the end nodes in BL, where for each edge ¢ in the sublist of r in BL
there is an edge e in the sublist of node r in J that is in the same edge class as ¢.)

A matching sequence is a sequence of calls of F RT-operations where the subsequence
of calls of link, essential calls of boundary and calls of joinclasses forms an essential
sequence.

7.2.2 Observations and Ideas

We give some of the ideas and observations regarding fractionally rooted trees. We
consider a forest F', with an admissible partition of the edge set.

A tree T in F is partitioned into subtrees that all are (locally) rooted, i.e., each
subtree has its own root independent of the remainder of the tree and subtrees.
(The subtrees are independent of the admissible partition of the edge set.) Each
subtree is contracted to a new node, which yields a contracted tree T'. The collection
of edges of T" is partitioned into edge classes induced by the edge classes of T, where
an induced edge class in T consists of the contraction edges of the edges in a certain
edge class in T'.

A boundary list B between two nodes z and y in T can now be obtained as follows.

Let ¢ and d be the nodes in T’ to which z and y are contracted respectively. If
¢ = d, then the tree path between z and y in T is entirely inside contraction node
c. Therefore, we assume ¢ # d. Let P be the tree path between r and y in T'. Let
P’ be the tree path between ¢ and d in T”. Consider an internal node b of P’. Then
the edges of P’ that are incident with b are in the same class. Hence, the originals
of these edges (in T') are in the same edge class and, since an edge class induces a
subtree, all edges on P that are contained in contraction node b are in that edge
class too. Hence, all the nodes on P that are contained in b are internal nodes of P.
On the other hand, for each boundary node b of P’, there is a boundary node of P
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that is contained in b. For, either an end node of P is contained in b or the edges
of P’ (in T") that are incident with b are in the different classes. In the latter case,
the originals of these two edges (on P) are in different edge classes, and hence there
is at least one node of P contained in b of which the two incident edges of P are in
different classes. Therefore, each boundary node of P is contained in a boundary
node of P’ and each boundary node of P’ contains a boundary node of P.

Now, suppose that b is a boundary node of P’. Consider the part P, of P inside
contraction node b. We consider the relation between boundary nodes in P, and
P (see Figure 7.2). Trivially, a boundary node of P that is contained in P, is a
boundary node of P, too. Now, let z be a boundary node of F,. Let the end nodes
of P, be u and v. If z & {u,v}, then z is a boundary node of P too, and a boundary
edge set for z on P, is a boundary edge set for z on P. If z € {u,v} and u # v, then
z is an end node of P, and hence a boundary edge set for z on P, contains only one
edge, say edge e;. Let e; be the original of the edge in a boundary edge set for b
on P’ that is incident with =z, if e, exists (i.e., if = & {x,y}). If e; exists, and if e,
and e; are in the same edge class, then z is an internal node of P. Otherwise, z is a
boundary node; then a boundary edge set for z on P, extended with e, (if ey exists)
is a boundary edge set of z for P. Finally, if z = u = v then P, consists of node z
only. Hence, a boundary edge set for z (= u = v) on P, consists of z with an empty
sublist. In that case the original(s) of the edge(s) in a boundary edge set for b on P’
torm a boundary edge set for z on P. (Since otherwise, b would not be a boundary

node of P'.)

Figure 7.2: Considering a part Pb of P.

contraction node b

path part Pb
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Hence, we can follow the following strategy. First we compute a boundary list B’ in
T’ for the nodes ¢ and d. Then, for each boundary node b in B’, we obtain the above
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nodes u and v as follows: if b & {c,d} then u and v are the nodes that are contained
in b and that are end nodes of the originals of the two edges in the sublist of bin
B’; otherwise, if b = ¢, then v = z and v is the node that is contained in b and that
is an end node of the original of the edge in the sublist of b; if b = d, then we have
the same situation for y. Subsequently we compute the “local” boundary list bi(b)
for u and ». (Note that this can be computed inside the subtree that is contracted
to b only.) Finally, we consider the end nodes u and v like above: if u (or v) is not
a boundary node after all, then it is removed from bl(b), and otherwise, its sublist,
containing boundary edge sets, is adapted like above. Then these local boundary
lists bl(b) for b € B’ are concatenated in the same order as that the corresponding
contraction nodes b occur in B'.

We will present fractionally rooted trees and algorithms for maintaining them that
are based on the above observations.

7.3 Division Trees

7.3.1 Description of the Data Structure and the Opera-
tions

Division trees form an essential part of the fractionally rooted trees. For the termi-
nology regarding contractions we refer to Section 2.1.

Let F' be a forest with an admissible partition of the edge set into edge classes.
Henceforth we call these edge classes global edge classes (to distinguish them from
other, local, edge classes that will be defined below).

Let T be a tree in F. Then T together with a set CN(T) of new nodes, called
contraction nodes, and with a set nodes(b) of nodes in T for each b € CN(T) is
called a division tree if the sets nodes(b) for b € CN(T) partition the node set of
T into disjoint subsets and if each set nodes(b) induces a subtree of T, denoted
by tree(d). A subtree tree(d) is called an elementary subtree of T. (Hence, each

elementary subtree can be considered to be contracted to a unique contraction node
in CN(T).)

The contraction tree CT(T') of a division tree T (with the sets as described above) is
the tree with node set C N(T') and with the edge set being the set of corresponding
contraction edges (hence, consisting of the edges (e, ¢, d) such that ¢ # d and there
exists an edge (e, z,y) with = € nodes(c) and y € nodes(d)).

For a subtree tree(b) of T we define the set of external edges of tree(b) as the edges
of T that are incident with exactly one node of tree(b). (Note that if tree(d) = T,
then there are no external edges.) We define the extended tree of tree(b), denoted
by extree(b), as the tree tree(b) extended with its external edges. Note that an
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extended tree is therefore not a tree in the usual sense, since only one of the end
nodes of an external edge is in the tree. However, we will still apply the regular tree
notions on the nodes and edges in an extended tree, where if necessary the lacking
end nodes can be thought to be present in the extended tree, though. E.g., if tree(b)
is rooted, then the father relation is extended to extree(b) by taking for the father
node of an external edge its unique end node that is in tree(b). Moreover, note that
each node is contained in exactly one extended elementary subtree.

An edge that is contained in some elementary subtree tree(b) is called an internal
edge of T. An edge in tree T that is not contained in any elementary subtree is an
external edge of two elementary subtrees and, hence, is contained in two extended
subtrees (namely, in the two extended subtrees corresponding to the two contraction
nodes in which the end nodes of that edge are contained). These edges are called
the external edges of T

Let S be an extended elementary subtree of T. The edge set of S is partitioned into
the edge classes as follows. The edge classes of S are the nonempty intersections
of the global edge classes of T with the set of edges of S. It is easily seen that the
edge classes of S form an admissible partition for 5. We sometimes call these edge
classes local edge classes, in particular if we consider these classes in general (i.e.,
not in the context of some extended subtree).

We describe some further aspects of the division trees.

A tree T in F is implemented in the common way: each node has an incidence list,
consisting of (pointers to) the edges of which it is an end node. Each node z in
T contains a pointer contr(z) to the contraction node b € CN(T) in which it is
contained (i.e., for which z € nodes(b)), and, conversely, for each contraction node
b€ CN(T), the set nodes(b) is implemented as a list (which we denote by nodes(b)
too). An edge contains a status field indicating whether it is external or internal.
(Note that it can also be determined without status field whether an edge is external
or not, viz., by checking whether the end nodes of the edge are contained in the same
contraction node by comparing the contr pointers of these nodes.)

Note that each internal edge is in exactly one (extended) subtree, while each external
edge is contained in exactly two subtrees. The operations that may be applied on
division trees (as described in the sequel) may change edges from external to internal,
but not the other way around. Moreover, an external edge may contain different
information pertaining to the two extended subtrees in which it is contained. This is
implemented as follows. Each edge has two representatives called edge sides (or just:
sides), one for each of its end nodes (e.g. implemented as two records pointed at
from the edge, or two dedicated blocks of fields in the edge). The side of edge (e, z,y)
for end node z is denoted by (e,z,y), (and similarly for y). For an external edge
(e,z,y), the side for end node z is the representative of e in the extended subtree
in which z is contained. Hence, if (e, z,y) is considered inside ezxtree(b), then the
appropriate side is the side for the end node z € {x,y} with contr(z) = b, and hence
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it can be obtained by comparing contr(z) and contr(y) with b. For internal edges,
both the sides are considered to be identical representations for the same subtree
(hence, (e,z,y). = (e,7,y)y), where only one of them is taken (and distinguished)
to be the actual (and active) representative. Instead of speaking of “side (e,z,y),”
we will also speak of “edge (e,z,y) w.r.t. z”.

In the sequel the (local) edge classes for each extended subtree are implemented by
Union-Find structures (which is described below). For an external edge, the appro-
priate side for the extended tree is used. An internal edge, according to the above
implementation, actually “occurs” two times in a Union-Find structure, namely by
both its sides, of which one is a dummy and is not used explicitly in the struc-
ture. (This avoids the presence of a “remove” operation in a set in the Union-Find
structure.)

The extended subtrees in a division tree have the following additional implementa-
tion.

Let b be a contraction node. We consider extree(b). Extended tree extree(b) is
rooted at some node. Each node in the extended tree has a pointer to its father
node (if any) and to its father edge (if any).

Every edge class contains at most one edge that is marked by a so-called ec-mark,
which is an external edge. The edge classes in eztree(b) are represented by a Union-
Find structure (according to the above representation method with sides), called
the local class Union-Find structure. The class of edge e in extree(b) is denoted by
class(e) (which corresponds to a Find). (Note that actually we have to give the
appropriate side of e w.r.t. exiree(b) as parameter of class. We will often omit this
if it is clear for which extended tree the edge is considered.) There are the following
pointers w.r.t. classes.

e For each edge class C in extree(b) there are the following pointers:

— pointer maz(C) to a maximal edge of C in the rooted tree extree(b)
Such an edge is called the maximal edge of that class. It is marked by an
m-mark.

— pointer ext(C) to an external edge in it (if there exists any).
— pointer edge(C) to the c-marked edge in it (if it exists).
These pointer are stored in (the record representing) the name of the class C.

e every c-marked edge e € extree(b) contains a pointer c(e) to the name of the
class in which it occurs.

Note that for a node « in eztree(b) and for an edge class C in extree(b) that contains
an edge incident with z, the father edge of z is in C, or the (unique) m-marked edge
in C (which is the edge to which maz(C) points) is incident with z.
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Also, note that the global edge classes of forest F' are not implemented and therefore
only conceptually exist in a division tree: i.e., there is no Union-Find structure
present for the global edge classes in a division tree. (However, note the global
edge classes can be obtained from the local edge classes if all local edge classes that
contain a common edge are joined.)

We describe the operations that we want to perform on F.

basic-external-link((e,x,y)): Let z and y be nodes in two different trees T, and
T,. Then link these trees by the edge (e,z,y), yielding tree T, where the
partition of the node set remains unchanged. This means that CN(T) =
CN(T,)UCN(T,) and for each b € CN(T), the set nodes(b) is not affected by
the operation. The new edge (e, r,y) (which is hence an external edge) forms
a new singleton class on its own in the extended trees in which it is contained.

basic-internal-link((e,x,y),y): Let = and y be nodes in two different trees T and
T,. Let ¢ = contr(z). Then link these trecs by the edge (e, z,y), vielding tree
T, where the elementary subtree tree(c) is extended with the (internal) edge
(e,z,y) and with the tree T,. Le., CN(T) = CN(T;) and all sets nodes(b)
for b € C' N(T,) remain unchanged except for nodes(c) that is augmented with
the nodes of T,,. The new edge (e, z,y) (which is hence an internal edge) forms
a new singleton class on its own in the extended tree in which it is contained.

basic-integrate(z, f): Let z be a node in tree T and let f be a (possibly new)
contraction node not occurring in CN(T). Then change the partition of T
such that it consists of precisely oue elementary subtree with contraction node
f (hence, T itself). Le., afterwards CN(T) = {f} and nodes(f) contains (at
least) all the nodes of T'.

basic-boundary(z,y): Let z and y be in the same elementary subtree S. Then
return a boundary list BL for nodes z and y in S, where each edge in the
sublist of a node in BL either is the father edge of that node or it is m-marked
in S.

basic-joinclasses(J): Let J be a joining list containing precisely one node and such
that there is at most one edge class occurring in J that contains a c-marked
edge. Then join the edge classes of which an edge occurs in the list.

Note that elementary subtrees are changed in case of a call basic-integrate or basic-
internal-link. (For, the partition of the node set in subsets nodes(d) is altered.)
Therefore we call an edge affected by an operation, if for the extended trees extree(b)
and extree(d’) in which it is contained before and after such a procedure call respec-
tively, b # b’ holds. (Note that all edges in the tree on which basic-integrate is
performed, are affected then. For affected edges, the father relations and m-marks
of these edges (edge sides) may change during these calls.)
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We show how to initialize a forest with an admissible partition on its edge set as
a forest of division trees, where each division tree contains exactly one elementary
subtree, namely the tree itself. We suppose that a list of nodes in the forest is
present and a collection of lists, one for each edge class, where a list contains exactly
the edges in that edge class. First for each tree T create a new contraction node ¢,
create two sides for each edge occurring in the tree, make the tree rooted (together
with the father relation on the nodes). The contraction pointers of all the nodes
are set to ¢ and the nodes are put in the list nodes(c). All edges are un-m-marked
and un-c-marked. Then for each list do the following. Initialise a set in the Union-
Find structure consisting of all the edges in the list. Then detect an edge in the set
that is maximal in the tree in which it is contained: first mark all edges in the set,
then detect for each edge whether its father edge (if any) is in the set too, i.e., it is
marked too, and if not (i.e., the father edge does not exist or it is not present), then
that edge is a maximal edge. In this way a maximal edge for the set is selected and
m-marked and a pointer to it is stored in field maz of the name of the class. The
other fields ext and edge in the set name are set to nil. Note that all this can be
performed in linear time provided that the sets can be initialised in linear time in
the Union-Find structure that is used.

We summarize the pointers and representations. For a tree T in F we have the
following.

¢ BEach node z in a tree T' contains the following information, where b = contr(z)

(be CN(T)):
— an incidence list, consisting of (pointers to) the edges of which it is an
end node.
— a pointer contr(z) to node b
— a pointer to its father node (if any) and to its father edge (if any) in

extree(d)

e For each contraction node b € CN(T'), the set nodes(b) is implemented as a
list (denoted by nodes(d) too).

e An edge (e,z,y) in T contains the following:

— a status field indicating whether it is external or internal.

— two edge sides (being its representatives), one for each of its end nodes:
(e,z,y); and (e, z,y)y.

— side (e,z,y), contains a field for the local-class Union-Find structure
representing the edge classes in eztree(contr(z)). (Similarly for y.)

— if (e,z,y) is c-marked in extree(contr(z)), then (e,r,y). contains a
pointer c(e) to the name of the class in which it occurs. (Similarly for y.)
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o For each edge class C in extree(b) for some b € CN(T), there are the following
pointers:

— pointer max(C) to the m-marked edge of C.
— pointer ext(C) to an external edge in it (if there exists any).

— pointer edge(C) to the e-marked edge in it (if it exists).

These pointer are stored in (the record representing) the name of the class C.

7.3.2 Implementation of the Operations

The operations are implemented as follows. We give the computations and we
intermix it with comments. (This subsection may be skipped at first reading.)

basic-external-link((e,x,y)): First edge (e,z,y) is inserted as an edge between
x and y: i.e., the edge in inserted in the incidence list of both its end nodes
x and y. Then the two sides of the new edge (e,.r, y) are both inserted as
singleton sets in the local class Union-Find structure. For both the sides, the
pointers max and ext are set to edge (¢, .r,y) itself. The sides are m-marked.

basic-internal-link{(e,x,y),y): Let ¢ = contr(z). First the operation basic-
integrate(y, c) is performed. (Note that now y is the root of the tree in which
it is contained.) Then the operation basic-exrternal-link(e,x,y) is performed.
The two singleton classes consisting of the edge sides of (¢, 2, y) are joined,
vielding class C (by performing a Union on the output of the Finds on the
sides). Then edge (e, x,y) is converted to internal and it is made the father
edge of node y. Make z the father node of y. (Note that since y is the root
of its tree, converting (e, r,y) to internal and making » the father of y yields
that the new resulting tree tree(c) is rooted again.) The pointers max(C) and
ext(C) are set to (e, x,y) and to nil respectively. Finally, the pointer edge(C)
is set to nil and edge (e, r,y) is m-marked.

basic-boundary(z,y): Note that « and y are in the same elementary subtree. If
x = y then return the boundary list BL consisting of node z with an empty
sublist. Otherwise,  # y and the following is done. The boundary list BL is
obtained as follows. First the boundary nodes (together with boundary edge
sets) for the root paths of z and y are partially computed: viz., two boundary
lists s(x) and s(y) are computed as follows. The two lists s(r) and s(y) start
with z and y with empty sublists respectively. Then the two lists s(x) and
s(y) are stepwisely computed in an alternating way until a node top has been
visited by both computations. A computation step for sequence s(x) (or s(y})
is as follows: obtain the father edge (e, z, z') of the last node z in the sequence,
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(if any, otherwise skip the rest of the step), insert the edge in the sublist of
z, obtain the edge maz(class(e)) = (¢’,u,v) and obtain the father node of ¢’
(being u or v); then insert the father node at the end of the list and insert
edge (¢',u,v) in its sublist. (The stop condition can be checked by marking
all nodes that are visited: it becomes true if a node is visited that is already
marked. After the traversals the nodes are unmarked. Cf. Subsection 6.3.2.)
(Note that now s(z) and s(y) are boundary lists for their end nodes.) (It
follows that each edge in the sublist of a node is either its father edge or it is
an m-marked edge.)

Adapt the lists as follows: remove all nodes in the lists occurring after top and
remove the father edge of top from its sublists (if present).

Now s(z) and s(y) are boundary lists for = and top and for y and top respec-
tively. Hence, both s(z) and s(y) contain the boundary nodes (together with
boundary edge sets) for the paths between = and top and between y and top
respectively. Moreover, note that all their nodes, except for possibly node top,
are on the the path P between z and y and hence are boundary nodes for P.
So it is left to verify whether top is a boundary node for P. If top € {z,y}
then top is a boundary node of P. Otherwise, each of the two sublists of top
(in s(x) and s(y)) contains exactly one edge. If the two edges in these sublists
are in the same edge class, then top cannot be a boundary node of P. Other-
wise, if they are not in the same edge class, then top is on P and hence it is a
boundary node of P, where the two edges form a boundary edge set. This is
the observation justifying the following part of the computations.

If each of the two sublists of top (in s(z) and s(y)) contains exactly one edge,
and if these two edges are in the same edge class, remove top from both its
lists. Otherwise, extend the sublist of top in s(z) with the sublist of top in s(y)
and remove top from s(y). Then the boundary list BL is created by appending
the reversed list s(y) to the list s(z).

basic-joinclasses(J): Let J be a joining list consisting of precisely one node for

some subtree S. For all edges in J, the corresponding classes must be joined
yielding one new class C.

First a list CJ is created consisting of all (names of) edge classes occurring
in J. (This is done by performing a Find operation class on each edge in the
list: for each edge (e, z,y) in the sublist of node = in J, obtain its class name
class((e, z,¥):).)

We compute a maximal edge e,, of the (future) new class C as follows. For
each class name ¢ in C'J, obtain the maximal edge maz(c) in its class. Check
whether the class of the father edge (e, z,y,) of z occurs in CJ (which can be
done by marking the class names occurring in CJ). If this is the case, then e,

is the maximal edge of that class. Otherwise, e,, is any of the maximal edges
obtained above.
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Subsequently, the (unique) e-marked edge e. that is contained in one of the
classes in C.J is selected (if it exists). Moreover, one of the external edges of
the classes in C'J (if any) is selected as edge €.

Join the classes in CJ, resulting in one new class. Edge ¢, is related to ¢ as
c-marked edge: i.e., ¢(e.) is set to point to the name of the new class C' (which
is obtained by performing a Find operation class(e.)) and edge(C) is set to
point to e.. An external edge is related to the resulting class C by setting
ext(C) to €ex-

The m-markings are updated as follows: all maximal edges obtained above are
un-m-marked except for edge ¢,,. (Remark that a list containing these edges
that are un-m-marked can easily be returned by the procedure, if wanted.)
Then maz(C) is set to point to e,,.

basic-integrate(x,f): Let T denote the tree in which z is contained. First x is
taken as the root of T and the father pointers of all nodes (to the resulting
father nodes and father edges) are adapted accordingly. Moreover, the pointers
contr of the nodes are set to f and the nodes are put in list nodes(f). For
each external edge e, the two classes in which its sides are contained are joined.
The external edges of T are set to internal and are (hence) un-e-marked. Then
¢(e) := nil for all the processed edges and ext(C') := edge(C) := nil for all
occurring classes C (since all edges in T are internal now). Moreover, all edges
are un-m-marked and for all occurring classes the pointer max is set tonil. (All
this can be performed during a tree traversal algorithm.) Next, maximal edges
are related to the edge classes by checking for each edge e whether its father
edge is in the same class too: if this is not the case, and if maz(class(e)) = nal
then the pointer max(class(e)) is set to e and e is m-marked. (There may be
several candidates for one class: then after the first candidate the maz-pointer
is not nil and hence no further changes occur.) (This can be performed during
a tree traversal algorithm.)

Finally, note that because of the insertion of edges Union-Find structures must
allow the insertions of eclements. However, since the number of edges is less than the
number n of nodes in the forest, this can be implemented by using 2(n —1) “free”
records, where 2 such free records are associated to an inserted edge (or: its edge
side) as its representatives w.r.t. the Union-Find structure. Then, (with a fixed
number of nodes) no insertions in the Union-Find structures are needed.

7.4 The Fractional Structure

We now present the data structure called the fractionally rooted tree.
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We consider a dynamic forest Fy with an admissible partition of its edge set into
(global) edge classes. The edge classes in Fy are represented by a Union-Find struc-
ture denoted by UFy. A Find in UFy on a edge ¢ € Fy (to obtain the name of its
edge class) is denoted by classg(¢).

Let i > 1. Let F, be a forest consisting of trees that are contraction trees of trees in
Fy, where each tree in Fyy has at most one contraction tree in Fj, but where not for
all trees in Fy a contraction tree needs to be present in F; (already). (In that case
F can be extended (from time to time) with a singleton tree being the contraction
of such a tree in Fy.) The edge set of forest F; is partitioned into the edge classes
that are induced by the edges classes of Fy

We introduce the structures FRT(¢) for F; for ¢ > 1.

Each tree of F; has a name in FRT(i), being some (new) unique node. We denote the
tree in F; that has the name s in FRT(¢) by treei(s) and we denote the corresponding
original tree in Fy by treeg(s). The FRT(7) structure consist of a collection of so-
called tree structures , one for each occurring tree name (i.e., for each occurring
tree in F}). A tree structure consists of a tree name s and a collection of at most ;
layers, numbered from i in a decreasing order (say, down to down(s)). Each existing
layer j (down(s) < j < 1) consists of a division tree, denoted by tree(s,j). For
layer i, tree(s, i) is the tree;(s) represented as a division tree. The tree tree(s., j)
in an existing layer j (down(s) < j < ¢ — 1) is the contraction of the division tree
tree(s,j+1)in layer j+1. (Hence, tree(s, j), with down(s) < j < i, is a contraction
tree of treeq(s) too.) Each edge in a tree tree(s, j) has a pointer origy to its original
in Fp, which is called its O-original. The tree name s forms the contraction tree
of the division tree tree(s, down(s)) stored in layer down(s). Tree name s contains
a pointer contr being nil. (The above number down(s) is only used in the above
description and will not be used in the data structure itself.)

To each tree name some parameters are associated and the corresponding tree struc-
ture satisfies additional constraints w.r.t. these parameters, which will be given in
the sequel.

The collection of tree structures is changed by operations that are given in the
sequel.

Note that from the above description the following follows.

Firstly, the trees stored in layer 7 of FRT() (i.e., the trees tree(s,z)) form the forest
F:. Hence, two edges in a tree tree(s, ) are in the same global edge class (in F}) iff
their O-originals in Fj are in the same global edge class.

Secondly, all the nodes in the tree structure for tree name s contain a pointer field
contr. For tree name s pointer contr(s) is nil. For an existing layer j (down(s) <
j <) anode z in layer § the pointer contr(x) either points to a node in layer j — 1
(the contraction node in which z is contained) if layer j — 1 exists, or it points to
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tree name s otherwise. Moreover, for a node z, nodes(z) is the list of the nodes y
for which the pointer contr(y) points to x (i.e., it represents the set of nodes that
are contracted to z).

Consider a structure FRT(Z) for forest F;. The structure FRT(z) allows the following
operations on the nodes and edges of F;:

treename(z): = is a node. Then output the name s of the tree in which node z
occurs (i.e., for which z € tree(s,i)).

link((e,z,y),s,t,7): s and t are tree names, s # t, z € tree(s,i) and y € tree(d, ).
Then link tree(c,i) and tree(d,i) by the edge (e, z,y), where edge (e, z,y)
forms a new singleton class. Update the structure.

boundary(z,y,2): Let = # y and a,y € tree(s,i) for some tree name s. Then
output a boundary list BL for nodes = and y in tree(s,?).

joinclasses(J,i): Let J be a joining list. Then update the structure according to
the joining of the global edge classes occurring in the list.

candidates(z,y,1): Let z and y be two nodes, = # y. Return an edge e, incident
with z and an edge e, incident with y such that these edges are in the same
global edge class if such edges exist. Moreover, e, is the father edge of z, or
€r 1s m-marked w.r.t. z, and similar for e, and y.

(Note that the above correspondence between z and s and between y and ¢ in
procedure link means that we can make distinction between the “first” node and
the “second” end node of edge (e,z,y). We can formalize this by adding new
parameters containing z and y in the procedure heading. However, we will not do
this here.)

Operation treename(x) is given by: if contr(z) # nil then return
treename(contr(z)), otherwise return z. Obviously (from the above description),
treename(z) outputs the name of the tree in which node ¢ is contained. The other
operations will be given in the sequel.

The structures FRT(Z) are defined inductively in a way similar to Chapter 3. We
start from a base structure FRT(1) that corresponds to the idea using ordinary
rooted trees. This structure takes O(n.logn) time for an essential sequence of
operations.

7.4.1 The Structure FRT(1)

Structure FRT(1) is a structure for a forest F) that satisfies the following conditions.
(Recall that a tree in Fy with name s is denoted by tree(s,1) and that tree(s,1) is
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in layer 1, where C N(tree(s,1)) = {s}. (The entire tree tree(s,1) is “contracted”
to node s, the name of the tree.))

The Union-Find structure for local classes in Fy is UF(1).

For each tree name s we have a parameter weight(s,1) that contains the number
of nodes in tree(s,1): weight(s,1) = |tree(s,1)| (Note that we count the nodes of
tree(s,1), cf. Notation 2.1.1.)

We give the algorithms for the operations.

link((e,z,y),s,t,1): The trees tree(s,1) and free(t,1) must be linked by edge
(e,z,y). W.lo.g. suppose that weight(s,i) < weight(t,2). (Otherwise
interchange s,z and t,y in the description below.) Then basic-internal-
link((e,z,y),z) is performed.

boundary(z,y,1): The boundary list BL is obtained by a call basic-
boundary(z,y).

joinclasses(J,1): The joining of classes is performed by  the
calls basicjoinclasses(J;) for each node z in J, where J, consists of z and
its sublist in J.

candidates(z,y,1): Note that # # y. Let e, be the father edge of = and let
e, be the father edge of y. Obtain the edges m, = maz(class(e;)) and
my := maxz(class(e,)). If m, is incident with y then e, := m, (and then e,
is m-marked for y) and if m, is incident with y then e, := m, (and then e,
is m-marked for z). Output the edges e, and e,. (Now e, is either the father
edge of z or it is n-marked for z and similar for e, and y.)

Procedure candidates(z,y,1) yields a correct pair of edges, since if z and y are
incident with edges of the same edge class C, then either the father edge of z is in
C or the maximal edge of C is incident with z. The same holds for y. Moreover, at
least one of the father edges of z and y must be in C (if = # y).

If FRT(1) is used directly on Fg (i.e., Fi = Fy and hence tree(s,i) = treep(s)
for all tree names s), and hence inside an environment not being FRT(2), then
UFy = UF(1) (i.e., the global edge classes on Fy are implemented by a Union-Find
structure UF(1)).

If FRT'(1) is used directly on Fp (i.e., F; = Fp), then the initialisation for some (sub-
Jeollection of nodes in singleton trees is as follows. Relate a tree name s to each
singleton tree. For each node z with name s for the singleton tree consisting of z, the
following initialisation is performed: contr(z) = s, nodes(s) = {z}, weight(s,1) =
1. (Note that the insertion of a singleton set consisting of a newly created node
can easily be performed in this way too.) If we want to initialise the structure
for some a forest Fy not necessarily consisting of singleton trees, where there is a
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list of the names of the existing edge classes and for each name there is a sublist
with the edges in the corresponding class, then this can be performed as follows.
First the forest is initialised as a forest of division trees, where each division tree
contains exactly one elementary subtree, viz. the tree itself. This is done in the way
described in Section 7.3. Hence, for each tree there is exactly one (new) contraction
node. Then the contraction node s is taken to be the tree name in FRT(1) and
weight(s,1) = [the number of nodes in the tree].

7.4.2 The Structure FRT(i) for i>1

Let 7 > 1. Structure FRT(?) is a structure for a forest F, that satisfies the following
conditions. (Recall that a tree in F, with name s is denoted by tree(s,:) and that
tree(s,1) is in layer 1.)

The Union-Find structure for local classes in F; is UF(i).
For each tree name s we have a parameter weight(s,i) that contains the num-

ber of nodes of tree(s,i): weight(s,i) =] tree(s,1) |. Also, we have a parameter
lowindex(s,1) which is an integer > —1 that satisfies

2.A(2, lowindex(s, 1)) < weight(s,1). (7.1)

(The parameter lowindex is incremented from time to time by the algorithms.)

Two cases are distinguished.

o If tree(s,1) consists of precisely one node x (i.e., weight(s,i) = 1) then
CN(tree(s,1)) = {s} (Le., then contr(z) = s, nodes(s) = {r}.) (Hence,
layer i — 1 does not exist in tree structure s.)

e Otherwise, if tree(s,?) contains more than one node (i.e., weight(s,i) > 1),
then recall that tree(s,1) is a division tree.

A contraction node b € C N(tree(s,1)) satisfies (besides | cluster(b) |> 2)

| nodes(b) |> 2.4(i, lowindex(s,)). (7.2)

The contraction tree of the division tree tree(s, i) is tree tree(s,1—1)in layer i —
1. (Hence, for each external edge (e, r,y) € tree(s,1) there exists a contraction
edge (e,¢,d) in layer i — 1 with ¢ = contr(z) and d = contr(y).) The global
edge classes in tree tree(s,i—1) are the edge classes induced by the global edge
classes of tree(s,i) (and hence induced by the global edge classes of treeg(s).)

If layer ¢ is removed then the remaining part, starting from tree(s,i — 1) in
layer i — 1, is a FRT(z — 1)-structure. (Where hence tree(s,2— 1) is a division
tree with edge classes induced by treeg(s).)
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For an external edge (e,z,y) in tree(s,z) we have the following. Let ¢ =
contr(z) and d = contr(y). Then the contraction edge (e,¢,d) contains a
pointer orig to its original edge (e, z,y) in tree(s, ) (besides the pointer that
this edge contains to its 0-original in Fg). The side (e, x,y). (i.e., the side for
z) is c-marked if the edge (e,c,d) is the father edge of ¢ or if the edge side
(e, ¢, d). is m-marked.

Note that every edge class in extree(b) for some b € C N (iree(s, 1)) now contains at
most one c-marked edge, which is seen as follows. Let (e, z,y) be a c-marked edge in
ertree(b), where contr(z) = b and contr(y) = ¢. Let (e, z,y) be contained in class
C of extree(b). Then either edge (e, ¢, d) is the father edge of contraction node ¢ or
the edge side (e, ¢, d), is m-marked. By applying the observations of Section 7.3 to
tree(s,1—1), there is not another edge in the local edge class of (e, ¢, d). in tree(s, i)
that is incident with ¢ and that has one of these two properties. Hence, there is not
another ¢-marked edge in class C.

We give the algorithms for the operations (intermixed with comments). Note that,
by (7.1), lowindex(s,7) > 0 implies that tree(s,i) consists of at least 2 nodes and
hence there exists a contraction node ¢ at layer i — 1 (hence, ¢ # s).

link((e, z,y),s,t,i): The trees tree(s,:) and tree(t,i) must be linked by edge
(e,z,y). Wlo.g. we assume that lowindexz(s,i) > lowindez(t,7). (Other-
wise interchange z, s and y, d in the description below.)

Let newweight := weight(s,)+weight(t,7) and let [s := lowindex(s,1). Then
set weight(s, i) 1= weight(1,7) := newweight. There are three cases.

o lowindez(s,1) > lowindez(t,1). Let ¢ := contr(z). (Then ¢ # s, since we
have lowindex(s,i) > 0. Hence, cis a node on layer i—1.) The following is
done. Then a call basic-internal-insert((e, z,y), y) is performed (yielding
the extension of subtree(c) with edge (e,z,y) and with tree(t,i) and
where all nodes the contain a pointer contr to ¢) and the old existing

layers j with j < ¢ for tree structure t are disposed, together with name
t itself.

¢ lowindex(s,i) = lowindex(t, i) Anewweight > 2.A(4,ls + 1). Then a new
contraction node f is created in layer : — 1. Then a call basic-external-
insert(e, ,y) is performed and subsequently a call basicintegrate(r, f)
for some arbitrary node in the tree (e.g. r = z). The old existing layers
J of tree structures s and ¢ with j < ¢ are disposed including tree name ¢.
The tree name s is taken to be the name of the resulting tree: contr(f) :=
s. Finally, lowindez(s, i) := lowindex(s,i) + 1, weight(s,i — 1) := 1 and
lowindex(s,i—1) := —1. (Note that now the subtree subtree( f) consists
of tree(s,) and tree(t,) together with linking edge (e, z,y).)
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o lowindez(s,i) = lowindez(t,i) Anewweight < 2.A(i,ls+1). Then basic-
external-insert((e,z,y)) is executed. (Hence, edge (e, z, y) is inserted as
an external edge between z and y.)

Let ¢ = contr(z) and d = contr(y). (Then ¢ # s and d # t since
0 < newweight < 2.A(%,1ls + 1) implies Is > 0. Hence, ¢ and d are nodes
on layer z: — 1.) A new edge (e,c,d) is created. Then orig(e,c,d) =
(e,z,y) and origo(e,c,d) := origo(e, z,y). Subsequently a recursive call
link((e, ¢, d),s,t,i — 1) is performed. (This is to link the contractions
tree(s,i—1) and tree(t,7—1); then one of the above cases occurs on a layer
J with j < i.) Then all the affected edges in layer i — 1 are obtained (i.e.,
the edges processed by a call basic-integrate or basic-internal-insert on
layer ¢ — 1, which hence may change the father relations and m-marks of
these edges). (Note that these edges can easily be obtained by having the
recursive call link(i—1) returning a list of all these edges, where hence the
same must be done by calls basic-integrate and basic-internal-insert.)

For each original edge in layer ¢ of an affected edge in layer z — 1 and for
edge (e, z,y), the following is done to update the ¢-marks. Let (&', u,v)
be the considered edge and let (¢, a, b) be its contraction edge with a =
contr(u) and b = contr(v). If (¢/,a,b), is m-marked or if it is the father
edge of node a, then c-mark the edge side (€', u,v),, obtain its edge class
k = class((¢e’,u,v),) and set pointers ¢((e’,u,v),) := k and edge(k) :=
(e',u,v). Otherwise, un-c-mark (€', u,v),. The same is done for edge side
(e,u,v),. (Note that now an edge class k' cannot have an edge-pointer
left to an ex-c-marked edge, since an edge class that contains an external
edge always contains a c-marked edge and hence its edge-pointer is set to
that edge.)

boundary(z,y,?): The boundary list BL is obtained as follows.

Perform candidates(z,y,1) yielding edges e, and e,. If classp(orige(ez)) =
classg(origo(e,)) (i.e., e, and e, are in the same global edge class and hence
z ~ y), then the nodes z and y are put in BL with the edges e; and ¢, in
their sublists.

Otherwise we have —(z ~ y) and we do the following. Let ¢ = contr(y) and
d = contr(y).

If ¢ = d, then x and y are both in the same tree tree(c). Then basic-
boundary(z,y) is performed that gives BL as its output.

Otherwise we have ¢ # d and the following is done (corresponding to the
observations of Subsection 7.2.2). A recursive call boundary(c,d,i — 1) is
performed that outputs a boundary list BB for ¢ and d, consisting of nodes
and edges of the contraction tree in layer i — 1.

For each node fin BB a list bl(f) is computed as follows (according to the
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observations in Subsection 7.2.2). First the original(s) in layer ¢ of the edges
in the sublist of f are obtained. Let these edge(s) be the edge (€1, z1,u) and
(if zz & {c,d}) the edge (e, z2,v), where z; and z, are the nodes in which
these edges are incident with tree(f). If f = cor f = d then let z; = z or
zz = y respectively. Then in subtree(f) a boundary list bl(f) for z; and 2, is
computed by a call basic-boundary(zi, z2). The sublists of the nodes z; and
2z in bl(f) are extended with edge (e;, 21,u) and (if f & {c,d}) edge (ea,22,v)
respectively. Finally, a node z € {z,, 22} for which the sublist of z in sequence
bl(f) consists of two edges that are in a same edge class, is deleted from the
sequence (together with its sublist).

Then BL is obtained by concatenating the lists bl( f) in the order in which the
contraction nodes f occur in BB.

joinclasses(J,?): First a joining list JJ of nodes in layer i — 1 is made as follows.

The nodes in JJ consist of the nodes contr(z) for nodes = occurring in JJ.
For ¢ € JJ, the sublist for ¢ is the concatenation of all sublists for z € J
with contr(z) = ¢. (JJ is constructed such that no contraction node occurs
more than once in JJ by having for each contraction node that is already
in JJ a pointer to its occurrence in JJ.) Then, for each node ¢ in JJ, the
classes are determined in which the edges in its sublist are contained in, and
its sublist is replaced by a sublist that contains for each of these classes one
external edge (if any). Remove all nodes of JJ that have a sublist that is
empty or that consist of one edge only. If JJ $# 0 then perform recursively a
call joinclasses(JJ,i — 1). Delete list JJ. All the original edge sides of the
edge sides that are un-m-marked in layer i — 1 (and that hence are contained
in the edge classes occurring in JJ), are un-c-marked in layer 7 (and the
related pointers are deleted). (Note that these edge sides in layer i — 1 can
be obtained by either having the recursive call joinclasses(J.J,i — 1) return
these edge sides or by obtaining all the m-marked edges in layer 7 — 1 for the
edge classes occurring in JJ before the recursive call and by checking which
of these edges still are m-marked after the call.)

Now for each node z in J, execute basicjoinclasses(J,), where J, contains =
and its sublist in J. (Note that at most one of the old classes still contains a
c-marked edge because of the previous un-c-marking).

candidates(z,y,1): Let ¢ = contr(z) and d = contr(y). If ¢ = d, then do the

same as for ¢ = 1 (we have the same situation now). Otherwise, perform
candidates(c, d,7 — 1) that returns the edges e. and ey (where e, is either the
father edge of ¢ or it is m-marked w.r.t. ¢ and similar for e; and d). Let
edge e; € extree(c) be the original (in layer i) of e,. Hence, €, and z are
in the same extended subtree and e; is c-marked in the extended tree.. Let
ez := maz(c(e1)). If 7 is incident with z, then e, := e, (hence e, is m-marked
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w.r.t. ), otherwise e; is the father edge of r. The same is done for y yvielding
ey. Return the edges e, and ¢,

(Note that in this case candidates return a correct pair of edges indeed, which
is ssen as follows. By the specification of candidates(i — 1) the originals of the
edges ¢, and eq in tree(s,i) are in the same global edge class in tree(s, ), if
such edges exist. Then the correctness follows by similar observations as those
fori=1.)

We are left with the problem of how to obtain and store the values weight, lowindexr
and the Ackermann values. All these values depend on both the tree name and the
layer number. The values lowindex(s. j) and weight(s, j) for all relevant j are stored
in a list of records: each records contains these values for some layer j. The tree
name s contains a pointer to the begin and the end of the list of records. (The end
of the list is the record for layer ¢ if for the FRT(:) structure we have F, = Fy. i.e.,
FRT(z) 1s used in some environment not being a part of a FRT(i + 1) structure.)
For further details and for the problem of how to obtain Ackermann values we refer
to Chapter 3. The approach is similar, where the pointers contr in the structures
FRT(#) correspond to the pointers father in the structures UF(i).

In the FRT(Z) structure, UF(j) structures are used for 1 < j < i. Since the size
of the occurring sets of edges will not exceed 2n, and since the only way in which
the number of elements is relevant for the UF(j) algorithms, is in the size of the
Ackermann net that is present (which must be an Ackermann net for at least the
size of the largest set that ever exists), it follows that it suffices to use the UF(j)
structures with one Ackermann net that is used for all structures, where the net is
an Ackermann net for 2n.

If FRT(z) is used on Fy (i.e., F; = Fy and hence tree(s, i) = treeg(s) for all tree names
s), and hence inside an environment not being FRT(i + 1), then UF, = UF(1) (i.e.,
the edge classes on the original dynamic forest F, are represented as a Union-Find
structure UF(2)).

If FRT(7) is used directly on Fy (i.e., F; = Fp), then the initialisation for some (sub-
Jeollection of nodes in singleton trees is as follows. Relate a tree name s to each
singleton tree. For each node  with name s for the singleton tree consisting of z, the
following initialisation is performed: contr(z) = s, nodes(s) = {x}, weight(s,1) = 1,
lowindex(s,i) = —1. (Note that the insertion of a singleton set consisting of a newly
created node can easily be performed in this way too.) If we want to initialise the
structure for some a forest Fy not necessarily consisting of singleton trees, where
there is a list of the names of the existing edge classes and for each name there
is a sublist with the edges in the corresponding class, then this can be performed
as follows. First the forest is initialised as a forest of division trees, where each
division tree contains exactly one elementary subtree, viz. the tree itself. This
is done in the way described in Section 7.3. Hence for each tree there is exactly



148 CHAPTER 7. FRACTIONALLY ROOTED TREES

one (new) contraction node. For a singleton tree, the contraction node is t'a.ken
to be the tree name s in FRT(z) and then weight(s,?) := 1, lowindez(s,i) :=
—1. For a tree T that is not a singleton tree, let ¢ be its (new) contraction node
¢ created by the initialisation as division tree. Relate a tree name s to tree T,
Then make nodes(s) = {c}, contr(c) = s, weight(s,i — 1) = 1 weight(s,i) =
[the number of nodes in the tree] and lowindez(s,i) = lowindex(s,i — 1) = —1.

7.5 Complexity of FRT(1)

We consider the time and space complexity of FRT(i) structures and their opera-
tions.

We denote the call of procedure link, boundary, joinclasses or candidates in layer j
(i.e.,in FRT(j)) by link(j), boundary(j), joinclasses(j) or candidates respectively
(omitting the other arguments).

The execution of a call of treename in a FRT (i) structure (i > 1) takes at most ¢,.i
time for some constant ¢, since starting from the nodes in layer i at most ¢ pointers
in the successive layers have to be traversed before the tree name is reached.

The execution of a call of candidates(i) in a FRT(7) structure (2 > 1) takes at most
c..t time for some constant c.. This is seen as follows. For FRT(1) it is easily seen
that candidates(1) takes 1 Find operation, which takes at most d. time since UF(1)
is used. For FRT(i) (: > 1) consider call candidates(z, y, t). If contr(z) = conir(y)
then we have the same situation as for candidates(1). Hence, since UF(z) is used
for the local edge classes, the time complexity is at most d 7.t time. Otherwise, note
that all instructions except for the recursive call candidates(i — 1) can be done in
at most ¢, time for some constant c,. Therefore, by induction, a call takes at most
Ce-t time altogether, where c. > maz{d,, ds, e},

The execution of a nonessential call boundary(z,y,:) in a FRT(7) structure (; > 1)
takes at most ¢;.7 time plus the time for at most two Finds in U Fy, for some constant
¢y. This is seen as follows. If i = 1 then, since x ~ y, the computations in the call
basic-boundary(z,y) are similar to those performed in candidates(z,y,1). If i > 1
then in the call only candidates(z,y,1) is executed together with 2 Finds (viz., the
calls classo) in UF,. This gives the above bound.

We consider the complexity of the further operations, viz., the complexity of feasible
sequences. We determine the time complexity in steps, where one step denotes a
Find operation (in any involved Union-Find structure), a candidates operation, a
nonessential boundary operation or one ordinary elementary computation step not
included in these three operations. Hence, each candidates operation and each
nonessential call of boundary takes 1 step.

We obtain the following result.
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Lemma 7.5.1 Let a FRT(t) structure for a forest with n nodes be given. The
structure and the algorithms can be implemented as a pointer/logn solution such
that the following holds. An essential sequence in FRT(i) (cf. Section 7.2) needs a
total of O(n..a(i,n.)) steps (i > 1, n. > 2), where n, is the number of nodes that
are not contained in singleton trees after the execution of the sequence.

Note in the lemma that n, < n. The proof of the lemma is given in Subsection 7.6.

7.6 Proof of Lemma 7.5.1.

Lemma 7.5.1 is proved by induction in a way similar to the proof in Chapter 3. We
consider the net cost of the basic operations, i.e., the cost of the operations except
for the cost of Union operations and creations of new singleton sets in Union-Find
structures.

basic-integrate(x,f): Let T be the tree containing #. This operation takes a net
cost of O(|T|) steps, since all old subtrees of T can be integrated to one tree
by a simple traversal, while the updates for the edge classes takes a number of
Finds linear to the number of edges. Moreover, Unions occur on two different
classes, viz. in which the two sides of an (old) external edge are contained.

basic-external-link((e,x,y)): This operation takesnet O(1) steps.

basic-internal-link((e,x,y),y): Firstly, basic-integrate(d) takes |Ty| net steps,
where T, is the tree containing y. Then a basic-external-link((e,z,y)) and
the remaining updates take O(1) steps . Hence, the operation takes O(|T,]|)
steps.

basic-boundary(x,y): A call basic-boundary(z,y) takes O(|BL|) steps if BL is
the resulting boundary list for z and y. This is seen as follows. If z = y,
this is obvious. Consider ¢ # y. Then the computations take O(|s(z)| +
|s()| -+ | BL| + 1) steps. Moreover, |s(y)| — 1 < |s(z)] < |s(y)| + 1 and
hence |BL| = min{|s(x)] — 1,|s(y)| — 1,2}. Therefore |s(z)| < 2|BL| and
|s(y)] < 2|BL|. Hence all this takes O(|BL|) steps.

basic-joinclasses(J): This takes O(|E;|) steps, where E; is the number of edges
in J. This follows since for each occurring edge class in J, O(1) steps are
performed.

We now consider the complexity of the structures FRT(¢). Like in Chapter 3 we
do not need to consider the complexity of storing and obtaining the information
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for each layer that exists for a tree name, since this can easily be charged to other
operations by increasing their cost with O(1) time per operation.

We show that an essential sequence in FRT(¢) (of procedure lLink(t) pathrep(i) and
Joinclasses(i)) takes O(n.a(i,n)) steps on n nodes. Morcover, we show that the
number of times that an edge becomes affected in FRT(i) (by procedure basic-
internal-insert or basic-integrate, cf. Section 7.3) is at most a(i,n).

We prove this by calculating the net cost of the procedures lLink(i), (essential)
boundary(r) and joinclasses(t), the cost of unions and creations of singleton sets
in layer ¢ and the cost of essential recursive calls: for each call of the procedures
link(i), (essential) boundary(i) and joinclasses(?) in layer i we do not account for
steps performed in an essential recursive call or steps regarding Unions or creations
of new singleton sets. Here, an essential recursive call is any recursive call of these
procedures with the restriction that recursive boundary calls are essential.

7.6.1 FRT(1)

We consider the cost of an essential sequence on n nodes (n > 1) in FRT(1).

We consider the net cost of each of the procedures and we consider the cost of unions
and creations of singleton sets.

procedure link(1): Consider procedure link. The execution of a procedure call
link((e, z,y),s,t,1) takes at most co.|weight(#,1)| steps (for some appropriate
constant cp), where w.l.o.g. tree(t,:) is the smallest of the two sets to be
joined. Now charge the cost of such a linking to the nodes in tree(t,1) by
charging to each node for at most ¢o steps. A node can only be charged to if it
becomes an element of a new tree whose size is at least twice the size of the old
tree it belonged to. Hence a node can be charged to at most [logn| < a(1,n)
times. Therefore, all these operations take at most di.n.[logn| < di.n.a(l,n)
steps together.

On the other hand it follows in the same way that the number of times that
an edge is affected, is at most a(1,n).

procedure boundary(1): By the above considerations for procedure basic-
boundary a call boundary(z,y,1) takes O(|BL|) steps where BL is the re-
sulting boundary list for z and y. Note that at least |BL| — 1 different classes
occur in BL, which is > 1. Charge O(1) cost to the encountered classes. After
this procedure call, all classes occurring in BL are joined into one new class by
a call of procedure joinclasses, since we are considering an essential sequence.
Since during all operations there exist at most 2.(2n) — 1 different edge classes
(since there are at most 2n edge sides), this gives that the total amount of
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steps is linear to the number of classes that have existed in FRT(1), which
vields at most dy.n for some constant ds,.

procedure joinclasses(1): Procedure call joinclasses(J, 1) takes O(1) steps for
each class that is joined. Sinee during all operations there exist at most
2.(2n) — 1 different edge classes, the total amount of steps is at most d,.n
steps for some constant d,, apart from the time used for joinings.

Unions: There are at most 2n edge sides in layer 1. By Lemma 3.4.3, the time for
the joinings and insertion of edges in laver 1 is at most cp.nall.n) for some
constant cy;.

Concluding the above observations, FRT(1) takes at most d.n.a(1,n) steps for an
essential sequence on n nodes (n > 1) for some constant d. Moreover., the number
of times that a node is affected is at most a(1,n).

7.6.2 FRT(i) for i>1

We now consider the complexity of the execution of an essential sequence in FRT(z)
with ¢ > 1. We perform the analysis by means of induction on i.

Suppose FRT(i — 1) takes at most c.k.a(i — L k) steps for all operations link,
boundary and joinclasses on k nodes (k > 1) in an essential sequence, where ¢
is some arbitrary constant. Moreover, suppose that the number of times that an
edge in the FRT(7 — 1) structure is affected, is at most a(i — 1. k).

We consider the cost for an essential sequence on n nodes (n > 1) in F RT{(i). We
do this by considering the nct cost of each of the procedures and by considering the
cost of unions and creations of singleton sets and the cost of essential recursive calls.

procedure boundary(i): Recall that the call must be essential. Firstly, the call
of procedure candidates(i) and the check whether its output edges are in the
same class and the recursive call boundary(i — 1) takes at most ¢, net steps
(for some constant ¢). (For, the call boundary(i — 1) takes net O(1) steps if
it is nonessential and it takes no stpes if it is essential.)

Then for each node f in BB a call boundary is performed in tree(f) that
returns bl(f), which takes O(|bl(f)]) steps. Note that then at most 2 nodes
may be removed from bl(f) in the subsequent computations, but still bl(f)
contains at least one node: since f is a boundary node in BB, there is at least
one boundary node left in bl(f) (cf. Subsection 7.2.2). Hence, the net cost of
the entire computation of bl(f) is at most c3.|bl(f)| steps for some constant
C3.

The remaining operations take at most ¢, steps.
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Note that afterwards, all classes occurring in BL (which are at least 2 classes
since the call is essential) are joined into one new class (b.m.o. procedure
joinclasses). Note that each such (old) class has at most 2 edges in BL.
Therefore, charge at most 2(¢z + ¢3+ ¢4) steps to each encountered class. Since
during all operations there exist at most 2.(2n) — 1 different edge classes (in
layer i), it follows that the total amount of steps is at most cz.n for some
constant cy. Hence, the total net number of steps for all these calls is at most

procedure joinclasses(i): The procedure takes a net number of steps that is linear

to the number of classes that will be joined, apart from the steps for the
recursive call. Therefore, each step is charged to a current class that is joined
(i.e., that is joined with another class). Hence, the total net amount of steps
is at most ¢;.n for some constant c,.

procedure link(i): Consider procedure Link((e, ¢, d), s,#,7). We divide this proce-

dure into several parts.

1. The removal of parts of the structures.
2. The calls of procedure basic-internal-link and basic-integrate,
3. The recursive call link(i — 1) and resulting c-mark changes.

4. The rest of the procedure.

We compute the cost of each of the above parts for all executions of procedure
Link((e, z,¥), s,t,1) together.

1. The removal of parts of structures: The removal of parts of structures can

be performed in O(1) time per item that must be removed. Therefore, we
charge the cost of the removal of an item to its creation. This increases
the cost of some operations by constant time only.

. The calls of procedure basic-internal-link and basic-integrate: The ex-

ecution of the calls of basic-internal-insert and basic-integrate take at
most cs.(the number of processed nodes) steps. Therefore, we charge the
cost of the above statements to the processed nodes. Note that in both
cases the processed nodes will be contained in a new set that has a higher
lowindez value than the old set in which they were contained, and that a
node will never be contained in a set with a lower lowindez value. There-
fore the number of times that a node can be charged to is bounded by
the number of different lowindex values. Since there are at most n (> 1)
elements in a set, there are by the definition of lowindex (cf. (7.1)) at
most a(t, [—5'%] )+ 2 < 3.a(i, n) different values. Therefore, the total cost
of the considered parts of the procedure is at most cg.n.a(i,n) steps for
some constant cg.
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On the other hand it follows in the same way that the number of times
that an edge is affected, is at most a(i,n).

3. The recursive call Link( — 1) We consider the cost of a recursive call
link(i — 1) in the recursive call part.
The cost for changing c-marks of edges (not being the inserted edge)
in procedure link(i) (and for the related computations) is linear to the
number of times that contraction edges are affected in the recursive call
link(z—1). Later, in the part considering the recursive calls, we will show
that this is at most %.n,a(i,n}. (This is stated in Observation 7.6.4.)
Hence, this takes altogether ¢r.n.a(i,n) steps for some constant c;.

4. The rest of the procedure: The execution of all statements except form
those considered above require at most ¢ time per call of Link(z). Since
there are at most n — 1 Links, this takes altogether at most cg.n time.

Hence, adding the above amounts, all calls of procedure link take net at most
c1.n.a(i,n) steps for some constant ¢.

Unions: There are at most 2n edge sides in layer . By Lemma 3.4.3, the time for
the joinings and insertions of edges in layer i is at most ¢y.n.a(i, n) for some
constant ¢.

essential recursive calls: The essential recursive calls are performed on contrac-
tion nodes. We first consider contraction nodes and the conditions for a re-
cursive call Link(7 — 1).

Observation 7.6.1 The operations on contraction trees (in layer i) by pro-
cedure Link((e,x,y),1) are:

1. the creation of a contraction node, resulting in a singleton tree

2. the linking of contraction trees of nodes by Link((e,c,d),i — 1)

3. the removal of a complete contraction tree
The operations joinclasses(i) and boundary(i) do not change contraction

trees apart from joining edges classes inside a contraction tree (by operation
Jjoinclasses(z)).

Similar to the proof of Claim 3.4.2, we can prove the following claim.

Claim 7.6.2 A recursive  call  Link((e,c,d),s,t,i — 1) inside
(

, 1
Link((e,z,y),s,t,i), with ¢ = contr(2) and d = contr(y), is performed only if

1 < lowindex(s,i) = lowindexz(t,i) < a(i,n) A
weight(s, i) + weight(t, i) < 2.A(i, lowindez(s, ) + 1)
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For a contraction node ¢ € CN(tree(s,i)), we denote by lowindez(c) the
value lowindez(s,7). It is easily seen that a Link does not change the value
lowindez(c) for any contraction node c that is not disposed by it (since then
the new tree name has the same lowindex value as the old one). Moreover,
the other operations do not change the value lowindez(c) either. Therefore for
any contraction node ¢ the value lowindez(c) is fixed (i.e., ¢ is a contraction
node for trees with some fixed lowindex only). We call a contraction node ¢
with lowindez(c) = [ an I-contraction node.

Similarly, we say that any recursive call Link((e,¢,d),s,t,2 — 1) is an l-call if
| = lowindex(s,i) = lowindex(t,i). A recursive call boundary(c,d,i — 1) or
joinclasses(JJ,i — 1) is an I-call if | = lowindex(s,), where s is the name
of the tree on which the operation is applied. Obviously an [-call operates
on l-contraction nodes only, and I-contraction nodes are only operated on by
l-calls. We compute the cost of all [-calls for fixed value I.

Let I be a fixed number satisfying —1 < 1 < a(i,n). We consider the cost of
all recursive [-calls.

By Claim 7.6.2 and since |nodes(b)| > 2 for each contraction node b, it follows
in case of an l-call Link(s,t,7 — 1) that we have I > 1 and that the size of
the set CN(tree(s,i1—1)) U CN(tree(t,i —1))is < A(z,1+ 1). Therefore the
maximal size of any tree of I-contraction nodes that results from such an l-call
is < A(i,1+ 1). By Observation 7.6.1 and since in an initialisation at most
one contraction node per tree is created, it follows that the maximal size of
any occurring tree of [-contraction nodes is < maz{A(:,l+1),1}.

Note that any occurring tree of [-contraction nodes with [ < 0 consists of one
contraction node. Hence, an Il-call of boundary(i — 1) and joinclasses(i — 1)
occurs only if I > 1.

Now let | be fixed number with 1 < [ < a(i,n). Now partition the total
collection of all [-contraction nodes involved in [-calls into collections that
correspond to the maximal sets that ever exist (which is possible because of
Observation 7.6.1). Then the size of such a maximal collection is at most
A(2,1+1). We have the following observation (that will be proved further on).

Observation 7.6.3 The sequence of essential recursive l-calls on the nodes
of a mazimal set in FRT(i — 1) is an essential sequence.

For each such maximal collection of k contraction nodes, the cost of all essential
l-calls on these nodes in FRT(z — 1) is at most c.k.a(i — 1,k) < c.k. a(i —
1, A(:,1 + 1)). Hence, the total cost of all essential I-calls in FRT(i — 1) on
I-cluster nodes is at most c.(number of l-cluster nodes). a(i — 1, A(i,1 + 1)).
Since for each I-contraction node b we have |nodes(d)| > 2.A(,1) (cf. (7.2)),
and since as long as a node is contained in tree structures with lowindez value
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[ it has the same contraction node in which it is contained, there are at most
n/(2.A(z,1)) l-contraction nodes. Therefore, the total number of steps for all
essential [-calls is at most

n

C.m. a.(?, - 1,A(1,!’+ 1))
%C.ﬁ.a(i—l,.&(i— 1, A(i,1)))
< 1r:.n
= 3

by using ¢ > 1, equation (2.1) and Lemma 2.3.4 respectively.

Since there are at most a(¢,n) applicable values I of lowindex to be considered
(viz. I with 1 <1 < a(7,n)), this yields that the total number of steps used
for all these FRT(i — 1)-calls is at most fc.n.a(i.n).

We consider the number of times that contraction edges are affected, for use in
the analysis of procedure link. Similarly as above, by the induction hypothesis,
the number of times (for fixed I > 1) that l-contraction edges are affected in
the l-calls link(: — 1) on a maximal set of l-contraction nodes, having size k,
is k.a(i — 1, k), which yields again }.n times for fixed I. Hence, we obtain the
following observation.

Observation 7.6.4 The number of times that contraction edges are affected

in the recursive calls link(i — 1) is }.n.a(i,n) altogether.

We are left to prove Observation 7.6.3.

Proof of Observation 7.6.3. We are left to prove Observation 7.6.3. Sup-
pose some essential operation boundary(i — 1) is executed inside operation
boundary(i), returning boundary list BB. For each node f in BB with edges
e; and e; in its sublist, there are edges €] and ¢} in bl(f) such that the orig-
inals of €] and e, are in the same edge set in Fy and similarly for e; and
ey. Since the operations in FRT(i) yield a feasible sequence in FRT(z), the
call boundary(z) is followed by a call joinclasses(i) that joins the classes of
e; and e; inside eztree(f). Since these two classes each have at least one
external edge in FRT(z), viz., ortg(e:) and orig(ez), there is a recursive call
joinclasses(i — 1) with a joining list that contains node f together with two
edges in its sublists that are in the same edge sets as e, and e, respectively.
This proves that the sequence of essential recursive I-calls on the nodes of a
maximal set in FRT(z — 1) is a feasible sequence. This concludes the proof of
Observation 7.6.3. (m]

Combining the above results yields that the total number of steps is at most

. . 1 .
¢.n + ¢j.n + c.n.a(i,n) + cy.n.a(i,n) + §c.n.a(z,n).
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Note that this is at most e.n.a(i,n) steps if ¢ 2 max{d,2.(cy + ¢; + ¢ + cp)}.

Since the constant ¢ was arbitrary and since ¢, ¢;, ¢ and ¢y do not depend on ¢,
we can take ¢ = mar{d,2.(ct + ¢, + ¢t + c¢)}. Then it follows by induction that an
essential sequence in FRT(7) takes at most c.n.a(i,n) steps.

7.6.3 FRT(i) for i> 1

From subsections 7.6.1 and 7.6.2, it follows that an essential sequence in FRT({) on
n nodes takes at most c.n.a(i,n) steps. By the observation, that all nodes that still
are in singleton trees after executing the sequence are not involved in the algorithms,
Lemma 7.5.1 follows.

7.7 FRT Structures

Starting from now on we only consider a FRT(i) structure to be used in some
environment not being FRT(i + 1), i.e., F; = Fp. We have the following aspects.

Firstly, we now consider the operations as described in Section 7.2. We express
these operations in the operations described in Section 7.4. Note that the operations
boundary and joinclasses match in both sections if the appropriate ¢ is used. The
operation link((e,z,y)) corresponds to the operation

link((e,z,y), treename(z), treename(y), 1)

in the FRT(7) structure. Hence, the time needed for a link operation is now extended
with two treename operations, being two steps. Hence , this does not increase the
order of time complexity of this operation. The operations equal-class-edges(x,y)
can be performed by a call candidates(z,y,1) returning two edges e, and e, and
by performing the Find calls classo(e;) and classo(ey) (in UF,). Hence, the time
needed for such a call is the time for candidates and two Find operations in UFjp,
which is O(1) steps. Therefore, we can consider the operations as described in
Section 7.2 with the same order of complexity. Thus, Lemma 7.5.1 remains valid for
these operations (in order of magnitude).

Secondly, for UF, (that represents the edge classes in Fy) UF(i) is used. Now each
operation joinclasses(J,1) performed in FRT(7) also joins all classes in Fj occurring
in J (in UFy). (This obviously can be done in O(|.J|) steps apart from the time
needed for performing the Union operations themselves. Hence, these steps do not
increase the total time complexity of the FRT(z) structure).

Henceforth, we denote by an FRT(1) structure a thus adapted FRT(z) structure.



7.7. FRT STRUCTURES 157

Note that all Union-Find structures used in FRT(i) are UF(j) structures with 1 <
j <1, and that UFp is UF(z). Therefore it follows that a step, as defined in the
previous subsection, is O(z) time.

By Lemma 2.3.4, an Ackermann net for n can be computed in O(logn) time and
takes O(log ) space. Moreover, it is readily verified that the initialisation of FRT(i)
can be performed in O(n) time. Finally, by induction to 7 it easily follows that the
total space complexity of FRT(z) is O(n), since layer i —1 has at most 1.n contraction
nodes since for each contraction node b we have |nodes(b)| > 2.

By Lemma 7.5.1, by the above observations and since UF(i) takes O(n..a(i,n.))
time for n. elements, we obtain the following result.

Theorem 7.7.1 Let a FRT(i) structure for a forest with n nodes be given. The
structure and the algorithms can be implemented as a pointer/logn solution such
that the following holds. An essential sequence (of the operations link, boundary and
joinclasses) in FRT(i) needs a total of O(n..i.a(i,n.)) time. (i > 1, n, = 2), where
n, is the number of nodes that are not contained in singleton trees after the erecution
of the sequence. (Of course, n. < n.) Each equal-class-edges operation takes O(z)
time. FEach nonessential call boundary takes O(i) time. The initialisation can be
performed in O(n) time and the entire structure takes O(n) space (i > 1, n > 2).

By using the same solution as in Theorem 3.6.1 for the augmentation of the Ack-
ermann net that is used, the above lemma can be extended with the insertion of
new (isolated) nodes in the structure with the same complexity bounds, where the
insertion of a new node takes O(1) time.

We define an a-FRT structure (for n nodes) as follows. Initially, a FRT(a(n,n))
structure is used. From time to time, a transformation is performed, replacing a
FRT(2) structure by a FRT(¢ — 1) structure, viz., each time that a(g,n) decreases
by one, where at any moment ¢ is the number of queries equal-class-edges and
boundary performed until then. This is performed similar to the way in the proof of
Theorem 3.5.2, where hence now the queries equal-class-edges and boundary play
the role of the Find operations, and where link and joinclasses play the role of
the Union operations. The building of the new structure FRT(i — 1) is done like
in Theorem 3.5.2, but instead of building parts of FRT (7 — 1) during equal-class-
edges and boundary operations, and using parts of both FRT(z) and FRT (¢ — 1),
we do the following. We have all pointers in the forest F}, in duplicate, say version 1
and version 2, and we either use version 1 or version 2 of all the pointers. When for
FRT(7) version 1 is used, then FRT(i—1) is builded with version 2 and starting from
the moment that FRT(i — 1) is completed the version 2 pointers are used (instead
of version 1 pointers).

Then we obtain the following result.
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Theorem 7.7.2 Let an a-FRT structure for an “empty” forest with n nodes be
given. The structure and the algorithms can be implemented as a pointer/logn
solution such that the following holds. A matching sequence M of operations
link, boundary, joinclasses and equal-class-edges in a-FRT needs a total of
O((ne + m).a(m,n)) time, where m is the number of operations equal-class-edges
and boundary that is performed, and where n. is the number of nodes that are con-
tained in non-singleton trees at the end (and, hence, the essential subsequence of M
consists of 8(n.) operations). The ¢'* call of the operations equal-class-edges and
boundary takes O(a(q,n)) time if it is a call of equal-class-edges or a nonessential
call of boundary. The initialisation can be performed in O(n) time and the entire
structure takes O(n) space.

The proof is similar to the proof of Theorem 3.5.2. However, for the initial case,
i.e., i = a(n,n), an essential sequence takes O(ne.i.a(i,ne)) = O(ne.t) time (by
Theorem 7.7.1 and Lemma 2.3.7). For rebuilding a FRT(z) structure to a FRT(z—1)
structure, we now charge to each of the last [} f] operations equal-class-edges and
boundary for O(i) time, based on Equation (3.5) (note that now f > n). This O(z)
is then included in the cost of these operations, hence augmenting their cost by a
constant factor only. Thus, if m < n, we have i = a(n,n), and the total cost is
O((ne + f).a(m,n)). Otherwise, charge the O(n..i) cost for FRT(a(n,n)) to the
first n operations equal-class-edges and boundary, hence augmenting their costs by
a constant factor again. Then, the cost of these operations equal-class-edges and

boundary is computed like in Theorem 3.5.2, yielding the required result.

Note that the number m in this lemma refers to the number of calls of operations
equal-class-edges and boundary that are performed in the environment. Le., a call
equal-class-edges inside operation boundary is not relevant. (However, if these calls
inside other operations are counted for too (but not the recursive calls), this still
does not affect the above statement.)

Note that the adapted building strategy (where the building of a new structure 1s
distributed over several operations) is only important if we want queries like equal-
class-edges (or nonessential boundary calls) to have a O(a(q,n)) worst-case time.
Otherwise, the building can be done straightforward during one of the operations
and the two versions of the pointers in Fy are not needed.

By using the same techniques as in Theorem 3.6.2, the above theorem can be ex-
tended with the insertion of new (isolated) nodes in the structure with the cor-
responding complexity bound O(n + (n. + m).a(m,n)) (where m, n, n., and ¢
denote the current number at the time of consideration). The strategy is again to
start with a structure FRT(o/(n,n)) (where o'(m,n) is defined below, satisfying
a'(m,n) = §(a(m,n))), and to replace FRT (i) by FRT(4") (for some ' # i) in case
o’(g,n) decreases or increases (with additional constraints), where at any moment ¢
is the number of queries equal-class-edges and boundary performed until then, and
n is the number of nodes actually present in the structure at that moment, while
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the insertion of a new node in the structure is deferred until that node is operated
on (viz., by operation link: it then becomes part of a non-singleton tree). (The
deferring of insertions in the actual data structure guarantees, that at any time,
Tpres = T, Where n. is as before, and where np.s is the number of nodes present in
the thus adapted structure.) All this is performed similar to the method in the proof
of Theorem 3.6.2, where now the queries equal-class-edges and boundary play the
role of the Find operations, where link and joinclasses play the role of the Union
operations, and where the building of the new structure FRT(#’) is done like in The-
orem 3.6.2 with the previous adaptations. We want to remark that if at any time
m = O(n) (i.e., at any time the number of operations performed until then is at
most linear in the number of nodes present at that time), then the above transfor-
mation techniques can be simplified by replacing m by n in the conditions; then only
a(n,n) is used and maintained, and only rebuildings from FRT(7) to FRT(z + 1)
are performed, viz., if a(n,n) increases. (This situation occurs in the 2ec-and the
3ec-problem.)

We describe further changes for the above situation w.r.t. the proof of Theo-
rem 3.6.2. Firstly, instead of the inverse Ackermann function a(m,n), a variant
is taken, viz.,

a'(m,n) = min{i > 1li.(a(i,n) — 5) < 5.[m/n]}.

We have o/(m,n) = #(a(m,n)). The checking of the transformation condition can
be done in a way similar as in the proof of Theorem 3.6.2, and the only neces-
sary arithmetic operations still are addition, subtraction and comparison. Then
the complexity part of the proof of Theorem 3.6.2 is changed as follows. Lem-
mas 2.3.10, 2.3.11, and 2.3.12 are adapted to deal with i.a(i,n) instead of with
a(i,n). The cost function (Eq. (3.9)) in the proof of Theorem 3.6.2 is slightly
adapted (viz., its constants are changed, and npgs. is replaced by npese-ap). Since at
any moment, the number n,.., of nodes actually present in the structure satisfies
Mpres = M, and since an insertion takes O(1) time, the resulting time complexity
becomes O(n + (ne + m).o'(m,n)) = O(n + (ne + m).a(m,n)).

7.8 Concluding Remarks

Like in Chapter 3, there is no real need to perform transformations of FRT struc-
tures like those occurring in Section 7.7 (Theorem 7.7.2): structure FRT(2) is suited
for all practical situations. An essential sequence on n nodes in FRT(2) takes
< ¢.2.n.a(2,n) < 8.n time for n < 65536 and < 10.c.n time for very large practical
values n < 29553 where ¢ is not too large a constant (cf. Section 7.6 for its defini-
tion). The time bound for an essential sequence in FRT(3) is ¢.3.n.a(3,n) < 12.c.n
for n with a(n,n) < 3. Again, in all practical situations for FRT(2) (and FRT(3)),
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only the nontrivial Ackermann values 16 and 65536 need to be available, so there is
no need to compute any further Ackermann values.

Therefore, we conjecture that FRT(2) is a fast structure (i.e., practically linear time)
for all practical situations, with constant time equal-class-edges queries.



Chapter 8

Maintenance of the 2- and
3-Edge-Connected Components of
Graphs: Optimal Solutions

8.1 Introduction

In Chapter 6, a data structure with algorithms was presented for maintaining the 2-
and 3-edge-connectivity relation for a graph. The algorithm starts from an empty
graph of n nodes in which edges are inserted one by one and where at any time for
any two nodes the query that asks whether these nodes are 2- or 3-edge-connected
can be answered in O(1) time. The insertion of e edges takes O(nlogn + ) time
altogether. We show that by means of fractionally rooted trees the above time
bound can be improved for maintaining the 2- and 3-edge-connected components of
a general graph, i.e., starting from an empty graph of n nodes. The solution has a
total running time of O(n + m.a(m,n)), where m is the number of edge insertions
and queries. In the next chapter, we also describe solutions for maintaining the
2-vertex-connected and 3-vertex-connected components with the same time bounds.
Recently, Westbrook and Tarjan [34] independently obtained the same time bounds
for 2-edge/vertex-connectivity. The methods though are quite different. Very re-
cently, Galil and Italiano [14] independently obtained results with these time bounds
for a special case of the problem of maintaining 3-edge-connected components of
graphs, viz., in which the initial graph is connected.

This chapter is organized as follows. Section 8.2 contains some preliminaries. In
Section 8.3, the maintenance of 2-edge-connected componentsis considered. Finally,
Section 8.4 considers the maintenance of 3-edge-connected components.
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8.2 Preliminaries

In our algorithms we need a structure for the Union-Find problem. We will use
the Union-Find structures presented in Chapter 3. We call the structure with time
complexity O(n + m.a(m,n)) an a-UF structure. Like in Chapter 6, Union-Find
structures are used to maintain the equivalence classes for connectivity, 2-edge-
connectivity and 3-edge-connectivity. These structures are denoted by UF,, UF,,..
and U Fy,. respectively, where the corresponding Finds on elements r are denoted
by ¢(z), 2ec(x) and 3ec(r) respectively.

For maintaining 3-edge-connectivity, we also need a structure for the Circular Split-
Find problem. In Chapter 4, fast solutions for the Circular Split-Find problem are
given that take O(n + m.c(m,n)) time for all Circular Splits and m Finds on n
elements. We call such a structure an a-GSF structure. The Circular Split-Find
structure is used in Chapter 6. It will not be used explicitly in this chapter, but we
only choose appropriate Circular Split-Find structures when we apply the results of
Chapter 6.

8.3 Two-Edge-Connectivity

In this section, we will give a solution for the general 2ec-problem with a time
complexity of O(n + m.a(m,n)) for n nodes and m queries and insertions.

We represent the structure 2ec(G) by means of a forest of spanning trees of G.
(Hence, each connected component is represented by a tree.) We denote the forest
together with additional information (defined below) by SF(G).

We follow a strategy based on observations for 2¢¢(G) in Subsection 6.3.1. We give
the further observations that lead to our algorithm.

Consider SF(G). We angment SF(G) with edge classes.

Let (e,z,y) be an edge in SF(G). If 2ec(z) = 2ec(y), then (e, z,y) is in
the edge class named 2ec(z). Otherwise, edge (e, ,y) forms a singleton
class on its own.

An edge class that is a singleton edge class consisting of one edge (e,z,y) with
2ec(x) # 2ec(y) is called a quasi class; otherwise it is called a real class. Hence,
interconnection edges form quasi classes and vice versa

As observed in Subsection 6.3.4, a 2ec-class (of nodes) induces some subtree in
SF(G). Hence, in particular a non-singleton 2ec-class (i.e., with at least 2 nodes)
induces some subtree in SF(G). The set of the edges in that subtree is a real edge
class. Therefore, if each subtree in SF(G) that is induced by a real edge class is
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contracted to some node, then we obtain the forest 2ec(G) (up to edge names and
node names). (Note that the edges in forest 2ee(G) correspond to the 1’(1}.‘,"5 in
SF(G) that are in quasi edge classes.)

From the above observations it follows that each edge class induces a subtree in

SF(G).

We consider the insertion of edge (¢, r,y). We distinguish the two relevant cases of
Subsection 6.3.1.

If r and y are in different trees of SF(G) (and, hence, are in different components),
then these trees need to be linked (corresponding to linking the spanning trees of
two connected components if these are joined).

Now suppose & and y are in the same tree T of SF(G) (and hence classes 2ee(r)
and 2ec(y) are in the same tree of 2e¢(G)). Let P be the tree path in T between
z and y. We use the terminology of Section 7.2. By the definition of edge classes,
a boundary node of P is either one of the end nodes » or y, or it is a node for
which its two neighbours on P are not both in the same 2ec-class as itself. The two
neighbours of an internal node z on P are inside class 2ec(:) too. Therefore, if we
compute the boundary nodes of P ouly, then we obtain one or two nodes of each
2ec-class (of nodes) that needs to be joined because of inserting (e, .r, y).

We need some tree representation to compute boundary sequences efficiently while
trees are linked from time to time. One solution is to use rooted trees and, in case
of linkings of trees, to redirect the smallest one of the two trees that are linked.
However, this takes O(n.log n) for the linkings. To improve the time complexity, we
use the fractionally rooted trees structure FRT.

We solve the 2ec-problem by the so-called 2EC structure, which is given as follows.
We use the above forest SF(G) with the 2ec-classes and the above edge classes. A
node r in SF(G) that is not in a singleton 2ec-class, has a pointer assoc to an edge
(in SF(G)) that is incident with & and that is in the class named 2ec(x). (Such
an edge exists.) We call such an edge an associated edge for x. Forest SF(G) is
implemented as a FRT structure, denoted by FRT,... Morcover, all 2ec-classes of
nodes (in SF(G)) are implemented by a Union-Find structure, denoted by U Fie..
All connected components of nodes are implemented by a Union-Find structure,
denoted by UF..

A query 2ec-comp(x) now corresponds to a Find call 2ec{x).

The initialisation is as follows. For an empty graph consisting of n nodes, the
corresponding spanning forest SF is just the collection of nodes. For each node, its

pointer assoc is set to nil. Moreover, each node forms a singleton set in UFy,. and
UF..

Procedure inserty.. that implements the insert operation for the 2ec-problem is as
follows. A call inserts..((e,x,y)) for the insertion of edge (e, x,y) in graph G does
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the following. Three cases are distinguished.

1. ¢(z) # c(y). Then the operation link((e,z,y)) is performed. Moreover, the
two connected components ¢(z) and ¢(y) are joined (in UFc).

2. ¢(z) = c(y) A 2ec(z) # 2ec(y). Then boundary(z,y) is performed, returning
boundary list BL. All the classes in which the boundary nodes (in BL) are
contained, are joined in UFy,.. For each node z in BL the associated edge of
z (if any) is obtained by means of pointer assoc. Then for each node z in BL
that does not have an associated edge yet (i.e. assoc = nil), an edge of its
sublist (in BL) is related to it as its associated edge (i.e., its pointer assoc is
set to it). Otherwise, if its (existing) associated edge is not in the same edge
class as the edge(s) in the sublist of 2 (which is tested by means of Finds), the
associated edge is inserted in its sublist. The end nodes of BL are removed
in case their sublists contain one edge only. Finally, if BL # 0 then operation
joinclasses(BL) is performed.

3. 2ec(z) = 2ec(y). Then nothing is done.

In case the initial graph G is not empty at the beginning, the “initial” situation can
be obtained e.g. by starting from the empty graph and by inserting all edges of G
one at a time by procedure inserta..

Note that starting from a graph with n nodes, there are at most 2(n — 1) essential
insertions, since in each essential insertion at least two connected components or at
least two 2ec-classes are joined, and since initially there are at most n connected
components and n 2ec-classes.

Lemma 8.3.1 In a 2EC structure for a graph with n nodes, the time needed for a
sequence of essential insertions consists of the time for an essential sequence on n
nodes in FRTye,, the time for O(n) Unions in UF, and UF,,,, the time for at most
O(n) nonessential calls boundary in FRT5.., the time for at most O(n) Finds in
UFzee and UF,, together with an additional amount of O(n) time. Each nonessential
insertion takes O(1) time together with 6(1) Finds in UF, and U Fy,,.

Proof. Obviously an essential call inserts,. takes 4 Finds in the Union-Find struc-
tures for connected classes and 2ec-classes, together with the time needed for calls
link, boundary and joinclasses and for the Unions in U Fye. and U Fhee.

The subsequence of link, joinclasses and essential boundary calls of a sequence
of calls of procedure insert,,. yields an essential sequence of operations in F RT;..,
which is seen as follows. Each essential call of procedure boundary(z,y) with output
BL is followed by a call joinclasses(J). The list J contains all nodes and edges of
BL except for possibly the end nodes z and y, in case their sublists contain one edge
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only. Hence, all classes occurring in BL occur in J too if at least 2 classes occur in
BL. w]

A 2EC(4) structure is the above structure where FRTy,. = FRT(i) and where
UFyee = UF(i) and UF, = UF(2).

Theorem 8.3.2 There exists a data structure and algorithms that solve the Z2ec-
problem and that can be implemented as a pointer/logn solution such that the fol-
lowing holds. Starting from an empty graph with n nodes, the total time that is
needed for all essential insertions is O(n.i.a(t,n)), whereas a query and a nonessen-
tial insertion can be performed in O(i) time. The initialisation can be performed in
O(n) time and the entire structure takes O(n) space (1 > 1, n > 2).

Proof. By Theorem 7.7.1 (for FRT(z)) and Theorem 3.4.4 (for the complexity of
UF(z)), it follows that the initialisation can be performed in O(n) time.

Each nonessential call of boundary takes O(z) time. Each Find operation in UF(z)
takes O(i) time too. Hence, a query can be performed in O(¢) time. By Lemma 8.3.1,
Theorem 7.7.1 and by Theorem 3.4.4, the lemma follows. o

We denote the Union-Find structures U Fy. and UF, together by UF. We consider
the UF structures to be one structure; hence, it is a structure on O(n) elements.

Now take FRT(a(n,n)) as FRTy,. for a graph with n nodes, where a(n,n) is ob-
tained as in Chapter 3, and take for UF the o-UF structure. Then we obtain the
following.

Theorem 8.3.3 There exists a data structure and algorithms that solve the 2ec-
problem and that can be implemented as a pointer/logn solution such that the fol-
lowing holds. The total time that is needed starting from an empty graph with n
nodes is O(m.a(m,n)) (where m is the number of edge insertions and queries),
whereas the fth operation is performed in O(a(f,n)) time if that operation is query
or a nonessential insertion. The initialisation can be performed in O(n) time and
the entire structure takes O(n) space.

Proof. Each query and nonessential insertion corresponds to #(1) Finds in the UF
structures. Moreover, all essential insertions take at most O(n) Finds. Hence,
by Theorem 3.5.2, the ft* operation is performed in O(a(f’,n)) = O(a(f,n))
time (where f' = 6(f) + O(n) by Lemma 8.3.1) if that operation is query or a
nonessential insertion. The remaining statements follow by Theorem 7.7.1 (with
ne < min{2m,n}, where n. < {2m,n} is implied by Lemma 8.3.1, since the part
of the graph that is operated on contains at most min{2m,n} nodes), Lemma 2.3.7
(w.r.t FRT(a(n,n))), and by Theorem 3.5.2 (where if m < n, then Lemma 3.4.3
is applied on the initial UF(i) structure of the o-UF structure instead, viz., where
i = a(n,n) ). O
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The above theorem can be augmented to allow insertion of new nodes in the
graph with a time complexity of O(n + m.a(m,n)): then o-FRT is used instead
of FRT(a(n,n)) (ef. Section 7.7). Then n, m, and f in the theorem denote the
current number at the moment of consideration. (Note that only O(min{n,m})
operations are performed in the a-FRT structure, since these operations are only
performed in essential calls of insertae..)

8.4 Three-Edge-Connectivity

We will now extend the results to the maintenance of 3-edge-connected components
in a graph, with a time complexity of O(n + m.a(m,n)) for n nodes and m queries
and insertions.

8.4.1 Observations

We recall the observations of Subsection 6.4.2. For detecting the 3ec-classes it suffices
to detect the 3ec-classes inside the 2-edge-connected components. Therefore, our
algorithms for general graphs maintain the 2ec-classes (as in Section 8.3), and they
maintain the 3ec-classes by using solutions for 3-edge-connectivity within 2-edge-
connected components.

We denote the forest of all cycle trees for the 2-edge-connected components by
Cyc(3ec(G)). We call Cye(3ec(G)) a cycle forest of G.

Suppose edge (e, z,y) is inserted in graph G yielding graph G’. Then the following
changes occur. We distinguish three cases (cf. Subsection 6.4.2).

If ¢(z) # c(y), then the 2ec-classes and the 3ec-classes do not change.

Otherwise, if 2ec(z) = 2ec(y) then (e,z,y) is inserted inside a 2-edge-connected
component and the changes as described in Subsection 6.4.1 occur.

Otherwise we have 2ec(z) # 2ec(y) A e(z) = c(y). Then consider 2ec(G). Let P,
be the tree path between 2ec(z) and 2ec(y) in 2ec(G) (consisting of the class nodes
only) (cf. Subsection 6.3.1) and let CS; be the cyclic list obtained from P, by
inserting the interconnection edges between consecutive class nodes of P, and by
inserting the edge (e,z,y) between class nodes 2ec(x) and 2ec(y). Then the major
changes are the following:

1. all 2ec-classes corresponding to class nodes on P, form one new 2ec-class

2. for each 2ec-class C on P, the 3ec-classes inside C (and hence the correspond-
ing cycle tree) are changed: several 3ec-classes may form one new 3ec-class
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3. a new cycle s of 3ec-classes arises; the new cycle node s links the (updated)
cycle trees that correspond to the 2ec-classes on C'S,

We consider the changes more precisely.

1. This part is identical to Subsection 6.3.1.

2. We consider the changes of the 3ec-classes that occur in 2ec-classes on Pa.
Consider a particular 2ec-class C on P, in 2e¢(G). Let u and v be the two
nodes in C that are end nodes of interconnection edges on C'S;. Then there is
a new path between u and v in G’ that does not intersect with C except for u
and v, where such a path did not exist in G before. Hence, considered within
C only, this corresponds to inserting a temporary edge between the nodes u
and v (cf. Figure 6.15), since the 3ec-classes are completely determined by
the 2-edge-connected components in which they are contained (and hence
by the nodes in C together with edges of G that have both their end nodes
in C. Cf. Corollary 6.2.6). The update of the 3ec-classes (and hence the
cycle tree) can be performed in C by the insertion of a temporary edge in the
2-edge-connected component C'.

3. Now suppose all these “local” insertions are performed in the 2ec-classes on P.
Then the two edges in C'S; that are incident with one 2ec-class C' on P, have
their end nodes in the same (updated) 3ec-class in C'. Call such a 3ec-class
the interconnection 3ec-class in C. Then all these interconnection 3ec-classes
form a new cycle s. Then the updated cycle tree T¢ in each 2-edge-connected
component C on P, is linked to the new cycle node s by an edge between cycle
node s and the class node of the interconnection 3ec-class in C'. All these cycle
trees are linked to s and hence now form one new tree together.

8.4.2 Algorithms

We have the following observation for inserting an edge in a 2-edge-connected
graph G (or 2-edge-connected component). The changes in the 3-edge-connectivity
relation and the change of Cyc(3ec(G)) are only determined by the 3ec-classes in
which an inserted edge is contained. Therefore, only the 3ec-classes in which the
end nodes of a new edge are contained are relevant, and not the actual end nodes
themselves.

Consider some graph G =< V, E >. We change the cycle forest Cyc(3ec(G)) by
on the one hand augmenting the collection of nodes of G and on the other hand
partitioning the thus obtained 3ec-classes into subclasses. We do this as follows.

Each 3ec-class in G may be extended with an arbitrary number of new, auxiliary
nodes that are considered to be nodes in that 3ec-class. The new additional edges
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that should make this 3-edge-connectivity relation true are not given explicitly (but
of course linking such a new node with some other node by 3 edges will do). In the
following, the auxiliary nodes are not distinguished from the original nodes.

Each (extended) 3ec-class C' of G is partitioned into subclasses of nodes. To each
subclass a (new) distinct node is related as its name, called the subclass node. We
call these subclass nodes the subclass nodes for C. The subclass node of the subclass
to which a node z belongs is denoted by sub(x). An augmented cycle forest AFg
for G for this collection of subclasses is a forest that has the subclass nodes and the
cycle nodes of Cyc(3ec(G)) as its nodes such that

e for each 3ec-class C of G, the subclass nodes for C induce a subtree of AFg

e Cyc(3ec(G)) is obtained (up to edge names) if for each 3ec-class C the subclass
nodes for €' are contracted into the corresponding class node of C.

Note that the edges between a cycle node and a subclass node in AFg correspond
to the edges in Cye(3ec(G)), viz., for each edge in Cyc(3ec(G)) between class node
c and cycle node s there is precisely one edge between s and some subclass node ¢’
for class c. We call the (other) edges that connect two subclass nodes (that hence
correspond to the same class) connectors. A connector that links two subclass nodes
of a 3ec-class C is called a connector for 3ec-class C.

Stated informally, AFg can be obtained by replacing each class node in Cyc(3ec(G))
by some tree of subclass nodes and connectors. See Figure 8.1.

Figure 8.1: Augmented cycle forest

Cyce(3ec(G))
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We consider the insertion of an edge (¢,z,y) in a 2-edge-connected graph in terms
of an augmented cycle forest AFg for G. Let 2ec(x) = 2ec(y) A 3ec(z) # 3ec(y). All
class nodes on the tree path from 3ec(z) to 3ec(y) in Cyc(3ec(G)) become 3-edge-
connected in 3ec(G) and the corresponding classes form one new class. Note that
these classes are the classes that have at least one subclass on the tree path P in
AFg between sub(z) and sub(y). Hence, we can update the structure according to
the following observations (also cf. Subsection 6.4.1).

e Two successive subclass nodes on P (without a cycle node in between) corre-

spond to the same class. Hence, it suffices to obtain all the subclass nodes on
P that are adjacent to a cycle node on P.

e All the classes of which a subclass node is “on” P must be joined into one new
class C".

e The augmented cycle tree AFg must be adapted to be an augmented cycle tree
for the resulting graph. Hence, all subclass nodes for C’ must form a tree and
no cycle node may occur in between. In particular, this can be done by joining
for each cycle node s on P the two subclass nodes that are its neighbours on
P and to split cycle s in AFg accordingly.

Therefore updates are locally performed in the way as for cycle trees, viz., for
each maximal part of P that does not contain two adjacent subclass nodes
(and hence that is locally similar to a cycle tree)

Note that we only join subclasses with subclass nodes that are adjacent to a cycle
node and, hence, belong to different classes.

Our goal structure is now as follows. For a graph G, we have a forest bc(G) (not being
a forest inside G) and an augmented cycle forest AFg that satisfy the following. The
graph G =< V, E > is extended with a collection of auxiliary nodes, which may be
extended from time to time. Each auxiliary node is considered to be in some existing
3ec-class that consists of at least one original node (i.e., anode in V). The additional
edges that should make this true are not given explicitly. The (thus extended) vertex
set is partitioned into disjoint sets, called basic-clusters. Each basic-cluster has a
(new) unique node as its name, called cluster node. The nodes of forest be(G) are
these cluster nodes. We call the edges of be(G) be-edges. The following constraints
are satisfied.

e Each 3ec-class C is partitioned into subclasses obtained by intersecting C with
the basic clusters. To each subclass, a unique node is related as the subclass
node. The subclass nodes of G are the subclass nodes in AFg. Then AFg is
an augmented cycle forest for G.
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@ Each subclass node is considered to be contained in the basic cluster that
contains its subclass. Then for a basic-cluster b, the subclass nodes that are
contained in b together with appropriate cycle nodes of AF; induce a subtree
of AFg, denoted by tree(b).

e The edges of AFg of which the end nodes are in different basic-clusters are
connectors.

e There is a connector with end nodes in the basic-clusters b; and b, iff there is
bec-edge between b, and b,.

By the above constraints, it follows that for a cluster b, tree(b) does not have two
adjacent subclass nodes. Therefore, tree(d) is a cycle tree of a 2-edge-connected
graph that has the nodes of basic-cluster b as its nodes together with appropriate
edges that induce the 3-edge-connectivity relation as represented by tree(b). Eg.
it has all edges of G with end nodes in basic-cluster b together with additional edges
between each pair of nodes in basic-cluster b that are 3-edge-connected.

Note that bc(G) can be obtained from AFg by contracting all subclass nodes in a
basic-cluster b to its cluster node b. Note that the only edges in AF; with images
in bc(G) are the connectors.

We thus have a structure of clusters with bc-edges in between, where the original
connector of such a bc-edge “connects” the occurrences in AFg of some 3ec-class of
G inside the two corresponding basic-clusters (viz., the 3ec-classes determined by
the end nodes of the connector). See Figure 8.2 for the example of Figure 8.1.

Figure 8.2: A forest be(G)
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We define edge classes on be(G) as follows:

The be-edge set of be(G) is partitioned into disjoint classes, where a be-
edge class consists of the be-edges of which the original connectors in
AFg are connectors for the same 3ec-class.

Note that if two be-edges are incident with a cluster node b and if they are in the
same be-edge class, then their original connectors in AFg have the same subclass
node as end node (in cluster b).

The above strategy (in terms of an augmented cycle forest) for inserting an edge
(e,z,y) in a 2-edge-connected graph is transformed in termns of be(G) into the
following. Let ¢ = clus(x) and let d = clus(y). Suppose that ¢ # d.

e Let P be the tree path in be(G) between ¢ and d. Let P’ be the tree path in
AFgs between sub(x) and sub(y).

The two incident be-edges of an internal node b on P are in the same bc-edge
class. Hence, the two connectors that are their originals both are connectors
for some 3ec-class C. Moreover, these connectors are on P’. Hence, only one
subclass node of P’ is in cluster b. Since edges between subclass nodes and
cycle nodes in AFg occur inside clusters only, this gives that there is no cycle
node on P that is in cluster b. Hence, we do not need the internal nodes of P.

A boundary node b of P is either one of the end nodes ¢ or d, or it is a node
for which its two incident be-edges e; and ez on P are not both in the same be-
edge class. In the latter case this means that the two connectors that are their
originals are connectors for different 3ec-classes. Moreover, these connectors
are on P’. Hence, at least two different subclasses on P’ and at least one cycle
node on P’ are in cluster b.

Hence, to obtain the relevant path parts of P’, it suffices to obtain a boundary
list BL for ¢ and d and to consider the boundary nodes.

e For each such cluster b with b € BL, a local update of the local cycle tree
must be performed by joining all subclasses on the part P} of P’ inside cluster
b and by updating the local cycle tree correspondingly. Note that this update
corresponds to the update for inserting a temporary edge between any two
nodes of G that are contained in the two subclasses that correspond to the
subclass nodes that are the ends of P]. The end nodes of B, are the end nodes
(in cluster b) of the originals of the bec-edges on P that are incident with b,
where if there is only one such be-edge, sub(x) or sub(y) is the other end node
of Pj. Note that by the definition of bc-edge classes we still obtain the same
end nodes if we substitute these be-edges by other be-edges in the same be-edge
classes. Therefore we can use the bc-edges in the sublist of b in BL to obtain
the end nodes of F.
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We describe a structure, called 3EC structure that solves the 3ec-problem.
We distinguish between the different layers of representation.

The representation for the graph G itself is as follows. Firstly, there is a structure
2EC to maintain the 2ec-classes of G. This structure works on the regular nodes
only and hence the additional nodes are not involved. There is Union-Find structure
for implementing the 3ec-classes of nodes of G, called the global Union-Find struc-
tures and denoted by UFs... Note that in the 2EC structure there are Union-Find
structures for the connected components and the 2ec-classes of G, denoted by UF,
and UF; 2ec-

A query 3ec-comp(z) now corresponds to a Find call 3ee(z).
The vertex set of G may be extended from time to time with auxiliary nodes.

Each (original or additional) node ¢ has a pointer clus(z) to the cluster node in
which it 1s contained.

Forest be(G) is implemented as a fractionally rooted tree structure (FRT'), denoted
by FRT3.. (Also the forest be(G) has a regular implementation as a forest, i.e.,
with incidence lists for its nodes.)

The augmented cycle forest AFg is not implemented as a whole. In fact, it is impl-
mented in parts, viz. by cycle trees inside basic-clusters and by separate connectors.
To be precise, we have the following implementation.

Note that AFg has connectors (being the originals of be-connectors) which have end
nodes being subclass names. Note that subclasses are joined from time to time.
Therefore, instead of having a subclass node as end node, a connector has a node of
such a subclass as end node. Then the subclasses that are the ends of a connector
(e,z,y) are sub(z) and sub(y).

Recall that for a basic-cluster b, the part of AFg inside basic-cluster b, viz. tree(B),
is a cycle tree on the nodes of basic-cluster . Then tree(d) is implemented as a
cycle tree independent of the rest of AFs or G. It is implemented and maintained
as the cycle tree in the former solution of Subsection 6.4.1 (c¢f. Lemma 6.4.5) (for
maintaining 3-edge-connectivity inside a 2-edge-connected graph). We refer to
this solution as the local structure. The Union-Find and the Circular Split-Find
structures used in the local structure are denoted by UF,, and GSFj,.. The Find
operation in UFj, for a node z (returning the name of its subclass) is denoted by
sub(z). The insertion operation in a local structure is denoted by insertlocs.

A be-edge has a pointer to its original connector in AFy as represented above (which
actually is an artificial edge between to nodes of G), and, conversely, a connector in
AFg has a pointer to the be-edge that is its contraction edge.

We relate to each subclass of nodes that occurs inside some basic cluster a connector
that has one of its end nodes in that subclass (if such a connector exists). Such a
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connector is called an associated connector for that class. (Notice the similarity
with the associated edges for nodes in the 2ec-problem.) A pointer assoc to that
connector is stored in the subclass node.

Remark that the edge classes in be(G) can now be described as follows:

Let (e,c,d) be a be-edge. Let (e,r,y) be its original connector. Then °
(e,¢,d) is in the edge class called 3ec(x) (this name is only used in the
description, not in the algorithms).

(Recall that for a connector (e, z,y) we have 3ee(x) = 3ec(y).)

The initialisation for an empty graph is straightforward. (Note that each node in
the graph forms a singleton basic-cluster on its own, and, hence, for each node, a
cluster node is created representing the singleton basic-cluster that is formed by the
node.)

Suppose some new edge (e,z,y) is inserted in G, resulting in graph G’. Let the
corresponding clusters for  and y be ¢ and d. Then procedure inserts((e,z,y))
updates the structure as follows. If 3ec(x) # 3ec(y), then the following cases are
considered.

1. ¢(x) # c(y). Then an insertion is performed as for 2-edge-connectivity, viz.,
by a call inserty((e, x,y)).

2. c(z) = c(y) A 2ec(x) = 2ec(y) A 3ec(x) # 3ec(y). Let glob be an empty list.
Let ¢ = clus(z) and d = clus(y). If c = d then BL is the list consisting of ¢
with empty sublist; otherwise, boundary(c, d) is performed in F RTy.c, yielding
boundary list BL in bc(G). List BL is copied as list J, but with empty sublists.

For each basic cluster bin BL, the original(s) of the be-edge(s) in the sublist of b
are obtained (if any). If b= ¢ = d thenlet u = 2 and v = y. Otherwise, if b= ¢
or b= d then let v = x or v = y respectively, and let node u the end node of
the above original edge that is in basic-cluster b. Otherwise, let nodes u and v
be the end nodes of the above original edges that are in basic-cluster b. (Note
that if 3ec(u) = 3ec(v), then v € {z,y}, since otherwise the two above be-
connectors in the sublist would be in the same edge class.) If 3ec(u) # 3ec(v),
then the following is done. A call insertlocs((€',u,v)) of a temporary edge
(€’,u,v) in basic-cluster b is performed (being an insertion in the local cycle
tree for b, causing an update of it). Obtain an associated connector for each of
the subclasses that are joined in cluster b. Put the corresponding be-connectors
in the sublist in J related to cluster node b. One of these connectors (if any)
is assigned to the resulting subclass as its associated edge. For each subclass
involved in the joining, obtain a node z of that subclass and put it in list glob.

Note that J consist of the cluster nodes in BL, where the sublists contain the
associated edges of the old subclasses that are joined in the clusters (and hence
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for each be-edge e in the sublist for a node b & {¢,d} in BL, there is at least
one bec-edge in the sublist for b in J that is in the same bc-edge class as €).

All the classes in which the nodes in glob are contained are joined: on each
node z € glob the Find call 3ec(z) is performed, all these outputs are put in
a list such that every 3ec-class name occurs at most once in the list (which
can be done by means of marking), and then Union operations are performed
on these names in U Fs.. If the sublist of ¢ or d is empty, then that node is
removed from J. Finally, the F' RT3, structure is updated by means of call
joinclasses(J).

. e(z) = c(y) A 2ec(z) # 2ec(y). Firstly, the 2ec-classes that will be joined into

one new class are determined. This is done as follows. A boundary list BL for
z and y is computed in 2EC (this is the first part of the call inserta((e, z,y))).
Subsequently the names of the 2ec-classes are obtained, where to each such
name k a sublist is related that is the concatenation of all sublists for z € BL
with 2ec(z) = k. These names are stored in a temporary list L. Then all
edges in the sublists are removed from the sublists that have both their end
nodes in the same 2ec-class. (Hence, we are left with a list 7L where the
sublist of each 2ec-class name & contains the interconnection edges that are
incident with 2ec-class k, and with another class of which the name is in T'L.
Such a sublist consists of exactly two edges except for the sublists of 2ec(z)
and 2ec(y).) Then alist L is constructed from T'L consisting of the names and
their sublists in T'L such that the (1 or 2) neighbours in L of each 2ec-class ¢
in L are the 2ec-classes in which the end node(s) of the edges in its sublists are
contained (apart from 2ec-class ¢). (Note that this can be done by obtaining
each for 2ec-class C the other 2ec-classes in which the end nodes of the edges
in its sublist are contained, and by setting pointers from C to these 2ec-class
names.) (Now L contains the class nodes of the tree path P between 2ec(z)
and 2ec(y) in 2ec(G) in the proper order, where the sublist for each class node
¢ contains the interconnection edges between class ¢ and its neighbour(s) on
P. Hence, the sublist of 2ec-class name c consists of the interconnection edges
that are incident with class ¢ and with the (one or two) neighbours classes in

L)

For each 2-edge-connected component C in L the following is done. If C ¢
{2ec(z),2ec(y)} then u and v are the two nodes in C that are the end nodes of
the edges in the sublists of C. If C' = 2ec(z) (or C = 2ec(y)) then u is the node
in C that is the end node of the edge in the sublists of C and v = = (or v = y).
If 3ec(u) # 3ec(v) then a temporary edge between u and v in C is inserted
by a call inserts((e’,u,v)). (Hence, then the local 3ec-classes are updated as
above for the case 2ec(u) = 2ec(v).) Afterwards, create a new node, which we
denote by zc, and insert it in the (updated) 3ec-class 3ec(u) (= 3ec(v)) (the
interconnection 3ec-class). A connector (€, z¢, z5) is created between z¢c and
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some node zf; of 3ec-class 3ec(z¢). Replace the sublist of C in L by the sublist
consisting of z¢ and the connector.

Then a new basic cluster with (new) cluster name b is created from these new
nodes z¢ for C € L: each of the nodes z¢ is provided with a pointer clus(z¢) to
b. Then the subclasses in b are initialised: each node z¢ forms a singleton sub-
class in the cluster on its own. Subsequently a cycle tree corresponding to the
(single) cycle of the new subclass nodes in B is initialised: these nodes sub(z¢)
occur in the same order as the 2-edge-connected components C' in L. (The
cycle of these subclass nodes correspond to the cycle of the interconnection
3ec-classes in the new graph 3ec(G’).)

Then the 2ec-classes in L are joined by performing a call inserta((e,2,y)) in
2EC (of which actually the first part was already executed in the beginning
of the computations in this case, viz. the computation of a boundary list in

2EC).

Cluster node b is linked with the involved trees in be(G) (corresponding to
the 2-edge-connected components that are involved) by means of new be-
edges as follows. For each auxiliary node z¢ (in L) together with connector
(¢/,2¢,25), let ' = clus(zf). Then a new be-connector (e’,b,b') is created
(with the appropriate pointer between (€', z¢, z5) and (€', b,8')), and the tree
in be(G) containing b’ is linked with b by means of call link((e’, b,b’)). The edge
(€', z¢, z¢) is related to sub(z¢) as its associated edge. If sub(z{) does not have
an associated edge yet, then (¢/, z¢, z¢) is related to sub(zi) as its associated
edge. Otherwise, the following is done. Let (e”,z",2") be the associated
edge for sub(z{.). Then the operation joinclasses(J) is performed, where J
consists of the node & with the be-edges (€', b, V') and (e, clus(z'), clus(2")) in
its sublist (to reflect that these two edges are in the same be-edge class).

We consider some aspects of the above inserts algorithm.

Suppose the initial graph Gg has n (regular) nodes. Note that Gy contains at most
n 2-edge-connected components. Then the total number of new (auxiliary) nodes
(in the graph) that is created by the algorithm is at most 2n — 1, since a new node
is created for each 2-edge-connected component that is joined with other 2-edge-
connected components. Hence, the final number of nodes is at most 3n — 1 = O(n),
and the G S Fl, structure is a structure on O(n) nodes. On the other hand, the total
number of clusters created by the algorithm is at most n — 1, since a new cluster
is created only in case of the joining of 2-edge-connected components, and in that
case, the total number of 2-edge-connected components decreases by at least one.
Hence, we only need a FRT-structure for at most 2n — 1 cluster nodes. (Note that
this can be done e.g. by initially having a collection of n—1 “free” (“isolated”) nodes
available that serve as the nodes to be taken as the new cluster nodes. (Hence, we
do not need a structure for increasing number of nodes yet.)) The same holds for
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the Union-Find structures on nodes of G: we do not need to insert new elements in
these structures from time to time if we start from a situation with 2n — 1 auxiliary
“free” nodes.

We denote all the Union-Find structures used independently in 3EC (i.e., not as
part of FRT;,. etc.) by UF. We consider the UF structures to be one structure:
hence, it is a structure on O(n) elements.

We consider the complexity of the above algorithm. Note that there are at most
3(n—1) essential insertions possible in the 3ec-problem, since in each essential insert,
at least two connected components, two 2ec-classes, or two 3ec-classes are joined.

Lemma 8.4.1 In a 3EC structure for a graph with n nodes, a nonessential insertion
takes O(1) time together with the time for 8(1) Find operations in a UF structure,
The time needed for a sequence of essential insertions in SEC is at most linear to the
time for an essential sequence on O(n) nodes in FRTs.. and an essential sequence
on O(n) nodes in FRT,,., the time for O(n) Unions in the UF structures and
O(n) Circular Splits in the GSFl, structure, the time for O(n) nonessential calls
boundary in F RT.. and F RT3, the time for all O(n) Finds in the UF structures
and the GSFi,. structure, together with an additional amount of O(n) time.

Proof. We define a step be an ordinary computational step or a Find operation in
any UF or GS Fj,. structure. We consider a collection of essential inserts operations
in the considered graph, including the (essential) inserts operations called in the
execution of operation inserts itself. Therefore, we do not consider the cost of an
essential call insert; inside procedure insert;: we already consider it in the above
collection. (We may think of such an inserts call to occur just before the call inserts
in which it was invoked.)

The sequence of calls link, joinclasses and essential calls of boundary in FRTs..
as performed during the insert; operations yield an essential sequence in F RTs.c,
which is seen as follows. Procedure boundary(c,d) is explicitly called in part 2 of
procedure inserts only. Then an essential call boundary(c,d) with output sequence
BL is followed by joinclasses(J), where all bc-edge classes occurring in BL also
occur in J if the boundary call was essential.

Moreover, operation boundary in F RT;,, is performed at most once in an essential
inserts call. Hence, there are at most O(n) nonessential boundary calls.

All calls insertse. in the calls inserts., are essential. Therefore, by Lemma 8.3.1 the
claim regarding the operations present in 2EC is true.

We consider the net cost of the procedure calls of inserts: i.e., the cost of the parts
of the computations apart from the computations considered above, from O(1) steps
per call insert; and from the Unions in UF structures and the Circular Splits in
the GSF,. structure.
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. Case c(z) # ¢(y). Then there is no net cost.

Case 2ec(z) = 2ec(y) A 3ec(z) # 3ec(y). Consider a call insertz. Firstly a
boundary list BL is computed, which does not contribute to the net cost.
Then the basic-clusters in BL are handled as: for each such b € BL first O(1)
steps are performed, and then a call insertloc; may be performed in cluster b
if it is an essential insertion in the local structure. Finally, for each subclass
that is joined with at least another subclass (in any local insertion) O(1) steps
are performed in insert;.

Note that there are at most 2 basic-clusters b € BL in which no subclasses
are joined: the O(1) steps performed for these classes are charged to the
procedure call insert;, hence not contributing to the net cost. For each other
basic-cluster b € BL, the O(1) steps are considered to be included in the O(1)
steps performed in one of its subclasses that are joined.

‘We now add up all these costs for all calls insert; together.

Since there are at most 3n — 1 nodes present, and since these nodes are parti-
tioned into disjoint clusters in which the local structures are applied, at most
O(n) essential calls insertlocs may occur. By Lemma 6.4.5 this takes time
linear to the time for Unions and Splits in the structures UFj,. and GS Foe
respectively, which does not contribute to the net cost, together with O(n)
Finds in these structures.

Since there exist at most O(n) different subclasses during the entire process,
the total number of steps regarding the above O(1) steps per joined subclass
is O(n). (There are O(n) different subclasses, since initially there are at most
n subclasses and since new nodes each yield one new subclass.)

Hence, the net cost of all calls in this case is O(n) steps.

. e(z) = c(y) A2ec(z) # 2ec(y). Note that the computation of a boundary list in

2EC at the beginning of this case is a part of an essential call insert, (that is
actually called later on in inserts) and, hence, can be considered to be included
in the above parts for 2EC. (Or observed in another way, this computation of
the boundary list is executed twice: one time her and one time later in the
“entire” execution of the insertion procedure. This increases the cost with a
factor 2 at most.)

The construction of L from BL takes O(|L|) steps (note that |L| = 8(|BL|)).
Then O(1) steps are performed for each 2-edge-connected C € L. Subse-
quently for each 2-edge-connected component a temporary edge is inserted
by a call inserts in case that that edge has end nodes in different 3ec-classes:
hence such an insertion is essential and its cost is included in the previous
case (case 2). Moreover, for each 2-edge-connected component a new node
is created, together with a new connector. A new cluster consisting of these
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nodes is created and some additional computations are performed. All this can
be done in O(the number of new nodes) steps. Since, the 2-edge-connected
components occurring in L are joined, the net cost of all these computations
can be seen as O(1) steps per 2-edge-connected component that is joined.

Since there are at most 2n — 1 2-edge- connected components during the entire
process, the net cost of all the calls in this case is O(n) steps.

Hence, the lemma follows for the essential insertions. The lemma is obvious for
nonessential insertions. m]

A 3EC(i) structure is a 3EC structure where F RTs.. = FRT' (i), FRTy.. = FRT (i),
UF = UF(i) and GSF = GSF(i).

Theorem 8.4.2 A SEC structure with the algorithms solves the 3ec-problem and
can be implemented as a pointer/logn solution such that the following holds. The
total time that is needed for all essential insertions starting from an empty graph
of n nodes is O(n.i.a(i,n)), whereas the queries and nonessential insertions can be
performed in O(i) time. The initialisation can be performed in O(n) time and the
entire structure takes O(n) space (i 2 1, n 2 2).

Proof. It is easily seen that the initialisation can be done in O(n) time. By
Lemma 8.4.1, Theorem 7.7.1 and Theorem 3.4.4 (for UF(7) and GSF(z)) the theorem
follows. u]

The a-3EC structure is a 3EC structure for a graph with n nodes where F RT3, =
FRT(a(n,n)), FRTy.. = FRT(a(n,n)) (where a(n,n) can be obtained as in Chap-
ter 3), UF = a-UF and GSF = a-GSF, where in the latter structures the number
of Finds is replaced by the number of insert operations and queries. Then we obtain
the following.

Theorem 8.4.3 There erists a structure and algorithms that solve the Sec-problem
and that can be implemented as a pointer/logn solution such that the following
holds. The total time that is needed starting from an empty graph with n nodes
is O(m.a(m,n)) (where m is the number of edge insertions and queries), whereas
the f** operation is performed in O(a(f,n)) time if that operation is a query or a
nonessential insertion. The initialisation can be performed in O(n) time and the
entire structure takes O(n) space.

Proof. Like the proof of Theorem 8.3.3. O

By using the a-3EC structure where FRT;.. = a-FRT and FRT;.. = o-FRT
instead, the above theorem can be augmented to allow insertions of new nodes in
the graph with a time complexity of O(n + m.a(m,n)) (cf. Section 7.7). Then n,
m and f denote the current number at the moment of consideration. (Note that at
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any time, at most O(n) operations boundary are performed on one of the two FRT
structures, which simplifies the insertions of new nodes in the FRT structure. Cf.
Section 7.7. A similar remark holds for the structures GSF and U F..)

8.5 Concluding Remarks

We have presented solutions for the problem of maintaining the 2-edge-connected
and the 3-edge-connected components of graphs under insertion of edges and
verticves. The solutions take O(n + m.a(m,n)) time, starting from the graph
< 0,0 >, and are optimal on Pointer Machines and Cell Probe Machines. For
2-edge-connectivity and 2-vertex-connectivity, the optimality of solutions that run
in O(n + m.a(m,n)) time is proved in [34] (where for our results we use that the
insertion of a node takes 2(1) time). (Note that the complexity of the algorithms
in [34] is O(m'.a(m’,n)), where m’ = m + n, since we consider m to be the number
of queries and edge insertions and n to be the final number of nodes, whereas m’ in
[34] includes both.) (Actually, the above proofs are for Pointer Machines with the
Separation Condition, but by using the results of Chapter 5, the bounds follow for
general Pointer Machines.) We give the proof for the 3ec-problem. Like in [34] we
use reductions to the Union-Find problem. Consider the Union-Find problem for
some collection of elements. For each element x there is a triple of nodes z,, x» and
23 with edges (xy,a3), (22, 73) and (z3,z;). Then a query Find(z) is performed by
a query 3ec-comp(z,) in the graph. Moreover, the joining of two sets is as follows:
for each set a triple of nodes for some element in that set is taken, say z,, x; and z3,
and y;, y2, and y3, and then the edges (z1,11), (22,y2) and (xa3,ya) are inserted in
the graph. This yields that every set corresponds to a 3ec-class in the graph. By the
lower bounds for the Union-Find problem on both Pointer Machines and Cell Probe
Machines (cf. Chapter 5 and [10]), the lower bound of Q(n + m.a(m,n)) follows for

the 3-edge-connectivity problem, if we use that the insertion of a node takes Q(1)
time.

Recall from the previous chapters, that in practice there is no need to perform
transformations of UF, GSF, or FRT structures, and, moreover, that in all practical
situations there is no need to compute Ackermann values. Therefore, we conjecture
that 2EC(2) and 3EC(2) are fast structures (i.e., with practically linear time com-
plexity) for all practical situations, with constant-time queries and constant-time
nonessential insertions.



Chapter 9

Maintenance of the 2- and
3-Vertex-Connected Components
of Graphs: Optimal Solutions

9.1 Introduction

In the previous chapter, optimal solution were presented for maintaining the 2- and
3-edge-connectivity relation for a graph. We showed that, by means of fractionally
rooted trees, the above time bounds can be improved for maintaining the 2- and
3-edge-connected components of a general graph, i.e., starting from an empty graph
of n nodes. The solution has a total running time of O(n + m.a(m,n)), where m
is the number of edge insertions and queries. In this chapter, we continue with
the 2- and 3-vertex-connectivity relation, where k-vertex-connectivity is defined as
follows: two nodes are k-vertex-connected iff there exist k different vertex-disjoint
paths between them. We present an optimal solution for maintaining the 2-vertex-
connected components of a graph with the same time bound, 1.e., for the 2-vertex-
connectivity querying. The solution makes use of fractionally rooted trees and has
a total running time of O(n + m.a(m, n)), where m is the number of edge insertions
and queries and n is the number of nodes. Moreover, we briefly describe an optimal
solution for maintaining the 3-vertex-connected components of a graph with the
same time bound as well. We will present the detailed solution in a future report
and only give a sketch here.

This chapter is organized as follows. Section 9.2 contains some preliminaries. In

Section 9.3, the maintenance of 2-vertex-connected components is considered, and
in Section 9.4, the maintenance of 3-vertex-connected components is considered.

181
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9.2 Preliminaries

9.2.1 Graphs and Terminology

Definition 9.2.1 Two nodes = and y are k-vertez-connected iff there exist k differ-
ent verter-disjoint paths between z and y.

It is easily seen that if two nodes are k-vertex-connected, then they are k'-vertex-
connected for any k/ with 1 < k' < k respectively. We state a lemma of Menger
[26].

Lemma 9.2.2 [Menger] Two non-adjacent nodes x and y are k-vertez-connected
(k > 1), if after the removal of any set of at most k — 1 vertices,  and y are
(still) connected. Two adjacent nodes = and y with | edges that have = and y as
end nodes are k-vertez-connected (k > 1), if after the removal of any set of at most
m < min{k — 1,1} edges and k —m — 1 vertices between = and y, = and y are (still)
connected.

If the removal of a set of vertices separates the vertices x and y (as described in the
cases above), then that set is called a cut set for z and y.

In particular we have for £ = 2: two nodes are 2-vertex-connected iff they lie on a
common simple cycle.

We call a set S of at least 2 nodes a 2vc-class if the nodes are 2-vertex-connected
and if there does not exist a node not in S that is 2-vertex-connected with the
nodes of § (i.e., the class is maximal). Furthermore we define a guasi class to be
any set of two nodes that are the end nodes of a cut edge. We call a set S of at
least 2 nodes a Jvc-class if the nodes are 3-vertex-connected and if there does not
exist a node not in S that is 3-vertex-connected with the nodes of S (i.e., the class
is maximal).

The 2-vertez-connected components of a graph G are the subgraphs of G that are
induced by the 2vc-classes of nodes. (Note that the 2-vertex-connected components
and the subgraphs induced by quasi classes as we defined them are usually called
the blocks of a graph.) Similarly, we can define 3-vertex-connected components of
graphs (where now new edges are added, like for 3-edge-connectivity).

9.2.2 Problem Description

The problems that we consider are as follows. Let a graph be given. The following
operations may be applied on the graph.

insert((e, z,y)): insert the edge (e, z,y) in the graph.
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Is2vc(z,y): output whether z and y are two nodes in the graph that are 2-vertex-
connected, and output the name of the 2-vertex-connected component (2vc-
class) in which they both are contained (if any).

Is3ve(z,y): output whether r and y are two nodes in the graph that are 3-vertex-
connected, and output the name of the 3-vertex-connected component (3vec-
class) in which they both are contained (if any).

We call a problem the 2vc-problem if the operations insert and Is2vc are consid-
ered, and we call it the Svc-problem if the operations insert, Is2ve and Is3vc are
considered.

In addition, the above collection of operations can be extended with the insertion

of a new (isolated) node in the grapli. (We will consider this operation only in the
last steps of our solutions.)

We call the insertion of an edge an essential insertion for a given problem, if some-
where in the graph either the connectivity relation changes or, for the 2vc-problem,
if the 2-vertex-connectivity relation changes, or, for the 3vc-problem, if the 2-
vertex-connectivity or 3-vertex-connectivity relation changes. An insertion is called
nonessential otherwise.

9.3 Two-Vertex-Connectivity

9.3.1 Graph Observations

Let G =< V, E > be a graph. We define the graph 2vc¢(G) as follows. For each
2vc-class or quasi class there is a unique (new) node related to that class, called
the class node. The vertices of 2ve(G) are the nodes of G together with these class
nodes. For each node z there is an edge between = and each class node ¢ such that

z is contained 2ve-class c¢. (Thus we obtain a collection of trees corresponding to
so-called block trees.)

Lemma 9.3.1 Graph 2vc(G) is a forest, where each tree in 2ve(G) corresponds to
a connected component in G, i.e., it consists of class nodes together with the nodes
of a connected component in G.

Hence, two distinct 2vc-classes have at most one node in common and, conversely,
for any two nodes there exists at most one 2vc-class that contains them.

Lemma 9.3.2 If edge (e, z,y) is inserted in graph G, then all the classes of which
the class node is on the tree path in 2vc(G) between z and y form one new 2vc-class
together, while the other Zuc-classes and quasi classes remain unchanged.
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Proof. Let G’ be the graph G together with edge (e,z,y). Let P be the tree path
between z and y in 2v¢(G). Let w and v be any two nodes that are adjacent to a
class node on P.

Suppose u and v are not adjacent in G. Suppose a node w & {u,v} is deleted from
G’. We show that there is a path from u to v in G'. Delete w in 2vc¢(G). Then there
is a path P, between u and node z or node y in 2ve(G). Since each class node ¢
on P, can be replaced by a path in G between any two nodes (# w) in class ¢ such
that it does not contain w (because the corresponding class is either a 2vc-class or
it consist of two nodes with an edge in between), this gives that there exists a path
between u and node z or node v in G that does not contain w. The same can be
obtained for v. Since there exists an edge (e,z,y) in G’ this yields that u and v are
still connected. Hence u and v are 2-vertex-connected.

Now suppose u and v are adjacent in G. Then either u and v are in the same
2ve-class, in which case we are done, or they are in a quasi class ¢. In the latter
case it follows that ¢, u and v are on P. Suppose the edge ¢’ between x and y is
deleted from G'. We show that there is a path from u to v in G’. There exists a
path between u and x or y not using ¢ and hence, like before, there exists a path
between u and node z or node y in G that does not contain ¢’. The same can be
obtained for v. Hence = and y are 2-vertex-connected.

On the other hand if u and v are not in the same class, and they are not both
adjacent to class nodes on P, note that the removal of any node of & that is on the
tree path P’ in 2v¢(G) between u and v separates u and v. Since u and v are not
both adjacent to a class node on P, there is a node w € G on P’ that is not on P.
Then the deletion of w in G separates either u from v, z and y or z from w, z and
y. Hence, after the insertion of edge (e,z,y) in G w is still a cut node.

Finally, if u and v are in the same quasi class and they are not both adjacent to a
class node on P, a similar observation yields that the edge between u and v still is
a cut edge in G". 0

We represent 2vc(G) by means of a spanning forest of G. Consider a spanning forest
SF(G) of G. We augment SF(G) with edge classes on its set of edges. An edge
class contains all the edges that connect two vertices that are in some 2vc-class or
quasi class. An edge class consisting of a cut edge of G is called a quasi edge class
(and hence the end nodes of the class form a quasi class). Otherwise the edge class
is called a real class.

Now a class of edges together with the end nodes of these edges induces a subtree in
SF(G), which is seen as follows. For two nodes = and y that are 2-vertex-connected,
all nodes on the tree path P between z and y are 2-vertex-connected with them
too. Therefore, all these nodes are in the same 2vc-class and hence the edges on P

are in the same edge class. This implies that each edge class induces a subtree in
SF(G).
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Note that this implies that the collection of edge classes thus yields an admissible
partition of SF(G),

From the above observation it follows that two nodes z and y are 2-vertex-connected
iff z and y are incident with 2 edges of the same real edge class.

On the other hand, a maximal class of 2-vertex-connected nodes induces some
subtree in SF(G) and the set of the edges in that subtree is an edge class. Hence, if
we relate to each edge class a new unique node as its class node, if we extend SF(G)
with these class node and if each edge (e, z,y) in an edge class is replaced by two
edges (e¢’z, c¢) and (e”,y, ¢), then we obtain the forest 2ve(G) (up to the choice of the
class names and the names of edges). Therefore, we use the names of edge classes
as the names of the corresponding 2vc-classes and quasi classes.

We define the predicate 2ve(z, y) to be true iff nodes z and y are 2-vertex-connected.

We consider the insertion of an edge in a graph in terms of edge classes by means of
Lemma 9.3.2. Suppose a new edge (e, z,y) € E is inserted in graph G =< V, E >.
We distinguish three cases.

1. ¢(z) # c(y). Then z and y are not connected in SF(G). Hence, (e,z,y)
connects two trees in SF(G) that have to be joined into one tree.

2. ~2ve(z,y) A e(z) = ¢(y). Edge (e, z,y) connects the nodes z and y in a tree
of SF(G) and a cycle arises. Then all edge classes of which an edge is on the
tree path between  and y must be joined into one edge class.

3. 2ve(x,y) A e(z) = c(y). Then the edge (e, z,y) connects two nodes that are
2-vertex-connected in G, and, hence, insertion of this node will not affect the
2-vertex-connectivity relation.

9.3.2 Algorithms

We use a fractionally rooted tree structure FRT for the operations on the forest
SF(G), denoted by FRTy,.. All quasi edge classes are marked as being quasi. All
other classes are not marked (in particular, classes with at least 2 edges are auto-
matically unmarked.) There is a Union-Find structure for connected components,
denoted by UF.. The initialisation for an empty graph is straightforward.

A query Is2vc(z,y) is now performed by first performing a call equal-class-
edge(z,y); then false is returned if the returned edge class names are distinct or
correspond to a quasi edge class, while true and the (common) edge class name are
returned otherwise.

We consider the insertion of an edge in a graph. Suppose a new edge (e,z,y) € E
is inserted in graph G =< V, E >. We distinguish three cases.
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1. ¢(z) # c(y). Perform the operation link((e,r,y)) to connect the two trees in
SF(G) containing r and y respectively. Moreover, the two connected compo-
nents c(z) and ¢(y) are joined (in UF.).

2. =Is2ve(x,y) Ac(z) = e(y). We need to determine the edge classes that have
an edge on the tree path between r and y and then join these classes:

e obtain a boundary list BL for x and y in SF(G) by a call boundary(z,y).

e If BL contains nodes r and y only, then z and y from a quasi class.
Then unmark the edge class of the edge obtained in the call I's2ve(x,y),
reflecting that the edge class is real now.

e Otherwise, if BL contains more than the 2 nodes x and y, delete the
nodes z and y from BL (their sublists contain one edge only). Join all
the edge classes occurring in BL by means of the call joinclasses(BL).

3. Is2ve(z,y) Ae(r) = c(y). Nothing is done.

A 2V C(i) structure is the above structure where FRT,. = FRT(i) and where
UF, = UF(i). Then we obtain the following result in a way similar to Subsection 8.3.

Theorem 9.3.3 There erists a data structure and algorithms that solve the 2vc-
problem and that can be implemented as a pointer/logn solution such that the fol-
lowing holds. The total time that is needed for all essential insertions starting from
an empty graph of n nodes is O(n.t.a(t,n)), whereas a query and a nonessential in-
sertion can be performed in O(i) time. The initialisation can be performed in O(n)
time and the entire structure takes O(n) space (i 21, n > 2)..

Now take a-FRT as FRTy, for a graph with n nodes, and take o-UF for UF,.
Then we obtain the following result in a way similar to Subsection 8.3, where now
Theorem 7.7.2 is used instead of Theorem 7.7.1.

Theorem 9.3.4 There erists a data structure and algorithms that solve the 2vc-
problem and that can be implemented as a pointer/logn solution such that the fol-
lowing holds. The total time that is needed starting from an empty graph with n
nodes is O(m.a(m,n)) (where m is the number of edge insertions and queries),
whereas the f'" operation can be performed in O(a(f,n)) time if it is a query or
a nonessential insertion. The initialisation can be performed in O(n) time and the
entire structure takes O(n) space.

The above theorem can be augmented to allow insertion of new nodes in the graph
with a time complexity of O(n + m.a(m,n)) (cf. Section 7.7). Then n, m and f in
the theorem denote the current number at the moment of consideration.
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We can augment the 2vc-problem as follows. Note that a node x can be in several
2vc-classes. Suppose that z has a representative for each class in which it occurs.
Then we can maintain this representative as follows. For a node z we partition
the collection of edges incident with z in sets, so-called incidence sets, that are the
intersections with the edge classes. (IL.e., a set consists of the edges incident with x
that all are in the same edge class.) These sets are implemented as a Union-Find
structure. For each such set, its set name is the representative of the node for the
corresponding 2vc-class. Note that thus an edge is element of two such Union-Find
structures: one for each of its end nodes. This can be implemented by using one
Union-Find structure on all the edge sides: each edge has a representative, called
“side”, for each of its end nodes.

A query Is2vc(z,y) obtains two edges that are incident with these nodes and that
are in the same edge class (if any). These edges can be used (b.m.o. the above
Union-Find structure) to obtain the representatives for the common class.

The updates of the sets of edges related to a node can be done as follows. Consider
the insertion of an edge (e, z,y). In case 1 of the procedure, edge (e, z,y) forms a set
on its own for both = and y. In case 2 of the procedure, for each node u occurring in
the joining sequence BL for procedure joinclasses, the incidence sets in which the
edges in the sublist of u are contained, must be joined. Note that this takes only
O(1) additional Finds and other steps per edge in a sublist (apart from the time to
join the incidence sets), yielding the same time bounds as before.

Note that we can also obtain the representative of a node for a given 2vc-class: for
a class C and a node z € C, the representative of = for C can be obtained by
taking two nodes of C, say u and v, and then perform either 2ve(z,u) (if z # u)
or 2vc(z,v) (if z = u). Finally, we want to remark that we do not really need the
above Union-Find structure on the edge sides. For, the query 2vc(z,y) outputs two
edges e, and e, incident with z and y respectively. Edge e is either the father edge
of z in the FRT(z) structure that is used, or it is m-marked w.r.t. =. For some edge
class C that has an edge incident with z, either the father edge of z is in C, or the
m-marked edge in C that is in the extended subtree containing z, is incident with
z. Hence a query always outputs the same edge for z with various y from a given
2vc-class C. We can take this edge as a reference to the representative of z in C.
Then the only thing to do is updating these references in case of a joining of classes
and in case the father and m-marks are changed. We will not give the details.

9.4 Three-Vertex-Connectivity

In this section, we will briefly describe optimal solutions for the 3vc-problem, i.e., for
maintaining the 3-vertex-connected components of general graphs, where edges may
be inserted and where queries that ask whether two nodes are 3-vertex-connected
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are performed from time to time. The solutions have a time complexity of O(n +
m.a(m,n)) for m insertions and queries on graphs of n nodes. We will present the
solution in a future report, and we will only give a rough sketch here. (We omit
many details and special cases.)

First, we consider a 2-vertex-connected graph G containing at least three nodes.
Henceforth, a 3vc-class of nodes in G is a maximal set of at least three nodes that
are 3-vertex-connected, and we call a set of two nodes that is a maximal set of
nodes that are 3-vertex-connected a 3vc-pair. G can be subdivided into so-called
3vc-classes, cycles, and bars in a way as follows. A pair of nodes {u, v} that is a cut
pair (i.e., a cut set) of G, and such that u and v are 3-vertex-connected, is called a
3ve-bar of G. Let {u,v} be a 3ve-bar of G. The deletion of u and v from G yields
a number of connected components Hi, .. , Hx. For each H; =< V,, E; >, let H! be
the subgraph of G induced by the node set V; U {u,v}, where the edges between u
and v are deleted (if any), and where three new edges between u and v are inserted.
Then Hj is 2-vertex-connected, and each 3ve-class of G is contained in exactly one
H]. Moreover, H! and H; have exactly the two nodes u and v in common. Finally,
each other 3vc-bar of G is contained in exactly one H/, and, moreover, it is a 3vec-bar
of H!. This process can be continued on the resulting graphs, until we have obtained
graphs that do not contain 3vc-bars. A final graph in this process can be a 3ve-class
of nodes of G, or it can be a simple cycle if all multiple edges between two nodes
are replaced by one edge. To denote the latter case, we just refer to the graph as a
(simple) cycle. We call each pair of consecutive nodes on such a cycle a cycle bar.
The result graphs are independent of the order of splitting.

In this way, we define the cycle tree of G corresponding to this splitting as follows.
The nodes of the cycle tree are cycle nodes, class nodes, and bars, where each cycle
node corresponds to one resulting cycle, each class node corresponds to one 3vc-
class, and each bar is a pair of nodes of G that form a 3vc-bar or a cycle bar. The
tree is defined recursively as follows. If all the nodes of G are 3-vertex-connected,
and, hence, form one 3vc-class of nodes, then the tree is the class node for that
3ve-class. Otherwise, if G is a simple cycle, then the tree consists of the cycle node
for that cycle, together with all bars corresponding to cycle bars of the cycle, where
the cycle node has a link to each such bar. These links are ordered according to the
order in which the bars occur in the cycle. Otherwise, there is a 3vc-bar [u, v] for
G. The deletion of u and v from G yields a number of graphs Hj, .. , H} as defined
above. The tree for G is constructed as follows. Create the bar [u,v]. For each H!,
obtain its cycle tree. If it has a bar [u,v], then identify this with the above 3vec-bar
[u,v]. Otherwise, make a link between [u,v] and the unique 3vc-class in H} that
contains u and v. This yields a tree that is independent of the order of splitting. We
denote the tree by Cyc(G). The collection of bars, classes, and cycles in Cye(G) in
which a node z of G is contained is a subtree of Cyc(G), called the subtree induced
by z.
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Suppose edge (z,y) is inserted in G, where = and y are not 3-vertex-connected. Let
P(z,y) be the tree path between the two subtrees induced by z and y in Cye(G).
Then all 3vc-classes on P(z,y), all nodes in bars on P(zx,y), and nodes z and y
together form one new 3vc-class X resulting from the insertion. Moreover, each
cycle occurring on P(z,y) is split into two new cycles.

The implementation of a cycle tree has the following aspects. Each node z has a
representative z, for each cycle s in which it is contained. Each node z has one so-
called main representative xx and several so-called additional representatives Ty ;
for each 3vc-class K in which it is contained. The 3vc-classes are implemented as
Union-Find structures on these representatives. The name of the set for the 3vc-class
is the corresponding class node. Moreover, the cycles are implemented as Circular
Split-Find structures on these representatives (in the order determined by the cycle).
The name of the list for the cycle is the corresponding cycle node. The bars do not
occur as such in the implementation. The representatives of nodes for cycles are
also used for representing the 3ve-pairs.

The tree Cyc(G) may be rooted in some class node or cycle node . This is imple-
mented as follows. For each node z in G, there is a pointer maz(z) to its repre-
sentative in a 3vc-class or cycle that is closest to the root. Moreover, if maz(z) is
a representative for a cycle s, then maz(z) has two pointers to its “neighbours” in
s. A class node or a cycle node has two pointers to the representatives of the two
nodes in its father bar in Cyc(G), viz., to the representatives for that 3vc-class or
cycle. (This implements the bar-cycle/class relation.)

A query that asks whether two nodes # and y are 3-vertex-connected can be per-
formed by means of maxz(x) and maz(y) and the classes or cycles containing these
representatives, together with the nodes in the father bars of these classes or cycles.
Edge insertions can be processed according to the above observations, by computing
P(z,y) in the rooted cycle tree, and by performing Unions and Splits.

The above structure of rooted cycle trees can be used to efficiently process insertions
of edges in a 2-vertex-connected graph, while queries are performed from time to
time. In [6], an optimal solution for such graphs, i.e., for graphs that are initially
2-vertex-connected, is presented (by means of SPQR trees). However, in a general
graph, connected components and 2-vertex-connected components may be joined
arbitrarily, and therefore cycle trees for 2-vertex-connected components must be
linked from time to time. If we use a straightforward “redirection” technique to
maintain the father pointers while trees are linked from time to time, then this
takes O(n.logn) time for the redirections already.

Therefore, to represent the tree Cyc(H) for some 2-vertex-connected component
H of a general graph G, where joinings of 2-vertex-connected components must
be performed efficiently (and hence the update of the corresponding cycle trees as
well), we use cluster partitions of graphs and we define the notion of a rooted cluster
tree for every 2-vertex-connected component H. Firstly, we still assume G to be a
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2-vertex-connected graph to ease our description of the structure. We “change” the
cycle tree Cyc(G) by on the one hand augmenting the collection of nodes of G and
on the other hand partitioning the thus obtained 3vc-classes into subclasses. We do
this as follows.

For graph G and cycle tree Cyc(G), an augmented cycle tree with a subclass augmen-
tation consists of the following. Each (possibly extended) 3vc-class is partitioned
into different (but not necessarily disjoint) subclasses consisting of at least three
nodes each, where no subclass is a subset of another subclass. To each such subclass
a new unique node is related as its name, called a subclass node. A 3vc-class is
called simple if it is “partitioned” into one subclass only and it is called multiple
otherwise. The subclass augmentation relates to each class node ¢ in Cyc(G) its
collection of subclass nodes for ¢ together with in case of a multiple class, a node,
being the name of the class. An augmented cycle tree AFs is a tree of which the
nodes are the cycle nodes and the bars of C'yc(G), together with the above subclass
nodes and class names, and that satisfies

e for each multiple 3vc-class K of G, the subclass nodes and class name for I
induce a subtree of AFg, of which all the edges have this class name as end
node,

e Cyc(G) is obtained (up to edge names) from AFg if for each 3ve-class K the
subclass nodes and the class name for K are contracted to the class name of
K, and

¢ a bar adjacent to a subclass node ¢ in AFg is contained in subclass c.

Our next augmentation of the structures is as follows. For the 2-vertex-connected
graph G =<V, E > we have a cluster partition CP(G) and a collection of m-nodes,
together with a related augmented cycle tree AFg for G that satisfy the following.
The vertex set of G is partitioned into (not necessarily disjoint) sets of at least
three nodes, called clusters, such that every two clusters have at most two nodes
in common and such that other constraints hold, such as: every cut pair for a pair
of nodes in C is contained in C too. The collection of m-nodes (“multiple nodes”)
consists of the nodes that occur in at least two different clusters. To each cluster C,
a set Auz(C) of pairs of m-nodes in it is associated, where an m-node occurs in at
most two pairs of Auz(C). The following constraints are satisfied.

1. The subclasses of a 3vc-class K in AF; are the intersections of I with the
clusters that consist of at least three nodes. For a subclass contained in a
cluster C we say that its subclass node is contained in cluster C.

2. Each cluster C corresponds to a subtree of AFg, denoted by tree(C). The
subtree tree(C) is a cycle tree on the nodes of C that represents the 3-vertex-
connectivity relation on the nodes of C.
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3. For every cycle node s in AFg, there is one cluster €' that contains cycle s,
i.e., such that tree(C) contains cycle node s.

4. For each two nodes r and y in AF; there is at most one cluster C such
that tree(C) contains a bar [r,y] that is incident with two edges of tree(C)
(that, hence, are edges between this bar and two nodes that are cycle nodes
or subclass nodes in tree(C)). Bar [r,y] of such a cluster is called an internal

bar.

5. For every pair of nodes {z,y} in G, there is at most one cluster ' such that
{z,y} € C\Auz(C). For an internal bar [z, y] of cluster C, {z,y) ¢ Auz(C).

In addition, an arithmetic constraint holds. Regarding the implementation of a
cluster partition, one of the aspects is that each cluster is represented by a new
node, called a cluster node, and for each m-node that occurs in a cluster, there is
a representative for the node in that cluster. Similarly, for each multiple 3vc-class
K, there are representatives for its subclasses in clusters. These form a set in a
Union-Find structure with K as set name.

We next define rooted cluster trees on cluster partitions. A rooted cluster tree
RCT(G) for G on CP(G) and an augmented cycle tree AF; of G rooted in some
node r are as follows. AFj satisfies that class names are adjacent to subclass nodes
only. RCT(G) satisfies the following. Its nodes are the cluster nodes of CP(G)
together with additional class names for the multiple classes in AF;. The edges
form a rooted in-tree with some root R that is a cluster (each node has exactly one
outgoing link except for the root). R is the (unique) cluster containing root r of
AFg. The edges can be distinguished as class links and as cut links. A class link
is an edge between a class name K and a cluster that contains a subclass of K. It
is called a class link for K. A cut link is an edge between two clusters. It has a
reference to a pair of 3-vertex-connected m-nodes r and y that form a bar [z,3] in
AFg and that are contained in both clusters. It is called a cut link for bar [z,y].
The links can be thought of as follows. The outgoing link of a cluster C is a class
link to a class name K, if a subclass of K occurs in C, and if the subclass has K
as its father in AFg. Otherwise, the outgoing link is a cut link for a bar [z, y], such
that = and y occur in C and {z,y} is a cut pair for any node in C (except for =
and y) and (a node in) the root of AFg. If a cluster C is the target of a cut link for
a bar [z,y], then it contains either a subclass node or cycle node that is the father
of [z,y] in AFg, or a subclass of the class corresponding to the subclass that is the
father of [z,y] in AFg

For each node z, clus(z) is a maximal cluster containing z, i.e., clus(z) contains
and all clusters on the root path of clus(x) do not contain z. (In particular, clus(z)
is a reference to that cluster C together with a reference to the representative r¢.)
Moreover, each cluster C contains a reference Assoc(C) to (the representatives of)
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O(1) m-nodes in it (i.e., to their representatives for C'). The latter is such that for
each node r in C, we have clus(r) = C or r € Assoc(C).

The idea of processing insertions is as follows. A path in the structure that is related
to the path P'(z,y) in AFg can be obtained as follows. First a path P in RCT(G)
is obtained, which is the path between the two subtrees of clusters and class names
in RCT(G) that “contain” r or y, respectively. Then, in each cluster C' on the
path, a path in tree(C) is obtained, specified by the links on P that are incident
with C. In this way, an equivalent of P/(x,y) in AFg can be computed, viz., where
each nonempty subsequence of P/(z, y) of at most three nodes in AF; related to the
same 3vc-class may be replaced by another feasible nonempty subsequence for that
class. The update is done by performing local updates inside clusters (updating the
local tree tree(C) for a cluster C), and by global updates on the cluster tree (joining
3ve-classes).

A query that asks whether two nodes r and y are 3-vertex-connected is performed
by inspecting clus(z) and clus(y). If clus(z) contains y, then a local query is
performed in clus(z), and similarly with = and y reversed. Otherwise, the father
and grandfather of these clusters are used for the queries, which may result in the
following intermediate output: a node z, a cluster C; that contains z, and a subclass
k; in C; (and similarly for y), such that if z and y are 3-vertex-connected, then
ks and ky are subclasses of some class that contains both z and y. Then a local
query inside cluster C, is performed, computing whether z is contained in k., and
similarly for y. For the local queries in a cluster C', the (information of) the local
cycle tree iree(C) is used.

To obtain the optimal time bound of O(n + m.a(m,n}) for m operations on n nodes,
we have the following approach to the implementation on a RAM, We develop a
generalisation of the concept of microsets as presented in [13], that allow joining
of microsets and queries within the a-bound. We call it dynamic microsets. For
small 2-vertex-connected components (of size O(log log n)), a cluster tree consists
of one cluster only, and the cluster is a dynamic microset. The dynamic microset
for a cluster C encodes the structure of tree(C) into one machine word. Now. if two
or more small 2-vertex-connected components are joined, this is done by joining
the dynamic microsets, as long as the resulting component is still small. A larger
2-vertex-connected component is represented by a cluster tree with clusters of larger
size, where the cluster tree is a cluster tree for a coherent part of this component
only, and by parts of the global cycle tree for this component. (E.g., for 2-vertex-
connected components of O(log n) nodes, there are altogether O( l;ls‘—’ﬁ;—“) clusters of
size O(loglogn), and, similarly, for the remaining components of size O(n), there
are altogether O( %) clusters of size O(log n)). For each such cluster C, the local
cycle tree tree(C) is implemented as a rooted cycle tree. Then, if two or more 2-
vertex-connected components of similar size are joined, this is done by creating a
new cluster for the newly arisen cycle (like the new cycle that arises in a similar
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case for 3-edge-connectivity if 2-edge-connected components are joined), and the
rooted cluster trees are linked to it (after some adaptations for the above parts of
the global cycle trees). These cluster trees are redirected w.r.t. the father relation,
except for the largest one. (We omit many cases and details in this description.)
The complexity for these linkings for e.g. the largest components is O(l. log!) steps,
if there are ! “large” clusters of size O(logn) altogether (where a step includes a
Find). Since I = O(E‘fsl;), this yields O(n) steps in total only, and a similar analysis
holds for the other components.

To obtain the optimal time bound with a pointer/logn solution, we use “contraction
cluster partitions” of cluster partitions, in a way related to the division trees in
Chapter 7. (This solution is more involved than the above RAM solution, once the
dynamic microset structure is available.) The idea is to use a so-called contraction
partition, where each cluster in it is again partitioned into a “local cluster partition”,
which, moreover, is implemented as a rooted cluster tree. Since, in general, it is not
possible to contract a 2-vertex-connected component into an existing contraction
cluster of another 2-vertex-connected component if these components are joined
(like this is possible for linking trees in Chapter 7), these contraction partitions are
more involved than the division trees. We use these contraction partitions to build a
layered structure corresponding to Ackermann values. Then a similar approach for
answering queries is possible, where now a “local” query in a cluster C' in some layer
7 of the structure corresponds to a recurrent call in the cluster partition of cluster
C in layer j + 1, if it exists, and to a “normal” local call on tree(C) otherwise.

In this way, we obtain an optimal solution for the 3vc-problem that has a time
complexity of O(n + m.a(m,n)) for m insertions and queries on graphs of n nodes.

9.5 Concluding Remarks

We have presented an optimal solution for the problem of maintaining the 2-vertex-
connected components of graphs under insertions of edges and vertices. The solution
takes O(n + m.a(m,n)) time, starting from the graph < 8,9 >. Like for the struc-
tures 2EC(2) and 3EC(2) in the previous chapter, we conjecture that 2VC(2) is a
fast and relatively simple structure for all practical situations, with constant-time
queries and constant-time nonessential insertions. Finally, we have briefly described
an optimal solution for the problem of maintaining the 3-vertex-connected compo-
nents of graphs under insertions of edges and vertices. The detailed solution will be
presented in a future report.
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Samenvatting

Een graafalgoritme heet dynamisch ofwel on-line als het bepaalde informatie ge-
relateerd aan een graaf onderhoudt, terwijl de graaf regelmatig veranderd wordt.
Zo'n verandering is bijvoorbeeld het toevoegen of verwijderen van een knoop of een
“edge” (kant). Een dynamisch graafalgoritme zal gebruik maken van een geschikte
dynamische datastructuur als datarepresentatie voor de graaf, en informatie over
de oude graaf gebruiken om de gewenste informatie voor de nieuwe graaf te bere-
kenen. Het ligt in de verwachting dat op deze manier een dynamisch algoritme een
nieuwe oplossing niet steeds vanaf het begin hoeft te berekenen, dus met alleen de
nieuwe graaf als input, en dat zo veel sneller een oplossing kan worden verkregen
dan met een algoritme dat eenvoudigweg herberekent. In dit proefschrift worden
enkele zeer efficiente, dynamische graafalgoritmen ontwikkeld, met inbegrip van de
vereiste fundamentele datastructureringstechnieken.

Een probleem dat belangrijk is voor het verkrijgen van zeer efficiente datastructuren
voor verscheidene graafproblemen, is het Union-Find probleem. Een alom bekend
resultaat van Tarjan [31] is dat n — 1 Union operaties en m Find operaties op een
domein van n elementen kunnen worden uitgevoerd in O(n+m.a(m,n)) tijd, waarbij
a(m,n) de inverse Ackermann functie is. In hoofdstuk 3 ontwikkelen we een nieuwe
benadering tot het probleem en bewijzen we dat de tijd voor de k-de Find operatie
kan worden beperkt tot O(a(k,n)), terwijl de totale complexiteit van de Unions en
de Finds begrensd blijft tot O(n + m.a(m,n)) tijd. Deze technieken blijken verwant
te zijn met de technieken in [11] die gebruikt worden voor het Split-Find probleem.
Omdat in alle praktische gevallen geldt dat a(k,n) = O(1), garanderen de nieuwe
algoritmen dat Finds in essentie O(1) tijd zijn, binnen de optimale grens voor het
Union-Find probleem als geheel. De algoritmen kunnen worden uitgevoerd op een
pointermachine en gebruiken geen padcompressie.

Het duale probleem is het Split-Find probleem. In [11] presenteerde Gabow een
algoritme voor dit probleem met een tijdscomplexiteit van O(n + m.a(m,n)) voor
n — 1 Split operaties en m Find operaties op een verzameling van n elementen; deze
oplossing kan worden uitgevoerd op een pointermachine. In hoofdstuk 4 beschouwen
we een generalisatie van het Split-Find probleem die toegepast kan worden in proble-
men zoals het bijhouden van de 3-edge-samenhangende en 3-vertex-samenhangende
componenten van grafen. We presenteren oplossingen die dezelfde tijdscomplexiteit
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hebben en die op een pointermachine kunnen worden uitgevoerd.

In 1979 bewees Tarjan [32] de bekende ondergrens voor de tijdscomplexiteit van het
Union-Find probleem op pointermachines die aan de zogenaamde separatie conditie
voldoen: wvoor alle n en alle m > n bestaat er een rij van n — 1 Union en m
Find operaties die tenminste 2(n + m.a(m,n)) tijd kost op een pointermachine
die aan de separatie conditie voldoet. In [3, 33] werd deze grens uitgebreid naar
Q(n+m.a(m,n)) voor alle n en m. In hoofdstuk 5 bewijzen we dat deze ondergrens
geldt voor een algemene pointermachine (zonder de separatie conditie) en lossen
hiermee een belangrijk vermoeden van Tarjan op, dat sedert 1979 open was. We
bewijzen dat deze ondergrens ook geldt voor het Split-Find probleem.

In hoofdstuk 6 presenteren we een datastructuur om de 2- en 3-edge-samenhangende
componenten van een graaf bij te houden tijdens het toevoegen van edges aan de
graaf. Het toevoegen van e edges kost O(n.logn + €) tijd, startend vanuit de “lege”
graaf met n knopen, dat wil zeggen, een graaf zonder edges. Hierbij kunnen tevens
knopen worden toegevoegd (in dezelfde tijdsgrenzen, waarbi) n dan het uiteinde-
lijke aantal knopen is). Daarnaast kan met de datastructuur op elk moment het
volgende type query in O(1) tijd beantwoord worden: zijn twee gegeven knopen
2- of 3-edge-samenhangend? Ter verkrijging van betere tijdsgrenzen ontwikkelen
we in hoofdstuk 7 een nieuwe datastructuur, “fractionally rooted tree” genaamd.
Hiermee verkrijgen we in hoofdstuk 8 en hoofdstuk 9 optimale oplossingen voor de
problemen van het bijhouden van de 2-edge-samenhangende, 3-edge-samenhangende
en 2-vertex-samenhangende componenten van grafen. De oplossingen hebben een
tijdscomplexiteit van O(n + m.a(m,n)) voor m toevoegingen van edges en queries,
startend vanuit een lege graaf met n knopen. Hierbij kunnen tevens knopen worden
toegevoegd (in dezelfde tijdsgrenzen, waarbij n dan het uiteindelijke aantal knopen
is). In hoofdstuk 9 beschrijven we tevens beknopt hoe de 3-vertex-samenhangende
componenten van grafen in dezelfde optimale tijd kunnen worden bijgehouden.
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