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MATHEMATICS

A NOTE ON THE PROBLEM OF THE SLOPING BEACH 1)

BY

H. A. LAUWERIER

(Communicated by Prof. D. vaNn DanTzig at the meeting of February 28, 1959)

§ 1. Introduction

The problem of the nature of the progressing waves over a uniformly
sloping beach 1s amply discussed in the well-known book of Stoker on
water waves (STOKER, 1957). The problem has been considered first by
MicHE (1944) who treated the case of two-dimensional waves over beaches
sloping at the angles 7z/2n with n an integer. For slope angles which are
rational multiples of a right angle of the special form pnz/2n with p any
odd integer smaller than 2n the problem has been treated independently
by Lewy (1946). The problem has been treated since by a number of
writers culminating in the work of PeETERS (1952) and RoseAUu (1952)
who solved the general case of threedimensional waves over beaches
sloping at an arbitrary angle. For fuller technical and bibliographical
information the reader is referred to the relevant chapter in Stoker’s
book.

In this paper the general problem is solved anew by making use of a
method devised by VAN Dantzic (1958) in dealing with a similar type
of problem. In this way the solutions are obtained in a new form which
makes them perhaps more amenable to a further treatment.

The method rests in principle on the possibility of representing the
solution by a Fourier integral (4.1). The boundary conditions induce a
functional equation (4.7) which can be solved explicitly. There are two
solutions leading to two types of progressing waves which are out ot
phase at infinity.

The solution of the general problem is preceded by a discussion of the
special case of the reflection of three-dimensional waves against a vertical
cliff. In this case the solution can be found in a very simple way.

§ 2. The problem

Let the beach be represented in cylindrical coordinates (r, @, z) by
r>0,0<g@p<f<m, —co<z<oo where ¢=0 at the bottom and ¢=0 at
the undisturbed surface of the sea. The line r =0, —oco <z <oo represents
the shore. Sometimes also Cartesian coordinates will be used with

AN sganam i

1)  Report TW 59 of the Mathematical Centre, Amsterdam.
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¢ is sought in the form

2, 9),
ants with k> 0, so that f(r, ¢) satisfies the Helmholtz

(Ar.w T k%) f = (),

and the boundary conditions

(2.6) 4 -0 for p = 0,

o
1 of

(2.7) - 50 mf =0 for @ =0,

where m =o?/g.
Further at infinity ¢ should behave like a progressive wave. A
progressive wave ¢ satisfying 2.1 and 2.3 can be represented by

(2.8) do = e +¥ exp [thr sh {& +1(0 — @)}],

where ch x =m/k.

We shall assume that m > k so that the existence of a proper progressive
wave 18 secured. We note that then « is real, we shall suppose x>0, so
that at the surface ¢ =0 the velocity potential is oscillatory at infinity.
The crests of the waves are at the angle f to the shore line which 1s
determined by tg f=k/Vm2—k2.

Without loss of generality we may take k= 1. This is equivalent to
taking k! as the unit of length. The problem can now be reformulated
as follows.

To find a solution of the Helmholtz equation

(2.9) (45— 1)f=0

satisfying

RY of B
(2.10) SE? = (0 for @ = 0,
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and

1 9f B .
(211) ;ng—fchcxmo for (P"‘""B,

and for which at the surface

f=exp (¢r sh )+ 0(1) for r — co. ‘ 219

There are two solutions satisfying 2.9, 2.10 and 2.11 which are ‘““out of
phase’ at infinity. A suitable linear combination of them will lead to a
solution having the form of an arbitrary progressive wave at infinity.
These two solutions are of the Jo and the Y, type at the surface, i.e.

one of them has a logarithmic singularity at »=0 whereas the other is
regular at r=0.

§ 3. A wvertical cliff

If 6==n/2 the problem becomes physically that of the reflection of

progressing waves against a vertical cliff. In Cartesian coordinates the
problem can be formulated as follows.

To find a function f(z, y) satisfying for x>0, y>0 the Helmholtz
equation

TR
(3.1) (3-534—@-5-—1)]‘%0

with the boundary conditions

of _
(3.2) S-;--O for y = 0,
and
(3.3) %f;-{—fchocmo tfor x = 0.

It is clear that

oo

(3.4:) J' e—mchw+iyshw,w(w) dw’

— OQ

where w(w) is an arbitrary function may represent a solution of 3.1.
The boundary conditions 3.2 and 3.3 require that

[ e=zcehw gh wy(w)dw = 0,

and

[ ewst¥ (ch w—ch &) p(w)dw = 0.

If x is complex and if either 0 <Im x <z or —<Im « <0 these conditions
are solved by

)__ chw
p(w) = chw—chu«’



Hence we obtain the solution

o0

_ 1 —zchwtiyshw__ CDW
(3.5) [z, 9) = o ) © chw—cha dw.

- OO0

If Im &« — 0 we obtain from 3.5 by taking either Im x>0 or Im x <0

OC

1 - ¢ch iy sh chw L —xch « ,
(3.6) f(a:,y) m%ie zCh WS wmdw - cth o e™% COS (ySh OC),

- 00

where the integral is a Cauchy integral with respect to w= 4-o. In this
way two independent solutions of the problem are obtained. By taking
sum and difference we get the standard solutions

(3.7) fi(z,y) = e~*2* cos (¥ sh «),
and
m . sh 4
(3.8) fa(z,y) = § o= e mdutisin 20— g

In view of

(3'9) % }O e-—-a:chw+i'ushw dw — Ko(?")

OO

we may deduce from 3.8 that
3.10 fo(x,y) = Ko(r)+0(1) for r—0,

which shows that the second solution has a logarithmic singularity at » = 0.
The behaviour of fs(z, v) at infinity follows from 3.8 if the righthand
side is replaced by

o0 - 1¢

1 — g2 ch w+iy sh chw _ | .

3 f =B RWTWRY ————dw+ 3{Res (w = — &) + Res (w = «)}
-— OO0 -41ic

where ¢ 18 real and O<c<n. If x=0 and y — oo the integral vanishes

exponentially whereas the half sum of the residues gives an oscillatory
contribution. Explicitly

12(0, y) = —meth o sin (y sh «)+0(1) for y — oo. 3.11

From 3.8 an expression will now be derived which is given in Stoker’s
book. We note that

0

(3.12) fo(x,y) = e~ =R [ euched Ko(Vu2-192).
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8 4. The general case

We shall now consider the general case 2.9, 2.10 and 2.11. According
to Van Dantzig (l.c. theorem 1) the Helmholtz equation 2.9 has the
general solution

(4.1) Hr,p) = f e~ W {LF1(w + 1) + Fa( — w+19)} dw,

where F; and F; are holomorphic functions of their arguments in the
strip determined by 0< g <0.
The boundary condition 2.10 gives

(4.2) j e~ 82w ch w{F1(w) — Fa( —w)}dw = 0.
The boundary condition 2.11 gives

(4.3) [ e~ {(ch w+ch &) F1(w+¢0) — (ch w — ch &) Fao( —w+16)} dw = 0.

Sufficient conditions for 4.2 and 4.3 are

4.4 Fo( —w) = Fi(w),

and

4.5 (ch w—ch «)Fo( —w+10)=(ch w4+ ch «)Fi(w +10).
If we put

4.6 Fi(w)=H(w) , Fas(w)=H(—w)

then H(w) satisfies the functional equation

(4.7) H(w+10) chw-—chux
) H(w—40) chw-4cha’

It will be shown in the following section that for real « there are two
independent solutions H; and Hs; which are free from zeros and poles
in the strip — 6 <Im w <6 and which are bounded at infinity. In particular

(lim Hi(w)=sgn (Re w) for |Re w| — oo

%8 { lim Ha(w)=1 for |Re w| — co.

We have the following explicit result

2% sh v(w — 37e) _
(4.9) Hy(w) = (chrwtchvx)t Ho(w)
2% ch dv(w — $12)
(4.10) Hz(’w) (chvw +chvx)? Ho(w w)s
with v=x/6, and
r t ot th 37t
(4.11) Ho(w) = exp Sm;w o YT i dt,

0
valid for |Im w|<8.
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vith two different independent linear combinations.

~the special case 6 ={xr we obtain

i
[
?

g : h
(4.14) Hy(w) = —2% _ Hy(w) = —R%®__

" shw+i3cha’

By substitution of these results in 4.12 the formulae 3.7 and 3.8 of the
previous section can easily be derived.

§ 6. NSolution of the functional equation

We shall assume that H'(w)/H(w) can be represented in the following
way as a Fourier transform

(5.1) H'(w)|H(w) = | e=%tp(t) dt.

— OO0

Logarithmic differentiation of the functional equation 4.7 gives

_ H' . {’ . d ch w ~ch « 2ch ashw
’5‘2 el O £ ' , —" N—— j o ———— TS, i, . HR Mt s earemerent s
( ) H (w-i-%ﬁ) H (u %@) dw In ch w -+ ch « ch?w —ch?«’

Substitution of 5.1 gives

00

ch®w -—-ch?a°

00

In order to avoid difficulties at w = + « we shall assume that « is complex,
Until further notice we shall consider the cage —n<Im x<0. Then
mversion of 5.3 gives

oG

| 1 . chashaw
5.4 At — & f feot
(5-4) sh Gy (t) ox ) © ch?w —ch? dw.
— OO

From the calculus of residues it easily follows that

5 5 PP sin (o« + dme) e
(9.5) sh 0fy(t) S chia
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We note that w(f) is an even function of ¢ so that 5.1 becomes a cosine
transtform. Substitution of 5.5 gives

, B 1 sin (o« +472)¢
(5.6) H'(w)/H(w) = f cos wt > di.

0

If we define H(0)=1 integration of 5.6 gives

(5.7) H(w) = exp f Su;wtw dt.
0

This expression converges if |Im w|<6—Im «.
It the expression 5.4 is substituted straight away into 5.1 we obtain

o0 o0
1 d chu —ch «x sin 2t
w)/H(w) = - j"‘;,; f Ei-a lnm d‘ZLf COS wit T dt
0
Since 1)
o0
S1n 24t v sh ru
(5.8) f cOS wi sh 6t dt = 2 chvyw+chvu
0 .
where v=m/0 and |Im w| <9,
this expression reduces to
00
, - 1 sh ru chu—chux _
H (w)/H(w) o 261 f ch vw +ch vy d In ch « 4+ ch x
0
o0
- __LJ‘ chu—cha d { sh vw Ju
9 chu—}—chcx dw | ch vu +chyw
. " 0
so that o
‘ P ht—ch h
1 chit—cha sh yw
(5.9) H(w) = exXp 207 f (cht—l—ch cx) ch vt +ch rw at,
_ _ :

convergent for |Im w|<6.
From 5.7 it follows that for Re w — + oo the asymptotic behavmur of

H(w) is
lim H(w) = exp =+ 5 (x+4m3).

From 5.9 we may derive a result which says a little more
(5.10) H(w) = exp + = (ac—{—%m)—}-o exp — |Rew|).

The analytic continuation of H(w) can be found by expansion of H(w)
in an infinite product as Van Dantzig has demonstrated for his

1) E=rpDELYI el al. Integral transforms I, formula 1.9.53.
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% -functions (l.c. Appendix). In fact H(w) can be easily expressed in these

functions. |
We shall use the following Laplace transform

o0 2
J’ o~ 1m_,(3;:08at At = %]n (1 4 ;E)

O

(5.11)

From 5.7 we can derive

. r P (1 —cosw,t) — (1 —cos w,i)  1\n -8t
(5.12)  H(w) = exp 2f S2 %( 1)* e=5t dg,
0

where '
w]_ == W + X + ‘%’7{’?’5

wzmw"ﬂa’rm%ﬂ’i,
S =2m+ 1)+ (2n+ 1)3x,

and where m and » run through the non-negative integers. Application
of 5.11 gives the formal expansion

_ y
. oy = o ) ()

7,(1+9) 1,(1-+2)

where in I1; n is even and in /I3 n is odd. This expansion can be made
convergent in the usual way by introduction of suitable exponential
factors. The factor ( is a constant which can be determined by the
condition H(0)=1. It follows that H(w) is meromorphic with simple
poles and zeros. The poles are

w=—ux+1(—3x+8) for odd =»
w= x+1(37+S) for even n.

The “nearest” pole and zero are a pole at w= —i60 -+« and a zero at
w =10 — «.

In the preceding discussion we took —z<Im x<0. If, however, we
consider the case 0 <Im x <z the only difference is that in formula 5.7
x must be replaced by —«. The same remark applies to 5.10 and 5.183.

We shall now take x real. If we define

H¥(w)=lim H(w) for Ima«a — —O0,
and

H~(w)=lim H(w) for Ima -—> +0

then both H*(w) and H-(w) are solutions of the original functional
equation. We have from 5.7

(5.14) H*(w) = exp J‘ Sll'.;'lﬂt 811;}(1§ti;—f;z)tdt=
0

valid for |Im w|«<#.
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It follows from 5.14 that H=*(w) can be written in the form

5.15 H (1) = (G(w))**Ho(w).
It is clear that

oo

(5.16) Ho(w) = exp i f S“:”‘*W dt.

0

For G(w) we find

G(w) = exp J‘ sin wi 881;11;: dt.

By integration of 5.8 it easily follows that

(5.17) ' G(w) = {f_f.?i..’:f‘_’_:*;i}*

evw + eve

We might also start from 5.9. If we consider H*(w) the argument of
ch?t—ch o« is to be taken as . Then we find

cht—chao

sh vw
cht+chx at

X o0
h v 1
H=E () = h f __Spvw __,___,_f __shyw
(w) = exp + 5 | dt - exp P3 SRy Tohvw 1t.
0

ch vt +chvw

This result gives the same expression 5.17 for G(w), but for Ho(w) a
different expression is obtained.

chit—chx
cht+chox

sh rw

ch vt -+ chyw dt.

(5.18) Ho(w) = exp --%-f
0

The functions H+(w) and H—(w) are independent solutions of the
functional equation 4.7. They may be replaced by any other linearly

independent pair. We shall take linear combinations H;(w) and Hg(w)
which have the property that

Hi(w)=sgn (Re w)+ 0 (exp —|Re w|)
°-19 3 Ha(w) = 1 + 0 (exp —|Re w|)

as Re w — + oco.
A simple calculation shows that

( (ch vw + ch v)tHy(w) = 2% sh $v(w — dmi) Ho(w)

> { (ch v + ch vor)t Hp(w) = 2% ch 3v(w — jovi) Ho(w)
and that
5 921 S sh vaH1(w) =ch iv(x — ) H+(w) —ch $v(x + 3 ) H —(w),

2 sh v Ha(w) =sh 3v(x — 3m)H+(w) + sh $v(x + 7)) H —(w).
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§ 6. The surface waves
At the surface of the sea we have

(6.1) f1,2(r,0) = T Bwi”hw{ﬂl,z(w-’riﬁ) +H1,2(w—-—i0)} dw.

It must be noted that the integrand has poles at w= —« and at w =X
so that the integral has to be interpreted as a Cauchy integral with

respect to the points w= £«.
If w is real, we shall write w=wu, and we have by virtue of 4.7

2chu
ch u—ch o

(6.2) H(u+30) + H(u—16) = H(u+16).

From 5.20 it follows that

o ( Hi(u+10)=2%(ch va —ch vu)~* ch dv(u — o) Ho(uw +10)
(6-3) ) Hy(w-+i0) = 2bi(ch vox — ch v)=* sh 3n(u — i) Ho(w -+ i6).
Further 5.16 gives
- m(u—{—%m)t cos ot : N sin ut cos ot sh (3t —0)¢
In Ho(u+16) = b i dt + ¢ f T —shBichini dt.

0
The first integral on the right-hand side is a well known sine transform 1).
We find eventually

OC

.oy [cha—chu sin ut cos xt sh (37w —0) 1
(6.4) Ho(u+10) = (choa—{—chu) °Xp zf 7 sh 0f ch 3t dt.

0
If this i1s substituted in 6.3 we find

: h : 2(chuw —ch
(6.5) Hl,g(u-i—zﬁ) - :h %v(uw%m) {(chvum((?h;) (zhz)—t—ch oc)} qu(u),

where

o0

(6.6) b(u) = exp i J‘ su;ut cos:;:asthc(ézmﬁ)t it

0

The solution is now given by 6.1, 6.2, 6.5 and 6.6. Explicitly

0) = 2 —irshy Chu 2(ch 4 —ch x) b
(6.7) \fl,z(f ) ¢ f ¢ chu —ch x {(ch vu —chya) (chuw+4ch cx)}
ch :
( b tv(uw— $mr) d(u) du

We note that in the special case of the vertical cliff where v=2 the
function ¢ equals unity.

Also in the special case 6§ =z which is often called the dock problem
mmphﬁcatmns oceur.

il

1) Cf. ERDELYI l.e. 2.9.46.




From 6.6 it follows that

OO
. [ smnwut cosal
(6.8) d(u) = exp --—-zf - l—f—cl?:rzt dt.
—~ OO

In view of Erdélyi l.c. formula 1.9.6 this can be transformed into

o+ U

1 7

(6.9) t,’b(’u) = ©XP m f gﬁ? dt.
In this case 6.7 becomes with O=nxn

o —irsh u ch uw ch 3u —2sh $u

S f1(7", 6) = 21 f € chu—cha (chu-+chax)t qS(u) du
(6.10) - 7

P Yu—i ch tu
o —irsh u chw sh du—2c
( fz(T, 6) = 21 f ¢ chu—chax (chu-+ch«)t gb(u) du.

Lack of time has thus far prevented the numerical computation of the
surface waves for some particular case.

§ 7. Peter’s solution

In order to compare our result 4.12 to that of Peters (cf. Stoker l.c.
5.4.25) we shall also give his solution. Peters finds in his notation 1.e.
for the solution of

(Ar,rp ,..__kz)f = 0

in the sector —60<g@<0(!) which satisfies

S'a == for p = — 9,
1 of - .

the following formula (z=re'?, z=re~*%)

1 k? Z Ch(C)

(7.1) f.2(r @) = 5 j o (‘:”"’""TE) CTory Farg %

P;.P;
where

0
- 1 log m(&§1/7) o

(7.2) h(l) = exp 5— f 8T dE, arg £ = — =,
and

_ (E 47y e—20) (£ 417y e~ 2)
(7.3) &) = TS i)
with

rn=4+1+V1—-k2) , ro=4(1—V1—-£k2), v = n/h.
The contours P; and Py are indicated in the following figure. The path
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Ps differs from P; only in the direction in which the part in the upper
half-plane is traversed.

Fig. 1

If Peters’ result is translated in our notation with the dimensionless
variables of § 2 we obtain by putting £k =1/ch «, { =w/2¢ch «, §=(s/2¢ch «),
z — zch « |

| -
(7.4) f1,2(r,¢) = 5— f exp g(wz+w™'2)

2717
PluPI

wh(w)
(w —2e*) (W —re— %) dw,

where
0

14 s¥—1 g t-2e—210+x) (g 4-qe —2i0 — &
f log & ) (s+ )

(7.5) h(w) = exp 5— S o) (s — =7 ds.

o0 g — 16
The result 7.4 with 7.5 1s still rather different from our result 4.12. The
auxliliary function 7.5 is clearly related in some way to our auxiliary

function H(w) if this is written in the form 5.17. A better correspondence
1s obtained 1if in 7.4 and 7.5 w and s are replaced by exponentials.
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