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In this paper, series of the form

a0 (x.B)
Wy (x,B)
F'(cos 8) ~ Z rn"’(lgg e R, . (cos 6)

are considered, where Rf,f"ﬁ)(x) denotes the Jacobi polynomial normalized to
bel atx = 1 and

e _ Crntat+ B+ DInt+oa+ B+ DIn+a+1)
" I'm+ B+ 1DIn+ 1)+ 1) '+ 1)

= Q(n2%+1),

It turns out, that for 0 < 8 < =, the function F(cos 6) is continuous. As
8 — 07, its behavior 1s given by

F(ar+1m'}'/2)( 0

VR —
F 6) ~ —————————— " {si _.....) log 6-1)~9,
(cos 8) T2 Ta + 1) sin (log )

2

1f 0 <y < 20 + 2. If y = O the results are slightly different. Next, fractional
integration and differentiation for Jacobi series are introduced and the above
results are used to show that the classical theorems on fractional integration and
differentiation can be carried over. As an application sufficient conditions are
given for F(cos ) to have a uniformly convergent or an absolutely convergent
Fourier—Jacobi series. This paper will be followed by another one in which the

results of this paper are used to deal with approximation theorems for Jacobi
series.

1. A CONVOLUTION STRUCTURE FOR JACOBI SERIES
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We shall consider some classes of complex-valued functions on the interval

[0, 7]. By C' is denoted the Banach space of continuous functions on [0, =]

with the norm

| flle = sup |f(cos0)|.

0o
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768 BAVINCK

We write L?, 1 < p < oo, for the Banach space of functions f on [0, 7], the
p-th power of which is integrable with respect to the weight tunction

pl*-B)(0) = (sin %)gwl (cos %)EBH, (1.1)

with the norm

171 = [ 1£(cos O pi=8) 8]

We define L® to be the Banach space of functions f on [0, 7] which are
essentially bounded, with the norm

| fllo = ess sup | f(cos 0)] .

0o

We call M the space of all regular, finite Borel measures n on [0, 7] with the
norm

I 1lha = [ | di(eos O)]

We use the notation

(fe) = | : F(cos 8) g(cos ) p'=5(0) d.

The functions

o P:th,B) cos 6
R,(,,, 'B)(cos ) = PY&-(B)(I) ) ,

where P/**?)(x) denotes the Jacobi polynomial of order («, 8) and degree 7,
provide a complete orthogonal system on [0, ] with respect to the weight

function p'*#)(0) defined by (1.1). If « = B = — }, they satisfy the following
relation [14, (7.32.2)]:

sup | R#(cos )] = R“¥(1) = 1. (1.2)

0o

In the rest of this paper we shall always assume that x > 8 > — 1.

The functions R{*"(cos ) are the eigenfunctions of the differential opera-
tor

P (-—;5") = — {p!F(6)}* -;9“ 29‘“‘*3’(5) ;g%-f (1.3)

with the boundary conditions

dR(o:,ﬁ)
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The eigenvalues are A, =n(n + o« -+ B+ 1). The differential operator
P(d/df) 1s self-adjoint with respect to the scalar product defined above,

(Ff, &) = ([, Fg).

By A, = A,? we shall denote the corresponding realization of £ in LP. The
domain of Ag? 1s denoted D? = D(A4,P).

With a function f, belonging to one of the spaces L?, 1 << p << oo, or (), we
associate the Fourier-Jacobi expansion

f(cos ) ~ i Fo (1) 0B REE (o5 0), (1.5)

7=}

where

v —1
ng.ﬂ) __ (f {R,ff'm(cos 9)}2 P(m,B)(B) d@)
0

_@nAa+B+NIn+a+B+1)I(n+a+1) (1.6)
Tn -8+ 1)1+ D)I(x—+ 1) (—+1) |

— O(n2a:+1),

and

fm) = [ f(cos 0) R&(cos 0) pP(0) d6, #=0,1,2,..  (L7)
0

For Jacobi series a generalized translation operator and a convolution
structure have been developed by Askey and Wainger [4]. Recently,
Gasper [9] has pointed out,that the important kernel that occurs in their work,
1s positive. In fact, he proves that for 0 < 0,é, ¥y <=, n =0, 1, 2,...,

R*®(cos @ R\*®(cos D)
( ) (1.8)

e Jm R®(cos i) K(cos 8, cos ¢, cos ) p P () dif,
0

with
K(cos 8, cos ¢, cos ) = 0.

The generalized translate of a function f(cos ¢) € L!, which has a Fourier—
Jacobi expansion (1.5), can be defined by

f(cos 6, cosg) = [ f(cos ) K(cos 6, cos 4, cos ) p>2)() di
° (1.9)

~ Y f(n) w PR P (cos 6) RiP(cos ¢).

1=0
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We shall also use the notation

T, f(cos 8) = f(cos 8, cos ¢).

Using Holder’s inequality, it follows from (1.8), in the case » = 0 and (1.9),
that

| T fllo < | fllp ] < p < oo (1.10)

As

lim T,f=f in 7 (1<p<w)

holds for a dense set of functions, the polynomials, it follows from (1.10) and
Helly’s theorem [14, Theorem 1.6] that

im | Tof —fl, =0, 1<p< . (1.11)

T, f(cos ) is a generalized translate in the sense used by Lofstrom and
Peetre [12]. In their paper they make the connection between a generalized
translation operator and a differential operator of the form (1.3) with bound-
ary conditions (1.4). They show that for functions fe D?(A4,), that is, for
functions f such that

Ag f(cos 0) ~ i f~m)nn +ao+ B +1) cu,,(,?’a)R,ff"B)(COS 6)

Ne=1

1s in L?, the following estimate holds:

N

[ Tof = Flls S CH°[[ Ao fllp, 1 <p < 0. (1.12)

C 1s a constant independent of f.
For f;, f, € L, the convolution f; * f, will be defined by

(f, * f2) (cos 6)
= [ | Fi(cos ¢) ficos ) K(cos 6, cos $, cos ) p=9() pie2(y) d di

= [ icos 6, cos ) fu(cos $) p=2(h) dif. (1.13)

The convolution (1.13) satisfies the following properties:
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Levma 1.1. Let f5,fs, fs€lr. Then f| % f, € L* and

(1) fixfa=/*/1,
(1) fix(faxfs) = (fr*]2) * /s,
(i) (fy *xfo)" () = fi"(n) £,"(n),
(w) Ifgel® 1 < p < oo, then f; xgeL? and

Wfixgl <lfiltliglls-

In the following we shall study a special class of Jacobi series, such as

O

F(cos 8) ~ Y n"(log n)° cu,,(,f"B)R;“’ﬁ)(cos 0).

Ta=2

Series of this kind have shown to be useful in various branches of Fourier
analysis. For trigonometric series they are investigated in Zygmund [[7,
Chap. V] and they furnish important counterexamples. In &2 dimensions
trigonometric series of this form are treated by Wainger [15] and several
applications are given. In our investigation we shall follow the line of Ref. [3],
where Askey and Wainger deal with ultraspherical series of the same type.
As they point out in the ultraspherical case, series of this kind supply counter-
examples to the transplantation theorem for Jacobi series [2, Theorem 1] in
the cases p = 1 and p = 0. In the last section, we use this special class of
Jacobi series to define fractional integration and differentiation. We shall
prove that the usual properties of fractional integration and differentiation
remain valid.

Notation. We shall use O and o in the usual manner. We write £(x) ~ G(x)
as x tends to @, to mean

lim F(x) =

MG

2. SUMMATION BY PARTS AND A CRITERION FOR FOURIER-JACOBI SERIES

In this section we develop a method of summation by parts, which depends
strongly on the Christoffel-Darboux formula for Jacobi polynomials [14,

(4.5.3)].

As an application we shall prove a simple sufficient condition for a series
o0
> a(n) wif’ﬁ)Rff’B)(cos 0)
n=1

to be a Fourier—Jacobi series of some L! function.
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LevmMma 2.1. Let a(n) be a function defined on the nonnegative integers. Let

N
H(N, cos 8) = ¥ a(n) @ R?(cos 0).

7 ==()

Then

N
H(N, cos ) = ) Ad’a(n) e+ 1) w;“""l’e)R;““'m(cos 0), (2.1)

7 =={)

where, if d(n) is a sequence of numbers,

A'd(n) = Ad(m) = dn) —dmn + 1), n=0,1,..,N—1,
A'd(N) = d(N).

If, in particular, a(n) = O(exp — en) (¢ > 0), we have

o

H(cos ) = ) a(n) w;“’B)RL“'B)(cos 0)
N==()
(2.2)
L i ] (i"‘ 1)  (e+1,8) pla+1.B)
= EO Ad(ﬂ) "("5;1 _‘_ 0(,-—}— B-—l— 2) w,, ..Rn (COS 9).

Proof. The essence of the proof is the application of the Christoffel-
Darboux formula for Jacobi polynomials [14, (4.5.3)] and summation by
parts:

N n
H(N,cos ) = ¥ Aan) Y w&P R (cos 6)
k=0

1 ==()

N
— Z A’a(n) ("""|£ _l—l)___ | w;a+1'B)R;a+1'B)(COS 9)

(2.2) follows by taking the limit as NV — o0, since w!{*? does not grow faster
than a polynomial in # and | R®*®(cos 6)| is bounded by 1 (see (1.2)).

We shall need a lemma, which deals with the repeated application of
Lemma 2.1. We shall state the results in terms of derivatives rather than

finite differences:

LEMMA 2.2. Let v be any positive integer and let a(t) be a function of a real
variable t possessing v continuous derivatives. Assume that

d’a(t) |

= O(GXP — e’t), ] — 0: 1)-": Vs
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and any € > 0. Define

H(cos ) = Y a(n) o'@? R“?(cos 0).

E=3]

Then we may write

I« =
H(cos 0) = (— 1y 22D 5 oy 0 Rt cos 6) + By (cos 6),

(e + lj S~
(2.3)
where
1 d
1) — - e s e
91() 2t-}—a—{-ﬁ~ Zdta(t)?
qr(t) = 57— L W-—iq () k=2
2t +a B+ k4 1dt 77 T
Also,
< . - —v—J S av’ (a+v.8) platv,B)
H{(cos 0) = ?; c( 7, v) gl 7 P 452(1t)§w1 w,y PRy (cos 0)
(2.4)
+ Es(cos 6).
Here c(j, v) are numbers.
For 1 =1, 2,
p—1 o0
Efcos 0) = 3. di(7, %) 3, 1 ynpgmiens I R (cos 6),
§j=0 N==1
where d,( j, v) are numbers and
| d’a(t)
| Vi | < nﬁf&ﬂiav T | (2.5)

a, is some integer depending only on v.

Proof. We start with Eq. (2.2) and then apply Lemma 2.1 again. We
repeat the process v times in all and then we use the mean-value theorem to
replace differences by derivatives.

THEOREM 2.3. Let v be an integer > o + 3. Assume a(t) 1s continuous on
[0, 00) and that a(t) approaches zero as t — co. Furthermore, assume a(t) has
v -+ 1 continuous derivatives on [0, c0) and let v, ; be defined as in (2.5). Finally,

suppose

Z n? Yy, ; << 00, 7 =1, 2,..., v.

N==]
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Then there exists a function F(cos 0) € L' zuth

a(n) = F~(n).
Proof. Let

F.(cos ) = Y e "a(n) we® Ry>(cos 0).

n=1

By Lemma 2.2, Eq. (2.4), (with e~<"q(#) instead of a(n)), and (1.6),

= —en_ v—j-+2x-+1 _m dka(t) (v, B)
FE(COS 8) — Z Z ck_j!m,ne ¢ ﬂv Jrae € MC?FGW . Rna & (COS 6)
k,7,m n==1 =
+ E,(cos 0).

The coefficients ¢ ; ., are bounded for fixed v and the summation is extend-
ed over nonnegative integers k, 7, and m, such that 2 4+ j + m = v, and,
what 1s very important, at least one of m and 42 1s >>1. The remainder term
E,(cos 0) has the same form, but here 2+ 7 + m > v. It can be handled in
the same way as the main term. Let S (cos §) denote those terms with & > 1.
We use the trivial estimate

e” exp(— en) = O(n="™). (2.6)
Hence, since 2+ 1+ m = v,

| S{cos ) = O 3 3 a* =y, | R (cos 6)

ke,j,m n==1

with 2 > 1.
We need the following estimate [14, (7.32.6)]:

| R{*P)(cos 0)] = O(6—*%(r — 0)~F—% n—3—), 0 <0 <. (2.7)

Using (1.2) and (2.7) we find [14, (7.34.1)]

fw I sza+v,8)(cos 9)1 p(u.B)(e) do — O(n—-zcx——%)’ y > o - __:% ,

0
= O(n~=~* log n), v =a + 3, (2.8)
= Q(n—t—o), vy < o+ 3.

Thus, by hypothesis,

fﬂ | S(cos 0)] p!*B)(0) df = O ( Y n"'*‘“lyn,k) < K < o0,
0

klj!m
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K does not depend on €. Therefore, S (cos ) p*#)(8) converges weakly to
ameasure € M [11, p. 175]. Moreover, using (2.7), we see that .S (cos 0) p{*-?(6)
converges pointwise as € — 0t for 0 << 6 <C = and uniformly 1n any compact
subinterval of (0, 7]. The term (= — 6)=#-% 1n (2.7) 1s compensated by the
factor (cos 8/2)*Ft1 of pl=B)(0). The factor (sin 6/2)2**! however, cannot
compensate the singularity at 0 completely because we have here a factor
¢—>—v—z due to the summation by parts.
We put

T.(cos 0) = F (cos ) — S (cos §) — E,(cos ).

In this series expansion of 7 (cos #) the terms with A =0 and m =1 are

left.

1 4 K
T(cos0) = ¥ ¢; Y e~ "n" %1 Ig(n) R*TP(cos b).
ie=0)

E=al

Using a slightly modified form of estimate (2.6), we obtain

| T(cos )] = O ( S ee” P22 | g(n)| | RO (cos 9)\) .

n=1

Since a(n) 1s bounded and (2.8) holds, we have

JW | T.(cos 0)| p*P(0)db = O (e i e“‘ﬁ'/z”’") = O(1).

N==1

Thus we may conclude, that ' ,(cos 8) p(*-#)(0) converges weakly to a measure
uwe M as e — 0+t. Moreover, F (cos 0) p»#)(0) converges uniformly on any
compact subinterval of (0, =]. This implies that the singular part of p 1s
concentrated at O and therefore is a 6 function at 0. We wish to show that
w is actually absolutely continuous that is, that u has no singular part. Let

w == u, + us, where u, is absolutely continuous and p, is a ¢ function at 0.
We have

- ' e/n
[ REP(cos 0) dug | < [ 1 RE(cos O)] | dpua

0 0

+ | 1R D(cos 0)] | i | = o(1).

From (1.2), it follows that, if u, 1s not zero,

fﬂ Rf{"‘ﬁ)(cos 0) du, 1s not o(1) as n — 0.
0
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On the other hand,
[ R (cos 0) dys = lim [ R&#(cos 6) F.(cos 0) p(6) o
0 0" J g

= a(n) = o(1).

This 1s a contradiction, unless u, 1s zero.
Let H(cos 6) be the derivative of u and take

F(cos 6) = H(cos 6) {p@8)(6)}1.

Then F(cos 6) is in L. Also F(cos 0) tends to F(cos 0) weakly (in L!). There-
fore

a(n) = | " R®(cos 0) F(cos 0) p“2(0) df = F~(n).

0

This finishes the proof.

THEOREM 2.4. The Fourier— Jacobi expansion, (1.5) with (1.6) and (1.7), of a
function f € L' is Abel summable to f in the L' norm.

Proof. The theorem is trivial for a dense set of functions in L1, the

polynomials, because their expansion (1.5) has only a finite number of terms.
On the other hand, the Abel-Poisson kernel

K, (cos 0, cosp) = ) rw B R*EY cos 0) R*#)(cos d)
n=0

has been calculated explicitly by Bailey [6, p. 102] as an £ .

From this representation the nonnegativity is obvious. The theorem then
follows from Helly’s theorem.

3. ELEMENTARY PROPERTIES OF SLOWLY VARYING FUNCTIONS

We begin with two definitions:

DeriNITION 3.1. We shall say that a function b(%) is slowly varying if 5(2)
satisfies the following conditions:

(1) b(t) 1s a C* function on (0, o0);

(1) For any ¢ > 0, there 1s a £, > 0 such that #°| b(¢)| is increasing
for t > t,.

(1) For any 6 > 0, there 1s a #; > 0 such that 79| b(¢)| is decreasing
fort > ¢, .
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llowing a more restricted class of functions is needed. We shall use
10n:

hﬂ(t) — b(t):

d
kn(t) == 1 —~— kn-—-—l(t): n

pr 1, 2,...

{

sed in the next definition.

[TION 3.2. A slowly varying function b(z) is said to belong to the
f all its associated 4,(t) are slowly varying.
on examples of functions of the class .S are

10), log log®(¢ - 100) and log®(t + 10) log loge(¢ 4+ 100)

are arbitrary numbers). A large class of slowly varying functions
rdy’s L-functions is given in the appendix to Wainger [15].
all need to use the following properties of slowly varying functions:

A 3.3. Let b(t) be slowly varying. Then

%) is either nonpositive or nonnegative for sufficiently large t.

b'(t)| = o(t~1 | b(¢)|) as t — oo.
See Ref. [15, Lemma 1].

A 3.4. Let b(2) be a slowly varying function. Let &, and &, be positive
with & << &, . Then

¢ IR o2 e IR | ot) — 6 (m}?") l - (' ° ( }12 ) l)

).

See Ref. [15, Lemma 2].

\ 3.5. Let b(2) be in the class S. Then for n = 1,

dro(t)
Atm =1 ;Bﬁhi(t)‘

re numbers. The hyt) are the slowly varying functions associated with
sum is extended over a finite range of summation, and the value j = 0
occur.

See Ref. [5, Lemma 9].
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LeMMA 3.6. Let b(t) be in the class S and let b(t) — 0 as t — co. Then

i | b'(n)] < oo.

Proof. See Ref. [5, p. 214].

LevmaA 3.7. Let b(2) be slowly varying. Then
(i) | b(kt)| = | b(¢)| for every fixed k > O and uniformly in every interval

vy < k< —, 0 <y <l

1
Y
(1) If we write

t []

B(t) = | v |b(x)dr, B¥)=Y n|b@),

1 ‘nml

and B(t) = O(1), t — o0, then

| b(2)] = o(B(%)) and B(t) ~ B*(%).
Proof. See Ref. [17, p. 188].

4. BEeHAVIOR OF A SPECIAL CLASS OF JACOBI SERIES

The main goal in this section is to study the behavior near 6 = 0 of a
Jacobi series of the form

S b(n) n P R (cos 0),

N=1

with y == 0. b(n) i1s a slowly varying function of the class S (see Definition
3.2). Theorem 4.5 treats the case 0 < y < 2a -+ 2. In Theorem 4.6 we shall
investigate the case y = 0. Theorem 4.7 will deal with the case y = 2« 4 2.

Finally, a remark will be made concerning the case v << O.
We need the following lemmas:

LevmA 4.1. Lety > o+ §.For 0 <0 <,

N

F(cos 0) = gfim n""'c,uff’mR;“’B)(cos 6)
Q0
=1

larPary
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extsts. Also, F(cos 0) s continuous for 0 < 0 < =w. If v > 2a + 2, F(cos 0) is
continuous for 0 << 0 << 7. As § — 0™,

1 2
F(cos 0) = . (O‘ —P: ,.l - 2) (sul g“)?’"“?a"*ﬁ -+ E(cos 0),
r(Fre s
E(cos 0) = O g(sin -;)MM e é...... <y < 2+ 1

If y > 20 -+ 1, then E(cos 0) is continuous for 0 << 0 << = and can be wrilten
in the form

L(cos0) =C + O 3(sin -gm)vmﬁa-—lz ,

where C ts a constant.

Proof. As is easily derived from the formula [7, (10.20.3)]

F (cx 1_}_ L= _?2:“) 0 )1’“2““2

o — (sin—m—-

r (-?é-_) ;(a 1y 2

(4.1)
o T+ B+ DT (n+a+1—21)
-y — - wlB RYE)(os ),
S0 P(n+ o+ )T (n+ 8 + 2+ 1)
y > o+ 3.

For any positive j there exists a set of numbers A, , £ = 1, 2,..., J, such that

T(n-l—ﬁ—i—l)f’(n—}—zx—}-l-—-—-%—-)

TTTP AT P e v r— IV il et inl

PRy R

. T(n+,8+l)T(n+oc~y _
== — Z ANy —————— *m'}";““““gm—“““ -+ O(n”'y”gml)-
k=1 T(n—l—a-{—l)f’(n—}-ﬁni-' 2~—-+1)

If we choose j sufficiently large, LLemma 4.1 follows immediately from (4.1)
and the estimate (1.2).



780 BAVINCK

Lemma 4.2, Let w and §2 be fixed numbers. Then
(1) If v < 2a -+ 2 and 6 tends to O,

Z n—--‘v (r.x B) l R(cx B)(COS 0)' — O{(@-—-—lw):?.cx+2-v}. (42)

(i) If vy > a - 3 and 0 tends to O,

z e (a: ,B) l R(cx E)(COS 0)1 _ O{@«-—-(za-{-z-—v)_va-s-wg}‘ (43)

n={6"1]

The O’s do not depend on w or £2.
Proof. (4.2) follows from (1.2) by application of

N
Y n? = O(N#+1), p>— L.

=1

(4.3) follows from (2.7), using

Y n? = O(N*+), p< — 1.

Nn=;N

LevMMA 4.3. Let w and £ be fixed numbers such that o << 1 << 2. Assume
b(t) is slowly varying :

(1) If y <2« -+ 2, choose 8 < 2« + 2 — y. Then, as 6§ — 07,

ua"l
Z n---'y l b(n)| w(cx B) l R;a.ﬂ)(cos 9)] — O{I b(@wl)l 9)1—-20:*2‘;02&-1-2-—?—6}- (4‘4)

Nn=1

() If y >a-+ 3, choose 8 <y — o — 3. Then, as 0 — 0O,

aQ

Z nY l b(ﬂ)l w;a.ﬂ) l R,,(:"B)(COS 9)1 — O{i b(@-l)l 9?—20:-29 vlcx-i-%-!-ﬁ}. (45)

n=}$26~1]

Proof. (1) Choose 6 < 2a + 2 — y and let m be an integer so large,
that #° | b(t)| 1s increasing for ¢ = m. (Such m exists, see Section 3.) Let 8 be
so close to O that [w0~'] == m. Then, using (4.2),

[o 6""

2 nY l b(ﬂ)l (vx B) I R(m B)(COS 9)'
n=1
@--]
— O(l Z nmv--ﬁ o ] b(ﬂ)l (cc B) R(o: B)(COS 8)1
n=1

[ e 9“1]
=O(1) + 67216067 Y #%w® | R*#(cos )]

N=Mm

= O{] b(6-1)] fv—20—2,20+2-v=8)
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(i) Choose 6 <<y — o — § and let m be an integer so large, that -2 | 5(%)|
is decreasing for £ == m. (Such m exists, see Section 3.) Let 6 be so close to O
that [£20-'] = m. Then application of (4.3) leads to

Q0

>, 7| b(m)| wi? | R (cos b))

n=[£26~1]

Q0

Y, | b(n)| w? | Ry (cos 6)

n=[£0"1]

= O{| b(6-1)| Gv—2e—2Q~v+a+i+8)

LemMA 4.4. Assume b(t) is slowly varying. Let

F(cos 0) = ) n7"b(n) wff"ﬁ)Rff’B)(cos 0), (4.6)
n=1

with
x+ 3 <<y <<2a-+ 2.

The sum (4.6) converges absolutely and uniformly in any compact subinterval

of (O, ).
As 8 — 0,
I |« _Z
F(cos ) = (y i 1-—-—-—-—‘2'—-—)— (sin g)vmzaw2 b(6-1) + E(0), (4.7)
I (-—-—2-—-) I'(x 4+ 1)
swhere

E(8) = of| b(6-1)] 622} + O(1), (4.8)

Proof. The fact that the series (4.6) converges uniformly and absolutely
in any compact subinterval of (0, 7) follows from the estimate (2.7). Let w
and {2 be fixed (but arbitrary) numbers w < 1 < £2. Then

F(cos 0) = b(07") ) 1w R&E)(cos 0) + E(0),

N=1

E(0) = Ey(0) + Ex(0) + E5(0) + Ei(0) + E4(0),

[261]

E(0) = Y {b(n) — b0} n 7w P REP (cos 6),
'nm[wﬁ"“l]
Ey(0) = —b(67") > n""’cu.ff'B)Rff'B)(cos 0),

n=[£26"1]
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[Cz;@"l]

Es(g) — b(@wl) Z Tz“vw(u,B)R;a,B)(COS 9)’
N==]
E(0) = Y b(n) n"wr® RP(cos 0),
n=[£26"1]
(8] v (a8 ple.B)
E0) = Y b(n) n " P REP(cos 0).
=1

Now, by Lemma 4.1, it suffices to show that the terms £, to /5 satisty (4.8).
Consider first E; , if we choose € > 0, then by Lemma 3.4 and Lemma 4.2

1t follows that
Qo1

| Ex(8)] < _max | b(n) — b0 Y #nVwx? | Ry (cos )|
n=1\1

Wl n<C o1
*{ € I b(@""l)l O(Q‘V“2a-—-—292zx+2my)
= o{| b(6-1)| Gv—2-2},

E, and E; may be estimated by Lemma 4.2, £, and £; by LLemma 4.3. We
observe that each of these terms is

O{l b(@-—-l)l 9?--2&-—-2(9-—-?—}—&4—%—1—6 + mza b Dy 6) + ]},

where O 1s independent of w, £, and 8 and § < min(y — o« — £, 2a + 2 — ).
The desired conclusion now follows by taking w sufficiently small and £
sufhiciently large.

THEOREM 4.5. Let b(t) be in S and let 0 <y < 2o+ 2. For € > 0 define

F(cos 8) = > b(n) n“"e“mwff’m}i’ff’ﬁ)(cos 6). (4.9)
n=1
Then, for 0 = 0,
F(cos 0) = lim F(cos 6)

e->0T

exists in the pointwise sense. Also, F(cos 8) is continuous on 0 < 0 < 7. As
6 — 0,

Y
r (O‘ - 1 — ""2“) f Y22
F(c0s 0) = ————="5(6) (sm -2-) + E®),  (4.10)
E(0) = o{b(6-1) v—22-2} 4 O(1).
Finally, F(cos 6) € L' and
F(cos 0) ~ Y b(n) i w® R (cos 6). (4.11)

n=J1
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Proof. We are going to apply Lemma 2.2 with a(t) = b(¢) t—7e~<t. We
take the integer v so large that y + v > a4 8.
We obtain

F(cos 0) = M (0) + E, ,(6) + E, ,(0) + E, 3(0).

The terms M (0), E, ,(0), and E, ,(8) all come from the main term of
Eq. (2.3), which in the present context is
1 d (1 d(1 d( 1 d ety

TE'_E; TR R B TACO L 28 |

The main term M, arises from taking derivatives only on powers of ¢. E_,
consists of the remaining contribution of terms not involving derivatives of
e—¢!. I, 1s made up by terms in which at least one derivative is taken on
e~<t. E_4 corresponds to the remainder term FE;(cos ) in formula (2.3):

ME(H)E(HI)"F(CK-{—V-F]) = [] d( 14d

> Tty Tal Tat

)
_ w;a-i-u.B)Rif-l-v,B.(cos H)

P+ .
_ F(O‘: —+ V_+ 1)__ S 2 o Z b(?’t) e-—-enn-—v--va(cr-t-v.B)R(Er-l-V‘B)(COS 0)
=]

I(e+ 1) ]-'(V)

TR

2

As y 4+ v > o + 3, 1t follows immediately from (2.7) that the series M (6)
converges uniformly in € in any closed subinterval of (0, ). M (6) with e = O

1s a series of the type treated in Lemma 4.4. Hence, applying Lemma 4.4
and using the regularity of Abel summability, we find that

M(0) = lim M.(6)

exists and 1s continuous for 0 << 6 << 7. Moreover, as 8 — 0,

o) Creaegn ) Tlr1-3)

I'(e +- 1) p(:}_z’__) F(%—{—V)F(oc—{—v—l—l)

% (sin g—-)”’"za"g b(6-1) - E,

r (“22/“) 1“(; + 1)

and

E, = o{b(6-1) v—22-2} 1 O(1).
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We now investigate £, ,(0),

, w;""*”*B)Rﬁf‘“’m(cos 0),

E.0) =) |,

N=1

where ¢; are numbers, independent of zn.
As b(t) is assumed to belong to S, we may apply Lemma 3.5 and write

a’b(t)
dt?

;
= n~’ Z Brhi(n),
k=1

=11

where B8, are numbers and #,(¢) are slowly varying. Thus, we obtain

Y 7 cO
Ee,l(e) . Z 2 d(], k) Z eﬂ-snn-v“ﬂvhk(n) w£“+P'B)RLa+V'ﬁ)(COS 0),
N=]

J=1 k==1

d; j are numbers.

It follows that E, ,(6) consists of a finite linear combination of series, which
converge uniformly in € 1n any closed subinterval of (0, 7). Moreover, from
Lemma 3.3 and Lemma 4.4 it is easily seen that

E\(6) = lim E, ,(6)

e->Q+

exists and 1s continuous for 0 < 06 < .
Also, as 8 — O,

Ey(0) = ob(077) 07272} + O(1).

Next we consider E, (6),

Ee,z(g) — Z Zi m Z e—-enemn—‘}'-—v—fb(k)(n) w;ﬁ+v'B)R£:!+V'ﬁ)(COS 9).

1. k.m Ne==]

Here g; 5 » are numbers. The first summation is over nonnegative values of
7, kRekmwithm > 1andj+ &2+ m = v.
Application of (2.6) and (2.7) yields

.al6) = eb==in — 04 0 ( 3, 3 ommiemstiassi | b))

i1.k,m n=1

= e~ V"¥(7 — 0)P2 O (Z pyviita | b(n)l) :

Na==]
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Thus E,, converges uniformly in ¢ in any closed subinterval of (0, 7).
Moreover, we see that for 0 <O <=, E., —- 0 as ¢ — 0, since
y + v > a + § and | 6(n)| = O(n®) for any § > 0.

Finally, we consider E, ;(0) which contains terms similar to those of
M., E.,,and E_, , except that here m -+ j + k2 = v + 1 instead of v. Hence,
if we apply to E, ; reasoning similar to that of the previous terms, we find
that E_ 3 1s a series, which converges uniformly in ¢ in any closed subinterval

of (0, 7). Also, we find

E,(0) = Iim K, 4(6)

e-»0T

exists and 1s continuous for Q0 < 6 < 7.
Furthermore, as 8 — O,

E(0) = o{b(6-1) 622} + O(1).

We examine the behavior of F(cos ) near § = .

It sufhices to show that F(cos 8) converges uniformly to F(cos 8) as € — O+

for 6 sufhciently close to 7. For 8 = o the convergence follows from the well-
known relation for Jacobi polynomials

P,ﬁa’B)(X) __ (_______ l)n P;B,n)(__ .’X’)

and Theorem 7 of Wainger [15], with x = =/2.
We use the Bateman integral [3, formula 3.4]

P(a B)(x,)
P&A( 1)

NACES)) ] )
— T TE T )L O Py & — 2

(I 4 %)°-

or, writing
x=2u*—1, y=22%—1,
1128

= P(G.B)z 2
O (22" — 1)

2
TTE+ DI+

Thus, applying Szegé [14, (4.1.5)],

[ " PlatBri (222 — 1) (u2 — 22)f-1 da.
O

P(rx.B)(zu‘zm 1) 2um2BF(n_l_B_l_ ])F(ﬂ—{—cx—l—ﬁ-—}— 3) ]"(271—1- ])
. FG+3H)In+3HI2n+a+B+HTn+1)

: J’ Plet8+1.o48+1)(2) (12 — 5264 da.
0
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We investigate F.(cos 0) near =. If we put cos § = 2u® — 1, we have to
study F.(2u? — 1) with u in the neighborhood of 0. After some calculations we
obtain

2 . F(“"{‘B"F‘%_ o [ 2 &2\B—1
(2w — 1) = symmre 1 D 1w v ), @ —

Qo
>< (Z b(n) n"""""}’em&'% . wg:z"f‘s"f‘%:ﬂ'l"ﬂ‘}'*%)Réﬂ:ll B %*Cx'i‘ﬁ"i'%‘)(z) dz'

N=1

In the first part of this theorem we have shown, that the series in the
integrand converges uniformly in € in any closed subinterval of (— 1, 1) and
that its limit as € — O+ exists and is continuous. Indeed, if 3 a,R!**(x)
and Y @,R{"*(— x) are continuous functions of x near x = 0, then so is
their sum 3 a,,R{%*(x), which is a series of the kind used in the integrand.
By the dominated convergence theorem, F.(2u® — 1) converges pointwise
to a limit as e — O, at least if u 1s sufficiently small.

Moreover,

FQut — 1) = O (u J“ c(z) (u2 — 221 d) ,
0

where ¢(2) 1s continuous near & = 0. And the convergence 1s uniform, since

| u—2P fu (u? — 2P~ dz I = O(1)
t 0

near u = (.
T'o finish the proof we need to show that

F(cos 0) ~ Y b(n) n"wi™® R™#(cos 6).

T=]

By Theorem 2.3, the sum at the right side is a Fourier-Jacobi series of a
function G(cos 0) € L! and from Theorem 2.4 it follows that

G(cos 0) = lim F(cos 8) = F(cos 0) a.e.

et

THEOREM 4.6. Let

F(cos 0) = > b(n) e”enw;“'B)R;“'B)(cos 7)

=1

with b(t) mn S and € > Q.
Then, for 6 = 0,
F(cos 8) = lim F (cos 6)

et
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exists in the pointwise sense. Moreover, F (cos 0) is continuous for O < 0 < .

As 6 — 0+,

oy 6 —20x—3
F ~ P /(91
(cos 0) ~k (sm 5 ) b'(6-1),

provided b'(t) is not zervo for all large t. k is a number +#0. Finally, F € L* if and
only if b(t) — 0 as t — co. If b(t) — 0 as t — o0, then

F(cos ) ~ ¥ b(n) w&P R (cos ).

N=1

Proof. The proof of Theorem 4.6 is essentially the same as the proof of
Theorem 4.5. As in Theorem 4.5, the proof of the first part is reduced to
Lemma 4.4 by Lemma 2.2, where we take a(?) = e~<tb(¢). The fact that a(z)
contains no power of ¢ accounts for the different conclusion of Theorems 4.5

and 4.6. For the second part of the theorem we apply Theorem 2.3, which 1s
possible in view of the L.emmmas 3.5 and 3.6.

THEOREM 4.7. Let b(t) be in S and let y = 20 + 2. For € > 0, define

F(cos ) = ¥ b(n) n e "w® R™#(cos ).

P==]

Then,
F(cos 0) = lim F (cos 0)

et

exists in the pointwise sense and F(cos 6) is continuous for O << 0 << . Further-
more, F' € L and

F(cos 0) ~ Y b(n) nw® R (cos ).

=1

Let
B(x) = | " b(1) 1 dt.
1
As 6 — 0,
() #fy =20+ 2 and [, | b(t)| t=* dt = o, then

_ 2 prp ~1Y/)-
F(cos 6) = gy BE™) + O( b(6-);
() f y>20+2 or if y=2a-+2 and [, |b(2)|t72dt < co, then
limg_ o+ F(cos 0) exists and thus F(cos 0) is continuous on 0 < 0 < 7.
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Proof. Everything except (1) and (ii) follows as in the proof of Theorem
4.5. The proof of (ii) is trivial, since the hypothesis implies that

Y bn)yn™” w B Rx.6) (cos 0)

n=1

converges uniformly in view of (1.2) and (1.6).

So we only need to prove (1). By Lemma 4.3, Eq. (4.5),

5 a7 | b)) wl | RS (cos )] = O KO}

n=|671)

Now we put

(6717
n‘““ﬂ‘?‘““2b(n) wﬁf'B)R,ff'B)(COS 6) = Al(e) + *‘41?.(9)3
ri==1
where
[6-1] 4]
A.(0 -—-2¢x--2b (0.8) __ mlb O(1
1(0) = gl " () wn T I« + 1)} ﬂ;t )+ O
and

| A,(0)] < [iﬂ] 2021 p(y)| 0 | 1 — R&F(cos )] .

n=1

Since
.8) 1y plws) N N 4 (a.p)
| R®®(1) — R (cos 6)] = O j(l cos 6) _max | = R&(a) l%
and by Szegé [14, (7.32.10)], we have
l
I dx R@ B)( X) = O(n?),

it follows by the analysis of Lemma 4.3 that

_ 167

4,6) = O iea 51 by} = 04 (6
=]

Hence we have

F(c08 6) = o + o 921] n=1b(n) + Of] b(6-1)[}.
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Now, according to Lemma 3.7, | ()] = o(B(t)) as ¢ — oo and

[ ¢]
B(t) ~ Y b(n)n,
n==1

which gives us the proof of (i).

Remarks. (a) 'Theorems 4.5 and 4.6 yield more information in the special
case b(t) = 1. Let

F(cos 0) ~ Y #w® R (cos 6)

Tn==1
with v > Q.
'Then

K 6 )v-—-2c¢--2+5

+ wnlog | 671 | 4 E(6). (4.12)

E(0) 1s at least O(1) and has at least v — 2o — 2 ++ % continuous derivatives.

The B; and u are numbers. @ is zero unless y + 7 = 2« + 2 for some integer j,
0<j<k

(b) An important part of Theorem 4.5 remains valid, when F(cos 0) is
defined by (4.9) with v << 0, € > 0 and b(2) in S. In fact, for 6 %= 0,

Ei%l F(cos 0) = F(cos 6)

exists in the pointwise sense and F(cos 0) is continuous for 0 << 6 << 7. As
0 — O*, the asymptotic formula (4.10) still holds in the case y # — 24,
k=01, 2,... For y = — 24, a slightly different formula can be obtained,
analogous to Theorem 4.6. In the case y << 0, the series (4.11) does not
satisfy the conditions of Theorem 2.3 and therefore we can no longer con-
clude, that it is the Fourier—Jacobi series associated with F(cos 0). F(cos 6) 1s
not an L! function but a distribution.

As application of the differential operator P(d/df), defined by (1.3),
on F(cos 6) results in multiplying the Fourier—Jacobi coeflicients Dby
n(n + o+ B+ 1), it becomes clear, that for 8 %= 0, F(cos §) 1s 1nfinitely
differentiable by means of the operator P.

5. FRrACTIONAL INTEGRATION AND DIFFERENTIATION

Let f be an L function with Fourier—Jacobi expansion

f(cos 0) ~ i J o (n) wixPRIPF)(cos 0).

N =0
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We consider the Jacobi series

wlB) + 3 [a(n 4 o« + B + 1)]792 wiFPRXF (cos 0),

MN=1

where ¢ > 0.

Noticing that
[2a+4-2—01]

mn +a +B 4+ D2 =n0+ > ¢m o7 4 o(n(2xF2)
j=1

for certain numbers ¢; , Theorem 4.5 shows, that there exists an L! function
g,(cos ), such that

g.(cos ) ~ wff’"ﬂ) ~}- 2 [n(n + o« + B 4+ 1)]”“2"’/2 w,ff'B)Rff‘m(cos 6) (5.1)
N==]1

and

| g(cos 0)] = O(fo=22-2), 0 <o <2+ 2. (5.2)

We now define the fractional integral of order 6 of the function f by the
convolution of f(cos 6) with g (cos &), which 1s (see Section 1)

L, f(c03 6) = | f(cos 8, cos §) g,(c0s §) p(4) d. (5.3)
It follows that I f(cos 6) 1s in L' and
I_f(cos 0) ~ f~(0) wi*?
(5.4)

£ Y FA0) [l + o+ B+ D] wlm O RES cos 6),

n=1

It is clear that this fractional integration satisfies the semigroup property

I (L, f(cos 6)) = I, ., f (cos ). (5.5)

Let L.? be the class of functions #(cos ), which belong to L? and have mean
value zero. This is equivalent to the vanishing of the first Fourier—Jacobi
coefficient 2~(0) = 0. For each % € L ? the operator I, is the inverse operator
of the differential operator P(d/df)), defined by (1.3) and with realization A,
in L7

This means that
AyIl.h(cos 8) = h(cos 0).

Many of the classical theorems for fractional integration (see Ref. [17,
Chap. XII] can be carried over. This will be done in this section.
We first introduce Lipschitz classes.
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DeriNniTiON 5.1. Let f be a function in L?, 1 <{p < c0. If O
we say that f1s in Lip(r, p) if

sup || 4y fll, = sup [ Tyf —fll, = O(¢").

O< << O<<<p

A
3

A
N

Here, Ty f denotes the generalized translate of f, defined in Section 1. If

T > 2, we say that f 1s in Lip(r, p) if the following two conditions are satis-
fied:

(1) f1s1in the domain D_(Ay™) for 0 < m << [7/2];
(11) Ap*fis in Lip(+ — 2[7/2], p) for & = [7/2].

THEOREM 5.2. Let 0 <o <2 and 0 <7 <2 and suppose f e Lip(r, p),
1 <p < 0. Then, if o + v <2,

IUfE Lip(cr —+ T, p)

Proof. We need the following estimates:

| g,(cos 0)] = O(6°—2*—2), o <2u+2, o*%—2k k=01,2,....
(5.6)

For o > 0, this is estimate (5.2). For ¢ << 0, it is a consequence of remark (b)
following Theorem 4.7. If the fractional integration is of an order = 2« 4 2,
o must be broken up into % parts

O'WU]_"'!—UQ“}‘""’*“UR:: G'j<20‘5+2: l"g]‘“‘:\:k

and the semigroup property (5.5) can be applied. P(d/df) g,(cos 0) exists for
6 s 0 and the remainder term of the Taylor series can be estimated [12] by

sup | T,g,(cos ) — g (cos 0)] << Cf* sup lJ P (---fg--) g,(cos 6) l

O<oL Q<O n do

= O($20°—22—4),

(5.7)

Suppose f € Lip(r, p), then

If(cos0) = [ T.f(cos 0) g,(cos t) p(2) dt
= | LT, f(cos 0) — f(cos B)} g.(cos t) p-B(t) dt + f(cos 6),
T,I,f(cos 0) = | " T, f(cos 8) T,g,(cos t) p«B)(t) dt

— | " €T, f(cos 8) — F(cos 8)) Tyg.(cos t) plB(t) dt + f(cos 6).
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Thus, we have

Tyl f(cos0) — 1, f(cos 8)

(5.8)
= [ {T.f(cos 6) — f(cos B)} {Tug,(cos 1) — g,(cos 1)} p=2)(t) dt.
0
Using the notation
A, f(cos 8) = T, f(cos ) — f(cos 6),
we have
| 441, f (cos 6)||, = fﬂ 4, f(cos 0) d,g,(cos 1) pl*-P)(t) dt
0 D
. (5.9)
< | = A4 + B.
| JQO D ™ | f¢ ' p +

In the integral 4 we shall estimate 4d,g,(cos t) by means of (5.6). This can
be done because of (1.10). In B, 4,g,(cos t) is estimated by (5.7). We shall

give the proof for 1 << p << co. Here we use Hélder’s inequality. 'T'he proot
in the cases p = 1 and p = o0 is easier. We write p’ = p/(p — 1). For some

A >0,

Arvmf”
0

7 & _ . P/’
L{\ f [f (t—-—-l-i—(h(:p--l)-i-l)/p)p df]
0 0 '

D
P(ﬂ:,ﬁ)(@) a6

b
f 4, f(cos 0) d,g,(cos t) p=B(t) d
0

&
D4 [J. l Atf(COS 9)‘1’ l Ad}ga(cos t)lp t(ﬂa-&-ﬁ)ﬁ-—-z\(ww—l)wl dt] P(Cﬂ,ﬂ)(@) dé)
0

&
= O (=) | | dyg,(cos 1)|7 CesDpma-01| 4, £|2 di
O

b
— O (qf))l('pwl) J foD~(20+2) p+(20+-2) P—A(P—1)—1+7D dt)
0

b
— 0 (q:,;\(:p-—m f 0 toD+TP—A(P—1)—1 dt)

= O(HoP+7P), if AN<(c+7)p.
Also, for some u > O,

Bpmf
0

i m ’ /D’
g j [[ (t-lm(u{pwl)ml)/gp)m dt]
0 Yo

! P(cx,B)(@) A6

[ " A, f(cos 8) 4,g,(cos t) p=B)(2) di
b

pYd [J‘W l A tf(cos 6)129 l Aéga(cos t)lp t(2a+2)29+#(19“1)”1 dt] p(thﬁ)(e) d@
o
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|

O (g2 [ ] d,g,(cos ) tsmrutz-n-v) 4, fp dt)

|

<
() (96—-14(23--“1)-}-21)[ foP—(20+4) P+ (2a+2) D+ u(p-~1)~1+47p dt)
¢

— O (¢,—-u(w--—1)+2p f " Hotr-ptulp—1)-1 dt)
b
= O(¢o?*7), i pu<@—0o—17)p.

This proves Theorem 5.2.

Remark. 'Theorem 5.2 remains valid for all positive values of ¢ and 7,
except in the cases where o, 7 or o -+ 7 are even integers. Let o = 2k + o,
and 7 = 2m —+ 7, (k, minteger > 0,0 <o, <2,0 <1, <2).Ilfo; + 7, <2,
we apply the differential operator 4, , & + m times in (5.8) and show that the
result is O(¢ertm). If o, + 7, > 2, we apply the differential operator A,
k 4+ m 4 1 times in (5.9) and show that the result is O(deo1tm1-2),

THEOREM 5.3. Suppose feL?, 1 < p < c0. Then

(i) Iafe LIP(U: p): Z:f O < g < 2;
. : 20c + 2 : 200 + 2 2q-f:%
(i1) Iafehp(a“-—--;m,oo), if T <o<2+=—

Proof. The proof (1) 1s a word for word copy of the proof of Theorem 5.2,

where in (5.9) instead of 4, f(cos 8), we write T, f(cos 6), which by (1.10)
1s bounded in LP.
In the proof of (i1) we again use Hoélder’s inequality:

{

| 441, f(cos O)lle = || [ Tof(cost) dygo(cos £) po(z) dt

———

| 0 Va0
< || Ty fllp Il Asgs(cos )l (5.10)
where
r P _

By (1.10) it suffices to show that the last factor is O(¢°—(2e+2)/P),

T 1/p’
| dygs(cos t)l, = (fo | dyg,(cos t)|P" p*P)(z) dt)

([ ()" =4

b
A7 <27 | | g,(cos t)|? pleB(t)
0



794 BAVINCK

&
— O - t(a-—-2a—--2)p’+2a+l dt
(. )
= O(Pplo—2a20" 2042y 3t (0 — 200 — 2)p' + 2004+ 1 > — 1;
Bz)’ — O (¢,2p" J

— Oflo-2-2'+2042)  if (60 —2a —4)p' + 20+ 1 < — 1.

2 OO

t(cr-—-—ﬂcxmil) 7’ 42041 dt)
b

So the last factor in (5.10) 1s O(Ho—(2«+2)/P) The inequalities, used in
estimating A and B are equivalent to the hypothesis

2m+2<0<2+2a“t“%.

THEOREM 5.4. Let fel?, 1 <p < 0, andlet 0 <o << (2x -+ 2)[p. Then
I, fel", where

Proof. This theorem is a consequence of our Theorem 4.5 and Theorem
2.6 of O’Neil [13]. For the notation we refer to O’Neil’s paper.
We first need to calculate g**(cos 0). We define the set

y =10 : | g,(cos 0)| > v}

and define g, *(cos ) as the inverse function of

m(g,(cos 0), v) = meas(£,).

In view of (5.6) we essentially have

5 = {0 : § > yl/lo—20-2))

and

m

meas(E,) = f p@B(0) df = O(y2x+2)/(o—2-2))

g1/ (o6—20—2)

So the inverse function

ga*(COS 6}) — O(Q(am2a~2)/(2m+2))

and

**(COS g) = ____lm__ fe *( dd — O 8(0-—2&-—-2)/(2&-&-2)
8o T 2 Oga COSQS) C?S T ( )‘
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We use the norm

| g,(cos O)|l,.c. = sup /2g**(cos 6)
6>0

and 1t follows that g (cos 0) € L((2x + 2)/(2« -+ 2 — &), o). O’Neil’s Theo-
rem 2.6 now states that, if

fel(p,p) =L* and g, € L((2e + 2)/(2x + 2 — ), 00)

with the condition 1/p + 2o+ 2 — 0)/(2e + 2) > 1, then I, felL(r,s),
where 1/r = 1/p — o/(2a + 2) and any number s == p. If we choose s = 7,
Theorem 5.4 is proved.

We now define the fractional derivative of order o by

D, f(cos 0) = Azl,_,f(cos ).

THEOREM 5.5. Let O < o <7 < 2 and suppose f € Lip(r, p), | < p < o0.
Then D, f € Lip(r — o, p).

Proof. The proof is an immediate consequence of remark to Theorem
5.2 and Definition 5.1. Again, Theorem 5.5 can be extended to all positive
values of ¢ and 7, which satisfy 0 < ¢ << 7, 0, 7 — o 7 even integer.

A. An application

As an application, we give sufficient conditions for f(cos ) to have a
uniformly convergent or an absolutely convergent Fourier—Jacobi series.
The N-th partial sum Sy(cos 8) of the series (1.5) can be written as the
convolution of D, f(cos 8), for some o, with the kernel g,~(cos 6), where

| N
gaN(COS 9) _ CUE)&,B) __l__ Z [Tl(?’l '_'l— & __}_ B _+_ 1)]-—-0/2 wi&.B)R;u.B)(COS 9)' (5_11)

P==]

If there exists a o, , such that D, f(cos 0) € L® and || gﬁi (cos 0)|]; is uniformly
bounded, it follows from Lemma 1.1(1v) that

| Sn(cos 0)||lo < || gzy(cos O)lly || Dy, f(cos O)lix

which implies that f(cos §) has a uniformly convergent Fourier—Jacobi
series. Summing (5.11) by parts once by means of Lemma 2.1 and applying
(2.8), we obtain that

| g,V (cos O)|y < M, it o> o+ 3.

From Theorem 5.5 we can conclude that for some oy > o + 3, Dc‘,.1 fel”,
if fe Lip(a + 3 + €, 0).
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Therefore, f(cos §) has a uniformly convergent Fourier—Jacobi series if
fe Lip(a + & + €, 00).

Let g (cos 6) be defined by (5.1). If there exists a o,, such that
D, f(cos8)eL? and g, (cos 8)eL? it follows trom the Cauchy-Schwarz
ineaquality, that f(cos 6) has an absolutely convergent Fourier—Jacobi series.

From (5.6) it is not hard to derive that g, €L? if 0 > « -+ 1. Theorem 5.5
now implies that f(cos §) has an absolutely convergent Fourier—Jacobi
series, if fe Lip(a -+ 1 + €, 2). This argument 1s due to Weyl [16].

We have to mention, that these results are not best possible, but almost
best possible, whereas the proofs are very simple. Best possible results
concerning uniform convergence are given by Agahanov and Natanson [1]
(or by the much older results of Gronwall [10] for Legendre polynomials).
For slightly better results on absolute convergence we refer to the paper of

Ganser [8].

ACKNOWLEDGMENT

The author wishes to thank Professor R. A. Askey for many fruitful suggestions.

REFERENCES

1. S. A. AcauaNnov aAND G. [. NATANSON, Approximations of functions by Fourier—
Jacobi sums, Dokl. Akad. Nauk SSSR 166 (1966), 9-10.
2. R. AskEy, A transplantation for Jacobi series, Illinots J. Math. 13 (1969), 583-590.
3. R. AskKey AND J. FiTcH, Integral representations for Jacobi polynomials and some
applications, J. Math. Anal. Appl. 26 (1969), 411-437.
4. R. Askey AND S. WAINGER, A convolution structure for Jacobi series, Amer. |
Math. 91 (1969), 463—485.
5. R. Askey AND 5. WAINGER, On the behaviour of special classes of ultraspherical
expansions I, J. Analyse Math. 15 (1965), 193-220.
6. W. N. BaiLey, ‘“Generalized Hypergeometric Series,”” Cambridge Univ. Press,
London, 1935.
7. A. ErRDELYT, ‘‘Higher Trancendental Functions,” Vol. 2, McGraw-Hill, New York,
1953.
8. C. C. GaNsEeR, Modulus of continuity conditions for Jacobi series, J. Math. Anal.
Appl. 27 (1969), 575-600.
9. G. GasPER, Positivity and the convolution structure for Jacobi series, Annals of
Math. 93 (1971), 112-118.
10. T. H. GroNwaLL, On the degree of convergence of Laplace series, Trans. Amer.
Math. Soc. 15 (1914), 1-30.
11. L. A. LJusTERNIK AND W. SoBOLEV, ‘‘Elemente der Funktionalanalysis,”” Vierte
Auflage, Akademie—Verlag, Berlin, 1968.
12. J. LOFSTROM AND ]J. PEETRE, Approximation theorems connected with generalized
translations, Math. Ann. 181 (1969), 255-268.



13

14

15

16

17

A SPECTAL CLASS OF JACOBI SERIES 797

. R, O’NEkIL, Convolution operators and L(p, q) spaces, Duke Math. J. 30 (1963),
129-142.

. G. SzeGHO, ‘““‘Orthogonal Polynomials,’ Vol. 23, third ed., American Mathematical
Society Colloquium Publications, Providence, R.1., 1967.

. S. WAINGER, Special trigonometric series in k-dimensions, Mem. Amer. Math.
Soc. 59 (1965).

. H. WEevYL, Bemerkungen zum Begriff der Differentialquotienten gebrochener
Ordnung, Vierteljahrschr. Naturforsch. Ges. Ziivich 62 (1917), 296-302.

. A. ZvyeMUND, ‘“Trigonometric Series I and II,” 2nd ed., Cambridge Univ. Press,
Cambridge, 1968.

Printed in Belgium by the St. Catherine Press Ltd., Tempelhof 37, Bruges



