Numeric al R 4
Netherlands

in insight into the propemes of 2 Mde ciass of
K1in d Voltcrra mteg‘al

ameter. The solution of the integral cquatmn 1s then related to the sohmon of
the differential eq uauon and this connection suggests a technique for denw

e g
numerical methods, man hich prove to be classical. Introductory sections are
devoted to exploring

this connection, which we can expion by pursuing the stability
approach for numerical methods applied to differential equations.

this paper we propose a possible approach for
error propagation in numerical methods for nonlin
equations of th -

J(x)=g(x)+ K(x,y,f(y))ab’, 0<x<X, (1.1)
where g(x) and K(x, y, f) are arbitrary given vector functions belongin

to a class of sufficiently differentiable functions, and f(x) is the unkn
function.

Recently, several papers have been published in which stability results
are stated for particular classes of methods and kernel functions varying
from simple linear functions such as

the N VCStlgauon Of
ear Volterra 1n

K(x,y,f)=af and K(x,y,f)=(ax+b)f, aandbconstant (1.2)
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(rather unu .
il &E.y SES Of ' v EHEQ ‘ 1

to discretize (1.1) yield equations of the form

ex tende d to a lar ger class of i ethods using the insigh
[3]. Thus, the investigation into stability proposed here @plzes to a very wide
class of methods applied to a general nonlmear equation (E 1). At
' and as a bonus, the relation to imbedd;
be viewed In a new h gh
merical me f

wing sections we give the anaﬁysis f or a scal integr

-equCUOn
¥(t,x)=g(x)+ | K




integral equation (1.1). Since we obviously h

[his equation con w 1S f (x) as a pam of 1ts sohmon Dif f emmm tion of (1.6

n 1S more convenient to treat it as an ordinarv dij
x 18 considered 4

N tegr ation method for ordin
the - plication of linear multa step

because of the un
(E ). In fact, it app ears | D
th e CoNnvergence of methods
with a direct solution method for Volterra
twns, we m a.y apply the convergence condmons h oid ng f or
ca,tmn is not possﬂﬂc (see, e.g. Sec 2 3)

ru les from convergent hnea,r mul methods an
conditions of a general convergence theorem f or second
integral equations (see Ref. [1, Chap. 6}).

2.1.1. Integration by Linear

Suppose th
k--step method (Lam bert [10, p. 11])
rmalization a, = 1) adapted to (1.7).

k

e

‘20 [ a; ~n+1-~j(x)+bth(x’ Mn+1—)> ‘Pn+1-—-j(nn+l—j))] =
-

n=k—1,k,..., N—1, (2.1)



nly interested in ;

denotes th




y d . S a solution of (2 n,

dinarv daff erenuai equaﬂons b 1S o1
trap 6201 dal rule. It can bc sho wn th
integral equation (1.1) ox dams— Moul
method for Eq. (1.7), pmvnded that the reguis tarting funcnons are
properly chosen. Of course, this correspo ndence is a consequence of the

'Indeed, f, ., =+ 1(Ny41) if either is unique.



.. vh the pa.ra meters 8,, f.,, and ¢, specify th
and Lapldus d Seinfeld [11]).




. B K(x,nh+0.h, ) (nh+8.h))

44

rmﬁlﬂ,_,_,pmﬁ, (2..123-)

n=0,1,...,N—1. (2.12b)

[n order to compute v, 1(x) we substitute x=nh-+6. h in (2.

a system of p equations for the values {7 (nh+6 h) qua
tions are solved we find q/ +1{x) from (2.12b) and a numerical approxim
tion to f((n+ 1)h) from . ,((n+ Dh).

If we define §, =1 and

B,s=¢s, s=0,1,...,p—1,
B, =0, s=0,1,..., p,

x, nh+0,h, YD (rh+6,h))

) T(P) - (2.14)
t.[/,,ﬂ(x)wybnf,l(x) (r=0,1,..., p,n=0,1,..., N—1).

Without the restriction (2.13) for the parameters (,., the scheme (2.14)
even comprises a larger class of methods (see Baker [2] for motivation).
[herefore, we shall analyze (2.14) rather than (2.12).

Note that (2.14) requires only the function Yy,(x)=g(x) to start the
integration, so that it can be used to provide the required starting functions

for the linear multistep methods discussed in Sec. 2.1.1.

2.2.2. Equivalence with Runge—Kutta Type Quadrature

From (2.14) one derives that
n—1 p

Un(x)=g(x)+h 2 2 B, K(x, jh+0,h, ¢ 2,(jh+6,h)).
j=0 s=0

Substituting this expression into (2.14) and introducing the meshpoints 7,

numbered according to
=ijh+ 0 h (2.15)

ni(p-i- D+»



Jua does nm gen

I'he reﬁaﬁon of linear multi

-

equations, we give some attention to th
formulas for the integration of (1.1). T
defined by

[he corresponding scheme of the form (2.4) m
the weights according to (2.5). However, explicit k
1S not mecessary and, from a practical point of view, it
convenient to base the implementation of the algorith
(2.4).

2 However, one should bear in mind the possibility of “over-stability.”

L




F(y, f(y))

. (1.1) reduces to

Eqs' (3. 1) frcquenﬂy simplii
methods for (3.2). A condition for this phenomenon is gven o

3.1. In im we suppose that if K(x, y, f(¥))=F(y, f(»)), then (3.1)
may be reduced to the form




(3.5)

generated

with g[;o( x)= g( ,x) and such values provide com ponents for th
= b, 1( x) for (3.6).

larting vector ¢
K(x, », J(¥)=F(y, f(y)) then

: (X)
duces to (3. 3) h 1S not dlfhc ult to see that the inclusion of x as a

parameter in the equations

. )
Un(x)=g(x)+h 3 Q,,K(x,n;,¥(n)))
j=0
permits the reduction of these equations, pari passu, to (3.6). He
values f defined by (3.1) can be identified with values 1{7 (n,,) generated by
the components y, (x) of the vectors 4» (x) satlsfymg (3.6). Inform
result generalizes Theorem 2.1.




~-B, i1 (j=n—k+1,...,n+1), (3.10)

.6) follows from (3.9).

e, 1t fre gy enﬂy OCCUrs, 1D pm—CﬁC@a

9 » » L 9 L

k arc fix@d 1" atﬁce S, SO 1 hat fOl' s = k 9 k + 19 *e

ﬁn+ﬁmk€r<n+1

preceding analysrs In Sec. 3.1, Eq. (3.6) results from discretiz
th an appropriate method, and Eq. (1.7) results from 1m
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for th

Fvident the C are of emim's ~ main and 1)
Jpr1-; } unded real v d function def ned on EO X]. Th Ve,
the opcrator C, can be found by solving Cyp(x)=x(x) for a given

function x(x), i.e., by solving

agp(x)+ by h

+1(x)¢(nn+1)m7((x)' (4'3)



m amccs “of order A
: nd the operators C; by th

s N
'Jn+ 1 -—j('ni)af, i+s—{(n+1 “j)]i, SWO;

here, §;, denotes the K
locauon of the e genvames of




let R(¢) be the ma
r"j =P ( g ) ) ij wde bj

0;; denoles the .

. We first construct th

1 .9) the ei gen function e{x ), if we can find and the values e ( M)+ 1—j ) .

j=0,1,..., k. Consider the relations

k

L [ae(nrr—) by (M= )e(Mpar ) |
j=0

represent a li
components e( Nt | — ) A
coefficients has a zero-d
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(V)

ann n (4.8 4.8 ’) can
ich the elge nvalues of M vithin

possible to force all ei genmlues of M
i that p( §) cm‘respon ds to a zero-stable lin
zeros on the umt circle. H be proved
Houwen and Wolken that each eigenvalue of M
circle has U mdependent eigenvectors.
| h equation (4.8) is rather complicated, 1
certain cases, however, a simplification is possible. If we take ti -
equation employed by Baker and Keech [4], 1.e. K(x, y, f)= A f one
easily verifies that (4.8) reduces to

p($)+hAo({) =0,
the present analysis i1s consistent with

the ““classical

and, therefore,
approach.

If the linear multistep method 1 1s such
and b, =0 for j+i (cf. th

hat b, 7 0 f or some i (0<i<k)
differentiation

7S



nd J) (‘” (x) (0 / af ) K (x f n+1> ¥n + 1( Ent 1))

§n+ 1l'.“:""()(x):» cony e (x)]T

by
(g +l)8 i, i+j—s 'P_;mo
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(4.19)

rix of order

(4.20)

Where £n+l-—j“'n(n+lm_])(p+l)+: (1_0 1 -os P> j 0 E k) a'nd e(x) iS &
vector with ( p+ 1) components. A solqun of (4. 20) may be found if




d B, # are matrices of order (p+ 1)*(k+ H We

ks of order p+1 and treat each b

f:-l-I-k)?"':

- and 4.2 we derive
I n e f 1rsSt exan L ple concerns
g when applied
. For the

order to illustrate the applicatic I'h
. a ua tion f or a f ew examples.
formulas

In
the charactenstic e

one of the simples







Sf—-—l(f)“““"l‘-hsz"(f)a Sk(f)“""#hzo(f):
st_(&)=(A—ph)hie’'($)—ph*t0” (),
5. ($)=Aha($)—ph*¢a’($).

the char

itution into (4.25) yields acteristic equation

() p(§) +Aha(§) ]+ p2h%] 0()a’(8)
+a($)a”($)5 - (o'(§))*¢ ]} =o0. (4.26)

the family of ex-




(1 97’7)
m rm ulas for Vohen‘a integral equauo NS

JRefer to the notation of Eq. (4.14).
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