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Abstract. Some new results are obtained for the polynomials p&f Y(u, v), introduced by Koorn-
winder [4] which are orthogonal over a region bounded by two straight lines and a pambola The most
1mp0rtant results are a Rodrigues-type formula and the recurrence relations for up,’; % Y(u, v) and
opa¥(u, v). These recurrence relations contain 5 and 9 terms, respectively. Furthermore, the
quadratic norm of pot *(u, v) and the value of p&P¥(2, 1) are explicitly given.

1. Introduction. In this paper, the analysis of the polynomials p,’; S u, )
mtroduced by T H. Koomwmder [4] will be. continued.

In many respects, this class of orthogonal polynomials in two variables can be
compared with the important class of Jacobi polynomials. In this analysis, some
properties of the Jacobi polynomials are generalized to the polynomials
Dk e (u, D).

- The polynomials p‘,fjf "Y(u, v) form an orthogonal set over a region bounded by
two perpendicular straight lines, 1 —u+v =0, 1 +u+v =0 and by the parabola
u’—4v =0 touching these lines, with respect to the weight function (1—u+
0)*(1+u +v)?(u”—4v)” which is singular at the boundary of the orthogonality
region. For reasons of convergence, itis required that o,8,y > —1land a +y+3/2,
B +vy+3/2>0.The main results of Koornwinder’s paper are summarized in § 2.

In the subsequent sections, a further analysis is given, using as the main tools
a number of partial differential operators. In [4] it 1s proved that the polynomials
pot¥(u, v) are eigenfunctions of a second order operator D{""”and a fourth order
operator D3P, which are algebralcalﬁy independent. Furthermore, two second
order operators DY and DS are derived with the property that D? pePNu, v) =
const. pa_i k21w, v) and DSP PR (u, v) = const. p P (u, v). Then D5P”
is given by D5 =D%P% DY

In § 4 of thxs paper, another pair of diffterential operators is derived: these
operators E*? and E$®” have the property _that E*Ppat(u, v) =
const. poFi%(u, v) and E‘”B"’ p 2P (u, v) = const. pnk "(u, v). Then another
fourth order operator, which has the polynomials po%"(u, v) as eigenfunctions,
can be defined by D5%Y= E$P%E*F This operator is exphcxﬂy expressed as a
polynomial in D{#”and Dz By . The operators DY and E<* together play a similar
role for the polynomials p,,’, B, v) to that played by the operator d/dx for the
Jacobi polynomaials.

One of the first problems which arise 1s to find an explicit expression for

Pk Y(u, v). We have succeeded in finding an explicit expression of the Rodrigues-
type by using the second order operators D, and E,. Expressing D, and E, in
(D_)* and (E _)* respectively, we obtain a formula for p& ¥ (u, v) which is similar

to the Rodrigues formula for the Jacobi polynomials, but with the two second
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denoted by R (cf. Fig. 1). Intheregion R the weight function w P (u, v)isdefined
by

(2.2) WP u,v)=(1-u+0)(1 +u+v)(u’—4v).

e,

o4 (0. — 1)

FiG. 1

DefFINITION 2.1. For (n, k)e ¥ and a.8,y>—1, a+vy+3, B+v+3>0 the
polynomials p2't "(u, v) are given by

(i) pofu, v)=u" “v*+a polynomial of degree lower than (n, k).

(11) ”R peEMu, v) u™ o' WP (u, v) dudo =0 if (m, 1) <(n, k).
Then pﬁfjf""(u, v) satisfies
(2.3) DY pri(uv)=—[n(n+a+B+2y+2)+k(k+a+B+1)pnt(u, v),
(2.4) DY"pri(wv)=k(k+a+B+D(n+y+)(n+a+B+y+3)pak™(u, v),

kin+y+3)psi e u,v) ifk>0,
(2.5) DYpif(u, v)= { Pk
0 if K =0,
(2.6) DY prlikiiM(wv)=(k+a+B+1D(n+a+B+y+3)pri(u, v)
if k>0,
The operators are defined by |
_ 3 3 3
D¢P Y =(—u*+2v+2)——2u(v—1) +(u*—=2v°—2v)—
ou JUIV ov
d
(2.7) +[ —(« +B+2'y+3)u+(26-—*—-2a)]5;

F[(B—a)u—Qa+28+2y+5)0—(2v+ 1)]5%,

3 8° 5° .. 8
2.8 DY=—s++u +v—s+(y+5)—,
( ) au2 ou ov E)v‘?' ('y “?“)BU
CPY=1—u+v) *(1+u+v) °D¥c(1—u+0)*"'"(1+u+0v)?""
| 5 ~ .
)" 0 ol
m(l-ﬂ-u+v)(l+u+v)(_,( s+ U——— + U= 2)
Ju OU OV OU

+[(awﬁ)(u‘2mzvm2)+(a+ﬁ+2)U(U”’ 1)]%
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(2.9) +[(@a+B+y+)(—u"+20)+(a—Blu(v—1)+(2a +2B+y+--—~)v
Hy DI+ (a =B+ B +y+Dut(a+B+D(a+B+y+v
Fla—B)Y+(y+Y(a+B+2).

(2.10) “BY= D*PYe DY

Consideration of (D)™, the adjoint operator to D, yields

(2.11) - (DY)* = Do (u’—40v) ",
Hence 1
(,2* 1 2) D‘T'B"Tm {#‘-r‘ﬂ“y(u, v }I(DZ)* o ,J_,”“{FI‘B*JL‘Y(H’ v).

The operators DY and D7 are related by

jj (DS p(u, v))g(u, V)P (u, v) du dv

‘ J’ p(u, v)(D X q(u, U))u““"ﬁ“""(u, v) du dv,

for any two polynomials p(u, v) and g(u, v).
Let

2"n!

(e B)
(n+a+B+1), Pr(x),

- (2.14) prf(x) =
where P{™#(x) denotes the Jacobi polynomial of order (e,8) (for Jacobi polyno-
mials see Erdély1 [2] or Szegd [6]). Then

N PPy +pifx)p®P(y)  ifn>k,
(2.13) PRk Tty XV)m{p“‘B(x{)igﬁ(i) i ' o if n ==k

(3.1) Fe8(x, y) = peB i ()pEB(y) — pEBx)p=Eu(y),

where paf(x) is defined by (2.14).

The polynomials fo%(x, y) form an orthogonal set of antisymmetric polyno-
mials over the simplex -1 “-‘-'y =x =1 with respect to the weight function
(1 =x)(1 = y)* (1 +x)(1+y))? (cf. [3]). Then (x —y)” 'frk(x, y) is a symmetric
polynomial in x and y which can be uniquely expressed as a polynomial in
x+y=u and xy = v (see van der Waerden [7 § 33]).

LEMMA 3.1 (x—y) ' fak(x, ) =pal ™ (x +y, xy).
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Pmof Application of the definition of p5% (i, v) (Definition 2.1) yields

m+1 | { nm~+1

.. 1 re X — X .
B =y R y)= Y cmi———T—— withc,, =1
(m, 1) =(n,k) XYy

=(x+y)" “(xy)* +a polynomial in (x + y) and
xy of degree lower than (n, k).

(11) {(xmy)”lff;”jf(x, y)} i1s an orthogonal set with respect to the measure
(x =) (1=x)(A—y)*(1+x)(1+y)) dx dy =

const. (1—u+v)*(1+u+0)°(u’ —40)"'"* du dv.
Hence

(3.2) paBT x4y, xy)=(x—y) {pafi(x)pRP(y) —prP()pati ()}

. A pair of differential op tors which change n and y. A pair of differen-
tial operators whic ing (2.15) and (3.2) and the
differential operators for the Jacobi polynomlals Let us define

(41) ?x?m(l“"X)F (1 +X)P (]-—-—-— )“+1(1 + )B"H

ax
then

Df’;fgpﬁ‘ﬁ(x) = cnp‘,f‘ﬁ(x), where ¢, = —n(n+a+8+1).
Hence

(4.2)

., 3,+1/2
(x—y) (D& —D&Sipnk ™ A (x +y, xy) = {

(c,—C)Pniin (x+y,xy) ifn>k,
0 ifn =5k,

and
(4.3) .
{ ("I;’B —D¢y) Phe (x— )’)Pn---i k (X+ y, xXy) =(cn ”Ck)P:fM/“(x +vy,xy) fn>k.

Formulas (4.2) and (4.3) now suggest the following definition:

=(x—y) {D&— D&f)

5’ 5’ ?
= 2+2(v+1) + u—
au JuU oV oV

(4.4)

s+ (8 — a)w-}-(as +B+2)m

If (E*?)* is the adjoint operator to E<*, then
. s §’ s ')‘?" . W g
(4.5) (E*P)*=y——+2(v+1)——+ u— .
ou” Ju ov v~ Ov u

~ Note that

(4.6} (E“P)Y*=E_“P=(1-u+v)" (1+u+v)PE“Po(l—u+v) " “(1+u+v)*
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Now we can define the operator EZ’,‘B"' as
B = {w B, 0)} (BT e n™P (u, 0)

=(u’—4 )( 82+2(v+1) A +u—-—-62)
— W AP Touov 9v’ |
(4.7) +[(a +ﬁ+4y+6)(u2--——4u)+8(y+1)(v—-——-1)]5-;-

+[(B —a)(u”—4v)+4(y+ Du(v — 1)]-(;)%

| +2(y+ Wa+B+2y+3)u—4(y+1)(B—a).
LEMMA 4.1. If “

0o (1, v)=u""“v" +a polynomial of degree lower than (n, k)
and
Gr-1 (1, ©)=u"""""0" +a polynomial of degree lower than (n—1, k),
then . ‘

‘(n—=k)n+k+a+B+D)u""""'v*+a polynomial of
degree lowerthan (n—1,k) ifn>k,
a polynomial of degree equal or lower than

L(n—1,n—-1) ifn=k,

and

Ei”fﬁ"'qn;l*_’k(u? v)=(n—k+2y+1)(n+k+a+B+2y+ 2)u” *v" + a polynomial
-  of degree lowerthan (n, k) ifn>k. |

Proof. Lemma 4.1 follows immediately from (4.4) and (4.7). U
Koornwinder proved the following.
LEMMA 4.2. Let R be a bounded region in R” such that certain polynomials

wi(x, y), wa(x, y), - -+, wi(x, y) are positive over R and the product wy - wj, * * * , Wi
is zero at the boundary oR.
Let X®" "« be a partial differential operator in x, and vy, its coefficients being

polynomials in x, y, ay, " * * , «.
Let the operator Y°''' "« be defined by

O vt L0y, — ¥ 2’ TTIRIN s SN o i oy i
Y 1 k___wll...wkk(Xl k) cwll l'*'wkk k,

for certain nonnegative integers iy, - - -, .
, If this operator also has coefficients that are polynomials in x, y, &y, * * *, o,
" then ' ' ' '

J.‘[ p( Ya-1_=' -“’kq)w‘;'l . e u w‘;:k‘dx dy

R

= IJ (Xal’ .- '*akp)qw?'ﬁwil o W}::k+ik dx dy,

R
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for any two polynomials p and q, and for all real «,, - - - , ay such that

S

| wiles s wikdx dy < .

R

Proof. For sufhiciently large a, as, - - -, ax the equality follows from partial
integration because the function wi'- - - wi* and its partial derivatives up to a

certain order are zero at the boundary dR. By analytic continuation the equality
follows for all |, - - -, & such that

J.J wits s wikdx dy <. .
R

Rewriting this lemma for E“* and E$*"” we obtain

(4.8) JI p(ES®7q)n (4, v) du dv mJJ (E*®p)qu™""" Y(u, v) du dv,

R

for any two polynomials p and q.
From Lemma 4.1, formula (4.8) and Definition 2.1 the following can be
proved.

COROLLARY. *
(4.9) E*Fp=BY(y. v) = { (n—k)n+k+a+B+Dprf (u,v) ifn>k,
- 0 | ifn=k%k

and
(4.10)  ESPprP N (u,v)=(n—k+2y+1)
(n+k+a+ﬁ+2y+2)pf:f"’(u v) ifn>k

(cf. the proof of Theorem 5.4 in [4]).
Let us define the fourth order operator

(41 ].) Da‘ By Efﬁ',ﬁ,‘y o Etﬁ
The polynomials p,, e (1, v) are eigenfunctions of Dj;

(4.12) SEYpEEY Yy v)y=(n—k)n—k+2y+ 1) (n+k+a+B+1)
(n+k+a+B+2y+2)pSMu, v).

.3,y

Hence D5 can be uniquely expressed as a polynomial in DT%Yand D5*7 (cf.[4,
'hm. 6.5]). By considering the eigenvalues it is clear that

(4.13) DSPY= (D) —4DSP" - Qv+ 1) a+B+1)DTP7.

&N, A Rodr Orimniza. U S l Il g (7 6) an d (4 10) p n. f T( 4, U) can be
expressed in terms of polynomlals of lower degree.
In (2.6) and (4.10) we write DT?” and E$*” respectively as

(2.11) B = L P, 0) (DY) o TP Y, v)
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and
(4.7) - EXPT={u*P(u, v)} (EZP)* o P (4, v).

An (n—k)-fold application of (4.10) and a k-fold application of (2.6) to

Pg,gk'ﬁ+k”'+"“k(u, v)=1 yields

(k + +B+ 1)k(n T +ﬁ + y+%)k(n — Kk +2‘y+ 1),‘._..;((" +k+a+ 5
+2y+ 2)n*kp::f‘y(ua U)

=(1—u+0)"*(A+u+v) P(u*—40v)™

‘ 52 5 5> 3\ 3 )"~
5.1 { + 4 --------( ---—-) }
(-1 8u2 "au oV vav 2/ 0v
62 2 82 n—K
{ —+2(v+1) +u-——--—-—(B--a)m —(a +ﬁ+2k 2)“}
au ou ov av

o(1—u+0v)* (1 +u+ 0P (WP —40)Y""

This 1s a Rodngues -type formula for pS¥(u, v). So far it is the only “‘explicit”
expression for pot*(u, v) in the case of general «, 8, .

6 . I radirat OE p n’f ‘Y( ﬁ) Th c q 3 ad ra t 1C Norir h * B v Of th c
polynomlal Dk "(u v) 1s defined by

(6.1) peBy J'J (p=BY(u, v)P P (u, v) du do.

R

The explicit value of h%£"” is important for calculating the coefficients in Fourier

expansions with respect to the polynomials p,. P, v) (cf. § 9).
From (2.13) and (4.8) we obtain the following recurrence relations for h&£:

k(n +'y+%)

: B,y _ __ | petlB+ly
(6.2) ik (k+a+B+D)(n+a+B+y+3) " et
and

| (6.3) hi;f"’ (n—-k(n+k+a+B8+1) hi‘fi]’,’fl.

k429 +D)n+k+ta+B+2y+2)
By repeated application of (6.2) and (6.3) we find

(6.4)
haﬂv

kin—k)'(n—k+v+3),(2k +a+B+2) -k _
(k+a+B+1)k(n+a+B+'y+2)k(n k+2y+1), - k(n+k+a+3+2’y+2)n K

_hgt'(i')'k Pk, y+n—k
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LEmMMA 6.1.
(6.5)

“py " Ta+ DB+ DI(y+1) I +~y+w)F(ﬂ+’y+w)
\/;r r(a+ﬁ+'y+3) r(a+B+2‘y+3) |

PTOOf p() 0 y(u U)““-] thus

=1 | I—-u+0)*(I1+u+v)’(u’—40v)" du dv.

This transforms under the substitution

U=Xt1TYy, U=XY
Into
1 X
hf;:ﬁ’”=f | {J’ | (L =y)*(1+y)P(x — )" dy}(l — x)*(1 +x)” dx.
X = - y = =
By making the substitution t =(1+x) (1 + y) and using

1'(b)'(c — b)

(o) 2Fi(a, b;c; z),

1
J' M =0T T U —12) %dt =
()
it follows that

L aBy  Aa L(BFDIQ2y+2) [T
hoo A e

L X /4 2B+ 2y+2
FB+2v+3) ). (1—x)"(1+x)

+
.2F1( —a,+1; B8+2y+3; -—-—--—-—-—~12x) dx

2a+2B8+2y+3 F(ﬁ T 1)F(2‘}"+‘2) ( ““S)a 2}5‘~+—2'y+7
I'(B+2y+3) J

L F i (—a, B+1; B+2y+3;5s)ds

_jrasaprayesllat DOB+ DIy + DM2B +2y +3)
I'(B+2y+3)'(a+2B+2y+4)

=2

3B (—a, B+1,2B8+2y+3; B+2y+3,a+28+2y+4; 1).

This 5 F, function is of type s F>(a, b,c; 1+a—b,1+a—c; 1)witha=28+2y+3,
b=pB+1 and ¢ = —ea and so the theorem of Dixon can be applied (see Bailey [1,

Chap. 3.1] or Slater [5, (2.3.3)]). This proves the lemma. [l
CoRrROLLARY. The quadratic norm hZt” is equal to

(6.6)

a.B.y __
hn.k T

.. 24n+—,a+w+4y+zk,(n k)!(n — k+v+3),.(2k +a +B+2), i ﬂ_
Jmk+a+B+ 1) (nta+B+y+dn—k+2y+1),_c(n+k+a+p F2y+2),

I“(k+a+1)r(k +B8+ 1) (n—k+y+DI(n+a+y+3)I(n +3+~y+ﬁ)
Mn+k+a+B+y+)2n+a+pB+2y+3)
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s p=B-¥(2, 1). It is possible to find the value of py 22, 1) by

using the 0pemmrs DY “BY and E*P7 It is of mterest to know this value because of

the hypothesis that for a = =—3 and y = —5 the inequality
Pk (u, v)|=p f”’(?- 1)

is vahd. Thzs hypothesis was proved for y=—3. Ii 32/_._.,“2, then llt2 1S true if
a = 3 = —5. Further it holds for the polynomials p,,,L’3 Y2y, V), Prn- **1/2(y v) and
pl”h/z““m ", v).

Considering (2.9) and (4.7) we obtain the following equalities:
(DSP7p)(2, 1) =4+ 1)(a+y+2)p(2, 1)
and
' (ES57p)(2, 1) =8(y+ a+y+3)p(2, ),

for any polynomial p(u, v).

Hence
4(a+1)(a+7+2) +1,B+1
1 5.y - D M2, 1
(7.1) paic(2. 1) (k+a+B+l)(n+cx+B+y+2) Pn-lk-1"( )
and
8(y+1 a:+ +- o Bt
1.2)  prEN2,1)= O Dty +s)  pesaris qy

(n— k+2'y+l)(n+k+a+3 +2'y+2)
From (7.1), (7.2) and pf}’:ﬁ"’(u, v)=1 it follows that

(7.3)
P2, 1) =
2°"" k(a+1)k(1’+1)n k(a+7+2)n
(k+a +B+1)k(n+a+ﬁ+y+2)k(n kK+2y+ 1), c(n+k+a+B+2y+2), -«

Remark. The relation

f"’(-~2 D= (-1)""" jB“"”(2 1) (equation (10. 1))

immediately gives the value of pyt (-2, 1).

8 i G cle xnts 1n th € DoOwer S@E’E@ﬁ QE D ::’ f ’ Y( ‘U) ° FOI’ the Coem Cie nts
,,(n k, e, 3, y) in the expansion
(8-1) . D n.i y(“ v)= ) a;j(n, k, a, B, 7’)“11“}131.

(i,j)=(nk)
the following theorem holds.
"THEOREM 8.1. a”(n k,a,B,v)=0ifi+j>n+kori>n.

At this point it is useful to deﬁne the following partial ordering for & =
{(n k )I n = k = O n, k € B ~,

(8.2) (Lj)<(n,k) iffi=n and i+jsn+k
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(LD)<n KL= k)rni+j=n+k)

Theorem 8.1 is equivalent to

(8.3) pu (wv)= Y a (nk a B yu' v
(i.j) <(n,k}
Proof of Theorem 8.1. The second statement is a consequence of the defini-

tion of putY(u, v), because if i>n, then (I, j)>(n, k). The first statement 1s
trivially true for the polynomials p;, ®¥(u, v), because in that case, i+j>n+n
implies i > n. It is clear from (4.7) that

Ei,ﬁ,‘}luHI*[vl — )“": Cl‘jul"’"]v ]

(1,j)<(m+1,1)

for certain constants ¢; ;. By repeated application of the operators E, top,,, B u, v)

and by using (4.10) the theorem follows. [
Corollaries of Theorem 8.1 are the next two theorems.

THEOREM 8.2. Let

(i) p(u*! U) — Z Cin, U MWIUI':

(m,)<(n,k)

for certain constants c,, , with ¢, = 1, and

(11) JI plu, v)u" w7 (u, v) dudo =0 if (m, l):f(n., k)

R

Then

p(u, v) = pni (u, v).
THEOREM 8.3. Let

W puv)= ¥  cuu” v,
(m,1)<(n,k)
for certain constants c,,, with c,, =1, and
(i1) D% p(u, v) = Ap(u, v) forsome A € R.
Then
p(u, v) =pi e (U, v)
and
A=—[nn+a+B+2y+2)+k(k+a+p+1)]

Proof of Theorem 8.2. From (i) it follows that p(u, v) can be uniquely
expressed as

pu,v)= Y  chupmi(u,v) withc,  =1.

(m,l)<(nk)
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Then (11) yields

Cmi= (h5 AN JJ p(u, v)pai(u, v)u” Py v)dudo=0 if (m,l)j(n, k).

This proves the theorem. [
For the proof of Theorem 8.3 we need the following lemma.

LemMa 8.1. If (m, 1) *: (n, k), then A, ; 7 A, i, With
Ao m“[m(m+d+3+2y+2)+l(l+a +B8+1)].
Proof. The parameters a, B, v satisty «, 8, y > —1, o + y+%, B+y +%}>O.
Suppose that (m, l)<(n k) and A,,; = A, . Then
' (n-—-m)(n+m+a+B+2y+2):(l--k)(l+k+a+B+1)

‘and the factors n+m+a+B+2y+2 and [+k+a+ B +1 are positive. Hence
n—m>0 and [—-k>0. Observe that n+mt+a+B+2y+2=
21+1+a+B+2y+2>2l+a+B+1=l+k+a+B+1. Thus n—m<Il—k,
contradicting the hypothesis (m, ) <(n, k). U '

Proof of Theorem 8.3. From (i) it follows that p(u, v) can be uniquely
expressed as

plu,v)= Y chLpmiTuv) withe, =1
(m,)<{n,k)
Then (ii) yields
Z ACmrlpm (u U)“ Z Arrz[cmlprr.lldy(u U) -
(m,1)<(nk) (m,l)<(nk)
From c,, =1 it follows that

A=A = ----[n(n +7a+B+2'y+2)+(k +a+ L+ 1)],

and from A, 1 Cpi=Am€m; and Lemma 8 1 it follows that c¢,, ;=0 for (m, l)<

(n, k). O

Application of D{*” to (8.3) and comparison of the coefficients of equal
- powers of u and v give the following explicit values for some of the coefficients
a;;(n, k, a, B, v) in (8.3), which will be used in § 9 for the computation of the
- coefhictents in the recurrence relataons

(848,) ,,k(n k o, ﬁ ’)/)
(8.4b) anr-1(n, k, a, B, 7)“*“(18 a)k/(2k +a +B)
(8.4¢) ani-2(n, k, o B, y)=—3k(k—1)

. - {1=(B=a)*/Ck+a+B)}/ Rk +a+B 1),
(84d)  anin(nka B V)=—(n=k)(n-k—D/(n—k+y—3),
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(8.48) @ iuln kB, y)=—b_)n=k) {M

2n+a+B+2y+1) 2k+a+p
(n k—1)(k+1) }
—— 2
n— k+yW“
- mz(n+k+a+ﬁ+7+%)an““1,kml(nv ka & B: y)
(8.4f) =(B—a)ka, 1 +k(k+1)an-1xs1+2(n—k+2)
(n—k+Da,x>+2(B—a)n—k+1)a, -,

+2(n—2k — v +3)k,

a,r-3(n, k, a, B, v) and a, r—4(n, k, a, B, v) do not depend on n and V.

pop "’(u v) it 1s useful to have formulas for the series expansaons of up ot (u, v)
anc}g vp ot (u, v) in terms of Di JB "(u, v). These formulas give p&P%(u, v) and
X
Pniik+1(U, 0) as linear combinations of lower degree polynomials.

Case 1. Expansion of up;{ "(u. v). Consider the following equality:

upni (u, v)= Y anu™
(m,l)<(nk)
(9.1) = )3 oy ™'y
(m,D<<(n+1,k)
= Z mz(” k, o, 3, 'Y)szy(u v),
(m,))<(n+1,k)
with
(9.2) bni(n, k,a, B, y)={hsi™" [J up o (u, 0)paE M (u, V)P (u, v) du do.
R

From symmetry it follows that

(9.3) b(n k,a, B, y)=hEhEh™ " ba(m, L a, B, v).

Hence b, ;(n, k, a, B, v) # 0 only if (m, )>(n—1, k). And so the summation 1n
(9.1) at most runs through (m,De{(n+1,k), (n+1,k-1), (n+1,k—2),

(n,k+1),(n, k),(n,k—1),(n—1,k+2),(n—1,k+1),(n—1, k)}. The coefficients

can be computed by means of (8.4), (9.1) and (9.3). The coeflicients b+ k-1,
bn.-1x+1> Dn+1.x-2 and b, _, 42 turn out to be zero.
For the five remaining coefficients in (9.1) we obtain

(9‘43) bn+l,k(n7 ka &, B? 'Y) — 1:

b.-1n k, a, B, v)
o 4(n+y+2)(n+a+y+2)(n+ﬁ+y+2)(n+a+ﬁ+y+2)
(9.4b) (2n + « +B+27)3(2n+a+6+2y+1)

| (n —k)(n— k+2y)(n+k+a+[3+1)(n+k+a+ﬁ’+2'y+1)
(n—k+vy—3)(n— k+'y+*)(n+k+a+B+*y+2)(n+k+a+[5+y+2)
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(n—k)n—k+2y) _
(9.4¢) brsrrlm ks, B, y) = T T

: bn,kwl(n k &, ﬁ 'Y)
(9.4d) 4k(k+a)(k+ﬁ)(k+a+ﬁ)(n+k+a+ﬁ+1)(n+k+a+[-3+2y+1)
(2k+a+B 1);(2k+a+ﬁ)(n+k+a+B+*y+~a)(n+k+a+B+'y+2)

boin, k, a, B, v)=(B—a)a+pB)

1
(9'46) (2n+af+8+2)(2n+a+6+4'y+2) }
(2n+a+B+2'y+l)(2n+a+ﬁ+2'y+3)(2k+a+B)(2k+a+ﬁ +2)
[f we define
(9.5) piPNu, v)=0 ifn<k orif k<O,

then the following five-term formula holds for up;; SYu v)forall n =k =0:
o upn (w, 0) = patiidu, 0) bk, k, o, B, Y)Pakdi(u, v)
(9.6) + b i(n, k, @, B, Y)pai(u, v)
+bpi—r(n, k, @, B, VIpui(u, v)
+b -y un k, @, B, ¥IPrE (1 D),

with b, (n, k, a, 8, v) given by (9.4).
It follows that

Pn+1 "y, V) = ""bn,k+i(n, k, a, B, ’Y)pn k+1(u v)
' +(u—b,x(n, k, a, B, 'y))pn (u, v)

_bnk l(n k &, B 'Y)pn (u U)
mbn*l‘k(na k? &, B‘! 7)pn*1 k(u D)

(9.7)

f n=k=0. |

Remark. By application of the quadratic transformation formulas (10.5) and
(10.6) to (9.6), repeated application of DY and analytic continuation, it can be
proved that

(9.8)
Pk Yy, v)=patt iy, v)+Apnt.1(u, v)+ Bp® B, v)+ CpePlt Y (u, v)
itn=k=0,
~with A, B and C being functions of n, k, a, B and vy to be determined from the

m~—1 1

coefthcientsof u™ v’
Case 1I. Expansmn of vpni (u, v). Consider the equahty

(99) o vpnk T(u U) ‘ Z ‘ Cm,l(n k &, B 7)pm!y(u U)

(m,l-)‘wﬁ;‘?(nfﬂ,k*}-l)
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with

opai (w, V)P (u, V) (u, v) du do.

(9.10) Cmu(n, k, o, B, y) ={h3"}

From symmetry it follows that

PR

(9 1 1) Crn,f(na kw , ﬁa ’Y) — “’ [3 y{hifj Icn,k(rnv L x, ﬁa ‘Y)-

Hence ¢, (n, k, a, B, v) Z#0 only if (m, {)>(n—1, k—1). And so the summation
in (9.9) at most runs through (m, He{(n+1,k+1), (n+1,k), (n+1,k—1),
(n+1,k=2), (n+1,.k—=3),(n, k+2), (n,k+1),(n, k), (nk—1), (n, k—2), (n—
I,Lk+3), (n—1,k+2), (n—1,k+1), (n—1,k), (n—1, k—1)}. The coefficients
can be computed by means of (8.4), (9.9) and (9.10), and by comparison with the
case y=—3. The coefficients Crnitlk-2v Cntk+2s Cntlk-3» Cno1k+3s Cnk+r and
¢, x—> turn out to be zero.
For the nine remaining coefhicients in (9.9) we obtain

(9123) Cﬂ+l,k+l(n$ k-» X, B# 'Y) = 1:

Cn—1. k—-j-l(n' k X, B ’Y)

2 (n+~y+ )(n+a+y+ )(n+5+y+-,)(n+a +ﬁ+’y+~))
(9.12b) Rn+a+B+2v):Q2n+a+B+2y+1)
k(k+a)(k+B)k+a+B)n+k+a+p), (n+k+a+B+2'y)
(2k+a+B-—-1) Rk+a+BNn+k+a+B+vy—>3); (n+k+a+B+y+3)

(B—a)(a+p)
Rk+a+B)2k+a+B+2)

(9,12C) Cﬂ+l,k(nv kv &, B? ’Y) =

Cn-1.6(N, Kk, a, B, )
_ 4B - a)(a+B)(n+v+a)(n+a+v+z)(n+ﬁ+’y+z)
(9.12d) (2k+a+B)(2k+a+B+2)(2n+a+ﬁ+2'}/)

(n+a+B+y+2)(nmk)(n k+2y)_(n+k+a+3+l)(n+k+a+ﬁ+2y+1)
Crn+a+B+2y+)(n—k+y—)(n—k+y+3)(n+k+a+p+y+3)

Ak(k +oz)(k +ﬁ)(k +a+ f3)
(2k+ +B—-1):Rk+a+pB)

?

(9.12€) cpsy k-1(n, k, a, B, y)=

Cﬂ“l,k'f‘l(n'f k*) x, B': ’Y)
m4(n+'y+é)(n+a +y+n+B+y+3)(nta+B+y+3)
(9.121) 2n+a+B+2y):2n+a+B+2y+1)

(n—k —1)(n—k+2y—1),
(””k+Y Da(n—k+y—3)
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Cn.k*}-l(n& k: x, B& 'Y)

9129 (B-a)a +B)n—k)n—k+2y) _
(2n+a+5+2'}’+1)(7n+C!+B+2y+3)(n k+'y —Dn—k+vy+3)

Crl,k“*-l(ﬁ;: k? s B-: Y)

4(B—a)a+B)k(k+a)k+B)k+a+p)
(9.12h) (2n+a+B+2y+1)(2n+a+ﬁ+2ry+3)(2k+a+B__1)3(2k+a+B)

(n+tk+a+B+1)n+tk+a+pB+2y+1)
(n+k+a+B+7y+3),

r

Cn,k(nﬂ ka &, B: ’Y)
= an*-l..k**l(n:v ks x, ﬁ? ')’)"an,k(n+ 13 k + 17 , B? ‘Y)

“Cﬂ“"l*k(n* k“' , B* 7)an,k(n + 1'! k‘! X, B‘! ‘y)mcrl"l'-l,khl(n& ka &, B-: 'Y)
'an,k(n + 1& k — 17 &, Ba'y) mcn,k-i"l(n: ka (x, Bv Y)an,k(n: k + 13 a, Ba ‘Y)
If v= —3, then c.iln k, a, B, ~3) is given by

(9.121)

1
Cn,k(n7 kw x, Bﬁ “5)

(9.121) (a +B)(B - )’

(2n+a+B)(2n + o +B+2)2k +« +B)(2k+a +B+2)

Formula (9.9) holds, with the coefficients given by (9.12), for all n = k =0, where
the convention (9.5) is used again.
Formulas (9.6) and (9 9) together give an algorithm for calculating
P Y(u, v). If n # k, then poe"(u, v) can be expressed in terms of lower degree
polynomnals by the five-term relatlon (9.6). If n = k, then (9.9) provides a six-term
relation which expresses p,, 5w, v) i in terms of lower degree polynomials.

| Th e re ﬂe Cﬂon U -=>—U mapS th C 1e gl OnN R
onto itself and transforms the welght function w**(u, v) into w?*Y(u, v). Hence,
1in view of Definition 2.1, the following equality holds:

(10.1) o Pri(—u, v) = (—1)""*pBeY(u, v).

If « =, then (10.1) becomes

(10.2) Pk (—u, 0)=(=1)""pre(u, v).

Formula (10.2) means that if (n— k) 1s even, then p,,’"(u, v) is a polynomial in u”

and v, and if (n — k) is odd, then u™'p2'e(u, v) is a polynomial in u? and v.
Consider now the new variables

(10.3)  uw'=2v, v=u'-2v-1.
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'hese variables satisfy the following properties:
(i) Each polynomial in u® and v is a polynomial in u’ and v’
(11) The half region R given by R N{(u, v)|u >0} is mapped onto

R ={(u o )(1+u' +0)>0A(1—u'+0)>0A(u) —4v") > 0}
(i) If (u, v) =(2, 1), then (v, v)=(2, 1).
(The transformation of variables u' = —2v and v’ = u” ~2v — 1 also satisfies (i) and
(11)).
From (10.3) we obtain
u=v1+u'+v', v=s3u,
(10.4) (1+u+v)(1—u+v)=z((u") —4v", u—4v=1-u'+v’,
dudv=z;(1+u+v) "*du' dv'.

If a = B, the following quadratic transformation formulas hold.
THEOREM 10.1.

(10.5) Poticn—i(u, 0)=2""" pr 2w, v,
and
(10.6) 1 Pttt )= 27" p X vY),
with u’' and v’ given by (10.3).
Proof.
Prtion— (U, 0) = 3 aijuiﬁjvj-

(i, D<(n+k,n—k)

If (i —j)is odd, then a;; = 0, so we can substitute i —j =2l and i +j = 2m. By (8.2),

(i, PD<mn+k,n—k)ift(m,[)<(n, k). Hence

'R 25 w |
Prvin—rk, )= )  amfdu’)ov”
(m,1)<<(n,k)

= > Ao u-—2u — 1)[(20)"”'”

(m,l)<(n.,k)

= ¥ andu)"'@), witha=2""""
(m,l)<(n,k)

With respect to the orthogonality the following holds:
0= I J p*eY o (u, 0)20)" (WP =20 = 1)’ (4, v) du dv
o _
= const. ijifanwk(ua U)(ur)m-ml(v;)l“Y.M’I/Z‘a(ur, U’) dui dU’.,

R

if (m, ) 5 (n, k).
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Application of Theorem 8.2 proves (10.5). A similar proof can be given for

(10.6). U -
If (u, v)=(2,1), then (u',v)=(2, 1); hence (10.5) and (10.6) can also be

written as

(10.5) poiy i, v) pre/?2u, ut—2v—1)
5 R e v Y R T2 R TS
pn+an—~k(23 1) pnkl ? (2 l)

and

(10.6) 2u” it ©) _pak " Qv u”—2v 1)
) X, oY O
e (2, 1) pri2¥2, 1)

Formulas (10.5) and (10.6) in combmatlon with (2.15) and ('% 2) nge an explicit
expression for the polynomials p,, PY(u, v) if @ and B are +3 or —

p,,,ic/z B 1/2, 2xy, x° +y —1)
{ 2" I () p L) + p LX) p YT} if k>0,

10.7 =
107 2°px Y (x)pr(y) if k =0,
prlZ TV 2xy, x2+y2--- 1) |
(10.8) .
=2""(x =) H{paken (PR Z(y) — pridx)p a1 (9}
pZi/2‘+1/2‘"’(2xy, x“+y°—1)
(10.9) "
o+ L ()P (y) + pY (x)pn+k+1(y)},
p',i',i/ 22 0xy, xP+y = 1)
(10.10)

mzﬁmk( —Yy ) {Pn+k+2(x)pn-~k()’) Prlk(X)pri+2(y)}-
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