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Summary. An analysis is given of the convergence of Newton-like methods for

solving systems of nonlinear equations. Special attention is paid to the computational
aspects of this problem.

1. Introduction

A well-known 1terative method for solving a system of equations
F(x)=0, (1.1)

where F: DCIR”—IR” is some continuous function on some region D, is Newton’s
method, which can be defined by

Xpr1=@ (X) =2, —[J (%) |72F (x), (1.2)

where [ (x) denotes the jacobian matrix of partial derivatives of F. However,
usually [ (x) 1s not available, so that in practice an approximation to J(x) is used.
In fact, calculating on a computer with finite wordlength, J(x) cannot be obtained
exactly. We will therefore consider a class of methods, including Newton’s method
which we will call Newton-lrke methods. These methods are defined by

K1 = (%) =2, — My ' F (%), (1.3)
where M, 1s some approximation to [ (x,).
We mention the following examples:

1. The approximation to J(x) obtained by using forward difference formulas.
Define the (z, 7)-th element of a matrix B (x, #) by:

» | |

]77, [fi(x+kije?)mfi(x)]: 1f hijﬁ“ﬁ 0,

(B(x, h));;= g | (1.4)
***** 5 1i(%) if 4y, =0,

where h=(hyy, s, -, Hypy Pog, - oy 1) €ERY, F(x)=(f, (%), ..., [, (%)), and ¢’ de-
notes the 7-th unit vector in IR”. Then M, 1s obtained by

M =B (x, h). (1.5)

2. The approximation to [ (x) obtained by evaluating the analytic expressions
for the partial derivatives on a computer with finite wordlength.
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The analysis of Newton-like methods given in this paper 1s essentially based
on the Newton-Kantorovich Theorem (Kantorovich [5]) and 1ts extension given
by Ortega and Rheinboldt [6]. In our approach the dependence ot the asymptotic
order of convergence on the error in M, as an approximation to [ (x,) is clearly
expressed. This approach enables us to incorporate the influence ot rounding
errors in the computation and leads to conditions for convergence of a Newton-like
method when all computation is done in finite precision. Moreover, we introduce
a quantity, the solvability number, which can be used as a measure ot the degree
of difficulty of a problem when solving it with a Newton-like method on a com-
puter. To calculate this number one needs information about the first as well as
the second derivative of the problem function, which 1s not available for many
practical problems. Therefore, this quantity is of limited value for solving systems
of nonlinear equations. However, this notion may be extremely usetul for testing
programs implementing Newton-like methods. Test functions can be created such
that all information required for calculating the solvability number is available.
We can therefore create a representative set of test functions of various degrees
of difficulty (see Bus [1]).

2. Analysis of Newton-Like Methods

Let F be given as in Section 1 and let A (x) denote the tensor of partial deri-
vatives of F at x. Suppose x,€D is given and {x,}5~, is defined by (1.3). Moreover,
let z€D be a solution of the system of nonlinear equations defined by F. Then
the aim of this section is to derive sufficient conditions such that {x,};2, con-
verges to z. We assume that exact arithmetic is used. To simplify the notation
we omit, whenever possible, the subscripts denoting the iteration index, and we
denote the current 1terate by x and the new one by y (x).

Furthermore, except for some cases in which it is stated explicitly, we do not
specify the norms used in this paper. When |-|| is used, the reader may think of
any norm, provided it 1s used throughout and provided that the norm of L (L (IR™))
1s subordinate to the norm of L (IR"), which in turn is subordinate to the norm
of IR". Here L (A) denotes the linear space of linear operators from A4 to A4, for

some space 4, and a norm || | in L (4) is called subordinate to some given norm || |
in A it it 1s defined, for GeL (A) and x€ A, by

.
=y

The following definition appears to be useful (cf. Ortega and Rheinboldt [6]).

Definition 2.1. Let F be differentiable on D<D<CIR” and let, for some real
number » > 0 and integer m >0, an operator M be defined by

where DyCD and U”={y€eR"™| |x|=r}. Then M (x, 4) is called a strongly con-
sistent approximation to the jacobian matrix J(x) on D, if a constant ¢, called
the consistency factor, exists such that

x€Dy,  heUP=|] (x)—M (x, h)| <z |4, (2.2)
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An example of a strongly consistent approximation to the jacobian matrix

ot F 1s given by the forward difference approximation B (x, z) defined by (1.4).
The following result for B(x, #) can be proved.

Theorem 2.2, Assume that I 1s continuously differentiable on some open set
D D. Then for any compact set DyCD theve exists a p >0 such that B (x, h), given
by (1.4), is well defined for he UY and x€D,. Moreover, if

| J(x) =T )| =y|x—y

and some constant v >0, then B(x,h) 1S a strongly consistent approximation to
J (x) on D,.

Proof. See Ortega and Rheinboldt [6], Section 11.2.5.

We are now ready to define precisely the class of methods that we are going
to analyze.

. for all x,yeD (2.3)

Definition 2.3. We call a method as given by (1.3), for solving (1.1), a proper
Newton-like method 1f there exist an operator M, as given by (2.1), for some inte-
ger m and some real », and 4, € U™ (=0, 1, 2, ...), such that

M,=M(x, k), k=01,... (2.4)

and M (x, &) 1s a strongly consistent approximation to [ (x) on D,. We will denote
such a method by N (M).

To study the convergence behavior of proper Newton-like methods we compare
them with Newton’s method. Define, in a manner similar to (1.2) and (1.3),

¢ (x) =x—[] (%) ] F(x) (2.5)

v (%) =x— [M (%, k)]7F(x), (2.6)

and

where p (x) defines a proper Newton-like method. From now on we assume that
D <D is convex, z, x,€D, F is twice differentiable, and J(x) is nonsingular on D.
Then, using the mean value theorem we obtain the following expression for the
error in ¢ (x) as an approximation to the solution vector z:

| (%) —z|=|[J(%)](J (%) (x—2)—F(x)) | = S(x,2)|x — 2|, (2.7)
where
St =4(_swp_[HO) U (017 28
and |
Lz, x]={uwcR"|u=0x+(1—0)z, 0=0=1}. (2.9)

(2.7) expresses the well-known result that the asymptotic order of convergence
of Newton’s method i1s quadratic. Using the well-known perturbation lemma
(e.g. RALL [7], Section 10) we obtain for the difference between  (x) and ¢ (x):

¢ (2) —y (x) = ([J (%) |7 — [M (x,2) ] ) I (%)

r

— | I— X (I—[J ()] M(x,R)*| [] (x)]1F ().

Hence, if

|2 <1/2e|[ [T (x)I*]),

19 Numer. Math., Bd. 27
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where ¢ is the consistency factor of M, then

16 (x) =y ()| =C(x,2)|[J ()IE ()], (2.10)
where _
C(x,h) =2¢ || [ [T (%)]7]. (2.11)
Furthermore,
|[J(x)]F(x) | =]r—o (@) =[x—z[+]¢ (x) —=]. (2.12)

So, combining (2.7), (2.10) and (2.12) we obtain the following upper bound for
the error in o (x) as an approximation to z:

o (20) — 2| <y (%) — @ (%) | +[| D () =]

k g 2 (2.13)
<C(x,h)|x—z|+(1+C(x,h)S(x,2) | x — 2|2

Since C(x,h)=0(|%|), we can only expect that the asymptotic order of con-

vergence of a proper Newton-like method is quadratic if ||| =0 (||x—z]).
The above results are summarized in the following definition.

Definition 2.4. Let a nonlinear system be defined by (1.1) and let x,€D be an
approximation to the solution z of (1.1). Then we say that this problem 1s solvable
by a proper Newton-like method N (M) if the following conditions are satisfied:

a) J(x) and H(x) exist on D and J(x,) 1s nonsingular.
b) If C(x,4) is defined by (2.11), then 4, satisfies

C(xy, hy) <1 (2.14)
and
ro="C (%, 1) | @ (%0) — %o || + | @ (%) — 2| <[l%o—2]. (2.15)

c) Uy={yeR"| |y—z| =7,} <D and J(x) is nonsingular on Uj,.
d) If K is defined by

K= sup C(x,h,),
xcU,
k=1, 2, ...

then %, satisfies K < 1.
e)
o (F, 2, 2%, M)=K-+ (K-+1)Sr,<1, (2.16)
where
S=sup S(x,z2).

xc U,

It a) to d) are satisfied, then & (F, z, x4, M) is called the solvability number of
the Newton-like method N (M) for solving the nonlinear system F(x)=0 with x,

as 1nitial guess and z as solution. If a) to d) are not all satisfied, then the solvability
number 1s defined to be infinite.

The following theorem is now easily proved.

Theorem 2.5. If a nonlinear system defined by (1.1) with initial approximation x,
and solution z 1s solvable by a proper Newton-like method, then the sequence of poinis
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generated by this method converges to z. If, moreover, the method is such that ||h,¢ H ==
O(|x,—=z||) for R— oo, then the asymptotic order of convergence is quadratic.

Proof. Since (2.14) is satisfied we obtain from (2.10)

| (%) — 2] = | (29) — @ (%) | + ¢ (x0) — 2|
= é(xO:ho) “qb (%o) — %, “ + “‘?5 (%) ""'“"3”

Because of (2.15) we know that

|y (%0) — 2| < |%o—2].

Because of c¢), d) and e) we can use (2.13), so that with condition (2.16) the result
follows immediately.

Although in practice condition e) is a rather strong condition, it gives us a
clear insight into the behavior of a certain Newton-like method, provided one can
derive results about the consistency factor of the method. In fact & gives us a
possibility of measuring the degree of difficulty for solving the problem with the

method. Furthermore, condition d) shows that the larger sup |[[J(x)]™| is, the
x€ U,
smaller 4, should be chosen. Note that conditions c¢), d) and e), with U, replaced by

0 ={yeR*||y—z| < |, — 2]} <D,

together with the condition J(x) and H(x) exist on U, are sufficient to prove
convergence. However, the relevance of Definition 2.4 lies in its use for calculating
the solvability number of problems used for testing programs, and using con-
dition b) we may considerably reduce this solvability number. We expect the

given definition to be more realistic, which is illustrated by the examples given
1n Section 4.

3. The Etffect of Rounding Errors

In this section we consider the effect of round-off errors on the convergence
behavior of Newton-like methods. We use the tollowing notation:
g: the precision of computation used;
7..(+): the expression inside the parentheses calculated with the precision
of computation e.

If we wish to apply the theory given in Section 2 to a Newton-like method where
all computation 1s done in finite precision (such a method 1s called a numerical
Newton-like method 1n this section) we are immediately confronted with the prob-
lem that a numerical Newton-like method will, in general, not be a proper Newton-
like method. Even when we choose

My=171l.(J (%)),
which 1s the best we can do anyhow, we can, 1in general, only guarantee that

| My — J (%) | = 6| T (x8) || (3.1)

where 6 = ¢ is some value depending on ¢ and the way in which M, 1s calculated.
Therefore, the notion ‘‘strongly consistent approximation” (cf. Def. 2.1) 1s not
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a useful concept when dealing with numerical Newton-like methods. We give an
extension of the theory given in Section 2, which i1s applicable to numerical
Newton-like methods. First we introduce a more general concept for measuring
the consistency of M, as an approximation to /f(x,).

Definition 3.1. (see Def. 2.1). Let F be differentiable on D <D CIR” and let the
operator M be defined by (2.1) for some real number » > 0 and integral number
m == 0. Then M(x, h) is called a numerically consisient approximation to J(x) on
D, <D if there exist a constant ¢; and a function ¢, (e, #) which 1s continuous in &
for fixed 2 #=0 and ¢ 20, such that the following conditions are satistied:

| J (%) — 2. (M (%, h)) | = co (&, h) +co ||

,  forall xeD,, hcU™{0}, (3.2

lim ¢, (e,h)=0, for h==0. (3-3)
We call .
C(S,]’L)mco(&‘,h)‘{‘cl”h” (34)

the consistency function of M on D,.

As an example of a numerically consistent approximation we again consider

the forward difference approximation B (x,4), defined by (1.4). We prove the
following theorem.

Theorem 3.2. Assume that F 1s continuously diffeventrable on some open set
D cD. Then for any compact set DyCD therve exists a o >0 such that B (x,h), given
by (1.4), s well defined for he U} and x€D,. Moreover, if (2.3) is satisfied, then
B (x,h) is a numerically consistent approximation to J(x) on D.

Proof. We use the following relations (Wilkinson [8]; Dekker [3]):
fl(axb)—(a£d)| <(a|+]b])e, |Fl(alb)—(a/b)| =<|a/b]e.

We assume that for some 0=0(¢) =¢

|72 (Fs (%)) — 7 (%) | = | /. ()

where F(x)=(f, (%), ..., f,(x))". Now suppose %,,;==0. Then some simple algebra
shows that the error in the forward difference approximation to an element of
the jacobian matrix can be bounded by

5, VxeD, 1=1,2,...,n,

1B )) —
<| (BM)iy— 5 | +e|B (M) + T (@) |+ Falethge) ),

where we assumed that § <1, which seems reasonable. Hence, using the /;-norm,
we obtain

|F2.(B(%,h)— J (%) | = (1 +€) | B (%, h)—J (%) | +&| T (%) ]
3(n+1)0 sup (“F(_y) l)’

hmin ||y — 2i<|#]

h; ;| #=0).

where Ay,=min (| 2;,], ¢, =1, ..., n,
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From Theorem 2.2 and the fact that D, is compact and D open we know that
there exist a p > 0 and a ¢, such that

B (x,h)— J ()| 7,

,  for he Ué"a.

Choose
cole, B) =25~ % (sup (IF(9)])) +e sup (17(2)]), 3.5)
min x€D ¥ € D, b
c; = (14 ¢)¢;.
‘Then the theorem 1s proved, since
EZE;I(} & (e) | =0.

We are now ready to define whether we may expect a numerical Newton-like
method to behave like Newton’s method.

Definition 3.3. (see Def. 2.3). We call a numerical Newton-like method for
solving (1.1) a proper numerical Newlon-like method if there exist an operator M

as given by (2.1), for some integer m and real », and %4,€U”"\{0} (k=0, 1, 2, ...),
such that

M=fl,(M(x,hy))

and M (x,4) 1s a numerically consistent approximation to J(x) on D, Such a
method is denoted by N(M, e).

We give an analysis of proper numerical Newton-like methods which is an-

alogous to the analysis of a proper Newton-like method. Denote by 9(x) the
vector which exactly satisfies the equation

[le(M (%, 7)) ((x) —x) = F(x). (3-6)

With the same assumptions as 1n Section 2, we obtain (cf. (2.10)):

|¢ (%) =9 (%) | = C(x,2,8) [ [J (%) ] F (=) [, (3.7)

where 1t 1s assumed that

C(x,h,e)=2c(e,h)|[J(x)]2] <1 (3.8)
and c(g, /) 1s given by (3.4).
Let fI.(w(x)) be the numerical approximation to ¥ (x). Then
@ () =11, (/1. (7 () — %) +20), 3.9)

where f/, (9 (x) —x) denotes the numerical solution of the system (3.6), where £ (x)
is replaced by [/ (F(x)).

Now, suppose we want to solve with gaussian elimination, on a computer
with precision of arithmetic ¢, the linear system

Ax=>0,

where A is given exactly but b is not. Let the error in b be bounded by [5].
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Then the error in the numerical solution £ as an approximation to the exact
solution x* 1s bounded by

eg () | 60] ]
W72 e gy | — 2o HEE 3.10
[+ =7 )_ 1 —x (A) eg(n) ™ . (3-10)

where % (A4)=||A| |4| and g(n) is some function depending on the order =, the
norm used and the pivoting strategy used (Wilkinson [8]), and where i1t 1s as-
sumed that

x(A)eg(n) <1.

Using the perturbation lemma it is easily shown that x(f/, (M(x,%))) =3 (J(%)).
Applying these results to f/, (¢ (x) —x) we obtain

12, (3 (%) — %) — @ (%) — x)| S (x, &,n) [P (x) —x|, (3.11)
where
| £g (n)
o (%,8,m)=3x (/] (%)) TR W) eg () + 57_ (3.12)

and o satisfies

|11 (F (%)) —F(x) - (3.13)
We assumed that 3% (J(x)) eg (n) < 1. Combining (3.9) and (3.11) we obtain

| = 0| F (%)

1. (%) =B (%) | = e (| £ 2 @ (%) —) |+ %) + [ 72 @ (x) —%) — (@ (%) =) | (3.1
<elx[+p(x,&n) [P (x) =], |
where
B(x,e,n)=(1+¢)o(x,&n)Fe. (3.15)

Finally, combining (2.7), (3.7) and (3.14) we obtain for the error in f/ (y(x)) as
an approximation to solution z:

|72, (p () —z]| = [ /2. @ (%)) = (%) | + [ (x) — 2|

16
< x|+ (m e m |+ +B(x e [p(R) 2] OO
With
|9 (x) — 2| < B (x) — @ (%) |+ ¢ (x) — 2
we obtain as the final result:
|12 @ (%)) —z| =e|x|+ L(x,e,h,n) [x— 2| +Q(x, 6,2, m,2) [x— 2|2, (3.17)
where
L(x,e,h,n) =p(x,e,n)+(1+p0(x,e,n))C(x,h,¢&) (3.18)
and
O(x,e,hn,z2)=1+p(x,¢e,n)) (1+C(x,A4,¢8))S(x,=z). (3.19)

From the first term i1n the right-hand side of (3.17) we see that one cannot
expect to find a solution of a nonhinear system with a proper numerical Newton-
like method within a relative precision which 1s higher than the precision of com-

putation. Furthermore, whether there is convergence at all depends on the
quantities:
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S(x,z), the convergence factor of the exact Newton method;

C(x,h,¢), which 1s a measure for the error in f/ (M (x,4)) as a numerical ap-
proximation to f(x); this quantity depends on the method ;

g (x,e,7n), which reflects the condition number of the linear subproblem; the
condition number x(/(x)) should be small relative to 1/e.
In either case, L(x,&,A,7n)+Q(x,¢&,h,n,2)||x—z| has to be less than 1 in order
to be able to guarantee convergence.

We summarize these results in the following definition:

Definition 3.4 (see Del. 2.4). Let a nonlinear system be defined by (1.1) and
let xo€D be an approximation to the solution z of (1.1). Then we call this problem
solvable by a proper numerical Newton-like method N (M, ¢) if the following con-
ditions are satistied:

a) J(x) and H(x) exist on D and
#(J (%)) <1/(3 & g(n)),

where g (n) depends on the method used for solving the linear system (cf. (3.10)).
b) 4, satisfies C(x, ~y, €) <1, and if

Vo= 8“% ” T “Qb (%) ---z“ + [B (%0, &,7) + (1 + 8 (%4, &, 1)) C (x4, 119, €) ] “qb (2%60) — %,
then

.

7o < |%o— 2] -
c) Uy={yeR"||y—z|| =7} <D

and
sup x (J(x)) <1/(3 eg(n)).

x& U,

d) If K is defined by

K= sup C((x,Ah,,¢), then s, satisties K < 1.
xc U,
k=1,2,...

e) o (F,2,%0,M,8) =+ (1+p) K+ (14f) (1 +-K)Sr, <1,

where
S=sup S(x,2), p= sup fB(x,¢,n).
xec U, xcU,

If a) to d) are satistied, then o(F, z, x,, M, €) 1s called the solvability number
of the proper numerical Newton-like method IV(M, ¢) for solving the nonlinear
system F(x)=0 with x, as initial guess and z as solution. If a), b), c) or d) are
not satisfied, then the solvability number 1s defined to be infinite.

The following theorem 1s now easily proved.

Theorem 3.5 (see Theorem 2.5). If a system of nonlinear equations defined
by (1.1) with initial approximation x, and solution z 1s solvable by a propey numerical
Newton-ltke method N (M, g), then the sequence of poinis genervated by this method
converges to a point x* with |x* —z|| Zelx*|.

Proof. The proof is similar to the proof of Theorem 2.5.
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4. Some Examples

Consider the problem given by Gheri and Mancino [4]:

where

and

Elementary computation leads to the following inequalities for the elements [, .(x)
of the jacobian matrix and H; ;(x) of the hessian tensor:

Jii(%)=pn, []“(x)l <a-+1 for z3=7;
H;;p(x)=0 1=9 Or 7=F&,
| H ;i (%) = (04-1)2 ;=7 and J==%.

Use of Gershgorin’s Theorem for bounding the eigenvalues of a matrix leads to
[J(x)| < B2n2+ (2Bn+ (n—1) (1)) (@+1) (r—1)]},
[T ()] < [B2n2— (2Bn+ (n—2) (a+1)) (x+1) (n —1)] 7

Furthermore

(4.2)

|H (x)| = ]n—1 (@+1)2 (4.3)
Now let methods A and B be Newton-like methods with
Mi=fle(J(x), M =Ffl.(B(x, 0.0001)),

where B (x, 0.0001) is defined by (1.4) with A;,=/4=0.0001 (2, j=1, ..., n). The
precision of arithmetic 1s chosen to be

=107

and we assume that in both methods gaussian elimination with complete pivoting
is used (see Wilkinson [8]), so that

g(n) ~ 20n3.

We use (3.1) and (3.5) to obtain the consistency functions c¢* (¢, k) and c® (e, 1) of

methods A and B respectively, where ¢ in (3.1) is assumed to be 107!, which is
very reasonable.

We consider the problem for which

=5, f=14, y=3, n=10. (4.4)

Our goal 1s not to solve this problem (in fact we assume that it is already solved),

but we want to know whether 1t 1s solvable by the given methods 4 and B,
and what the values of the solvability numbers are.

Let z denote the solution and suppose x, is chosen such that

x4 =2 41, (4.5)



Convergence of Newton-ILike Methods 281

where x"*) denotes the i-th component of the vector x. Then computation of ||x;—z
| (x9) —2| and || (xg) —x4]| wWith a computer delivers approximately:

[vo—z]|=3.2, [ (%) —2]=0.023, |¢b(p) —2p]=3.1.

Using the above results it i1s easy to verify the conditions of Definition 3.4.
We obtain

)

re <0.023, 7§ <0.025,

and finally for the solvability numbers

0 (F,z, %0, M*, &) <1.24 X7, < 0.029,
o (F,z,%0, MP, &) <1.24 X7, < 0.031.

Theretfore, we may conclude that Problem 4.1 with «, £,  and % given by (4.4)

and the starting point given by (4.5) is an excellent test problem which should

be solved easily by each program implementing algorithm N(M“, 10™'%) or
N(M?, 107).

Note that i1t we had simplified Definition 3.4 such that U, was chosen to be

{yeR"||[|ly—z| =|xo—=z|} and condition b) deleted, then the solvability numbers
would have been 4.0 approximately and convergence would not have been proved.
Hence, the given Definition 1s preferable (see also the end of Section 2).
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