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We present and study a class of functions associated with the two-particle quantum
relativistic Calogero—Moser system with elliptic interactions. The functions may be
viewed as joint eigenfunctions of two independent commuting analytic difference
operators, one of which is the defining quantum dynamics; The second one is
obtained by interchanging the step size and the imaginary period. The functions
depend on parameters that are dense in the natural parameter domain. In essence,
they consist of products of Weierstrass o-functions and plane waves. The zeros of
the o-functions satisfy a constraint system encoding both Schrodinger equations at
once. © 1999 American Institute of Physics. [S0022-2488(99)02402-0]

I. INTRODUCTION

This paper is concerned with eigenfunctions of an analytic difference operator generalizing
the Lamé differential operator,
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where p is the Weierstrass p-function. The pertinent analytic difference operator (henceforth
AAO) can be taken to be
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where o is the Weierstrass o-function. Here, the shift operator T, is defined by

(T Y X)=f(x—a), ack, (1.3)
SO that one has
Ho=2+pBH, +0(8%, B—O0. (1.4)

The subscripts *‘nr>> and ‘‘rel”” in these formulas stand for *‘nonrelativistic’” and *‘relauvis-
tic.”” Indeed, the parameter 3 in the AAO (1.2) may be viewed as 1/c, with ¢ the speed of light.
Thus, (1.4) encodes the nonrelativistic limit ¢—=; cf. Ref. 1.

In our survey paper, Ref. 2, and lecture notes, Ref. 3, we have announced and described H.
eigenfunctions for integer coupling g. These functions generalize the H,, eigenfunctions for
integer g in the form presented on pp. 572—574 of Ref. 4. In this paper we shall not only elaborate
onthe g=2.3,... H, eigenfunctions from Subsection 6.3 in Ref. 3, but also obtain eigenfunctions
for a dense set in the relevant parameter space. As we will detail, these functions are, in fact, joint
eigenfunctions of three commuting independent AAOs—a feature that generalizes symmetry prop-
erties of the hyperbolic specialization described in Subsection 6.3 of Ref. 3. (In the elliptic case,
however, we were unable to find useful ‘*dual operators”’—operators D acting on the spectral
variable in the eigenfunctions in such a way that the latter are also D-eigenfunctions with
x-dependent eigenvalues.)
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In this paper we shall not dwell on the integrable system context in which the above operators
arise. This setting is discussed at length in Refs. 2, 3, and is not necessary for understanding the
following. On the other hand, the ancestry of the operators at issue makes itself felt in the aspects
we emphasize: We are principally interested in real eigenvalues, and, more generally, in those
features of the eigenfunctions that are important in promoting them to kernels of unitary operators
that serve to redefine the AAOs involved as bonafide self-adjoint Hilbert space operators. In this
connection we recall that AAOs have highly nonunique eigenfunctions (compared to differential
and discrete difference operators), so that quite novel problems and features arise in their rigorous
definition as quantum dynamics.

Next, we mention that a close relative Sy of the AAO H was already introduced by
Sklyanin,>® together with AAOs of a similar form. He obtained finite-dimensional representation
spaces for the resulting AAO algebra, spanned by very special eigenfunctions of Sy. General
integer-g eigenfunctions of S, were recently presented in a related context by Krichever and
Zabrodin.” (Roughly speaking, Sklyanin’s functions correspond to eigenfunctions at the band
edges in the finite-gap integration picture expounded in Ref. 7—a viewpoint that is far removed
from our concerns in this paper.) For g>2 these functions have a rather different appearance from
the eigenfunctions already detailed in Ref. 3.

Subsequent to Refs. 3 and 7, Felder and Varchenko obtained integer-g eigenfunctions in a
form substantially equivalent to ours. They arrived at these eigenfunctions via their comprehensive
study of representations of elliptic quantum groups, tying them in with the ‘‘algebraic Bethe
Ansatz”’ of the Russian school, and with Baxter’s work on the XYZ model. Their work—
inasmuch as it concerns the operator H, and its eigenfunctions®*—has a quite different perspec-
tive, emphasizing representation theoretic and algebro-geometric features. (See also a recent paper
by Hasegawa'® for yet another approach.)

Before summarizing our results, we would like to mention three forthcoming papers that are
closely related to the present one. First, we point out that hyperbolic and trigonometric special-
izations are studied in a sequel to this paper.!! In the latter regimes we can proceed much further,
since a second, far more explicit representation of the relevant eigenfunctions exists. The results
obtained in these special contexts also illuminate various issues pertaining to the elliptic regime, to
which we restrict attention in this paper.

Second, the simplest nontrivial parameter choice g=2 will be reconsidered elsewhere.'> This
case admits an in-depth treatment that is independent of (and considerably simpler than) the
present paper and its sequel. Moreover, as a striking feature of this special case we demonstrate
that in a certain scaling limit its eigenfunctions give rise to the well-known eigenfunctions of the
quantized nonlinear Schrodinger equation (alias the delta-function gas).

Third, our forthcoming conference contribution Ref. 13 reviews our findings regarding gen-
eralized Lamé functions and their specializations.

In order to sketch the results of the present paper, it is expedient to trade the Weierstrass
o-function o(z;w,w") for the function

exp(— pz2ri). (1.5)

ia
s(raaz)=o B3y

(Here and below, we use the elliptic function notation of Whittaker and Watson:* we also use
some of the elliptic function lore collected in this reference.) The function s(z) is an entire odd
function with simple zeros in the lattice points Zar/r+iZa. It is m/r-antiperiodic and obeys the
analytic difference equation (henceforth AAE)

s(z+ial2)
m=-eXp(—2irz)- (1.6)

Moreover, it satisfies



J. Math. Phys., Vol. 40, No. 3, March 1999 S. N. M. Ruijsenaars 1597

. sinrz .
lim s(r,a;z)= — (uniformly on compacts), v 1.7
a—%
sinh 7z/a
I .y Sinh mz/a .
rgr(l) s(r,a;z) i (uniformly on compacts), (1.8)
and the scaling relation
s(r/N,Nashz)=\s(r,a;z). (1.9)

For later use we also note that iteration of the AAE (1.6) yields

s(r,a;z+iLa)

—(_\L 2 4.
S(raz) (—)~exp(arL*—2irLz), LelZ. (1.10)

As a matter of fact, we have occasion to use two s-functions,
sg(z)=s(r,asz), o=+,—. (1.11)

This is because the functions we define and study are actually joint eigenfunctions of the two
AAOs

s5(x—-ib)>1’2 (s,;(x-!—ib)

1”2
5 5(x) 5 5(x) ) tli—=i), o=+,—. (1.12)

H5E 14 —br(

In view of (1.5), each of these may be regarded as a multiple of the AAO H,, (1.2) when one sets
b=a_sg. The constant up front is chosen such that we have the symmetry property

Hyas,a_,b)=Hsas.,a_,a,+a_—b). (1.13)

[Use (1.6) to verify this.] Here and below, it is understood that the parameters belong to the elliptic
parameter domain

E={(r.ay,a_.b)|r,a,,a_->0beR}. (1.14)

We begin by transforming H s to the form

e Sex i) e
As=e A5 T,,,wﬁ+(z—> i), 6=+,—, (1.15)
where
As=w(x)" V2 H sw(x) 2. (1.16)

The weight function w(r,a .. ,a_ ,b;x) occurring here was introduced and studied in Ref. 14. It is
a meromorphic solution to the two AAEs

w(x+iag?2) B s_glxtib—iag2) s_sx+iag?2)
w(x—iag2) s_gx—ib+iag2) s_sfx—iag2)’

S=+,—, (1.17)

which is why (1.16) entails (1.15). :

The point of the similarity transformation (1.16) is that the AAOs A 5 (1.15) have meromor-
phic coefficients. Thus, we may and will view them first as linear operators leaving the vector
space

M={F(x)|F meromorphic} (1.18)
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invariant. (We shall discuss Hilbert space aspects shortly.) In view of the AAE (1.6), the maps
A, ,A_:M— M commute. Now at this point it should be emphasized that there are a great many
functionally independent AAOs commuting with A, . (For instance, when one multiplies the two
coefficients of A_ by distinct meromorphic functions with period ia_, one obtains an AAO that
also commutes with A , .) However, we are not aware of any general arguments guaranteeing the
existence of nontrivial joint eigenspaces for A, and an independent AAO in its commutant.

Even so, we have found two linearly independent joint eigenfunctions W(=xx,y) of the
(a < a_)-symmetric pair (A, ,A_), provided the parameters belong to a dense subset D of the
parameter space & (1.14). (Note both AAOs commute with parity.) The spectral variable y takes
values in an interval (K,%), where K depends on the parameters. The eigenvalues £, and E_ are
real-valued, real-analytic functions, satisfying

Esy)~expla_sy), Esy)~a-sexpla-gy), 6=+,—, y—=, (1.19)
and separating points on (K,%):
K<y <y:=(E+( 1), E-(y 1)) #(E+(y2).E-(y2)). (1.20)

The dense subset D is defined by (3.33)—(3.35) below. For expository simplicity, however, we
shall summarize our results for a subset of D, namely,

Di={(r.a,,a_,(Ny+1)a,—N_a_)eéla,la_&)N, ,N_eN} . (121

Since the b-values allowed here are dense in R for a, /a_ irrational, Dy, is already dense in &.

Fixing (r,a+ ,a_,b) e D;,, any joint eigenfunction of A, and A_ with eigenvalues E (y)
and E_(y), resp., is a linear combination of ¥(x,y) and ¥(—x,y). [More precisely, we prove
that this holds true for all sufficiently large y; cf. Appendix B.] The latter are explicitly given by

Ny 1 Ng
*I’(X,y)=/\/j=1:[N+ sorhan s U s_s(x+2)(y))
Xexplirx QN ,N_+N_ +N_+1)+ixy], ye(K,»©). (1.22)
The normalizing factor A/ depends on the parameters, but not on x and y. The ‘‘zero functions’
Zy . ‘,z;+ and z; ,...,zy _ are functions from (K,%) to i(0,%) that are real-analytic and such that
giﬂoz}s(y)ﬂjas, j=1...Ns, &=+,—. (1.23)

These functions are determined as solutions to a certain constraint system. This system depends on
the parameters in a quite complicated fashion, and for brevity we do not describe it here. [It is
given by (3.5), (3.10), and (3.11); cf. also Appendix A.]

In view of (1.23), the function ¥(x,y) has asymptotics

Y (x,y)~c(x)exp(ixy), y—oo. (1.24)

Here, the ¢-function reads

M- .

i= 1S+ (x+ika_)

ce(riar,a_ (Ny+1a,—N_a_x)=N NT — expirx(2N ., N_+N,+N_+1).
szos_(x—zja+)

(1.25)

It is not obvious, but true, that the normalization constant A can be chosen such that
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G(r,ay,a_;x—ib+i(a,+ta_)2) .
G(ria..,a_;x+ila,+a_)R2) ~’

c(r.as,a_,b;x)= (1.26)

for parameters in € (1.14). Here, the function G(r,a, ,a_ ;z) is the generalized elliptic gamma
funcmon from Ref. 14, which is meromorphic in 7, a,, a_, and z as long as a .~ and a_r stay
in the right half plane. The weight and scattering functions introduced in Ref. 14 can be written as

1
w(x)= (=)’ (1.27)
u(x)=—exp(—2irx) ci(—i)c)' (1.28)

[This easily follows from their definition in terms of the G-function; to check (1.28) one also

needs the defining AAEs of the latter; cf. Proposition IIL8 in Ref. 14.] Thus, the joint eigenfunc-
tion

Flx,y)=w(x) ¥ (x,y) (1.29)

of the AAOs H, and H_ has plane wave asymptotics
Flx,y)~w(x)"c(x)exp(ixy)=[ —exp(2irx)u(x)]?exp(ixy), y—co. (1.30)

The obvious question arising from these results is now the following: Are there meromorphic
joint eigenfunctions W (x,y) for arbitrary parameters in £ (1.14) that depend continuously on the
parameters and are proportional to ¥ (x,y) (1.22) for parameters in D;.? (Since D;; is dense in &,
such an interpolation is unique up to scale factors depending on y and the parameters.) The point
is that the same question has an affirmative answer for the c-function, as we have just seen.

The answer to the joint eigenfunction question, however, may well be ‘‘No.”” To see why, one
need only note that when a sequence (r,a. ,,a- ,,b,) € D, converges to a point in &, then the
integers N, [cf. (1.21)] typically go to . Thus, the poles of W (x,y) due to the first product in
(1.22) become dense on the lines Re x=kn/rkeZ.

From this perspective our next result is quite surprising. To state it, we introduce the even
function,

x(x,y)=V¥(x,y)+¥(=x,y). (1.31)

Now consider a rectangle |Re x|</r,|]Imx|<L. Fixing a, , a_, and a compact b-interval I, the
number of poles of ¥(x,y) in the rectangle can be made arbitrarily large by choosing suitable
b eI, cf. the previous paragraph. By contrast, the number of poles of x(x,y) in the rectangle is
bounded above by a finite number that depends only on L and /!

To explain why this is true, we write

Ny
x(xy)=N 1[I 5 [HOy) = H(=x3)), (1.32)

j==n, S-(x+ija

where ‘H is the holomorphic function

N
H(x,y)55H ]_—Ils_‘g(x+zf(y))~exp[irx(2N+N_+N++N_+1)+ixy]. (1.33)
=+, j=

The crux is now that one has the identities
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H(ikya,+ik_a_,y)=H(—ikra,—ik_a_.y), kse{—Ns...,0,..,Ns}, d=+,—.

(1.34)
Thus, poles of x(x,y) on the imaginary axis can only occur for
x=ik,a,+ik_a_, kye{-Ny,..0....N:}, |k_|>N_, (1.35)
and so the assertion in the previous paragraph readily follows.
Now it is clear from (1.22) that we have
Y (xxa/r,y)=exp(Zimy/r)¥(x,y). (1.36)
Thus, ¥ (x,y) is v/ r-periodic or 7/r-antiperiodic when y/r is an integer. Defining
xn(x)=x(x,nr), nr>K, nelN, (1.37)

we therefore obtain a function that is 7/r-periodic/antiperiodic for n even/odd.

As a consequence, there is no apparent obstruction to the existence of a meromorphic inter-
polation for the functions y,(x). However, if an explicit representation for an interpolation exists,
it is most likely vastly different from (1.22). Indeed, this is the case for the hyperbolic specializa-
tion, where we have found an interpolation in terms of a natural generalization of Euler’s hyper-
geometric function; cf. Ref. 3 and papers to appear.

Before turning to orthogonality issues, we point out a consequence of the quasi-periodicity
relations (1.36) that is of interest in itself, and that will be invoked later on. Recalling (1.3), we can
rephrase (1.36) by saying that ¥ (x,y) is an eigenfunction of the AAOs T ./, . Now this is true for
¥(—x,y), too, but then we obtain different eigenvalues. On the other hand, when we introduce
the “‘quasi-periodicity AAO,”

QETw/r+ T‘”n'/r’ (138)
then we obtain
(V) (£x,y)=Eg¥(=*x,y), Ey=2cos(mylr). (1.39)

Thus, as already mentioned above, the functions W (*x,y) are, in fact, joint eigenfunctions of
three commuting independent AAOs A, , A_, and Q.
Next, we describe results concerning orthogonality of the functions

®,(x)=w(x)"x,(x), nr>K, neN, xe(0,7/r), (1.40)
in the Hilbert space L*((0,7/r),dx). The weight function w(x) is given by

N ..
2 H:}:r“—(x_l]a-r)

I'IZ;zlsJ,(x——ika_);
(1.41)

w(r,a,,a_ ,(Ny+1Da,—N_a_x)=(=)N+TN-TIN"25_(x)

cf. (1.25) and (1.27). It is non-negative for real x, and we take the positive square root in (1.40).
Then the function w(x)"?,x e (0,7/r), has an analytic continuation to an odd, #/r-antiperiodic
function that has no singularities for real x. The factor s_(x) in the latter function cancels the
factor 1/s_(x) in (1.22), and the remaining poles do not meet the real axis (since a./a_ is
irrational). Hence @, (x) (1.40) extends to an odd function without singularities for real x, which
is m/r-periodic/-antiperiodic for n odd/even.

As a consequence, the functions ®,(x) are square-integrable on (0,7/r). One of the principal

results of this paper is now that these functions are pairwise orthogonal, provided the parameters
belong to the region



J. Math. Phys., Vol. 40, No. 3, March 1999 S. N. M. Ruijsenaars 1601

C={(r,ay,a_,b)efl0<b<a,+a_}. (1.42)

To provide more perspective on this parameter restriction, we mention that C coincides with the
parameter region for which the u-function has winding number 0 as x goes from 0 to 7/r.

Correspondingly, its logarithm has a rapidly convergent Fourier series. To be specific, we have [cf.
Ref. 14 (4.87)]

sinh(a . —b)nr sinh(a_—b)nr

u(r,a, ,a_ ,b;x;.)=éxp 2i2
=1

nsinha . nrsinha_nr sin2nrx |. (1.43)
For convergence of the series one needs |Im x|<d/2, with
d=a,+a_—|a,—b|—|a_—b|. (1.44)

Thus, one gets >0 iff the parameters belong to C (1.42). [Note that (1.43) exhibits symmetry
under g ,«»a_ and b—a,+a_—b.]

Provided the parameters belong to C, the w-function admits a similar representation. It is
expedient to write, first of all,

w(r,a,,a_,bx)=C*s_(x)s.(x)w.(x). (1.45)

Here we have introduced the reduced weight function w,, and the positive constant C reads

®x

C(ra, ,a.)=2rk1:1l [1—exp(—2kra,)][as—a_]; (1.46)

cf. Ref. 14 (5.41). Then one has, from Ref. 14 (5.54),

sinh(a.+a_—2b)nr

w,(r.ay,a_,b;x)=exp 21 nsinha+nrsinha_nrcosznrx . (1.47)

*®x
j=

Just as for (1.43), the series converges in a strip containing the real axis iff the parameters belong
to C. (Note the strip width is larger than for the #-function when a . <b<a_, say. Note also that
w is symmetric under a ,«»a_, but not under b—a,+a_—b.)

Returning now to the Hilbert space L*((0,7/r),dx), we continue by pointing out that the
restriction to C appears to be essential: For parameters outside C, orthogonality is most likely
violated, in general. Whenever this is the case, there exists no reinterpretation of the AAOs H 5
(1.12) as symmetric Hilbert space operators whose domains include the eigenfunctions ®, and
whose action equals the obvious one.

By contrast, when we restrict the parameters to C, then we obtain self-adjoint operators
(denoted again H . ,H _) on the closed subspace

H(K)CH ,=L*((0,7/r),dx), (1.48)
spanned by the functions @, ,n>K/r, by proceeding in the obvious way: We define
Hs®,=E4nr)®,. n>K/r, o=+,—, (1.49)

extend linearly, and then take the closure. Save for some special cases, we have not been able to
prove our expectation that the orthocomplement of H;(K) is spanned by joint eigenfunctions
®,,n=0,1,...,[K/r], of the AAOs H s with real eigenvalues E s(nr).

The functional-analytic problems involved in the above were discussed already in Refs. 2, 3;
briefly, the Hilbert space theory of analytic difference operators (as opposed to discrete difference
operators) is virtually nonexistent. Indeed, from the concrete examples we study- here and else-
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where it is likely that no straightforward generalization of the standard lore concerning self-
adjointness and eigenfunction expansions for ordinary differential operators exists. Roughly
speaking, our strategy is instead to exploit the properties of the explicit eigenfunctions to solve the
orthogonality and self-adjointness problems simultaneously—with the above restrictions and pro-
visos, however.

The results surveyed above are detailed in Secs. II-IV. Specifically, in Sec. II we restrict
attention to the case b=ga, .g=2,3...., which we already briefly considered at the end of our
lecture notes.® In this special case we need only appeal to the constraint system studied in Ap-
pendix A. This case has several other distinctive features compared to the general case. In par-
ticular, the ‘*nonrelativistic limit’” a . | O can be handled, which gives rise to the integer g eigen-
functions of the Lamé operator (1.1).

The general case studied in Sec. III is more involved. Roughly speaking, we wind up with two
constraint systems of the type studied in Appendix A: one corresponding to N and the other to
N _; these two systems are coupled via the spectral variable y. In this way we can handle a dense
subset D of & (1.14) [which contains (1.21)], but our knowledge about the analytic properties of
the eigenfunctions neither suffices to deduce the existence of an interpolation (as discussed above)
nor enables us to say anything about the eigenfunctions of the Lamé operator for g not equal to an
integer. [Observe that the latter can be formally obtained already via sequences in Dj, (1.21).
Since N, and/or N_ must go to = in this limit, we are losing control of the eigenfunction limit,
however.]

Section IV is mainly devoted to a study of self-adjointness and orthogonality quesiions. The
principal results have already been summarized above. Here we add that we find it convenient to
perform a second similarity transformation to AAOs B, and B_ whose structure is quite close to
those of the AAOs A, and A _ given by (1.15). By contrast to the similarity (1.16), however, this
second similarity does not admit an interpolation to all of the elliptic parameter domain £ (1.14).
Even so, A5 and B are sufficiently close to enable us to enlarge the parameter set for which joint
(A, ,A_)-eigenfunctions [and hence (H, ,H _)-eigenfunctions] can be found. The pertinent en-
largement is somewhat involved; furthermore, the relation between A s and By may be quite
confusing on the first acquaintance. The last part of Sec. IV, where we detail the extension, can be
more easily understood for the hyperbolic specialization; ct. Ref. 11.

In Appendix A we handle the constraint system associated with the zero representation when
one of the integers N, ,N_ vanishes. More precisely, we study a more general system that exhibits
most (but not all) of the relevant features of the former system.

In Appendix B we first collect some results on second order analytic difference equations,
associated with the notion of a Casorati determinant. These well-known results are used to prove
Theorem B.1. Roughly speaking, this theorem says that the meromorphic functions W(*x,y) are
a basis for the joint A s-eigenspace, provided the quotient a, /a_ is irrational and the spectral
variable y is large enough. [In fact, we work with the similarity transforms B 5 and their holomor-
phic eigenfunctions H(*x,y).]

IIl. EIGENFUNCTIONS FOR THE INTEGER-g CASE
In this section we choose
g=N+1=23,..., 2.1)

in the AAO H (1.2), and accordingly obtain eigenfunctions reducing to the Lamé functions for
B—0. [Pushing the shifts to the right in (1.2), one sees that the g =1 case is trivial, just as for H
(1.1).] To ease the notation in this section, it is convenient to trade the parameters a . , a_, and

b in the AAOs (1.12)-(1.16) for
a,=—iv, a_=a, b=—i(N+1)v, (2.2)

and to work with suitable positive multiples of the AAOs (1.15).
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Specifically, we start from the A _-multiple

s(x—=(N+1)v)

A TTU'*‘(Uﬁ—U), s(x)=s(r.ax), (2.3)

I

and at first restrict v by requiring

2Nv ei(0.a). (2.4)

Substituting (2.2) in (1.22), we obtain (note N_=0)

N
V(x,y)= NH H s(x+z(y))-exp(xX), (2.3)

j== Ns(x-i-jv i=i
with
S=ir(N+1)+iy. (2.6)

In the hyperbolic case (r=0) the existence of eigenfunctions of this form can be deduced for
arbitrary y. This is because a second far more explicit form of the eigenfunctions exists in that
case (cf. Ref. 2 and Sec. Il in Ref. 11), from which the existence of the factorized representation
(2.5) is readily deduced.

Staying with the elliptic case, one may view (2.5) as an Ansatz for the eigenvalue equation
AW¥=EWV¥. Doing so, one readily verifies the identity

W(x,y) T HAY) (X)) =E(2.2),.02y5%), (2.7)
where
N
1 s s(x—v+gz;)
E_s(x) s(x+Nv)e jl;Il—s—(xrz;)_.F(v—}—U)/‘ (2.8)

Obviously, the function E is elliptic in x with periods #/r,ia, independently of the choice of
3.21,-.-,z2y € C. Choosing from now on the numbers z,,...,zy pairwise incongruent and incon-
gruent to 0 (modulo the period lattice), the two summands of E have simple poles at x=0,
15y T IN-

As a consequence, we obtain an eigenfunction whenever the residues at all of these poles
cancel. (Indeed, this entails that E is constant.) Now for x=0 we need

N
e—vEH s(—v+zj)—(v—-*“v)=0, ‘ (2.9)
j=1
so that we must have
1 S(zj-v)\)
S =—1 —_— 2.10
2v n(jl;ll s(zj+v) @.10)

Substituting this in (2.8), we now study whether the residues at x=—z; can be made to cancel.
For this we clearly need

S(~k_NU)H s(zj— 2 —v)H s(z+v) = (v—=—0)=0, (2.11)

j#k

where k= 1N
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The system (2.11) of N equations for N unknowns z;,...,zy is a special case of the constraint
system mentioned in Sec. I. Introducing the function

fw)=s(ow)lv, s(z)=s(r.a;2), (2.12)

it can be rewritten as a concrete form of the system (A2)-(A3) studied in Appendix A. Thus we
obtain solutions

=v+tv, z=l+0(t?), dz;/dt=0(t), [=2,..,N, t—0, (2.13)

to the equations (2.11) with k=2,...,N.

Now for a general function f(w) it would not follow that the solution (A8) to the system (A7)
also solves the larger system (A3). Due to the ancestry of the special case (2.12) of the system,
however, we may deduce that one also has F;(W(z))=0. Indeed, inserting (2.13) and (2.10) in the
elliptic function E(2,z,,...,2y;%), we obtain vanishing residues at x=0,—z,,...,—zy, so the
residues at x=—z, must vanish, too. (Recall that a nonconstant elliptic function must have more
than one pole in a period cell.)

Consequently, the system (2.11) with k=1,...,N admits a holomorphic solution curve
21(2),...,zy(2) of the form (2.13) for ¢ near 0. Moreover, we may and will choose €>0 small
enough so that we have

7j() €i(0,®), s(z(t)xv)#0, s(z;(t)+Nv)#0, j=1,..,N, (2.14)

for all 1 (0,€). This ensures that

. ( N l))) v
y(t)==(N+1)r— l:[ 2.15)

s(zj(t +v)

is a real-valued, real-analytic function on (0,€). Moreover, since the function E (2.8) is
x-independent, we may choose x=Nv, yielding

s(2Nv)11—VI s(N=1)v+z))

E=pexp(—irv(N+1)=iyv), u= S(No) b " s(Notz) (2.16)
Clearly, u(t) is holomorphic at =0 and satisfies
s'"(Nv) s'"((N+1)v)
=1+ - 2 —0. .
u(r)=1+tv SN0)  SUNE1)0) +0(t*), t—0 (2.17)

Next, we observe that y'(¢) is analytic in a neighborhood of t=0 but for a simple pole at the
origin [cf. (2.15)]:

y'(1)= ¢+O“) 1—0. (2.18)

T 2v
Eventually decreasing €, we can therefore ensure

y'(1)<0, te(0,¢€). (2.19)
Then y decreases monotonically from ® to L,.~N— 1=K as ¢ goes from 0 to €. Thus we may and

will trade the parameter ¢ for y.
To propeed, we observe that we have

d ,
E/-L(t(y))=u’(t)(y’(t))“—*0, y—0; (2.20)
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cf. (2.17) and (2.18). In view of (2.16), this entails

4

d
zi——E'v—iv exp(—iru(N+1)~iyu), y—x, (2.2

(Recall that f~g stands for f/g~1.) To obtain the asymptotics of E=E(y), we note that (2.15)
yields

tus(v)

y()=—(N+1)r- s(Nv)s((N+l)v +0(t), t—0. (2.22)

Combining this with (2.16) and (2.17), we readily deduce

E=exp(—ivr(N+1)—ivy)+cyexp(ivr(N+ 1)+ivy)+O0(exp(3ivy)), y—=x,
(2.23)
with

en=[s"(Nv)s((N+1)v)=s'((N+1)v)s(Nv))/s(v). (2.24)

The results obtained thus far hold true when v satisfies (2.4). Indeed, this restriction guaran-
tees first of all that the hypothesis (A6) in Theorem A.1 is satlsﬁed cf. (2.12). But it also enables
us to ensure a well-defined eigenvalue formula (2.16).

Let us now require, more generally,

vei(0,°), kveiNa, k=1,...2N. (2.25)

Then we arrive at the same results as before, but for a subtle change: To guarantee the reality of
y for ¢ near O we may have to choose ¢ in an interval (— €,0). This eventual sign change depends
on the sign of the product in (2.15) for ¢ near 0. In view of (2.13) this sign equals the sign of
vs(v)/s(Nv)s((N+1)v); cf. also the asymptotics (2.22).

Next, we introduce the AAO

A=(—)N*120W D 4y —j). (2.26)

Using the iterated AAE (1.10), one infers that A equals a positive multiple of the AAO A . (1.15);
cf. (2.2). It is readily verified that ¥'(x,y) (2.5) is an eigenfunction of A, with the eigenvalue

N

E=exp( 2ir21 z;(y)
f=

N

—2iry, z,-(y))e‘z“v”"”e'“". (2.27)
=1

e?Y+exp

(Notice that this actually holds true for an arbitrary dependence of z; on y.) Clearly, we have
E~exp(iN(N+1)rv)e®, dEldy~aexp(iN(N+ 1)rv)e®, y—x. (2.28)

In summary, we have arrived at joint eigenfunctions,

(2.29)

1 l il s(z;=v)
U(x,y)= NH ——————H s(x+z;)- exp| 5 ln H sz D)

j==N S(x+_]l)) j=1

of the two AAOs A (2.3) and A (2.26), with eigenvalues E (2.16) and E .27, respectivel.y, and
with y e (K,) and parameters restricted solely by (2.25). The functions z,...,2y are solutions to
the constraint system (2.11) of the form (2.13), and the solution curve parameters t and y are
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related via (2.15). Since the y-derivatives of both eigenvalues are positive for y large, an eventual
increase of K ensures that the eigenvalue pair (E(y),E(y)) separates points on (K,).

We proceed by obtaining the ‘‘nonrelativistic limit”” v—0 of the constraints (2.10), (2.11)
and eigenfunctions (2.29). First, (2.10) gives rise to

& 5'(z)
S=- L 2.30
256 .
Second, dividing (2.11) by v and taking v to O yields

N

N N
s'(zy) s'(zi—z s'(z;
(2 (@72 _ ( ’)=o, k=1,..,N. (2.31)
s(zy) = s(zj—z) =1 s(zy)
J

Proceeding formally, we can also take v to O in the eigenfunction (2.29), yielding the limit
function

N N '
‘Po(x,y)=N0s(x)_2N'1Hl s(x+z;)expl —xs'(z;)/s(z;)], y=—(N+ 1)r+i21 i((zzg) .
L < .
' ](2.32)
Now (1.5) entails
s'(x)/s(x)={(x)—=2npxr/m, (2.33)

where { is the Weierstrass {-function. Therefore, the functions (2.32) and constraints (2.30), (2.31)
amount to the Lamé functions, and associated constraints, as specified by Whittaker and Watson;
cf. p. 572 and p. 574, respectively, of Ref. 4. We do not have sufficient information on the solution
curve to rigorously control the above limits, though.

Next, we derive a crucial property of the holomorphic function

—x—ln(INI s(z;—v)

2v T\ j=1 s(z;t0)

N

7'[,\,(x)=——‘H1 s(x+z;)-exp , (2.34)
j=

with z;,...,zy the above solutions to the constraint system (2.11). We have suppressed the
y-dependence to prevent ambiguities in the next section. We can do so, since the property holds
for arbitrary y; It reads

Hy(kv)=Hy(—kv), k=1,...,N. (2.35)

(As will become clear later on, this algebraic property is a key ingredient in our orthogonality
analysis.)

The only k-value for which (2.35) is immediate from (2.34) is k= 1. Indeed, in that case it
holds true for zi,...,zy having arbitrary y-dependence. In order to prove (2.35), we exploit the
AAE

N N -1
BHy=EHy, BE( T stx+jv) A( HN s(x+jv)| . (2.36)
J==N ==
satisfied by H,y; cf. (2.29). Recalling (2.3), we obtain
s(x+Nv)
st T,+(v——v), (2.37)

T s(x)
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so this AAE can be written as

s(x+Nv)Hy(x—v)+s(x—Nv YHp(x+v)=Es(x)Hy(x). (2.38)
First, we put x=0 in (2.38). Using the oddness of s(x) and the restriction (2.25). this yields

Hy(—v)=Hy(v). Now we proceed recursively. Assuming (2.35) for k=1....,/ with /<N, we
first substitute x=1/v in (2.38) to obtain

s((I+N)v)Hy((I= D) +5s((I=N)v)YHp((I+ Do) =Es(lv)Hy(lv). (2.39)

Next, we put x=—/v and use the assumption and the oddness of s(x) to get
s((I=N)v)Hn(= I+ Do) +s((I+N)v)Hy((I=1)v) =Es(lv)Hy(lv). {2.40)
Comparing (2.39) and (2.40), we obtain Hy(kv)=Hy(—kv) for k=[+1, since s((I=N)v)

#0; cf. (2.25). Thus, the asserted identities (2.35) readily follow.

Besides their use in the orthogonality problem, the identities (2.35) have two further striking
consequences. First, consider the function (Casorati determinant)

Cy(x)=Hy(x+v/2)Hy(—x+v/2) = Hp(x—v2)Hpy( —x—v/2). (2.41)

Due to (2.35), it satisfies
Cy(nv)=0, n=—-N+1/2,—N+3/2,...N-1/2. (2.42)

This is easily seen to entail the remarkably simple result

N-=1/2
Cyx)=ay 1 i s(x—nv), (2.43)

n=-N+1/2

where a, does not depend on x. [Indeed, the quotient of Cy(x) and the product on the rhs is
elliptic with periods 7/r,ia, and pole-free in view of (2.42).]
Second, combining (2.35) and (2.34), one deduces

k=2,..,N. (2.44)

d —kv) o [s(zmo)\
H s(7 +kv) H (

j=1 j=1 s(zj+v)

Thus, the asymptotics (2.13) can be rendered far more precise. Indeed, from (2.13) and (2.44) one
readily obtains

z=lv+dpt'+01""?), 1=2,...N, =0, (2.43)

where

1
oy SGvtlv) 1=2,...,N. (2.46)
d=v I__I s(ju+v) ,I_I s(ju=o)' HS(JU Iv)’

]#l

Note that these coefficients are real and nonzero due to (2.25). Moreover, one has

ot

SN iy . N B
limd,=T1 G]TI_)TE G-DHI =0 1220 (2.47)

v—0  j=1
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Ill. EIGENFUNCTIONS FOR A DENSE PARAMETER SET
In this section we take the AAOs A, ,A_ (1.15) with
b=(N,+1)a,—N_a_, N,,N_eN* (3.1)
as our starting point. Using the AAE (1.10), they can be rewritten as

A=)+ lexpla,r(N,+1)N,—a_r(2N +1)N_]

x+iN_a_)

5 eZir(N++1)xs+(
s4(x)

Tia__+(i'—)—i)), (32)

A_=(—)-expla_r(N_+1)N_—a,r(2N_+1)(N.+1)]

s_(x—i(Ny+1)ay)
s_(x)

x(e-”’N—x T,-a++(i—>—i)). (3.3)

In the hyperbolic case, the existence of joint eigenfunctions of the form

N N N
+ l + . -~ _ .
Ven=N 1l s Is-erafon- I sertzfon)-e™ G4

with
S=irRN,N_+N,+N_+1)+iy, (3.5)

can be deduced for arbitrary y; cf. Sec. Il in Ref. 11. In the elliptic case we view (3.4) as an
Ansatz for solving the AAEs

A5\P=E5\P, 5=+,—. (36)
Correspondingly, we calculate the functions
V(xy) A (xy)=Es(2,27275x), o=+,—. (3.7)

Using (1.6), this readily yields

N
1 5
E5=e5————(exp( 2iry, zj‘-s)s5(x+iN_5a_5)exp(—ia_,;E)
Jj=1

55(x)
Nes o (x—ia_g+z7°
sx=ia gt
X +(i—— =+, .
=1 ss(x+z,~'5) (i= l))’ o= 3.8
with
es=explasr(Ns+1)Ns—a_sr(2N,N_+N,+N_+1)]. (3.9)

Clearly, E; is elliptic in x with periods 7/r,ias. From now on we choose the numbers
z{‘s,...,zf,i pairwise incongruent and incongruent to 0 modulo the period lattice 7r~'Z
+iagsl, so that the summands have only simple poles.

It is expedient to study first one of these two elliptic functions. To minimize signs, we
concentrate on the function E_ 5 and study if and when the residues at all of its poles can be made
to vanish, so as to obtain an A _ seigenfunction with eigenvalue E_ 5. For x=0 it suffices to
require
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N_g N .
r —la )
= ~5y s
= —— Z .
5j=21 J 2za5 (jl;I (~]+ta5) (3.10)
Substituting this in E_ 5, we require next
Ng Ng .
s_ 520~ iN,;a,;)IIl s_,g(zf—zf—ia(g)rll s_oz+ias) = (i—~i)=0, (3.11)
j= Jj=

J*k

where k=1,...,N_ 5. Whenever these requirements are met, we obtain vanishing residues at all
poles. Accordingly, the elliptic function E_4 reduces to a constant, and so we obtain an
A _ s-eigenfunction.

Introducing the function

f(w)=s_5(ia5w)/ia5, (312)

the constraint system (3.11) turns into a special case of the system studied in Appendix A. Now
this special case arose already in the previous section. Requiring henceforth

k05$NG_5, k=1,...,2N5, (313)

we can therefore deduce the existence of solutions zf(t 5) to (3.11) that are holomorphic at t=0
and satisfy

W=iag(l+1s), zi=ias(l+ds ) +0(15?), 1=2,...Ns, t;—0, (3.14)

where

Ns N
) B s_s(i(j+ayg) )
d5’1=(za5)’ ! T H s_s(i(j—1) aa) H

j=1 s-i(j+1) a5)1 (3.15)

5~ 5(1(1 Das)’

Substituting these solutions, we deduce as before that £ _ 5 doeé not depend on x. Taking, for
example, 6=+ in (3.10)-(3.14), we therefore obtain an A _-eigenfunction with eigenvalue E _,
independently of the choice of z; ,...,zy . But in order to obtain a joint eigenfunction of A ;. and

A _, the requirements (3.10)—(3.11) must be met simultaneously for 6=+ and 6= —.
This can be achieved as follows. Consider the functions

. N N S .
2ir & 1 4 s_5(z~—za5))
s J
(ts)=— 2 z0~—In| ][] s/
84lts) a—ﬁjzl ! 2a, (J=1 S-5(Zj+la8)

=+,-, (3.16)
where z°=z%(z5) is the above solution to (3.11). Letting ¢5 vary over (—€50) or (0,€s) (the
choice being determined by positivity of the product), the functions gs:ts+->u are real-valued,
real-analytic, and monotone for €5 small enough, and u goes to % for #5—0. Thus the inverse
functions hs:u+>t4 are well defined for u varying over an interval /;=(ps,%), and they are
real-analytic and monotone on /4.

Letting now p=max(p, ,p_), we may view t4 as a function hs(u) on (p,). Doing so, we
define [cf. (3.5) and (3.10)]

. N_ 1 Ng (P—ia,)
- 1)—3112 0 —1n s-s(zj—ias
y(u)=—r(ZN.N_+N,+N_+ ay 24 2a, m
'S -6
= —r(N N_+N,+N_+1)=2ir > — 2 z7%+u, (3.17)

s=+,— dgj=1
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where z‘9=z‘3(h s(u)) and u & (p,*). Eventually increasing p, we deduce from (3.14) and holo-
morphy in 74 that y(u) is a real-analytic, increasing function on (p,), taking values in some
interval (K,%). Thus, we may and will view u as a real-analytic function of y on (K,>).

The upshot is that there exist real-analytic functions

(K,%)—i(0,), y—z2(hsu(y)), 1=1...Ns, b6=+,— (3.18)

[denoted once more by zf(y)], such that (3.10) and (3.11) with k= 1,...,N _ ;5 are satisfied both for
8=+ and for 5= —. As a result, we obtain a joint eigenfunction ¥'(x,y),y € (K,*), of the AAOs
A and A_, as advertised. Eventually increasing K, we can ensure

se(iN_ga_s+27%(y))#0, j=1...Ns, &=+,—, (3.19)

for all y € (K,¢). Then we choose x=iN _sa_ 5 in (3.8), yielding

Ns
Es(y)=exp|-asr(Nst1)Ns+ 2ir21 zj‘?(y)—I-a_,;y
; i=

S(2IN_sa_5) =2 Sg(i(N—a*l)a—a+ZJ~_5(Y))
s(iN_sa_g) j=1  ssiN_sa_s+2; °(¥))

, O0=+,—. (3.20)

Clearly, these functions are real-valued and real-analytic on (K,).
The y— asymptotics of E  is readily determined from the above. First, let us note that (3.5)
and (3.10) entail

15 =0(exp(—2asy)), y—. (3.21)

Now from (3.14), we deduce
Es=expla_ ) (1 —2agtstia_sd_s_s+0(t3)+0(12)), y—o=, (3.22)

CSHIN_sa_g)  sHi(N_g+1)a_y)

TSN ) SNt Day) 629
Thus, we conclude
Es(y)=expla-sy)(1+O(exp[—2min(a,a-)y])), y—. (3.24)
Moreover, one readily verifies that
d s
d—y—u(y)—»O, I=1...,.Ns, b6=+,—, y—oo, (3.25)
so that (3.20) entails
d
EEa(y)“'a—anP(a—ay), y—e. (3.26)

From this large-y asymptotics we see that Es(y) is an increasing function of y for y sufficiently
large. Thus, eventually increasing K, we may and will assume that the eigenvalue pair separates
points on (K,). [Le., (1.20) holds true.]

Summarizing, we have proved the existence of joint eigenfunctions when the parameter b is
given by (3.1) and a, ,a _ are restricted by (3.13) with 6= +,—. Whenever a . /a _ is irrational,
the restrictions (3.13) are obviously satisfied for all N, ,N_eN. But (3.13) is also compatible
with @ /a_ e () and a finite number of (N, ,N_) e N2, To be specific, letting
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arla_=n_In,, n,,n_eN¥, n,,n_ coprime, (3.27)

one easily verifies that (3.13) with §=+,— is satisfied if and only if
NseN, Nsg<ng2, 6é=+,—. (3.28)

Of course, for rational a , /a _ there are infinitely many distinct pairs (N, ,N_) e N? yielding
the same b. But the conditions (3.13) cannot be satisfied for more than one pair. (Indeed, assum-
ing, for instance, that

(M+1)a,—Na_=(M'+1)a,—N'a_, M>M'>0, (3.29)

one gets (M~M")a,=(N—N")a_, sothat ka, e Na_ for some k€ {1,...,M — 1}.) This entails,
in particular, that all of the numbers (N, +1)a, —N_a_ arising from (3.27) and (3.28) are
distinct.

Next, we consider the case

b=(N_+1)a_—N,a,, N,,N_eN* (3.30)

Clearly, this case can be handled in the same way as the case (3.1). Specifically, we need only
interchange all subscripts + and — in various formulas, for example, in (3.2)-(3.4). Combining
(3.4), (1.25), (1.27), and their obvious counterparts for (3.30), we obtain in both cases the same
function F(x,y) (1.29), namely,

ki s-slx+22(y))

F- 21 [soslxtijag)s_s(x—ijag)]"

f(x,y)=¢(/\/)5

Xexplirx(2N . N_+N,+N_+1)]lexp(ixy). (3.31)

[Here, ¢(N) is the phase of the normalization constant A; cf. (1.24)—(1.29); these quantities can
be explicitly calculated from Ref. 14, but we do not need them in the elliptic case—by contrast to
the hyperbolic case; cf. Sec. III in Ref. 11.] This coincidence is in agreement with the symmetry
property (1.13) of the AAOs H, and H_ (1.12). Note also that in the rational case the b-values
obtained from (3.1) and (3.30) are distinct, save for one special case, viz., ny,n_ odd; N,
=[n,/2],N_=[n_/2], both in (3.1) and in (3.30).

In this section we have thus far excluded the special cases N_=0 and/or N, =0. But these
cases can be easily handled, too. Indeed, when N, and N_ both vanish, we may and will take

1
\I’(x,y)=,/\/'s‘ exp(irx+ixy), b=as, 6=+,—, (3.32)
-

(x)

and when one of N, and N_ equals 0, we can proceed just as in Sec. II. Clearly, the resulting
function F(x,y) (1.29) is given by (3.31) in these special cases, too.

We now summarize and extend the above findings in the following theorem.

Theorem IIL.1: Fix parameters in the set DCE (1.14) defined by

b=(Np+1)a,—N_p,a_,, ae{+,—}, N.,N_el, (3.33)
ka,eNa_, k=1..2N, (N,>0), (3.34)
ka_eNa,, k=1,.2N_ (N_->0). (3.35)

Then there exists K € R such that for all y e (K,%) the following holds true.
(i) The above functions
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21 o2y, 021 o2y (K@) = i(0.20), (3.36)

are real-analytic solutions to the system of equations (3.5), (3.10), and (3.11) (where 6=+ ,—
and k=1,...,N _y); they satisfy (3.19) and have large-y asymptotics

Zf(y)=ila5+0(exp(-—21a5y)), I=1...,Ns, 6=+,—, y—wx, (3.37)

(i) The AAOs H, and H_ (1.12) have joint eigenfunctions F(£x,y) given by (3.31), with
eigenvalues E . (y) and E _(y) given by (3.20).

(iii) The eigenvalues are real-valued, real-analytic functions on (K,=) satisfying (3.24),
(3.26), and (1.20).

(iv) The AAOsA, and A_ (1.15) have joint eigenfunctions W(*xx,y) with eigenvalues
E  (y) and E_(y); explicitly,

NCX
V(xy)=N []

-, g T 639

where

Ns
H(x,y)= [T s_s(x+22(9)) - explire( 2N, N_+No+N_+ 1) +ixy].  (3.39)
S j=1 .

=+’-

(v) Setting

Ns
HOy)= [] 1 sostx+ijas)-explirt(N.N_+N,+N_+1)+ixy], (3.40)
=+,- j=1
one has
H(x,y)=H")(x,y)+O(exp(—2 min(a, ,a_)y)), y—o, (3.41)

where the bound is uniform on x-compacts.
(vi) The poles on the imaginary axis of the function

x(x,y)=W¥(x,y) +¥(=x,y) (3.42)
are simple and can be located only at the points
x=ikga,tik_ja_,, *k,e{0,1,....N,}, *k_,e{N_,+1,N_,+2,...}. (343)
Proof: We have already proved (i)-(iv). The uniform large-y asymptotics (3.41) easily fol-
lows from (3.37). Thus, it remains to prove (vi). To this end we begin by generalizing the
identities (2.35). Specifically, we claim that the function H(x,y) satisfies
H(ikia,+ik_a_y)=H(—ik,a,—ik_a_,y), =*kse{0,..,Ng, 6=+,—. (3.44)

To prove this claim, we use (1.10) and (3.10) to write
H(ikpa,+ik_a_,y)=p(ks.k_) [1 Ha(iksas), ki k el (3.45)
s=+,—

Here, we have introduced
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Ns

Ng S\
Hy (=] s_sx+2%) ex (—-——'.r ln( S"S(zj——m‘s)) ,
s j=1 j7"exp 2iag ,1;11 :m ’ (3.46)
and the prefactor reads
plks ’k—)=6=+ ~ (=)Mo -sexprNs(k? ja_ s+ 2k k_ag). (3.47)

Now in (3.46) thf&. y-dependence occurs via the ¢ --dependence of zf: cf. (3.18). We may therefore
invoke our previous result (2.35) to deduce that our claim (3.44) holds true. (Note that p is
invariant under taking k., k_——k, ,—k_.)

We now exploit the identities (3.44) to locate the poles of X(x,y) on the imaginary axis. The
product in (3.38) gives rise to poles at

X=ikootik_ga_y, *hoe{0..Ng}. k_,eZ (3.48)

In view of (3.34) and (3.35), all of these poles are simple. Now for =k_, e {0,...,N_,}. the poles
are matched by zeros of H(x,y) ~H(—x,y) due to (3.44). Therefore, poles of y on the imaginary
axis must be located at (3.43). O

It is quite likely that x(x,y) does have poles at the points (3.43), i.e., no further cancellation
takes place. It is illuminating to rewrite these points as [cf. (3.33)]

Tix=b—ay—a_—kpa,~k_,a_,, k,e{0,...,N.}, k_,eN, (3.49)
Tix=kpa,t(N_ptk_p)a_,, koe{0.....Ny}, k_,eN* (3.50)

Indeed, from this representation it is clear that when b takes values in a bounded subset of R, then
the number of poles in a rectangle |Re x|</r,[Imx|<L is bounded above. Moreover, assuming
a,la_ ¢, the restrictions (3.34) and (3.35) hold for arbitrary N, ,N_e N*. Thus we may let
N, ,N_—o, whilst keeping b bounded. Doing so, the points (3.50) diverge away, whereas the
points (3.49) become

tix=b—a,—a_—k,a,—k_a_, ki k_eN. (3.51)

The latter limits illuminate the issue of arbitrary-b interpolations discussed already in Sec. I,
but, of course, they do not imply that an interpolation exists. For one thing, the two summands of
x(x,y) have different Floquet multipliers exp(*imy/r) under x—x+ 7r/r unless y equals nr,n
e Z, so that generically no pole/zero cancellation occurs on the lines Re x=k/r.keZ*. Thus poles
get dense on these lines as N, ,N_—0°, and so a meromorphic interpolation is not likely to exist
for generic y.

Specializing, however, to

Xa(X)=x(x,nr), nr>K, nel, (3.52)

we deduce
Xn(x+7lr)=(—)"xu(x), (3.53)

s0 no such obstruction occurs for these functions. But we have neither information concerning
parameter continuity nor any uniform bounds available that would help in proving the existence of
a meromorphic interpolation. '

Before studying orthogonality properties of the functions x,(x), we should consider th.e
contingency that the functions ¥ (x,y) and ¥(—x,y) are linearly dependent. Now they are mani-
festly not identically zero, and they have different Floguet multipliers unless y equals nr,ne Z, so
we need only study whether one can have
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s_,;(x+zj‘-s(nr))

Ns
] ———4——=Cexp[—2irx(2N.N_+N,+N_+1+n)].  (3.54)
5%~ j=1 S_o(x—zj(nr))

where C is a nonzero constant. Clearly, this equality can only hold if the poles and zeros on the
lhs cancel. Recalling the asymptotics (3.34) and (3.35), one readily infers that no cancellation
takes place for n large enough.

For arbitrary nr e (K,>*), however, we only know that we have z J‘-s(n r)ei(0,%). (Recall that
we have restricted K such that this is the case.) Since the solution curve gets quite inaccessible
when y moves away from o, it appears hard to exclude pole/zero cancellation, in general. In view
of the AAE (1.10), such a cancellation might be compatible with the rhs of (3.54).

Now, even without this difficulty, we know next to nothing about the minimal K compatible
with the various restrictions we have imposed. Thus, we may just as well assume that K is chosen
large enough so that for all y e (K,*) the functions ¥(x,y) and ¥ (—x,y) are linearly indepen-
dent, and we will do so from now on. Observe that this entails, in particular, that the functions
Xn(x) (3.52) do not vanish identically.

We conclude this section with some observations concerning parameter symmetries. To this
end we fix r,a;,a_>0 and N, ,N_eN such that (3.34) and (3.35) hold true. Defining b,
=(N,+1)a,—N_a_, we then obtain a point (r,a,.a_,b,)eD. Since the representation of
b, is unique [recall the paragraph containing (3.29)], we may define F(r,a, ,a_ b, ;x,y) by the
rhs of (3.31). Likewise, setting b_=(N_+1)a_—N,a, yields a point in D, and we may once
more define F(r,a, ,a_,b_;x,y) by the rhs of (3.31).

Proceeding in this way, we therefore obtain a well-defined function F(r,a . ,a_ ,b;x,y) for
all points in D. A moment’s thought shows that this function obeys

Flra.,a_,bx,y)=Fr.a,.,a_,a,+ta_—b;x,y), (3.55)
f("aa+,a-—,b§x:)")=-7:(r’a—aa+,b§x,)’)- (356)

Now the w-function w(r,a,,a.,b;x) is symmetric under a,+a_, but not under b—a,
+a_—b. Thus, setting

W(r.a,,a_.bx,y)=w(r.a,,a_,b;x)" ?Flra,.a_.,b:x,y) (3.57)
[cf. (1.29)], we are left with the symmetry
Y(r.ay,a_,bsx,y)=¥(r,a.,a,,b;x,y). (3.58)

Note that these symmetry properties for parameters in D have a bearing on eventual interpolations
for parameters in £.

IV. ORTHOGONALITY AND SELF-ADJOINTNESS ISSUES
The functions y, (3.52) span an infinite-dimensional closed subspace
H,(K)CH ,=L*((0,7/r),w(x)dx). (4.1)
The AAOs A 4 give rise to densely defined operators in H,,(K) (denoted again by A ) by setting
Asx,=Es(nr)x,, n>Klr, b&=+,—, (4.2)

and extending linearly. The question of whether the operators thus obtained are symmetric
amounts to the question of whether the functions y,, are pairwise orthogonal. Indeed, orthogonal-
ity obviously entails symmetry, and symmetry entails orthogonality, since the eigenvalues are real
and satisfy (1.20).
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We are now going te prove symmetry of the operators A s (and hence pairwise orthogonality

of the functions x,), assuming that the parameters belong to the convergence region C (1.42). This
restriction is equivalent to

(Ns+1)ag>N_sa_5, &=+,—, 4.3)

both when =+ and when a= — in (3.33).

Now when we work with the AAOs A (1.15), then the cases =+ and a=— cannot be
simultaneously handled, since A, and A _ lack invariance under taking b—a., +a_—b; cf. also
(3:2) and (3.3). This asymmetry arises from the similarity transformation (1.16). Indeed, the AAOs
H 5 (1.12) are invariant; cf. (1.13), but the w-function is not; cf. (1.45)—(1.47).

~ On the other hand, we may just as well work with the AAOs H, and H_ and eigenfunctions
@, (x) (1.40), since (1.48) and (1.49) are unitarily equivalent to (4.1) and (4.2). But this choice has
the drawback that square root branch points occur.

We shall therefore opt for a third unitarily equivalent setting that can be associated to param-
eters in D. It gives rise to economic notation and meromorphic functions, and yields the same
objects for the two choices of a. Specifically, in view of (3.38) we may also consider the functions

Yn(x)=H(x,nr)=H(—x,nr), (4.4)
which yield a closed subspace
Hi(K)CH z=L*((0,7/r),w(x)dx), 4.5)
with
N

w)=(—)V+ VN2 T s (xtijan) 2 w((Ngt Dag—N_4a_g;x)
J==N,

N
=1/ H s_s(x+ikag); (4.6)
8= 4,~ xh=1

cf. (1.41). The associated AAOs/operators on H(K) are then given by

ss(x+iN_sa_ ) '

35=P5(CXP(_2irN5x) Sg(X) Tia_5+(i_*—i> ) 5=+:_’ (47)
where the prefactor reads
p‘;E( - )Nﬁexp[a5r(N5+ 1 )Nﬁ—a_ar(2N5+ 1)(N_.5+ l)]. (48)

[Recall that (3.2) and (3.3) hold for a=+; cf. (3.1); the a=— counterparts are obtained by
interchanging all subscripts + and —.]

Though the simplicity of this choice is already apparent, it should be emphasized that the
weight function w(x) does not have a continuous extension to parameters in £ (1.14), by contrast
to w(x). This can be seen, e.g., as follows. Fix N, ,N_eN*, and a,=a e (0,°), and choose
b=(N,.+1)a—N_a_. Now let a_—qa with g a positive rational number. Then W(x'). (4.6)
clearly has a well-defined limit. But there are infinitely many distinct pairs k,/ e N* yielding the
same b for a_—gqa [i.e., such that ka—Iga equals (N, +1)a—N _ga). Evidently, each of these
pairs yields a different limiting w(x).

Likewise, an interpolation obstruction is present for the AAOs Bs. [Choose, e.g., N_=N.
+1 and g=1 in the previous paragraph. From (4.7) one then sees that the limiting b=0 AAOs
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depend on N, ; cf. (1.10).] Of course, this leads one to expect that the joint eigenfunctions
‘H(*x,y) cannot be interpolated either. In the hyperbolic context we show that this expectation is
indeed fulfilled; cf. Sec. III in Ref. 11.

As long as we restrict attention to a fixed choice of parameters in D though, the third setting
just detailed is the simplest to study. We shall also use it in Appendix B, where we prove that any
meromorphic joint eigenfunction M (x) with B s-eigenvalues E 4(y),6=+,—, must be a linear
combination of H(x,y) and H(~x,y), provided a, /a_ is irrational and y e (L,») for some L
=K.

Returning now to the symmetry question, we begin by observing that the functions ¢, (x)
(4.4) are entire, odd, and 2 7/r-periodic. Moreover, provided |k| <N, ,|l|<N_, they have zeros
in the points

zklEika++ila_, k,leZ, (4.9)

[due to (3.44)], and in the points z;;+ 7/r (since they are either 7/r-periodic or 7/ r-antiperiodic).
Let us now define the vector spaces

Oy={F(x) entire, odd, 27/r-periodic}, (4.10)
O,={F e Oy|F(z4y)=0, F(zy+m/r)=0, |k|<N, |l|<N_}, 4.11)
0,={F e Oy|F(z;))=0, F(zy+m/r)=0, keZl|l|SN_, and |k|<N,, leZ}. i)
Clearly, we have
0,CO,COCH,;, (4.13)
and
Y,e Oy, n>Klr. (4.14)

Next, we fix Fe O, and consider B F. For N_=0 we have B, F € Oy, but for N_>0 we
get

lims () (B F)(x) =2p.s +(iN_a_) F(~ia.), (4.15)

where we used (4.7) and oddness of F. Now the rhs does not vanish unless F(ia_)=0, so, in
general, (B, F)(x) has a pole at x=0, entailing B . F & H,; . Assuming F € O}, however, we have
F(ia_)=0 and F(w/r+ia_)=0, so that B F e H,;. More generally, this argument yields the
conclusion

BsO,CH,;, o=+,—. (4.16)
Therefore, the AAOs B give rise to Hilbert space operators
BY :0;—H,, F(x)—(BsF)(x), (4.17)

where 6=+,— and j=1,2.
It is not hard to see that these operators are densely defined. Indeed, O, contains the subspace

55(x)s - o(x)?
w(x)

Q5= Pol(cos rx), Se{+,—}, (4.18)

where Pol(t) denotes the space of polynomials in ¢, and Oy is clearly dense in H,;, . The following
theorem makes clear why it is important to distinguish between the operators BY' and B .



J. Math. Phys., Vol. 40, No. 3, March 1999 S. N. M. Ruijsenaars 1617

. (2) . .
Theorem IV.1: The operators BY' are symmetric for all parameters in D; moreover, their

.. ()] (1 ;P
adjoints extend the operators B's'. The operators B 'S are not symmetric for parameters in T\C,

whereas they are symmetric for parameters in DNC.
Proof: For convenience we choose 8= — the case 5= + can then be handled by interchang-

ing the subscripts + and — in the following. To prove symmetry of B'*', it suffices to show / L
=1R s with

s_(x—iN.a.)

Trir
ILEL (CXP(2irN—X) F*(-’C+ia¢)+(i~+—i))G(x)vi*(x)dx. (4.19)

s_(x)

) S_(x+iN_,a,) ‘
exp(—2irN_x) —-—s———(TG(x—iaJ,H(i—» —i))vi'(‘x)dx. (4.20)

wlr
IREf F*(x)
0

where we take F,G € O,, and where we employ the notation
F*(x)=F(%). (4.21)
In order to prove equality of these integrals, we introduce the function

I(X)EW(JC“e)exp(2irN_(x—e))S—('x—e_iN‘La*)

Fr(xte)Glx=e), e==".
(4.22)

s_(x—e)

From the definition (4.6) of Ww(x) we deduce that we may rewrite /(x) as

s_(x+te+iN.a,)

I(x)=w(x+e)exp(=20rN-(x+e) —— ==

F*(x+e)G(x—e). (4.23)

Now w(x) is even and s_(x),F*(x) and G(x) are odd, so we have

wlr
I —Ig= Jo (I(x+e)+I(—x+e)—I(x—e)—I(—x—e))dx

lr
=J (I(x+e)—I(x—e))dx, e=ia.l2. (4.24)

—7lr

Recalling F* and G are 27/r-periodic and noting W is 7/r-periodic, it follows that I(x) is
27/ r-periodic. Thus the integral (4.24) vanishes (by Cauchy’s theorem) whenever /(x) has no
poles in the strip |Imx|<a,/2. Now since we assumed F,G € O,, the function /(x) is, in fact,
entire. Thus we obtain I; =Ig, and so B is indeed symmetric.

Choosing next F,G € O, , we can proceed in the same way as before, but now /(x) has poles,
in general. But when one of F,G belongs to O,, then one easily sees that /(x) is still entire. Thus,
the domain of B>)* contains ©;, and the action of B'@* on O, coincides with the action of the
AAO B_ . A moment’s thought now shows that this state of affairs holds true on a larger subspace
than O, so that the adjoint of B ) is a proper extension of B'" . (One need not require entireness,
for instance.)

To prove the second assertion of the theorem, we determine the location of eventual poles of
I(x) for F,G € ©,. From (4.22) and (4.6) we infer that the poles of I(x) are equal to the poles of
the function

N_ -1 Ni-12 -1
J(x)= H s+(x—e+ika_)) ( H s_(x+inay) F*(x+e)G(x—e).
k=1 n=-N,+12
(4.25)
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Let us first analyze the poles of J(x) on the imaginary axis, using the notation
Pin=tka_+ina,, keZ neZ+1/2. (4.26)
The first product yields poles at the points
Pin» Tke{l,...,N_}, nel+1/2, (4.27)
and the second one at
Din» keZ, =*ne{l2.. .N,—1/2}. (4.28)

Thus, the products yield double poles at

Pin» Tke{l,...,N_}, =*ne{l2,...N,—-1/2}, (4.29)

and simple poles at
Pin>» Tke{ON_+1IN_+2..}, =*ne{l/2,..,N,—1/2}, (4.30)
Pin» *Tke{l,.,N_}, =ne{N,+12N,+3/2,..}. (4.31)

Now the function F*(x+e)G(x—e) has double zeros at
Pin» *ke{0,...,N_}, =xne{l/2,...N,-1/2}, (4.32)
and simple zeros at
Din>» *ke{0,.,N_}, *n=N_+1/2. (4.33)
Therefore, poles of J(x) can be located solely at the points
Pins Tke{N_+1N_+2..}, =*ne{l2,...,N,.~-1/2}, (4.34)
Pin» Tke{l,..,N_}, =ne{N,.+3/2,N, +5/2,..}. (4.35)

We proceed by proving that for parameters in DNC the latter points lie outside the strip
|Im x|<a./2. Consider first (4.34). When k and n have the same sign, it is immediate that these
points are outside the critical strip. Now let k>0 and n<0. Then we get

ka_+na,=2(N_+1)a_~(N,—-12)a,>a./2, (4.36)

due to (4.3). Similarly, we have ka_+na, <—a,/2 for k<O and n>0. Next, consider (4.35).
Taking k>0 and n<0, we now have

ka_+na.<N_a_—(Ni+32)a.<—a,/l2, (4.37)

due to (4.3); the other cases are then clear.

The upshot is that eventual poles of J(x) on the imaginary axis lie outside |Im x|<a./2. The
above analysis can be repeated for poles on the line Re x=17/r, yielding the same conclusion. Since
J(x) is 2/ r-periodic, we deduce the absence of poles in the critical strip. Thus /(x) has no poles
in the strip either, and so the integral (4.24) vanishes. Hence, B is symmetric when (4.3) holds
true.

Finally, we choose parameters in T\C, so that (4.3) is violated. Thus, we either have (N_
+1)a_<N,a, or (Ny+1)a,<N_a_. In the first case we have

(N_+1)a_—(Ns—112)a,<a.R, (N_+1)a_—a,2>—a,/l2, (4.38)
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so at least one of the points py ., (4.34) is in the critical strip. In the second case we have
N_a_—(N.+32)a,>-a,n, (4.39)

so at least one of the points py_ , (4.35) is in the strip. In either case, the integral (4.24) does not

vanish, in general, since we are free to choose the values of F and G in the pertinent points.

Therefore, B is not symmetric for parameters outside the convergence region C. O
Taking F=4, .G=,, in the proof of this theorem, we clearly have

IL_IRz[E~(nr)_E—(mr)](¢n#(ﬁm)- (440)

For parameters in C we therefore conclude that [using (1.20)]

(¢, 0))=0, n>m>K/r. (4.41)

But for parameters outside C we cannot prove that (4.41) is violated. The point is that the relevant
residue sum(s) might vanish.

We conjecture that this does not happen in general. More precisely, fixing parameters in T\C,
we expect that one can find a pair n#m such that (¢, ,,,)#0. Choosing b=2a,,, this conjec-
tured orthogonality breakdown can be explicitly verified for a,>a_, (with a, ¢ Na _,/2) and all
pairs n#m with n—m even. Indeed, in this special case the integral (4.24) with F= ¢, ,G=4¢,,
equals a nonzero residue sum. [The resulting formula for (i, ,#,) amounts to the formula ob-
tained by more direct means in Ref. 12, so we skip the details.]

Since the AAOs B 5 and domains O; are invariant under complex conjugation, the operators
B(aj) admit self-adjoint extensions whenever they are symmetric. Fixing parameters in C, the
operators B(al) are most likely essentially self-adjoint, but the state of affairs for B?’ is quite
opaque to us. We add one observation on the self-adjoint extensions of the latter, however.
Whenever one chooses parameters outside C and a pair n# m with (¢,,¢,,) #0, any self-adjoint
extension of B (52) has a domain to which ¢, and ¢, may or may not belong, but if both functions
belong to the domain, then the action of the extension on at least one of them cannot coincide with
the B s-action. [If it did coincide, one would deduce (i, ,4%,,) =0, a contradiction.]

Let us now return to the subspace H,,(K) (4.1) and operators A 5 (4.2). For parameters outside
C, the operators A 5 are not symmetric whenever a pair n#m exists for which (x,.xn) #0. As
mentioned above, we believe that this is always the case. Choosing parameters in C, however,
(4.41) amounts to pairwise orthogonality of the functions y, ,n>K/r, so that the operators A ; are
symmetric, as announced. We also expect that for parameters in C the orthocomplement of H,,(K)
is spanned by joint eigenfunctions xg,..., Xy »M =[K/r], of the AAOs A 5 with real eigenvalues.
(If so, the AAOs A 5 are essentially self-adjoint on the linear span of xq,x ..., of course.)

We conclude this section by exploiting the AAOs Bs (4.7) and their eigenfunctions
H(*=x,y) (3.39) in yet another way. Specifically, we use them to obtain and study joint eigen-
functions of the AAOs Ax(b) (1.15) for b=—N,a,—N_a_ and for b=(N,+1)a,+(N_
+1)a_ . Here we have N, ,N_eN, and a ,a_ are restricted by (3.34) and (3.35).

' Let us recall first that both for b=(N,+1)a,—N_a_ and for b=(N_+1)a_—N,a, we
obtain the same AAOs B and eigenfunctions H(*x,y). Thus, in both cases we may denote the
AAOs by BgN,,N_), and their eigenvalues and eigenfunctions by EsN.,N_;y) and
Hy, n_(£x.y). The key observation is now that we have the identities

As(—Nia,~N_a_)=rsBsN,N_), &=+, (4.42)

As((Np+1)a,+(N_+1)a_)=Py, N (07BN NPy, y (1), 8= +,—,( )
443

where we have introduced
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rs=expd_gr(2N,.+1)(2N_+1), b=+,—, (4.44)
Ng
Py n_(x)= II II s-sx+ijas). Ni.N_el (4.45)

S=+,— j=‘N§

[Indeed, this can be verified directly from (1.15) and (4.7) by using the AAE (1.10).]
As a result, we deduce

As(=Nias—N_a_)Hy n (Fx.y)=rsEsN. ,N_:y)Hy, ~n (£x,y), (4.46)
As(Ni+Das+(No+Da )Py v (x)"Hy, v (x.y)
=rsEs(N. .N_s9)Py, v ()" "Hy, v (Ex.y). (4.47)

Thus, we obtain the joint eigenfunctions announced above. We claim that the y —o asymptotics
of these new eigenfunctions and eigenvalues ties in with the asymptotics for the dense parameter
set D. (Notice that the new parameters do not belong to D.) More precisely, we claim that this
holds true when we set

V(x,y)=NHy, v_(x,y(N+,N_)), b=-N,a,—N_a_, (4.48)

\If(x’)')ENPN+.N_(X)‘lHN+ v (x,y(NL N2)), b=(Ni+1)as+(N_+1)a_,

(4.49)
where
YN+ . N_)=y—=(2N, +1)2N_+ 1)r, (4.50)
so that the associated eigenvalues read
Es(y)=rsEsN+.N_;y(N.,N_)), &=+.,—. (4.51)

To prove this claim, we recall the H-asymptotics given by (3.40) and (3.41). It entails that
W (x,y) as just defined satisfies (1.24), where the c-function reads

Ng
c(=Nsa,—N_a_x)=N H H s_s(x+ijas)-exp—irx(2N,N_+N_+N_),
s=+,~ j=1

(4.52)

Ng i
c((Ne+Dar+(N_+Da_:x)=N [] I

——————exp—irx(2N,N_+N,_ +N_).
o=+~ j=0 s_g(x—zja(;) P ( + + )

(4.53)

The point is now that this agrees with the interpolation (1.26) for a suitable choice of N
=Mr,a, ,a_,b). (This readily follows from Proposition IIL.8 in Ref. 14.) Similarly, the eigen-
values (4.51) have once more the y-asymptotics (1.19), as is clear from the asymptotics of
Es(N, ,N_;y) and the definition (4.44) of r.

It is easily checked that the new eigenfunctions W (x,y) (4.48) and (4.49) also satisfy the
quasiperiodicity relations (1.36). Thus, they are eigenfunctions of the AAO Q (1.38) with eigen-
value 2 cos(my/r); cf. (1.39). Furthermore, choosing a, /a_ irrational, the uniqueness result in
Appendix B applies. All of these findings are consistent with the existence of interpolating mero-
morphic joint (A ,A_,Q)-eigenfunctions W (x,y) for parameters in £ (1.14), but they show once
more that such an interpolation must have striking analyticity properties.

For instance, taking N.=N_=0 in (4.48), we obtain
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Y (x,y)=expixy, b=0; (4.54)

cf. (3.39), (1.24), and (1.26) with b= 0. Now when we fix ay and a_ with a, /a_ irrational, and
let the number b=(N,+1)a,—N_a_ converge to O (by taking N, ,N_—c in a suitable way),
then the poles of the associated functions W(x,y) (1.22) become dense on the lines Imx
=km/rkeZ. It is fully unclear to us whether and how (suitable y-dependent multiples of) these
functions converge to the entire function (4.54) as b— 0. But if a continuous interpolation can be
found, then the existence of this limit would be a corollary.

It should be noted that the b-values in (4.48) and (4.49) are outside the orthogonality region
C (1.42). Of course, ‘‘orthogonality’’ refers to the Hilbert space L((0,m/r),w(x)dx), with
w(x)=w(r,a,a_,b;x). Now from (1.27), (4.52), and (4.53) we have

w(=Nya,=N_a_;x)=(=)V+*""-N"2py y (x), (4.55)
w((Ne+Das+(N_+Da_sx)=(—)V+™N-NT2Py y (0)y, y_(x), (456

where W N, N_(X) is given by (4.6). Therefore, the analysis embodied in Theorem IV.1 can be
applied to the odd linear combinations, '

L,(x)=V(x,nr)=¥(—x,nr), nelN, nr>K+Q2N,+1)2N_+1)r, (4.57)

to deduce orthogonality whenever (4.3) is satisfied. ‘

For the even combinations y,(x), though, this analysis renders it quite unlikely that orthogo-
nality holds true. In fact, for the trigonometric specialization with b=—N.a, ,N.>0, we prove
in Sec. IV of Ref. 11 that orthogonality is indeed violated. Thus, in the elliptic case this must also
be generically true. [Of course, the two cases where N,=N_=0, namely =0 and b=a,
+a_, are exceptional in this regard; cf. (4.54); observe that they correspond to the boundary of
C]

Finally, we point out that the functions F(x,y) (1.29) for the new b-values (N,+1)a,
+(N_+1)a_ and —N,a,—N_a_ are in essence equal to the functions F(x,y) (3.31) for the
b-values (N, +1)a,—N_a_ and (N_+1)a_—N a,. More precisely, we have

?(xvy)=xj:(x!y(N+ ’N—-))v (4~58)

where y is a normalizing phase. [Indeed, this is readily verified by combining (4.48), (4.49) with
(4.55), (4.56).]

This intimate relation [and also the formulas (4.42)-(4.51), for that matter] can be understood
from a consideration of the AAOs H &(b) given by (1.12). Indeed, it is straightforward to verify
that one has the identity

Ho(—N.a,—N_a_)=rsHs((Ny+1a,—N_a_), 8=+, (4.59)
so the symmetry (1.13) also entails the identity
H‘g((N++1)a++(N_+1)a_)=r5H5((N++1)a+—N-a_), S=+,—. (4.60)

This explains why (4.58) holds: the relevant AAOs are proportional.

More generally, a consideration of the zeros of the coefficients of Hg(b) shows that propor-
tionality of H (b)) and H s5(b;) [for arbitrary a . ,a_ & (0,%0)] not only holds for b,=b (trivially)
and by=a, +a_—b; [cf. (1.13)], but also when b, is of the quite special form

2b,=ka,+la_, klel, (4.61)

and b, satisfies
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2byefka,+la_ ka,+(—1+2)a_ (—k+2)a,+la_,(—k+2)a,+(~1+2)a_}.
(4.62)

Thus we are dealing with the case k,l e 27 for the b-values at issue.
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APPENDIX A: THE CONSTRAINT SYSTEM

Let f(w) be an entire, odd function satisfying
Ffw)=w+0(w?), w—0. (AD)

Fixing N>2, define functions Fy,...,Fy by

N N
F,:CV>C, WHf(wk—N)j_l:I] f(wk—wj+1)g fw+ 1) —(W——W). (A2)
JEk

Then we have the following result concerning the system of N equations:
Fi (W)=0, k=1,..N, (A3)

for N unknowns w,...,wy.
Theorem A.1: The system (A3) admits the solution

Wo=(12,....N), (Ad)

and the determinant of the functional matrix

(DF)y=0a,F,, k,1I=1,.,N, (A5)
vanishes for W=W,. Assuming
flke)+0, k=12,..,N+1, (A6)
the system of N—1 equations
F (W)=0, k=2,..,N, (A7)
for N unknowns w, . ..,wy admits a unique solution of the form
W(t)=(1+1,wy(1),...,wy(1)), (A8)

near W, with w(t) holomorphic at t=0 and such that
wi()=k+0(1?), wi(t)=0(t), t—0, k=2,..,N. (A9)

Moreover, assuming that f(w) is real-valued for real w, the functions w(t) are real-valued for
te(—€,€) and € small enough.

Proof: Letting W= W, the second term on the rhs of (A2) vanishes, since Wy ;= 1. The first
term vanishes for k=N, since Woy=N. For k<N the first term vanishes too, since f(w,—w;
+1) yields a zero when j=k+ 1. Thus, W solves the system (A3).

Next, we calculate the functional matrix (DF)(W;). Due to the factor f(—w;=+1) in the
second term on the ths of (A2), this term can only yield a nonvanishing contribution to 8,F (W)
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for /=1, and then the partial ¢, must act on f(—wy+1). Since f(—w,+ w;=+1) yields a zero for
k=2,...,N and j=k—1, the second term only contributes to (8 F)(Wy). Specifically, using
S (0)=1 [cf. (A1)] we get

N N

N N .
(3,F ) (W) =f(1 —N)j[L f(—j+2)ﬂl fG+D+f=1=-M]IT rHIT ri=j+1)
: =3 i= j=2 j=2

i~ =

J

N
, zf(—j+1)j=IL FU) - LFN+ 1) +f(—1=N)]=0, (A10)

since f is odd.

To calculate the remaining partials, we need only take the first term into account. Taking first
k=N, the factor f(wy—N) yields a zero unless /=N. Thus, we get

(,Fy)(W)=0, I=1,....N—1, (A1)
N-1 N

N
(aNFN>(Wo)=g f(N+1-j>_H1 fl+ 1>=f(zv+1>ﬂ fll). (A12)

Taking next k<N, we get a zero for j=k+ 1 unless the pertinent factor is differentiated. Hence,
we obtain

(9, F)(Wg)=0, k<N, I[#kk+]1, (A13)
N

<ak+1Fk><Wo>=—f(k—N),HI} lf(k—j+1)Hl f(j+1), k<N, (A14)
JEk K+ j=

(0 F ) (Wo)=— (01 Fr)(Wp), 1<k<N. (A15)

Summarizing, the functional matrix is of the form

0 —a;, O 0 0
0 a4, ~—a, 0 0
(DF)(Wy)=] : : : i , (A16)
0 0O 0 - ay-; —ay-
0 0 0 ay

so its determinant vanishes.
From now on we assume (A6) holds true. Then we deduce that

az,...,aN?&O, (A17)

so the principal minor with indices 2,...,N is nonzero. Therefore, the implicit function theorem
guarantees a solution to the system (A7) with the asserted properties. [Note that (A9) amounts to
w,(0)=0, k=2,...,N; these relations follow from the explicit formula (A16) via implicit differ-
entiation.] O

For a general function f the solution W(r) to (A7) need not be a solution to (A3), i.e., one has
F,(W(t))#0 for t near 0. On the other hand, whenever f is such that F;(W(z)) =0 for ¢t near 0,
one readily deduces from the inverse function theorem that one must have |DF( W(t))|=0 for ¢
near 0.
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APPENDIX B: UNIQUENESS OF JOINT EIGENFUNCTIONS

As we have seen in Sec. IV, the joint eigenspace
Viy)={Me M|BsM=Esy)M,5=+,-}, (B1)

with M given by (1.18), the AAOs B by (4.7), and their eigenvalues E4(y) by (3.20), contains
the holomorphic functions H(x,y) and H(—x,y), and hence all of their linear combinations. But
when a, /a_ is rational, then W(y) is infinite-dimensional. Indeed, letting a, =pa and a_=gqa
with p and g coprime integers, all m e M with period ia have periods ia, and ia_, too. Thus,
for any two multipliers m . ,m _ € M with period ia, we have

m . (x)H(x,y) +m_(x)H(—x,y) e Uy). (B2)

This entails dim (V(y)) =00, as asserted.

By contrast, when a, /a_ is irrational, then W(y) is 2-dimensional for y sufficiently large.
This is the content of Theorem B.1 below. As a preparation for this theorem and its proof we recall
some well-known general features of the second order AAEs at issue in this paper; cf., for
example, Norlund’s monograph. '3

We start from an AAE of the form

f+()M(x+c)+f(x)M(x—c)=g(x)M(x), ceC¥, (B3)

where f. ,.f_,ge M with f_,f_+#0, and where only solutions M € M are considered. Let
M, ,M, be two solutions to (B3). Then the Casorati determinant,

C(M | Myx)=M(x+c/2)My(x—c/2) =M (x—c2)M,(x+c/2), (B4)

vanishes identically iff M, /M, belongs to the field F. of c-periodic meromorphic functions.
Assuming from now on M /M, ¢ F,, the function (B4) is a solution to the first order AAE

C(x+cl2) _f_(x)

CG—c2) F2(x)’ (B
as is readily verified.
Next, assume M;(x) is a third solution to (B3). Then one easily verifies the identity
M3(x)=m(x)My(x) —my(x)M,(x), (B6)
with
m(x)=C(M;,M3;x+c/2)/C(M\,My3x+cl2), j=12. (B7)

Now quotients of Casorati determinants are c-periodic in view of the AAE (BS5), so one has
m,,mye F.. Conversely, any function of the form (B6) with m, ,m, e F, solves (B3). Whenever
two solutions exist whose Casorati determinant is not identically zero, the solution space is,
therefore, 2-dimensional over the field F,. of c-periodic meromorphic functions.

Consider now two AAEs of the form (B3), with shift parameters

c1=iay, cy=ia_, a,,a_>0. (B8)

Assume that two joint solutions exist whose Casorati determinants w.r.t. ¢, and ¢, are nonzero.
When a . /a_ (), then the joint solution space is infinite-dimensional, as we have already seen
above. (Here and from now on, the field of scalars is again C.) It may well be that for a. /a_
irrational one can show that the assumptions just stated imply that the joint solution space is
2-dimensional, but we are not aware of a proof.
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For the concrete situation encountered in the main text, however, we have explicit solutions
available. We shall now exploit this to prove 2-dimensionality for the case at hand.

Theorem B.1: Assume a. /a_ & (). Then there exists L=K such that for all y € (L,®) the
Jjoint eigenspace W(y) (Bl) is 2-dimensional with basis vectors H(x, y) and H(—x,y).

Proof: Consider the quotient function

Q(x)=H(x,y)/H(—x,y), ye(K,»). (B9)

In view of (3.39) and (3.5), it reads

Ns 5
s_s(x+zy)

o= Il Il —=L5-e¥*, S=ir@N.N_+N.+N_+1)+iy. (BI0)
S=+,— j=1 S..g(“)C‘f‘Zj)

Since zf €i(0,), the function Q(x) is analytic for Rexe(0,7/r). We claim that there exists L
=K such that for all y e (L,) we have

lim Q(x)=0, Rexe(0,7/r). (B11)

Im x—%

To prove this claim, we first note that the AAE (1.10) entails the bound

s(r,a;x+3z)

Imx
Srain—2) <Cexp(4r|z|—a—), Rexe(0,7/r), zei(0), Imx—ow. (B12)

Therefore we have

|Q(x)|=0(exp[2(rp—y)Imx]), Rexe(0,7/r), Imx—ce, (B13)
with
L A= L Vs
=2l — > |z |+ —2 |zf||=2N,N_—N,~N_-1. (B14)
arj=1 7 a- =0

Now the sums have finite limits as y— oo [recall (3.14)], so there exists L=K such that r <<y for
all y e (L,%). Hence, our claim follows.

Fixing ye(L,®), it now follows from (B11l) that Q(x) is neither ia.-periodic nor
ia_-periodic. Therefore, the Casorati determinants of H(x,y) and H(—x,y) w.r.t. ia, and ia_
are nonzero. Letting M (x) € V(y) (B1), we then have both

M(x)=N,(x)H(x,y)+ N _(x)H(—x,y), (B15)
with A4, A eFia+, and
M(x)= w4 (x)H(x,y) + p_(x)H(=x.y), (B16)

with u,u_eF;, .
Next, we combine (B15) and (B16) to obtain

Ao(X) = p-(0) = (4 (x) =N (x))Q(x). (B17)

Since A, (x) and A _(x) are ia.-periodic meromorphic functions, they are analytic on the lines
Rex=pe[0,7/r], save for finitely many p. Similarly, x,(x) and & _(x) have this property. Now
let pge (0,7/r) be such that A, , A_, w, , and w_ are analytic on Re x=py. By periodicity, \ .
and u. are bounded on this line, so (B11) and (B17) entail
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lim (A_(x)—u_(x))=0, Rex=pge(0,7/r). (B18)

Imx—x

In particular, this implies that

lim \_(po+ ika-)=pu—(po). ke N, (B19)

Thus far, we have not used our assumption that a .. /a_ is irrational. But now we can combine
this assumption with (B19) to deduce that N_(x) equals p_(pq) for Rex=p, and so for all x.
[Indeed, the numbers py+ika_, k>N, are dense (modia,) in the interval po+i[0,a,) for
arbitrary N € N.] Consequently, we must have A _(x)=pu_(x)=c_ and Ay (x)=p(x)=c,. O
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