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MATHEMATICS

THE NORTH SEA PROBLEM. IT

INFLUENCE OF A STATIONARY WINDFIELD UPON A BAY
WITH A UNIFORM DEPTH

BY

H. A. LAUWERIER

(Communicated by Prof. J. F. Koksma at the meeting of January 30, 1960)

Last of symbols

x, Y Cartesian coordinates. The bay is determined by 0<zx<a,

U, v the components of the total stream:;

C the elevation of the water surface:

U,V the components of the surface stress due to the windfield;
Ugp, Ui, Ua the coefficients of a linear windfield for the U component;
Vo. V1, Ve the coefficients of a linear windfield for the V component;
0 the coefhicient of Coriolis;

/. a coefficient of friction;

h the depth;

g the constant of gravity:

c c=Vgh:

Vg the wvelocity of the wind at sealevel;

@(x, y) the streamfunction;

K the rotation of the windfield;

7 u=m"1arctg (£2/4).

1. Introduction

This paper is the second of a series of papers under the heading
“The North Sea Problem”. In this paper we shall study the equilibrium
situation which arises when a rectangular bay with a uniform depth is
subjected to a stationary windfield. We shall use the same notation as
in the previous paper. References to the latter paper will be indicated
by I followed by the section number or formula number. A short list of
symbols and a concise bibliography is given. Further literature 1s given in 1.

The mathematical model (cf. I 1) of the North Sea is a rectangle which
in Cartesian coordinates x,y is given by O<zx<a and 0<y<b. The




267

sides =0, x=a and y=0 represent coasts, the side y=050 represent
the open end at the ocean. The side y=0 corresponds rO}lgth to the
Dutch coast and the middle (3a, 0) roughly to the :p.OSItl‘OIl of Den
Helder. For simplicity the direction of the positive Y -axis will be called
the northern direction. However, the longitudinal axis of the North Sea
makes the slight deviation of about 24° with the geographic 'Nor.th.
In this paper we have restricted ourselves mainly to the determination
of the elevation at the “Dutch’” coast ¥y =0 and in particular to that of
the middle (3a, 0). The numerical data of the model are chosen accord%ng
to the physical situation of the North Sea. They are given in the following
section.

We shall consider in particular the influence of a “‘linear” windﬁeld'
of the type (5.1) to the elevation at the “Dutch” coast. The reader 1s
reminded of the fact that for this type of windfield not the velocity of
the wind but rather the surface stress is a linear function of the place.
The divergence and the rotation of the surface stress are constants. Some
results are also valid for non-linear windfields for which the rotation is
a constant. .

The elevation at the ““Dutch” coast due to the linear windfield (5.1)
1s given by table (6.1) and formula (6.7). In order to appreciate the
influence of the rotation of the Earth Q and the bottom friction 1 we
have calculated the elevation at ‘“Den Helder” (ia,0) which would
occur 1f either 2/A=0 or /i=oco. The results are given by the
formulae (6.8) and (6.9). The following conclusions can be drawn

1. For a uniform N-S wind the elevation at the “Dutch’ coast does
not depend on the rotation of the earth ().

2. For a uniform W-E wind the elevation at the “Dutch’ coast is rather
influenced by 0.

3. For the given model the most unfavourable direction of a uniform
wind as regards the elevation at the “Dutch’ coast is about 12° NN'W.

4. The influence of 2 upon the contributions of the divergence terms
Uy and Vs to the elevation at the “Dutch’ coast is rather small.

5. The influence of ©Q upon the contributions of the rotation terms
Us: and V) to the elevation at the “Duteh’ coast is very large.

These conclusions must be considered with some reservation since they
relate to the mathematical model rather than to the North Sea proper.

It is expected that, at least for some windfields, the sloping bottom of

the North Sea (ef. I 1) has a strong influence upon the elevation of the

sea surface. In the following paper a model will be discussed for which
the depth is an exponential function of y only. The latter model
Is a much better representation of the North Sea,
mathematical treatment which is very similar to t

which
basin permits a
hat of the present model.
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The problem of the equilibrium state has been considered by a number
of writers. SCHALKWIJK [1] considers a rectangular bay with a uniform
depth bordering on an ocean with the same depth. His results with respect
to the “Dutch” coast are confirmed by VeLTkAMP [1] who gave an exact
treatment by using functiontheoretical methods. The latter author also
considers [2] the case of a rectangular bay with a uniform depth bordering
on an ocean with a much greater depth. For a linear windfield he gives
explicit results which are almost identical with ours. We also mention
a study of WeENINK [1] who considers Schalkwijk’s model with a
uniform northern windfield which is absent in the eastern half of the bay.

A summary of Veltkamp’s work is also given in VAN DANTzIG’S CONGTress
paper [1].

2. The mathematical problem

The stationary state of the rectangular bay O<ax<a, 0<y<b is
governed by the equations

Qe

Sﬂum[)v—{—cz-?—-g = U

(2.1) :

? Zv—}—!?u—}—czgg =V
and
(2.2) ML vy,

o 0y

with the boundary conditions

gumO at x=0 and z=a
cv=20 at y=0

(2.3)
( =0 at y=2>.

These equations can be obtained from (I 2.6) and I2.7) by omitting
the terms with the time derivative.

In this model of the North Sea we take the following approximate
numerical data

a=400 km 2= 044 h—1
b=800 km A= 0.09 h-1
h= 65 m c= 91 km/h.

The relation between the absolute value of the frictional force of the
wind (U, V) and the velocity of the wind at sealevel 1s according to

(I 2.3) given by
(2.4) VU2 4+ V2 = 3-0x 106 v,

Some simplification is obtained if z and y are measured in units of a/x.
This is equivalent to putting formally a=n. The calculations will be

performed with A=£/5.
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3. Method of solution
The rotation of the windfield R is defined by

gerdV 2V
(3.1) =% " 3
If R=0 and if U(zx, b)=0 it can be shown quite easily that in the
stationary state there is no stream. For in that case the solution of

(2.1), (2.2) and (2.3) is simply given by
b

(3.2) u=v=0, c2l(x, y)= — [V (x, n) dn.
v

Otherwise, however, there exists a stream and we may introduce a
non-vanishing streamfunction @(x, y) by means of

-z’
At the coastline x=0, r=n and y=0 we may take ¢=0 since the coast

1s a streamline.
From (2.1) we obtain by elimination of { and by using (3.3)

(3.4) Ap=R.

To this partial differential equation we may add
a. the coast condition

(3.5) =0 at x=0,rx=m, y=0;
b. the ocean condition
P\ )
(3.6) s;’-j“gma*%“"ff at y = b,
with
def 1 P,
(3.7) M:f—: .’E a;rc'bg "'z'.

The solution of this problem will be written in the form

(3.8) P(, ¥) = @o(, ¥) + p1(z, ¥),

where g is a particular solution of (3.4) satisfying the boundary conditions
at =0 and ==, but not necessarily those at y=0 and y=5s.
Therefore ¢, satisfies the Laplace equation

(3.9) Ap =0,

and the boundary conditions

(3.10) p1=0 at z=0 and z=r.

The elementary solutions of (3.9) and (3.10) are of the form

(3.11) . Sin nx e£ny

for n=1, 2, 3, ...



Hence we may put

(3.12) @1(%,y) = D cpsinnxe v — 3 d,sin nxe-n®-w),
n =1 N=a]
A particular solution ¢o of (3.4) can be found without much difficulty.

In this paper we shall consider only the case of a constant rotation.
If £ is a constant a suitable particular solution is given by

(3.13) P = w‘%R.’L‘(&Tm:D)

If, however, R is a given function of x and y a particular solution ¢o
can be found by solving the following problem of Green

(3.14:) AG(.’IE, Y, X, yo) = 5(:1:-—-—:30)5(?/“:{/0),
(3.15) G=0 tor =0 and x=m.

This can be solved in various ways. However, the discussion of this
problem will be omitted here.

We shall next direct our attention to the conditions at y=0 and y=25

which eventually will lead to the determination of the coefficients ¢, and
dn. From (3.8), (3.12) and (3.13) it follows that

(3.16) @(x,y) = —3Rx(x—2x)+ D casinnxe ™ — > dysin nxe nd-),

N =] n=1
In the following discussion it will always be assumed that & 1s so large
that the boundary conditions at y=0 and y=056 do not interact. The
coefficients ¢, and d, are roughly of the same order. However, the
exponential factors exp —nb are very small. In the numerical application
with the North Sea data we have the dimensionless value b=2n. We

note that exp—27=0.002, so that this value of 6 can be considered
indeed as large.

The coast condition at y=0 gives

(3.17) S cpsin nx = $Rr(n—x) + > 7" dy sin na.

n=1] o= ]

The contribution of the series on the right-hand side can be neglected
in the numerical application with b= 2.
We shall write symbolically

(3.18) § cn sin nx = $Rx(w —x) + O (e7?).

n=1

Then, neglecting the order term, we obtain from (3.18)

Cpn = 0 for even mn,
(3.19) Cn = il for odd n.

s
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The ocean condition at y=05 gives with a similar order term

(3.20) > ndy sin (nx + un) =cos ux U(x, b) —sin unw B(3n—x)+4 O(e™?).

noe=1
Expansions of this kind have been studied in LAUWERIER [2]. A survey
of the properties of this special kind of trigonometrical expansion will
be given in the following section.
Here only the following asymptotic expression will be mentioned

1
nat+2u

(3.21) dn= "2 "Dy

ne—2u

D" 4O (n—4t2H),

We shall consider in particular the elevation of the sea at the coast
y=0 1n view of 1ts importance for the North Sea problem. From the
first equation of (2.1) it follows for y =0

. 5 0 og

29 296 _ o7
(3.22) c? == Uz, 0) -+ 5y
so that by integration an expression for the relative elevation at z =0
can be obtained

e &Lr

(3:23)  {L(@0)-1(0,0)} = [ U 0)ds+ [ %ma 0)dé.

O 0

Substitution of (3.16) with (3.18) gives

7,3

(3:24)  {L(2,00~£(0,0)} = [U(50)de— 23, 1200818 | (3

where >, denotes a summation over odd indices. From the second
equation of (2.1) it follows for z=0 that

o oC v )

50 that by integration an expression for the absolute elevation at (0, 0)
can be obtained

b
. B iR 1 O
(3.26)  ¢2£(0,0) = — f V(0,7) dn—3mbR+ == 3y — — 21 dn+ O(e=b).
0 "=
From (3.24) and (3.26) it follows that

Sa%(x, 0) = [ U (£,0) a8~ [ 7(0,7)dn+

(3.27) - .
/ +Blelr)~3ab}— S du+t O(e)
=1 -
where
3.98 def 4 COS nx
(3.28) C(x)mn21 ot
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A few values of the function c(x) are given in the following table

TABLE 3.1

© = mnfl2 c(x)
0 1.339
1 1.262
2 1.091
3 0.863
4 0.595
5 0.303
6 0

4. The ocean condition

The ocean condition (3.20) is of the form

(4.1) f(@)= D by sin (nx+ un), O<x<m,

n =]

where f(x) 1s a given function. We shall assume that u is real and that
in particular 0<u < 1.

An important special case of (4.1) can be obtained in the following
way. We start from the power series

(4.2) (it:)ﬁ == E en(f) st lsl<1

n =)

where § 1s an arbitrary constant. The first few coefficients are

S

i

(4.3) eo= 1 ey =2f eo = 202 ...
and we note that

(4.4) en(—f)=(—1)" en(p).

If in (4.2) the substitution s=expixr and f= —2u is made we find by
separating the real and the 1maginary part

(4.5) cos um(tg 3x)24= > en(—2u) cos nx,
N =

and

(4.6) ' sin un(tg $x)?#= — > en(—2u) sin na.
n=1

From these two expansions it follows that

o0
(4.7) > en(—2u) sin (nx + um) =0,
n=0
or
m -
(4.8) sin um= — > ea(—2u) sin (nx + umn),
n=1]

which covers the case of f(x) = 1.
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From (4.5) and (4.6) it follows that

S 37 en( — 2p) = cos Mﬂof (tg 32)%# cos 1t di =

(4.9) . =
( = —sin uzn | (tg 3£)2# sin nt dt.
0
so that
(4.10) [ (tg 3t)2* cos (nt— um)di=0
0

for n=1, 2,3, ...
If now u is changed into 3 —u we obtain the important result

(4.11) [ (tg 18124 sin (nf + um)df = 0
0

for n=1, 2,3, ...

This means that the set sin (nx+ux), n=1, 2, 3, ... 1s not complete
—in a certain sense — but that all elements of the set are orthogonal to
the function (tg 3x)1-2#. Now the following results will be quoted from
LAUWERIER [2].

For 0<u<3i the expansion (4.1) is always possible and unique. The
asymptotic behaviour of the coefficients is of the subharmonic order
n—1+24 In general the convergence is not uniform in (0, 1).

However, if

(4.12) [ (b $t)1-2¢4 (£)dt =0,

the asymptotic behaviour of the coefficients is of the hyperharmonic
order n—1-2#, Then the convergence 1s absolute and uniform in (0, 1).

For O0<f<1 the asymptotic behaviour of the coefficients e,(8) is
given by

28 (= Hn-12-4
(4.13) enlP) = TEmi=F T T—BniiF

+O(n—3tF),

For the coefficients b, of (4.1) the following asymptotic expression can
be derived

g 4

(4.14)  bp= — =20 [ (tgdoy—2 fy de+

"/
0

Bl
nl +2,u

+ O(n~3+2u):

where B’ 1s a constant.

In this paper the coefficients of the expansion of a linear function

only need be known. Let the coefficients ¢, be determined by the
expansion

(4.15) S gn sin (n@+ um) = (hr— ) sin u.

=]

The non-uniformly convergent series on the left-hand side of (4.15) can
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be converted into an absolutely uniformly convergent series by writing

(4.16) 21 {gn+go en( — 2u)} sin (nx + ux) = (3t —x —go) sin u,
7} ==
where
def SIN U7T —9
(4.17) Jo = - f (tgdt) =+ (Ia~—1t)dt.

0

The new series can be differentiated term by term. This gives

o0

(4.18) > ni{gn+ goen(—2u)} cos (nx + uz) = —sin ur.

n =]
If this 1s compared with (4.8) it follows at once that

en(l — 2u)
n )

(4.19) On = —goen(—2u)+tgumn

Hence the coefficients g, can be calculated numerically with the single
quadrature (4.17).

5. A hinear windfield

We shall consider in particular a windfield the surface stresses of
which are a linear function of x and y. We shall take

SUW-—" Uo—l—Ul(l--%;) -}-Uz(lﬂ-— %)
(5.1) g y
(Vm Vo—l-V]_(lm—;)-{-Vz( .......B..)

This windfield has the constant rotation
1,, 2
(5‘2) ngUz--;;V]_.

The influence of the terms Vo and Vs follows already from (3.2). The
expression for the absolute elevation (3.27) becomes

S c2l(z, 0)=aUp+ (x —22/m) U1+ (x— 3n) Uz —bVo— 36V +
8 + Re(x) — Qi dn+O(e~?),

7w 1

(5.3)

where the coefficients d, are determined by the ocean condition (3.20)
which here explicitly reads

§ ndysin (nx + umx) = cos uw Up +
(5.4) | 2
+ (5 U1 cotg puom— R) (47t — x) sin puzr + O (e ?).

It follows from (4.8) and (4.15) that

(5.5) dn = — 22220 [ (% Uy~ R)Z +0(e?).
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In view of (5.3) we need only the sum of the series > d,. This involves
the computation of

(5.6) Z n~1ley(—2u) and z nL Gn.
nw=l n=l

For the first sum a simple analytic expression can be derived

(5.7) S n=t en(— 2u) = p(3)— p(3+ 1)
where
(5.8) (%) = I''(2) /T ().

For the second sum we may write in view of (4.19)

(5.9) 2 0 lgn=—go > nlen(—2u)+tgum > n2en(l—2u).
n==1

7 == ] m=1

The second sum on the right-hand side must be evaluated numerically.

6. Numerical calculations
We shall write

(6.1) Em “""COtg MHITT Z nmlen(‘“‘ 2/,6),
n=1

and

(6.2) G =cotg um > n-lg,.
n=]

For 2/A=5 it follows from (4.17) by numerical Integration and from
(6.7) and (5.9) that

ggom —0.169
(6.3) T H= 0.256
( G= 0.232.

From (5.3) and (5.5) we obtain for the absolute elevation at y=0
explicitly

!

Scz;(x, 0) = (x—EB) Uo+ 2 { }a(n—a)— G} Uy +

(6.4) - + -51-{0(93)+Gtgun+b(xm%-n)} Us +
( — bVo— ;{c(x)-lr-G tg M:TE} Vl—-%b V.

It may be of interest to give also the corresponding expressions in the
extreme cases 2/1=0 and Q/1=oo.

a. Q/1=0.
This means that 4 — 0. It can easily be derived that then

E — iz and @ “‘"‘“1}5”2-
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Hence (6.4) gives

1
¢ (@,0)=(2—4m) Uo+ - {(z—4a)2 + 522} U +

(6.5) + 2 {e(2) + b(x—}7)} U+
— bVo— 2 ¢(z)Vi—3bV.

b. /A= oco.

This rheans that x — 4. In this case we have

B — 0 and G tg uz — ¢(0).
Hence (6.4) gives

(6.6) ( c?@(x,0)=xUp+ -;l;iv(:ft"- z) Uy + %{c(w)mc(n) +b(x—3m)} Us +
( —bVo— 2 {o(x)— o)} Vi —}b P

In the following table the values of ¢2i(x, 0) for x=0(ix)x are given
according to (6.4) for each component U;, V;(j=1, 2, 3).

TABLE 6.1

8/ Uo v. Uz Vo = V1 Ve
0 —0.26 —0.15 117 | —2= —1.59 | —n
1 0.13 019 | —080 | —2x | -—149 | —=x
2 0.52 0.44 =~ —046 |  —27 | —L29 =
3 0.92 0.59 | —0.13 | —2x | —103 | -~
4 1.31 0.63 | 019 . —2x | —0.74 | —=
5 1.70 0.59 051 | —21x | —045 | —n
6 2.10 0.44 0.84 | —2x | —0.19 _x
7 2.49 0.19 1.18 ; 27 0.02 = —nx
8 2.88 | —0.15 1.56 | —2x 0.05 | —n

In order to appreciate the influence of the parameter (2/4 the value
of c2t(x, 0) at x=2%n will be given in the three cases £/A=15, 0, co.

(6.7) g .Q/ﬂ. = GZC(%S’Z, 0)= 1.3l Ug+0.63U1-+0.19U 2+
( —6.28Vo—0.74V1—3.14 Vs,
6.9 g .Q/Zwo 625(%ﬁ,0)m 0.26U1 +
(6.8) ( —6.28 Vg —3.14V
g Q)A=o00 c2l (3w, 0) = 1.57U¢+0.78U1+0.21U2 -+
(6.9) ? —6.28Vy—0.85V1—3.14 Vs,

These results demonstrate the importance of the Coriolis effect. Since
the results (6.7) and (6.9) do not diftfer very much it can be expected
that the elevation at y =0 is not very sensitive to small variations of the
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of the coefticient <
I He assumes that the ocean has a finite depth which 1s

large with respect to that of the bay, and he takes the slightly larger value

His result. when translated in our notation, 1s

JJJJJ

which is in extremely good agreement with our result (6.7).

The results obtained above can be used to calculate ¢ in meters for a
given field of wind-velocities. It will be sufficient to consider the expression
é 6.7) only. If again z is measured in Kkilometers the left-hand side of
(6.7) must be replaced by ma-1c2[(}a, 0). The numerical value of the
factor a-1c2 is 5.0 ¥ 10-3 m/sec2. The relation between the absolute value
of the windstress and the velocity of the wind at sealevel is given by

(2.4). If by way of illustration
(6.11) U=0 and V=V,

and if there is a northern wind of 30 m/sec then it follows from (2.4)
that Vo= —2.7x 1074,
The expression (6.7) gives

(6.12) 5.0 X 10-3(da, 0)= —6.28V,
so that finally
(6.13) C(3a, 0)=3.40 m.

As another application of (6.7) we shall determine the most unfavourable
direction for a uniform wind.
Let us take

g U=Up= wsind

(6:14) 2 V= Vo= —w cos 0,

where w measures the absolute velocity of the wind which is constant
and where J represents the deviation with respect to the longitudinal
axis. Formula (6.7) gives

(6.15) ¢2{(3m, 0)=1.31 sin 0+ 6.28 cos 0.

The right-hand side has the maximum 6.38 for d=12" approximately.
For the North Sea this would mean that a Northwestern wind of about
36° to the North is the most unfavourable one. Further applications
of the above-given results are left to the reader.
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