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CURRICULUM VITAE 

3. I he Crooked Straight 

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES 

In digital image processing, the continuous world is imaged by a sensor 
consisting of discrete elements, usually placed in a regular array. Under 
exceptional circumstances, the discrete image that results allows a 
perfect reconstruction of the original scene; generally, however, such a 
reconstruction is impossible. 

In digital image analysis, perfect reconstruction is often not even 
desired. Rather, the idea is to reduce the wealth of data present in the 
image to a limited set of properties or features, which can then be 
analyzed further. For some of these properties, perfect measurement is 
possible, if appropriate precautions are taken (for instance, the number 
of objects can be determined exactly from the image of a scanner with a 
resolving power of half the size of the smallest object). Other properties 
can only be determined approximately, and are obtained by estimation 
rather than measurement. 'Size' Is such a property. 

Length is the one-dimensional measure of size, and therefore one of the 
most basic quantified qualities an object can possess. Since the distance 
between two points of the image is the length of a straight line segment 
connecting these points, a study of good length estimators for discrete 
straight line segments is fundamental to image analysis. Such a study 
turns out to be less trivial than one would expect. 

The complementary situation to image analysis occurs In computer graphics. 
Here, the intention Is to display discrete image data such that the 
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Figure 1.1 A straight line segment connecting two points P and Q in the 
2-dimensional plane E , endowed with the standard topology 
of R and with the Euclidean metric. 

resulting discrete image closely resembles the continuous scenes the 
observer is used to. A basic property of continuous scenes is their 
isotropy: the representation of a rotated object is identical to the 
rotated representation of an object, independent of the rotation angle. In 
discrete images this is not the case. One of the annoying anisotropic 
effects that occur is that the accuracy of representation is strongly 
dependent on the orientation of the object relative to the grid of the 
discrete image. Straight lines are the simplest 'objects' having an 
orientation- Also, they are the obvious primitives from which more complex 
figures can be formed. An understanding of their properties is therefore 
basic to computer graphics. 

This thesis is a study of idealized discrete straight lines and line 
segments. It has the form of a mathematical study, deriving theorems on 
basic properties of discrete straight lines. The central issue is always 
the connection between discrete straight line segments and continuous 
straight line segments. 

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS 

More than two millennia ago, Euclid introduced straight lines by an 
axiomatic approach and made them the basic elements of his geometry 
[Euclid -348]. It took till last century before it was realized that his 
axioms are not sufficiently precise to define straight lines uniquely; 
other 'objects', not corresponding to the intuitive notion of a straight 
line In continuous space, also obey the postulates. The modern approach is 
therefore different from Euclid's. 

From the modern point of view, a continuous straight line segment between 
two points In some continuous space is an arc of extreme length connecting 

11 

these points; here an 'arc' is a connected series of continuous points. 
'Straight line segment' is thus a fairly complicated concept: It requires 
a space with a well-defined topology (specifying neighbourhood relations 
between points, and hence 'connectivity') and a metric (providing a 
measure of 'length'), see Fig. 1.1. 

A discrete counterpart of this continuous definition could be used to 
define discrete straight line segments: in discrete spaces, a discrete 
straight line segment between two points is a discrete arc of extreme 
length connecting these points, where a discrete arc is a connected series 
of discrete points. This is not the approach that is usually taken, 
however. The reason is that it Is difficult to define a metric such that 
the discrete straight line segments determined by It correspond to the 
intuitive idea one has of a discrete straight line segment (Fig.1.2). This 
intuitive idea is that a discrete straight line segment between two points 
is a series of discrete points that 'lie close to' the continuous straight 
line connecting these points. Usually, it is this closeness that is taken 
as the definition, and that is also the approach of this thesis. Although 
it is not necessary to define discrete straight lines by a metric, the 
topology of the discrete space is a necessary prerequisite for the 
definition of a discrete arc. 

Discrete straight lines are defined in a discrete space. In this thesis, 
all discrete spaces that will be considered are two-dimensional, periodic 
arrangements of discrete points, and called regular grids. These regular 
grids are homogeneous since all points and their surroundings are equal. 

1 1 — 1 1 

( i — s i 

1 1 — i i — 1 1 

i — 1 1 — I I 

1 1 — 1 1 — I I — I I 

i\ 

1 1 — i i 

I I — I I — 1 1 

Figure 1.2 a) A discrete straight line segment 
b) Not a discrete straight line segment 
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Figure 2.3 The topology for various grids. 
a) 8-eonneeted square grid 
b) 4-aonneoted square grid. 
c) 6-aonneoted hexagonal grid 

The topology (connectedness) of such a discrete space can therefore be 
defined simply by specifying the neighbours of a typical point-
Restricting ourselves for the moment to square and hexagonal grids, common 
neighbourhoods are the 4-connective and 8-connective neighbourhood for the 
square grid, and the 6-connective neighbourhood for the hexagonal grid 
(see Fig.1.3). As the simplest symmetrical topologies possible, these 
connectivity schemes are in common use. 

A discrete arc is a sequence of simply connected discrete points. For 
convenience, such an arc is often indicated by a series of vectors: 
starting at an endpoint of the arc, the next point is indicated by a 
vector pointing to it, and so on for all points. When these vectors are 
encoded by a chaincode scheme [Freeman 1970] , one obtains a chaincode 
string. The chaincode schemes for the 3 grids mentioned before are 
depicted in Fig.1.4. 

In contrast to the continuous case, there are several discrete straight 
line segments connecting two discrete points. This Is the result of the 

0 2<- -[> 0! 

Figure 1.4 Chaincode schemes for the regular grids of Fig.1.3. 

Figure 1.5 Examples of regions of sensitivity for the grids of Fig.1.3. 

vagueness of the intuitive notion of a discrete straight line segment: if 
one allows the discrete line segment to lie 'close' to the continuous 
straight line segment, the discrete points it connects can be chosen such 
that they lie 'close' to the continuous points that the continuous line 
segment connects. To make the defIni tion unique, one has to specify the 
closeness carefully. 

In order to do so, let us introduce the region of sensitivity of a point 
P. It is a region of points near P, such that if a continuous arc passes 
through this region, then the point P belongs to the discrete arc 
representing the continuous arc. Examples of regions of sensitivity for 
the 3 topologies mentioned before are indicated in Fig.1.5. In that 
figure, the regions of sensivity are symmetrical around the grid points, 
and so the points of the discrete line segment will lie around the 
continuous line segment. Encoding the points by the appropriate chaincode 
scheme, a chaincode string of a very particular structure Is obtained. We 
will call a string obtained from a continuous s Lraight line segment a 
straight string. An example is indicated in Fig.1.6a, where a discrete 
straight line segment is drawn connecting the points (0,0) and (6,16). The 
corresponding straight string is, in the encoding according to the scheme 
of Fig.1.4a, 0100101001001010, indicated in Fig.1.6b. 

1.3 STRAIGHT STRINGS 

Independent of their connection to continuous straight line segments, 
straight strings can be characterized by means of the linearity conditions 
- these are the necessary and sufficient conditions a straight string has 
to satisfy in order to be (possibly) derived from a straight line segment 
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In R . A first attempt at the formulation of these linearity conditions 
can be found in [Freeman 1970], and a more exact version in [Brons 1974]. 
Later, [Wu 1982] proved the necessity and sufficiency. 

Another way to characterize discrete straight lines Is as arcs having the 
chord property [Rosenfeld 1974] . This property effectively means that all 
continuous straight lines connecting two arbitrary points of the discrete 
straight arc lie 'close' to all discrete points of the arc (an example is 
given In Fig.1.6c). Though this corresponds well with the intuitive notion 
of a discrete straight line segment, it is a cumbersome property to test. 
[Kim & Rosenfeld 1982] present an algorithm testing linearity of strings 
by the chord property, using the convex hull algorithm. 

The linearity conditions specify the structure of a straight string. This 
structure is closely related to number theoretical aspects of its slope, 
and its study Is not new: a paper in latin (sic!) by [Christoffel 1875] 
derived many results that can now be interpreted in terms of the structure 
of straight strings. The relation between a string and rational 
approximations of its slope is schematically indicated in Fig.l.6d. The 
line in Fig.1-6b, connecting the points (0,0) and (6,16), has a slope of 
6/16. Good rational approximations of this fraction are, in order of 
increasing denominator, 0/1, 1/1, 1/2, 1/3, 2/5, 3/8. The strings 
corresponding to lines with these slope are drawn In Fig.l.6d. Comparison 
with Fig.1.6b shows that these strings are all part of the string with 
slope 6/16. The exact relationship will be treated later. 

Note that the string 0100101001001010 given above consists of two types of 
chaincode elements, of which one occurs isolated, and the other in runs, 
consecutive series of the same element. This allows a description of a 
straight string on a higher level than just based on individual string 
elements. It turns out that these runs themselves again appear in isolated 
runs, and In 'runs of runs', and so on, recursively. [Brons 1974] has used 
the relation between discrete straight lines, straight strings, and 
fractions to give a generating algorithm, producing the recursive 
structure of a straight string, using the well-known continued fraction 
algorithm from the theory of numbers. 
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figure 1.6 a) The discrete line segment corresponding to the continuous 

straight line segment connecting (030) and (16,16) on an 8-

aonnected square grid, With the region of sensitivity of 

Fig.I.5a. 

b) The chaincode string corresponding to this line segment. 

c) The chord property. All continuous line segments connecting 

discrete points should pass through the region indicated. 

d) Strings corresponding to lines with slopes that are good 

rational approximations to 6/16. 
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS 

In image analysis, the assessment of 'distance' is of prime importance. 
Since distance (through the conventional use of a Euclidean metric) is 
measured as the length along a straight line segment, length estimators 
for discrete straight lines deserve a careful study. The use of a grid 
Implies that distance assessment can not be done Iso tropically: these 
anisotropic effects should be part of this study. Another reason why 
estimators for properties of discrete straight line segments are of 
interest to image analysis is that these segments may actually occur at 
some stage of an analysis, either as the digitization of a continuous 
straight line segment, or as a locally straight part of the digitization 
of a more arbitrarily shaped continuous contour. One is then interested in 
estimators for the properties 'length' and/or 'slope'. 

If the discrete straight line segment Is considered to be the digitization 
of a continuous straight line segment, it will be called a digitized 
straight line segment. The use of this word implies that there is a 
continuous reality, and the aim in this thesis will be to reconstruct 
(part of) this original reality from the discreLe data available. It will 
be clear that an exact reconstruction of a continuous straight line 
segment from its digitized image is impossible. Many continuous straight 
line segments are digitized to the same straight string and digitization, 
therefore, Is a one-to-one mapping without an inverse. The set of all 
continuous straight line segments which are mapped onto the same string c 
is called the domain of c. The study of this domain is central to the 
study of estimators for properties of straight line segments since the 
continuous line segments in the domain of c vary in length. It is 
intrinsically impossible to give a precise measure for the length of c 
The best one can do is to give a good estimate of the length corresponding 
to the string, minimizing some specified error criterion. 

Many chaincode length estimators have already been given, ranging from 
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via 
simple unbiased estimators for the length of the continuous arc 
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous 
straight arc [Vossepoel & Smeulders 1932]. 
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1.5 THE GOAL AND CONTENTS OF THIS THESIS 

The main goal of this thesis is to derive accurate estimators for 
properties of digitized straight line segments, such as length. These 
estimators are 'optimal', in the sense that they minimize the difference 
between the estimate and the value of the property for the original 
continuous line segment, according to some criterion. To achieve 
optimality, a careful study of the digitization and measurement process 
for straight lines is required. 

An important step towards quantification is a suitable representation of 
the continuous straight line segments and of their discrete counterparts. 
Chapter 2 introduces the parametrizations which form the descriptive 
framework for the sequel. 

The structure of a straight line segment is treated in chapter 3. The 
relation with number theory leads to quantitative measures for the 
anisotropy of the representation of straight strings. 

Next, in chapter 4, the digitization is studied as a mapping, and the loss 
of information it entails is quantified. Other information reducing 
mappings are often used in estimation; they are treated in chapter 5. 

Es timators for properties are formulated for several criteria in chapter 
6. Chapter 7 compares all known length estimators for discrete straight 
line segments, both theoretically and experimentally. 

Parts of this thesis are already contained in a number of publications on 
digitized straight lines. [Dorst & Duin 1984] treats the structure and 
Isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulders 
1984] provides the parametrlzatlon of strings as in chapter 2, and the 
analysis of the digitization process. Chapter 4 contains a new proof for 
the main result of this paper. [Dorst & Smeulders 1986] derives the 
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief 
preview of the comparison of length estimators in chapter 7. 



2. Parametrization 

2 A THE STANDARD SITUATION 

Consider the situation sketched in Fig.2.1, where part of an infinite 
straight object boundary is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the 
object, others are in the background (points just on the continuous 
boundary are considered to be object points). The exact location of the 
continuous boundary is unknown; the best one can do is estimate the 
boundary position from the digitized data. Obviously, only points near the 
boundary are of interest. 

In object boundary quantization (OBQ), the object points with at least one 
neighbour in the background are considered to constitute the digitized 
boundary. If the grid is assumed to be 8-connected, then there Is a main 
grid direction such that there is only one digitization point in every 
column In that direction. Introducing Cartesian coordinates on the grid, 
with this direction as x-axis, the continuous straight boundary is given 
by the familiar equation 

y(x) = ax + e (2.1) 

with a the slope and e the intercept of the line. The origin of the 
cartesian coordinates is chosen in a grid point, such that 

0 < e < 1 (2.2) 

The digitization points corresponding to the line eq.(2.1) are given by 
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Figure 2.1 OBQ: Object Boundary Quantisation. 
A straight object boundary on an S-eonnected square grid and 
the chaincode string representing it. 

(i,j) = (i,[yU)J) (2.3) 

Here |_-J indicates the floor function, with |_XJ (pronounced 'floor x') the 
largest integer not larger than x. We will also need the ceiling 
function r-1, "here [x] (pronounced 'ceiling x') is the smallest integer 
not smaller than x. Floor and ceiling are thus defined hy 

2.1: LxJ and fxl 
Lxj : x-i < |_xJ * x and L X J e Z 

x < fxl < x+1 and Me Z 

(2.4a) 
(2.4b) 

The chaincode string corresponding to the digitization points of eq.(2.2) 

is given by 

[yu>J - Ly^-^J (2-5) 

For lines in the circumstances considered, the z± are either 0 or 1 (note 
that this does not_ imply 0 < a < 1 ! ) . For reasons that will become clear 
later, this property is considered as the definition rather than as a 
consequence of the situation: 
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Definition 2.2: standard situation 
Consider a line on a Cartesian square grid, with equation 

y(x) = ax + e 
with 0 < e < 1 . Further, a is such that the OBQ-digitization points 
are encoded by an 8-connected chaincode scheme into a string 
consisting only of codes 0 and/or 1. Such a line is said to be in the 
standard situation. 

In this thesis, all results will be derived for this standard situation. 
In the next section it will be shown that many other situations with lines 
on regular grids can be transformed into this situation. 

2.2 NON-STANDARD SITUATIONS 

2.2.1 GIQ-digitization 

The definition of the standard situation is based on OBQ-digitization, a 
type of digitization inspired by the circumstances of image analysis. This 
type of digitization results in digitization points that lie consistently 
on one side of the continuous straight line considered. In computer 
graphics one prefers the digitized points to lie 'around' the continuous 
line and the most common digitization in this field is therefore grid 
intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid 
point at each crossing by the continuous line of a grid row y=j (jeZ) o r 

column x=i (i^Z) is assigned to the digitization (Fig.2.2a). For straight 
lines, this Is equivalent to assigning those grid points to the digitized 
line which are nearest (In the sense of their absolute euclidean distance) 
to the continuous line. This is seen from the similar triangles in 
Fig.2.2b: the points chosen by GIQ are closest to the line, both when 
measured along the principal directions of the grid, and when measured 
along lines perpendicular to the continuous line. Again restricting 
ourselves to the line in the first octant, given by eq.(2.1), the GIQ-
points are given by 

GIQ: (i,j) = (i,[y(i)]) (2.6) 
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Figure 2.2 GIQ: Gt*td Intersection Quantisation. 
a) At each intersection of the continuous line with a disevete 

row or column, the closest grid point is attributed to the 
discrete straight line segment. 

b) The equivalence of minimal distance along major grid lines, 
and minimum perpendicular distance, 

where [x] indicates the 'nearest integer' function't defined by 

Definition 2.3: [x] 
[x] : xrk < [x] < X+% and [x]: Z (2.7) 

Comparing with (2.4a) it is seen that [x] = tx+^] , and thus 

[y(i)j = liy(l>Hj - L«i + CeHrtJ (2-8) 

This means that GIQ-digitzing the Ü n e y = «x + e is the same as OBQ-
digitizing the line y = ax + e', with e' ■ (e+%)« Since this 
transformation of QIQ to OBQ is a bijection (one-to-one and invertible), 
the solution to some problem with an OBQ-digitized straight line can 
immediately be applied to a similar problem with a GIQ-digitized line. 

2.2.2 Other 8-connected regular grids 

Until now only square grids were considered. However, there are many 
circumstances in image analysis where the grid of pixels does not 
correspond to a square grid, but to the more general regular grid. 
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In a square grid, let e and e be the basic vectors (,) and [,)j the 
vectors corresponding to the 8-connected chaincode elements 0 and 1 are 
then e and (e.+e.,), respectively (Fig.2.3). Consider an arbitrary regular 
grid, with two basic vectors e' and e' , of lengths h and v, and making an 
angle $. The vectors corresponding to the 8-connected chaincode elements 0 
and 1 are then given by e' and (e.'+e*), respectively. 

The figure shows that the square grid and its chaincode vectors is mapped 
onto the regular grid and its chaincode vectors by the transformation 
matrix 

T = h v cost 
0 v sinl ' 

The line Jt. in the square grid defined by eq.(2.1), or 

(2.9) 

\ 
1 (2.10) 

transforms to V = XX given by 

eh simt 
av °h7va + cosi)1 

1 
\± { Sinfo 

h/va + cos<J> 
(2.11) 

Conversely, a regular grid can be mapped onto a square grid by the inverse 

V 

Piaure 2.3 a) A line on an 8-conneated square grid. 

b) A similar situation on a regular grid. 
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transformation T 

1/h -l/(h tan*) 
0 l/(v sin*) 

(2.12) 

which transforms a line X' in the skew grid 

Figure 2.4 Equivalence of situations on several regular grids. 
a) 8-oonneated square grid 
b) 4-conneoted square grid 
a) 6-connected hexagonal grid 
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Co a line Jt = T A1 in the square grid: 

0 1 
A : ( e^ ) + u ' ( ha ' ) ( 2 . 1 4 ) 

(sin<t> - bt'c'osV) v ( s i n $ - a'cos4>) 

In the above, no use was made of specific properties of a particular 
digitization procedure. Hence, the above treatment applies to both OBQ and 
GIQ digitization. Because of this bisection relation between a regular 
grid and the square grid, only the square grid needs to be considered. 

2.2.3 Other connectivities 

Not only 8-connected chaincode strings have been used in the literature, 
but other schemes as well. Common are the 4-connected and 6-connected 
schemes depicted in Fig.l.4b,c. 

By means of the 'column'-concept introduced by [Vossepoel & Smeulders 
1982], all schemes can be transformed to the standard situations. The 
basic idea is similar to the transform T of the previous subsection. The 

-*■ -»■ 

basic vectors e' and e' of the skew grid are now defined by the 
1 1 + 

requirement that the code vectors 0 and 1 are represented by e' and -> -> 
(e' + e') . This defines the transformation T as in eq.(2.9): for the 4-

connected scheme, $ = 3ft/4 and for the 6-connected scheme 41 = 2it/3 . Thus, 
for the digitization of straight lines, grids with other connectivity 
schemes can be transformed to the square grid with 8-connected chaincodes, 
see Fig.2.4. 

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS 

2-3.1 The (a ,e,£, ,ö)-parametrization 

A continuous straight line segment is characterized by 4 real parameters, 
corresponding to 4 degrees of freedom. In a Cartesian coordinate system, 
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the Line segment connects two points (x-, ,y,) and (x^.y-?)' Thus the 
quadruple (xi , y-i ,x9)y?) could be used as the parametric description of a 
continuous straight line segment• However, in this thesis another 
parametrization is preferred since it facilitates treatment of lines in 
the standard situation. 

First, note that any continuous straight line segment can be considered to 
be a part of an infinite continuous straight line with equation 
y = ax + e. These two parameters e and a will be used in the 
parametrization of the segment■ Second, in the standard situation, the two 
endpoints of the segments have different x-coordinates. Therefore, if the 
x-coordinate 5 of the leftmost end point, and the difference in x-
value 6 of the two endpoints are used as the other two parameters, the 
parametrization is well-defined for lines in the standard situation (Fig. 
2.5a). 

Definition 2.4: CSLS(a,e ,g ,6) 
CSLSfa,eX,6) is the continuous straight line segment connecting the 
points (xi , y-|_) = (£ ,a£+e) and (x? , y? )*(g+6 ,0f(£+6)+e) . 

Figure 2.S a) Parametrization of a continuous straight line segment by 

b) The relationship of (&,&,%,6) to the uniformly distributed 
parameter's (vt$jLtt} . 
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2.3.2 The distribution of line segments 

Sometimes our Interest is not in properties of a specific continuous 
straight line segment, but in the expected value of a property over an 
ensemble of these segments. In that case the probability density functions 
of the characterizing parameters are needed. 

In many problems In practice, there Is, a-priorl, no preferential 
orientation, position, or length of the segments to be expected. All 
calculations will therefore be based on a distribution that is isotropic 
(no preferential orientation), homogeneous (no preferential position) and 
uniform in length (no preferential size). 

Consider first an infinite straight line y = ax +e. Isotropy implies a 
uniform distribution of the lines in 41 = atan(a). Homogeneity on the grid 
Implies a unlform distribution in the distance r of the line to the 

2 origin. From Fig.2.5b one can see that r = e//(l+a ). Thus the probability 
density p(e,ct) becomes: 

p(e,a) 
or a* 55 Si p(r,$) = c^l+cr 2,-3/2 

where c, equals /2, following from Che normalization condition 

1 1 
ƒ ƒ p(e,a) de da = 1 

0 0 

(2.15) 

(2.16) 

Later, in eq.(4.5), it will be seen that this normalization needs a slight 
modification, in that the upper and lower bounds on a for lines in the 
standard situation are -e/n and (n+l-e)/n instead of 0 and 1. The 

=!- {/(n2+l) - n + T | + /(2n'+2n+l) - (n/2 + 75-)f1" / 2 U " ^f " IflrrMT1 

(2.17) 
This becomes asymptotically equal to /2 if a*w. 

For continuous straight line segments, the endpoint will be assumed to be 
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uniformly distributed along the infinite line. Denoting the position along 
this line by 1 , X is uniformly distributed. Fig.2.5b yields the relation 
t m -r sin4> + X cos§ , so x » ^/[l+a ) + ea//(l+a ) . 'ihe length L of the 
segment is L = 6/(l+a ]; L is also assumed to be uniformly distributed. 
Thus the probability density p(e,0f,g,6) is: 

ör/oe a<t>/oe oL/oe ox/oe 
or/oa a$/5a oL/occ ox/oa 

p(e,a,S,6) » 5 r / b 5 W 5 ! r 5 L / 8 5 8 x / d 5 
9r/o6 5*/96 ÖL/OÓ öx/öó 

(2.18) 
where Cn follows from 

1 1 \ n+k 
I I S f p(e,a,5,6) de da it, do = 1 (2.19) 

d=0 e=0 l=-k 6=n-^ 

yielding 

c2 = l/ln(l+/2) (2.20) 

Again, with eq.(4.5), this will need a slight modification, but the value 
given in eq.(2.20) is still equal to the asymptotic value. 

2.4 PARAMETRIC DESCRIPTION OP DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s) 

So far only a chaincode string has been used as the description of a 
digitzed straight line segment. This representation is not convenient for 
calculations and therefore a concise parametrization of an arbitrary 
string is needed. Such a description, in a sense the discrete counterpart 
of (e,a,£,6), will be derived in this section. 

2.4.1 The quadruple (N,Q,P,S) 

The computation of a characterizing tuple for an arbitrary string requires 
some elementary lemmas from the theory of numbers, which are stated first. 

p(r,*,L,x) -1/2 
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Let P, Q, K and L be integers. If -^ is an irreducible fraction, then 
the equation KP = L(mod q) has, for any given L, precisely one 
solution K in the range 0 < K < Q. 

Lemma 2 .2 
Let P/Q be an irreducible fraction, and let i assume Q consecutive 
values i=k+0, I=k+l,. . . , i=k+Q-l for some keZ. Then ip/q (mod 1) 
assumes all values -, - ..., 9li.j once and only once (in some order). 

Proof 
A proof of these lemmas can be found in most introductory books on 
number theory, see e.g. [Hardy & Wright 1979] 

QED 

Lemma 2.3 
Let 0 < E < 1. Then 
[x] - l-x-Ej = 0 4=> [jji + e < x < ixj + 1 (2.21a) 
[xj - [x-ej = 1 <$$> [xj < x < Ixj + e (2.21b) 
jx+e) - [xj - 0 •£?• ixj < x < 1 + ixj - e (2.21c) 
jx+Ej - [XJ - 1 -i=> 1 + Ixj - e < x < [xj + 1 (2.21d) 

Proof 
Only (a) is proved, the other cases are similar. 
Let X = [xj. By the definition of the floor function, 

|xj=X ■$$> X < jxj < X+l and jx-Ej > X <^> X+e < [xj < X+E+l 

So both equations are satisfied if and only if: 

max(X,X+e) < x < min(X+L,X+E+l) 

and the theorem follows. 
QED 

A first result is that the string of a straight line in the standard 
situation can be parametrized by a set of 4 integers N, Q, P, S: 
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Theorem 2.1 
Any straight string C can be written in the form 

| (i-S-1) i i = 1,2,...,N (2.22) 

where P, Q, S and N are Integers, P/Q is an Irreducible fraction 
with 0 < ~ < 1» and 0 < S < Q. 

Proof 
The straight string C is the digitization of some continuous straight 
line y = ax + e. Consider the digitization in N+l columns of the grid, 
leading to a string of N elements. Two Integers P and Q are chosen, 
satisfying two constraints: 
1) P/Q is an irreducible fraction. 
2) In the N+l columns considered, the digitization of the line 

y = ax + e is Identical to the digitization of y = xP/Q + e. 
These conditions mean that P/Q is a "very good" rational approximation 
of a. Since the set of rationals Is dense in the set of reals, sets of 
(P,Q) exist that satisfy these conditions. 
For the intercept Ly(i)j of the column x " i by the digitized line we 
thus have: 

[y(Dj - [« + ej - Il i + ej 
I PI + leQ| eQ - IeQ] I fo.231 

" L Q , Q J 
|P1 + [eQ] 

where the last transition is allowed since the first term between the 
brackets in eq.(2.23) is a fraction with integer numerator and 
denominator Q, and for the second term we have: 0 < (eQ - j_eQj >/Q < 
1/Q. 
This equation can be rewritten as: 

for any value of M. In particular, we can take M to be an integer L in 
the range 0 < L < Q such that LP ■ Q - 1 (mod Q). Lemma 2.1 guarantees 
the existence and uniqueness of L, given P and 0. It follows that 
LP+1 * 0 (mod Q), so (LP+1)/Q is an integer, and we have 

[y(i)J = |_| (i-leQJL)J + [eOA ~-
Using eq.(2.5): 

c i = ||<i-LeQjL)J - [|<l-leQjL-l)J , i - 1,2, ...,N 
This can be rewritten as: 

H - 1.1 (i-S)J - [I (i-S-l)J , 1-1,2 N (2.24) 

where S - [eQJL + (any multiple of Q). We will choose 

s . w - [MJiJq, 
implying that 0 < S < Q. This proves the theorem. 

QED 

An example is the OBQ string corresponding to the line y = — x + ln(/5) in 
the columns x=0,l,..,12. This string is 100100100100. Following the 
procedure sketched in the proof above, one first finds that this string is 
the same as that of the line y = — x + ln(/5) Orp being a 'good' approx
imation of —) and then by the reasoning in the proof of theorem 2.1 that 
this is the same as that of the line y = —-(x-10) • Thus the i-th element 

10 1031 

Cj can be written as c." [irH.1-10) \ - [ —j-(i-ll)J , 1-1,2,..,12. An 
alternative reprsentation of c, is as the digitization of the line 
y --jfOr-lO) , so C[ = Ll|(i-i0)j - L-j|<i-ll)j . 

Theorem 2.1 states that any string C can be parametrized completely by a 
quadruple of integer parameters (N,Q,P,S). The example shows that there is 
still an arbitrariness in this pararaetrization: the same string C can be 
represented by many different quadruples. A unique representation is 
derived In the next section. 

2.4.2 The (n,q,p,s)-parametrization 

From eq.(2.22) It Is seen that N is the number of elements of C. Therefore 
the uniquely determined standard value of n of N can be defined simply by: 

Definition 2.5: n 
n is the number of elements of C. 

For the determination of the standard value of Q,P and S, it is convenient 
to introduce a string C as: 

q . : v [|<i-8)J -^CI-S-DJ. lZ (2.25) 

Note that C is the part of C^ in the interval 1-1,2,....H, and hence c Is 
an Infinite extension of C. We have seen that C does not uniquely 
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determine the parameters P and Q; hence C^ is not unique either- For the 
example given before, the representation of the string 100100100100 as the 
digitization of y - ir-(x-10) leads to a string Cra with a period of 31, the 

31 ^ 
representation as the string of y = -—Hx-10) to a C^ with period 16-

The parameter Q has the following property: 

Lemma 2.4 
Q is the smallest periodicity of C^. 

Proof 
By substitution in eq.(2.25) it is obvious that c1+(-, = c±, and 
therefore that C has a periodicity Q. Suppose C^ has a shorter 
periodicity K, with 0 < K < Q. If Q = 1 this is impossible. If Q * 1, 
we can always find a value of j such that c. = 0 and C;+K = 1- This 
will now be shown. The demands are: 

Using eq»(2.21a), the first condition is equivalent to 

| < a - s ) | - L ( j - s )^J< l> or ^ i , o d l < 1 (2-z5) 

(where we -Introduced J=* j - s ) , and by eq.(2.21b), the second condition 
is equivalent to 

0 < (j-s+K)£ - [U-SMOIJ < | , or 0 < (J+K)| mod 1 < | (2.27) 

To determine a value of j such that the conditions of eqs.(2.26,27) 
are not contradictory, two cases are examined separately: 
a) P/Q < 1 - (KP/Q mod l). 

In this case J is chosen such that (JP/Q mod l) • l-(KP/q mod l). 
Since the right hand side of this equality is one of the fractions 
0/0, 1/q,...,(Q-1)/Q it follows from lemma 2.2 that J exists. 

Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 = {(JP/Q mod l) 
+ (KP/Q mod l))mod 1 = 1 mod 1 = 0 < P/Q, eq.(2.27) is also 
satisfied. 

b) P/Q > 1 - (KP/Q mod l). 
In this case, choose J such that (JP/Q mod l) = P/Q. Eq.(2.26) is 
satisfied and (J+K)P/Q mod 1 - {(JP/Q mod l) + [KP/Q mod l)} mod \ 
- {P/Q + [KP/Q mod l)} mot̂  1 = P/Q + (KP/Q mod l) -1 < P/Q implies 
that eq.(2.27) is also satisfied. 

In both cases> we have the contradiction c £ c which implies 
that the string C has no periodicity K smaller than Q. Hence Q is the 
smallest periodicity. 

It is obvious that the smallest period of a string C of the form 
eq.(2.25) which is identical to C on the finite interval i = 1,2,.. 
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at most n (with the understanding that the periodicity Is n if the string 
is completely aperiodic on the interval considered). This smallest 
periodicity is taken as the standard value for Q, and denoted by q. 

Definition 2.6: q 
q » min {k e{ 1,2» •••,») k = n v Vi e [l ,2 ,... ,n-k} t c± * c } 

For any straight string C, q Is uniquely determined by this definition, 
For the example string 100100100100, q equals 3, 

In Cro defined by eq.(2.25) the parameter P has the property: 

Q 
Lemma 2.5 P = £ c 

Proof p | . 

Since cm. = -<i-S) - —(i-S-1) we have, within one period Q: 

«i-i- 1 Ut |(i-S) mod 1 . (|,I >ll) 

^ - 0 iff |(i-S)mod l e{|,^,...,<tl) 
Since P/Q is irreducible, lemma 2.2 yields that every value in the two 
sets occurs once and only once if i assumes Q consecutive values. 
Hence c^ "1 occurs P times, and Cm.=0 occurs Q-P times, and the lemma 
follows. 

QED 

Since q is only a special choice for Q, defined in the finite string C 
instead of C^, we can define the standard value p of P corresponding to 
this choice as: 

q 
Definition 2.7 p = E c 

1=1 
Note that this definition applies only in the standard situation, since 
then the string consists of chaincode elements 0 and/or 1. Definition 2.7 
then defines p uniquely. For the example string 100100100100, p equals 1. 

In G^, the parameter S has the property: 
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Lemma 2.6 
S is the unique integer in Che range 0 * S < Q satisfying: 

VicZ: «^ =[~(^\ -^(i^-1>_ 
Proof 

It is obvious from eq.(2.25) that S satisfies this condition. It 
remains to show that S is the unique solution. We do this by a 
reductio ad absurdum» 
Suppose S' $ S also satisfies the condition. If 0 = 1 this Is imposs
ible, since there is only one S in the range 0 < S < Q namely S ■ 0. 
If Q £ 1 we derive a contradiction by finding a value of j for which 

jj<j-s)J - IJU-S-DJ - o -■*j ' LQ 
but simultaneously 

By an argument completely analogous to the proof of lemma 2.A (by 
putting S + K =* S') we can show that a value of j can always be found, 
and hence a contradiction is Inovitable. 

QED 

in the case of q and p, s is defined by applying lemma 2.6 to G: 

Definition 2.3: s 
Let CJ be the i-th element of C. Then s is the unique integer in the 

range 0 < s < q for which 

Vts{l,2....,q] : H = ̂ (i-s)J - |_|Ci-8-l>J 

For the example string 100100100100, s equals 1. 

It is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-3 

that the quadruple (n,q,p,s) can be determined uniquely from the s tring C, 

thus: 

Lemma 2.7 
Given a straight string C, one can determine the quadruple of 

parameters (n,q,p,s) uniquely. 

The converse is also true: 
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Lemma 2.8 
If the quadruple (n,q,p,s) can be determined from a string C, then C 
is a straight string, uniquely determined by n, q, p and s. 

Proof 
Definitions 2.5-8 imply that the string C can be written uniquely as: 

=' « i - [ # H "U<1-S-1,J' u{1-2 nl 

To show that this Is a straight string, a line should be given which 
has C as its digitization. Such a line is 

y(x) - P* + IÏ.1- £s 
q lq i q 

as follows immediately by applying eq.(2.5). 

(2.28) 

QED 

Combining the lemmas 2.7 and 2.8 we obtain 

Theorem 2.2 (Main Theorem of [Dorst & Smeulders 1984]) 

A straight string C in the standard situation can be mapped 

bijectively onto the quadruple (n,q,p,s) defined by: 

n is the number of elements of C 

oln(ke{l,2 n| k=r. I V i i j 1,2 , . . . ,n-k} -*i) 

iV' 
,l,2,...,q-l} <■ Vi. (l,2,...,q) : c,= % - s ) I - £(1-8-1) 

1 Lq J LQ 

where c, is the i-th element of C. 

In other words, all Information present in the string C is contained in 
the quadruple (n,q,p,s). It is therefore possible to give a unique 
representation of a straight string in terms C in terms of n, q, p and s, 
which will be denoted by DSLS(n,q,p,s): 
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Figure 2.6 The continuous straight line y = Hx-e j -/- j—£•/ and the oorres-
ponding 8-eonneated OBQ chaincode string DSLS(n,q,p,s). 

Definition 2.9: DSLS(n,g,p,s) 
DSLS(n,q,p,s) is the discrete straight line segment of which the 
chaincode string C Is defined by: 

c-i^H-Li^-1^1"'2, (2.29) 

Thus the example string 100100100100 can he written as DSLS(12,3,1,1) . 
Eq.(2.29) implies that C is -among others- the string of the continuous 
line 

■ *<«-■) + 
spl (2.30) 

The t e r m — in eq.(2.30) is added to make the line one that is in the 
standard situation, with 0 < e < 1 . This line and the corresponding 
string are depicted in Fig.2.6, together with an indication of the 
parameter tuple (n,q,p,s). 

3. Structure and Anisotropy 

3.1 INTRODUCING SPIROGRAPHS 

Straight strings have a certain structure, which distinguishes them from 
non-straight strings. This structure is closely related to number 
theoretical properties of the slope of the straight line. It is this 
relation that will be studied in this chapter. Variation of the slope will 
reveal the anisotropic behaviour of straight line digitization; this will 
be reflected both in the structure of the string, and in the accuracy with 
which the position of the original straight line can be determined from 
the digitization points. To study these angle-dependent effects, a 
convenient representation for continuous straight lines on a square grid 
is introduced: spirographs. 

Consider figure 3.1, where a line y = ax + e has been drawn in the 
standard situation of section 2.1.1, extending over n columns of the grid. 
Varying the value of the intercept e, keeping the slope cc constant, will 
produce changes in the string of the line if and only if it traverses a 
discrete grid point in one of the columns considered (for 0BQ-
digitizatlon). The pattern of change is periodic with period 1 In e, due 
to the periodicity of the grid. The vertical distance between 'critical' 
lines (lines that pass through a grid point in one of the columns 
considered) can be found as vertical distances in the intercepts of these 
lines with x=0, the y-axis- In fact, the intercept points form the image 
of the grid under projection on the y-axis by lines with a slope a; It Is 
the grid as viewed from the direction a. Note that the images of two grid 
points (t,j) and (I+l,j) are separated by a distance a. As a changes, so 
does the pattern of projected points and -possibly- also the string of the 
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Figure 3.1 a) A line on the grid, (fat) with a fixed slope a. and project
ions of the grid points to the first column x=0■ 

b) The spirograpk corresponding to the situation a). 

line. To study the changes in the string more conveniently, diagrams are 
used, representing the projection points in the interval x=0, 0 < y < 1, 
with the properties mentioned above, after an idea of [Duin 1931]. These 
diagrams are called spirographs. 

The spirograph corresponding to figure 3.1a is drawn in figure 3.1b. It is 
the interval 0 ^ y < 1 of column 0 with the projections of the points In 
the columns of the grid, 'wrapped around' to a circle with circumference 1 
in order to show the periodicity in the pattern of the projections. The 
projection of a point in column I is indicated by a point labeled I in the 
spirograph. (It is convenient to plot the point 0 always at the top). 
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There are thus n+1 points (0,1,2,...,n) and the arclength between the 
points I and i+l is a. To show the sequence of points more clearly chords 
have been drawn, directed from a point 1 to a point i-H. The complete 
diagram is called a spirograph because of its resemblance to a children's 
toy for drawing fancy curves. Since it is completely defined by <i and a it 
will be indicated by SPIR0(a,n). 

The study of spirographs will yield quantitative measures for the 
anisotropic behaviour of the discrete representation of straight lines. To 
see how this occurs, note that a line i with slope a and intercept e is 
projected to a point y = e in the first column and hence is represented In 
the spirograph by a point P at a distance e to the left of the point 0 
(measured along the arc). If the line is shifted vertically upwards on the 
grid, the string will change if and only if it traverses a grid point. A 
shift is called detectable if this happens. Let the worst-case positional 
inaccuracy S (a,n) of lines with a slope ex within n columns of the grid £• max 
be defined as the maximum non-detectable shift. Since the transition of a 
line i over a grid point corresponds to the transition of the corres
ponding point P over a point in the spirograph SPIRO(a.n) , S (tf.n) is 

max 
just the length of the largest arc in the spirograph SPIR0(a,n). A 'spiro
graph theory', giving expressions for the lengths of the arcs in a spiro
graph and their dependency on a and n, will thus provide expressions for 
the positional inaccuracy, and hence of the angle-dependent behaviour of 
the digitization of straight lines on a regular grid. This theory will be 
developed in the next section. 

3.2 SPIROGRAPH THEORY 

3-2.1 Basic concepts 

From the previous section, the definition of the spirograph SPIR0(a,n)is: 



40 

Definition 3.1: SPIRO(g.n) 
SPIR0(a,n) is a circle with unit perimeter with n points marked 0, 
1,2,...,n on its circumference. Points with consecutive labels are 
separated by an arc of length a (measured clockwise) and are 
connected by a direceted chord pointing from the point 1-1 to the 
point i. 

The number n is the order of the spirograph. SPIR0(ct+k,n) with k an 
integer is indistinguishable from SPIR0(a,n). Therefore a is assumed to 
lie in the range 0 < a < 1. A drawing of SPIR0(3/10,5) is given in 
Fig.3.2. 

As the distance D(i,j) between two points i and j of SPIR0(a,n) we define 
the length of the arc lying counter-clockwise of i extending to j: 

Definition 3.2: D(i,j) 
D(l,j) - (l-j)a " L(i-j)«J , with 1 < 1 < n and 1 < j < n (3.1) 

Here [XJ is the floor-function, defined in eq.(2.4) together with the 
ceiling function fxl. Useful relationships between [x] and [%] are: 

IX] « -l-xl 
_J0 if x is integer 

[xl [x\ -j j if x is non-integer { } 

The distance D defined by eq.(3.1) has several properties which are easily 
verified: 

Lemma 3.1 
a) 0 < D(i,j) < 1 

b) D(i,j) + D(j,i) 1 0 if (i-j)a is an integer 
1 if (i~j)ct is non-integer 

c) D(i,j) = D(i,k) + D(k,j) (modulo 1) 
d) Every distance between two points can be written in a standard 

form, I.e. D(k,0) or D(0,k), with k a point in the spirograph. 
This is the distance of one of the points in the spirograph to the 
point 0. 
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Proof: 
a), b) and c) are trivial from the definition of B(i,j). d) also 
follows immediately, for D(i,j) = D(i-j,0) If 1 > j and D(i,j) = 
D(0,j-i) if i < j. 

OED 

Let N be the set of points with labels 1,2,. .. ,n in SPIR0(cc,n) (Note 
that the point 0 is not included!). The distances of the points lying 
closest clockwise and counter-clockwise to 0 will play an important part 
in the theory and thus need to be defined carefully. As an example, these 
are the points 4 (clockwise) and 3 (counter-clockwise) if Fig.3.2. 

Definition 3.3: R,r,L,l 
R - min{D(k,0) | k^ X] (3.3) 
r - min{keJV,| D(k,0) - R} (3.4) 
L - min{D(0,k) | k^_JS%D(0,k) j> o| (3.5) 
X = mflxfkeJ^I D(0,k) = L} (3,6) 

In words, R is the smallest distance to the right (clockwise) of the point 
0, L is the smallest distance to the left (counter-clockwise), and r 
and X are the points determining these distances. Note that r cannot be 
zero, and that if a=0, L and thus X are not defined, since eq.(3.5) 
demands that D(0»X)j*0. In that case we define L=1 and £=n, in agreement 
with liia L = 1 and lim X = n. 

alO a+0 

For an example of a spirograph and the corresponding values of R, r, L 
and Xt see Fig. 3.2. 

Figure 3.2 The spirograph SPIROf 3/10,5). Here, R=l/5, r=4s L=l/10, H= 



3.2.2 Neigbouring points 

In this subsection the central theorem of spirograph theory will be 
proved, giving the arc lengths in the spirograph. First, some lemmas. 

b)n3P.-F Jf 

("nBpeJf 

D(p,0) < R 
D(0,p) < L 
" means "there is no point p in W for which:") 

Proof: This follows immediately from eq.(3.3) and (3.5). QED 

Lemma 3.3 
a) ( D(i,0) = D(j,0) A R * 0 ) ==> i = j 
b) ( D(i,0) - D(j,0) A R = 0 ) =£• i * j + mr, with m an Integer 

Proof: 
Let i>j. D(i,0)=D(j,0) implies that D(i-j,0)=0, with 0 < (i-j) < n. 
When R^O, lemma 1 yields that D(i-j,0) can not be 0 for <ijj) = 
1,2, ...,n, so we must have (i-j)=0. When R=0 eq.(3.4) yields D(r,O)=0, 
so we can write D(i-j,0) = 0 = mD(r,0) = D(mr,0), which implies that 
(i-j) = mr. 

QED 

In words, lemma 3.3 means that points are uniquely determined by their 
distance to 0 if R*0: their are no overlapping points. If R=0, overlap 
occurs, and the distances determine the points uniquely modulo r. 

After the special points and their properties we introduce the definition 
of the right-neighbour Ri of a point i in the spirograph: 

Definition 3.4: R i 
j =Ri<^>j * i An3pejV : (D(p,i) < D(j,i) A p*i) (3.7) 

In words: j is the right-neighbour of i if and only If j is not equal to i 
and if there is no point p, different from i, lying closer to i than j. 
Thus Ri is the closest point to the right of i. 
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Figure 3, 3 On the definition of right-neighbour 
a) No overlapping points: the right-neighbours are unique. 
b) Overlapping points: ambiguity arises for the point 3. 
a) Situation b) resolved by a small increase of a. 

Eq.(3.7) assigns to each point of the spirograph a unique right-neighbour 
when R^O. For suppose that both j and k were right-neighbours of i. Then 
the second part of eq.(3.7) requires that D(j,i)=D(k,i), since otherwise a 
contradiction would occur. This implies that D(j,0) = D(k,0) and when R#0 
lemma 3.3a yields k=j. 

When R=0 we would have k - j+mr (lemma 3.3b), so the right-neighbour would 
then not be unique. The uniqueness can be repaired by replacing a in the 
definition of D(i,j) by the slightly greater value ct'= a+da such 
that a' is non-rational, and taking the limit for da + 0. We will show 
later that this can always be done without changing the 'point-order' of 
the spirograph by taking da < n~ . Because a' is non-rational, R can not 
be 0. (This would imply that there is an integer r such that a'r - [a'rj 
= 0, which is impossible for non-rational a'.) , For an example of the 
application of this extended definition, see Fig.3.3. 

The right-neighbour of each point of the spirograph is given by: 

Theorem 3.1 (Central Theorem of Spirograph Theory) 
a) 0 < 1 < n+l-r 4^, Ri = 1 + r D(Ri,i) = R 
b) n+l-r < i < i 4$> R i „ 1 + r - x D ( R i , i ) = R + L 
<0 * < i < n 4=> R i = l-i D ( R l , i ) = L 
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Proof: 
The second part of a), b) and c) in the theorem follows immediately 
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is in all 
cases essentially the same. We will therefore prove a) only. 
We will show that i+r is the right-neighbour of i if 0 < i < n+l-r. 
Note first that i I* i+r, since r > 0 by definition 3.3. Thus the first 
requirement of definition 3.4 is satisfied. The second will be proved 
by a reductio ad absurdurn. Suppose there is a point p not equal to i 
for which D(p,i) < D(i+r,i) = R. If p > i this would imply D(p-i,0) < 
R and since 0 < p-i < n we have (p~I)t «N ■ This is a contradiction 
with lemma 3.2a. If p < 1 we can also find a point of the spirograph 
at distance smaller than R to the right of 0, for from the assumption 
D(p,i) < R it follows that D(i+P-p,0) - D(r,0) - D(p,i) < R. The point 
i+r-p is a point of the spirograph, since 0 < r < i+r-p < n+l-p when 
0 < i < n+l-r. Again, this is a contradiction with lemma 3.2a- Hence 
the point t+r is a right-neighbour of i, and, due to the uniqueness of 
the right-neighbour, also the right-neighbour of i. 

QED 

The reason this theorem is called the 'central theorem1 is that it 
specifies all arelengths. Since all distances D(i,j) are composed of 
arclengths, the theorem implies that all distances between points of the 
spirograph are of the form (aR+bL), with a and b integers. 
In section 3.1, the length of the arcs in the spirographs were shown to be 
equal to the vertical dis tances over which a line can be shifted without 
changing the chaincocie string. Htmce theorem 3.1 can be applied directly 
to give the positional accuracy of a line on a square grid. This will be 
done later, in section 3.4. 

3.2.3 Changing the order of the spirograph 

In this subsection, some further theorems are proved which show how a 
spirograph changes if n is changed. 

Theorem 3.2 
If the order of a spirograph of order n with a certain value for r 
and X is increased to n+1, then a change in the value of r or A will 
occur if and only If n+1 = T+X. . 

Proof: 
The values of R, r, £ and L in a spirograph of a certain order ra will 
be Indicated by R(m), r(m), £(m) and L(ra). The transition from a 
spirograph of order m to order m+1 is the addition of a point labelled 
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Figure 3.4 To the proof of theorem 3.2. 

m+1 to the spirograph of order ra, at a distance a to the right of 
point m. 
a) Suppose ro+1 = r(ra)+?(m). if R(m) > L(m) we have: D(m+1,0) = 

D(r(m),0)-D(0,X(m)) = R(ra)-L(m) < R(m) and if R(m) < L(ra): 
D(0,m+1) = D(0,A(m))-ü(r(m),ü) » L(m)-R(m) < L(ra). So If 
R(m^ > L(ra), R Is changed to R(m+1) = R(m)~L(m) and r is changed 
to r(nri-l) = r(m)+?(ra) . If R(m) < L(m) , L is changed to L(m+1) = 
L(m)-R(m) and A to £(m+l) = £(m) + r(m) . Hence either r or J. change 
if ra+1 = r+J- . 

b) Conversely, when r or i is changed, m+1 must be equal to r+.ï . For 
let us suppose that, with the increment of the order, r and thus R 
changes, so D(m+1,0) = R(m+1) (see Fig.3.4). This means that one 
of the arcs of length R(ra) [namely the one between 0 and r(ra)J is 
split into two arcs, one of length R(m+1) and one of length [R(m)-
R(m+1)J. The length R(m+1) was not yet present in the spirograph 
of order ra, and the only way to avoid the presence of four 
different arclengths in the spirograph of order m+1 (which would 
be a contradiction with theorem 3.1) is that (R(m)-R(m+1) ) is an 
arclength also present in the spirograph of order m. Since (R(m)-
R(m+l)J < R(ra) we must have [R(m)-R(m+1)1 = L(m). This Implies 
that D(m+1,0) = Rfm+1) = (R(m)-L(m)) - D( r(m)+A(m) ,0) , so, using 
lemma 3.3, m+1 = ( r(m)+J.(m) J . The same conclusion Is reached under 
the assumption that I and thus L changes . 

QED 

It follows from the proof of theorem 3.2 that the order n of a spirograph 
cannot exceed r+i, since then either r or A changes to a new and greater 
value. Thus, a corollary to theorem 3.2 Is: 

Theorem 3-3 For any spirograph SPIRO(a.n): n < r+.ï 

Both theorems are illustrated in Fig.3.5. 

3.2.4 Preserving the point order: Farey Series 

Not every change in a leads to essential changes in the spirograph, with 
points on the circumference of the spirograph moving over one another. 
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Figure 3.5 Spirographs SPIBO(CL,n) of fixed slope a, for increasing order 

n. The values of (n,r,%.) are, for these figures: a) (2,1,2); 

b) (3,1,3); a) (4,4,3); d) (5,4,3); e) (6,4,3); f) (7,7,3). 

Just which values of a do lead to such changes is studied in this section. 

Definition 3.5: point-order 
The point-order of a spirograph SPIR0(tc,n) is defined as the sequence 
of the labels of the points on the circumference of the spirograph. 

We are interested in the set of all spirographs having the same point-
order as a given spirograph SPIRO(<x',n) . Obviously these spirographs 
should all have the same n, but may vary in their value for a. The demand 
that the sequence of labels should be the same implies that each point 
should keep the same right-neighbour when a varies, and this is only 
guaranteed if D(Rl,i) > 0 for every i. Hence theorem 3.1 yields that the 
strictest bounds on a are given by R > 0 and L > 0. In fact the extended 
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By 
definition R = ar-ictrj and L = \(xl]-a$. , so we have: 
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Theorem 3.2.4 
SPIR0(a',n) has the same point-order as SPIR0(a,n) iff: 

These bounds for a will now be shown to be the best rational approxima
tions for « with fractions whose denominator does not exceed n (i.e. there 
is no fraction p/q with q < n strictly between [arj/r and \al]/l ). 

The proof of this fact makes use of some properties of Farey-series which 
are well-known in number theory (see [Hardy and Wright 1979, 3.1]). These 
properties are given here as lemmas 3.4-6. 

Definition 3.6: Farey Series 
A Farey-series of order n (notation F(n)) is defined as the ascending 
series of irreducible fractions between 0 and 1 whose denominators do 
not exceed n. 

Example: , W Is the series fr&M^fiM^ " 

An important property of a Farey series is: 

If Pj/^l* P2^q2 an<* P3/I3 a r e three successive terms of F(n), then 

q2 " ^+"3 

An equivalent property is: 

Lemma 3.5 
I f P j / l j arid P 2 / q 2

 a r e two s u c c e s s i v e terms of F ( n ) , then 

p 2 q 1 - P 1 q 2 = 1 

A consequence of this theorem is that the Interval between two fractions 
Pi /qi and p^ /qo equals: 
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1 
q2 qx 

(3.9) 

We will also need: 

Lemma 3.6 
If pi /q-i and p2/q? are two consecutive fractions in some Farey series, 
then (Pi+p9)/(a,i+qo) is an irreducible fraction. 

Proofs: 
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the 
proof of lemma 3.6, can be found in [Hardy and Wright 1979, 3.1]. 

QED 

The theorem connecting spirographs with Farey-series is: 

Theorem 3.5 
The fractions [<tr\/t and fall/I, with r and Jl obtained from the spiro-
graph SPIRO(a,n), are two successive fractions in F(n). 

Proof: 
First, it is shown that farj/r and [allM are terms of F(n). 
a) [arj/r is irreducible. For if we suppose that far] and r have a 

common factor k, it follows that r/k and [ar]/k are integers. 
Eq.(2.4a) then implies that farJ/k = l«r/k] . Therefore we have 
R = D(r,0) = ar-ictrj = k{ar/k~iar j /k[ > ar/k-far/k] = D(r/k,0). 
Since R/k is a point in the spirograph we have a contradiction 
with eq.(3.3). Hence farj/r Is irreducible. 

b) In the same way it follows that fall/I is irreducible. 
c) By definition 3.3, r and 1 are points of SPIRO(a,n), so r < n 

and 1 < n . 
From a, b and c it follows that farj/r and fall/5, are terms of F(n). 
It is left to prove that they are successive terms. According to lemma 
3.4 and 3.6 in some Farey series there is an Irreducible fraction 
{far]+fall}/(r+1) lying between farj/r and fail/1. Since r and 1 were 

obtained from the spirograph of order n, theorem 3.3 yields r+! > n , 
so (farj+falll/Cr+l) can not be a fraction of F(n). This implies that 
farj/r and rail /I are successive in F(n). 

QED 

It follows from eq.(3.8) that farj/r and fall/1 are boundaries for a pre
serving the point-order of the spirograph SPIR0(a,n). We now find that 
they are also the best lower and upper bound for a in F(n). For the 
difference of the bounds given in eq.(3.8) we thus have: 

fal] ictrj rfall-liarj , n , 2 ,„ 
— j - " ̂ -p1 = ~ ~^f L = 1/r! > 1/n (3.10) 

where theorem 3.5 and lemma 3.5 were used. Hence it is always possible to 
make the modification to the definition of 3.4 of a right-neighbour, 
guaranteeing its uniqueness. 

3.2.5 The Continued Fractions Algorithm 

There is a way to find the neighbours for a in F(n) quickly by means of 
the continued fractions algorithm, well-known in number theory. This was 
shown in [Hurwitz 1894]. Since the result will be important for a fast 
string code generation algorithm (line synthesis - graphics), and for the 
linearity conditions (line analysis - measurement), we will derive this 
method using spirographs. 

Let us put, for convenience, 

Pi = Lan ; qL = r (3.11) 
P2 = fa*l ; q2 = l 

then the bounds on a in theorem 3.5 are given by: 

pj/qj < a < p2/q2 (3.12) 

where Pi/qi and p2/q2 are two succesive fractions in F(n). Lemma 3.4 shows 
that the next bound to appear If n is increased is (p-i+p'O/tq-t+q?). Let us 
suppose this is an upper bound, then the new bounds on a are pi/q-, < a < 
(Pl+P2)/ C 1i+cl2 ̂' Again applying lemma 3.4 the next bound to appear is 
(2p^+p2)/(2q,+q2) . Suppose this is also an upper bound. Then continueing 
in this way we find that the bounds of a have the form: 

P1 mp1+p2 
— < a <■ T — (where m is a positive integer) (3.13) 

if, starting from eq.(3.12) a series of changes of the upper bound takes 
place. Similarly, the bounds of a can. be written as 



P1+mp2 
q,+mq (where m is a positive integer) (3.14) 

if a series of succesive changes in the lower bound takes place. 
Let us call the successive bounds p,/q-, then the following theorem can be 
proved: 

Theorem 3.6 
The fractions pi/l-i and p?/q-j, bounding a in SPIRO(a,n) are found by 
the following algorithm: 

fraction algorithm' 

(3-15) 

b) The fractions p-, / q-, and p9/q^ are the 'intermediate convergents 

QT 

I ' 1-1 
and 

HI-1 
QT I 

% 
■*I-1 

(3.16) 
QT 

If I is even, the first fraction is —- and the second —— , if I is odd 
ql q2 

the reverse is true. 

Proof: 
Assume that cc is real and that the upper bound for a has just been 
fixed on the value P._-, /Q-?_i » and the present value for the lower 
bound is P - T / Q - T * Increasing the order n will then result in a 
change of the lower bound as in eq.(3.14). The end of the series of 
changes in the lower bound is determined by the value ra. , of m 
satisfying: 

V l P i - l + P i -2 , , < V l + 1 ) P i - l + » i„ 2 ' a. < (3.17) 

since the next bound is an upper bound. Eq.(3.17) can be rewritten as: 
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1 °<Q i-2 'i-2 
iQ4 1-1 'i-1 'i-1 ""1-1 

and since m. i should be integer the solution is: 

i-1 
«i-2 "i-2 

p i - r ««i-i 
is defined as 

P._ - aQ 

1 
'i-1 

1-1 
"i-1 «Q±.2- ?!_, 

If we now define as recursive relations for P. and (L : 

p i s 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

then the new bounds for ü are P*/Qj \ a < P.-n/Q.-n • Further incr-
ing the order will now change the upper bound as given in eq.(3.l: 
until m has the value ra. satisfying: 

eas-
q-(3-13) 

(m +1)Q + Q 

since the next bound will be a lower bound. 
integer, and the solution to eq.(3.22) is: 

P._n- aQj_] 

1Q, 

J. 
x 
i-1 

(3.22) 

(3.23) 

where eq.(3.20) was used to rewrite the expression. Comparison with 
eq.(3.19) shows that m. can be rewritten in the same form as m, . , 
namely 

if we define 
(3.24) 

1 
(3.25) 

' i - i L u i - i J 
This is a recursive relation for a . Further increasing the order will 
change the lower bound again and in the same way as before, m and m.-, 
can be calculated. It is then found that the recursive relation of 

ch changes in the 
eq.(3.25) also holds for a... and eq.(3.24) for m,+ 
Thus the P. and Q., indicating the fractions at which changes ir 
upper bounds are followed by changes in the lower bound (or vice 
versa) can be computed by eq.(3.21), where the ra are found from 
eq.(3.24) and the a* from eq.(3.25). This yields eq.(3.l5), the first 
part of the theorem. The initial values in eq.(3.15) were found by 
straightforward computations from the simples t spirographs. 
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These 'convergents' PJ/Q* can now be used to calculate the best bounds 
in the Farey-series, by interpolation along the lines indicated above. 
This is straightforward and produces eq.(3.16) 

QED 

The algorithm of eq.(3.15) is the continued fractions algorithm well-known 
from number theory (see e.g [Hardy & Wright 1979, Ch.10]), The ra1 are the 
coefficients of the continued fraction expansion of a, commonly denoted 
by: a - (m 0' 1' 

1 

(3.26) 

If a is rational the expansion ends; for irrational a it does not. 

As an example, consider a=l/n and n=l4. The working of the continued 
fraction algorithm is given in Table 3.1 The convergents are the fractions 
P0/Q0=0/1, P1/Q1=l/31 P2/Q2=7/22, so 1=1. Eq.(3.16) then yields the bounds 
4/13 < 1/IÏ < 1/3 in F(14). 

Table 3.1 The continued fraction algorithm of theorem 3.6 and the string 
generation algorithm of theorem 3.7 for the line y=^x/n. 

* mn is differently defined in eq.(3.15) and eg. ( 3.29b). 

i 

-1 
0 
1 

2 
3 
4 

a i 

.3183 

.1416 

.0625 

.9966 

.0034 

ml 

3(2) 
7 
15 
1 

292 

Pi 

1 
0 
1 
7 

106 
113 

<k 

0 
1 
3 
22 
333 
355 

U(l+l)/2 

1 

021 

(0(021)7)15( 

Li/2 

0 

0(021)7 

021) 
0(0 1)7((0(021) W i ) ) 1 
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3.3 THE STRUCTURE OF A STRAIGHT STRING 

The algorithm of [Bresenham 1965] is the first algorithm to generate a 
straight string. It does so by testing a condition for every chaincode 
generated, and produces the chaincodes immediately, in the correct order. 
This algorithm was developed in the time of pen-plotters, when this was no 
objection. With the advent of raster scan devices, the interest grew to 
expand this algorithm and generate runs of chaincode elements rather than 
single codes. Such an algorithm is given in [Pltteway S Green .982]. The 
structure of straight strings, revealed by the 'linearity conditions', 
allows even more advanced, so-called structural algorithms. The first was 
given by [Brons 1974]. [Wu 1982] proves both the linearity conditions and 
the Brons algorithm. Indepently and simultaneously, a proof based on 
spirograph theory was found. It is given in this section. 

3.3.] Straight strings and fractions 

The connection between strings and fractions was already briefly indicated 
in chapter 1. A precise Formulation is the following. 

The first n elements of the OBQ-string of the line y = ax are Ident
ical to the first n elements of the OBQ-string of the line y = £■ x 
, p q ' 

where - is the best lower bound on a in F(n). 
Proof: 

See Fig.3.6. Each point P: (x',y') of the grid determines a line OP 
with equation y = xy'/x'. A line with the same OBQ-string as y = ax is 
the line with the maximum slope y'/x' such that there is no point in 
the shaded triangle in Fig.3.6, bounded by the lines y - ax, y = 
xy'/x' and y - n. Thus y'/x' must be the maximum rational number not 
exceeding a with denominator not exceeding n, and hence the best lower 
bound of a In F(n). 

QED 

A bound £ on a corresponds to a line y = E x In the grid, and hence to a 
ehaincode string. With increasing n, the bounds become more accurate, and 
chaincode strings are concatenated. The relation between these two 
occurrences is given by the following lemma. 
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Figure 3.6 To the proof of lemma 3.7. 

figure 3.7 To the proof of lemma 3.8 

Lemma 3.8 
If Pi/qi and P2/q2 a r e a n uPPer a n d a l o w e r bound on a in some Farey-
series and the corresponding chaincode strings are U and L , then the 
chaincode string corresponding to Cpi+P2^ ̂ ql + q2' ) is 

(The notation L U means: the string L followed by the string U . We will 
use L n U m as shorthand for: n repetitions of L followed by m repetitions 
of U.) 

Proof: 
See Fig.3.7. The chaincode string to the point Q is the string of the 
best lower bound of (p1+p1)/(q1+q2)• Since p1/q1 and p2/q2 a r e 

consecutive fractions in some Farey-series, (p^+p2)/(q^+t^ i s c h e 

fraction with the lowest denominator lying between p-j/q̂  and P 2/Q2 

(lemma 3.4). Therefore the parallellogram OP2QPi does not contain a 
grid point, and we can compose the string of OQ by the strings of the 
parts OP-, (this is L) and P,0 (which is the same as the string of 
0P7, and hence is U ) . Thus the string of 00 is LU-

QED 

Note that the visualisation of fractions as vectors in the grid is 
consistent with the Farey-Iinterpolation formula in lemma 3.4, which adds 
numerator and denominator as If they were the components of a vector. 
Lemma 3.5 then states that the vectors corresponding to two neighbouring 
fractions in a Farey series span a parallellogram of area 1. This implies 
that that there is no discrete point within the parallellogram. 

3.3.2. A Straight String Generation Algorithm 

The relation between splrographs, Farey-series and continued fractions 
leads directly to a set of recursive relations describing the structure of 
the chaincode string of a straight line. 

Let the chaincode strings corresponding to the upper and lower bound of 
0 in the spirograph SPIR0(a,n) be IL and L, (see Fig.3.8). If the order 
of the spirograph is increased, eventually one of the bounds will change, 
and the new bound is formed by the point (£+r) (Theorem 3.5, lemma"3.5). 
Suppose that this is an upper bound on a, so that the point (£+r) lies to 
the left of the point 0. According to lemma 3.8 the chaincode string 
corresponding to this new bound is L ■ U ■ (Fig.3.8). Further increasing 
the order may lead to another change of the upper bound to the point 

(/+u) 

Figure 3.S Convergence near the point 0 of a spirograph. Strings are 

indicated below the corresponding point labels. 
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(A+2r) , with string L?U., then to (J(+3r), with string L . U., 
etcetera. If a total of m2» consecutive changes in the upper bound occurs 
the chaincode string of the upper bound will have changed to 

U ] + 1 - l j 2] U j < 3 - " ) 

The string of the lower bound is still L = . 

Further increasing the order now leads to changes in the lower bound and 
the string corresponding to the lower bound becomes L^LL.^, L . U - ^ , 
L.U , etcetera. If the lower bound changes m2 i+1 t l m e s t h e resuJ-cinB 
string L■. i for the new lower bound is: 

(m ) 
L = L U 2J+1 (3-28) 

Now the upper bound changes and the process continues as before. 

Combining with the algorithm of theorem 3.6, and using the proper initial 
conditions, we have: 

Theorem 3.7 
An algorithm to generate the string L corresponding to the 
line y = ax is: 

Cm, „. ) iL - o , 1 = L.U.JJ+1 
o j+l i : + 1 

(3.29a) 
"U = i , U „ = 1.°^ U. 

o j+i i J 

(3.29b) 

J L J 

This algorithm generates an 8-connected chaincode string; a 4-connected 

chaincode string is generated by this algorithm if we change the 
definition of %j to flfrj ■ — • 

is the beginning of the string L; it contains the first n- codes, 
where n- is given by n. = q , with 

q0 = l ' q l = l* qj+l = mjqj + qj-l (3.30) 

(as follows from theoren 3.6). So, if the first n elements of L are 
required the algorithm (3.29) is applied until HJ > n. If a is irrational 
the algorithm never stops; if a is rational it generates an endlessly 
repeating string. 

As an example, consider the line y= —x. The successive L - and U^ are 
indicated in table 3.1. For n=14, the string is found to be the first part 
of 0(021)7, which is 00010010010010. 

The average order of this algorithm can be computed by noting that the 
most time-consuming part is (3.29b), the calculation of the m, 
and a . This part is identical to the continued fraction algorithm, which 
is closely related to Euclid's algorithm. [Knuth 1971] shows that the 
number of steps these algorithms require is, in worst case, 2.08 ln(n) + 
1.67 and, on average, 0.89 ln(n) + 0(1), where n is the number of elements 
in the string. 

As already stated in the introduction, the structural algorithm of 
eq.(3.29) is not new. It was given in [Brons 1974], and proved in [Wu 
1982]. Recently, a new structural algorithm was developed by [Castle & 
Pitteway 1986], using the palindromic structure inherent in straight 
strings. It is Interesting to note that both the Brons and the Castle & 
Pitteway algorithm, as well as the proof of their correctness, can already 
be found in [Christoffel 1875], albeit In a slightly disguised form. The 
derivation of the algorithm given above provides more insight than the 
derivation given by [Wu 1982], since it makes explicit the connection to 
the theory of rational approximations (by Farey-series and continued 
fractions) already hinted at by [Brons 1974]. 
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3.3.3 The linearity conditions 

A thesis on digitized straight lines would not be complete without a 
derivation of the linearity conditions, i.e. the conditions a chaincode 
string raust satisfy in order to be the string corresponding to a 
continuous straight line. Historically, they were first formulated in 
[Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974] 
introduces the chord property, and derives properties that can be used in 
a more exact formulation of Freeman's conditions. [Wu 1982] uses the 
recursive structure of the [Brons 1974] algorithm as a formulation of the 
linearity conditions, and shows that they are necessary and sufficient. 
[Hung 1984] gives an elegant alternative formulation of the Freeman 
conditions and proves the equivalence to the chord property. 

The linearity conditions are easily derived from the algorithm eq.(3.29). 
First it is seen from (3.29a) that the string of a line can be described 
on several 'levels' j, and that on each level the structure of the line is 
the same. Rewriting (3.28) we have: 

L j+ i= L.U^f1 - L / L ^ U / 2 J + 1 

■ LyUjL^U,)""*" 1 

j r j J 

Thus the chaincode string of a straight line consists, at each level, of 
'runs', defined as a nu 
clear from (3.31) that: 
'runs', defined as a number of L.: followed by an U .=. It is immediately 

m9 .+1 
at any level (j+1) one run, the run L."J U . , appears isolated 
at any level (j+1) there are only two runlengths present. They are 

length m2 . + 1). 
This shows the necessity of the linearity conditions. The proof of 
sufficiency can be found in [Wu 1982]. As in the case of the generating 
algorithm, the improvement the derivation above gives over [Wu 1982] is 
the explicit relation to elementary number theory. 

3.4 AN'ISOTROPY IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES 

In section 3.1 spirographs were introduced as a simple way of visualizing 
the problem of the positional accuracy of a straight line on a square 
grid. The labelled points of the splrograph correspond to lines passing 
through grid points in the columns considered. A line y « (XX + e is 
represented by a point P in the splrograph, lying e to the left of the 
point 0 (see Fig.3.1). The vertical distance over which the line can be 
shifted without traversing a grid point is equal to the length of the arc 
containing the point P. With spirograph theory, all tools are now 
available to analyze the anisotropic behaviour of the positional 
inaccuracy in detail. 

3.4.1 The positional inaccuracy in worst case 

The worst case for the positional accuracy S of a line with slope Ct, 
digitized to a string of n elements, can be found as the length of the 
largest arc in SPIR0(a,n). Using theorem 3.1, the maximum arclength in a 
spirograph is: 

S ^ a . n ) - max{R,L,R+LlspIR0(a>n) (3.32) 

where the subscript indicates the spirograph from which R and L are to be 
taken. This equation can be written in a more convenient form in terms of 
R and L of SPIR0(a,n+l), using the proof of theorem 3.2: 

■ I'"*1 " '"I +a(r-'-> )sPIR0(a,n+l) ( 3' 3 3 ) 

Note that here [arj/r and [al]/X are the best bounds of a in the Farey 
series F(n+1) (see theorem 3.5). An algorithm to determine these bounds is 
given in theorem 3.6. 

Fig.3.9 is a plot of S (a.n) as a function of a and n. This function has max 
some properties which can be seen from the figure, and which are easily 

V 



Figure 3.9 The Worst case positional inaccuracy S (a,n) as a function 
max J 

of a for n=0 to S. 
Fzgure 3.10 The average positional accuracy S(a^n) as a function of a 

for n-0 to 5. 
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a fraction ■*- of F(n+1) we have: 
q 

S C~,n) = - (3-34) 
max q q 

min S (a,n) - —-r . (3.35) max n+1 a 

Thus the lines which have the smallest positional inaccuracy are those 
with a slope p/(n+l), and the corresponding accuracy is l/(n+l). 
As an example, consider lines with slope 1/n and n=14. In that case the 
bounds in F(14+l) are 4/13 < l/n < 1/3, and eq.(3-33) yields S f—,14] » 

maxk n ' 

3.4.2 The average positional inaccuracy 

It is also possible to derive the average positional inaccuracy S(a,n), 
defined as the vertical shift that may be applied on average to a line 
segment with slope a,covering n columns without traversing a grid point. 

As we have seen in section 2.3.2, a uniform distribution of the lines in 
their polar parameters r and $ implies a uniform distribution in e. This 
means that the point P in SPIRO(a,n) representing the line y = ax+e (the 
ooint lying e to the left of 0) is uniformly distributed along the 
circumference of the spirograph. Hence the length of the arc of the 
spirograph containing P is both a measure for the possible shift and for 
the probability that this shift occurs. So, if the length of the arc 
between i and H i is called cL, the average positional inaccuracy S(a,n) 
is: 

B(«,n) = l d.2 . { *R2
+ rL2

+ 2RL(l+r-(„-l)) ) s p I R 0 ( a _ n ) 
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= I (2n+2-l-r)r.f.a2 - 2J (a r J }.(n+l-X.) + [aJtlr(n+l-r) }a + 

•Mar]2 + rfaJ.12 + 2[ar] \aX] (n+l-4-r) } spIR0([ljtl) 
(3.36) 

where theorem 3.1 was used. Again there is an implicit dependence on a and 
n, and eq.(3.36) is valid for the values of a given in eq.(3.8). Calcul
ation of eq.(3.36) at the bounds of this range yields: 

s (i^LL > n ) =i and S (I|£L i n ).l (3.37) 

Theorem 3.5 states that the consecutive bounds for a are successive terms 
of F(n). Thus the first time the fraction — occurs as a bound is when the 
order is q, and since - is a term of all F(n) with n > q, it will be a 

q p i 
bound for all higher orders. Furthermore, the value of S(—,n) is — for all 
n > q. If, in some interval of values for n, the bounds given by eq.(3.8) 
do not change, eq.(3.36) shows that S(a,n) is linear in n for a given a. 

These properties are clearly seen in the plots of Fig.3.10, which give 
S(a,n) as a function of a for several values of n. Note that for all a 
and n: 

(3.38) 

If S(cr,n) is needed for some a. and n the values of r and £ can be obtained 
by the algorithm given in theorem 3.6 



4. Digitization 

Digitization of straight line segments can be considered as a mapping D of 
the set of continuous straight line segments C to the set of discrete 
straight line segments C , conveniently coded by straight strings. The 
mapping of a line I to its string c was treated in chapter 2. Since a 
string can represent the digitization of several continuous lines, the 
inverse mapping is not one-to-one. The 'inverse digitzation' can be 
completely described, however, by specifying the equivalence classes of 
the strings, called domains. 

The domain of a straight string c is defined as the set of all lines whose 
digitization is a given string c. It is the purpose of this chapter to 
derive the 'domain theorem', a mathematical expression for the domain of 
an arbitrary straight string c. 

4.1 REPRESENTATION IN (e,a)-SPACE 

The study of the digitization D as a mapping requires a representation of 
the set of continuous straight line segments. A very convenient reoresent-
ation is the parameter space of straight lines. This section introduces 
the basic terms and diagrams. 

Definition 4.1: (x,y)-space 
(x,y)-space is the two-dimensional Euclidean plane, with Cartesian 
coordinates x and y relative to an origin 0. 
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A line in (x,y)-space is given by the familiar equation y = ax + e and is 
thus characterized by two parameters e and a. Such a line is represented 
by a point in its parameter space, called '(e,a)-space' or 
(slope,intercept)-space ([Rosenfeld & Kak 1982]). 

Definition 4.2: (e,a)-space 
(e,a)-space is the parameter space of infinite straight lines 
y = ax -I- e in (x,y)-space. 

The relationship between the two spaces is thus completely given by the 
formula y = ax + e which is the parameter transformation mapping one space 
into the other. 

Definition 4.3: line-parameter transformation (LPT) 
The conversion of (part of) (x,y)-space into (part of) (e.a)-space , 
or vice versa, by means of the equations 

y = ax + e (4 .1) 
e = -ctx + y 

is called the line-parameter transformation (LPT). 

This line-parameter transform is a special case of well-known parameter 
transforms called 'Hough-transforms' [Hough 1962] . Vossepoel & Smeulders 
[1982] computed the integration domains for straight line length estim
ators by a method which is equivalent to using the LPT. 

Applying the LPT to points in (x,y)-space, we find that these are trans
formed to lines in (e,a)-space: the transformation of (x',y') is the line 

e = y' if x'=0 
1 v' a = - —r e + ~r otherwise (4.2) 

Thus a duality exists between points and lines in (x,y)-space and lines 
and points in (e,a)-space. This is illus trated in Fig.4.la,b. 

Consider a line, and the corresponding chaincode string. Changing the 
parameters e and a of the line will not always result in a different 
string. For OBQ-digitization, the string only changes if the line sweeps 
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LPT 

LPT 

Figure 4.1 The duality of points and lines in (x,y)-spa.ce and (e}a)-syace. 

over a grid point in one of the (n+1) columns considered. Somewhat more 
generally, the points at which the string changes are defined as follows. 

Definition 4.4: critical point 
A critical point is a point (x,y) = (i,v) (where i ^ Z ) , such that a 
line y(x) = ax + e in the standard situation has a different value for 
the i-th chaincode element, depending on whether v < y(i) < v+£ or 
v-e < y(i) < v, for arbitrarily small £ > 0. 

For OBQ-digitization the critical points are the grid points (see Fig. 
4.2a). For GIQ-digitization they are the points (i,j+%), where i,jeZ. 
The LPT-image of a critical point is called a 'border line': 

Definition 4.5: border line 
A border line is a line in (e,a)-space which is the LPT-transform of a 
critical point. 

The border lines divide (e,a)-space into tiles, which are called 'facets' 
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after [Mcllroy 1985]. A sketch of (e,a)-space and the border lines corres
ponding to critical points in the columns x=0,l,2,3,4 is given in Fig.4.2, 
for OBQ-digitlzation. 

In the standard situation, only lines with a string of which the digiti
zation consists of chalncode elements 0 and/or 1 are treated. All strings 
consisting of at most n elements 0 and/or 1 connect the point (0,0) with 
the points (I,j) given by: 

0 < j < I < n (4.3) 

(see Fig.4.3a). Every one of these points therefore belongs to the digiti
zation of a continuous straight line in the standard situation. The set of 

Figure 4.2 Four columns of discrete points in (x,y)-space and the corres
ponding LPT-images of the discrete points, in (es<x)-space. 

all straight lines that are in 'standard situation' are thus the lines 
passing entirely through an area which is the union of the regions of 
sensitivity of these points. With the restriction 0 < x < n, this is a 
trapezoidal area. The lines passing through this area are restricted in 
their parameters e and a, and thus form a region (e,a)-space. In general, 
this region is diamond-shaped. 

For the specific case of 8-connected OBQ-s trings, all straight lines in 
the standard situation pass through TRAPEZOID(n), defined by: 

Definition 4.6: TRAPEZOID(n) 
TRAPEZOID(n) is the part of (x,y)-space satisfying 

0 < x < n 
0 < y < x+1 (4.4) 

It follows from eq. (4.4) that e is constrained by: 0 <• e < 1 . Given a 

TRAPEZOID(n) 

DIAMOND(n) 
figure 4.3 TRAPEZOIDln) and DIAMOND(n) for 8-connected OBQ-digitization. 
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value for e, the minimum slope of a line passing through TRAPEZOID(n) Is 
-e/n, and the maximum slope is (n+1—e)/n. Therefore, for 8-connected OBQ-
strings, a line y=ax+e is in the standard situation if Its parameters 
(e,a) are in DIAMOND(n) given by: 

Definition 4.7: DIAMOND(n) 
DIAMOND(n) is the part of (e,a)~space satisfying 

0 < e < 1 
- - e < a < l + - - - e (4.5) 

n n n 

TRAPEZOTD(n) and DIAHOND(n) are depicted in Fig.4.3. Comparing with 
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so 
because the boundaries are border lines corresponding to critical points 
in (x,y)-space. 

4.2 THE FACETS OF DIAMOND(n) 

An understanding of the facets is crucial to the study of the digitization 
of straight line segments. In this section, the shape of the facets is 
studied, then a parametrization is given, and using that parametrization 
quantitative expressions for the facets are derived. 

The first analysis of the facets and domains in (e,£*)~space was performed 
by computing the parameter cons traints on straight lines in (x,y)-space 
[Dorst & Smeulders 1984]. It was followed by an elegant descriptive 
analysis directly in (e.a)-space by [Mcllroy 1985]. The present section 
also performs the analysis in (e,a)-space, but along different lines than 
[Mcllroy 1985]. 

4.2.1 A parametrization for the facets 

In this section, the shape of the facets is determined by considering the 
border lines that form their boundaries. 
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The border lines in DIAMOND(n) can only have crossing points which can 
be written as 

Ce\a') - ( | , £ ) (4.6) 

where q, p, k are integers, p/q is any fraction of F(n), and k is an 
Integer for which 0 ^ k < q 

Proof: 
Consider the two (e,a)-lines in DIAMOND(n) which are the images of the 
discrete (x,y)-points (i,j) and (i',j') of TRAPEZOID(n). The inter
section point of these (e,a)-lines is the LPT-image of the (x,y)-line 
connecting the (x,y)-points, which is the (e,a)-point 

Ji'-ij' J'-J (4.7) 

Let (j,_j) and (i'-i) be called p and q, respectively. Varying i, j, 
i' and j', p and q independently assume all values 0,1,2,...,n. 
Therefore, within DIAMOND(n), p/q assumes all values of F(n), but no 
other values. 
The e-values of the intersections are multiples of 1/q, say k/q. 
Within DIAMOND(n), k must be an Integer In the range 0 < k < q. 

QED 

The border lines passing through a particular point are given by the 
following lemma. 

The number of border lines passing through the (e,a)-point (k/q,p/q) 
in DIAMOND(n) Is 

L^J 
and these lines have the slopes 

_ l_ J _ 1_ 1 
s ' s+q » s+2q ''■", s+(M-l)q 

where s is the solution of 

(4.8) 

(4.9) 

sp = -k (mod q) 

in the range 0 < s < q. (4.10) 

Proof: 
Consider the crossing point (k/q,p/q). From eq.(4.7), it follows that 
p=(i'-i), q-(j'-j), k=(ji'-ij'). This gives: 



_^ 

pi = -k (mod q) (4.1I) 
which has a unique solution i=s in the range 0 < s < q for every k, 
according to lemma 2.1. Also, when i=a is a solution, so is i=s+mq. By 
lemma 2.1, this is the unique solution in the range [mq,(m+1)q). Since 
varying m accounts for all integers, there are no other solutions but 
those of the form i=s+mq. For points in TRAPEZOID(n), the range of 
possible i-values is 0 < i < n. Scanning this range from 0 to n, the 
first solution is s, the last solution is s+[(n-s)/qJq. The number of 
solutions is thus given by eq.(4.8). By eq.(4.2), the slope 
corresponding to a solution i is -1/i, and the theorem follows. 

QED 

Let us define a function L(x), pronounced 'last x', as follows. 

Definition 4.8: L(x) 

*+m (4.12) 

where q and n are integers, and 0 < q < n. 

With this definition, the two extreme slopes in eq.(4.9) are -1/s and 
-1/L(s). 

Using lemma 4.2, the shape of the facets can be determined. 

Theorem 4.1 
The facets of DIAMOND(n) are either triangles or quadrangles with two 
vertices at the same value of ct. 

Proof: 
Consider a facet, and an (e,a)-line a = p/q, chosen such that it cuts 
the facet boundary twice, at least once through a vertex point. By 
lemma 4.1, p/q is an element of F(n). Let these cutting points be 
called A and B, in order of ascending value of e. Since the facets lie 
completely at one side of any of the border lines, they are convex. 
Thus three situations are possible, sketched in Fig.4.4a, depending on 
whether only A, both A and B, or only B are vertices of the facet. 
Let maximum slope of a border line of DIAMOND(n) passing through A be 
-1/s, and the maximum slope of a border line passing through B be 
-l/t, then by lemma 4.2 the minimum slopes of border lines passing 
through these points are -l/L(s) and -l/L(t). Also s, L(s), t and L(t) 
are integer. We have s <■ L(s) and t < L(t), and ~~i{s*L(s) A t*L(t)|, 
for otherwise neither A nor B would be a vertex point. It follows from 
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Figure 4.4 To the proof of theorem 4.1: a facet intersected by a line 
a =K 

<7 

lemma 4.2 that all border lines passing through A or B have slopes 
-1/(s+mq) or -1/(s+£q), respectively (where m and A are integers). So, 
if s t L(s) then L(s) > s+q > q > t and, similarly, if t t L(t) then 
L(t) > s. Therefore in all three cases the border lines with slope 
-1/s and -1/L(t) intersect in a point C at some a > p/q , and the 
border lines with slopes -1/L(s) and -l/t in a point Ü at some a_ < 
p/q (see Fig.4.4b). 
At a=p/q, the facet is thus split into two parts bounded by converging 
straight lines. Since this can happen at only one value of a, there 
are no other vertices on these lines between a=p/q and a , or between 
a and a_. Therefore, the facets are in general quadrangular, with two 
vertices at cr = p/q. The quadrangle may degenerate to a triangle if two 
of its sides are coincident. In that case, there is only 1 vertex 
at a=p/q. 

QED 

Since a facet has its largest e-dimension at a unique value p/q of a, a 
facet of DIAMOND(n) can be identified by the q,p and k of the leftmost 
point at <x=p/q. For reasons which will become clear later, it is prefer
able to use s defined by eq.(4.10) instead of k. This is allowed, since 
every k leads to a unique s, and vice versa, by lemma 2.1. 



Definition 4.9: FACET(n,q,p,s) 
FACET(n,q,p,s) is the facet of DIAMOND(n) with widest e-dimension at 
a = — , and of which the upper left border line has a slope -1/s. All 
points of the right border lines are excluded from FACET(n,q,p,s). 

Note that not both the left and the right border lines can be included in 
FACET(n,q,p,s), since then some (e,a) points would be allotted to Cwo 
facets. The choice in definition 4.9 was determined by the inclusion and 
exclusion of the boundary of DIAMOND(n). 

4.2.2 The facets quantified 

Using the properties of the border lines and the corresponding critical 
points, the vertices and border lines of FACET(n,q,p,s) can be computed. 

Theorem 4.2 
The border lines bounding FACET(n,q,p,s) are the lines given by 
y," ax +e, where ( x ^ y ^ are the the critical (x, y)-points: 

S - ( W - ( L(t, , püÖü] ) 

'■Wl s ■ [f]> 
(4.12) 

« - (xR,yR) - ( L(e, , [ Ü M ] ) 

and t is bi ject ively related to s by 

tp = (sp-1) (mod q) (4.13) 

With the labels Indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD) 
and R=LPT(AD). 

Proof: 
By lemma 4.1, the left vertex of FACET(n,q,p,s) at a=p/q can be 
written as (k/q,p/q), where k is related to s by eq.(4.10): 
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s - -k(mod q). (4.14) 
Using the requirement 0 < k < q, k can be expressed in terms of s: 

k.-9p-[z|E|q.q{p£]-51) (4.15) 
The border line passing through this vertex with slope -1/s corres
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-vali'e is 
found by substituting (e ,a) = (k/q,p/q) in the LPT-formula y=ax+e , 
noting that x=s. This gives critical point P. R is derived similarly. 
The right vertex is the point ((k+l)/q,p/q), if a solution exists of 
the equation 

ip = -(k+l)(mod q) (4.16) 
which is the counterpart of eq.(4.14). By lemma 2.1, a solution in the 
range 0 < i < q exists. Calling this solution t, it is found similar 
to eq.(4.15) that 

By lemma 4.2, the maximum and minimum slopes of the border lines 
intersecting in C are -1/t and -1/L(t), respectively. These correspond 
to the points Q and S, by the LPT-formula eq.(4.1). 
It follows from eq.(4.16) and eq.(4.17) that t and s are related by 
eq.(4.13). The bijectivity follows from lemma 2.1. 

QED 

One can also specify the FACET(n,q,p,s) by its vertices: 

Theorem 4.3 

(4.18) 

FACET(n,q,p,s) has the vertices: 

L(t) - s L(t) - s 

A = ( M - SS. Z ) 
It \ q ' q ' 

B . ( p t t f j . Pt ( P j 

L(s) - t L(s) - t 

related by the LPT to lines through the critical (x,y)-points S, P, Q 
and R by: A-LPT(PR), B=LPT(QS), C=LPT(PS), D=LPT(QR). 

Proof: 
This follows immediately from theorem 4.2 and eq.(4.7). 

QED 
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With either theorem 4.2 or theorem 4.3, the FACET(n,q,p,s) is described 
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)-
space, and A, B, G, and D in (e,a)-space. Fig.4.6 gives the facets in 
DIAMOND(n), for a=»l ,2, , .. »6. The facet labels are explained in the 
following section. 

Figure 4.5 a) A discrete line segment in (xty)-space (ap. Fig.2.6) 
All continuous lines passing through the shaded area have 
the same string and- hence belong to the same domain. 

b) Schematic drwjying of the domain and its LPT-image. 
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4.3 THE DOMAIN THEOREM 

Consider a line y=ctx+e, which has a certain string C. Changing e and Of , 
the chaincode string will change if the line traverses a critical point. 
In (e,a)-space, the line is represented by an (e,a)-point1 and the change 
in e and a by a movement of that point. The line traversing the critical 
(x,y)-point thus transforms to an (e,a)-point moving over the LPT-image of 
the critical point. This is one of the border lines in DIAMOND(n), bound
ing the facets. 

Therefore, if a change in the chaincode string occurs, a facet boundary is 
traversed and since the (e,a)-transform Is bijective the converse is also 
true. This implies that the facets are sets of (e,a)-points corresponding 
to lines which all have the same chaincode string C. Such a set of lines 
is called the domain of the string C, denoted by DOMAIN(C). 

Definition 4.10: DOHAIN(C) 
Thy set of points in (e,a)-space representing all (x,y)-lines whose 
digitization is a given straight string C is denoted by DOMAIN(C). 

The lemma connecting facets with the domains of straight strings is: 

Theorem 4.4 FACET(n,q,p,s) = D0MAIN{DSLS(n,q,p,s)} 

Proof: 
First, it Is proved that the interior of FACET(n,q,p,s) belongs to 
DOMAIN{DSLS(n,q,p,s)} 
By eq.(2.30), a l ine with d ig i t iza t ion DSLS(n,q,p,s) i s : 

A : y = £{x-s) + |-2|1 (4.19) 

The LPT-image of this line is the point A of eq.(4,18), which belongs 
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over 
a small amount e does not change its digitization: 

^x.s+e) + | a | j . [*<M) +£|+ [ i | l j . [*«) +pfjj 
where the final transition follows for £p/q < 1/q-
This implies that the point A and points just to the right of A belong 
to DOMAIN(n,q,p,s). The points to the right of A are in the interior 
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical 
points, indicate all possible chaincode changes, it follows that the 
interior of FACET(n,q,p,s) belongs to D0MAIN{DSLS(n,q,p,s)}. 
Next, the inclusion and exclusion relations for the border lines of 
the domain are considered. 
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Figure 4.6 The faaets in DIAMOND(n), with the strings of which they are 
the domains indicated, for n=l to 6. 
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Figure 4.6 (continued) 



Consider the line £ = LPT(A), defined in eq.(4.19), which belongs to 
DOMAIN{DSLS(n,q,p,s)} - The critical points P and R are on I since 
their LPT-images Intersect at A° The critical points Q and S are above 
this line, since their LPT-images intersect at B and ^?>e^ . Therefore 
Q and S cannot be points of the digitization of I. This implies that 
an (x,y)-line passing through the critical point S or Q has a differ
ent digitization from A. In (e,a)-space, this implies that an (e,ap
point on the border line corresponding to S and 0 does not belong to 
UOMAIN[DSLS(n,q,p5s)}. This agrees with definition 4.9. 
The points on the left border lines of a facet are on the right border 
lines of another facet. Since they are excluded from the domain whose 
interior is the facet to the left, they belong to the domain whose 
interior is the facet to the right. These (e,a)-lines correspond to 
rotated lines through the (x,y)-points P or R. For small rotation 
angles these lines generate the string DSLS(n,q,p,s). 
Therefore interior and boundaries of DOMAlN{DSLS(n,q,p,s)} are ident
ical to those of the facet FACET(n,q,p,s), and the theorem is proved. 

QED 

3 3 
Table 4A Strings of the line Ï = j x + ~r3 for increasing n. 

The quadruple (n,qspts) and the 4 points determining the 
dorruin are indicated. The lines marked 'Jith A correspond to 
triangular domains since either s=L(s) or t=L(t). 

string 

1 
10 

100 
1001 
10010 
100101 

1001010 
10010101 
100101010 

(n,q,p,s) 

(1,1,1,0) 
(2,2,1,1) 
(3,3,1,1) 
(4,3,1,1) 
(5,3,1,1) 
(6,5,2,1) 
(7,5,2,1) 
(8,7,3,1) 
(9,7,3,1) 

L(s)l(t) 
s V t V 

0 1 0 1 
1A1 0 1 
1A1 0 3 
1 4 0 3 
1 4 0 3 
1 6 3A3 
1 6 3A3 
1 8 3A3 
1 8 3A3 

C A B D 

(0/1,2/1) (0/1,1/1) (1/1,1/1) (1/1,0/1) 
(0/1,1/1) (1/2,1/2) (1/1,1/2) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 

n»4f5 n=5,6 n=8,9 

Figure 4.? The ecrease in size of the domains of the strings corves-
3 , 3 ponding to the line y = -x with increasing n. 
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In Fig.4.6, DIAMOND(n) for n-1 to 6, is drawn, with the strings of n 
elements indicated in their domains. 

For calculations later in this thesis, the domain theorem is now presented 
in a more convenient form. First, some abbreviations are defined. 

Definition 4.11: JK. q^, p . q__ 

1 ' ' ( 4 . 20 ) 
rpUs)l _ ftp+il 

With theorem 4.2, the domain can be expressed in the following form: 

Corollary 4.1 
All lines y=ctx+e whose digitization in the columns 0 < x < n is the 
string DSLS(n,q,p,s) given by: 

H • [**->J ' [f»-«J 
are given by the following constraints on slope a and Intercept e: 

(4.21) 
ta if p_/q < a < p/q 

This theorem identifies continuous line segments, given a string. [Mcllroy 
1985] gives algorithms for the converse approach, where one identifies the 
string, given a continuous line segment. 

Fig.4.7 and table 4.1 give an example of the strings and domains for the 
3 3 3 3 line y= — x H , for increasing n. 
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4.4 SPIROGRAPHS AND (e.a)-SPACE 

This section derives the relation between the representation of straight 
lines by spirographs and in (e,a)-space. An interesting result of spiro-
graph theory to (e,a)-space is the derivation of the number of straight 
strings consisting of n chaincode elements 0 and/or 1, by counting the 
number of facets in DIAMOND(n). 

4.4.1 A line in (e,a)-space 

The connection between spirographs and (e,a)-space is given by the 
following theorem, illustrated in Fig.4.8. 

Figure 4.8 The spirograph SPIRO(a' ,n) is a line ct=a ' in (e>a)~spaoe. 
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Theorem 4.5 
The circumference of the spirograph SPIR0(a',n) is the line a = cc' in 
DIAMOND(n) in (e,a)-space, with periodic boundary conditions on e in 
the interval [0,1). The points on the spirograph correspond to the 
intersection of a=a' with the border lines in DIAMOND(n)■ 

Proof: 
SPIR0(a,n) contains the projections of the discrete points of n 
columns of the grid, projected along a line with slope cc (fig.3.1). A 
discrete point (i,j) is therefore represented by a point at a distance 
e = (j-ia) to the left (anti-clockwise) of the point 0 in SPIR0(a,n). 
Rewriting this to: j = ia+e, it is seen that the value of e for a 
fixed value of a is just the value also given by the LPT of the 
critical point (i,j). Thus at fixed a=a' the spirograph contains the 
intersections of the border lines in (e.a)-space corresponding to the 
critical points in n columns of the grid. The periodicity in e implies 
that only the points in TRAPEZOID(n) need to be considered. Therefore, 
the circumference of the spirograph is identical to the line a=cc' 
in (e,cc)-space. Periodicity in e in the interval [0,1) follows from 
the circularity of a spirograph. 

QED 

This relation with spirographs immediately leads to the following theorem 
(first described in [Mcllroy 1985]): 

Lemma 4.3 
The vertices C, A(or B) and D of a facet lie at three consecutive 
fractions in F(n). 

Proof: 
Consider a line a=a' in DIAMOND(n), corresponding to SPIR0(a',n). The 
point order of this spirograph is the same as for all spirographs with 
an a satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this 
means that moving upwards or downwards with a, the first traces to 
cross are those corresponding to the boundaries [urj/r and [aAl/A . 
Thus, in a strip of DIAMOND(n) around a = a' containing the part of 
DIAMOND(n) satisfying [arj/r < a < \a$.]/l there are no intersections 
of border lines. Theorem 3.5 shows that these bounds for the strip are 
consecutive fractions In F(n). 

QED 

Indeed the expressions of the vertices of FACET(n,q,p,s), as given In 
theorem 4.3 satisfy lemma 3.5: 

M - p ^ . - . ( l U ) - . ) p + {psS|2ii|-|^|}q 
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= i 

where the final transition follows by eq.(4.15) and eq.(4.17). 

4.4.2 The number of straight strings 

As an interesting consequence of the analysis of the facets, the number of 
straight strings of n elements 0 and/or 1 are computed. 

Theorem 4.6 
The number N(n) of straight strings of n elements, consisting solely 
of codes 0 and/or 1, is 

N(n) = 1 + 7 . (n+l-k) *(k) (4.22) 
k=l 

where <i>(k) is Eulers ^-function, indicating the number of positive 
integers not exceeding k and having no common factor with k. 

Proof 
The theorem is proved by deriving a recursive relation for N(n) by 
counting the number of facets of DlAMOND(n). According to theorem 4.2 
this is equal to the number of straight strings of n elements 0 and/or 
1. 
Consider the transition from DIAMOND(n) to DIAMOND(n+l), which in 
(x,y)-space is the transition from TRAPEZOID(n) to TRAPEZOID(n+l). 
This means that the LPT-images of the discrete points in the column x 
= n+1 are added to DlAMOND(n). These lines intersect border lines 
already present in DIAMOND(n) in points with a-coordinates of the form 
Cj-j')/(n+l-i'), where 0 < j' < i' < n, and 0 < j < n+1. With varying 
i', j' and j, these are just all fractions of F(n+1). 
Every time a new border line intersects one of the border lines of 
DlAMOND(n), an old facet is split into two new facets, and therefore 
the total number of facets obeys the recursive relation: 

N(n+1) = N(n) + N F ( n + 1 ) - 1, (4.23) 

where Npfn\ denotes the number of terms in F(n). The '-1' in eq.(4.23) 
is included since the crossing at 0/1 does not introduce a new facet. 
With the definition of Euler's ^-function given above we find 
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LNF(n) - 1 + 2 *(i) (4.24) 

Here the '+1' takes into account the special fraction 1/1. With the 
proper initial conditions, eq.(4.23) becomes 

n+1 
(N(n+1) = N(n) + 2 <|>(i) 

i=l 
I NCD = 2 

The solution of eq.(4.25) is 

n j 
N(n) = 1 + E Z <Ki) 

j=l 1=1 

(4.25) 

(4.26) 

Counting the number of times 4>(i) occurs in this sum, eq.(4.26) can be 
rearranged to eq.(4.22). 

QED 

Table 4.2 contains some values of <Kn) and N(n). The irregular behaviour 
of <t>(n) and hence of N(n) is apparent- Nevertheless, the asymptotic 
behaviour can be computed. 

First a preliminary lemma, which is due to Euler, as is the beautiful 
proof (see [Mardzanisvili & Postnikov, 1977],[Hardy & Wright 1979, 17.3]). 

The probability that two arbitrarily chosen positive integers have no 
common factor is 6/it . 

Table 4.2 The number N(n) of straight strings consisting of n elements 0 
and/or 1, and some approximations. 

n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Mn) 

1 
1 
2 
2 
4 
2 
6 
4 
6 
4 

N(n) 

2 
4 
8 

14 
24 
36 
54 
76 

104 
136 

3/ 2 
n /Tï 

.1 

.8 
2.7 
6 .5 

12.7 
21.9 
34.7 
51.9 
73.9 

101.3 

3/2+(n+l)3/ii2 

2.3 
4.2 
8.0 

14.2 
23.4 
36.3 
53.4 
75.4 

102.8 
136.4 
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Proof 
Call the two numbers q, and q2. Consider a prime p. The probability 
that qt is divisible by p equals 1/p. The probability that q-^ and q2 
are both divisible by p equals 1/p2. The probability that neither is 
divisible by p equals (1 - 1/p2). Thus we have that the probability 
that q. and q2 have no common factor is 

n p 

where the product is over all primes. Now, with Taylor expansion 

1 1 1 2 4 P P 
The right hand side, written out, contains all unique prime factors of 
1/n , for any integer n. Hence 

p £ l/n C(2) * 
n 

where C(.) is the Riemann zeta-function [Hardy & Wright 1979,17.2]. 
QED 

This lemma implies that $(n) can be approximated for large n as: 

♦ (H) = ̂ - n (4-27) 

By more complicated arguments, it can be proved [Hardy & Wright 1979] that 
n , 2 
Z <KJ) = ^ y + 0(n In n) (4.28) 
j=l IÏ 

This leads to the theorem 

Theorem 4.7 
For large n, the number of straight strings consisting of n chaincode 
elements 0 and/or 1 is N(n) given by 

3 , 
N(n) ■* £5-+ 0(nln n) (4.29) 

Table 4.2 also contains some values of this approximation, and shows that 
3 2 3/2+(n+l) /n seems a good approximation for small n. Table 5.1 (next 

chapter) gives all 36 straight strings consisting of 6 codes 0 and/or 1. 

5. Characterization 

5.1 DIGITIZATION AND CHARACTERIZATION 

This section provides a formal description of the information reducing 
steps encountered when performing measurements on digitized straight line 
segments. The description is given in the form of sets and mappings 
between them, to make it Independent of any particular representation. 

All continuous straight line segments form a set £ . Digitization of 
continuous straight line segments Is a mapping D:£ + C of the set of 
continuous line segments to the set of straight strings C . Digitization 
of a particular line 1 results in a string c, denoted by c = Dl. 

Given a string c, there is an equivalence class of continuous lines all 
having the same string c as their digitization. This equivalence class is 
called the _domain_2) (c) of c corresponding to the digitization D. 

Definition 5.1: domain £>D(c) 

2)D(c) = { ie L I D* = c } (5.1) 

Thus the domains indicate the finest distinction among continuous lines 
that can be made on the basis of their digitization. 

Example: If £ consists of lines in the standard situation, and is 
parametrized by (e,a), D is OBQ-digitization, and C is parametrized by 
the (n,q)p,s)-paramÊtrizatlon, then 2)D(DSLS(n,q,p,s)) = FACET(n,q,p,s). 



In the computation of estimators, It is not always convenient to deal with 
the complete string c. For instance, according to Freeman [1970] , the 
length corresponding to a string is computed as the number of even 
chaincode elements (n ) plus /2 times the number of odd chaincode elements 
(n ) in the string. Thus for this length estimator, the string is reduced 
to a tuple (n ,n ). This leads to the concept of a characterization. 

Formally, a characterization is a mapping K:C-*"Gof the set of straight 
strings onto the set of tuples "S • Applying K to a straight string c 
reduces it to a tuple t of parameters. This is denoted by t=Kc. 

In the same way as domains are the equivalence classes into which the set 
of lines is divided by digitization, there are equivalence classes into 
which the set of strings Is divided by characterization. Therefore, to 
each tuple there corresponds a scope Sy(t), which is the equivalence class 
of all strings having the same tuple t under the characterization K: 

Definition 5.2: scope jjfcCO 

SK(t) = { CE-G | Kc = t 1 (5.2) 

After characterization, only strings in different scopes are considered to 
be different. 

Taking digitization and characterization together, a mapping KD:C->-TÏ IS 
obtained. The equivalence classes of this mapping will be called regions. 
Thus the regional (t) of a tuple t is the set of all lines having the 
same tuple t after digitization D and characterization K. 

Definition 5.3: region & K p(t) 

*"KD (t) = ' *eC I KDA = *' (5*3) 

After digitization and characterization, only lines belonging to different 
regions are considered to be different. 

induces | 
scopes ^ p-

Figure 5.1 An overview of the sets, map-pings and equivalence classes 
involved in digitisation and characterization. 

Fig.5.1 summarizes the terms introduced. A relation between the different 
equivalence classes which follows immediately from the definitions is: 

u 2>n(0 (5.4) 

In the following, the subscripts Ü and K will often be omitted, if it is 
clear which digitization and characterization are meant. 

Note that in each of the mappings D and K, a (potential) loss of inform
ation occurs. Digitization unavoidably implies loss of information, since 
it maps a continuous set C onto a discrete s e t C Characterization, how
ever, maps one discrete set (G) onto another ("E). Here loss of information 
can be avoided if the characterization is chosen properly. Character
ization is then nothing more than rewriting the same information in a more 
convenient form. 
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Let us use the symbol F to signify a faithful characterization, i.e. a 
characterization that is a bijective mapping between a string c and its 
corresponding tuple t. In that case there is an inverse mapping F , such 
that t=Fc implies c=F t. The scope Sp(t) then consists of a single string 
c = F t and the region 3L>n(t) is equivalent to the domain 2L( F~ t). Thus 
a faithful characterization entails no loss of information. 

Two characterizations are called equivalent characterizations if they have 
the same set of equivalence classes. This Implies that there is a 
bijection between the tuples of these characterizations. 

5.2 VARIOUS CHARACTERIZATIONS 

Existing methods of length estimation bear in them different types of 
characterization. These are now considered, as are the corresponding 
regions. The actual analysis of the length estimators Is performed in 
chapter 6 and 7. 

5.2.1 The (n)-characterization 

The simplest characterization of a string is by the number of chaincodes. 
Thus, the characterizing tuple is (n). 
The region in (e,a)-space corresponding to a tuple (n) is DIAMOND(n): 

&(n) = {(e,cc) | 0 < e < 1 A -e/n < a < (n+l-e)/n } (5.5) 

All strings with a domain in this region have become Indistinguishable 
after this characterization, see Fig.5.2a. The region Is bounded by border 
lines corresponding to the critical points (x,y)=(0,0), (0,1), (n,0) and 
(n,n+l). See also table 5.1, where all strings of 6 elements 0 and/or 1 
are indicated, all leading to the same tuple (n)=(6). 

This type of characterization is not used very often for 8-connected 
strings due to the great loss of information it entails. 

3.2=2 The (n n )-character!zation 

In [Freeman 1970], the number of even and the number of odd chaincodes are 
used in a formula for the length of a string. Denoting these by n and n , 
respectively, this is an (n ,n )-characterization. 

In fact this characterization only uses the difference in discrete coor
dinates between the begin and end point of the line. Note that in the 
discrete case this is not sufficient to characterize the segment 
completely! Since n and n are completely determined by the critical 
points in the columns x=0 and x=n, DIAMOND(n) is divided into regions by 
the LPT-images of these points. This is sketched In Fig.5.2b. The regions 
of the (n ,n )-characterization are thus given by 

J U n e > % ) = f (e,a) | ^ - < a < ^ J l A o < e < 1 } (5.6) 
e o e o 

In the case of 8-connected strings in the standard situation, the differ
ence in x-coordinates is (n +n ), the difference in y~coordinates is n . 

v e o'' J o 
These are sometimes denoted by n and m, respectively, thus leading to the 
(n,m)-characterization. This characterization is equivalent to the 
(n ,n )-characterization, since the tuple of the one can be expressed 
bijectively in the tuple of the other. The equivalence of the two charac
terizations is also seen in table 5.1: when the tuple for the (n ,n )-
characterization differs for two strings, so does the tuple for the (n,re
characterization, and vice versa. 

5.2.3 The (n,n,nc)-characterization 

In [Proffitt & Rosen 1979] an extra parameter was introduced to describe a 
4-connected string. This parameter, the corner count_ n Is defined as the 
number of transitions between unequal codes in the string. It was Intro
duced to bridge the gap between 4- and 8-connected chaincodes. [Vossepoel 
& Smeulders 1982] used this parameter for the characterization of 8-
connected strings, extending the characterizing tuple to (n ,n ,n c). 
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Figure 5.2 The regions corresponding to various characterizations in 
DIAMOND(n) for n=6, with the tuples indicated. Compare also 
table 5.1. 
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Table 5.1 All 36 straight strings of 6 
tuples of the (n)-, (n&JnQ)-_ 
characterization indicated. 

string 

000000 
000001 
100000 
000010 
010000 
000100 
001000 
100001 
100010 
010001 
001001 
100100 
010010 
001010 
010100 
100101 
101001 
010101 
101010 
010110 
011010 
101011 
110101 
101101 
011011 
110110 
101110 
011101 
011110 
110111 
111011 
101111 
111101 
011111 
111110 
linn 

(n) 

(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 

<ne,n0) 

(6,0) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(4,2) 
(4,2) 
d,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(0,6) 

(n,m) 

(6,0) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,6) 

elements 0 and/or I, with the 

ne,n0,nc) 

(6,0,0) 
(5,1,1) 
(5,1,1) 
(5,1,2) 
(5,1,2) 
(5,1,2) 
(5,1,2) 
(4,2,2) 
(4,2,3) 
(4,2,3) 
(4,2,3) 
(4,2,3) 
(4,2,4) 
(4,2,4) 
(4,2,4) 
(3,3,4) 
(3,3,4) 
(3,3,5) 
(3,3,5) 
(3,3,4) 
(3,3,4) 
(2,4,4) 
(2,4,4) 
(2,4,4) 
(2,4,3) 
(2,4,3) 
(2,4,3) 
(2,4,3) 
(2,4,2) 
(1,5,2) 
(1,5,2) 
(1,5,2) 
(1,5,2) 
(1,5,1) 
(1,5,1) 
(0,6,0) 

(n,m,k) 

(6,0,0) 
(6,1,1) 
(6,1,1) 
(6,1,0) 
(6,1,0) 
(6,1,0) 
(6,1,0) 
(6,2,2) 
(6,2,1) 
(6,2,1) 
(6,2,1) 
(6,2,1) 
(6,2,0) 
(6,2,0) 
(6,2,0) 
(6,3,2) 
(6,3,2) 
(6,3,1) 
(6,3,1) 
(6,3,0) 
(6,3,0) 
(6,4,2) 
(6,4,2) 
(6,4,2) 
(6,4,1) 
(6,4,1) 
(6,4,1) 
(6,4,1) 
(6,4,0) 
(6,5,2) 
(6,5,2) 
(6,5,2) 
(6,5,2) 
(6,5,1) 
(6,5,1) 
(6,6,2) 

(n,q,p,s) 

(6,1,0,0) 
(6,6,1,0) 
(6,6,1,1) 
(6,5,1,0) 
(6,5,1,2) 
(6,4,1,0) 
(6,4,1,3) 
(6,5,1,1) 
(6,4,1,1) 
(6,4,1,2) 
(6,3,1,0) 
(6,3,1,1) 
(6,3,1,2) 
(6,5,2,0) 
(6,5,2,4) 
(6,5,2,1) 
(6,5,2,3) 
(6,2,1,0) 
(6,2,1,1) 
(6,5,3,0) 
(6,5,3,3) 
(6,5,3,1) 
(6,5,3,2) 
(6,3,2,1) 
(6,3,2,0) 
(6,3,2,2) 
(6,4,3,1) 
(6,4,3,0) 
(6,5,4,0) 
(6,4,3,2) 
(6,4,3,3) 
(6,5,4,1) 
(6,5,4,4) 
(6,6,5,0) 
(6,6,5,5) 
(6,1,1,0) 
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J m 

Figure 5.3 Regions of the (ne>n0>nfJ-char actere zat-uon around, a, = ~. 

The following argument by [Vossepoel & Sraeulders 1982] shows that the 
improvement of this extended characterization is that apart from the 
critical points in the columns x=0 and x=n, those in the columns x=l and 
x=(n-l) also contribute. Let cm denote the chaincode element that is 
present in minority, and Cu t Q e element that is present in majority. Then 
the number of transitions between unequal elements is twice the number of 
elements cm, if at both ends of the string a c^ is present. Each cra at an 
end of the string decreases this number by 1- In the standard situation, 
where a string element is 0 or 1, nc is thus determined by ne, nQ, and the 
sum of the first and the last chaincode element, called k. Thus the 
critical points in the columns x=0, 1, (n-1) and n contribute to the 
tuple. 

In (e.a)-space, the border lines corresponding to these critical points 
determine the regions. For n=6, the LPT-images of these points are 
indicated in Fig.5.2c. A set of four regions around a. = nQ/(ne+nQ) Is 
drawn in Fig.5.3. These regions are specified by their vertices as 
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vertices are (see [Vossepoel & Smeulders 1982]) 

/-n-m-1 m-1 (0,^) , (0,1) , (=^,==1) , C«E1) „ k.0> 
C°.*£) | (0__y _ («a^-y , (2-L,^] and 
t n-m-I m-1 \ t n̂ m_ m-1 \ 
1 n-2 >n-2J ' ^ n - l W 

(5.7) 

U C T ) ■ d»~) « w . 

(n"m"L JH-] ( E 2 ± 5rl] ft Hi fi *±\ if k=2 
1 n-1 'n-lJ ' l n-2 >n-2J » U ' n J ' U ,n-l J k L' 

Note that the region of a single tuple contains two trapezoids if k=l. 
Note also that if n < 4, all columns contribute, and in therefore in those 
cases the (n ,n ,n )-characterization is faithful. 

[Vossepoel & Smeulders 1982] used n=(n +n ), m=n and k as defined above 
to 'describe' a straight string. This would now be called a (n,m,k)-
characterization. The relation between (n ,n ,n ) and (n,m,k) is: 

< n/2 

= n/2 

> n/2 

n - 2tn-k 
C rn-1 i f 

" c = ( n If 
n = 2(n-m)-k 

k=l 
k=0,2 (5.8) 

Thus if n is odd, the (n ,n ,n )- and (n,ra,k)-characterization are 
equivalent, since the tuple of one can be expressed bijectively in the 
other. If n is even, all tuples can be mapped bijectively, except 
(ne,no,nc)=(n,n/2,n) which corresponds to both (n,m,k)=(n,n/2)0) and 
(n,m,k)=(n,n/2f2). Apart from these tuples, the C n

e> n
0J n

r)~ anc* (n,m,k)-
characterization are equivalent. This is also seen in table 5.1. 
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5.2.4 The (n,q ,p ,s)-characterization 

In chapter 2 of this thesis, the (n,q,p,s)-parametrization for straight 
strings was introduced. In terms of the present chapter, the tuple 
(n,q,p,s) provides a faithful characterization of the string. 

For this characterization, all digitization points are taken into account 
to characterize a string, and thus the critical points in all columns of 
TRAPEZIUM(n) contribute. The regions are equivalent to the domains, by 
theorem 4.4: 

l(ti,q,p,s) - FACET(n,q,p,s) (5-8) 

The regions of the (n,q,p,s)-characterization are depicted In Fig.5.2d. 
Table 5.1 shows that the characterization is indeed faithful: all strings 
have different tuples. 

It was shown in the previous chapter that although all points of the 
digitization are taken Into account, only 4 (sometimes 3) points really 
matter. These are the points S, P, Q and R, of theorem 4.2. In contrast to 
the (n ,n0,nc)-characterizatlon, for which also 4 points contribute to the 
region, the points S, P, Q and R are not in fixed columns. 

Alternative, but equivalent, characterizations are (n,q,p, s+Aq) (with X an 
integer), or any of the (N,Q,P,S) defined in theorem 2.1. 

6. Estimation 

6.1 THE MEASUREMENT SCHEME 

The descriptive scheme for information reduction by digitization and 
characterization, introduced in the previous chapter, can be extended to a 
scheme on measurement. 

A numerical property of a continuous suraight line segment can be 
described as a function f: C^R, attributing a real number f(£) to a line 
segment Jl« An example of this is the length of a segment extending between 
two columns x=0 and x=n: in the (e,cc)-representation of chapter 4, it is 

2 given by f(e,a) = n /(1+a ). 

After digitization and characterization, the line X Is reduced to the 
tuple t=KDJt . This tuple t could also have been obtained as a result of 
the digitization of other line segments. By the definition of a region, 
these possible pre-Images of the tuple t are all lines in the region Jt(t). 
The lines £ of the region Jl(t) generally have different values f(S.) for 
the property f. Let the values of f(A), assumed by lines X in &(t) be 
called admissable values of f, given t. Note that not all admissable 
values are equally probable, since the lines In Jï.(t) are distributed 
according to some probability density p(X) . 

Due to the inherent spread in admissable values of, given t, it is 
impossible to measure the property exactly; the best one can do Is 
estimate. An estimate of the property f, based on the tuple t, is 
indicated by gf(t), or g(t) for short. Considered as a function of t, 
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g(t) is called an estimator; this is thus a function giTï + K, attributing 
a real number to each tuple. The aim is to choose a g(t) that is a 'good' 
estimate for f(A) , for all t and A. 

In this chapter, the only estimators g(t) that will be considered are 
those that depend only on the values of f (A) assumed by lines A in ;R,(t)° 

6.2 ESTIMATORS 

In this section, six types of estimators are introduced. 

6.2.1 The MPO-estimator 

Given a tuple t, the most probable original (MPO) estimator gMpn(t) f°r 

the property f is defined as the value of f at the most probable value 
of A: 

gMP 0(t) = f(argmax{p(A) | lel{t)}) (6.1) 

where argmax{p(A)} indicates the value of A maximizing p(A). Fig.6.1 
schematically indicates the meaning of gMpo(t) for a type of probability 
density function that will occur when calculating a-dependent properties. 

P ( » 

Figure 6.1 Sketch, of the MPO-estimo.tor> for a given probability density 

function p(S.)in 3{.(t). Its value is the value of f at the 

value of A maximizing p(i). 
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The probability density function p(a) is then a triangular function- MPO-
estimators for these a-dependent properties will be treated in section 
6.3. 

The MPO-estimator should not be confused with a maximum likelihood 
estimator. The difference between the two Is discussed In Appendix 6.1. 

6.2.2 The MPV-estimator 

Given a tuple t, the most probable value (MPV) estimator for a property f 
in the region Jl(t) Is defined as the most probable value of f in Jl(t). 

Theorem 6.1 
The MPV-estmator is given by: 

g M P V(t) > f ( a rgaa» (p f f f i | | j t 6 * ( t ) } ) 

where p(A) is the probability density function of the lines, and 
argmax[P(A)} indicates the argument A which maximizes P(A). 

(6.2) 

Proof: 
The probability density function p(f) of f is found by the 
transformation: 

and the theorem follows. 
Hi) QED 

Figure 6.2 Sketch of the MPV-estimator. Its value is the most probable 

value of f, which is the value maximizing p(f). 
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Figure 6.2 schematically indicates the MPV-estimator for a-dependent 
properties. Appendix 6.1 deals with the difference between this estimator 
and a maximum likelihood estimator, appendix 6.2 with the difference with 
the MPO-estimator. 

6.2.3 Minimizing the maximum absolute error 

For a given line A and a property f, the estimated value g(t) = g(KDJl) 
usually differs from the exact value f(£). The difference 

e f ; g
a ) = U£(KDJo-fW) (6-3) 

is called the estimation error. Let the estimator that minimizes the 
expectation of the maximum absolute error be denoted by g^. The implicit 
definition of this estimator is thus: 

E B ( max {\ef n (A)|) ) minimal (6.4) 

where E,(x) Indicates the expectation of x over a set A, . The solution is 
given by the following theorem: 

Theorem 6.2 
The estimator minimizing the mean maximum absolute error over £ is: 

80<t) = k { Mf(t) + mf(t) } (6.5) 

M (t) - max (f(A)) 
* ( t> (6.6) 

m (t) = min (f(A)) 

Proof: 
Since gn(t), and hence E (A), depends only on admissable values 
rewritten to a sum over the regions: 

Z V-K(YM\ m a x l | e
f „ W | l minimal (6.7) 

where p is the conditional probability of a region: 
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f a) 

Figure 6.3 Sketoh of the g^ estimator. Its value is the average of the 
maximum value MAt) and the minimum value WLo(t) of f in JKt). 

;R(KM) / p(I) <U (6.8) 
Jl(KDI) 

Since all terms are positive, the sum in eq.(6.7) is minimized by 
minimizing all terms, leading to the demand: 

max { | g (KDi) - f (1) | I IL e Jl(KDJt) } minimal 

With Mf(t) and m^tt) as defined in eq.(6.6), this can be rewritten to 

max { Mf(t)-gQ(t) , g0(t)-mf(t) } (6.9) 

The solution is: 

g„(t) = h { Mf(t) + m£(t) } 
which proves the th eorem. 

(6.10) 

QED 

In estimation theory, this is sometimes called an estimator based on the 
Chebyshev-norm. Fig.6.3 depicts this estimator. 

6.2.4 Minimizing the absolute error 

Let the estimator minimizing the expectation of 
over all l e t be denoted by g-. . This implies that g| should satisfy the 
demand: 

{ g (KDA)-f(JO } minimal (6.11) 
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Figure 6.4 Sketch of the g^ estimator. Its value is the median value of 

p(f) in &(■£), which is the value halving the area of p(f)> 

The solution is given by the following theorem: 

Theorem 6.3 
The estimator minimizing the mean absolute error over C is: 

?1(t) = median (f(Jt)} (6.12) 

Proof: 
Since, by the restriction made in section 6.1, g(KDl) is based only on 
the values of f(£) in the region Ji(KDA) , eq.(ó.ll) can be rewritten 
to a sum of expectations over individual regions similar to eq.(6.6). 
Minimization of the sum again implies minimization of the individual 
terms, yielding: 

E (Ig^KDA) - f(A)|) minimal (6.13) 

The solution to this equation Is the median of f (£) in 3L(. t) , see 
e.g. [Justusson 1979] . 

QED 

Fig.6.4 is a schematical indication of gi for c-dependent properties. 
A statistical analysis of the median can be found in [Justusson 1979]. 

6.2.5 Minimizing the square error 

Let the estimator minimizing the mean square error (MSE) be denoted by g9. 

In formula, the demand for g2 is: 

1 0 3 

E {|g2(KDi.)-fw|2} minimal (6.14) 

This can be rewritten, as for gQ, to a demand for minimization of the 

square error over each individual region: 

E Jl(KDA) ( | g 2 ( K D X ) ~ f W | 2 l m i n i m a l C6.15) 

By the we l l known formula ( e . g . [Lewis & Ode l l 1971 ] ) : 

E i [ g ( t ) - f ( A ) ] 2 } = E { [ g ( t ) - E g ( t ) ] 2 } + E 2 ( g ( t ) - f ( J i ) } ( 6 . 1 6 ) 

the MSE is equal to the variance plus the bias squared. Hence estimators 
minimizing the MSE have minimum variance and are unbiased. 

It is difficult to give a general solution to eq.(6.l6). However, if we 
restrict ourselves to estimators g(KDJl) that are a linear function of the 
admissable values of f (Jl), then the solution can be computed. This leads 
to the BLUE estimators. 

6.2.6 BLUE estimators 

The problem of minimizing the mean square error by an estimator which is a 
linear combination of the admissable values bears a close resemblance to 
the calculation of best linear unbiased estimators (BLUE) In the theory of 
parameter estimation (e.g.[Lewis & Odell 1971]). There, one has the 
situation that one original value leads to measurements, or 'observations' 
that show a certain distribution. A BLUEstimator is then an estimator that 
Is a linear combination of the observations, and has minimal MSE. In the 
case considered here, the situation is the reverse: there is always only 
one 'observation' (the tuple t), but there are many 'originals' (namely 
all lines In .ft(t) ). Nevertheless, the mathematics is so similar that the 
term 'BLUEstimator' will be used. 'Linear' should in this context be 
interpreted as 'linear in the admissable values'. 

Consider the BLUE estimator for a particular characterization K, denoted 
by bv- Given the tuple t, the set of possible originals Is dt(t), the set 
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of possible values are the admissable values of f. The requirements for 
bjr(t) to be a BLUE estimator of f (A) are translated into this terminology: 

Definition 6.1 BLUEstimator 

1- The estimator should be linear in the admissable values f(A). This 
implies that the estimator b^(t) should have the form 

W t ) = I w(Jl)f(A) dA (6.17) 

where w(A) is some weighting function. 

2- The estimator tv(t) should be an unbiased estimate of f(Jt) over 3L(t) : 

B - , Jf(Jt) - b (t)} = 0 (6.18) 

3- Of all estimators satisfying eqs.(6.17-18), g»(t) should have minimal 
MSE over (t): 

E I [f(JO - b^ft)]2} minimal (6.19) 
*<t) K 

Note that in all three requirements t = Kc denotes the tuple corresponding 
to the string c = DA, so t =KDA 

The following theorem states that the estimator obtained by attributing to 
a tuple t the expectation of f(Jt) over the region .ft(L) is BLUE. 

Theorem 6.4 
The estimator 

Proof 
1) Br,(t) is a linear estimator, since it is the estimator of eq.(6.17) 

with w(Jt) <= p(JO« 
2) Consider the regionJl^CDKA). Omitting the subscripts, we have: 

E3l(KD*) l f W - Y K M ) 1 " EJl(KDJD l fWl - \ ( K M ) * ° 
Thus Sj,(t) is unbiased for a region. 

3) Comparing the general estimator b^KDJO in eq.(6.17) with B^KTU) 
in eq.(6.20), with respect to the MSE over the region Jl(KDl) we 
have: 
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« o * ) { l f W - VKM)]2) 

J E t t ( K D*) ! [ f W " ¥ m ) i ' l 
Hence R, has a smaller MSE than any linear unbiased esimator based on 
averaging over more than one region. Hence it is the BLUEstimator. 

QED 

Since the set of all straight line segments C is a union of regions, the 
estimator Bv is also the BLUEstimator over C . 

If the characterization is faithful, the regions reduce to domains. These 
are the smallest possible sets of lines distinguishable after 
digitization, and the BLUE estimators corresponding to this faithful 
characterization are therefore the most accurate estimators possible, 
given the digitization D. This is expressed in the following theorem. 

Theorem 6.5 
Of all BLUE estimators 

V ™ > " E*KD(KM) 'f(1)l (6-2l> 
the estimator B-pj corresponding to a faithful characterization F has 
minimal MSE. 

Consider the MSE over a domain 2) (DJO =A_(FDJt) (abbreviated 3>(DA)): 
D rD 

" ED(M) ' [ f ( i ) " V F M ) ] 2 } + ED(M) f[BF ( F M ) " B
K(KD«]2) 

> E < ] ) ( D X ) f [ f ^ > " B F ( F D ^ ) ] 2 } 

Hence the MSE of Bp is smaller than that of an arbitrary B^, unless 
K=F. Therefore gF is the optimal BLUE estimator. 

QED 

The e s t i m a t o r B F ( t ) w i l l be r e f e r r e d to as op t ima l BLUE. Note t h a t s i n c e 
JtF D(FDJl) =3) (DJO, Che op t ima l BLUE e s t i m a t o r can be w r i t t e n as 

B E < F M ) = V(DJO ' f ( I ) 1 ( 6 ' 2 2 ' 
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which is independent of the specific faithful characterization used - as 
it should. For specific properties of straight line segments, this 
estimator is evaluated in section 6 .4. 

6.2.7 The choice of estimator and criterion for a-dependent properties 

In the remainder of this chapter (and thesis) the treatment of estimators 
is restricted to a-dependent properties of discrete straight line 
segments. Examples of such properties are slope ( f(JL)-(X ) and length 
( f(£)=n/(l-hz ] ). For these properties, out of the six types of 
estimators treated in the previous sections, only the I4P0- and BLUE-
estimators will be evaluated. Minimization of the MSE in the asymptotic 
case (where n-»"15) Is used as criterion for the evaluation. The reasons for 
these choices are now discussed. 

Let C be parametrized by e and a, so that the property f(A) can be 
written as f(e,a). Given a line segment y=ax+e between n columns of the 
grid 0 i x < n, many interesting properties, such as slope, angle, and 
length are function of a only, and do not depend on e. Thus these 
properties can be written as f(e,a) = f(a) . 

The probability density function of the lines, p(e,cc), is taken to be the 
one given in section 2.3.2, corresponding to an isotropic and homogeneous 
distribution of the lines. Thus, by eq.(2.15): 

p(e,a) = /2(l+ct2)"3'2 (6.23) 

For the (n ,n )- and the (n,q,p,s)-characterization, the regions given in 
section 5.2 are quandrangular shapes with two vertices at the same value 
of a. The probability density function p(cc) over this region is found by 
integrating p(e,a) over e. 
For the (n ,n )-characterization, putting n =m and (n +n )=n, this yields 

p. (a) = /2 (m+l-an)(l+a:2)~3/2 if m/n < a < (m+l)/n 
P(a) - L

 ? , „ (6-24) 
p (a) = /2 (an-m+l)(l+a ) ' if (m-l)/n < a i m/n 

V —;-
Figure 6,5 Tne probability density function p(a) for a-dependent proper 

ties in the (ne,nQ)- and (n,q,p,s)-characterization. 

For the (n, q, p, s)-characterization, this yields: 

p(a) 
j p1(a) = /2 (p+-aq+) [l-+tf ) 3 / 2 if p/q < a < p +/ q + 

lp2(a) = ^2 (aq_-pj [l-Kc2)"3/2 if p /g < a < p/q 
(6.25) 

These functions can be described by the same formula, sketched in Fig.6.5: 

2^-3/2 

P(«) 
if P/Q < a < P+/Q+ PL(a) = /2 (P+-aQ+)(l+a ) 

P2(<0 = ^2 (aQ_-P_)(l+a2) 3 / 2 if P_/Q_< a < 
(6.26) 

P/Q 

The extent (P+/Q+-P/Q) of such a region Is, for the (ne,n ^characteri
zation, 2/(ne+nQ). The peak height is 1. In the asymptotic case, where 
o-v™ p(a) thus becomes more sharply peaked. 

For the (n,q,p,s)-characterization the extent is — ( — H ) (by eq.3.9). 
If Q is small, the extent is large. Since 0^ and Q_ tre the denominators 
of the neighbouring fractions to P/Q in the Farey series of order n, Q. 
and Q_ are both of order n if Q is small. Therefore the p(a) with the 
largest extent have an extent of 2/Qn, if n->m. 

For both characterizations, the extent is thus asymptotically of the orde 
0(n ). Since within the extent of p(a) the variation of the function 
(l-hoT) Is asymptotically small compared to the variation of the 
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f (4) 

Figure 6.6 For a-dependent properties, all five types of estimators give 
results that are asymptotically close. In this sketch g^ygft) 
is the expectation of f (a) in X(t)t the other estimators are 
as indicated in Figs,6.1-4. 

factors (P -ccQ ) and (<zQ_-P_) , the p(a) are asymptotically of a triangular 
shape. If f(a) Is asymptotically linear over the extent of p(a), the error 
measures treated (maximum absolute error, absolute error, root mean square 
error) are all linear in the extent of p(oc). Therefore, asymptotically the 
choice of an error criterion is largely a matter of taste and convenience 
and will not influence the order of the results obtained. The MSE was 
chosen since it is mathematically most amenable to analysis. 

The fact that the p(ct) are increasingly sharper peaked implies that the 
various estimators introduced will become asymptotically identical (this 
is illustrated in Fig.6.6, a superposition of the figures 6.1-4). 
Therefore, if the asymptotic MSE is chosen as the criterion for 
comparison, the choice of the type of estimator is fairly arbitrary. TWL 
estimators where chosen: the BLUEstimator, since it is the (linear) 
estimator minimizing the MSE, and the MPO-estimator, since it is easy to 
compute and hence potentially of greater practical use. These estimators 
are calculated In sections 6.3 and 6.4. 
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6.3 CALCULATION OF THE MPO-ESTIMATOR 

For a-dependent properties f(a) , the MPO-estimator is defined as the value 
of f for the most probable value of a. For the (n ,n )- and (n,q,p,s)-
characterizatlons, p(ct) Is given by eq.(6.26). The following lemma gives 
the most probable values of a for these characterizations. 

For p(a) given by eq.(6.26), the most probable value of a is 

1 P 0 
if («" " T and n=l) MP /2 Kq 1 

p 2,™ = 7T In all other cases MP Q 

(6.27) 

pj(a)/p1(«) = -3a/(l-kT) + l/(a - P+/Q+) (6.28) 

In the range 0 < a < 1, the first term is less than or equal to zero. 
The second term is, In worst case, -n (namely at a=0 and at a=l), and 
normally smaller. Therefore eq.(6.28) is less than or equal to -n, so 
p(a) does not assume an extreme in the interval considered. Therefore, 
the most probable value in the interval is a=p/Q. 
In the interval P_/Q_< a < P/Q , the derivative of p is: 

P2(a)/P2(a) - -3a/(l+a2) + l/(a - P_/qJ (6.29) 

The first term is greater than or equal to -3/2, the second term 
greater than or equal to n. Therefore no extreme value is assumed in 
this Interval if n > 3/2, and the most probable value is then P/Q. 
If n=l, an exception occurs at P/Q=l/1, P_/Q_=0/l. In that case, a 
maximum of p->(a) occurs at 1//2. 

QED 

For the (n)-characterization, the most probable value of a in the 
region &(n) given in eq.(5.5) is a = 0. For the (ne,no,nc)-character-
ization, the estimator becomes too unwieldy to present In a general form, 
because of the awkward shape of the domains for k=0 and k=2 in eq.(5.7). 
For k=l, the region consists of two areas shaped similarly to eq.(6.26); 
then the MPO-estimator equals f(nQ/(n + n )). 

Summarizing: 



Theorem 6.6 
For a-dependent properties f(a) , the MPO-estimators for the (n)-, 
(n ,n )- and the (n,q,p,s)-characterizations are given by: 

g m n(n) = f(0) (6.30) 

t 
SMP0<ne>no> * | „ C5.31) 

gMp0(n>q,p,s)=|f<7f> « (».q.P.O - (1.1.1.0) (6.32) 

f(—J elsewhere 

The MPO-estimator for linelength is treated in section 7. 
An estimator that closely resembles the MPO-estimator is the 'most 
probable value' (MPV) estimator of section 6.2.2= The two are compared in 
Appendix 6.2. 

6.4 CALCULATION OF THE OPTIMAL BLUE-ESTIMATOR 

6-4.1 Optimal BLUEstimators in the (e,a)- and (n,q,p,s)-representation 

To evaluate eq.(6.22) for properties of straight lines one needs a faith
ful characterization and an expression for the domains. Both have already 
been given: the faithful (n,q,p,s)-characterizatlon in theorem 2.2, and 
the domain of DSLS(n,q,p,s) in corollary 4.1. Combining these with 
eq.(6.22) gives: 

BpCn.q.p.s) - ƒƒ f(e,a) p(e,a) de da (6.33) 
DOMAIN(n,q,p,s) 

where p(e,ct) is the probability density describing the distribution of the 
lines. Using the boundaries for the domain given in corollary 4.1, this 
can be rewritten as: 

Bp(n,q,p,s) ƒ ƒ f(e,a) p(e,a) de da 

p_/q_ [PKÜ] . aL(s) 

p+/q+ fP«|)ii].aL(t) 
+ ƒ ƒ f(e,a) p(e,a) de da (6.34) 

p/q [ilj - as 
This formula provides the most general form for the BLUE estimator for an 
arbitrary property f(e,a) of a continuous straight line segment, given a 
particular chaincode string c, faithfully characterized by the tuple 
(n,q,p,s). 

Following [Vossepoel & Smeulders 1982] a moment-generating function G., is 
introduced, defined by: 

G.(n,q,p,s) ■ ƒƒ f±(eïa) p(e,cc) deda (6.35) 
1 DOMAIN(n,q,p,s) 

which allows the estimator of eq.(6.34) to be written in the form 

G. (n,q,p,s) 

and its variance as 

G (n,q,p,s) G-Cn.q.p.s) „ 
var BF(n,q,p,s) = -±— - ( L ■' '} * (6.37) 

GQ(n,q,p,s) G0(n,q,p,s) 

For further evaluation, assumptions on f(e,a) and p(e,a) are required. 

6.4.2 Evaluation for a-dependent properties 

In this section, the optimal BLUEstimators for properties that are only 
dependent on a are derived. It will be seen that the properties 'length', 
'slope' and 'angle' are such properties. 

The probability density p(a) is given in eq.(6.25), and eq.(6.35) becomes: 



^^s^ 

p /q , ,,, , 
+, + , 2-3/2 i 

G (n,q,p,s) = J (p -uq ) [ l+« ) £ (°0 da 
p/q 
p / q , 2-3/2 i 

+ ƒ (aq -p ) (l+a ) f (a) do: (6.38) 
P_/q_ 

Introducing functions Fj, defined by: 

s5-F,(a;P,Q) - (etQ - P) ( l + a V ^ V f a ) (6.39) 
oa i 

this can be rewritten to 

P+/q+ P/q 
G ^ q . p . s ) = [Fi(a;-P+,-q+)]p/q + [F^ajp^qJ ] p ^ (6.40) 

This formula is now evaluated for the three properties length, angle and 
slope. 

Length 
The length of a straight line segment of slope a, extending over n 

2 grid columns, is f(a) = /(l+a ) , so: 

0 /(l + a2) 
(6.41a) 

a , j , j F - n { | ln(l+a ) - P atan(a) } (6.41b) 

F2 = n2 { Q /(l+a2) - P ln(a+/(l+a2)| (6.41c) 

With (6.1.8) and (6.1.4) this is the optimal BLUEstimator for the 
linelength corresponding to a chalncode string (n,q,p,s). 

Angle 
The ang le of the con t inuous l i n e y = trx + e i s f ( a ) = a t a n ( a ) . 

ctP + Q 

/ ( l + a 2 ) 
( 6 . 4 2 a ) 

p - (QflP_l_l_(_Q+Pet) a t an (g 
F l Ti7~~^\ (6.Mb) 

- /( l+a ) 

_ (Q+Pa) a t a n ( a ) + 2(P-Qa) a t a n ( g ) - 2(Q+Pct) , , . , 
2 ~~^ T, ~ ~ — (0«^zc) 

/ ( l + a 2 ) 

S lope 

For the l i n e y=ax+e, the s l o p e i s g iven by f ( e , a ) = a . 

ap + Q 
o = " 77T7T7 (6-43a) 

/ { i-ha J 
F = (P"Q"} + Q ln{a+/(l+a2)] (6.43b) 

/[l+a J 
? Qa + Pa + 20 f ,/ 2 M F = * T~^_ P ln{a-h/[L+aZ]} (6.43c) 
/(l+a"1) 

These optimal solutions are of a surprising complexity ! 

6.4=3 Taylor approximations 

To study the behaviour of the optimal BLUEstimator, and its dependence on 
(ti,q,p,s), Taylor approximations are useful. 

Theorem 6.7 
Taylor approximations to the BLUE estimators for properties f(e,a) 
that are independent of e: f(e,a) = f(a) are given by 

BF(n>q,p,s) - f(£) + U i - - L.) f(£) + 0((nq)-2) 3qlq (6.44) 

var[BF(n,q,p,s)] = —L. (-Ï.+ - J - + -A) (f.(i) } Z + 0((nq)"A) (6.45) 
isq" q+ q+q_ q_ q 

Proof: i 2 -3/2 Abbreviating f (a) (l+a ) to v.(a), we have for eq.(6.40): 

G.(n,q,p,s)//2 = 



p /q P+/q+ 
ƒ (aq_-p_) v (a) da + ƒ (p+-aq+) »1(a) da 

p_/q_ p/q 

ü l/qq 
= ƒ (xq_+ -) V. (| + X) dx + ƒ (- " xq+) V±(£ + x) dx 
-l/qq_ ° 

O l/qq 
1 O ) P , , I k + 1 k 

= X - v C-) { J (xq + -) X dx + J (- - xq ) X dx } 
k=0 k! 1 q - q q + 

-l/qq 0 

. ; — L . , » ^ — { - L _ , ( 6 . „ , 
k̂ O (k+2)! i q k+2 k+1 k+1 q q C-q ) + 

The estimators used are of the form G^/GQ, by eq.(6.36). We have, 
dividing out the term with k = 0: 

00 p v [ —) 1 i q 2 . 1 1 , , ,1 1 , 1 + I — . — / + k=l (k+2)! p k k+1 k+l' q q G V (-) q q (-q ) + 
A. fi (i , La i 
'O q v«A 1 0 q 2 , 1 1 , ,1 1 , 1 + E — . — I / { — + 1 k=l (k+2)! p, k k+1 , k+l' lq q V (-) q q (-q ) + -0 q + 

2 
1 + Z M 

= f 1^) ÜL1 ( k + 2 ) l 1'k (6.47) q m 2 1 + L M k=l (k+2)! 0,k 
where 

M. , = L a )Q, (6.48) 
i,k i k 

v
( k )(£) 

L ( k ) = j _ ^ i 
1 *$ 

k+l , ,k+l 
, . ± { ?t ^ L _ ) (6.50) 
\ k l 1 . 1 q + 

>U 1-
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For q, and q_ we have n - 2q < q_ < n and n - 2q < q+ < n, which 
implies that, for large n, 

0( ) if k even 
Q k = ( " V (6-51) 

°< k+1 k-l> 1£ k o d d n q 

Expanding eq.(6.47) in a Taylor series one obtains for the expectation 

"f = f ( ^ 1 + ^ Mir M01> + 1T(>112-M02' " TM01<Mll-M01> + 0(n"4q"2)l 

= £(£) + jQif(-E) + o[(nq)"2) 

hich gives eq.(6.44). For the variance of gF we have: 

a = f (—) f — fM - 2M + M ) H (M -2M +M ) (M -M ) 
£ V l 3 l 21 11 01; 12 k 22 12 02J 9 u 11 "0l' 

" i M o i ( M 2 r 2 M n + M o i ' + °(n<>>~4) 1 

- {f(£))2(iq2-iQ2) + o((nqr4) 

--iz(-ï+-L- + - T ) t f ' ( ? ) l 2 + °(<nti)""^ <6-53> 
18q q+ q+q_ q_ 

which is eq.(6.45). 
QED 

Note that q, and q_ in eqs.(6.44-45) are implicitly dependent on (n,q,p,s) 
by eq.(4.20). It is seen that the first term, dominating Bp is f(—) , which 
is the MPO-estimator for f(cc) (eq.(6.32)). The second term compensates for 
the asymmetry of the domain relative to a = J_, 



6.4.4 Regular grids 

The estimators of eqs.(6-35-37) can be generalized to 4- and 6-connected 
grids, and other regular grids, using the concept of a 'column' introduced 
in [Vossepoel & Smeulders 1982], and described in section 2.2.4= 

With the transformation T defined in eq.(2.9), an assumed uniform distrib
ution of the lines in the skew grid transforms by T to the distribution 
p(e,ct) in the square grid by: 

( - sin*) 
p(e,a) - Kv r ^~a r— yrc- (6.54) 

[(a + — COS9) + ( — sin<p)} 
where K is a normalization constant. Eq,(6-35) for G. then becomes 

i 
,h .2 . , f ( e , a ) 

G = Kv[-sin4> If de dec 
I v ,, ,h 2 h 2 3/2 

{[a + [-cos<j)J + [-sin*] } 
DOMAIN(n,q,p,s) v v 

The calculation of n,q,p and s and thus of p+, q^, P_, q_ on^-V depends on 
the sequence of codes in the string and hence is not influenced by the 
transformation T. 
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Appendix 6.1 MAXIMUM LIKELIHOOD ESTIMATORS 

Both the MPO- and the MPV-estlmator are related to maximum-likelihood 
estimators, well-known in the theory of parameter estimation. This 
relationship is now described. 

Formally, a maximum likelihood estimator is defined as follows (quote from 
[Van den Bos 1982]): 

Suppose that in a particular experiment the observations, considered 
as stochastic variables, are W = (w-, ,. ..,w«) and define f (fi,Q) as 
their probability density, where the elements of Q = (w ,...w ) 
correspond with those of W and 0 * (9 ,...,6 ) Is the vector of 
unknown parameters to be estimated from W. Now let V = (v-i , • • • ,VM) be 
one particular realization of W, that is, the elements of V are 
numbers, not variables. Then for that particular realization the 
function L = fw(V;T) with T = (t,,... . U 1 is defined as the 
likelihood function of the parameters. Thus L is a function of T. Then 
the maximum likelihood estimate of the parameters T from W is defined 
as that value T' of T that maximizes L. 

Translating the estimation problem for the property of a discrete straight 
line segment into these terms, W is the tuple of the characterization used 
and V a specific realization t of that tuple. 0 is the parametrization of 
continuous line segments, which was denoted by X. The likelihood function 
L is thus a function of A, for fixed t. It is denoted by L(t;£). The 
maximum likelihood estimate depends on t; considered as a function of t it 

With the 'argmax' notation from section 2.6.1, the maximum likelihood 

AML ( t ) = argmax{L(t;X)} (A6.1) 

Comparing with eq.(6.1) and eq.(6.2), it seen that both can be written in 
terms of maximum likelihood estimators for $-: 
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g(t) = f C ^ C O ) CA6-2) 

For the MPO-estimator, the likelihood function is: 

LMPO( ' ; l 0 if It ft(t) 

For the MPV-estimator, the likelihood function is: 

L ,t.„ . I pW/\fW\ if *6*<« (A6.4) 
MPV1 ' ' ' 0 if I E K O 

Eq.(6.2) shows that g m o(t) and gj(pV(t) are not maximum likelihood estim
ators of f, but estimators based on maximum likelihood estimators of A. 
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Appendix 6.2 MOST PROBABLE ORIGINAL VS. MOST PROBABLE VALUE 

The NPO- and the MPV-estimator are not equivalent. However, there are 
circumstances when they identical results for virtually all tuples. 
Restricting ourselves to a-dependent properties f(a) and a probability 
density function p(cx) as in eq.(6.26), the following theorem can be 
proved. 

Theorem A6.1 
If f(tt) is monotonie and satisfies, in the interval 0 ^ 1 4 1 : 

, f"(°0 , 3 
f'O) 

j (A6.5) 

then the most probable value of f(<*) is the value of f at the most 
probable value of ct. 

Proof: 
Let a' be the value of a that maximizes p(<*)/ f' (ot)| . Let the most 
probable value of a be called a". 
With p(a) as in eq.(6.26), a"=a' if, for a small change 6<x>0: 

p(g") . p(a"+6a) ^ p(a") r. rp'(g") _ f"(g")-\fi_l 
|f'(a")| ' |f'(a"+6a)| |f*(a")i l l p(«") f'(a")J J 

In the interval P/Q < a < P./Q, , öa > 0, so the demand becomes 

f'(0 ' P(0 
In the interval P_/Q < a i P/Q, 6a < 0 , so the demand becomes 

(A6.6) 

f"(a") , p'(«") ,A, 7> 
F(Ö<7(Ö (A6'7) 

It was shown in the proof of lemma 6.1 that p'(a)/p (a) < n and 
P^(a)/p9(a) > n - 3/2. Hence the theorem follows. 

QED 

Two examples of properties are now given. 

For the slope, f(a) = a, and £"(a)/f'(a) = 0, so eq.(A6.5) is satisfied if 
n>2, and gm>o and SMPV c°incide. For n=l, note that maximizing the funct
ion p(ct)/|f' (a)| is identical to maximizing p(a) since f'(a)=l. Therefore, 
SMPO anc^ §MPV a r e identical for the estimation of the slope. 
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For length, where f(a) = n/(l+a ) , we have f"(a)/f'(a) = l/(a(l+a )), 
which becomes infinite at a=0. Since f"(a)/f'(a) > 0, the left inequality 
in eq.(A6.5) is satisfied. The right inequality is only satisfied if 
A < a < 1, where A is determined by 1/(A(1+A )) < n - 3/2 . With increas
ing n, A decreases, and there are relatively increasingly more tuples for 
which gjrpQ equals gwpy In the asymptotic case where it**", only the tuples 
with P_/Q_=0/l have g^Q 4 Sf-tpy F o r t h e (ne,n0)-characterization5 this is 
1 tuple out of n, for the (n,q,p,s)-characterization n tuples out of 
3 2 n /TI (see eq.(4.29)). Therefore, for length estimation, asymptotically 

almost all tuples t have g^po^) ~ S M P V ^ * 

These examples show that though g^pn and gvmy are not equivalent for all 
properties f(ct) and for all tuples t, they may be very close. The reason 
is that the probability function over a region for a-dependent properties 
is sharply peaked (see Fig.6.1). Since this sharpness increases with 
increasing n, g^pQ and g^y normally are asymptotically equivalent. 

7. Length Estimators 

7.1 LENGTH MEASUREMENT 

This chapter treats estimators for the length corresponding to a chalncode 
string of n elements. In the terminology of chapter 6, this chapter deals 
with estimators g(t) of the property f(a) = n/(l+a ) , for that is the 
length of a continuous line y= ax + e, considered between n columns of the 
grid. These estimators can be divided with respect to the 'type' of g, and 
with respect to the characterizing tuple t. 

With respect to type, the length estimators in this chapter are divided 
into three major groups. Section 7.2 treats so-called simple estimators, 
which are a linear combination of the parameters of their characterizing 
tuple. Section 7.3 describes MPO estimators. Section 7.4 deals with BLUE 
estimators. 

Estimators of a given type are subdivided with respect to the 
characterization used. This is done in subsections, in the order: (n)-
(n ,n ) - , (n ,n ,n )- and (n,q,p,s)-characterization (see Table 7.1). 

The estimators are analyzed and experimentally compared for the length 
corresponding to a straight string of n elements. The error measure used 
is the relative deviation RDEV, defined as follows. 
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Table 7,1 An overview of the length estimators treated in this chapter. 
The columns indicate the characterization, the rows the type of 
estimator. A comparison of all estimators can be found in 
section 7.5. 

simple 

MPQ 

BLUE 

(n ) 

7 . 2 . 1 

7 . 3 . 1 

7 . 4 . 1 

Cn,.o0) 
7 . 2 . 2 

7 .3 .2 

7 . 4 . 2 

( n c , n 0 , n c ) 

7 . 2 . 3 

7 . 3 . 3 

7 . 4 . 3 

( t > , q , p , a ) 

7 . 2 . 4 

7 . 3 . 4 

7 . 4 . 4 

e v a l u a t i o n 

7 . 2 . 5 

7 . 3 . 5 

7 . 4 . 5 

Definition 7.1 RDEV(L,n) 
The relative deviation RDEV(L,n) of a length estimator L is the square 
root of the mean square error of the estimator L In the length 
measurement, averaged over all straight strings of n elements 0 and/or 
1, divided by n. 

The normalization by n allows the interpretation of RDEV as the relative 
error in the length measurement of all line segments with a projected 
length of unity, when the sampling density is n per square unit (arranged 
in a square grid). 

Using RDEV, the estimators are analyzed for discrete line segments 
connecting the origin to a point in the column x=n. It should be noted 
that there is a (small) difference between this and analyzing the 
estimators for all points on the circumference of a circle x2+y2=n2. This 
point of detail is discussed in Appendix 7.1. 

7.2 SIMPLE LENGTH ESTIMATORS 

In this thesis, the term simple estimators is used for estimators that are 
a linear combination of the parameters of the characterizing tuple. One 
would like to call these estimators 'linear estimators', but this term is 
already reserved In the theory on parameter estimation, see section 6.5. 
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7.2.1 Simple estimators for the (n)-characterlzatlon 

The most primitive length measure one can consider for a string 
DSLS(n,q,p,s) is simply considering the number of elements as the length: 

L Q U ) = n (7.1) 

This measure is still used in computer graphics to make dotted lines. In 
image processing, a recent use is in [Shahrahay & Anderson 1986]. It is 
also the length measure for a contour that one obtains by simply counting 
the object pixels that are 4-connected to the background. 

The length measure LQ is biased: the length it gives is consistently too 
small, except for lines with slope 0. The bias can be computed by 
considering all strings consisting of n elements 0 and/or 1. These are 
strings connecting the origin to a discrete point on the line x=n. In the 
asymptotic case, where n->ro, the bias is computed by considering all lines 
from the origin to a continuous point on the line x=n: 

BIAS(L0(n))/n = ƒ (l-/(l-ht2)) / 2 , da = (1- ̂ - ) = -.1107 (7.2) 
0 [Ha y' 

The estimator Lrj(n) can therefore be made unbiased by multiplying the 
length by a factor 1.1107, yielding: 

Ll(n) = 1.1107 n (7.3) 

The MSE of Lj_(n) is equal to its variance, since It is unbiased: 

MSE{L.(n)}/n2 . ƒ ( ï £ - /(1« 2) f /2 (l« 2r 3 / 2da 
0 

2 
= /2 ln(l+/2) - |- (7.4) 

It follows that the relative deviation RDEVCLn ,n) (the root mean square 
error per chaincode element) is asymptotically equal to: 

RDEV(L ,«) ■ .1129 (7.5) 



By comparison, 

RDEV(L ,») " .1581 (7.6) 

Thus, if the estimator t,-, (n) is used instead of L^Cn) , by simply rescaling 
the result of Ln(n), one can gain some accuracy. However, it is impossible 
to obtain a higher accuracy than approximately 11%, no matter how densely 
the image is sampled. 

This subsection treats estimators that can be written as: 

(7.7) 

Several estimators of this type are known. They are treated in 
chronological order. 

In the paper introducing the 8-connected chaincode scheme ([Freeman 
1970]), a length measure for a chaincode string was also proposed. The 
purpose was to measure the length of the digital arc. The measure computed 
by attributing a length of 1 to every even chaincode element (correspond
ing to unit vectors along the grid), and a length /2 to every odd chain-
code element (the diagonal vectors). Denoting the number of even-coded 
elements by n and the number of odd-coded elements by n , the length 
measure is: 

LF(ne,n0) = ne + /2 nQ = 1.000 ng + 1.414 nQ (7.8) 

Note that L-p gives a measure for the length of the discrete arc instead of 
providing an estimate for the length of the continuous arc. Considered as 
an estimator for the continuous arclength, Lp is biased, since it always 
gives a length that is too long (except for lines with a=*0 and cc=l ). 

[Kulpa 1977] notes this, and rescales Lv to make it an unbiased estimator 
for the length of the continuous arc. He computes the scale factor 
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required to make the estimator unbiased for the radius measurement of 
large circles as: 

LK(ne,no) = .9431 Lp - .9481 nQ + 1.3407 nQ (7=9) 

The error is computed to be maximally +2.5% and minimally -5.3%. The 
coefficient .948 is also derived in [Filip 1973] , who treats simple 
approximations to the modulus of a complex number, for use in determining 
the amplitude of a quadrature signal pair. 

Groen and Verbeek [1978], unaware of these results, noted that odd and 
even chaincode elemements in a straight string are not equally probable. 
The probabilities were computed by considering all possible lines passing 
through 1 column of the grid. With these probabilities, the expected 
length of an even and odd chaincode were computed, yielding 1.059 and 
1,183, respectively. These values can be used to construct a length 
estimator: 

U n ,n ) - — — n +^—n - .944 n + 1.195 » (7.10) 
1.059 e 1.133 ° 

This length estimator is unbiased for strings with (n +n ) = 1, which is 
not a reasonable restriction for practical situations. When used for 
longer strings, it is biased. 

It should be remarked at this point that both in [Vossepoel & Smeulders 
1982] and in [Dorst & Smeulders 1985], the length estimator based on the 
calculations of [Groen & Verbeek 1978] is wrongly specified to be 
Lp(n ,n ) = 1.059 n + 1.183 n . Nevertheless, the conclusions drawn in 
these papers still apply, for both this formula and eq.(7.10) lead to 
practically the same value for the asymptotic mean square error. 

The asymptotic behaviour of the simple estimators of eq.(7.7) can be 
computed. In the asymptotic case where n + ro, the (x,y)-plane may be 
considered continuous. The number of odd and even codes from (0,0) to a 
point (x,y) of TRAPEZOID(n) are then nQ = y and ne = x-y. The asymptotic 
length D(x,y) of the line segment connecting (0,0) and (x,y), measured by 
the estimator of eq.(7.7) is 
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D(x5y) - ax + (b-a)y (7-11) 

Consider the error made in the length assessment of all strings of n 
elements 0 and/or 1. In the asymptotic case, where nr^° , these strings 
are the strings of straight line segments from the origin to points on the 
line x=n. For a point (x,y)=(n,na) on that line, the length of a line 
segment to the origin, measured by eq . (7 .11) , becomes: 

D(n,na) = n(a + (b-a)a] 

The Euclidean distance to the point equals n/(l+a ) , so the bias of the 
estimator eq.(7.7) is given by: 

1 - , 
BIAS(L)/n = ƒ { a+(b-a)ct - (1+a y] 

/2 
(l-* 2) 3 / 2 

= {a/2 + b} (/2 - 1) - Ï/2 (7.12) 

and the MSE by: 

MSE(L)/n2 = ƒ | a + (b-a)a - (IKt2)^ }2 
2 3/2 (1+aV' 

a2{/2 ln(l+/2) + 2(1-/2)} + b2{/2 ln(l+/2) - l} 

ab 2/2 {ln(l+/2) - /2 +l} + a/2 {ln2 - ~ } 

b/2 ln2 + /2 ln(l+/2) (7.13) 

Eq.(7.12) implies that in the parameter space of these estimators, (a,b)-
space, all unbiased estimators are on a straight line with equation: 

(7.14) 

Eq.(7.13) Is a biquadratic form in a and b. This implies that all simple 
estimators with the same value for the asymptotic MSE can be found as 
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b=aVi" 

Figure 7.1 (a,b)-space, the parameter space of simple estimators for the 
(n)- and inp>nQ)-characterization. The ellipses are curves of 
constant asymptotic MSE, the drawn line is the line of 
unbiased estimators. 

points on an ellipse in the parameter space (a,b), see Fig.7.1. The major 
axis is along the line of eq.(7.14), since unbiased estimators have a 
minimal MSE. The center of all ellipses is the point: 

(a,b) 
| {/2.1n(/2+l) - 1 } - (/2-l)ln2 1*2 - ~ (/2-1) 

2.1n(/2+l) - 4(/2-l) 

= (.9445, 1.3459) 

2.1n(/2+l) - 4(/2-l) 

(7.15) 
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These coordinates are the coefficients of the optimal simple estimator 
L(n ,n ): it minimizes the asymptotic MSE for the estimation of the length 
of all straight strings consisting of n elements, in the asymptotic case 
where n + ffi . The asymptotic RDEV (root MSE per chaincode element) can be 
found from eq.(7.35) and eq.(7.23) and equals .02622. 

Figure 7.1 represents (a,b)-space. The lines of equal MSE, which are the 
ellipses of eq.(7.13) are indicated, as is the line of unbiased 
estimators. The estimators LQ, L,, Lp, L^.and L^ are represented by points 
in (a.b)-space. Estimators with a fixed ratio between a and b can be 
represented on a line through the origin. L, is LQ rescaled and both are 
on the line with slope i. LK is Lp rescaled and both are on a line with 
slope /2 . 

7.2.3 Simple estimators for the (ne,n ,n )-characterization 

Proffitt and Rosen [1979] introduced the corner count as an extra 
parameter to improve the length assessment for 4-connected chaincode 
strings, see section 5.2.3. Their purpose was to match the performance of 
8-connected strings. Since using the corner count in 4-connected strings 
amounts to making the 4-connected string S-connected, their estimator is a 
simple (n ,n )-estimator. Their computation of an asymptotically unbiased 
estimator for the radius measurement of a circle is therefore equivalent 
to LK(ne,no). 

Vossepoel and Smeuiders [1982] realized that the introduction of a corner 
count parameter could also improve length estimators for strings with 
other connectivities. They studied estimators of the form: 

Lc = a ne + b nQ + c nc (7.16) 

This estimator is a conceptual improvement over the previous estlmators of 
the form eq.(7.7), since it expands the characterization. It effectively 
makes 8-connected strings 16-connected, see Appendix 7.2. 
The coefficients a, b and c in eq.(7.16) were evaluated by computer 
experiments, minimizing the MSE between eq.(7.l6) and the Euclidean length 

for all straight strings with n=1000. The estimator that resulted for 8-
connected strings is: 

Lc(ne)no,nc) «= .980 ne + 1.406 nQ - .091 nc (7.17) 

This estimator is asymptotically unbiased for long strings. 

The asymptotic behaviour of eq.(7.16) can also be computed mathematically. 
Because of the behaviour of the nQ parameter, the estimator takes a 
different form in the Interval 0 i a < \ and in the interval \ < a <■ 1 . 
This can be understood as follows. 

At a = 0, nc = 0 , since the string consists solely of 0's. Up to a = \ , 
the corner count increases, and is equal to 2n -k, where k ■ 0,1 or 2 (see 
section 5.2.3). In the interval \ < a C 1 , n decreases, and is equal to 
2ne-k, with again k=0, 1 or 2. Thus, with eq.(7.16): 

n 0 <, _ ° — < ^ . L = a.n + (b+2c).n - c k n -1- n C e v ' o o e (7.IB) 
%' <7TTir" l ■■ L C = (a+20.ne+ b.„ o- c k 

o e 
n 

In the asymptotic case, where a = - — , and n = (n +n ) -+ <= , this 
n + n o e' ' 

is, to order 0(n l)y
 e ° 

0 < cc < \ : : i^/n = a + (b-a+2c)cr = A + Ba 
(7.19) 

h < a < 1 : Lc/n = (a+2c) + (b-a-2c)a = C + Da 

where abbreviations A, B5 C and D are introduced for convenience. The 
continuity of the length estimator at a = \ Implies the relationship: 

B-D = 2(C-A) (7.20) 

The asymptotic bias of the corner count estimator is given by: 

BIAS(LC) - / 2 ( A 7 i + B(l_ ^ + c (_i _ _i) + D ( _ | . _!, _ D ( 7 | . ^ _ «, 
(7 ' ■ 
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and the asymptotic MSE in terms of A, B, C and D is 

- 2A atan(i-) - B lll(|) + ln(i + /-|) } 

+ CTI - 7 ( w ] c 2 + C^+ lnCLV2) + 7mr - l n ( i+ 4> '°2 

+ 2 ( ? i + 7O7A)"^ C D " 2 t a t a n ( 1 ) " atan(|"))c - (ln(2) - ln(|))ü 

+ ln(nV2) - ln(~+ /(|)) 7.22) 

Minimization of this MSE under the constraint of eq-(7.20) yields: 

A * .980 ; B = .246 ; C = .798 ; Ü = .608 (7.23) 

or, with eq.(7.19) 

a = .980 ; b = 1.406 ; c - -.091 (7.24) 

in complete agreement with eq.(7.8), the result of [Vossepoel & Smeulders 
1982], who found these values by a computer simulation for strings with 
n-1000. 

The minimal asymptotic RDEV at the values given by eq.(7.23) is: 

RDEV(Lc,"0 - .0077 (7-25) 

Thus simple estimators can be as accurate as .8%, despite their simple, 
linear form ! 
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7.2.4 Simple estimators for the (n,q,p,s)-characterization 

The simple estimator for the (n,q,p,s) characterization would have the 
form: 

L(n,q,p,s) = an + bp + cq +ds (7.26) 

However, estimators of this form are not considered meaningful, for the 
following reason. It was seen in section 6.3 that an optimal value for the 
length corresponding to the tuple (n,q,p,s) is n/(l-l-(—) ) . This formula 
implies a multiplicative relation between n and p/q. Linearization of such 
a relation is artificial. 

7.2.5 Comparison of the simple estimators 

To obtain an insight into the behaviour of the simple estimator for the 
non-asymptotic case, a computer simulation was performed. 
The simulation is organized as follows. For each estimator Li(t) and for 
all straight strings consisting of n elements, the MSE is computed as the 
weighted sum of the expected squared difference over D0MAIN(n,q,p,s) 

2 between the length estimate and the ground truth n/(l+a ). In formula: 

MSE(Lt) - I P B ( M | M ) ƒƒ (L.(tW(l-a2))2p(e,»0 deda 
D(n,q,p,s) ,M,K' 'D(n,q,p,s) (7.27) 

All quantities can be computed with the expressions for the domains in 
section 5.2. 

Fig.7.2 is a plot of RDEVCL^n) = /(MSE(L1))/n as a function of n. RDEV 
can be interpreted as a normalization of the root MSE to that of the 
property 'linelength per chaincode element'(Note that this is not a 
normalization of the estimator on the actual line length L, but rather on 

2 the projected length n = L/7(l+a ) , see also Appendix 7.1). The computed 
values for a = 1, 2, 5, 10, 20, 100 are given in table 7.2. 

From both figure and table, it is seen that the RDEV of all simple 
estimators reaches a limit value. This means that the relative error in 
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1 10 100 
1.0000 -l h— i 

0.0001 J ' ' 

n 
Figure 7.2 Comparison of the simple length estimators L„(n)} LAn)> 

LG(ne>n0), LF(ne>nQ), LK(ne>nQ)3 V W V ' 
See also table 7.2. 

length measurement with these estimators does not decrease with increasing 
sampling density. The values for these limits agree with those calculated. 
For each estimator, they give the ultimate accuracy that can he reached, 
even with infinite sampling density. Note that the asymptotic RDEV's of 
these estimators differs greatly, from 16% for L Q , via 6.6% for L F to the 
very acceptable .8% for Lp. 

The experiment shows that consideration of the RDEV for small n would lead 

to the same ordering of the estimators with respect to increasing error as 

the asymptotic case. Of all simple estimators, the corner count estimator 

Lp is best, with an asymptotic RDEV of .8%. The optimal estimator of 

eq.(7.15), or the virtually identical Lj,,are based on a tuple that is 

somewhat simpler to compute, and can therefore be used in time-critical 

situations, or when high accuracy is not needed. The asymptotic RDEV for 

this estimator is 2.6%. The estimator Lp has a threefold higher error, 

for virtually the same computational effort. 
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It should be stressed that the experiment was carried out for straight 

strings only, and that the conclusions can be applied to only that case. 

7.3 [-IP0-ESTIMAT0RS 

This section treats the MPO-estimators for each of the characterizations 

considered. For the property length, the MPO-estimator for a tuple t is 

the length of a segment with the most probable slope in Jt(t). 

7.3.1 The MPO-estimator for the (n)-characterization 

For the (n)-characterlzation, the MPO-estimator is given by eq.(6.30): 

(n) = n (7.28) 

The MPO-estimator for this characterization is thus identical to LgCn), 

given in eq.(7.1). The asymptotic RDEV equals .1581, by eq.(7.6). 

SMP0 ( ° ' L ) = V 3 ( 7 . 2 9 a ) 

WV%> ' ft ^ V ) = ( <%+ n o ) 2
+ n2

Q ) % ( 7 . 29b ) 
e o 

This estimator takes a more familiar form if it is used to compute the 

length between two points (x-^y^) and ( x 2 , y 2 ) . A straight string 

connecting the point to the origin has (ne-Hno) = (x„-x, )=Ax, n =(y„-y, )=Ay, 

so eq.(7.29b) becomes: 

SMPo(n
e,%) = /t A x + Ay ) (7.30) 
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This is just the Euclidean distance between the points. "Remember that the 
line segment that connects the points (x, ,y-,) to (x.j,y->) is just one of 
the (infinitely) many continuous straight line segments digitized and 
characterized to the same tuple (n ,n )■ Since the (n , n )-characteriza-
tion is not faithful, the distance estimate eq.(7.30) can be improved! 

For the asymptotic behaviour of g.»pQ(n ,n ) , one can prove a result that 
applies to estimators of properties somewhat more general than length: 

Theorem 7.1 
RDEV, the root mean square error per chaincode element of the MPO-

Proof: 
Let m = n and n = (n +n ). First normalize f(a) to become the 
property per chaincode element. The MSE of the estimator 
f(n /{n +n )) over the region Jl(n ,n ) equals, with eq.(6.24): o e o e o 

(m+i)/n m , , , / , 
MSE(Ï) - /2 ƒ (m+l-cin){f(ï) - f(a)}Z(l+aZ) J/Zda 

m/n 
m ^ n 9 ? -'Kil 

+ /2 ƒ (an-m+l){f(-) - f(a)j (l+ct ) J//da 
(m-l)/n " 

In the case n-*", the regions become small, and the estimator can be 
MSE can be approximated by: 

1/n , , ,., 
MSE(a') = 2/2 ƒ (l-nx){f(a')-f(a'+x)} (l+(a'+x)") dx 

0 

* 2/2 (l+a'-) ' f'(a*) ƒ (1+nx) x dx 
0 

= 2/2 (l+a'2)"3/2 f'(a')2. - ~ (7.31) 
12n 

Integrating over all a', there ic a number of n regions, lying 
uniformly between a=0 and cc=l. In the asymptotic case, the number of 
regions between a' and a'+dcc' therefore equals nda' and one obtains: 

^ j / f ' ( a ' ) V « ' 2 r 3 / 2 dec' (7.32) 
6n 0 

which is of order 0(n"z). Taking the square root proves the theorem. 
QED 
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For the special case of length estimators, the length of a line segment 
between n columns equals n/(l+a ), so the length per chaincode element 
equals f(a) = /(l+a ) and eq.(7.32) yields: 

-*£ Jl a 2(l« 2)- 5 / 2 da = 1/36 (7.33) 

implying that the asymptotic RDEV (standard deviation per chaincode 
element) equals 

RDEv{g(n ,n ) , n] = 7 — as n+~ (7-34) 
lov e o ' 6n 

This is good agreement with the experimental results, see table 7.2. 
Comparing this with the asymptotic RDEV of the simple estimator for the 
same characterization, it is seen that the MPO-estlmator becomes 
increasingly more accurate with increasing sampling density, whereas the 
optimal simple estimator reaches a limit value of 6.6%. This is clearly an 
improvement! 

7.3.3 The MPO-estimator for the (n ,n ,n )-characterization 
v e' o' c 

As was already stated in section 6.3, the shape of the regions makes this 
estimator awkward to express in a general form. An estimator of this type 
is therefore not considered. 
Nevertheless, the asymptotic order can be computed. 

Theorem 7.2 
RDEv[g.m.(n ,n ,n ),n], the standard deviation per chaincode element VOMPO e o c 
of the MPO estimator of the (n ,n ,n )-characterization for an in
dependent property is, for large n, of the order 0(n ). 

Proof: 
First, normalize f(a) to become the property per chaincode element. 
Consider a region of the (n ,n ,n )-characterization. Eq.(5.7) can be 
used to compute the a-dimension of any of the 4 types of region. 
It is then seen that all regions have an extent in a which is of the 
order 1/n. In the asymptotic case, the extent becomes small, 
and f(a) can be considered constant within a region. As in the proof 
of theorem 7.1, this implies that the MSE of an almost constant 
function f(a) over such a region is of the order n ■ Integrating over 

I 
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all a, there are of the order of n regions, so the total MSE is of the 
order 0(n~2), and hence RÜEV of the order OCn"1). 

QED 

Comparing the order of the MPO-estimator for this characterization with 
the simple estimator, it is found that the MPO-estimator becomes 
increasingly more accurate with increasing sampling density, whereas the 
simple estimator reaches a limit value. 
Comparing the estimators based on the (n , n ) - and the (n ,n ,n )-
characterization, it is seen that use of the more complex (n ,n )-
characterization does not lead to an increase in the order of the 
asymptotic RDEV; they are both 0(n ) . 

7.3.4 The MPO-estimator for the (n,q,p,s)-characterization 

This estimator is, according to eq.(6.32): 

gtfpod, 1,1,0) = V 3 (7.35a) 

gMP0(n,q)p,s) - n /(l+(^)2) (7,35b) 

As with the (n ,n )-characterlzation, it is possible to prove a theorem 
for properties more general properties than length: 

Theorem 7.3 
For an cc-dependent property, the standard deviation per chaincode 
element of the MPO-estimator of the (n,q,p,s)-characterization, tends 

-3/? to 0(n ' ) as n + m. 

Proof 
First normalize f(a) to become the property per chaincode element. 
Consider a domain. If n tends to infinity, the domains become small in 
their ct-dimension, and the Taylor-approximation of eq.(6.44) shows 
that BLUE and MPO estimator become equivalent, to the lowest order. 
Therefore the MSE of the BLUEstimator eq.(6.45) to lowest order can be 
used as the MSE of the MPO-estimator: 

MSED0MAIN(n,q;P>s) " - \ { 4 + ~ + 4 ' f' 2(£) 0''^ 
18q q+ i+q_ q_ 

The contribution of this domain should be weighted by its probability 

!L. 

of occurrence P(n,q,p,s), which equals i t s weighted area: 

P(n,q,p,s) - ^ _ _ T r r - ~ ( ~+ — ) (7.37) 
{ i + (£)2 } 3 ' 2 2 q qq+ q q -

where the fact was used that the interval between the consecutive 
fractions of a Farey series Pi/qi and Po/Q? ^S ̂ ^l q2 ^ eq.(3.5). 
Therefore, the contribution C(n,q,p,s) of D0MAIN(n,q,p,s) to the total 
MSE equals: 

c(n> q ,P ,s) . & ( l + ( £) 2 r 3 / 2 f'(f)2 4 i~+ rH4+ —+ 4) 
q + - q q q_ q_ 

(7.38) 
and the total MSE becomes: 

MSE = £ C(n,q,p,s) = 2 q.C(n,q,p,s) (7.39) 
2)(n,q,p,s) p/q 

The final transition follows from the fact that there are q domains 
at a = p/q, all giving the same contribution since s is not a 
parameter in eq.(7.38) 
A term of this sum is c 
therefore be from fractions p/q with a small q. These are called 
'simple' fractions. At a simple fraction p/q, a new neighbour will 
appear in every q-th Farey series, and hence if p/q is a fraction with 
q small, q, and q_ are asymptotically equal to n. The main 
contributions to the sum in eq.(7.39) are thus of the order 0(n ), 
which implies that the sum itself is of order 0(n~ ). Thus RDEV is of 
order 0(n~3'2). 

QED 

7.3.5 Comparison of the MPO-estimators 

To compare the MPO-estimators, a simulation was performed. The simulation 
was organized in precisely the same way as for the simple estimators 
described in section 7.2.5. 

Fig.7.3 and table 7.2 show the results. It is seen from this data that the 
asymptotic behaviour that was computed is vindicated. The MPO-estimator 
for the (n,q,p,s)-characterization is remarkably accurate, and a fit to 
the data yields an asymptotic behaviour of 

MSE{gMpo(n,q,p,s)} = .46 n"3/2 (7.40) 

Compared to the MPO-estimator of the (ne)no)-characterization, the 
improvement in accuracy is more than a factor of 2 for n > 25. 
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1 10 100 
1.0000 -j u. ,—, ■ 

Figure 7.3 Comparison of the MBO length estimators: Ln(n), &MPO^ne*no^ 

and g^pn(ntqtp$$)> See also table 7*2. 

7.4 BLUE ESTIMATORS 

BLUEstimators are estimators that are linear in the admissable values (see 
section 6.2.5), are unbiased, and have minimal MSE. By theorem 6.4, the 
BLUEstimator is the mean value of the length, averaged over all lines in 
the region of the tuple considered. With the exception of the regions of 
the (n)-characterization, these regions become small in their ot-
dimension if a*"* , Therefore, the asymptotic behaviour of the BLUEstimator 
is identical to that of the MPO-estimator (except for the (n)-
characterization). 

7.4.1 The BLUE-estimator for the (n)-characterization 

The BLUEstimator of the (n)-characterization is the expectation of 
n/(l-kx ) over the region Jl(n), given in eq.(5.5). Asymptotically, this 
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region extends from a = 0 to a = 1 , so the estimator is: 

B(n) = n ƒ /(l-Kt2) . /2 (l+a2r3/'2 da 
0 

which is jus t the unbiased simple estimator L-, (n) , given in eq.(7 .2) . 
Asymptotically, RDEV is a constant, and equal to .1129 by eq.(7.5). 

7.4.2 The BLUEstimator for the (np,nrt)-characterlzation 

The BLUE estimator for the (a ,n0)-characterization is the expectation of 
2 n/(l+a ) over a region. An expression for the region was given in 

eq.(5.6). For convenience, let us put m = n and n = (n +n ). The BLUE 
estimator then is: 

( m f l ) / n , 
B ( n e , n Q ) = ƒ ( l-hn-na) /(1-hr ) 1 — - da 

m/n (l+a ) 
m ^ n ? / ? 

+ ƒ (1-m+na) / ( l + O , da 
( m - l ) / n [ l+a ) 
/ 2 r m+1 fittl-li „ m /mi m-1 /-m-1 \ 

- h ln(l+(5tV) + ln(l+(2)2) - h ln(l+(^)2) } (7.42) 

This is considerably more complicated than the MPO-estimator of eq.(7.29). 
Since the BLUEstimator is asymptotically equal to the MPO-estimator, RDEV 

table 7.2) there is no significant difference (less than .25% RDEV) 
between these two estimators for n > 5. 

The BLUE length estimator gnrUE^e*0*)' nc^ i s t h e a v e r a S e of n/(l+ti ) over 
the region Jt(n ,n0»nc)> This is exactly the 'optimal estimator' given in 
[Vossepoel & Smeulders 1982]. Expressions for this estimator are of a 
similar complexity as the optimal BLUEstimator of section 6.4. 
The estimator is given in terms of their generation functions Ĝ  by 
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eq.(6.36) and eq.(6.37). The generating functions Gj(n,ra,k) are: 

Gl(„,m,0) . Z d - m F ^ i ) + nFjüü-) + ( « - 2 ) 1 ^ ) 

G^n.m.l) - 2{-nFi(l) + (2-n)I1(ï£] + ( n - l H F ^ ) + t ^ ) ) ) 

(7.43) 
Gl(n,m,2) - 2(1-n)F1(^i) + „^(==1) + (-2^(2^) 

where the functions F.(a) are: 

F0Cci) - /(1+a2) 

F (a) = n { a.atan(cr) - ^ln(l+a2) } (7.44) 

F2(cr) = n2{ a.ln(a+y'(l-Kc2)) - /(1+a2) ] 

(In [Vossepoel & Smeulders 1982], the estimator is given in a more general 
form, for arbitrary connectivities. The above formulas are for the 8-
connecetd case. Also in the paper, an exception is made for the strings 
000... and 111..*, which is not needed here.) 

Asymptotically, the behaviour the same as for gMpn(n
P>nn>n )» which is 

7.4.4 The BLUEstimator for the (n,q,p,s)-characterization 

Since the (n,q,p,s)-characterization is faithful, theorem 6.5 yields that 
the BLUE estimator corresponding to this characterization is optimal BLUE. 
Therefore, it is the most accurate (linear) estimator, with respect to 
minimization of the MSE. 

The formula for this estimator was derived in section 6.4.3 (eqs.(6.38-
6.41)). The asymptotic behaviour of the MSE is,according to section 6.4.3, 
equivalent to that of gMp0(n,q,p,s). Therefore theorem 7.3 shows that the 
asymptotic order is 0(n" ' )• 

H I 

As for the MPO-estimator, a simulation can be used to estimate the 
-3/2 coefficient of n ' , yielding: 

RDEV(B(n,q,p,s) ,n) = .34 n~3^2 as n+*> (7.45) 

This is the ultimate asymptotic accuracy (in the sense of the MSE) that 
can be reached when estimating the length of a straight string on a 
discrete grid using a linear estimator. 

7.4.5 Comparison of the BLUEstiraators 

The comparison of the BLUEstimators was done by the simulation, described 
in section 7.2.5. Fig.7.4 and table 7.2 present the results. 

The results from this experiment are asymptotically almost identical to 
those for the simulation with MPO-estimators, in section 7.3.5. The 
estimator for the (n ,n ,n )-characterization is new and indeed asymp
totically decreases as 0(n ), as stated in theorem 7.3. For small n, the 

1 10 100 
1.0000 -j 1 

0.0001 J — — ~ — ~ 1 ' 
n 

Figure 7.4 Comparison of the BLUE length estimators: Lj(n), 9BLUE(n
e>n

0) = 

S'VV' WVVV4fVVV and 3BLuLn>W>e)= 

B(n,q,p,e). See also table 7.2. 
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behaviour is also close to that of the MPO-estimator: the differences are 
too small to be significant for use in practice. 

Note that the figure clearly shows the importance of the characterization 
for the performance of the estimator. All estimators are optimal for the 
characterization chosen (in the sense of minimizing the MSE for each n), 
but their behaviour differs greatly. The reason is the increase in the 
number of critical points contributing to the outcome that accompanies the 
use of increasingly more extended characterizations. It was shown in 
section 5.2 that the (n)-characterization is based upon the distance 
between the columns of begin and end point of the discrete line segment; 
(n , n ) also takes the critical points in these columns into account; 
(n ,n ,n ) includes the critical points in the second and second to last 
column; and (n,q,p,s) is based upon all critical points in all columns 
considered. Beyond this, no improvement is possible ! 

7.5 LENGTH ESTIMATORS COMPARED 

7.5.1 Straight line length estimators 

In the sections 7.1.5 (1=2,3,4), results of analyses and simulations have 
been discussed subdivided with respect to the type of estimator. For 
actual use in practice, it is interesting to discuss the subdivision with 
respect to characterization. 

For the (n)-characterization, only two estimators were computed, LQ and L 
(eq.(7.1),(7.3)). These are compared in Fig.7.5. Both require almost the 
same computation, but the one real multiplication used in L^ results in a 
significant increase i n accuracy, from RDEV(LQ,':D) — 16% to RDEV(LQ,CO) = 11% . 
The estimator LQ sometimes occurs in binary image processing, if one 
detects the points of an object 4-connected to the background by means of 
a 3*3 neighbourhood operation, and then counts the number of points. 
Rescaling afterwards, to L^, gives the improvement indicated. 
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For the (n ,n )-characterization, compared in Fig.7.6, the simple 
estimators Lp and Lp give, for the same computational effort, a much less 
accurate result than LK. Therefore, only LK should be used; the 
corresponding asymptotic RDEV is 2.6%, three times more accurate than Lp 
or LG. 
The MPO- and BLUEstimators for this characterization behave almost 
Identically, and therefore only the MPO-estimator, which is much simpler 
to compute, needs to be considered. It is In fact the estimator one would 
intuitively expect to be optimal, namely the Euclidean distance between 
begin and end point of the discrete straight line (see eq.(7.30)). The 
asymptotic RDEV Is .l7n 

For the (n ,n ,n )-characterization, the estimators are compared in 
Fig.7.7. The simple 'corner count estimator' Lp is amazingly accurate: .8% 
asymptotic RDEV. We see that it performs almost as well as the 
BLUEstimator for this characterization for straight strings of 20 elements 
or less; only when n>20 the error Is halved by using the BLUEstimator. The 
MPO-estimator was not calculated, but presumably behaves in a similar way 
to the BLUEstimator. 

For the (n,q,p,s)-characterization, the estimators are compared in 
Fig.7.8. There is no simple estimator (see section 7.2.4), and the MPO-

-3/2 -3/2 and BLUE-estimator have an asymptotic RDEV of .46n and .36n , 
respectively (see eqs.(7.40,45))- The difference between the coefficients 
is not understood. The Improvement in RDEV of these (n,q,p,s)-based 
estimators over the simple corner count estimator is a factor of 2 for 
straight strings with n > 10. 

Note that the computation of a tuple, given a straight string, is 
straight-forward for the (n)-, (rte,no)- and (ne, no,nc)-characterization. 
For the (n,q,p,s)-characterization, it requires more computational effort 
(see theorem 2.2). This should also be taken into account when evaluating 
the estimator. 
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Figure 7.5 Comparison of the length estimators for the in)-characteri
zation: Ln and L-.. See also table 7.2. 
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Figure 7.7 Comparison of the length estimators for the (ne,nQ,na)-charac
terization: LQ and faing- G^po waQ n°t evaluated for this 
characterization. See also table 7.2. 
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Figure 7.8 Comparison of the length estimators for the (ntqspss)-charac
terization, gupQ and gBLUE' ^ simple estimator was not 
computed for this characterisation. See also table 7.2. 
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Table 7.2 A comparison of length estimators, for all straight strings 

consisting of n elements. The column marked co contains predic

ted- values. The experiment is described in section 7.2.5. 

L0(n) 
Lj(n) 
LG(ne,n0) 
LF(ne,no) 
LK(ne>n0) 

W n o » n c > 
8nP0(ne'no> 
8BLUE(ne'no) 

SBLUE<ne>rVnc> 
gMP0

(n'q,p's:' 
gBLUE(n,q,p,s) 

1 

.310 

.252 

.247 

.223 

.232 

.228 

.217 

.223 

.217 

.217 

.196 

2 

.231 

.183 

.149 

.117 

.114 

.103 

.0937 

.0966 

.104 

.103 

.0937 

5 

.186 

.141 

.102 

.0755 

.0534 

.0398 

.0354 

.0356 

.0329 

.0337 

.0291 

10 

.172 

.127 

.0894 

.0682 

.0371 

.0208 

.0172 

.0173 

.0141 

.0127 

.0107 

20 

.165 

.120 

.0840 

.0669 

.0307 

.0125 

.00848 

.00849 

.00644 

.00476 

.00379 

50 

.161 

.116 

.0810 

.0664 

.0278 

.00879 

.00337 

.00337 

.00248 

.00127 

.00097 

100 

.159 

.1143 

.0800 

.0664 

.0270 

.00804 

.00174 

.00170 

.00124 

.00045 

.00034 

-
.1581 
.1129 
.0795 
.0664 
.0263 
.0077 

Fig.7.9 is a comparative plot of all estimators. Fig 7.10 gives the best 
estimators, based on the above considerations. Summarizing, they are in 
order of increasing accuracy: 

L-i (n) - for use in extremely time-critical situations, or in simple 
image analysis. Accuracy up to 11%. 

W(n .n ) - for use in time-critical situations, or when no high precision 
is needed. Accuracy up to 2.6%. 

Lp(n ,n ,n )- the 'corner count' estimator. For normal use: simple to 
compute, reasonably high accuracy, up to .8%. Comparable to 
optimal result for straight strings with n £ 10. 

gMp0(n ,n ) - the 'Euclidean distance' of begin and end point. Simple to 
compute, though somewhat more time-consuming than Lp« Accuracy 
.Ui" 1. 

8ypQ(n,q1p,s)- for use when high accuracy is required, or when a high 
sampling density is expensive. Accuracy .46n ■3/2 

L0(n) 
i Lt(n) 

LF(n..n0) 

'i Lc(ne,n0,nc) 

KDsv , :■: | gBLUEK.r>0> 

'BLUE(lVn0'nc) 

9MPO(n'q'P"S) 

g (n,q,p,s) 
BLUE 

Figure 7.9 Comparison of all length estimators evaluated in this thesis. 

RDEV 

9 L^n) 

o, LK(ne,n0) 

Lc(ne,n0,nc) 

gMpo(n,q,p.s) 

Figure 7.10 Comparison of the best choices for length estimators: L,{n), 

LK(ne>no}> LC(ne>no>nc}> ^MP0(ne'no} and 3MP0(n'cl*P'e}' 
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It is at first sight amazing that any improvement of length estimation can 
be reached over the Euclidean distance between the end points of the 
discrete line (this is g[^po n̂e » no^' T^e l n t u i t i v e explanation is the 
following. 

Consider the string drawn in fig.7.11. The estimator Lp takes into account 
single code elements, corresponding to the vectors (, J and ( ) and adds 
their lengths, 1 and /2. A more complicated estimator is to break up the 
string into elements (.), (.] and ( ) (for a straight string in the 
standard situation), and add their lengths as 1, /2 and /5. It is shown in 
appendix 7.2 that this is in fact a simple (n ,n ,n )-estimator, almost 
equivalent to the 'corner count' estimator Lc. The next step in complexity 
is to subdivide the string Into substrings corresponding to the vectors 
L-i)» (•>)> (9)> (->)» (-, ) . with the corresponding lengths, and so on (see 
also [Saghri & Freeman 1981]). Note that these basic vectors (.) are such 

I J 

that — is an element of F(m), the Farey series of order m. The final step 
In this series of increasingly more accurate estimators would seem to be 
approximations by terms of F(n). However, since the longest straight 
substrings of a string are the substrings cc 
definition of q and p), F(q) is sufficient. 
substrings of a string are the substrings corresponding to — (by the 

The length estimator Lp(q) that results can be written as: 

LF(q) " S ^(l+d>2) a , (7.46) 
l/jeF(q) J 1/J 

where the subdivision into substrings (.) is to be made such that the 
straight substrings are as long as possible, and where n.i , indicates the 
number of elements contributing to the substrings (.]• 
In the special case that the string consists of only one substring ( ), 
the computed length is: 

LF(q) " /(1+(|)2) n " / ( " 2 + I2) (7-"> 

this is just the estimator gMp0(n
e.n

0)» "hich in this case coincides with 
gMP0(n>1.P.s)-

m 

Figure 7.11 a) A string and a series of increasingly more accurate length 
estimates as the total length of generalized ahainaodes. 

b) The length estimate given by g^-pQ(n,q,p, s). 

If the string consists of more straight substrings, then it follows from 
the definition of q that these consist of a number of strings ( ) (namely 
the strings of lines connecting the critical points P and R), plus some 
strings (,) and ( „), corresponding to begin and end of the original 
string. The length is then: 

LF(o) " 'U+<£>2)V/a'+ ^ ^ V o + 'U-Kf^V/," °'M> 
Still, this estimator does not make use of the fact that the original 
curve was a straight line. This preknowledge can be incorporated by 
attributing the length /[!+(—)] to all n elements. This results in the 
estimator gMpo(n,q,p,s). 

This alternative derivation of g>lpo(n,q,p,s) shows why the estimator 
g (n ,n 0), the 'Euclidean distance' is less accurate: it computes the 
distance between the discrete begin and end point, and the variation In 
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these points is much larger than in the critical points P and R, which 
determine the (n,q,p,s)-based estimator. For the same (relative) position 
of P and R, many different values of the coordinates of begin and endpoint 
are possible, leading to many different length estimates. Thus the 
variation In gf,jpQ( ne ,nQ) is larger than in gypo(tts<l»p,s)« Since they are 
both asymptotically unbiased, the asymptotic MSE of gMpn(njQ >P>s) must be 
smaller than that of g^0( ng, nQ) . 

7.5-2 The length per chaincode element 

All estimators in this chapter were calculated and analysed for the 
estimation of the length of a straight line segment between the columns 
x=0 and x=n. Dividing by n, this amounts to giving estimators for the 
length per chaincode element, or the length per column. The reason that 
this approach was chosen is that it is one problem to give a good estimate 
for the length per chaincode element, and another to give a good estimate 
for the proper number of columns to be associated with a given discrete 
line segment. 

Suppose the discrete straight line segment was obtained as the result of a 
polygon approximation to a larger, and curved discrete arc. Then the error 
made in assuming the segment is straight and that it runs from just the 
beginning of the first column x=0 to the end of the last column x=n is 
small, if the curvature is small. Thus the length estimators given can be 
used for each straight subsegment of the string. 

A different situation for the estimation of length is when the discrete 
straight line segment is obtained as the digitization of a continuous 
s traight line segment. In this case, the error made in the estimation of 
the number of columns may exceed the error made in the estimation of the 
length per column. 

Consider the situation sketched in Fig.7.12. Here a finite continuous 
straight line segment of length L is digitized. Depending on the exact 
location of the segment relative to the digitizing grid, one may have a 

string of [L//(l+a )j or [L//(l'Kt )]-l elements (in OBQ-digi tization). 
Under the assumption that the line segments with fixed length L and 
slope a are uniformly distributed in position 5, (see section 2.3.2), the 
expectation of the number of string elements is easily computed to be: 

E(n) 
/(l^) 

(7.49) 

Denoting L//(l+Ct ) by Af the variance in n is found to be 

var(n) » (A-[Aj)(1-(A-[Aj)) (7.50) 

If there are n columns on the length A, the variance in the number of 
columns is of the order 0(1) and RDEV, the standard deviation per 
chaincode element, of order 0(n ). The RDEV of the longitudinal variation 
may thus exceed the RDEV corresponding to the transversal variation. In 
this situation the errors made by the (n,q,p,s)-based estimators are 
asymptotically insignificant. The other estimators may still give 
significant errors. 

A 
Figure 7 A2 A different situation for length measurement (see text), 
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7.5.3 Length estimation for arbitrary strings 

All calculations and analyses in this chapter were carried out for 
straight strings. For non-straight strings, the results can also be made 
applicable if a polygon approximation of the string is made: the string is 
split into straight substrings. For each of the substrings, the length can 
then be computed by one of the methods treated. If the curvature is small, 
the conclusions of section 7.5.1 still apply. For some estimators, the 
relative error will still reach an asymptotic value, other estimators give 
a more accurate length estimate for an increasingly higher sampling 
density. 

2 An algorithm that performs the polygon approximation in 0(Sn ) time (where 
n. is the number of elements of the i-th substring) is given in [Wu 1982], 
by simple checking of the linearity conditions. A new algorithm, repairing 
some errors in that algorithm, and checking the linearity conditions 
differentially is 0(N), where N is the number of elements of the string 
[Smeulders & Dorst 1986]. This algorithm also computes the parameters q 
and p "on the fly". 

The easy computabllity of the parameters n, n , n and n suggests, how
ever, a different use of the length estimators. One simply computes n, n 
n and/or n without making a polygon approximation first, and then uses 
one of the (n)-, (n~in

0)- o r (ne>nQ>nc)~based estimators. For this 
situation, the conclusions drawn in section 7.5.1 do not apply. 

It is difficult to give general statements of the accuracy or order of 
estimators in this general case. An experiment on the perimeter 
measurement of circles, described in Appendix 7.3, gave the surprising 
result that the simple (ne»n

0) estimator L„ performs better than the 
BLUEstimator of the (n,q,p,s)-characterization. An analysis shows that L„ 
is asymptotically precise for the estimation of the length of a circle arc 
of 45-degrees, and hence also for a complete circle. This Implies that for 
some curved arcs, even a simple estimator can become more accurate with 
increasing sampling density, something which is not true for straight 
arcs! In contrast, for non-circular arcs the result can be much worse than 
for straight lines. A study is required of the performance of the various 
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estimators for different curves, or parts of curves; it may even be 
necessary to develop new estimators. These Issues are outside the scope of 
this thesis, which treats straight line segments only. 
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Appendix 7.1 THE OPTIMIZATION OF LENGTH ESTIMATORS 

There are several methods to optimize length estimators with respect to 
the Euclidean length, even if we restrict ourselves to the minimal mean 
square error criterion. Three of these methods will be discussed in this 
section. Only the asymptotic case n ■*■ ro is considered. 

Let a length estimator for the distance of a point to the origin be indi
cated by L(r,<|>fP) . Here r and <t are the polar coordinates of the point 
considered» and P a set of coefficients (such as (a,b) for the simple 
estimator eq.(7.7)). Let r and <t> be uniformly distributed, as usual. A 
property needed in the sequel is that all well-behaved length estimators 
obey: 

L(r,*,P) = r.L(l,4>,P) (A7.1) 

This is called the 'scaling property' 

Method 1: The errors over a euclidean circle 
The most direct method to assess length estimators is to compare the 
outcome of the estimator with the true Euclidean length in all points 
of the circumference of a euclidean circle. 

Rescaling the circle by r, we thus have that moment generating 
functions of the form: 

C(P) " J ƒ [ L(1,*,P) " 1 ] <W (A7.2) 
0 

are considered. Setting I (P) equal to zero, and solving for P, yields 
2 unbiased estimators. Minimizing I (p) by a proper choice of P yields 

estimators with minimal MSE. 

Method 2: The errors over the 'circle' of the length estimator. 
In this method, one compares the deviation from the Euclidean length 
at each point of the circumference of the 'circle' corresponding to 
the length estimator. This is useful if one measures the size of 
objects by means of distance transformations (see Appendix 7.2). One 

is then interested In the best euclidean radius corresponding to a 
given distance computed by the distance transformation. 

The circle of radius R for the length estimator considered is found by 
solving the equation 

L(r,4>,P) = R (A7.3) 

which yields, using the scaling property: 

R 
L(1,*,P) 

Scaling to 'radius' 1, the moments are given by: 

/ %lh i 

(A7.4) 

2y J it o l ( l , * , P ) J 

. i JMr HIAlÜ " 1 I 1 d^ ( A 7 . 5 ) 

n * L L(1,4,P) J w 

This is different from L.(F). 
Method 3: The error for a string of n elements 

In this thesis, the MSE of a length estimator was minimized for the 
measurement of the length of a straight string of n elements 
[Vossepoel & Smeulders 1982]. 

This method implies that moments of the difference between the 
estimate and the Euclidean length are computed by Integration over the 
line x=n, which is in polar coordinates r = n/cos^. Rescaling by n, 
and using the proper probability density function, the i-th moment is: 

Ii(P) =» ƒ [L(/(1-Kt2),atana,p) - /(1+a2)]1 ^ — y y da (A7.6) 
3 0 (l+a^'-

This can be rewritten to: 

l*(P> - ƒ k d + O } 1 " 1 [ m . a t a m . P ) - l ) 1 — ^ da CA7.7) 
3 0 l+« 

l e a d i n g t o 
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, , it/4 . . 
I,(P) - - / (cos*)1 [L(1,4>,P) - I] 1 d* (A7.3) 

5 % Q 

It is seen that computing unbiased estimators (i=l) by method 1 or 
method 3 is equivalent: the condition I (P) = 0 is equivalent to the 
condition I„(P) ■ 0 . Minimizing the MSE, however, leads to different 
expressions. 

These three methods of assessment can be compared for the simple length 
estimators L(n ,n ) of eq.(7.7). The distance to to the origin of a point 
(r cos<t>, r sin*) is for these estimators: 

L(r,*,(a,b)) = ar cos<t> + (b-a)r sin* (A7 .9) 

The coefficients (a,b) are computed by minimizing the MSE, according to 
each of the three methods given. RDEV, measured according to method 3, is 
then found by substitution in eq.(7.13). 

Optimization according to method 1 was considered by [Kulpa 1977], and 
results In the estimator L^ , with: 

(a,b) = (.9481 , 1.3407) and RDEV = .0263 (A7.10) 

Optimization according to method 2 was considered by [Beckers 1986] , 
yielding the result: 

(a,b) = (.9491 , 1.3423) and RDEV = .0263 (A7.ll) 

Optimization according to method 3 was performed in section 7.2.2 of this 
thesis, yielding: 

(a,b) = (.9445 , 1.3459) and RDEV = .0262 (A7.12) 

It is seen that the coefficients for the simple length estimator according 
to the three methods do not differ greatly, and that the resulting 
difference in RDEV is less than .01%. 
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Appendix 7.2 B0RGEF0RS' DISTANCE TRANSFORMATION 

There is a close relationship between the simple chalncode length 
estimators and dis tance transformations as developed in [Borgefors 1984] 
and [Borgefors 1985]. This will now be shown. 

Borgefors computes the distance of object points to the background in a 
binary image by a clever, two-pass, recursive algorithm. In the firs t 
version, she uses so-called 'chamfer-distances' [Borgefors 1983] . 
Chamfer(d-. ,d^) is a distance measure, in which unit grid steps are counted 
as having a length d-, , and diagonal steps as dn - The distance between two 
points P and Q is computed as the minimum distance along a path connecting 
P and Q. This path is a discrete straight line. The chamfer distance 
between two points, connected by a line with n 'square' steps (steps of 
one grid unit In x or y direction) and n, 'diagonal' steps is thus given 
by: 

LCh (VV = dl ns + d2 nd (A7.13) 

If the path from P to Q Is coded by a chaincode string, then n ~n and 
n =n,. Eq.(A7.l3) is therefore just another estimator of the form 
eq.(7.7): 

L(ne,nQ) = a ne + b nQ (A7.14) 

with a=d-, and b=d9. For practical reasons, the coefficients d, and do In 
(A7.13) are restricted to be integers, preferably small. 

To study the behaviour of the distance measure (A7.13), or of the length 
estimator (A7.14), consider all points with an equal distance to a given 
point. This is the 'circle' of the distance measure. In the first octant, 
the distance D(x,y) to a point (x,y) is, with nj=y and (n +n,)=x: 

D(x,y) = ax + (b-a)y (A7.15) 

The 'circle' in this octant is found by putting D(x,y)-R. If one considers 
the asymptotic case R-X", the grid steps become infinitely small. Scaling 

http://A7.ll


by R, the 'circle' is found by: 

(b-a)y = 1 (A7.16) 

which Is a straight line. Repeating this for all octants shows that the 
asymptotic 'circle' is an octagon. Fig.A7.1 shows the octagons correspond
ing to LQ, L-]_ (where the octagon degenerates to a square), and for LF, L,, 
and LQ. For [̂  and L̂ ., the octagon is in a 'best fit' relative to the 
Euclidean circle. These are the estimators with minimal MSE. 

For the distance transformation, where a=d-, and b=d? are integers, the 
question naturally arises what values should be used. Borgefors bases her 
computations and recommendations upon distances of the form Lrh/d, . These 
are chamfer distances rescaled by d^, corresponding to length estimators: 

Wne>no>/dL 2 (A7.17) 

paring to (A7.14), it is seen that these are estimators with a«l and 

Figure A7.1 The asymptotic 'circles' of simple length estimators, 
a)Ln; b)L 
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Table A?,l The chamfer distances (djtdo) compared for two ways of 
rescaling. 

(d^dj) 

(1,1) 
(1,2) 
(2,3) 
(3,4) 
(5,7) 

rescaled by d, 

(1.0000,1.0000) 
(1.0000,2.0000) 
(1.0000,1.5000) 
(1.0000,1.3333) 
(1.0000,1.4000) 

BIAS 

-.1107 
.3035 
.0964 
.0274 
.0550 

RDEV 

.1581 

.3459 

.1035 

.0422 

.0609 

rescaled to unblas 

(1.1107,1.1107) 
( .7854,1.5708) 
( .9202,1.3802) 
( .9760,1.3013) 
( .9528,1.3340) 

RDEV 

.1129 

.1083 

.0307 

.0335 

.0268 

rational b. Introducing (a,b)-space as in section 7.2.2, they can be found 
at rational positions on the line a=l, see Fig.A7.2. 

The 'circles' corresponding to eq.(A7.17) are the octagons, sketched in 
Fig.A7.3. The constraint a=l implies that the octagon should intersect the 
Euclidean circle at (R,0); with this constraint, the irregular octagon of 
(d-. »cU)=(3,4) is to be preferred to the almost regular octagon of 
(dI,d2)=(5,7). See also table A7.L, 
indicated. 

where the values of the MSE' 

If any rescaling by a factor a/d-, is allowed, eq.(A7.13) becomes an 
estimator of the form: 

^h^e'V**70! " a % (A7.18) 

In (a,b)-space, these estimators lie on the line b D ad-i /d^, see 
Fig.A7.2. Minimization of the asymptotic MSE is achieved by making the 
estimator asymptotically unbiased. This means that the line b = ad,/d~ 
should intersect the line of unbiased estimators, given in eq.(7.14). This 
yields the point 

( KX / * 2 + /2 % 2 + /2 
^a'D; l 4 d /d + /2 ' 4 1 + /2 d /d ; (A7.19) 

Now, the rescaled Charafer(5,7) is seen to perform better than the rescaled 
Chamfer(3,4) I Table A7.I shows that if one performs the distance 
tranformation with (dl,d2)=(5>7)■ a n d rescales each value by .9528 before 



162 

The corner count n was defined as the number of consecutive unequal 
chaincodes in a string; for an 8-connected straight string, these are 
always the occurrence of an even-odd or odd-even chaincode element 
combination. In the distance transformation, these correspond to a square-
diagonal or diagonal-square step, which is just the knight's move. The 
relation between n , n^, n^ and n , n , nc is found to be: 

ne = ns + nk ; % = nd + nk i nc = 2nk " k (A7.22) 

where k is the constant introduced in section 5.2.3: k=0 > 1 or 2. In the 
asymptotic case, k can be ignored, and we have 

n = n - b n ; n, = n - ^n ; n, = \n t. -» n i \ 

lls e c ' d o *"c ' k ^ c (A7.23) 

With this, eq.(A7.20) can be rewritten to 

LB(ne,no,nc) = ^ ng + d2 nQ + W d j - d ^ ) nc (A7.24) 

Which is indeed a special case of the corner count estimator (A7.21). 
The 'circles' corresponding to this distance measure are irregular hexa-
decagons (16-gons); eq.(7.19) shows that its sides are linear in a=y/x in 
each of the intervals 0 < a $ \ and \ < a < 1. This is shown in Fig.A7.4. 

be (d-i ,d,, ,d-i) = (l,/2,/5), as these are the Euclidean length of a square 
move, a diagonal move, and a knight's move. This results in what could be 
called the 'corner count equivalent of the Freeman estimator' since it 
computes the length of the digital arc: 

1.000 n + 1.414 n - .089 n ,., „,.. 
e o c (A7.25) 

The values minimizing the MSE, were given in eq.(7.24): 

» 

Figure A7.4 Asymptotic 'circles' for the Borgefors distance measure, which 
is closely related to the simple cornar count estimator, 

Lr(n ,n ,n ) .980 n + 1.406 n (A7.26) 

For a distance transformation, coefficients that are small integers are 
used. [Rorgefors 1986] uses (d-^d^d.^) = (5,7,11). According to eq.(7.22), 
the asymptotic RDEV is .0122 if one simply rescales by 5 to the estimator: 

LR(n ,n ,n ) (A7.27) 

The estimator can be made unbiased through rescaling by a factor of .997, 
resulting in an asymptotic RDEV of .0115. Both values of the asymptotic 
RDEV are reasonably close to the optimal value .0077, given in eq.(7.25). 
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Appendix 7.3 CIRCLE PERIMETER MEASUREMENT 

In a simulation, length estimators were compared with respect to their 
performance for the measurement of the perimeter of a discrete circle. 
This was a departure from the main theme of estimating the length of 
straight lines. It did, however, afford the opportunity to test the 
utility (and accuracy) on an additional set of important continuous 
figures* The experiment was organized as follows. 

Circles with increasing Integer radius R and origin at a grid point were 
generated by the Bresenham circle generation algorithm [Bresenham 1985b]. 
This algorithm produces discrete points approximating a circle with radius 
R and discrete center point that are best In the sense of a minimizing the 
radial mean square error. The discrete points were encoded by an 8-
connected chaincode string. The length of the 'circular' chaincode strings 
thus obtained was estimated using the estimators which were shown to 
behave well for straight lines: L„, Lp and the BLUEstimator for the 
(n,q>p,s)-characterization. For the latter estimator, the string was 
divided into the fewest possible straight substrings by the algorithm of 
[Smeulders & Dorst 1986] . For the other estimators this was not necessary 
since they are linear in the characterizing tuple, which in turn is linear 
in the subdivision of strings. The perimeter length was divided by 2nR. 

Fig.A7.5 presents the results. The MSE of the estimators was not measured 
directly. An impression of the variance at radius R may be obtained from 
the variance of the mean of the results for a number of close-lying radii. 
It is surprising that the simple estimators LK and L~ give very good 
results: they seem unbiased, and their variance seems smaller than that of 
the BULEstimator. 
The reason for this is a mathematical coincidence, which will now be 
discussed. 

The length estimator Lr, was computed as a simple, (n ,n )-based estimator 
that is asymptotically unbiased for the measurement of the radius of a 
circle, and has asymptotically minimal MSE. According to eq.(A7.2), the 
unbias of the estimator is the demand: 

:« ;--

1.05 

iJV\/\A/^\/A/^/^A«/vVAfA^^^r^Vv^«^ 

LK«ne,no) 

t 1 1 1 1 h-
0 10 20 30 ̂ 4 0 50 00 70 80 90 100 

1.05 T " " 

Lc(ne>n0,nc) 

-i 1 h h-
0 10 20 30 _ 40 50 

1 1 ! 1 
70 80 90 100 

g (n.q.p.s) 
BLUE 

H 1 i 1 1 h-
0 10 20 30 _40 50 60 70 80 90 100 

Figure A7.5 Simulation on circles: estimated radius R relative to the 
generated radius R, as a function of R, for various estimators 
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Figure A7.6 To the derivation of an asymptotically precise circle 
perimeter length estimator (see text). 

%Ik 
ƒ L(1,4,P) d$ = j (A7.28) 

0 

For the measurement of the perimeter of a circle, one demands that the 
estimator gives asymptotically the correct value for the perimeter length. 
Breaking the perimeter up into arcs of T-> this demand is (see Fig.A7.6): 

L(1,|-,P) = | /(1+/2) (A7.29) 

Note that eq.(A7.28) is a requirement on the area under L(lj$,P), whereas 
eq.(A7.29) is a requirement on the value at a single point $ = —. In 
general, these two equations cannot beth be satisfied. 

For a simple (n ,n )-based length estimator given by L(n ,n ) = an + bn , 
or: 

L(l,4>,(a,b)) = a sin4> + (b-a)cos<t> (A7.30) 

both requirements eq.(A7.28) and eq.(A7.29) lead to a linear equation in a 

167 

and b and so to lines in (a,b)-space. It is highly surprising that not 
only do these lines intersect, but they even coincide! Both are given by: 

a/2 + b * ~r /2(l+/2) (A7.31) 

see also eq.(7.14). Estimators on this line are asymptotically unbiased 
over all angles for the measurement of the radius of a circle (though they 
need not have minimal MSE). They are also asymptotically precise for 
measuring the perimeter of a circle. 

This is the reason that Ly is so surprisingly accurate. The explanation 
for LP is presumably similar. 



8. Conclusion 

8.1 DISCOURSE ON THE METHOD 

8.1.1 The digitization and measurement scheme 

In this thesis the measurement of properties of ideal discrete straight 
line segments was studied. This required a careful analysis of the various 
steps taken In the digitization and measurement process. These steps are 
schema tically indicated In Fig.8.1. Now that all the elements have been 
analyzed, the general scheme is reviewed. 

The set C in the figure represents the continuous phenomenon that is to 
be analyzed: ideal continuous straight line segments, or straight object 
boundaries. The description of this set depends upon the application. In 
section 2.3, the general (a , e, c, ,6 )-parametrization was given. For the 
analysis of chaincode strings of n elements, the (e,a)-parametrization of 
section 4.1 was used- To study position independent effects, the 
SPIRO(a,n) parame trization of chapter 3 proved useful. 

Digitization is the step that reduces a continuous straight line segment 
to a discrete straight line segment. The discrete segment is coded as a 
straight chaincode string. Digitization Is thus a mapping of the 
continuous set C to the discrete set cf straight chaincode strings C. 
The ideal digitization considered in this thesis results in ideal straight 
strings. The coding of discrete straight line segments by chaincode 
s trings Is not a very convenient base for a theoretical analysis of the 
digitization process, and therefore the (n,q,p,s)-paramctrization was 
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Figure 8.1 The digitization and measurement scheme. 

developed in section 2.4. This parametrization assigns a unique tuple to 
each string, and vice versa. There is thus an isomorphism between the set 
of tuples and the set of strings - the tuple is nothing more than a 
convenient representation of the information present in the string. 

With the parametrization of £ by (e,a) and n, and of C by (n,q,p,s), the 
digitization can be described as a mapping D between the parameter 
spaces C and C- In section 2.4, the ideal digitization of an ideal 
continuous straight line segment I to a straight chaincode string c was 
described. An exact Inverse mapping does not exist, due to the irretrie
vable loss of information inherent in any mapping of a continuous 
parameter space to a discrete parameter space. The most accurate way to 
describe the inverse is by specifying the equivalence classes of all lines 
whose digitization is a given string. This was done in chapter 4. The 
equivalence classes induced in £ by D are called domains (see Fig.8.1); 
each domain is labeled by a unique chaincode string or, equivalently, by a 
unique tuple (n,q,p,s). 
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It is not always desirable to use the complete ( n,q , p ,s)-parametrization 
to describe a string; this led to the introduction of characterization. 
Characterization is a parametrization of a chaincode string by a tuple, 
and can be considered as a mapping K of C onto the set of tuples 73 (see 
Fig.8.1). Thus the (n,q,p,s)-parametrization is a characterization. It Is 
special in that each straight string is represented by a unique tuple, and 
vice versa; a characterization with this property is called a faithful 
characterization. Generally, a tuple will be uniquely determined by the 
chaincode string, but the converse need not be true. In that case, the 
chareterization leads to loss of information. The most precise description 
one can then give of the Inverse mapping is by means of the equivalence 
classes induced in C by K; these are called scopes (see Fig.8-1). 

Taking the two mappings D and K together produces a mapping KD of C 
onto 7S . Ideal continuous straight line segments are reduced to tuples in 
a unique way. The inverse mapping is again specified by the equivalence 
classes induced in C,each of which is labeled by a unique tuple. These 
equivalence classes are called regions (see Fig.8.1), the region of tuple 
t being denoted by Jl(t). For the (n)-, (ne'no^~' ̂ ne>no,T1c^~ a n d 

(n,q,n,s)-characterizations, the regions were given in section 5.2. The 
progressively more complex characterizations generally produce progress
ively smaller regions. In the case of the faithful (n,q,p,s)-character
ization the region for a given string is as small as is still possible 
after digitization: it is the domain of that string. 

A property of a continuous straight line segment X is a function f of its 
parameters. After the reduction to a tuole t=KD£, this property should be 
assessed on the basis of this tuple, for the simple reason that t is all 
that Is left of .f-. But since this tuple is the same for all lines in the 
region of t, a variation of f within the region implies that it is 
Impossible to assess the property exactly for all lines: only estimation 
is possible. The estimated property is a function g(t). A 'good' estimator 
g(t) approximates the original property f(S.) well for all I in Jl(t), 
according to some criterion. Several estimators and criteria were 
discussed in chapter 6. 

Since an estimator g(t) should be 'good' for all I in J\.(t), it follows 
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that the accuracy of an estimator depends upon the extent of the region 
considered. For regions that are large, the property f(£) varies more 
within the region than for regions that are small, and the estimator g(t) 
will have a larger variance. It is the characterization that determines 
the regions, and therefore the accuracy that can be reached is limited for 
each particular characterization. This was demonstrated in chapter 7. 
There, estimators were presented, analyzed and compared for the property 
length and the criterion minimal MSE, for various characterizations and 
types of estimators. 

8.1.2 Ideal non-straight lines 

The description of the measurement process given above is applicable to 
situations other than the measurement of properties of ideal straight line 
segments. However, it is not always possible to follow the scheme with a 
quantitative description of the various sets and mappings involved. 

Consider the problem of digitization and measurement of more general 
curves. Here, too, many different continuous curves are represented, after 
digitization, by the same discrete curve. These equivalence classes of the 
digitization can again be called domains. To derive a 'domain theorem' in 
closed form, both the set C (now the set of continuous curves considered) 
and the set C (the discrete counterparts), have to parametrically 
described by a tuple of parameters; the number of elements of the tuple 
should be finite, and fixed. This demand on £ restricts the set of 
admissable curves to parametric continuous curves, such as conic sections. 
The demand on C restricts the set of admissable curves to parametric 
discrete curves. I believe (but can not prove) that circles on a square 
grid, can not be parametrized by a fixed finite number of integer 
parameters. If this is true, it would mean that one cannot give a domain 
theorem for circles as concise and complete as for straight lines. This 
would make the search for and the analysis of optimal estimators for 
properties of discrete circles very difficult, If not impossible. 
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8.1.3 Non-Ideal straight lines 

In chapter 2, a discrete straight string resulted from the digitization of 
an ideal continuous straight object boundary by ideal, noise-free and 
point-like digitizers, positioned in a regular grid, and detecting 
'object' or 'background'. This led to the ideal straight strings that were 
analyzed. 

From the point of view of computer graphics and discrete geometry, the 
restriction to ideal straight strings is not a serious one, since there 
the straight line segments dealt with are indeed ideal: they are generated 
or postulated that way. 

In image analysis, discrete straight lines are often only first order 
approximations to discrete curved arcs. In this field, it may be 
advantageous to extend the s tudy to non-1deal straight line segments, 
represented by strings that deviate slightly from ideal straight strings. 
The natural representation of the digitization of straight lines is still 
the parameter space of straight lines, (e,a)-space. However, the domains 
may change their shape, depending upon the deviation from the ideal case. 

As a first departure from the ideal case, suppose that the digitizers are 
still point-like and arranged in a regular grid, but one of them is not in 
the grid determined by the others (see Fig.8.2). The border line 
corresponding to this critical point is then displaced in (e,a)-space, 
compared to the ideal case. This implies that the intersections of this 
border line with the other border lines are also displaced. A degeneracy 
where several border lines intersect in the same (e.a)-point may thus be 
removed (Fig 8.2). For small displacements, this results in a new domain, 
corresponding to a non-straight string differing from an ideal straight 
string in a single chaincode element. If all digitizers are slightly 
displaced relative to an average regular grid, then all degeneracies in 
Intersections of border lines in (e.a)-space are removed, and many non-
straight strings appear. 

Second, consider the case where the digitizers are noise-free and placed 
in a regular grid, but not point-like. In one possible model of digit-



Figure 8,2 Displacement of the critical point (3,3) leads to a displacement 
of the corresponding border line in DIAMOND(n) and therefore to 
the formation of a new domain labeled by a non-straight string. 

izers, each digitizer has a finite 'region of sensitivity' over which the 
data is integrated and thresholded. If this region is point-symmetrical 
and isotropic, then the critical point corresponding to the digitizer (the 
point where it changes the detction of a straight boundary from 'object' 
to 'background') can still be made to coincide with a grid point. In other 
cases, where the region of sensitivity is non-isotropic, or when the 
threshold is chosen improperly, an a-dependent position of the critical 
point may result. In (e,a)~space this implies that the border line 
corresponding to the detector is a Curve. The degeneracies are again 
lifted, and new domains appear corresponding to non-straight strings. 
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If the non-tdealness of the detector is stochastic, or not described as 
deterministic, it may be considered as 'noise'. The displacement of 
critical points and the corresponding border lines is then stochastic, and 
the boundaries of the domain become fuzzy. Non-ideal straight strings 
appear with a certain probability. 

It Is still an open question as to what good characterizations and 
estimators are under these circums tances. Still, (e,a)-space seems to be 
the natural representation to resolve these problems. 

8.2 RESULTS 

3.2.1. Representation 

The natural representation of straight lines for a study of their 
digitization is (e,a)-space. The domains are easily represented in (e,a)-
space by quadrangular facets. Formulas for the domains are more easily 
found in (e,cr)-space than in the original (x,y)-space. 

Spirographs are the natural representation for the study of structure and 
anisotropy. Spirograph theory provides the connection between discrete 
straight lines and number theory (rational approximations). It is 
sufficiently general that the results of [Freeman 1970], [Rosenfeld 1974] 
and [Wu 1982] for linear!ty conditions and the generating algorithms of 
[Brons 1974] and [ Wu 1982] can be described within the framework. It is 
also sufficiently powerful to derive new results, such as the quantitative 
expressions for the anisotropy given in section 3.4. 

The tuple (n,q,p,s) is the first faithful string parametrization. It 
provides a concise and complete description of a straight string. This 
description can be used in the theoretical analysis of straight strings. 
In the past, the only way to give exact results in this field was to give 
an algorithm to operate on the string; this can now be replaced by a 
formula based on (n,q,p Is sufficiently general that the results of 
[Freeman 1970], [Rosenfeld 1974] and [Wu 1982] for linearity conditions 
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and the generating algorithms of [Brons 1974] and [Wu 1982] can be 
described within the framework. It is also sufficiently powerful to derive 
new results, such as the quantitative expressions for the anisotropy given 
in section 3.4. 

The tuple (n,q,p,s) is the first faithful string parametrization. It 
provides a concise and complete description of a straight string. This 
description can be used in the theoretical analysis of straight strings. 
In the past, the only way to give exact results in this field was to give 
an algorithm to operate on the string; this can now be replaced by a 
formula based on (n,q,p,s). 

8.2.2 Mappings and equivalence classes 

Digitization, considered as a mapping, maos continuous straight lines to 
discrete straight lines that are conveniently coded by strings. This is 
nothing new, bu the description of the inverse mapping is. The domain 
theorem describes the equivalence classes of the mapping concisely and 
completely. In the form given in section 4.2, it Is an illustration of the 
point made above, that a parametrization is required before quantitative 
results can be formulated concisely. Whereas [And'erson & Kim 1984] give an 
algorithm to derive the domain of a string, the domain theorem in this 
thesis is a formula, In terms of (n,q,p,s). The algorithm effectively 
derives the domain anew for every string that is offered; the formula 
provides a more global insight into the structure of domains. 

The original proof of the domain theorem, as it appeared in [Dorst & 
Smeulders 1984] was performed in (x.y)-space. [Mcllroy 1985] gave an 
elegant derivation of the facets in (e,a)-space, which (in turn) inspired 
the new proof given in section 4.2 of this thesis. 

Characterization has been recognized here for the first time explicitly as 
an extra data reducing step before estimation. The equivalence classes of 
the characterization mapping are called 'scopes'; they are the 
crystallization of the concept of 'equivalent strings' in [Vossepoel & 
Smeulders 1982]. In that paper, the distinction between 'domain' and 
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'region', which is Important to the search for estimators, was not yet 
made: both were called 'domain'. 

The concept of characterization allows a unified treatment of previously 
isolated methods to estimate the length of a string and also leads to the 
important idea of a 'faithful characterization'. This is a prerequisite 
for the most accurate estimators that can be found. The string 
parametrization (n,q,p,s) forms such a faithful characterization. 

8.2.3 Estimation 

In the study of estimators for properties of straight lines, it was seen 
how the accuracy that may be reached depends strongly on the character
ization used. Generally, the more a characterization is extended, the 
smaller are the regions of a tuple, and the better an estimator can be 
tuned to the original property. A faithful characterization therefore 
potentially results in the most accurate estimators possible. 

For each characterization, optimal estimators for properties of straight 
line segments have been given, subject to several criteria. These optimal 
solutions provide upper bounds on the accuracy that can be reached, for 
that particular characterization. As such, they are not only interesting 
as theoretical results, but also useful in practice. Even if their 
complexity hampers direct application in practice, the optimal results can 
be used to calibrate and assess more simple estimators. 

The way the measurement problem is viewed in this thesis differs funda
mentally from the normal methods in the field of parameter estimation. 
Normally, one would consider the N points of a discrete straight line as 
so many measurements, each with their own uncertainty. Digitization is 
then treated as uncorrelated noise, uniformly distributed between 0 and 1. 
Based on this description of the measurement, one proceeds to fit a 
straight line to the measurement points, minimizing some criterion. In 
this thesis, the digitization effects are considered as deterministic, 
rather than stochastic. The series of N discrete points is seen as 1 
measurement, of an entity called 'discrete straight line'. The digit-
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ization effects are not considered separately for each point but for the 
complete discrete straight line: the domain of that line is the 
uncertainty interval of the measurement. 

8.2.4 Length estimators 

For length measurement, a detailed comparison was made between known and 
newly developed methods. This was done by separately s tudying the effects 
of the characterization and of the type of estimator, resulting in the 
matrix structure of chapter 7. For straight line length measurement, the 
methods of [Freeman 1970], [Kulpa 1976], [Groen & Verbeek 1973], [Proffitt 
& Rosen 1979], [Vossepoel & Smeulders 1982], and the newly developed 
optimal estimators in the MPO and BLUE sense were compared. The 
conclusions were summarized in section 7.5. 

The main conclusion is that the simple corner count estimator is the 
estimator to use in daily practice: it is reasonably accurate (up to .8% 
asymptotic RMSE), and easy to implement. It comes as a surprise that there 
is a better estimator for the length of a string than the Euclidean 

P 2 i distance between begin and end point. The estimator n/(l + (—) }, which is 
the length of the line with the most probable slope in agreement with the 
string, was shown to have the smaller MSE, and an asymptotic behaviour 
which is an order of magnitude better. It is the estimator to be used when 
high accuracy is desired. 

8.3 THE FUTURE 

To an outsider it must be surprising that so much could be said about 
discrete straight lines - and I know of some insiders, too. Still, the 
research reported in this thesis has yielded many results that are not 
only new, but also fundamental to image analysis and computer graphics. 
We now know the theoretically optimal solutions to the measurement of the 
fundamental properties 'length' (or 'distance') and 'slope' In a two-
dimensional, regular, ideal, discrete space. We know how accurately and 
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istropically straight lines can be represented In such a space. But we 
have also seen that these solutions are of a distressing complexity: if it 
is as bad as this for ideal straight line segments, what will happen with 
more complex 'objects'? 

We'll see. 
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Summary 

Discrete straight line segments are the closest equivalent of continuous 
straight line segments in a discrete regular grid. Since discrete straight 
line segments are elementary structures in digital images, their study is 
of basic importance to computer graphics and digital image analysis. This 
thesis deals with discrete straight line segments, mainly from the point 
of view of image analysis. 

Straight line segments are the simplest structures having the property 
'length', and the property 'slope'. Measurement of these properties often 
occurs in the analysis of objects in an image. The accuracy with which 
they can be assessed is limited, even under ideal circumstances, since for 
these properties a discrete representation of continuous straight line 
segments entails an essential loss of information. This thesis 
demonstrates exactly how accurately measurements of properties of the 
continuous straight line segments can still be performed, using only the 
data available in the discrete straight line segments. 

The realization of this global goal necessitates a detailed analysis of 
digitization, which provides the link between continuous straight line 
segments and discrete straight line segments. Parameters are introduced to 
describe the continuous and discrete straight line segments concisely and 
completely (chapter 2). These parametrizations are the prerequisite for 
the subsequent quantitative analysis. 

Discrete straight line segments are commonly represented by a string of 
chaincode elements. Such a 'straight string' has a specific structure 
distinguishing it from non-straight strings. This structure is closely 
related to number theoretical properties of the original continuous 
straight line segment (chapter 3). 
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For a given continuous straight line segment the corresponding discrete 
straight line segment is completely determined by the digitization, but 
the converse is not true. To each discrete straight line segment there 
corresponds a 'domain' of continuous straight line segments all having the 
same chaincode string; these are the primitives of the string. A 
mathematical description of the domain of an arbitrary string provides a 
complete and concise description of the digitization of straight line 
segments (chapter 4). 

Conciseness may be desired, but completeness not necessarily; often 
incomplete representations of chaincode strings are employed. These are 
formally described as 'characterizations' (chapter 5). The use of a 
particular characterization results in a loss of resolving power in the 
treatment of straight line segments. 

The properties of a discrete straight line segment are assessed on the 
basis of the characterization chosen. Exact determination of properties 
such as length and slope is impossible; the best that can be achieved is 
an estimate of the property, according to some criterion (chapter 6). 
These estimators provide the best solutions to the measurement problem, 
each according to its own criterion. 

For the important property 'length', chaincode based estimators have 
already been given by several authors. These length estimators are 
compared with the new methods developed in this thesis (chapter 7). The 
assessment leads to recommendations for the most appropriate length 
estimators under various circumstances. 

Samenvatting 
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Een diskreet recht lijns tuk vormt de tegenhanger van een kontinu recht 
lijnstuk in een dlskreet regelmatig raster. Omdat diskrete rechte 
lijnstukken elementaire strukturen zijn in diskrete beelden, is goed 
begrip ervan van groot belang voor komputer grafiek en digitale 
beeldanalyse. In dit proefschrift worden ze bes tudeerd, voornamelijk 
vanuit het oogpunt van de beeldanalyse. 

Rechte lijnstukken zijn de eenvoudigste strukturen met een lengte en een 
richting. Deze elementaire eigenschappen moeten vaak worden gemeten bij de 
analyse van objekten in beelden. De nauwkeurigheid van zo'n meting is 
echter beperkt, zelfs onder ideale omstandigheden. Dit komt doordat de 
diskrete voorstelling van een recht lijnstuk voor deze eigenschappen een 
wezenlijk verlies tot gevolg heeft. Dit proefschrift wil tonen hoe 
nauwkeurig de meetresultaten desondanks nog kunnen zijn. 

Voor de verwerkelijking van dit doel is een diepgaande analyse van de 
diskretisatie -die het verband geeft tussen de kontinue en de diskrete 
rechte lijnstukken- noodzakelijk. Als hulpmiddel daarvoor worden eerst 
kengetallen ingevoerd, zowel voor kontinue als voor diskrete rechte 
lijnstukken (hoofdstuk 2). Deze kengetallen vormen een bondige en 
volledige, kwantitatieve beschrijving van de rechte lijnstukken, die het 
uitgangspunt vormt voor de afleiding van verdere resulaten. 

Diskrete rechte lijnstukken worden meestal voorgesteld door een snoer van 
kettingcodes (chaincode strings). Zo'n "recht snoer" heeft een bijzondere 
opbouw, die het onderscheidt van kromme snoeren. Die opbouw hangt nauw 
samen met getalkundige eigenschappen van de helling van het 
oorspronkelijke kontinue rechte lijnstuk (hoofdstuk 3). 
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Gegeven een kontinu recht lijnstuk is het overeenkomende diskrete rechte 
lijnstuk volledig bepaald door de diskretisatie, maar het omgekeerde is 
niet waar: er is een hele verzameling van kontinue rechte 11jnstukken die 
overeenkomen met een gegeven diskreet recht lijnstuk. Deze verzameling 
oorspronkelijken wordt het landgoed (domain) van het snoer genoemd. Een 
wiskundige uitdrukking voor het landgoed van een willekeurig recht snoer 
is een bondige en volledige beschrijving van de diskretisatie van rechte 
lijnstukken (hoofdstuk 4). 

Bondigheid is gewenst, maar volledigheid niet altijd; daarom worden vaak 
onvolledige voorstellingen van de snoeren gebruikt. Deze worden formeel 
samengevat als "kenschetsingen" (characterizations, hoofdstuk 5). Gebruik 
van een bepaalde kenschetsing leidt tot een verlies aan onderscheidend 
vermogen in de behandeling van rechte lijnstukken. 

Uitgaande van de kenschetsing worden eigenschappen van de snoeren bepaald 
(bijvoorbeeld lengte of richting). Zoals gezegd is een exakte bepaling 
onmogelijk; het best haalbare is een schatting die de eigenschap benadert 
volgens een bepaalde maatstaf. Verschillende maatstaven en de bijbehorende 
schatters worden gegeven (hoofdstuk 6). Deze schatters ïijn dus, ieder 
volgens eigen maatstaf, de beste oplossingen voor het gestelde 
meetvraagstuk. 

Voor de belangrijke eigenschap "lengte" waren al langer schatters bekend. 
Deze worden vergeleken met elkaar en met de nieuwe schatters ontwikkeld in 
dit proefschrift (hoofdstuk 7). Voor verschillende omstandigheden worden 
de meest toepasselijke lengteschatters gegeven. 
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1. The Crooked Straight 

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES 

In digital image processing, the continuous world is Imaged by a sensor 
consisting of discrete elements, usually placed in a regular array. Under 
exceptional circumstances, the discrete image that results allows a 
perfect reconstruction of the original scene; generally, however, such a 
reconstruction is impossible. 

In digital image analysis, perfect reconstruction is often not even 
desired. Rather, the idea is to reduce the wealth of data present in the 
image to a limited set of properties or features, which can then be 
analyzed further. For some of these properties, perfect measurement Is 
possible, if appropriate precautions are taken (for Instance, the number 
of objects can be determined exactly from the Image of a scanner with a 
resolving power of half the size of the smallest object). Other properties 
can only be determined approximately, and are obtained by estimation 
rather than measurement. 'Size' is such a property. 

Length is the one-dimensional measure of size, and therefore one of the 
most basic quantified qualities an object can possess. Since the distance 
between two points of the image is the length of a straight line segment 
connecting these points, a study of good length estimators for discrete 
straight line segments is fundamental to image analysis. Such a study 
turns out to be less trivial than one would expect. 

The complementary situation to Image analysis occurs in computer graphics. 
Here, the intention is to display discrete image data such that the 



p , -oQ, 

Figure UI A straight line segment connecting two points P and Q in the 
2-dimensional plane E2, endowed with the standard topology 
of R 2 and with the Euclidean metric. 

resulting discrete image closely resembles the continuous scenes the 
observer is used to. A basic property of continuous scenes is their 
isotropy: the representation of a rotated object is identical to the 
rotated representation of an object, independent of the rotation angle. In 
discrete images this is not the case. One of the annoying anisotropic 
effects that occur is that the accuracy of representation is strongly 
dependent on the orientation of the object relative to the grid of the 
discrete image. Straight lines are the simplest 'objects' having an 
orientation. Also, they are the obvious primitives from which more complex 
figures can be formed. An understanding of their properties is therefore 
basic to computer graphics. 

This thesis is a study of idealized discrete straight lines and line 
segments. It has the form of a mathematical study, deriving theorems on 
basic properties of discrete straight lines. The central issue is always 
the connection between discrete straight line segments and continuous 
straight line segments. 

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS 

More than two millennia ago, Euclid introduced straight lines by an 
axiomatic approach and made them the basic elements of his geometry 
[Euclid -348]. It took till last century before it was realized that his 
axioms are not sufficiently precise to define straight lines uniquely; 
other 'objects', not corresponding to the intuitive notion of a straight 
line in continuous space, also obey the postulates. The modern approach is 
therefore different from Euclid's. 

From the modern point of view, a continuous straight line segment between 
two points in some continuous space is an arc of extreme length connecting 

these points; here an 'arc' is a connected series of continuous points. 
'Straight line segment' is thus a fairly complicated concept: it requires 
a space with a well-defined topology (specifying neighbourhood relations 
between points, and hence 'connectivity') and a metric (providing a 
measure of 'length'), see Fig. 1.1. 

A discrete counterpart of this continuous definition could be used to 
define discrete s traight line segments: in discrete spaces, a discrete 
straight line segment between two points is a discrete arc of extreme 
length connecting these points, where a discrete arc is a connected series 
of discrete points. This is not the approach that is usually taken, 
however. The reason is that it is difficult to define a metric such that 
the discrete straight line segments determined by it correspond to the 
intuitive idea one has of a discrete straight line segment (Fig.1.2). This 
intuitive idea is that a discrete straight line segment between two points 
is a series of discrete points that 'lie close to' the continuous straight 
line connecting these points. Usually, It is this closeness that Is taken 
as the definition, and that Is also the approach of this thesis. Although 
it is not necessary to define discrete straight lines by a metric, the 
topology of the discrete space is a necessary prerequisite for the 
definition of a discrete arc. 

Discrete straight lines are defined in a discrete space. In this thesis, 
all discrete spaces that will be considered are two-dimensional, periodic 
arrangements of discrete points, and called regular grids. These regular 
grids are homogeneous since all points and their surroundings are equal. 

i I II Sr 

Figure 1.2 a) A discrete straight line segment 
b) Not a discrete straight line segment 
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Figure 1.3 The topology for various grids. 
a) 8-connected square grid 
b) 4-aonneoted square grid 
e) 6-connected hexagonal grid 

The topology (connectedness) of such a discrete space can therefore be 
defined simply by specifying Che neighbours of a typical point. 
Restricting ourselves for the moment to square and hexagonal grids, common 
neighbourhoods are the 4-connective and 8-connective neighbourhood for the 
square grid, and the 6-connective neighbourhood for the hexagonal grid 
(see Fig.1.3). As the simplest symmetrical topologies possible, these 
connectivity schemes are in common use. 

A discrete arc is a sequence of simply connected discrete points. For 
convenience, sucii an arc is otten indicated by a series of vectors: 
starting at an endpoint of the arc, the next point is indicated by a 
vector pointing to It, and so on for all points. When these vectors are 
encoded by a chaincode scheme [Freeman 1970] , one obtains a chaincode 
string. The chaincode schemes for the 3 grids mentioned before are 
depicted in Fig.1,4. 

In contrast to the continuous case, there are several discrete straight 
line segments connecting two discrete points. This is the result of the 

Figure 1.4 Chaincode schemes for the regular grids of Fig.1.3. 

O 
Figure 1.5 Examples of regions of sensitivity for the grids of Fig.1.3. 

vagueness of the intuitive notion of a discrete straight line segment: if 
one allows the discrete line segment to lie 'close' to the continuous 
straight line segment, the discrete points it connects can be chosen such 
that they lie 'close' to the continuous points that the continuous line 
segment connects. To make the definition unique, one has to specify the 
closeness carefully. 

In order to do so, let us introduce the region of sensitivity of a point 
P. It is a region of points near P, such that If a continuous arc passes 
through this region, then the poinc P belongs Co Che discreCe arc 
representing the continuous arc. Examples of regions of sensitivity for 
the 3 topologies mentioned before are indicated in Fig.1.5. In that 
figure, the regions of sensivity are symmetrical around the grid points, 
and so the points of Che discrete line segment will lie around the 
continuous line segment. Encoding the points by the appropriate chaincode 
scheme, a chaincode string of a very particular structure is obtained. We 
will call a string obtained from a continuous straight line segment a 
s traight string. An example is indicated in Fig.1.6a, where a discrete 
straight line segment is drawn connecting the points (0,0) and (6,16). The 
corresponding straight sering is, in the encoding according to the scheme 
of Fig.1.4a, 0100101001001010, indicated in Fig.1.6b. 

1.3 STRAIGHT STRINGS 

Independent of their connection to continuous straight line segments, 
straight strings can be characterized by means of the linearity conditions 
- these are the necessary and sufficient conditions a straight string has 
to satisfy in order to be (possibly) derived from a straight line segment 
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in R . A first attempt at the formulation of these linearity conditions 
can be found in [Freeman 1970] , and a more exact version in [Brons 1974] . 
Later, [Wu 1982] proved the necessity and sufficiency. 

Another way Co characterize discrete straight lines is as arcs having the 
chord property [Rosenfeld 1974] . This property effectively means that all 
continuous straight lines connecting two arbitrary points of the discrete 
straight arc lie 'close' to all discrete points of the arc (an example is 
given in Fig.1.6c). Though this corresponds well with the intuitive notion 
of a discrete straight line segment, it is a cumbersome property to test. 
[Kim & Uosenfeld 1982] present an algorithm testing linearity of strings 
by the chord property, using the convex hull algorithm. 

The linearity conditions specify the structure of a straight string. This 
structure is closely related to number theoretical aspects of Its slope, 
and its study is not new: a paper in latin (sic!) by [Christoffel 1875] 
derived many results that can now be interpreted in terms of the structure 
of straight strings. The relation between a string and rational 
approximations of its slope is schematically indicated in Fig.1.6d. The 
line in Fig.1.6b, connecting the points (0,0) and (6,16), has a slope of 
6/16. Good rational approximations of this fraction are, in order of 
increasing denominator, 0/1, l/l, 1/2, 1/3, 2/5, 3/8. The strings 
corresponding to lines with these slope are drawn in Fig.l.6d. Comparison 
with Fig.1.6b shows that these strings are all part of the string with 
slope 6/16. The exact relationship will be treated later-

Note that the string 0100101001001010 given above consists of two types of 
chaincode elements, of which one occurs isolated, and the other in runs, 
consecutive series of the same element. This allows a description of a 
straight string on a higher level than just based on individual string 
elements. It turns out that these runs themselves again appear in isolated 
runs, and in 'runs of runs', and so on, recursively. [Brons 1974] has used 
the relation between discrete straight lines, straight strings, and 
fractions to give a generating algorithm, producing the recursive 
structure of a straight string, using the well-known continued fraction 
algorithm from the theory of numbers. 

a 0 
00 r^n £0 -r> f y y -> 

gure 1.6 a) The discrete line segment corresponding to the continuous 

straight line segment connecting (0,0) and (16,16) on an 8-

connected square grid, with the region of sensitivity of 

Fig.1.5a. 

b) The chaincode string corresponding to this line segment. 

c) The chord property. All continuous line segments connecting 

discrete points should pass through the region indicated. 

d) Strings corresponding to lines with slopes that are good 

rational approximations to 6/16. 
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS 

In image analysis, Che assessment of 'distance' is of prime importance. 
Since distance (through the conventional use of a Euclidean metric) is 
measured as the length along a straight line segment, length estimators 
for discrete straight lines deserve a careful study. The use of a grid 
implies that distance assessment can not be done isotropically: these 
anisotropic effects should be part of this study. Another reason why 
estimators for properties of discrete straight line segments are of 
Interest to image analysis is that these segments may actually occur at 
some stage of an analysis, either as the digitization of a continuous 
straight line segment, or as a locally straight part of the digitization 
of a more arbitrarily shaped continuous contour. One is then Interested in 
estimators for the properties 'length' and/or 'slope'. 

If the discrete straight line segment is considered to be the digitization 
of a continuous straight line segment, it will be called a digitized 
straight line segment. The use of this word implies that there is a 
continuous reality, and the aim in this thesis will be to reconstruct 
(part of) this original reality from thp. discrete data available. It will 
be clear that an exact reconstruction of a continuous straight line 
segment from Its digitized image is impossible. Many continuous straight 
line segments are digitized to the same straight string and digitization, 
therefore) is a one-to-one mapping without an inverse. The set of all 
continuous straight line segments which are mapped onto the same string c 
is called the domain of c. The study of this domain is central to the 
study of estimators for properties of straight line segments since the 
continuous line segments in the domain of c vary In length. It is 
intrinsically impossible to give a precise measure for the length of c. 
The best one can do is to give a good estimate of the length corresponding 
to the string, minimizing some specified error criterion. 

Many chaincode length estimators have already been given, ranging from 
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via 
simple unbiased estimators for the length of the continuous arc 
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous 
straight arc [Vossepoel & Smeulders 1982]. 
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1.5 THE GOAL AND CONTENTS OF THIS THESIS 

The main goal of this thesis is to derive accurate estimators for 
properties of digitized straight line segments, such as length. These 
estimators are 'optimal', in the sense that they minimize the difference 
between the estimate and the value of the property for the original 
continuous line segment, according to some criterion. To achieve 
optimality, a careful study of the digitization and measurement process 
for straight lines is required. 

An important step towards quantification is a suitable representation of 
the continuous straight line segments and of their discrete counterparts. 
Chapter 2 introduces the parametrizations which form the descriptive 
framework for the sequel. 

The structure of a straight line segment is treated in chapter 3. The 
relation with number theory leads to quantitative measures for the 
anisotropy of the representation of straight strings. 

Next, in chapter 4, the digitization is studied as a mapping, and the loss 
of information it entails is quantified. Other information reducing 
mappings are often used in es timation; they are treated in chapter 5. 

Estimators for properties are formulated for several criteria in chapter 
6. Chapter 7 compares all known length estimators for discrete straight 
line segments, both theoretically and experimentally. 

Parts of this thesis are already contained in a number of publications on 
digitized straight lines. [Dorst & Duin 1984] treats the structure and 
isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulders 
1984] provides the parametrization of strings as in chapter 2, and the 
analysis of the digitization process. Chapter 4 contains a new proof for 
the main result of this paper. [Dorst & Smeulders 1986] derives the 
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief 
preview of the comparison of length estimators in chapter 7. 



2. Parametrization 

2.1 THE STANDARD SITUATION 

Consider the situation sketched in Fig.2.1, where part of an infinite 
s traight object boundary Is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the 
object, others are In the background (points just on the continuous 
boundary are considered to be object points). The exact location of the 
continuous boundary is unknown; the best one can do is estimate the 
boundary position from the digitized data. Obviously, only points near the 
boundary are of Interest. 

In object boundary quantization (OBQ), the object points with at least one 
neighbour in the background are considered to constitute the digitized 
boundary. If the grid is assumed to be 3-connected, then there is a main 
grid direction such that there Is only one digitization point in every 
column in that direction. Introducing Cartesian coordinates on the grid, 
with this direction as x-axis, the continuous straight boundary Is given 
by the familiar equation 

y(x) - ax + e (2.1) 

with a the slope and e the intercept of the line. The origin of the 
cartesian coordinates is chosen in a grid point, such that 

0 < e < 1 (2.2) 

The digi t iza t ion points corresponding to the line eq.(2.1) are given by 



Figure 2.1 OBQ: Object Boundary Quantization. 
A straight object boundary on on S-connected square grid and. 
the chainaode string representing it. 

(i,j) = (i,ly(i>J) (2.3) 

Here L-J indicates the floor function, with |_xj (pronounced 'floor x') the 
largest integer not larger than x. We will also need the ceiling 
function M , "here [x] (pronounced 'ceiling x') is the smallest Integer 
not smaller than x. Floor and ceiling are thus defined by 

Definition 2.1; l_x] and \%\ 

l_xj : x-1 < |_xj < x and [xj e Z 
[x] : x < fxl < x+1 and [x] e Z 

(2.4a) 
(2.4b) 

The chaincode string corresponding to the digitization points of eq.(2.2) 

is given by 

|_y(Dj - Lyti-i)j (2.5) 

For lines in the circumstances considered, the c± are either 0 or 1 (note 
that this does no^ imply 0 < a < 1 ! ) . For reasons that will become clear 
later, this property is considered as the definition rather than as a 
consequence of the situation: 
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Definition 2.2: standard situation 
Consider a line on a Cartesian square grid, with equation 

y(x) = ax + e 
with 0 < e < 1 . Further, a is such that the OBQ-digitization points 
are encoded by an 8-connected chaincode scheme into a string 
consisting only of codes 0 and/or 1. Such a line is said to be in the 
standard situation. 

In this thesis, all results will be derived for this standard situation. 
In the next section it will be shown that many other situations with lines 
on regular grids can be transformed into this situation. 

2.2 NON-STANDARD SITUATIONS 

2.2.1 GIQ-digitization 

The definition of the standard situation is based on OBQ-digitization, a 
type of digitization inspired by the circumstances of image analysis. This 
type of digitization results in digitization points that lie consistently 
on one side of the continuous straight line considered. In computer 
graphics one prefers the digitized points to lie 'around' the continuous 
line and the most common digitization in this field is therefore grid 
intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid 
point at each crossing by the continuous line of a grid row y=j (j ̂ 2) o r 

column x=i (itZ) is assigned to the digitization (Fig,2.2a). For straight 
lines, this is equivalent to assigning those grid points to the digitized 
line which are nearest (in the sense of their absolute euclidean distance) 
to the continuous line. This is seen from the similar triangles in 
Fig.2.2b: the points chosen by GIQ are closest to the line, both when 
measured along the principal directions of the grid, and when measured 
along lines perpendicular to the continuous line. Again restricting 
ourselves to the line in the first octant, given by eq.(2.1), the GIQ-
points are given by 

GIQ: (i.j) = (i,[y(i)]) (2.6) 
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AD:CE=AB:CB 

Figure 2.2 GIQ: Grid Intersection Quantization. 
a) At each intersection of the continuous line with a discrete 

row or column, the closest gvid 'point is attributed to the 
discrete straight line segment. 

D) The equivalence of minimal distance along major gvid lines, 
and. minimum perpendicular distance. 

where [x] indicates the 'nearest integer' function', defined by 

Definition 2.3: [xj 
[x] : y-~\ < M < *** and [xle 

(2.7) 

Comparing with (2.4a) it is seen that [x] = L^+M , and thus 

ty(D3 = iy(i)+%j = Lai + (e+V>i 
(2.8) 

This means that GIQ-digitzing the line y = ax + e is the same as OBQ-
digitizing the line y = ax + e', with e' = (e+^). Since this 
transformation of QIQ to OBQ is a bisection (one-to-one and invertible), 
the solution to some problem with an OBQ-digltized straight line can 
immediately be applied to a similar problem with a GIQ-digitized line. 

2.2.2 Other 8-connected regular grids 

Until now only square grids were considered. However, there are many 
circumstances in image analysis where the grid of pixels does not 
correspond to a square grid, but to the more general regular grid. 
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In a square grid, let e and e be the basic vectors ( ) and ( J; the 
vectors corresponding to the 8-connected chaincode elements 0 and L are 
then e and (e +e ) , respectively (Fig.2.3). Consider an arbitrary regular 
grid, with two basic vectors e' and e' , of lengths h and v, and making an 
angle $• The vectors corresponding to the 8-connected chaincode elements 0 
and 1 are then given by e and (e'+e'), respectively. 

The figure shows that the square grid and its chaincode vectors is mapped 
onto the regular grid and its chaincode vectors by the transformation 
matrix 

h v cosit 
0 v sinffc 

(2.9) 

The line 1 in the square grid defined by eq.(2.1), or 

* ) - ( (2.10) 

transforms to V = Tl given by 

( 1 ^ s in$ ) + u 
a v ' h / v a + cos4> h/vct + cos<t> 

1 
sin<t> (2.11) 

Conversely, a regular grid can be mapped onto a square grid by the inverse 

V 

Fi-aure 2.3 a) A line on an 8-conneeted square grid. 

b) A similar situation on a regular grid. 
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t r a n s f o r m a t i o n T 

- 1 _ f l/h -l/U taw i 
T " l 0 l / ( v s i n * ) J 

which t r ans fo rms a l i n e Jt' i n t he ske» g r i d 

(2.12) 

Figure 2.4 Equivalence of situations on several regular gride. 

a) 8-connected square grid 

b) 4-conneeted square grid 

e) 6~connected hexagonal grid 
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to a line A * T V in the square grid: 

0 1 
1 ■■ E e' ) + u ' ( hg ' ) ( 2 . 1 4 ) 

(sin<]> - a cos<t>) v(sin4> - a ' c o s ^ ) 

In the above, no use was made of specific properties of a particular 
digitization procedure. Hence, the above treatment applies to both OBQ and 
GIQ digitization. Because of this bisection relation between a regular 
grid and the square grid, only the square grid needs to be considered. 

2.2.3 Other connectivities 

Not only 3-connected chaincode strings have been used in the literature, 
but other schemes as well. Common are the 4-connected and 6-connected 
schemes depicted in Fig.l.4b,c. 

By means of the 'column'-concept introduced by [Vossepoel & Smeulders 
1982], all schemes can be transformed to the standard situations. The 
basic idea is similar to the transform T of the previous subsection. The 
basic vectors e' and e' of the skew grid are now defined by the 
requirement that the code vectors 0 and 1 are represented by e' and 
(e' + e') . This defines the transformation T as In eq.(2.9): for the 4-

connected scheme, $ = 3n/4 and for the 6-connected scheme <t> - 2n/3 . Thus, 
for the digitization of straight lines, grids with other connectivity 
schemes can be transformed to the square grid with 8-connected chaincodes, 
see Fig.2.4. 

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS 

2.3.1 The (a,e,£,ö)-parametrization 

A continuous straight line segment is characterized by 4 real parameters, 
corresponding to 4 degrees of freedom. In a Cartesian coordinate system, 
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the line segment connects two points (x,,y, ) and (x2, y2 ̂ ' Tilus Cn'-
quadruple (x, ,y> ,x->,y2) could be used as the parametric description of a 
continuous straight line segment. However, in this thesis another 
pararnetrization is preferred since it facilitates treatment of lines in 
the standard situation. 

First, note that any continuous straight line segment can be considered to 
be a part of an infinite continuous straight line with equation 
y = ax + e. These two parameters e and a will be used in the 
pararnetrization of the segment. Second, in the -standard situation, the two 
endpoints of the segments have different x-coordinates. Therefore, if the 
x-coordinate 5 of the leftmost end point, and the difference In x-

value ö of the two endpoints are used as the other two parameters, the 
pararnetrization is well-defined for lines in the standard situation (Fig. 
2.5a). 

Definition 2.4; CSLS(a ,e,£/->) 
CSLS(a,e,£,6) is the continuous straight line segment connecting the 
points (xL,y1)=(^,a^+e) and (x2,y,)=(£+ó,a(£+ó)+e). 

Figure 2.5 a) Pararnetrization of a. continuous straight line segment by 
(e,a,i,b). 

b) The relationship of (e,a,?,,£>) to the uniformly distributed 
parameters (r^^^Lji) . 
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2.3.2 The distribution of line segments 

Sometimes our interest Is not in properties of a specific continuous 
straight line segment, but in the expected value of a property over an 
ensemble of these segments. In that case the probability density functions 
of the characterizing parameters are needed. 

In many problems in practice, there Is, a-priori, no preferential 
orientation, position, or length of the segments to be expected. All 
calculations will therefore be based on a distribution that Is isotroplc 
(no preferential orientation), homogeneous (no preferential position) and 
uniform in length (no preferential size). 

Consider first an infinite straight line y = ax +e. Isotropy implies a 
uniform distribution of the lines in i> = atan(a). Homogeneity on the grid 
implies a uniform distribution in the distance r of the line to the 
origin. From Fig.2.5b one can see that r = e//(l+a ). Thus the probability 
density p(e,a) becomes: 

p(e,a) -
3r 
SI 
3r 
5ï 

34> 
oe 
5* P(r,4) - Cjd-ta2) 3 / 2 

where Cj equals /2, following from the normalization condition 

1 1 
ƒ ƒ p(e,a) de da = 1 
0 0 

(2.15) 

(2.16) 

Later, in eq.(4.5), it will be seen that this normalization needs a slight 
modification, in that the upper and lower bounds on a for lines In the 
standard situation are -e/n and (n+l-e)/n instead of 0 and 1. The 

=1" M»2+l] - n ♦ £ + /(taWl) - (n/2 + fL)}'1* /2(l- ̂  - j ^ 

This becomes asymptotically equal to /2 if n->». 
(2.17) 

continuous straight line segments, the endpolnt will be assumed to be 
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uniformly distributed along the infinite line. Denoting the position along 
this line by T , T is uniformly distributed. Fig.2.5b yields the relation 
I = -r sint + % cos4> , so T = £/(l+a ) + ea//[l+a ) . The length L of the 
segment is L = 6/[l+a ); L is also assumed to be uniformly distributed. 
Thus the probability density p(e,a,£,6) is: 

p ( e , a , ? , 6 ) 

8 r / 8 e 54>/öe dL/oe ö-u/oe 
8 r / 8 a 8*/8a oL/5a 3 i / o a 
5 r / 8 5 9*/o5 9L/ae S t / a S 
a r / 8 6 a t / 8 6 8L/B6 dx/d& 

p(r,4>,L,t) ,(l+a 2-.-1/2 

follows from 

1 1 b n+^ 
ƒ ƒ ƒ ƒ p(e,a,5,6) de da d5 dó 

a=0 e=0 i=-\ fi=n-i 

(2.18) 

(2.19) 

yielding 

l/ln(l+/2) (2.20) 

Again, with cq.(4.5), this will need a slight modification, but the value 
given in eq.(2.20) is still equal to the asymptotic value. 

2.4 PARAMETRIC DESCRIPTION OF DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s) 

So far only a chaincode string has been used as the description of a 
digitzed straight line segment. This representation is not convenient for 
calculations and therefore a concise parametrization of an arbitrary 
string is needed. Such a description, in a sense the discrete counterpart 
of (e,a,£,6), will be derived in this section. 

2.4.1 The quadruple (N,Q,P,S) 

The computation of a characterizing tuple for an arbitrary string requires 
some elementary lemmas from the theory of numbers, which are stated first. 
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Lemma 2.1 
Let P, Q, K and L be integers. If -g- is an irreducible fraction, then 
the equation KP = L(mod Q) has, for any given L, precisely one 
solution K in the range 0 < K < Q. 

Let P/Q be an irreducible fraction, and let i assume Q consecutive 
for some keZ. Then iP/Q (mod 1) 
once and only once (in some order). 

values i=k+0, i=k+l,. . . , l=»kfQ-l for some \e£.. Then iP/Q (mod 1) 

Q' Q'-"' Q » 

Proof 
A proof of these lemmas can be found in most introductory books on 
number theory, see e.g. [Hardy & Wright 1979] 

QED 

Let 0 < e < 1. Then 
[xj - [ x - e j = 0 4^ [xj + e < x < [xj + 1 ( 2 . 2 1 a ) 

[xj - [ x - e j = 1 4£> [xj « x < [xj + e ( 2 . 2 1 b ) 

[x+£j - [xj = 0 4^> [Xj <* x < 1 + [xj - e ( 2 . 2 1 c ) 

[x+£j - [x\ = 1 4 ^ 1 + [xj - e < x < [xj + 1 ( 2 - 2 1 d ) 

Proof 
Only (a) is proved, the other cases are similar. 
Let X = LKJ* By the definition of the floor function, 

[xj=X 44> X < [xj < X+l and [x-ej = K <^> X+e < [xj < X+e+1 

So both equations are satisfied if and only If: 

max(X,X+e) < x < min(X+l,X+E+1) 

and the theorem follows. 
QED 

A first result is that the string of a straight line in the standard 
situation can be parametrized by a set of 4 Integers N, Q, P, S: 
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Theorem 2.1 
Any straight string C can be written in the form 

P C: ) - \ l (1-8-1)1j i - 1,2 N (2.22) 

where P, Q, S and N are integers, P/Q is an irreducible fraction 
with 0 < ̂  < 1, and 0 < S < Q. 

Proof 
The straight string C is the digitization of some continuous straight 
line y = ax + e. Consider the digitization in N+l columns of the grid, 
leading to a string of M elements. Two integers P and Q are chosen, 
satisfying two constraints: 
1) P/Q is an irreducible fraction. 
2) In the N+l columns considered, the digi tlzat ion of the line 

y = 0-x + e is identical to the digitization of y = xP/Q + e. 
These conditions mean that P/Q is a "very good" rat ional approximation 
of a. Since the set of rationals is dense in the set of reals, sets of 
(P,Q) exist that satisfy these conditions. 
For the intercept [y(I)j of the column x = i by the digitized line we 
thus have: 

|y(i)j - [si + eJ = [I i + eJ 

L Q 0 EL±A«LL . ^ ^ ^ i 

where the last transition is allowed since the first terra between the 
brackets in eq.(2.23) is a fraction with integer numerator and 
denominator Q, and for the second terra we have: 0 < (eQ - [_eQ_J)/Q < 
l/Q. 
This equation can be rewritten as: 

[y(i)J Q ■ ^ - la-i«uio + leQi SÜ 
for any value of M. In particular, we can take M to be an integer L in 
the range 0 <• L < 0 such that LP = Q - L (mod Q) . Lemma 2.1 guarantees 
the existence and uniqueness of L, given P and Q. It follows that 
LP+1 = 0 (mod 0), so (LP+1)/Q Is an integer, and we have 

|y«)J [| (i-leQIL)J + [eQ] i£±L 
Using eq.(2.5): 

H ' [§<i-LeQJL)J " U^i-[e0jL-l)J, 
This can be rewritten as: 

- [|- Ci-S)J - [| (i-S-l)J , i - 1,2, ...,N (2.24) 
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where S = [eQJL + (any multiple of Q). We will choose 

>- ,eQIL-[l^-Jo, 
imp lying that 0 < S < Q. This proves the theorem. 

QED 

the columns x=0,l,..,12. This string is 100100100100. Following the 
procedure sketched in the proof above, one first finds that this string is 
the same as that of the line y = — * + ln(/5) C-ff being a 'good' approx
imation of —) and then by the reasoning In the proof of theorem 2.1 that 
this is the same as that of the line y = —(x-10)■ Thus the i-th element 

10 1031 

cL can be written as c.= [~(i-10)j - |~-(i-ll)J , 1=1,2, ..,12. An 
alternative reprsentation of c, is as the digitization of the line 

Theorem 2.1 states that any string C can be parametrized completely by a 
quadruple of integer parameters (N,Q,P,S). The example shows that there is 
still an arbitrariness in this pararaetrization: the same string C can be 
represented by many different quadruples. A unique representation Is 
derived in the next section. 

2.4.2 The (n,q,p,s)-parametrization 

From eq.(2.22) it is seen that N is the number of elements of C. Therefore 
the uniquely determined standard value of n of N can be defined simply by: 

Definition 2.5: n 
n Is the number of elements of C. 

For the determination of the standard value of Q,P and S, it is convenient 
to Introduce a string C as: 

C„ : CM±- [^i-S)J -[l(i-S-l)j, leZ (2.25) 

Note that C is the part of Cm in the interval i=l,2,...,N, and hence C is 
an infinite extension of C We have seen that C does not uniquely 
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determine the parameters P and Q; hence C is not unique either- For the 

example given before, the representation of the string 100100100100 as the 

digitization of y = Yf(x~"10) leads to a string C^ with a period of 31, the 
5 

representation as the string of y = y-r(x-10) to a C with period 16-

The parameter Q has the following property: 

Q is the smallest periodicity of C . 

Proof 
By substitution in eq.(2.25) it is obvious that c,+„ = c., and 
therefore that C has a periodicity Q. Suppose C has a shorter 
periodicity K, with 0 < K < Q. If Q = 1 this is impossible. If Q * 1, 
we can always find a value of j such that c . = 0 and c..» = 1. Thls 
will now be shown. The demands are: 

Using eq.(2.21a), the first condition is equivalent to 

P P P I P JP 
| < (J-S)Q- L(J-S)QJ< 1, or ij'^.odKl (2.26) 

(where we introduced J=j-s), and by eq.(2.2lb), the second condition 
is equivalent to 

0 < (j-S+K)l - |_(j-s+K)~j < |, or 0 < (J+K)^ mod 1 < | (2.27) 

To determine a value of j such chat the conditions of eqs.(2.26,27) 
are not contradictory, two cases are examined separately: 
a) P/Q < 1 - (KP/Q mod l). 

In this case J is chosen such that (jP/Q mod l) = 1-(KP/Q mod l). 
Since the right hand side of this equality is one of the fractions 
0/Q, l/Q,...,(Q-l)/q it fellows from lemma 2.2 that 1 exists. 

Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 = l(jP/Q mod l) 
+ (KP/Q mod l)|mod 1 = 1 mod 1 = 0 < P/Q, eq.(2.27) Is also 
satisfied. 

b) P/Q > 1 - (KP/Q mod l ) . 
In this case, choose J such that (jP/0 mod l) = P/Q. Eq.(2.26) is 
satisfied, and (J+K)P/Q mod 1 = {(jP/0 mod l) + (KP/Q mod l)j mod 1 
= {P/Q + (KP/Q mod l)} mod 1 - P/Q + [KP/Q mod l) -1 < P/n Implies 
that eq.(2.27) is also satisfied. 

In both cases, we have the contradiction c * C which implies 
that the string C has no periodicity K smaller than Q. Hence Q Is the 
smallest periodicity. 

QED 

It Is obvious that the smallest period of a string C of the form 

eq.(2.25) which is identical to C on the finite interval i = 1,2 n, is 
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at most n (uith the understanding that the periodicity is n If the string 
is completely aperiodic on the interval considered). This smallest 
periodicity Is taken as the standard value for 0, and denoted by q. 

Definition 2.6: q 

q - min [k, jl,2,...,n) | k = n / Vi I {1,2 n-k|: c, = c [ 
k I i . . . I i c 1 + kj 

For any straight string C, q is uniquely determined by this definition. 
For the example string 100100100100, q equals 3. 

In C_ defined by eq.(2.25) the parameter P has the property: 

Since ct. ■ -r{i-S) - I 4-( i-S-1) we have, within one period Q: 

* * - « '« 2 ( i - . ) - i . { ^ ^ 1 

Since P/Q is irreducible, lemma 2.2 yields that every value in the two 
sets occurs once and only once if i assumes Q consecutive values. 
Hence c =1 occurs P times, and c =0 occurs Q-P times, and the lemma 
e i i "i "1 
follows• 

QED 

Since q is only a special choice for Q, defined in the finite string C 
instead of C . we can define the standard value p of P corresponding to 
this choice as: 

Definition 2.7 p = £ 
i = l 

Note that this definition applies only in the standard situation, since 
then the string consists of chaincode elements 0 and/or 1. Definition 2.7 
then defines p uniquely. For the example string 100100100100, p equals 1. 

^ n C m , the parameter S has the property: 
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S is the unique integer in the range 0 < S < Q satisfying: 

v i . Z , ^ - [|<i-8)J - [ICI-S-DJ 

Proof 
It is obvious from eq.(2.25) that S satisfies this condition. It 
remains to show that S is the unique solution. We do this by a 
reductio ad absurdum. 
Suppose S' f S also satisfies the condition. If Q = 1 this is imposs
ible, since there is only one S in the range 0 < S < Q namely S = 0. 
If Q t 1 we derive a contradiction by finding a value of j for which 

c„j = [|<j-S)J - [|(J-S-1)J = 0 
but simultaneously 

By an argument completely analogous to the proof of lemma 2.4 (by 
putting S + K = S') we can show that a value of j can always be found, 
and hence a contradiction is inevitable. 

QED 

As in the case of q and p, s is defined by applying lemma 2.6 to C: 

Definition 2.8: s 
Let c- be the i-th element of C. Then s is the unique integer in the 

range 0 < s < q for which 

Vie {1,2...„qj : H -|~U-s>J -Lf<i-s-l)j 
For the example string 100100100100, s equals 1. 

It is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-8 
that the quadruple (n,q,p,s) can be determined uniquely from the string C, 
thus: 

Lemma 2.7 
Given a straight string C, one can determine the quadruple of 

parameters (n,q,p,s) uniquely. 

The converse is also true: 
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Lemma 2.8 

If the quadruple (n,q,p,s) can be determined from a string C, then C 

is a straight string, uniquely determined by n, q, p and S. 

Proof 
Definitions 2.5-8 imply that the string C can be written uniquely as: 

C: cj - [fU-»)J " [*U-S-1)J. Ml,2 n) 
To show that this is a straight string, a line should be given which 
has C as Its digitization. Such a line Is 

y(x) = 
lq I q q lq I q 

as follows Immediately by applying eq.(2.5). 

Combining the lemmas 2.7 and 2.S we obtain 

Theorem 2.2 (Main Theorem of [Dorst 5 Smeulders 1984]) 

A straight string C in the standard situation can be mapped 

bijectively onto the quadruple (n,q,p,s) defined by: 

(2.28) 

QED 

n is the number of elements of C 

q = min{ks {l,2,...,nj k«n v Vl e {l,2 n-k} : 

1-1 

s : s e 1 0 ,1,2 , 

c,-i>, " C< 

...,q-l) A Vie {1,2,...,q) : Cj- [*<i-.)J " [|C1-S-1)J 
where Cj is the i-th element of C. 

In other words, all information present in the string C is contained in 
the quadruple (n,q,p,s). It is therefore possible to give a unique 
representation of a straight string in terms C in terms of n, q, p and s, 
which will be denoted by DSLS(o,q,p,s): 



36 

straight line u = ^fx-s) + l^-j and the corn Figure 2.6 The continuous at ; 
ponding 8-connected OBQ chaincode string DSLS(n,q,p, 81. 

Definition 2.9: DSLS(n,q,p,s) 
DSLS(n,q,P,s) Is the £ iscre te s t r a igh t ^Line jjegment of which the 
chaincode string C is defined by: 

L*H -1 Ai-s-1) i - 1,2, (2.29) 

Thus the example string 100100100100 can be written as DSLS(12,3,1,1). 
Eq.(2.29) implies that C is -among others- the string of the continuous 
line 

, !<»-.) + ra (2.30) 

The terraW in eq.(2.30) is added to make the line one that is in the 
standard situation, with 0 < e < 1 - This line and the corresponding 
string are depicted in Fig.2.6, together with an indication of the 
parameter tuple (n,q,p,s). 

3. Structure and Anisotropy 

3.1 INTRODUCING SPIROGRAPHS 

Straight strings have a certain structure, which dis tinguishes them from 
non-straight strings. This structure is closely related to number 
theoretical properties of the slope of the straight line. It is this 
relation that will be studied in this chapter. Variation of the slope will 
reveal the anisotropic behaviour of straight line digitization; this will 
be reflected both in the structure of the string, and In the accuracy with 
which the position of the original straight line can be determined from 
the digitization points. To study these angle-dependent effects, a 
convenient representation for continuous straight lines on a square grid 
is introduced: splrographs. 

Consider figure 3.1, where a line y = ax + e has been drawn in the 
standard situation of section 2.1.1, extending over n columns of the grid. 
Varying the value of the intercept e, keeping the slope a. constant, will 
produce changes in the string of the line if and only if it traverses a 
discrete grid point in one of the columns considered (for 0BQ-
digttization). The pattern of change is periodic with period 1 In e, due 
to the periodicity of the grid. The vertical distance between 'critical' 
lines (lines that pass through a grid point in one of the columns 
considered) can be found as vertical distances in the intercepts of these 
lines with x=0, the y-axis. In fact, the intercept points form the image 
of the grid under projection on the y-axis by lines with a slope a; it is 
the grid as viewed from the direction a. Note that the images of two grid 
points (i,j) and (1+1,j) are separated by a distance a. As a changes, so 
does the pattern of projected points and -possibly- also the string of the 
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Figure 3.1 a) A line on the grid (fat) with a fixed slope a and project
ions of the grid points to the first column x=0. 

b) The spirograph corresponding to the situation a). 

line. To study the changes in the string more conveniently, diagrams are 
used, representing the projection points in the interval x=0, 0 < y < 1, 
with the properties mentioned above, after an idea of [Duin 1981]. These 
diagrams are called spirographs. 

The spirograph corresponding to figure 3.1a is drawn in figure 3.1b. It is 
the interval 0 < y < 1 of column 0 with the projections of the points in 
the columns of the grid, 'wrapped around' to a circle with circumference 1 
in order to show the periodicity in the pattern of the projections. The 
projection of a point In column i is indicated by a point labeled i in the 
spirograph. (It is convenient to plot the point 0 always at the top). 
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There are thus n+1 points (0,1,2,...,n) and the arclength between the 
points i and i+L is a. To show the sequence of points more clearly chords 
have been drawn, directed from a point i to a point i+1. The complete 
diagram Is called a spirograph because of its resemblance to a children's 
toy for drawing fancy curves. Since it is completely defined by a and n it 
will be indicated by SPIR0(a,n), 

The study of spirographs will yield quantitative measures for the 
anisotropic behaviour of the discrete representation of straight lines. To 
see how this occurs, note that a line I with slope a and intercept e is 
projected to a point y = e In the first column and hence is represented in 
the spirograph by a point P at a distance e to the left of the point 0 
(measured along the arc). If the line is shifted vertically upwards on the 
grid, the string will change if and only if It traverses a grid point. A 
shift is called detectable if this happens. Let the worst-case positional 
inaccuracy S (a,n) of lines with a slope a within n columns of the grid 

max 
be defined as the maximum non-detectable shift. Since the transition of a 
line $- over a grid point corresponds to the transition of the corres
ponding point P over a point In the spirograph SPIR0(a,n) , S (a,n) is 
just the length of the largest arc In the spirograph SPIR0(a,n). A 'spiro
graph theory', giving expressions for the lengths of the arcs in a spiro
graph and their dependency on a and n, will thus provide expressions for 
the positional inaccuracy, and hence of the angle-dependent behaviour of 
the digitization of straight lines on a regular grid. This theory will be 
developed in the next section. 

3.2 SPIROGRAPH THEORY 

3.2.1 Basic concepts 

From the previous section, the definition of the spirograph SPIR0(a,n)is: 
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Definition 3.1: SPIRO(a.n) 
SPIRO(a,n) is a circle with unit perimeter with n points marked 0, 
1,2,...,n on its circumference. Points with consecutive labels are 
separated by an arc of length cc (measured clockwise) and are 
connected by a direceted chord pointing from the point 1-1 to the 
point i. 

The number n is the order of the spirograph. SPIR0(a+k,n) with k an 
integer is indistinguishable from SPIR0(a,n). Therefore a is assumed to 
lie in the range 0 < a < 1. A drawing of SPIR0(3/10,5) is given in 
Fig.3.2. 

As the distance D(i,j) between two points i and j of SPIR0(a,n) we define 
the length of the arc lying counter-clockwise of i extending to j: 

Definition 3.2: P(i,j) 
D(i,j) = (i-j)flt - [(i-j)aj , with 1 < i < n and 1 < j < n (3.1) 

Here [xj is the floor-function, defined in eq.(2.4) together with the 
ceiling function fx]. Useful relationships between [xj and \x] are: 

Ixj « -r-x] 
r _ J 0 if x is integer 
1X1 [XJ j 1 if x is non-integer ( 3- 2 ) 

The distance D defined by eq.(3.1) has several properties which are easily 
verified: 

a) 0 < D(i,j) < 1 

b) D(i,i) + D(1 i) =1° ± f ( 1 _ j ) a 1 S 3 n i n t e S e r 

) I A I , J ; " U . U j t i f ( i - j ) a i s non-integer 

c) D(i , j ) = D(i,k) + D(k,j) (modulo 1) 

d) Every distance between two points can be written in a standard 
form, i.e. D(k,0) or D(0,k), with k a point in the spirograph. 
This is the distance of one of the points in the spirograph to the 
point 0. 

41 

Proof: 
a), b) and c) are trivial from the definition of D(i,j). d) also 
follows immediately, for D(i,j) = D(l-j,0) if i > j and D(i,j) = 
D(C,j-i) if i < j-

QED 

Let $C be the set of points with labels 1,2,. . . ,n in SPIR0(a,n) (Mote 

that the point 0 i s not included!). The distances of the points lying 

closest clockwise and counter-clockwise to 0 will play an important part 

in the theory and thus need to be defined carefully. As an example, these 

are the points 4 (clockwise) and 3 (counter-clockwise) if Fig.3.2. 

Definition 3*3: R,r,L,A 

R - min{D(k,0) | k-: X) (3-3) 
r = mln{keJf | D(k,0) = R} (3.4) 
L - miniD(0,k) | keJfAD(O.k) * o} (3-5) 
I = iBflx{keJf | D(0,k) = L} (3.6) 

In words, R is the smallest distance to the right (clockwise) of the point 
0, L is the smallest distance to the left (counter-clockwise), and r 
and £ are the points determining these distances. Note that r cannot be 
zero, and that if a=0, L and thus I are not defined, since eq.(3.5) 
demands that D(0,A)/0. In that case we define L=1 and £=n, in agreement 
with lim L = 1 and lim A = n. 

ct4-0 a4-0 

For an example of a spirograph and the corresponding values of R, r, L 
and I, see Fig. 3.2. 

Figure 3.2 Trie spirograph SPIROf 3/10,3). Here, R=l/5, r=4, L=l/10, 1=3. 
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3.2.2 Neigbouring points 

In this subsection the central theorem of spirograph theory will be 
proved, giving the arc lengths In the spirograph. First, some lemmas. 

a)_i3pE Jf 

b ) n 3 p e J ^ 
("n^p-JV7 

D(p,0) < R 
D(0,p) < L 
means "there is no point p in Jf for which:") 

Proof: This follows immediately from eq.(3.3) and (3.5). 

Lemma 3 = 3 

QED 

a) ( D(i,0) = D(j,0) A R * 0 ) 
b) ( D(i,0) - B(j,0) A R = 0 ] j + mr, with m an integer 

Proof: 
Let i>j. D(i,0)=D(j,0) Implies that D(i-j,0)=0, with 0 < (i-j) < n. 
When R^O, lemma 1 yields that D(i-j,0) can not be 0 for (i-j) = 
l,2,...,n, so we must have (i-j)=0. When R=0 eq.(3.4) yields D(r,0)=0, 
so we can write D(i-j,0) = 0 = mD(r,0) = D(mr,0) 5 which implies that 
(i-j) = mr. 

QED 

In words, lemma 3.3 means that points are uniquely determined by their 

distance to 0 If R^O: their are no overlapping points. If R=0, overlap 

occurs, and the distances determine the points uniquely modulo r. 

After the special points and their properties we Introduce the definition 
of the right-neighbour R i of a point I in the spirograph: 

Definition 3.4: 
= R i 4 4 - j t I A - | 3 p e ^ T : (D(p,i) < D(j,i) A p#i) (3.7) 

In words: j is the right-neighhour of i if and only if j is not equal to 1 
and if there is no point p, different from i, lying closer to i than j. 
Thus R i is the closest point to the right of I. 
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Figure 3-3 On the definition of right-neighbour1 

a) No overlapping points: the right-neighbours are unique. 
b) Overlapping points: ambiguity arises for the point 2. 
c) Situation b) resolved by a small increase of a. 

Eq.(3.7) assigns to each point of the spirograph a unique right-neighbour 
when R*0. For suppose that both j and k were right-neighbours of I. Then 
the second part of eq.(3.7) requires that D(j,I)=D(k,i), since otherwise a 
contradiction would occur. This implies that D(j,0) = D(k,0) and when R#0 
lemma 3.3a yields k=j. 

When R=0 we would have k = j+mr (lemma 3.3b), so the right-neighbour would 
then not be unique. The uniqueness can be repaired by replacing a in the 
definition of D(i,j) by the slightly greater value a' = a+da such 
that a' is non-rational, and taking the limit for da ■* 0. We will show 
later that this can always be done without changing the 'point-order' of 
the spirograph by taking da < n . Because a' is non-rational, R can not 
be 0. (This would imply that there is an integer r such that a'r - L^'rJ 

= 0, which is impossible for non-rational a'.) . For an example of the 
application of this extended definition, see Fig.3.3. 

The right-neighbour of each point of the spirograph is given by: 

Theorem 3.1 (Central Theorem of Spirograph Theory) 

a) 0 < i < rtfl-r <^> R i = 1+r D(Rl,i) = R 
b) n+I-r C i < I <^> R i = i+r-.s> D ( R i , i ) = R + L 

C) * < i < n <##> R i = 1-Jt D ( R i , i ) - L 
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Proof: 
The second part of a), b) and c) in the theorem follows immediately 
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is in all 
cases essentially the same. We will therefore prove a) only. 
We will show that i+r is the right-neighbour of I if 0 < i < n+l-r. 
Note first that i 4 i+r, since r > 0 by definition 3.3. Thus the first 
requirement of definition 3.4 is satisfied. The second will be proved 
by a reductio ad absurdum. Suppose there is a point p not equal to i 
for which D(p,i) < D(i+r,i) = R. If p > i this would imply D(p-i,0) < 
R and since 0 < p-i < n we have (p-i)' J»« This is a contradiction 
with lemma 3.2a. If p < i we can also find a point of the spirograph 
at distance smaller than R to the right of 0, for from the assumption 
D(p,i) < R it follows that D(I+r-p,0) - D(r,0) - D(p,i) < R. The point 
i+r-p is a point of the spirograph, since 0 < r < i+r-p < n+l-p when 
0 < i < n+l-r. Again, this is a contradiction with lemma 3.2a. Hence 
the point I+r is a right-neighbour of 1, and, due to the uniqueness of 
the right-neighbour, also the right-neighbour of i. 

QED 

The reason this theorem is called the 'central theorem' is that it 
specifies all arelengths. Since all distances D(i,j) are composed of 
arclengths, the theorem implies that all distances between points of the 
spirograph are of the form (aR+bL), with a and b integers. 
In section 3.1, the length of the arcs in the spirographs were shown to be 
equal to the vertical distances over which a line can be shifted without 
changing the chaincode string. Hence theorem 3.1 can be applied directly 
to give the positional accuracy of a line on a square grid. This will be 
done later, in section 3.4. 

3.2.3 Changing the order of the spirograph 

In this subsection, some further theorems are proved which show how a 
spirograph changes if n Is changed. 

Theorem 3.2 
If the order of a spirograph of order n with a certain value for r 
and A is increased to n+1, then a change in the value of r or A will 
occur If and only if n+1 ■ r+£. 

Proof: 
The values of R, r, X and L in a spirograph of a certain order ra will 
be indicated by R(m) , r(m) , £(tn) and L(m). The transition from a 
spirograph of order m to order m+1 is the addition of a point labelled 
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Figure 3.4 To the proof of theorem 3*2. 

m+1 to the spirograph of order m, at a distance a to the right of 
point m. 
a) Suppose m+1 = r(ro)+A(m). If R(m) > L(m) we have: D(m+1,0) = 

D(r(m) ,0)-D(0,!.(m)) = R(m)-L(ra) < R(m) and if R(m) < L(m) : 
D(0,m+l) = D(O,Jl(m))-D(r(ra),0) = L(m)-R(m) < L(m). So if 
R(m) > L(m), R is changed to R(m+1) = R(m)-L(m) and r is changed 
to r(m+l) ■ c(m)+X(o) . If R(ra) < L(m), L is changed to L(m+1) ■ 
L(m)-R(m) and I to A(m+1) ■ ,?(m) + r(m) . Hence either r or £ change 
if m+1 = rt-A . 

b) Conversely, when r or A Is changed, ra+1 must be equal to r+A . For 
let us suppose that, with the increment of the order, r and thus R 
changes, so D(m+1,0) = R(m+1) (see Fig.3.4). This means that one 
of the arcs of length R(m) (namely the one between 0 and r(ra) ) is 
split into two arcs, one of length R(m+1) and one of length [R(m)-
R(m+1)}. The length R(m+1) was not yet present in the spirograph 
of order m, and the only way to avoid the presence of four 
di f ferent arclengths in the spirograph of order m+1 (which would 
be a contradiction with theorem 3.1) is that (R(m)-R(m+1) ] is an 
arclength also present in the spirograph of order m. Since [R(m)-
R(m+I)J < R(m) we must have (R(m)-R(m+1)J = L(m). This implies 
that D(m+1,0) = Rfnri-1) = (R(m)-L(m)) - D(r(m)+A(m),0) , so, using 
lemma 3.3, m+1 = (r(m)+£(m)J. The same conelus ion is reached under 
the assumption that A and thus L changes. 

QED 

It follows from the proof of theorem 3.2 that the order n of a spirograph 
cannot exceed r+£, since then either r or A changes to a new and greater 
value. Thus, a corollary to theorem 3.2 is: 

Theorem 3.3 For any spirograph SPIR0(a,n): n < rfA 

Both theorems are illustrated in Fig.3.5. 

3.2.4 Preserving the point order: Farey Series 

Not every change in a leads to essential changes In the spirograph, with 
points on the circumference of the spirograph moving over one another. 
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Figure 3.5 Spirographs SPIRO(a,n) of fixed slope a, for increasing order 

n. The values of (n,r,l) are, for these figures: a) (2,1,2); 

b) (3,1,3); a) (4,4,3); d) (5,4,3); e) (6,4,3); f) (7,7,3). 

Just which values of « do lead to such changes is studied in this section 

Definition 3.5: point-order 
The point-order of a spirograph SPIR0(tf,n) is defined as the sequence 
of the labels of the points on the circumference of the spirograph. 

We are interested in the set of all spirographs having the same point-
order as a given spirograph SPIR0(a',n). Obviously these spirographs 
should all have the same n, but may vary in their value for cc. The demand 
that the sequence of labels should be the same implies that each point 
should keep the same right-neighbour when a varies, and this is only 
guaranteed if D(Ri,i) > 0 for every i. Hence theorem 3.1 yields that the 
strictest bounds on a are given by R > 0 and L > 0. In fact the extended 
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By 
definition R = ar-iarj and L = \aX)-aX , so we have: 
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Theorem 3_12_1_4_ 
S P I R 0 ( a ' , n ) has the same p o i n t - o r d e r as SPIR0(a ,n) i f f : 

I2EL< a' < i ^ L (3.8) 

These bounds for a will now be shown to be the best rational approxima
tions for a with fractions whose denominator does not exceed n (i.e. there 
is no fraction p/q with q * n strictly between [arj/r and \aX]/I ). 

The proof of this fact makes use of some properties of Farey-series which 
are well-known in number theory (see [Hardy and Wright 1979, 3.1]). These 
properties are given here as lemmas 3.4-6. 

Definition 3.6: Farey Series 
A Farey-series of order a (notation F(n)) is defined as the ascending 
series of irreducible fractions between 0 and 1 whose denominators do 
not exceed n. 

„„,,. J , r0 1 I 1 1 2 1 3 2 3 4 5 li 
Example: F(6) is the series | f ^ j ^ . y j , 2 ' 5 ' J » O T ' V ' 

An important property of a Farey series is: 

If Pi/qi, Pp/tW a n d P-i/^i a r e three successive terms of F(n), then 

q2 " »1+q3 

An equivalent property is: 

Lemma 3.5 
If P ] / q i a n d P 5 ^ 2 a r e tWO s u c c e s s i v e terms of F ( n ) , then 

p 2 q L -P L q 2 = i 

A consequence of this theorem is that the interval between two fractions 
pi /q-i and po/qo equals: 
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q2 qx " q 2 q t Qj q2 

We w i l l a l s o need: 

Lemma 3.6 
If p-i /q-i and P2/q2 a r e t w o consecutive fractions in some Farey series, 
then (p-i+pO/tq-i+qT) is a n irreducible fraction. 

Proofs: 
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the 
proof of lemma 3.6, can be found in [Hardy and Wright 1979, 3.1]. 

QED 

The theorem connecting spirographs with Farey-series Is: 

Theorem 3.5 
The fractions [arj/r and \a.X]/Xt with r and P. obtained from the splro
graph SPIRO(cc,n), are two successive fractions in F(n). 

Proof: 
First, it is shown that [arj/r and fail/A are terms of F(n). 
a) L a rj/ r is irreducible. For if we suppose that [arj and r have a 

common factor k, it follows that r/k and [ccrj /k are integers. 
Eq.(2.4a) then implies that |.arj/k = lar/kj . Therefore we have 
R = D(r,0) = ar-Larj = k{ar/k-[arj/k] > ar/k-[ar/kj = D(r/k,0). 
Since R/k is a point in the splrograph we have a contradiction 
with eq.(3.3). Hence [ctrj/r is irreducible. 

b) In the same way it follows that focJ-l/Jt is irreducible. 
c) By definition 3.3, r and I are points of SPlRO(a,n), so r < n 

and A < n . 
From a, b and c It follows that [arj/r and fail /$. are terms of F(n). 
It is left to prove that they are successive terms. According to lemma 
3.4 and 3.6 in some Farey series there Is an irreducible fraction 
{ [arj + fccJll}/(r+A) lying between [arj/r and [aJM/A. Since r and I were 

obtained from the splrograph of order n, theorem 3.3 yields r+A > n , 
so {[arj+faAl }/(r+A) can not be a fraction of F(n). This implies that 
[arj/r and \aS.\(X are successive In F(n). 

QED 

It follows from eq.(3.8) that [arj/r and \al\/l are boundaries for a pre
serving the point-order of the splrograph SPIRO(a,n). We now find that 
they are also the best lower and upper bound for a In F(n). For the 
difference of the bounds given in eq.(3.8) we thus have: 
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I^I-lSgl- rf*Wl"J - l/rl> l/n2 (3.10) 

where theorem 3.5 and lemma 3.5 were used. Hence it is always possible to 
make the modification to the definition of 3.4 of a right-neighbour, 
guaranteeing its uniqueness. 

3.2.5 The Continued Fractions Algorithm 

There Is a way to find the neighbours for a in F(n) quickly by means of 
the continued fractions algorithm, well-known in number theory. This was 
shown in [Hurwitz 1894]. Since the result will be important for a fast 
string code generation algorithm (line synthesis - graphics), and for the 
linearity conditions (line analysis - measurement), we will derive this 
method using spirographs. 

Let us put, for convenience, 

PL = [arj ; qx = r (3.11) 
P2 B f«Al ; q2 = i-

then the bounds on a in theorem 3.5 are given by: 

P1/q1 < a < P2/q2 (3.12) 

where p̂ /q-̂  and P2/q2 are two succesive fractions in F(n). Lemma 3.4 shows 
that the next bound to appear if n is increased is (P1+P2) / (q^q^). Let us 
suppose this is an upper bound, then the new bounds on a are pi /q, < a < 
(Pl+P2)/(q^+q2)- Again applying lemma 3.4 the next bound to appear is 
C2p1+p2)/(2q^+q2). Suppose this is also an upper bound. Then continueing 
in this way we find that the bounds of a have the form: 

Px mPi4-p2 
P~ < a < mq +q (where m is a positive integer) (3.13) 

if, starting from eq.(3.12) a series of changes of the upper bound takes 
place. Similarly, the bounds of a can be written as 



Pi+rap» 
(3.14) 

if a series of succesive changes in Che lower bound Cakes place. 
Let us call che successive bounds P-j/q.}» Chen Che following theorem can be 
proved: 

Theorem 3.6 
The fraccions P]/*^ and p2/q?5 bounding a in SPIR0(ct,n) are found by 
Che following algorlchm: 
a) FirsC calculate the convergents «— according to the 'continued 

fraction algorithm' 

«1+1 " a. - [ a j 
(3.15) 

p-i= l i po - ° • pm= W i + Vi i f l * ° 

<Li~ ° ■ % - 1 ; w ™ i+iQi+ Qi-i " 1 J ° 

b) The fractions pi/<3i a n d P2^9 a r e t h e ' l n l : e r i n e d i a t e convergents': 

— (3.16) 
07 a n d 

QI-1 + 

. K i "2 If I Is even, the first fraction is — and the second — , if I Is odd 
the reverse is true. n 

Proof: 
Assume that a is real and Chat Che upper bound for a has just been 
fixed on the value P,_, /Q-_-i , and the present value for the lower 
bound is P'_?/Q'_7' Increasing Che order n will Chen resulc in a 
change of the lower bound as in eq.(3.14). The end of Che series of 
changes in the lower bound is determined by the value m. . of m 
satisfying: 

"Vl Pi-l + Pi-2 < „ < (mi-l+1)Pi-l+ Pi-2 (3.17) 

since the next bound is an upper bound. p,q.(3.17) can be rewritten as: 

«Q, 

and since m._, should be integer che solution is: 

«<*, i 
; i - i 

where a. . is defined as: 
. '~ p i - r «>i-i 
i - i 

If we now define as recursive relations for P. and Q.: 

P = m. , P, , + P , "1-1 1-1 1-2 

T. 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

then the new bounds for a are P</Qj < "- < fi-l/Ql-l" Further Increas
ing the order will now change the upper bound as given in eq.(3.13) 
until ra has the value m, satisfying: 

(m +1)P.+ P. , m.P. I l 1-1, , i t < a < — - — (m +1)Q + Q (3.22) 

since the next bound will be a lower bound. Again ra. should be 
integer, and the solution to eq.(3.22) is: 

fc-fcj (3.23) 

where eq.(3.20) was used to rewriCe Che expression. Comparison with 
eq.(3.19) shows that m, can be rewritten in the same form as 
namely "t-l» 

if we define 

i 
1 1 

(3.24) 

(3.25) 
-1 L 1-1 

This is a recursive relation 
change che lower bound again 
can be calculated. It Is then 
eq.(3.25) also holds for a 
Thus Che P and Q indicatin 
upper bounds are followed by 
versa) can be computed by eq. 
eq.(3.24) and the a, from eq 
part of the theorem. The init 
straightforward computation 

for a , Furcher increasing the order will 
and in Che same way as before, m and m,_, 
found that the recursive relation of 
and eq.(3.24) for ÏÖJ,-. • 
g the fractions at which changes in the 
changes in the lower bound (or vice 
(3.21), where the m. are found from 
(3.25). This yields eq.(3.15), the first 
ial values in eq.(3-15) were found by 
from the simplest spirographs. 
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These 'convergents' V./Q, can now be used to calculate the best bounds 
in the Farey-series, By interpolation along the lines indicated above. 
This is straightforward and produces eq.(3.16) 

QED 

The algorithm of eq.(3.15) is the continued fractions algorithm well-known 
from number theory (see e.g [Hardy & Wright 1979, Ch.10]). The n^ are the 
coefficients of the continued fraction expansion of a, commonly denoted 

m ,...) , implying that a can be written as 

1 
1 

1 
1 (3.26) 

If a is rational the expansion ends; for irrational a it does not. 

As an example, consider a=l/ic and n=l4. The working of the continued 
fraction algorithm is given in Table 3.1 The convergents are the fractions 
P0/Q0=0/1, P1/Q1=l/3, P2/Q2=7/22, so 1=1. Eq.(3.16) then yields the bounds 
4/13 < 1/it < 1/3 in F(14). 

Table 3-1 The continued fraction algorithm of theorem 3.6 and the string 
generation algorithm of theorem 3.7 for the line y=x/n. 

* rr\Q is differently defined in eq.(3.1S) and eq. ( 3.29b). 

i 

-1 

0 
1 
2 
3 
4 

a i 

.3183 

.1416 

.0625 

.9966 

.0034 

m. 1 

3(2)* 
7 
15 
1 
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3.3 THE STRUCTURE OF A STRAIGHT STRING 

The algorithm of [Bresenham 1965] is the first algorithm to generate a 
straight string. It does so by testing a condition for every chaincode 
generated, and produces the chaincodes immediately, in the correct order. 
This algorithm was developed In the time of pen-plotters, when this was no 
objection. With the advent of raster scan devices, the interes t grew to 
expand this algorithm and generate runs of chaincode elements rather than 
single codes. Such an algorithm is given in [Pitteway & Green 1982]. The 
structure of straight strings, revealed by the 'linearity conditions', 
allows even more advanced, so-called s tructural algorithms. The first was 
given by [Brons 1974]. [Wu 1982] proves both the linearity conditions and 
the Brons algorithm. Indepently and simultaneously, a proof based on 
spirograph theory was found. It is given in this section. 

3.3.1 Straight strings and fractions 

The connection between strings and fractions was already briefly indicated 
in chapter 1. A precise formulation is the following. 

The first n elements of the OBQ-string of the line y = ax are ident
ical to the first n elements of the OBQ-string of the line y = — x, 

Proof: 
See Fig.3.6. Each point P: (x',y■) of the grid determines a line OP 
with equation y = xy'/x'. A line with the same OBQ-string as y = ax is 
the line with the maximum slope y'/x' such that there is no point in 
the shaded triangle in Fig.3.6, bounded by the lines y = ax, y = 
xy /x' and y = n. Thus y'/x' must be the maximum rational number not 
exceeding a with denominator not exceeding n, and hence the best lower 
bound of a in F(n). 

QED 

A bound - on a corresponds to a line y = £ x in the grid, and hence to a 
chaincode string. With increasing n, the bounds become more accurate, and 
chaincode strings are concatenated. The relation between these two 
occurrences Is given by the following lemma. 



Figure 3.6 To the proof of lemma 3.7. 

Figure 3.? To the proof of lemma 3.8 

Lemma 3.8 
If p-i /q-j and ^l'q2 are an upper and a lower bound on a in some Farey-
series and the corresponding chaincode strings are U and L , then the 
chaincode string corresponding to (p^+p?) /(q-ĵ q? ) is LU. 

(The notation LU means: the string L followed by the string U. We will 
use L U as shorthand for: n repetitions of L followed by ra repetitions 
of U.) 

Proof: 
See Fig.3.7. The chaincode string to the point Q is the string of the 
best lower bound of (pi+P1)/(q^+q2) • Since Pi/q^ a n d P2^2 a r e 

consecutive fractions In some Farey-series, (Pi+po)/(q.i+q9) is the 
fraction with the lowest denominator lying between Pi/q-i and P2/I2 
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(lemma 3.4). Therefore the parallellogram OP2QP1 does not contain a 
grid point, and we can compose the string of OQ by the strings of the 
parts OP-, (this is L) and P,0 (which is the same as the string of 

and hence is U ) . Thus the string of OQ is 
QED 

Note that the visualisation of fractions as vectors in the grid Is 
consistent with the Farey-interpolatton formula in lemma 3=4, which adds 
numerator and denominator as if they were the components of a vector. 
Lemma 3.5 then states that the vectors corresponding to two neighbouring 
fractions in a Farey series span a parallellogram of area 1. This Implies 
that that there is no discrete point within the parallellogram. 

3.3.2. A Straight String Generation Algorithm 

The relation between spirographs, Farey-series and continued fractions 
leads directly to a set of recursive relations describing the structure of 
the chaincode string of a straight line. 

Let the chaincode strings corresponding to the upper and lower bound of 
a in the spirograph SPlRO(a.n) he {}■ and L. (see Fig. 3.3) . If the order 
of the spirograph is increased, eventually one of the bounds will change, 
and the new bound is formed by the point (A+r) (Theorem 3.5, lemma"3.5). 
Suppose that this is an upper bound on a, so that the point (A+r) lies to 
the left of the point 0. According to lemma 3.8 the chaincode string 
corresponding to this new bound is I. (Fig.3.8). Further increasing 
the order may lead to another change of the upper bound to the point 

(/+£*) ° 

Figure 3.8 Convergence near the point 0 of a spirograph. Strings 
indicated below the corresponding point labels, 
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(X+2r) , with string \} U then to (I+3r) , with string L~?U., 
etcetera. If a total of m^j consecutive changes In the upper bound occurs 
the chaincode string of the upper bound will have changed to 

(3.27) 

The string of the lower bound is still L^. 

Further increasing the order now leads to changes in the lower bound and 
the string corresponding to the lower bound becomes L.LL.i, L. U . 
I I |3 J J J J+L 

L.U. , , etcetera. If the lower bound changes m~ .., times the resulting 
string L•11 for the new lower bound is: 

-j+i 

o > 
(3.28) 

Now the upper bound changes and the process continues as before. 

Combining with the algorithm of theorem 3.6, and using the proper initial 
conditions, we have: 

Theorem 3.7 
An algorithm to generate the string L corresponding to the 
line y = ax is: 

U o -

(m ) 
L.+1 - L.u'?i+1 

,U.+ = L ( V u . 
(3.29a) 

U j+l 

j+l 
(3.29b) 

This algorithm generates an 8-connected chaincode string; a 4-connected 
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chaincode string is generated by this algorithm If we change the 
definition of COQ to TDQ = I— . 

L- is the beginning of the string L; it contains the first n- codes, 
where n^ is given by nj = q^ , with 

q0 = i> ^1 = 1> ^j+i = "j^j + 4j_L (3.30) 

(as follows from theoren 3.6). So, if the first n elements of L are 
required the algorithm (3.29) is applied until n^ > n. If (X Is irrational 
the algorithm never stops; if a is rational it generates an endlessly 
repeating string. 

As an example, consider the line y= —x. The successive L . and U , are 
indicated in table 3.1. For n=14, the string is found to be the first part 

The average order of this algorithm can be computed by noting that the 
most time-consuming part is (3.29b), the calculation of the m., 
and a . This part is identical to the continued fraction algorithm, which 
Is closely related to Euclid's algorithm. [Knuth 1971] shows that the 
number of steps these algorithms require is, in worst case, 2.08 ln(n) + 
1.67 and, on average, 0.89 ln(n) + 0(1), where n is the number of elements 
in the string. 

As already stated in the introduction, the structural algorithm of 
eq.(3.29) is not new. It was given in [Brons 1974], and proved In [Wu 
1982]. Recently, a new structural algorithm was developed by [Castle & 
Pitteway 1986], using the palindromic structure inherent in straight 
strings. It is interesting to note that both the Brons and the Castle & 
Pitteway algorithm, as well as the proof of their correctness, can already 
be found in [Chrlstoffel 1875], albeit In a slightly disguised form. The 
derivation of the algorithm given above provides more insight than the 
derivation given by [Wu 1982], since it makes explicit the connection to 
the theory of rational approximations (by Farey-series and continued 
fractions) already hinted at by [Brons 1974]. 
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3.3.3 The linearity conditions 

A thesis on digitized straight lines would not be complete without a 
derivation of the linearity conditions, i.e. the conditions a chaincode 
string must satisfy in order to be the string corresponding to a 
continuous straight line. Historically, they were first formulated in 
[Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974] 
introduces the chord property, and derives properties that can be used in 
a more exact formulation of Freeman's conditions. [Wu 1982J uses the 
recursive structure of the [Srons 1974] algorithm as a formulation of the 
linearity conditions, and shows that they are necessary and sufficient. 
[Hung 1984] gives an elegant alternative formulation of the Freeman 
conditions and proves the equivalence to the chord property. 

The linearity conditions are easily derived from the algorithm eq.(3.29). 
First it is seen from (3.29a) that the string of a line can be described 
on several 'levels' j, and that on each level the structure of the line ifi 
the same. Rewriting (3.28) we have: 

L^ = L,U ^ 2j+l . f, 2 j , n 2j+l 
■j+l " j ^ l L j l L j U j J 

» „ + l %4 m0 -1 <3 '31> 
= L.2j U (L 2^U ) 2 j + I 

3 3 J J 

Thus the chaincode string of a straight line consists, at each level, of 
'runs', defined as a number of Lj followed by an U,. It is immediately 
clear from (3.31) that: 

m? .+1 
- at any level (j+l) one run, the run L ."J U , , appears isolated 
- at any level (j+l) there are only two runlengths present. They are 
consecutive integers (there are runs of length m? - + 2 and runs of 
length m2j + 1). 

This shows the necessity of the linearity conditions. The proof of 
sufficiency can be found in [Wu 1982]. As in the case of the generating 
algorithm, the Improvement the derivation above gives over [Wu 1982] is 
the explicit relation to elementary number theory. 
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3.4 ANISOTROPY IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES 

In section 3.1 splrographs were introduced as a simple way of visualizing 
the problem of the positional accuracy of a straight line on a square 
grid. The labelled points of the spirograph correspond to lines passing 
through grid points in the columns considered. A line y = ax + e Is 
represented by a point P In the spirograph, lying e to the left of the 
point 0 (see Fig.3.1). The vertical distance over which the line can be 
shifted without traversing a grid point is equal to the length of the arc 
containing the point P. With spirograph theory, all tools are now 
available to analyze the anlsotropic behaviour of the positional 
inaccuracy in detail. 

3.4.1 The positional inaccuracy in worst case 

The worst case for the positional accuracy S m a x of a line with slope a, 

digitized to a string of n elements, can be found as the length of the 
largest arc in SPIR0(a,n). Using theorem 3.1, the maximum arclength in a 
spirograph is: 

Smax(a,n) - .„{R.L,*H.}gpno((lt1l) (3.32) 

where the subscript indicates the spirograph from which R and L are to be 
taken. This equation can be written in a more convenient form in terms of 
R and L of SPIRO(a,n+l), using the proof of theorem 3.2: 

W 0 ' " 1 " <R+L)SPIR0(a,n+l) 

" I'**1 - l«l *«<«-« iSPIR0(a,n+l) ° - 3 3 ) 

Note that here [ar]/r and \CtX]/3. are the best bounds of cc in the Farey 
series F(n+1) (see theorem 3.5). An algorithm to determine these bounds is 
given In theorem 3.6. 

Fig.3.9 is a plot of S (tt.n) a s a function of a and n. This function has max 
some properties which can be seen from the figure, and which are easily 
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Figure 3.9 The worst ease positional inaccuracy S (cc.n) as a function 
a max J 

of a for n=0 to 5. 
ure 3.10 The average positional accuracy S(a.,n) as a function of a 

for n=0 to 5. 
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proved. Between two fractions of F(n+1), S (a,n) is linear in cc; if a ia 
max 

a fraction — of F(n+1) we have: 

w ? - n > - £ (3-34) 

sr- ( 3 - 3 5 > 
Thus the lines which have the smallest positional inaccuracy are those 
with a slope p/(n+l), and the corresponding accuracy is l/(n+l). 
As an example, consider lines with slope 1/n and n=14. In that case the 
bounds in F( 14+1) are 4/13 <■ 1/TI < 1/3, and eq.(3.331 yields S f—,14] = 

ma xv it ' 
.133. 

3.4.2 The average positional inaccuracy 

S (a,n) given by (3.33) is the positional inaccuracy in the worst case. 
It is also possible to derive the average positional inaccuracy S(a,n), 
defined as the vertical shift that may be applied on average to a line 
segment with slope a,covering n columns without traversing a grid point-
As we have seen in section 2.3.2, a uniform distribution of the lines in 
their polar parameters r and 4> implies a uniform distribution in e. This 
means that the point P in SPIRO(oi,n) representing the line y = ax+e (the 
point lying e to the left of 0) is uniformly distributed along the 
circumference of the spirograph. Hence the length of the arc of the 
spirograph containing P is both a measure for the possible shift and for 
the probability that this shift occurs. So, if the length of the arc 
between i and R i is called dj_, the average positional Inaccuracy S(a,n) 
is: 

S(a,„) - j d.2 . ( tt2+ rL
2
+ 2RLU+r-(n-D) l ^ ^ ^ 

63 

= { (2n+2-J(-r)rta - 2J[a r J £(n+l-i) + [a!.| r( n+l-r) )a + 

*[arj2 + r[a.'(l2 + 2[arJ fail(ttH-*-r) ( S P I R 0 ( c t > n ) 
(3.36) 

where theorem 3.1 was used. Again there is an implicit dependence on a and 
n, and eq.(3.36) is valid for the values of a given in eq.(3.8). Calcul
ation of eq.(3.36) at the bounds of this range yields: 

,(iSL.n)-I and S(lfi>-,n)=i (3-37) 

Theorem 3.5 states that the consecutive bounds for a are successive terms 
of F(n). Thus the first time the fraction — occurs as a bound Is when the 
order is q, and since — is a term of all F(n) with n > q, it will be a 

q p i 
bound for all higher orders. Furthermore, the value of S(-T»n) is q" f o r a 1 1 

n > q. If, in some interval of values for n, the bounds given by eq.(3.8) 
do not change, eq.(3.36) shows that S(a,n) is linear in n for a given a. 

These properties are clearly seen in the plots of Fig.3.10, which give 
S(a,n) as a function of a for several values of n. Note that for all a 

and n: 

s(,,n, > & o.m 

If S(a,n) is needed for some a and n the values of r and I can be obtained 
by the algorithm given in theorem 3,6 



4. Digitization 

Digitization of straight line segments can be considered as a mapping D of 
the set of continuous straight line segments L to the set of discrete 
straight line segments C , conveniently coded by straight strings. The 
mapping of a line £ to its string c was treated in chapter 2. Since a 
string can represent the digitization of several cont inuous lines, the 
inverse mapping is not one-to-one. The 'inverse digitzation' can be 
completely described, however, by specifying the equivalence classes of 
the strings, called domains. 

The domain of a straight string c is defined as the set of all lines whose 
digitization is a given string c. It is the purpose of this chapter to 
derive the 'domain theorem', a mathematical expression for the domain of 
an arbitrary straight string c. 

4.1 REPRESENTATION IN (e(ct)-SPACE 

The study of the digitization D as a mapping requires a representation of 
the set of continuous straight line segments. A very convenient represent
ation is the parameter space of straight lines. This section introduces 
the basic terms and diagrams. 

Definition 4.1: (x,y)~space 
(x,y)-space is the two-dimensional Euclidean plane, with Cartesian 
coordinates x and y relative to an origin 0. 
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A line in (x,y)-space is given by the familiar equation y = ax -f e and is 
thus characterized by two parameters e and a. Such a line is represented 
by a point in its parameter space, called '(e,a)-space' or 
(slope,intercept)-space ([Rosenfeld & Kak 1982]). 

Definition 4.2: (e(a)-space 
(e,a)-space is the parameter space of infinite straight lines 
y = ax + e in (x,y)~space. 

The relationship between the two spaces is thus completely given by the 
formula y = ax + e which is the parameter transformation mapping one space 
into the other. 

Definition 4.3: line-parameter transformation (LPT) 
The conversion of (part of) (x,y)-space into (part of) (e.a)-space , 
or vice versa, by means of the equations 

y = ax + e (4.1) 
e =» -ax + y 

is called the line-parameter transformation (LPT). 

This line-parameter transform is a special case of well-known parameter 
transforms called 'Hough-transforms' [Hough 1962]. Vossepoel & Smeulders 
[1982] computed the integration domains for straight line length estim
ators by a method which is equivalent to using the LPT. 

Applying the LPT to points in (x,y)-space, we find that these are trans
formed to lines in (e,a)~space: the transformation of (x',y') is the line 

e " y' if x'=0 
1 v' a = - — r e + -S- otherwise (4.2) 

Thus a duality exists between points and lines in (x,y)-space and lines 
and points in (e,a)-sDace. This is illustrated in Fig.4.la,b. 

Consider a line, and the corresponding chaincode string. Changing the 
parameters e and a of the line will not always result in a different 
string. For OBQ-digitization, the string only changes if the line sweeps 
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LPT 

Figure 4.1 The duality of points and lines in (x,y)-space and (e,a)-spaae-

over a grid point in one of the (n+1) columns considered. Somewhat more 
generally, the points at which the string changes are defined as follows. 

Definition 4.4: critical point 
A critical point is a point (x,y) ■ (i,v) (where i e Z ) , such that a 
line y(x) = ax + e in the standard situation has a different value for 
the i-th chaincode element, depending on whether v < y(i) < v+e or 
v-E < y(i) < v, for arbitrarily small e > 0-

For OBQ-digitization the critical points are the grid points (see Fig. 
4.2a). For GIQ-digitization they are the points (i,j+^), where i,je Z . 
The LPT-image of a critical point is called a 'border line': 

Definition 4.5: border line 
A border line is a line in (e,a)-space which is the LPT-transform of a 
critical point. 

The border lines divide (e,«)-space into tiles, which are called 'facets' 
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after [Mcllroy 1985]. A sketch of (e5ct)-space and the border lines corres
ponding to critical points in the columns x=0,1,2,3,4 is given in Fig.4.2 
for OBQ-digitization. 

In the standard situation, only lines with a string of which the digiti
zation consists of chaincode elements 0 and/or 1 are treated. All strings 
consisting of at most n elements 0 and/or 1 connect the point (0,0) with 
the points (i,j) given by: 

0 < j < i < n (4.3! 

(see Fig.4.3a). Every one of these points therefore belongs to the digiti
zation of a continuous straight line in the standard situation. The set o 

Figure 4.2 Four columne of discrete pointe in (xfy)-space and the aorre 

ponding LPT-images of the discrete points, in (e,a.)-space. 

all straight lines that are in 'standard situation' are thus the lines 
passing entirely through an area which is the union of the regions of 
sensitivity of these points. With the restriction 0 < x < n, this is a 
trapezoidal area. The lines passing through this area are restricted in 
their parameters e and a., and thus form a region (e, a)-space. In general, 
this region is diamond-shaped. 

For the specific case of 8-connected OBQ-strings, all straight lines in 
the standard situation pass through TRAPEZOID(n), defined by: 

Definition 4.6: TRAPEZOID(n) 
TRAPEZOID(n) is the part of (x,y)-space satisfying 

0 < x < n 
0 < y < x+1 (4.4) 

I t follows from eq.(4.4) that e is constrained by: 0 < e < 1 .Given a 

TRAPEZOID(n) 

DIAMOND(n) 
Figure 4.3 TRAPBZOID(n) and DIAMOSD(n) for- 8-connected OBQ-digitization. 
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value for e, Che minimum slope of a line passing through TRAPEZOID(n) is 
-e/n, and the maximum slope is (n+l-e)/n. Therefore, for S-connected 0BQ-
strings, a line y=ax+e is in the standard situation if its parameters 
(e,a) are in DIAMOND(n) given by: 

Definition 4.7: DlAHOND(n) 
DIAMOND(n) is the part of (e,a)-space satisfying 

0 < e < 1 
- - e < a < 1 + - - - e (4.5) 
n n a 

TRAPEZOID(n) and DIAMOND(n) are depicted in Fig.4.3. Comparing with 
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so 
because the boundaries are border lines corresponding to critical points 
in (x,y)-space. 

4.2 THE FACETS OF DIAMOND(n) 

An understanding of the facets is crucial to the study of the digitization 
of straight line segments. In this section, the shape of the facets is 
studied, then a parametrization is given, and using that parametrization 
quantitative expressions for the facets are derived. 

The first analysis of the facets and domains in (e ,cr) -space was performed 
by computing the parameter constraints on straight lines in (x,v)-space 
[Dorst & Smeulders 1984] . It was followed by an elegant descriptive 
analysis directly in (e,a)-space by [Mcllroy 1985]. The present section 
also performs the analysis in (e ,ct) -space, but along different lines than 
[Mcllroy 1985] . 

4.2.1 A parametrization for the facets 

In this section, the shape of the facets is determined by considering the 
border lines that form their boundaries. 
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The border lines in DIAMOND(n) can only have crossing points which can 
be written as 

Ce'.a') - ( | , i ) (A.6) 

where q, p, k are integers, p/q is any fraction of F(n), and k is an 
integer for which 0 < k < q 

Proof: 
Consider the two (e,a)-lines in DIAMOND(n) which are the images of the 
discrete (x,y)-points (i,j) and (i',j') of TRAPEZOID(n). The inter
section point of these (e»a)—lines is the LPT-image of the (x,y)-llne 
connecting the (x, y)-points, which is the (e,ct)-point 

Let (j'-j) and (i'-i) be called p and q, respectively. Varying i, j, 
I' and j', p and q independently assume all values 0,1,2,..., n. 
Therefore, within DIAMOND(n), p/q assumes all values of F(n), but no 
other values. 
The e-values of the intersections are multiples of 1/q, say k/q. 
Within DIAiiOND(n), k must be an integer in the range 0 < k < q-

QED 

The border lines passing through a particular point are given by the 
following lemma. 

The number of border lines passing through the (e,a)-point (k/q,p/q) 
in DIAMOND(n) Is 

n-s 
q (4-8) 

and these lines have the slopes 

. I _ J_ _ _J_ _ _ J (4.9) 
s ' s+q * s+2q ••■*» s+(M-l)q 

where s is the solution of 

sp = -k (mod q) 

In the range 0 < s < q. (4.10) 

Proof: 
Consider the crossing point (k/q,p/q). From eq.(4.7), it follows that 
P=(i'-i), q=(j'-j), k=(ji'-ij')- This gives: 
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pi = -k (mod q) (4.11) 
which has a unique solution i=s in the range 0 < s < q for every k, 
according to lemma 2.1. Also, when i=s is a solution, so is i=s+mq. By 
lemma 2.1, this is the unique solution in the range [mq,(m+1)q). Since 
varying m accounts for all integers, there are no other solutions but 
those of the form i=s+mq. For points in TRAPEZOID(n), the range of 
possible i-values is 0 <■ i < n. Scanning this range from 0 to n, the 
first solution is s, the last solution is s+{(n-s)/q]q. The number of 
solutions is thus given by eq.(4.8). By eq.(4.2), the slope 
corresponding to a solution 1 is -1/i, and the theorem follows. 

QEÜ 

Let us define a function L(x), pronounced 'last x', as follows. 

Definition 4.8: L(x) 
L a(x) is defined as 

w° - x + L 2 ? } c' 
where q and n are integers, and 0 < q < n. 
If no confusion is possible L a(x) Is abbreviated to L(x). 

With this definitions the two extreme slopes in eq.(4.9) are -l/s and 
-1/L(s). 

Using lemma 4.2, the shape of the facets can be determined. 

Theorem 4.1 
The facets of DIAMOND(n) are either triangles or quadrangles with two 
vertices at the same value of a. 

Proof: 
Consider a facet, and an (e,a)-line a = p/q, chosen such that it cuts 
the facet boundary twice, at least once through a vertex point. By 
lemma 4.1, p/q is an element of F(n). Let these cutting points be 
called A and B, in order of ascending value of e. Since the facets H e 
completely at one side of any of the border lines, they are convex. 
Thus three situations are possible, sketched in Fig.4.4a, depending on 
whether only A, both A and B, or only B are vertices of the facet. 
Let maximum slope of a border line of DIAMOND(n) passing through A be 
-l/s, and the maximum slope of a border line passing through B be 
-1/t, then by lemma 4.2 the minimum slopes of border lines passing 
through these points are -1/L(s) and -1/L(t). Also s, L(s), t and L(t) 
are Integer. We have s < L(s) and t <■ L(t), and i{s*L(s) A t*L(t)}, 
for otherwise neither A nor B would be a vertex point. It follows from 

73 

Figure 4.4 To the proof of theorem 4.1: a facet intersected by a line 
a =£, 

q 

lemma 4.2 that all border lines passing through A or B have slopes 
-l/(s+mq) or -l/(s+£q), respectively (where ra and I are integers). So, 
if s * L(s) then L(s) > s+q > q > t and, similarly, if t t L(t) then 
L(t) > s. Therefore in all three cases the border lines with slope 
-l/s and -1/L(t) intersect in a point C at some a > p/q , and the 
border lines with slopes -1/L(s) and -l/t in a point D at some cc_ < 
p/q (see Fig.4.4b). 
At a=p/q, the facet is thus split into two parts bounded by converging 
straight lines. Since this can happen at only one value of a. t there 
are no other vertices on these lines between f*=p/q and a , or between 
a and a_. Therefore, the facets are in general quadrangular, with two 
vertices at a=p/q. The quadrangle may degenerate to a triangle if two 
of its sides are coincident. In that case, there is only 1 vertex 
at a=p/q. 

QED 

Since a facet has its largest e-diraension at a unique value p/q of a, a 
facet of DIAMOND(n) can be identified by the q,p and k of the leftmost 
point at a=p/q. For reasons which will become clear later, it is prefer
able to use s defined by eq.(4.l0) instead of k. This is allowed, since 
every k leads to a unique s, and vice versa, by lemma 2.1. 
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Definition 4.9: FACET(n,q,p,s) 
FACET(n,q,p,s) is the facet of DIAMOND(n) with widest e-diroension at 
a = — , and of which the upper left border line has a slope -1/s. All 
points of the right border lines are excluded from FACET(n,q,p,s). 

Note that not both the left and the right border lines can be included in 
FACET(n,q,p,s), since then some (e,a) points would be allotted to two 
facets. The choice in definition 4.9 was determined by the inclusion and 
exclusion of the boundary of DlAMOND(n). 

4.2.2 The facets quantified 

Using the properties of the border lines and the corresponding critical 
points, the vertices and border lines of FACET(n,q,p,s) can be computed. 

Theorem 4.2 
The border lines bounding FACET(n,q,p,s) are the lines given by 
y = ax.+e, where (x^y^) are the the critical (x,y)-points: 

L(t) 

U o . O 

» - (xR,V - ( Us, , [ M | ) 

(4.12) 

and t is bijectively related to s by 

tp = (sp-1) (mod q) (4.13) 

With the labels Indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD) 
and R=LPT(AD). 

Proof: 
By lemma 4.1, the left vertex of FACET(n,q,p,s) at a=p/q can be 
written as (k/q,p/q), where k is related to s by eq.(4.10): 
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s - -k(mod q). (4.14) 
Using the requirement 0 < k < q, k can be expressed in terms of s: 

The border line passing through this vertex with slope -1/s corres
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-value is 
found by substituting (e,a)=(k/q,p/q) in the LPT-formula y=ax+e , 
noting that x=s. This gives critical point P. R is derived similarly. 
The right vertex is the point ((k+1)/q,p/q), if a solution exists of 
the equation 

ip - -(k+l)(mod q) (4.16) 
which is the counterpart of eq.(4.14). By lemma 2.1, a solution in the 
range 0 < i < q exists. Calling this solution t, it is found similar 
to eq.(4.15) that 

SE£L[_ a t ! } , (4.i7) 

By lemma 4.2, the maximum and minimum slopes of the border lines 
intersecting in C are -1/t and -1/L(t), respectively. These correspond 
to the points Q and S, by the LPT-formula eq.(4.1). 
It follows from eq.(4.16) and eq.(4.17) that t and s are related by 
eq.(4.13). The bijectivity follows from lemma 2.1. 

QED 

One can also specify the FACET(n,q,p,s) by its vertices: 

Theorem 4.3 

(4 .18 ) 

FACET(n,q,p ,s) has the v e r t i c e s : 

L ( t ) - s L ( t ) - s 

| q I q q ' 

B = ( pËÜ"] - ï i , £ ) 

L(s ) - t L(s ) - t 

related by the LPT to lines through the critical (x.y)-points S, P, Q 
and R by: A=LPT(PR), B=LPT(QS), C=LPT(PS), D-LPT(QR). 

Proof: 
This follows immediately from theorem 4.2 and eq.(4.7). 

QED 
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With either theorem 4.2 or theorem 4.3, the FACET(n,q,p,s) is described 
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)-
space, and A, B, C, and D in (e,a)-space. Fig.4.6 gives the facets in 
DIAMOND(n), for n=l,2,...,6. The facet labels are explained in the 
following section. 

Figure 4-5 a) A discrete tine segment in (xfy)-space (op. Fig.2.6) 
All continuous lines passing through the shaded area have 
the same string and hence belong to the same domain. 

b) Schematic dvwssing of the domain and its LPT-image. 
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4.3 THE DOMAIN THEOREM 

Consider a line y=ax+e, which has a certain string C. Changing e and a t 

the chaincode string will change if the line traverses a critical point. 
In (e ,a)-space, the line is represented by an (e,cr)-point , and the change 
in e and a by a movement of that point. The line traversing the critical 
(x,y)-point thus transforms to an (e,a)-point moving over the LPT-image of 
the critical point. This is one of the border lines in DIAMOND(n), bound
ing the facets. 

Therefore, if a change in the chaincode string occurs, a facet boundary is 
traversed and since the (e,a)-transform is bijective the converse is also 
true. This implies that the facets are sets of (e,a)-points corresponding 
to lines which all have the same chaincode string C. Such a set of lines 
is called the domain of the string C, denoted by DOMAIN(C). 

Definition 4.10: DOMAIN(C) 
The set of points in (e,a)-space representing all (x,y)-lines whose 
digitization is a given straight string C Is denoted by DOMAIN(C). 

The lemma connecting facets with the domains of straight strings is: 

Theorem 4.4 FACET(n,q,p,s) = D0MAIN{DSLS(n,q,p,s)} 

Proof: 
First, it is proved that the interior of FACET(n,q,p,s) belongs to 
DOMAIN{üSLS(n,q,p,s)] 
By eq.(2.30), a line with digitization DSLS(n,q,p,s) is: 

A : y = ̂ <x-s) + |^~| (4.19) 

The LPT-image of this line is the point A of eq.(4.18), which belongs 
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over 
a small amount e does not change Its digitization: 

[**-*>+ [tlJ ■ L^->+ H+ \^\\ - lj<*-6>+ PC1J 
where the final transition follows for ep/q < 1/q. 
This Implies that the point A and points just to the right of A belong 
to DOMAIN(n,q,p,s). The points to the right of A are in the interior 
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical 
points, indicate all possible chaincode changes, it follows that the 
interior of FACET(n,q,p,s) belongs to DOMAIN{DSLS(n,q,p,s)). 
Next, the inclusion and exclusion relations for the border lines of 
the domain are considered. 



Figure 4.6 The facets in DIAMOND(n)t with the strings of which they are 
the domains ind.ico.ted, for n=l to 6. 
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1 d 

Figure 4.6 (continued) 

http://ind.ico.ted


Consider the line JL = LPT(A) , defined in eq.(4.19), which belongs to 
DOMAINJDSLS(n,q,p,s)} ■ T h e critical points P and R are on I since 
their LPT-images Intersect at A» The critical points Q and S are above 
this line, since their LPT-images intersect at 8 and eB>eA . Therefore 
Q and S cannot be points of the digitization of I. This implies that 
an (x,y)-line passing through the critical point S or Q has a differ
ent digitization from I. In (e,a)-space, this implies that an (e,a)-
point on the border line corresponding to S and Q does not belong to 
DOMAIN(üSLS(n,q,p,s)). This agrees with definition 4.9. 
The points on the left border lines of a facet are on the right border 
lines of another facet. Since they are excluded from the domain whose 
interior is the facet to the left, they belong to the domain whose 
interior is the facet to the right. These (e,a)-lines correspond to 
rotated lines through the (x,y)-points P or R. For small rotation 
angles these lines generate the string DSLS(n,q,p ,s). 
Therefore interior and boundaries of DOMAIN{DSLS(n,q,p,s)} are ident
ical to those of the facet FACET(n,q,p,s), and the theorem is proved. 

OED 

3 3 
Table 4.1 Strings of the line Y ~ ■= x + j , for increasing n. 

The quadruple (ntq9p,8) and the 4 points determining the 
domain are ind.ioo.ted. Tlie lines marked with A correspond to 
triangular domains since either s=L(s) or t-L(t). 

string 

1 
10 

100 
1001 

10010 
100101 

1001010 
10010101 
100101010 

(n,q,p,s) 

(1,1,1,0) 
(2,2,1,1) 
(3,3,1,1) 
(4.3,1,1) 
(5,3,1,1) 
(6,5,2,1) 
(7,5,2,1) 
(8,7,3,1) 
(9,7,3,1) 

L(s)L(t) 
B V t V 

0 1 0 1 
1A1 0 1 
1A1 0 3 
1 4 0 3 
1 4 0 3 
1 6 3A3 
1 6 3A3 
1 3 3A3 
1 8 3A3 

C A B D 

(0/1,2/1) (0/1,1/1) (1/1,1/1) (1/1,0/1) 
(0/1,1/1) (1/2,1/2) (1/1,1/2) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 

n-l n = 2 n = 3 n-4,5 n=5,6 n-8,9 

Figure 4.7 The decrease in size of the domains of the strings corres-
3 , 3 
7X+V 
3 3 

ponding to the line y = -j x + ̂, with increasing n. 
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In Fig.4.6, DlAMOND(n) for n=l to 6, is drawn, with the strings of n 
elements Indicated in their domains. 

For calculations later in this thesis, the domain theorem is now presented 
In a more convenient form. First, some abbreviations are defined. 

Definition 4.11: P-4-, <U, P-, q_ 

r«i ' . -m-RM <,-««-
(4.20) PUs) _ tp+1 I 

—r-\ |—I > -u-u.)-* 
With theorem 4.2, the domain can be expressed in the following form: 

Corollary 4.1 
All lines y=M+e whose digitization in the columns 0 < x < n is the 
string DSLS(n,q,p,s) given by: 

Ci " [^1- = )J "|j<i-S-l>J i-1,2 n 
are given by the following constraints on slope a and intercept e: 

1) P_/q_< a < p +/ q + 

2) ^ - s a < e < f M ü £ ± L J . L(t)cc i f p/q < a < p /q 

pte2E| - U s ) 0 < . < p o . " ! _ ta lf p_/q< „< p/q 

This theorem identifies continuous line segments, given a string. [Hcllroy 
1985] gives algorithms for the converse approach, where one identifies the 
string, given a continuous line segment. 

Fig.4.7 and table 4.1 give an example of the strings and domains for the 
line y= — x + —, for increasing n. 

http://ind.ioo.ted
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4.4 SPIROGRAPHS AND (e,a)-SPACE 

This section derives the relation between the representation of straight 
lines by spirographs and in (e,a)-space. An interesting result of spiro-
graph theory to (e,a)-space is the derivation of the number of straight 
strings consisting of n chaincode elements 0 and/or 1, by counting the 
number of facets in DIAMOND(n). 

4.4.1 A line in (e,a)-space 

The connection between spirographs and (e,a)-space is given by the 
following theorem, illustrated in Fig.4-8. 

Figure 4.8 The spirograph SPIRO(a',n) is a line <x=tf' in (e,a)-epa<se. 
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Theorem 4.5 
The circumference of the spirograph SPIRO(cc',n) is the line a = a' in 
DIAMOND (n) in (e,cc)-space, with periodic boundary conditions on e in 
the interval [0,1). The points on the spirograph correspond to the 
intersection of a=a' with the border lines in DIAMOND(n). 

Proof: 
SPlR0(a,n) contains the projections of the discrete points of n 
columns of the grid, projected along a line with slope a (fig.3.1). A 
discrete point <i,j) is therefore represented by a point at a distance 
e = (j-ia) to the left (anti-clockwise) of the point 0 in SPIR0(a,n). 
Rewriting this to: j = ia+e, it is seen that the value of e for a 
fixed value of a is just the value also given by the LPT of the 
critical point (i,j). Thus at fixed a=a' the spirograph contains the 
intersections of the border lines in (e,ct)-space corresponding to the 
critical points in n columns of the grid. The periodicity in e implies 
that only the points in TRAPEZOID(n) need to be considered. Therefore, 
the circumference of the spirograph is identical to the line a=a' 
in (e.a)-space. Periodicity in e in the interval [0,1) follows from 
the circularity of a spirograph. 

QED 

This relation with spirographs immediately leads to the following theorem 
(first described in [Mcllroy 1985]): 

Lemma 4.3 
The vertices C, A(or B) and D of a facet lie at three consecutive 
fractions in F(n). 

Proof: 
Consider a line a=a' in DIAMOND(n), corresponding to SPIR0(a',n). The 
point order of this spirograph is the same as for all spirographs with 
an a satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this 
means that moving upwards or downwards with a, the first traces to 
cross are those corresponding to the boundaries [arj/r and faJLl/A . 
Thus, in a strip of DIAMOND(n) around a = a' containing the part of 
DIAMOND(n) satisfying [ccrj/r < a < \a$.]/l there are no intersections 
of border lines• Theorem 3.5 shows that these bounds for the strip are 
consecutive fractions in F(n). 

QED 

Indeed the expressions of the vertices of FACET(n,q,p,s), as given in 
theorem 4.3 satisfy lemma 3.5: 

P + q - p q + M U O - s J p + f p ^ H ^ l q 
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1. The Crooked Straight 

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES 

In digital image processing, the continuous world is imaged by a sensor 
consisting of discrete elements, usually placed In a regular array. Under 
exceptional circumstances, the discrete image that results allows a 
perfect reconstruction of the original scene; generally, however, such a 
reconstruction is impossible. 

In digital image analysis, perfect reconstruction is often not even 
desired. Rather, the idea is to reduce the wealth of data present in the 
image to a limited set of properties or features, which can then be 
analyzed further. For some of these properties, perfect measurement is 
possible, If appropriate precautions are taken (for Instance, the number 
of objects can be determined exactly from the image of a scanner with a 
resolving power of half the size of the smallest object). Other propertie 
can only be determined approximately, and are obtained by estimation 
rather than measurement. 'Size' is such a property. 

Length is the one-dimensional measure of size, and therefore one of the 
most basic quantified qualities an object can possess. Since the distance 
between two points of the image is the length of a straight line segment 
connecting these points, a study of good length estimators for discrete 
straight line segments is fundamental to image analysis. Such a study 
turns out to be less trivial than one would expect. 

The complementary situation to image analysis occurs in computer graphics 
Here, the intention is to display discrete image data such that the 
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Hgure UI A straight line segment connecting two points P and. Q in the 
2-dimensional plane E2

} endowed with the standard topology 
of R2 and with the Euclidean metric* 

resulting discrete image closely resembles the continuous scenes the 
observer is used to, A basic property of continuous scenes is their 
isotropy: the representation of a rotated object is identical to the 
rotated representation of an object, independent of the rotation angle. In 
discrete images this is not the case. One of the annoying anisotropic 
effects that occur is that the accuracy of representation is strongly 
dependent on the orientation of the object relative to the grid of the 
discrete image. Straight lines are the simplest 'objects' having an 
orientation. Also, they are the obvious primitives from which more complex 
figures can be formed. An understanding of their properties is therefore 
basic to computer graphics. 

This thesis is a study of idealized discrete straight lines and line 
segments. It has the form of a mathematical study, deriving theorems on 
basic properties of discrete straight lines. The central issue is always 
the connection between discrete straight line segments and continuous 
straight line segments. 

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS 

More than two millennia ago, Euclid introduced straight lines by an 
axiomatic approach and made them the basic elements of his geometry 
[Euclid -348]. It took till last century before it was realized that his 
axioms are not sufficiently precise to define straight lines uniquely; 
other 'objects' , not corresponding to the intuitive notion of a straight 
line in continuous space, also obey the postulates. The modern approach is 
therefore different from Euclid's. 

From the modern point of view, a continuous straight line segment between 
two points in some continuous space is an arc of extreme length connecting 
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these points; here an 'arc' Is a connected series of continuous points. 
'Straight line segment' is thus a fairly complicated concept: it requires 
a space with a well-defined topology (specifying neighbourhood relations 
between points, and hence 'connectivity') and a metric (providing a 
measure of 'length'), see Fig. 1.1. 

A discrete counterpart of this continuous definition could be used to 
define discrete straight line segments: in discrete spaces, a discrete 
straight line segment between two points is a discrete arc of extreme 
length connecting these points, where a discrete arc is a connected series 
of discrete points. This is not the approach that is usually taken, 
however. The reason Is that it is difficult to define a metric such that 
the discrete straight line segments determined by it correspond to the 
intuitive idea one has of a discrete straight line segment (Fig.1.2). This 
intuitive idea Is that a discrete straight line segment between two points 
is a series of discrete points that 'lie close to' the continuous straight 
line connecting these points. Usually, it is this closeness that is taken 
as the definition, and that is also the approach of this thesis. Although 
it is not necessary to define discrete straight lines by a metric, the 
topology of the discrete space is a necessary prerequisite for the 
definition of a discrete arc. 

Discrete straight lines are defined in a discrete space. In this thesis, 
all discrete spaces that will be considered are two-dimensional, periodic 
arrangements of discrete points, and called regular grids. These regular 
grids are homogeneous since all points and their surroundings are equal. 

1 1 — 1 | 

1 1 — 1 | — ( i 

■—i—n 

1 1 — 1 1 — 1 1 — i i 

1 

I I — ( | 

i — 1 — ( i 

Figure 1.2 a) A discrete straight line segment 
b) Not a discrete straight line segment 



Figure 1.3 The topology for various grids. 
a) 8-conneeted square grid. 
b) 4-connected square grid 
c) 6-aonnected hexagonal grid 

The topology (connectedness) of such a discrete space can therefore be 
defined simply by specifying the neighbours of a typical point. 
Restricting ourselves for the moment to square and hexagonal grids, common 
neighbourhoods are the 4~connective and 8-connective neighbourhood for the 
square grid, and the 6-connective neighbourhood for the hexagonal grid 
(see Fig.1.3). As the simplest symmetrical topologies possible, these 
connectivity schemes are in common use. 

A discrete arc is a sequence of simply connected discrete points. For 
convenience, such an arc is often Indicated by a series of vectors: 
starting at an endpoint of the arc, the next point is indicated by a 
vector pointing to it, and so on for all points. When these vectors are 
encoded by a chaincode scheme [Freeman 1970] , one obtains a chaincode 
string. The chaincode schemes for the 3 grids mentioned before are 
depicted In Fig.1.4. 

In contras t to the continuous case, there are several discrete straight 
line segments connecting two discrete points. This Is the result of the 

0 2«s§- ■ 0 3<3- -o 0 

Figure 1.4 Chaincode schemes for the regular grids of Fig.1.3. 
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Figure 2.5 Examples of regions of sensitivity for the grids of Fig.1.3. 

vagueness of the intuitive notion of a discrete straight line segment: if 
one allows the discrete line segment to lie 'close' to the continuous 
straight line segment, the discrete points it connects can be chosen such 
that they lie 'close' to the continuous points that the continuous line 
segment connects. To make the definition unique, one has to specify the 
closeness carefully. 

In order to do so, let us introduce the region of sensitivity of a point 
P. It is a region of points near P, such that if a continuous arc passes 
through this region, then the point P belongs to the discrete arc 
representing the continuous arc Examples of regions of sensitivity for 
the 3 topologies mentioned before are indicated in Fig.1.5. In that 
figure, the regions of sensivity are symmetrical around the grid points, 
and so the points of the discrete line segment will lie around the 
continuous line segment. Encoding the points by the appropriate chaincode 
scheme, a chaincode string of a very particular structure is obtained. We 
will call a string obtained from a continuous straight line segment a 
straight string. An example is indicated in Fig.1.6a, where a discrete 
straight line segment is drawn connecting the points (0,0) and (6,16). The 
corresponding straight string is, in the encoding according to the scheme 
of Fig.1.4a, 0100101001001010, indicated in Fig.1.6b. 

1.3 STRAIGHT STRINGS 

Independent of their connection to continuous straight line segments, 
straight strings can be characterized by means of the linearity conditions 
- these are the necessary and sufficient conditions a straight string has 
to satisfy in order to be (possibly) derived from a straight line segment 
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In R . A first attempt at the formulation of these linearity conditions 
can be found in [Freeman 1970], and a more exact version in [Brons 1974]. 
Later, [Wu 1982] proved the necessity and sufficiency. 

Another way to characterize discrete straight lines is as arcs having the 
chord property [Rosenfeld 1974]. This property effectively means that all 
continuous straight lines connecting two arbitrary points of the discrete 
straight arc lie 'close' to all discrete points of the arc (an example is 
given in Fig.1.6c). Though this corresponds well with the Intuitive notion 
of a discrete straight line segment, it is a cumbersome property to test. 
[Kim & Rosenfeld 1982] present an algorithm testing linearity of strings 
by the chord property, using the convex hull algorithm. 

The linearity conditions specify the structure of a straight string. This 
structure is closely related to number theoretical aspects of its slope, 
and its study is not new: a paper in latin (sic!) by [Christoffel 1875] 
derived many results that can now be interpreted in terms of the structure 
of straight strings. The relation between a string and rational 
approximations of its slope is schematically indicated in Fig.l.6d. The 
line in Fig.1.6b, connecting the points (0,0) and (6,16), has a slope of 
6/16. Good rational approximations of this fraction are, in order of 
increasing denominator, 0/1, l/l, 1/2, 1/3, 2/5, 3/8. The strings 
corresponding to lines with these slope are drawn in Fig.l.öd. Comparison 
with Fig.1.6b shows that these strings are all part of the string with 
slope 6/16. The exact relationship will be treated later. 

Note that the string 0100101001001010 given above consists of two types of 
chaincode elements, of which one occurs isolated, and the other in runs, 
consecutive series of the same element. This allows a description of a 
straight string on a higher level than just based on individual string 
elements. It turns out that these runs themselves again appear In isolated 
runs, and in 'runs of runs', and so on, recursively. [Brons 1974] has used 
the relation between discrete straight lines, straight strings, and 
fractions to give a generating algorithm, producing the recursive 
structure of a straight string, using the well-known continued fraction 
algorithm from the theory of numbers. 

Q 0 
3a ^ y 

/-' 

figure 1.6 a) The discrete line segment corresponding to the continuous 

straight line segment connecting (0,0) and (16,16) on an 8-

connected square grid, with the region of sensitivity of 

Fig.1.5a. 

b) The chaincode string corresponding to this line segment. 

c) The chord property. All continuous line segments connecting 

discrete points should pass through the region indicated. 

d) Strings corresponding to lines with slopes that are good 

rational approximations to 6/16. 
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS 

In image analysis, the assessment of 'distance' is of prime importance. 
Since distance (through the conventional use of a Euclidean metric) Is 
measured as the length along a straight line segment, length estimators 
for discrete straight lines deserve a careful study. The use of a grid 
implies that distance assessment can not be done Isotropically: these 
anisotropic effects should be part of this study. Another reason why 
estimators for properties of discrete straight line segments are of 
interest to image analysis is that these segments may actually occur at 
some stage of an analysis, either as the digitization of a continuous 
straight line segment, or as a locally straight part of the digitization 
of a more arbitrarily shaped continuous contour. One is then interested in 
estimators for the properties 'length' and/or 'slope'. 

If the discrete straight line segment is considered to be the digitization 
of a continuous straight line segment, it will be called a digitized 
straight line segment. The use of this word implies that there is a 
continuous reality, and the aim In this thesis will be to reconstruct 
(part of) this original reality from the discrete data available. It will 
be clear that an exact reconstruction of a continuous straight line 
segment from its digitized image is impossible. Many continuous straight 
line segments are digitized to the same straight string and digitization, 
therefore, is a one-to-one mapping without an inverse. The set of all 
continuous straight line segments which are mapped onto the same string c 
is called the domain of c. The study of this domain is central to the 
study of estimators for properties of straight line segments since the 
continuous line segments in the domain of c vary in length. It is 
intrinsically impossible to give a precise measure for the length of c. 
The best one can do is to give a good estimate of the length corresponding 
to the string, minimizing some specified error criterion. 

Many chaincode length estimators have already been given, ranging from 
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via 
simple unbiased estimators for the length of the continuous arc 
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous 
straight arc [Vossepoel & Smeulders 1982]. 
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1.5 THE GOAL AND CONTENTS OF THIS THESIS 

The main goal of this thesis is to derive accurate estimators for 
properties of digitized straight line segments, such as length. These 
estimators are 'optimal', in the sense that they minimize the difference 
between the estimate and the value of the property for the original 
continuous line segment, according to some criterion. To achieve 
optimality, a careful study of the digitization and measurement process 
for straight lines is required. 

An important step towards quantification is a suitable representation of 
the continuous straight line segments and of their discrete counterparts. 
Chapter 2 introduces the parametrizations which form the descriptive 
framework for the sequel. 

The structure of a straight line segment is treated in chapter 3. The 
relation with number theory leads to quantitative measures for the 
anisotropy of the representation of straight strings. 

Next, in chapter 4, the digitization is studied as a mapping, and the los 
of information it entails is quantified. Other information reducing 
mappings are often used in estimation; they are treated in chapter 5. 

Estimators for properties are formulated for several criteria in chapter 
6. Chapter 7 compares all known length estimators for discrete straight 
line segments, both theoretically and experimentally. 

Parts of this thesis are already contained in a number of publications on 
digitized straight lines- [Dorst & Duin 1984] treats the structure and 
isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulders 
1984] provides the parametrizatlon of strings as in chapter 2, and the 
analysis of the digitization process. Chapter 4 contains a new proof for 
the main result of this paper. [Dorst & Smeulders 1986] derives the 
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief 
preview of the comparison of length estimators in chapter 7. 



2. Parametrization 

2.1 THE STANDARD SITUATION 

Consider the situation sketched in Fig.2.1, where part of an infinite 
straight object boundary is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the 
object, others are in the background (points just on the continuous 
boundary are considered to be object points). The exact location of the 
continuous boundary Is unknown; the best one can do is estimate the 
boundary position from the digitized data. Obviously, only points near the 
boundary are of interest. 

In object boundary quantization (QBQ) , the object points with at least one 
neighbour in the background are considered to constitute the digitized 
boundary. If the grid is assumed to be 8-connected, then there is a main 
grid direction such that there is only one digitization point in every 
column in that direction. Introducing Cartesian coordinates on the grid, 
with this direction as x-axis, the continuous straight boundary is given 
by the familiar equation 

y(x) = ax + e (2.1) 

with a the slope and e the Intercept of the line. The origin of the 
cartesian coordinates is chosen In a grid point, such that 

0 ^ e < 1 (2.2) 

The digitization points corresponding to the line eq.(2.1) are given by 
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Figure 2.1 OBQ: Ob jent Boundary Quantization. 
A straight object boundary on an 8-conneated square grid and 
the chaineode string representing it. 

OBQ: ( i , j ) = U , [ y ( i ) J ) (2 .3 ) 

Here |_.J indicates the floor function, with |_xj (pronounced 'floor x') the 
largest integer not larger than x. We will also need the ceiling 
function [."], where fx] (pronounced 'ceiling x') is the smallest integer 
not smaller than x. Floor and ceiling are thus defined by 

Definition 2.1: LxJ and fxl 
LxJ : x-1 < [xj < x and LXJ <=- Z 
fxl : x < fx] < x+l and fx] e Z 

(2.4a) 
(2.4b) 

The chaineode string corresponding to the digitization points of eq.(2.2) 
is given by 

|_yU)J - |_y(i-i)J (2.5) 

For lines in the circumstances considered, the c± are either 0 or 1 (note 
that this does _not_ imply 0 < a « 1 ! ) . For reasons that will become clear 
later, this property is considered as the definition rather than as a 
consequence of the situation: 
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Definition 2.2: standard situation 
Consider a line on a Cartesian square grid, with equation 

y(x) = ax + e 
with 0 < e < 1 . Further, a is such that the OBQ-digitization points 
are encoded by an 8-connected chaineode scheme into a string 
consisting only of codes 0 and/or 1. Such a line is said to be in the 
standard situation. 

In this thesis, all results will be derived for this standard situation. 
In the next section it will be shown that many other situations with lines 
on regular grids can be transformed into this situation. 

2.2 NON-STANDARD SITUATIONS 

2.2.1 Giq-digitizatlon 

The definition of the standard situation is based on OBQ-digitization, a 
type of digitization Inspired by the circumstances of image analysis. This 
type of digitization results in digitization points that lie consistently 
on one side of the continuous straight line considered. In computer 
graphics one prefers the digitized points to lie 'around' the continuous 
line and the most common digitization in this field Is therefore grid 
intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid 
point at each crossing by the continuous line of a grid row y=j (jeZ) or 
column x=i (i^Z) is assigned to the digitization (Fig.2.2a). For straight 
lines, this is equivalent to assigning those grid points to the digitized 
line which are nearest (in the sense of their absolute euclidean distance) 
to the continuous line. This is seen from the similar triangles in 
Fig.2.2b: the points chosen by GIQ are closest to the line, both when 
measured along the principal directions of the grid, and when measured 
along lines perpendicular to the continuous line. Again restricting 
ourselves to the line in the first octant, given by eq.(2.1), the GIQ-
points are given by 

GIQ: (i,j) = (i,[y(i)]) (2.6) 
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.LP 

AD:CE=AB:CB 
Figure 2.2 GIQ: Grid Intersection Quantization. 

a) At each, intersection of the continuous line with a discrete 
row or column, the closest grid 'point is attributed to the 
discrete straight line segment. 

b) The equivalence of minimal distance along major grid lines, 
and minimum -perpendicular distance* 

where [x] indicates the 'nearest integer' function', defined by 

Definition 2.3: [x] 

[xj : X-% < [x] < x+fc and [x]e ] (2.7) 

Comparing with (2.4a) it is seen that [x] = [x+^J , and thus 

[y(i)] = ly(i)Hj = L«i + (e-H)j (2-8) 

This means that GIQ-digitzing the line y = ax + e is the same as OBQ-
dlgitizing the line y = ctx + e', with e' = (e+^). Since this 
transformation of QIQ to OBQ is a bisection (one-to-one and invertible), 
the solution to some problem with an OBQ-digitized straight line can 
immediately be applied to a similar problem with a GIQ-digitized line. 

2.2.2 Other 8-connected regular grids 

Until now only square grids were considered. However, there are many 
circumstances in image analysis where the grid of pixels does not 
correspond to a square grid, but to the more general regular grid. 

In a square grid, let e and e_ be the basic vectors [_) and (.); the 
vectors corresponding to the 8-connected chaincode elements 0 and 1 are 

angle $. The vectors corresponding to the 8-connected chaincode elements 0 

and 1 are then given by e' and (e'+e'), respectively. 

The figure shows that the square grid and its chaincode vectors is mapped 

onto the regular grid and its chaincode vectors by the transformation 

matrix 

h v cos4> 
0 v sin<t 

(2.9) 

The line £ in the square grid defined by eq.(2.1), or 

*< r;)-(°e)^(l) (2.10) 

transforms to Jt' = TA given by 

0 
V : ( eji sintE 

av'hTva + cosii> 

1 
sin4> (2.11) 

h/va -f- costj) 

Conversely, a regular grid can be mapped onto a square grid by the inverse 

V 

F%qure 2.3 a) A line on an 8-connected square grid. 
b) A similar situation on a regular grid. 
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transformation T 

r l/h - l / ( h Can*) 
1 0 l / ( v sin<|>) ( 2 . 1 2 ) 

which transforms a line V in the skew grid 

Figure 2.4 Equivalence of situations on several 
a) 8-aonnected square grid 
b) 4-aonneated square grid 
e) S^eonneated hexagonal grid 

regular grids. 
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( t) = t ?.)+*' ( i.) C2.13) 

0 1 
I : ( ê  ) + |i» ( hc^ ) (2.14) 

(sin$ - a'cos<!>) v(simj> - a'cosiJO 

In the above, no use was made of specific properties of a particular 
digitization procedure. Hence, the above treatment applies to both OBQ and 
G1Q digitization. Because of this bisection relation between a regular 
grid and the square grid, only the square grid needs to be considered. 

2.2.3 Other connectivities 

Not only 3-connected chaincode strings have been used in the literature, 
but other schemes as well. Common are the 4-connected and 6-connected 
schemes depicted in Fig.l.4b,c 

By means of the 'column'-concept introduced by [Vossepoel & Smeulders 
1982], all schemes can be transformed to the standard situations. The 
basic idea is similar to the transform T of the previous subsection. The 
basic vectors e' and e' of the skew grid are now defined by the 1 £ + 
requirement that the code vectors 0 and 1 are represented by e' and 
(e' + e') . This defines the transformation T as in eq.(2.9): for the 4-

connected scheme, <t> = 3TI/4 and for the 6-connected scheme § = 2it/3 . Thus, 
for the digitization of straight lines, grids with other connectivity 
schemes can be transformed to the square grid with 8-connected chaincodes, 
see Fig.2.4. 

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS 

2.3.1 The (ate,€,6)-parametrization 

A continuous straight line segment is characterized by 4 real parameters, 
corresponding to 4 degrees of freedom. In a Cartesian coordinate system, 
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the line segment connects two points (x^y-^) and (Xo*??^' T h ü S c h e 

quadruple (xx ' yl'x2' y2-) cou]-d b e u s e d a s clle parametric description of a 
continuous straight line segment. However, in this thesis another 
parametrization is preferred since it facilitates treatment of lines in 
the standard situation. 

First, note that any continuous straight line segment can be considered to 
be a part of an infinite continuous straight line with equation 
y = ax 4- e. These two parameters e and a will be used in the 
parametrization of the segment. Second, in the standard situation, the two 
endpoints of the segments have different >:-coordinates. Therefore, if the 
x-coordinate c, of the leftmost end point, and the difference in x-
value 6 of the two endpoints are used as the other two parameters, the 
parametrization is well-defined for lines in the standard situation (Fig. 
2.5a). 

Definition 2.4: CSLS(a,e,£,6) 
CSLS(a,e,£,<5) is the continuous straight line segment connecting the 
points (x1,y1) = (^,a^+e) and (x«,y2) = (̂ +6 ,a(£+o)+e). 

T 

t' 
\ 

\ -p. 

' A : 1 | 

e] ' 

'Li ! 
't* fc-l 

Figure 2.5 a) Parametrization of a oontinuous straight line segment by 
fe,a,£,6J. 

o) The relationship of (e>atZ,6) to the uniformly distributed 
parameters ('PJ$>L.T) . 
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2.3.2 The distribution of line segments 

Sometimes our interest is not in properties of a specific continuous 
straight line segment, but in the expected value of a property over an 
ensemble of these segments. In that case the probability density functions 
of the charac terIzing parameters are needed. 

In many problems in practice, there is, a-prlori, no preferential 
orientation, position, or length of the segments to be expected. All 
calculations will therefore be based on a distribution that Is isotropic 
(no preferential orientation), homogeneous (no preferential position) and 
uniform in length (no preferential size). 

Consider first an infinite straight line y = ax +e. Isotropy implies a 
uniform distribution of the lines in <\> = atan(a). Homogeneity on the grid 
implies a uniform distribution In the distance r of the line to the 

2 
origin. From Fig.2.5b one can see that r = e//(l+0f ). Thus the probability 
density p(e,ct) becomes: 

p(e,a) = 
ör <H_ 
o~e~ Oe 
Ör Ö4> 
15a" 5a 

p(r,<t>) - c x ( H « 2 ) 

where c-, equals /2, following from the normalization condi 

1 1 
ƒ ƒ p(e,a) de da = 1 

0 0 

(2.15) 

(2.16) 

Later, in eq.(4.5), it will be seen that this normalization needs a slight 
modification, in that the upper and lower bounds on a for lines in the 
standard situation are -e/n and (n+l-e)/n instead of 0 and 1. The 

«V {4n2+l) - n + 7!- + /(2n2+2n+l) - (n/2 + j ^ } ' 1 * /2{l- - ^ - jf—} 
(2.17) 

This becomes asymptotically equal to /2 if n ĈD. 

For continuous straight line segments, the endpoint will be assumed to be 
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uniformly distributed along the infinite line. Denoting the position along 
this line by t , X is uniformly distributed. Fig.2.5b yields the relation 
£ - -r sin4> + X cos4> , so T = g/(l+a ) + ea/Vfl+a ) . The length L of the 
segment is L = 6/(l+a ); L is also assumed to be uniformly distributed. 
Thus the probability density p(e,a,E,,6) is: 

p ( e , a , £ , ó ) 
ör /Öe Öcfi/öe oL/öe Öx/Öe 
ö r / o a Ö*/Öa öL/öa ox/öa 
ö r / ö £ Ö$/Ö£ oL/Ö^ Öx/ÖC 
ö r / o ö Ö<(p/ö6 ÖL/ÖÖ Öx/ÖÓ 

where c? follows fr 

p(r,$,L,T) Jl+a ] 

(2.18) 

1 1 fc n+i 
i I I 1 p(e,a,5,6) de da d£ dö = 1 

a=0 e=0 £=-% 6=n-^ 

yielding 

(2.19) 

l/ln(l+/2) (2.20) 

Again, with eq.(4.5), this will need a slight modification, but the value 
given in eq.(2.20) is still equal to the asymptotic value-

2.4 PARAMETRIC DESCRIPTION OF DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s) 

So far only a chaincode string has been used as the description of a 
digltzed straight line segment. This representation is not convenient for 
calculations and therefore a concise parametrization of an arbitrary 
string is needed. Such a description, in a sense the discrete counterpart 
of (6,01,^,6), will be derived in this section. 

2.4.1 The quadruple (N,Q,P,S) 

ie computation of a characterizing tuple for an arbitrary string requires 
itne elementary lemmas from the theory of numbers, which are stated first. 
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Lemma 2.1 
P Let P, Q, K and L be Integers. If TT Is an irreducible fraction, then 

the equation KP = L(mod Q) has, for any given L, precisely one 
solution R in the range 0 < K < Q. 

Lemma 2.2 
Let P/Q be an irreducible fraction, and let I assume Q consecutive 
values i-k+0, l=k+l,... , i«=k+Q-l for some keZ. Then iP/Q (mod 1) 
assumes all values —, —,.. . , -^——, once and only once (in some order). 

Proof 
A proof of these lemmas can be found In most Introductory books on 
number theory, see e.g. [Hardy & Wright 1979] 

QED 

Let 0 < e < 1. Then 
[Xj - [x-Ej - 0 4=±> [x] + e < x < Lx] + 1 ( 2 . 2 1 a ) 

Lxj - [x -e j = 1 4=7" LXJ < K < L X J + £ ( 2 . 2 i b ) 
[x+ej - l x j = 0 4#> [x] i x < 1 + [xj - e ( 2 . 2 1 c ) 

Lx+ej - [x] - 1 «vr* 1 + [xj - E < x < [x] + 1 ( 2 . 2 1 d ) 

Proof 
Only (a) Is proved, the other cases are similar. 

Let X = |_xj. By th-e definition of the floor function, 

[x]=X <^> X < [xj < X+I and [x-z \ = X 4#> X+e < [x] < X+E+1 

So both equations are satisfied if and only If: 

max(X,X+e) < x < min(X+l,X+e+l) 

and the theorem follows. 
QED 

A first result is that the string of a straight line in the standard 
situation can be parametrized by a set of 4 integers N, Q, P, S: 



30 

Theorem 2.1 

Any straight string C can be written in the form 

C: c± = l | (l-S)l - | | ( i - S - D j ; i = 1,2,....N (2.22) 

where P, Q, S and N are integers, P/Q is an irreducible fraction 
with 0 < ~ < 1, and 0 < S < Q. 

Proof 
The straight string C is the digitization of some continuous straight 
line y = ax + e. Consider the digitization in N+l columns of the grid, 
leading to a string of N elements. Two integers P and Q are chosen,, 
satisfying two constraints: 
1) P/Q is an irreducible fraction. 
2) In the N+l columns considered, the digitization of the line 

y = ax + e is identical to the digitization of y = xP/Q + e. 
These conditions mean that P/Q is a "very good" rational approximation 
of a. Since the set of rationals is dense in the set of reals, sets of 
(P,Q) exist that satisfy these conditions. 
For the intercept [y(i)j of the column x = i by the digitized line we 
thus have: 

[y(i)J - [« + ej = [|i + ej 
,[ll_^+*L=^J (2.23) 

|Pi + leQj I 

where the last transition is allowed since the first term between the 
brackets in eq.(2.23) is a fraction with integer numerator and 
denominator Q, and for the second term we have: 0 < (eQ - [_eQj ̂/Q < 
l/Q. 
This equation can be rewritten as: 

for any value of M. In particular, we can take M to be an integer L in 
the range 0 < L < Q such that LP = Q - 1 (mod Q). Lemma 2.1 guarantees 
the existence and uniqueness of L, given P and Q. It follows that 
LP+1 " 0 (mod Q), so (LP+1)/Q is an integer, and we have 

[y(i)J - [| d-[eQJL)J + LeQ] ~ 

Using eq.(2.5): 

ci = |_^(i-|eQJL)J " [|(I-leQJL-l)J , 1 - 1,2 N 
This can be rewritten as: 

ci = (_! U-S)J " [| (i-S-l)J, i = 1,2,...,N (2.24) 
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where S =■ leQJL + (any multiple of Q). We will choose 

S - leQ)L - [ I ^ J Q , 

implying that 0 < S < Q. This proves the theorem. 
QED 

An example is the OBQ string corresponding to the line y = — x + ln(/5) in 
the columns x=0,l,..,12. This string is 100100100100. Following the 
procedure sketched in the proof above, one first finds that this string is 
the same as that of the line y = — x + ln(/5) (-«- being a 'good' approx
imation of —) and then by the reasoning in the proof of theorem 2.1 that 
this is the same as that of the line y = -^—(x-10)• Thus the i-th element 

10 10J1 

c., can be written as c = Lsrd-lO)] - Ljj-(i-ll)] , 1-1,2,..,12. An 
alternative reprsentation of c. is as the digitization of the line 
y -y!<*-10) , » C j . lyfd-lO) J " lyfd-lDi . 

Theorem 2.1 states that any string C can be parametrized completely by a 
quadruple of integer parameters (N,Q,P,S). The example shows that there is 
still an arbitrariness In this pararaetrization: the same string C can be 
represented by many different quadruples. A unique representation is 
derived in the next section. 

2.4.2 The (n,q,p,s)-parametrization 

From eq.(2.22) it is seen that N is the number of elements of G. Therefore 
the uniquely determined standard value of n of N can be defined simply by: 

Definition 2.5: n 
n is the number of elements of C. 

For the determination of the standard value of Q,P and S, it is convenient 
to introduce a string Cm as: 

c. ■ <^i=l|<i-S>J -Ijp- 3- 1)]. leZ (2.25) 

Note that C is the part of C = in the interval i=l,2,...,N, and hence c is 

an infinite extension of C. We have seen that C does not uniquely 
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determine the parameters P and Q; hence C is not unique either. For the 
example given before, the representation of the string 100100100100 as the 
digitization of y = —(x-10) leads to a string C with a period of 31, the 

5 representation as the string of y = -~(-x.~lO) to a C with period 16. 
16 °° 

The parameter Q has the following property: 

Q is the smallest periodicity of C . 

Proof 
By substitution in eq.(2.25) it is obvious that c..^ = Cj, and 
therefore that C has a periodicity Q. Suppose C has a shorter 
periodicity K, with 0 < K < Q . I f Q = l this is impossible. If Q * 1, 
we can always find a value of j such that c- = 0 and c.,„- = 1. This 
will now be shown. The demands are: 

(J-s)P _ (J-s)P _ P {j-s+K)P I _ (j-s+K)p 
L Q J L Q Q J U L Q J L Q 

p_ 
Q-

Using eq.(2.21a), the first condition is equivalent to 
p P ■ I P I P TP 
Q- « (J-Op - [_(J-S>QJ < l' or Q * ~Q mod l < x (2'25) 

(where we introduced J=j-s), and by eq.(2.21b), the second condition 
is equivalent to 

0 < (j-s+K)| - I (j-ff+-K)~J < |, or 0 < (J+K)^ mod 1 < | (2.27) 

To determine a value of j such that the conditions of eqs.(2.26,27) 
are not contradictory, two cases are examined separately: 
a) P/Q < 1 - [KP/Q mod l). 

In this case J is chosen such that (jP/Q mod l) = 1-(KP/Q mod l). 
Since the right hand side of this equality is one of the fractions 
0/Q, 1/Q,...,(Q-1)/Q it follows from lemma 2.2 that J exists. 

Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 - {(jP/Q mod l) 
+ (KP/Q mod l]}mod 1 = 1 mod 1 = 0 < P/Q, eq.(2.27) is also 
satisfied. 

b) P/Q > 1 - [KP/Q mod l). 
In this case, choose J such that (jP/Q mod l) ■ P/Q. Eq.(2.26) is 
satisfied and (J+K)P/Q mod 1 = {(jP/Q mod l) + flCP/Q mod l)} mod 1 
= (P/Q + (KP/Q mod l)} mod 1 = P/Q + (KP/Q mod l) -1 < P/Q implies 
that eq.(2.27) Is also satisfied. 

In both cases, we have the contradiction c ^ c which implies 
that the string C^ has no periodicity K smaller than q. Hence Q is the 
smallest periodicity. 

QED 

It is obvious that the smallest period of a string C of the form 
eq.(2.25) which is identical to C on the finite interval i = l,2f...,n, is 
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at most n (with the understanding that the periodicity is n if the string 
is completely aperiodic on the interval considered). This smallest 
periodicity is taken as the standard value for Q, and denoted by q. 

Definition 2.6: q 
q ■ min (ke {1,2 n} k = a ¥ Vi e {l,2,.., ,n-k] : c. = c ] 

k I 
For any straight string C, q is uniquely determined by this definition. 
For the example string 100100100100, q equals 3. 

In Cro defined by eq.(2.25) the parameter P has the property: 

Q 
Lemma 2.5 P = E c 

1=1 
Proof j, 

Since c ^ = -<i-

^ ■ 1 Ut |("l-8) »od"let£I...,^ 

P 
-S) - — (i-S-1) we have, within one period Q: 

Since P/Q is irreducible, lemma 2.2 yields that every value in the two 
sets occurs once and only once if i assumes Q consecutive values■ 
Hence c =1 occurs P times, and c =0 occurs Q-P times, and the lemma 

mi roi "i J 
follows. 

QED 

Since q is only a special choice for Q, defined in the finite string C 
instead of C , we can define the standard value p of P corresponding to 
this choice as: 

q 
Definition 2.7 p = Z c 

1-1 
Note that this definition applies only In the standard situation, since 
then the string consists of chaincode elements 0 and/or 1. Definition 2.7 
then defines p uniquely. For the example string 100100100100, p equals 1. 

In Co, the parameter S has the property: 
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S is the unique integer in the range 0 < S < Q satisfying: 

V i . Z : ^ - [|<l-sjj - [£(i-S-l)J 

Proof 
It is obvious from eq.(2.25) that S satisfies this condition- It 
remains to show that S is the unique solution. We do this by a 
reductio ad absurdum. 
Suppose S' £ S also satisfies the condition. If Q ■ 1 this Is imposs
ible, since there Is only one S in the range 0 < S < Q namely S = 0= 
If Q M we derive a contradiction by finding a value of j for which 

j - U<j-s>J - U<J- S - I >J - ° 
iltaneously 

i - L^-H ■ IP-*'-»} 

"j LQ 
but simultaneously 

= 1 

By an argument completely analogous to the proof of lemma 2.A (by 
putting S + K = S') we can show that a value of j can always be found, 
and hence a contradiction is inevitable. 

QEÜ 

As In the case of q and p, s is defined by applying lemma 2.6 to C: 

Definition 2.8: s 
Let CJ be the i-th element of C. Then s is the unique Integer in the 
range 0 < s < q for which 

ViE{l,2,...,q} : H = [jfU-s)j - jJ<l-B-l>J 

For the example string 100100100100, s equals 1. 

It Is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-8 
that the quadruple (n,q,p,s) can be determined uniquely from the string C, 
thus: 

Lemma 2.7 
Given a straight string C, one can determine the quadruple of 
parameters (n,q,p,s) uniquely. 

The converse is also true: 
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Lemma 2.8 
If the quadruple (n,q,p,s) can be determined from a string C, then C 
is a straight string, uniquely determined by n, q, p and s. 

Proof 
Definitions 2.5-8 imply that the string C can be written uniquely as: 

C: c± = [|(i-»)J - L ^ 1 - 8 " 1 ) ^ lsfl,2,-..,n) 
To show that this is a straight string, a line should be given which 
has C as its digitization. Such a line is 

«*>.$+$} q lq I q 
as follows immediately by applying eq.(2.5). 

(2.28) 

QED 

Combining the lemmas 2.7 and 2.8 we obtain 

Theorem 2.2 (Main Theorem of [Dorst & Smeulders 1984]) 
A straight string C in the standard situation can be mapped 
bijectively onto the quadruple (n,q,p,s) defined by: 

n Is the number of elements of C 

q = minfke { l ,2 , . . . , n} k=n v Vi E ( l , 2 , . . . ,n-k} : c-k I l 

q 

SE { 0 , l , 2 , . . . , q - l } A ViE {1 ,2 , . . . , q} : c t * | | ( i - s ) j " | | { i - S - l ) J 

where ^ is the i-th element of C. 

In other words, all Information present in the string C is contained in 
the quadruple (n,q,p,s). It Is therefore possible to give a unique 
representation of a straight string in terms C in terms of n, q, p and s, 
which will be denoted by DSLS(n,q,p,s): 
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Figure 2.6 The continuous Straight line y = ^-lx-s) + i^-i and the c 
ponding 8-connected OBQ ahainoode string DSLS(n,qtpt8}, 

Definition 2.9: DSLS(n,q,p,s) 
DSLS(n,q,p,s) is the _dlscrete _straight ^line segment of which the 
chaincode string C is defined by: 

* « > ^ i - s - l ) j ( 2 . 2 9 ) 

Thus the example string 100100100100 can be written as DSLS(12,3,1,1). 
Eq.(2.29) implies that C is -among others- the string of the continuous 
line 

y = *<x-s) + Pfl (2.30) 

The term p - in eq.(2.30) is added to make the line one that is in the 
standard situation, with 0 < e < 1 . This line and the corresponding 
string are depicted in Fig.2.6, together with an indication of the 
parameter tuple (n,q,p,s). 

3. Structure and Anisotropy 

3.1 INTRODUCING SPIROGRAPHS 

Straight strings have a certain structure, which distinguishes them from 
non-straight strings. This structure is closely related to number 
theoretical properties of the slope of the straight line. It is this 
relation that will be studied in this chapter. Variation of the slope will 
reveal the anisotropic behaviour of straight line digitization; this will 
be reflected both In the structure of the string, and in the accuracy with 
which the position of the original straight line can be determined from 
the digitization points. To study these angle-dependent effects, a 
convenient representation for continuous straight lines on a square grid 
is introduced: splrographs. 

Consider figure 3.1, where a line y = ccx. + e has been drawn in the 
standard situation of section 2.1.1, extending over n columns of the grid. 
Varying the value of the intercept e, keeping the slope a constant, will 
produce changes in the string of the line if and only if it traverses a 
discrete grid point in one of the columns considered (for 0BQ-
digitization). The pattern of change is periodic with period 1 in e, due 
to the periodicity of the grid. The vertical distance between 'critical' 
lines (lines that pass through a grid point in one of the columns 
considered) can be found as vertical distances in the intercepts of these 
lines with x=0, the y-axls. In fact, the intercept points form the image 
of the grid under projection on the y-axis by lines with a slope ct; it is 
the grid as viewed from the direction a. Note that the images of two grid 
points (i,j) and (i+l,j) are separated by a distance ct. As cc changes., so 
does the pattern of projected points and -possibly- also the string of the 
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Figure Z.l a) A line on the grid (fat) with a fixed, slope a and project
ions of the grid points to the first column x=0. 

b) The spirograph corresponding to the situation a). 

line. To study the changes in the string more conveniently, diagrams are 
used, representing the projection points in the interval x=0, 0 < y < 1, 
with the properties mentioned above, after an idea of [Duin 1931]. These 
diagrams are called spirographs. 

The spirograph corresponding to figure 3.1a is drawn in figure 3.1b. It is 
the interval 0 < y < 1 of column 0 with the projections of the points in 
the columns of the grid, 'wrapped around' to a circle with circumference 1 
in order to show the periodicity in the pattern of the projections. The 
projection of a point in column i is indicated by a point labeled i in the 
spirograph. (It is convenient to plot the point 0 always at the top). 
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There are thus ttt-1 points (0,1,2 , . . . ,n) and the arclength between the 
points i and 1+1 is a. To show the sequence of points more clearly chords 
have been drawn, directed from a point i to a point 1+1. The complete 
diagram is called a spirograph because of its resemblance to a children's 
toy for drawing fancy curves- Since It is completely defined by a and n it 
will be indicated by SPIR0(a,n). 

The study of spirographs will yield quantitative measures for the 
anisotropic behaviour of the discrete representation of straight lines. To 
see how this occurs, note that a line I with slope a and intercept e is 
projected to a point y - e in the first column and hence is represented in 
the spirograph by a point P at a distance e to the left of the point 0 
(measured along the arc). If the line is shifted vertically upwards on the 
grid, the string will change if and only if it traverses a grid point. A 
shift is called detectable if this happens. Let the worst-case positional 
inaccuracy S (tt,n) of lines with a slope a within n columns of the grid 
- m a X , J c 

be defined as the maximum non-detectable shift. Since the transition of a 
line i over a grid point corresponds to the transition of the corres
ponding point P over a point in the spirograph SPIR0(cc,n) , S ^ a . n ) is 
just the length of the largest arc in the spirograph SPIRO(a,n). A 'spiro
graph theory', giving expressions for the lengths of the arcs in a spiro
graph and their dependency on a and n, will thus provide expressions for 
the positional inaccuracy, and hence of the angle-dependent behaviour of 
the digitization of straight lines on a regular grid. This theory will be 
developed in the next section. 

3.2 SPIROGRAPH THEORY 

3.2.1 Basic concepts 

From the previous section, the definition of the spirograph SPIR0(a,n)is: 
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Definition 3.1: SPIR0(a,n) 

SPIR0(a,n) is a circle with unit perimeter with n points marked 0, 
1,2, ...,n on its circumference. Points with consecutive labels are 
separated by an arc of length a (measured clockwise) and are 
connected by a direceted chord pointing from the point 1-1 to the 
point 1. 

The number n is the order of the spirograph. SPIR0(a+k,n) with k an 
integer is indistinguishable from SPlR0(a,n). Therefore a is assumed to 

lie in the range 0 < a < 1, A drawing of SPIR0(3/l0,5) is given in 
Fig.3.2. 

As the distance D(i,j) between two points i and j of SPIR0(a,n) we define 
the length of the arc lying counter-clockwise of i extending to j: 

Definition 3.2: D(i,j) 

D(l»j) ^ (i-j)ct - l(i-j)aj , with K 1 < n and 1 < j < n (2-1) 

Here [xj is the floor-function, defined in eq-(2.A) together with the 
ceiling function fxl . Useful relationships between [XJ arid [xl are: 

Lxj = -[-xl 

(3.2) , , I 0 if x is integer 
L l [1 if x is non-i nteger 

The distance D defined by eq.(3.1) has several properties which are easily 
verified: 

a) 0 <■ D ( l , j ) < 1 

b) D(i , j ) + D(j , l) | 0 if (i-j)o: is an integer 
I 1 if ( i - j ) a i s non-integer 

c) D ( i , j ) « D ( i , k ) + D ( k , j ) (modulo 1) 

d) Every distance between two points can be written In a standard 
form, I.e. D(k,0) or D(0,k), with k a point in the spirograph. 
This is the distance of one of the points in the spirograph to the 
point 0. 
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Proof: 
a), b) and c) are trivial from the definition of D(i,j). d) also 
follows immediately, for D(i,j) - D(i-j,0) if i > j and D(i,j) -
D(0,j-i) if i < j- QED 

Let Jf be the set of points with labels 1,2 tl in SPIR0(a,n) (Note 
that the point 0 is not included!). The distances of the points lying 
closest clockwise and counter-clockwise to 0 will play an important part 
in the theory and thus need to be defined carefully. As an example, these 
are the points 4 (clockwise) and 3 (counter-clockwise) if Fig.3.2. 

Definition 3.3: R,r,L,.t 
R = min(D(k,0) | ke X] 

r - minJkeJ^l D(k,0) = R} 
L = min{D(0,k) | keJ^/.D(0,k) t 0} 

I » max{ke.>P| D(0 ,k) - L] 

(3.3) 
(3.4) 
(3.5) 
(3.6) 

In words, R is the smallest distance to the right (clockwise) of the point 
0, L is the smallest distance to the left (counter-clockwise), and r 
and Ü are the points determining these distances. Note that r cannot be 
zero, and that if a=0, L and thus A are not defined, since eq.(3.5) 
demands that D(0,i)#0. In that case we define L=l and Jt=n, in agreement 
with Urn L = 1 and lim i. = n. 

0L+0 a+0 

For an example of a spirograph and the corresponding values of R, r, L 

and J,, see Fig. 3.2. 

0 
3, 

Figure 3.2 The spirograph SPIROt 3/10,5). Here, R=l/S, r=i, L=l/10, H= 3. 
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3.2.2 Neigbouring points 

In this subsection the central theorem of spirograph theory will be 
proved, giving the arc lengths in the spirograph. First, some lemmas. 

b)-i3PsJV 
CnBpeJf 

D(p,0) < R 

D(0,p) < L 

means "there is no point p in Jf for which:") 

Proof: This follows immediately from eq.(3.3) and (3.5). QED 

Lemma 3.3 

a) ( D(i,0) - D(j,0) A E. * 0 ] =^> i =* j 

b) [ D(i,0) = D(j,0) A R = 0 ) => i = j + mr, with m an integer 

Proof: 

Let i>j. D(i(0)=D(j,0) implies that B(i-j,0)=Q, with 0 < (i-j) < n. 

When R^O, lemma i yields that D(i-j,0) can not be 0 for (i-j) « 

l,2,...,n, so we must have (i-j)=0. When R=0 eq.(3.4) yields D(r,0)=05 

so we can write D(i-j,0) = 0 = mD(r,0) = D(mr,0), which implies that 

(i-j) = mr. 

QED 

In words, lemma 3.3 means that points are uniquely determined by their 
distance to 0 if R^O: their are no overlapping points. If R=0, overlap 
occurs, and the distances determine the points uniquely modulo r. 

After the special points and their properties we introduce the definition 
of the right-neighbour R i of a point i in the spirograph: 

Definition 3.4: R i 

= Ri-4=>j t i A-lBp^Jf : (D(p,i) < D(j,i) A p*i) (3.7) 

In words: j is the right-neighbour of i if and only if j is not equal to i 
and if there is no point p, different from i, lying closer to i than j. 
Thus R i is the closest point to the right of i. 
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Figure Z. 3 On the definition of right-neighbour 
a) No overlapping points: the right-neighbours are unique. 
b) Overlapping points: ambiguity arises for the point 2. 
c} Situation b) resolved by a small increase of a. 

Eq.(3.7) assigns to each point of the spirograph a unique right-neighbour 

when R*0. For suppose that both j and k were right-neighbours of I. Then 

the second part of eq.(3.7) requires that D(j,i)=D(k,i), since otherwise a 

contradiction would occur. This implies that D(j,0) = D(k,0) and when R*0 

lemma 3.3a yields k=j. 

When R=0 we would have k = j+mr (lemma 3.3b), so the right-neighbour would 
then not be unique. The uniqueness can be repaired by replacing a in the 
definition of D(i,j) by the slightly greater value a' = a+da such 
that a' is non-rational, and taking the limit for da ■> 0. We will show 
later that this can always be done without changing the 'point-order' of 
the spirograph by taking da < vT . Because a' is non-rational, R can not 
be 0. (This would Imply that there is an integer r such that a'r 

-L«'rJ 
= 0, which is impossible for non-rational a'.) . For an example of the 

application of this extended definition, see Fig.3.3. 
The right-neighbour of each point of the spirograph is given by: 

Theorem 3.1 (Central Theorem of Spirograph Theory) 
a) 0 < i < n+l-r <££> R i = i+r D ( R i , i ) = R 

b) n+l-r < i < 1 <##» R i - i+r-A D ( R i , l ) = R + L 
c) I < i < n <=> R i = i-Jt D ( R i , I ) = L 
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Proof: 
The second part of a), b) and c) In the theorem follows immediately 
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is in all 
cases essentially the same. We will therefore prove a) only. 
We will show that i+r is the right-neighbour of i if 0 < i < n+l-r. 
Note first that i f I+r, since r > 0 by definition 3.3. Thus the first 
requirement of definition 3.4 is satisfied. The second will be proved 
by a reductio ad absurdum. Suppose there is a point p not equal to I 
for which D(p,i) < D(i+r,i) = R. If p > i this would imply D(p-i,0) < 
R and since 0 < p-i < n we have (p-i)eJv. This is a contradiction 
with lemma 3.2a. If p < i we can also find a point of the spirograph 
at distance smaller than R to the right of 0, for from the assumption 
D(p,l) < R it follows that D(l+r-p,0) = D(r,0) - D(p,i) < R. The point 
i+r-p is a point of the spirograph, since 0 < r < i+r-p < n+l-p when 
0 < I < n+l-r- Again, this is a contradiction with lemma 3.2a. Hence 
the point i+r is a right-neighbour of i, and, due to the uniqueness of 
the right-neighbour, also the right-neighbour of 1. 

QEÜ 

The reason this theorem is called the 'central theorem' is that it 
specifies all arclengths. Since all distances D(l,j) are composed of 
arclengths, the theorem implies that all distances between points of the 
spirograph are of the form (aR+bL), with a and b integers. 
In section 3.1, the length of the arcs In the spirographs were shown to be 
equal to the vertical distances over which a line can be shifted without 
changing the chaincode string. Hence theorem 3.1 can be applied directly 
to give the positional accuracy of a line on a square grid. This will be 
done later, in section 3.4. 

3.2.3 Changing the order of the spirograph 

In this subsection, some further theorems are proved which show how a 
spirograph changes if n is changed. 

Theorem 3.2 
If the order of a spirograph of order n with a certain value for r 
and %. is increased to n+1, then a change in the value of r or A will 
occur if and only if n+1 = r+A. 

Proof: 
The values of R, r, %. and L in a spirograph of a certain order m will 
be indicated by R(m), r(m), £(m) and L(m). The transition from a 
spirograph of order m to order m+1 is the addition of a point labelled 
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Figure 3 A To the proof of theorem 3.2. 

m+1 to the spirograph of order m, at a distance a to the right of 
point m. 
a) Suppose ro+I = r(m)+S.(m) . If R(m) > L(m) we have: D(m+1,0) = 

D(r(m) ,0)-D(0,A(m)) - R(LH)-L(» < R(m) and if R(m) < L(m) : 
D(0,m+1) = D(0,A(m))-D(r(m),0) = L(m)-R(m) < L(m). So if 
R(m) > L(m), R is changed to R(m+1) = R(m)-L(m) and r is changed 
to r(m+l) = r(m)+S.(m) . If R(m) < L(m) , L is changed to L(m+1) « 
L(m)-R(m) and X to S.(m+1) = X(m)+r(m) . Hence either r or I change 
if ro+1 * r+A . 

b) Conversely, when r or A is changed, m+1 must be equal to r+5. . For 
let us suppose that, with the increment of the order, r and thus R 
changes, so D(m+I,Q) - R(m+1) (see Fig.3.4). This means that one 
of the arcs of length R(m) (namely the one between 0 and r(m)J is 
split into two arcs, one of length R(m+1) and one of length (R(m)-
R(m+1)]. The length R(m+1) was not yet present in the spirograph 
of order m, and the only way to avoid the presence of four 
different arclengths in the spirograph of order m+1 (which would 
be a contradiction with theorem 3.1) is that (R(m)-R(m+1)) Is an 
arclength also present in the spirograph of order m. Since (R(m)-
R(m+l)J < R(m) we must have (R(m)-R(m+1)1 = L(m). This implies 
that D(m+L,0) = Rfm+1) - (R(m)-L(m)) - ü(r(m)+£(m),0) , so, using 
lemma 3.3, m+1 = [ r(m)+S.(m)). The same conclusion is reached under 
the assumption that $. and thus L changes. 

QED 

It follows from the proof of theorem 3.2 that the order n of a spirograph 
cannot exceed r+i., since then either r or A changes to a new and greater 
value. Thus, a corollary to theorem 3.2 is: 

Theorem 3.3 For any spirograph SPIR0(a,n): n < r+A 

Both theorems are Illustrated in Fig.3.5. 

3.2.4 Preserving the point order: Farey Series 

Not every change in a leads to essential changes in the spirograph, with 
points on the circumference of the spirograph moving over one another. 
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0 0 0 

n. The Values of (n,r,l) a^e, for these figures: a) (2,1,2); 

b) (3,1,3); a) (4,4,3); d) (5,4,3); e) (6,4,3); f) (7,7,3). 

Just which values of a do lead to such changes is studied in this section. 

Definition 3.5: point-order 
The point-order of a spirograph SPIR0(a,n) is defined as the sequence 
of the labels of the points on the circumference of the spirograph. 

We are interested in the set of all spirographs having the same point-
order as a given spirograph SPIR0(a',n). Obviously these spirographs 
should all have the same n, but may vary in their value for a. The demand 
that the sequence of labels should be the same implies that each point 
should keep the same right-neighbour when a varies, and this is only 
guaranteed if D(Ri,i) > 0 for every 1. Hence theorem 3.1 yields that the 
strictest bounds on a are given by R > 0 and L > 0. In fact the extended 
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By 
definition R - ar-(arj and L = \a.l\-<iSL , so we have: 
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Theorem 3.2.4 
SPIR0(ct',n) has the same point-order as SPIRO(a,n) iff: 

W (3.8) 

These bounds for a will now be shown to be the best rational approxima
tions for a with fractions whose denominator does not exceed n (i.e. there 
is no fraction p/q with q > n strictly between [ar]/r and fail/A ). 

The proof of this fact makes use of some properties of Farey-series which 
are well-known in number theory (see [Hardy and Wright 1979, 3.1])- These 
properties are given here as lemmas 3.4-6. 

Definition 3.6: Farey Series 
A Farey-series of order n (notation F(n)) is defined as the ascending 
series of irreducible fractions between 0 and 1 whose denominators do 
not exceed n. 

[0 1 1 1 1 2 1 3 2 3 4 5 l i 
Example: F(6) is the series lY*^t^*X,3tJ,'2*J,'ï'XfJ'T*X* ' 

An important property of a Farey series is: 

If p-, /q-j , P?/q-> and po/q-i are three successive terms of F(n), then 

An equivalent property is: 

Lemma 3.5 
If Pi/q-i and P9/I2 a r e two s u c c e s s i v e terms of F(n), then 

A consequence of this theorem is that the interval between two fractions 
p-j/q-, and PT/^2 e(luals: 
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(3.9) 

We will also need: 

Lemma 3.6 
If Pi/qi and Po/qo are two consecutive fractions in some Farey series, 
then (p1+P2)/(q]_+Q2^ is a n l r r e d u c i b l e fraction. 

Proofs: 
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the 
proof of lemma 3.6, can be found in [Hardy and Wright 1979, 3.1]. 

QED 

The theorem connecting spirographs with Farey-series is: 

Theorem 3.5 
The fractions [ctrj/r and [ccll/A, with r and Jt obtained from the spiro-
graph SPIRO(cc,n), are two successive fractions in F(n). 

Proof: 
First, it is shown that [arj/r and \aSL\fX are terms of F(n). 
a) Lürj/r is irreducible. For if we suppose that iar] and r have a 

common factor k, It follows that r/k and [arj/k are integers. 
Eq.(2.4a) then implies that [arj/k = iar/k) . Therefore we have 
R = D(r,0) = ar-Lar] = k{ar/k-iarj/k{ > ccr/k-iar/k] « D(r/k,0). 
Since R/k is a point in the spirograph we have a contradiction 
with eq.(3.3). Hence [CLT[/T is irreducible. 

b) In the same way it follows that \al]/l is irreducible. 
c) By definition 3.3, r and I are points of SPIRO(a,n), so r < n 

and A < n . 
From a, b and c it follows that |_arj/r and \al]/H are terms of F(n). 
It is left to prove that they are successive terms. According to lemma 
3.4 and 3.6 in some Farey series there is an irreducible fraction 
{[arj + raJtl}/(r+S.) lying between iarj/r and \al\jl. Since r and A were 

obtained from the spirograph of order n, theorem 3.3 yields v+X > n , 
so {larj+[aA1}/(r+I) can not be a fraction of F(n). This implies that 
[itrj/r and \al]/S. are successive in F(n). 

QED 

It follows from eq.(3.8) that [ccrj/r and [aJLl/Jl are boundaries for cc pre
serving the point-order of the spirograph SPIRO(a,n). We now find that 
they are also the best lower and upper bound for a in F(n). For the 
difference of the bounds given in eq.(3.8) we thus have: 
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ÜSJI - I*El = Elg*lr*lHi = Uxl > l/n2 C3.10) 

where theorem 3.5 and lemma 3•5 were used. Hence It is always possible to 
make the modification to the definition of 3.4 of a right-neighbour, 
guaranteeing its uniqueness. 

3.2.5 The Continued Fractions Algorithm 

There is a way to find the neighbours for cc in F(n) quickly by means of 
the continued fractions algorithm, well-known in number theory. This was 
shown in [Hurwitz 1894]. Since the result will be important for a fast 
string code generation algorithm (line synthesis - graphics), and for the 
linearity conditions (line analysis - measurement), we will derive this 
method using spirographs. 

Let us put, for convenience, 

PX = L«J J QL = r (3.11) 

p2 = \al] ; q2 * I 

then the bounds on a in theorem 3-5 are given by: 

Pt/qx < « < p2/q2 (3.12) 
where P̂ /qi and PT/QO a r e t w o succesive fractions in F(n). Lemma 3.4 shows 
that the next bound to appear if n is Increased is (pi+PTVCqh+qo) ■ L e t u s 

suppose this is an upper bound, then the new bounds on a are pi/qi *« cc < 
(p^+p2)/(o.]_+92^ * Again applying lemma 3.4 the next bound to appear is 
(2p^+p2)/(2q,+q2). Suppose this is also an upper bound. Then continueing 
in this way we find that the bounds of cc have the form: 

P1 mpl+p2 
~ < cc <■-— ~— (where m is a positive integer) (3.13) 

if, starting from eq.(3.12) a series of changes of the upper bound takes 
place. Similarly, the bounds of a can be written as 

file:///aSL/fX
file:///al/jl


P1+tnp2 
(where m i s a p o s i t i v e i n t e g e r ) (3.14) 

if a series of succesive changes in the lower bound takes place. 
Let as call the successive bounds p^/q^, then the following theorem can be 
proved: 

Theorem 3.6 
The fractions pi/^i anQl Pi^l' Douncii-ng a in SPIRO(a,n) are found by 
the following algorithm: 
a) First calculate the convergents j - ~ according to the 'continued 

fraction algorithm': 

W (3.15) 

if 1 > 0 

if i > 0 

ns be I. 

b) The fractions Pn/qi end Po/l? are the 'lntermeQ13te coavergents' 

QT 

If I is even, the first fraction is 
the reverse is true. 

and the second -

(3.16) 

if 1 is odd 

Proof: 
Assume that a is real and that the upper bound for cc has just been 
fixed on the value P. ,/QJ_T , and the present value for the lower 
bound is ?■_?/$■_■}• Increasing the order n will then result in a 
change of the lower bound as in eq.(3.14). The end of the series of 
changes In the lower bound is determined by the value ra^-i of m 
satisfying: 

i-1 i-1 i-2 , . ï-l ï-l 1-2 ■ < a < (3.17) 

since the next bound is an upper bound. p,q.(3.l7) can be rewritten as: 

aQ 
«Q„ 1 < i-2 " i-2 

'i-1 aQ, i-1 H-l i-1 H-l 
and since ra, , should be integer the solution is: 

M-2 i -2 

_'i-r a'\-i 
i s de f ined a s : 

i - 1 ctq i - 1 

1-1 

where a._, 

If we now define as recursive relations for P. and 0.-

P, 5m. ,P. + P. , i l-l l-l 1-2 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

then the new bounds for a are Pj/Q^ < a < P. _, / Q j _-i - Further increas 
ing the order will now change the upper bound as given in eq.(3.13) 
until m has the value in. satisfying: 

(m.+l)P.+ P 
1 i l 

(m +1)Q + Q 
(3.22) 

i-1 

since the next bound will be a lower bound. Again 
Integer, and the solution to eq.(3.22) is: 

i-1 H-l 

_i 
"l-l fcJ (3.23) 

where eq.(3.20) was used to rewrite the expression. Comparison with 
eq.(3.19) shows that m, can be rewritten in the same form as ni, , , 
namely 

lk\ 
if we define 

i-1 L i-1 
This is a recursive relation for a 

(3.24) 

(3.25) 

,. Further increasing the order will 
change the lower bound again and In the same way as before, m and m._, 
can be calculated. It is then found that the recursive relation of 

ten changes in the 
eq.(3.25) also holds for a.., and eq.(3.24) for m, 
Thus the P. and q., indicating the fractions at w?L~.. 
upper bounds are followed by changes in the lower bound (or vice 
versa) can be computed by eq.(3.21), where the ra a r e found from 
eq.(3.24) and the ai from eq.(3.25). This yields eq.(3.15), the first 
part of the theorem. The initial values in eq.(3.15) were found by 
straightforward computations from the simplest spirographs. 
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These 'convergents' PJ/Q^ can now be used to calculate the best bounds 
in the Farey-series, by interpolation along the lines indicated above. 
This is straightforward and produces eq.(3.16) 

QEÜ 

The algorithm of eq.(3.15) is the continued fractions algorithm well-known 
from number theory (see e.g [Hardy & Wright 1979, Ch.10]). The ra± are the 
coefficients of the continued fraction expansion of a, commonly denoted 
by: a = (m ,m ,...,m ,.. .) , implying that a can be written as 

1 

(3.26) 

If a is rational the expansion ends; for irrational a it does not. 

As an example, consider CC"*l/n and n=14. The working of the continued 
fraction algorithm is given In Table 3.1 The convergents are the fractions 
P0/Q0=0/1, P1/Q1=l/3, P2/Q2=7/22, so 1=1. Eq.(3.16) then yields the bounds 
4/13 < 1/n < 1/3 In F(l4). 

Table 3.1 The continued fraction algorithm of theorem 3.6 and the string 
generation algorithm of theorem 3.7 for the line y**x/%, 

* mn is differently defined in eg. ( 3.15) and eg. ( 3*29b). 

i 

-1 
0 
1 
2 
3 
4 

a I 

.3183 

.1416 

.0625 

.9966 

.0034 

ml 

3(2)* 
7 
15 
1 

292 

Pl 

1 
0 
1 
7 

106 
113 

"l 

0 
1 
3 
22 
333 
355 

U(l+l)/2 

1 

021 

(0(021)7)15( 

Li/2 

0 

0(021)7 

021) 
0(0 l)7((0(02l)7)l5(02l))1 
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3.3 THE STRUCTURE OF A STRAIGHT STRING 

The algorithm of [Bresenham 1965] is the first algorithm to generate a 
straight string. It does so by testing a condition for every chaincode 
generated, and produces the chaincodes immediately, In the correct order. 
This algorithm was developed in the time of pen-plotters, when this was no 
objection. With the advent of raster scan devices, the interest grew to 
expand this algorithm and generate runs of chaincode elements rather than 
single codes. Such an algorithm is given in [Pitteway & Green 1982]. The 
structure of straight strings, revealed by the 'linearity conditions', 
allows even more advanced, so-called structural algorithms. The first was 
given by [Erons 1974]. [Wu 1982] proves both the linearity conditions and 
the Brons algorithm. Indepently and simultaneously, a proof based on 
spirograph theory was found. It is given In this section. 

3.3.1 Straight strings and fractions 

The connection between strings and fractions was already briefly indicated 
in chapter 1. A precise formulation is the following. 

Lemma 3.7 
The first n elements of the OBQ-string of the line y ■ OCX are ident-

p ical to the first n elements of the OBQ-string of the line y = — x, 
P " q 

where — Is the best lower bound on a in F(n). 
q 

Proof: 
See Fig.3.6- Each point P: (x',y') of the grid determines a line OP 
with equation y = xy'/x'. A line with the same OBQ-string as y = ax is 
the line with the maximum slope y'/x' such that there is no point in 
the shaded triangle in Fig.3.6, bounded by the lines y = ax, y = 
xy'/x' and y = n. Thus y'/x' must be the maximum rational number not 
exceeding a with denominator not exceeding n, and hence the best lower 
bound of a in F(n). 

QEÜ 

A bound — on a corresponds to a line y = — x in the grid, and hence to a 
q q 

chaincode string. With increasing n, the bounds become more accurate, and 
chaincode strings are concatenated. The relation between these two 
occurrences is given by the following lemma. 
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y = ax 

Figure 3.6 To the proof of lemma 3.7. 

Figure 3.7 To the proof of lemmx 3.6 

If P̂ /q̂  and Po/^o a r e a n uPP e r and a lower bound on a in some Farey-
series and the corresponding chaincode strings are U and L , then the 
chaincode string corresponding to (p-i+P?)/(q-i+qo) is L U . 

(The notation L U means: the string L foil owed by the string U . We will 
use L U as shorthand for: n repetitions of L followed by m repetitions 
of U-) 

Proof: 
See Fig.3.7. The chaincode string to the point Q is the string of the 
best lower bound of (pi+Pi )/(qi+qo) * Since Pi/q^ and p9/q2 a r e 

consecutive fractions in some Farey-series, (p1+p2)/(q"+q?) is the 
fraction with the lowest denominator lying between pn/qi and po/q? 
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(lemma 3.A). Therefore the parallellogram OP2QP1 does not contain a 
grid point, and we can compose the string of OQ by the strings of the 
parts OP, (this is L) and P,Q (which is the same as the string of 
0P?, and hence is U ) - Thus the string of OQ is LU-

QED 

Mote that the visualisation of fractions as vectors in the grid is 
consistent with the Farey-interpolation formula in lemma 3■4, which adds 
numerator and denominator as if they were the components of a vector. 
Lemma 3.5 then states that the vectors corresponding to two neighbouring 
fractions in a Farey series span a parallellogram of area 1• This implies 
that that there is no discrete point within the parallellogram. 

3.3.2. A Straight String Generation Algorithm 

The relation between spirographs, Farey-series and continued fractions 
leads directly to a set of recursive relations describing the structure of 
the chaincode string of a straight line. 

Let the chaincode strings corresponding to the upper and lower bound of 
a in the spirograph SPIR0(a,n) be U , and L, (see Fig.3.8). If the order 
of the spirograph is increased, eventually one of the bounds will change, 
and the new bound is formed by the point (£+r) (Theorem 3.5, lemma"3-5). 
Suppose that this is an upper bound on a, so that the point (A+r) lies to 
the left of the point 0. According to lemma 3.8 the chaincode string 
corresponding to this new bound is L ^ U , (Fig.3.8). Further increasing 
the order may lead to another change of the upper bound to the point 

(/+*) 
(/+2l) 

LiUi 
-J~J 

Figure 3.8 Convergence near the point 0 of a spirograph. Strings are 

indicated below the corresponding point labels. 
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(Jl+2r) , with string iJjU,, then to (Jt+3r), with string L 3 U . ; 

etcetera. If a total of oint consecutive changes in the upper bound occurs 
the chaincode string of the upper bound will have changed to 

'j+1 J 
(m2.) 

(3.27) 

The string of the lower bound is still L^. 

Further increasing the order now leads to changes in the lower bound and 
the string corresponding to the lower bound becomes L _j \J =, i , L . U ., , , 
L..U , , , etcetera. If the lower bound changes mn ., , times the resulting J 3+1 s 2j+l e 

ring Li,| for the n ew lower bound is: 
(m ) 

LJ+1 - I j U ^ 1 (3.28) 

Now the upper bound changes and the process continues as before. 

Combining with the algorithm of theorem 3-6, and using the proper initial 
conditions, we have: 

Theorem 3.7 
An algorithm to generate the string L corresponding to the 
line y ■> ax is: 

Lo = ° 

U 0 - i 

L*J-

U , = t.U Ji+l 

j + l 

j+1 

j+1 

= L 2J U 
j 3 

•tèd 
■v^J 

(3.29a) 

(3.29b) 

This algorithm generates an 8-connected chaincode string; a 4-connected 
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chaincode string Is generated by this algorithm if we change the 
definition of Wn to nu = — . 

L^ is the beginning of the string L; it contains the first n- codes, 
where n.= is given by n- = q , with 

qQ = 1 , ql = 1, q^+I = nuq^ + q. j (3.30) 

(as follows from theoren 3.6). So, If the first n elements of L are 
required the algorithm (3.29) is applied until n^ > n. If a is irrational 
the algorithm never stops; If a is rational it generates an endlessly 
repeating string. 

As an example, consider the line y* —x. The successive L - and U- are 
indicated in table 3.1. For n=14 , the string is found to be the first part 
of 0(02!)7, which is 00010010010010. 

The average order of this algorithm can be computed by noting that the 
most time-consuming part Is (3.29b), the calculation of the m. 
and tt . This part is identical to the continued fraction algorithm, which 
Is closely related to Euclid's algorithm. [Knuth 1971] shows that the 
number of steps these algorithms require is, in worst case, 2.08 ln(n) + 
1.67 and, on average, 0.89 ln(n) + 0(1), where n is the number of elements 
in the string. 

As already stated in the Introduction, the structural algorithm of 
eq.(3.29) is not new. It was given In [Brons 1974], and proved in [Wu 
1982]. Recently, a new structural algorithm was developed by [Castle & 
Pitteway 1986], using the palindromic structure inherent in straight 
strings. It is Interesting to note that both the Brons and the Castle & 
Pitteway algorithm, as well as the proof of their correctness, can already 
be found in [Christoffel 1875], albeit in a slightly disguised form. The 
derivation of the algorithm given above provides more insight than the 
derivation given by [Wu 1982] , since it makes explicit the connection to 
the theory of rational approximations (by Farey-series and continued 
fractions) already hinted at by [Brons 1974]. 



3.3.3 The linearity conditions 

A thesis on digitised straight lines would not be complete without a 
derivation of the linearity conditions, i.e. the conditions a chaincode 
string must satisfy in order to be the string corresponding to a 
continuous straight line. Historically, they were first formulated in 
[Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974] 
introduces the chord property, and derives properties that can be used in 
a more exact formulation of Freeman's conditions. [Wu 1982] uses the 
recursive structure of the [Brons 1974] algorithm as a formulation of the 
linearity conditions, and shows that they are necessary and sufficient. 
[Hung 1984] gives an elegant alternative formulation of the Freeman 
conditions and proves the equivalence to the chord property. 

The linearity conditions are easily derived from the algorithm eq.(3.29). 
First it is seen from (3.29a) that the string of a line can be described 
on several 'levels' j, and that on each level the structure of the line is 
the same. Rewriting (3.28) we have: 

m„.+1 m„ . m_.,, 
= l . 2 j U,(L^UJ 2j+1 

(3.31) .+1_ m^ . _ m„s t,-1 
j 

Thus the chaincode string of a straight line consists, at each level, of 
'runs', defined as a number of L^ followed by an U^. It is immediately 
clear from (3.31) that: 

m .+ ]_ 
- at any level (j+1) one run, the run !_ . U . , appears isolated 
- at any level (j+1) there are only two runlengths present. They are 

length In2 i + ^ ' 
This shows the necessity of the linearity conditions. The proof of 
sufficiency can be found in [Wu 1982]. As in the case of the generating 
algorithm, the Improvement the derivation above gives over [Wu 1982] is 
the explicit relation to elementary number theory. 
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3.4 ANISOTROPY "IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES 

T.n section 3.1 spirographs were Introduced as a simple way of visualizing 
the problem of the positional accuracy of a straight line on a square 
grid. The labelled points of the splrograph correspond to lines passing 
through grid points in the columns considered. A line y = ax + e is 
represented by a point P in the splrograph, lying e to the left of the 
point 0 (see Fig.3.1). The vertical distance over which the line can be 
shifted wi thout traversing a grid point is equal to the length of the arc 
containing the point P. With spirograph theory, all tools are now 
available to analyze the anisotropic behaviour of the positional 
inaccuracy in detail. 

3.4.1 The positional inaccuracy in worst case 

The worst case for the positional accuracy S of a line with slope a, 
digitized to a string of n elements, can be found as the length of the 
largest arc in SPIR0(a,n). Using theorem 3.1, the maximum arclength in a 
spirograph is: 

S.ax(«'n) ' MX(R'L'R+LlSPIR0(a,n) ( 3- 3 2 ) 

where the subscript indicates the splrograph from which R and L are to be 
taken. This equation can be written in a more convenient form in terns of 
R and L of SPIR0(a ,n+l) , using the proof of theorem 3.2: 

S
m a X

( a' n ) " (R+L)SPIR0(C<,„+1) 

■ l'0*' " Lar| + ,< r"« UpiR0(a,n+l) !3-33) 

Note that here [arj/r and \aü]/l are the best bounds of a in the Farey 
series F(n+1) (see theorem 3.5). An algorithm to determine these bounds is 
given in theorem 3.6. 

Fig.3.9 is a plot of S (a,n) as a function of a and n. This function has max 
some properties which can be seen from the figure, and which are easily 



Figure 3.9 The worst case positional inaccuracy S (a.n) as a function 
max 

of a for n=0 to 5. 
Figure 3.10 The average positional accuracy S(a,n) as a function of a 

for n=0 to 5. 



proved. Between two fractions of F(n+1) , S O.n) is linear in a; if a is 
a fraction — of F(n+1) we have: q 

S (%) = - (3.34) 
max q q 

min S (a,n) = -rr- . (3.35) max ' Ctrl a 

Thus the lines which have the smallest positional inaccuracy are those 
with a slope p/(n+l), and the corresponding accuracy is l/(n+l). 
As an example, consider lines with slope l/fl and n=14. In that case the 
bounds in F(14+l) are 4/13 < 1/u < i/3, and eq.(3.33) yields S (—»!*] = 

3.4.2 The average positional inaccuracy 

S (̂ ,n) given by (3.33) is the positional inaccuracy tn the worst case. max 
It is also possible to derive the average positional inaccuracy S(a,n), 
defined as the vertical shift that may be applied on average to a line 
segment with slope a,covering n columns without traversing a grid point. 

As we have seen in section 2.3.2, a uniform distribution of the lines in 
their polar parameters r and $ implies a uniform distribution in e. This 
means that the point P In SPlRO(a,n) representing the line y = ax+e (the 
point lying e to the left of 0) is uniformly distributed along the 
circumference of the spirograph. lience the length of the arc of the 
spirograph containing P is both a measure for the possible shift and for 
the probability that this shift occurs. So, if the length of the arc 
between 1 and Ki Is called d,, the average positional Inaccuracy S(a,n) 
Is: 

S(a,n) - 2 d±
2 = { AR2+ rL2+ 2RL[jL+r-(n-l)] }SpTRo(a)n) 

= { (2n+2-£-r)r£a2 - l{[ar \X(n+l-i.) + \al] r(n+l-r) } a + 

n«r j 2
 + t r a i l 2 + 2l«nr«Ai<«*i-*-r) } SPIROfa)n) 

(3.36) 
where theorem 3.1 was used. Again there is an Implicit dependence on a and 
n, and eq.(3.36) is valid for the values of a given in eq.(3.8). Calcul
ation of eq.(3.36) at the bounds of this range yields: 

, I ar I l fall i 
S<-k~Sn) = - and St-^-kn) = j (3.37) 

Theorem 3.5 states that the consecutive bounds for a are successive terms 
of F(n). Thus the first time the fraction — occurs as a bound is when the 

P q 

order is q, and since — is a term of all F(n) with n > q, it will be a 
bound for all higher orders. Furthermore, the value of S(—,n) is — for all 

q q 
n > q. If, in some interval of values for n, the bounds given by eq.(3.8) 
do not change, eq.(3.36) shows that S(ct,n) is linear in n for a given a, 

These properties are clearly seen In the plots of Fig.3.10, which give 
S(a,n) as a function of 0£ for several values of n. Note that for all n 
and n: 

(3.38) 

If S(cc,n) is needed for some a and n the values of r and X can be obtained 
by the algorithm given in theorem 3.6 



4. Digitization 

Digitization of straight line segments can be considered as a mapping Ü of 
the set of continuous straight line segments L to the set of discrete 
straight line segments C , conveniently coded by straight strings. The 
mapping of a line X to its string c was treated in chapter 2. Since a 
string can represent the digitization of several continuous lines, the 
inverse mapping Is not one-to-one. The 'Inverse digitzation' can be 
completely described, however, by specifying the equivalence classes of 
the strings, called domains. 

The domain of a straight string c is defined as the set of all lines whose 
digitization Is a given string c. It is the purpose of this chapter to 
derive the 'domain theorem', a mathematical expression for the domain of 
an arbitrary straight string c. 

4.1 REPRESENTATION IN (e,a)-SPACE 

The study of the digitization Ü as a mapping requires a representation of 
the set of continuous straight line segments. A very convenient represent
ation is the parameter space of straight lines. This section Introduces 
the basic terms and diagrams. 

Definition 4.1: (x,y)-space 
(x,y)-space is the two-dimensional Euclidean plane, with Cartesian 
coordinates x and y relative to an origin 0. 
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A line in (x,y)-space is given by the familiar equation y = ax + e and is 
thus characterized by two parameters e and a. Such a line is represented 
by a point in its parameter space, called '(e,a)-space' or 
(slope,intercept)-space ([Rosenfeld & Kak 1982]). 

Definition 4.2: (e,a)-space 
(e,a)-space is the parameter space of infinite straight lines 

y ■ ax + e in (x,y)-space. 

The relationship between the two spaces is thus completely given by the 
formula y = ax + e which is the parameter transformation mapping one space 
into the other. 

Definition 4.3: line-parameter transformation (LPT) 
The conversion of (part of) (x,y)-space into (part o£) (e,a)-space , 
or vice versa, by means of the equations 

y = ax + e (4.1) 

e = -ax + y 
is called the line-parameter transformation (LPT). 

This line-parameter transform is a special case of well-known parameter 
transforms called 'Hough-transforms' [Hough 1962]. Vossepoel & Smeulders 
[1982] computed the integration domains for straight line length estim
ators by a method which is equivalent to using the LPT. 

Applying the LPT to points in (x,y)-space, we find that these are trans
formed to lines in (e,a)-space: the transformation of (x',y') is the line 

e = y' if x'=0 
1 y' ct = - — r e + —r otherwise (4.2) 

Thus a duality exists between points and lines in (x,y)-space and lines 
and points in (e,a)-space. This is illustrated in fig.4.la,b. 

Consider a line, and the corresponding chaincode string. Changing the 
parameters e and a of the line will not always result in a different 
string. For OBQ-digitization, the string only changes if the line sweeps 

LPT 

Figure 4.1 Tlie duality of points and lines in (x,y)-spaae and (e,a)-spaae. 

over a grid point in one of the (n+1) columns considered. Somewhat more 
generally, the points at which the string changes are defined as follows. 

Definition 4.4: critical point_ 
A critical point is a point (x,y) = (i,v) (where it Z ) , such that a 
line y(x) = ax + e in the standard situation has a different value for 
the i-th chaincode element, depending on whether v < y(i) < v+e or 
V-e < y(i) < v, for arbitrarily small £ > 0. 

For OBQ-digitization the critical points are the grid points (see Fig. 
4.2a). For GIQ-digitization they are the points (i,j+^), where i,jtZ. 
The LPT-image of a critical point is called a 'border line': 

Definition 4.5: border line 
A border line is a line in (e.a)-space which is the LPT-transform of a 
critical point. 

The border lines divide (e,ct)-space into tiles, which are called 'facets' 
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after [Mcllroy 1985]. A sketch of (e,ct)-space and the border lines corres
ponding to critical points in the columns X»0,1,2,3,4 is given in Fig.4.2, 
for OBQ-digitization. 

In the standard situation, only lines with a string of which the digiti
zation consists of chaincode elements 0 and/or 1 are treated. All strings 
consisting of at most n elements 0 and/or 1 connect the point (0,0) with 
the points (i,j) given by: 

0 * j < i < n (4*3) 

(see Fig.A.3a). Every one of these points therefore belongs to the digiti
zation of a continuous straight line in the standard situation. The set of 

Figure 4.2 Four columns of discrete points in (x,y)-space and the corres
ponding LPT-images of the discrete points, in (e,a)-space. 
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all straight lines that are in 'standard situation' are thus the lines 
passing entirely through an area which is the union of the regions of 
sensitivity of these points. With the restriction 0 < x < n, this is a 
trapezoidal area. The lines passing through this area are restricted in 
their parameters e and a, and thus form a region (e,tf)-space. In general, 
this region is diamond-shaped. 

For the specific case of 8-connected OBQ-strings, all straight lines in 
the standard situation pass through TRAPEZOID(n), defined by: 

Definition 4.6: TRAPEZOlD(n) 
TRAPEZOID(n) is the part of (x,y)-space satisfying 

0 < x < n 
0 < y < x+1 (4.4) 

It follows from eq.(4.4) that e is constrained by: 0 < e < 1 . Given a 

DIAMOND(n) 
Figure 4.1 TMPBZOIDInl and DIAMONDtnl for 8-eonneeted OB^digitization. 
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value for e, the minimum slope of a line passing through TRAPEZOID(n) Is 
-e/n, and the maximum slope is (n+l-e)/n. Therefore, for S-connected OBQ-
strings, a line y=ctx+e is in the standard situation if its parameters 
(e,a) are in DIAMOND(n) given by: 

Definition 4.7: DIAHOND(o) 
DIAMOND(n) is the part of (e,a)-space satisfying 

0 < e < 1 
e < a < 1 + e (4. 5) 

n n n 

TRAPEZOlD(n) and DIAMOND(n) are depicted in Fig.4.3. Comparing with 
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so 
because the boundaries are border lines corresponding to critical points 
in (x,y)-space. 

4.2 THE FACETS OF DIAMOND(n) 

An understanding of the facets is crucial to the study of the digitization 
of straight line segments. In this section, the shape of the facets is 
studied, then a parametrization is given, and using that parametrization 
quantitative expressions for the facets are derived. 

The first analysis of the facets and domains in (e,a)-space «as performed 
by computing the parameter constraints on straight lines in (x,v)-space 
[Dorst & Smeulders 1984]. It was followed by an elegant descriptive 
analysis directly in (e,ct)-space by [Mcllroy 1985]. The present section 
also performs the analysis in (e.a)-space, but along different lines than 
[Mcllroy 1985]. 

4.2.1 A parametrization for the facets 

In this section, the shape of the facets is determined by cons idering the 
border lines that form their boundaries. 
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The border lines in DlAMOND(n) can only have crossing points which can 
be written as 

(e'.a') . ( | , E.) (A.6) 

where q, p, k are integers, p/q is any fraction of F(n), and k is an 
Integer for which 0 < k < q 

Proof: 
Consider the two (e,a)-lines in DIAHOND(n) which are the Images of the 
discrete (x,y)-points (i,j) and (I',j') of TRAPEZOID(n). The inter
section point of these (e,ct)-lines is the LPT-image of the (x,y)-line 
connecting the (x,y)-points, which is the (e,a)-point 

Let (j'-j) and (i'-i) be called p and q, respectively. Varying I, j, 
I' and j', p and q independently assume all values 0,1,2,...,n. 
Therefore, within DIAM0ND(n), p/q assumes all values of F(n), but no 
other values. 
The e-values of the intersections are multiples of 1/q, say k/q. 
Within DIAMOND(n), k must be an integer in the range 0 < k < q. 

QED 

The border lines passing through a particular point are given by the 
following lemma. 

The number of border lines passing through the (e,a)-point (k/q,p/q) 
in DIAMOND(n) is 

and these lines have the slopes 

(A.9) s ' s+q ' s+2q »***' s+(M-l)q 
where s is the solution of 

sp = -k (mod q) 

in the range 0 < s < q . (4.10) 

Proof: 
Consider the crossing point (k/q,p/q). From eq.(4.7), It follows that 
p=(i'-i), q=(j'-j), k=(ji'-ij'). This gives: 
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pi = -k (mod q) (4.U) 
which has a unique solution i=s in Che range 0 < s < q for every k, 
according to lemma 2.1. Also, when l = s is a solution, so is i=s+mq. By 
lemma 2.1, this is the unique solution in the range [mq,(m+1)q). Since 
varying m accounts for all integers, there are no other solutions but 
those of the form i=s+mq. For points in TRAPEZOID(n), the range of 
possible i-values is 0 ^ i <■ n. Scanning this range from 0 to n, the 
first solution is s, the last solution is s+L(n-s)/qJq. The number of 
solutions Is thus given by eq.(4.8). By eq.(4.2), the slope 
corresponding to a solution 1 Is -1/i, and the theorem follows. 

QED 

Let us define a function L( x), pronounced 'last x', as follows. 

Definition 4.8: L(x) 
L a(x) Is defined as 

Ln,q ( X > " * + l/T1} (4 
where q and n are integers, and 0 < q < n. 
If no confusion is possible L (x) is abbreviated to L(x). 

With this definition, the two extreme slopes in eq.(4.9) are -l/s and 

-1/L(s). 

Using lemma 4.2, the shape of the facets can be determined. 

Theorem 4.1 
The facets of DIAMOND(n) are either triangles or quadrangles with two 
vertices at the same value of a. 

Proof: 
Consider a facet, and an (e,a)-line a = p/q, chosen such that It cuts 
the facet boundary twice, at least once through a vertex point. By 
lemma 4.1, p/q is an element of F(n). Let these cutting points be 
called A and B, in order of ascending value of e. Since the facets lie 
completely at one side of any of the border lines, they are convex. 
Thus three situations are possible, sketched in Fig.4.4a, depending on 
whether only A., both A and B, or only B are vertices of the facet. 
Let maximum slope of a border line of DIAMOND(n) passing through A be 
-l/s, and the maximum slope of a border line passing through B be 
-1/t, then by lemma 4.2 the minimum slopes of border lines passing 
through these points are -l/L(s) and -l/L(t). Also s, L(s), t and L(t) 
are Integer. We have s < L(s) and t i L(t), and l{s*L(s) A t*L(t)}, 
for otherwise neither A nor B would be a vertex point. It follows from 
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Figure 4.4 To the pvoof of theorem 4.1: a facet intersected by a line 

a = £ . 
<7 

lemma 4.2 that all border lines passing through A or B have slopes 
-l/(s+mq) or -1/(s+£q), respectively (where m and £ are integers). So, 
if s 5* L(s) then L(s) > s+q ? q > t and, similarly, if t * L(t) then 
L(t) > s. Therefore in all three cases the border lines with slope 
-l/s and -1/L(t) intersect in a point C at some a > p/q , and the 
border lines with slopes -1/L(s) and -1/t in a point Ü at some a._ < 
p/q (see Fig.4.4b). 
At cr = p/q, the facet is thus split into two parts bounded by converging 
straight lines. Since this can happen at only one value of cr, there 
are no other vertices on these lines between a=p/q and a. or between 
a and cc . Therefore, the facets are in general quadrangular, with two 
vertices at ct = p/q. The quadrangle may degenerate to a triangle if two 
of its sides are coincident. In that case, there is only 1 vertex 
at a=p/q. 

QED 

Since a facet has its largest e-dimension at a unique value p/q of a, a 
facet of DIAMOND(n) can be identified by the q,p and k of the leftmost 
point at a-p/q. For reasons which will become clear later, It is prefer
able to use s defined by eq.(4.10) instead of k. This is allowed, since 
every k leads to a unique s, and vice versa, by lemma 2.1. 
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Definition 4.9: FACET(n,q,p,s) 
FACET(n,q,p,s) is the facet of DIAMOND(n) with widest e-dimension at 
a = — . and of which the upper left border line has a slope -1 /s. A.11 

q 
points of the right border lines are excluded from FACET(n,q,p,s). 

Note that not both the left and the right border lines can be included in 
FACET(n,q,p,s), since then some (e,a) points would be allotted to two 
facets. The choice in definition 4.9 was determined by the inclusion and 
exclusion of the boundary of DIAMOND(n). 

4.2.2 The facets quantified 

Using the properties of the border lines and the corresponding critical 
points, the vertices and border lines of FACET(n,q,p,s) can be computed. 

Theorem 4.2 
The border lines bounding FACET(n,q,p,s) are the lines given by 
y = ax,+e, where (x^y.) are the the critical (x,y)-points: 

P-(V7,)-( s ,\f\) 

«-w-i c 'H^ 
(4.12) 

and C is bijectively related to s by 

tp = (sp-1) (mod q) (4.13) 

With the labels indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD) 
and R=LPT(AD). 

Proof: 
By lemma 4.1, the left vertex of FACET(n,q,p,s) at cr=p/q can be 
written as (k/q,p/q), «here k is related to s by eq.(A.lO): 
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s = -k(mod q). (4.14) 
Using the requirement 0 < k < q, k can be expressed in terms of s: 

The border line passing through this vertex with slope -1/a corres
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-value is 
found by substituting (e ,a) = (k/q, p/q) in the LPT-formula y=ax+e , 
noting that x=s. This gives critical point P. R is derived similarly. 
The right vertex is the point ((k-M)/q, p/q) , if a solution exists of 
the equation 

ip - -(k+l)(mod q) (4.16) 
which is the counterpart of eq.(4.14). By lemma 2.1, a solution in the 
range 0 < i < q exists. Calling this solution t, it is found similar 
to eq.(4.15) that 

By lemma 4.2, the maximum and minimum slopes of the border lines 
intersecting in C are -1/t and -l/L(t), respectively. These correspond 
to the points Q and S, by the LPT-formula eq.(4.1). 
It follows from eq.(4.16) and eq.(4.17) that t and s are related by 
eq-(4.13). The bijectivity follows from lemma 2.1. 

QED 

One can also specify the FACET(n,q,p,s) by its vertices: 

Theorem 4.3 
FACET(n,q,p,s) has the vertices: 

[EL|1(t) - p ^ > pq^-i-rfi 
( L(t) - s L(t) 

(4.18) 
k . ( pa] . ss. 2 ) 

|q | q q 

L(s) - t L(s) - t 

related by the LPT to lines through the critical (x,y)-points S, P, Q 
and R by: A=LPT(PR), B=LPT(QS), C=LPT(PS), D=LPT(QR). 

Proof: 
This follows immediately from theorem 4.2 and eq.(4.7). 

QED 
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With either theorem 4.2 or theorem 4.3, the FACETfn,q,p,s) is described 
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)~ 
spacej and A, B, C, and D in (e,a)-space. Fig.4.6 gives the facets in 
DlAMOND(n), for n=l,2,...,6. The facet labels are explained in the 
following section. 

Figure 4.5 a) A discrete line segment in (x1y)-space (op. Fig.2.6) 
All continuous lines passing through the shaded area have 
the same string and hence belong to the same domain. 

b) Schematic d.rwM-ng of the. domain and its LPT-image. 
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4.3 THE DOMAIN THEOREM 

Consider a line y=otx+e, which has a certain string C. Changing e and a , 
the chaincode string will change if the line traverses a critical point. 
In (e ,<i) -space, the line is represented by an (e,ct)-point, and the change 
in e and a by a movement of that point- The line traversing the critical 
(x,y)-point thus transforms to an (e,a)-point moving over the LPT-image of 
the critical point. This is one of the border lines in DIAMOND(n), bound
ing the facets. 

Therefore, if a change in the chaincode string occurs, a facet boundary is 
traversed and since the (e,a)-transform is bijective the converse is also 
true. This implies that the facets are sets of (e,a)-points corresponding 
to lines which all have the same chaincode string C. Such a set of lines 
is called the domain of the string C, denoted by DOHAIN(C). 

Definition 4.10: DOMAIN(C) 
The set of points in (e,a)-space representing all (x,y)-lines whose 
digitization is a given straight string C is denoted by DOKAIN(C). 

The lemma connecting facets with the domains of straight strings is: 

Theorem 4.4 FACET(n,q,p , s) = D0ÏÏAIN{DSLS(n,q,p,s)] 

Proof: 
First, it is proved that the interior of FACET(n,q,p,s) belongs to 
DOMAINJDSLS(n,qip,s)1 
By eq.(2.30), a line with digitization BSLS(n,q,p,s) is: 

A : y =^<x-s) + p £ ] (4.19) 

The LPT-image of this line is the point A of eq.(4.18), which belongs 
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over 
a small amount £ does not change its digitization: 

|*~*>+ falJ - l^ + H+falJ - t^ s ) + falJ 
where the final transition follows for ep/q < 1/q. 
This implies that the point A and points just to the right of A belong 
to D0MAIN(n,q,p,s). The points to the right of A are in the interior 
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical 
points, indicate all possible chaincode changes, it follows that the 
interior of FACET(n,q,p,s) belongs to DOMAIN {DSLS(n,q,p,s)}. 
Next, the inclusion and exclusion relations for the border lines of 
the domain are considered. 
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Figure 4.6 The facets in DIAMOND(n), with the strings of which they are 
the domains indicated, for n=l to 6. 
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Figure 4.6 (continued) 



Consider the line X = LPT(A), defined in eq.(4.19), which belongs to 
DOMAIN{DSLS(n,q,p,s)} . The critical points P and R are on SL since 
their LPT-images Intersect at A. The critical points 0 and S are above 
this line, since their LPT-images intersect at B and eB>eA . Therefore 
Q and S cannot be points of the digitization of I. This implies that 
an (x,y)-line passing through the critical point S or Q has a differ
ent digitization from X. In (e,cc)-space, this implies that an (e,a)-
point on the border line corresponding to S and Q does not belong to 
DOMAlN{DSLS(n,q,p,s))- This agrees with definition 4.9. 
The points on the left border lines of a facet are on the right border 
lines of another facet. Since they are excluded from the domain whose 
interior is the facet to the left, they belong to the domain whose 
interior is the facet to the right. These (e,a)-lines correspond to 
rotated lines through the (x,y)-points P or R. For small rotation 
angles these lines generate the string DSLSfn,q,p , s). 
Therefore interior and boundaries of 00MAIN{DSLS(n,q,p,s)} are ident
ical Co those of the facet FACET(n,q ,p ,s), and the thecrero is proved. 

QED 

Strings of the line Y = j - x + ■?, for increasing n. 
The quadruple (n,q,p, s) and the 4 points determining the 
domain are indicated. The lines marked with A correspond to 
triangular domains since either s~L(e) or t-L(t). 

string 

1 
10 

100 
1001 
10010 
100101 

1001010 
10010101 
100101010 

(n,q,p,s) 

(1,1,1,0) 
(2,2,1,1) 
(3,3,1,1) 
(4,3,1,1) 
(5,3,1,1) 
(6,5,2,1) 
(7,5,2,1) 
(8,7,3,1) 
(9,7,3,1) 

L(s)L(t) 
s 'i t 'S 

0 1 0 1 
1A1 0 1 
1A1 0 3 
1 4 0 3 
1 4 0 3 
1 6 3A3 
1 6 3A3 
1 8 3A3 
1 8 3A3 

C A B D 

(0/1,2/1) (0/1,1/1) (1/1,1/1) (1/1,0/1) 
(0/1,1/1) (1/2,1/2) (1/1,1/2) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,0/1) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (3/5,2/5) (4/5,2/5) (1/1,1/3) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 
(1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) 

n = 3 n-4,5 n=5r6 n=8,9 

Figure 4.7 The decrease in size of the domains of the strings corves-
S 3 

ponding to the line y - -x x + ~F, with increasing n. 

In Fig.4.6, DIAMOND(n) for n=l to 6, is drawn, with the strings of n 
elements indicated in their domains. 

For calculations later in this thesis, the domain theorem is now presented 
in a more convenient form. First, some abbreviations are defined. 

Definition 4.11: p, , q,, p_, q_ 

(t)+l~1 _ [•£" 
P+= ^~~^\-\^\ ; %" LU)-S 

(4.20) pL(s) | j tp+I| — — - ; q = L (s) -1 
q j q I 

With theorem 4.2, the domain can be expressed in the following form: 

Corollary 4.1 
All lines y=ax+e whose digitization in the columns 0 < x < n is the 
string DSLS(n,q,p,s) given by: 

f(i-B)J - |JC1-S-1)J 1=1,2,...,n 
are given by the following constraints on slope a and intercept e: 

1) P_/q_< a < P+/q+ 

2) [ Y | - sa < e < p ^ l E ü ] - L(t)c if p/q « a < p + / q + 

(4.21) 
L(s)a < e < | - ^ - | - ta if p_/q_< a < p/q 

L(s)p~ 
q 

This theorem identifies continuous line segments, given a string. [Mcllroy 
1985] gives algorithms for the converse approach, where one identifies the 
string, given a continuous line segment. 

Fig.4.7 and table 4.1 give an example of the strings and domains for the 
3 . 2 

5' 
line y= — x + —, for increasing n. 
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4.4 SPIROGRAPHS AND (e,a)-SPACE 

This section derives the relation between the representation of straight 
lines by spirographs and in (e,a)-space. An interesting result of spiro-
graph theory to (e,«)-space is the derivation of the number of straight 
strings consisting of n chaincode elements 0 and/or 1, by counting the 
number of facets in DIAMOND(n). 

4.4.1 A line in (e,a)-space 

The connection between spirographs and (e,a)-space is given by the 
following theorem, illustrated in Fig.4.8. 

Figure 4.8 The spirograph SPIRO(a',n) is a line a=a' in (eta)~-spaee. 
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Theorem 4.5 
The circumference of the spirograph SPIRO(a',n) is the line a = a' in 
DIAMOND(a) In (e,a)-space, with periodic boundary conditions on e in 
the interval [0,1). The points on the spirograph correspond to the 
intersection of «=a' with the border lines in DIAMOND(n). 

Proof: 
SPIRO(a.n) contains the projections of the discrete points of n 
columns of the grid, projected along a line with slope a (fig.3.1). A 
discrete point (i,j) is therefore represented by a point at a dis tance 
e = (j-ia) to the left (anti-clockwise) of the point 0 in SPIR0(a,n). 
Rewriting this to: j = ia+e, it is seen that the value of e for a 
fixed value of a is just the value also given by the LPT of the 
critical point (i,j)- Thus at fixed a=a' the spirograph contains the 
intersections of the border lines in (e,a)-space corresponding to the 
critical points in n columns of the grid. The periodicity in e implies 
that only the points in TRAPEZOID(n) need to be considered. Therefore, 
the circumference of the spirograph is identical to the line a=a' 
in (e,a)-space. Periodicity in e in the interval [0,1) follows from 
the circularity of a spirograph. 

QËD 

This relation with spirographs immediately leads to the following theorem 
(first described in [Mcllroy 1985]): 

Lemma 4.3 
The vertices C, A(or B) and D of a facet lie at three consecutive 
fractions in F(n). 

Proof: 
Consider a line a=a' in DTAMOND(n), corresponding to SPIR0(a',n). The 
point order of this spirograph is the same as for all spirographs with 
an a satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this 
means that moving upwards or downwards with a, the first traces to 
cross are those corresponding to the boundaries [otrj/r and \<xX]/X . 
Thus, in a strip of DTAMOND(n) around o: = a' containing the part of 
DIAMOND(n) satisfying [arj/r < a < \a.l\/l there are no intersections 
of border lines. Theorem 3.5 shows that these bounds for the strip are 
consecutive fractions in F(n). 

QED 

Indeed the expressions of the vertices of FACET(n,q,p,s), as given in 
theorem 4.3 satisfy lemma 3.5: 
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= 1 

where the final transition follows by eq.(4.15) and eq.(4.17). 

4.4.2 The number of straight strings 

As an interesting consequence of the analysis of the facets, the number of 
straight strings of n elements 0 and/or 1 are computed. 

Theorem 4.6 
The number N(n) of straight strings of n elements, consisting solely 
of codes 0 and/or 1, is 

n 
N(n) = 1 + I (n+l-k) « k ) <4-22> 

k-1 

where «k) is Eulers «function, Indicating the number of positive 
integers not exceeding k and having no common factor with k. 

Proof 
The theorem is proved by deriving a recursive relation for N(n) by 
counting the number of facets of DIAMOND(n). According to theorem 4.2 
this is equal to the number of straight strings of n elements 0 and/or 
1. 
Consider the transition from DIAMOND(n) to DIAMOND(n+l), which In 
(x.y)-space is the transition from TRAPEZOTD(n) to TRAPEZOID(n+l). 
This means that the LPT-images of the discrete points in the column x 
= n+1 are added to DIAMOND(n). These lines intersect border lines 
already present In DIAMOND(n) in points with a-coordinates of the form 
(j-j')/(n+l-i'), where 0 < j' < i' < n, and 0 < j < n+1. With varying 
1', j' and j, these are just all fractions of F(n+1). 
Every time a new border line intersects one of the border lines of 
DIAMOND(n), an old facet is split into two new facets, and therefore 
the total number of facets obeys the recursive relation: 

N(n+1) - N(n) + N F ( n + 1 ) - 1, <A-23> 

where %( n) denotes the number of terms in F(n). The '-1' in eq.(4.23) 
is included since the crossing at 0/1 does not introduce a new facet. 
With the definition of Euler's «function given above we find 
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F(n) 1 + E « i ) (4.24) 
1 = 1 

Here the '+1' takes into account the special fraction 1/1. With the 
proper initial conditions, eq.(4.23) becomes 

n+1 
M(n+1) = N(n) + E «i) 

1-1 
N(l) = 2 

(4.25) 

The solution of eq-(4.25) is 

n j 
N(n) = 1 + E E « i ) 

j-1 1=1 
(4.26) 

Counting the number of times <Ki) occurs in this sum, eq.(4.26) can be 
rearranged to eq.(4.22). 

QED 

Table 4.2 contains some values of <Kn) and N(n). The irregular behaviour 
of <t» (n) and hence of N(n) is apparent. Nevertheless, the asymptotic 
behaviour can be computed. 

First a preliminary lemma, which is due to Euler, as is the beautiful 
proof (see [Mardzanisvili & Postnikov, 1977],[Hardy & Wright 1979, 17.3]). 

The probability that two arbitrarily chosen positive integers have no 
common factor is S/% . 

Table 4*2 The number N(n) of straight strings consisting of n elements 0 
and/or 1, and some approximations. 

n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

« n ) 

1 
1 
2 
2 
4 
2 
6 
4 
6 
4 

N ( n ) 

i 

4 
8 

14 
24 
36 
54 
76 

104 
136 

3/ 2 

n /n 
.1 
.8 

2.7 
6.5 

12.7 
21.9 
34.7 
51.9 
73.9 

101.3 

3/2+(n+l)3/it2 

2.3 
4.2 
8.0 

14.2 
23.4 
36.3 
53.4 
75.4 

102.8 
136.4 
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Proof 
Call the two numbers q, and q̂ . Consider a prime p. The probability 
that q, is divisible by p equals 1/p. The probability that q-, and q̂  
are both divisible by p equals 1/p . The probability that nei ther is 
divisible by p equals (1 - 1/p*). Thus we have that the probability 
that q-. and q^ have no common factor is 

n (i - i/p2) 

where the product is over all primes. Now, with Taylor expansion 

n l = = n (i + 1 - + }~+ . . . ) P ,. . , 2 . p 2 4 (1 - 1/p ) K p p 

The^right hand side, written out, contains all unique prime factors of 
integer n. Hence 

n (1 - 1/P2) - l-y-' - i — - ^ 
P £ l/nZ C(2) n 

n 
where C(.) is the Rieraann zeta-function [Hardy & Wright 1979,17.2]. 

QED 
This lemma implies that <\>(n) can be approximated for large n as: 

*(n) * ^j a (4.27) 
n 

By more complicated arguments, it can be proved [Hardy & Wright 1979] that 
n 2 
£ #(j) - ^~ + 0(n An n) (4.28) 
j=l it 

This leads to the theorem 

Theorem 4.7 
For large n, the number of straight strings consisting of n chaincode 
elements 0 and/or 1 is N(n) given by 

3 „ 
N(n) •> — ■ + 0(n In n) (4.29) 

Table 4.2 also contains some values of this approximation, and shows that 
3 2 3/2+(n+l) /n seems a good approximation for small n. Table 5.1 (next 

chapter) gives all 36 straight strings consisting of 6 codes 0 and/or 1. 

5. Characterization 

5.1 DIGITIZATION ANT) CHARACTERIZATION 

This section provides a formal description of the information reducing 
steps encountered when performing measurements on digitised straight line 
segments• The description is given in the form of sets and mappings 
between them, to make It independent of any particular representation. 

All continuous straight line segments form a set C . Digitization of 
continuous straight line segments is a mapping D: C ~>" C of the set of 
continuous line segments to the set of straight strings C . Digitization 
of a particular line I results In a string c, denoted by c = DA. 

Given a string c, there is an equivalence class of continuous lines all 
having the same string c as their digitization. This equivalence class is 
called the domain D (c) of c corresponding to the digitization D. 

Definition 5.1: domain 'Dn(c) 

I>D(c) - { i e l | aH - c } (5.1) 

Thus the domains indicate the finest distinction among continuous lines 
that can be made on the basis of their digitization. 

Example: If C consists of lines in the standard situation, and Is 
parametrized by (e,cc), D is OBQ-digitizatlon, and C is parametrized by 
the (n,q,p,s)-parametrization, then Ü)D(DSLS(n,q , p, s) ) = FACET(n , q , p, s) . 



In the computation of estimators, It Is not always convenient to deal with 
the complete string c. For instance, according to Freeman [1970], the 
length corresponding to a string is computed as the number of even 
chaincode elements (n ) plus /2 times the number of odd chaincode elements 
(n ) in the string. Thus for this length estimator, the string is reduced 
to a tuple (np)%)« This leads to the concept of a characterization. 

Formally, a characterization is a mapping K:C->7Sof the set of straight 
strings onto the set of tuples Tj . Applying K to a straight string c 
reduces it to a tuple t of parameters. This is denoted by t=Kc. 

In the same way as domains are the equivalence classes into which the set 
of lines is divided by digitization, there are equivalence classes into 
which the set of strings is divided by characterization. Therefore, to 
each tuple there corresponds a scope Sy-( t) , which is the equivalence class 
of all strings having the same tuple t under the characterization K: 

Definition 5.2: scope $y(t) 

SK(t) = { ce-G | Kc = t 1 (5.2) 

After characterization, only strings in different scopes are considered to 
be different. 

Taking digitization and characterization together, a mapping KD: C * T> is 
obtained. The equivalence classes of this mapping will be called regions. 
Thus the regional (t) of a tuple t is the set of all lines having the 
same tuple t after digitization D and characterization K. 

Definition 5.3: region & K D(t) 

^KD (t) = ' * e t I KD* = C' C5,3) 

After digitization and characterization, only lines belonging to different 
regions are considered to be different. 

induces domains ■* "**■ 
SUc) 

^(» 

Figure 5.1 An overview of the sets, mappings and equivalence classes 
involved in digitization and characterization. 

Fig.5.1 summarizes the terms introduced. A relation between the different 
equivalence classes which follows immediately from the definitions is: 

*.„(t) - U 2Vc) (5.4) 

In the following, the subscripts D and K will often be omitted, if it is 
clear which digitization and characterization are meant. 

Note that in each of the mappings D and K, a (potential) loss of inform
ation occurs. Digitization unavoidably implies loss of information, since 
it maps a continuous set £ onto a discrete setC. Characterization, how
ever, maps one discrete set (C) onto another ("£>)• Here loss of information 
can be avoided if the characterization is chosen properly. Character
ization is then nothing more than rewriting the same Information In a more 
convenient form. 
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Let us use the symbol F to signify a faithful characterization, i.e. a 
characterization that is a bijective mapping between a string c and its 
corresponding tuple t. In that case there is an inverse mapping F , such 
that t=Fc implies c=F t. The scope Sp(t) then consists of a single string 
c = F t and the region Ĵ pnC t) is equivalent to the domain'DD(F t). Thus 
a fai thful characterization entails no loss of information. 

Two characterizations are called equivalent characterizations if they have 
the same set of equivalence classes. This implies that there is a 
bijection between the tuples of these characterizations. 

5.2 VARIOUS CHARACTERIZATIONS 

Existing methods of length estimation bear in them different types of 
characterization. These are now considered, as are the corresponding 
regions. The actual analysis of the length estimators Is performed in 
chapter 6 and 7. 

5.2.1 The (n)-characterization 

The simplest characterization of a string is by the number of chaincodes. 
Thus, the characterizing tuple is (n). 
The region in (e,ct)-space corresponding to a tuple (n) is ÜIAMOND(n): 

JUn) = {(e,a) | 0 < e < 1 A -e/n < a < (n+l-e)/n } (5.5) 

All strings with a domain In this region have become indistinguishable 
after this characterization, see Fig.5.2a. The region Is bounded by border 
lines corresponding to the critical points (x,y)=(0,0), (0,1), (n,0) and 
(n,n+l). See also table 5.1, where all strings of 6 elements 0 and/or 1 
are indicated, all leading to the same tuple (n)=(6). 

This type of characterization is not used very often for 8-connected 
strings due to the great loss of information it entails. 
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3.2.2 The (ne,nQ)-characterization 

In [Freeman 1970], the number of even and the number of odd chaincodes are 
used in a formula for the length of a string. Denoting these by np and n , 
respectively, this is an (n ,n )-characterization. 

In fact this characterization only uses the difference in discrete coor
dinates between the begin and end point of the line. Note that in the 
discrete case this is not sufficient to characterize the segment 
completely! Since n and n are completely determined by the critical 
points in the columns x=0 and x=n, DIAMOND(n) is divided into regions by 
the LPT-images of these points. This is sketched in Fig,5,2b. The regions 
of the (n ,n)-characterization are thus given by 

J U n e > % ) - ( (e,a) | ^ 1 < a < \ ^ - A 0 < e < I J (5.6) 
e o e o 

In the case of 8-connected strings in the standard situation, the differ
ence in x-coordinates is (n +n ), the difference in y-coordinates is n . 
These are sometimes denoted by n and m, respectively, thus leading to the 
(n,m)-characterization. This characterization is equivalent to the 
(n ,n )-characterization, since the tuple of the one can be expressed 
bijectively in the tuple of the other. The equivalence of the two charac
terizations is also seen in table 5.1: when the tuple for the (n ,n )-
characterization differs for two strings, so does the tuple for the (n,m)-
characterization, and vice versa. 

5.2.3 The (n ,n ,nc)-characterization 

In [Proffitt & Rosen 1979] an extra parameter was introduced to describe a 
4-connected string. This parameter, the corner count n Is defined as the 
number of transitions between unequal codes in the string. It was intro
duced to bridge the gap between 4- and 8-connected chaincodes. [Vossepoel 
& Sraeulders 1982] used this parameter for the characterization of 8-
connected strings, extending the characterizing tuple to (n ,n ,n c). 
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( c ) 

Figure S.2 The regions corresponding to various characterizations in 
DIAMOfDM for n=6, with the tuples indicated. Compare also 

table 5.2» 

Table 5.1 All 36 straight strings of 6 elements 0 and/or I, with the 
tuples of the In)-, !ne,n >-, !ng,n0,nal- and (n,q,p,s)-
characterisation indicated. 

string 

000000 
000001 
100000 
000010 
010000 
000100 
001000 
100001 
100010 
010001 
001001 
100100 
010010 
001010 
010100 
100101 
101001 
010101 
101010 
010110 
011010 
101011 
110101 
1.01101 
011011 
110110 
101110 
011101 
011110 
110111 
111011 
101111 
111101 
011111 
111110 
u m i 

(n) 

(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 
(6) 

(ne,n0) 

(6,0) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(5,1) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(4,2) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(3,3) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(2,4) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(1,5) 
(0,6) 

(n,m) 

(6,0) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,1) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,2) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,3) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,4) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,5) 
(6,6) 

ne."o.nc> 
(6,0,0) 
(5,1,1) 
(5,1,1) 
(5,1,2) 
(5,1,2) 
(5,1,2) 
(5,1,2) 
(4,2,2) 
(4,2,3) 
(4,2,3) 
(4,2,3) 
(4,2,3) 
(4,2,4) 
(4,2,4) 
(4,2,4) 
(3,3,4) 
(3,3,4) 
(3,3,5) 
(3,3,5) 
(3,3,4) 
(3,3,4) 
(2,4,4) 
(2,4,4) 
(2,4,4) 
(2,4,3) 
(2,4,3) 
(2,4,3) 
(2,4,3) 
(2,4,2) 
(1,5,2) 
(1,5,2) 
(1,5,2) 
(1,5,2) 
(1,5,1) 
(1,5,1) 
(0,6,0) 

(n,m,k) 

(6,0,0) 
(6,1,1) 
(6,1,1) 
(6,1,0) 
(6,1,0) 
(6,1,0) 
(6,1,0) 
(6,2,2) 
(6,2,1) 
(6,2,1) 
(6,2,1) 
(6,2,1) 
(6,2,0) 
(6,2,0) 
(6,2,0) 
(6,3,2) 
(6,3,2) 
(6,3,1) 
(6,3,1) 
(6,3,0) 
(6,3,0) 
(6,4,2) 
(6,4,2) 
(6,4,2) 
(6,4,1) 
(6,4,1) 
(6,4,1) 
(6,4,1) 
(6,4,0) 
(6,5,2) 
(6,5,2) 
(6,5,2) 
(6,5,2) 
(6,5,1) 
(6,5,1) 
(6,6,2) 

(n,q,p,s) 

(6,1,0,0) 
(6,6,1,0) 
(6,6,1,1) 
(6,5,1,0) 
(6,5,1,2) 
(6,4,1,0) 
(6,4,1,3) 
(6,5,1,1) 
(6,4,1,1) 
(6,4,1,2) 
(6,3,1,0) 
(6,3,1,1) 
(6,3,1,2) 
(6,5,2,0) 
(6,5,2,4) 
(6,5,2,1) 
(6,5,2,3) 
(6,2,1,0) 
(6,2,1,1) 
(6,5,3,0) 
(6,5,3,3) 
(6,5,3,1) 
(6,5,3,2) 
(6,3,2,1) 
(6,3,2,0) 
(6,3,2,2) 
(6,4,3,1) 
(6,4,3,0) 
(6,5,4,0) 
(6,4,3,2) 
(6,4,3,3) 
(6,5,4,1) 
(6,5,4,4) 
(6,6,5,0) 
(6,6,5,5) 
(6,1,1,0) 
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Figure 5.3 Regions of the (n^n^n^)-characterization around a = —• 

The following argument by [Vossepoel & Smeulders 1982] shows that the 
improvement of this extended characterization is that apart from the 
critical points in the columns x=0 and x=n, those in the columns x=l and 
x=(n~l) also contribute. Let cm denote the chaincode element that is 
present in minority, and c« the element that is present in majority. Then 
the number of transitions between unequal elements is twice the number of 
elements c , if at both ends of the string a Cw is present. Each c at an 
end of the string decreases this number by 1. In the standard situation, 
where a string element is 0 or 1, n is thus determined by ne, nQ, and the 
sum of the first and the last chaincode element, called k. Thus the 
critical points in the columns x=0, 1, (n-1) and n contribute to the 
tuple. 

In (e,a)-space, the border lines corresponding to these critical points 
determine the regions. For n=6, the LPT-images of these points are 
Indicated In Fig.5.2c. A set of four regions around a = n /(n +n0) is 
drawn in Fig.5.3. These regions are specified by their vertices as 
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follows. Let n = (ne+%)> m ■ nQ, and k as defined above. Then the 
vertices are (see [Vossepoel & Smeulders 1982]): 

( ° . ^ n-2 

/■n-m-1 

m-i -, / n-m m- L \ 
n̂ T-1 ' ̂ n̂ T'tv7!"' 

/•n-m-! m \ l^T~'n^F 

ln-l'n-lJ ' l 'n-lJ 

n-2 'n-2' 

n-2 'n-2-1 

: i . ~ ) 

(1: n-1' 

if k=0, 

(5.7) 

Note that the region of a single tuple contains two trapezoids If k=l. 
Note also that if n <■ 4, all columns contribute, and in therefore in those 
cases the (n ,n ,n )-characterization is faithful. 

(Vossepoel & Smeulders 1982] used n=(ne+nQ), m=nQ and k as defined above 
to 'describe' a straight string. This would now be called a (n,m,k)-
characterizatlon. The relation between (n ,n ,n ) and (n,m k) is: 

ne - Q-m; 
n = m: 

n/2 
n/2 
n/2 

2m-k 
rn -1 i f 
' n i f 
2Cn-m)-k 

k=l 
k=0,2 (5.8) 

Thus if n is odd, the (n
e>n

0>n
c)~ a n d (n,m,k)-characterization are 

equivalent, since the tuple of one can be expressed bijectively in the 
other. If n is even, all tuples can be mapped bijectively, except 
(ne,no,nc)=(n,n/2,n) which corresponds to both (n,m,k)=(n,n/2,0) and 
(n,m,k)=(n,n/2,2). Apart from these tuples, the (n

e,n
0>n

c)~ and (n,m,k)-
characterization are equivalent. This is also seen in table 5.1. 
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5.2.4 The (n,q,p,s)-characterization 

In chapter 2 of this thesis, the (n ,q, p ,s)-parametrization for straight 
strings was introduced. In terms of the present chapter, the tuple 
(n,q,p,s) provides a faithful characterization of the string. 

For this characterization, all digitization points are taken into account 
to characterize a string, and thus the critical points in all columns of 
TRAPEZIUM(n) contribute. The regions are equivalent to the domains, by 
theorem 4.4: 

Jl(n,q,p,s) = FACET(n,q,p,s) (5.8) 

The regions of the (n,q,p,s)-characterization are depicted in Fig.5.2d. 
Table 5.1 shows that the characterization is indeed faithful: all strings 
have different tuples. 

It was shown in the previous chapter that although all points of the 
digitization are taken into account, only 4 (sometimes 3) points really 
matter. These are the points S, P, Q and R, of theorem 4.2. In contrast to 
the (n ,n , n )-characterization, for which also 4 points contribute to the 
region, the points S, P, Q and R are not in fixed columns. 

Alternative, but equivalent, characterizations are (n,q,p,s+£q) (with S. an 
integer), or any of the (N,Q,P,S) defined in theorem 2.1. 

6. Estimation 

6.1 THE MEASUREMENT SCHEME 

The descriptive scheme for Information reduction by digitization and 
characterization, introduced in the previous chapter, can be extended to a 
scheme on measurement. 

A numerical property of a continuous SLraight line segment can be 
described as a function f: C^K, attributing a real number f(A) to a line 
segment X. An example of this is the length of a segment extending between 
two columns x=0 and x=n: in the (e,a)-representation of chapter 4, It Is 

/ 2 given by f(e,a) = n /(1+a ). 

After digitization and characterization, the line X Is reduced to the 
tuple t=KDJ£ . This tuple t could also have been obtained as a result of 
the digitization of other line segments. By the definition of a region, 
these possible pre-images of the tuple t are all lines in the region ̂ R.(t). 
The lines £ of the region Jl(t) generally have different values £(i) for 
the property f. Let the values of f(JO, assumed by lines A in Jl(t) be 
called admissable values of f, given t. Note that not all admlssable 
values are equally probable, since the lines in J?.(t) are distributed 
according to some probability density p(A) . 

Due to the inherent spread in admissable values of, given t, it is 
impossible to measure the property exactly; the best one can do Is 
estimate. An estimate of the property f, based on the tuple t, is 
Indicated by gf(t), or g(t) for short. Considered as a function of t, 
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g(t) is called an estimator; this is thus a function glTS+R. attrl biitlng 
a real number to each tuple. The aim is to choose a g(t) that is a 'good' 
estimate for f (Jl), for all t and Jl. 

In this chapter, the only estimators g(t) that will be considered are 
those that depend only on the values of f (.1) assumed by lines H in J{.( t). 

6.2 ESTIMATORS 

In this section, six types of estimators are introduced. 

6-2.1 The MPO-estimator 

Given a tuple t, the most probable original (MPO) estimator gMprjCO t o r 

the property f is defined as the value of f at the most probable value 
of A: 

0(t) - f[argmaxjp(JU | 1. E &(t)}) (6.1) 

where argmax{p(Ji)} Indicates the value of A maximizing p(A). Fig.6.1 
schematically indicates the meaning of gf.fpntt) for a type of probability 
density function that will occur when calculating a-dependent properties. 

f(jt) 

Figure 6.1 Sketch of the MPO-estimator, for a given probability density 

function p(X)in &(t). Its value is the value of f at the 

Value of $. maximising p(Z). 
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The probability density function p(«) is then a triangular function. MPO-
estimators for these a-dependent properties will be treated in section 
6.3. 

The MPO-estimator should not be confused with a maximum likelihood 
estimator. The difference between the two is discussed in Appendix 6.1. 

6.2.2 The MPV-estimator 

Given a tuple t, the most probable value (MPV) estimator for a property f 
in the region X(t) Is defined as the most probable value of f In 3L(t). 

Theorem 6.1 
The MPV-estmator Is given by: 

«HpyCt) - f ( a r g m a x ( T ? £ ^ T | l - : J l ( t ) } ) 

where p(£) is the probability density function of the lines, and 
argmax{p(£)} indicates the argument SL which maximizes P(£). 

(6.2) 

Proof: 
The probability density function p(f) of f is found by the transformation: 

, , , l a * i 
p ( f ) " ar P W 

P_W 
I at I P W - W(JY\ 

and the theorem follows. 
f») QED 

Figure 6.2 Sketch of the MPV-estimator. Its value is the most probable 

value of f, which is the value maximising p(f). 
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Figure 6.2 schematically indicates the MPV-estimator for a-dependent 
properties. Appendix 6.1 deals with the difference between this estimator 
and a maximum likelihood estimator, appendix 6.2 with the difference with 
the MPO-estimator. 

6.2.3 Minimizing the maximum absolute error 

For a given line Jt and a property f, the estimated value g(t) = g(KDi) 
usually differs from the exact value f(X). The difference 

6f (1) * {gf(KDi.)-f(A)} (6.3) 

is called the estimation error. Let the estimator that minimizes the 
expectation of the maximum absolute error be denoted by gc.. The implicit 
definition of this estimator is thus: 

E ( max ( e (£)!} ) minimal (6.4) 
C x \ t,gQ i 

where E ̂ (x) indicates the expectation of x over a set A . The solution is 
given by the following theorem: 

Theorem 6.2 

The estimator minimizing the mean maximum absolute error over £ is: 

g0(t) = h { Mf(t) + mf(t) } (6.5) 

where Mf(t) and mf(t) are the maximum and minimum over 3l(t) : 

Mf(t) = max [f(JL)) 
M t ) (6.6) 

m (t) = min ff(Jl)) 
Jl(t) 

Proof: 
Since ĝ C t), and hence E (A), depends only on admissable values 
(the values in !&(KDl)), 0 the expectation in eq.(6.4) can be 
rewritten to a sum over the regions: 

Z P*rtn,i max(|E (X)|) minimal (6.7) 
Jl(KM) 1 ( K M ) ' f'80 

where p is the conditional probability of a region: 
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f U ) 

Figure 6.3 Sketch of the gg estimator. Its value is the average of the 
maximum value M^lt) and the minimum value rrif(t) of f in Rft), 

(6.8) P*,KDi1 = I p W dl 
3 l ( K M ) 3l(KDX) 

Since all terms are positive, the sum in eq.(6.7) is minimized by 

minimizing all terms, leading to the demand: 

max i | gQ(KDA) - f(Jt) | I X e Jl(KDA) } minimal 

With Mf(t) and m^ft) as defined in eq.(6.6), this can be rewritten to 
max j Mf(t)-gQ(t) , g0(t)~mf(t) } (6.9) 

The solution is: 

gQCt) = h ! Mf(t) + mf(t) 1 

which proves the theorem. 
(6.10) 

QED 

in estimation theory, this is sometimes called an estimator based on the 
Chebyshev-norm. Fig.6.3 depicts this estimator. 

6-2.4 Minimizing the absolute error 

estimator minimizing the expectation of absolut Let the 
over all 1 e C be denoted by gi. This implies that 
demand: 

e value of £ (X) 
g-L should satisfy the 

{ g1(KDA)-f(Jl) } minimal (6.11) 
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ft?-) 

Figure 6.4 Sketch of the g-, estimator. Its value is the median value of 
plf) in X(t)> which is the value halving the area of p(f). 

The solution is given by the following theorem: 

Theorem 6.3 
The estimator minimizing the mean absolute error over £ is: 

gL(t) = median {f(Jt)l (6.12) 

Proof: 
Since, by the restriction made in section 6.1, g(KDl) is based only on 
the values of E(i) in the region &(KD£) , eq.(6.H) can be rewritten 
to a sum of expectations over individual regions similar to eq.(6.6). 
Minimization of the sum again implies minimisation of the individual 
terms, yielding: 

E {|g,(KDA> - f(JOl) minimal (6-13) 

The solution to this equation is the median of f(£) in JUt) , see 
e.g. [Justusson 1979]. 

QED 

Fig.6.4 is a schemar.lcal indication of g, for a-dependent properties. 
A statistical analysis of the median can be found in [Justusson 1979]. 

6.2.5 Minimizing the square error 

Let the estimator minimizing the mean square error (MSE) be denoted by g2. 
In formula, the demand for g2 is: 

E {|g2(KDA)-f(lj|2} minimal (6.14) 

This can be rewritten, as for g0, to a demand for minimization of the 
square error over each individual region: 

E JlCKOA) i|ê2
CKDJÏ)"f(ï)|2) ainiaal (6.15) 

By the well known formula (e.g. [Lewis & Odell 1971]): 

E t(8(t)-f(i)] } = E ([g(t)-Eg(t)]2} + E2{g(t)-fU)} (6.16) 

the MSE is equal to the variance plus the bias squared. Hence estimators 
minimizing the MSE have minimum variance and are unbiased. 

It is difficult to give a general solution to eq.(6.16). However, if we 
restrict ourselves to estimators g(KDl) that are a linear function of the 
admissable values of f(A)> then the solution can be computed. This leads 
to the BLUE estimators. 

6.2.6 BLUE estimators 

The problem of minimizing the mean square error by an estimator which is a 
linear combination of the admissable values bears a close resemblance to 
the calculation of best linear unbiased estimators (BLUE) in the theory of 
parameter estimation (e.g.[Lewis & Odell 1971]). There, one has the 
situation that one original value leads to measurements, or 'observations' 
that show a certain distribution. A BLUEstimator is then an estimator that 
is a linear combination of the observations, and has minimal MSE. In the 
case considered here, the situation is the reverse: there is always only 
one 'observation' (the tuple t), but there are many 'originals' (namely 
all lines in Jl(t) ). Nevertheless, the mathematics is so similar that the 
term 'BLUEstimator' will be used. 'Linear' should in this context be 
interpreted as 'linear in the admissable values'. 

Consider the BLUE estimator for a particular characterization K, denoted 
by bg. Given the tuple t, the set of possible originals is A(t), the set 



of possible values are the admissable values of f. The requirements for 
btfCt) to be a BLUE estimator of f(£) are translated into this terminology: 

Definition 6.1 BLUEstimator 

1- The estimator should be linear in the admissable values f(A). This 
implies that the estimator b„(t) should have the form 

M t ) = ƒ w(Jl)fa) d* (6-17) 

where w(£) is some weighting function. 

2- The estimator tyft) should be an unbiased estimate of f(A) over Jl(t): 

I |f(i) - b (t)} - 0 (6.18) 
A(t) K 

3 - Of a l l e s t i m a t o r s s a t i s f y i n g e q s . ( 6 . 1 7 - 1 8 ) , g K ( t ) should have minimal 
MSE over ( t ) : 

E {[tW ~ b i t ) ] 2 } minimal ( 6 . 1 9 ) 
AM K 

Note that in all three requirements t * Kc denotes the tuple corresponding 
to the string c = DA, so t =KD£ 

The following theorem states that the estimator obtained by attributing to 
a tuple t the expectation of f (A) over the region 31(1) is BLUE. 

Theorem 6.4 
The estimator 

is 

Proof 
1) 

2) 

3) 

% < m ) = E * K D < m ) { f W l (6-20) 

BLUE. 

B»(t) is a linear estimator, since it is the estimator of eq.(6-17) 
with w(£) = p(A). 
Consider the region JL,D(DKJl). Omitting the subscripts, we have: 

E * ( K M ) ( f U ) " V K M ) 1 = E*(KD*)lf(1)) - BK(KD1) - 0 
Thus B^(t) is unbiased for a region. 
Comparing the general estimator bK(KDI) in eq.(6.17) with B ^ K D J O 
in eq.(6.20), with respect to the MSE over the region X(¥LDl) we 
have: 

> E:R(tüH)(t£(5-> " BK(KD«]2} 
Hence B^ has a smaller MSE than any linear unbiased esimator based on 
averaging over more than one region. Hence it is the BLUEstimato.:. 

QED 

Since the set of all straight line segments C is a union of regions, the 
estimator %. is also the BLUEstimator over £ . 

If the characterization is faithful, the regions reduce to domains. These 
are the smallest possible sets of lines distinguishable after 
digitization, and the BLUE estimators corresponding to this faithful 
characterization are therefore the most accurate estimators possible, 
given the digitization D. This is expressed in the following theorem. 

Theorem 6.5 
Of all BLUE estimators 

BK(KM) . ^ K D ( K M ) { « « ) (6.21) 

the estimator BF, corresponding to a faithful characterization F has 
minimal MSE. 

Consider the MSE over a domain 2) (D!) . JL (FDA) (abbreviated 2)(DJt)): 

" E0)(D1) ( [ f ( i ) " VFM))21 + E3)(DA) f[BF(FDA) - BR(KDJl))2} 
> E B ( M ) ( [ f W - BF(FD!)]2} 

Hence the MSE of Bp is smaller than that of an arbitrary B„, unless 
KFF. Therefore g^ is the optimal BLUE estimator. 

QED 

The estimator Bp(t) will be referred to as optimal BLUE. Note that since 
JlFD(FDX) = D (DA), the optimal BLUE estimator can be written as 

V ™ ) " E^ (DJ0 [f(l)J (6.22) 
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which is independent of the specific faithful characterization used - as 
it should. For specific properties of straight line segments, this 
estimator is evaluated in section 6-4. 

6«2.7 The choice of estimator and criterion for i-dependent properties 

In the remainder of this chapter (and thesis) the treatment of estimators 
is restricted to a-dependent properties of discrete straight line 
segments. Examples of such properties are slope ( f(X)3sa ) and length 
( f(£)=n/( 1-Kt ) ). For these properties, out of the six types of 
estimators treated in the previous sections, only the MP0- and BLUE-
estimators will be evaluated. Minimization of the M3E in the asymptotic 
case (where n.-*-ro) is used as criterion for the evaluation. The reasons for 
these choices are now discussed. 

Let C be parametrized by e and a, so that the property f (A) can be 
written as f(e,cr). Given a line segment y=ax+e between n columns of the 
grid 0 < x < n, many interes ting properties, such as slope, angle, and 
length are function of a only, and do not depend on e. Thus these 
properties can be written as f(e,0t) = f(a). 

The probability density function of the lines, p(e,a), is taken to be the 
one given in section 2.3.2, corresponding to an isotropic and homogeneous 
distribution of the lines. Thus, by eq.(2.15): 

p(e,a) = /2(l+a2)"3/2 (6.23) 

For the (n ,n )- and the (n,q,p,s)-characterization, the regions given in 
section 5.2 are quandrangular shapes with two vertices at the same value 
of a. The probability density function p(«) over this region is found by 
integrating p(e,cc) over e. 
For the (ne,n )-characterization, putting n =m and (n +n )=n, this yields 

p (a) * /2 (m+l-an)(l-Kï2)~3/2 if m/n < a < (m+l)/n 
p(a) - (6.24) 

P2(a) = /2 (an-m+l)(l+a ] 3 / 2 if (m-l)/n < a < m/n 
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P+/Q+ 

Figure £.5 Trie probability density function p(aj for a-dependent proper 
ties in the (ng,n0)~ and (n,q,p,s)-e}iaracterization. 

For the (n,q,p,s)-characterization, this yields: 

P(°0 
P) (a) = /2 (p+-nq+) [l-Ht ) ' if p/q < a < p+/q+ 

p (a) = /2 (aq_-p_) [l+a )" if p /j < a < p/q 
(6.25) 

These functions can be described by the same formula, sketched in Fig.6.5: 

| pj_(«) = ^2 (P+-zQ+){l-M2y3/2 if P/Q < « < P+/Q+ 

p(«) = (6.26) 
I P2(a) = ^2 (aQ_-p_)(l+a2l~ ' 2 if P^/Q_< a < P/Q 

The extent (P+/Q+-P/Q) of such a region is, for the (n ,n^-characteri
zation, 2/(n +n ). The peak height is 1. in the asymptotic case, where 
n*» p(a) thus becomes more sharply peaked. 

For the (n,q ,p,s)-characterization the extent is TTITT^ + ~x~) (by eq.3.9). 
If Q is small, the extent is large. Since Q. and Q_ are the denominators 
of the neighbouring fractions to P/Q in the Farey series of order n, Q. 
and Q_ are both of order n if Q Is small. Therefore the p(cc) with the 
largest extent have an extent of 2/Qn, if n*™. 

For both characterizations, the extent is thus asymptotically of the order 
0(n ). Since within the extent of p(a) the variation of the function 
, 2\~3/2 
[ 1-kr J Is asymptotically small compared to the variation of the 
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fU) 

Figure 6.6 For a-dependent properties, all five types of estimators give 
results that are asymptotically close. In this sketch g^nj^(t) 
is the expectation of f(a) in X(t), the other estimators are 
as indicated in Figs .6 .1-4. 

factors (P,-aQ.) and («Q_-P_), the p(a) are asymptotically of a triangular 
shape. If f (a) is asymptotically linear over the extent of p(ct), the error 
measures treated (maximum absolute error, absolute error, root mean square 
error) are all linear in the extent of p(cc) . Therefore, asymptotically the 
choice of an error criterion is largely a matter of taste and convenience 
and will not influence the order of the results obtained. The MSE was 
chosen since it is mathematically most amenable to analysis. 

The fact that the p(a) are increasingly sharper peaked implies that the 
various estimators introduced will become asymptotically Identical (this 
is illustrated in Fig.6.6, a superposition of the figures 6.1-4). 
Therefore, if the asymptotic MSE is chosen as the criterion for 
comparison, the choice of the type of estimator is fairly arbitrary. Twc. 
estimators where chosen: the BLUEstimator, since it is the (linear) 
estimator minimizing the MSE, and the MPO-estimator, since it is easy to 
compute and hence potentially of greater practical use. These estimators 
are calculated in sections 6.3 and 6.4. 
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6.3 CALCULATION OF THE MPO-ESTIMATOR 

For a-dependent properties f(a), the MPO-estimator is defined as the value 
of f for the most probable value of a. For the (n ,n )~ and (n,q,p,s)-
characterizations, p(ï) is given by eq.(6.26). The following lemma gives 
the most probable values of a for these characterizations-

Lemma 6.1 
For p(ct) given by eq.(6.26), the most probable value of a is: 

V = TL if <!*! and n=1> 
(6.27) 

p 
a = — in all other cases 

Proof: 
In the interval P/Q < a < P /Q , the derivative of p is: 

p[(a)/p1(ot) = -3a/(l-Hx2) + i/(o - V Q + ) (6-28) 

In the range 0 <- <x < 1, the first term Is less than or equal to zero. 
The second term is, in worst case, -n (namely at a=0 and at ct=l), and 
normally smaller. Therefore eq.(6 .28) is less than or equal to -n, so 
p(a) does not assume an extreme in the interval considered. Therefore, 
the most probable value in the interval is ct=p/Q. 
In the interval P_/Q < a <• P/Q , the derivative of p is: 

P2(«)/P2(a) = -3a/[l+a2) + l/(a - P_/qJ (6.29) 

The first term is greater than or equal to -3/2, the second term 
greater than or equal to n. Therefore no extreme value is assumed in 
this Interval if n > 3/2, and the most probable value is then P/Q. 
If n=l, an exception occurs at P/Q=l/1, P_/Q_=0/1. In that case, a 
maximum of p^C01) occurs at 1//2. 

QED 

For the (n)-characterization, the most probable value of a in the 
region &(n) given in eq.(5.5) Is a = 0. For the (ne,no,nc)-character-
ization, the estimator becomes too unwieldy to present in a general form, 
because of the awkward shape of the domains for k=0 and k=2 in eq.(5.7). 
For k=l, the region consists of two areas shaped similarly to eq.(6.26); 
then the MPO-estimator equals f(n./(n+n )). 

Summarizing: 



Theorem 6.6 

For a -dependen t p r o p e r t i e s f ( a ) , the MPO-est imators for the ( n ) -

(n ,n ) - and the ( n , q , p , s ) - c h a r a c t e r ! z a t I o n s a re given by: 

g M p o ( n ) = f (0 ) 

f ( ^ ) i f < n e , n o ) = ( 0 , 1 ) 

f( ) e lsewhe 

(6.30) 

( 6 . 3 1 ) 

n , q , p , s ) f(yg) i f ( n , q , p , s ) = ( 1 , 1 , 1 , 0 ) (6.32) 

The MPO-estimator for linelength is treated in section 7. 
An estimator that closely resembles the MPO-estimator is the 'most 
probable value' (MPV) estimator of section 6.2.2. The two are compared in 
Appendix 6.2. 

6.4 CALCULATION OF THE OPTIMAL BLUE-ESTIMATOR 

6.4.1 Optimal BLUEstimators in the (e,a)- and (n,q,p,s)-representation 

To evaluate eq.(6.22) for properties of straight lines one needs a faith
ful characterization and an expression for the domains. Both have already 
been given: the faithful (n,q,p,s)-characterization in theorem 2.2, and 
the domain of DSLS(n,qjp,s) in corollary 4.1. Combining these with 
eq.(6.22) gives: 

BF(n,q,p,s) = ƒƒ f(e,a) p(e,a) de da 
DOMAIN(n,q,p,s) 

(6.33) 

where p(e,a) is the probability density describing the distribution of the 
lines. Using the boundaries for the domain given in corollary 4.1, this 
can be rewritten as: 

BF(n,q,p,s) ƒ ƒ f(e,a) p(e,a) de da 

P_/<L P ^ 1 ] " «-<*) 
P+/q+ p ^ ] _ a L ( t ) 

+ ƒ ƒ f(e,a) p(e,a) de da (6.34) 
p/q [£i| - as 

This formula provides the most general form for the BLUE estimator for an 
arbitrary property f(e,a) of a continuous straight line segment, given a 
particular cnaincode string c, faithfully characterized by the tuple 
(n,qfp»a). 

Following [Vossepoel & Smeulders 1982] a moment-generating function G., Is 
introduced, defined by: 

G.(n,q,p,s) = ƒƒ f1(e,a) p(e,a) deda (6.35) 
1 DOMAIN(n,q,p,s) 

which allows the estimator of eq.(6.34) to be written in the form 

G, (n,q,p,s) 
BF(n,q,p,s) - G ( | ( n, q ) P ) 8 ) (6-36) 

and its variance as 

G?(n,q,p,s) G (n,q,p,s) 
var BF(n,q,p,s) = (6.37) 

For further evaluation, assumptions on f(e,a) and p(e ,a) are required. 

6 .4 .2 Evaluation for a-dependent properties 

In this section, the optimal BLUEstimators for properties that are only 
dependent on a are derived. It will be seen that the properties 'length' 
'slope' and 'angle' are such properties. 

The probability density p(a) is given In eq.(6-25), and eq.(6.35) becomes: 



P /q 

G (n,q,p,s) ƒ (p -aq ) [1+0 ) f O ) da 
i + + 

p/q 
P / q 2 -3/2 i 

+ ƒ (aq -p ) (l+a ) f (a) da (6.38) 
p_/q_ 

Introducing functions FJ, defined by: 

J- F,(a;P,Q) = (aq - P) (l+a2)"3/2fi(a) (6.39) 

this can be rewritten to 

p. /q. p/q 
G l (n,q,p,s) = [ F i ( a j - p + , - q + ) ] p / q + [F^ot | p_ ,q_) ) p _ / q (6.40) 

This formula is now evaluated for the three properties length, angle and 
slope. 

Length 
The length of a straight line segment of slope a, extending over n 

2 grid columns, is f(a) = /(l+a ) , so: 

F = f- (6.41a) 
0 /(l + a2) 

F = n { | ln(l+a2) - P atan(a) ) (6.41b) 

F = n2 { Q /(l+a2) - P ln{a+/(l+a2)} (6.41c) 

With (6.1.8) and (6.1.4) this is the optimal BLUEstimator for the 
linelength corresponding to a chaincode string (n,q,p,s). 

Angle 
The angle of the continuous line y = ax + e is f(a) = atan(a). 

ap + 0 
F . - - - jf (6.42a) 
0 /(l+a2) 
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(6.42c) 

1 /(l+a2) 

2 (Q+Pa) atan (a) + 2(P-Qa) atan(a) - 2(Q+Pa) 
2 /(l+a2) 

Slope 
For the line y=ax+e, the slope is given by f(e,a) = a . 

aP + 0 

F, = - ^ ~ - + Q ln{a+/(l+a2)) (6.43b) 
1 /(l+a2) 
. Qa- + Pa + 2Q . p l n { a + / ( l r t2,) ( 6 . „ c ) 

2 /(l+a2) 

These optimal solutions are of a surprising complexity ! 

6.4.3 Taylor approximations 

To study the behaviour of the optimal BLUEstimator, and its dependence on 
(n^j p ^ ) , Taylor approximations are useful. 

Theorem 6.7 
Taylor approximations to the BLUE estimators for properties f(e,a) 
that are independent of e: f(e,a) = f(a) are given by 

BF(n,q,p,s) = f(S-) + i^i- - i-) r(£) + 0((nq)"2) (6.44) 

var[BF(n,q,p,s)] ■= — I j [-L + — 1 - + _A) ( f. (£) } 2 + 0((nq)"4) (6.45) 
18q q+ q+q_ q_ 

Proof: . „. i 2 -3/2 Abbreviating f (a) (l+a ) to v (a), we have for eq.(6.40): 

-1(n,q,p,s)//2 
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6.4.4 Regular grids 

The estimators of eqs.(6.35-37) can be generalized to 4- and 6-connected 
grids, and other regular grids, using the concept of a 'column' introduced 
in [Vossepoel & Smeulders 1982], and described in section 2.2.4. 

With the transformation T defined in eq.(2.9), an assumed uniform distrib
ution of the lines in the skew grid transforms by T to the distribution 
p(e,Ct) in the square grid by: 

( | s i n * ) 2 

p(e,a) = Kv „ c ^7T (6.54) 
\t , h

 u 2 , . h , , , \ 3/2 
[(a + — cosi?) + ( — sinq>;j 

where K i s a n o r m a l i z a t i o n c o n s t a n t . E q . ( 6 . 3 5 ) for G. then becomes 

i 
,h .2 ,, f ( e , a ) 

G = Kvl-sin<M \\ -— - — _ de da 
1 V ,, ,h 2 h 2 3/2 

{[a + i-cos^J + (̂ in<t>J } 
DOMAIN(n,q,p,s) v v 

The calculation of n,q,p and s and thus of p+, q+, p_, q_ only depends on 
the sequence of codes in the string and hence is not influenced by the 
transformation T. 
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Appendix 6.1 MAXIMUM LIKELIHOOD ESTIMATORS 

Both the MPO- and the MPV-estimator are related to maximum-likelihood 
estimators, well-known in the theory of parameter estimation. This 
relationship is now described. 

Formally, a maximum likelihood estimator is defined as follows (quote from 
[Van den Bos 1982]): 

Suppose that In a particular experiment the observations, considered 
as stochastic variables, are W = (w. , . . . ,w.,) L and define f (Q,Q) as 

unknown parameters to be estimated from W. Now let V = (v, ,. . . , v,,) be 
one particular realization of W, that is, the elements of V are 
numbers, not variables. Then for that particular realization the 
function L = fw(V;T) with T = (tI,...>tK)T is defined as the 
likelihood function of the parameters. Thus L is a function of T. Then 
the maximum likelihood estimate of the parameters T from W is defined 
as that value T' of T that maximizes T,. 

Translating the estimation problem for the property of a discrete straight 
line segment Into these terms, W is the tuple of the characterization used 
and V a specific realization t of that tuple. 0 is the parametrization of 
continuous line segments, which was denoted by $.. The likelihood function 
L is thus a function of A, for fixed t. It is denoted by L(t;A)- The 
maximum likelihood estimate depends on t; considered as a function of t It 
is the maximum likelihood estimator 5. (t) . 

With the 'argmax' notation from section 2.6.1, the maximum likelihood 

\fL(t) = argmax{L(t;A)} (A6.1) 

Comparing with eq.(6.1) and eq.(6.2), it seen that both can be written in 
terms of maximum likelihood estimators for A: 



8(t) = f(V(t)^ (A6'2) 

For the MPO-estimator, the likelihood function is: 

LHP0(t'1:i " l 0 if ie ü.(t) t A 6* J ) 

For the MPV-estimator, the likelihood function is: 

, , , ><> l p ( * ) / | f ' W | if *<s & ( t ) 
LMpv ( t ; ,L) = l o i f i s A ( t ) ( A 6 - 4 ) 

Eq.(6.2) shows that gKrogCt) and g»rpy(c) are not maximum likelihood estim
ators of f, but estimators based on maximum likelihood estimators of X. 
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Appendix 6.2 HOST PROBABLE ORIGINAL VS. MOST PROBABLE VALUE 

The MPO- and the MPV-estimator are not equivalent. However, there are 
circumstances when they identical results for virtually all tuples. 
Restricting ourselves to cc-dependent properties f(«) and a probability 
density function p(r-t) as in eq.(6.26), the following theorem can be 
proved. 

Theorem A6.1 
If f(a) is monotonie and satisfies, in the interval 0 < a < 1 : 

-n < £-&! < n - j (A6.5) 
Via) 

then the most probable value of f(a) is the value of f at the most 
probable value of a. 

Proof: 
Let a' be the va lue of a t h a t maximizes p ( a ) / | f ' ( a ) | . Let t he most 
p robab le va lue of a be c a l l e d a". 
With p ( a ) as in e q . ( 6 . 2 6 ) , a "*a ' i f , for a smal l change 6a>0: 

p ( a " ) x p(a"+öa) a p ( a " ) t , . fp'.Ca") _ f " ( < * " ) u , i 
| f ' ( a " ) l | f ( a " + 6 a ) | " YFJ^TJ l l P ( 0 f ' ( a " ) J O a f 

f " ( g " ) . p ' C O 
f ' ( a " ) > P ( a " ) 

In the interval P_/Q_< « < P/Q, 6a < 0 , so the demand becomes 
f"(a") p'(a-) 

(A6.6) 

f'CO pTO 
e p 
3/2. Hen 

(A6.7) 

It was shown in the proof of lemma 6.1 that p'(a)/p (a) £ n and 
ence the theorem follows. 

QED 

Two examples of properties are now given. 

For the slope, f(a) = a, and f"(a)/f'(a) = 0, so eq.(A6-5) is satisfied if 
n>2, and ZUOQ an& §MPV c01ncide. For n=l, note that maximizing the funct
ion p(a)/|f * (a)| is identical to maximizing p(a) since f'(a)=l. Therefore, 
SMPH anc* §MPV a r e i-tieritical f°r C^G estimation of the slope. 



120 

For length, where f(a) = n/(l+a ) , we have f"(a)/f'(a) = l/(a(l+a )), 
which becomes infinite at a=0- Since f"(a)/f'(a) > 0, the left inequality 
in eq.(A6.5) is satisfied. The right inequality is only satisfied if 
A < a < 1, where A is determined by 1/(A(1+A )) < n - 3/2 . With increas
ing n, A decreases, and there are relatively increasingly more tuples for 
which g^pQ equals g^mr' In the asymptotic case where Q-*», only the tuples 
with P_/Q_=0/l have g^Q 4 gj,jpy For the (n n )-characterization, this is 
1 tuple out of n, for the (n,q,p,s)-characterization n tuples out of 
3 2 n /it (see eq.(4.29)). Therefore, for length estimation, asymptotically 

almost all tuples t have gMP0(t) = g^yCt). 

These examples show that though g^0 and gMpy are not equivalent for all 
properties f(cc) and for all tuples t, they may be very close. The reason 
is that the probability function over a region for a-dependent properties 
Is sharply peaked (see Fig.6.1). Since this sharpness increases with 
increasing n, gĵ po aT1(i ĝ py normally are asymptotically equivalent. 

7. Length Estimators 

7.1 LENGTH MEASUREMENT 

This chapter treats estimators for the length corresponding to a chaincode 
string of n elements. In the terminology of chapter 6, this chapter deals 

2 with estimators g(t) of the property f(a) = n/(l+a ) , for that is the 
length of a continuous line y= ax + e, considered between n columns of the 
grid. These estimators can be divided with respect to the 'type' of g, and 
with respect to the characterizing tuple t. 

With respect to type, the length estimators In this chapter are divided 
into three major groups. Section 7.2 treats so-called simple estimators, 
which are a linear combination of the parameters of their characterizing 
tuple. Section 7.3 describes MPO estimators. Section 7-A deals with BLUE 
estimators. 

Estimators of a given type are subdivided with respect to the 
characterization used. This Is done in subsections, in the order: (n)-
(n ,n ) - , (n ,n ,n )- and (n,q,p,s)-characterization (see Table 7.1). v e* o e o c 

The estimators are analyzed and experimentally compared for the length 
corresponding to a straight string of n elements. The error measure used 
is the relative deviation RDEV, defined as follows. 
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Table 7.1 An overview of the length estimators treated in this chapter. 
The columns indicate the characterisation, the rows the type of 
estimator. A comparison of all estimators can be found in 
section 7.5. 

simple 

MPO 

BLUE 

(n) 

7 . 2 . 1 

7 . 3 . 1 

7 . 4 . 1 

( » e . n o ) 

7 . 2 . 2 

7 .3 .2 

7.A.2 

( n e , n 0 , n c ) 

7 . 2 . 3 

7 . 3 . 3 

7 . 4 . 3 

( n . q . P . s ) 

7 . 2 . 4 

7 .3 .4 

7 . 4 . 4 

evaluation 

7.2.5 

7.3.5 

7.4.5 

Definition 7.1 RDEV(L,n) 
The relative deviation RDEV(L,n) of a length estimator L Is the square 
root of the mean square error of the estimator L in the length 
measurement, averaged over all straight strings of n elements 0 and/or 
1, divided by n-

The normalization by n allows the interpretation of RDËV as the relative 
error In the length measurement of all line segments with a projected 
length of unity, when the sampling density is ft per square unit (arranged 
in a square grid). 

Using RDEV, the estimators are analyzed for discrete line segments 
connecting the origin to a point in the column x=n. It should be noted 
that there Is a (small) difference between this and analyzing the 
estimators for all points on the circumference of a circle x +y =n . This 
point of detail is discussed in Appendix 7.1. 

7.2 SIMPLE LENGTH ESTIMATORS 

In this thesis, the term simple estimators is used for estimators that are 
a linear combination of the parameters of the characterizing tuple. One 
would like to call these estimators 'linear estimators', but this term is 
already reserved in the theory on parameter estimation, see section 6.5. 
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7.2.1 Simple estimators for the (n)-characterization 

The IIIOÜL primitive length measure one can consider for a string 
DSLS(n,q,p,s) is simply considering the number of elements as the length: 

LQ(n) = n (7-1) 

This measure is still used in computer graphics to make dotted lines. In 
image processing, a recent use Is in [Shahrahay & Anderson 1986]. It is 
also the length measure for a contour that one obtains by simply counting 
the object pixels that are 4-connected to the background. 

The length measure LQ is biased: the length it gives is consistently too 
small, except for lines with slope 0. The bias can be computed by 
considering all strings consisting of n elements 0 and/or 1. These are 
strings connecting the origin to a discrete point on the line x=n. In the 
asymptotic case, where n 0̂5, the bias is computed by considering all lines 
from the origin to a continuous point on the line x=n: 

BIAS(LQ(n))/n = ƒ (l-/(l-hi2)) - ^ , da - (1- ̂ - ) = -.1107 (7.2) 
0 (l-KT) ' 

The estimator L^(n) can therefore be made unbiased by multiplying the 
length by a factor 1.1107, yielding: 

Lt(n) = 1.1107 n (7.3) 

The MSE of L,(n) is equal to its variance, since it is unbiased: 

MSE{L.(n)l/„2 = ƒ ( ï £ - /(i-ta2) ) 2 /2 [ l-ta2)'3/2da 
0 

2 
= /2 ln(l+/2) - ~ (7.4) 

It follows that the relative deviation RDEVCL^n) (the root mean square 
error per chaincode element) is asymptotically equal to: 

RDEV(L ,») - .1129 (7.5) 
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By comparison, 

RDEV(L0,~) - .1581 (7.6) 

Thus, if the estimator Lj_(n) is used instead of W n ) , by simply rescaling 
the result of LQ(II), one can gain some accuracy. However, it is impossible 
to obtain a higher accuracy than approximately 11%, no matter how densely 
the image is sampled. 

This subsection treats estimators that can be written as: 

L(ne,no) « ane + bnQ (7.7) 

Several estimators of this type are known. They are treated in 
chronological order. 

In the paper introducing the ^connected chaincode scheme ([Freeman 
1970]), a length measure for a chaincode string was also proposed. The 
purpose was to measure the length of the digital arc. The measure computed 
by attributing a length of 1 to every even chaincode element (correspond
ing to unit vectors along the grid), and a length /2 to every odd chain-
code element (the diagonal vectors). Denoting the number of even-coded 
elements by n and the number of odd-coded elements by n , the length 
measure is: 

LF(ne,n0) = ne + /2 nQ = 1.000 ng + 1.414 nQ (7.8) 

Note that Lp gives a measure for the length of the discrete arc Instead of 
providing an estimate for the length of the continuous arc. Considered as 
an estimator for the continuous arclength, LF is biased, since It always 
gives a length that is too long (except for lines with a=0 and a=l ). 

[Kulpa 1977] notes this, and rescales Lp to make it an unbiased estimator 
for the length of the continuous arc. He computes the scale factor 
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required to make the estimator unbiased for the radius measurement of 
large circles as: 

Vne>V = "9481 LF = '9481 ne + 1*3*07 n0 (7.9) 

The error is computed to be maximally +2.5% and minimally -5.3%. The 
coefficient .948 is also derived in [Filip 1973] , who treats simple 
approximations to the modulus of a complex number, for use in determining 
the amplitude of a quadrature signal pair. 

Groen and Verbeek [1973 ] , unaware of these results, noted that odd and 
even chaincode elemeraents in a straight string are not equally probable. 
The probabilities were computed by considering all possible lines passing 
through 1 column of the grid. With these probabilities, the expected 
length of an even and odd chaincode were computed, yielding 1.059 and 
1. .183, respectively. These values can be used to construct a length 
estimator: 

L r ( n , n ) = — — n + — ? — n - .944 n, + 1.195 n„ (7.10) b e o p o e o 
1.059 1.183 

This length estimator is unbiased for strings with (n +n ) = 1, which is 
not a reasonable res triction for practical situations. When used for 
longer strings, it is biased. 

It should be remarked at this point that both in [Vossepoel & Smeulders 
1982] and in [Dorst & Smeulders 1985], the length estimator based on the 
calculations of [Groen & Verbeek 1978] is wrongly specified to be 
Lp(n ,n ) = 1.059 n + 1.183 n . Nevertheless, the conclusions drawn in 
these papers still apply, for both this formula and eq.(7.10) lead to 
practically the same value for the asymptotic mean square error. 

The asymptotic behaviour of the simple estimators of eq.(7.7) can be 
computed. In the asymptotic case where n + ro, the (x,y)-plane may be 
considered continuous. The number of odd and even codes from (0,0) to a 
point (x,y) of TRAPEZOID(n) are then nQ = y and n = x-y. The asymptotic 
length D(x,y) of the line segment connecting (0,0) and (x,y), measured by 
the estimator of eq.(7.7) is 
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D(x,y) » ax + (b-a)y (7.11) 

Consider the error made in the length assessment of all strings of n 
elements 0 and/or 1. In the asymptotic case, where n->̂  , these strings 
are the strings of straight line segments from the origin to points on the 
line x=n. For a point (x,y)=(n,na) on that line, the length of a line 
segment to the origin, measured by eq.(7.11), becomes: 

D(n,nn) = n(a + (b-a)a) 

The Euclidean distance to the point equals n/(l+a ) , so the bias of the 
estimator eq.(7.7) is given by: 

BIAS(L)/n = ƒ 1 a+(b-a)cr - (1-w2)^} / — - '~ 2 3/2 (1-W-V 
(a/2 + b) (/2 - 1) - |/2 (7.12) 

and the MSE by: 

MSE(L)/n2 = ƒ { a + (b-a)ot - (1+a2)^ } " h l2 /2 
(l +a 2) 3 / 2 

a2(/2 ln(l+/2) + 2(1-/2)} + b2(/2 ln(l+/2) - l) 

-' ab 2/2 (ln(l+/2) - /2 +l( + a/2 {ln2 - | } 

- b/2 ln2 + /2 ln(l+/2) (7.13) 

Eq.(7.12) implies that in the parameter space of these estimators, (a,b)~ 
space, all unbiased estimators are on a straight line with equation: 

b = -a/2 + | /2(/2 +1) (7.14) 

Eq.(7.13) is a biquadratic form in a and b. This implies that all simple 
estimators with the same value for the asymptotic MSE can be found as 

b=aVi~ 

Figure 7.1 (a,b)-space, the parameter space of simple estimators for the 
!n!~ and (n ,n }-characterization. The ellipses are curves of 
constant asymptotic MSE, the drawn line is the line of 
unbiased estimators. 

points on an ellipse in the parameter space (a,b), see Fig.7.1. The major 
axis is along the line of eq.(7.14), since unbiased estimators have a 
minimal MSE. The center of all ellipses is the point: 

J (/2.1n(/2+l) - 1 } - (/2-l)ln2 ln2 - j (/2-1) 
(a,b) = ( 2 

2.1n(/2+l) - 4(/2-l) 

(.9445, 1.3459) 

2.1n(/2+l) - 4(/2-l) 

(7.15) 


































































