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the Union-Find structures on nodes of G: we do not need to insert new elements in 
these structures from time to time if we start from a situation with 2n - 1 auxiliary 
"free" nodes. 

We denote all the Union-Find structures used independently in 3EC (i.e., not a.s 
part of F etc.) by UF. We consider the U F structures to be one structure; 
hence, it is a. structure on O(n) elements. 

We consider the complexity of the above algorithm. Not e that there a.re at most 
3( n-1) essential insertions possible in the 3ec-problem, since in ea.eh essential insert, 
a.t least two connected components, two 2ec-classes, or two 3cc-cla.sses ar e joined. 

Lemma 8.4.l In a SEC structure for a graph with n nodes, a nonessential inse1·tion 
takes 0(1) time together with the time for 8(1) Find operations in a U F structure. 
The time needed for a sequence of essential insertions in SEC is at most linear to the 
time for an essential sequence on O(n) nodes in F RT:kc and an essential sequence 
on 0( n) nodes in F RT2ec, the time for 0( n) Unions in the U F structures and 
0( n) Circular Splits in the GS Fioc structure, the time for 0( n) nonessential calls 
boundary in F RT2ec and F RT3•01 the time fo1· all 0( n) Finds in the U F structures 
and the GSF1"" structure, together with an additional amount of O(n) time. 

Proof. We define a. step be an ordinary computational step or a Find operation in 
any U For GS Fioc structure. We consider a collection of essential insert3 operations 
in the considered graph, including the (essential) insert3 operations called in the 
execution of operation insert3 itself. Therefore, we do not consider the cost of an 
essential call insert3 inside procedure insert3 : we already consider it in the above 
collection. (We may think of such an insert3 call to occur just before the call insert3 
in which it was invoked.) 

The sequence of calls link, jainclasses a.nd essential calls of bO'Undary jn F RT :kc 

as performed during the insert3 operations yield an essential sequence in F RT:kc, 
which is seen as follows. Procedure baundary(c, d) is explicitly called in part 2 of 
procedure insert3 only. Then an essential call boundary( c, d) with output sequence 
BL is followed by joinclasses(J), where all be-edge classes occurring in BL also 
occur in J if the boundary call was essential. 

Moreover, operation boundary in F RT3cc is performed at most once in an essential 
insert3 ca.11. Hence, there are at most O(n) nonessential boundary calls. 

All calls insert2« in the calls insert:kc are essential. Therefore, by Lemma 8.3.1 the 
claim regarding the operations present in 2EC is true. 

We consider the net cost of the procedure calls of insert3: i.e., the cost of the parts 
of the computations apart from the computations considered above, from 0(1) steps 
per call insert3 and from the Unions in U F structures and the Circular Splits in 
the GSF1oc structure. 
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1. Case c( x) =f: c(y) . Then there is no net cost. 

2. Case 2ec(x) = 2ec(y) /\ 3ec(x) :f. 3ec(y). Consider a call insert3. Firstly a 
boundary list EL is computed, which docs not contribute to the net cost. 
Then the basic-clusters in BL arc handled as: for each such b E BL first 0(1 ) 
steps are performed, and then a call inse1·tloc3 may be performed in cluster b 
if it is an essential insertion in the local structure. F inally, for each subclass 
that is joined with at least another subclass (in any local insertion) 0(1) steps 
a.re performed in insert3. 

Note that there are at most 2 basic-clusters b E BL in which no subclasses 
a.re joined: the 0(1) steps performed for these classes are charged to the 
procedure call insert3 , hence not contributing to the net cost. For each other 
basic-cluster b E B L , the 0( 1) steps are considered to be included in the 0( 1) 
steps performed in one of its subclasses that are joined. 

We now add up all these costs for all calls insert3 together. 

Since there are at most 3n - 1 nodes present, and since these nodes are parti­
tioned into disjoint clusters in which the local structures are applied, at most 
O(n) essential calls insertloc3 may occur. By Lemma 6.4.5 this takes time 
linear to the time for Unions and Splits in the stru<:tures U Ftoc and GSF1oc 
respectively, which does not contribute to the net cost, together with O(n) 
Finds in these structures. 

Since there exist at most O(n) different subclasses d uring the entire process, 
the total number of steps regarding the above 0( 1) steps per joined subclass 
is O(n). (There are O(n) different subclasses, since initially there are at most 
n subclasses and sinoe new nodes each yield one new subclass.) 

Hence, the net cost of all calls in this case is 0( n) steps. 

3. c(x) = c(y)/\2ec(x) :/; 2ec(y) . Note that the computation of a boundary list in 
2EC at the beginning of this case is a part of an essential call in.sert2 (that is 
actually called later on in insert3 ) and, hence, can be considered to be included 
in the above parts for 2EC. (Or observed in another wa.y, this computation of 
the boundary list is executed twice: one time her and one time later in the 
"entire" execution of the insertion procedure. This increases the cost with a 
factor 2 at most.) 

The construction of L from EL takes O(ILI) steps (note that IL i ::::: O( IBLI)). 
Then 0(1) steps are performed for each 2-edge-connected C E L. Subse­
quently for each 2-edge-connected component a temporary edge is inserted 
by a call insert3 in case that that edge has end nodes in different 3ec-c!asses: 
hence such an insertion is essential and its cost is included in the previous 
case (case 2). Moreover, for each 2-edge-connected component a new node 
is created, together with a new connector. A new cluster consisting of these 
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nodes is created and some additional computations are performed. All this cau 
be done in O(the number of new node;;) steps. Since, the 2-edge-counected 
components occurring in L are joined, the net cost of all t.hcs<• computations 
can be seen as 0( 1) steps per 2-edge-connccted component t hat is joined. 

Since there a.re at most 2n - 1 2-cdge-connected com ponents during the entire 
process, the net cost of all the calls in t his case is O(n) steps. 

Hence, the lemma follows for t he essential insertions. The lemma is obvious for 
nonessen tial insertions. 0 

A 3EC(i) structure is a 3EC structure whe re F RTJ« = F RT(i), F RT2ec = F RT( i), 
VF= U F (i) and GSF = GSF(i) . 

Theorem 8.4.2 A SEC structu1·e with the algorithms solves the Sec-problem and 
can be implemented as a 11oi11ter/ log n solution such that the following holds. The 
total time that is needed for all essential iflse?"tions s fcwting f1·om an em1)ty graph 
of n nodes is O(n .i .a(i, n)), whereas the que1-ies and 11011essential insertions can l1t· 
performed in O{i) time. The initialisation ca11 be pe1jormed in O(n) time and the 
entire structure takes 0( n) space (i ;:::: 1, n :2: 2). 

Proof. It is easily seen that the init ialisation can be done in 0( n) t.ime. By 
Lemma 8.4.1, Theorem 7. 7.1 and Theorem 3.4.4 (for UF(i) and GSF(i)) the theorem 
follows. O 

The a-3EC structure is a 3EC structure for a graph with n nodes where F RT lee = 
F RT(a(n, n)), F RT2,,c = F RT(a(n, n)) (where a(n, n) can be obtained as iu Chap­
ter 3), UF = a-UF and GSF = a-GSF, where in the latter structures the number 
of Finds is replaced by the number of insert operations and queries. Then we obtain 
the following. 

Theorem 8.4.3 The1·e exists a st1-ucture and algorithms that solve the Sec-pmblem 
mid that can be implemented as a pointer/ log n solution such that the following 
holds. The total time that is needed starting from an empty grnph with n nodes 
is O(m.o(m,n)) (where m is the number of edge insertions and quc1·ies), whereas 
the f 1h operation is perforrned in 0 ( a(f, n)) time if that operation is a query or a 
nonessential insertion. The initialisation can be performed in 0( n) time and the 
entire structure takes 0( n) space. 

Proof. Like the proof of Theorem 8.3.3. 0 

By using the a -3EC structure where FRT:kc = a-FRT and FRT2ec = a-FRT 
instead, the above theorem can be augmented to allow insertions of new nodes in 
the graph with a time complexity of O(n + m .o(m,n)) (d. Section 7.7). Then n , 
m and f denote the current number at the moment of consideration. (Note that at 
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any time, at most O(n) operations bo1m.dary are performed on one of the two FRT 
structures, which simplifies the insertions of new nodes in the F RT structure. Cf. 
Section 7.7. A similar remark holds for the structures GSF and UF1"".) 

8 .5 Concluding Remarks 

We have presented solutions for the problem of maintaining the 2-edge-connected 
and the 3-edge-connected components of graphs under insertion of edges and 
verticves. The solutions take O(n + m .a(m,n)) t ime, starting from the graph 
< 0, 0 >, and are optimal on Pointer Machines and Ce ll Probe Machines. For 
2-edge-connectivity and 2-ver tex-connecti.vity, t he optimality of solutions that run 
in O(n + m .o(m,n)) time is proved in (34] (where for our results we use that the 
insertion of a node takes !1(1) time). (Note that the complexity of the a lgori thms 
in (34] is O(m'.o(m ',n)), where m' = m+ n, since we consider m to be the number 
of queries and edge insertions and n to be the final number of nodes, wher eas m' in 
{34} includes both.) (Actually, the above proofs aJ:e for Pointer Machines with t he 
Separation Condition, but by using the results of Chapter 5, the bounds follow for 
general Pointer Machines.) We give the proof for the 3ec-problem. Like in [34] we 
use reductions to the Union-Find problem. Consider the Union-Find prob lem for 
some collection of elements. For each element x there is a triple of nodes xi, X2 and 
x 3 with edges (xt,x2 ), (x2 ,x3 ) and (x3 ,x1). Then a query Find(x) is performed by 
a query 3ec-comp(xi) in the graph. Moreover, t he joining of two sets is as follows: 
for each set a triple of nodes for some elem.ent in that set is taken, say Xi, Xz and X3, 

and yi, y2, and y3, and then the edges (x1,yt), (x2,y2) and (x3,y3) are inserted in 
the graph. This yields that every set corresponds to a 3ec-class in the graph. By the 
lower bounds for the Union-Find problem on both Pointer Machines and Cell Probe 
Machines ( cf. Chapter 5 and (10]), the lower bound of n(n + m .o(m, n)) follows for 
the 3-edge-connectivity problem, if we use that the insertion of a node takes n(1) 
time. 

Recall from the previous chapters, that in practice there is no need to perform 
transformations of UF, GSF, or FRT structures, and, moreover, that in all practical 
situations t here is no need to compute Ackermann va.lues. Therefore, we conjecture 
that 2EC(2) and 3EC(2) are fast structur es (i.e., with practically linear time com­
plexity) for all practical situations, with constant-time queries and constant-time 
nonessential insertions. 



Cha pter 9 

Maintenance of the 2- and 
3-Vertex-Connected Compone nts 
of Graphs: Optimal Solutions 

9 .1 I ntroduction 

In the previous chapter, optimal solution were presented for maintaining the 2- and 
3-edge-connectivity relation for a graph. We showed that , by means of fractionally 
rooted trees, the above time bounds can be improved for maintaining the 2- and 
3-edge-connected components of a general graph, i.e., starting from an empty gr aph 
of n nodes. The solution has a total r unning time of O(n + m .o(m, n)), where m 
is the number of edge insertions and queries. In this chapter, we continue with 
the 2- and 3-vertex-connectivity relation, where k-vertex-connectivity is defined as 
follows: two nodes are k-vertex-connected iff there exist k different vertex-disjoint 
paths between them. vVe present an opt~mal solution for maintaining th.e 2-vertex­
connected components of a graph with the same time bound, i.e., for the 2-vertex­
connectivity querying. The solut ion makes use of fractionally rooted trees and has 
a. total running time of O(n + m.a,(m, n)), where m is the number of edge insertions 
and queries and n is the number of nodes. Moreover, we briefly describe an optimal 
solution for maint aining the 3-vertex-connected components of a graph with the 
same time bound as well. We will present the detailed solution in a future report 
and only give a sketch he re. 

T his chapter is organized as follows. Section 9.2 contains some preliminaries. In 
Section 9.3, t he maintenance of 2-ver tex-connected components is considered, and 
in Section 9 .4, the maintenance of 3-vertex-connected componen ts is considered. 

181 
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9.2 Preliminaries 

9.2.1 Graphs and Terminology 

Definition 9.2.1 Two nodes x and y are k-vertex-connected iff there exist k differ­
ent vertex-disjoint paths between x and y. 

It is easily seen t hat if tw·o nodes are k-vertex-connected, then they are k'-vertex­
connected for any k' with 1 :::; k' :::; k respectively. We state a lemma of Menger 
(26]. 

Lemma 9.2.2 [Menger] Two non-adjacent nodes x and y are k-vertex-connected 
(k ~ I), if after the removal of any set of at most k - 1 vertices, x and y are 
(still) connected. Two adjacent nodes x and y with l edges that have x and y as 
end nodes are k-vertex-connected (k ~ 1), if after the removal of any set of at most 
m :::; min{ k - 1, l} edges and k - m - 1 vertices between x and y, x and y are (still) 
connected. 

If the removal of a set of vertices separates the vertices x and y (as described in the 
cases above), then that set is called a cut set for x and y. 

In particular we have for k = 2: two nodes are 2-vertex-connected iff they lie on a 
common simple cycle. 

We call a set S of at least 2 nodes a 2vc-class if the nodes are 2-vertex-connected 
and if there does not exist a node not in S that is 2-vertex-connected with the 
nodes of S (i.e., the class is maximal). Furthermore we define a quasi class to be 
any set of two nodes that are the end nodes of a cut edie. We call a set S of at 
least 2 nodes a Svc-class if the nodes are 3-vertex-connected and if there does not 
exist a node not in S that is 3-vertex-connected with the nodes of S (i.e., the class 
is maximal). 

The 2-vertex-connected components of a graph G are the subgraphs of G that are 
induced by the 2vc-classes of nodes. (Note that the 2-vertex-connected components 
and the subgraphs induced by quasi classes as we defined them are usually called 
the blocks of a graph.) Similarly, we can define 3-vertex-connected components of 
graphs (where now new edges are added, 1ike for 3-edge-connectivity). 

9.2.2 Problem Description 

The problems that we consider are as follows. Let a graph be given. The following 
operations may be applied on the graph. 

insert(( e, x, y) ): insert the edge ( e, x, y) in the graph. 
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Is2vc(x, y): output whether x and y are two nodes in the graph that are 2-vertex­
connected, and output the name of the 2-vertex-connect.ed component (2vc­
class) in which they both a.re contained (if any). 

Is3vc( x, y): output whether x and y are two nodes in the graph that a.re 3-vertex­
connected, and output the name of the 3-vertex-connected component (3vc­
class) in which they both are contained (if any). 

Y.le call a problem the 2vc-problem if the operations insert and I s2vc are consid­
ered, and we call it the Svc-problem if the operations insed, I s2vc and I s3vc are 
considered. 

In addition, the above collection of operations can be extended with the insertion 
of a. new (isolated) node in the graph. (V\/e will consider this operation only in the 
last steps of our solutions.) 

We call the insertion of an edge an essential insertion for a given problem, if some­
where in the graph either the connectivity relation changes or, for the 2vc-probleni., 
if the 2-vertex-connectivity relation changes, or, for the 3vc-problem, if the 2-
vertex-connectivity or 3-vertex-connectivity relation changes. An insertion is called 
nonessential otherwise. 

9.3 Two-Vertex-Connectivity 

9 .3.1 Graph Observations 

Let G =< V, E > be a graph. We define the graph 2vc( G) as follows . For each 
2vc-class or quasi class there is a unique (new) node related to that class, called 
the class node. The vertices of 2vc(G) are the nodes of G together with these class 
nodes. For each node x there is an edge between x and each class node c such that 
x is contained 2vc-class c. (Thus we obtain a collection of trees corresponding to 
so-called block trees.) 

Lemma 9 .3. I Graph 2vc( G) is a forest , where each tree in 2vc( G) corresponds to 
a connected component in G, i. e., it consists of class nodes together with the nodes 
of a connected component in G. 

Hence, two distinct 2vc-classes have at most one node in common and, conversely, 
for any two nodes there exists at most one 2vc-class that contains them. 

Lemma 9.3.2 If edge (e,x,y) is inserted in graph G, then all the classes of which 
the class node is on the tree path in 2vc( G) between x and y form one new 2vc-class 
together, while the other 2vc-classes and quasi classes remain unchanged. 
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Proof. Let G' be the graph G together with edge ( e, x, y). Let P be the tree path 
between x and y in 2vc(G). Let u and v be any two nodes that are adjacent to a 
class node on P. 

Suppose u and v are not adjacent in G. Suppose a node w ft { u, v } is deleted from 
G'. We show that there is a path from u to v in G'. Delete w in 2vc( G). Then there 
is a path P1 between u and node x or node y in 2vc( G). Since each class node c 
on P1 can be replaced by a path in G between any two nodes (# w) in class c such 
that it does not contain w (because the corresponding class is either a 2vc-class or 
it consist of two nodes with an edge in between), this gives that there exists a path 
between u and node x or node v in G that does not con tain tu. The same can be 
obtained for v. Since there exists an edge ( e, x, y) in G' this yields that u and v are 
still connected. Hence u and v are 2-vertex-connected. 

Now suppose u and v are adjacent in G. Then either u and v are in the same 
2vc-cla.ss, in which case we are done, or they are in a quasi class c. In the latter 
case it follows that c, u and v are on P. Suppose the edge e' between x and y is 
deleted from G'. We show that there is a path from u to v in G'. There exists a 
path between u and x or y not using c and hence, like b efore, there exists a path 
between u and node x or node y in G that does not contain e'. The same can be 
obtained for v . Hence x and y a.re 2-vertex-connected. 

On the other hand if u and v are not in the same class, and they are not both 
adjacent to class nodes on P, note that the removal of any node of G that is on the 
tree path P' in 2vc( G) between u and v separates u and v. Since u and v a.re not 
both adjacent to a class node on P, there is a node w E G on P' that is not on P. 
Then the deletion of w in G separates either u from v, x and y or x from u, x and 
y. Hence, after the insertion of edge (e, x, y) in G w is still a cut node. 

Finally, if u and v are in the same quasi class and they a.re not both adj acent to a 
class node on P, a similar observation yields that the edge between u and v still is 
a cut edge in G'. D 

We represent 2vc( G) by means of a spanning forest of G. Consider a spanning forest 
SF(G) of G. We augment SF(G) with edge classes on its set of edges. An edge 
class contains all the edges that connect two vertices that are in some 2vc-class or 
quasi class. An edge class consisting of a cut edge of G is called a quasi edge class 
(and hence the end nodes of the class form a quasi class). Otherwise the edge class 
is called a real class. 

Now a class of edges together with the end nodes of these edges induces a subtree in 
SF(G), which is seen as follows. For two nodes x and y that a.re 2-vertex-connected, 
all nodes on the tree path P between x a.nd y are 2-vertex-connected with them 
too. Therefore, all these nodes are in the same 2vc-class and hence the edges on P 
a.re in the same edge class. This implies that each edge class induces a subtree in 
SF(G). 
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Note tha.t this implies that the collection of edge classes thus yields an admissible 
partition of SF(G), 

From the above observation it follows that two nodes x and y a.re 2-vertex-connected 
iff x a.nd y a.re incident with 2 edges of the same real edge class. 

On the other hand, a maximal class of 2-vertex-connected nodes induces some 
subtree in SF(G) and the set of the edges in that subtree is an edge class. Hence, if 
we relate to each edge class a new unique node as its class node, if we extend SF( G) 
with these class node and if each edge ( e, x, y) in an edge class is replaced by two 
edges ( e' x, c) and ( e", y, c), then we obtain the forest 2vc( G) (up to the choice of the 
class names and the names of edges). Therefore, we use the names of edge classes 
as the names of the corresponding 2vc-classes and quasi classes. 

We define the predicate 2vc(x, y) to be true iff nodes x and y are 2-vertex-connected. 

We consider the insertion of an edge in a graph in terms of edge classes by means of 
Lemma 9.3.2. Suppose a new edge (e,x,y) <f. Eis inserted in graph G = < V, E >. 
We distinguish three cases. 

1. c(x) "I- c(y). Then x and y a.re not connected in SF(G). Hence, (e,x,y) 
connects two trees in SF( G) that have to be joined into one tree. 

2. -.2vc(x,y) /\ c(x) = c(y). Edge (e,x,y) connects the nodes x and yin a tree 
of SF( G) a.nd a cycle ai·ises. Then all edge classes of which an edge is on the 
tree pa.th between x and y must be joined into one edge class. 

3. 2vc(x,y) /\ c(x) = c(y). Then the edge (e,x,y) connects two nodes that are 
2-ver tex-connected in G, and, hence, insertion of th is node will not affect the 
2-ver tex-connectivity relation. 

9.3.2 Algorithms 

We use a fractionally rooted tree structure F RT for the operations on the forest 
SF (G), denoted by F RT2 vc · All quasi edge classes are mai·ked as being quasi. All 
other classes are not marked (in particular, classes with at least 2 edges are a.uto­
matically unmarked.) There is a Union-Find structure for connected components, 
denoted by U Fe. The initialisation for an empty graph is straightforward. 

A query I s2vc( x, y) is now performed by first performing a call equal-cl ass­
edge( x, y); then false is returned if the returned edge class names are distinct or 
correspond to a quasi edge class, while true and the (common) edge class name are 
ret urned otherwise. 

We consider the insertion of an edge in a graph. Suppose a new edge (e,x,y) ~ E 
is inserted in graph G =< V, E >. We distinguish three cases. 
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1. c(x) =/; c(y). Perform the operation link((e,x,y)) to counect the two trees in 
SF(G) containing x and y respectively. Moreover, the two connected compo­
nents c(x) and c(y) arc joined (in U Fe). 

2. -.I.s2uc(x, y) /\ c(x) = c(y ). We need to determine the edge classes that have 
an edge on the tree path between .T and y and then join these classes: 

• obtain a boundary list BL for.randy in SF(G) by a call bou11dary(x,y). 

• If BL contains nodes x and y only, then x and y from a quasi class. 
Then unmark the edge class of the edge obtained in the call I s2uc(x, y), 
reflecting that the edge class is real now. 

• Otherwise, if BL contains more than the 2 nodes x and y , delete the 
nodes x and y from BL (their sublists contain one edge only). Join all 
the edge classes occurring in B L by means of the call joinclasses(BL ). 

3. ls2vc(x,y)/\c(x)=c(y). Nothing is done. 

A 2VC(i) structure is the above structure where FRT211c = FRT(i) and where 
U Fe = U F( i). Then we obtain the following result in a way similar to Subsection 8.3. 

Theorem 9.3.3 There exists a data structure and algorithms that solve the 2vc­
problem and that can be implemented as a pointer/ log n solution such that the fol­
lowing holds. The total time that is needed for all essential insertions starting from 
an empty graph of n nodes is O(n.i.a(i, n) ), whereas a que1·y and a non essential i11-
serlion can be performed in 0( i) time. The initialisation can be perfonned in 0( n) 
time and the entire structure takes 0( n) space (i 2'. 1, n ;:::: 2) .. 

Now take a-FRT as FRT2uc for a graph with n nodes, and take a-UF for UFc· 
Then we obtain the following result in a way similar to Subsection 8.3, where now 
Theorem 7.7.2 is used instead of Theorem 7.7.l. 

Theorem 9.3.4 There exists a data structure and algorithrns that solve the 2vc­
problem and that can be implemented as a pointer/ log n solution such that the fol­
lowing holds. The total time that is needed sta1·ting from an empty graph with n 
nodes is O(m.a(m, n)) (where m is the number of edge insertions and queries), 
whereas the Jlh operation can be performed in 0( a(f, n)) time if it is a query or 
a nonessential insertion. The initialisat ion can be performed in 0( n) time and the 
entire structure takes O(n) space. 

The above theorem can be augmented to allow insertion of new nodes in the graph 
with a time complexity of O(n + m.a(m, n)) (cf. Section 7.7). Then n, m and fin 
the theorem denote the current number at the moment of consideration. 
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We can augment t he 2vc-problem as follows. Note that a node x can be in several 
2vc-classes. Suppose that x ha.s a representative for each class in which it occurs. 
Then we ca.n maintain this representative as follows. For a node x we partition 
the collection of edges incident with x in sets, so-called incidence sets, that are the 
intersections with the edge classes. (I.e., a set consists of the edges incident with x 
that all a.re in the same edge class.) These sets are implemented as a Union-Find 
structure. For each such set, its set name is the representative of the node for the 
corresponding 2vc-class. Note that thus an edge is element of two such Union-Find 
structures: one for each of its end nodes. This can be implemented by using one 
Union-Find structure on all the edge sides: each edge has a representative, called 
"side" , for each of its end nodes. 

A query I .s2vc(x, y ) obtains two edges that a.re incident with these nodes and that 
a.re in the same edge class (if any). These edges can be used (b.m.o. the above 
Union-Find structure) to obtain the representatives for the common class. 

The updates of the sets of edges related to a node can be done as follows . Consider 
the insertion of an edge (e, x, y). In case 1 of t he procedure, edge (e, x,y) forms a set 
on its own for both x and y. In case 2 of the procedure, for each node u O·Ccurring in 
the joining sequence BL for procedure joinclasses, the incidence sets in which the 
edges in the sublist of u are contained, must be joined. Note that this takes only 
0 (1) additional Finds and other steps per edge in a sublist (a.pa.rt from t he time to 
join the incidence sets), yielding the same time bounds as before. 

Note that we can also obtain the representative of a node for a given 2vc-cla.ss: for 
a class C and a node x E C, the representative of x for C can be obtained by 
taking two nodes of C, say u and v, and then perform either 2vc(x,u) (if x # u) 
or 2vc(x,v) (if x = u). Finally, we want to remark that we do not really need t he 
above Union-Find structure on the edge sides. For, the query 2vc(x,y) outputs two 
edges e,.., and ev incident with x and y respectively. Edge e., is either the father edge 
of x in the FRT(i) structure that is used, or it ism-marked w.r.t. x. For some edge 
class C that has an edge incident with x, either the father edge of x is in C, or the 
m-ma.rked edge in C that is in the extended subtree cont.Uning x, is incident with 
x. Hence a query always outputs t he same edge for x with various y from a given 
2vc-class C. We can take this edge as a reference t o the representative of x in C. 
Then the only thing to do is updating these references in case of a joining of classes 
and in case the father and m-marks a.re changed. We will not give the details. 

9.4 T h ree-Vertex- Connectiv ity 

In this section, we will briefly describe optimal solutions for the 3vc-problem, i.e., for 
maintaining the 3-vertex-connected components of general graphs, where edges may 
be inserted and where queries that a.sk whether two nodes a.re 3-vertex:-connected 
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are performed from time to time. The solutions have a t ime complexity of O(n + 
m.a( m, n)) for m insertions and queries on graphs of n nodes. We will present the 
solution in a future report, and we will only give a rough sketch here. (We omit 
many details and special cases.) 

First, we consider a 2-vertex-connected graph G containing at least three nodes. 
Henceforth, a 3vc-dass of nodes in G is a maximal set of at least three nodes that 
are 3-vertex-connected, and we call a set of two nodes that is a maximal set of 
nodes that are 3-vertex-connected a 3vc-pair. G can be subdivided into so-called 
3vc-dasses, cycles, and bars in a way as follows. A pair of nodes { u, v} that is a cut 
pair (i.e., a cut set) of G, and such that u and v are 3-vertex-connected, is called a 
3vc-bar of G. Let {u, v} be a 3vc-bar of G. The deletion of u and v from G yields 
a number of connected components H1, .. , Hk· For each H; =< V;, E; >, let H[ be 
the subgraph of G induced by the node set V; U { u, v}, where the edges b etween u 
and v a.re deleted (if any) , and where three new edges between u and v are inserted. 
Then Hf is 2-vertex-connected, and each 3vc-dass of G is contained in exactly one 
Hf. Moreover, Hf and Hj have exactly the two nod~s tt a.nd v in common. Finally, 
each other 3vc-bar of G is contained in exadly one H[, and, moreover, it is a 3vc-bar 
of Hf. This process can be continued on the resulting graphs, until we have obtained 
graphs that do not contain 3vc-bars. A final graph in this process can be a 3vc-dass 
of nodes of G, or it can be a simple cycle if all multiple edges between two nodes 
are replaced by one edge. To denote the latter case, we just refer to the graph as a 
(simple) cycle. We call each pair of conse<:utive nodes on such a cycle a cycle bar. 
The result graphs are independent of the order of splitting. 

ln this way, we define the cycle tree of G corresponding to this splitting as follows. 
The nodes of the cycle tree are cycle nodes, class nodes, and bars, where each cycle 
node corresponds to one resulting cycle, each class node corresponds to one 3vc­
class, and each bar is a pair of nodes of G that form a 3vc-bar or a cycle bar. The 
tree is defined recursively as follows. If all the nodes of G are 3-vertex-connected, 
and, hence, form one 3vc-class of nodes, then the tree is the class node for that 
3vc-class. Otherwise, if G is a simple cycle, then the tree consists of the cycle node 
for that cycle, together with all bars corresponding to cycle bars of the cycle, where 
the cycle node has a link to each such bar. These links are ordered according to the 
order in which the bars occur in the cycle. Otherwise, there is a 3vc-bar [u, vJ for 
G. The deletion of u and v from G yields a number of graphs H; , .. , H~ as defined 
above. The tree for G is constructed as follows. Create the bar (u, v]. For each H[, 
obtain its cycle tree. If it has a bar [u, v], then identify th:is with the above 3vc-bar 
[u, v]. Otherwise, make a link between [u, v] and the unique 3vc-class in Hi that 
contains u and v. This yields a tree that is independent of the order of splitting. We 
denote the tree by Cyc( G). The collection of bars, classes, and cycles in Cyc( G) in 
which a node x of G is contained is a subtree of Cyc(G), called the subtree induced 
by x. 
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Suppose edge (x, y) is inserted in G, where x and y are not 3-vertex-connected. Let 
P(x,y) be the tree path between the two subtrces induced by x and yin Cyc(G). 
Then all 3vc-classes on P(x,y), all nodes in bars on P(x,y), and nodes x and y 
together form one new 3vc-dass J\ resulting from the insertion. Moreover, each 
cycle occurring on P(x, y) is split into two new cycles. 

The implementation of a cycle tree has the following aspects. Each node x has a 
representative x, for each cycle s in which it is contained. Each node x has one so­
called main 1·epresentative XK and several so-called additional representa.tives XK,i 

for each 3vc-class J( in which it is contained. The 3vc-classes are implemented as 
Union-Find structures on these representatives. The name of the set for the 3vc-class 
is the corresponding class node. Moreover, the cycles are implemented as Circular 
Split-Find structures on t}lese representatives (in the order determined by the cycle). 
The name of the list for the cycle is the corresponding cycle node. The bars do not 
occur as such in the implementation. The representatives of nodes for cycles are 
also used for representing the 3vc-pairs. 

The tree Cyc(G) may be rooted in some class node or cycle node r. This is imple­
mented as follows. For ea·ch node x in G , there is a pointer max(x) to its repre­
sentative in a 3vc-class or cycle that is closest to the root. Moreover, if max(x) is 
a. representative for a cycles, then max(x) has two pointers to its "neighbours" in 
s. A class node or a cycle node has two pointers to the representatives of the two 
nodes in its father bar in Cyc( G}, viz., to the representatives for that 3vc-class or 
cycle. (This implements the bar-cycle/class relation.) 

A query that asks whether two nodes x a.nd y are 3-vertex-connected ca.n be per­
formed by means of max(x} and max(y) and the classes or cycles containing these 
representatives, together with the nodes in the father bars of these classes or cycles. 
Edge insertions can be processed according to the above observations, by computing 
P(x,y) in the rooted cycle tree, and by performing Unions and Splits. 

The above structure of rooted cycle trees can be used to efficiently process insertions 
of edges in a. 2-vertex-connected graph, while queries are performed from time to 
time. In (6], an optimal solution for such graphs, i.e., for graphs that a.re initially 
2-vertex-connected, is presented (by means of SPQR trees). However, in a general 
graph, connected components and 2-vertex-connected components may be joined 
arbitrarily, and therefore cycle trees for 2-vertex-connected components must be 
linked from time to time. If we use a straightforward "redirection" technique to 
maintain the father pointers while trees a.re linked from time to time, then this 
takes O(n. log n) time for the redirections already. 

Therefore, to represent the tree Cyc(H) for some 2-vertex-connected component 
H of a general graph G, where joinings of 2-vertex-connected components must 
be performed efficiently (a.nd hence the update of the corresponding cycle trees as 
well), we use cluster partitions of graphs and we define the notion of a rooted cluster 
tree for every 2-vertex-connected component H. Firstly, we still assume G to be a 



190 CHAPTER 9. OPTIMAL 2- AND 3-VERTEX-CONNECTIVITY 

2-vertex-connected graph to ease our description of the structure. vVe uchange" the 
cycle tree Cyc( G) by on the one hand augmenting the collection of nodes of G and 
on the other hand partitioning the thus obtained 3vc-classes into subclasses. We do 
this as follows. 

For graph G and cycle tree Cyc(G), an augmented cycle tree with a subclass augmen­
tation consists of the following. Each (possibly extended) 3vc-class is partitioned 
into different (but not necessarily disjoint) subclasses consisting of at least three 
nodes ea.eh, where no subclass is a subset of another subclass. To each such subclass 
a new unique node is related as its name, called a subclass node. A 3vc-class is 
called simple if it is upartitioned" into one subclass only and it is called multiple 
otherwise. The subclass augmentation relates to each class node c in Cyc( G) its 
collection of subclass nodes for c together with in case of a multiple class, a node, 
being the name of the class. An augmented cycle tree AFo is a tree of which the 
nodes a.re the cycle nodes and the bars of Cyc(G), together with the above subclass 
nodes and class names, and that satisfies 

• for each multiple 3vc-class J( of G, the subclass nodes and class na.me for [( 
induce a subtree of AFo, of which a.II the edges have this class name as end 
node, 

• Cyc(G) is obtained (up to edge names) from AF0 if for each 3vc-class f{ the 
subclass nodes and the class name for K are contracted to the class name of 
I<, and 

• a bar adjacent to a subclass node c in AF0 is contained in subclass c. 

Our next augmentation of the structures is as follows. For the 2-vertex-connected 
graph G =< V, E > we have a duster partition C P ( G) and a collection of m-no<les, 
together with a related augmented cycle tree AFG for G t hat satisfy the following. 
The vertex set of G is partitioned into (not necessarily disjoint) sets of at least 
three nodes, called c/u$ters, sucb tbat every two clusters have at most two nodes 
in common and such that other constraints hold, such as: every cut pair for a pair 
of nodes in C is contained in C too. The collection of m-nodes ("multiple nodes") 
consists of the nodes that occur in at least two different clusters. To each duster C, 
a set Aux(C) of pairs of m-nodes in it is associated, where an m-node occurs in at 
most two pairs of Aux(C). The following constraints are satisfied. 

1. The subclasses of a 3vc-class [( in AFG are the intersections of [( with the 
clusters that consist of at least three nodes. For a subclass contained in a 
cluster C we say that its subclass node is contained in cluster C. 

2. Each cluster C corresponds to a subtree of AF0 , denoted by tree( C). The 
subtree tree(C) is a cycle tree on the nodes of C that represents the 3-vertex­
connectivity relation on the nodes of C. 
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3. For every cycle node s in AFo, there is orie cluster C that contains cycles, 
i .e., such that tree(C) contains cycle nodf: s. 

4. For each two nodes r ruicl y in A Fr. th<"re is at most one cluster C such 
that free(C) contains a bar [.r,y] tbat is incident with two edges of tree(C) 
(that, hence, are edges bf't W('('U this bar and two nodes that a.re cycle nodes 
or subclass nodes in tru(C )) . Dar [x,y] of such a clustl'f is mile<! an internal 
bar. 

5. For every pa.ir of nodes {x,y} in G, there is at most one cluster C su ch that 
{.i:,y} E C\Aux(C). For an internal bar [x,y] of cluster C, {x, y} f/. At1.1:(C). 

In addition, an arithmetic constraint holds. Regarding the implementation of a 
duster partition, one of the aspects is that each cluster is rcprt-sented by a new 
node, called a duster node, and for each m-node that occurs in a duster, there is 
a representative for the node in that cluster. Similarly, for each multiple 3vc-cla.ss 
K, there are representatives for its subclasses in clusters. These form a set in a 
Union-Find structure with K as set name. 

We next define rooted cluster trees on cluster partitions . A rooted cluster tree 
RCT(G) for G on CP(G) and an augmented cycle tree AFa of G rooted in some 
node r are as follows. AFo satisfies that class names are adjacent to subclass nodes 
only. RCT(G) satisfies the following. Its nodes are the cluster nodes of CP(G) 
together with additional class names for the multiple cla.sses in AFG. The edges 
form a rooted in-tree with some root R that is a cluster (each node ha8 exactly one 
outgoing link except for the root). R is the (unique) chlster containing root r of 
AFa. T he edges can be distinguished as class links and as cut li11ks. A class link 
is an edge between a class name /{ and a. cluster that contains a subclass of /{. It 
is called a class link for K. A cut link is an edge between two clusters. It has a 
reference to a pair of 3-vertex-connected m-oodes x and y that form a bar [.z:, y] in 
AFo and that a.re contained in both clusters. It is ea.lied a cut link for b.ar [x, y]. 
The links can be thought of as follows. The outgoing link of a cluster C is a class 
link to a class name K , if a. subclass of K occurs in C, and if the subclass has J( 

as its father in AFo. Otherwise, the outgoing link is a cut link for a bar (x,y), such 
that x a.nd y occur in C and { x, y} is a. cut pair for a.ny node in C (except for x 
and y) a.nd (a node in) the root of AF0 . If a duster C is the target of a cut link for 
a bar [x,y], then it contains either a subclass node or cycle node that is the father 
of [x, y] in AFc, or a subclass of the class corresponding to the subclass that is the 
father of [x, y] in AFc 

For each node x, clus(x) is a maximal cluster containing x, i.e., clus(x) contains x 
and a.II clusters on the root path of clus(x) do not contain x . (In particular, clus(x) 
is a reference to that cluster C together with a reference to the representative xc.) 
Moreover, ea.eh duster C contains a reference A ssoc(C) to (the representatives of) 
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0(1) m-nodes in it (i.e., to their representative~ for C). The latt<'r is such that for 
each node r in C, we hav<• dus(.r) = C or :c E Assoc(C). 

The idea of processing in!l<.'rtious is as follows. A path in the structure that is related 
to the pat h P'(x,y) in AFo can be obtained as follows. First a path P iu RCT(G) 
is obta.ine-d, which is the path between the two subtrecs of clusters and class nauH's 
in RCT(G) that "contain" .r. or y, respectively. Then, in each cluster C 011 tll<' 
path, a path in tree(C ) is obtained. spccifi<'d by the links on P t hat arc incident 
with C. In this way, an f'<}uivalent of P'(.r, y) in A.Fe can be computed , viz., where 
each nonempty subsequence of P'( x, y) of at most three nod<'S in A.Fe related to t he 
same 3vc-class may be replaced by another feasible noncmpty subsequence for that 
class. The update is done by performing local updates inside clusters (updating thc> 
local tree tree(C) for a cluster C), and by global updates on the cluster tree (joining 
3vc-classes). 

A query that asks whether two nodes x and y are 3-vertcx-connectcd is performed 
by inspecting dus(r) and clus(y). If clus(x) contains y . then a local query is 
performed in clus(x), and similarly with x and y reversed. Otherwise, the father 
and grandfather of these dusters arc used for the queries, which may result in the 
following intermediate output: a node x, a cluster C,. that contains I, and a subclass 
kz in Cz (and similarly for y), such that if .t and y are 3-vertex-connected, theu 
k,,, and lcw are subclasses of some class that contains both I and y. Then a local 
query inside cluster C,. is performed, computing whether :r is contained in I.:., , an<l 
similarly for y. For the local queries in a cluster C, the (information of) the local 
cycle tree tree( C) is used. 

To obtain the optimal time bound of 0 ( n + m.o( m, n)) for Ill operations on n nodes, 
we have the following approach to the implementation on a RAM. We develop a 
generalisation of the concept of microsets as presented in [13], that allow joining 
of microsets and queries within the o-bound. We call it dynamic microsets. For 
small 2-vertex-conne<:ted components (of size O(log log n)), a cluster tree consists 
of one cluster only, and the cluster is a dynamic microset . The dynamic microset 
for a cluster C encodes the structure of tree(C) into one machine word. Now, if two 
or more small 2-vertex-connected components are joined, this is done by joining 
the dynamic microsets, as long as the resulting component is still small. A larger 
2-vertex-connected component is represented by a cluster tree with clusters of larger 
size, where the cluster tree is a cluster tree for a coherent part of this component 
only, and iby parts of the global cycle tree for this component. (E.g., for 2-vertex­
connected components of O(log n ) nodes, there are altogether 0( 10~fo;n) clusters of 
size O(log logn), and, similarly, for the remaining components of size O(n), there 
are altogether 0( roi;;) clusters of size O(log n) ). For each such cluster C, the local 
cycle tree tree(C) is implemented as a rooted cycle tree. Then, if two or more 2-
vertex-connected components of similar siz.e are joined, this is done by creating a 
new cluster for the newly arisen cycle (like the new cycle that arises in a similar 
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case for 3-edge-connectivity if 2-edge-c onnect ed components are joine<l) , and the 
rooted cluster trees are linked to it (after some ada.ptabons for the above parts of 
the global cycle trees). These cluster trees are redirected w.r.t. the father relation, 
except for the largest one. (We omit many cases and details in this description.) 
The complexity for these linkings for e.g. the largest components is 0(1. log l) steps, 
if there are l "large" clusters of size O(logn) altogether (where a step includes a 
Find). Since l = 0(10;n), this yields O(n) steps in total only, and a similar analysis 
holds for the other components. 

To obtain the optimal time bound with a pointer/ log n solution, we use "contraction 
cluster partitions" of cluster partitions, in a way related to the division trees in 
Chapter 7. (This solution is more involved than the above RAM solution, once the 
dynamic microset structure is available.) The idea is to use a so-called contraction 
partition, where each cluster in it is again partitioned into a "local cluster partition", 
which, moreover, is implemented as a rooted cluster tree. Since, in geneI"al, it is not 
possible to contract a 2-vertex-connected component into an existing contraction 
duster of another 2-veI'tex-connected component if these components are joined 
(like this is possible for linking trees in Chapter 7), these contraction partitions are 
more involved than the division trees. We use these contraction partitions to build a 
layered structure corresponding to Ackermann values. Then a similar approach for 
answering queries is possible, where now a "local" query in a cluster C in some layer 
j of the structure corresponds to a recurrent call in the cluster partition of cluster 
C in layer j + 1, if it exists, and to a "normal" local call on tree(C) otherwise. 

In this way, we obtain an optimal solution for the 3vc-problem that has a time 
complexity of O(n + m.a(m, n)) form insertions and queries on graphs of n nodes. 

9.5 Concluding Remarks 

We have presented an optimal solution for the problem of maintaining the 2-vertex­
connected components of graphs under insertions of edges and vertices. The solution 
takes O(n + m .a(m, n)) time, starting from the graph < 0, 0 >. Like for the struc­
tures 2EC(2) and 3EC(2) in the previous chapter, we conjecture that 2VC(2) is a 
fast and r elatively simple structure for all practical situations, with constant-time 
queries and constant-time nonessential insertions. Finally, we have briefly described 
an optimal solution for t he problem of maintaining the 3-vertex-connected compo­
nents of graphs under insertions of edges and vertices. The detailed solution will be 
presen ted in a future report. 
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Samenvatting 

Een graafalgoritme heet dynamisch ofwel on-line als het bepaalde informatie ge­
relateerd aan een graaf onderhoudt, terwijl de graaf regelmatig veranderd wordt. 
Zo'n verandering is bijvooribeeld het toevoegen of verwijderen van een knoop of een 
"edge" (kant). Een dynamisch graafalgoritme zal gebruik ma.ken van een geschikte 
dynamische datastructuur als datarepresentatie voor de graaf, en informatie over 
de oude graaf gebruiken om de gewenste informatie voor de nieuwe graaf te bere­
kenen. Het ligt in de verwachting dat op deze manier een dynamisch algoritme een 
nieuwe oplossing niet steeds vanaf het begin hoeft te berekenen, dus met alleen de 
nieuwe graaf als input, en dat zo veel sneller een oplossing kan worden verkregen 
dan met een algoritme dat eenvoudigweg herberekent. In <lit proefschrift worden 
enkele zeer effi.ciente, dynamische graafalgoritmen ontwikkeld, met inbegrip van de 
vereiste fundamentele datastructureringstechnieken. 

Een probleem dat belangrij k is voor het verkrijgen van zeer efficiente datastructuren 
voor verscheidene graafproblemen, is het Union-Find probleem. Een alom bekend 
resultaat van Tarjan [31] is dat n - 1 Union operaties en m Find operaties op een 
domein van n elementen kunnen worden uitgevoerd in O(n+m.a(m, n)) tijd, waarbij 
a(m, n) de .inverse Ackermann functie is. In hoofdstuk 3 ontwikkelen we een nieuwe 
benadering tot het probleem en bewijzen we dat de tijd voor de k-de Find operatie 
kan worden beperkt tot O(a(k,n)), terwijl de totale complexiteit van de Unions en 
de Finds begrensd blijft tot O(n + m.a(m, n)) tijd. Deze technieken blijken verwant 
te zijn met de technieken in 111] die gebruikt worden voor het Split-Find probleem. 
Omdat in alle praktische gevallen geldt dat a(k, n) = 0(1), gara.nderen de nieuwe 
algoritmen dat Finds in essentie 0(1) tijd zijn, binnen de optimale grens voor het 
Union-Find probleem als geheel. De algoritmen kunnen worden uitgevoerd op een 
pointermachio.e en gebruiken geen padcompressie. 

Het duale probleem is het Split-Find probleem. In 111) presenteerde Gabow een 
algoritme voor <lit probleem met een tijdscomplexiteit van O(n + m.a(m, n)) voor 
n -1 Split operaties en m Find opera.ties op een verzameling van n elernenten; deze 
oplossing kan worden uitgevoerd op een pointermachine. In hoofdstuk 4 beschouwen 
we een generalisatie van het Split-Find probleem die toegepast kan worden in proble­
men zoals het bijhouden van de 3-edge-samenhangende en 3-vertex-samenhangende 
componenten van grafen. We presenteren oplossingen die dezelfde tijdscomplexiteit 
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hebben en die op een pointermachine kunnen worden uitgcvoerd. 

In 1979 bewees Ta.rjan {32] de bekende onde rgrens voor de tijdscomplexiteit van het 
Union-Find probleem op pointermachines d!ie aan de zogenaamde scparatie condi tie 
voldoen: voor alle n en alle m ~ n bes ta.at er eeu rij van 11 - 1 Union en m 
Find operaties die teuminste O(n + m.a(m, n)) tijd kost op een pointermachine 
die aan de separatie conditie voldoet. In [3, 33] werd deze grcns uitgebreid naar 
fl(n+m.cr(m, 1i)) voor alle r1 en m . In hoofdstuk 5 bewijzen we dat deze ondergrens 
geldt voor een algemene pointermachine ( zonder de separ a tie con di tie) en lossen 
hiermee een belangrijk vermoeden van Tarjan op, dat scdert 1979 open was. We 
bewijzen dat deze ondergrens ook geldt voor het Split-Find probleem. 

In hoofdstuk 6 presenteren we een datastructuur om de 2- en 3-edge-samenhangende 
componenten van een graaf bij te houden tijdens het toevoegen van edges a.an de 
graaf. Het toevoegen vane edges kost 0(11. log n + e ) tijd, startcnd vanuit de "lege" 
graaf met n koopen, dat wil zeggen, een graaf zo11der edges. Hierbij kunnen tevens 
knopen worden toegevoegd (in dezelfde tijdsgrenze11, waarbij n da.n het uiteinde­
lijke aa.ntal knopen is). Daarnaast kan met de datastructuur op elk moment het 
volgende type query in 0(1) tijd beantwoord worden: zijn twee gcgeven knopen 
2- of 3-edge-samenhangend? Ter vcrkrijging van betere tijdsgrenzen ontwikkelen 
we in hoofdstuk 7 een nieuwe datastructuur, "fractionally rooted tree" genaamd. 
Hiermee verkrijgen we in hoofdstuk 8 en hoofdstuk 9 optimale oplossingen voor de 
problemen van het bijhouden van de 2-edge-samenhangcnde, 3-edge-samenhangende 
en 2-vertex-samenhangende componenten van grafen. De oplossingen hcbben een 
tijdscomplexiteit van O(n + m.a(m, n)) voor m toevoegingen van edges en queries, 
sta.rtend vanuit een lege graaf met 11 knopen. Hierbij kunnen tevens knopen worden 
toegevoegd (in dezelfde tij<lsgrenze11, waarbij n da.n het uiteindelijke aantal knopen 
is). In hoofdstuk 9 beschrijven we tevens beknopt hoe de 3-vertex-samenhangende 
componenten van grafen in dezelfde optimale tijd kunnen worden bijgehouden. 
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