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1. INTRODUCTION

This paper answers a question concerning the expansion of functions in
an absolutely convergent series of Jacobi polynomials. The Jacobi poly-

nomials P!*P(x) are orthogonal on the interval [—1, 1] with respect to the
welight function

(1 — x)*(1 + x)# (¢ > —1, B > —1).

They satisty the relation

(1= %7(1+ %P Peo) = <o () 10— 00 + 0% (1)

(see Szegd [5, Section 4.3]), usually called Rodrigues’s formula. The
orthogonality property 1s given by

[ P PEoG)1 — 09 + 2P dx = h(, ) S (12)
~1

with
20408+ '(p +a+ 1) I'(n+ B+ 1)
fia(ts B) Cn+oa+B+ ! I'h+a+B+1)° (1.3)
Opmn=01if ms~nando,,,=1ifm=n.
With a function f(x) we can associate a series:
f(x) ~ ), a,P=P(x), (1.4)
k=0
where
1
a, = (h(x B)™ | () PLR)(1 — x)=(1 + x)* dx, (1.5)
~1
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provided that the integral in (1.5) exists for all k. The coeflicients a, are then
called the Fourier coefficients of f(x).

DEFINITION. A function f(x) is said to be in the class A(x, B) if
S ool ae || PSP(X)| converges unifornily on the interval —1 << x < 1, where

a, are the Fourier coefficients of f(x).

It is a well-known fact (see Szegd [5, Section 7.32]), that the Jacobi
polynomials reach the maximum of their absolute value on the interval

[—1, 1] at x = 1, provided that o 2> 8 and « == — . Since

T(k + o+ 1)

RIVACE R

PEo1) =

it follows that a necessary and sufficient condition for f(x) to be in A(«, B)
(v = B, = —34)is

Y lag | k¥ < 0. (1.6)

fo=0
We shall study the question: for which values of ¢ and 6 does
f(x)e A(x, )  imply f(x) € A(y, 9); (A)

where o« = fand o == —4?
In the following 1t will always be assumed that o« > max(8, —%), B8 > —1.

2. THEOREMS

There is a unique way of expressing the polynomials P (x) in terms of
the polynomials F{*°(x), j =0, 1, 2,..., k:

k

Pif(x) = ) ¢; (s B3y, 0) P9(x). (2.1)

j=0

The coefficients c¢;x(o, B; 7y, 8) are defined to be 0 if j > k. Rivlin and
Wilson [4] have proved the following:

THEOREM 1. If v =0, v = —1% and c;(e, By v, 8) =0 for all j and k,
then relation (A) holds.

Proof. Let f(x) € A(x, B). Then

o
z i a}sl P;f’ﬁ)(l) << OC.

ho={
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where the q; are given by (1.5). We now consider the expansion

fx) ~ S b, PUd(x).

3=={)

Then

1
by = (hly, ™ | (%) PI(x)(1 — x)(1 + x)? dx
—1

|

Pa(x)(1 — x)"(1 + x)° dx

(hy(y, 0))* f :1

O
=(}

i

<0

1 \
Y ap 3(/’13‘(% 5))~L f.._..l P8 (x) P (x)(1 — x)*(1 + x)° d.x'g

Jo ==

I

|

o0
Y aici(e, Bs y, ).
NN ]

The term-by-term integration is justified by the uniform convergence. Since
v = o6 and y > —1, we know that

max | P7o(x)] = P»o(1), j=0,]1,2,.

—1 w1

Thus 1t remains to show that the sequence

F o= ) [|b,|P"o(1)
i=0

1S bounded.
Using the fact that c¢;,(«, B; v, 6) == 0 for all j and k&, we obtain

m [ ;
F = P»(1)| ) a.c;(x B;y,d)
j | k=7 ‘

j=0
< ) Po(1) ), lag | cyle, By, 0)
§=0 k=3
< Z | a, l Z Cj;c((xa /89 Vo 8) Pr0(1)
k=0 B
< Y la,| PeB(1) < oo Q.E.D.
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(see Askey [1]) that the positivity condition for ¢ (x, B; v, )
» following cases (see Fig. 1):

i,
& |
PR A TR A By R e At -t e e bl e =3 ] IR T O SIS ko= T T PRI W TR AT 1 e frm 3 Tt o ed 4 bt RS TR B Al R vl ol s sl e e e sl t oy Wb Y-y KR TIIR T VUL R O T P A O C A DR EL T P .
_I-':I-.

¥

FiGure 1.

We shall prove now, that relation (A) holds in the following cases:

éﬁb S y? ».% ..... H? ﬁ v 8 H‘* i;i' “‘:‘; y .;7':?-*""” ﬂX(S } 8 :} “'“‘“"“._}.

2. If y=oa and 0 = B -+ u, where uw>0 and v = 9, then
Wiam{m {A} iwff:iﬂ,

Proof. Following the proof of Theorem 1, it remains to show that the
sequence

1s bounded.
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We will take the libe
inessential.

We shall take tl
be handled similarly

We need the following ¢ d Bessel functions:

PLdcos )] < Ane,

(2.3)

0 <L x << 1, (Szegd [5, 1.71.10]), (2.4)
(Szegd [5, 1.71.11]), (2.5)

(Szego S5, 1.71.7)).
(2.6)
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We shall also need the Sonine integral

= Jlar)J(bt) . (a® — Pt o |
f N dt = 2u=lga g — 1)’ a > b (Watson [6, Section 13.16;;
(2.

and Hilb’s formula
. h~ £\ 8 I'tn + o« 4+ 1) g \1/2
— _ (e, B) — — N o .
(sm 2) (COS 2) PpPicos 0) = N n! (sin 9) Jo(NO)
6120(n=3/%), if cn! < 0 < 7 — -,
ge+20(n*), if 0 < 60 < cn™,

where N =n -+ (¢ + B + 1)/2; ¢ and € are fixed positive numbers [5,
8.21.17].

We follow the method used by Askey and Wainger [2], and therefore
wish to replace

21/= (sin

+

“,37 COS =

2 P

G\ x—u+1/2 E\B—u+1/2 |
) ( ) P;a“ﬁigﬂﬂu)(cos 9)

by 6*2J,_ (JO), J = j+ (o« + B — 2u + 1)/2, using ]
We have then to consider

[ilb’s formula (2.8).

o o

| m/2 P a—utl/2 O\B~u+1/2 \
[ = ) je—utl J. (sm --) (cos -»--) P>P)(cos 0)
| J o

j=0 : -

> 321/2 (sin .g.) (cos g) Px-iB=i)(cos 0)
~ 0+ L ' — . L

g F(jg% (—j-i i")# + 1) QI/ZJQWM(JB)Z a8,

Setting [ = I, + I,, where, In I, , the range of integration 1s [l/k, 7/2]
and in /,, [0, 1/k], and using some of the estimates mentioned above, we get
oL 7 [2

Z j‘“”“*’l km1/:agmam1/:?‘ajm3]29a w1 /2 d@)

2= 1/k

1

|

L]

f

o(kw f " g1 df))

1/k
O(ke—+(c + k»=2 - §_, log k))
O(k?).

f

I

1/k
O(kucx--u-{-l/z J' n Go—u+3/2 d@)
O(k*—=).

{
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The process of replacing the other Jacobi polynomial by the appropriate

Bessel function 1s similar.
Thus we are led to investigate

f " (Si“ -§)“ (COS -§—) " 0J,_,(J9) JAKO) db
0

k
L — Z jmmu«}-l
j=0

where K = k + (« + B + 1)/2. We want to replace (sin /2)~* (cos 6/2)—
by 6-+. It is easily seen that (sin 8/2)~* (cos 0/2)~* = (6/2)= G(0)), where
G(0) = 1, G(0) is bounded and 1 — G(0) = O(6?). Thus we have to consider

k 7 [2
E =Y jeutl f gr-2(1 — G(8)) J,_.(JO) J(KO) db |.

j=0 1 J g a

We set £ = E, -+ E,, where in E; the range of integration 1s [0, 1/k], and
iIl Eg ] [E/k, 77'/2].
Applying some of the estimates mentioned above, we get

|

e 1/k
Ey = Y jett| [ 041 — G(6)) Jon(JB) Ju(KE) db
j=0 0

K 1/k
= O(Zia-——u+1jawukcxf f2e—u+3—u d@)
0

J=0

— O(k*2).

Using the asymptotic formula for Bessel functions and the error term,
we obtain, for u < 1,

77 [2
By = Y et | [7 011 — G(6)) JuulJ0) Ju(KO) B
j= VY 1/k
K T [ 2 |
__ O(k—l/‘z Zjaxmu+1/2 0-4(1 — G(B)) etV=K% g )
j=0 1/k |
I 7 /2
+ O(k«ms/z § jemu-1/2 f H—n d@)
= 1/k
: 1
— OV k—1/2 je—pt1/2 7 - —1 o —2
( 9;0/ T J) + O(k—=1 4 fo—2)
[72/2] :— L k s 11 /2
= 0=+ 0 (ke Y 20 gan 5 I
7=0 K —J j=[k[2]+1 K —

= O(k*=*) + O(k*=) + O(k**log k)
= O(k>).
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Using Sonine’s integral (2.7), this leads to
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Rodrigues’s formula (1.1) and i

B ( . E)u ~1 _ .
_ ﬂu + 1) it 1 gan
27! a2, =) f'(u — H H [ (1= )1+ %y ax
24

= (—1)n+1: ['(” + 1) sin prr (B -+ w+ D2n 4+ o+ p 4 1)

I'(n + « #ﬁm‘r UFW“““M)
F(II%—&,%““BwrlLLM 7)[’“24—{3%-‘”

>

(3.1)
Thus
@, | = O(n=5-21),

It follows that (1 + x)* e A(a, B) 1f 0 — B <2 2.

From (3.1) 1t i1s easily derived that the function (1 -+ x)*, with
(x — B)/2 << u < (v — 0)/2, » not an integer, belongs to A(x, 5) but not
to A(y, 0). Thus we have found a function for which relation (A) fails in
region II of kig. 2.

In the same way we can calculate the Fourier coeflicients of the function
(I — x)* and obtain

ian i — O(”w&m‘g“ml)-

It follows that (1 — x)* € A(x, B) if u > 0.

But if & > y, the maximum of the absolute value of the Jacobi polynomials
is assumed at x = —1 and P"?(—1) = O®®. If & > v, the function
(1 — x)*, with 0 << u << (6 — ¥)/2, n not an integer, belongs to A(x, B) but
not to A(y, o). Thus, (A) is not valid in region I of Fig. 2.

In order to decide whether relation (A) holds in region III, we study the
function | x |#. Here

1
ap = (halo, B | | x 12 PEOG(L — 2)%(1 + )7 dx
v o1
1
= (hao, BN || PEOGI — 01 + 2P dx
0

+ (—1)" f: x“PEa(x)(1 — x)(1 + x)° dxs.
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If Re u > n — 1, we can use Rodrigues’s formula and integrate by parts.
We obtain

Cn+oa+B+NIp+HI+a+L+1)
o+t (p + B+ 1) INa + p + 2)

X oFy(u —n -4 1, —p —nyax+p-+2; —1)

+ (—1)" (2f+‘x+)8+ I)F(H+1)F(”+a+ﬂ+ 1)
2?z+m+5+1_[‘(n 4+ o - 1) I"(B L P 4 2)

XzFl(#““”l“l“1,“05““”;)8—1—#—1—2;“1). (3.2)

dp ==

The hypergeometric series oF; (a, b; ¢c; —1) 1s absolutely convergent if
Re(a + b — ¢) << 0, which means here —a — 8 —2n — 1 < 0. This is
always satisfied (if » > 1). In this case ,F;(a, b; ¢; —1) 1s an analytic function
of the parameters a, b and ¢. Since for Re u >n — 1, a, 1s given by (3.2),

it follows by analytic continuation that (3.2) holds for all » with Re u > —1.
Using the simple relation

EF].(a: b, C, Z) — (1 — Z)"b :aFl (b, cC — a; C; - - )

z — 1

= (1 mz)“szl(C""a’b;c;Zi 1)

[3, Section 3.8, (4)], a, can be written in the following way:

Cn+a+ B+ DI+ DIn+ o+ 4 1)

an U — sers—————

2a+1F(n ﬁB__}_ 1) F(OC ‘LL"'“'“ 2)
><2F1(0¢+n+1,“/3mn;a+p+2'%—

Cn+ o+ B+ DI+ DI+ a+ B+ 1)
2240 n+ o+ DB+ p + 2)

X oF\(B+n—+1, —a—n; B+ un+ 2;3).

+ (=D

An asymptotic expansion of the hypergeometric function in this case, for
large n, has been given by Watson [7].
The leading term 1s

_ 1 — z 2040-11(1 — b + n) I'(c)(1 e—¢)e—a—b—1/2
1 (a + np np C: 2 ) (HW)I/ZF(C L b + n)(l . e___;)c___l/z

X {e!"=V¢ - exp[din(c — })] e~ nta)E]



b

where ¢ 1s defined by - cosh
sper (lower) sign is taken if Imz (- y0. I
real and negative 1t 1s supposed that = attuns its value |
which then determines it argl(: ) |
formula 1s only apparent; it -
E_

iy W

s@s the real axais between 1, account
has to be taken of the discontinuity in the value of Im (. Theretore,

Thus, 1in the case that p = ~ 4 4, the function | x * belongs to A(x, B).
& ..,

In the ultraspherical case (v = ), the Fourier coefficients can easily be

'f"

Because | x [* 1s an even function, the Fourier coetlicients vanish for odd .
Application of a well-known tormula for ultraspherical polvnomials (see
Szegd [5, 4.1.5]) yields

Vol T o v 2 1 ~1
h ( 1 qn) 5 F{ s - 1) P o (VN LD U NS (y
LopioXy X i), H o~ X - 1)

7 —

i bial el e Ll kBl
-y

1 e Pl U R s T

23& -+ -t )i F( 2 ;z w}w Y W‘im E) F { ;I m%w N - {} B Qﬁ‘,{, ;f,' 2 } N :M EE } W}

Vst

[T T TR

(—Dy@dn + 2a + 1) T2 -+ 20 = 1) L -+ Dy sinu/2) (0 — (/' 2))

From (3.3) and (3.4) 1t follows that if v > &, the function | x|*, with
x 4 3 < u <y - 3, pnot an even integer, belongs to A(x, 8) but not to
A(y, v). Combined with Theorem 2, this leads to the conclusion that rela-
tion (A) cannot hold in region Il of Fig. 2.

Thus the shaded region in Fig. 2 is exactly the set (if ¥ == — 1) where
relation (A) holds.

By using the identity P{F'(x) = (—1)* P¥2)(—x), similar results can be
obtained when o < B.
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