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1. The Crooked Straight

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES

In digital image processing, the continuous world is imaged by a sensor
consisting of discrete elements, usually placed in a regular array. Under
exceptional circumstances, the discrete image that results allows a
perfect reconstruction of the original scene; generally, however, such a

reconstruction is impossible.

In digital image analysis, perfect reconstruction is often not even
desired. Rather, the idea is to reduce the wealth of data present in the
image to a limited set of properties or features, which can then be
analyzed further. For some of these properties, perfect measurement is
possible, if appropriate precautions are taken (for instance, the number
of objects can be determined exactly from the image of a scanner with a
resolving power of half the size of the smallest object). Other properties
can only be determined approximately, and are obtained by estimation

rather than measurement. 'Size' is such a property.

Length is the one-dimensional measure of size, and therefore one of the
most basic quantified qualities an object can possess. Since the distance
between two points of the image is the length of a straight line segment
connecting these points, a study of good length estimators for discrete
straight line segments 1s fundamental to image analysis. Such a study

turns out to be less trivial than one would expect.

The complementary situation to image analysis occurs in computer graphics.

Here, the intention is to display discrete image data such that the



10
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Pigure 1.1 A straight line segment connecting two points P and Q in the
2-dimenstional plane EZ, endowed with the standard topology

of R2 and with the Euclidean metric.

resulting discrete image closely resembles the continuous scenes the
observer is used to. A basic property of continuous scenes is their
isotropy: the representation of a rotated object is identical to the
rotated representation of an object, independent of the rotation angle. In
discrete images this is not the case. One of the annoying anisotropic
effects that occur is that the accuracy of representation is strongly
dependent on the orientation of the object relative to the grid of the
discrete image. Straight lines are the simplest 'objects' having an
orientation. Also, they are the obvious primitives from which more complex
figures can be formed. An understanding of their properties is therefore

basic to computer graphics.

This thesis is a study of idealized discrete straight lines and line
segments. It has the form of a mathematical study, deriving theorems on
basic properties of discrete straight lines. The central issue is always
the connection between discrete straight line segments and continuous

straight line segments.

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS

More than two millennia ago, Euclid introduced straight lines by an
axiomatic approach and made them the basic elements of his geometry
[Euclid -348]. It took till last century before it was realized that his
axioms are not sufficiently precise to define straight lines uniquely;
other 'objects', not corresponding to the intuitive notion of a straight
line in continuous space, also obey the postulates. The modern approach is

therefore different from Euclid's.

From the modern point of view, a continuous straight line segment between

two points in some continuous space is an arc of extreme length connecting

1

. [
these points; here an 'arc' is a connected series of continuous polnts.

'Straight line segment' is thus a fairly complicated concept: it requires

a space with a well-defined topology (specifying neighbourhood relations
between points, and hence 'connectivity') and a metric (providing a

measure of 'length'), see Fig. 1.1.

A discrete counterpart of this continuous definition could be used to

define discrete straight line segments: in discrete spaces, a discrete

straight line segment between two points is a discrete arc of extreme

length connecting these points, where a discrete arc is a connected series
of discrete points. This 1s not the approach that is usually taken,
however. The reason is that it is difficult to define a metric such that
the discrete straight line segments determined by it correspond to the
intuitive idea one has of a discrete straight line segment (Fig.1.2). This
intuitive idea is that a discrete straight line segment between two points
is a series of discrete points that 'lie close to' the continuous straight
line connecting these points. Usually, it is this closeness that is taken
as the definition, and that is also the approach of this thesis. Although
it is not necessary to define discrete straight lines by a metric, the

topology of the discrete space is a necessary prerequisite for the

definition of a discrete arc.

Discrete straight lines are defined in a discrete space. In this thesis
: B
all discrete spaces that will be considered are two-dimensional periodic
>
arrangements of discrete points, and called regular grids. These regular

grids are homogeneous since all points and their surroundings are equal.

a b

Figure 1.2 a) A discrete straight line segment

b) Not a discrete straight line segment



1

The topology for various grids.

a) 8-connected square gr@d
b) 4-connected square grid :
¢) 6-connected hexagonal grid

Figure 1.3
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L 1gel.3.
Figure 1.4 Chaincode schemes for the regular grids of Fig.l
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Figure 1.5 Examples of regions of sensitivity for the grids of Fig.1.3.

vagueness of the intuitive notion of a discrete straight line segment: if
one allows the discrete line segment to lie 'close' to the continuous
straight line segment, the discrete points it connects can be chosen such
that they lie 'close' to the continuous points that the continuous line
segment connects. To make the definition unique, one has to specify the

closeness carefully.

In order to do so, let us introduce the region of sensitivity of a point

P. It is a region of points near P, such that if a continuous arc passes
through this region, then the point P belongs to the discrete arc
representing the continuous arc. Examples of regions of sensitivity for
the 3 topologies mentioned before are indicated in Fig.l.5. In that
figure, the regions of sensivity are symmetrical around the grid points,
and so the points of the discrete line segment will lie around the
continuous line segment. Encoding the points by the appropriate chaincode
scheme, a chaincode string of a very particular structure is obtained. We
will call a string obtained from a continuous straight line segment a
straight string. An example is indicated in Fig.l.6a, where a discrete
straight line segment is drawn connecting the points (0,0) and (6,16). The
corresponding straight string is, in the encoding according to the scheme
of Fig.l.4a, 0100101001001010, indicated in Fig.l.6b.

1.3 STRAIGHT STRINGS

Independent of their connection to continuous straight line segments,

straight strings can be characterized by means of the linearity conditions
=== B GORG  E L ONEE

— these are the necessary and sufficient conditions a straight string has

to satisfy in order to be (possibly) derived from a straight line segment
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in F?z. A first attempt at the formulation of these linearity conditions
can be found in [Freeman 1970], and a more exact version in [Brons 1974].

Later, [Wu 1982] proved the necessity and sufficiency.

Another way to characterize discrete straight lines is as arcs having the
chord property [Rosenfeld 1974]. This property effectively means that all
continuous straight lines connecting two arbitrary points of the discrete
straight arc lie 'close' to all discrete points of the arc (an example is
given in Fig.l.6c). Though this corresponds well with the intuitive notion
of a discrete straight line segment, it is a cumbersome property to test
[Kim & Rosenfeld 1982] present an algorithm testing linearity of strings

by the chord property, using the convex hull algorithm.

The linearity conditions specify the structure of a straight string. This
structure is closely related to number theoretical aspects of its slope,
and its study is not new: a paper in latin (sic!) by [Christoffel 1875]
derived many results that can now be interpreted in terms of the structure
of straight strings. The relation between a string and rational
approximations of its slope is schematically indicated in Fig.l.6d. The
line in Fig.l.6b, connecting the points (0,0) and (6,16), has a slope of
6/16. Good rational approximations of this fraction are, in order of
increasing denominator, 0/1, 1/1, 1/2, 1/3, 2/5, 3/8. The strings
corresponding to lines with these slope are drawn in Fig.l.6d. Comparison
with Fig.l.6b shows that these strings are all part of the string with

slope 6/16. The exact relationship will be treated later.

Note that the string 0100101001001010 given above consists of two types of
chaincode elements, of which one occurs isolated, and the other in rums,
consecutive series of the same element. This allows a description of a
straight string on a higher level than just based on individual string
elements. It turns out that these runs themselves again appear in isolated
runs, and in 'runs of rums', and so on, recursively. [Brons 1974] has used
the relation between discrete straight lines, straight strings, and
fractions to give a generating algorithm, producing the recursive
structure of a straight string, using the well-known continued fraction

algorithm from the theory of numbers.

15

Ll 7 d
P B =

Figure 1.6 a)

\
A

The discrete line segment corresponding to the continuous
straight line segment connecting (0,0) and (16,18) on an 8-
connected square grid, with the region of sensitivity of
Fig.1.5a.

b)

c

The chaincode string corresponding to this line segment.

S

The chord property. ALl continuoue line segments connecting
discrete points should pass through the region indicated.
d) Strings corresponding to lines with slopes that are good
rational approximations to 6/16.
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS

In image analysis, the assessment of 'distance' is of prime importance.

Since distance (through the conventional use of a Euclidean metric) is
measured as the length along a straight line segment, length estimators
for discrete straight limes deserve a careful study. The use of a grid
implies that distance assessment can not be done isotropically: these
anisotropic effects should be part of this study. Another reason why
estimators for properties of discrete straight line segments are of
interest to image analysis is that these segments may actually occur at
some stage of an analysis, elther as the digitization of a continuous
straight line segment, or as a locally straight part of the digitization

of a more arbitrarily shaped continuous contour. One is then interested in

estimators for the properties 'length' and/or 'slope'

1f the discrete straight line segment is considered to be the digitization
of a continuous straight line segment, it will be called a digitized
straight line segment. The use of this word implies that there is a
continuous reality, and the aim in this thesis will be to reconstruct
(part of) this original reality from the discrete data available. It will
be clear that an exact reconstruction of a continuous straight line
segment from its digitized image is impossible. Many continuous straight
line segments are digitized to the same straight string and digitization,
therefore, is a one-to-one mapping without an inverse. The set of all
continuous straight line segments which are mapped onto the same string ¢
is called the domain of c. The study of this domain is central to the
study of estimators for properties of straight line segments since the
continuous line segments in the domain of c vary in length. It 1is
intrinsically impossible to give a precise measure for the length of c.
The best one can do is to give a good estimate of the length corresponding

to the string, minimizing some specified error criterion.

Many chaincode length estimators have already been given, ranging from
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via
simple unbiased estimators for the length of the continuous arc
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous

straight arc [Vossepoel & Smeulders 1982] .

17
1.5 THE GOAL AND CONTENTS OF THIS THESIS

The main goal of this thesis is to derive accurate estimators for
properties of digitized straight line segments, such as length. These
estimators are 'optimal', in the sense that they minimize the differenc
between the estimate and the value of the property for the original :
continuous line segment, according to some criterion. To achieve

opti
ptimality, a careful study of the digitization and measurement process
for straight lines 1s required.

An im
portant step towards quantification is a suitable representation of
the ¢ i
ontinuous straight line segments and of their discrete counterparts

c .
hapter 2 introduces the parametrizations which form the descriptive
framework for the sequel.

Th

e structure of a straight line segment is treated in chapter 3. The

relat .
ation with number theory leads to quantitative measures for the

anisotropy of the representation of straight strings.

Next, in chapter 4, the digitization is studied as a mapping, and the loss
of information it entails is quantified. Other information reducing

mappi
ppings are often used in estimation; they are treated in chapter 5

Estimat

ors for properties are formulated for several criteria in chapt

6. Chapter 7 =
P compares all known length estimators for discrete straight

line segments, both theoretically and experimentally

P?rts of this thesis are already contained in a number of publications
?1gitized straight lines. [Dorst & Duin 1984] treats the structure and =
isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulde
1984] provides the parametrization of strings as in chapter 2, and th:s
analysis of the digitization process. Chapter 4 contains a ne; proof fo
the.main result of this paper. [Dorst & Smeulders 1986] derives the ;
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief

Te
preview of the comparison of length estimators in chapter 7



2. Parametrization

2.1 THE STANDARD SITUATION

Consider the situation sketched in Fig.2.l, where part of an infinite
straight object boundary is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the
object, others are in the background (points just on the continuous
boundary are considered to be object points). The exact location of the
continuous boundary is unknown; the best one can do 1s estimate the
boundary position from the digitized data. Obviously, only points near the

boundary are of interest.

In object boundary quantization (0BQ), the object points with at least one

neighbour in the background are considered to constitute the digitized
boundary. If the grid is assumed to be 8-connected, then there is a main
grid direction such that there is only one digitization point in every
column in that direction. Introducing Cartesian coordinates on the grid,
with this direction as x-axis, the continuous straight boundary 1s given

by the familiar equation

y(x) = ax + e (2.1)

with a the slope and e the intercept of the line. The origin of the

cartesian coordinates is chosen in a grid point, such that

0<e<1 @252

The digitization points corresponding to the line eq.(2.1) are given by
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Figure 2.1 O0BQ: Obgject Boundary Quantization.
A straight object boundary on an §-connected square grid and

the chaincode string representing it.

0BQ: (1,3) = (i, [y(D)]) (@)

Here | .| indicates the floor function, with LxJ (pronounced 'floor x') the
largest integer not larger than x. We will also need the ceiling
function [.1, where [k] (pronounced 'ceiling x') is the smallest integer

not smaller than x. Floor and ceiling are thus defined by

Definition 2.1: |x) and [¥]
lx] s x1 < |x] € x and ijez (2.4a)
[x] : x ¢ [x] < x*1 and [x]eZ (2.4b)

The chaincode string corresponding to the digitization points of eq.(2.2)

is given by
o LY(i)J = LY(i_llJ (255)

For lines in the circumstances considered, the c; are either 0 or 1 (note
that this does not imply O < a <1 1). For reasons that will become clear
later, this property is considered as the definition rather than as a

consequence of the situation:

2l

Definition 2.2: standard situation

Consider a line on a Cartesian square grid, with equation

y(x) = ax + e
with 0 € e < 1 . Further, a is such that the OBQ-digitization points
are encoded by an 8-connected chaincode scheme into a string
consisting only of codes 0 and/or 1. Such a line is said to be in the

standard situation.

In this thesis, all results will be derived for this standard situation.
In the next section it will be shown that many other situations with lines

on regular grids can be transformed into this situation.

2.2 NON-STANDARD SITUATIONS
2.2.1 GIQ-digitization

The definition of the standard situation is based on OBQ-digitization, a
type of digitization inspired by the circumstances of image analysis. This
type of digitization results in digitization points that lie consistently
on one side of the continuous straight line considered. In computer
graphics one prefers the digitized points to lie 'around' the continuous
line and the most common digitization in this field is therefore grid

intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid

point at each crossing by the continuous line of a grid row y=j (jeZ) or
column x=1i (iEZZ) is assigned to the digitization (Fig.2.2a). For straight
lines, this is equivalent to assigning those grid points to the digitized
line which are nearest (in the sense of their absolute euclidean distance)
to the continuous line. This is seen from the similar triangles in
Fig.2.2b: the points chosen by GIQ are closest to the line, both when
measured along the principal directions of the grid, and when measured
along lines perpendicular to the continuous line. Again restricting
ourselves to the line in the first octant, given by eq.(2.l), the GIQ-

points are given by

GIQ:  (1,3) = (1,[y(1)D (2.6)
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i a b/<3E

A

AD:CE=AB:CB

Figure 2.2 GIQ: Grid Intersection Quantization.

a) At each intersection of the continuous line with a diserete
row or column, the closest grid point is attributed to the
diserete straight line segment.

b) The equivalence of minimal distance along major grid lines,
and minimum perpendicular distance.

where [x] indicates the 'nearest integer' function', defined by

Definition 2.3: [x]
[x] : x=%<[x]¢xts and ([x1eZ (2.7)

Comparing with (2.4a) it is seen that [x] = |xt+%] , and thus
[y(D)] = Ly(d)+h) = lai + (eth)] (2.8)

This means that GIQ-digitzing the line y = ax + e is the same as 0BQ-
digitizing the line y = ax + e', with e' = (etk). Since this
transformation of QIQ to OBQ is a bijection (one-to-one and invertible),
the solution to some problem with an OBQ-digitized straight line can
immediately be applied to a similar problem with a GIQ-digitized line.

2.2.2 Other 8-connected regular grids
Until now only square grids were considered. However, there are many

circumstances in image analysis where the grid of pixels does not

correspond to a square grid, but to the more general regular grid.

23

{1 2 0
vectors corresponding to the 8-connected chaincode elements 0 and 1 are

> >
In a square grid, let e, and e, be the basic vectors (l) and (0); the
L

> > >

then el and (e1+ez), respectively (Fig.2.3). Consider an arbitrary regular
> >

grid, with two basic vectors ei and eé , of lengths h and v, and making an

angle ¢. The vectors corresponding to the 8-connected chaincode elements 0

>
and 1 are then given by ei and (;i+zé), respectively.

The figure shows that the square grid and its chalncode vectors is mapped
onto the regular grid and its chaincode vectors by the transformation

matrix

Po(5 o)
The line 2 in the square grid defined by eq.(2.1), or
1=(’;)=(2)+>\(i] (2.10)
transforms to £' = TL given by
0 i
2' : (eh  sind )+ ( sind ) (2.11)

av'h/va + cosf h/ve + cosd

Conversely, a regular grid can be mapped onto a square grid by the inverse

//
i .
B = 1;¢'
i e -
= .r-1 . /
= |EF
—
_—1 E;; 1 v -3
T > =/ h q);
a €E1 0 b i;;

Fiqure 2.3 a) A line on an 8-connected square grid.

b) A similar situation on a regular grid.
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transformation 1l

1p

which transforms a line %' in the skew grid

Figure 2.4

=l

( 1/h -1/(h tand) )
0 1/(v sind)

LS S e

|
¢
|
|
)
1
[}

— —.— — o
{ _\— o — —o—

(2812

- — e —
o

Equivalence of situations on several regular grids.

a) 8-connected square grid
b) 4-connected square grid

¢) 6=connected hexagonal grid

25
Y 0 1
wep ) mlea) SRl (2.13)
to a line % = T—ll‘in the square grid:
0 ik
25 e' )+ ( ho' (2.14)

(sind - a'cosh) v(sind - a'cosd)

In the above, no use was made of specific properties of a particular
digitization procedure. Hence, the above treatment applies to both OBQ and
GIQ digitization. Because of this bijection relation between a regular

grid and the square grid, only the square grid needs to be considered.

2.2.3 Other connectivities

Not only 8-connected chaincode strings have been used in the literature,
but other schemes as well. Common are the 4-connected and 6-connected

schemes depicted in Fig.l.4b,c.

By means of the 'column'-concept introduced by [Vossepoel & Smeulders
1982], all schemes can be transformed to the standard situations. The
basic idea is similar to the transform T of the previous subsection. The
basic vectors Z{ and Zé of the skew grid are now defined by tEe
reguireﬁent that the code vectors 0 and 1 are represented by ei and

(ei + eé) . This defines the transformation T as in eq.(2.9): for the 4-
connected scheme, ¢ = 3n/4 and for the 6-connected scheme ¢ = 2m/3 . Thus,
for the digitization of straight lines, grids with other connectivity
schemes can be transformed to the square grid with 8-connected chaincodes,
see Fig.2.4.

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS
2.3.1 The («,e,E,8)-parametrization

A continuous straight line segment is characterized by 4 real parameters,

corresponding to 4 degrees of freedom. In a Cartesian coordinate system,
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the line segment connects two points (xl,yl) and (xz,yz). Thus the
quadruple (xl,yl,xz,yz) could be used as the parametric description of a
continuous straight line segment. However, in this thesis another
parametrization is preferred since it facilitates treatment of lines in

the standard situation.

First, note that any continuous straight line segment can be considered to
be a part of an infinite continuous straight line with equation

y = ax + e. These two parameters e and « will be used in the
parametrization of the segment. Second, in the standard situation, the two
endpoints of the segments have different x-coordinates. Therefore, if the
x-coordinate £ of the leftmost end point, and the difference in x-

value & of the two endpoints are used as the other two parameters, the
parametrization is well-defined for lines in the standard situation (Fig.

2.5a).

Definition 2.4: CSLS(x,e,§,8)

cSLS(x,e,E,8) is the continuous straight line segment connecting the
points (xl,yl)=(§,a§+e) and (xz,y2)=(&+6,a(£+6)+e).
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Figure 2.5 a) Parametrization of a continuous straight line segment by
(e,a,E,6).
b) The relationship of (e,x,t,8) to the uniformly distributed

parameters (r,,L,7) .
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2.3.2 The distribution of line segments

Sometimes our interest is not in properties of a specific continuous
stralght line segment, but in the expected value of a property over an
ensemble of these segments. In that case the probability density functions

of the characterizing parameters are needed.

In many problems in practice, there is, a-priori, no preferential
orientation, position, or length of the segments to be expected. All
calculations will therefore be based on a distribution that is isotropic
(no preferential orientation), homogeneous (no preferential position) and

uniform in length (no preferential size).

Consider first an infinite straight line y = ax +e. Isotropy implies a
uniform distribution of the lines in ¢ = atan(a). Homogeneity on the grid
implies a uniform distribution in the distance r of the line to the
origin. From Fig.2.5b one can see that r = e//(l+a2). Thus the probability
density p(e,x) becomes:

dor 2?9
pe,a) = 2% 22| or ) = ¢ (14a?) 72 (2.15)
da da
where ey equals Y2, following from the normalization condition
1=
Oj of p(e,a) de da = 1 (2.16)

Later, in eq.(4.5), it will be seen that this normalization needs a slight
modification, in that the upper and lower bounds on @ for lines in the

standard situation are -e/n and (nt+l-e)/n instead of O and 1. The
coefficient c is then:

2 ; =
= {(/(a™+1) - n + 7% + /(2n2+2n+l) - (o2 + 7%)} L /2{1- Eé?'_ i?i%?ff}
(2.17)

This becomes asymptotically equal to ¥2 if n*o.

For continuous straight line segments, the endpoint will be assumed to be
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uniformly distributed along the infinite line. Denoting the position along
this line by © , © is uniformly distributed. Fig.2.5b yields the relation
E =-r sind + T cosd , 50 T = E/[1+a2) + ea//(1+a2) . The length L of the
segment is L = 6/[1+a2); L 1is also assumed to be uniformly distributed.

Thus the probability density p(e,x,E,6) is:

dr/de ?¢/de 0dL/de 0T/de

dr/da d¢/da dL/da BT/da 2,-1/2
P(e8.80) = |arine agjor oLjor ou/og| PO = i)
dr/d8 0¢/d6 OL/dS6 dT/d6
(2.18)
where cy follows from
1 ' 5 oty
f [ il [ ple,a,£,8) de da dE d6 = 1 (2.19)
a=0 e=0 £&=-% 6=n-}%
yielding
¢y = 1/1n(14/2) (2.20)

Again, with eq.(4.5), this will need a slight modification, but the value

given in eq.(2.20) is still equal to the asymptotic value.

2.4 PARAMETRIC DESCRIPTION OF DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s)

So far only a chaincode string has been used as the description of a
digitzed straight line segment. This representation is not convenient for
calculations and therefore a concise parametrization of an arbitrary
string is needed. Such a description, in a sense the discrete counterpart

of (e,x,£,8), will be derived in this section.

2.4.1 The quadruple (N,Q,P,S)

The computation of a characterizing tuple for an arbitrary string requires

some elementary lemmas from the theory of numbers, which are stated first.
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Lemna 2.1
P
Let P, Q, K and L be integers. If q is an irreducible fraction, then
the equation KP = L(mod Q) has, for any given L, precisely one
solution K in the range 0 < K < Q.

Lemma 2.2
Let P/Q be an irreducible fraction, and let i assume Q consecutive

values i=kt0, {=k+l,..., 1=k+Q-1 for some keZ. Then iP/Q (mod 1)
Q-1

6. ab
assumes all values LG once and only once (in some order).

Proof
A proof of these lemmas can be found in most introductory books on
number theory, see e.g. [Hardy & Wright 19791

QED

Lemma 2.3

Let 0 < € < 1. Then

Ix] =lx=e) =0 = [E] et sz GR (2.21a)

Ix] - |x—¢] =1 = 1x] € x< x| + € (2.21b)

lxte] - |x] = 0 = 1x)] $ x<1+ [x] - ¢ (2.21¢)

Lxte i) = o) =S Ix] —e £ x< [x]+ 1 (2.21d)
Proof

Only (a) is proved, the other cases are similar.
Let X = |x]. By the definition of the floor function,

[X]=X <= X € {x] < X1 and [x-€] =X <> ¥te < (x] < Ktetl
So both equations are satisfied if and only if:
max(X,X+e) < x < min(X+1,X+e+l)

and the theorem follows.
QED

A first result is that the string of a straight line in the standard

situation can be parametrized by a set of 4 integers N, Q, P, S:
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Theorem 2.1
Any straight string C can be written in the form

C:cy = [g (i—S)J = tg (i—S—l)J;

where P, Q, S and N are integers, P/Q is an irreducible fraction

e i Poeonts (2.22)

with0<%<l,and0<S(Q.

Proof
The straight string C is the digitization of some continuous straight

line y = ax + e. Consider the digitization in Wl columns of the grid,
leading to a string of N elements. Two integers P and Q are chosen,
satisfying two comstraints:
1) P/Q is an irreducible fraction.
2) 1In the W1 columns considered, the digitization of the line

y = ax + e is identical to the digitization of y = xP/Q + e.
These conditions mean that P/Q is a "very good" raticnal approximation
of @. Since the set of rationals is dense in the set of reals, sets of
(P,Q) exist that satisfy these conditions.
For the intercept |y(i)] of the column x = i by the digitized line we
thus have:

)] = I_ai + eJ = E e eJ
< [Pi + (eQ) . 0 5 leQJJ (7.23)

Q
z \\Pi + [eQJj
Q

where the last transition is allowed since the first term between the
brackets in eq.(2.23) is a fraction with integer numerator and
denominator Q, and for the second term we have: 0 < (eQ - LEQJ)/Q <

1/Q.

This equation can be rewritten as:
i e (e e = MP+L
lycn) = [ B |- |2 otean + tea) 5 J

for any value of M. In particular, we can take M to be an integer L in
the range 0 € L < Q such that LP = Q - 1 (mod Q). Lemma 2.1 guarantees
the existence and uniqueness of L, given P and Q. It follows that

LP+l = 0 (mod Q), so (LP+1)/Q is an integer, and we have

o) =& Gteasny| + reas £
Using eq.(2.5):

@ = E(i—[eQJL)J = L%(i—lteL-l)J.

T 10,00 N
This can be rewritten as:

e = | & 9| - [B as-n),

18 =R e N (2.24)

L

where S = [eQ]L + (any multiple of Q). We will choose
= LeQ)t - L‘ESJLJQ,

implying that 0 < S < Q. This proves the theorem.
QED

An example is the OBQ string corresponding to the line y = 4 x + 1n(¥/5) in
n

the columns x=0,1,..,12. This string is 100100100100. Following the

procedutre sketched in the proof above, one first finds that this string is
10

the same as that of the line y = §T-x + 1n(¥5) (§T being a 'good' approx-—

imation of 40 and then by the reasoning in the proof of theorem 2.1 that

this is the same as that of the line y = ——(x—lo) Thus the i-th element

¢y can be written as ¢ 133(1 LOYIs §T<i L0) il ol 2w sl 0 < mAT

alternative reprsentation of cy is as the digitization of the line

5 5
y = Tg(x—lo) » 80 ¢, = [ig{i—IO)J = [16(1 103

Theorem 2.1 states that any string C can be parametrized completely by a
quadruple of integer parameters (N,Q,P,S). The example shows that there is
still an arbitrariness in this parametrization: the same string C can be
represented by many different quadruples. A unique representation is

derived in the next section.

2.4.2 The (n,q,p,s)-parametrization

From eq.(2.22) it is seen that N is the number of elements of C. Therefore

the uniquely determined standard value of n of N can be defined simply by:

n is the number of elements of C.

For the determination of the standard value of Q,P and S, it is convenient

to introduce a string C, as:
3 | P
colc = lau-s)J - [6(1—5—1)J, 1eZ (2.25)

Note that C is the part of C, in the interval i=1,2,...,N, and hence ¢ 1is
)

an infinite extension of C. We have seen that C does not uniquely
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determine the parameters P and Q; hence C_ is not unique either. For the
example given before, the representation of the string 100100100100 as the
digitization of y = %%(x—lo) leads tosa string C_ with a period of 31, the
representation as the string of y = IE(X_IO) to a C with period 16.

The parameter Q has the following property:

Lemma 2.4

Q 1s the smallest periodicity of C_.

Proof
By substitution in eq.(2.25) it is obvious that Citg = S4» and
therefore that C_ has a periodicity Q. Suppose Cw has a shorter
periodicity K, with 0 < K < Q. If Q = 1 this is impossible. If Q # 1,
we can always find a value of j such that Cj =0 and Sl = 1. This
will now be shown. The demands are:

L(j—s)PJ_[M_BJ=O [g—sm)pJ_[(j—sm)P_gJ:l
Q Q Q Q Q Q
Using eq.(2.2la), the first condition is equivalent to
o i B
6~< (3—5)6-— L(J s)QJ b G a < 9 mod 1 < 1 (2.26)

(where we introduced J=j-s), and by eq.(2.21b), the second condition
is equivalent to

L(j-sﬂ()%j <E or 06 (HHOFmd 1<E  (2a2D)
To determine a value of j such that the conditions of egqs.(2.26,27)
are not contradictory, two cases are examined separately:
a) P/Q< 1 - (KP/Q mod 1
In this case J is chosen such that (JP/Q mod 1) = I—(KP/Q mod L].
Since the right hand side of this equality 1s one of the fractions
0/Q, 1/Q,...,(Q-1)/Q it follows from lemma 2.2 that J exists.
Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 = {(JP/Q mod l)
+ (KP/Q mod 1)}mod 1 =1 mod 1 = 0 < P/Q, eq.(2.27) is also
satisfied.
b) P/Q > 1 - (KP/Q mod 1).
In this case, choose J such that (JF/Q mod l] = P/Q. Eq.(2.26) is
satisfied, and (J+K)P/Q mod 1 = {(JP/Q mod 1) + SKP/Q mod 1)} mod 1
= {p/q + (KP/Q mod 1)} mod 1 = P/Q + %KP/Q mod 1) -1 < P/Q implies
that eq.(2.27) 1s also satisfied.
In both cases, we have the contradiction ¢ which implies
that the string C_ has no periodicity K smat{er tﬁan 6 Hence Q is the
smallest periodlcity.

o< (j—s+K)% =

QED

It is obvious that the smallest period of a string C_ of the form
eq.(2.25) which is identical to C on the finite interval i = 1,2,...,n, is

q
Definition 2.7 pe=sli o
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at most n (with the understanding that the periodicity 1s n if the string
is completely aperiodic on the interval considered). This smallest

periodicity is taken as the standard value for Q, and denoted by q.

q = min {ke{1,2,...,n} k=n v Vie{1,2,...,0-k}: ey =
k

S

For any straight string C, q is uniquely determined by this definition.
For the example string 100100100100, q equals 3.

In C, defined by eq.(2.25) the parameter P has the property:

Q
Lemma 2.5 R S (e
e
Proof P P
Since G 7 6(1—8) = la(i—s—l{f we have, within one period Q:
& P 01 p-1
e L e g(1—3) mod 1 € {5’5""’7}
" = P P+l Q-1
Coy = 0 1ff o(1-8) modle{a,T,...,Q}

Since P/Q is irreducible, lemma 2.2 yields that every value in the two
sets occurs once and only once if i assumes Q consecutive values.
Hence c,,~1 occurs P times, and c_.=0 occurs Q-P times, and the lemma
follows. =

QED

Since q is only a special choice for Q, defined in the finite string C
instead of Cm, we can define the standard value p of P corresponding to

this choice as:

Note that this definition applies only in the standard situation, since
then the string consists of chaincode elements 0 and/or 1. Definition 2.7

then defines p uniquely. For the example string 100100100100, p equals 1.

In C,» the parameter S has the property:
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Lemma 2.6 Lemma 2.8

S is the unique integer in the range 0 < § < Q satisfying: If the quadruple (n,q,p,s) can be determined from a string C, then C
,

is a straight string, uniquely determined by n, q, p and s.

VieZ:c, - \};—(kS)J - L%(1~s—1>J

Proof
S Definitions 2.5-8 imply that the string C can be written uniquely as:
It is obvious from eq.(2.25) that S satisfies this condition. Tt %
remains to show that S is the unique solution. We do this by a Gitc = LE(1~5)J = LE(i—s—l)J, 1el1h0 oaim]
reductio ad absurdum. q q
Suppose S' # S also satisfies the condition. If Q = 1 this is imposs— To show that this is a straight string, a line should be given which
ible, since there is only ome S in the range 0 <S5 <Q namely S = 0. has C as its digitization. Such a line is
If Q # 1 we derive a contradiction by finding a value of j for which n
y(x) = B + [Bs]- Bs
Pt P (2.28)
oy Lo - [fosn] - g
as follows immediately by applying eq.(2.5).
but simultaneously QED
cos = | B38| - |gas-D | = 1
54 q ) q o Combining the lemmas 2.7 and 2.8 we obtain

By an argument completely analogous to the proof of lemma 2.4 (by
putting S + K = §') we can show that a value of j can always be found,

Theorem 2.2
and hence a contradiction is inevitable. Theorem 2.2 (Main Theorem of [Dorst & Smeulders 1984])

QED A straight string C in the standard situation can be mapped
bijectively onto the quadruple (n,q,p,s) defined by:
As in the case of q and p, s is defined by applying lemma 2.6 to C:

n is the number of elements of C

Let c; be the i-th element of C. Then s is the unique integer in the 0 e )
i q g q = min{ke{1,2,..0,n} | ken v Vie{1,2,000n0k): gy = o ]
range 0 < s < q for which itk it
q
p= L cy
Vie{1,2,.00 0} 2 ey = E(i—s)J = L%(i—s—l)J i=1

s: ‘s (0,1,2,7.,0=1} A Ve {1,2 s e LD : p
VAT T B T - - i—g—
For the example string 100100100100, s equals 1. - i ’ & 5(1 S)J a(l 7 l)J

where cy is the i-th element of C.
It is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-8

that the quadruple (n,q,p,s) can be determined uniquely from the string C, In other words, all information present in the stri (e
, ring s contained in

thus:
the quadruple (n,q,p,s). It is therefore possible to give a unique
representation of a straight string in terms C in terms of n, q, p and s
> B
s which will be denoted by DSLS(n,q,p,s):
Given a straight string C, one can determine the quadruple of

parameters (n,q,p,s) uniquely.

The converse is also true:
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Figure 2.6 The continuous straight line y = g{z-s) + /%BZ and the corres-
ponding 8-connected 0BQ chaincode string DSLS(n,q,p,8)«

Definition 2.9: DSLS(n,q,P,s)
DSLS(n,q,p,s) 1s the discrete straight line segment of which the

chaincode string C is defined by:
C:icy= [P-(i—s)J - l_%(i—s—l)J Bt b (2.29)
q

Thus the example string 100100100100 can be written as DSLS(12,3,1,1).
Eq.(2.29) implies that C is —among others— the string of the continuous
line

y = Bxs) + [ﬁ%} (2.30)

The termlég] in eq.(2.30) is added to make the line one that is in the
q

standard situation, with 0 < e <1 . This line and the corresponding

string are depicted in Fig.2.6, together with an indication of the

parameter tuple (n,q,p,8) -

3. Structure and Anisotropy

3.1 INTRODUCING SPIROGRAPHS

Straight strings have a certain structure, which distinguishes them from
non-straight strings. This structure is closely related to number
theoretical properties of the slope of the straight linme. It is this
relation that will be studied in this chapter. Variation of the slope will
reveal the anisotropic behaviour of straight line digitization; this will
be reflected both in the structure of the string, and in the accuracy with
which the position of the original straight line can be determined from
the digitization points. To study these angle-dependent effects, a
convenient representation for continuous straight lines on a square grid

is introduced: spirographs.

Consider figure 3.1, where a line y = ax + e has been drawn in the
standard situation of section 2.1.1, extending over n columns of the grid.
Varying the value of the intercept e, keeping the slope & constant, will
produce changes in the string of the line if and only if it traverses a
discrete grid point in one of the columns considered (for 0BQ-
digitization). The pattern of change is periodic with period 1 in e, due
to the periodicity of the grid. The vertical distance between 'critical'
lines (lines that pass through a grid point in one of the columns
considered) can be found as vertical distances in the intercepts of these
lines with x=0, the y-axis. In fact, the intercept points form the image
of the grid under projection on the y-axis by lines with a slope «; it is
the grid as viewed from the direction ®. Note that the images of two grid
points (i,j) and (i+l,j) are separated by a distance a. As & changes, so
does the pattern of projected points and —possibly- also the string of the
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Pigure 3.1 a) A line on the grid (fat) with a fized slope a and project-
ions of the grid points to the first column z=0.

b) The spirograph corresponding to the situation a).

line. To study the changes in the string more conveniently, diagrams are
used, representing the projection points in the interval x=0, 0 < y < 1,
with the properties mentioned above, after an idea of [Duin 1981]. These

diagrams are called spirographs.

The spirograph corresponding to figure 3.la is drawn in figure 3. 1be Ttais
the interval 0 < y < 1 of column O with the projections of the points in
the columns of the grid, 'wrapped around' to a circle with circumference 1
in order to show the periodicity in the pattern of the projections. The
projection of a point in column i is indicated by a point labeled i in the

spirograph. (It is convenient to plot the point 0 always at the top) .

39

There are thus n+l polnts (0,1,2,...,n) and the arclength between the
points 1 and i+l is «. To show the sequence of points more clearly chords
have been drawn, directed from a point 1 to a point i+l. The complete
diagram is called a spirograph because of its resemblance to a children's
toy for drawing fancy curves. Since 1t is completely defined by o« and n it
will be indicated by SPIRO(x,n).

The study of spirographs will yield quantitative measures for the
anisotropic behaviour of the discrete representation of straight lines. To
see how this occurs, note that a line % with slope a and intercept e is
projected to a polnt y = e in the first column and hence is represented in
the spirograph by a point P at a distance e to the left of the point O
(measured along the arc). If the line is shifted vertically upwards on the
grid, the string will change if and only if it traverses a grid point. A

shift is called detectable if this happens. Let the worst-case positional

inaccuracy Smax(a,n) of lines with a slope @ within n columns of the grid
be defined as the maximum non-detectable shift. Since the transition of a
line % over a grid point corresponds to the transition of the corres-—
ponding point P over a point in the spirograph SPIRO(a,n) , Smax(a,n) is
just the length of the largest arc in the spirograph SPIRO(az,n). A 'spiro-
graph theory', giving expressions for the lengths of the arcs in a spiro-
graph and their dependency on « and n, will thus provide expressions for
the positional inaccuracy, and hence of the angle-dependent behaviour of
the digitization of straight lines on a regular grid. This theory will be

developed in the next section.

3.2 SPIROGRAPH THEORY
3.2.1 Basic concepts

From the previous section, the definition of the spirograph SPIRO(x,n)is:
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Definition 3.1: SPIRO(a,n)
SPIRO(@,n) is a circle with unit perimeter with n points marked O,

1,2,++.,n on its circumference. Points with consecutive labels are
separated by an arc of length & (measured clockwlse) and are
connected by a direceted chord pointing from the point i-1 to the

point 1.

The number n is the order of the spirograph. SPIRO(a+k,n) with k an
integer is indistinguishable from SPIRO(x,n). Therefore & is assumed to
lie in the range 0 < « < 1. A drawing of SPIR0(3/10,5) is given in
Fig.3.2.

As the distance D(i,j) between two points i and j of SPIRO(x,n) we define

the length of the arc lying counter-clockwise of 1 extending to j:

Definition 3.2: D(i,j)
D(1,j) = (-j)a - |[(1-j)¢] , with 1< {1 <nandl1l < j<n (3.1)

Here |x| 1s the floor—function, defined in eq.(2.4) together with the

ceiling function [x]. Useful relationships between |x| and [x] are:

Ix] = -[-x]
S0 £E S LS inteper
fxl - x| —I 1 if x is non-integer 82)

The distance D defined by eq.(3.l) has several properties which are easily
verified:

Lemma 3.1
a) 0<D(1,j) <1

i E e

e) D(i,j) = D(i,k) + D(k,j) (modulo 1)

d) Every distance between two points can be written in a standard
form, i.e. D(k,0) or D(0,k), with k a point in the spirograph.
This 1s the distance of onme of the points in the spirograph to the

point O.
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Proof:
a), b) and c) are trivial from the definition of D(i,j). d) also
follows immediately, for D(i,j) = D(i-j,0) if 1 > j and D(4i,j) =
D(0,j-1) if 1 < j.
QED

Let N be the set of points with labels 1,2,...,n in SPIRO(a,n) (Note
that the polint O is not included!). The distances of the points lying
closest clockwise and counter-clockwise to 0 will play an important part
in the theory and thus need to be defined carefully. As an example, these

are the points 4 (clockwise) and 3 (counter-clockwise) 1f Fig.3.2.

Definition 3.3: R,r,L,%
R = min{D(k,0) | ke N} (343)
r = min{ke N°’| D(k,0) = R} (3.4)
L = min{D(0,k) | ke N°AD(0,k) # 0} (355
L = max{keN|D(0,k) = L} (3.6)

In words, R is the smallest distance to the right (clockwise) of the point
0, L is the smallest distance to the left (counter-clockwise), and r
and £ are the points determining these distances. Note that r cannot be
zero, and that if ¢=0, L and thus L are not defined, since eq.(3.5)
demands that D(0,2)#0. In that case we define L=1 and &=n, in agreement
with lim L = 1 and lim & = n.

av0 a‘0
For an example of a spirograph and the corresponding values of Raeryods

and £, see Fig. 3.2.

5
Figure 3.2 The spirograph SPIRO(3/10,5). Here, R=1/5, r=4, L=1/10, 2=3.
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3.2.2 Neigbouring points

In this subsection the central theorem of spirograph theory will be

proved, giving the arc lengths in the spirograph. First, some lemmas .

Lemma 3.2
a)—1dpeN : D(p,0) < R
b)dpeN’ : D(O,p) < L
(" 3peN :" means “there is no point p in N for which:™)

Proof: This follows immediately from eq.(3.3) and (3.5). QED
Lemma 3.3

a) ( D(1,0) =D(3,0) AR#0 ) =>1i=]

b) ( D(i,0) = D(j,0) A R =0 ) = i=j+ar, with m an integer
Proof:

Let 1»j. D(1,0)=D(j,0) implies that D(i-j,0)=0, with 0 < (i-j) < n.
When R#0, lemma 1 yields that D(i-j,0) can not be 0 for (i-j) =
1,2,+++,0, s0 we must have (i-j)=0. When R=0 eq.(3.4) yields D(r,0)=0,
so we can write D(i-j,0) = 0 = mb(r,0) = D(mr,0), which implies that
(i-j) = mr.

QED

In words, lemma 3.3 means that points are uniquely determined by their
distance to 0 if R#0: their are no overlapping points. If R=0, overlap

occurs, and the distances determine the points uniquely modulo r.

After the special points and their properties we introduce the definition

of the right-neighbour R: of a point i in the spirograph:

Definition 3.4: Ri
j=Ri<j#1ir73pehN : (0(p,i) < D(j,i) A p#i) (3.7)

In words: j is the right-neighbour of i if and only if j is not equal to i
and if there is no point p, different from i, lying closer to i than j.
Thus Ri is the closest point to the right of i.
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Figure 3.3 On the definition of right-neighbour
a) No overlapping points: the right-neighbours are unique.
b) Overlapping points: ambiguity arises for the point 2.

¢) Situation b) resolved by a small increase of a.

Eq.(3.7) assigns to each point of the spirograph a unique right-neighbour
when R#0. For suppose that both j and k were right-neighbours of i. Then
the second part of eq.(3.7) requires that D(j,1)=D(k,i), since otherwise a
contradiction would occur. This implies that D(j,0) = D(k,0) and when R#0
lemma 3.3a yields k=j.

When R=0 we would have k = jtmr (lemma 3.3b), so the right-neighbour would
then not be unique. The uniqueness can be repaired by replacing @ in the
definition of D(i,j) by the slightly greater value a'= a+dax such

that «' is non-rational, and taking the limit for da + 0. We will show
later that this can always be done without changing the 'point-order' of
the spirograph by taking da < n—z. Because @' 1s non-rational, R can not
be 0. (This would imply that there is an integer r such that a'r - La'rJ

= 0, which is impossible for non-rational a'.) . For an example of the

application of this extended definition, see Fig.3.3.

The right-neighbour of each point of the spirograph is given by:

Theorem 3.1 (Central Theorem of Spirograph Theory)

a) 0<i<ntlr <& Ri= 4y
1) plss S < Ri-= 142
c) WS < Ri-ix

p(R1,1)
(Ri,1) = R + 1L
p(Ri,1) = L

[
w0

"
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Proof:

The second part of a), b) and c) in the theorem follows immediately
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is In all
cases essentially the same. We will therefore prove a) only.
We will show that i+r is the right-neighbour of 1 1f 0 < i < n+l-r.
Note first that i # i+r, since r > O by definition 3.3. Thus the first
requirement of definition 3.4 is satisfied. The second will be proved
by a reductio ad absurdum. Suppose there is a polint p not equal to i
for which D(p,i) < D(i+r,1) = R. If p > i this would imply D(p-1,0) <
R and since 0 < p-1 € n we have (p-1)« N'. This is a contradiction
with lemma 3.2a. If p < i we can also find a point of the spirograph
at distance smaller than R to the right of 0, for from the assumption
D(p,i) < R it follows that D(i+r-p,0) = D(r,0) - D(p,1) < R. The point
i+r-p 1s a point of the spirograph, since 0 € r < i+r-p < ntl-p when
0 < 1 < ntl-r. Again, this is a contradiction with lemma 3.2a. Hence
the point i+r is a right-neighbour of i, and, due to the uniqueness of
the right-neighbour, also the right-neighbour of 1i.

QED

The reason this theorem is called the 'central theorem' is that it
specifies all arclengths. Since all distances D(i,j) are composed of
arclengths, the theorem implies that all distances between points of the
spirograph are of the form (aR+bL), with a and b integers.

In section 3.1, the length of the arcs in the spirographs were shown to be
equal to the vertical distances over which a line can be shifted without
changing the chaincode string. Hence theorem 3.1 can be applied directly
to give the positional accuracy of a line on a square grid. This will be

done later, in section 3.4.

3.2.3 Changing the order of the spirograph

In this subsection, some further theorems are proved which show how a

spirograph changes if n is changed.

Theorem 3.2
If the order of a splrograph of order n with a certain value for r
and L 1is increased to n+l, then a change in the value of r or & will

occur if and only if ntl = r+l.

Proof:
The values of R, r, £ and L in a spirograph of a certain order m will
be indicated by R(m), r(m), Z(m) and L(m). The transition from a
spirograph of order m to order m+l is the addition of a point labelled
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(m+1)

I R(m+1)
|

\ [

L(m)

R(m)

Figure 3.4 To the proof of theorem 3.2.

m+l to the spirograph of order m, at a distance a to the right of

point m.

a) Suppose mtl = r(m)+£(m). If R(m) > L(m) we have: D(m+l,0) =
D(r(m),0)-D(0,%(m)) = R(m)-L(m) < R(m) and if R(m) < L(m):
p(0,m+1) = D(0,2(m))-D(r(m),0) = L(m)-R(m) < L(m). So if

R(m) > L(m), R is changed to R(m+l) = R(m)-L(m) and r is changed
to r(m+l) = r(m)+2&(m) . If R(m) < L(m), L is changed to L(mtl) =
L(m)-R(m) and & to (mt+l) = 2(m)+r(m) . Hence either r or L change
if mkl = o+l .

b) Conversely, when r or % is changed, wtl must be equal to r+l . For
let us suppose that, with the increment of the order, r and thus R
changes, so D(mt+l,0) = R(m+l) (see Fig.3.4). This means that one
of the arcs of length R(m) (namely the one between 0 and r(m)] is
split into two arcs, one of length R(mt+l) and one of length [R(m)—
R(mtl)). The length R(mkl) was not yet present in the spirograph
of order m, and the only way to avoid the presence of four
different arclengths in the spirograph of order m+l (which would
be a contradiction with theorem 3.1) is that (R(m)—R(m+1)) is an
arclength also present in the spirograph of order m. Since (R(m)—
R(m+l)§ < R(m) we must have (R(m)—R(m+1)8 = L(m). This implies
that D(mt+l,0) = R(m+l) = (R(m)—L(m)) =D r(m)+1(m),0) , so, using
lemma 3.3, mtl = r(m)+l(m)). The same conclusion is reached under
the assumption that L and thus L changes.

QED

It follows from the proof of theorem 3.2 that the order n of a spirograph
cannot exceed r+f, since then either r or & changes to a new and greater

value. Thus, a corollary to theorem 3.2 is:

Theorem 3.3 For any spirograph SPIRO(a,n): n < r+f

Both theorems are illustrated in Fig.3.5.

3.2.4 Preserving the point order: Farey Series

Not every change in @ leads to essential changes in the spirograph, with

points on the circumference of the spirograph moving over one another.
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Pigure 3.5 Spirographs SPIRO(w,n) of fiwxed slope a, for increasing order
n. The values of (n,7,%) are, for these figures: a) (2,1,2);
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Just which values of @ do lead to such changes is studied in this section.

Definition 3.5: point-order

The point-order of a spirograph SPIRO(x,n) is defined as the sequence

of the labels of the points on the circumference of the spirograph.

We are interested in the set of all spirographs having the same point-—
order as a given spirograph SPIRO(a',n). Obviously these spirographs
should all have the same n, but may vary in their value for «. The demand
that the sequence of labels should be the same implies that each point
should keep the same right-neighbour when @ varies, and this is only
guaranteed if D(F‘i,i) > 0 for every i. Hence theorem 3.1 yields that the
strictest bounds on a are given by R > 0 and L > 0. In fact the extended
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By

definition R = ¢r—-{arj and L = [al]-al , so we have:
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Theorem 3.2.4
SPIRO(a',n) has the same point-order as SPIRO(x,n) iff:

ler) [al]

~—;f-< @l & == (3.8)
These bounds for o will now be shown to be the best rational approxima-
tions for « with fractions whose denomlinator does not exceed n (i.e. there
is no fraction p/q with q < n strictly between |ar|/r and [af]/L ).
The proof of this fact makes use of some properties of Farey-series which
are well-known in number theory (see [Hardy and Wright 1979, 3.1]). These

properties are given here as lemmas 3.4-6.

Definition 3.6: Farey Series

A Farey-series of order n (notation F(n)) is defined as the ascending
series of irreducible fractions between 0 and 1 whose denominators do

not exceed n.
Example: F(6) is the series { ————————————— } .
An important property of a Farey series is:

Lemma 3.4

T pL/q , Pp/q, and p,/q, are three successive terms of F(n then
1> Py/d 3/43 (6l

Doy

9, it

An equivalent property is:

Lemma 3.5

1f p1/ql and pz/q2 are two successive terms of F(n), then
Rydisnid el

A consequence of this theorem is that the interval between two fractions

p;/q) and p,/qp equals:
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= — (3.9)

We will also need:

Lemma 3.6
If Pl/ql and pz/q2 are two consecutive fractions in some Farey series,

then (py+py)/(g;+qy) 1s an irreducible fraction.

Proofs:
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the

proof of lemma 3.6, can be found in [Hardy and Wright 1979 = 3 )i
QED

The theorem connecting spirographs with Farey-series is:

Theorem 3.5
The fractions |ar|/r and [af]/&, with r and % obtained from the spiro-

graph SPIRO(x,n), are two successive fractions in F(n).

Proof:

First, it is shown that |ar]/r and [af]/L are terms of F(n).

a) larj/r is irreducible. For if we suppose that |ar] and r have a
common factor k, it follows that r/k and lar]/k are integers.
Eq.(2.4a) then implies that [ar]/k = |ar/k| . Therefore we have

R = D(r,0) = ar-jar] = k{er/k-jar)/k} > ar/k-lar/k] = D(r/k,0).
Since R/k is a point in the spirograph we have a contradiction
with eq.(3.3). Hence |ar]/r 1s irreducible.

b) In the same way it follows that [af]/& is irreducible.

¢) By definition 3.3, r and & are points of SPIRO(a,n), so r < n
and & < n .

From a, b and c it follows that |ar]/r and [al]/X are terms of F(n).

It is left to prove that they are successive terms. According to lemma

3.4 and 3.6 in some Farey series there is an irreducible fraction

{[ar]+la11}/(r+l) lying between |ar|/r and [al]/L. Since r and X were

obtained from the spirograph of order n, theorem 3.3 yields r+& > n ,

s0 {[ar1+[al|}/(r+2) can not be a fraction of F(n). This implies that

lax]/r and [al1/& are successive in F(n).

QED

It follows from eq.(3.8) that |ar|/r and [aR]1/& are boundaries for & pre-
serving the point-order of the spirograph SPIRO(x,n). We now find that
they are also the best lower and upper bound for & in F(n). For the

difference of the bounds given in eq.(3.8) we thus have:
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D e e L 1/n2 (3.10)

where theorem 3.5 and lemma 3.5 were used. Hence it is always possible to
make the modification to the definition of 3.4 of a right-neighbour,

guaranteeing its uniqueness.

3.2.5 The Continued Fractions Algorithm

There is a way to find the neighbours for a in F(n) quickly by means of
the continued fractions algorithm, well-known in number theory. This was
shown in [Hurwitz 1894]. Since the result will be important for a fast
string code generation algorithm (line synthesis - graphics), and for the
linearity conditions (line analysis - measurement), we will derive this

method using spirographs.

Let us put, for convenience,

g Bl Bt = (3.11)
pp = [ak] q = 50

then the bounds on @ in theorem 3.5 are given by:
pi/a; < a< py/a, (3:12)

where Pl/ql and pz/q2 are two succesive fractions in F(n). Lemma 3.4 shows
that the next bound to appear if n is increased is (p1+p2)/(q1+q2). Let us
suppose this is an upper bound, then the new bounds on « are pl/ql< a <
(P1+P2)/(q1+q2). Again applying lemma 3.4 the next bound to appear is
(2p1+p2)/(2q1+q2). Suppose this is also an upper bound. Then continueing
in this way we find that the bounds of « have the form:

p—l —— mp1+pz

v, Ea;;a; (where m is a positive integer) (3.13)

if, starting from eq.(3.12) a series of changes of the upper bound takes

place. Similarly, the bounds of @ can be written as
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B, Py

— — ¢ w— (where m 1s a positive integer) (3.14)
q,+mgq, q

T8 2 2

if a series of succesive changes in the lower bound takes place.

Let us call the successive bounds pi/qi’ then the following theorem can be

proved:

Theorem 3.6
The fractions Pl/ql and pz/qz, bounding @ in SPIRO(x,n) are found by
the following algorithm: P
a) First calculate the convergents 61 according to the 'continued

fraction algorithm': .

i 1 y
ao =Hol e ai+l Sl {ETJ if 120
ik i
m, = ELJ (3.15)
= i
= : = 5 = i >
ool g Bes 08 B ey B @ D0

= s = 5 = T i i > (
a8 Gy =08 Moty el =k ol

until Q1+] > n. Let the i for which this happens be I.

b) The fractions pl/ql and pz/q2 are the 'intermediate convergents':

n-Q
I-1
W e L Q J =
— and (3316
O ]
el a0
e L Q J i

P P.
If I is even, the first fraction is al and the second E% , 1f I 1s odd
2

the reverse is true.

Proof:
Assume that a is real and that the upper bound for « has just been
fixed on the value P —l/Qi— , and the present value for the lower
bound is Pi—Z/Qi—Z' %ncreas ng the order n will then result in a
change of the lower bound as in eq.(3.14). The end of the series of
changes in the lower bound is determined by the value m_y of m

satisfying:
S Sy o (m LB S (3.17)
it e (PR 0

since the next bound is an upper bound. Fq.(3.l7) can be rewritten as:
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R G e el e
T 3 o 3.18
Pi‘l ﬁQi—l Lk Pi—l aQi—l 3 ;
and since m;_; should be integer the solution is:
o =
s [QI—Z e g (3.19)
1= = ¥
S O %1
where ai—l is defined as:
i L B By (
=1 - 3.20
1 Q" By 4
If we now define as recursive relations for P; and Q;:
S e By
(3.21)

= +
U= Bt Y
then the new bounds for « are Pi/Qi <o < Pi—l/Qi— . Further increas-—
ing the order will now change the upper bound as glven in eq.(3.13)
until m has the value my satisfying:

+
(mi l)Pi+ Pi_1< » miPi + Pi—l

+1)qQ + 3.22
(mi )Qi O miQi + Qi_1 ( )

since the next bound will be a lower bound. Again m; should be
integer, and the solution to eq.(3.22) is:

P
Sagis s Mg
> 5 a - - =
S e T )

— S L

=1 I
T L‘*a J (3.23)
i-1 1-1

where eq.(3.20) was used to rewrite the expression. Comparison with
eq.(3.19) shows that m; can be rewritten in the same form as m
namely el

Sl
| e (3.24)

if we define:

il e
: ai_l o (3.25)
Ziii Zstﬁerizursive relation for @;+ Further increasing the order will
g wer bound again and in the same way as before, m and m
can be calculated. It is then found that the recursive relétion of
€q.(3.25) also holds for L) and eq.(3.24) for m .
Thus the Pé and Q;, indicating the fractions at wé¥éh changes in the
upper bounds are %ollowed by changes in the lower bound (or vice
versa) can be computed by eq.(3.21), where the m are found from
€q.(3.24) and the ay from eq.(3.25). This yields eq.(3.15), the first
Part.of the theorem. The initial values in eq.(3.15) were found b
straightforward computations from the simplest spirographs. -

=1
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These 'convergents' P /Qi can now be used to calculate the best bounds
in the Farey-series, %y interpolation along the lines indicated above.
This is straightforward and produces eq.(3.16)

QED
The algorithm of eq.(3.15) is the continued fractions algorithm well-known
from number theory (see e.g [Hardy & Wright 1979, Ch.10]). The m; are the
coefficients of the continued fraction expansion of «, commonly denoted

by: a = (mo,ml,...,mi,...) , implying that a can be written as

o i3
a = = T
Mo AURNE T B R o S (3.26)
1
m, +
& it
8 .o

1f a is rational the expansion ends; for irrational a it does not.

As an example, consider a=1/m and n=14. The working of the continued
fraction algorithm is given in Table 3.1 The convergents are the fractions
Po/Qp=0/1, P1/Q;=1/3, Py/Qp=7/22, so I=1. Eq.(3.16) then yields the bounds
4/13 < 1/n < 1/3 in F(14).

Table 3.1 The continued fraction algorithm of theorem 3.6 and the string

generation algorithm of theorem 3.7 for the line y=z/m.

z my t& differently defined in eq.(3.15) and eq.(5.29b).

1 4 iy Py | & U(1+1)/2 L
=1 1 0 it

0 3183 | 3| o 1 0

1 .1416 7 1 2 |l @

2 0625 | 15 7 2 00?1y’

3 .9966 1 | 106 | 333 | c0c0?1)"y 5 0%1y

4 0034 | 292 | 113 | 355 000%1)7((0¢0%1)7y1(021))?
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3.3 THE STRUCTURE OF A STRAIGHT STRING

The algorithm of [Bresenham 1965] is the first algorithm to generate a
straight string. It does so by testing a condition for every chaincode
generated, and produces the chaincodes immediately, in the correct order.
This algorithm was developed in the time of pen-plotters, when this was no
objection. With the advent of raster scan devices, the interest grew to
expand this algorithm and generate runs of chaincode elements rather than
single codes. Such an algorithm is given in [Pitteway & Green 1982]. The
structure of straight strings, revealed by the 'linearity conditions’,
allows even more advanced, so-called structural algorithms. The first was
given by {Brons 1974]. [Wu 1982] proves both the linearity conditions and
the Brons algorithm. Indepently and simultaneously, a proof based on

spirograph theory was found. It is given in this section.

3.3.1 Straight strings and fractions

The connection between strings and fractions was already briefly indicated

in chapter 1. A precise formulation is the following.

Lemma 3.7
The first n elements of the 0BQ-string of the line y = ax are ident—

ical to the first n elements of the OBQ-string of the line y = z %
q

>

where gris the best lower bound on @ in F(n).

Proof:
See Fig.3.6. Each point P: (x',y') of the grid determines a line OP
with equation y = xy'/x’. A line with the same 0BQ-string as y = ax is
the line with the maximum slope y'/x' such that there is no point in
the shaded triangle in Fig.3.6, bounded by the lines y = ax, y =
xy'/x' and y = n. Thus y'/x' must be the maximum rational number not
exceeding @ with denominator not exceeding n, and hence the best lower
bound of @ in F(n).

QED

A bound g on & corresponds to a line y = g-x in the grid, and hence to a

chaincode string. With increasing n, the bounds become more accurate, and
chaincode strings are concatenated. The relation between these two

occurrences is given by the following lemma.
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Figure 3.6 To the proof of lemma 3.7.
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Figure 3.7 To the proof of lemma 3.8

Lemma 3.8
1f py/qy and py/d, are an upper and a lower bound on @ in some Farey-—
series and the corresponding chaincode strings are lJ and L, then the

chaincode string corresponding to (pl+p2)/(q1+q2) 1s LU.

(The notation LlJ means: the string L followed by the string LJ. We will
use Lnljm as shorthand for: n repetitions of L followed by m repetitions

of LJ.)

Proof:
See Fig.3.7. The chaincode string to the point Q is the string of the

best lower bound of (p;+p;)/(d;+d,). Since P%/ql and py/qy 3re
consecutive fractions }n some Farey-series, p1+p2)/(q1+q2) is the

fraction with the lowest denominator lying between p]_/ql and pz/QZ
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(lemma 3.4). Therefore the parallellogram OP,QP; does not contain a
grid point, and we can compose the string of 0Q by the strings of the
parts OPy (this is L) and PlQ (which 1s the same as the string of
0P,, and hence is LJ). Thus the string of 0Q is LU

QED

Note that the visualisation of fractions as vectors in the grid is
consistent with the Farey-interpolation formula in lemma 3.4, which adds
numerator and denominator as 1f they were the components of a vector.
Lemma 3.5 then states that the vectors corresponding to two neighbouring
fractions in a Farey series span a parallellogram of area 1. This implies

that that there is no discrete point within the parallellogram.

3.3.2. A Straight String Generation Algorithm

The relation between spirographs, Farey-series and continued fractions
leads directly to a set of recursive relations describing the structure of

the chaincode string of a straight line.

Let the chaincode strings corresponding to the upper and lower bound of

® in the spirograph SPIRO(x,n) be le and Lj (see Fig.3.8). If the order
of the spirograph is increased, eventually one of the bounds will change,
and the new bound is formed by the point (&+r) (Theorem 3.5, lemma 3.5).
Suppose that this is an upper bound on @, so that the point (&+r) lies to
the left of the point 0. According to lemma 3.8 the chaincode string
corresponding to this new bound is I'lej (Fig.3.8). Further increasing

the order may lead to another change of the upper bound to the point

(/+2:) 0

Figure 3.8 Convergence near the point 0 of a spirograph. Strings are

indicated below the corresponding point labels.
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3
(2+2r) , with string L; Uj, then to (&+3r), with string LJ.U].,
etcetera. If a total of 0y consecutive changes in the upper bound occurs

the chaincode string of the upper bound will have changed to

(ij)
Uj+1 = Lj Uj (3:27)

The string of the lower bound is still Lj'

Further increasing the order now leads to changes in the lower bound and
2
the string corresponding to the lower bound becomes l‘lej+l’ LjLJj+1.

le13+l , etcetera. If the lower bound changes m2j+l times the resulting
string Lj+l for the new lower bound is:

(m2j+1)
1

= 3.28
D Y (3.28)

Now the upper bound changes and the process continues as before.

Combining with the algorithm of theorem 3.6, and using the proper initial

conditions, we have:

Theorem 3.7
An algorithm to generate the string L corresponding to the

line y = ax 1s:

(O0F i)
= E 23+l
Lo = s Lj+1 3 LjUj+1
(3.29a)
(m, .)
= = 23
Uo = ) Uj+1 Lj Uj
m H 1 o l L J
0 a 2 j+l aj+l
1 1 (3.29Db)
S0 - 2 uj+1=E__[T,J
] |

This algorithm generates an 8-connected chaincode string; a 4-connected

57

chaincode string is generated by this algorithm if we change the
_ |1
definition of my to my = [EJ .

Lj is the beginning of the string l.; it contains the first nj codes,

where n; is given by ny = q2j+l’ with

q =1, q =1, 9+1 ~ quj i aj-1 (3.30)
(as follows from theoren 3.6). So, if the first n elements of L are
required the algorithm (3.29) is applied until nj > n. If a is irrational
the algorithm never stops; if @ is rational it generates an endlessly

repeating string.

As an example, consider the line y= %x. The successive L'j and le are
indicated in table 3.1. For n=14, the string is found to be the first part
of 0(0%1)7, which is 00010010010010.

The average order of this algorithm can be computed by noting that the
most time-consuming part is (3.29b), the calculation of the my

and ai. This part is identical to the continued fraction algorithm, which
is closely related to Euclid's algorithm. [Knuth 1971] shows that the
number of steps these algorithms require is, in worst case, 2.08 Iln(n) +
1.67 and, on average, 0.89 1ln(n) + 0(l), where n is the number of elements

in the string.

As already stated in the introduction, the structural algorithm of
€q.(3.29) is not new. It was given in [Broms 1974], and proved in [Wu
1982] . Recently, a new structural algorithm was developed by [Castle &
Pitteway 1986], using the palindromic structure inherent in straight
strings. It is interesting to note that both the Brons and the Castle &
Pitteway algorithm, as well as the proof of their correctness, can already
be found in [Christoffel 1875], albeit in a slightly disguised form. The
derivation of the algorithm given above provides more insight than the
derivation given by [Wu 1982], since it makes explicit the comnection to
the theory of rational approximations (by Farey-series and continued

fractions) already hinted at by [Brons 1974].



3.3.3 The linearity conditions

A thesis on digitized straight lines would not be complete without a
derivation of the linearity conditions, i.e. the conditions a chaincode
string must satisfy in order to be the string corresponding to a
continuous straight line. Historically, they were first formulated in
[Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974]
introduces the chord property, and derives properties that can be used in
a more exact formulation of Freeman's conditions. [Wu 1982] uses the
recursive structure of the [Brons 1974] algorithm as a formulation of the
linearity conditions, and shows that they are necessary and sufficient.
[Hung 1984] gives an elegant alternative formulation of the Freeman

conditions and proves the equivalence to the chord property.

The linearity conditions are easily derived from the algorithm eq.(3.29).
First it is seen from (3.29a) that the string of a line can be described
on several 'levels' j, and that on each level the structure of the line is
the same. Rewriting (3.28) we have:

- o 3 P2 +1
Ls; ‘LjUjH = [LaE ) .

il
65%300)
L ; 0
. L2y (LmZJU )mZJJr].
j Je 1

Thus the chaincode string of a straight line consists, at each level, of
'runs', defined as a number of Lj followed by an le. It is immediately
i £ e il hat:

clear from (3.31) that m7,+l

- at any level (j+l) one run, the run Lj“J lJ. , appears isolated

- at any level (j+l) there are only two runlengghs present. They are
consecutive integers (there are runs of length ij + 2 and runs of
length oy 4 Bl

This shows the necessity of the linearity conditions. The proof of

sufficiency can be found in [Wu 1982]. As in the case of the generating

algorithm, the improvement the derivation above gives over [Wu 1982] is

the explicit relation to elementary number theory.
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3.4 ANISOTROPY IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES

In section 3.1 spirographs were introduced as a simple way of visualizing
the problem of the positional accuracy of a straight line on a square
grid. The labelled points of the spirograph correspond to lines passing
through grid points in the columns considered. A line y = ax + e is
represented by a point P in the spirograph, lying e to the left of the
point O (see Fig.3.1). The vertical distance over which the line can be
shifted without traversing a grid point is equal to the length of the arc
containing the point P. With spirograph theory, all tools are now
available to analyze the anisotropic behaviour of the positional

inaccuracy in detail.

3.4.1 The positional inaccuracy in worst case

The worst case for the positional accuracy Sma of a line with slope «,

X
digitized to a string of n elements, can be found as the length of the
largest arc in SPIRO(x,n). Using theorem 3.1, the maximum arclength in a
spirograph is:

S (a,n) = max{R,L,R+L} (3.32)
max

SPIRO(a,n)
where the subscript indicates the spirograph from which R and L are to be
taken. This equation can be written in a more convenient form in terms of

R and L of SPIRO(x,n+l), using the proof of theorem 3.2:

Spax®® = (BL)gorp00a, nt1)

= {laf] - |ar] + a(z-%) }SPIRO(a,nﬂ) 3533y

Note that here |ar|/r and [al]/% are the best bounds of « in the Farey
series F(nt+l) (see theorem 3.5). An algorithm to determine these bounds is

given in theorem 3.6.

Fig.3.9 is a plot of S x(a,n) as a function of o and n. This function has
ma

some properties which can be seen from the figure, and which are easily



FPigure 3.9 The worst case positional inaccuracy Smx(a,n) as a function
of a for n=0 to 5.

Pigure 3.10 The average positional accuracy S(a,n) as a function of «
for n=0 to 5.
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proved. Between two fractions of F(nt+l), Smax(a,n) is linear in a; if a is

a fraction % of F(n+l) we have:

Doy oL
Spaxlorn) = (3.34)
This implies that a minimum for Smax<&,n) is always
tn S o (C ) = L (3535)
B S et @™ = T e A

o€

Thus the lines which have the smallest positional inaccuracy are those
with a slope p/(n+l), and the corresponding accuracy is 1/(n+1).

As an example, consider lines with slope 1/m and n=14. In that case the
bounds in F(14+1) are 4/13 < 1/n < 1/3, and eq.(3.33) yields S _ (%,14) =
.183.

ax

3.4.2 The average positional inaccuracy

Smax(a,n) given by (3.33) is the positional inaccuracy in the worst case.
It is also possible to derive the average positional inaccuracy S(@,n),
defined as the vertical shift that may be applied on average to a line

segment with slope @,covering n columns without traversing a grid point.

As we have seen in section 2.3.2, a uniform distribution of the lines in
their polar parameters r and ¢ implies a uniform distribution in e. This
means that the point P in SPIRO(x,n) representing the line y = axte (the
point lying e to the left of 0) is uniformly distributed along the
circumference of the spirograph. Hence the length of the arc of the
spirograph containing P is both a measure for the possible shift and for
the probability that this shift occurs. So, if the length of the arc
between i and R1i 1s called dy, the average positional inaccuracy S(«,n)
is:

2

n
S(a;n) = find s { 2%+ n2+ 2RL(+r~(n-1)) }SPlRO(cc 3
1=0 ,
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= (2ot2-2-1)rha® - 2{(ar|2(at1-2) + [edlr(n+l-1)}a +

Rary? + rle? + 2par)[al) (nFl-2-r) } D

(3.36)
where theorem 3.1 was used. Again there is an implicit dependence on o and
n, and eq.(3.36) is valid for the values of « given in eq.(3.8). Calcul-
ation of eq.(3.36) at the bounds of this range ylelds:

s(‘ir‘l,n) =% and S([—;—K—]—,n) =% @2harn

Theorem 3.5 states that the consecutive bounds for a are successive terms
of F(n). Thus the first time the fraction E-occurs as a bound is when the
order is q, and since §~is a term of all F(n) with n > g, it willlbe a
bound for all higher orders. Furthermore, the value of S(E,n) is 5 for all
n > q. If, in some interval of values for n, the bounds given by eq.(3.8)

do not change, eq.(3.36) shows that S(z,n) is linear in n for a given «.

These properties are clearly seen in the plots of Fig.3.10, which give
S(a,n) as a function of a for several values of n. Note that for all o
and n:
) (3.38)
2 o+l

If S(a,n) is needed for some & and n the values of r and % can be obtained

by the algorithm given in theorem 3.6



4. Digitization

Digitization of straight line segments can be considered as a mapping D of
the set of continuous straight line segments L to the set of discrete
straight line segments C , conveniently coded by straight strings. The
mapping of a line X to its string c was treated in chapter 2. Since a
string can represent the digitization of several continuous lines, the
inverse mapping is not one-to-one. The 'inverse digitzation' can be
completely described, however, by specifying the equivalence classes of

the strings, called domains.

The domain of a straight string ¢ is defined as the set of all lines whose
digitization is a given string c. It is the purpose of this chapter to
derive the 'domain theorem', a mathematical expression for the domain of

an arbitrary straight string c.

4.1 REPRESENTATION IN (e,x)-SPACE

The study of the digitization D as a mapping requires a representation of
the set of continuous straight line segments. A very convenient represent—
ation is the parameter space of straight lines. This section introduces

the basic terms and diagrams.

Definition 4.1: (x,y)-space

(x,y)-space is the two-dimensional Euclidean plane, with Cartesian

coordinates x and y relative to an origin O.
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A line in (x,y)-space is given by the familiar equation y = ax + e and is
thus characterized by two parameters e and «. Such a line is represented
by a point in its parameter space, called '(e,x)-space' or

(slope,intercept)-space ([Rosenfeld & Kak 1982]).

Definition 4.2: (e,a)-space

(e,x)-space is the parameter space of infinite straight lines

y =ax + e in (x,y)-space.
The relationship between the two spaces is thus completely given by the
formula y = ax + e which is the parameter transformation mapping one space

into the other.

Definition 4.3: line-parameter transformation (LPT)

The conversion of (part of) (x,y)-space into (part of) (e,a)-space ,
or vice versa, by means of the equations
y = Ox + e (4.1)
e =-0x +y

is called the line-parameter transformation (LPT).

This line-parameter transform is a special case of well-known parameter
transforms called 'Hough-transforms' [Hough 1962]. Vossepoel & Smeulders
[1982] computed the integration domains for straight line length estim-

ators by a method which is equivalent to using the LPT.

Applying the LPT to points in (x,y)-space, we find that these are trans-

formed to lines in (e,x)-space: the transformation of (x',y') is the line

e =y' if x'=0
Z

e + 3+ otherwise (4.2)

!
I
|
{1H

Thus a duality exists between points and lines in (x,y)-space and lines

and points in (e,x)-space. This is illustrated in Fig.4.la,b.

Consider a line, and the corresponding chaincode string. Changing the
parameters e and @ of the line will not always result in a different

string. For OBQ-digitization, the string only changes if the line sweeps
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< —
—

< —
—

e—

Figure 4.1 The duality of points and lines in (z,y)-space and (e,a)-space.

over a grid point in one of the (nt+l) columns considered. Somewhat more

generally, the points at which the string changes are defined as follows.

Definition 4.4: critical point

A critical point is a point (x,y) = (i,v) (where ice 2!), such that a
line y(x) = ax + e in the standard situation has a different value for
the i-th chaincode element, depending on whether v < y(i) < wvte or

v-e¢ < y(i) < v, for arbitrarily small € > 0.

For 0BQ-digitization the critical points are the grid points (see Fig.
4.2a). For GIQ-digitization they are the points (i,jt+%), where i,je Z:
The LPT-image of a critical point is called a 'border line':

Definition 4.5: border line

A border line is a line in (e,x)-space which is the LPT-transform of a
critical point.

The border lines divide (e,x)-space into tiles, which are called 'facets'
s
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after [McIlroy 1985]). A sketch of (e,x)-space and the border lines corres-—
ponding to critical points in the columns »=0,1,2,3,4 is given in Fig.4.2,
for 0BQ-digitization.

In the standard situation, only lines with a string of which the digiti-
zation consists of chaincode elements O and/or 1 are treated. All strings
consisting of at most n elements O and/or 1 connect the point (0,0) with

the points (i,j) given by:
0< j<ic<n (4.3)

(see Fig.4.3a). Every one of these points therefore belongs to the digiti-

zation of a continuous straight line in the standard situation. The set of

s
e [~
3e ° ° e t§§§
\ ™~
2e ] ® ] =
~
=] =
1@ ® ® ]
LPT
I JLEN I
°% - 1 2 3 &5 =
[} e ® ) \ =
—
° ® ) ° e o =
Q| e
e e e ® ‘t
el ~
\ ™~

Figure 4.2 Four colums of discrete points in (x,y)-space and the corres-

ponding LPT-images of the discrete points, in (e,a)-space.
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all straight lines that are in 'standard situation' are thus the lines
passing entirely through an area which is the union of the regions of
sensitivity of these points. With the restriction O € x < n, this is a
trapezoidal area. The lines passing through this area are restricted in
their parameters e and @, and thus form a region (e,x)-space. In general,

this region is diamond-shaped.

For the specific case of 8-connected OBQ-strings, all straight lines in

the standard situation pass through TRAPEZOID(n), defined by:

Definition 4.6: TRAPEZOID(n)

TRAPEZOID(n) is the part of (x,y)-space satisfying

QIR X <in
0%y < xkl (4.4)

It follows from eq.(4.4) that e is constrained by: 0 < e < 1 . Given a

~
Bom

M
Pon
~
: ~
&
Blan
5
Bon

Dy

<

TRAPEZOID(n)

(S

DIAMOND(n)

Figure 4.3 TRAPEZOID(n) and DIAMOND(n) for 8-connected OB@-digitization.
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value for e, the minimum slope of a line passing through TRAPEZOID(n) 1s
-e/n, and the maximum slope is (nt+l-e)/n. Therefore, for 8-connected OBQ-
strings, a line y=ax+e is in the standard situation 1f its parameters

(e,x) are in DIAMOND(n) given by:

Definition 4.7: DIAMOND(n)

DIAMOND(n) is the part of (e,x)-space satisfying

0<e<1
oL e<a<l+ Lo - e (4.5)
n n n

TRAPEZOID(n) and DIAMOND(n) are depicted in Fig.4.3. Comparing with
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so
because the boundaries are border lines corresponding to critical points

in (x,y)-space.

4.2 THE FACETS OF DIAMOND(n)

An understanding of the facets is crucial to the study of the digitization
of straight line segments. In this section, the shape of the facets is
studied, then a parametrization is given, and using that parametrization

quantitative expressions for the facets are derived.

The first analysis of the facets and domains in (e,x)-space was performed
by computing the parameter constraints on straight lines in (x,v)-space
[Dorst & Smeulders 1984]. It was followed by an elegant descriptive
analysis directly in (e,x)-space by [McIlroy 1985]. The present section
also performs the analysis in (e,x)-space, but along different lines than
[McIlroy 1985].

4.2.1 A parametrization for the facets

In this section, the shape of the facets is determined by considering the

border lines that form their boundaries.

743k

Lemma 4.1
The border lines in DIAMOND(n) can only have crossing points which can

be written as
k p
gty =l =2 & 4.6
(e',a") = T ) (4.6)

where q, p, k are integers, p/q is any fraction of F(n), and k is an

integer for which 0 < k < q .

Proof:
Consider the two (e,x)-lines in DIAMOND(n) which are the images of the
discrete (x,y)-points (i,j) and (i',j') of TRAPEZOID(n). The inter-—
section point of these (e,x)-lines is the LPT-image of the (x,y)-line
connecting the (x,y)-points, which is the (e,x)-point

P e O

et (4.7

Let (j'-j) and (1'-i) be called p and q, respectively. Varying 1, j,
i' and j', p and q independently assume all values 0,1,2,...,n.
Therefore, within DIAMOND(n), p/q assumes all values of F(n), but no
other values.
The e-values of the intersections are multiples of 1/q, say k/q.
Within DIAMOND(n), k must be an integer in the range 0 < k < q.

QED

The border lines passing through a particular point are given by the

following lemma.

Lemma 4.2

The number of border lines passing through the (e,a)-point (k/q,p/q)
in DIAMOND(n) is

n-s
ME IS 4.8
%] 52
and these lines have the slopes
i i it 1
TS TSR T sg ottt T SRR )

where s is the solution of
sp = -k (mod q)
in the range 0 < s < q. (4.10)
Proof:

Consider the crossing point (k/q,p/q). From eq.(4.7), it follows that
p=(i'-1), q=(j'-3), k=(ji'-ij'). This gives:
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pi = -k (mod q) (4.11)

which has a unique solution i=s in the range 0 < s < q for every k,
according to lemma 2.l. Also, when i=s is a solution, so is i=s+mq. By
lemma 2.1, this is the unique solution in the range [mq,(mt+l)q). Since
varying m accounts for all integers, there are no other solutions but
those of the form i=s+mq. For points in TRAPEZOID(n), the range of
possible i-values is 0 € i < n. Scanning this range from 0 to n, the
first solution is s, the last solution is s+|(n-s)/qjq. The number of
solutions is thus given by eq.(4.8). By eq.(4.2), the slope
corresponding to a solution i is -1/i, and the theorem follows.

QED
Let us define a function L(x), pronounced 'last x', as follows.
Definition 4.8: L(x)
Ln’q(x) is defined as
n—x
By (@it LTJq (4.12)

where q and n are integers, and 0 < q < n.

If no confusion is possible L q(x) is abbreviated to L(x).
B

With this definition, the two extreme slopes in eq.(4.9) are -1/s and
-1/L(s).

Using lemma 4.2, the shape of the facets can be determined.

Theorem 4.1

The facets of DIAMOND(n) are either triangles or quadrangles with two

vertices at the same value of .

Proof:

Consider a facet, and an (e,a)-line @ = p/q, chosen such that it cuts
the facet boundary twice, at least once through a vertex point. By
lemma 4.1, p/q is an element of F(n). Let these cutting points be
called A and B, in order of ascending value of e. Since the facets lie
completely at one side of any of the border lines, they are convex.
Thus three situations are possible, sketched in Fig.4.4a, depending on
whether only A, both A and B, or only B are vertices of the facet.

Let maximum slope of a border line of DIAMOND(n) passing through A be
-1/s, and the maximum slope of a border line passing through B be
-1/t, then by lemma 4.2 the minimum slopes of border lines passing
through these points are -1/L(s) and -1/L(t). Also s, L(s), t and L(t)
are integer. We have s € L(s) and t < L(t), and _1{s¢L(s) A tiL(t)},
for otherwise neither A nor B would be a vertex point. It follows from
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a L(s)

Figure 4.4 To the proof of theorem 4.1: a facet intersected by a line
‘=
q

lemma 4.2 that all border lines passing through A or B have slopes

-1/(s+mq) or -1/(s+2q), respectively (where m and % are integers). So,

if s # L(s) then L(s) » stq > q > t and, similarly, if t # L(t) then
L(t) > s. Therefore in all three cases the border lines with slope
-1/s and -1/L(t) intersect in a point C at some @ > p/q , and the
border lines with slopes -1/L(s) and -1/t in a point D at some a_ <
p/q (see Fig.4.4b).

At a=p/q, the facet is thus split into two parts bounded by converging

straight lines. Since this can happen at only one value of a, there

are no other vertices on these lines between a=p/q and «, 6, or between
« and «_. Therefore, the facets are in general quadrangular, with two
vertices at a=p/q. The quadrangle may degenerate to a triangle if two

of its sides are coincident. In that case, there is only 1l vertex
at a=p/q.

QED

Since a facet has its largest e-dimension at a unique value p/q of «, a
facet of DIAMOND(n) can be identified by the q,p and k of the leftmost

point at a=p/q. For reasons which will become clear later, it is prefer—
able to use s defined by eq.(4.10) instead of k. This is allowed, since

every k leads to a unique s, and vice versa, by lemma 2.1.
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Definition 4.9: FACET(n,q,p,s)

FACET(n,q,p,s) is the facet of DIAMOND(n) with widest e-dimension at
o = E-, and of which the upper left border line has a slope -1/s. All
points of the right border lines are excluded from FACET(n,q,p,s).

Note that not both the left and the right border lines can be included in
FACET(n,q,p,s), since then some (e,a) points would be allotted to two
facets. The choice in definition 4.9 was determined by the inclusion and

exclusion of the boundary of DIAMOND(n).

4.2.2 The facets quantified

Using the properties of the border lines and the corresponding critical

points, the vertices and border lines of FACET(n,q,p,s) can be computed.

Theorem 4.2
The border lines bounding FACET(n,q,p,s) are the lines given by

= mxi+e, where (xi,yi) are the the critical (x,y)-points:

S = (rgayg) = (o), [RE2HL]

B G e R (%5] )

(4.12)
Q= g = & L [EER])
= ¥ pL(s)
R =Nz, v )R= (L) [T ] )
and t is bijectively related to s by
tp = (sp-1) (mod q) (4.13)

With the labels indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD)
and R=LPT(AD).

Proof:
By lemma 4.1, the left vertex of FACET(n,q,p,s) at a=p/q can be
written as (k/q,p/q), where k is related to s by eq.(4.10):
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s = -k(mod q). (4.14)
Using the requirement O € k < q, k can be expressed in terms of s:
4 -sp sp sp
<o -[th - o] 2
P e af & q} (

The border line passing through this vertex with slope -1/s corres-
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-valve is
found by substituting (e,x)=(k/q,p/q) in the LPT-formula y=axte ,
noting that x=s. This gives critical point P. R 1s derived similarly.
The right vertex 1s the point ((k+l)/q,p/q), if a solution exists of
the equation

ip = =(kt+l)(mod q) (4.16)

which is the counterpart of eq.(4.14). By lemma 2.1, a solution in the
range 0 < 1 < q exists. Calling this solution t, it is found similar
to eq.(4.15) that

o {[ﬂﬂ’ %}q (4.17)

By lemma 4.2, the maximum and minimum slopes of the border lines
intersecting in € are -1/t and -1/L(t), respectively. These correspond
to the points Q and S, by the LPT-formula eq.(4.1).

It follows from eq.(4.16) and eq.(4.17) that t and s are related by
eq.(4.13). The bijectivity follows from lemma 2.1.

QED
One can also specify the FACET(n,q,p,s) by its vertices:
fiiieorent. i}
FACET(n,q,p,s) has the vertices
+ +
o - (o], [, ]
G = i s )
156 == L(t) - s
- Ps DI D
A= 2
G T
(4.18)

Bool (O [EE (=Rt SEr B

’

e =R

Lis) - t S e e

related by the LPT to lines through the critical (x,y)-points S, P, Q
and R by: A=LPT(PR), B=LPT(QS), C=LPT(PS), D=LPT(QR).

Proof:
This follows immediately from theorem 4.2 and eq.(4.7).

1
- |
\
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With either theorem 4.2 or theorem 4.3, the FACET(n,q,p,s) ls described
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)-
space, and A, B, C, and D in (e,x)-space. Fig.4.6 glves the facets in
DIAMOND(n), for n=1,2,...,6. The facet labels are explained in the

following section.

a
(527 Fls) " FleRt) =% . Lis+l) L(s) n
LPT(C)
LPT(B)
LPT(D)
LPT(R)
P
b

Figure 4.5 a) A discrete line segment in (z,y)-space (ep. Fig.2.6)
ALl continuous lines passing through the shaded area have
the same string and hence belong to the same domain.

b) Schematic drawing of the domain and its LPT-image.
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4.3 THE DOMAIN THEOREM

Consider a line y=axt+e, which has a certain string C. Changing e and o ,
the chaincode string will change 1f the line traverses a critical point.
In (e,x)-space, the line is represented by an (e,x)-point, and the change
in e and « by a movement of that point. The line traversing the critical
(x,y)-point thus transforms to an (e,x)-point moving over the LPT-image of
the critical point. This is one of the border lines in DIAMOND(n), bound-

ing the facets.

Therefore, if a change in the chaincode string occurs, a facet boundary is
traversed and since the (e,2)-transform is bijective the converse is also
true. This implies that the facets are sets of (e,x)-points corresponding
to lines which all have the same chalncode string C. Such a set of lines

is called the domain of the string C, denoted by DOMAIN(C).

Definition 4.10: DOMAIN(C)

The set of points in (e,x)-space representing all (x,y)-lines whose

digitization is a given straight string C is denoted by DOMAIN(C).
The lemma connecting facets with the domains of straight strings is:

Theorem 4.4 FACET(n,q,p,s) = DOMAIN{DSLS(n,q,p,s)}

Proof:
First, it is proved that the interior of FACET(n,q,p,s) belongs to
DOMAIN{DSLS(n,q,p,s) }
By eq.(2.30), a line with digitization DSLS(n,q,p,s) is:

Ry E{x—s) + [E§1 (4.19)

The LPT-image of this line is the point A of eq.(4.18), which belongs
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over
a small amount € does not change its digitization:

%(x-sﬁs) 4 (E—E—]J = [_g(x—s) + -E—g i PS%_H = l-g(x—s) et [%‘H

where the final transition follows for ep/q < 1/q.

This implies that the point A and points just to the right of A belong
to DOMAIN(n,q,p,s). The points to the right of A are in the interior
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical
points, indicate all possible chaincode changes, it follows that the
interior of FACET(n,q,p,s) belongs to DOMAIN DSLS(n,q,p,s)}.

Next, the inclusion and exclusion relations for the border lines of
the domain are considered.
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oo

Figure 4.6 The facets in DIAMOND(n), with the strings of which they are

the domains indicated, for n=1 to 6.

11

10

Figure 4.6

(continued)
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Consider the line & = LPT(A), defined in eq.(4.19), which belongs to
DOMAIN{DSLS(n,q,p,s) . The critical points P and R are on % since
their LPT-images intersect at A. The critical points Q and S are above
this line, since thelr LPT-images intersect at B and e Jep - Therefore
Q and S cannot be points of the digitization of Z. This implies that
an (x,y)-line passing through the critical point S or Q has a differ-—
ent digitization from . In (e,z)-space, this implies that an (e,a)~
point on the border line corresponding to S and Q does not belong to
DOMAIN{DSLS(n,q,p,s)}. This agrees with definition 4.9.
The points on the left border lines of a facet are on the right border
lines of another facet. Since they are excluded from the domain whose
interior is the facet to the left, they belong to the domain whose
interior 1s the facet to the right. These (e,x)-lines correspond to
rotated lines through the (x,y)-points P or R. For small rotation
angles these lines generate the string DSLSin,q,p,s).
Therefore interior and boundaries of DOMAIN DSLS(n,q,p,s)} are ident-
ical to those of the facet FACET(n,q,p,s), and the theorem is proved.
QED

Table 4.1 Strings of the line Y = %—x + g; for increasing n.
The quadruple (n,q,p,s) and the 4 points determining the
domain are indicated. The lines marked with b correspond to

triangular domains sinece either s=L(s) or t=L(t).

L{s)L(t)

string |(n,q,p,8) | s ¥V t VY c A B D
TSGR 0) I B0 T ORTeIE (0 /1827 19 R GO/ 15 07 YR/, 1) LY S L /150/1)
101 @2 0 4 BH=ISIAT-0-T I (071,71 /1) (1/2,1/2) (1/1,1/2) (1/1,0/1)
JO0E(E(En8n 50T AT ORS S (1/2 1 /205 (213, 1/3) s /151 /3) S /1,0/1)
go0t Lt 0y Dk i3] (1/2,1/2) (213,113 (1L, 0/3) (31, 1/8)
MO0 ECSRa IS e IRIRAR0Ra R (1 /0, 172)8(2 /3 717/B) S (L1, 1/ 3)SC1 /L51/4)
EooTonSlE(sT5] 2T ST E AR 61 /2 000/ 2 YR /5 0 5) S /5 125y @ /11 3)
10010167167, 5,200 L 156 383 1 (1/2,1/2) (3/5,2]5) (4]5,2]5) (111,1/3)
100001011 (8,7,3,10 11 8 383 | (L/2,1/2) (4/1,3[T) (5/1,3[1) (4/5,2/5)
100101010 | €9,7,3,1) | 18343 { (1/2,1/2) (4/7,3/7) (5/7,3(1) (4/5,2/5)

D

n=3 n=4,5 n=5,6 n=8,9 all

Figure 4.7 The decrease in size of the domains of the strings corres-

ponding to the line y = % x + 23 with increasing n.
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In Fig.4.6, DIAMOND(n) for n=l to 6, is drawn, with the strings of n

elements indicated in their domains.

For calculations later in this thesis, the domain theorem is now presented

in a more convenient form. First, some abbreviations are defined.
Definition 4.11: p., q,, P_, q_
_ |pL(E)+L | _|sp| .
BE [ q e b
- |pL(s) | _ |tptl| |

With theorem 4.2, the domain can be expressed in the following form:

LEE)=s
(4.20)

L(s)-t

Corollary 4.1
All lines y=axt+e whose digitization in the columns 0 € x € n is the

string DSLS(n,q,p,s) given by:

;= [§(1~S)J - L§<i—5-1)J 1=1,2;v2e,n
are given by the following constraints on slope & and intercept e:
1) p/q<e<opl/q

L
2) [551 — {«5533f11 - Loe if pla<alop/q,

3 (4.21)
(:jﬁlgw - L(s)a € e < [ﬁggih’— te if p_/q_ <@ < p/q

This theorem identifies countinuous line segments, given a string. [McIlroy

1985] gives algorithms for the converse approach, where one identifies the

string, given a continuous line segment.

Fig.4.7 and table 4.1 give an example of the strings and domains for the

line y= ;<x + %, for increasing n.



4.4 SPIROGRAPHS AND (e,a)-SPACE

This section derives the relation between the representation of straight
lines by spirographs and in (e,x)-space. An interesting result of spiro—
graph theory to (e,2)-space is the derivation of the number of straight
strings consisting of n chaincode elements 0 and/or 1, by counting the

number of facets in DIAMOND(n)-.

4.4.1 A line in (e,x)-space

The connection between spirographs and (e,x)-space is given by the

following theorem, illustrated in Fig.4.8.

1 1

w

Figure 4.8 The spirograph SPIRO(a',n) ig a line a=a' <in (e,a)-gpace.
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{icozens
The circumference of the splrograph SPIRO(a',n) is the line a¢ = a' in
DIAMOND(n) in (e,x)-space, with periodic boundary conditions on e in
the interval [0,1). The points on the spirograph correspond to the
intersection of a=a' with the border lines in DIAMOND(n).

Proof:

SPIRO(,n) contains the projections of the discrete points of n
columns of the grid, projected along a line with slope a (fig.3.1). A
discrete point (i,j) is therefore represented by a point at a distance
e = (j-ia) to the left (anti-clockwise) of the point O in SPIRO(a,n).
Rewriting this to: j = iat+e, it is seen that the value of e for a
fixed value of a is just the value also given by the LPT of the
critical point (i,j). Thus at fixed a=a' the spirograph contains the
intersections of the border lines in (e,x)-space corresponding to the
critical points in n columns of the grid. The periodicity in e iwmplies
that only the points in TRAPEZOID(n) need to be considered. Therefore,
the circumference of the spirograph is identical to the line a=a'
in (e,x)-space. Periodicity in e in the interval [0,1) follows from
the circularity of a spirograph.

QED

This relation with spirographs immediately leads to the following theorem

(first described in [McIlroy 1985]):

Lemma 4.3

The vertices C, A(or B) and D of a facet lie at three consecutive

fractions in F(n).

Proof:
Consider a line o=a' in DIAMOND(n), corresponding to SPIRO(a',n). The
point order of this spirograph is the same as for all spirographs with
an o satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this
means that moving upwards or downwards with «, the first traces to
cross are those corresponding to the boundaries [ar|/r and [aR]/% .
Thus, in a strip of DIAMOND(n) around @ = &' containing the part of
DIAMOND(n) satisfying |ar|/r € a < [al]/& there are no intersections
of border lines. Theorem 3.5 shows that these bounds for the strip are
consecutive fractions in F(n).

QED

Indeed the expressions of the vertices of FACET(n,q,p,s), as given in

theorem 4.3 satisfy lemma 3.5:

Pd - Py = —(L(t)-s)p + {F‘_DL(:)H]'P_ﬂ}q
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where the final transition follows by eq.(4.15) and eq.(4.17).

4.4.2 The number of straight strings

As an interesting consequence of the analysis of the facets, the number of

straight strings of n elements 0 and/or 1 are computed.

Theorem 4.6
The number N(n) of straight strings of n elements, consisting solely

of codes 0 and/or 1, is

n
N(n) =1 + % (n+l-k) 6(k) (4.22)

where ¢(k) 1s Eulers ¢-function, indicating the number of positive

integers not exceeding k and having no common factor with k.

Proof
The theorem is proved by deriving a recursive relation for N(n) by
counting the number of facets of DIAMOND(n). According to theorem 4.2
this is equal to the number of straight strings of n elements 0 and/or
1.
Consider the transition from DIAMOND(n) to DIAMOND(n+l), which in
(x,y)-space is the transition from TRAPEZOID(n) to TRAPEZOID(n+l).
This means that the LPT-images of the discrete points in the column x
= ntl are added to DIAMOND(n). These lines intersect border lines
already present in DIAMOND(n) in points with a-coordinates of the form
(j=3')/(ntl-1'), where 0 € j' € i' < n, and 0 € j < ntl. With varying
i', j' and j, these are just all fractions of F(ntl).
Every time a new border line intersects one of the border lines of
DIAMOND(n), an old facet is split into two new facets, and therefore
the total number of facets obeys the recursive relation:

N(n+l) = N(n) + Np(np+1) = 1» (4.23)
where NF ) denotes the number of terms in F(n). The '-1' in eq.(4.23)

is included since the crossing at 0/1 does not introduce a new facet.
With the definition of Euler's ¢—function given above we find
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n

NF(n) =1+ 121 (1) (4.24)
Here the '+1' takes into account the special fraction 1/1. With the
proper initial conditions, eq.(4.23) becomes

n+l
N(nt+l) = N(n) + I ¢(1)

i=1 (4.25)
N(1l) = 2

The solution of eq.(4.25) is
a- ]
N(n) =1+ I I ¢(i) (4.26)
ol

Counting the number of times ¢ (i) occurs in this sum, eq.(4.26) can be
rearranged to eq.(4.22).
QED

Table 4.2 contains some values of ¢(n) and N(n). The irregular behaviour
of ¢(n) and hence of N(n) is apparent. Nevertheless, the asymptotic

behaviour can be computed.

First a preliminary lemma, which is due to Euler, as is the beautiful

proof (see [Mardzanisvili & Postnikov, 1977],[Hardy & Wright 1979, 17.3}).

Lemma 4.4

The probability that two arbitrarily chosen positive integers have no

common factor is 6/n2.

Table 4.2 The number N(n) of straight strings consisting of n elements 0

and/or 1, and some approximations.

n ¢ (n) N(n) n3/1t2 3/2+(n+1)3/1'c2
it 1 2 .1 2.3
2 it 4 .8 4.2
3 2 8 25 8.0
4 2 14 6.5 14.2
5 4 24 1227 23.4
6 2 36 21.9 36.3
7t 6 54 34.7 53.4
8 4 76 S51+9: 75.4
9 6 104 73.9 102.8
10 4 136 101.3 136.4
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1
00éall the two numbers q and qy. Consider a prime p. The probability
that q; is divisible by p equals 1/p. The probability that qy and q,
are both divisible by p equals_1/p“. The probability that neither is
divisible by p equals (1 - l/pz)- Thus we have that the probability
that q; and q, have no common factor is

I (L - 1/p)
P

where the product is over all primes. Now, with Taylor expansion

n~l—2~= e} +1—2+L4+ )
AL = ) p p P
The_right hand side, written out, contains all unique prime factors of
1/n“, for any integer n. Hence
i i 6
H(l—l/P2)=—*—2—=——=‘2
L L 1/ 5(2)

where C(.) is the Riemann zeta-function [Hardy & Wright 1979,17.2].

QED
This lemma implies that ¢(n) can be approximated for large u as:
2 4.27
$(n) = —n (4.27)
n
By more complicated arguments, it can be proved [Herdy & Wright 1979] that
n 3 2
To6(3) = 5 + on in ) (4.28)
=1 T

This leads to the theorem

Theorem 4.7
For large n, the number of straight strings consisting of n chaincode

elements 0 and/or 1 is N(n) given by
n3 2
N(n) -+ = + 0(n"2n n) (4.29)
b3
Table 4.2 also contains some values of this approximation, and shows that

3/2+(n+1)3/1t2 seems a good approximation for small n. Table 5.1 (next

chapter) gives all 36 straight strings consisting of 6 codes 0 and/or 1.

5. Characterization

5.1 DIGITIZATION AND CHARACTERIZATION

This section provides a formal description of the information reducing
steps encountered when performing measurements on digitized straight line
segments. The description is given in the form of sets and mappings

between them, to make it independent of any particular representation.

All continuous straight line segments form a set £ . Digitization of
continuous straight line segments is a mapping D: L +C of the set of
continuous line segments to the set of straight strings C . Digitization

of a particular lime & results in a string ¢, denoted by ¢ = DR.

Given a string c¢, there is an equivalence class of continuous lines all
having the same string c as their digitization. This equivalence class is

called the domainfDD(c) of ¢ corresponding to the digitization D.

Definition 5.1: domain D,(c)

D(c) = { 2eL | D2 =c} (5.1)

Thus the domains indicate the finest distinction among continuous lines

that can be made on the basis of their digitization.

Example: If L consists of lines in the standard situation, and is
parametrized by (e,a), D is 0BQ-digitization, and C is parametrized by
the (n,q,p,s)-parametrization, then ﬂ)D(DSLS(n,q,p,s)) = FACET(n,q,p,s).
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In the computation of estimators, it is not always convenient to deal with
the complete string c. For instance, according to Freeman [1970], the
length corresponding to a string is computed as the number of even
chaincode elements (ne) plus ¥2 times the number of odd chaincode elements
(no) in the string. Thus for this length estimator, the string is reduced

to a tuple (ne,no). This leads to the concept of a characterization.

Formally, a characterization is a mapping K:C>TBof the set of straight
strings onto the set of tuples B . Applying K to a straight string c

reduces it to a tuple t of parameters. This is denoted by t=Kc.

In the same way as domains are the equivalence classes into which the set
of lines is divided by digitization, there are equivalence classes into
which the set of strings is divided by characterization. Therefore, to
each tuple there corresponds a E%SK(”’ which is the equivalence class

of all strings having the same tuple t under the characterization K:

Definition 5.2: scope Sy(t)

SK(t) ={ ccB ' Ke = t } (52

After characterization, only strings in different scopes are considered to

be different.

Taking digitization and characterization together, a mapping KD: L+ T is
obtained. The equivalence classes of this mapping will be called regioms.
Thus the regionIR.KD(t) of a tuple t is the set of all lines having the

same tuple t after digitization D and characterization K.

Definition 5.3: region .'K‘m(t)

Gy (03 = (i | ko2 = ¢} (5.3)

After digitization and characterization, only lines belonging to different

regions are considered to be different.
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induces domains,/ = lines
/
@D(C) / Y induces
| regions
digitization 9
12 | 0]
!
2 /
reduction

chaincode

KD
strings
/
induces |
scopes \
0] N ] characterization
S K
T
tuples

Figure 5.1 An overview of the sets, mappings and equivalence classes

involved in digitization and characterization.

Fig.5.1 summarizes the terms introduced. A relation between the different

equivalence classes which follows immediately from the definitions is:

NGRS = (5-4)
ceS_ (t)
K
In the following, the subscripts D and K will often be omitted, if it is

clear which digitization and characterization are meant.

Note that in each of the mappings D and K, a (potential) loss of inform—
ation occurs. Digitization unavoidably implies loss of information, since
it maps a continuous set [ onto a discrete set C. Characterization, how—
ever, maps one discrete set (C) onto another (B). Here loss of information
can be avoided if the characterization is chosen properly. Character—
ization is then nothing more than rewriting the same information in a more

convenient form.
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Let us use the symbol F to signify a faithful characterization, i.e. a

characterization that 1s a bijective mapping between a string c and its
corresponding tuple t. In that case there is an inverse mapping F_l, such
that t=Fc implies c=F_1t. The scope SF(t) then consists of a single string
¢ = Flt and the region ﬁFD(t) is equivalent to the domain‘DD(F_lt). Thus

a faithful characterization entails no loss of information.

Two characterizations are called equivalent characterizations if they have

the same set of equivalence classes. This implies that there is a

bijection between the tuples of these characterizations.

5.2 VARIOUS CHARACTERIZATIONS

Existing methods of length estimation bear in them different types of
characterization. These are now considered, as are the corresponding
regions. The actual analysis of the length estimators is performed in

chapter 6 and 7.

5.2.1 The (n)-characterization

The simplest characterization of a string is by the number of chaincodes.
Thus, the characterizing tuple is (n).

The region in (e,x)-space corresponding to a tuple (n) is DIAMOND(n):
R(n) = {(e,0) |0<e<1 A -e/n<a< (ntl-e)/n } (5:5)

All strings with a domain in this region have become indistinguishable
after this characterization, see Fig.5.2a. The region is bounded by border
lines corresponding to the critical points (x,y)=(0,0), (0,1), (n,0) and
(n,n+l). See also table 5.1, where all strings of 6 elements O and/or 1
are indicated, all leading to the same tuple (n)=(6).

This type of characterization is not used very often for 8-connected

strings due to the great loss of information it entails.
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3.2.2 The (ne,no)—characterization

In [Freeman 1970], the number of even and the number of odd chaincodes are
used in a formula for the length of a string. Denoting these by ng and ng,

respectively, this is an (ne,no)-characterization.

In fact this characterization only uses the difference in discrete coor—
dinates between the begin and end point of the line. Note that in the
discrete case this is not sufficient to characterize the segment
completely! Since ng and n, are completely determined by the critical
points in the columns x=0 and x=n, DIAMOND(n) is divided into regions by
the LPT-images of these points. This is sketched in Fig.5.2b. The regions
of the (ne,no)—characterization are thus given by

ni=e n +l-e

. = o]
3{(ne,no) ={ (e,a) o L 1 e ORSHes RNl (5.6)
= o & [0}

In the case of 8-connected strings in the standard situation, the differ-
ence In x-coordinates ig (ne+no), the difference in y-coordinates is nge.
These are sometimes denoted by n and m, respectively, thus leading to the
(n,m)-characterization. This characterization is equivalent to the
(ne,no)—characterization, since the tuple of the one can be expressed
bijectively in the tuple of the other. The equivalence of the two charac-—
terizations is also seen in table 5.1: when the tuple for the (ne,no)—
characterization differs for two strings, so does the tuple for the (n,m)-

characterization, and vice versa.

5.2.3 The (ne,no,nc)—characterization

In [Proffitt & Rosen 1979] an extra parameter was introduced to describe a
4-connected string. This parameter, the corner count N., 1s defined as the
number of transitions between unequal codes in the string. It was intro-
duced to bridge the gap between 4- and 8-connected chaincodes. [Vossepoel
& Smeulders 1982] used this parameter for the characterization of 8-

connected strings, extending the characterizing tuple to (ne,no,nc)-
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(8)

(a)

(0,8,0,)
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R—>

lX‘
s

(2,4)
(3.3)
(4,2)

\
\

o (6,0)

)

\

(d)

Figure 5.2 The regions corresponding to various characterizations in

DIAMOND(n) for n=6, with the tuples indicated. Compare also

table 6.1.

1 (6,1,0,0) \‘

Table 5.1
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ALl 36 straight strings of 6 elements 0 and/or 1, with the

tuples of the (n)-, (ng,nyl=-, (Mgn,,n,)- and (n,q,p,8)-

characterization indicated.

string | (n) |(ng,n))| (0,m) (ng,n ,n.)| (n,m,k) | (n,q,P,s)
000000 | (6) | (6,0) | (6,0) | (6,0,0) | (6,0,0) | (6,1,0,0)
000001 |- (6] | (5,1) (6513 | (5,1,1) 161104406 ,1.0)
1000008 (=68 [ 2 (5,16, 1) (R 551, 1) [Ntes i1 (o565 15L)
0000TOM S (6)E ISES1) HIE(6 1) N 5512 )8 (6 315 0)8IN(6 35 3 175 0)
010000 | (6) | (5,1) [ (6,1) | (5,1,2) | (6,1,0) | (6,5,1,2)
000100 | (6) | (5,1) | (6,1) | (5,1,2) |(6,1,0) | (6,4,1,0)
0010009 (6 1 (5,1 | (8,1 | (5.,1,2V [ (6,1,0) 1 16.4,1,3)
100001 | (6) | (4,2) §(6,2) | (4,2,2) |(6,2,2) | (6,5,1,1)
100010 [ a6)0 | 5(4,2) 116, 2)RE 04,52 53) |R(6 251D  [E(6754 ;1)
010001 | (6) | (4,2) | (6,2) | (4,2,3) | (6,2,1) | (6,4,1,2)
00100 | (BY | (4,2 | (6,27 | (4,2, [(6,2,.8) |65, V.0)
100100 | (6) | (4,2) |(6,2) | (4,2,3) |(6,2,1) | (6,3,1,1)
010010 | (6) | (4,2) | (6,2) | (4,2,4) | (6,2,0) | (6,3,1,2)
001010 | (6) | (4,2) |(6,2) | (4,2,4) |(6,2,0) | (6,5,2,0)
010100 | (6) | (4,2) | (6,2) | (4,2,4) |(6,2,0) | (6,5,2,4)
1001015 (601 |- (3,3) 4 [1(6, 3081031, ;401 |1(6 ,352 )8 |8(6 ;5 ,2,1)
101001 | €6y | (3,3) | (6,3) | (3,3,4) 1(6:3.27](6,5,2,3)
010101 1::(6)- | (3,30 46,3 | (3,3,5)01(6,3,1)1(6,2:1,0)
101010 | (6} 1 3.3 16,3071 (3,3,5) L6, 2.1V (6 2 1 1)
0101108 = (6)FIN(353 )5 06,3V M= (353, 4)Hi(6,350)818(6 35 785.0))
QL1010 | (6) ] (3,3) 1(6,3) 1 (3,3,8) |:(6.,3,0)15(6,5,3;3)
101011 | (6) 1 €2,8) |(6,4) | (2,4,4) |(6,4,21(6,5,8,1)
LROTOL | 663 1502, 8) | H6,4) " |70 2,4,8) | (6,4,2) |7(6,5,3,2)
101101 | (6) | (2,4) | (6,4) | (2,4,4) |(6,4,2) | (6,3,2,1)
011011 | (6) 1 (2,8) 116,4) | (2:4,3) [(6,4,1) 1 (6,3,2,0)
110110 Jley | 6240 | 06,4) | (2,4,3) [(6,4,0) F(6;3:2,2)
101110 | (6) | (2,4) |(6,4) | (2,4,3) | (6,4,1) | (6,4,3,1)
011101 | (6) | (2,4) [(6,8) | €2,4,3) |(6,4,1) [(6,4,3,0)
011110 | (6) | (2,4) [(6,4) | (2,4,2) | (6,4,0) | (6,5,4,0)
110111 | (B) ((L,5) | C6,5) o|iall5,2)i | (6 ;5,2)5 (6 4,352)
111011 | (6) | (L,5) |(6,5) | (1,5,2) | (6,5,2) | (6,4,3,3)
T011ET] (6) W (1550 (06,00 (L, 3,21 (e 5o2) b 5 a1 )
111101 | (6): [ (1,50 | (6450 | i(1,552) 0 [1(6,552) (H(655,454)
OLLTLTT [(6)115(L,5) [16,,5) SIS 551D R (6,55 1NIR(656 5550
TIIT05 (06 17 (1,5) | (6,5 S (L5, 1) ite /5 T FECE 6 i o
111111 | (6) | 0,6) [(6,6) | (0,6,0) |{(6,6,2) | (6,1,1,0)
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S (n~m—1 _m_l

(n—m m-1
n-1’n-1

; 5 m
Figure 5.3 Regions of the (ng,no,nc)—charactermzattan around. a = =

The following argument by [Vossepoel & Smeulders 1982] shows that the
improvement of this extended characterization is that apart from the
critical points in the columns x=0 and x=n, those in the columns x=1 and
x=(n-1) also contribute. Let c_ denote the chaincode element that is
present in minority, and cy the element that is present in majority. Then
the number of transitions between unequal elements is twice the number of
elements cp, if at both ends of the string a Sy is present. Each Cy at an
end of the string decreases this number by 1. In the standard situation,
where a string element is 0 or 1, o, is thus determined by Doy 0y, and the
sum of the first and the last chaincode element, called k. Thus the
critical points in the columns x=0, 1, (n-1) and n contribute to the

tuple.

In (e,x)-space, the border lines corresponding to these critical points
determine the regions. For n=6, the LPT-images of these points are
indicated in Fig.5.2c. A set of four regions around a = no/(ne+no) is

drawn in Fig.5.3. These regions are specified by their vertices as

915

follows. Let n = (ne+n0), neine,y and k as defined above. Then the

vertices are (see [Vossepoel & Smeulders 1982]):

m Sm=lSnsl -m m-1
(ovmg)s v A0sPos (BSmisy) o (Gepinn) Semaiiaine,

(o,EﬂiJ s (O,ng) . (nAm—l m Yoes (n—m—l m-lj e

n n-1 ’n-1 n-2 ’n-2
(5ieil)
n-m-1 m-1 -n m-1 -1 il
(e (o (sl 057 e 16 Whels
-m-1 -m-1 m-1 -
(RS20, EEREY, (1LY, (15D 1f e

Note that the region of a single tuple contains two trapezoids if k=1.
Note also that if n € 4, all columns contribute, and in therefore in those
cases the (ne,no,nc)—characterization is faithful.

[Vossepoel & Smeulders 1982] used n=(ne+n0), m=n_ and k as defined above

o
to 'describe' a straight string. This would now be called a (n,m,k)-

characterization. The relation between (ne,no,nc) and (n,m,k) is

naS
it
m < n/2 : n, = 2m-k
LU ssrkan A0 ShntTe iR
LR e e (5:5)
m>n/2 : n = 2(n-m)-k

Thus if n is odd, the (ne,no,nc)— and (n,m,k)-characterization are
equivalent, since the tuple of one can be expressed bijectively in the
other. If n is even, all tuples can be mapped bijectively, except
(ne,no,nc)=(n,n/2,n) which corresponds to both (n,m,k)=(n,n/2,0) and
(n,m,k)=(n,n/2,2). Apart from these tuples, the (ne,no,nc)— and (n,m,k)-

characterization are equivalent. This is also seen in table 5.1.
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5.2.4 The (n,q,p,s)-characterization

aight
In chapter 2 of this thesis, the (n,q,p,s)-parametrization for straig

1
strings was introduced. In terms of the present chapter, the tuple

(n,q,p,s) provides a faithful characterization of the string.
»95Ps

nt
For this characterizationm, all digitization points are taken into accou

to characterize a string, and thus the critical points in all columns of
o it d th h itical i 1

TRAP . e regio a e va ) oma by
RAPEZIUM(n) contribute The regions are equi lent to the domains,

theorem 4.4:

5.8
R(n,q,p,s) = FACET(n,q,D,s) (5.8)

s)-characterization are depicted in Fig.5.2d.
all strings

The regions of the (mn,q,p,
Table 5.1 shows that the characterization is indeed faithful:

have different tuples.

It was shown in the previous chapter that although all points of the

2 11
digitization are taken into account, only 4 (sometimes 3) points really

t to
matter. These are the points S, P, Q and R, of theorem 4.2. In contras

he
i ich also 4 points contribute to t
the (ne,no,nc)—characterlzation, for whic

region, the points S, P, Q and R are not in fixed columns.
»

v + 4
Alternative, but equivalent, characterizations are (n,q,p,s 2q) (with an
>

integer), or any of the (N,Q,P,S) defined in theorem 21

6. Estimation

6.1 THE MEASUREMENT SCHEME

The descriptive scheme for information reduction by digitization and

characterization, introduced in the previous chapter, can be extended to a

scheme on measurement.

A numerical property of a continuous straight line segment can be
described as a function f: f *FQ, attributing a real number f(&) to a line
segment L. An example of this is the length of a segment extending between
two columns x=0 and x=n: in the (e,x)-representation of chapter 4, it is

given by £(e,a) = n /(1+a’).

After digitization and characterization, the line £ is reduced to the
tuple t=KDL . This tuple t could also have been obtained as a result of
the digitization of other line segments. By the definition of a region,
these possible pre-images of the tuple t are all lines in the region R(t).
The lines % of the region R(t) generally have different values f(R) for
the property f. Let the values of £(&), assumed by lines £ in R(t) be
called admissable values of f, given t. Note that not all admissable
values are equally probable, since the lines in R(t) are distributed
according to some probability density p(R) .

Due to the inherent spread in admissable values of, given t, it is

impossible to measure the property exactly; the best one can do is

estimate. An estimate of the property f, based on the tuple t, is

indicated by gf(t), or g(t) for short. Considered as a function of ty
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g(t) is called an estimator; this is thus a function g:73+F2, attributing
a real number to each tuple. The aim is to choose a g(t) that is a 'good'

estimate for f(R), for all t and L.

In this chapter, the only estimators g(t) that will be considered are

those that depend only on the values of f(1) assumed by lines 2 in R(e).

6.2 ESTIMATORS
In this section, six types of estimators are introduced.
6.2.1 The MPO-estimator

Given a tuple t, the most probable original (MPO) estimator gMPO(t) for

the property f is defined as the value of f at the most probable value
of X

eypo(t) = flargmax{p(2) | 2 R(DI}) (6.1)
where argmax{P(R)} indicates the value of & maximizing p(R). Fig.6.1l
schematically indicates the meaning of gMPO(t) for a type of probability

density function that will occur when calculating a-dependent properties.
£(2)

gMPO

p(%)

9 —

Figure 6.1 Sketch of the MPO-estimator, for a given probability density
funetion p()in R(t). Its value is the value of f at the

value ‘of % maximizing p(L).

9.9

The probability density function p(a) is then a triangular function. MPO-

estimators for these a-dependent properties will be treated in section
6.3.

The MPO-estimator should not be confused with a maximum likelihood

estimator. The difference between the two is discussed in Appendix 6.1

6.2.2 The MPV-estimator

Given a tuple t, the most probable value (MPV) estimator for a property f

in the region R(t) is defined as the most probable value of f in R(t)

Theorem 6.1

The MPV-estmator is given by:
£
aipy(®) = f(arguaxl2E0- | 2 e R(0)}) (6.2)

where p() is the probability density function of the lines, and

argmax[P(X)} indicates the argument £ which maximizes PEL) S

Proof:
The probability density function p(f) of f is found by the
transformation:
61, (L)
£f) = | 2= ST e A
p(f) 3g| PR TE (O]

and the theorem follows.

£(8) QED

9 —=

Figure 6.2 Sketch of the MPV-estimator. Its value is the most probable

value of f, which is the value maximizing p(f).
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Figure 6.2 schematically indicates the MPV-estimator for a-dependent
properties. Appendix 6.1 deals with the difference between this estimator
and a maximum likelihood estimator, appendix 6.2 with the difference with

the MPO-estimator.

6.2.3 Minimizing the maximum absolute error
For a given line % and a property f, the estimated value g(t) = g(KDR)

usually differs from the exact value f(R). The difference
£
RORBERCSORIO) (6-3)
>

is called the estimation error. Let the estimator that minimizes the
expectation of the maximum absolute error be denoted by 80+ The implicit

definition of this estimator is thus:

Eﬁ( nax {‘Ef'gom‘} ) minimal (6.4)

where E4(x) indicates the expectation of x over a set /& . The solution is

given by the following theorem:

Theorem 6.2

The estimator minimizing the mean maximum absolute error over £ is:

zo (D)= % { M() + mg(€) } (6.5)

where Mg(t) and mf(t) are the maximum and minimum over R(t):

M () = max {£(0)}
KAL) (6.6)

o (t) = min {£(D)}
R(E)
Proof:
Since go(t), and hence Ef (%), depends only on admissable values
(the values in R(KDL)), *8g the expectation in eq.(6.4) can be
rewritten to a sum over the regloms:

max (Jl)“ minimal (6.7)

€
P R (x0) {l f,8,
is the conditional probability of a region:

Z
R(KDR)
where p_'K,(KDl)
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P
Pigure 6.3 Sketch of the gy estimator. Ite value is the average of the
maximum value Mf(t) and the minimum value rrsc(t) of fin R(t).

P ==/ () a
R (KDL i :
Since li t ) S =
ince a erms are positive, the sum in eq.(6.7) is minimi

minimizing all terms, leadiné to the demand: ek s

max { |gO(KD1) - £() | | % e R(kDL) } minimal
With Mf(t) and mf(t) as defined in eq.(6.6), this can be rewritten to

max { M_(t)-g,(t) , g,(t)-m () } (6.9)
The solution is:

t) =
go(t) = & { M.(t) +m () } (6.10)

which proves the theorem.
QED

In estimation theory, this is sometimes called an estimator based on the

Chebyshev-norm. Fig.6.3 depicts this estimator.

6.2.4 Mininizing the absolute error

Let the estimator minimizing the expectation of absolute value of € (€3]
f,e

over all & be d Y EE e Vi
£ e denoted by g This implies that g should satisfy the
demand:

Eo { g,(xp0)-£(2) } minimal (6.11)
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£(2)

94

Figure 6.4 Sketch of the g; estimator. Its value is the median value of
p(f) in R(t), which is the value halving the area of p(f).

The solution is given by the following theorem:

Theorem 6.3
The estimator minimizing the mean absolute error over £ is:

g (t) = median {£()} (6.12)
R(e)

Proof: -
Since, by the restriction made in section 6.1, g(KDX) is based only on

the values of f(XL) in the region R (KDR) , eq.(6.11).can be rewritten
to a sum of expectations over individual regions similar to eg.(6.6).
Minimization of the sum again implies minimization of the individual

terms, yilelding:
6.13)
E (kD) - £(2)|} minimal (
seeon 181 |
The solution to this equation is the median of £(£) in R(t) , see

e.g. [Justusson 1979]. oo

Fig.6.4 is a schematical indication of g for a-dependent properties.
A statistical analysis of the median can be found in [Justusson 1979].
6.2.5 Mininizing the square error

Let the estimator minimizing the mean square error (MSE) be denoted by 8.

In formula, the demand for gy is:
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By {|g,(®o0)-£(2)| %} mininal (6.14)

This can be rewritten, as for gy, to a demand for minimization of the

square error over each individual region:

2
o {|g,(k00)~£(2)["} minimal (6.15)

By the well known formula (e.g. [Lewis & Odell 1971]):
E {{e(0)-£(01°} = E {[2(0)-Eg(t)1?} + EX{gCt)-£(2)} (6-16)

the MSE is equal to the variance plus the bias squared. Hence estimators

minimizing the MSE have minimum variance and are unbiased.

It is difficult to give a general solution to eq.(6.16). However, if we
restrict ourselves to estimators g(KDL) that are a linear function of the
admissable values of £(1), then the solution can be computed. This leads

to the BLUE estimators.

6.2.6 BLUE estimators

The problem of minimizing the mean square error by an estimator which is a
linear combination of the admissable values bears a close resemblance to
the calculation of best linear unbiased estimators (BLUE) in the theory of
parameter estimatlon (e.g.[Lewis & Odell 1971]). There, one has the
situation that one original value leads to measurements, or 'observations'
that show a certain distribution. A BLUEstimator is then an estimator that
is a linear combination of the observations, and has minimal MSE. In the
case considered here, the situation is the reverse: there is always only
one 'observation' (the tuple t), but there are many 'originals' (namely
all lines in R(t) ). Nevertheless, the mathematics is so similar that the
term 'BLUEstimator' will be used. 'Linear' should in this context be

interpreted as 'linear in the admissable values'.

Consider the BLUE estimator for a particular characterization K, denoted

by bg. Given the tuple t, the set of possible originals is R(t), the set
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of possible values are the admissable values of f. The requirements for

bK(t) to be a BLUE estimator of f(1) are translated into this terminology:

Definition 6.1 BLUEstimator

1- The estimator should be linear in the admissable values f(1). This
implies that the estimator bK(t) should have the form

be ()= [ w()fR) ax (6.17)
R(t)
where w(2) is some weighting function.
2- The estimator bK(t) should be an unbiased estimate of £(2) over R(t):

E £(R) - b (t)] =0 (6.18)
sm){ ( (0}

3- Of all estimators satisfying eqs.(6.17-18), gK(t) should have minimal
MSE over (t):

E {1e) - bK(:)]z} minimal (6.19)
£)

Note that in all three requirements t = Kc denotes the tuple corresponding

to the string ¢ = DR, so t =KDX

The following theorem states that the estimator obtained by attributing to

a tuple t the expectation of £(L) over the region R(t) is BLUE.

Theorem 6.4

The estimator
By (KDL) = ERKD(KDD{fu)} (6.20)

is BLUE.

Proof
1) By(t) is a linear estimator, since it is the estimator of eq.(6.17)
with w(2) = p(R).
2) Consider the regionRyp(DKL). Omitting the subscripts, we have:

{£2) - BK(KDJL)} = (g0} - B (KDL) = 0

E
E R (KDL) R(KDL)
Thus By(t) is unbiased for a region.
3) Comparing the general estimator bK(KDR) in eq.(6.17) with BK(KDL)
in eq.(6.20), with respect to the MSE over the region R(XDL) we
have:
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E Rexod) {ree) - bK(Knx)]z}

L 2

= E gerony LE® = BT} + B 0 (1B, (kD) - b (kD1)1%)
> B goony [ED) = B’}

Hence BK has a smaller MSE than any linear unbiased esimator based on
averaging over more than one region. Hence it is the BLUEstimator.

QED

Since the set of all straight line segments L is a union of regions, the
estimator By is also the BLUEstimator over £

If the characterization is falthful, the regions reduce to domains. These
are the smallest possible sets of lines distinguishable after
digitization, and the BLUE estimators corresponding to this faithful
characterization are therefore the most accurate estimators possible,

given the digitization D. This is expressed in the following theorem.

Theorem 6.5

Of all BLUE estimators

B,(KDL) = E X

O = By (ens) {en} (6.21)
the estimator Bps corresponding to a faithful characterization F has
minimal MSE.

Proof
Consider the MSE over a domain i%(Dl) = ﬂiFD(FDl) (abbreviated D(DL)):

Eppay (£ = B(xon)1%)
2
= Eqpay D) = B(EOI} + Egy o0 {[B (FD2) - BK“DD]Z}
> Eqypgy [LER) - B F00)1%)

Hence the MSE of Bp is smaller than that of an arbitrary BK, unless
K=F. Therefore &p is the optimal BLUE estimator.

QED
The estimator BF(t) will be referred to as optimal BLUE. Note that since

J{FD(FDl) =ﬂ)D(D1), the optimal BLUE estimator can be written as

Bp(FDR) = EfDD(Dl) {f} (6.22)
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which is independent of the specific faithful characterization used - as
it should. For specific properties of straight line segments, this

estimator 1s evaluated in section 6.4.

6.2.7 The choice of estimator and criterion for a-dependent properties

In the remainder of this chapter (and thesis) the treatment of estimators
is restricted to a«-dependent properties of discrete straight line
segments. Examples of such properties are slope ( f£(&)=c¢ ) and length

( f(l)=n/(1+a2] ). For these properties, out of the six types of
estimators treated in the previous sections, only the MPO- and BLUE-
estimators will be evaluated. Minimization of the MSE in the asymptotic
case (where n*®) is used as criterion for the evaluation. The reasons for

these choices are now discussed.

Let £ be parametrized by e and @, so that the property f£(&) can be
written as f(e,x). Given a line segment y=axte between n columns of the
grid 0 € x < n, many interesting properties, such as slope, angle, and
length are function of @ only, and do not depend on e. Thus these

properties can be written as f(e,x) = f(x).

The probability density function of the lines, p(e,x), is taken to be the
one given in section 2.3.2, corresponding to an isotropic and homogeneous

distribution of the lines. Thus, by eq.(2.15):
2 -
) = (6.23)

For the (ne,no)— and the (n,q,p,s)-characterization, the regions given in
section 5.2 are quandrangular shapes with two vertices at the same value

of a. The probability density function p(a) over this region is found by

integrating p(e,x) over e.

For the (ne,no)—characterization, putting n,=m and (ne+no)=n, this yields

p (@ = /2 (@i-am)(14?) /% if win<a< (@)/n

bla) = (6.24)

py(@) = V2 (an—ml)(lmz)'3/2 if (m-1)/n < @ < m/n
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p(a)

T S —
P_/Q_ P/Q P./Q,
& ——P
Figure 6.5 The probability density function p(a) for a-dependent proper

ties in the (ny,n,)- and (n,q,p,s)-characterization.

For the (m,q,p,s)-characterization, this yields:
B 2.3 288
py(®) =72 (p,-aq)) (1+a7) if  p/gSadp/q
p(a) = (6.25)
T
p,(@) = /2 (aq_-p_) (1+a”) e /9 < @< p/q

These functions can be described by the same formula, sketched in Fig.6.5:
2y-3/2
py(2) =72 (P+—aQ+)(l+a ) A B G B,
p(a) = (6.26)
2\ —
p,(0) = ¥2 (2Q_-P_)(1+a) @ if P_/Q < a < P/Q

The extent (P+/Q+-P/Q) of such a region is, for the (ne,no)-characteri—
zation, Z/(ne+no). The peak height is 1. In the asymptotic case, where
n>® p(a) thus becomes more sharply peaked.

For the (n,q,p,s)-characterization the extent is l-(l—»+ l—) (by eq.3.9).
If Q is small, the extent is large. Since Q. and Q_ ;re Sﬂe denominators
of the neighbouring fractions to P/Q in the Farey series of order n, Q.
and Q_ are both of order n if Q is small. Therefore the p(a) with the

largest extent have an extent of 2/Qn, if n>e.

For both characterizations, the extent is thus asymptotically of the order
el g
0(n™%). Since within the extent of p(a) the variation of the function

2\-3/2
(1+a ) / 1s asymptotically small compared to the variation of the
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Figure 6.6 For a-dependent properties, all five types of estimators give
results that are asymptotically close. In this sketch gprue(t!
is the expectation of f(a) in R(t), the other estimators are

as indicated in Figs.6.1-4.

factors (P+—aQ+) and (aQ_—P_), the p(a) are asymptotically of a triangular
shape. If f(a) is asymptotically linear over the extent of p(a), the error
measures treated (maximum absolute error, absolute error, root mean square
error) are all linear in the extent of p(«). Therefore, asymptotically the
choice of an error criterion is largely a matter of taste and convenience
and will not influence the order of the results obtained. The MSE was

chosen since it is mathematically most amenable to analysis.

The fact that the p(®) are increasingly sharper peaked implies that the
various estimators introduced will become asymptotically identical (this
is illustrated in Fig.6.6, a superposition of the figures 6.1-4).
Therefore, if the asymptotic MSE is chosen as the criterion for
comparison, the choice of the type of estimator is fairly arbitrary. Twc
estimators where chosen: the BLUEstimator, since it is the (linear)
estimator minimizing the MSE, and the MPO-estimator, since it is easy to
compute and hence potentially of greater practical use. These estimators

are calculated in sections 6.3 and 6.4.
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6.3 CALCULATION QF THE MPO-ESTIMATOR

For a-dependent properties f(a), the MPO-estimator is defined as the value
of f for the most probable value of a. For the (ne,no)— and (n,q,p,s)-
characterizations, p(@) is given by eq.(6.26). The following lemma gives

the most probable values of « for these characterizations.

Lemma 6.1

For p(a) given by eq.(6.26), the most probable value of a« is:

=l EE= 0 =

aMP—VE if (6—1 and n=1)

(6.27)
P
Qo = ) in all other cases
Proof:
In the interval P/Q < a < P+/Q+ , the derivative of p is
2
pj(@)/p; (@) = -3a/(1+") + 1/(a - P /q,) (6-28)

In the range 0 < a <€ 1, the first term is less than or equal to zero.
The second term is, in worst case, -n (namely at a=0 and at a=1), and
normally smaller. Therefore eq.(6.28) is less than or equal to -n, so
p(x) does not assume an extreme in the interval considered. Therefore,
the most probable value in the interval is a=P/Q.

In the interval P_/Q_( @ < P/Q , the derivative of p is:

Py (@) /p,(@) = -3a/(14a%) + 1/(a - P_/q_) (6.29)

The first term is greater than or egual to -3/2, the second term
greater than or equal to n. Therefore no extreme value is assumed in
this interval if n > 3/2, and the most probable value is then P/Q.
If n=1, an exception occurs at P/Q=1/1, P_/Q_=0/1. In that case, a
maximum of p,(a) occurs at 1/Y2.

QED

For the (n)-characterization, the most probable value of @ in the

region R (n) given in eq.(5.5) is @ = 0. For the (ne,no,nc)-character—
ization, the estimator becomes too unwieldy to present in a general form,
because of the awkward shape of the domains for k=0 and k=2 in eq.(5.7).
For k=1, the region consists of two areas shaped similarly to eq.(6.26);

then the MPO-estimator equals f(nO/(ne+n0))_

Summarizing:
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Theorem 6.6
For a-dependent properties f(a), the MPO-estimators for the (n)-,

(“e'“o)_ and the (n,q,p,s)-characterizations are given by:
gypo(n) = £(0) (6.30)

() 1f (ng.m) = (0,1)
gvpo(Pesty) = (631

o
) elsewhere
n +n
e o

1 i
e e G DT RS G ) (6.32)

f(%] elsewhere

The MPO-estimator for linelength is treated in section 7.
An estimator that closely resembles the MPO-estimator is the 'most
probable value' (MPV) estimator of section 6.2.2. The two are compared in

Appendix 6.2.

6.4 CALCULATION OF THE OPTIMAL BLUE-ESTIMATOR
6.4.1 Optimal BLUEstimators in the (e,x)- and (n,q,p,s)-representation

To evaluate eq.(6.22) for properties of straight lines one needs a faith-
ful characterization and an expression for the domains. Both have already
been given: the faithful (n,q,p,s)-characterization in theorem 2.2, and
the domain of DSLS(n,q,p,s) in corollary 4.l. Combining these with
eq.(6.22) gives:

Bp(n,q,p,s) = f(e,a) p(e,x) de da (6.33)

DOMAIN(n,q,p,s)
where p(e,¢) 1is the probability density describing the distribution of the
lines. Using the boundaries for the domain given in corollary 4.1, this

can be rewrittem as:

111
ola [EEL]_ (s
Bp(n,q,p,s) = / f(e,a) p(e,x) de da
p_/q_ PL%-I - aL(s)

P+/q+ (———pL(:)H] - aL(t)

= J
o ]

This formula provides the most general form for the BLUE estimator for an

f(e,a) p(e,x) de da (6.34)

arbitrary property f(e,a) of a continuous straight line segment, given a
particular chaincode string c, faithfully characterized by the tuple
(n,q,p,s)-

Following [Vossepoel & Smeulders 1982] a moment-generating function Gy,1is
introduced, defined by:

6,(n,d,p,8) = il t1(e,0) ple,a) dedn (6.35)

DOMAIN(n,q,p,s)

which allows the estimator of eq.(6.34) to be written in the form

G, (n,q,p,s)
Bo(n,q4,p,8) = —p——r—-= A
p(724:2,8) Gy(n,a,p,5) (6:36)
and its variance as
G,(n,a,p,s) G (n,q,p,8) ,
var Br(n,q,p,s) = = } (6.37)

I
Gy(n,q,p,8) Gy(nsa,p,8)
For further evaluation, assumptions on f(e,a) and p(e,x) are required.
6.4.2 Evaluation for a-dependent properties
In this section, the optimal BLUEstimators for properties that are only
dependent on « are derived. It will be seen that the properties 'length',

'slope' and 'angle' are such properties.

The probability density p(«) is given in eq.(6.25), and eq.(6.35) becomes:
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B 2.-3/2 4
6 (n,a,p,8) = J  (p-aq) (1+a) £ (a) da
i + o+
p/q
p/q
5=y
T o) (L) R du (6.38)
P_/q

Introducing functions Fy, defined by:

25, @R,Q) = (ag - B (+ah) e @) (6.39)

this can be rewritten to

p/

p,/q q
p_/a_

S (6.40)

I
6,(n,a,p,8) = [F,(a5-p,,=q,)] + [Fy(a3p_5a)]
This formula is now evaluated for the three properties length, angle and

slope.

Length
The length of a straight line segment of slope «, extending over n

2
grid colummns, is f(a) = /(l+a") , so:

aP + Q
Fo=o — U 1 (6.41a)
< /(1 + az]
P o=n{ 2 1n(1+e?) - P atan(a) } (6.41b)
2 2 2
F,=n { @ ¥(1+a”) - P 1n{a+/(14+a")} (6.41c)

With (6.1.8) and (6.1.4) this is the optimal BLUEstimator for the

linelength corresponding to a chaincode string (n,q,P,s).

Angle
The angle of the continuous line y = ax + e 1s £(x) = atan(a).

aP + Q
R e (6.42a)
g /(1+¢?)

15158

L (Qe-P) - (Q+Pa) atan(a)

6.42
4 /(1+0?) kel
2
il { - =
F2 _ _ (Q+Pa) atan” (o) + 2(P2Qa) atan(a) 2(Q+Pa) (6.42¢)
/(1+a”)
Slope
For the line y=axte, the slope is given by f(e,a) = a .
o E
0 ;fzzgff (6.43a)
(P-Qa) 2
F, = ————>+ Q 1n{o+/( 1+« 3
L e (1+a”)} (6.43b)
2
O ERE e ) 9
F, = =——————"= - P ln{a+/(1+x
2 158 {a+/(14a%)} (6-43c)

These optimal solutions are of a surprising complexity !

6.4.3 Taylor approximations

To study the behaviour of the optimal BLUEstimator, and its dependence on

(n,q,p,s), Taylor approximations are useful.

Theorem 6.7
Taylor approximations to the BLUE estimators for properties f(e,a)

that are independent of e: f(e,x) = f(x) are given by

= P 1yl 1 =
Bp(n,a,p,8) = £() + ﬁ(f = £'(2) + o (na) 4 (6.44)
var[Bg(n el LyreiPy)2 -4
p(2,4,p,8)] 5 (= + + —Z){f S} + oltng)™) (6.45)
1Bq e ol 4
Proof:

Abbreviating fl(a) (1+az2)—3/2 to vi(a), we have for eq.(6.40):

Gi(n,q,p.S)//Z =
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p /q p,/a,
= [ (ea-p) v(@ d + [ (p,wqy) v(a) da
pi/a% p/q
0 1/qq
¥
= (xq + D) v. R+ x) dx + | s s (2 G
e og q S G
-1/qq_ 0
1 k l/qq+ k
o (k) p
=2 —v Of ) a+2x ax + [ (=-x) xax }
k=0 k! i =4 q +
-1/qq 0
@ 13 i g 1
= I ! v( )2 _— (6.46)
k=0 (k+2)! i q k+2 kt+l kt+l
q ) (=a)
The estimators used are of the form Gi/GO’ by eq.(6.36). We have,
dividing out the term with k = 0:
(k) p
s ol 12 mel it TN
1f = A - WAL
k=1 (k+2)! P ko kil kt+1 q q
G V.= a q =d 2 2
_1 = fi(B) i'q o =
G
0 k RORN
@ 1 0 2 1 1 1 1
14— 1 2 - } /=)
k=1 (k+2)! p k - k+l ekl q q
¥, 0= 4 9 {=aq ) s =
Ditq + -
@ 2
i L kgl (k+2)! e
=5 el S (6.47)
1+ I ——M
k=1 (k+2)! 0,k
where
-l 6.48
Mi,k =y (6.48)
with
v 2y
Lgk) = 41—5—34 (6.49)
Vi(a)
and
1 i
7 K+l = kL
T e = } (6.50)
R 1 i
q =t
e
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For q, and q_ we have n = 29 < q_ € n and n - 2q

implies that, for large n,

it
O(nqu) 1f k even
Q= { il
(=) 1if k odd
nq

< q; ¢ n, which

(6.51)

Expanding eq.(6.47) in a Taylor series one obtains for the expectation

uf of the function f:

o

Be

which

Qa
I

Pl 4 1458, ) 2 1 =0
f(q){l+ 30y Mop) + 70 M) - g Mgy Oy Mg) + o Ta D)

2] i} P 1k P af'(E) o 2 P
E(E) +3 Qf (E) + { o f (E) = Z<1+a2) Qt 3 s Q£ (E)
) i V(P -2
£ + 3 ' + ol(n) ™)
D, Ll _ 1y R -z 3
£ +ﬁ(q+ Ty o((na)” %) (6.52)
have:

gives eq.(6.44). For the variance of g ve

22y (L s ¥ 2l -
£ (Eo { & Qi AL ) G (et

1 -4
=y U = W e ) o(nq) ") }

= (£ BV o 5 0D + o @) ™)

which

L g+ ==+ (2B + ol ™)
189" q 9,4 4

is eq.(6.45).

1
02) ~ 3 (MM

(6.53)

QED

Note that q, and q_ in eqs.(6.44-45) are implicitly dependent on (m,q,p,s)

by eq.(4.20). It is seen that the first term, dominating Bp is f(%), which

is the MPO-estimator for f(a) (eq.(6.32)). The second term compensates for

the asymmetry of the domain relative to ¢ = R_
q
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6.4.4 Regular grids

The estimators of eqs.(6.35-37) can be generalized to 4- and 6-connected
grids, and other regular grids, using the concept of a 'column' introduced

in [Vossepoel & Smeulders 1982], and described in section 2.2.4.

With the transformation T defined in eq.(2.9), an assumed uniform distrib-
ution of the lines in the skew grid transforms by T_l to the distribution

p(e,x) in the square grid by:

2
(¢ %—sin¢)
p(e,x) = Kv (6.54)
{(a + e = sin¢)}3/2
v v
where K is a normalization constant. Eq.(6.35) for Gi then becomes
2 fi( )
h e,a
G = Kv(—sin¢) ff de da
i v h 2R 2.3/2
{(a + (=cost) + (—int) }
DOMAIN(n,q,p,s) v v

The calculation of n,q,p and s and thus of py, q, P_, 4_ only depends on
the sequence of codes in the string and hence is not influenced by the

transformation T.
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Appendix 6.1 MAXIMUM LIKELIHOOD ESTIMATORS

Both the MPO- and the MPV-estimator are related to maximum-likelihood

estimators, well-known in the theory of parameter estimation. This

relationship is now described.

Formally, a maximum likelihood estimator is defined as follows (quote from

[Van den Bos 1982]):

Suppose that in a particular experiment the observations, considered

as stochastic variables, are W = (wl,...,wN)T and define EW(Q,Q) as
1K

their probability density, where the elements of Q = (wl,...wN)

correspond with those of W and © = (6 eK)T is the vector of

Svess;
unknown parameters to be estimated frém W. Now let V = (vl,...,vN)T be
one particular realization of W, that is, the elements of V are
numbers, not variables. Then for that particular realization the
function L = £y(V;T) with T = (ty,.--,t)" is defined as the
likelihood function of the parameters. Thus L is a function of T. Then
the maximum likelihood estimate of the parameters T from W is defined

as that value T' of T that maximizes L.

Translating the estimation problem for the property of a discrete straight
line segment into these terms, W is the tuple of the characterization used
and V a specific realization t of that tuple. O is the parametrization of
continuous line segments, which was denoted by &. The likelihood function
L is thus a function of %, for fixed t. It is denoted by L(t;2). The
maximum likelihood estimate depends on t; considered as a function of t it

is the maximum likelihood estimator XML(t).

With the 'argmax' notation from section 2.6.1, the maximum likelihood

estimator XML(E) for X can be written as:
B, (o) = argmax{L(t;2)} (A6.1)

Comparing with eq.(6.1) and eq.(6.2), it seen that both can be written in

terms of maximum likelihood estimators for %:
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= (A6.2)
g(t) = £(2, (1)
For the MPO-estimator, the likelihood function is:

(£32) = { 8(“ Laiel (46.3)

Lypo if Le R(t)

For the MPV-estimator, the likelihood function is:

{8(1)/1f'(1)| if fe R(t) (46.4)

Lypy (554 = if e R(v)

Eq.(6.2) shows that gMPO(t) and gMPV(t) are not maximum likelihood estim-

ators of f, but estimators based on maximum likelihood estimators of W,
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Appendix 6.2 MOST PROBABLE ORIGINAL VS. MOST PROBABLE VALUE

The MPO- and the MPV-estimator are not equivalent. However, there are
circumstances when they identical results for virtually all tuples.
Restricting ourselves to a-dependent properties f(a) and a probability
density function p(a) as in eq.(6.26), the following theorem can be

proved.

Theorem A6.1

I1f f(a) is monotonic and satisfies, in the interval 0 < a < 1

2D o B
£' (@)

-n <

then the most probable value of f(x) is the value of f at the most

probable value of a.

Proof:
Let «' be the value of « that maximizes p(a)/|£'(a)
probable value of « be called a”.
With p(a) as in eq.(6.26), a"=a' if, for a small change 6a>0:

. Let the most

p(a”) p(a"+ba) _ _ p(x™) p'(a") _ £"(a")
[l o) 2 | £' (a"+ba) | JEET i {1 i ( p(a™) f'(a"))ﬁa}
In the interval P/Q < a < P+/Q+, da > 0, so the demand becomes

£ (e”) o p'(a”)

£M(a) - play
In the interval P_/Q < @ < P/Q, 6a < 0 , so the demand becomes
£°(a") . pl(a")

£'(a") p(a™)
It was shown in the proof of lemma 6.1 that p!(a)/p
p;(a)/pz(a) > n - 3/2. Hence the theorem follows.

l(u) < n and

Two examples of properties are now given.

For the slope, f(a) = a, and £"(a)/f'(x) = 0, so eq.(A6.5) is satisfied if
n>2, and 8upo and gypy coincide. For n=1, note that maximizing the funct-
ion p(a)/|f‘(a)]is identical to maximizing p(a) since f'(a)=1. Therefore,

gypo and gypy are identical for the estimation of the slope.

5 (A6.5)

(A6.6)

(46.7)
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For length, where f(a) = n/(1+a2) , we have f"(a)/f'(a) = 1/(a(l+a2)),
which becomes infinite at a=0. Since £"(a)/f'(2) > 0, the left inequality
in eq.(A6.5) 1s satisfied. The right inequality is only satisfied if

A< a <1, where A is determined by 1/(A(1+A2)) < n- 3/2 . With increas-
ing n, A decreases, and there are relatively increasingly more tuples for
which 8po €duals Bypy* In the asymptotic case where n**, only the tuples

with P_/Q_=0/1 have 8vpo # gypy+ For the (n )-characterization, this is

erMo
1 tuple out of n, for the (m,q,p,s)-characterization n tuples out of
n3/n2 (see eq.(4.29)). Therefore, for length estimation, asymptotically

almost all tuples t have gypo(t) = gypy(t).

These examples show that though 8mpo and gypy are not equivalent for all
properties f(a) and for all tuples t, they may be very close. The reason
is that the probability function over a region for a-dependent properties
is sharply peaked (see Fig.6.l). Since this sharpness increases with
increasing n, gypg and Bypy normally are asymptotically equivalent.

7. Length Estimators

7.1 LENGTH MEASUREMENT

This chapter treats estimators for the length corresponding to a chaincode
string of n elements. In the terminology of chapter 6, this chapter deals
with estimators g(t) of the property f(x) = n/(1+a2), for that is the
length of a continuous line y= ax + e, considered between n columns of the
grid. These estimators can be divided with respect to the 'type' of g, and

with respect to the characterizing tuple t.

With respect to type, the length estimators in this chapter are divided
into three major groups. Section 7.2 treats so-called simple estimators,
which are a linear combination of the parameters of their characterizing

tuple. Section 7.3 describes MPO estimators. Section 7.4 deals with BLUE

estimators.

Estimators of a given type are subdivided with respect to the
characterization used. This is done in subsections, in the order: (n)-

(ne,no)—, (ne,no,nc)— and (n,q,p,s)-characterization (see Table 7.1).

The estimators are analyzed and experimentally compared for the length
corresponding to a straight string of n elements. The error measure used

is the relative deviation RDEV, defined as follows.
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Table 7.1 An overview of the length estimators treated in this chapter
The colums indicate the characterization, the rows the type of
estimator. A comparison of all estimators can be found in

section 7.5.

(n) (ng,ng) |(ng,ng,n.) | (n,q,p,s) | evaluation
simple 7.2.1 7.2.2 732.3 7.2.4 75245
MPO 7.3.1 7.3.2 7.3.3 73534 7.3.5
BLUE 7wl 742 Tl a3 7 4.4 Jielt 25

Definition 7.1 RDEV(L,n)

The relative deviation RDEV(L,n) of a length estimator L is the square
root of the mean square error of the estimator L in the length
measurement, averaged over all straight strings of n elements 0 and/or

1, divided by n.

The normalization by n allows the interpretation of RDEV as the relative
error in the length measurement of all line segments with a projected
length of unity, when the sampling density is n2 per square unit (arranged

in a square grid).

Using RDEV, the estimators are analyzed for discrete line segments
connecting the origin to a point in the column x=n. It should be noted
that there is a (small) difference between this and analyzing the
estimators for all points on the circumference of a circle x2+y2=n2. This

point of detail is discussed in Appendix 7.1.

7.2 SIMPLE LENGTH ESTIMATORS

In this thesis, the term simple estimators is used for estimators that are
a linear combination of the parameters of the characterizing tuple. One
would like to call these estimators 'linear estimators', but this term is

already reserved in the theory on parameter estimation, see section 6.5.
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7.2.1 Simple estimators for the (n)-characterization

The most primitive length measure one can consider for a string

DSLS(n,q,p,s) is simply considering the number of elements as the length:
Lo(n) =n (7.1)

This measure is still used in computer graphics to make dotted lines. In
image processing, a recent use is in [Shahrahay & Anderson 1986]. It 1is
also the length measure for a contour that one obtains by simply counting

the object pixels that are 4-connected to the background.

The length measure Ly is biased: the length it gives is consistently too
small, except for lines with slope 0. The bias can be computed by
considering all strings consisting of n elements O and/or 1. These are
strings connecting the origin to a discrete point on the line x=n. In the
asymptotic case, where n*®, the bias is computed by considering all lines
from the origin to a continuous point on the line x=n:

1

BIAS(Ly(m))/n = | (1-/(1+2%)) da = (1- "4&) = -.1107 (7.2)
0

V2
(1+a2)3/2
The estimator Lo(n) can therefore be made unbiased by multiplying the
length by a factor 1.1107, yielding:

Ly(n) = 1.1107 n (7.3)

The MSE of L;(n) is equal to its variance, since it is unbiased:

1
MSE{LI(n)}/nZ =/ ( naﬁ - Yy )2 v2 (1422)73 20
0
2
= Y2 1In(1+/2) - ’g_ )

It follows that the relative deviation RDEV(Ll,n) (the root mean square

error per chaincode element) is asymptotically equal to:

RDEV(Ll,m) = L1129 (7.5)
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By comparison,
RDEV(LO,M) = .1581 (7.6)

Thus, if the estimator Ll(n) is used instead of Lo(n), by simply rescaling
the result of Lo(n), one can gain some accuracy. However, it is impossible
to obtain a higher accuracy than approximately 11%, no matter how densely

the image is sampled.

7.2.2 Simple estimators for the (ne,no)—characterization
This subsection treats estimators that can be written as:
L(ne,no) = an, E bno (7.7)

Several estimators of this type are known. They are treated in

chronological order.

In the paper introducing the 8-connected chaincode scheme ([Freeman
1970]), a length measure for a chaincode string was also proposed. The
purpose was to measure the length of the digital arc. The measure computed
by attributing a length of 1 to every even chaincode element (correspond-
ing to unit vectors along the grid), and a length Y2 to every odd chain-
code element (the diagonal vectors). Denoting the number of even-coded

elements by n, and the number of odd-coded elements by Ny, the length

e
measure is:

Lg(ng,n,) = n, + /2 n = 1.000 n, + 1.414 n_ (7.8)

Note that Lg gives a measure for the length of the discrete arc instead of
providing an estimate for the length of the continuous arc. Considered as
an estimator for the continuous arclength, Lg is biased, since it always

gives a length that is too long (except for lines with =0 and a=1 ).

[Kulpa 1977] notes this, and rescales Ly to make it an unbiased estimator

for the length of the continuous arc. He computes the scale factor
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required to make the estimator unblased for the radius measurement of

large circles as:
Lg(ng,n,) = .9481 Lp = .9481 n, + 1.3407 n, (7<)

The error is computed to be maximally +2.5% and minimally -5.37%. The
coefficient .948 is also derived in [Filip 1973], who treats simple
approximations to the modulus of a complex number, for use in determining

the amplitude of a quadrature signal pair.

Groen and Verbeek [1978], unaware of these results, noted that odd and
even chaincode elemements in a straight string are not equally probable.
The probabilities were computed by considering all possible lines passing
through 1 column of the grid. With these probabilities, the expected
length of an even and odd chaincode were computed, yielding 1.059 and
1.183, respectively. These values can be used to construct a length
estimator:

1 /2
Lg(ng,ny) = n_ + n_= .944 n, + 1.195 o/ (7.10)

10595 =8 S NS

This length estimator is unbiased for strings with (ne+n0) = 1, which is
not a reasonable restriction for practical situations. When used for

longer strings, it is biased.

It should be remarked at this point that both in [Vossepoel & Smeulders
1982] and in [Dorst & Smeulders 1985], the length estimator based on the
calculations of [Groen & Verbeek 1978] is wrongly specified to be
LG(ne’no> = 1.059 o, 4 1.183 ng. Nevertheless, the conclusions drawn in
these papers still apply, for both this formula and eq.(7.10) lead to

practically the same value for the asymptotic mean square error.

The asymptotic behaviour of the simple estimators of eq.(7.7) can be
computed. In the asymptotic case where n * @, the (x,y)-plane may be
considered continuous. The number of odd and even codes from (0,0) to a
point (x,y) of TRAPEZOID(n) are then n, = y and n, = x-y. The asymptotic
length D(x,y) of the line segment connecting (0,0) and (x,y), measured by
the estimator of eq.(7.7) is
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D(x,y) = ax + (b-a)y (7+11)

Consider the error made in the length assessment of all strings of n
elements O and/or 1. In the asymptotic case, where n*® , these strings
are the strings of straight line segments from the origin to points on the
line x=n. For a point (x,y)=(n,na) on that line, the length of a line

segment to the origin, measured by eq.(7.l11), becomes:
D(n,nx) = n(a e (b—a)u]

The Euclidean distance to the point equals n/(1+a2) , so the bias of the

estimator eq.(7.7) is given by:

1
BIAS(EY/n = | { at(b-a)e — (12 %) —%7 da =
0 (1+a™)
= (a2 + b} @2 - 1) - %/2 (712)
and the MSE by:
L Al
MSE(L)/n? = [ { a+ (b-a)a - (1+a®)? } —33/2— da
0 (1+a?)

= az{lz 1n(1+/2) + 2(1-/2)} + bz{/Z 1n(1+/2) - 1}
- ab 2/2 {In(1+/2) - V2 +1} + a/2 {1n2 - g }

- b/2 1n2 + Y2 1n(1+/2) ((ea13)

Eq.(7.12) implies that in the parameter space of these estimators, (a,b)-
space, all unbiased estimators are on a straight line with equation:

b= -a/2 + 7 /2(/2 +1) (7.14)

Eq.(7.13) is a biquadratic form in a and b. This implies that all simple

estimators with the same value for the asymptotic MSE can be found as

127
b=al2
2.0 —|
b=a
el “
Ly
&
G L
1.0 —]
Lo
b
0.0
T T
0.0 1.0 2.0

A

Figure 7.1 (a,b)-space, the parameter space of simple estimators for the
(n)- and (n,,n,)-characterization. The ellipses are curves of
constant asymptotic MSE, the drawn line is the line of

unbiased estimators.

points on an ellipse in the parameter space (a,b), see Fig.7.l. The major
axis is along the line of eq.(7.14), since unbiased estimators have a

minimal MSE. The center of all ellipses is the point:

g{/z.ln(/ZH_) -1} - (/2-1)1n2 1n2 - % (=it

(a,b) = (

2.1n(/2+1) - 4(/2-1) " 2.an(/2+1) - 4(Y2-1)

= (.9445, 1.3459) (55))
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These coordinates are the coefficients of the optimal simple estimator
L(ne,no): it minimizes the asymptotic MSE for the estimation of the length
of all straight strings consisting of n elements, in the asymptotic case
where n * @ . The asymptotic RDEV (root MSE per chaincode element) can be
found from eq.(7.35) and eq.(7.23) and equals .02622.

Figure 7.1 represents (a,b)-space. The lines of equal MSE, which are the
ellipses of eq.(7.13) are indicated, as is the line of unbiased
estimators. The estimators LO’ Ll’ LF’ LK.and LG are represented by points
in (a,b)-space. Estimators with a fixed ratio between a and b can be
represented on a line through the origin. L1 is LO rescaled and both are
on the line with slope 1. Ly is Lp rescaled and both are on a line with

slope V2 .

7.2.3 Simple estimators for the (ne,no,nc)—characterization

Proffitt and Rosen [1979] introduced the corner count as an extra
parameter to improve the length assessment for 4-connected chaincode
strings, see section 5.2.3. Their purpose was to match the performance of
8-connected strings. Since using the corner count in 4-connected strings
amounts to making the 4-connected string 8-connected, their estimator is a
simple (ne,no)—estimator. Their computation of an asymptotically unbiased
estimator for the radius measurement of a circle is therefore equivalent

to Ly(ng,n ).

Vossepoel and Smeulders [1982] realized that the introduction of a cormer
count parameter could also improve length estimators for strings with

other connectivities. They studied estimators of the form:
LC = atnaih b n, +c g (7.16)

This estimator is a conceptual improvement over the previous estimators of
the form eq.(7.7), since it expands the characterization. It effectively
makes 8-connected strings l6-connected, see Appendix 7.2.

The coefficient; a, b and ¢ in eq.(7.16) were evaluated by computer

experiments, minimizing the MSE between eq.(7.16) and the Euclidean length
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for all straight strings with n=1000. The estimator that resulted for 8-

connected strings is:
LC(ne’no’“c) = .980 n, + 1.406 DSE e 00 RS (7.17)
This estimator is asymptotically unbiased for long strings.

The asymptotic behaviour of eq.(7.16) can also be computed mathematically.
Because of the behaviour of the n, parameter, the estimator takes a
different form in the interval 0 < @ < % and in the interval ¥ < a < 1 .

This can be understood as follows.

At @ =0, n, = 0 , since the string consists solely of O's. Up to a =% ,
the corner count increases, and is equal to Zno-k, where k = 0,1 or 2 (see
section 5.2.3). In the interval 3 < a < 1 , n, decreases, and is equal to

Zne—k, with again k=0, 1 or 2. Thus, with eq.(7.16):

o -~
0 < E;F?T‘< X Lg = a.n, + (b+2c).n0 = cuk
e
(7.18)
o
k< e SRR (a+2r:).ne + b.ng - ek
o e
%
In the asymptotic case, where a = e and n = (n0+ne) + @ , this
e [}

is, to order O(u_l),

DESHO TRy S :Lc/n=a+(b—a+2c)a=A+Ba

(7.19)
5<a <1l :Lg/n= (at2e) + (b-a-2c)x = C + D

where abbreviations A, B, C and D are introduced for convenience. The

continuity of the length estimator at « = % implies the relationship:
B-D = 2(C-A) (7.20)

The asymptotic bias of the cornmer count estimator is given by:

BIAS(LO) = /(e + B(1- 72) + Clop - eyl e L
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and the asymptotic MSE in terms of A, B, C and D is

2 -1/2 -
ol 7(%—%7+ g+ v3) )8t + 2y + 148

MSE(L) = /2 { 7(%2—) N
= atan(%) = ln(%) i ln(% + /%) }

& 1/2

! (};-+ In(1+/2) + 7eihis - In(} + /%) )n?

1 1/2
+ 7z - 7oy
+ 2kt V(S—}EJCD - 2(atan(1) - atan(®))c - (1n(2) - 1a(2))D

+ 1n(1+/2) - ln(%+ /(%)) 7520

Minimization of this MSE under the constraint of eq.(7.20) yields:

A= .980 ; B= .246 ; C= .798 ; D = .608 (7.23)
or, with eq.(7.19)

a = .980 ; b = 1.406 ; ch=t= 091 (7.24)
in complete agreement with eq.(7.8), the result of [Vossepoel & Smeulders
1982], who found these values by a computer simulation for strings with
n=1000.

The minimal asymptotic RDEV at the values given by eq.(7.23) is

RDEV(L,,®) = .0077 (7.25)

Thus simple estimators can be as accurate as .8%, despite their simple,

linear form !
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7.2.4 Simple estimators for the (n,q,p,s)-characterization

The simple estimator for the (n,q,p,s) characterization would have the
form:
L(n,q,p,s) = an + bp + cq +ds (7.26)

However, estimators of this form are not considered meaningful, for the
following reason. It was seen in section 6.3 that an optimal value for the
length corresponding to the tuple (n,q,p,s) is n/(1+(202] . This formula
implies a multiplicative relatlon between n and p/q. ginearization of such

a relation is artificial.

7.2.5 Comparison of the simple estimators

To obtain an insight into the behaviour of the simple estimator for the
non-asymptotic case, a computer simulation was performed.

The simulation is organized as follows. For each estimator Li(t) and for
all straight strings consisting of n elements, the MSE is computed as the
weighted sum of the expected squared difference over DOMAIN(n,q,p,s)
between the length estimate and the ground truth n/(l+a2). In formula:
MSE(Ly) = T i} (Li(t)—m/(l-mz)]2

P p(e,x) deda
D(n,q,p,s) :D(n'q’p's)ﬂ(n,q,p,S)

(7-27)

All quantities can be computed with the expressions for the domains in

section 5.2.

Fig.7.2 is a plot of RDEV(L;,n) = /(MSE(Li)]/n as a function of n. RDEV
can be interpreted as a normalization of the root MSE to that of the
property 'linelength per chaincode element'(Note that this is not a
normalization of the estimator on the actual line length L, but rather on
the projected length n = L//(l+a2) , see also Appendix 7.1). The computed

n
values for n =1, 2, 5, 10, 20, 100 are given in table 7.2.

From both figure and table, it is seen that the RDEV of all simple

estimators reaches a limit value. This means that the relative error in
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Pigure 7.2 Comparison of the simple length estimators Ly(n), Ly(n),
La(ng,n,), LF(ne,no), Ly(ngm,), LC("e’"o’”c)'
See also table 7.2.

length measurement with these estimators does not decrease with increasing
sampling density. The values for these limits agree with those calculated.
For each estimator, they give the ultimate accuracy that can be reached,
even with infinite sampling density. Note that the asymptotic RDEV's of
these estimators differs greatly, from 16% for Ly, via 6.6% for Lp to the
very acceptable .87 for Le.

The experiment shows that consideration of the RDEV for small n would lead
to the same ordering of the estimators with respect to increasing error as
the asymptotic case. Of all simple estimators, the corner count estimator
LC is best, with an asymptotic RDEV of .8%. The optimal estimator of
eq.(7.15), or the virtually identical Ly,are based on a tuple that is
somewhat simpler to compute, and can therefore be used in time-critical
situations, or when high accuracy is not needed. The asymptotic RDEV for
this estimator is 2.6%. The estimator Lp has a threefold higher error,

for virtually the same computational effort.
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It should be stressed that the experiment was carried out for straight

strings only, and that the conclusions can be applied to only that case.

7.3 MPO-ESTIMATORS

This section treats the MPO-estimators for each of the characterizations
considered. For the property length, the MPO-estimator for a tuple t is

the length of a segment with the most probable slope in R(t).

7.3.1 The MPO-estimator for the (n)-characterization

For the (n)-characterization, the MPO-estimator is given by eq.(6.30):

gMPO(n) =n (7.28)
The MPO-estimator for this characterization is thus identical to Lo(n),
given in eq.(7.1). The asymptotic RDEV equals .1581, by eq.(7.6).

7.3.2 The MPO-estimator for the (ne,no)—characterization
The MPO-estimator of the (ne,no)—characterization is, by eq.(6.31):

gypol0sL) = %/3 (7.29a)

n
2 2 \%
) = J === = (@ nye o ) (7.29b)
elevE0)

This estimator takes a more familiar form if it is used to compute the
length between two points (xl,yl) and (XZ!YZ)‘ A straight string
connecting the point to the origin has (ne+n0)=(xz—xl)=Ax, no=(y2—yl)=Ay,

so eq.(7.29b) becomes:

empo(ng,n,) = /(Ax2+ Ayz) (7.30)
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This is just the Euclidean distance between the polnts. Remember that the
line segment that connects the points (xl,yl) to (XZ’y2> is just one of
the (infinitely) many continuous straight line segments digitized and
characterized to the same tuple (ne,no). Since the (ne,no)—characteriza—

tion is not faithful, the distance estimate eq.(7.30) can be improved!

For the asymptotic behaviour of gMPO(ne,no), one can prove a result that

applies to estimators of properties somewhat more general than length:

Theorem 7.1
RDEV, the root mean square error per chaincode element of the MPO-
estimator of the (ne,no)—characterization is for all a-dependent

properties of the order O(n—l) as n > ®,

Proof:
Let m = ng and n = (ne+n ). First normalize f(a) to become the
property per chaincode e?ement- The MSE of the estimator
f(no/(ne+no)) over the region j{(ne,no) equals, with eq.(6.24):

(zt1)/n

MSE(D) = V2 / (o) {£(D) - £y} H(142?) > 2aa
m/n
m/n
E | e = e A e
(m-1)/n 1

In the case n?®, the regions become small, and the estimator can be
MSE can be approximated by:
1/n

WsE(e') = 2/2 | (emo{f(a)-fa 0} 21+ +0?) /2 a
0

b4

1/n

B snen [ ) 2 o
0

= 22 (1+a'd)

=/ 1

12n3

= 272 (1+a'?) £1(@)>. (7.31)

Integrating over all a', there ic a number of n regions, lying
uniformly between a=0 and a=1. In the asymptotic case, the number of
regions between &' and a'+da' therefore equals nda' and one obtains

1
=) Vet (1rat2)=32 4o
uSE{ g, (ny,n )} = % £1 (') (14a'<) do (7.32)
which is of order O(n—z). Taking the square root proves the theorem.

QED
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For the special case of length estimators, the length of a line segment
between n columns equals n/(l+a2), so the length per chaincode element
equals f(a) = /(1+a2) and eq.(7.32) yields:
el A
MsE{g(n ,n )} = 2£ [ a*(1+a) de = 1/36 (7.33)
e’ o
6 0
implying that the asymptotic RDEV (standard deviation per chaincode

element) equals

RDEv{g(ne,no),n} :zi‘ as (7.34)
This is good agreement with the experimental results, see table 7.2.
Comparing this with the asymptotic RDEV of the simple estimator for the
same characterization, it is seen that the MPO-estimator becomes
increasingly more accurate with increasing sampling density, whereas the
optimal simple estimator reaches a limi*t value of 6.6%. This is clearly an

improvement!

7.3.3 The MPO-estimator for the (ne,no,nc)—characterization

As was already stated in section 6.3, the shape of the regions makes this
estimator awkward to express in a general form. An estimator of this type
is therefore not considered.

Nevertheless, the asymptotic order can be computed.

Theorem 7.2

RDEV(gMPO(ne,nO,nC),n), the standard deviation per chaincode element
of the MPO estimator of the (ne,no,nc)—characterization for an a-

dependent property is, for large n, of the order O(n_l).

Proof:
First, normalize f(a) to become the property per chaincode element.
Consider a region of the (ne,no,n )—-characterization. Eq.(5.7) can be
used to compute the a-dimension o% any of the 4 types of region.
It is then seen that all regions have an extent in @ which is of the
order 1/n. In the asymptotic case, the extent becomes small,
and f(x) can be considered constant within a region. As in the proof
of theorem 7.1, this implies that the MSE of an almost comstant
function f(a) over such a region is of the order n~3. Integrating over
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all «, theEe are of the order of n regions, so_the total MSE is of the
order O(n %), and hence RDEV of the order O(n ).
QED

Comparing the order of the MPO-estimator for this characterization with
the simple estimator, it is found that the MPO-estimator becomes
increasingly more accurate with increasing sampling density, whereas the
simple estimator reaches a limit value.

Comparing the estimators based on the (ne,no)— and the (“e’no’nc)_
characterization, it is seen that use of the more complex (ne,no)—
characterization does not lead to an increase in the order of the

asymptotic RDEV; they are both O(n_l).

7.3.4 The MPO-estimator for the (n,q,p,s)-characterization

This estimator is, according to eq.(6.32):

gypo(1,1,1,0) = ¥/3 (7.35a)

Bpo(N95P>8) = n /(1+(%)2) (7.35b)

As with the (ne,no)—characterization, it is possible to prove a theorem

for properties more general properties than length:

Theorem 7.3
For an a-dependent property, the standard deviation per chaincode
element of the MPO-estimator of the (n,q,p,s)-characterization, tends

to O(n_3/2) as n > @,

Proof
First normalize f(a) to become the property per chaincode element.
Consider a domain. If n tends to infinity, the domains become small in
their a-dimension, and the Taylor-approximation of eq.(6.44) shows
that BLUE and MPO estimator become equivalent, to the lowest order.
Therefore the MSE of the BLUEstimator eq.(6.45) to lowest order can be
used as the MSE of the MPO-estimator:

MSEDOMATN(n,q,p,8) = — ( — + ——+ 5 ) f’2<§> (o)

18q 9, qq q

The contribution of this domain should be weighted by its probability
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of occurrence P(n,q,p,s), which equals its weighted area:
V2 1 i 1
. 5 + —
7 }372 2q ( )

b (7.37)
The (E) qa, = ada_

P(n,q,p,s) =

where the fact was used that the interval between the consecutive
fractions of a Farey series pj/q; and p,/q, is 1/q;q; by eq.(3.5).
Therefore, the contribution C%n,q,p,s) of DOMAIN(n,q,p,s) to the total

MSE equals:
ey PaZn=3/ N0 ENI ] 1 1 1 1
C(n,4,0,8) = 35 (1+(D7) FEaE = S e —— v =)
gtk ~  dpfaiq. g8
(7.38)
and the total MSE becomes:
MSE = 2 c(n,q,p,s) =" ne q.C(n,q,p,S) (7.39)
D(n,q,p,s) p/q

The final transition follows from the fact that there are q domains
at @ = p/q, all giving the same contribution since s is not a
parameter in eq.(7.38)
A term of this sum is of the order 1/q3. The main contributions will
therefore be from fractions p/q with a small g. These are called
'simple' fractions. At a simple fraction p/q, a new neighbour will
appear in every g-th Farey series, and hence if p/q is a fraction with
q small, q and q_ are asymptotically equal to n. The main 5
contributions to the sum in eq.(7.39) are thus of_Ehe order O(n ~),
which imp}%?g that the sum itself is of order O(n ~). Thus RDEV is of
order O(n )i

QED

7.3.5 Comparison of the MPO-estimators

To compare the MPO-estimators, a simulation was performed. The simulation
was organized in precisely the same way as for the simple estimators

described in section 7.2.5.

Fig.7.3 and table 7.2 show the results. It is seen from this data that the
asymptotic behaviour that was computed is vindicated. The MPO-estimator
for the (n,q,p,s)-characterization is remarkably accurate, and a fit to
the data yields an asymptotic behaviour of

=32

MSE{gMPO(n,q,p,s)} = 46 n (7.40)

Compared to the MPO-estimator of the (ﬂe,no)—characterization, the

improvement in accuracy is more than a factor of 2 for n > 25.
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Figure 7.3 Comparison of the MPO length estimators: Ly(n),
and gypn(n,q,p,8). See also table 7.2.

Iypo(Mes"y!

7.4 BLUE ESTIMATORS

BLUEstimators are estimators that are linear in the admissable values (see
section 6.2.5), are unbiased, and have minimal MSE. By theorem 6.4, the
BLUEstimator is the mean value of the length, averaged over all lines in
the region of the tuple considered. With the exception of the regions of
the (n)-characterization, these regions become small in their a—

dimension if n*® , Therefore, the asymptotic behaviour of the BLUEstimator
is identical to that of the MPO-estimator (except for the (n)-

characterization).

7.4.1 The BLUE-estimator for the (n)-characterization

The BLUEstimator of the (n)-characterization is the expectation of

2 ;
n/(1+¢°) over the region R(n), given in eq.(5.5). Asymptotically, this

139

region extends from @ = 0 to @ = 1 , so the estimator is:

B(n) = n

O

A1) . 72 (102) 22 =% /20=1.1100 0 (7.41)

which is just the unbiased simple estimator Ll(n), given in eq.(7.2).
Asymptotically, RDEV is a constant, and equal to .1129 by eq.(7.5).

7.4.2 The BLUEstimator for the (ne,no)—characterization

The BLUE estimator for the (ne,no)—characterization is the expectation of
n/(1+a2) over a region. An expression for the region was given in
eq.(5.6). For convenience, let us put m = e and n = (ne+n°). The BLUE
estimator then is:

(m+1)/n 2
B(ngynt )= mj/n (1+m-na) ¥ (1+a) W
m/n
s Gl AED) —‘glm da
(m-1)/n (1+a®)
= /_r2‘ { m+Tl atan(mTl] = %atan(%) & % atan(i;—l-)
=1 1n(1+("’+Tl>2) + (D) - % 1n(1+(“‘—;1—)2) } (7 .42)

This is considerably more complicated than the MPO-estimator of eq.(7.29).
Since the BLUEstimator is asymptotically equal to the MPO-estimator, RDEV
behaves asymptotically as O(n_l), see theorem 7.l. Further (as shown in
table 7.2) there is no significant difference (less than .25% RDEV)

between these two estimators for n > 5.

7.4.3 The BLUEstimator for the (ne,no,nc)-characterization

2
The BLUE length estimator gBLUE(ne’“o’“c) is the average of n/[1+a ) over
the region g{(ne,no,nc). This is exactly the 'optimal estimator' given in
[Vossepoel & Smeulders 1982]. Expressions for this estimator are of a
similar complexity as the optimal BLUEstimator of section 6.4.

The estimator is given in terms of their generation functions G; by
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eq.(6.36) and eq.(6.37). The generating functions Gi(n,m,k) are:

64(n,m,0) = 2(1-m)F, (&) + oF,(ZL) + (n-2)F, (1)
6,(n,m,1) = 2{-aF, (2) + 2-0)F, (20) + (a-1)(r, (2p) + 7, (B1)))
(7.43)
= =1 =
6,(n,m,2) = 20-w)F, (B3) + ar (B1) + (n-2)r (B)
where the functions Fi(a) are:
2
F () = /(1+a°)
0
Fi(a) =n { a.atan(a) - 3ln(1+a?) } (7.44)

F,(@) = o{ a.ln(e/(14a?)) - /(14a?) }

(In [Vossepoel & Smeulders 1982], the estimator is given in a more general
form, for arbitrary connectivities. The above formulas are for the 8-
connecetd case. Also in the paper, an exception is made for the strings
000... and 111..., which is not needed here.)

Asymptotically, the behaviour the same as for gMPO(n
o(n”!) (see section 7-3.3).

e,no,nc), which is

7.4.4 The BLUEstimator for the (n,q,p,s)-characterization

Since the (n,q,p,s)-characterization is faithful, theorem 6.5 yields that
the BLUE estimator corresponding to this characterization is optimal BLUE.
Therefore, it is the most accurate (linear) estimator, with respect to

minimization of the MSE.

The formula for this estimator was derived in section 6.4.3 (eqs.(6.38-
6.41)). The asymptotic behaviour of the MSE is,according to section 6.4.3,
equivalent to that of gypo(n,q,p,s). Therefore theorem 7.3 shows that the

asymptotic order is O(n—3/2)-

141

As for the MPO-estimator, a simulation can be used to estimate the

=9/2

coefficient of n , yielding:

RDEV(B(n,q,p,s),n) = .34 132 a5 me (7.45)

This is the ultimate asymptotic accuracy (in the sense of the MSE) that
can be reached when estimating the length of a straight string on a

discrete grid using a linear estimator.

7.4.5 Comparison of the BLUEstimators

The comparison of the BLUEstimators was done by the simulation, described

in section 7.2.5. Fig.7.4 and table 7.2 present the results.

The results from this experiment are asymptotically almost identical to
those for the simulation with MPO-estimators, in section 7.3.5. The
estimator for the (ne,no,nc)—characterization is new and indeed asymp-—

totically decreases as O(n_l), as stated in theorem 7.3. For small n, the
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Pigure 7.4 Comparison of the BLUE length estimators: Ly(n), gBLUE(ne’"o)=
B(ne,no), gBLUE(ne,no,nc):B(ne,no,na) and IaruE(Ts Q> D> 8)=
B(n,q,p,8). See also table 7.2.
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behaviour is also close to that of the MPO-estimator: the differences are

too small to be significant for use in practice.

Note that the figure clearly shows the importance of the characterization
for the performance of the estimator. All estimators are optimal for the
characterization chosen (in the sense of minimizing the MSE for each n),
but their behaviour differs greatly. The reason is the Increase in the
number of critical points contributing to the outcome that accompanies the
use of increasingly more extended characterizations. It was shown in
section 5.2 that the (n)-characterization is based upon the distance
between the columns of begin and end point of the discrete line segment;
(ne’“o) also takes the critical points in these columns into account;
(ne,no,nc) includes the critical points in the second and second to last
column; and (n,q,p,s) is based upon all critical points in all columns

considered. Beyond this, no improvement is possible !

7.5 LENGTH ESTIMATORS COMPARED
7.5.1 Straight line length estimators

In the sections 7.1i.5 (i=2,3,4), results of analyses and simulations have
been discussed subdivided with respect to the type of estimator. For
actual use in practice, it is interesting to discuss the subdivision with

respect to characterization.

For the (n)-characterization, only two estimators were computed, Lo and Ly
(eq.(7.1),(7.3)). These are compared in Fig.7.5. Both require almost the
same computation, but the one real multiplication used in Ly results in a
significant increase in accuracy, from RDEV(LO,w)=16Z to RDEV(LO,m)=IIZ.
The estimator Ly sometimes occurs in binary image processing, if one
detects the points of an object 4-connected to the background by means of
a 3*3 neighbourhood operation, and then counts the number of points.

Rescaling afterwards, to Lj, gives the improvement indicated.
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For the (ne,no)—characterization, compared in Fig.7.6, the simple
estimators Ly and L; glve, for the same computational effort, a much less
accurate result than | Therefore, only Lg should be used; the
corresponding asymptotic RDEV is 2.6%, three times more accurate than Lp
or LG'

The MPO- and BLUEstimators for this characterization behave almost
identically, and therefore only the MPO-estimator, which is much simpler
to compute, needs to be considered. It is in fact the estimator one would
intuitively expect to be optimal, namely the Euclidean distance between
begin and end point of the discrete straight line (see eq.(7.30)). The
asymptotic KDEV is AT

For the (ne,no,nc)—characterization, the estimators are compared in
Fig.7.7. The simple 'corner count estimator' Lc is amazingly accurate: .8%
asymptotic RDEV. We see that it performs almost as well as the
BLUEstimator for this characterization for straight strings of 20 elements
or less; only when n>20 the error is halved by using the BLUEstimator. The
MPO-estimator was not calculated, but presumably behaves in a similar way

to the BLUEstimator.

For the (m,q,p,s)-characterization, the estimators are compared in
Fig.7.8. There is no simple estimator (see section 7.2.4), and the MPO-
and BLUE-estimator have an asymptotic RDEV of .46n—3/2 and .36n—3/2,
respectively (see egs.(7.40,45)). The difference between the coefficients
is not understood. The improvement in RDEV of these (n,q,p,s)—based
estimators over the simple corner count estimator is a factor of 2 for

straight strings with n 2 10.

Note that the computation of a tuple, given a straight string, is
straight-forward for the (n)-, (ne,no)— and (ne,no,nc)—chatacterization.
For the (n,q,p,s)-characterization, it requires more computational effort
(see theorem 2.2). This should also be taken into account when evaluating

the estimator.
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FPigure 7.5 Comparison of the length estimatore for the (n)-characteri-

zation: L and Ly« See also table 7.2.
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Figure 7.6 Comparison of the length estimators for the (nysn,)-character-
ization: Lgs L Lys 9ypp and IBLUE (which is virtually
identical to gyp,). See also table 7.2.
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Figure 7.7 Comparison of the length estimators for the (n,,n,,n,)-charac-
terization: Lo and gprype 9ypo W48 not evaluated for this

characterization. See also table 7.2.
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Figure 7.8 Comparison of the length estimators for the (nm,q,p,s)-charac-
terization, gypy and ggrygp- A eimple estimator was not

computed for this characterization. See also table 7.2.
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Table 7.2 A comparison of length estimators, for all straight strings
consisting of n elements. The colwm marked o« contains predic-

ted values. The experiment is described in section 7.2.5.

1 2 5 10 20 50 100 ®
Lo(n) 23108 %231 | 18sehIR T 70" (165 .161 .159 .1581
Ly (n) 2250 [L.nssel ST TRl o7 el 1o .116 1143 | .1129
Lg(ng,n,) 247 | 149 | .102 |.0894 |.0840 |.0810 | .0800 | .0795
Lg(ng,n,) 223 | .117 | .0755 | .0682 |.0669 |.0664 | .0664 | .0664
Ly(ng,n,) .232 | .114 | .0534 | .0371 |.0307 |.0278 | .0270 | .0263
Lg(ng,n,,0,) .228 | .103 | .0398 | .0208 |.0125 |.00879 | .00804 | .0077
Smo(ons) .217 | .0937 | .0354 | .0172 | .00848 | .00337 | .00174
i) .223 | .0966 | .0356 | .0173 |.00849 | .00337 | .00170
gpLyr(fesNg0e) | -217 | 104 [ .0329 | .0141 | .00644 | .00248 | .00124
Eypo(n>d5D58) 217 | .103 | .0337 | .0127 |.00476 | .00127 | .00045
8BLUE(n,q,p,s) | 196 | .0937 | .0291 | .0107 | .00379 | .00097 | .00034

Fig.7.9 is a comparative plot of all estimators. Fig 7.10 gives the best
estimators, based on the above considerations. Summarizing, they are in

order of increasing accuracy:

Ll(n) — for use in extremely time-critical situations, or in simple
image analysis. Accuracy up to 11%.
LK(ne,nO) - for use in time-critical situations, or when no high precision

is needed. Accuracy up to 2.6%.
LC(ne’“o’“c)_ the 'corner count' estimator. For normal use: simple to
compute, reasonably high accuracy, up to .8%. Comparable to

optimal result for straight strings with n < 10.

gMPO(“e’“o) - the 'Euclidean distance' of begin and end point. Simple to
compute, though somewhat more time-consuming than L Accuracy

=l

AT

8ypo(n,q,p,s)- for use when high accuracy is required, or when a high

sampling density is expensive. Accuracy .46n_3/2-
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Figure 7.9 Comparison of all length estimators evaluated in this thesis.
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Figure 7.10 Comparison of the best choices for length estimators: Lz(n),
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It is at first sight amazing that any improvement of length estimation can
be reached over the Euclidean distance between the end points of the
discrete line (this is gMPO(ne’no))‘ The intuiltive explanation is the
following.

Consider the string drawn in fig.7.1l1. The estimator Lp takes into account
single code elements, corresponding to the vectors (?) and (i) and adds

their lengths, 1 and ¥2. A more complicated estimator is to break up the
1
1
standard situation), and add their lengths as 1, Y2 and V5. It is shown in

string into elements [?), (7) and (;) (for a straight string in the
appendix 7.2 that this is in fact a simple (ne,no,nc)—estimator, almost
equivalent to the 'corner count' estimator Lo The next step in complexity
is to subdivide the string into substrings corresponding to the vectors
(2), (§)> (;), (g), (i) , with the corresponding lengths, and so on (see
also [Saghri & Freeman 1981]). Note that these basic vectors (%) are such
that i—is an element of F(m), the Farey series of order m. Thleinal step
in this series of increasingly more accurate estimators would seem to be
approximations by terms of F(n). However, since the longest straight
substrings of a string are the substrings corresponding to %—(by the

definition of q and p), F(q) is sufficient.

The length estimator LF(q) that results can be written as:

i 2
Ly(q) = I /(1+<3) ) "4/ (7.46)
i/jeF(q)
where the subdivision into substrings (2) is to be made such that the
straight substrings are as long as possible, and where ni/j indicates the
number of elements contributing to the substrings (%).
In the special case that the string consists of only one substring (i),
n
the computed length is:
d:=D 2. 2
Ly(q) = 7(1+=2)7) n = /(a"+ 17) (7.47)
this is just the estimator gupo(ng,n.), which in this case coincides with

gpo(n,d,P,8) -

149

= a
SREEE
L~
L=
- P = /4 = b
R
]
4—"’ 4“"
LA =
A
L~
L~ |P

Pigure 7.11 a) A string and a series of inereasingly more accurate length
estimates as the total length of gemeralized chaincodes.

b) The length estimate given by gypp(n>d>Ds€)-

If the string consists of more straight substrings, then it follows from
the definition of q that these consist of a number of strings (g) (namely
the strings of lines connecting the critical points P and R), plus some
strings (2:) and (3:), corresponding to begin and end of the original
string. The length is then:

Lp(q) = /(1+(2'T)2)n S A&, /(1+(3; Hn . (7.48)

a) q p'/q q p/q q p"/q

Still, this estimator does not make use of the fact that the original
curve was a straight line. This preknowledge can be incorporated by
attributing the length /(1+(%)2) to all n elements. This results in the

estimator gMPO(n,q,P,S)-

This alternative derivation of gypp(n,q,p,s) shows why the estimator
gMPO(“e’HO)’ the 'Euclidean distance’ is less accurate: it computes the
distance between the discrete begin and end point, and the variation in




150

these points 1s much larger than in the critical points P and R, which
determine the (n,q,p,s)-based estimator. For the same (relative) position
of P and R, many different values of the coordinates of begin and endpoint
are possible, leading to many different length estimates. Thus the
variation in gMPO(ne’no) is larger than in gMPO(n’q’p’s)' Since they are
both asymptotically unbiased, the asymptotic MSE of gMPO(n,q,p,s) must be
smaller than that of gMPO(“e’no)'

7.5.2 The length per chaincode element

All estimators in this chapter were calculated and analysed for the
estimation of the length of a straight line segment between the columns
¥=0 and x=n. Dividing by n, this amounts to giving estimators for the

length per chaincode element, or the length per column. The reason that

this approach was chosen 1s that it is one problem to give a good estimate
for the length per chaincode element, and another to give a good estimate
for the proper number of columns to be associated with a given discrete

line segment.

Suppose the discrete straight line segment was obtained as the result of a
polygon approximation to a larger, and curved discrete arc. Then the error
made in assuming the segment is straight and that it runs from just the
beginning of the first column x=0 to the end of the last column x=n is
small, if the curvature is small. Thus the length estimators given can be

used for each straight subsegment of the string.

A different situation for the estimation of length is when the discrete
straight line segment is obtained as the digitization of a continuous
straight line segment. In this case, the error made in the estimation of
the number of columns may exceed the error made in the estimation of the

length per column.

Consider the situation sketched in Fig.7.12. Here a finite continuous
straight line segment of length L is digitized. Depending on the exact

location of the segment relative to the digitizing grid, one may have a
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string of [L/\/(H—az)J or 1L//(1+a2)1—1 elements (in 0BQ-digitization).
Under the assumption that the line segments with fixed length L and
slope @ are uniformly distributed in position &, (see section 2.3.2), the

expectation of the number of string elements is easily computed to be:

L

E(n) = 5 (7.49)
/(14a7)
Denoting L//[1+a2) by A, the variance in n is found to be
var(n) = (A-|A])(1-(A-1A])) (7.50)

If there are n columns on the length A, the variance in the number of
columns is of the order 0(l) and RDEV, the standard deviation per
chaincode element, of order O(n‘l). The RDEV of the longitudinal variation
may thus exceed the RDEV corresponding to the transversal variation. In
this situation the errors made by the (n,q,p,s)—based estimators are
asymptotically insignificant. The other estimators may still give

significant errors.

b

=

A

Figure 7.12 A different situation for length measurement (see text).




7.5.3 Length estimation for arbitrary strings

All calculations and analyses in this chapter were carried out for
straight strings. For non-straight strings, the results can also be made

applicable if a polygon approximation of the string is made: the string is

split into straight substrings. For each of the substrings, the length can
then be computed by one of the methods treated. If the curvature is small,
the conclusions of section 7.5.1 still apply. For some estimators, the
relative error will still reach an asymptotic value, other estimators give
a more accurate length estimate for an increasingly higher sampling

density.

An algorithm that performs the polygon approximation in O(Zni) time (where
n; 1s the number of elements of the i-th substring) is given in [Wu 1982],
by simple checking of the linearity conditions. A new algorithm, repairing
some errors in that algorithm, and checking the linearity conditions
differentially is O(N), where N is the number of elements of the string
[Smeulders & Dorst 1986]. This algorithm also computes the parameters q
and p "on the fly".

The easy computability of the parameters n, n_, n_ and n, suggests, how—

e g

ever, a different use of the length estimators. One simply computes n, ng,
ng and/or n, without making a polygon approximation first, and then uses
one of the (n)-, (ne,no)— or (ne,no,nc)—based estimators. For this

situation, the conclusions drawn in section 7.5.1 do not apply.

It 1s difficult to give general statements of the accuracy or order of
estimators in this general case. An experiment on the perimeter
measurement of circles, described in Appendix 7.3, gave the surprising
result that the simple (ne,no) estimator Ly performs better than the
BLUEstimator of the (n,q,p,s)-characterization. An analysis shows that Ly
is asymptotically precise for the estimation of the length of a circle arc

of 45-degrees, and hence also for a complete circle. This implies that for
some curved arcs, even a simple estimator can become more accurate with
increasing sampling density, something which is not true for straight
arcs! In contrast, for non-circular arcs the result can be much worse than

for straight lines. A study is required of the performance of the various
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estimators for different curves, or parts of curves; it may even be
necessary to develop new estimators. These issues are outside the scope of

this thesis, which treats straight line segments only.
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Appendix 7.1 THE OPTIMIZATION OF LENGTH ESTIMATORS

There are several methods to optimize length estimators with respect to
the Euclidean length, even if we restrict ourselves to the minimal mean
square error criterion. Three of these methods will be discussed in this

section. Only the asymptotic case n * @ is considered.

Let a length estimator for the distance of a point to the origin be indi-
cated by L(r,$,P) . Here r and ¢ are the polar coordinates of the point
considered, and P a set of coefficients (such as (a,b) for the simple
estimator eq.(7.7)). Let r and ¢ be uniformly distributed, as usual. A
property needed in the sequel is that all well-behaved length estimators

obey:

L(r,$,P) = r.L(1,$,P) (A7.1)

This is called the 'scaling property'

Method 1: The errors over a euclidean circle

The most direct method to assess length estimators is to compare the
outcome of the estimator with the true Euclidean length in all points

of the circumference of a euclidean circle.

Rescaling the circle by r, we thus have that moment generating
functions of the form:

/4

ey = 2w -1t e (47.2)
0

are considered. Setting Ii(?) equal to zero, and solving for P, yields
unbiased estimators. Minimizing Ii(P) by a proper choice of P yields
estimators with minimal MSE.

Method 2: The errors over the 'circle' of the length estimator.

In this method, one compares the deviation from the Euclidean length
at each point of the circumference of the 'circle' corresponding to
the length estimator. This is useful if one measures the size of

objects by means of distance transformations (see Appendix 7.2). One

155

is then interested in the best euclidean radius corresponding to a

given distance computed by the distance transformation.

The circle of radius R for the length estimator considered is found by

solving the equation

L(r,9,P) = R (A7.3)

which yields, using the scaling property:

R

e 7.4
T Ia,e,P (T
Scaling to 'radius' 1, the moments are given by:
n/4
lpy = & pisantlend f
Ly(BR=is (j) L5 e |
/4
o L5 0L E)E =T
e e (47.5)

This is different from Li(P).

Method 3: The error for a string of n elements

In this thesis, the MSE of a length estimator was minimized for the
measurement of the length of a straight string of n elements

[Vossepoel & Smeulders 1982].

This method implies that moments of the difference between the

estimate and the Euclidean length are computed by integration over the

line x=n, which is in polar coordinates r = n/cos$. Rescaling by n,

and using the proper probability density functionm, the i~-th moment is:
i l 2 . 2 V2 a 7.6
@) - Oj [L(Y(1+2®) ,atana,P) - ¥ (1+a")] m—z— o (AT 6)

This can be rewritten to:

i

1"3‘(9) | {./(1+o:2)}i_1 [L(1,atanx,P) - 1]i 12
0

1-+ra

da (A7.7)
2

leading to
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/4 i
e =2 [ (cos'™ 1,0, - 11 a0 (a7.8)
0

It is seen that computing unbilased estimators (i=1) by method 1 or
method 3 is equivalent: the condition Ii(P) = 0 is equivalent to the
condition I;(P) =0 . Minimizing the MSE, however, leads to different

expressions.

These three methods of assessment can be compared for the simple length
estimators L(ne,no) of eq.(7.7). The distance to to the origin of a point

(r cosp, r sind) is for these estimators:

L(r,$,(a,b)) = ar cosp¢ + (b-a)r sind (A7.9)
The coefficients (a,b) are computed by minimizing the MSE, according to
each of the three methods given. RDEV, measured according to method 3, is

then found by substitution in eq.(7.13).

Optimization according to method 1 was considered by [Kulpa 1977], and

results in the estimator Ly , with:
(a,b) = (.9481 , 1.3407) and RDEV = .0263 (A7.10)

Optimization according to method 2 was considered by [Beckers 1986],

yielding the result:
(a,b) = (.9491 , 1.3423) and RDEV = .0263 (A7.11)

Optimization according to method 3 was performed in section 7.2.2 of this

thesis, yielding:
(a,b) = (.9445 , 1.3459) and RDEV = .0262 (A7.12)
It is seen that the coefficients for the simple length estimator according

to the three methods do not differ greatly, and that the resulting
difference in RDEV is less than .01%.
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Appendix 7.2 BORGEFORS' DISTANCE TRANSFORMATION

There is a close relationship between the simple chaincode length
estimators and distance transformations as developed in [Borgefors 1984]

and [Borgefors 1985]. This will now be shown.

Borgefors computes the distance of object points to the background in a
binary image by a clever, two-pass, recursive algorithm. In the first
version, she uses so-called 'chamfer—distances' [Borgefors 1983].
Chamfer(dl,dz) is a distance measure, in which unit grid steps are counted
as having a length dl’ and diagonal steps as d2‘ The distance between two
points P and Q is computed as the minimum distance along a path connecting
P and Q. This path is a discrete straight line. The chamfer distance
between two points, connected by a line with ng 'square' steps (steps of
one grid unit in x or y direction) and ny 'diagonal' steps is thus given

by:

LCh(ns,nd) = d1 ng + d2 n4 (A7.13)
If the path from P to Q is coded by a chaincode string, then NS, and
ng=ng. Eq.(A7.13) is therefore just another estimator of the form
eq.(7.7):

L(ne,no) San ik b s (A7 .14)

with a=dl and b=d,. For practical reasons, the coefficients d1 and d2 in

(A7.13) are restricted to be integers, preferably small

To study the behaviour of the distance measure (A7.13), or of the length
estimator (A7.14), consider all points with an equal distance to a given
point. This is the 'circle' of the distance measure. In the first octant,

the distance D(x,y) to a point (x,y) is, with ng=y and (ns+nd)=x:
D(x,y) = ax + (b-a)y (A7.15)

The 'circle' in this octant is found by putting D(x,y)=R. If one considers

the asymptotic case R*®, the grid steps become infinitely small. Scaling


http://A7.ll
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by R, the 'circle' is found by:
ax + (b-a)y = 1 (A7 .16)

which is a straight line. Repeating this for all octants shows that the
asymptotic 'circle' is an octagon. Fig.A7.1 shows the octagons correspond-
ing to Lo, Ly (where the octagon degenerates to a square), and for Lp, Ly
and Lg. For L, and Ly the octagon is in a 'best fit' relative to the

Euclidean circle. These are the estimators with minimal MSE.

For the distance transformation, where a=d1 and b=d2 are integers, the
question naturally arises what values should be used. Borgefors bases her
computations and recommendations upon distances of the form LCh/dl‘ These

are chamfer distances rescaled by dy, corresponding to length estimators:

d
2
LCh(ne,no)/d1 Sy EI n3 (A7.17)

Comparing to (A7.14), it is seen that these are estimators with a=1 and

s
\\a/ b

a0

Figure A7.1 The asymptotic 'circles' of simple length estimators.
a)EO; b)Ll; c)LG; d)LEg e)LK.
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Table A7.1 The chamfer distances (d;,d,) compared for two ways of

rescaling.

(dl’dz) rescaled by d; BIAS RDEV rescaled to unbias | RDEV
(@b (1.0000,1.0000) |-.1107 | .1581 (1.1107,1.1107) 21129
(E) (1.0000,2.0000) .3035 | .3459 ( .7854,1.5708) .1083
(253) (1.0000,1.5000) .0964 | .1035 ( .9202,1.3802) .0307
(3,4) (1.0000,1.3333) .0274 | .0422 ( .9760,1.3013) .0335
(5,7) (1.0000,1.4000) .0550 | .0609 ( .9528,1.3340) .0268

rational b. Introducing (a,b)-space as in section 7.2.2, they can be found

at rational positlons on the line a=1, see Fig.A7.2.

The 'circles' corresponding to eq.(A7.17) are the octagons, sketched in
Fig.A7.3. The constraint a=1 implies that the octagon should intersect the
Euclidean circle at (R,0); with this constraint, the irregular octagon of
(dl’d2)=(3‘4) is to be preferred to the almost regular octagon of
(dl,d2)=(5,7). See also table A7.l, where the values of the MSE's are
indicated.

If any rescaling by a factor a/dl is allowed, eq.(A7.13) becomes an
estimator of the form:
dZ

LCh(“e’“o)‘a/dl =SSamn S HI i, (A7.18)
In (a,b)-space, these estimators lie on the line b = adl/dZ’ see
Fig.A7.2. Minimization of the asymptotic MSE is achieved by making the
estimator asymptotically unbiased. This means that the line b = adlld2
should intersect the line of unbiased estimators, given in eq.(7.14). This

yields the point

T2+ Y2 T 2 + /2
(a,b)i = ( TTAFVZ 0 ETE7I47N, )

(A7.19)

Now, the rescaled Chamfer(5,7) is seen to perform better than the rescaled
Chamfer(3,4) ! Table A7.1 shows that if one performs the distance

tranformation with (d17d2)=(5’7)’ and rescales each value by .9528 before
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The corner count n, was defined as the number of consecutive unequal
chaincodes in a string; for an 8-connected straight string, these are
always the occurrence of an even-odd or odd-even chaincode element
combination. In the distance transformation, these correspond to a square-
diagonal or diagonal-square step, which is just the knight's move. The

n, is found to be:

relation between ng, ng, ny and ng,, ng, 0,

Ay + oy W S g 5 n, = an -k (A7.22)
where k is the constant introduced in section 5.2.3: k=0, 1 or 2. In the

asymptotic case, k can be ignored, and we have
Eosom = g (A7.23)
With this, eq.(A7.20) can be rewritten to

LB(ne,no,nc) = d1 oL S d2 o, %(d3~d1~d2) n, (A7 .24)

Which is indeed a special case of the cormer count estimator (A7.21).

The 'circles' corresponding to this distance measure are irregular hexa-—
decagons (l6-gons); eq.(7.19) shows that its sides are linear in a=y/x in

each of the intervals 0 € @ € % and %5 < a < 1. This is shown in Fig.A7.4.

If non-integer values for the di were allowed, a reasonable choice would
be (dy,dy,dq) = (1,/2,/5), as these are the Euclidean length of a square
move, a diagonal move, and a knight's move. This results in what could be
called the 'cornmer count equivalent of the Freeman estimator' since it
computes the length of the digital arc:

L(ng,n,,n

c) = l.ne + Y2 i 5(/5-/2-1) s

= 1.000 n ik 1.414 n o= .089 n, (A7.25)

The values minimizing the MSE, were given in eq.(7.24):

Figure A7.4 Asymptotic 'circles' for the Borgefors distance measure, which

is closely related to the simple corner count estimator.

Lo(ng>ngsn,) = 980 o + 1.406 n - 091 n (A7.26)

c:
For a distance transformation, coefficients that are small integers are

used. [Borgefors 1986] uses <d1’d2’d3) = (5,7,11). According to eq.(7.22),
the asymptotic RDEV is .0122 if one simply rescales by 5 to the estimator:

Ly(ng,n ,n.) = 1.0 nighaladen o Ovlem (A7.27)

(&
The estimator can be made unbiased through rescaling by a factor of .997,
resulting in an asymptotic RDEV of .0115. Both values of the asymptotic

RDEV are reasonably close to the optimal value .0077, given in eq.(7.25).
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Appendix 7.3 CIRCLE PERIMETER MEASUREMENT

In a simulation, length estimators were compared with respect to their
performance for the measurement of the perimeter of a discrete circle.
This was a departure from the main theme of estimating the length of
straight lines. It did, however, afford the opportunity to test the
utility (and accuracy) on an additional set of important continuous

figures. The experiment was organized as follows.

Circles with increasing integer radius R and origin at a grid point were
generated by the Bresenham circle generation algorithm [Bresenham 1985b].
This algorithm produces discrete points approximating a circle with radius
R and discrete center point that are best in the sense of a minimizing the
radial mean square error. The discrete points were encoded by an 8-
connected chaincode string. The length of the 'circular' chaincode strings
thus obtained was estimated using the estimators which were shown to
behave well for straight lines: LK’ LC and the BLUEstimator for the
(n,q,p,s)-characterization. For the latter estimator, the string was
divided into the fewest possible straight substrings by the algorithm of
[Smeulders & Dorst 1986]. For the other estimators this was not necessary
since they are linear in the characterizing tuple, which in turn is linear

in the subdivision of strings. The perimeter length was divided by 2mR.

Fig.A7.5 presents the results. The MSE of the estimators was not measured
directly. An impression of the variance at radius R may be obtained from
the variance of the mean of the results for a number of close-lying radii.
It is surprising that the simple estimators Ly and Le give very good
results: they seem unbiased, and their variance seems smaller than that of
the BULEstimator.

The reason for this is a mathematical coincidence, which will now be

discussed.

The length estimator Ly was computed as a simple, (ne,no)~based estimator
that is asymptotically unbiased for the measurement of the radius of a
circle, and has asymptotically minimal MSE. According to eq.(A7.2), the

unbias of the estimator is the demand:

1T

pelel

el
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Figure A7.5 Simulation on circles: estimated radiue R relative to the
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Figure A7.6 To the derivation of an asymptotically precise circle

perimeter length estimator (see text).

n/4

[CLep d. = 7 (A7.28)
0

For the measurement of the perimeter of a circle, one demands that the

estimator gives asymptotically the correct value for the perimeter length.
b

Breaking the perimeter up into arcs of g this demand is (see Fig.A7.6):

L(l,;—[,P) (o) (A7.29)

=
A

Note that eq.(A7.28) is a requirement on the area under L(1l,¢,P), whereas
n

eq.(A7.29) is a requirement on the value at a single point ¢ = 8" In

general, these two equations cannot beth be satisfied.

For a simple (n )-based length estimator given by L(ne,no) = an, + bn,

e
or::

L(1,6,(a,b)) = a sinp + (b-a)cosd (A7 .30)

both requirements eq.(A7.28) and eq.(A7.29) lead to a linear equation in a
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and b and so to lines in (a,b)-space. It 1s highly surprising that not

only do these lines 1ntersect, but they even coincide! Both are given by:
a/2 + b = % Y2(1+/2) (A7.31)

see also eq.(7.14). Estimators on this line are asymptotically unbilased

over all angles for the measurement of the radius of a circle (though they

need not have minimal MSE). They are also asymptotically precise for

measuring the perimeter of a circle.

This is the reason that LK is so surprisingly accurate. The explanation

for LC is presumably similar.



8. Conclusion

8.1 DISCOURSE ON THE METHOD
8.1.1 The digitization and measurement scheme

In this thesis the measurement of properties of ideal discrete straight
line segments was studied. This required a careful analysis of the various
steps taken in the digitization and measurement process. These steps are
schematically indicated in Fig.8.l1. Now that all the elements have been

analyzed, the general scheme is reviewed.

The set £ in the figure represents the continuous phenomenon that is to

be analyzed: ideal continuous straight line segments, or straight object

boundaries. The description of this set depends upon the application. In
section 2.3, the general (a,e,f,0)-parametrization was given. For the
analysis of chaincode strings of n elements, the (e,ax)-parametrization of
section 4.1 was used. To study position independent effects, the

SPIRO(@,n) parametrization of chapter 3 proved useful.

Digitization is the step that reduces a continuous straight line segment
to a discrete straight line segment. The discrete segment is coded as a
straight chaincode string. Digitization is thus a mapping of the

continuous set £ to the discrete set of straight chaincode strings C.

The ideal digitization considered in this thesis results in ideal straight
strings. The coding of discrete straight line segments by chaincode
strings is not a very convenient base for a theoretical analysis of the

digitization process, and therefore the (n,q,p,s)-parametrization was
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Pigure 8.1 The digitization and measurement scheme.

developed in section 2.4. This parametrization assigns a unique tuple to
each string, and vice versa. There is thus an isomorphism between the set
of tuples and the set of strings — the tuple is nothing more than a

convenient representation of the information present in the string.

With the parametrization of £ by (e,x) and n, and of C by (n,q,p,s), the
digitization can be described as a mapping D between the parameter

spaces £ and C. In section 2.4, the ideal digitization of an ideal
continuous straight line segment % to a straight chaincode string c was
described. An exact inverse mapping does not exist, due to the irretrie-
vable loss of information inherent in any mapping of a continuous
parameter space to a discrete parameter space. The most accurate way to
describe the inverse is by specifying the equivalence classes of all lines
whose digitization is a given string. This was done in chapter 4. The
equivalence classes induced in £ by D are called domains (see Fig.8.1);
each domain is labeled by a unlque chaincode string or, equivalently, by a

unique tuple (n,q,p,s).

15741 %

it is not always desirable to use the complete (n,q,p,s)-parametrization
to describe a string; this led to the introduction of characterization.
Characterization is a parametrization of a chaincode string by a tuple,
and can be considered as a mapping K of C onto the set of tuples T (see
Fig.8.1). Thus the (n,q,p,s)-parametrization 1s a characterization. It is
special in that each straight string is represented by a unique ruple, and
vice versa; a characterization with this property is called a faithful
characterization. Generally, a tuple will be uniquely determined by the
chaincode string, but the converse need not be true. In that case, the
charcterization leads to loss of information. The most precise description
one can then give of the inverse mapping is by means of the equivalence

classes induced in C by K; these are called scopes (see Fig.8.l).

Taking the two mappings D and K together produces a mapping KD of L

onto G . Ideal continuous straight line segments are reduced to tuples in
a unique way. The inverse mapping is again specified by the equivalence
classes induced in £ ,each of which is labeled by a unique tuple. These
equivalence classes are called regions (see Fig.8.1), the region of tuple
t being denoted by R(t). For the (n)-, ("e’no)_’ (ne,no,nc)— and
(n,q,p,s)-characterizations, the regions were given in section 5.2. The
progressively more complex characterizations generally produce progress—
ively smaller regions. In the case of the faithful (n,q,p,s)-character—
ization the region for a given string is as small as is still possible

after digitization: it is the domain of that string.

A property of a continuous straight line segment & is a function f of its
parameters. After the reduction to a tuple t=KDX, this property should be
assessed on the basis of this tuple, for the simple reason that t is all
that is left of £. But since this tuple is the same for all lines in the
region of t, a variation of f within the region implies that it is
impossible to assess the property exactly for all limes: only estimation
is possible. The estimated property is a function g(t). A 'good' estimator
g(t) approximates the original property f£(&) well for all £ in R(t),
according to some criterion. Several estimators and criteria were

discussed in chapter 6.

Since an estimator g(t) should be 'good' for all & in R(t), it follows
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that the accuracy of an estimator depends upon the extent of the region
considered. For regions that are large, the property f(2) varies more
within the region than for regions that are small, and the estimator g(t)
will have a larger variance. It is the characterization that determines
the regions, and therefore the accuracy that can be reached 1s limited for
each particular characterization. This was demonstrated in chapter 7.
There, estimators were presented, analyzed and compared for the property
length and the criterion minimal MSE, for various characterizations and

types of estimators.

8.1.2 TIdeal non-straight lines

The description of the measurement process given above is applicable to
situations other than the measurement of properties of ideal straight line
segments. However, it is not always possible to follow the scheme with a

quantitative description of the various sets and mappings involved.

Consider the problem of digitization and measurement of more general
curves. Here, too, many different continuous curves are represented, after
digitization, by the same discrete curve. These equivalence classes of the
digitization can again be called domains. To derive a 'domain theorem' in
closed form, both the set £ (now the set of continuous curves considered)
and the set C (the discrete counterparts), have to parametrically
described by a tuple of parameters; the number of elements of the tuple
should be finite, and fixed. This demand on £ restricts the set of
admissable curves to parametric continuous curves, such as conic sections.
The demand on C restricts the set of admissable curves to parametric
discrete curves. I believe (but can not prove) that circles on a square
grid, can not be parametrized by a fixed finite number of integer
parameters. If this is true, it would mean that one cannot give a domain
theorem for circles as concise and complete as for straight lines. This
would make the search for and the analysis of optimal estimators for

properties of discrete circles very difficult, if not impossible.
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8.1.3 Non-ideal straight lines

In chapter 2, a discrete straight string resulted from the digitization of
an ideal continuous straight object boundary by ideal, noise-free and
point-like digitizers, positioned in a regular grid, and detecting
'object' or 'background'. This led to the ideal straight strings that were

analyzed.

From the point of view of computer graphics and discrete geometry, the
restriction to ideal straight strings is not a serious one, since there
the straight line segments dealt with are indeed ideal: they are generated

or postulated that way.

In image analysis, discrete straight lines are often only first order
approximations to discrete curved arcs. In this field, it may be
advantageous to extend the study to non-ideal straight line segments,
represented by strings that deviate slightly from ideal straight strings.
The natural representation of the digitization of straight lines is still
the parameter space of straight lines, (e,x)-space. However, the domains

may change their shape, depending upon the deviation from the ideal case.

As a first departure from the ideal case, suppose that the digitizers are
still point-like and arranged in a regular grid, but one of them is not in
the grid determined by the others (see Fig.8.2). The border line
corresponding to this critical point is then displaced in (e,x)-space,
compared to the ideal case. This implies that the intersections of this
border line with the other border lines are also displaced. A degeneracy
where several border lines intersect in the same (e,x)-point may thus be
removed (Fig 8.2). For small displacements, this results in a new domain,
corresponding to a mon-straight string differing from an ideal straight
string in a single chaincode element. If all digitizers are slightly
displaced relative to an average regular grid, then all degeneracies in
intersections of border lines in (e,x)-space are removed, and many non-—

straight strings appear.

Second, consider the case where the digitizers are noise-free and placed

in a regular grid, but not point-like. In one possible model of digit-
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Figure 8.2 Displacement of the critical point (3,2) leads to a displacement

of the corresponding border line in DIAMOND(n) and therefore to

the formation of a new domain labeled by a non-straight string.

izers, each digitizer has a finite 'region of sensitivity' over which the
data is integrated and thresholded. If this region is point-symmetrical
and isotropic, then the critical point corresponding to the digitizer (the
point where it changes the detction of a straight boundary from 'object

to 'background') can still be made to coincide with a grid point. In other
cases, where the region of sensitivity is non-isotropic, or when the
threshold is chosen improperly, an a-dependent position of the critical
point may result. In (e,x)-space this implies that the border line
corresponding to the detector is a curve. The degeneracies are again

lifted, and new domains appear corresponding to non-straight strings.
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If the non-idealness of the detector is stochastic, or not described as
deterministic, it may be considered as 'noise'. The displacement of
critical points and the corresponding border lines 1is then stochastle, and
the boundaries of the domain become fuzzy. Non-ideal straight strings

appear with a certain probability.

It is still an open question as to what good characterizations and
estimators are under these circumstances. Still, (e,x)-space seems to be

the natural representation to resolve these problems.

8.2 RESULTS

8.2.1. Representation

The natural representation of straight lines for a study of their
digitization is (e,a)-space. The domains are easily represented in (e,ax)-
space by quadrangular facets. Formulas for the domains are more easily

found in (e,x)-space than in the original (x,y)-space.

Spirographs are the natural representation for the study of structure and

anisotropy. Spirograph theory provides the connection between discrete
straight lines and number theory (rational approximations). It is
sufficiently general that the results of [Freeman 1970], [Rosenfeld 1974]
and [Wu 1982] for linearity conditions and the generating algorithms of
[Brons 1974] and [Wu 1982] can be described within the framework. It is
also sufficiently powerful to derive new results, such as the quantitative

expressions for the anisotropy given in section 3.4.

The tuple (n,q,p,s) is the first faithful string parametrization. It

provides a concise and complete description of a straight string. This
description can be used in the theoretical analysis of straight strings.
In the past, the only way to give exact results in this field was to give
an algorithm to operate on the string; this can now be replaced by a
formula based on (n,q,p is sufficiently general that the results of

[Freeman 1970}, [Rosenfeld 1974] and [Wu 1982] for linearity conditioms
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and the generating algorithms of [Brons 1974] and [Wu 1982] can be
described within the framework. It is also sufficiently powerful to derive
new results, such as the quantitative expressions for the anisotropy given

in section 3.4.

The tuple (n,q,p,s) 1is the first faithful string parametrization. It
provides a concise and complete descriptlion of a straight string. This
description can be used in the theoretical analysis of straight strings.
In the past, the only way to give exact results in this field was to give
an algorithm to operate on the string; this can now be replaced by a

formula based on (n,q,p,s).

8.2.2 Mappings and equivalence classes

Digitization, considered as a mapping, maps continuous straight lines to
discrete straight lines that are conveniently coded by strings. This is
nothing new, bu the description of the inverse mapping is. The domain
theorem describes the equivalence classes of the mapping concisely and
completely. In the form given in section 4.2, it is an illustration of the
point made above, that a parametrization is required before quantitative
results can be formulated concisely. Whereas [Anderson & Kim 1984] give an
algorithm to derive the domain of a string, the domain theorem in this
thesis is a formula, in terms of (m,q,p,s). The algorithm effectively
derives the domain anew for every string that is offered; the formula

provides a more global insight into the structure of domains.

The original proof of the domain theorem, as it appeared in [Dorst &
Smeulders 1984] was performed in (x,y)-space. [McIlroy 1985] gave an
elegant derivation of the facets in (e,x)-space, which (in turn) inspired

the new proof given in section 4.2 of this thesis.

Characterization has been recognized here for the first time explicitly as
an extra data reducing step before estimation. The equivalence classes of
the characterization mapping are called 'scopes'; they are the
crystallization of the concept of 'equivalent strings' in [Vossepoel &

Smeulders 1982]. In that paper, the distinction between 'domain' and
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'region', which is important to the search for estimators, was not yet

made: both were called 'domain'.

The concept of characterization allows a unified treatment of previously
isolated methods to estimate the length of a string and also leads to the
important idea of a 'faithful characterization'. This is a prerequisite
for the most accurate estimators that can be found. The string

parametrization (n,q,p,s) forms such a faithful characterization.

8.2.3 Estimation

In the study of estimators for properties of straight lines, it was seen
how the accuracy that may be reached depends strongly on the character—
ization used. Generally, the more a characterization is extended, the
smaller are the regions of a tuple, and the better an estimator can be
tuned to the original property. A faithful characterization therefore

potentially results in the most accurate estimators possible.

For each characterization, optimal estimators for properties of straight
line segments have been given, subject to several criteria. These optimal
solutions provide upper bounds on the accuracy that can be reached, for
that particular characterization. As such, they are not only interesting
as theoretical results, but also useful in practice. Even if their
complexity hampers direct application in practice, the optimal results can

be used to calibrate and assess more simple estimators.

The way the measurement problem is viewed in this thesis differs funda~-
mentally from the normal methods in the field of parameter estimation.
Normally, one would consider the N points of a discrete straight line as
so many measurements, each with their own uncertainty. Digitization is
then treated as uncorrelated noise, uniformly distributed between 0 and 1.
Based on this description of the measurement, one proceeds to fit a
straight line to the measurement points, minimizing some criterion. In
this thesis, the digitization effects are considered as deterministic,
rather than stochastic. The series of N discrete points is seen as 1

measurement, of an entity called 'discrete straight line'. The digit-
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ization effects are not considered separately for each point but for the
complete discrete straight line: the domain of that line is the

uncertainty interval of the measurement.

8.2.4 Length estimators

For length measurement, a detailed comparison was made between known and
newly developed methods. This was done by separately studying the effects
of the characterization and of the type of estimator, resulting in the

matrix structure of chapter 7. For straight line length measurement, the

methods of [Freeman 1970], [Kulpa 1976], [Groen & Verbeek 1978], [Proffitt

& Rosen 1979], [Vossepoel & Smeulders 1982], and the newly developed
optimal estimators in the MPO and BLUE sense were compared. The

conclusions were summarized in section 7.5.

The main conclusion is that the simple corner count estimator is the

estimator to use in daily practice: it is reasonably accurate (up to .8%

asymptotic RMSE), and easy to implement. It comes as a surprise that there

is a better estimator for the length of a string than the Euclidean

9
distance between begin and end point. The estimator n/(l+(§0'], which is

the length of the line with the most probable slope in agreement with the

string, was shown to have the smaller MSE, and an asymptotic behaviour

which is an order of magnitude better. It is the estimator to be used when

high accuracy is desired.

8.3 THE FUTURE

To an outsider it must be surprising that so much could be said about
discrete straight lines - and I know of some insiders, too. Still, the
research reported in this thesis has yielded many results that are not
only new, but also fundamental to image analysis and computer graphics.
We now know the theoretically optimal solutions to the measurement of the
fundamental properties 'length' (or 'distance') and 'slope' in a two-

dimensional, regular, ideal, discrete space. We know how accurately and
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istropically straight lines can be represented in such a space. But we
have also seen that these solutions are of a distressing complexity: if it
is as bad as this for ideal straight line segments, what will happen with

more complex 'objects'?

We'll see.
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Summary

Discrete straight line segments are the closest equivalent of continuous
straight line segments in a discrete regular grid. Since discrete straight
line segments are elementary structures in digital images, their study is
of basic importance to computer graphics and digital image analysis. This
thesis deals with discrete straight line segments, mainly from the point

of view of image analysis.

Straight line segments are the simplest structures having the property
'length', and the property 'slope'. Measurement of these properties often
occurs in the analysis of objects in an image. The accuracy with which
they can be assessed is limited, even under ideal circumstances, since for
these properties a discrete representation of continuous straight line
segments entails an essential loss of information. This thesis
demonstrates exactly how accurately measurements of properties of the
continuous straight line segments can still be performed, using only the

data available in the discrete straight line segments.

The realization of this global goal necessitates a detailed analysis of
digitization, which provides the link between continuous straight line
segments and discrete straight line segments. Parameters are introduced to
describe the continuous and discrete straight line segments concisely and
completely (chapter 2). These parametrizations are the prerequisite for

the subsequent quantitative analysis.

Discrete straight line segments are commonly represented by a string of
chaincode elements. Such a 'straight string' has a specific structure
distinguishing it from non-straight strings. This structure is closely
related to number theoretical properties of the original continuous

straight line segment (chapter 3).



186 187

For a given continuous straight line segment the corresponding discrete Samenvattlng
straight line segment is completely determined by the digitization, but

the converse is not true. To each discrete straight line segment there

corresponds a 'domain' of continuous straight line segments all having the

same chaincode string; these are the primitives of the string. A

mathematical description of the domain of an arbitrary string provides a

complete and concise description of the digitization of straight line

Een diskreet recht lijnstuk vormt de tegenhanger van een kontinu recht
segments (chapter 4).

1li jnstuk in een diskreet regelmatig raster. Omdat diskrete rechte

1ijnstukken elementaire strukturen zljn in diskrete beelden, is goed
Conciseness may be desired, but completeness not necessarily; often

begrip ervan van groot belang voor komputer grafiek en digitale
incomplete representations of chaincode strings are employed. These are .

beeldanalyse. In dit proefschrift worden ze bestudeerd, voornameli jk
formally described as 'characterizations' (chapter 5). The use of a

vanuit het oogpunt van de beeldanalyse.
particular characterization results in a loss of resolving power in the

treatment of straight line segments. L. 3
Rechte lijnstukken zijn de eenvoudigste strukturen met een lengte en een

richting. Deze elementaire eigenschappen moeten vaak worden gemeten bij de

The properties of a discrete straight line segment are assessed on the .
= analyse van objekten in beelden. De nauwkeurigheid van zo'n meting is

basis of the characterization chosen. Exact determination of properties

echter beperkt, zelfs onder ideale omstandigheden. Dit komt doordat de
such as length and slope is impossible; the best that can be achieved is ¥ A

diskrete voorstelling van een recht lijnstuk voor deze eigenschappen een
an estimate of the property, according to some criterion (chapter 6).

wezenli jk verlies tot gevolg heeft. Dit proefschrift wil tonen hoe
These estimators provide the best solutions to the measurement problem,

nauwkeurig de meetresultaten desondanks nog kunnen zijn.
each according to its own criterion.

Voor de verwerkelijking van dit doel is een diepgaande analyse van de
For the important property 'length', chaincode based estimators have

diskretisatie -die het verband geeft tussen de kontinue en de diskrete
already been given by several authors. These length estimators are .

rechte 1lijnstukken- noodzakelijk. Als hulpmiddel daarvoor worden eerst
compared with the new methods developed in this thesis (chapter 7). The

kengetallen ingevoerd, zowel voor kontinue als voor diskrete rechte
assessment leads to recommendations for the most appropriate length

1lijnstukken (hoofdstuk 2). Deze kengetallen vormen een bondige en
estimators under various circumstances. .

volledige, kwantitatieve beschrijving van de rechte 1lijnstukken, die het

uitgangspunt vormt voor de afleiding van verdere resulaten.

Diskrete rechte lijnstukken worden meestal voorgesteld door een snoer van
kettingcodes (chaincode strings). Zo'n "recht snoer" heeft een bijzondere
opbouw, die het onderscheidt van kromme snoeren. Die opbouw hangt nauw
samen met getalkundige eigenschappen van de helling van het

oorspronkelijke kontinue rechte 1lijnstuk (hoofdstuk 3).



188

Gegeven een kontinu recht 1ijnstuk 1s het overeenkomende diskrete rechte
1ijnstuk volledig bepaald door de diskretisatie, maar het omgekeerde is
niet waar: er is een hele verzameling van kontinue rechte 1ijnstukken die
overeenkomen met een gegeven diskreet recht 1ijnstuk. Deze verzameling
oorspronkeli jken wordt het landgoed (domain) van het sanoer genoemd. Een
wiskundige uitdrukking voor het landgoed van een willekeurig recht snoer
is een bondige en volledige beschrijving van de diskretisatie van rechte

11 jnstukken (hoofdstuk 4).

Bondigheid 1s gewenst, maar volledigheid niet altijd; daarom worden vaak
onvolledige voorstellingen van de snoeren gebruikt. Deze worden formeel
samengevat als "kenschetsingen"” (characterizations, hoofdstuk 5). Gebruik
van een bepaalde kenschetsing leidt tot een verlies aan onderscheidend

vermogen in de behandeling van rechte 1lijnstukken.

Uitgaande van de kenschetsing worden eigenschappen van de snoeren bepaald
(bijvoorbeeld lengte of richting). Zoals gezegd is een exakte bepaling
onmogeli jk; het best haalbare is een schatting die de eigenschap benadert
volgens een bepaalde maatstaf. Verschillende maatstaven en de bijbehorende
schatters worden gegeven (hoofdstuk 6). Deze schatters zijn dus, ieder
volgens eigen maatstaf, de beste oplossingen voor het gestelde

meetvraagstuk.

Voor de belangrijke eigenschap "lengte"” waren al langer schatters bekend.
Deze worden vergeleken met elkaar en met de nieuwe schatters ontwikkeld in
dit proefschrift (hoofdstuk 7). Voor verschillende omstandigheden worden

de meest toepasselijke lengteschatters gegeven.
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Dankwoorden

Velen hebben op hun eigen manier direkt of indirekt bijgedragen aan de
totstandkoming van dit proefschrift. Hen wil ik hier bedanken. Helaas
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1. The Crooked Straight

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES

In digital image processing, the continuous world is imaged by a sensor
consisting of discrete elements, usually placed in a regular array. Under
exceptional circumstances, the discrete image that results allows a
perfect reconstruction of the original scene; generally, however, such a

reconstruction is impossible.

In digital image analysis, perfect reconstruction is often not even
desired. Rather, the idea is to reduce the wealth of data present in the
image to a limited set of properties or features, which can then be
analyzed further. For some of these properties, perfect measurement is
possible, if appropriate precautions are taken (for instance, the number
of objects can be determined exactly from the image of a scanmer with a
resolving power of half the size of the smallest object). Other properties
can only be determined approximately, and are obtained by estimation

rather than measurement. 'Size' is such a property.

Length 1s the one-dimensional measure of size, and therefore one of the
most basic quantified qualities an object can possess. Since the distance
between two points of the image 1s the length of a straight line segment
connecting these points, a study of good length estimators for discrete
straight line segments is fundamental to image analysis. Such a study

turns out to be less trivial than one would expect.

The complementary situation to image analysis occurs in computer graphics.

Here, the intention is to display discrete image data such that the
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P Q

Figure 1.1 A straight line segment connecting two points P and @ in the
2-dimensional plane E?2, endoved with the standard topology

of R? ond with the Euclidean metric.

resulting discrete image closely resembles the continuous scenes the
observer is used to. A basic property of continuous scenes is their
isotropy: the representation of a rotated object is identical to the
rotated representation of an object, independent of the rotation angle. In
discrete images this is not the case. One of the annoying anisotropic
effects that occur is that the accuracy of representation is strongly
dependent on the orientation of the object relative to the grid of the
discrete image. Straight lines are the simplest 'objects' having an
orientation. Also, they are the obvious primitives from which more complex
figures can be formed. An understanding of their properties is therefore

basic to computer graphics.

This thesis is a study of idealized discrete straight lines and line
segments. It has the form of a mathematical study, deriving theorems on
basic properties of discrete straight lines. The central issue is always
the connection between discrete straight line segments and continuous

straight line segments.

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS

More than two millennia ago, Euclid introduced straight lines by an
axiomatic approach and made them the basic elements of his geometry
[Euclid -348]. It took till last century before it was realized that his
axioms are not sufficiently precise to define straight lines uniquely;
other 'objects', not corresponding to the intuitive notion of a straight
line in continuous space, also obey the postulates. The modern approach 1is

therefore different from Euclid's.

From the modern point of view, a continuous straight line segment between

two points in some continuous space is an arc of extreme length connecting

1

1 '

these points; here an 'arc' 1s a connected series of contlnuous points.
'Straight line segment' is thus a falrly complicated concept: it requires
a space with a well-defined topology (specifying neighbourhood relations
between points, and hence 'connectivity') and a metric (providing a

measure of 'length'), see Fig. 1.1.

A discrete counterpart of this continuous definition could be used to
define discrete straight line segments: in discrete spaces, a discrete

straight line segment between two points is a discrete arc of extreme

length connecting these points, where a discrete arc is a connected series
of discrete points. This is not the approach that is usually taken,
however. The reason is that it is difficult to define a metric such that
the discrete straight line segments determined by it correspond to the
intuitive idea one has of a discrete straight line segment (Fig.l.2). This
intuitive idea is that a discrete straight line segment between two points
is a series of discrete points that 'lie close to' the continuous straight
line connecting these points. Usually, it is this closeness that is taken
as the definition, and that is also the approach of this thesis. Although
it is not necessary to define discrete straight lines by a metric, the

topology of the discrete space is a necessary prerequisite for the

definition of a discrete arc.

Discrete straight lines are defined in a discrete space. In this thesis,
all discrete spaces that will be considered are two-dimensional, periodic
arrangements of discrete points, and called regular grids. These regular

grids are homogeneous since all points and their surroundings are equal.

a b

Figure 1.2 a) A discrete straight line segment

b) Not a discrete straight line segment
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Figure 1.3 The topology for various gride.
a) 8-connected square gvﬁd
b) d-connected square grid :
¢) 6-connected hewagonal grid

The topology (connectedness) of such a discrete space can therefore be

defined simply by specifying the neighbours of a typical point.

mmon
Restricting ourselves for the moment to square and hexagonal grids, co

neighbourhoods are the 4-connective and 8-connective neighbourhood for the
smelgnboRL T oL

square grid, and the 6-connective neighbourhood for the hexagonal grid
B

(see Fig.1.3). As the simplest symmetrical topologies possible, these

connectivity schemes are in common use.
connectiv .ty =L~ =

A discrete arc is a sequence of simply connected discrete points. For
U e

y series ectors:
convenience, such an arc is often indicated by a serie of vec

starting at an endpoint of the arc, the next point is indicated by a

i e es e S re
vector pointing to it, and so on for all points. When these vectors are

encoded by a chaincode scheme [Freeman 1970], one obtains a chaincode

string. The chaincode schemes for the 3 grids mentioned before are

depicted in Fig.l.4.
there are several discrete straight

In contrast to the continuous case,

line segments connecting two discrete points. This is the result of the

3 2 1 1 2 1

4 e ) Qlesi 3 0
4 5

5 6 ? 3

Pigure 1.4 Chaincode schemes for the regular grids of Fig.1.3.

Figure 1.5 Examples of regions of sensitivity for the grids of Fig.l1.3.

vagueness of the intuitive notion of a discrete straight line segment: if
one allows the discrete line segment to lie 'close' to the continuous
straight line segment, the discrete points it connects can be chosen such
that they lie 'close' to the continuous points that the continuous line
segment connects. To make the definition unique, one has to specify the

closeness carefully.

In order to do so, let us introduce the region of sensitivity of a point

P. It is a region of points near P, such that if a continuous arc passes
through this region, then the point P belongs to the discrete arc
representing the continuous arc. Examples of regions of sensitivity for
the 3 topologies mentioned before are indicated in Fig.l.5. In that
figure, the regions of sensivity are symmetrical around the grid points,
and so the points of the discrete line segment will lie around the
continuous line segment. Encoding the points by the appropriate chaincode
scheme, a chaincode string of a very particular structure is obtained. We
will call a string obtained from a continuous straight line segment a
straight string. An example is indicated in Fig.l.6a, where a discrete
straight line segment is drawn connecting the points (0,0) and (6,16). The
corresponding straight string is, in the encoding according to the scheme

of Fig.l.4a, 0100101001001010, indicated in Fig.l.6b.

1.3 STRAIGHT STRINGS

Independent of their connection to continuous straight line segments,
straight strings can be characterized by means of the linearity conditioms
- these are the necessary and sufficient conditions a straight string has

to satisfy in order to be (possibly) derived from a straight line segment
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in FQZ. A first attempt at the formulation of these linearity conditions
can be found in [Freeman 1970], and a more exact version in [Brons 1974].

Later, [Wu 1982] proved the necessity and sufficiency.

Another way to characterize discrete straight lines is as arcs having the
chord property [Rosenfeld 1974]. This property effectively means that all
continuous straight lines connecting two arbitrary points of the discrete
straight arc lie tclose' to all discrete points of the arc (an example is
given in Fig.l.6c). Though this corresponds well with the intuitive notion
of a discrete straight line segment, it is a cumbersome property to test.
[Kim & Rosenfeld 1982] present an algorithm testing linearity of strings
by the chord property, using the convex hull algorithm.

The linearity conditions specify the structure of a straight string. This
structure is closely related to number theoretical aspects of its slope,
and its study is not new: a paper in latin (sic!) by [Christoffel 1875]
derived many results that can now be interpreted in terms of the structure
of stralght strings. The relation between a string and rational
approximations of its slope is schematically indicated in Fig.l.6d. The
line in Fig.l.6b, connecting the points (0,0) and (6,16), has a slope of
6/16. Good rational approximations of this fraction are, in order of
increasing denominator, YAl AL AL SRS 2/5, 3/8. The strings
corresponding to lines with these slope are drawn in Fig.l.6d. Comparison
with Fig.l.6b shows that these strings are all part of the string with
slope 6/16. The exact relationship will be treated later.

Note that the string 0100101001001010 given above consists of two types of
chaincode elements, of which one occurs isolated, and the other in runms,
consecutive series of the same element. This allows a description of a
straight string on a higher level than just based on individual string
elements. It turns out that these runs themselves again appear in isolated
runs, and in 'runs of runs', and so on, recursively. [Brons 1974] has used
the relation between discrete straight lines, straight strings, and
fractions to give a generating algorithm, producing the recursive
structure of a straight string, using the well-known continued fraction

algorithm from the theory of numbers.

15

=
L7

Figure 1.6 a)

b)
e)

d)

m = =
'

The discrete line segment corresponding to the continuous

straight line segment connecting (0,0) and (16,16) on an 8-

connected square grid, with the region of sensitivity of
Fig.1.5a.

The chaincode string corresponding to this line segment.
The chord property. ALl continuous line segments connecting
diserete points should pass through the region indicated.
Strings corresponding to lines with slopes that are good
rational approximations to 6/16.
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS

In image analysis, the assessment of 'distance' is of prime importance.
Since distance (through the conventional use of a Fuclidean metric) is
measured as the length along a straight line segment, length estimators
for discrete stralght lines deserve a careful study. The use of a grid
implies that distance assessment can not be done isotropically: these
anisotropic effects should be part of this study. Another reason why
estimators for properties of discrete straight line segments are of
interest to image analysis is that these segments may actually occur at
some stage of an analysis, either as the digitization of a continuous
straight line segment, OT as a locally straight part of the digitization
of a more arbitrarily shaped continuous contour. One is then interested in

estimators for the properties 'length' and/or 'slope'

1f the discrete straight line segment is considered to be the digitization
of a continuous straight line segment, it will be called a digitized
straight line segment. The use of this word implies that there is a
continuous reality, and the aim in this thesis will be to reconstruct
(part of) this original reality from the discrete data available. It will
be clear that an exact reconstruction of a continuous straight line
segment from its digitized image is impossible. Many continuous straight
line segments are digitized to the same straight string and digitization,
therefore, is a one-to-one mapping without an inverse. The set of all
continuous straight line segments which are mapped onto the same string c
is called the domain of c. The study of this domain is central to the
study of estimators for properties of straight line segments since the
continuous line segments in the domain of c¢ vary in length. It 1s
intrinsically impossible to glve a precise measure for the length of c.
The best one can do 1is to give a good estimate of the length corresponding

to the string, minimizing some specified error criterion.

Many chaincode length estimators have already been given, ranging from
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via
simple unbiased estimators for the length of the continuous arc
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous

straight arc [Vossepoel & Smeulders 1982] .

17
1.5 THE GOAL AND CONTENTS OF THIS THESIS

The main goal of this thesis is to derive accurate estimators for
properties of digitized straight line segments, such as length. These
estimators are 'optimal', in the sense that they minimize the difference
between the estimate and the value of the property for the original
continuous line segment, according to some criterion. To achieve
optimality, a careful study of the digitization and measurement process

for straight lines is required.

An important step towards quantification is a suitable representation of
the continuous straight line segments and of their discrete counterparts.
Chapter 2 introduces the parametrizations which form the descriptive

framework for the sequel.

The structure of a straight line segment is treated in chapter 3. The
relation with number theory leads to quantitative measures for the

anisotropy of the representation of straight strings.

Next, in chapter 4, the digitization is studied as a mapping, and the loss
of information it entails is quantified. Other information reducing

mappings are often used in estimation; they are treated in chapter 5.

Estimators for properties are formulated for several criteria in chapter
6. Chapter 7 compares all known length estimators for discrete straight

line segments, both theoretically and experimentally.

Parts of this thesis are already contained in a number of publications on
digitized straight lines. [Dorst & Duin 1984] treats the structure and
isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulders
1984] provides the parametrization of strings as in chapter 2, and the
analysis of the digitization process. Chapter 4 contains a new proof for
the main result of this paper. [Dorst & Smeulders 1986] derives the
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief

preview of the comparison of length estimators in chapter 7t



2. Parametrization

2.1 THE STANDARD SITUATION

Consider the situation sketched in Fig.2.l1, where part of an infinite
straight object boundary is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the
object, others are in the background (points just on the continuous
boundary are considered to be object points). The exact location of the
continuous boundary is unknown; the best one can do is estimate the
boundary position from the digitized data. Obviously, only points near the

boundary are of interest.

In object boundary quantization (0BQ), the object points with at least one

neighbour in the background are considered to constitute the digitized
boundary. If the grid is assumed to be 8-connected, then there is a main
grid direction such that there is only one digitization point in every
column in that direction. Introducing Cartesian coordinates on the grid,
with this direction as x-axis, the continuous straight boundary is given

by the familiar equation
y(x) = ax + e (2.1)

with @ the slope and e the intercept of the line. The origin of the

cartesian coordinates is chosen in a grid point, such that
D2 sle <N (2.2)

The digitization points corresponding to the line eq.(2.1) are given by
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o
i, %
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Figure 2.1 0BQ: Object Boundary Quantization.
A straight object boundary on an §-connected square grid and

the chaincode string representing it.

0BQ: (1,3) = (i, |y(D)]) (2.3)

Here L-J indicates the floor function, with LXJ (pronounced 'floor x') the
largest integer not larger than x. We will also need the ceiling
function f.}, where (kw (pronounced 'ceiling x') is the smallest integer

not smaller than x. Floor and ceiling are thus defined by

Definition 2.1: LxJ and [x]
1x] ¢ x~1 < |x] € x and [_x_{EZ (2.4a)
[x] : x ¢ [x] < x¥1 and [x]eZ (2.4b)

The chaincode string corresponding to the digitization points of eq.(2.2)

is given by
ep = lyn] - -1 (2.5)

For lines in the circumstances considered, the c; are either 0 or 1 (note
that this does not imply 0 < a« < 1 !). For reasons that will become clear
later, this property is considered as the definition rather than as a

consequence of the situation:

21

Definition 2.2: standard situation

Consider a line on a Cartesian square grid, with equation

y(x) = ax + e
with 0 € e < 1 . Further, @ is such that the OBQ-digitization points
are encoded by an 8-connected chalncode scheme into a string
consisting only of codes O and/or 1. Such a line is said to be in the

standard situation.

In this thesis, all results will be derived for this standard situation.
In the next section it will be shown that many other situations with lines

on regular grids can be transformed into this situation.

2.2 NON-STANDARD SITUATIONS
2.2.1 GIQ-digitization

The definition of the standard situation is based on OBQ-digitization, a
type of digitization inspired by the circumstances of image analysis. This
type of digitization results in digitization points that lie consistently
on one side of the continuous straight line considered. In computer
graphics one prefers the digitized points to lie 'around' the continuous
line and the most common digitization in this field is therefore grid

intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid

point at each crossing by the continuous line of a grid row y=j (je;!) or
column x=i (1522) is assigned to the digitization (Fig.2.2a). For straight
lines, this is equivalent to assigning those grid points to the digitized
line which are nearest (in the sense of their absolute euclidean distance)
to the continuous line. This is seen from the similar triangles in
Fig.2.2b: the points chosen by GIQ are closest to the line, both when
measured along the principal directions of the grid, and when measured
along lines perpendicular to the continuous line. Again restricting
ourselves to the line in the first octant, given by eq.(2.l), the GIQ-
points are given by

GIQ: (1,3) = (1,[y(DHD) (2.6)
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Figur

e 2.2 GIQ: Grid Intersection Quantization.

AD:CE=AB:CB

o) At each intersection of the continuous line with a discrete
row or columm, the closest grid point is attributed to the

discrete straight line segment.

b) The equivalence
and minimum perp

of minimal distance
endicular distance.

along major grid lines,

where [x] indicates the 'nearest integer' function', defined by

Definition 2.3: [x]

[x1

Comparing with (2

[y(DI =

%% < [x] € x+5  and x1eZ ©eih)
.4a) it is seen that =] = |x+%] , and thus
Ly(D)+s) = lai + (eth)] (2.8)

2

In a squar rid e e 4
q e g ylet e and e, be the basic vectors (O) and (?); the
vectors corresponding to the 8-connected chaincode elements O and 1 are
> > >
t
hen e and (el+ez), respectively (Fig.2.3). Consider an arbitrary regular
id, with t e ®

grid, w wo basic vectors ei and eé , of lengths h and v, and making an
angle ¢. The vectors corresponding to the 8-connected chaincode elements O

> > >
and 1 are then given by ei and (ei+eé), respectively.

The figure shows that the square grid and its chaincode vectors is mapped
onto the regular grid and its chaincode vectors by the transformation
matrix

T = ( h v cosd )

0 v sing (29
The line 2 in the square grid defined by eq.(2.1), or
bL x = g + L
sl G P (2.10)
transforms to L' = TL given by
0 1
o
ol el eh _ sin Y+ ( sing ) (2.11)
av° h/ve + cosd W/va + cosd

Conversely, a regular grid can be mapped onto a square grid by the inverse

This means that 6IQ-digitzing the line y = ax + e is the same as OBQ-

digitizing the Tinety =

ax + e', with e' =

(et}). Since this

N
\

tran:

sformation of QIQ to 0BQ is a bijection (one—

to-one and invertible),

the solution to some problem with an 0BQ-digitized straight line can

immediately be applied to a similar problem with a GIQ-digitized line.

2.2.2 Other 8-connected regular grids

Until now only square grids were considered. However,

there are many

v/
[ — — Z/’
'(-fﬁ =
1.

ot
- = !
=
L
- 1 —3
1 _’A Vv Y
= 3 o

0 £ 0 =

a 1 b €4

circumstances in image analy

correspond to a square grid,

sis where the grid of pixels does not

but to the more general regular grid.

i 3
iqure 2.3 a) A line on an 8-connected square grid.

b) 4 similar situation on a regular grid.
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transformation T 1:

4y

-l (1/n =L/ cand)

0 1/(v sind)

which transforms a line &' in the skew grid

Figure 2.4

]
¢
l |
|
)

— - — — & -

—_— ——a— — o

Equivalence of eituations on several regular grids.
a) 8-comnected square grid
b) 4-connected square grid

e) 6-connected hexagonal grid
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a2 anClel ses( o)

2.13
5 ( )
to a line & = T_ll‘in the square grid:
(4} i
g e' )+ ( ho! (2.14)

(sind ~ a'cos$) v(sing - a'cosd)

In the above, no use was made of specific properties of a particular
digitization procedure. Hence, the above treatment applies to both OBQ and
GIQ digitization. Because of this bijection relation between a regular

grid and the square grid, only the square grid needs to be considered.

2.2.3 Other connectivities

Not only 8-connected chaincode strings have been used in the literature,

but other schemes as well. Common are the 4-connected and 6-connected
schemes depicted in Fig.l.4b,c.

By means of the 'column'-concept introduced by [Vossepoel & Smeulders
1982], all schemes can be transformed to the standard situations. The
basic idea is similar to the transform T of the previous subsection. The
basic vectors Zi and gé of the skew grid are now defined by tze
reguirefent that the code vectors O and 1 are represented by ei and

(ei + eé) . This defines the transformation T as in eq.(2.9): for the 4-—
connected scheme, ¢ = 3n/4 and for the 6-connected scheme ¢ = 2m/3 . Thus,
for the digitization of straight lines, grids with other connectivity

schemes can be transformed to the square grid with 8-connected chaincodes,
see Fig.2.4.

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS

2.3.1 The (a,e,t,8)-parametrization

A continuous straight line segment is characterized by 4 real parameters,

corresponding to 4 degrees of freedom. In a Cartesian coordinate system,
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the line segment connects two polnts (xl,yl) and (xz,yz). Thus the
quadruple (xl,yl,xz,yz) could be used as the parametric description of a
continuous straight line segment. However, in this thesis another
parametrization is preferred since it facilitates treatment of lines in

the standard situation.

First, note that any continuous straight line segment can be considered to
be a part of an infinite continuous straight line with equation

y = ax + e. These two parameters e and @ will be used in the
parametrization of the segment. Second, in the standard situation, the two
endpoints of the segments have different x-coordinates. Therefore, if the
x-coordinate £ of the leftmost end point, and the difference in x~

value & of the two endpoints are used as the other two parameters, the
parametrization is well-defined for lines in the standard situation (Fig.

2.5a).

Definition 2.4: CSLS(a,e,£,5)

CSLS(x,e,E,8) is the continuous straight line segment connecting the
points (x;,y))=(E,aE+e) and (x,,y,)=(E+b,a(E+b)+e).

] L i

' |

! .

@ : ~ a -

- - " :

S v 1 K [l i

) ' 1 t

1 1 AY 1 1

e' 1 Al el il

: ' Gl i

1 t [} 1

: o | B

S o > > e
; 5 { :
a b

Pigure 2.5 a) Parametrization of a continuous straight line segment by
(e,0,6,6).
b) The relationship of (e,a,E,6) to the uniformly distributed

parameters (r,4,L,T) .
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2.3.2 The distributlion of line segments

Sometimes our interest is not in properties of a specific continuous
stralght line segment, but in the expected value of a property over an
ensemble of these segments. In that case the probability density functions

of the characterizing parameters are needed.

in many problems in practice, there is, a-priori, no preferential
orientation, position, or length of the segments to be expected. All
calculations will therefore be based on a distribution that is isotropic
(no preferential orientation), homogeneous (no preferential position) and

uniform in length (no preferential size).

Consider first an infinite straight line y = ax +e. Isotropy implies a

uniform distribution of the lines in ¢ = atan(a). Homogeneity on the grid
implies a uniform distribution in the distance r of the line to the
origin. From Fig.2.5b one can see that r = e//(1+a2). Thus the probability
density p(e,x) becomes:

or 04
e Je -

p(e,n) = ai gz p(r,$) = cl[lmz) 32 (2.15)
da Bda

where = equals /2, following from the normalization condition
f [
p(e,z) de da = 1 .
(2.16)

Later, in eq.(4.5), it will be seen that this normalization needs a slight
modification, in that the upper and lower bounds on a for lines in the

standard situation are -e/n and (n+l-e)/n instead of O and 1. The
coefficient ¢ is then:

2 2 1 -
e1= [/(0*41) - 0 + 71+ /(20%20+1) - (w2 + 7= vafi Sy - ifi%:TT}
(2.17)

This becomes asymptotically equal to V2 1f mr=,

For continuous straight line segments, the endpoint will be assumed to be
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uniformly distributed along the infinite line. Denoting the position along
this line by T , T 1s uniformly distributed. Fig.2.5b yields the relation
E = -r sinp + 7 cosp , so T = E/(l+a2) + ea//[l+a2] . The length L of the
segment is L = é/(1+a2]; L is also assumed to be uniformly distributed.

Thus the probability density p(e,x,E,58) is:

dr/de 0d0/de OL/de d1T/de

dr/da d¢/da OL/da 0BT/da 2,\-1/2
p(e,,E,8) = | har ao/oE BL/BE dufor | PLTHL,T) = ¢, (1+a)
dr/db6 d4/d5 dL/A6 0dT/dd
(2.18)
where ¢, follows from
1 i, 5 oty
/ [ ple,a,E,8) de du d& db = 1 (2.19)
a=0 e=0 E=-% O=n-%
yielding
s = 1/1in(1+/2) (2520)

Again, with eq.(4.5), this will need a slight modification, but the value
given in eq.(2.20) is still equal to the asymptotic value.

2.4 PARAMETRIC DESCRIPTION OF DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s)

So far only a chaincode string has been used as the description of a
digitzed straight line segment. This representation is not convenient for
calculations and therefore a concise parametrization of an arbitrary
string is needed. Such a description, in a sense the discrete counterpart

of (e,x,£,6), will be derived in this section.

2.4.1 The quadruple (N,Q,P,S)

The computation of a characterizing tuple for an arbitrary string requires

some elementary lemmas from the theory of numbers, which are stated first.
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Lemma 2.1

Let P, Q, K and L be integers. If %—is an irreducible fraction, then

the equation KP = L(mod Q) has, for any given L, precisely one
solution X in the range 0 < K < Q.

Lemma 2.2

Let P/Q be an irreducible fraction, and let i assume Q consecutive
values i=k+0, i=k+l,..., i=k+Q-1 for some keZ. Then iP/Q (mod 1)
assumes all values o 9:l3 once and only once (in some order).

4
RN

Proof
A proof of these lemmas can be found in most introductory books on
number theory, see e.g. [Hardy & Wright 1979]

QED
Lemma 2.3
Let 0 € € < 1, Then
Ix| = z=er="0 = [ el st R o [T (2.21a)
1%} - {x-ej =1 = 1x] € x < |x] + € (2.21b)
\xte] - |x] = 0 = [ Sx <1+ (x]-c¢ (2.21c)
Ixte] - (x| = 1 S 1+ x| -€e<Sx< |x]+1 (2.214)

Proof
Only (a) is proved, the other cases are similar.
Let X = [x]|. By the definition of the floor function,
1%]=X <> X < [x] < ¥+l and |x-£] =X &> Xte < [x]| < Xtetl
So both equations are satisfied i1f and only if:

max(X,X+e) < x < min(X+1l,X+e+l)

and the theorem follows.
QED

A first result is that the string of a straight line in the standard

situation can be parametrized by a set of 4 integers N, Q, P, S:
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Theorem 2.1
Any straight string C can be written in the form

Gz oy = l—g (i—S)J - B (1«3-1)J; B kP (2,22)

where P, Q, S and N are integers, P/Q is an irreducible fraction

withO<%<l,and0<S<Q.

Proof

The straight string C is the digitization of some continuous straight
line y = ax + e. Consider the digitization in Ml columns of the grid,
leading to a string of N elements. Two integers P and Q are chosen,
satisfying two constraiants:
1) P/Q is an irreducible fraction.
2) In the M+l columns considered, the digitization of the line

y = ax + e is identical to the digitization of y = xP/Q + e.
These conditions mean that P/Q is a "very good" rational approximation
of @. Since the set of rationals i{s dense in the set of reals, sets of
(P,Q) exist that satisfy these conditions.
For the intercept j{y(i)j of the column x = i by the digitized line we
thus have:

[yn)

u

Lai o eJ - g Sk o
o |BL+ |eQ] eQ — leqQ) 9
= t q o= q J (2.23)

Q

where the last transition is allowed since the first term between the
brackets in eq.(2.23) is a fraction with integer numerator and
denominator Q, and for the second term we have: 0 < (eQ - [eQ])/Q <

1/qQ.

This equation can be rewritten as:
= el [g _ HP+1J
ly(n] LWQ J g (rleq)m) + leq)

for any value of M. In particular, we can take M to be an integer L in
the range 0 € L < Q such that LP = Q - 1 (mod Q). Lemma 2.1 guarantees
the existence and uniqueness of L, given P and Q. It follows that

LP+l = 0 (mod Q), so (LP+1)/Q is an integer, and we have

lyn] = L% (i-lequny | + reoy KL
Using eq.(2.5):
P i _ R & £
e; = |Ba-tea | - |Ea-tean-n),

This can be rewritten as:

o l_% (i—S)J - L% sk,

T

Lol N (2.24)
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where S = [eQ]L + (any multiple of Q). We will choose
s = LeQiL - L‘ig‘—LJQ,

implying that 0 € S < Q. This proves the theorem.
QED

An example is the OBQ string corresponding to the line y = % x + 1n(/5) in
the columns %=0,1,..,12. This string is 100100100100, Following the
procedure sketched in the proof above, one first finds that this string is
the same as that of the line y = %% x + 1ln(Y5) (%% being a 'good' approx-—
imation of %ﬁ and then by the reasoning in the proof of theorem 2.1 that
this is the same as that of the line y = %%(x—lo)- Thus the i-th element
¢y can be written as c;= 1%%{1—10)] = [%%{1—11)] 5 el 200,12 A0
alternative reprsentation of ¢y is as the digitization of the line

5 5 5
y = ig{x~10) » 80 €y = 1TE(1—1O)] i~ [Ig{i—ll)j .

Theorem 2.1 states that any string C can be parametrized completely by a
quadruple of integer parameters (N¥,Q,P,5). The example shows that there is
still an arbitrariness in this parametrization: the same string C can be
represeanted by many different quadruples. A unique representation is

derived in the next section.

2.4.2 The (n,q,p,s)-parametrization

From eq.(2.22) it is seen that N is the number of elements of C. Therefore

the uniquely determined standard value of n of N can be defined simply by:

n is the number of elements of C.

For the determination of the standard value of Q,P and S, it is convenient

to lntroduce a string C, as:
2 eyl e &
G, o= ta(i s)J tﬁ“ s l)J, 1eZ (2.25)

Note that C is the part of C_ in the interval i=1,2,...,N, and hence c, is

an infinite extension of C. We have seen that C does not uniquely
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determine the parameterg P and Q; hence Cm is not unique either. For the
example given before, the representation of the string 100100100100 as the
digitization of y = %%(x—lo) leads to a string C_ with a period of 31, the
representation as the string of y = Tg(x~10) to a C_ with period 16.

The parameter Q has the following property:

Lemma 2.4

Q is the smallest periodicity of C_.

Proof
By substitution in eq.(2.25) it is obvious that Ci4q = S and
therefore that C_ has a periodicity Q. Suppose C_ has a shorter
periodicity K, with 0 < K < Q. If Q = 1 this is impossible. If Q # 1,
we can always find a value of j such that ey = 0 and Ci4K = 1. This
will now be shown. The demands are:

e |~_(._j_+19_PJL(_lQ+_WBJ y

Q Q Q Q Q
Using eq.(2.2la), the first condition is equivalent to
P
g»< (e L(j—s)%J <13 ‘or g-< ig-mod L e (2.26)

(where we introduced J=j-s), and by eq.(2.21b), the second condition
is equivalent to

P /B
q mod 1 < Q

To determine a value of j such that the conditions of eqs.(2.26,27)

are not contradictory, two cases are examined separately:

a) P/Q <1 - (KP/Q mod 1).
In this case J is chosen such that (JP/Q mod 1) = 1-(KP/Q mod 1).
Since the right hand side of this equality is one of the fractions
0/Q, 1/Q,+++,(Q-1)/Q it follows from lemma 2.2 that J exists.
Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 = {(JP/Q mod 1)
+ (KP/Q mod 1)}mod 1 =1 mod 1 = 0 < P/Q, eq.(2.27) is also
satisfied.

b) P/Q > 1 - (KP/Q mod 1).
In this case, choose J such that [JP/Q mod 1) = P/Q. Eq.(2.26) is
satisfied, and (J+K)P/Q mod 1 = {(JP/% mod 1) + SKP/Q mod 1)} mod 1

06 (RS — L(j—sﬂ()%J < %, or 0 < (JHK)

= [p/Q + (KP/Q mod 1)} mod 1 = B/Q + (KP/Q mod 1) -1 < P/Q implies
that eq.(2.27) is also satisfied.
In both cases, we have the contradiction Cs #c I+ which implies
that the string C_ has no periodicity K smat{er tﬁan 6. Hence Q 1s the
smallest periodicity.
QED

It is obvious that the smallest period of a string Ccn of the form
eq.(2.25) which is identical to C on the finite interval i = 1,2,...,n, is

q
Definition 2.7 pi=. - o

33

at most n (with the understanding that the periodicity is n 1if the string
is completely aperiodic on the interval considered). This smallest

periodicity 1is ctaken as the standard value for Q, and denoted by q.

q = m‘{j;n {eell 2 il k=n v Vie{1,2,...,0k}: ey = Ci+k}

For any straight string C, q is uniquely determined by this definition.
For the example string 100100100100, q equals 3.

In C  defined by eq.(2.25) the parameter P has the property:

Q
Lemma 2.5 P= I Coy
i=1
Proof P P
Since Corls 6{1—3) = [a(i—s«l{J we have, within one period Q:
- p Ser0 1 P-1
Cay = 1 1ff o(1-5) mod 1 < {5’5""’7}
= P S 1
Pt EE a(i—s) mod 1 = {5’7""’%}

Since P/Q is irreducible, lemma 2.2 yields that every value in the two
sets occurs once and only once if i assumes Q consecutive values.

Hence C°i=1 occurs P times, and cmi=0 occurs Q-P times, and the lemma
follows.

QED

Since q is only a special choice for Q, defined in the finite string C

instead of Cm, we can define the standard value p of P corresponding to
this choice as:

Note that this definition applies only in the standard situation, since
then the string consists of chaincode elements 0 and/or 1. Definition 2.7

then defines p uniquely. For the example string 100100100100, p equals 1.

In C,» the parameter S has the property:
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Lemma 2.6

S is the unique integer in the range 0 < S < Q satisfying:

VieZ: e, - [%(1—5)J = [%(1—5—14

Proof
It is obvious from eq.(2.25) that S satisfies this condition. It
remains to show that S is the unique solution. We do this by a
reductio ad absurdum.
Suppose S' # S also satisfies the condition. If Q = 1 this is imposs—
ible, since there is only one S in the range 0 ¢ 8§ < Q namely S = 0.
1f Q # 1 we derive a contradiction by finding a value of j for which

1% 17
o, = '-SJ—[_ '—s—1J=o
o3 = [§0® ] - [Fosn
but simultaneously
2 15
oy = [Basn] - [Bastn | = 1
 j La(] ) 5(3 )
By an argument completely analogous to the proof of lemma 2.4 (by
putting S + K = 8') we can show that a value of j can always be found,

and hence a contradiction is inevitable.
QED

As in the case of q and p, s is defined by applying lemma 2.6 to C:

Definition 2.8: s
Let ¢y be the i-th element of C. Then s is the unique integer in the

range 0 € s < q for which
Vie {1,2,..0,0) ¢ ¢ = Hl(i-s)J = L—g(i-s—l)J

For the example string 100100100100, s equals 1.
It is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-8
that the quadruple (n,q,p,s) can be determined uniquely from the string C,
thus:
Lemma 2.7

Given a straight string C, one can determine the quadruple of

parameters (n,q,p,s) uniquely.

The converse is also true:
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Lemma 2.8
If the quadruple (n,q,p,s) can be determined from a string C, then C
is a straight string, uniquely determined by n, q, p and s.

Proof
Definitions 2.5-8 imply that the string C can be written uniquely as:

ccii= L%(i—s)J - Lap(i—s—l)J, Sl oon

To show that this is a straight string, a line should be given which
has C as its digitization. Such a line is

y(x) = %c + %1- %s (2.28)

as follows immediately by applying eq.(2.5).
QED

Combining the lemmas 2.7 and 2.8 we obtain

Theorem 2.2 (Main Theorem of [Dorst & Smeulders 1984])
A straight string C in the standard situation can be mapped

bijectively onto the quadruple (n,q,p,s) defined by:
n is the number of elements of C

q= mli(n{ke{L,Z,...,n} k=n v Vie{1,2,...,0k}: ;= el
3

e
=1

s (030L0 e Rl AR T o = E(i_s)J _Lg(i_s—l)‘(
where ¢y is the i-th element of C.

In other words, all information present in the string C is contained in
the quadruple (n,q,p,s). It is therefore possible to give a unique
representation of a straight string in terms C in terms of n, q, p and S,

which will be denoted by DSLS(n,q,p,s):
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Figure 2.6 The continuous straight line y = g(x—s) + /237 and the corres-
ponding 8-connected 0BQ chaincode string DSLS(n,q,p,8) .

Definition 2.9: DSLS(n,q,P,s)
DSLS(n,q,p,s) is the discrete straight line segment of which the

chaincode string C is defined by:
Cicg= L%(i—s)J - [—E(i—s—l)J S E el oy (2.29)

Thus the example string 100100100100 can be written as DSLS(12,3,1,1).
Eq.(2.29) implies that C is -among others- the string of the continuous

line
y = %(x—s) + F—ﬂ (2.30)

The termléEJ in eq.(2.30) is added to make the line one that is in the
q

standard situation, with 0 < e < 1 . This line and the corresponding

string are depicted in Fig.2.6, together with an indication of the

parameter tuple (n,q,p,s)-

3. Structure and Anisotropy

3.1 INTRODUCING SPIROGRAPHS

Straight strings have a certain structure, which distinguishes them from
non-straight strings. This structure is closely related to number
theoretical properties of the slope of the straight line. It is this
relation that will be studied in this chapter. Variation of the slope will
reveal the anisotropic behaviour of straight line digitization; this will
be reflected both in the structure of the string, and in the accuracy with
which the position of the original straight line can be determined from
the digitization points. To study these angle-dependent effects, a
convenient representation for continuous straight lines on a square grid

is introduced: spirographs.

Consider figure 3.1, where a line y = ax + e has been drawn in the
standard situation of section 2.1.1, extending over n columns of the grid.
Varying the value of the intercept e, keeping the slope @ constant, will
produce changes in the string of the line if and only if it traverses a
discrete grid point in one of the columns considered (for 0BQ-
digitization). The pattern of change is periodic with period 1 in e, due
to the periodicity of the grid. The vertical distance between 'critical’
lines (lines that pass through a grid point in one of the columns
considered) can be found as vertical distances in the intercepts of these
lines with x=0, the y-axis. In fact, the intercept points form the image
of the grid under projection on the y-axis by lines with a slope a; it is
the grid as viewed from the direction . Note that the images of two grid
points (i,j) and (i+l,j) are separated by a distance x. As « changes, so
does the pattern of projected points and -possibly- also the string of the
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Pigure 3.1 a) A line on the grid (fat) with a fized slope a and project-
ions of the grid points to the first colum z=0.

b) The spirograph corresponding to the situation a).

line. To study the changes in the string more conveniently, diagrams are
used, representing the projection points in the interval x=0, 0 < y < 1,
with the properties mentioned above, after an idea of [Duin 1981]. These

diagrams are called spirographs.

The spirograph corresponding to figure 3.la is drawn in figure 3.lb. It is
the interval 0 € y < 1 of column O with the projections of the points in
the columns of the grid, 'wrapped around' to a circle with circumference 1
in order to show the periodicity in the pattern of the projections. The
projection of a point in column i is indicated by a point labeled i in the

spirograph. (It is convenient to plot the point 0 always at the top).
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There are thus n+l points (0,1,2,...,n) and the arclength between the
points 1 and i+l 1s a. To show the sequence of points more clearly chords
have been drawn, directed from a point i to a point i+l. The complete
diagram is called a spirograph because of its resemblance to a children's
toy for drawing fancy curves. Since it is completely defined by « and n it
will be indlcated by SPIRO(a,n).

The study of spirographs will yield quantitative measures for the
anisotropic behaviour of the discrete representation of straight lines. To
see how this occurs, note that a line £ with slope & and intercept e is
projected to a point y = e in the first column and hence is represented in
the spirograph by a point P at a distance e to the left of the point O
(measured along the arc). If the line is shifted vertically upwards on the
grid, the string will change if and only if it traverses a grid point. A

shift is called detectable if this happens. Let the worst-case positional

inaccuracy Smax(u,n) of lines with a slope @ within n columns of the grid

be defined as the maximum non-detectable shift. Since the transition of a
line & over a grid point corresponds to the transition of the corres—
ponding point P over a point in the spirograph SPIRO(a,n) , Smax(a,n) is
just the length of the largest arc in the spirograph SPIRO(2,n). A 'spiro-
graph theory', giving expressions for the lengths of the arcs in a spiro-—
graph and their dependency on ® and n, will thus provide expressions for
the positional inaccuracy, and hence of the angle-dependent behaviour of
the digitization of straight lines on a regular grid. This theory will be

developed in the next section.

3.2 SPIROGRAPH THEORY
3.2.1 Basic concepts

From the previous section, the definition of the spirograph SPIRO(a,n)is:
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Definition 3.1: SPIRO(a,n)

SPIRO(@,n) is a circle with unit perimeter with n points marked 0,
1,2,...,n on its circumference. Points with consecutive labels are
separated by an arc of length « (measured clockwise) and are
connected by a direceted chord pointing from the point i-1 to the
point 1.

The number n is the order of the spirograph. SPIRO(atk,n) with k an
integer is indistinguishable from SPIRO(®,n). Therefore a« is assumed to
lie in the range 0 < a < 1. A drawing of SPIR0O(3/10,5) is given in
Fig.3.2.

As the distance D(1,j) between two points i and j of SPIRO(a,n) we define
the length of the arc lying counter-clockwise of 1 extending to j:

Definition 3.2: D(i,j)
D(1,3) = (1-)e - |(1-3)2] , with1 <1 <nandl < j<n (3e1)

Here |x] is the floor-function, defined in eq.(2.4) together with the

ceiling function [x]. Useful relationships between |x] and [x] are:

[x[E=_f=x]
0 if x is integer

Ix1 - 1x] =I 1 1if x is non-integer )

The distance D defined by eq.(3.1) has several properties which are easily
verified:

Lemma 3.1
a)- 0% DI, 1) <1

0 if (i-j)a is an integer
1 if (i-j)a is non-integer

e) D(1,3) = D(i,k) + D(k,3) (modulo 1)

d) Every distance between two points can be written in a standard

b) D(i,i) + D(J,1) =

form, i.e. D(k,0) or D(0,k), with k a point in the spirograph.
This 1s the distance of one of the points in the spirograph to the
point O.
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Proof:
a), b) and c) are trivial from the definition of D(i,j). d) also
follows immediately, for D(i,j) = D(i-j,0) if 1 » j and D(i,j) =
D(0,j-1) 1if i < j.
} QED

Let N be the set of points with labels 1,2,...,n in SPIRO(a,n) (Note
that the point 0 is not included!). The distances of the points lying
closest clockwise and counter-clockwise to 0 will play an important part
in the theory and thus need to be defined carefully. As an example, these

are the points 4 (clockwise) and 3 (counter-clockwise) if Fig.3.2.

Definition 3.3: R,r,L,%
R = min{D(k,0) | ke N} (@.3)
r = min{keN’| D(k,0) = R} (3.4)
= min{D(0,k) | ke A D(0,k) # 0} (3.5)
2 = max{keN'| D(0,k) = 1} (3.6)

In words, R is the smallest distance to the right (clockwise) of the point
0, L is the smallest distance to the left (counter—clockwise), and r
and & are the points determining these distances. Note that r cannot be
zero, and that if @=0, L and thus & are not defined, since eq.(3.5)
demands that D(0,%)#0. In that case we define L=1 and %=n, in agreement
with lim L = 1 and 1lim % = n.

at0 av0
For an example of a spirograph and the corresponding values of R, r, L

and &, see Fig. 3.2.

5
Figure 3.2 The spirograph SPIRO( 3/10,5). Here, R=1/5, r=4, T=1/105% 3=
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3.2.2 Neigbouring points

In this subsection the central theorem of spirograph theory will be

proved, giving the arc lengths in the splrograph. First, some lemmas.

Lemma 3.2
a)—13peN : D(p,0) < R
b)13peN : D(O,p) < L
("—13peN :" means "there is no point p in N’ for which:™)

Proof: This follows immediately from eg.(3.3) and (3.5). QED
Lemma 3.3
a) ( D(1,0) =D(3,0) AR*0 ) =>i=3}

b) ( D(i,0) = D(j,0) AR=0 ) => 1= j+mr, with m an integer

Proof:
Let 1>j. D(i,0)=D(j,0) implies that D(i-j,0)=0, with 0 < (i-j) < n.
When R#0, lemma 1 yields that D(i-j,0) can not be 0 for (i-j) =
1,2,++4,n, so we must have (i-3j)=0. When R=0 eq.(3.4) yields D(r,0)=0,
so we can write D(i-j,0) = 0 = mD(r,0) = D(mr,0), which implies that
(i-3j) = amr.
QED

In words, lemma 3.3 means that points are uniquely determined by their
distance to 0 if R#0: their are no overlapping points. If R=0, overlap

occurs, and the distances determine the points uniquely modulo r.

After the special points and their properties we introduce the definition

of the right-neighbour in of a point i1 in the spirograph:

Definition 3.4: Ri
i=Ri< 3+ 1 a3peN : O(p,5) < D(5,i) » pri) (3.7)

In words: j is the right-neighbour of i if and only if j is not equal to i
and if there is no point p, different from i, lying closer to 1 than j.

Thus F‘i is the closest point to the right of i.
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4
1 2
2 2 ! 1
4
a b e

Figure 3.3 On the definition of right-neighbour
a) No overlapping points: the right-neighbours are unique.
b) Overlapping points: ambiguity arises for the point 2.

c¢) Situation b) resolved by a small increase of o.

Bq.(3.7) assigns to each point of the spirograph a unique right-neighbour
when R#¥0. For suppose that both j and k were right-neighbours of i. Then
the second part of eq.(3.7) requires that D(j,1)=D(k,i), since otherwise a
contradiction would occur. This implies that D(j,0) = D(k,0) and when R#0
lemma 3.3a yields k=j.

When R=0 we would have k = j+tmr (lemma 3.3b), so the right-neighbour would
then not be unique. The uniqueness can be repaired by replacing @ in the
definition of D(i,3) by the slightly greater value a'= a+dx such

that &' is non-rational, and taking the limit for da > 0. We will show
later that this can always be done without changing the 'point-order' of
the spirograph by taking da < n_z. Because «' is non-rational, R can not
be 0. (This would imply that there is an integer r such that a'r - La'rJ

= 0, which is impossible for non-rational @'.) . For an example of the

application of this extended definition, see Fig.3.3.

The right-neighbour of each point of the spirograph is given by:

Theorem 3.1 (Central Theorem of Spirograph Theory)

a) 0¢i<ntl-r & Ri-r o(Ri,1) - »
b) nHl-r < i < & < Ri=itr-2 Ri,i)=r+1L
c) 2<1<aq < Ri =i p(Ri1,1) = 1
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Proof:

The second part of a), b) and c¢) in the theorem follows immediately
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is in all
cases essentially the same. We will therefore prove a) only.
We will show that i+r is the right-neighbour of i if 0 < i < n+l-r.
Note first that i # i+r, since r > 0 by definition 3.3. Thus the first
requirement of definition 3.4 is satisfied. The second will be proved
by a reductio ad absurdum. Suppose there is a polnt p not equal to i
for which D(p,1) < D(i+r,1) = R. If p > i this would imply D(p-i,0) <
R and since 0 < p-i < n we have (p-i)c N'. This is a contradiction
with lemma 3.2a. If p < i we can also find a point of the spirograph
at distance smaller than R to the right of 0, for from the assumption
D(p,1) < R it follows that D(i+r-p,0) = D(r,0) -~ D(p,i) < R. The point
i+r-p is a point of the spirograph, since 0 < r < i+r-p < n+l-p when
0 < i < ntl-r. Again, this is a contradiction with lemma 3.2a. Hence
the point i+r is a right-neighbour of i, and, due to the uniqueness of
the right-neighbour, also the right-neighbour of i

QED

The reason this theorem is called the 'central theorem' is that it
specifies all arclengths. Since all distances D(i,j) are composed of
arclengths, the theorem implies that all distances between points of the
spirograph are of the form (aR+bL), with a and b integers.

In section 3.1, the length of the arcs in the spirographs were shown to be
equal to the vertical distances over which a line can be shifted without
changing the chaincode string. Hence theorem 3.1 can be applied directly
to give the positional accuracy of a line on a square grid. This will be

done later, in section 3.4.

3.2.3 Changing the order of the spirograph

In this subsection, some further theorems are proved which show how a

spirograph changes if n is changed.

Theorem 3.2
If the order of a spirograph of order n with a certain value for r
and £ 1is increased to nt+l, then a change in the value of r or £ will

occur if and only if nt+l = r+l.

Proof:
The values of R, r, & and L in a spirograph of a certain order m will
be indicated by R(m), r(m), #(m) and L(m). The transition from a
spirograph of order m to order mtl is the addition of a point labelled

(m+1)

1 R(m+1)
1
1

3 L(m) R(m) /

Figure 3.4 To the proof of theorem &.2.

m+l to the spirograph of order m, at a distance a to the right of

point m.

a) Suppose m+l = r(m)+L(m). If R(m) > L(m) we have: D(m+l,0) =
D(r(m),0)-D(0,%(m)) = R(m)-L(m) < R(m) and if R(m) < L(m):
p(0,m+1) = p(0,2(m))-d(r(m),0) = L(m)-R(m) < L(m). So if

R(e) > L(m), R is changed to R(mtl) = R(m)-L(m) and r is changed
to r(mrl) = r(m)+2(m) . If R(m) < L(m), L is changed to L(mtl) =
L(m)-R(m) and & to &(mFl) = L(m)+r(m) . Hence either r or % change
if ml = o+l .

b) Conversely, when r or % is changed, mtl must be equal to r+& . For
let us suppose that, with the increment of the order, r and thus R
changes, so D(m+l,0) = R(m+l) (see Fig.3.4). This means that one
of the arcs of length R(m) (namely the one between 0 and r(m)) 1
split into two arcs, one of length R(m+l) and one of length (R(m)-
R(m+l)]. The length R(mtl) was not yet present in the spirograph
of order m, and the only way to avoid the presence of four
different arclengths in the spirograph of order m+l (which would
be a contradiction with theorem 3.1) is that (R(m)—R(m+1)) is an
arclength also present in the spirograph of order m. Since (R(m)—
R(m+1)§ < R(m) we must have (R(m)-R(m+l)2 = L(m). This implies
that D(m+l,0) = R(ml) = (R(m)-L(m)) = D(r(m)+&(m),0) , so, using
lemma 3.3, mtl = Er(m)+l(m)). The same conclusion is reached under
the assumption that L and thus L changes. o

It follows from the proof of theorem 3.2 that the order n of a spirograph
cannot exceed r+%, since then either r or £ changes to a new and greater

value. Thus, a corollary to theorem 3.2 is:

Theorem 3.3 For any spirograph SPIRO(a,n): n < r+2

Both theorems are illustrated in Fig.3.5.

3.2.4 Preserving the point order: Farey Series

Not every change in @ leads to essential changes in the spirograph, with

points on the circumference of the spirograph moving over one another.
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Q Q 0 Theorem 3.2.4
3 3 SPIRO(x',n) has the same poilnt-order as SPIRO(x,n) iff:
loer [al]
L 121 ¢ o 2L (3.8)
1 1 1 These bounds for @ will now be shown to be the best rational approxima-
tions for « with fractions whose denominator does not exceed n (i.e. there
2 a 2 b 2 c is no fraction p/q with q € n strictly between jar|/r and [al]/L ).

Q Q Q
3 2 3 7 The proof of this fact makes use of some properties of Farey-series which
6 are well-known in number theory (see [Hardy and Wright 1979, 3.1]). These
b g J g properties are given here as lemmas 3.4-6.
1 ! 1 Definition 3.6: Farey Series
> A Farey-series of order n (notation F(n)) is defined as the ascending
2 2
d 5 e 5 f

series of irreducible fractions between 0 and 1 whose denominators do
not exceed n.
Figure 3.5 Spirographs SPIRO(a,n) of fized slope a, for increasing order
. Example: F(6) is th feagie =it e m e | S
n. The values of (n,r %) are, for these figures: a) (2,1,2); ample: F(6) is the series { }

)R (A RIe)Rl o) S (@ H518) 50 i )en(ayd o5 ) (652, 8) 58 PIN (2, 7, 8)%
An important property of a Farey series is:

Just which values of @ do lead to such changes is studied in this section.
Lemma 3.4

1f py/qy, py/q, and 133/q3 are three successive terms of F(n), then
Definition 3.5: point-order

The point-order of a spirograph SPIRO(x,n) is defined as the sequence p2 P1+p3
of the labels of the points on the circumference of the spirograph. q2 q1+q3

An equivalent property is:
We are interested in the set of all spirographs having the same point-
' ;
order as a given spirograph SPIRO(a',n). Obviously these spirographs er 5.5
should all have the same n, but may vary in their value for «. The demand
If pl/ql and x:zz/q2 are two successive terms of F(n), then
that the sequence of labels should be the same implies that each point

should keep the same right-neighbour when @ varies, and this is only = i
a,-p,4, =
guaranteed if D(Ri,i) > 0 for every i. Hence theorem 3.1 yields that the 2gl 12

strictest bounds on & are given by R > 0 and L > 0. In fact the extended A consequence of this theorem is that the interval between two fractions
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By /

py/q; and p,/qy equals:
definition R = ar—|ar| and L = [al]-af , so we have:
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P
S2 el sl 12 e (3.9)
We will also need:

Lemma 3.6
Lf pl/q1 and pz/qz are two consecutive fractions in some Farey series,

then (p1+p2)/(q1+q2) is an irreducible fraction.

Proofs:
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the
proof of lemma 3.6, can be found in [Hardy and Wright 1979, 3.1].
QED

The theorem connecting spirographs with Farey-series is:

Theorem 3.5
The fractions [ar|/r and [af]/R&, with r and % obtained from the spiro-

graph SPIRO(a,n), are two successive fractions in F(n).

Proof:

First, it is shown that |ar|/r and [al]/& are terms of F(n).

a) \arj/r is irreducible. For if we suppose that |ar] and r have a
common factor k, it follows that r/k and |ar|/k are integers.
Eq.(2.4a) then implies that [ar]/k = |ar/k] . Therefore we have

R = D(r,0) = ar-|ar| = k{ar/k-|ar|/k} > ar/k-|ar/k] = D(r/k,0).
Since R/k is a point in the spirograph we have a contradiction
with eq.(3.3). Hence |ar|/r is irreducible.

b) 1In the same way it follows that [al]l/f is irreducible.

c) By definition 3.3, r and X are points of SPIRO(x,n), so r < n
and & < n .

From a, b and c it follows that |ar]/r and [al]/% are terms of F(n).

It is left to prove that they are successive terms. According to lemma

3.4 and 3.6 in some Farey series there is an irreducible fraction

{1or)+Ta’1}/(r+L) lying between |ar]/r and [af]/&. Since r and L were

obtained from the spirograph of order n, theorem 3.3 yields r+& > n ,

so {[ur1+]u21}/(r+l) can not be a fraction of F(n). This implies that

ler|/r and [al]l/& are successive in F(n).

QED

It follows from eq.(3.8) that |ar]/r and [¢&]/& are boundaries for & pre-
serving the point-—order of the spirograph SPIRO(x,n). We now find that
they are also the best lower and upper bound for « in F(n). For the

difference of the bounds given in eq.(3.8) we thus have:
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[af] _ |or] _ rfal]-Rjar] _ 2

e =1 = 1/r > 1/n (3.10)
where theorem 3.5 and lemma 3.5 were used. Hence it is always possible to
make the modification to the definition of 3.4 of a right-neighbour,

guaranteeing its uniqueness.

3.2.5 The Continued Fractions Algorithm

There is a way to find the neighbours for « in F(n) quickly by means of
the continued fractions algorithm, well-known in number theory. This was
shown in [Hurwitz 1894]. Since the result will be important for a fast
string code generation algorithm (line synthesis - graphics), and for the
linearity conditions (line analysis - measurement), we will derive this

method using spirographs.
Let us put, for convenience,

Dy = S [OE [N N S (3.11)
py = [ed] 5 q

]
P

then the bounds on @ in theorem 3.5 are given by:
pi/ay < @< py/a, (3.12)

where pl/ql and pZ/qZ are two succesive fractions in F(n). Lemma 3.4 shows
that the next bound to appear if n is increased is (p1+p2)/(q1+q2). Let us
suppose this is an upper bound, then the new bounds on a are pl/ql< a <
(P1+D2)/(q1+q2). Again applying lemma 3.4 the next bound to appear is
(2p1+p2)/(2ql+q2). Suppose this is also an upper bound. Then continueing

in this way we find that the bounds of « have the form:

P mp.+p
=L hnre = Ll h i el
pZ mq1+q2 (where m is a positive integer) (3.13)

if, starting from eq.(3.12) a series of changes of the upper bound takes

place. Similarly, the bounds of @ can be written as
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p,tmp P
152 o2

(where m is a positive integer) (3.14)
4;7ng, 2

if a series of succesive changes in the lower bound takes place.
Let us call the successive bounds pi/qi’ then the following theorem can be

proved:

Theorem 3.6
The fractions pl/ql and pz/qz, bounding @ in SPIRO(x,n) are found by
the following algorithm: p
a) First calculate the convergents 6% according to the 'continued

fraction algorithm':

o A 1 ? t
ao =aft S ai+1 e [a.J 1542 0
i i

) :
i o |l== (3515)
i aiJ

= = = >

P—'L s PO ey Pi+l mi+lPi + Pi—l_ M 0

i =ik = + i >
Qe =lOE g =L s 0y s e a0
until Qi+l > n. Let the i for which this happens be I.

b) The fractions Pl/ql and p2/q2 are the 'intermediate convergents':

b =)
1-1
SR
— and (3.16)
Qr B e
g o J Qp

p P
If I is even, the first fraction is al and the second EE it el 'sgodd

the reverse is true.

Proof:
Assume that « is real and that the upper bound for a has just been
fixed on the value P ~1/Qi— , and the present value for the lower
bound is P, _ /Qi~2' increas ng the order n will then result in a
change of the lower bound as in eq.(3.14). The end of the series of
changes in the lower bound is determined by the value m of m

satisfying:
b e Nt W (317
1%t Qo Ee N )

since the next bound is an upper bound. Eq.(3.17) can be rewritten as:

st

“hear Yy Weom By
T = L e oy < Pii ao0he (3.18)
=1 =1 1= 1=
and since my_; should be integer the solution is:
a7 e :
LIS e aQ-——— =z (3.19)
=it 41 g=1
where is defined as:
1= e g
x - =1 Qi"l (3.20)
= aQi_z- Pi—2
1f ve now define as recursive relations for P; and Q;:
B.S e g% s
i il 150 (3.21)
= =
= et e

then the new bounds for @ are P;/Q; < @ < Pi—l/Qi— . Further increas-—
ing the order will now change the upper bound as given in eq.(3.13)

until m has the value my satisfying:

(m1+1)Pi+ Pi—1< 3= miPi + Pi—l -
+ aF 5
(0RO TR
since the next bound will be a lower bound. Again @y should be
integer, and the solution to eq.(3.22) is:
P -
i il e
i a — = =
S T s M)
bl TEG O
= i _|\l (3.23)
S| aen

where eq.(3.20) was used to rewrite the expression. Comparison with
eq.(3.19) shows that m; can be rewritten in the same form as m;_,,
namely

e
1 = (3.24)

if we define:

i e S LAJ__J 3.25
S it e
This is a recursive relation for LI Further increasing the order will
change the lower bound again and in the same way as before, m and m =5
zan(;ezgilculated. It is then found that the recursive relation of
q.(3. also holds for a and eq.(3.24) for m S
Thus the P, and Q,, indica%?%g the fractions at wﬁ?gh changes in the
upper bounés are followed by changes in the lower bound (or vice
versa) can be computed by eq.(3.21), where the m; are found from
€q.(3.24) and the oy from eq.(3.25). This yields eq.(3.15), the first
part of the theorem. The initial values in eq.(3.15) were found by
straightforward computations from the simplest spirographs.
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These 'convergents' P /Qi can now be used to calculate the best bounds
in the Farey-series, %y interpolation along the lines indicated above.
This is straightforward and produces eq.(3.16)

QED

The algorithm of eq.(3.15) is the continued fractions algorithm well-known

from number theory (see e.g [Hardy & Wright 1979, Ch.10]). The m; are the

coefficients of the continued fraction expansion of a, commonly denoted

) , implying that a can be written as

by: a = (mo,ml,...,mi,...
s 1
) m, + L
0 m + 1 . (3.26)
s S
2 i 1
2a T

If @ is rational the expansion ends; for irrational a it does not.

As an example, consider ®=1/m and n=14. The working of the continued
fraction algorithm is given in Table 3.1 The convergents are the fractions
Pg/Qy=0/1, P;/Q;=1/3, P,/Qy=7/22, so I=l. Eq.(3.16) then yields the bounds
4/13 < 1/ < 1/3 in F(14).

Table 3.1 The continued fraction algorithm of theorem 3.6 and the string

generation algorithm of theorem 3.7 for the line y=c/m.

& my i& differently defined in eq.(3.15) and eq.(3.29D).

2 o qm P | % [ Yaye | L
=) 1 || 0

0 3183 | 3*| o 1 0

1 .1416 7 it 3 | o1

2 0625 | 15 7| 22 0(0%1)’

3 .9966 1 | 106 | 333 | (0¢0%1)7)15¢0%1)

4 .0034 | 292 133747355 0(0%1)7((0(0%1)7) 2 (021))*
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3.3 THE STRUCTURE OF A STRAIGHT STRING

The algorithm of [Bresenham 1965] is the first algorithm to generate a
straight string. It does so by testing a condition for every chaincode
generated, and produces the chaincodes immediately, in the correct order.
This algorithm was developed in the time of pen-plotters, when this was no
objection. With the advent of raster scan devices, the interest grew to
expand this algorithm and generate runs of chaincode elements rather than
single codes. Such an algorithm is given in [Pitteway & Green 1982]. The
structure of straight strings, revealed by the 'linearity conditions',
allows even more advanced, so-called structural algorithms. The first was
given by [Brons 1974]. [Wu 1982] proves both the linearity conditions and
the Brons algorithm. Indepently and simultaneously, a proof based on

spirograph theory was found. It is given in this section.

3.3.1 Straight strings and fractions

The connection between strings and fractions was already briefly indicated

in chapter 1. A precise formulation is the following.

Lemma 3.7
The first n elements of the OBQ-string of the line y = ax are ident-

ical to the first n elements of the OBQ-string of the line y = g Xy

where gris the best lower bound on « in F(n).

Proof:
See Fig.3.6. Each point P: (x',y') of the grid determines a line OP
with equation y = xy'/x'. A line with the same OBQ-string as y = ax is
the line with the maximum slope y'/x' such that there is no point in
the shaded triangle in Fig.3.6, bounded by the lines y =0x, y=
xy'/x' and y = n. Thus y'/x' must be the maximum rational number not
exceeding ¢ with denominator not exceeding n, and hence the best lower
bound of &« in F(n).

QED

P

A bound Fen corresponds to a line y = £ x in the grid, and hence to a
. q

chaincode string. With increasing n, the bounds become more accurate, and

chaincode strings are concatenated. The relation between these two

occurrences is given by the following lemma.
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Figure 3.6 To the proof of lemma 3.7.
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Figure 3.7 To the proof of lemma &8

Lemma 3.8
If py/qq and pz/q2 are an upper and a lower bound on « in some Farey-
series and the corresponding chaincode strings are U ana L, then the

chaincode string corresponding to (p1+p2)/(ql+q2) is LlJ.

(The notation LJJ means: the string L followed by the string lJ. We will
use LnlJm as shorthand for: n repetitions of L followed by m repetitions

of U

Proof:
See Fig.3.7. The chaincode string to the point Q is the string of the

best lower bound of (py+pp)/(qitdqy). Since p /q; and BolidoReCs
consecutive fractions in some Farey-series, %p1+p2)/(q1+q2) is the
fraction with the lowest denominator lying between Pl/ql and pzlqz
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(lemma 3.4). Therefore the parallellogram OP,QP; does not contain a
grid point, and we can compose the string of 0Q by the strings of the
parts OP1 (this is L) and PIQ (which 1s the same as the string of
0P,, and hence is U). Thus the string of 0Q is LU.

QED

Note that the visualisation of fractlons as vectors in the grid is
consistent with the Farey-interpolation formula in lemma 3.4, which adds
numerator and denomlnator as if they were the components of a vector.
Lemma 3.5 then states that the vectors corresponding to two neighbouring
fractions in a Farey series span a parallellogram of area l. This implies

that that there is no discrete point within the parallellogram.

3.3.2. A Straight String Generation Algorithm

The relation between spirographs, Farey-series and continued fractions
leads directly to a set of recursive relations describing the structure of

the chaincode string of a straight line.

Let the chaincode strings corresponding to the upper and lower bound of

@ in the spirograph SPIRO(x,n) be Uj and Lj (see Fig.3.8). If the order
of the spirograph is increased, eventually one of the bounds will change,
and the new bound is formed by the point (f+r) (Theorem 3.5, lemma 3.5).
Suppose that this is an upper bound on @, so that the point (f+r) lies to
the left of the point 0. According to lemma 3.8 the chaincode string
corresponding to this new bound is leJj (Fig.3.8). Further increasing

the order may lead to another change of the upper bound to the point

({+20) 0

Pigure 3.8 Convergence near the point 0 of a spirograph. Strings are

indicated below the corresponding point labels.
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(2+2r) , with string L?le, then to (&+3r), with string L_gle,
etcetera. If a total of my consecutive changes in the upper bound occurs

the chaincode string of the upper bound will have changed to

(mz‘)
U = Ly . U, (3.27)

The string of the lower bound is still Lj‘

Further increasing the order now leads to changes in the lower bound and
2
the string corresponding to the lower bound becomes L.jljj+1, leJj+l’

leJ3 , etcetera. If the lower bound changes m. times the resulting

ek

23+
string Lj+1 for the new lower bound is:

(m2j+l)

7 (3.28)

ool
Now the upper bound changes and the process continues as before.

Combining with the algorithm of theorem 3.6, and using the proper initial

conditions, we have:

Theorem 3.7
An algorithm to generate the string L corresponding to the

line y = ax is:

(O
2 = 2j+1
Lo =0 R LjJr1 = LjUjH
(3.29a)
(m, .)
e 23
U0 =1 e Lj Uj
skl o |l
I taJ b Ty [aj+1J
o o 1 (3.29b)
0= e (i
3 3

This algorithm generates an 8-connected chaincode string; a 4-connected
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chaincode string is generated by this algorithm if we change the

1
definition of my to my = LEJ .

Lj is the beginning of the string L; it contains the first 0y codes,

where n. is given by n.:

i Jhendy gieRuith

G5 =Ly q =1, U341 = B3935 + q4- (3.30)

(as follows from theoren 3.6). So, if the first n elements of L are
required the algorithm (3.29) is applied until nj > n. If a is irrational
the algorithm never stops; if « is rational it generates an endlessly

repeating string.

As an example, consider the line y= %x. The successive L’j and \Jj are
indicated in table 3.1. For n=14, the string is found to be the first part
of 0(021)7, which is 00010010010010.

The average order of this algorithm can be computed by noting that the
most time-consuming part is (3.29b), the calculation of the my

and ai. This part is identical to the continued fraction algorithm, which
is closely related to Euclid's algorithm. [Knuth 1971] shows that the
number of steps these algorithms require is, in worst case, 2.08 1ln(n) +
1.67 and, on average, 0.89 In(n) + 0(l), where n is the number of elements

in the string.

As already stated in the introduction, the structural algorithm of
€q.(3.29) is not new. It was given in [Brons 1974], and proved in [Wu
1982] . Recently, a new structural algorithm was developed by [Castle &
Pitteway 1986], using the palindromic structure inherent in straight
strings. It is interesting to note that both the Brons and the Castle &
Pitteway algorithm, as well as the proof of their correctness, can already
be found in [Christoffel 1875], albeit in a slightly disguised form. The
derivation of the algorithm given above provides more insight than the
derivation given by [Wu 1982], since it makes explicit the connection to
the theory of rational approximations (by Farey-series and continued

fractions) already hinted at by [Brons 1974].
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3.3.3 The linearity conditions

A thesis on digitized straight lines would not be complete without a
derivation of the linearity conditions, i.e. the conditions a chaincode
string must satisfy in order to be the string corresponding to a
continuous straight line. Historically, they were first formulated in
[Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974]
introduces the chord property, and derives properties that can be used in
a more exact formulation of Freeman's conditions. [Wu 1982] uses the
recursive structure of the [Brons 1974] algorithm as a formulation of the
linearity conditions, and shows that they are necessary and sufficient.
{Hung 1984) gives an elegant alternative formulation of the Freeman

conditions and proves the equivalence to the chord property.

The linearity conditions are easily derived from the algorithm eq.(3.29).
First it is seen from (3.29a) that the string of a line can be described
on several 'levels' j, and that on each level the structure of the line is
the same. Rewriting (3.28) we have:
m, m m,
23+1 2] 2j+1
I re=s Ll 5 ssolosGl., S
il Seeitl LJ[LJ UJ)

) i (3.31)

L2 U (LY,
J J A J

BT

Thus the chaincode string of a straight line consists, at each level, of
'runs', defined as a number of Lj followed by an le. It is immediately
clear from (3.31) that:
m7_+l
- at any level (j+l) one rum, the run L. LJj , appears isolated
= at any level (j+l) there are only two runlengths present. They are
consecutive integers (there are runs of length m) § + 2 and runs of
length oy 4 8100
This shows the necessity of the linearity conditions. The proof of
sufficiency can be found in [Wu 1982]. As in the case of the generating
algorithm, the improvement the derivation above glves over [Wu 1982] is

the explicit relation to elementary number theory.

3.4 ANISOTROPY IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES

In section 3.1 spirographs were introduced as a simple way of visualizing
the problem of the positional accuracy of a straight line on a square
grid. The labelled points of the spirograph correspond to lines passing
through grid points in the columns considered. A line y = ax + e is
represented by a point P in the spirograph, lying e to the left of the
point 0 (see Fig.3.1). The vertical distance over which the line can be
shifted without traversing a grid point is equal to the length of the arc
containing the point P. With spirograph theory, all tools are now
available to analyze the anisotropic behaviour of the positional

inaccuracy in detail.

3.4.1 The positional inaccuracy in worst case

The worst case for the positional accuracy Sm of a line with slope «,

ax
digitized to a string of n elements, can be found as the length of the
largest arc in SPIRO(a,n). Using theorem 3.1, the maximum arclength in a

spirograph is:

. 3.32
S (o) = max(R,L,Rﬂ}SPIRO(a’n) ( )

where the subscript indicates the spirograph from which R and L are to be
taken. This equation can be written in a more convenient form in terms of
R and L of SPIRO(x,n+l), using the proof of theorem 3.2:

S ax @) = CREL) o (L)

= {rag1 - |ar] + a(r-2) }SPIRO(a,m—l) (3.33)

Note that here |ar|/r and [«]/& are the best bounds of & in the Farey
series F(n+l) (see theorem 3.5). An algorithm to determine these bounds is

glven in theorem 3.6.

Fig.3.9 is a plot of S (z,n) as a function of ¢ and n. This function has
max

some properties which can be seen from the figure, and which are easily
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Figure 3.9 The worst case positional inaccuracy S (a,n) as a function
of @ for n=0 to 5.

Figure 3.10 The average positional accuracy S(a,n) as a function of «
fors n=05t0R5"
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proved. Between two fractions of F(n+l), Smax(a,n) is linear in a; 1f « is

a fraction E—of F(ntl) we have:
Py oL
Smax(aan) =% (3.34)

This implies that a minimum for Smax(a’n) is always

1
m;.n S pan(@am) = == . (3.35)

Thus the lines which have the smallest positional inaccuracy are those
with a slope p/(n+l), and the corresponding accuracy is 1/(n+l).

As an example, consider lines with slope 1/m and n=14. In that case the
bounds in F(1l4+1) are 4/13 < 1/m < 1/3, and eq.(3.33) yields Sm [%314) =
.183.

ax

3.4.2 The average positional inaccuracy

Smax(a,n) given by (3.33) is the positional inaccuracy in the worst case.
It is also possible to derive the average positional inaccuracy S(a,n),
defined as the vertical shift that may be applied on average to a line

segment with slope &,covering n columns without traversing a grid point

As we have seen in section 2.3.2, a uniform distribution of the lines in
their polar parameters r and ¢ implies a uniform distribution in e. This
means that the point P in SPIRO(2,n) representing the line y = axte (the
point lying e to the left of 0) is uniformly distributed along the
circumference of the spirograph. Hence the length of the arc of the
spirograph containing P is both a measure for the possible shift and for
the probability that this shift occurs. So, if the length of the arc
between i and R1i is called di’ the average positional inaccuracy S(o,n)
is:

S(a,n) = { % 1%+ 2RL(24+r-(n-1)) )

0 il SPIRO(a,n)

-1
o
I
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= | (2nro-dr)rint 2{lar) 2 (n+1-2) + [a2lr(ntl-T)}a +

Klarjz + rra1? + 2lar|[a](ntl-2-1) } SETRO(R )

(3.36)
where theorem 3.1 was used. Again there is an implicit dependence on « and
n, and eq.(3.36) is valid for the values of « given in eq.(3.8). Calcul-
ation of eq.(3.36) at the bounds of this range yields:

[af]

sdfflny =1 ana sclfhm - 3 (3.37)

Theorem 3.5 states that the consecutive bounds for o are successive terms
of F(n). Thus the first time the fraction g'occurs as a bound is when the
order is q, and since gris a term of all F(n) with n ? q, it willlbe a
bound for all higher orders. Furthermore, the value of S(%,n) is a—for all
n > q. If, in some interval of values for n, the bounds given by eq.(3.8)

do not change, eq.(3.36) shows that S(z,n) is linear in n for a given a.

These properties are clearly seen in the plots of Fig.3.10, which give
S(¢,n) as a function of « for several values of m. Note that for all «
and n:
4 (3.38)
S(&,n) » —=
If S(a,n) is needed for some @ and n the values of r and % can be obtained

by the algorithm given in theorem 3.6



4. Digitization

Digitization of straight line segments can be considered as a mapping D of
the set of continuous straight line segments £ to the set of discrete
straight line segments C , conveniently coded by straight strings. The
mapping of a line & to its string ¢ was treated in chapter 2. Since a
string can represent the digitization of several continuous lines, the
inverse mapping is not one-to-one. The 'inverse digitzation' can be
completely described, however, by specifying the equivalence classes of

the strings, called domains.

The domain of a straight string c is defined as the set of all lines whose
digitization is a given string c. It is the purpose of this chapter to
derive the 'domain theorem', a mathematical expression for the domain of

an arbitrary straight string c.

4.1 REPRESENTATION IN (e,x)-SPACE

The study of the digitization D as a mapping requires a representation of
the set of continuous straight line segments. A very convenient represent—
ation is the parameter space of straight lines. This section introduces

the basic terms and diagrams.

Definition 4.1: (x,y)-space

(x,y)-space is the two-dimensional Euclidean plane, with Cartesian

coordinates x and y relative to an origin 0.
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A line in (x,y)-space is given by the familiar equation y = ax + e and is
thus characterized by two parameters e and a. Such a line is represented
by a point in its parameter space, called '(e,ax)-space' or

(slope,intercept)-space ([Rosenfeld & Kak 1982]).

Definition 4.2: (e,x)-space

(e,x)-space is the parameter space of infinite straight lines

y = ax + e in (x,y)-space.
The relationship between the two spaces is thus completely given by the
formula y = ax + e which is the parameter transformation mapping one space

into the other.

Definition 4.3: line-parameter transformation (LPT)

The conversion of (part of) (x,y)-space into (part of) (e,a)-space ,
or vice versa, by means of the equations
y=ax + e (4.1)
e=-0ax+y

is called the line-parameter transformation (CERT) -

This line-parameter transform is a special case of well-known parameter
transforms called 'Hough-transforms' [Hough 1962]. Vossepoel & Smeulders
[1982] computed the integration domains for straight line length estim-—

ators by a method which is equivalent to using the LPT.

Applying the LPT to points in (x,y)-space, we find that these are trans-—

formed to lines in (e,x)-space: the transformation of (x',y') is the line

e=y' if x'=0

= = I T Ve h i 4.2
= T e o= otherwise (4.2)

Thus a duality exists between points and lines in (x,y)-space and lines

and points in (e,x)-space. This is illustrated in Fig.4.la,b.

Consider a line, and the corresponding chaincode string. Changing the
parameters e and ¢ of the line will not always result in a different

string. For OBQ-digitization, the string only changes if the line sweeps
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< —>
—_—

a
/ LPT 2
<>

< —
_—

e—r

Figure 4.1 The duality of points and lines in (x,y)-space and (e,a)-space.

over a grid point in one of the (nt+l) columns considered. Somewhat more

generally, the points at which the string changes are defined as follows.

Definition 4.4: critical point

A critical point is a point (x,y) = (i,v) (where ic 2!), such that a
line y(x) = ax + e in the standard situation has a different value for
the i-th chaincode element, depending on whether v < y(i) < vte or
v=E <y (1)E<Evillfor tarbi trarily ‘small fe >0

For 0BQ-digitization the critical points are the grid points (see Fig.
4.2a). For GIQ-digitization they are the points (i,j+k), where i,je Z

The LPT-image of a critical point is called a 'border line':

Definition 4.5: border line

A border line is a line in (e,x)-space which is the LPT-transform of a
critical point.

The border lines divide (e,x)-space into tiles, which are called 'facets',
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after [McIlroy 1985]. A sketch of (e,ax)-space and the border lines corres—
ponding to critical points in the columns %=0,1,2,3,4 1is given in Fig.4.2,
for 0OBQ-digitization.

In the standard situation, only lines with a string of which the digiti-
zation consists of chaincode elements O and/or 1 are treated. All strings
consisting of at most n elements O and/or 1 connect the point (0,0) with

the points (i,j) given by:
0 S g ieah S (4.3)

(see Fig.4.3a). Every one of these points therefore belongs to the digiti-

zation of a continuous straight line in the standard situation. The set of

B
e !!Ei\ ‘\\“‘~..
yT“ R =TSl \\
2ne $ i \\ N -
g g wovies 502 SN
o ie PG \ \

Figure 4.2 Four colums of discrete points in (z,y)-space and the corres—

ponding LPT-images of the discrete points, in (e,a)-space.
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all straight lines that are in 'standard situation' are thus the lines
passing entirely through an area which is the union of the regions of
sensitivity of these points. With the restriction O € x € n, this is a
trapezoidal area. The lines passing through this area are restricted in
their parameters e and @, and thus form a region (e,x)-space., In general,

this region is diamond-shaped.

For the specific case of 8-connected OBQ-strings, all straight lines in

the standard situation pass through TRAPEZOID(n), defined by:

Definition 4.6: TRAPEZOID(n)

TRAPEZOID(n) is the part of (x,y)-space satisfying

0K wdm
0 <y < xt+l (4.4)

It follows from eq.(4.4) that e is constrained by: 0 < e < 1 . Given a

TRAPEZOID(n) e

DIAMOND(n)

Figure 4.3 TRAPEZOID(n) and DIAMOND(n) for 8-commected OBQ~digitization.
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value for e, the minimum slope of a line passing through TRAPEZOID(n) 1s
-e/n, and the maximum slope is (n+l-e)/n. Therefore, for 8-connected 0BQ-
strings, a line y=axt+e is in the standard situation 1f its parameters

(e,x) are in DIAMOND(n) given by:

Definition 4.7: DIAMOND(n)
DIAMOND(n) is the part of (e,x)-space satisfying

0<exl

L@@ ns L (4.5)
n n n

TRAPEZOID(n) and DIAMOND(n) are depicted in Fig.4.3. Comparing with
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so
because the boundaries are border lines corresponding to critical points

in (x,y)-space.

4.2 THE FACETS OF DIAMOND(n)

An understanding of the facets is crucial to the study of the digitization
of straight line segments. In this section, the shape of the facets is
studied, then a parametrization is given, and using that parametrization

quantitative expressions for the facets are derived.

The first analysis of the facets and domains in (e,a)-space was performed
by computing the parameter constraints on straight lines in (x,y)-space
[Dorst & Smeulders 1984]. It was followed by an elegant descriptive
analysis directly in (e,x)-space by [McIlroy 1985]. The present section
also performs the analysis in (e,x)-space, but along different lines than

[McIlroy 1985].

4.2.1 A parametrization for the facets

In this section, the shape of the facets is determined by considering the

border lines that form their boundaries.
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Lemma 4.1

The border lines in DIAMOND(n) can only have crossing points which can

be written as
Gy el s
(e',a') = ( T q] (4.6)

where q, p, k are integers, p/q is any fraction of F(n), and k is an

integer for which 0 < k < q .

Proof:
Consider the two (e,x)-lines in DIAMOND(n) which are the images of the
discrete (x,y)-points (1,j) and (i',j') of TRAPEZOID(n). The inter-
section point of these (e,x)-lines is the LPT-image of the (x,y)-line
connecting the (x,y)-points, which is the (e,x)-point
sl [
ST O e (6-7)

L?t (j'i;) and (i'-i) be called p and q, respectively. Varying i, j,
i' and j', p and q independently assume all values 0,1,2,...,n.
Therefore, within DIAMOND(n), p/q assumes all values of F(n), but no
other values. .

The e-values of the intersections are multi
ples of 1/q, say k/q.
Within DIAMOND(n), k must be an integer in the range O,< e g
QED

The border lines passing through a particular point are given by the

following lemma.

Lemma 4.2

The number of border lines passing through the (e,x)-point (k/q,p/q)
in DIAMOND(n) is

n-s
M=1+|—
1 L 7 J (4.8)
and these lines have the slopes
ils mepil o we o] 1
B8 st+q st2q *°'°? T st(M-1)q Ged)

where s is the solution of
sp = -k (mod q)
in the range 0 < s < q. (4.10)

Proof:

anﬁfder the grossing point (k/q,p/q). From eq.(4.7), it follows that
p=(1'-1), q=(j'-3j), k=(ji'-1j'). This gives:




p/s2

pli = -k (mod q) (4.11)

which has a unique solution i=s in the range 0 < s < q for every k,
according to lemma 2.l. Also, when i=s is a solution, so is i=s+mq. By
lemma 2.1, this is the unique solution in the range [mq,(m+l)q). Since
varying m accounts for all integers, there are no other solutions but
those of the form i=s+mq. For points in TRAPEZOID(n), the range of
possible i-values is 0 < i € n. Scanning this range from 0 to n, the
first solution is s, the last solution is s+|(n-s)/qJq. The number of
solutions is thus given by eq.(4.8). By eq.(4.2), the slope
corresponding to a solution 1 is -1/i, and the theorem follows.

QED
Let us define a function L(x), pronounced 'last x', as follows.
Definition 4.8: L(x)
Ln,q(x) is defined as
n-x
- oo | e 4.12
Ln.q(x) = q Jq ( )

where q and n are integers, and 0 < q < n.

If no confusion is possible Ln q(x) is abbreviated to L(x).
B

With this definition, the two extreme slopes in eq.(4.9) are -1/s and
-1/L(s).

Using lemma 4.2, the shape of the facets can be determined.

Theorem 4.1
The facets of DIAMOND(n) are either triangles or quadrangles with two

vertices at the same value of «.

Proof:
Consider a facet, and an (e,x)-line « = p/q, chosen such that it cuts
the facet boundary twice, at least once through a vertex point. By
lemma 4.1, p/q is an element of F(n). Let these cutting points be
called A and B, in order of ascending value of e. Since the facets lie
completely at one side of any of the border lines, they are convex.
Thus three situations are possible, sketched in Fig.4.4a, depending on
whether only A, both A and B, or only B are vertices of the facet.
Let maximum slope of a border line of DIAMOND(n) passing through A be
-1/s, and the maximum slope of a border line passing through B be
-1/t, then by lemma 4.2 the minimum slopes of border lines passing
through these points are -1/L(s) and -1/L(t). Also s, L(s), t and L(t)
are integer. We have s < L(s) and t < L(t), and _T{S¢L(s) A t#L(t)},
for otherwise neither A nor B would be a vertex point. It follows from
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a L(s)

Figure 4.4 To the proof of theorem 4.1: a facet intersected by a line

a =2
q

lemma 4.2 that all border lines passing through A or B have slopes
-1/(stmq) or ~1/(s+%q), respectively (where m and % are integers). So,
if s # L(s) then L(s) » stq » q > t and, similarly, if t # L(t) then
L(t) > s. Therefore in all three cases the border lines with slope
-1/s and -1/L(t) intersect in a point C at some &, > p/q , and the
border lines with slopes -1/L(s) and -1/t in a potnt D at some a_ <
p/q (see Fig.4.4b).
At a=p/q, the facet is thus split into two parts bounded by converging
straight lines. Since this can happen at only one value of &, there
are no other vertices on these lines between a=p/q and a,, or between
« and o_. Therefore, the facets are in general quadrangular, with two
vertices at a=p/q. The quadrangle may degenerate to a triangle if two
of its sides are coincident. In that case, there is only 1 vertex
at a=p/q.

QED

Since a facet has its largest e-dimension at a unique value p/q of «, a
facet of DIAMOND(n) can be identified by the q,p and k of the leftmost
point at a=p/q. For reasonms which will become clear later, it is prefer-
able to use s defined by eq.(4.10) instead of k. This is allowed, since

every k leads to a unique s, and vice versa, by lemma 2.1.
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Definition 4.9: FACET(n,q,p,S)

FACET(n,q,p,s) 1s the facet of DIAMOND(n) with widest e-dimension at

o = E», and of which the upper left border line has a slope -1/s. All

points of the right border lines are excluded from FACET(n,q,p,S).

Note that not both the left and the right border lines can be included in
FACET(n,q,p,s), since then some (e,x) points would be allotted to two
facets. The choice in definition 4.9 was determined by the inclusion and

exclusion of the boundary of DIAMOND(n).

4.2.2 The facets quantified

Using the properties of the border lines and the corresponding critical

points, the vertices and border lines of FACET(n,q,p,S) can be computed.

Theorem 4.2
The border lines bounding FACET(n,q,p,s) are the lines given by

y.= axi+e, where (Xi’yi> are the the critical (x,y)-points:

it

5 = (rguyg) = (LG, [RL2HL])

PGy Ve (s ﬁ—ﬂ)

(4.12)
Q= (xpy) = ( ¢, [p—t:—ﬂ )
R = (o) - (L(9) {%Sﬂ )
and t is bijectively related to s by
tp = (sp-1) (mod q) (4.13)

With the labels indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD)
and R=LPT(AD).

Proof:
By lemma 4.1, the left vertex of FACET(un,q,p,s) at a=p/q can be
written as (k/q,p/q), where k is related to s by eq.(4.10):
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s = -k(mod q). (4.14)

Using the requirement O € k < g, k can be expressed in terms of s:

e | 2SI SDEssac ) 5
k= -sp - | Z22q o [22] - =8 (4.15)
The border line passing through this vertex with slope -1/s corres—
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-valve is
found by substituting (e,a)=(k/q,p/q) in the LPT-formula y=axte ,
noting that x=s. This gives critical point P. R 1s derived similarly.
The right vertex is the point ((k+1)/q,p/q), 1f a solution exists of
the equation

ip = —(k+l)(mod q) (4.16)

which is the counterpart of eq.(4.14). By lemma 2.1, a solution in the
range 0 € i < q exists. Calling this solution t, it is found similar
to eq.(4.15) that

K = {P"—ﬂ- S (4.17)

By lemma 4.2, the maximum and minimum slopes of the border lines
intersecting in C are -1/t and -1/L(t), respectively. These correspond
to the points Q and S, by the LPT-formula eq.(4.1).

It follows from eq.(4.16) and eq.(4.17) that t and s are related by
eq.(4.13). The bijectivity follows from lemma 2.1l.

QED
One can also specify the FACET(n,q,p,s) by its vertices:
Theorem 4.3
FACET(n,q,p,s) has the vertices:
P)vs“L(t) e’ pL(t)+l]s P:L(t)ﬂ‘l_ (EW
G = [ q q ; q q )
L(t) - s L(t) - s
A= DS EESDS D, )
q q Siq
(4.18)
pt+l pt P
B = lus | e
(et -2, 2
P)t+l]L(s> B P;L(s)‘lt "&(s_)‘H’ptﬂ'!
D ( q q q q )

L(s) - t e

related by the LPT to lines through the critical (x,y)-points S, P, Q
and R by: A=LPT(PR), B=LPT(QS), C=LPT(PS), D=LPT(QR).

Proof:
This follows immediately from theorem 4.2 and eq.(4.7).
QED
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With either theorem 4.2 or theorem 4.3, the FACET(n,q,p,s) 1s described
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)-
space, and A, B, C, and D in (e,x)-space. Fig.4.6 gives the facets in
DIAMOND(n), for n=1,2,...,6. The facet labels are explained in the

following section.

Fls+l) 'x. " L(s+) Ls) n

LPT(C)

LPT(B)

LPT(R)

Figure 4.5 a) A discrete line segment in (x,y)-space (ep. Fig.2.6)
All continuous lines passing through the shaded area have

the same string and hence belong to the same domain.
b

=

Schematic drawing of the domain and its LPT-image.

Theorem 4.4
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4.3 THE DOMAIN THEOREM

Consider a line y=ax+e, which has a certain string C. Changing e and a ,
the chaincode string will change if the line traverses a critical point.
In (e,x)-space, the line is represented by an (e,ax)-point, and the change
in e and o« by a movement of that point. The line traversing the critical
(x,y)-point thus transforms to an (e,x)-point moving over the LPT-image of
the critical point. This is one of the border lines in DIAMOND(n), bound-

ing the facets.

Therefore, if a change in the chaincode string occurs, a facet boundary is
traversed and since the (e,a)-transform is bijective the converse is also
true. This implies that the facets are sets of (e,a)-points corresponding
to lines which all have the same chaincode string C. Such a set of lines

is called the domain of the string C, denoted by DOMAIN(C).

Definition 4.10: DOMAIN(C)

The set of points in (e,x)-space representing all (x,y)-lines whose

digitization is a given straight string C is denoted by DOMAIN(C).
The lemma connecting facets with the domains of straight strings is:

FACET(n,q,p,s) = DOMAIN{DSLS(n,q,p,s)}

Proof:
First, it is proved that the interior of FACET(n,q,p,s) belongs to
DOMAIN{DSLS(n,q,p,s)
By eq.(2.30), a line with digitization DSLS(n,q,p,s) is:

Lowmy = E{x—s) o [5%1 (4.19)

The LPT-image of this line is the point A of eq.(4.18), which belongs
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over
a small amount € does not change its digitization:

L%(x~s+€) + [S—z“ = L%(x—s) + 2B [S—‘;” - L%(x—s) - [%—H

where the final transition follows for ep/q < 1/q.

This implies that the point A and points just to the right of A belong
to DOMAIN(n,q,p,s). The points to the right of A are in the interior
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical
points, indicate all possible chaincode changes, it follows that the
interior of FACET(n,q,p,s) belongs to DOMAIN?DSLS(n,q,p,s)}.

Next, the inclusion and exclusion relations for the border lines of
the domain are considered.
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010
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Figure 4.6 The facets in DIAMOND(n), with the strings of which they are

Figure 4.6 (continued)

the domains indicated, for n=1 to 6.
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Consider the line & = LPT(A), defined in eq.(4.19), which belongs to

In Fig.4.6, DIAMOND(n) for n=1 to 6, is drawn, with th
DOMAIN{DSLS(n,q,p,s)} . The critical points P and R are on & since ’ ) » e strings of n

their LPT-images intersect at A. The critical points Q and S are above elements indicated in their domains.

this line, since their LPT-images intersect at B and eg>e, . Therefore

Q and S cannot be points of the digitization of X. This implies that

an (x,y)-line passing through the critical point S or Q has a differ- For calculations later in this thesis, the domain theorem is now presented

ent digitization from &. In (e,x)-space, this implies that an (e,a)—-
point on the border line corresponding to S and Q does not belong to
DOMAIN{DSLS(n,a,p,s)}. This agrees with definition 4.9.

The points on the left border lines of a facet are on the right border Definition 4.11:
lines of another facet. Since they are excluded from the domain whose
interior is the facet to the left, they belong to the domain whose
interior is the facet to the right. These (e,x)-lines correspond to Py PL(E)+L [ 521 : o)
rotated lines through the (x,y)-points P or R. For small rotation 9, q 2 4

in a more convenient form. First, some abbreviations are defined.

Prr 944 Py q_

angles these lines generate the string DSLS%n,q,p,s). (4.20)
Therefore interior and boundaries of DOMAIN DSLS(n,q,p,s)} are ident- p. = [p_l‘(sﬁ)] _ | tptl . 4. = L(s)-t
ical to those of the facet FACET(n,q,p,s), and the theorem is proved. g q 2 =
QED
: With theorem 4.2, the domain can be expressed in the following form:
Table 4.1  Strings of the line ¥ = % T+ 5 for increasing n.
The quadruple (n,q,p,s) and the 4 points determining the Corollary 4.1
domain are indicated. The lines marked with A correspond to All lines y=axte whose digitization in the columns 0 < x < n is the
triangular domains since either s=L(s) or t=L(t). string DSLS(n,q,p,s) given by:
L(s)L(t) = 8D
string |[(n,q,p,s) | s ¥V t V¥V C A B D S E(i_S)J = L%i_s"l)J i=1,2,...,n
T[0T, 151,0) | 0 L ORI [ECO /L, 2 /1) (071, 1/1)s (1/1,1 /1951 /1,0/1)
10| ¢2,2.1,1) | 181 0 1 |(o/1,1/1) (1/2,1/2) (1/1,1/2) (1/1,0/1) are given by the following constraints on slope & and intercept e:
1005 (8@53, T |RTAT S0 |[i01 /2,172 (2/3,1/3)R (1 /151/3) (1/1,0/1)
1000 | Ban3 1) | ST GaoR3li] /2, 1/20 (23, 1/8)E (11, 1/3) = (1/1,1/4)
10010 | (5,3,1,1) | 1 4 0 3 |(1/2,1/2) (2/3,1/3) (1/1,1/3) (1/1,1/4) 1) o /g <a<p /g
00 T0LH|E(655, 251 ) iR6: ARG /2,1 /2) N(B/5,2/5) (4[5 ,2/5) (1 /1,1/3)
100 T0LORIRG/S5 52510 S| FIRGRINSRIN(1 /2,1 /2)=(3/5;2/.5) S(4/5,2/5) (1 /151/3) 2 sp L(t)ptl
10010101°(°(8,7,3,1) 118 343 (1 /2,1/2) (4/7,3]1) (5/1,3]1) (4]5,2/5) ) e B s L(E) o= fEn/ RS RS/ q
100101010 | (9,7,3,1) | 1 8 383 | (1/2,1/2) (4/7,3/7) (5/7,3/7) (4/5,2/5) =55 0

L(s)
"%2-1 - L(s)x S 2 < !7%1— te if p_/q < @ < p/q

This theorem identifies continuous line segments, given a string. [McIlroy
1985] gives algorithms for the converse approach, where one identifies the
string, given a continuous line segment.
e N ™ Fig.4.7 and tabl
g-4.7 and table 4.1 give an example of the strings and domains for the
n=1

n=2 n=3 n=45 n=5,6 n=8,9 all line y= %x + %, for increasing n.

Figure 4.7 The decrease in size of the domains of the strings corres~

ponding to the line y = % x %, with inereasing n.
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4.4 SPIROGRAPHS AND (e,x)—-SPACE

This section derives the relation between the representation of straight
lines by spirographs and in (e,x)-space. An interesting result of spiro-
graph theory to (e,x)-space is the derivation of the number of straight
strings consisting of n chaincode elements 0 and/or 1, by counting the

number of facets in DIAMOND(n).

4.4.1 A line in (e,0)-space

The connection between spirographs and (e,x)-space 1s given by the

following theorem, illustrated in Fig.4.8.

1 11111

w

Figure 4.8 The spirograph SPIRO(w',n) is a line a=a' 1in (e,a)-space.
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Theorem 4.5
The circumference of the spirograph SPIRO(«',n) is the line a = a' in
DIAMOND(n) in (e,%)-space, with perlodic boundary conditions on e in
the interval [0,1). The points on the spirograph correspond to the
intersection of a=a' with the border lines in DIAMOND(n).

Proof:
SPIRO(a,n) contains the projections of the discrete polnts of n
columns of the grid, projected along a line with slope a (fig.3.1). A
discrete point (i,j) is therefore represented by a point at a distance
e = (j-ia) to the left (anti-clockwise) of the poilnt 0O in SPIRO(a,n).
Rewriting this to: j = ilate, it is seen that the value of e for a
fixed value of @ is just the value also given by the LPT of the
critical point (i,j). Thus at fixed a=a' the spirograph contains the
intersections of the border lines in (e,x)-space corresponding to the
critical points in n columns of the grid. The periodicity in e implies
that only the points in TRAPEZOID(n) need to be considered. Therefore,
the circumference of the spirograph is identical to the line a=a'
in (e,x)-space. Periodicity in e in the interval {0,1) follows from
the circularity of a spirograph.

QED

This relation with spirographs immediately leads to the following theorem

(first described in [McIlroy 1985]):

Lemma 4.3

The vertices C, A(or B) and D of a facet lie at three consecutive

fractions in F(n).

Proof:
Consider a line @=a' in DIAMOND(n), corresponding to SPIRO(a',n). The
point order of this spirograph is the same as for all spirographs with
an a satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this
means that moving upwards or downwards with @, the first traces to
cross are those corresponding to the boundaries [ar|/r and [aR]/R .
Thus, in a strip of DIAMOND(n) around & = a' containing the part of
DIAMOND(n) satisfying |ar]/r € @ < [aR]/% there are no intersections
of border lines. Theorem 3.5 shows that these bounds for the strip are
consecutive fractions in F(n).

QED

Indeed the expressions of the vertices of FACET(n,q,p,s), as given in

theorem 4.3 satisfy lemma 3.5:

P44 ~ P44 T —(L(t)—s]p + {[Ekgﬁzil1—[é§1}q
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1. The Crooked Straight

1.1 THE RELEVANCE OF DISCRETE STRAIGHT LINES

In digital image processing, the continuous world is imaged by a sensor
consisting of discrete elements, usually placed in a regular array. Under
exceptional circumstances, the discrete image that results allows a
perfect reconstruction of the original scene; generally, however, such a

reconstruction is impossible.

In digital image analysis, perfect reconmstruction is often not even
desired. Rather, the idea 1s to reduce the wealth of data present in the
image to a limited set of properties or features, which can then be
analyzed further. For some of these properties, perfect measurement is
possible, if appropriate precautions are taken (for instance, the number
of objects can be determined exactly from the image of a scanner with a
resolving power of half the size of the smallest object). Other properties
can only be determined approximately, and are obtained by estimation

rather than measuremeunt. 'Size' is such a property.

Length 1s the one-dimensional measure of size, and therefore one of the
most basic quantified qualities an object can possess. Since the distance
between two points of the image is the length of a straight line segment
connecting these points, a study of good length estimators for discrete
straight line segments is fundamental to image analysis. Such a study

turns out to be less trivial than one would expect.

The complementary situation to image analysis occurs in computer graphics.

Here, the intention is to display discrete image data such that the




P — Q.

Figure 1.1 A straight line segment connecting two points P and Q in the
2-dimensional plane E?, endoved with the standard topology

of R? ond with the Euclidean metric.

resulting discrete image closely resembles the continuous scenes the
observer is used to. A basic property of continuous scenes is their
isotropy: the representation of a rotated object is identical to the
rotated representation of an object, independent of the rotation angle. In
discrete images this is not the case. One of the annoying anisotropic
effects that occur is that the accuracy of representation is strongly
dependent on the orientation of the object relative to the grid of the
discrete image. Straight lines are the simplest 'objects' having an
orientation. Also, they are the obvious primitives from which more complex
figures can be formed. An understanding of their properties is therefore

basic to computer graphics.

This thesis is a study of idealized discrete straight lines and line
segments. It has the form of a mathematical study, deriving theorems on
basic properties of discrete straight lines. The central issue is always
the connection between discrete straight line segments and continuous

straight line segments.

1.2 DISCRETE STRAIGHT LINES: BASIC CONCEPTS

More than two millennia ago, Euclid introduced straight lines by an
axiomatic approach and made them the basic elements of his geometry
[Euclid -348]. It took till last century before it was realized that his
axioms are not sufficiently precise to define straight lines uniquely;
other 'objects', not corresponding to the intuitive notion of a straight
line in continuous space, also obey the postulates. The modern approach is

therefore different from Euclid's.

From the modern point of view, a continuous straight line segment between

two points in some continuous space is an arc of extreme length connecting

11

these polnts; here an 'arc' is a connected series of continuous points.
'Straight line segment' 1s thus a fairly complicated concept: 1t requires
a space with a well-defined topology (specifying neighbourhood relations
between points, and hence 'connectivity') and a metric (providing a

measure of 'length'), see Fig. 1.l.

A discrete counterpart of this continuous definition could be used to
define discrete straight line segments: in discrete spaces, a discrete

straight line segment between two points is a discrete arc of extreme

length connecting these points, where a discrete arc is a connected series
of discrete points. This is not the approach that is usually taken,
however. The reason is that it is difficult to define a metric such that
the discrete straight line segments determined by it correspond to the
intuitive idea one has of a discrete straight line segment (Fig.l.2). This
intuitive idea is that a discrete straight line segment between two points
is a series of discrete points that 'lie close to' the continuous straight
line connecting these points. Usually, it is this closeness that is taken
as the definition, and that is also the approach of this thesis. Although
it is not necessary to define discrete straight lines by a metric, the

topology of the discrete space is a necessary prerequisite for the

definition of a discrete arc.

Discrete straight lines are defined in a discrete space. In this thesis,
all discrete spaces that will be considered are two-dimensional, periodic
arrangements of discrete points, and called regular grids. These regular

grids are homogeneous since all points and their surroundings are equal.

a b

Figure 1.2 a) A discrete straight line segment

b) Not a diserete straight line segment
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Figure 1.3 The topology for various grids.

a) 8-conmnected square grid
b) 4-connected square grid :
¢) 6-connected hexagonal grid

The topology (connectedness) of such a discrete space can therefore be
defined simply by specifying the neighbours of a typlcal point.
Restricting ourselves for the moment to square and hexagonal grids, common
neighbourhoods are the 4-connective and 8-connective neighbourhood for the
square grid, and the 6-connective neighbourhood for the hexagonal grid
(see Fig.l.3). As the simplest symmetrical topologies possible, these

connectivity schemes are in common use.

A discrete arc is a sequence of simply connected discrete points. For
convenience, such an arc is often indicated by a series of vectors:
starting at an endpoint of the arc, the next point is indicated by a
vector pointing to it, and so on for all points. When these vectors are
encoded by a chaincode scheme [Freeman 1970], one obtains a chaincode
string. The chaincode schemes for the 3 grids mentioned before are

depicted in Fig.l.4.

In contrast to the continuous case, there are several discrete straight

line segments connecting two discrete points. This is the result of the

3 2 1 1 2 1
4 0 2 03 o
5 6 ? 3 & 5

Pigure 1.4 Chaincode echemes for the regular grids of Fig.l1.3.
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Figure 1.5 Ezamples of regions of sensitivity for the grids of Fig.1.3.

vagueness of the intuitive notion of a discrete straight line segment: if
one allows the discrete line segment to lie 'close' to the continuous
straight line segment, the discrete points it connmects can be chosen such
that they lie 'close' to the continuous points that the continuous line
segment connects. To make the definition unique, one has to specify the

closeness carefully.

In order to do so, let us introduce the region of sensitivity of a point

P. It is a region of points near P, such that if a continuous arc passes
through this region, then the point P belongs to the discrete arc
representing the continuous arc. Examples of regions of sensitivity for
the 3 topologies mentioned before are indicated in Fig.1.5. In that
figure, the regions of sensivity are symmetrical around the grid points,
and so the points of the discrete line segment will lie around the
continuous line segment. Encoding the points by the appropriate chaincode
scheme, a chaincode string of a very particular structure is obtained. We
will call a string obtained from a continuous straight line segment a
straight string. An example is indicated in Fig.l.6a, where a discrete
straight line segment is drawn connecting the points (0,0) and (6,16). The
corresponding straight string is, in the encoding according to the scheme

of Fig.l.4a, 0100101001001010, indicated in Fig.1l.6b.

1.3 STRAIGHT STRINGS

Independent of their connection to continuous straight line segments,
straight strings can be characterized by means of the linearity conditions
~ these are the necessary and sufficient conditions a straight string has

to satisfy in order to be (possibly) derived from a straight line segment
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in FQZ- A first attempt at the formulation of these linearity conditions
can be found ia [Freeman 1970], and a more exact version in [Bronms 1974].

Later, [Wu 1982] proved the necessity and sufficiency.

Another way to characterize discrete straight lines is as arcs having the
chord property [Rosenfeld 1974]. This property effectively means that all
continuous straight lines connecting two arbitrary points of the discrete
straight arc lie 'close' to all discrete points of the arc (an example is
given in Fig.l.6c). Though this corresponds well with the intuitive notion
of a discrete straight line segment, it is a cumbersome property to test.
[Kim & Rosenfeld 1982] present an algorithm testing linearity of strings
by the chord property, using the convex hull algorithm.

The linearity conditions specify the structure of a straight string. This
structure is closely related to number theoretical aspects of its slope,
and its study is not new: a paper in latin (sic!) by [Christoffel 1875]
derived many results that can now be interpreted in terms of the structure
of straight strings. The relation between a string and rational
approximations of its slope is schematically indicated in Fig.l.6d. The
line in Fig.l.6b, connecting the points (0,0) and (6,16), has a slope of
6/16. Good rational approximations of this fraction are, in order of
increasing denominator, 0/1, 1/1, 1/2, 1/3, 2/5, 3/8. The strings
corresponding to lines with these slope are drawn in Fig.l.6d. Comparison
with Fig.l.6b shows that these strings are all part of the string with
slope 6/16. The exact relationship will be treated later.

Note that the string 0100101001001010 given above consists of two types of
chaincode elements, of which one occurs isolated, and the other in runms,
consecutive series of the same element. This allows a description of a
straight string on a higher level than just based on individual string
elements. It turns out that these runs themselves again appear in isolated
runs, and in 'runs of runs', and so on, recursively. [Brons 1974] has used
the relation between discrete straight lines, straight strings, and
fractions to give a generating algorithm, producing the recursive
structure of a straight string, using the well-known continued fraction

algorithm from the theory of numbers.

Ll 7 .

LA

Figure 1.6 a)

b)

c.

<

d)

LT :

The discrete line segment corresponding to the continuous
straight line segment comnecting (0,0) and (16,16) on an 8-
connected square grid, with the region of sensitivity of
Pig.1.5a.

The chaincode string corresponding to this line segment.
The chord property. ALl continuous line segments comnecting
discrete points should pass through the region indicated.
Strings corresponding to lines with slopes that are good

rational approximations to 6/16.
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1.4 DIGITIZED STRAIGHT LINES: ANALYSIS

In image analysis, the assessment of 'distance' is of prime importance.
Since distance (through the conventional use of a Euclidean metric) is
measured as the length along a straight line segment, length estimators
for discrete straight lines deserve a careful study. The use of a grid
implies that distance assessment can not be done isotropically: these
anisotropic effects should be part of this study. Another reason why
estimators for properties of discrete straight line segments are of
interest to image analysis is that these segments may actually occur at
some stage of an analysis, elther as the digitization of a continuous
straight line segment, or as a locally straight part of the digitization
of a more arbitrarily shaped continuous contour. One is then interested in

estimators for the properties 'length' and/or 'slope'

If the discrete straight line segment is considered to be the digitization
of a continuous straight line segment, it will be called a digitized

straight line segment. The use of this word implies that there is a

continuous reality, and the aim in this thesis will be to reconstruct
(part of) this original reality from the discrete data available. It will
be clear that an exact reconstruction of a continuous straight line
segment from its digitized image is impossible. Many continuous straight
line segments are digitized to the same straight string and digitization,
therefore, is a one-to-one mapping without an inverse. The set of all
continuous straight line segments which are mapped onto the same string c
1s called the domain of c. The study of this domain is central to the
study of estimators for properties of straight line segments since the
continuous line segments in the domain of ¢ vary in length. It is
intrinsically impossible to give a precise measure for the length of c.
The best one can do is to give a good estimate of the length corresponding

to the string, miniwmizing some specified error criterion.

Many chaincode length estimators have already been given, ranging from
estimators for the length of the discrete arc (e.g.[Freeman 1970]), via
simple unbiased estimators for the length of the continuous arc
(e.g.[Kulpa 1976]) to 'optimal' estimators for the length of a continuous
straight arc [Vossepoel & Smeulders 1982].
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1.5 THE GOAL AND CONTENTS OF THIS THESIS

The main goal of this thesis is to derive accurate estimators for
properties of digitized straight line segments, such as length. These
estimators are 'optimal', in the sense that they minimize the difference
between the estimate and the value of the property for the original
continuous line segment, according to some criterion. To achieve
optimality, a careful study of the digitization and measurement process

for straight lines is required.

An important step towards quantification is a suitable representation of
the continuous straight line segments and of their discrete counterparts.
Chapter 2 introduces the parametrizations which form the descriptive

framework for the sequel.

The structure of a straight line segment is treated in chapter 3. The
relation with number theory leads to quantitative measures for the

anisotropy of the representation of straight strings.

Next, in chapter 4, the digitization is studied as a mapping, and the loss
of information it entails is quantified. Other information reducing

mappings are often used in estimation; they are treated in chapter 5.

Estimators for properties are formulated for several criteria in chapter
6. Chapter 7 compares all known length estimators for discrete straight

line segments, both theoretically and experimentally.

Parts of this thesis are already contained in a number of publications on
digitized straight lines. [Dorst & Duin 1984] treats the structure and
isotropy by spirograph theory, similar to chapter 3. [Dorst & Smeulders
1984] provides the parametrization of strings as in chapter 2, and the
analysis of the digitization process. Chapter 4 contains a new proof for
the main result of this paper. [Dorst & Smeulders 1986] derives the
optimal estimators, as in chapter 6. [Dorst & Smeulders 1985] is a brief

preview of the comparison of length estimators in chapter 7.



2. Parametrization

2.1 THE STANDARD SITUATION

Consider the situation sketched in Fig.2.l, where part of an infinite
straight object boundary is digitized by a square grid of ideal, noise-
free, point-like digitizers. Some points of the grid are within the
object, others are in the background (points just on the continuous
boundary are considered to be object points). The exact location of the
continuous boundary is unknown; the best one can do is estimate the
boundary position from the digitized data. Obviously, only points near the

boundary are of interest.

In object boundary quantization (0BQ), the object points with at least one

neighbour in the background are considered to constitute the digitized
boundary. If the grid is assumed to be 8-connected, then there is a main
grid direction such that there is only one digitization point in every
column in that direction. Introducing Cartesian coordinates on the grid,
with this direction as x—axis, the continuous straight boundary is given

by the familiar equation
y(x) =ax + e (2.1)

with @ the slope and e the intercept of the line. The origin of the

cartesian coordinates is chosen in a grid point, such that
(O f e el (2.2)

The digitization points corresponding to the line eq.(2.l) are given by
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Figure 2.1 0BQ: Object Boundary Quantization.
A straight object boundary on an §-connected square grid and

the chaincode string representing it.

0BQ:  (1,3) = (i, [y(i)]) ©3)

Here L.J indicates the floor function, with LxJ (pronounced 'floor x') the
largest integer not larger than x. We will also need the ceiling
function [.], where fx1 (pronounced 'ceiling x') is the smallest integer

not smaller than x. Floor and ceiling are thus defined by

Definition 2.1: LXJ and [x]
[x] : x1 £ [x] %% and |x]eZ (2.4a)
[x] : x < [x] < %l and [x]eZ (2.4b)

The chaincode string corresponding to the digitization points of eq.(2.2)
is given by

e; = [yw] - [yt-1) (2.5)

For lines in the circumstances considered, the ¢; are elther 0 or 1 (note
that this does not imply O < @ < 1 !). For reasons that will become clear
later, this property is considered as the definition rather than as a

consequence of the situation:

2l

Definition 2.2: standard situation

Consider a line on a Cartesian square grid, with equation

y(x) = ax + e
with 0 € e < 1 . Further, a« is such that the OBQ-digitization points
are encoded by an 8-connected chaincode scheme into a string
consisting only of codes 0 and/or 1. Such a line is said to be in the

standard situation.

In this thesis, all results will be derived for this standard situation.
In the next section it will be shown that many other situations with lines

on regular grids can be transformed into this situation.

2.2 NON-STANDARD SITUATIONS

2.2.1 GIQ-digitization

The definition of the standard situation is based on 0BQ-digitization, a
type of digitization inspired by the circumstances of image analysis. This
type of digitization results in digitization points that lie comsistently
on one side of the continuous straight line considered. In computer
graphics one prefers the digitized points to lie 'around' the continuous
line and the most common digitization in this field is therefore grid

intersection quantization (GIQ) [Freeman 1969]. Here, the closest grid

point at each crossing by the continuous line of a grid row y=j (jeZ) or
column x=i (ie:!) i1s assigned to the digitization (Fig.2.2a). For straight
lines, this is equivalent to assigning those grid points to the digitized
line which are nearest (in the sense of their absolute euclidean distance)
to the continuous line. This is seen from the similar triangles in
Fig.2.2b: the points chosen by GIQ are closest to the line, both when
measured along the principal directions of the grid, and when measured
along lines perpendicular to the continuous line. Again restricting
ourselves to the line in the first octant, given by eq.(2.1), the GIQ-

points are given by

GIQ: (i,3) = (i,[y(1)]) (2.6)
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Figure 2.2 GIQ: Grid Intersection Quantization.

a) At each intersection of the continuous line with a discrete
row or column, the closest grid point is attributed to the
discrete straight line segment.

b) The equivalence of minimal distance along major grid lines,
and minimum perpendicular distance.

where [x] indicates the 'nearest integer' function', defined by

Definition 2.3: [x]
[x] : x%<[x]<xt% and [x]eZ 27

Comparing with (2.4a) it is seen that [x] = |x+%] , and thus
[y(D)] = (y(i)+s] = (ai + (eth)] (2.8)

This means that GIQ-digitzing the line y = ax + e is the same as OBQ-
digitizing the line y = ax + e', with e' = (et+}). Since this
transformation of QIQ to OBQ is a bijection (one-to-one and invertible),
the solution to some problem with an OBQ-digitized straight line can

immediately be applied to a similar problem with a GIQ-digitized line.
2.2.2 Other 8-connected regular grids
Until now only square grids were considered. However, there are many

circumstances in image analysis where the grid of pixels does not

correspond to a square grid, but to the more general regular grid.
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In a square grid, let g and Z be the basic vectors [é) and [O]; the

vectors corresponding té the SEconnected chaincode elements 0 :nd 1 are

then ZX and (;l+32)’ respectijely (Fig.Z.B). Consider an arbitrary regular
grid, with two basic vectors ei and eé , of lengths h and v, and making an
angle ¢. The vectors corresponding to the 8-connected chaincode elements 0

and 1 are then given by zi

and (Z{+§é), respectively.
The figure shows that the square grid and its chaincode vectors is mapped
onto the regular grid and its chaincode vectors by the transformation

matrix

h v cos¢
= 2.9
v ( 0 v sind ) (¢ )
The line & in the square grid defined by eq.(2.1), or
X = 0 1
il sl ) (2.10)
transforms to L' = TL given by
0 1
2" : (en  sing )+ ( sind ) (2.11)
av h/ve + cosd h/va + cosd

Conversely, a regular grid can be mapped onto a square grid by the inverse

T £ovy
e i e
= =1 = JZ
s T
= - 1 v/ &
: =
€ ¢ h €D‘
Ois = 7 =0
4 e, 0 b e,

Fiqure 2.3 a) A line on an §-connected square grid.

b) A similar situation on a regular grid.
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transformation T L:

el ( 1/h -1/(h tan¢) )

0 1/(v sind) (2.12)

which transforms a line &' in the skew grid

Figure 2.4 Equivalence of situations on several regular grids.
a) 8-connected square grid
b) 4-connected square grid

¢) 6=connected hexagonal grid

25
L 0 1
5wt (Gl b)) (2.13)
to a line & = T-ll‘in the square grid:
0 1
el e' )+t ( ha' ) (2.14)

(sind - a'cosd) v(sin$ - a'cosd)

In the above, no use was made of specific properties of a particular
digitization procedure. Hence, the above treatment applies to both OBQ and
GIQ digitization. Because of this bijection relation between a regular

grid and the square grid, only the square grid needs to be considered.

2.2.3 Other connectivities

Not only 8-connected chaincode strings have been used in the literature,
but other schemes as well. Common are the 4-connected and 6-connected

schemes depicted in Fig.l.4b,c.

By means of the 'column'-concept introduced by [Vossepoel & Smeulders
1982], all schemes can be transformed to the standard situations. The
basic idea is similar to the transform T of the previous subsection. The
basic vectors Z' and ;' of the skew grid are now defined by the

1 2

>
requirement that the code vectors O and 1 are represented by e!

1
> >
(ei + eé) . This defines the transformation T as in eq.(2.9): for the 4-

and
connected scheme, ¢ = 3n/4 and for the 6-connected scheme ¢ = 2n/3 . Thus,
for the digitization of straight lines, grids with other connectivity

schemes can be transformed to the square grid with 8-connected chaincodes,

see Fig.2.4.

2.3 PARAMETRIC DESCRIPTION OF CONTINUOUS STRAIGHT LINE SEGMENTS

2.3.1 The (a,e,£,8)-parametrization

A continuous straight line segment is characterized by 4 real parameters,

corresponding to 4 degrees of freedom. In a Cartesian coordinate system,
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the line segment connects two points (xl,yl) and (xz,yz). Thus the
quadruple (xl,yl,xz,yz) could be used as the parametric description of a
continuous straight line segment. However, in this thesis another
parametrization is preferred since it facilitates treatment of lines in

the standard situation.

First, note that any continuous straight line segment can be considered to
be a part of an infinite continuous straight line with equation

y = ax + e. These two parameters e and o will be used in the
parametrization of the segment. Second, in the standard situation, the two
endpoints of the segments have different x-coordinates. Therefore, if the
x-coordinate £ of the leftmost end point, and the difference in x~
value 6 of the two endpoints are used as the other two parameters, the
parametrization is well-defined for lines in the standard situation (Fig.
2.5a).

Definition 2.4: CSLS(a,e,£,8)

CSLS(@,e,E,8) is the continuous straight line segment connecting the
points (x1,¥7)=(8,aE+e) and (x,,y,)=(E+b,a(E+b)+e).

14 3

Pigure 2.5 a) Parametrization of a contimuous straight Line segment by
(e 5,00
b) The relationship of (e,x,t,5) to the uniformly distributed
parameters (r,¢,L,T) .
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2.3.2 The distribution of line segments

Sometimes our interest is not in properties of a specific continuous
straight line segment, but in the expected value of a property over an
ensemble of these segments. In that case the probability density functions

of the characterizing parameters are needed.

In many problems in practice, there is, a-priori, no preferential
orientation, position, or length of the segments to be expected. All
calculations will therefore be based on a distribution that is isotropic
(no preferential orientation), homogeneous (no preferential position) and

uniform in length (no preferential size).

Consider first an infinite straight line y = ax +e. Isotropy implies a
uniform distribution of the lines in ¢ = atan(a). Homogeneity on the grid
implies a uniform distribution in the distance r of the line to the
origin. From Fig.2.5b one can see that r = e//(1+u2). Thus the probability

density p(e,x) becomes:

dr 0¢ /
Be 21-3/2
pesa) = 3% 32| p(r,) = ¢y(14a7) (2.15)
B da

where ¢, equals /2, following from the normalization condition
b It
[ [ p(e,a) de do =1 (2.16)
@ ()

Later, in eq.(4.5), it will be seen that this normalization needs a slight
modification, in that the upper and lower bounds on @ for lines in the
standard situation are -e/n and (n+l-e)/n instead of O and 1. The

coefficient ¢y is then:

- ik 1
e (/(a241) - 0 + o5+ /(2 2001) - (02 + 7)) 7 V2f1m - ey
(2.17)

This becomes asymptotically equal to Y2 if n>=.

For continuous straight line segments, the endpoint will be assumed to be
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uniformly distributed along the infinite line. Denoting the position along
this line by © , T 1is uniformly distributed. Fig.2.5b ylelds the relation
€ =-r sinp + T cosd , so T = 5/[1+a2) + ea//(1+a2) . The length L of the
segment is L = 6/[1+a2); L is also assumed to be uniformly distributed.
Thus the probability density p(e,a,E,8) is:

dr/de 3¢/de OL/de dt/de
or/da d¢/da dL/da dT/da

a 9 2Nl
p(e,x,8,8) = Or/OE B/dE OL/OE bu/oE | P(T:b,L,T) = c2(1+a )
d0r/d6 094/d5 OdL/36 dT/d6
(2.18)
where ¢y follows from
1 1 5 otk
I [ ] p(e,,8,8) de da o a5 = 1 (2.19)
=0 e=0 E=-% &=p-}%
yielding
¢y = 1/1n(1+/2) (2.20)

Again, with eq.(4.5), this will need a slight modification, but the value
given in eq.(2.20) is still equal to the asymptotic value.

2.4 PARAMETRIC DESCRIPTION OF DISCRETE STRAIGHT LINE SEGMENTS: (n,q,p,s)

So far only a chaincode string has been used as the description of a
digitzed straight line segment. This representation is not convenient for
calculations and therefore a concise parametrization of an arbitrary
string is needed. Such a description, in a sense the discrete counterpart

of (e,x,£,8), will be derived in this section.

2.4.1 The quadruple (N,Q,P,S)

The computation of a characterizing tuple for an arbitrary string requires

some elementary lemmas from the theory of numbers, which are stated fircts
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Lemma 2.1

Let P, Q, K and L be integers. If % is an irreducible fraction, then
> Q,
the equation KP = L(mod Q) has, for any given L, precisely one

solution K in the range 0 < K < Q.

Lemma 2.2
Let P/Q be an irreduclble fraction, and let i assume Q comsecutive
values i=k+0, i=k+l,..., i=k+Q-1 for some keZ. Then iP/Q (mod 1)
assumes all values 93 0= once and only once (in some order).

S
Q Q)‘ tl Q)

Proof
A proof of these lemmas can be found in most introductory books on

number theory, see e.g. [Hardy & Wright 1979]

QED
Let 0 < € < 1. Then
XS xzEfE=10; = [Z]R e SEx i S [SrAl (2.21a)
Ix] - [x=€] = 1 = 1x] < x< |x] +¢€ (2.21b)
lxte] - |x] =0 <= %] $x< 1+ [x] - ¢ (2.21c)
|x+e] - |x] =1 S 1+ |x]-e<$x< |x]+1 (2.214)
Proof -

Only (a) is proved, the other cases are similar.
Let X = [x]. By the definition of the floor function,

[%]=X <> X < [x] < ¥l and |[x-¢c] =X & Xte < [x]| < Xtetl
So both equations are satisfied if and only if:

max(X,X+e) € x < min(X+l,%+e+l)
and the theorem follows. o

A first result is that the string of a straight line in the standard

situation can be parametrized by a set of 4 integers N, Q, P, S:
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Theorem 2.1
Any straight string C can be written in the form

C: cy = [g (i—S)J = [g (i-s—l)J; sl e Y (2.22)

where P, Q, S and N are integers, P/Q is an irreducible fraction

withO<%<l,andO<S<Q.

Proof

The straight string C is the digitization of some continuous straight
line y = ax + e. Consider the digitization in M1 columns of the grid,
leading to a string of N elements. Two integers P and Q are chosen,
satisfying two constraints:
1) P/Q is an irreducible fraction.
2) In the W1 columns considered, the digitization of the line

¥y = ox + e is identical to the digitization of y = xP/Q + e.
These conditions mean that P/Q is a "very good" rational approximation
of . Since the set of rationals is dense in the set of reals, sets of
(P,Q) exist that satisfy these conditions.
For the intercept 1y(1)) of the column x = i by the digitized line we
thus have:

[yw) =[ai+eJ=[§i+e

= [Hmtm ol .t_e_QJJ (2.23)
- -
Q

where the last transition is allowed since the first term between the
brackets in eq.(2.23) is a fraction with integer numerator and
denominator Q, and for the second term we have: 0 < (eQ - LeQJ)/Q <
1/q.

This equation can be rewritten as:

yeof = [BLe 2|2 (g + ey -

for any value of M. In particular, we can take M to be an integer L in
the range 0 < L < Q such that LP = Q-1 (mod Q). Lemma 2.1 guarantees
the existence and uniqueness of L, given P and Q. It follows that

LP+l = 0 (mod Q), so (LP+1)/Q is an integer, and we have

LY(i)J = [g—(i—[eQJL)J + eQ] EE%L

Using eq.(2.5):

ch = g-(i—[eQJwJ = lg(i—[eQJL—l)J s i=1,2,...,N
This can be rewritten as:
= |12 @ = |2 e i = o
ey LQ (i S)J [6 sl 10w (2.24)

S

where S = |eQ]L + (any multiple of Q). We will choose
il
5 = Lot - [ L2UL[q,

implying that 0 < § < Q. This proves the theorem. 4

1

An example is the 0BQ string corresponding to the line y = R + 1n(¥/5) in
the columns x=0,1,..,12. This string is 100100100100. Following the
procedure sketched in the proof above, one first finds that this string is

10 10 . =
the same as that of the line y = T + 1n(Y/5) <§T being a 'good' approx:
imation of lﬁ and then by the reasoning in the proof of theorem 2.1 that

5 10 :
this is the same as that of the line y = ET(X—IO)' Thus the i-th element
10 10 &

c; can be written as c= l§T<i_10)J = lif(i_ll)J , 1=1,2,..,12. An
alternative reprsentation of ey is as the digitization of the line

5 5
y = Ig(x—lo) » so¢, = li€<1—10)1 = [Tg(i—ll)] .

Theorem 2.1 states that any string C can be parametrized completely by a
quadruple of integer parameters (N,Q,P,S). The example shows that there is
still an arbitrariness in this parametrization: the same string C can be
represented by many different quadruples. A unique representation is

derived in the next section.

2.4.2 The (n,q,p,s)-parametrization

From eq.(2.22) it is seen that N is the number of elements of C. Therefore

the uniquely determined standard value of n of N can be defined simply by:

Definition 2.5: n

n is the number of elements of C.

For the determination of the standard value of Q,P and S, it is convenient

to introduce a string C, as
Pli-s [P J Z (2.25)
. = - - | =(i-s-1 ie
Gi e Cony la{i D)J LQ( )]»

Note that C is the part of C_ in the interval i=1,2,...,N, and hence c, is

an infinite extension of C. We have seen that C does not uniquely
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determine the parameters P and Q; hence C, is not unique either. For the
example given before, the representation of the string 100100100100 as the
digitization of y = %%(x—io) leads to a string C, with a period of 31, the

representation as the string of = > x-10) to a C_ with period 16.
Y= 16 ©

The parameter Q has the following property:

Lemma 2.4
Q is the smallest periodicity of Cye

Proof
By substitution in eq.(2.25) it is obvious that Citq = C4» and
therefore that C, has a periodicity Q. Suppose C_ has a shorter
periodicity K, with 0 < K < Q. If Q = 1 this is impossible. LESOSTES1
we can always find a value of j such that cJ 0 and CJ+K = 1. This
will now be shown. The demands are:

Rl e o SEe e

Using eq.(2.21a), the first condition is equivalent to

P b L PJ P 4

FASE(E =)= =s)=1< 15 or =< =—mod 1 <1 2.26

q ¢ () (3 )3 > T g ( )
(where we introduced J=j-s), and by eq.(2.21b), the second condition
is equivalent to

0< (j—s—i-K)% = L(j—sﬂogJ < %, or 0< (J+K)% mod 1 <% (2.27)
To determine a value of j such that the conditions of eqs.(2.26,27)
are not contradictory, two cases are examined separately:
a) P/Q <1 - (KP/Q mod 1
In this case J is chosen such that (JP/Q mod 1) = 1-(KP/Q mod 1).
Since the right hand side of this equality is one of the fractions
0/Q, 1/Q,.+.,(Q-1)/Q it follows from lemma 2.2 that J exists.
Eq.(2.26) is satisfied and since (J+K)P/Q mod 1 = {(JP/Q mod 1)
+ (KP/Q mod 1)}mod 1 =1 mod 1 = 0 < P/Q, eq.(2.27) is also
satisfied.
b) P/Q > 1 - (KP/Q mod 1).
In this case, choose J such that (JP/Q mod 1) = P/Q. Eq.(2.26) is
satisfied, and (J+K)P/Q mod 1 = {(JP/Q mod 1) + (KP/Q mod 1)} mod 1
= {p/q + (kP/qQ mod 1)} mod 1 = P/Q + %KP/Q mod 1) -1 < P/Q implies
that eq.(2.27) is also satisfied.
In both cases, we have the contradiction c which implies
that the string C_ has no periodicity K smaT{er tﬁan 6 Hence Q 1s the
smallest periodicity.
QED

It is obvious that the smallest period of a string C_ of the form
€q.(2.25) which is identical to C on the finite interval i = 1,2 iy, s
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at most n (with the understanding that the periodicity is n if the string
is completely aperiodic on the interval considered). This smallest

periodicity is taken as the standard value for Q, and denoted by q.

Definition 2.6: g

a4 = min{kefi;2y .. a} k=n v Vie{l,2,...,nk}: c; = ci+k}
k

For any straight string C, q is uniquely determined by this definition.
For the example string 100100100100, q equals 3.

In C_ defined by eq.(2.25) the parameter P has the property:
'

Q
Lemma 2.5 P= 1L Cay
i=1
Proof
Since c e %(1—3) = [g{i—s—l{J we have, within one period Q:
= P i-§ dil=c {9.£ E:l%
(o L it a( ) mo Sl a

m

P P P+l ol
Gy = O 5(1'3) mod 1 € {Q, T Q}

Since P/Q is irreducible, lemma 2.2 yields that every value in the two
sets occurs once and only once if i assumes Q consecutive values.
Hence c_ =1 occurs P times, and Cmi=0 occurs Q-P times, and the lemma

follows. —
Since q is only a special choice for Q, defined in the finite string C
instead of C_, we can define the standard value p of P corresponding to

this choice as:

c

Definition 2.7 P = i

I ~Ma

i=1

Note that this definition applies only in the standard situation, since
then the string consists of chaincode elements 0 and/or 1. Definitiom 2.7

then defines p uniquely. For the example string 100100100100, p equals 1.

In C,» the parameter S has the property:
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Lemma 2.6

S is the unique integer in the range 0 < S < Q satisfying:

VieZ: e, = [%(1—5)J = [%(1—5—14

Proof

It is obvious from eq.(2.25) that S satisfies this condition. It
remains to show that S is the unique solution. We do this by a
reductio ad absurdum.

Suppose S' # S also satisfies the condition. If Q = 1 this is imposs—
ible, since there is only one S in the range 0 € S < Q namely S = 0.
If Q # 1 we derive a contradiction by finding a value of j for which

B J LP ; J
Cos = -s) | - -s-1)| = 0
=3 LE(J Hi el
but simultaneously
12 2
el j-s')| - L '—s'-1J =1
-3 {6“ >J gEre
By an argument completely analogous to the proof of lemma 2.4 (by

putting S + K = 8') we can show that a value of j can always be found,
and hence a contradiction is inevitable.

QED

As in the case of q and p, s is defined by applying lemma 2.6 to C:

Definition 2.8: s
Let c¢j be the i-th element of C. Then s is the unique integer in the
range 0 < s < q for which

Vie {1,2,..0,0} ¢ ¢ = E(i—s)J 5 E(i—s—l)J
For the example string 100100100100, s equals 1.
It is a direct consequence of the lemmas 2.4-6 and the definitions 2.5-8
that the quadruple (n,q,p,s) can be determined uniquely from the string C,

thus:

Lemma 2.7

Given a straight string C, one can determine the quadruple of

parameters (n,q,p,s) uniquely.

The converse is also true:
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Lemma 2.8
If the quadruple (n,q,p,s) can be determined from a string C, then C
is a straight string, uniquely determined by n, q, p and s.

Proof
Definitions 2.5-8 imply that the string C can be written uniquely as:

iy = E(i—s)J = E(i—s—L)J, 1e{iy2 s o2,n)

To show that this is a straight string, a line should be given which
has C as its digitization. Such a line is

_p pl_p :
7 = e [Es] Es (2.28)

as follows immediately by applying eq.(2.5).
QED

Combining the lemmas 2.7 and 2.8 we obtain

Theorem 2.2 (Main Theorem of [Dorst & Smeulders 1984])
A straight string C in the standard situation can be mapped

bijectively onto the quadruple (n,q,p,s) defined by:
n is the number of elements of C
q = min{ke {1,2,...,n} | k=n v Vie{1,2,...,n-k}: el o }

c

i
k
q
Z
=1

i
ik

s: se{0,1,2,.00,q-1} A Vie{1,2,...,q} : cq= Lg(i_s{J - Lg(i_s_l)J
where c; is the i-th element of C.

In other words, all information present in the string C is contained in
the quadruple (n,q,p,s). It is therefore possible to give a unique
representation of a straight string in terms C in terms of n, q, p and s,

which will be denoted by DSLS(n,q,p,s):
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Figure 2.6 The continuous straight line y = g{x-s) + /337 and the corres-
ponding 8-connected 0BQ chaincode string DSLS(n,q,p,s).

Definition 2.9: DSLS(n,q,p,s)

DSLS(n,q,p,s) is the discrete straight line segment of which the
chaincode string C is defined by:

C:cy= [%(i—s)J - [E—(i—s—l)J s =1 ..o (2.29)

Thus the example string 100100100100 can be written as DSLS(12,3,1,1).

Eq.(2.29) implies that C is ~among others- the string of the continuous
line

y = %(x_s) i [5_2] (2.30)

The term|§§] in eq.(2.30) is added to make the line one that is in the
standard situation, with 0 € e < 1 . This line and the corresponding
string are depicted in Fig.2.6, together with an indication of the

parameter tuple (n,q,p,s).

3. Structure and Anisotropy

3.1 INTRODUCING SPIROGRAPHS

Straight strings have a certain structure, which distinguishes them from
non-straight strings. This structure is closely related to number
theoretical properties of the slope of the straight line. It is this
relation that will be studied in this chapter. Variation of the slope will
reveal the anisotropic behaviour of straight line digitization; this will
be reflected both in the structure of the string, and in the accuracy with
which the position of the original straight line can be determined from
the digitization points. To study these angle-dependent effects, a
convenient representation for continuous straight lines on a square grid

is introduced: spirographs.

Consider figure 3.1, where a line y = ax + e has been drawn in the
standard situation of section 2.1.1, extending over n columns of the grid.
Varying the value of the intercept e, keeping the slope & constant, will
produce changes in the string of the line if and only if it traverses a
discrete grid point in one of the columns considered (for 0BQ-
digitization). The pattern of change is periodic with period 1 in e, due
to the periodicity of the grid. The vertical distance between 'critical'
lines (lines that pass through a grid point in one of the columns
considered) can be found as vertical distances in the intercepts of these
lines with x=0, the y-axis. In fact, the intercept points form the image
of the grid under projection on the y-axis by lines with a slope «; it is
the grid as viewed from the direction a«. Note that the images of two grid
points (i,j) and (i+l,j) are separated by a distance @. As @ changes, so

does the pattern of projected points and —possibly- also the string of the
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Figure 3.1 a) A line on the grid (fat) with a fiwed slope a and project-
ions of the grid points to the first column z=0.

b) The spirograph corresponding to the situation a).

line. To study the changes in the string more conveniently, diagrams are

used, representing the projection points in the interval x=0, 0 < y <1
s

with the properties mentioned above, after an idea of [Duin 1981]. These

diagrams are called spirographs.

The spirograph corresponding to figure 3.la is drawn in figure 3.1b. It is
the interval 0 € y < 1 of column O with the projections of the points in
the columns of the grid, 'wrapped around' to a circle with circumference 1
in order to show the periodicity in the pattern of the projections. The
projection of a point in column i is indicated by a point labeled i in the

spirograph. (It is convenient to plot the point O always at the top).
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There are thus n+l points (0,1,2,0y0) and the arclength between the
points 1 and i+l is a. To show the sequence of polnts more clearly chords
have been drawn, directed from a point i to a point i+l. The complete
dlagram is called a spirograph because of its resemblance to a children's
toy for drawing fancy curves. Since it is completely defined by « and n it

will be indicated by SPIRO(o,n)-.

The study of spirographs will yield quantitative measures for the
anisotroplc behaviour of the discrete representation of straight lines. To
see how this occurs, note that a line % with slope « and intercept e is
projected to a point y = e in the first column and hence is represented in
the spirograph by a point P at a distance e to the left of the point O
(measured along the arc). If the line is shifted vertically upwards on the
grid, the string will change if and only 1f it traverses a grid point. A
shift is called detectable if this happens. Let the worst—case positional
inaccuracy Smax(a,n) of lines with a slope ¢ within n columns of the grid
be defined as the maximum non-detectable shift. Since the transition of a
line 2 over a grid point corresponds to the transition of the corres—
ponding point P over a point in the spirograph SPIRO(a,n) , Smax(a,n) is
just the length of the largest arc in the spirograph SPTRO(a,n). A 'spiro-
graph theory', giving expressions for the lengths of the arcs in a spiro-
graph and their dependency on & and n, will thus provide expressions for
the positional inaccuracy, and hence of the angle-dependent behaviour of
the digitization of straight lines on a regular grid. This theory will be

developed in the next section.

3.2 SPIROGRAPH THEORY
3.2.1 Basic concepts

From the previous section, the definition of the spirograph SPIRO(a,n)is:
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Definition 3.1: SPIRO(a,n)

SPIRO(®,n) is a circle with unit perimeter with n points marked 0,
1,2,¢+.,n on its circumference. Points with consecutive labels are
separated by an arc of length a (measured clockwise) and are
connected by a direceted chord pointing from the point i-1 to the
point 1.

The number n is the order of the spirograph. SPIRO(o+k,n) with k an
integer is indistinguishable from SPIRO(a,n). Therefore « is assumed to
lie in the range 0 < @ < 1. A drawing of SPIR0(3/10,5) is given in
Fig.3.2.

As the distance D(1,j) between two points i and j of SPIRO(x,n) we define

the length of the arc lying counter-clockwise of i extending to j:

Definition 3.2: D(di,j)
D(1,3) = (1-3) - [(1-j)¢] , withl1 <1< nandl < j<n (E)

Here }x) 1s the floor-function, defined in eq.(2.4) together with the

ceiling function [x]. Useful relationships between |x| and [x] are:

| ]
0 1if x is integer

Al = ) ={ 1 if x is non-integer (3.2)

The distance D defined by eq.(3.1) has several properties which are easily
verified:

Lemma 3.1
£9) Ao il s DI G

0 if (i-j)x is an integer
1 if (i-j)a is non-integer

¢) D(4,3) = D(i,k) + D(k,3) (modulo 1)
d) Every distance between two points can be written in a standard

form, i.e. D(k,0) or D(0,k), with k a point in the spirograph.

b) D(i,3) + D(j,1) =

This 1s the distance of one of the points in the spirograph to the
point O.
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Proof:
a), b) and c) are trivial from the definition of D(i,j). d) also

follows immediately, for D(i,j) = D(i-3j,0) 1f 1 > j and D(1,3) =
D(0,j-1) if i < j.
! QED

Let N be the set of points with labels 1,2,...,n in SPIRO(a,n) (Note
that the point O is not included!). The distances of the points lying
closest clockwise and counter-clockwise to 0 will play an important part

in the theory and thus need to be defined carefully. As an example, these

are the points 4 (clockwise) and 3 (counter-clockwise) if Fig.3.2.

Definition 3.3: R,r,L,%
R = min{D(k,0) | ke N} (3.3)
r = min{ke N’| D(k,0) = R} (3.4)
L = min{D(0,k) | ke N4 D(0,k) # 0} (3.5)
2 = max{keN'| D(0,k) = L} (3.6)

In words, R is the smallest distance to the right (clockwise) of the point
0, L is the smallest distance to the left (counter-clockwise), and r

and & are the points determining these distances. Note that r cannot be
zero, and that if @=0, L and thus & are not defined, since eq.(3.5)
demands that D(0,2)#0. In that case we define L=1 and f%=n, in agreement

with lim L = 1 and lim % = n.
av0 a+0

For an example of a spirograph and the corresponding values of R, r, L

and L, see Fig. 3.2.

5
Figure 3.2 The spirograph SPIRO(3/10,5). Here, R=1/5, r=4, L[=1/10, %=3.
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3.2.2 Neigbouring points

In this subsection the central theorem of spirograph theory will be

proved, giving the arc lengths in the spirograph. First, some lemmas.

Lemma 3.2
a)13peN : D(p,0) < R
b)13dpe N’ : D(O,p) < L

("73peN’ :" means "there is no point p in N for which:")
Proof: This follows immediately from eq.(3.3) and (3.5). QED

Lemma 3.3
=) S8 (8D (150 F=Sp(1;0) "A R0 ) —"1 =
b) ( D(i,0) = D(j,0) AR =0 ] =>i=j+nr, with m an integer

n

Proof:
Let i>j. D(1,0)=D(j,0) implies that D(i-j,0)=0, with 0 < (i-j) < n.
When R#0, lemma 1 yields that D(i-j,0) can not be 0 for (i-j) =
1,2,...,n, so we must have (i-j)=0. When R=0 eq.(3.4) yields D(r,0)=0,
so we can write D(i-3,0) = 0 = wD(r,0) = D(mr,0), which implies that
(i-j) = mr.

QED

In words, lemma 3.3 means that points are uniquely determined by their
distance to 0 if R#0: their are no overlapping points. If R=0, overlap

occurs, and the distances determine the points uniquely modulo r.

After the special points and their properties we introduce the definition

of the right-neighbour Ri of a point i in the spirograph:

Definition 3.4: R1i
i=Ri& i+ 1 A3 ¢ (d(p,1) < D(5,1) 4 pri) (3.7)

In words: j is the right-neighbour of i if and only if j is not equal to i
and if there is no point p, different from i, lying closer to i than j.

Thus Ri is the closest point to the right of i.
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FPigure 3.3 On the definition of right-neighbour
a) No overlapping points: the right-neighbours are unique.
b) Overlapping points: ambiguity arises for the point 2.

¢) Situation b) resolved by a small increase of «.

Eq.(3.7) assigns to each point of the spirograph a unique right-neighbour
when R#0. For suppose that both j and k were right-neighbours of i. Then
the second part of eq.(3.7) requires that D(j,i)=D(k,i), since otherwise a
contradiction would occur. This implies that D(j,0) = D(k,0) and when R#0
lemma 3.3a yields k=j.

When R=0 we would have k = j+mr (lemma 3.3b), so the right-neighbour would
then not be unique. The uniqueness can be repaired by replacing « in the
definition of D(i,j) by the slightly greater value a'= a+da such

that «' is non-rational, and taking the limit for da + 0. We will show

later that this can always be done without changing the '

point-order' of
the spirograph by taking da < n_z. Because @' is non-rational, R can not
be 0. (This would imply that there is an integer r such that a'r - '_a'rJ
= 0, which is impossible for non-rational a'.) . For an example of the

application of this extended definition, see Fig.3.3.

The right-neighbour of each point of the spirograph is given by:

Theorem 3.1 (Central Theorem of Spirograph Theory)

a) 0¢i<ml-r & Ri=1+r p(R1,i) = r
b) mHl-r < i< & < Ri=i1tr-2 p(Ri,i) =r+1
) 2t < < Ri=i2 (Ri,1) =1
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Proof:
The second part of a), b) and c) in the theorem follows immediately
from eq.(3.1) and eqs.(3.3-6). The proof of the first part is in all
cases essentially the same. We will therefore prove a) only.
We will show that i+r is the right-neighbour of i if 0 < i < ntl-r.
Note first that i # i+r, since r > O by definition 3.3. Thus the first
requirement of definition 3.4 is satisfied. The second will be proved
by a reductio ad absurdum. Suppose there is a point p not equal to i
for which D(p,1) < D(i+r,i) = R. If p > i this would imply D(p-1,0) <
R and since 0 < p-1 < n we have (p-i)e N'. This is a contradiction
with lemma 3.2a. If p < i we can also find a point of the spirograph
at distance smaller than R to the right of 0, for from the assumption
D(p,1) < R it follows that D(i+r-p,0) = D(r,0) - D(p,i) < R. The point
i+r-p i1s a point of the spirograph, since 0 < r < i+r-p < ntl-p when
0 < 1 < ntl-r. Again, this is a contradiction with lemma 3.2a. Hence
the point i+r is a right-neighbour of i, and, due to the uniqueness of
the right-neighbour, also the right-neighbour of 1.

QED

The reason this theorem is called the 'central theorem' is that it
specifies all arclengths. Since all distances D(i,j) are composed of
arclengths, the theorem implies that all distances between points of the
spirograph are of the form (aR+bL), with a and b integers.

In section 3.1, the length of the arcs in the spirographs were shown to be
equal to the vertical distances over which a line can be shifted without
changing the chaincode string. Hence theorem 3.1 can be applied directly

to give the positional accuracy of a line on a square grid. This will be
done later, in section 3.4.

3.2.3 Changing the order of the spirograph

In this subsection, some further theorems are proved which show how a

spirograph changes if n 1s changed.

Theorem 3.2

If the order of a spirograph of order n with a certain value for r
and & 1is increased to nt+l, then a change in the value of r or X will

occur if and only if nt+l = r+l.

Proof:
The values of R, r, & and L in a spirograph of a certain order m will
be indicated by R(m), r(m), 2(m) and L(m). The transition from a
spirograph of order m to order mtl is the addition of a point labelled
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(m+1)
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\ L(m) R(m)

Figure 3. To the proof of theorem 3.2.

m+l to the spirograph of order m, at a distance a to the right of

g;in;uzpose w1 = r(m)+&(m). If R(m) > L(m) we ?ave: D(m+l,0)‘=
D(r(m),O)—D(O,i(m)) = R(m)-L(m) < R(m) and if R(m) < L(m):
D(0,mHl) = p(0,2(m))-0(x(m),0) = L(m)-R(m) < L(m). So ifi Baed
R(m) > L(m), R is changed to R(mtl) = R(m)-L(m) and T smila E
to r(mtl) = r(m)+i(m) . If R(m) < L(m), L is chénged to L(1 ;
L(m)-R(m) and & to L(mtl) = 2(m)+r(m) . Hence either r or change

1= S

b) é§n$:rsely, when r or & is changed, mtl must be equal to r;l ; Fo;
let us suppose that, with the increment of the order, r and thus
changes, soO D(m+l,0) = R(mtl) (see Fig.3.4). This means that 3ni
of the arcs of length R(m) (namely the one between 0 and r(m) s_
split into two arcs, one of length R(mtl) and one of length R(E)
R(m+1)). The length R(mtl) was not yet present in the spirograp
of order m, and the only way to avoid the presence of four .
different arclengths in the spirograph of order wrl {which woul
be a contradiction with theorem 3.1) is that (R(m)—R(m+l)) is an
arclength also present in the spirograph of order m..Since R(m)—
R(mﬁl)% < R(m) we must have (R(m)—R(m+1) = L(m). This implies.
that D(m+l,0) = R(m+l) = (R(m)-L(m)) = D{r(m)+(m) ,0) , so, using
lemma 3.3, mtl = Er(m)+1(m)). The same conclusion 1s reached under
the assumption that & and thus L changes-.

QED
It follows from the proof of theorem 3.2 that the order n of a spirograph
cannot exceed r+2, since then either r or & changes to a new and greater

value. Thus, a corollary to theorem 3.2 is:

Theorem 3.3 For any spirograph SPIRO(a,n): n < r+l

Both theorems are illustrated in Fig.3.5.

3.2.4 Preserving the point order: Farey Series

Not every change in @ leads to essential changes in the spirograph, with

points on the circumference of the spirograph moving over one another.
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Pigure 35 Spirographs SPIRO(a,n) of fixed slope «, for inereasing order
n. The values of (n,r,%) are, for these Figures: a) (2,1,2);
DI (i8,11508) s e )i (e, 45 5) s dIN(55 4,08)5 ) (6,4,08); £ (77, 3

Just which values of ® do lead to such changes is studied in this section.

Definition 3.5: point-order

The point-order of a spirograph SPIRO(x,n) is defined as the sequence

of the labels of the points on the circumference of the spirograph.

We are interested in the set of all spirographs having the same point-
order as a given spirograph SPIRO(a',n). Obviously these spirographs
should all have the same n, but may vary in their value for a. The demand
that the sequence of labels should be the same implies that each point
should keep the same right-neighbour when « varies, and this is only
guaranteed if D(F}i,i) > 0 for every i. Hence theorem 3.1 yields that the
strictest bounds on @ are given by R > 0 and L > 0. In fact the extended
definition of 'right-neighbour' guarantees uniqueness even when R = 0. By

definition R = ar—|ar] and L = [a¢f]-a% , so we have
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SPIRO(a',n) has the same point-order as SPIRO(a,n) iff:

a§ % LE%L (3.8)

These bounds for @ will now be shown to be the best rational approxima-
tions for « with fractions whose denominator does not exceed n (i.e. there

is no fraction p/q with q < n strictly between |ar|/r and [aR]/L ).
The proof of this fact makes use of some properties of Farey-series which
are well-known in number theory (see [Hardy and Wright 1979, 3.1]). These

properties are given here as lemmas 3.4-6.

Definition 3.6: Farey Series

A Farey-series of order n (notation F(n)) is defined as the ascending
series of irreducible fractions between 0 and 1 whose denominators do

not exceed n.
Example: F(6) is the series {7, > mrergsssarsrsTrsrT) Yise
An important property of a Farey series is:

Lenma 3.4

If Pl/ql’ pz/q2 and p3/q3 are three successive terms of F(n), then

Gy
+
- SR

An equivalent property is:

Lemma 3.5

1f pl/ql and pz/q2 are two successive terms of F(n), then
Pydy7P1d, = 1

A consequence of this theorem is that the interval between two fractions

py/qy and py/qy equals:
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B e = (3.9)
We will also need:

Lemma 3.6
TF p]_/q1 and pz/qz are two consecutive fractions in some Farey series,

then (pl+p2)/(ql+qz) is an irreducible fraction.

Proofs:
A proof of lemma 3.4 and 3.5 and of their equivalence, as well as the
proof of lemma 3.6, can be found in [Hardy and Wright 1979, 3.1].
QED

The theorem connecting spirographs with Farey-series is:

Theorem 3.5
The fractions [ar|/r and [af]/%, with r and & obtained from the spiro-

graph SPIRO(®,n), are two successive fractions in F(n).

Proof:

FPirst, it is shown that |ar|/r and [all/L are terms of F(n).

a) \erj/r is irreducible. For if we suppose that |ar| and r have a
common factor k, it follows that r/k and |ar)/k are integers.
Eq.(2.4a) then implies that |ar|/k = |ar/k] . Therefore we have

R = D(r,0) = ar-jar) = k{ar/k—[arj/k} > ar/k-lar/k) = D(r/k,0).
Since R/k is a point in the spirograph we have a contradiction
with eq.(3.3). Hence |ar|/r is irreducible.

b) In the same way it follows that [aR]/R is irreducible.

c) By definition 3.3, r and & are points of SPIRO(a,n), so r < n
and £ < n .

From a, b and ¢ it follows that |ar]/r and [al]/R are terms of F(m).

It is left to prove that they are successive terms. According to lemma

3.4 and 3.6 in some Farey series there is an irreducible fraction

{1azj+ia21}/(r+2) lying between {arj/r and [aR]/%. Since r and & were

obtained from the spirograph of order n, theorem 3.3 yields r+f > n ,

50 {1arj+ldl|}/(r+l) can not be a fraction of F(n). This implies that

ler)/r and aR]1/% are successive in F(n).

QED

It follows from eq.(3.8) that |ar]/r and [@R1/& are boundaries for @ pre-
serving the polnt-order of the spirograph SPIRO(x,n). We now find that
they are also the best lower and upper bound for « in F(n). For the

difference of the bounds given in eq.(3.8) we thus have:
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Lo Ll e oho s o b e i (3.10)

where theorem 3.5 and lemma 3.5 were used. Hence it is always possible to
make the modification to the definition of 3.4 of a right-neighbour,

guaranteeing its uniqueness.

3.2.5 The Continued Fractions Algorithm

There is a way to find the neighbours for o in F(n) quickly by means of
the continued fractions algorithm, well-known in number theory. This was
shown in [Hurwitz 1894]. Since the result will be important for a fast
string code generation algorithm (line synthesis - graphics), and for the
linearity conditions (line analysis - measurement), we will derive this

method using spirographs.
Let us put, for convenience,

o) Bt A% </ B e (TR (3.11)
Py T [iopk Ja=ss e L

then the bounds on @ in theorem 3.5 are given by:
pp/a; <€ @ < py/a, (3.12)

where p;/q; and p,/q, are two succesive fractions in F(n). Lemma 3.4 shows
that the next bound to appear if n is increased is (pl+p2)/(ql+q2). Let us
suppose this is an upper bound, then the new bounds on « are pl/q]_‘ a <
(Pl+pz)/(ql+q2). Again applying lemma 3.4 the next bound to appear is
(2pl+p2)/(2ql+q2)' Suppose this is also an upper bound. Then continueing
in this way we find that the bounds of a have the form:

Py A

< a —_— ¢ .
%, i mq1+q2 (where m is a positive integer) (3.13)

if, starting from eq.(3.12) a series of changes of the upper bound takes

place. Similarly, the bounds of @ can be written as


file:///aSL/fX
file:///al/jl

50

B Py

—— % o £ — (where m 1s a positive integer) (3.14)
Gifnd; 5

if a series of succesive changes in the lower bound takes place.

Let us call the successive bounds pi/qi, then the following theorem can be

proved:

Theorem 3.6
The fractions pl/q1 and pz/qz, bounding o in SPIRO(x,n) are found by
the following algorithm:

P
a) First calculate the convergents e according to the 'continued
fraction algorithm': =
a. = a a = [ i£ .4 » 0
0 2 i+l a,
&
1
m, = rJ (3.15)
b2
= = = : S
PRSBSOS e B ERE T
=0 ; =1 ; = + if 130
PR Oy 0 e D e B

until Qi+l > n. Let the i for which this happens be I.

b) The fractions pl/ql and p2/q2 are the 'intermediate convergents':

P it B Sy

S I-1 Q 1

— and = (3.16)
Q n=0Q.-
35 Q o I-1 Q
1-1 Q 1
I
B B
If I is even, the first fraction is — and the secondAa— , 1f I is odd
1

the reverse is true.

Proof:
Assume that « is real and that the upper bound for « has just been
fixed on the value P —l/Qi— , and the present value for the lower
bound is Pi—Z/Qi~2' increas ng the order n will then result in a
change of the lower bound as in eq.(3.14). The end of the series of
changes in the lower bound is determined by the value mi_y of m

satisfying:
i i o A o OO T Wit = MR (3.17)
A e (USRI

since the next bound is an upper bound. ®q.(3.17) can be rewritten as:
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e tap e ey
TS o P I 2 oy < T (3.18)
1=1 a1 11 st
and since my_q should be integer the solution is:
aQ =P
=2 1=
ST g aQ “la : (3.19)
=1 =1 f=1
where « is defined as:
i-1 e
1= =1
s T (3.20)
1-2 i=2
If we now define as recursive relations for Py and Q4
P = B 2
af i=1d=1 i)
3 (3.21)
= B Bep

then the new bounds for a are P;/Q; < @ < P, ;/Q; ;. Further increas-
ing the order will now change the upper bound as given in eq.(3.13)
until m has the value m; satisfying:

+1)P + P +
(m +1)P m,P P

szt i 1=1

i (3.22)
Q.+ ¥
(000 Tl Ea o
since the next bound will be a lower bound. Again oy should be
integer, and the solution to eq.(3.22) is:
e S e
SR s T R T
P e o
= 1 < L 1 (3.23)
i di—lJ

where eq.(3.20) was used to rewrite the expression. Comparison with
eq.(3.19) shows that m; can be rewritten in the same form as w1
namely

1k
a, - a_iJ (3.24)
if we define:
1 1
(o= el s (3.25)
LR L%ﬂj

This is a recursive relation for Qe Further increasing the order will
change the lower bound again and in the same way as before, m and my_y
can be calculated. It is then found that the recursive relation of
eq.(3.25) also holds for L) and eq.(3.24) for m +1°

Thus the P, and Q,, indicating the fractioms at wﬁich changes in the
upper bounés are %ollowed by changes in the lower bound (or vice
versa) can be computed by eq.(3.21), where the m; are found from
eq.(3.24) and the ay from eq.(3.25). This yields eq.(3.15), the first
part of the theorem. The initial values in eq.(3.15) were found by
straightforward computations from the simplest spirographs.
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These 'convergents' P /Qi can now be used to calculate the best bounds
in the Farey-series, %y interpolation along the lines indicated above.
This is stralghtforward and produces eq.(3.16)
QED
The algorithm of eq.(3.15) is the continued fractions algorithm well-known
from number theory (see e.g [Hardy & Wright 1979, Ch.10]}). The m; are the

coefficients of the continued fraction expansion of a, commonly denoted

by: a = (mo,ml,...,mi,-..) , implying that « can be written as
i 1
= = =
m
o m +——~————1——————— (3.26)
1 T 1
mz m,+ L
3 one

If @ is rational the expansion ends; for irrational @ it does not.

As an example, consider a=1/m and n=14. The working of the continued
fraction algorithm is given in Table 3.1 The convergents are the fractfons
Po/Qq=0/1, P1/Q=1/3, P;/Qy=7/22, so I=1. Eq.(3.16) then yields the bourds
4/13 < 1/m < 1/3 in F(14).

Table &1 The continued fraction algorithm of theorem 3.6 and the string

generation algorithm of theorem 3.7 for the line y=x/m.

& mg e differently defined in eq.(3.15) and eq.(3.29D).

i ey b |4 | Uy | Lip
=) 1 01

0 s el o 1 0

1 L1416 7 1 & |l

2 0625 | 15 7 00?1y’

3 .9966 1| %106 [Faas | (0(02H)E2(0%)

4 0034 [ 292 | 113 | 355 000%1)7((0¢021)7y 50?1y !
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3.3 THE STRUCTURE OF A STRAIGHT STRING

The algorithm of [Bresenham 1965] is the first algorithm to generate a
straight string. It does so by testing a condition for every chaiuncode
generated, and produces the chaincodes immediately, in the correct order.
This algorithm was developed in the time of pen-plotters, when this was no
objection. With the advent of raster scan devices, the interest grew to
expand this algorithm and generate runs of chaincode elements rather than
single codes. Such an algorithm is given in [Pitteway & Green 1982]. The
structure of stralght strings, revealed by the 'linearity conditions',
allows even more advanced, so-called structural algorithms. The first was
given by [Brons 1974]. [Wu 1982] proves both the linearity conditions and
the Brons algorithm. Indepently and simultaneously, a proof based on

spirograph theory was found. It is given in this section.

3.3.1 Straight strings and fractions

The connection between strings and fractions was already briefly indicated

in chapter 1. A precise formulation is the following.

Lemma 3.7
The first n elements of the 0BQ-string of the line y = ax are ident~
ical to the first n elements of the OBQ-string of the line y = g Xy

where %—is the best lower bound on @ in F(n).

Proof:

See Fig.3.6. Each point P: (x',y') of the grid determines a line OP
with equation y = xy'/x'. A line with the same OBQ-string as y = ax is
the line with the maximum slope y'/x' such that there is no point in
the shaded triangle in Fig.3.6, bounded by the lines y = ax, y =
xy'/x' and y = n. Thus y'/x' must be the maximum rational number not
exceeding @ with denominator not exceeding n, and hence the best lower
bound of a in F(n).

QED

A bound E—on a corresponds to a line y = E—x in the grid, and hence to a
chaincode string. With increasing n, the bounds become more accurate, and
chaincode strings are concatenated. The relation between these two

occurrences 1s given by the following lemma.
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X
Figure 3.6 To the proof of lemma 3.7.
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Figure 3.7 To the proof of lemma 3.8

Lemma 3.8
1f pl/q1 and p2/q2 are an upper and a lower bound on @ in some Farey-
series and the corresponding chaincode strings are U ana L., then the

chaincode string corresponding to (p1+p2)/(q1+q2) is LU.

(The notation LlJmeans: the string L fo110wed by the string LJ. We will

use LnlJm as shorthand for: n repetitions of L followed by m repetitions

ot U

Proof:
See Fig.3.7. The chaincode string to the point Q is the string of the

best lower bound of (p;+p;)/(q +q,). Since p;/q; and py/qp are
consecutive fractions in some Farey-series, %pl+p2)/(ql+qz) is the
fraction with the lowest denominator lying between pl/ql and p,/qs
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(lemma 3.4). Therefore the parallellogram OP,QPy does not contain a
grid point, and we can compose the string of 0Q by the strings of the
parts 0Py (this 1is L) and PQ (which is the same as the string of
OP2, and hence 1is )+ Thus the string of 0Q is LU.

QED

Note that the visualisation of fractions as vectors in the grid is
consistent with the Farey-interpolation formula in lemma 3.4, which adds
numerator and denominator as if they were the components of a vector.
Lemma 3.5 then states that the vectors corresponding to two neighbouring
fractions in a Farey series span a parallellogram of area l. This implies

that that there is no discrete point within the parallellograam.

3.3.2. A Straight String Generation Algorithm

The relation between spirographs, Farey-series and continued fractions
leads directly to a set of recursive relations describing the structure of

the chaincode string of a straight line.

Let the chaincode strings corresponding to the upper and lower bound of

o in the spirograph SPIRO(x,n) be LJj and Lj (see Fig.3.8). If the order
of the spirograph is increased, eventually one of the bounds will change,
and the new bound is formed by the point (&+r) (Theorem 3.5, lemma 3.5).
Suppose that this is an upper bound on @, so that the point (f+r) lies to
the left of the point 0. According to lemma 3.8 the chaincode string
corresponding to this new bound is l‘lej (Fig.3.8). Further increasing

the order may lead to another change of the upper bound to the point

({+24) o

Figure 3.8 Convergence near the point 0 of a spirograph. Strings are

indicated below the corresponding point labels.
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(44+2r) , with string L?ljj, then to (+3r), with string l"gtjj'
etcetera. If a total of o 4 consecutive changes in the upper bound occurs
the chaincode string of the upper bound will have changed to

(a, )
Wl = L = (3.27)

1 J ]

The string of the lower bound is still Lj.

Further increasing the order now leads to changes in the lower bound and

the string corresponding to the lower bound becomes L‘jljj+1> leJZ

1
lejg+l , etcetera. If the lower bound changes m2j+1 times the resulting
string Lj+l for the new lower bound is:
(m )
2+l
= 3.28
L = LUy (3.28)

Now the upper bound changes and the process continues as before.

Combining with the algorithm of theorem 3.6, and using the proper initial

conditions, we have:

Theorem 3.7
An algorithm to generate the string L corresponding to the

line y = ax is:

(m, ., )
= 5 2+l
L,=0 il L U2
(3.29a)
()
- = 23
U -1 L
ol e
<] a 4 Jti aj+lJ
2 =1 i1 (3.29b)
Sz ’“j+1-;‘[zr,J
il J

This algorithm generates an 8-connected chaincode string; a 4-connected
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chaincode string 1s generated by this algorithm if we change the
oEr
definition of my to my = [EJ .

Lj is the beginning of the string l_; it contains the first “j codes,

where ny is given by n.

Jasad, i PRRALH

9 =1, g4 =1, g Ry e (3.30)

(as follows from theoren 3.6). So, if the first n elements of L are
required the algorithm (3.29) is applied until nj > n. If a is irrational
the algorithm never stops; if a is rational it generates an endlessly

repeating string.

As an example, consider the line y= %x. The successive L'j and le are
indicated in table 3.1. For n=14, the string is found to be the first part
of 0(0%1)7, which is 00010010010010.

The average order of this algorithm can be computed by noting that the
most time-consuming part is (3.29b), the calculation of the my

and qi' This part is identical to the continued fraction algorithm, which
is closely related to Euclid's algorithm. [Knuth 1971] shows that the
number of steps these algorithms require is, in worst case, 2.08 1n(n) +
1.67 and, on average, 0.89 1n(n) + 0(l), where n is the number of elements

in the string.

As already stated in the introduction, the structural algorithm of
eq.(3.29) is not new. It was given in [Bromns 1974], and proved in [Wu
1982] . Recently, a new structural algorithm was developed by [Castle &
Pitteway 1986], using the palindromic structure inherent in straight
strings. It is interesting to note that both the Brons and the Castle &
Pitteway algorithm, as well as the proof of their correctness, can already
be found in [Christoffel 1875), albeit in a slightly disguised form. The
derivation of the algorithm given above provides more insight than the
derivation given by [Wu 1982], since it makes explicit the connection to
the theory of rational approximations (by Farey~series and continued

fractions) already hinted at by [Brons 1974].
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3.3.3 The linearity conditions

A thesis on digitized straight lines would not be complete without a
derivation of the linearity conditions, i.e. the conditions a chaincode
string must satisfy in order to be the string corresponding to a
continuous straight line. Historically, they were first formulated in
{Freeman 1970], somewhat vaguely and without proof. [Rosenfeld 1974]
introduces the chord property, and derives properties that can be used in
a more exact formulation of Freeman's conditions. [Wu 1982] uses the
recursive structure of the [Brons 1974] algorithm as a formulation of the
linearity conditions, and shows that they are necessary and sufficient.
[Hung 1984] gives an elegant alternative formulation of the Freeman

conditions and proves the equivalence to the chord property.

The linearity conditions are easily derived from the algorithm eq.(3.29).
First it is seen from (3.29a) that the string of a line can be described
on several 'levels' j, and that on each level the structure of the line is
the same. Rewriting (3.28) we have:
m, . m_ L
Lj+1 o LJUJ;i+1 = L][LJZJUJ) 2j+1
(3.31)

sl < ol
LmZJ U (LmZJU )m23+l
1 sy g

Thus the chaincode string of a straight line consists, at each level, of

'runs', defined as a number of Lj followed by an le. It is immediately

clear from (3.31) that: 1

i

- at any level (j+l) one rum, the run LZZJ ij , appears isolated

- at any level (j+l) there are only two runlengths present. They are
consecutive integers (there are runs of length w5 + 2 and runs of
length my 5 + 1).

This shows the necessity of the linearity conditions. The proof of

sufficiency can be found in [Wu 1982]. As in the case of the generating

algorithm, the improvement the derivation above gives over [Wu 1982] is

the explicit relation to elementary number theory.

5)t%)
3.4 ANISOTROPY IN THE DISCRETE REPRESENTATION OF STRAIGHT LINES

In section 3.1 spirographs were introduced as a simple way of visualizing
the problem of the positional accuracy of a straight line on a square
grid. The labelled points of the spirograph correspond to lines passing
through grid points in the columns considered. A line y = ax + e 1s
represented by a point P in the spirograph, lying e to the left of the
point O (see Fig.3.1). The vertical distance over which the line can be
shifted without traversing a grid point is equal to the length of the arc
containing the point P. With spirograph theory, all tools are now
available to analyze the anisotropic behaviour of the positional

inaccuracy in detail.

3.4.1 The positional inaccuracy in worst case

The worst case for the positional accuracy Sma of a line with slope «,

X
digitized to a string of n elements, can be found as the length of the
largest arc in SPIRO(@,n). Using theorem 3.1, the maximum arclength in a
spirograph is:

8 oy (®@sm) = max{R,L,R+L} (3-32)

SPIRO(a,n)
where the subscript indicates the spirograph from which R and L are to be
taken. This equation can be written in a more convenient form in terms of

R and L of SPIRO(a,n+l), using the proof of theorem 3.2:

S o) SR o e (o ity

{1ag] - jar) + a(r-2) } (3%33)

SPIRO(a,n+1)

Note that here |ar)/r and [¢2]/& are the best bounds of & in the Farey
series F(ntl) (see theorem 3.5). An algorithm to determine these bounds is

given in theorem 3.6.

Fig.3.9 is a plot of S (x,n) as a function of @ and n. This function has
max

some properties which can be seen from the figure, and which are easily




60 61

1
n=0
Smax(
- |
e | £
O0 d
1
n=2
Sma‘xL

0 == b= | | __‘;_ 0

=
o
-

0

Figure 3.9 The worst case positional inaccuracy S__ (a,n) as a function
of « for n=0 to 5.

Figure 3.10 The average positional accuracy S(a,n) as a function of «

for n=0 to 5.
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proved. Between two fractions of F(ntl), Smax(a,n) is linear in a; if a is

a fraction g-of F(n+l) we have:
1
En)i=— (3.3%)
q
This implies that a minimum for Smax(a,n) is always
in S (a,n) = —= (3.35)
BEIS pax 5 = n+l ° o
Thus the lines which have the smallest positional inaccuracy are those
with a slope p/(n+l), and the corresponding accuracy is 1/(n+l).
As an example, consider lines with slope 1/m and n=14. In that case the

1
bounds in F(14+1) are 4/13 < 1/m < 1/3, and eq.(3.33) yields S_ [;,14) =
.183%

ax

3.4.2 The average positional inaccuracy

Smax(a,n) given by (3.33) is the positional inaccuracy in the worst case.
It is also possible to derive the average positional inaccuracy S(a,n),
defined as the vertical shift that may be applied on average to a line

segment with slope a,covering n columns without traversing a grid point.

As we have seen in section 2.3.2, a uniform distribution of the lines in
their polar parameters r and ¢ implies a uniform distribution in e. This
means that the point P in SPIRO(a,n) representing the line y = axte (the
point lying e to the left of 0) is uniformly distributed along the
circumference of the spirograph. Hence the length of the arc of the
spirograph containing P is both a measure for the possible shift and for
the probability that this shift occurs. So, if the length of the arc
between 1 and Ri is called d;, the average positional inaccuracy S(a,n)
is:

S(ax,n) = a2 = el e ey |

-

SPIRO(&,n)
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= { (2nt2-2-r)raa® - 2{|ar)a(nr1-2) + [alir(atrl-r)}a +

2 2
2or]” + r[el]” + 2|« oLl (L=~
e J Lazliledle D} sprroca,a)
(3.36)
where theorem 3.1 was used. Again there is an implicit dependence on a and
n, and eq.(3.36) is valid for the values of a given in eq.(3.8). Calcul-

ation of eq.(3.36) at the bounds of this range yields:

ar| 1 [al] i

slZflny -1 ana sl -1 (3.37)

Theorem 3.5 states that the consecutive bounds for @ are successive terms
of F(n). Thus the first time the fraction g»occurs as a bound is when the
order is q, and since % is a term of all F(n) with n > q, it will be a
bound for all higher orders. Furthermore, the value of S(Eyn) is L for all
n > q. If, in some interval of values for n, the bounds given by eq.(3.8)

do not change, eq.(3.36) shows that S(a,n) is linear in n for a given a.

These properties are clearly seen in the plots of Fig.3.10, which give
S(2,n) as a function of & for several values of n. Note that for all «

and n:

S(a,n) > % (3.38)

If S(x,n) is needed for some @ and n the values of r and % can be obtained

by the algorithm given in theorem 3.6



4. Digitization

Digitization of straight line segments can be considered as a mapping D of
the set of continuous straight line segments L to the set of discrete
straight line segments C , conveniently coded by straight strings. The
mapping of a line & to its string c was treated in chapter 2. Since a
string can represent the digitization of several continuous lines, the
inverse mapping is not one-to-one. The 'inverse digitzation' can be
completely described, however, by specifying the equivalence classes of

the strings, called domains.

The domain of a stralght string c is defined as the set of all lines whose
digitization is a given string c. It is the purpose of this chapter to
derive the 'domain theorem', a mathematical expression for the domain of

an arbitrary straight string c.

4.1 REPRESENTATION IN (e,a)-SPACE

The study of the digitization D as a mapping requires a representation of
the set of continuous straight line segments. A very convenient represent-—
ation is the parameter space of straight lines. This section introduces

the basic terms and diagrams.

Definition 4.1: (x,y)-space

(x,y)-space is the two-dimensional Euclidean plane, with Cartesian

coordinates x and y relative to an origin O.
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A line in (x,y)-space is given by the familiar equation y = OX + e and is
thus characterized by two parameters e and a. Such a line is represented
by a point in its parameter space, called ' (e,a)-space' or

(slope,intercept)—space ([Rosenfeld & Kak 1982]).

Definition 4.2: (e,x)-space

Definition #.2: \=> "2 = ——
(e,x)-space is the parameter space of infinite straight lines

gy =ox+ e ln (x,y)-space.

The relationship between the two spaces is thus completely given by the
formula y = ¢x + e which is the parameter transformation mapping one space

into the other.

Definition 4.3: line-parameter transformation (LPT)
The conversion of (part of) (x,y)-space into (part of) (e,x)-space ,
or vice versa, by means of the equations
y =0x + e (4.1)
e =-0xX + Yy

is called the line-parameter transformation (LPT).

This line-parameter transform is a special case of well-known parameter
transforms called 'Hough—transforms' [Hough 1962] . Vossepoel & Smeulders
[1982] computed the integration domains for straight line length estim—

ators by a method which is equivalent to using the LPT.

Applying the LPT to points in (x,y)-space, we find that these are trans—

formed to lines in (e,x)-space: the transformation of (x',v') 1is the line

e=y' if x'=0

'
e + %7' otherwise (4.2)

]

1]

1
‘V‘

Thus a duality exists between points and lines in (x,y)—space and lines

and points in (e,x)-space. This is illustrated in Fig.4.la,b.

Consider a line, and the corresponding chaincode string. Changing the
parameters e and o of the line will not always result in a different

string. For 0BQ-digitization, the string only changes if the line sweeps
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< —
—

EPaTs

a
K —> ey
f
y ;
k= LPT
<>
b
X —> o,

Figure 4.1 The duality of points and lines in (x,y)-space and (e,a)-space

oV i i
er a grid point in one of the (nt+l) columns considered. Somewhat more

generally, the points at which the string changes are defined as follows

Definition 4.4: critical point

~ :

critical point is a point (x,y) = (i,v) (where iec 2!), such that a
1 = i

ine y(x) ax + e in the standard situation has a different value for
the i-th chaincode element, depending on whether v < y(i) < vte or

v-g < y(i) < v, for arbitrarily small € > 0.
For 0BQ-digitization the critical points are the grid points (see Fig
.2a). -digi :
4.2a). For GIQ-digitization they are the points (i,j+%), where i jEZ
) > 3

The LPT-image of a critical point is called a 'border line':

Definition 4.5: border line

A
border line is a line in (e,x)-space which is the LPT-transform of a
critical point.

The border lines divide (e,x)- i
(e,x)-space into tiles, which are called 'facets',
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after [McIlroy 1985]. A sketch of (e,x)-space and the border lines corres—
ponding to critical points in the columns »=0,1,2,3,4 is glven in Fig.4.2,
for 0BQ-digitization.

In the standard situation, only lines with a string of which the digiti-
zation consists of chaincode elements O and/or 1 are treated. All strings
consisting of at most n elements O and/or 1 connect the point (0,0) with

the points (i,j) given by:
Okcejesiiten (4.3)

(see Fig.4.3a). Every one of these points therefore belongs to the digiti-

zation of a continuous straight line in the standard situation. The set of

~
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] ) ) °® g;: ::::::::::tttt;:égu\\
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@ X ] ] ° \ =
\ ™~
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Q| e—>
@ [ ] e L] \
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Figure 4.2 Pour colums of discrete points in (z,y)-space and the corres-

ponding LPT-images of the discrete points, in (e,a)-space.
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all straight lines that are in ‘standard situation’ are thus the lines
passing entirely through an area which is the union of the regions of
sensitivity of these points. With the restriction 0 € x € n, this is a
trapezoidal area. The lines passing through this area are restricted in
their parameters e and «, and thus form a region (e,x)-space. In general,

this region is diamond-shaped.

For the specific case of 8-connected OBQ-strings, all straight lines in

the standard situation pass through TRAPEZOID(n), defined by:

Definition 4.6: TRAPEZOID(n)

TRAPEZOID(n) is the part of (x,y)-space satisfying

OFS 3 e
RS AR (4.4)

It follows from eq.(4.4) that e is constrained by: 0 < e < 1 . Given a
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TRAPEZOID(n) -

DIAMOND(n)

Figure 4.3 TRAPEZOID(n) and DIAMOND(n) for 8-connected OB@-digitization.
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value for e, the minimum slope of a line passing through TRAPEZOID(n) 1is
-e/n, and the maximum slope is (nt+l-e)/n. Therefore, for 8-connected OBQ-
strings, a line y=oxte is in the standard situation if its parameters

(e,x) are in DIAMOND(n) given by:

Definition 4.7: DIAMOND(n)
DIAMOND(n) is the part of (e,a)-space satisfying

0<e<l

—Le<a<1+L—}—e (4.5)
n n n

TRAPEZOID(n) and DIAMOND(n) are depicted in Fig.4.3. Comparing with
Fig.4.2, it is seen that DIAMOND(n) consists of whole facets. This is so
because the boundaries are border lines corresponding to critical points

in (x,y)-space.

4.2 THE FACETS OF DIAMOND(n)

An understanding of the facets is crucial to the study of the digitization
of straight line segments. In this section, the shape of the facets is
studied, then a parametrization is given, and using that parametrization

quantitative expressions for the facets are derived.

The first analysis of the facets and domains in (e,x)-space was performed
by computing the parameter constraints on straight lines in (x,y)-space
[Dorst & Smeulders 1984]. It was followed by an elegant descriptive
analysis directly in (e,a)-space by [McIlroy 1985]. The present section
also performs the analysis in (e,x)-space, but along different lines than

[McIlroy 1985].

4.2.1 A parametrization for the facets

In this section, the shape of the facets is determined by considering the

border lines that form their boundaries.
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Lemma 4.1

The border lines in DIAMOND(n) can only have crossing points which can
be written as

ECRIE s
(ebt) = (muitd (4.6)

where q, p, k are integers, p/q is any fraction of F(n), and k is an
integer for which 0 € k < q .

Proof:
Consider the two (e,x)-lines in DIAMOND(n) which are the images of the
discrete (x,y)-points (i,j) and (i',j') of TRAPEZOID(n). The inter-—
section point of these (e,x)-lines is the LPT-image of the (x,y)-line
connecting the (x,y)-points, which is the (e,x)-point ;

( R S )
S ST

(4.7)

L?t (j|i?) and (i'-i) be called p and q, respectively. Varying i, j,
i' and j', p and q independently assume all values 0,1,2,...,n.

Therefore, within DIAMOND(n), p/q assumes all values of F(n), but no
other values. :

The e-values of the intersections are multi
: ples of 1/q, say k/q.
Within DIAMOND(n), k must be an integer in the range 0’< k< q.

QED

The border lines passing through a particular point are given by the

following lemma.

Lemma 4.2

The number of border lines passing through the (e,x)-point (k/q,p/q)
in DIAMOND(n) is

n-s
M=1+4+|—
) L 7 J (4.8)
and these lines have the slopes
adv sl o Sacaly, L
s * " stq ?  §t2q *°°°? T sE(M-1)q D

where s is the solution of
sp = -k (mod q)
in the range 0 < s < q. (4.10)

Proof:

an?}d?r the ?rO§sing point (k/q,p/q). From eq.(4.7), it follows that
p= (@ =1 ) Ra= (= e k= (i =4 ST hisReivess
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pi = -k (mod q) (4.11)

which has a unique solution i=s in the range 0 < s < q for every k,
according to lemma 2.1. Also, when i=s is a solution, so is i=s+mq. By
lemma 2.1, this is the unique solution in the range [mq, (mH1)q) - Since
varying m accounts for all integers, there are mno other solutions but
those of the form i=stmq. For points in TRAPEZOID(n), the range of
possible i-values is 0 < 1 < n. Scanning this range from O to n, the
first solution is s, the last solution is s+|(n-s)/qjq. The number of
solutions is thus given by eq.(4.8). By eq.(4.2), the slope
corresponding to a solution i is -1/i, and the theorem follows.

QED

Let us define a function L(x), pronounced "last x', as follows.

Definition 4.8: L(x)
Ln’q(x) is defined as

T {“—;"-Jq (4.12)

where q and n are integers, and 0 < q € n.

1f no confusion is possible Lo q(x) is abbreviated to L(x).
s

With this definition, the two extreme slopes in eq.(4.9) are -1/s and
-1/L(s)-

Using lemma 4.2, the shape of the facets can be determined.

Theorem 4.1
The facets of DIAMOND(n) are either triangles or quadrangles with two

vertices at the same value of a.

Proof:
Consider a facet, and an (e,x)-line a = p/q, chosen such that it cuts
the facet boundary twice, at least once through a vertex point. By
lemma 4.1, p/q is an element of F(n). Let these cutting points be
called A and B, in order of ascending value of e. Since the facets lie
completely at one side of any of the border lines, they are convex.
Thus three situations are possible, sketched in Fig.4.4a, depending on
whether only A, both A and B, or only B are vertices of the facet.
Let maximum slope of a border line of DIAMOND(n) passing through A be
-1/s, and the maximum slope of a border line passing through B be
-1/t, then by lemma 4.2 the minimum slopes of border lines passing
through these points are -1/L(s) and -1/L(t). Also s, L(s), t and L(t)
are integer. We have s < L(s) and t < L(t), and ‘T{S#L(s) A t#L(t)},
for otherwise neither A nor B would be a vertex point. 1t follows from
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a L(s)

Figure 4.4 To the proof of theorem 4.1: a facet intersected by a line
a = R.
q
lemma 4.2 that all border lines passing through A or B have slopes
-1/(s+mq) or -1/(s+2q), respectively (where m and % are integers). So
if s # L(s) then L(s) » s+q > q > t and, similarly, if t # L(t) then :
L(t) > s. Therefore in all three cases the border lines with slope
-1/s and -1/L(t) intersect in a point C at some & > p/q , and the
border lines with slopes -1/L(s) and -1/t in a poTnt D at some o&_ <
p/q (see Fig.4.4b). =
At a=p/q, the facet is thus split into two parts bounded by converging
straight lines. Since this can happen at only one value of a, there
are no other vertices on these lines between a=p/q and @ _, or between
o and «_. Therefore, the facets are in general quadrangular, with two
vertices at a=p/q. The quadrangle may degenerate to a triangle if two
of its sides are coincident. In that case, there is only 1 vertex
at a=p/q.

QED

Since a facet has its largest e-dimension at a unique value p/q of «, a
facet of DIAMOND(n) can be identified by the g,p and k of the leftmost
point at a=p/q. For reasons which will become clear later, it is prefer—
able to use s defined by eq.(4.10) instead of k. This is allowed, since

every k leads to a unique s, and vice versa, by lemma 2.1.
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Definition 4.9: FACET(n,q,p,Ss)
FACET(n,q,p,s) 1is the facet of DIAMOND(n) with widest e-dimension at

a = g , and of which the upper left border line has a slope -1/s. All
points of the right border lines are excluded from FACET(n,q,p,s)-.

Note that not both the left and the right border lines can be included in
FACET(n,q,p,s), since then some (e,x) points would be allotted to two
facets. The choice in definition 4.9 was determined by the inclusion and

exclusion of the boundary of DIAMOND(n).

4.2.2 The facets quantified

Using the properties of the border lines and the corresponding critical

points, the vertices and border lines of FACET(n,q,p,s) can be computed.

Theorem 4.2
The border lines bounding FACET(n,q,p,s) are the lines given by

y.= axi+e, where (xi,yi) are the the critical (x,y)-points:

5= Ggvg) = [0y, [2E2R])

P = (%5,¥p) = (e, y%51)

i

(4.12)
HheG s e (%w )
R =8G vl = (G ()R, [EE%ELW )
and t is bijectively related to s by
tp = (sp-1) (mod q) (4.13)

With the labels indicated in Fig.4.5, S=LPT(CB), P=LPT(CA), Q=LPT(BD)
and R=LPT(AD).

Proof:
By lemma 4.1, the left vertex of FACET(n,q,p,s) at a=p/q can be
written as (k/q,p/q), where k 1s related to s by eq.(4.10):
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s = —k(mod q). (4.14)

Using the requirement 0 € k < q, k can be expressed in terms of s:

k = -sp - L:EBJq = q{[ég] e (L)

The border line passing through this vertex with slope -1/s corres-
ponds to a critical (x,y)-point with x=s, by eq.(4.2). The y-valve is
found by substituting (e,x)=(k/q,p/q) in the LPT-formula y=axte ,
noting that x=s. This gives critical point P. R is derived similarly.
The right vertex is the point ((k+l)/q,p/q), if a solution exists of
the equation

ip = —(k+1l)(mod q) (4.16)
which is the counterpart of eq.(4.l4). By lemma 2.1, a solution in the

range 0 < i < q exists. Calling this solution t, it is found similar
to eq.(4.15) that

> tptl| tptl
k {F4771 «—E—}q (4.17)

By lemma 4.2, the maximum and minimum slopes of the border lines
intersecting in C are -1/t and -1/L(t), respectively. These correspond
to the points Q and S, by the LPT-formula eq.(4.1l).

It follows from eq.(4.16) and eq.(4.17) that t and s are related by
eq.(4.13). The bijectivity follows from lemma 2.1l.

QED
One can also specify the FACET(n,q,p,s) by its vertices:
Theorem 4.3
FACET(n,q,p,s) has the vertices
o - 200, (00 [og
c q q - q q )
Litie=gs L(E)s= 8
il Pas|EEEDI S D )
q 4 e
(4.18)
el |Ba2 o0 By
q q e q
S
b - (R0 [
D e e e

e = S ey

related by the LPT to lines through the critical (x,y)-points S, P, Q
and R by: A=LPT(PR), B=LPT(QS), C=LPT(PS), D=LPT(QR).

Proof:
This follows immediately from theorem 4.2 and eq.(4.7).
QED
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With either theorem 4.2 or theorem 4.3, the FACET(n,q,p,s) 1s described
completely. Fig.4.5 depicts the relation between S, P, Q and R in (x,y)-
space, and A, B, C, and D in (e,x)-space. Fig.4.6 gives the facets in
DIAMOND(n), for n=1,2,...,6. The facet labels are explained in the

following section.

fee7 Fls) - RGeRL (e Cie o Ty

LPT(C)

LPT(B)
LPT(D)

LPT(R)

LPT(R)

Figure 4.5 a) A discrete line segment in (x,y)-space (cp. Fig.2.6)
ALl continuous lines passing through the shaded area have
the same string and hence belong to the same domain.

b) Schematic drawing of the domain and its LPT-image.
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4.3 THE DOMAIN THEOREM

Consider a line y=uxte, which has a certain string C. Changing e and a« ,
the chaincode string will change if the line traverses a critical point.
In (e,x)-space, the line is represented by an (e,x)-point, and the change
in e and @ by a movement of that point. The line traversing the critical
(x,y)-point thus transforms to an (e,x)-point moving over the LPT-image of
the critical point. This is one of the border lines in DIAMOND(n), bound-

ing the facets.

Therefore, if a change in the chaincode string occurs, a facet boundary is
traversed and since the (e,x)~transform is bijective the converse is also
true. This implies that the facets are sets of (e,2)-points corresponding
to lines which all have the same chaincode string C. Such a set of lines

is called the domain of the string C, denoted by DOMAIN(C).

Definition 4.10: DOMAIN(C)

The set of points in (e,x)-space representing all (x,y)-lines whose

digitization is a given straight string C is denoted by DOMAIN(C).

The lemma connecting facets with the domains of straight strings is:

Theorem 4.4 FACET(n,q,p,s) = DOMAIN{DSLS(n,q,p,S)}

Proof:

First, it is proved that the interior of FACET(n,q,p,s) belongs to
DOMAIN{DSLS(n,q,p,s)}
By eq.(2.30), a line with digitization DSLS(n,q,p,s) is:

gy = g(x—s) & [ig] (4.19)
The LPT-image of this line is the point A of eq.(4.18), which belongs
to FACET(n,q,p,s). Shifting this line upwards parallel to itself over
a small amount € does not change its digitization:

e 2] [0 5 2] [0 + 5]

where the final transition follows for €p/q < 1l/q.

This implies that the point A and points just to the right of A belong
to DOMAIN(n,q,p,s). The points to the right of A are in the interior
of FACET(n,q,p,s). Since the border lines, as LPT-images of critical
points, indicate all possible chaincode changes, it follows that the
interior of FACET(n,q,p,s) belongs to DOMAIN%DSLS(n,q,p,s)}.

Next, the inclusion and exclusion relations for the border lines of
the domain are considered.
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Figure 4.6 The facets in DIAMOND(n), with the strings of which they are

Figure 4.6 (continued)

the domains indicated, for n=1 to 6.
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Consider the line & = LPT(A), defined in eq.(4.19), which belongs to
DOMAIN{DSLS(n,q,p,s)} . The critical polnts P and R are on % since
their LPT-images intersect at A. The critical points Q and S are above
this line, since their LPT-images intersect at B and egre, - Therefore
Q and S cannot be points of the digitization of 2. This implies that
an (x,y)~line passing through the critical point S or Q has a differ-—
ent digitization from L. In (e,x)-space, this implies that an (e,a)-
point on the border line corresponding to S and Q does not belong to
DOMAIN{DSLS(n,q,p,s)}. This agrees with definition 4.9.
The points on the left border lines of a facet are on the right border
lines of another facet. Since they are excluded from the domain whose
interior is the facet to the left, they belong to the domain whose
interior is the facet to the right. These (e,x)-lines correspond to
rotated lines through the (x,y)~points P or R. For small rotation
angles these lines generate the string DSLS(n,q,p,s).
Therefore interior and boundaries of DOMAIN?DSLS(n,q,p,s)} are ident-
ical to those of the facet FACET(n,q,p,s), and the thecrem is proved.
QED

Table 4.1 Strings of the line Y = %—z + %; for inereasing n.
The quadruple (n,q,p,s) and the 4 points determining the
domain are indicated. The lines marked with A correspond to

triangular domains since either s=L(s) or t=L(%t).

L(s)L(t)

string | (n,q,p,8) | s VY t ¥ c A B D
Tl 0,00 | 01 0alelitofl 2088 0/ 1/ 11 (115001
10022, e IAL0 1 | (0/1,1/1) (1/2,1/2) (1/1,1/2) (1/1,0/1)
§00°1 (3,3, 151 |1AL 0 3 1 (1/2,1/2) (2/3,113) (L/1,1/3) €1/1,0/1)
vool 1 Ce. 8,10 | haiaa (1/2,0/2) (2/3,1/3) (111,1/3) (011,1/4)
TO0T0E{EE5Ra% TRy IS 1SAS088 8 1(1/2 51/ 2) (/351 3) (L1 1 /3) 81 /a1 /4
TUGLOLA(8.5,2,1) 10106 3A34| (1/2,1]2) (3/5,2/5) (4/5,2/5)(1/1,1/3)
1001010 1(7.5,2,0) V1 6 383 1 (1/2,1/2) (3/5;2/5) (4/5,2/5) (1/1,1/3)
1ODI0T01T| 58 7. 3,00 =178 8A3 SN /2 1/2) = (47 33/ 1) (5 /T 3 [T (h/5,2/5)
HODT010T0. 6957, 3,1) | 188880 (1/2,1/2% (4/7,3/1)4517.,3/7) Lhl5,215)

%\w}%\\

n=2 n=4,5 n=56 n=8,9 all

Figure 4.7 The decrease in size of the domains of the strings corres-

ponding to the line y = grz + g, with increasing n.
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In Fig.4.6, DIAMOND(n) for n=1 to 6, is drawn, with the strings of n

elements indicated in their domains.

For calculations later in this thesis, the domain theorem is now presented

in a more convenient form. First, some abbreviations are defined.

Definition 4.11: p,, q., p_, q_

Py = {hL(;)+E1 ™ (i%] H g = L{t)-s

L i
b= P’;—S’] - (%1 ; Q= L(s)-t

With theorem 4.2, the domain can be expressed in the following form:

(4.20)

Corollary 4.1

All lines y=ax+e whose digitization in the columns 0 < x € n is the
string DSLS(m,q,p,s) given by:

ce= H(i—s)J - h"(i—s—l)J 1=1,05 on
are given by the following constraints on slope a and intercept e:
1) =p fqdm ¢ v, /q,
2) (EE] - sa < e < [ESE%Eth = 0(t)r if “plg £.0 < p,/q,

L
TL?—I’] - L(s)a < e < [%1— te if p_/q <a < p/g

(4.21)

This theorem identifies continuous line segments, given a string. [McIlroy

1985] gives algorithms for the converse approach, where one identifies the

string, given a continuous line segment.

Fig.4.7 and table 4.1 give an example of the strings and domains for the

2 3
line y= ?-x + %3 for increasing n.
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Theor 4.5
4.4 SPIROGRAPHS AND (e,x)—-SPACE eorem

The circumference of the spirograph SPIRO(x',n) is the line « = a' in

h ection derives the relati etween the 'L'G)IESE[ltatiOU of St[aig 1t | DIAMO )([) in (E,ﬂ) space, with periodic boundary conditions on e in
is s v
b sSp ographs and in (e )‘ space. At int ti e t int [0,1)' ints on the Spi ograph (o] Spo’ d to the
lines by i 50 1 interesting result of spiro le interval The po correspon
T h theor to (e a)—space is the erivation of the nu nber of Straig t Intersectio of a=a' with the border lines in DIAIION-D(I])-
grap y s

strings consisting of n chaincode elements 0 and/or 1, by counting the
Proof:
SPIRO(a,n) contains the projections of the discrete points of n
columns of the grid, projected along a line with slope a (fig.3.1). A
| discrete point (i,j) is therefore represented by a polnt at a distance
e = (j-iz) to the left (anti-clockwise) of the point O in SPIRO(a,n).
4.4.1 A line in (e,x)-space Rewriting this to: j = iot+e, it is seen that the value of e for a
fixed value of @ is just the value also given by the LPT of the
critical point (i,j). Thus at fixed ¢=a' the spirograph contains the
The connection between spirographs and (e,x)-space is given by the intersections of the border lines in (e,x)-space corresponding to the
critical points in n columns of the grid. The periodicity in e implies
following theorem, illustrated in Fig.4.8. that only the points in TRAPEZOID(n) need to be considered. Therefore,
the circumference of the spirograph i1s identical to the line a=a'
in (e,x)-space. Periodicity in e in the interval [0,1) follows from
the circularity of a spirograph.

number of facets in DIAMOND(n).

QED
This relation with spirographs immediately leads to the following theorem
(first described in [McIlroy 1985]):
L Gl
The vertices C, A(or B) and D of a facet lie at three consecutive
J-/e—l fractions in F(n).
0
4 Proof:
3 Consider a line a=a' in DTAMOND(n), corresponding to SPIRO(a',n). The
point order of this spirograph is the same as for all spirographs with
N an « satisfying eq.(3.8). In terms of the facets of DIAMOND(n), this
s 1 means that moving upwards or downwards with «, the first traces to
P cross are those corresponding to the boundaries [ar|/r and [aR]/2 .
Thus, in a strip of DIAMOND(n) around @ = a' containing the part of
5 DIAMOND(n) satisfying |ar|/r € a < [aR]/& there are no intersections
73 of border lines. Theorem 3.5 shows that these bounds for the strip are
(04 consecutive fractions in F(n).
QED
Indeed the expressions of the vertices of FACET(n,q,p,s), as given in
theorem 4.3 satisfy lemma 3.5:
3 . i h SPIRO(a',n) ie a line a=a' in (e,a)-space. 4 L(t)+1 s
Figure 4.8 The spirograp s pyd = pay = ~(L(t)-s)p + | 2 (q) & p_q =
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T ¢ [RL(_tﬂ_ﬂ_Pi X3
q{ qQ + 7 q1 ity % }
= oo fe e Reis il (TRl e
q i q+\,q} [q]*'q}

where the final transition follows by eq.(4.15) and eq.(4.17).

4.4.2 The number of straight strings

As an interesting consequence of the analysis of the facets, the number of

straight strings of n elements 0 and/or 1 are computed.

Theoren 4.6

The number N(n) of straight strings of n elements, consisting solely

of codes 0 and/or 1, is

n
N(n) = 1 + I (ntl-k) ¢(k) (4.22)
k=1

where ®(k) is Eulers ¢-function, indicating the number of positive

integers not exceeding k and having no common factor with k.

Proof
The theorem is proved by deriving a recursive relation for N(n) by
counting the number of facets of DIAMOND(n). According to theorem 4.2
this is equal to the number of straight strings of n elements 0 and/or
1.
Consider the transition from DIAMOND(n) to DIAMOND(n+l), which in
(x%,y)-space is the transition from TRAPEZOID(n) to TRAPEZOID(n+l).
This means that the LPT-images of the discrete points in the column x
= nt+l are added to DIAMOND(n). These lines intersect border lines
already present in DIAMOND(n) in points with a-coordinates of the form
(3-3")/(ntl-1"), where 0 < j' € i' < n, and 0 € j < ntl. With varying
i', j' and j, these are just all fractionms of F(n+l).
Every time a new border line intersects one of the border lines of
DIAMOND(n), an old facet is split into two new facets, and therefore
the total number of facets obeys the recursive relation:

N(ntl) = N(n) + Ng(np+1) ~ Lo (4.23)
where Np n) denotes the number of terms in F(n). The '-1' in eq.(4.23)

is included .since the crossing at 0/1 does not introduce a new facet
With the definition of Euler's ¢-function given above we find
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n
N =1 (1)
E(z) i=1

(4.24)

Here the '+1' takes into account the special fraction 1/1. With the

proper initial conditions, eq.(4.23) becomes

n+l
N(n+l) = N(n) + I ¢(1)

i=1
N(1l) = 2

The solution of eq.(4.25) is
nj

N(n) =14+ £ I ¢(i)
J1 i=1

Counting the number of times ¢(1) occurs in this
rearranged to eq.(4.22).

Table 4.2 contains some values of ¢(n) and N(n). The
of ¢(n) and hence of N(n) is apparent. Nevertheless,

behaviour can be computed.

First a preliminary lemma, which is due to Euler, as

(4.25)

(4.26)

sum, eq.(4.26) can be

QED

irregular behaviour

the asymptotic

is the beautiful

proof (see [Mardzanisvili & Postnikov, 1977],[Hardy & Wright 1979, 17.3]).

Lemma 4.4

The probability that two arbitrarily chosen positive integers have no

common factor is 6/&2.

Table 4.2 The number N(n) of straight strings consisting of n elements 0

and/or 1, and some approximations.

A e | e ol e
1 1 2 il 2.3
2 1 4 8 4.2
3 2 8 2.7 8.0
4 5ol s Gt 14.2
5 g || oo 12.7 23.4
6 bi e 21.9 36.3
7 5o | 34.7 S
8 i 51.9 ey
9 6 | 104 73.9 102.8
10 2 | 126 101.3 136 .4
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Proof
Call the two numbers q and - Consider a prime p. The probability
that q; is divisible by p equals 1/p. The probability that q; and q,
are both divisible by p equals_1/p“. The probability that neitﬁer is
divisible by p equals (1 - 1/p“). Thus we have that the probability
that q; and gy have no common factor 1is

m (1 - 1/p2)
P

where the product is over all primes. Now, with Taylor expansion

1
HA_.I_Z= n(1+1_2+—4+...)
P = ey - P

The_right hand side, written out, contains all unique prime factors of
1/n“, for any integer n. Hence

1 LS eaF0
2
3

H(l—l/p2)= TR e
P gl/n c(2)

where C(.) is the Riemann zeta-function [Hardy & Wright 1979,17.2].

QED
This lemma implies that ¢(n) can be approximated for large n as:
6 o2
¢(n) = —n (4.27)
n
By more complicated arguments, it can be proved [Hardy & Wright 1979] that
n 2
L oe(d) = 3“—2 + 0(a %n n) (4.28)
j=1 ki

This leads to the theorem

Theorem 4.7
For large n, the number of straight strings consisting of n chaincode

elements 0 and/or 1 is N(n) given by

3
N(n) > 2+ o(a’tn n) (4.29)
m
Table 4.2 also contains some values of this approximation, and shows that
3/2+(n+l)3/n2 seems a good approximation for small n. Table 5.1 (next
chapter) gives all 36 straight strings consisting of 6 codes 0 and/or 1.

5. Characterization

5.1 DIGITIZATION AND CHARACTERIZATION

This section provides a formal description of the information reducing
steps encountered when performing measurements on digitized straight line
segments. The description is given in the form of sets and mappings

between them, to make it independent of any particular representation.

All continuous straight line segments form a set L . Digitization of
continuous straight line segments is a mapping D: L >C of the set of
continuous line segments to the set of straight strings C. Digitization

of a particular line % results in a string c, denoted by ¢ = DX.

Given a string c, there is an equivalence class of continuous lines all
having the same string c as their digitization. This equivalence class is

called the domain i%(c) of ¢ corresponding to the digitization D.

Definition 5.1: domain D (c)

D) ={2eC |p2=c} (5-1)

Thus the domains indicate the finest distinction among continuous lines

that can be made on the basis of their digitization.

Example: If £ consists of lines in the standard situation, and is
parametrized by (e,x), D is OBQ-digitization, and C 1is parametrized by
the (n,q,p,s)—parametrization, then ﬂDD(DSLS(n,q,p,s)) = FACET(n,q,p,s).
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In the computation of estimators, it is not always convenient to deal with
the complete string c. For instance, according to Freeman [1970], the
length corresponding to a string is computed as the number of even
chaincode elements (ne) plus /2 times the number of odd chaincode elements
(no) in the string. Thus for this length estimator, the string is reduced

to a tuple (ne,no). This leads to the concept of a characterization.

Formally, a characterization is a mapping K:C>TBof the set of straight
strings onto the set of tuples G . Applying K to a straight string c

reduces it to a tuple t of parameters. This is denoted by t=Kc.

In the same way as domains are the equivalence classes into which the set
of lines is divided by digitization, there are equivalence classes into
which the set of strings is divided by characterization. Therefore, to
each tuple there corresponds a E?ESK(t)' which is the equivalence class

of all strings having the same tuple t under the characterization K:

Definition 5.2: scope Sv(t)

8, (B) = { ccB | ke =1t} (5.2)

After characterization, only strings in different scopes are considered to

be different.

Taking digitization and characterization together, a mapping KD: £+T is
obtained. The equivalence classes of this mapping will be called regions.
Thus the regionﬂKD(t) of a tuple t is the set of all lines having the

same tuple t after digitization D and characterization K.

Definition 5.3: region -R,m(t)

Rep () = { 2eL | k02 = ¢} (5.3)

After digitization and characterization, only lines belonging to different

regions are considered to be different.
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Figure 5.1 An overview of the sets, mappings and equivalence classes

involved in digitization and characterization.

Fig.5.1 summarizes the terms introduced. A relation between the different

equivalence classes which follows immediately from the definitions is:

e L e
KD i
ceS_ (t) 2 =
K
In the following, the subscripts D and K will often be omitted, if it is

clear which digitization and characterization are meant.

Note that in each of the mappings D and K, a (potential) loss of inform—
ation occurs. Digitization unavoidably implies loss of information, since
it maps a continuous set £ onto a discrete set C. Characterization, how-
ever, maps one discrete set (C) onto another (B). Here loss of information
can be avoided if the characterization is chosen properly. Character—

ization is then nothing more than rewriting the same information in a more

convenient form.
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Let us use the symbol F to signify a faithful characterization, i.e. a

ij between a string ¢ and its
characterization that is a bijective mapping be F_l e
corresponding tuple t. In that case there is an inverse mapping 3
that t=Fc implies c=F_lt. The scope SF(t) then consists of a sinfle string
¢ = Flt and the region Rep(t) is equivalent to the domain Dp(F "t). Thus

a faithful characterization entails no loss of information.

Two characterizations are called equivalent characterizations if they have

the same set of equivalence classes. This implies that there is a

bijection between the tuples of these characterizations.

5.2 VARIOUS CHARACTERIZATIONS

Existing methods of length estimation bear in them different types of
characterization. These are now considered, as are the corresponding
regions. The actual analysis of the length estimators is performed in

chapter 6 and 7.

5.2.1 The (n)-characterization

The simplest characterization of a string is by the number of chaincodes.

Thus, the characterizing tuple is (n).

The region in (e,x)-space corresponding to a tuple (n) is DIAMOND(n):
R) = {(e,@) | 0<e<1 A -e/n<a< (ntl-e)/n } (5.5)

All strings with a domain in this region have become indistinguishable
after this characterization, see Fig.5.2a. The region i1s bounded by border
lines corresponding to the critical points (x,y)=(0,0), (0,1), (n,0) and
(n,n+1). See also table 5.1, where all strings of 6 elements O and/or 1

are indicated, all leading to the same tuple (n)=(6).

This type of characterization is not used very often for 8-connected

strings due to the great loss of information it entails.

il
3.2.2 The (ne,no)~characterization

In [Freeman 1970], the number of even and the number of odd chaincodes are
used in a formula for the length of a string. Denoting these by n, and 0,

respectively, this is an (ne,no)~characterization.

In fact this characterization only uses the difference in discrete coor—
dinates between the begin and end point of the line. Note that in the
discrete case this is not sufficient to characterize the segment
completely! Since n, and n, are completely determined by the critical
points in the columns x=0 and x=n, DIAMOND(n) is divided into regions by
the LPT-images of these points. This is sketched in Fig.5.2b. The regions

of the (ne,no)—characterization are thus given by

ﬂe' e no+1—e
J{(ne,no) = { (e,a) Hf;;7< a e A0 ey } (5.6)
e o e o

In the case of 8-connected strings in the standard situation, the differ-
ence in x-coordinates is (ne+no), the difference in y-coordinates is n,.
These are sometimes denoted by n and m, respectively, thus leading to the
(n,m)-characterization. This characterization is equivalent to the
(ne,no)—characterization, since the tuple of the one can be expressed
bijectively in the tuple of the other. The equivalence of the two charac-
terizations is also seen in table 5.1: when the tuple for the (ne,no)—
characterization differs for two strings, so does the tuple for the (n,m)-

characterization, and vice versa.

5423 ~The (ne,no,nc)—characterization

In [Proffitt & Rosen 1979] an extra parameter was introduced to describe a
4-connected string. This parameter, the corner count n., is defined as the
number of transitions between unequal codes in the string. It was intro-
duced to bridge the gap between 4- and 8-connected chaincodes. [Vossepoel
& Smeulders 1982] used this parameter for the characterization of 8-

connected strings, extending the characterizing tuple to (“e’no’nc"
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(c) (d)

Figure 5.2 The regions corresponding to various characterizations in

DIAMOND(n) for n=6, with the tuples indicated. Compare also
table 5.1.
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Table 5.1 ALl 36 straight stringe of 6 elements 0 and/or 1, with the

tuples of the (n)-, (ngny)=, (nyn,n,)- ard (n,q,p,8)-

characterization indicated.

(n)

string (ng,n,)| (n,m) (n,,n ,n.)f (n,m,k) | (n,q,p,s)
000000 | (6) | (6,0) | (6,0) | (6,0,0) |(6,0,0)| (6,1,0,0)
000001 | = (6) 155 LY (6 SIS (51,1, L) E(6 15 13| C6 §61,140)
10000 R (6)8| K05 1 ) {6 TR (8 M6 I 18I 8 a6 T 1 G
000010 | (6) | (5,1) ((6,1) [ (5,1,2) |(6,1,0) | (6,5,1,0)
010000 . (6) |“(5,1) | (B, 1y €5,1,2) 1(6,1,00 | (6,5,1,2)
000100 | (6) | (551)"|(6,1) | (5,1,2) | (6,1,0) k{6, 4,1,0}
00T.000% I SEAHRIE(H 1) e 6o S1IMIS (5,1 2 yRIE(E M ONIN(6 32 NI
100001 | (6) | (4,2) |(6,2) | (4,2,2) [(6,2,2) | (6,5,1,1)
100010 | (6):] (4,2) | (6,2) | (4,2,3) | (6,2,1) | (6,4,1,1)
010001} (6)8F(4,2) 106, 2) 8 R4 2 J3VRII(6, 2 1 )RIR(0 SAT1 S0
001001 [ (6) [ (45 2) (652 T (452, 3) |06, 25 1y i (o 55,1 0)
100100 | (6) | (4,2) [(6,2) | (4,2,3) [(6,2,1) | (6,3,1,1)
010010 | (enlica 2y iliCeioy IS (4 jo iR Iid6 o t0NRNICa A TIE 2y
001010 | (6) | (4,2) |(6,2) | (4,2,4) | (6,2,0) | (6,5,2,0)
010100 | =060l (%, 2) MEG6% 2)eil S 20 AyRIRC6 2 OYRINCR J6 914
LOOLOL 4 F(6)|5(3 53 [E(65 30 IR.(343 JANI (6 S8R0 RIR(E 5552 1Y)
101001 A1 =(6) 1 (3,3) [1(6,3)[=(3,3 ,4) S| (6352 )18 (6 355273
0T01OL (65 11(3,30 11663 ) [ (35,8 ;50 R IR(64 35 L )RIS(6.32,:170)
101020° [~ (6)45(348): (6B IE (3,35 5) R (aT 3 S1HE[Hi6N7 i1t 1)
010170 |F(6)111(3,3) | (6,3) | (3,3,8)i(6,3,0)518(6,5,3,0)
011010 [S(6)5(333) |6 3R (T (3535 4) F[i(6, 350) N [R(6H5.818)
101011 | (6) | (2,8) | (6,4) | (2,4,4) [(6,4,2) | (6,5,3,1)
TI0T0L S Ma6) |F 24 ] (6™ =(2 4, 2)E (6452 )8 H(655 :3.2)
101101 | (6) | (2,4) [(6,4) | (2,4,4) |(6,4,2) ) (6,3,2,1)
011011 | (6) [ (2,4) |(6,4) | (2,4,3) |(6,4,1) ] (6,3,2,0)
110110 {5(6) [7(2,4) 11€6,4) |" (2,4,3) (6 ,40)10C673,2 7Y
101110 [ (6L C2,4) |16 4) 0 |- (2 74,3) [ (6534, L)a[V (654, 35L)
011101 1 (6) 10(2, &) 16,40 1 (2 4, 8) 1 (6 451NN L4 .8/,0)
011110 | (6) | (2,4) [(6,4) | (2,4,2) |(6,4,0) | (6,5,4,0)
1I0LLL A (B) |.L1.5) L6h,5) - €1,5,20 6 5 2)r {06 vhs 32}
111031 | (8) | (1,5) | (6,5) | £1.5,2) l(a.5.2) ) (6,6,9.3)
TOLTEY (6 1| (155) (06,50 | (1,0;2) [(6,5,2) 1 (65 4,1)
111101 |63 L1550 | 46,50 | € ,5,28) J06,5 .2y L6 25 a0
011111 | (B) | (1,5) | (6,5) | (1;5.1) [ (6,5 1) Li5 6,5 .0}
TTITTOMIE(6) R =(155) = (655 ) SIS (1 5T IR(6 55 L )RR (656 355 5)
111111 | (6) | (0,6) [(6,6) | (0,6,0):](6,6,2) | (6,1,1,0)
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Figure 5.3 Regions of the (ne,no,nc)—characteﬁization around o =

The following argument by [Vossepoel & Smeulders 1982] shows that the
improvement of this extended characterization is that apart from the
critical points in the columns x=0 and x=n, those in the columns x=1 and
x=(n-1) also contribute. Let c; denote the chaincode element that is
present in minority, and ¢y the element that is present in majority. Then
the number of transitions between unequal elements is twice the number of
elements c;, if at both ends of the string a cy is present. Each c, at an
end of the string decreases this number by 1. In the standard situation,
and the

where a string element is 0 or 1, n, is thus determined by n o

e’ “o*
sum of the first and the last chaincode element, called k. Thus the
critical points in the columns x=0, 1, (n-1) and n contribute to the

tuple.

In (e,x)-space, the border lines corresponding to these critical points
determine the regions. For n=6, the LPT-images of these points are
indicated in Fig.5.2c. A set of four regions around @ = no/(ne+n0) is

drawn in Fig.5.3. These regions are specified by their vertices as
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follows. Let n = (ne+no), m = n,, and k as defined above. Then the

vertices are (see [Vossepoel & Smeulders 1982]):

() ) | (L feyy e iy 1f k=0,

n n— n-1 ’n-1 NeZen=>
(5275
n-m-1 m-1 n-m m-1 =il =L
(‘;:E—xgjg) ) (ﬁjfugjf) , (1,§:IJ > (1,E%;') if k=1,

(n—m—l m ) : [n—m—l m—l) . (I,E) . [l m—l) 1f k=2.

n=2 *n-2 A=l

Note that the region of a single tuple contains two trapezoids if k=1.
Note also that i1f n € 4, all columns contribute, and in therefore in those

cases the (ne,no,nc)—characterization is faithful.

[Vossepoel & Smeulders 1982] used n:(ne+no), m=n and k as defined above

to 'describe’ a straight string. This would now be called a (n,m,k)-

characterization. The relation between (ne,no,nc) and (n,m,k) is:

natet oo
netaim;
m< n/2 n, = 2m-k

o ? _qo-l if kel
m=0/2 : a {n if k=0,2 (26
m > n/2 : L 2(n-m)-k

Thus if n is odd, the (ne,no,nc)— and (n,m,k)-characterization are
equivalent, since the tuple of one can be expressed bijectively in the
other. If n is even, all tuples can be mapped bijectively, except
(ne,no,nc)=(n,n/2,n) which corresponds to both (n,m,k)=(n,n/2,0) and
(n,m,k)=(n,n/2,2). Apart from these tuples, the (n

e,no,nc)— and (n,m,k)-

characterization are equivalent. This is also seen in table 5.1.
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5.2.4 The (n,q,p,s)-characterization

r straight
In chapter 2 of this thesis, the (n,q,p,s)-parametrization fo g
Le
trings was introduced. In terms of the present chapter, the tup
s

(n,q,p,s) provides a faithful characterization of the string.
»95Ps

account
For this characterization, all digitization points are taken into
ns of
haracterize a string, and thus the critical points in all colum
to cha

ins, b
TRAPEZIUM(n) contribute. The regions are equivalent to the domains y

theorem 4.4:

(5.8)
R (n,q,p,s) = FACET(n,q,p,s)

.5.2d.
The regions of the (n,q,p,s)-characterization are depicted in Fig.5

i : 1 strings
Table 5.1 shows that the characterization is indeed faithful: all s g

have different tuples.

that although all points of the
only 4 (sometimes 3) points really

and R, of theorem 4.2. In contrast to

It was shown in the previous chapter
digitization are taken into account,
=P, @
matter. These are the points S, P,
3 to the
i hich also 4 points contribute
the (ne,no,nc)-characterlzation, for whic

region, the points S, P, Q and R are not in fixed columns.
>

th L an
Alternative, but equivalent, characterizations are (n,q,p,s+1q) (with
>

integer), or any of the (N,Q,P,S) defined in theorem 2.1.

6. Estimation

6.1 THE MEASUREMENT SCHEME

The descriptive scheme for information reduction by digitization and

characterization, introduced in the previous chapter, can be extended to a

scheme on measurement.

A numerical property of a continuous straight line segment can be
described as a function f: f *F?, attributing a real number f(2) to a line
segment &. An example of this is the length of a segment extending between
two columns x=0 and x=n: in the (e,x)-representation of chapter 4, it is
given by f(e,a) = n /(l+a2).

After digitization and characterization, the line £ is reduced to the
tuple t=KD& . This tuple t could also have been obtained as a result of
the digitization of other line segments. By the definition of a region,
these possible pre-images of the tuple t are all lines in the region R(t).
The lines £ of the region R(t) generally have different values f(2) for
the property f. Let the values of £(L), assumed by lines £ in R(t) be
called admissable values of f, given t. Note that not all admissable
values are equally probable, since the lines in R(t) are distributed
according to some probability density p(R) .

Due to the inherent spread in admissable values of, given t, it is

impossible to measure the property exactly; the best one can do is

estimate. An estimate of the property f, based on the tuple t, is

indicated by gf(t), or g(t) for short. Considered as a function of t,
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g(t) is called an estimator; this is thus a function g:T?»R, attributing
a real number to each tuple. The aim is to choose a g(t) that is a 'good'

estimate for f£(R), for all t and .

In this chapter, the only estimators g(t) that will be considered are

those that depend only on the values of f(L) assumed by lines 2 in R(t).

6.2 ESTIMATORS
In this section, six types of estimators are introduced.
6.2.1 The MPO-estimator

Given a tuple t, the most probable original (MPO) estimator gMPO(t) for

the property f is defined as the value of f at the most probable value
ofic X

gpo(t) = £(argmax{p(2) | 2= R(D)}) (6.1)
where argmax{P(l)} indicates the value of £ maximizing p(L). Fig.6.1l
schematically indicates the meaning of gMPO(t) for a type of probability

density function that will occur when calculating o-dependent properties.

£(2)
MPO

p(2)

9 —

Figure 6.1 Sketch of the MPO-estimator, for a given probability density
funetion p()in R (t). Its value is the value of f at the

value of & moximizing p(L).
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The probability density function p(a) is then a triangular function. MPQO-

estl
timators for these a-dependent properties will be treated in section

6.3.

The MPO-estimator should not be confused with a maximum likelihood

estimator. The difference between the two is discussed in Appendix 6.1

6.2.2 The MPV-estimator

Given a tuple t, the most probable value (MPV) estimator for a property f
————— - va-ue (MPV) estimator

in the region R(t) is defined as the most probable value of f in R(r)

Theorem 6.1

The MPV-estmator is given by:

gpy(t) = f(argmax{T¥$%%%r 'Q sR(t)})

(6.2)
where p(L) is the probability density function of the lines, and
argmax{?(l)} indicates the argument £ which maximizes P(2)

Proof:
The probability densit i
y functio i

el n p(f) of f is found by the

0L 2

p(e) = |32 pety - -

of 1£7(2)]

and the theorem follows.
£(2) QED

L —
Figure 6.2 Sketch of the MPV-estimator.
value of f,

Its value is the most probable
which is the value maximizing p(f).
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Figure 6.2 schematically indicates the MPV-estimator for a-dependent
properties. Appendix 6.1 deals with the difference between this estimator
and a maximum likelihood estimator, appendix 6.2 with the difference with

the MPO-estimator.

6.2.3 Minimizing the maximum absolute error

For a given line 2 and a property f, the estimated value g(t) = g(KDX)
usually differs from the exact value f(L). The difference

ep o = {g"(kon)-£(1) (6.3)

is called the estimation error. Let the estimator that minimizes the
expectation of the maximum absolute error be denoted by 8p+ The implicit

definition of this estimator is thus:

E_ ( max (1)’} ) minimal (6.4)

{|e
L £,8
where EJé(x) indicates the expectation of x over a set st . The solution is

given by the following theorem:

Theorem 6.2

The estimator minimizing the mean maximum absolute error over [ is:
go(t) = & { M (6) +m (t) } (6.5)

where Mf(C) and mf(t) are the maximum and minimum over R(t)

M (6) = max {£(2))

R(t) (6-6)
m (t) = min {£(D)}
R(t)
Proof:
Since go(t), and hence € (), depends only on admissable values

(the values in R(XDL)), *80 the expectation in eq.(6.4) can be
rewritten to a sum over the regions:

I 2 i .7
o pj{(KDl) max{’ef’go( )|} minimal (6.7)

where pj{(KDl) is the conditional probability of a region:
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g —
Figure 6.3 Sketch of the 9y estimator. Ite value is the average of the
mazimum value Mf(t) and the minimum value Tf(t) of fin R(t).

P = (2) as
R(KDL L e
3 (604 R(KD2R) )
Since all terms are positive, the sum in eq.(6.7) is minimized by
minimizing all terms, leading to the demand:
max { |gO(KD1) O] ‘ L e R(kDL) } minimal
With Mf(t) and mf(t) as defined in eq.(6.6), this can be rewritten to
max { M (6)=g)(£) , go()-m(t) } (6.9)
The solution is:
=5
Bo(B) = & L M (6) + m(c) } (6.10)

which proves the theorem.
QED

In estimation theory, this is sometimes called an estimator based on the

Chebyshev-norm. Fig.6.3 depicts this estimator.

6.2.4 Minimizing the absolute error

Let the estimator minimizing the expectation of absolute value of ¢ ()
f

over all & ef be denoted by 8- This implies that 8 should satisf; the
demand:

Ep {8 (00)-£(2) } mininal (6.11)



Pigure 6.4 Sketch of the g; estimator. Its value is the median ualu% of
p(f) in R(t), which is the value halving the area of p(f).

The solution is given by the following theorem:

Theorem 6.3

The estimator minimizing the mean absolute error over £ is:

g, (t) = median {£(D)} (6.12)
R(e)

Proof:
Since, by the restriction made in section 6.1, g(KD&) is based only on

the values of f£(£) in the region R(KDL) , eq.(6.11) can be rewritten
to a sum of expectations over individual regions similar to eq.(6.6).
Minimization of the sum again implies minimization of rhe individual

terms, yielding:
E (kD&) - £(2)|} minimal (6.13)
Rexony B |
The solution to this equation is the median of £(2) in R(t) , see

e.g. [Justusson 1979]. o

Fig.6.4 is a schematical indication of 8y for a-dependent properties.
A statistical analysis of the median can be found in [Justusson 1979].
6.2.5 Minimizing the square error

Let the estimator minimizing the mean square error (MSE) be denoted by g.

In formula, the demand for gy is:
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R ([gZ(KDE)~E(Y.)‘2} ainimal (6.14)

This can be rewritten, as for gy, to a demand for minimization of the

square error over each Iindividual region:

2 :
E R {|g2(xny,)—f<m[} wminimal (6.15)

By the well known formula (e.g. [Lewis & Odell 1971]):
2 2 2
E {[g(t)-£(11°} = E {[a(t)-Eg(t) 17} + E“{g(t)-£()} (6.16)

the MSE is equal to the variance plus the bias squared. Hence estimators

minimizing the MSE have minimum variance and are unbiased.

It is difficult to give a general solution to eq.(6.16). However, if we
restrict ourselves to estimators g(KDL) that are a linear function of the
admissable values of £(2), then the solution can be computed. This leads

to the BLUE estimators.

6.2.6 BLUE estimators

The problem of minimizing the mean square error by an estimator which is a
linear combination of the admissable values bears a close resemblance to
the calculation of best linear unbiased estimators (BLUE) in the theory of
parameter estimation (e.g.[Lewis & Odell 1971]). There, one has the
situation that one original value leads to measurements, or ‘observations®
that show a certain distribution. A BLUEstimator is then an estimator that
is a linear combination of the observations, and has minimal MSE. In the
case considered here, the situation is the reverse: there is always only
one 'observation' (the tuple t), but there are many 'originals' (namely
all lines in R(t) ). Nevertheless, the mathematics is so similar that the
term 'BLUEstimator' will be used. 'Linear' should in this context be

interpreted as 'linear in the admissable values'.

Consider the BLUE estimator for a particular characterization K, denoted

by bg. Given the tuple t, the set of possible originals is R(t), the set
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of possible values are the admissable values of f. The requirements for

bK(t) to be a BLUE estimator of f(&) are translated into this terminology:

Definition 6.1 BLUEstimator

1- The estimator should be linear in the admissable values f(R). This
implies that the estimator bK(t) should have the form

be(t) = w()E() ds (6.17)
Rt
where w(l) 1s some weighting function.
2- The estimator bK(t) should be an unbiased estimate of £(8&) over R(t):

E f(R) - b (t)} =0 (6.18)
ﬂ(t){() (0}

3- Of all estimators satisfying eqs.(6.17-18), gK(t) should have minimal
MSE over CE):

E {reey - bK(t)]z} minimal (6.19)
R(t)
Note that in all three requirements t = Kc denotes the tuple corresponding

to the string ¢ = D&, so t =KD&

The following theorem states that the estimator obtained by attributing to

a tuple t the expectation of f(2) over the region R(t) is BLUE.

Theorem 6.4

The estimator
By (KD2) = ERKD(KDD{f(x)} (6.20)

is BLUE.

Proof
1) (t) 1is a linear estimator, since it is the estimator of eq.(6.17)
with w() = p(R).
2) Consider the regionJlKD(DKl). Omitting the subscripts, we have:

- BK(KDX)} = {f)} - B, (RDZ) = 0

E X

Raxosy ED E R(xp2)
Thus By(t) is unbiased for a region.
Comparing the general estimator by(KDL) in eq.(6.17) with By(KDR)
in eq.(6.20), with respect to the MSE over the region R(KDL) we
have:

3

~
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2
E geepny LLEQ) = b (xpn)] 7}
= ER(KM) {re)y - BK<KM>)2} + E:R {[BK (XD&) - bK(KDl)]Z}

> E g ooy LLE®) = Bxon)1?)

(KDR)

Hence BK has a smaller MSE than any linear unbiased esimator based on
averaging over more than one region. Hence it is the BLUEstimato:.
QED

Since the set of all straight line segments L 1is a union of regions, the

estimator By is also the BLUEstimator over L

If the characterization is faithful, the regions reduce to domains. These
are the smallest possible sets of lines distinguishable after
digitization, and the BLUE estimators corresponding to this faithful
characterization are therefore the most accurate estimators possible,

given the digitization D. This is expressed in the following theorem.

Theorem 6.5
Of all BLUE estimators

B (KDL) = E {£()} (6.21)
.RKD(KDR)
the estimator BF’ corresponding to a faithful characterization F has
minimal MSE.

Proof
Consider the MSE over a domain iB(Dl) =J{FD(FD£) (abbreviated D(DL)):

2
Eqypry LIECD) = B (x00)}°]
= " 2 2
= Eqon {t£C) - B (FOD)1°} + Eqpg) {[Bp(FDL) = B (kDD)]}
2
> Eqypgy (EE(R) - B(FDD]Y)
Hence the MSE of B is smaller than that of an arbitrary BK' unless

K=F. Therefore g, is the optimal BLUE estimator.
T &
D

The estimator BF(t) will be referred to as optimal BLUE. Note that since
J{FD(FDL) =ﬂ)D(D£), the optimal BLUE estimator can be written as

BL(FDR) = E:DD(DJI) {re)} (6.22)
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which is independent of the specific faithful characterization used - as
it should. For specific properties of straight line segments, this

estimator is evaluated in section 6.4.

6.2.7 The choice of estimator and criterion for a-dependent properties

In the remainder of this chapter (and thesis) the treatment of estimators
is restricted to a-dependent properties of discrete straight line
segments. Examples of such properties are slope ( f£(L)=a ) and length

{ f(l)=n/(l+ﬁz) ). For these properties, out of the six types of
estimators treated in the previous sections, only the MPO- and BLUE-
estimators will be evaluated. Minimization of the MSE in the asymptotic
case (where n*®) is used as criterion for the evaluation. The reasons for

these choices are now discussed.

Let £ be parametrized by e and @, so that the property f£(1) can be
written as f(e,x). Given a line segment y=axte between n columns of the
grid 0 € X € n, many interesting properties, such as slope, angle, and
length are function of @ only, and do not depend on e. Thus these

properties can be written as f(e,a) = £(a).

The probability density function of the lines, p(e,x), is taken to be the
one given in section 2.3.2, corresponding to an isotropic and homogeneous

distribution of the lines. Thus, by eq.(2.15):
o) = (e (6.23)

For the (ne,nc)— and the (n,q,p,s)-characterization, the regions given in
section 5.2 are quandrangular shapes with two vertices at the same value
of a. The probability density function p(a«) over this region is found by
integrating p(e,x) over e.

For the (ne,no)—characterizatiou, putting o =u and (ne+no)=n, this yields

p (@) = 72 (m+1—an)(1+u2)"3/2 if m/n< o< (mHl)/n

2)—3/2 Coelh)

if (m-1)/n < @ € m/n

p(a) =
py(@) = V2 (an-m+1) {1+
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Figure 6.5 The probability density function p(a) for a-dependent proper

ties in the (n,,n, )- and (n,q,p,s)-characterization.

For the (n,q,p,s)-characterization, this yields:
28-3/2 .
Py () = V2 (p,-uq,) (1+a”) if  pla < a<p /g
p(a) = (6.25)
2y
py(@) = V2 (ag_-p ) (1+a”) 0¥ /g < @< op/q

These functions can be described by the same formula, sketched in Fig.6.5:

o (a) = V2 (P+—aQ+)(L+a2]_3/2 1f B/Q< a<BJq,
p(e) = (6.26)

py(2) = V2 (aQ_—P_)(1+a2)_3/Z if P_/Q < o < P/Q

1}

The extent (P+/Q+—P/Q) of such a region is, for the (ne,no)—characteri—
zation, 2/(ne+no)- The peak height is 1. In the asymptotic case, where
n>® p(a) thus becomes more sharply peaked.

For the (n,q,p,s)-characterization the extent is é{é~ + %—) (by eq.3.9).
If Q is small, the extent is large. Since Q+ and Q_ gre the denominators
of the neighbouring fractions to P/Q in the Farey series of order n, Q
and Q_ are both of order m if Q is small. Therefore the p(a) with the

largest extent have an extent of 2/Qmn, if n»=.

For both characterizations, the extent is thus asymptotically of the order
O(H—l). Since within the extent of p(a) the variation of the function

Die=3 79
(1+a") 3/2 is asymptotically small compared to the variation of the



Pigure 6.6 For a-dependent properties, all five types of estimators give
results that are asymptotically close. In this sketch ggryp(t)
i the expectation of f(a) in R(t), the other estimators are

as indicated in Figs.6.1-4.

factors (P+—uQ+) and (aQ_—P_), the p(a) are asymptotically of a triangular
shape. If f(a) is asymptotically linear over the extent of p(a), the error
measures treated (maximum absolute error, absolute error, root mean square
error) are all linear in the extent of p(®). Therefore, asymptotically the
choice of an error criterion is largely a matter of taste and convenience
and will not influence the order of the results obtained. The MSE was

chosen since it is mathematically most amenable to analysis.

The fact that the p(®) are increasingly sharper peaked implies that the
various estimators introduced will become asymptotically identical (this
is illustrated in Fig.6.6, a superposition of the figures 6.1-4).
Therefore, if the asymptotic MSE is chosen as the criterion for
comparison, the choice of the type of estimator is fairly arbitrary. Twc
estimators where chosen: the BLUEstimator, since it is the (linear)
estimator minimizing the MSE, and the MPO-estimator, since it 1s easy to
compute and hence potentially of greater practical use. These estimators

are calculated in sections 6.3 and 6.4.
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6.3 CALCULATION OF THE MPO-ESTIMATOR

For a-dependent properties f(a), the MPO-estimator is defined as the value
of f for the most probable value of a. For the (ne,no)— and (n,q,p,s)-
characterizations, p(x) is given by eq.(6.26). The following lemma gives

the most probable values of a for these characterizations.

A (ol

For p(a) given by eq.(6.26), the most probable value of « is:

Nerel: PoSs0) 2
“p = 77 if (—Q—- 1 and n=1)
(6.27)
12
G = q in all other cases
Proof:
In the interval P/Q < a < P+/Q+ , the derivative of p is:
2
' s =
pj(@)/p, (@) 3a/(1+«) + 1/(a P+/Q+] (6.28)

In the range 0 € « € 1, the first term is less than or equal to zero.
The second term is, in worst case, -n (namely at a=0 and at a=1), and
normally smaller. Therefore eq.(6.28) is less than or equal to -n, so
p(a) does not assume an extreme in the interval considered. Therefore,
the most probable value in the interval is a=P/Q.

In the interval P_/Q_( @ € P/Q , the derivative of p is:

oy (@) /p,y(2) = -3a/(1+a”) + 1/(a - 2_/q_) (6.29)

The first term is greater than or equal to -3/2, the second term
greater than or equal to n. Therefore no extreme value is assumed in
this interval if n > 3/2, and the most probable value is then P/Q.
If n=1, an exception occurs at P/Q=1/1, P_/Q_=0/1. In that case, a
maximum of p,() occurs at 1//2.

QED

For the (n)-characterization, the most probable value of a« in the

region R(n) given in eq.(5.5) is a = 0. For the (ne,no,nc)—character—
ization, the estimator becomes too unwieldy to present in a general form,
because of the awkward shape of the domains for k=0 and k=2 in eq.(5.7).
For k=1, the region consists of two areas shaped similarly to eq.(6.26);
then the MPO-estimator equals f(“o/(“e+ﬂo))-

Summarizing:



110

Theorem 6.6
For a-dependent properties f(a), the MPO-estimators for the (n)-,

(ne,no)— and the (n,q,p,s)-characterizations are given by:

gypo(m) = £(0) (6.30)
Hrp)  if (agng) = (0,1)
gpo(Nesny) = 4 (6.31)
f( 2 ) elsewhere
n +n
e )
15 =
Eupo(n>d,Ps8) = £  if (m,q,p,8) = (1,1,1,0) (6.32)
f(gﬂ elsewhere

The MPO-estimator for linelength is treated in section 7.
An estimator that closely resembles the MPO-estimator is the 'most
probable value' (MPV) estimator of section 6.2.2. The two are compared in

Appendix 6.2.

6.4 CALCULATION OF THE OPTIMAL BLUE-ESTIMATOR
6.4.1 Optimal BLUEstimators in the (e,a)- and (n,q,p,s)-representation

To evaluate eq.(6.22) for properties of straight lines one needs a faith-
ful characterization and an expression for the domains. Both have already
been given: the faithful (n,q,p,s)-characterization in theorem 2.2, and
the domain of DSLS(n,q,p,s) in corollary 4.l. Combining these with
eq.(6.22) gives:

Bp(n,q,P,8) = i)
DOMAIN(n,q,p,s)

f(e,a) p(e,x) de da (6.33)

where p(e,x) 1is the probability density describing the distribution of the
lines. Using the boundaries for the domain given in corollary 4.1, this

can be rewritten as:
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p/q [—pil-‘— at
Bg(n,q,p,8) = [ £(e,a) p(e,a) de da
p_la_ {_,*PLQS)W - aL(s)

p+/q+ Pﬂi&&lil] - aL(t)
& /

p/q [%i] - as

This formula provides the most general form for the BLUE estimator for an

f(e,a) p(e,x) de da (6.34)

arbitrary property f(e,z) of a continuous straight line segment, given a
particular chaincode string c, faithfully characterized by the tuple

(n,q,p,s).

Following [Vossepoel & Smeulders 1982] a moment-generating function Gy,is

introduced, defined by:

6, (n,a,p,9) = [ £'(e,0) ple,a) deda (6.35)

DOMAIN(n,q,p,s)
which allows the estimator of eq.(6.34) to be written in the form

G, (n,qa,p,s)

B,(n,q,p,8) = Gy(n,a,0,8) (6.36)
and its varilance as
G,(n,q,p,s) G (n,a,p,8) ,
var Bp(n,q,p,s) = - } (6.37)

1
GO(n,q,p,S) Go(ﬂ.q,P,S)

For further evaluation, assumptions on f(e,x) and p(e,x) are required.
6.4.2 Evaluation for a-dependent properties

In this section, the optimal BLUEstimators for properties that are only
dependent on @ are derived. Tt will be seen that the properties 'length',

'slope' and 'angle' are such properties.

The probability density p(a) is given in eq.(6.25), and eq.(6.35) becomes:
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p+/q+ 2032 Sl
G (n,q,p,8) = [  (p,-0q) (1+e) £ (@) da
i + O+
p/q
p/d 2.~3/2 4
+ (aq -p ) (1+a’) £ (a) da (6.38)
pif/qe
Introducing functions Fy, defined by:
s B (@iR,Q) = (aq - B) (+aD) 2el(a) (6-39)
this can be rewritten to
p,/a, p/q :
GRS i GRS G R (6.40)

This formula is now evaluated for the three properties length, angle and

slope.

Length
The length of a straight line segment of slope @, extending over n

2
grid columns, is f(a) = Y(l+a") , so:

aP + Q
e (6.41a)
Y /(1 + az)
B oA { grln(l+a2) - P atan(a) } (6.41b)
2 2 2
F, =n { @ ¥(1+a¢”) - P 1n{ot/(14a")} (6.41c)

With (6.1.8) and (6.1.4) this is the optimal BLUEstimator for the

linelength corresponding to a chaincode string (n,q,p,s).

Angle
The angle of the continuous line y = ax + e 1is f(a) = atan(a).

F, = - b0 (6.42a)

/(1+a?)
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(Qu-P) - (Q+Pa) atan(a)

B = (6.42b)
c /(1+a?)
e (Q+Pa) atanZ(a) i Z(P;Qa) atan(a) - 2(Q+Pa) (6.42¢c)
- /(1+a%)
Slope
For the line y=axte, the slope is given by f(e,x) = a .
oP + Q
e (6.43a)
9 /(1+a?)
F, = LQ‘;) + q Inf{ot/(14a)} (6.43b)
/(14a7)
2
F, = Q‘I—J’—Ii“;—zq— P In{a+/(1+?)} (6.43¢)
/(1+a%)

These optimal solutions are of a surprising complexity !

6.4.3 Taylor approximations

To study the behaviour of the optimal BLUEstimator, and its dependence on

(n,q,p,s), Taylor approximations are useful.

Theorem 6.7
Taylor approximations to the BLUE estimators for properties f(e,a)

that are independent of e: f(e,x) = f(a) are given by

A e Ly =
Bp(n,q,p,s) = f(q) - 5;#q+ q‘) £ [q) + 0o((nq) ) (6.44)
var[Bp(n,q,2,9)] = — (+ ——+ D' B} + o)) (645
L84 =q  ~=q.q-—2qs 4
Proof: /2

Abbreviating fi(a) (1+uc2)“3 to vi(a), we have for eq.(6.40):

G;(n,q,p,8)/72 =
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6.4.4 Regular grids

The estimators of egqs.(6.35-37) can be generalized to 4- and 6-connected
grids, and other regular grids, using the concept of a 'column' introduced

in [Vossepoel & Smeulders 1982], and described in section 2.2.4.

With the transformation T defined in eq.(2.9), an assumed uniform distrib-

il

ution of the lines in the skew grid transforms by T * to the distribution

p(e,a) in the square grid by:

h 2
(¢ ;—sin¢)
p(e,x) = Kv (6.54)
{(a + E»(:0547)2 + 0 B»sin¢)}3/2
v v
where K is a normalization constant. Eq.(6.35) for Gi then becomes

fi( )

h 2 e,
G = Kv|—sind de da

i (v ) II h Sl 2l

{[a s (—t05¢] i (<sin¢] }
DOMAIN(n,q,p,s) v v
The calculation of n,q,p and s and thus of p., 4, P_, 4 only depends on
the sequence of codes in the string and hence is not influenced by the

transformation T.
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Appendix 6.1 MAXIMUM LIKELIHOOD ESTIMATORS

Both the MPO- and the MPV-estimator are related to maximum-likelihood

estimators, well-known in the theory of parameter estimatlon. This

relationship is now described.

Formally, a maximum likelihood estimator is defined as follows (quote from

[Van den Bos 1982]):

Suppose that in a particular experiment the observations, considered
as stochastic variables, are W = (wl,...,wN)T and define fw(Q,O% as
their probability density, where the elements of Q = (wl,...wN)
correspond with those of W and 0 = (91,...,9\)T is the vector of
unknown parameters to be estimated from W. Now let V = (Vl”"’VN)T be
one particular realization of W, that is, the elements of V are
numbers, not variables. Then for that particular realization the
function L = £(V;T) with T = (t;,...,t)T is defined as the
likelihood function of the parameters. Thus L is a function of T. Then
the maximum likelihood estimate of the parameters T from W is defined

as that value T' of T that maximizes L.

Translating the estimation problem for the property of a discrete straight
line segment into these terms, W is the tuple of the characterization used
and V a specific realization t of that tuple. © is the parametrization of
continuous line segments, which was denoted by 2. The likelihood function
L is thus a function of &, for fixed t. It is denoted by L(t;2). The
maximum likelihood estimate depends on t; considered as a function of t it

is the maximum likelihood estimator 1ML(t).

With the 'argmax' notation from section 2.6.1, the maximum likelihood

estimator KML(t) for £ can be written as:
Baid) = argmax{L(t;2)} (A6.1)

Comparing with eq.(6.1) and eq.(6.2), it seen that both can be written in

terms of maximum likelihood estimators for R:
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g(t) = f(JLML(t)) (A6.2) Appendix 6.2 MOST PROBABLE ORIGINAL VS. MOST PROBABLE VALUE
For the MPO-estimator, the likelihood function is: The MPO- and the MPV-estimator are not equivalent. However, there are

circumstances when they identical results for virtually all tuples.

p(R) 1if e R(t)

5 = A6.3 =
LMPO(E,X) { 0 if Le R(t) ( ) Restricting ourselves to a-dependent properties f(a) and a probability
density function p(x) as in eq.(6.26), the following theorem can be
For the MPV-estimator, the likelihood function is: proved.

g(i)/ bl ii iz %EE)) (A6.4) Theorem A6.1

Lypy(Es2) = {
If f(x) is monotonic and satisfies, in the interval 0 < « < 1 :
Eq.(6.2) shows that gMPO(t) and gMPv(t) are not maximum likelihood estim—

e £:—(-—c—[-z»< T8 % (46.5)
£'(a)

ators of f, but estimators based on maximum likelihood estimators of X.
then the most probable value of f(x) is the value of f at the most

probable value of a.

Proof:
Let «' be the value of @ that maximizes p(a)/|f'(a)|. Let the most
probable value of a be called a".
With p(a) as in eq.(6.26), a"=a' if, for a small change 6a>0:

p@) o p(a'tbn) | p(a") p'(a") _ £"(a")
TE @~ TE (@+da)] ~ TE (@™ ] {1+ e - gramy) et

In the interval P/Q € a < P+/Q+, da > 0, so the demand becomes

£°(a”) | p'(a")
IACHRSCON S

In the interval P_/Q < @ < P/Q, 6 < 0 , so the demand becomes

£7(a") . p'(a")
£ @) * @) St
It was shown in the proof of lemma 6.1 that p!(a)/p
pé(a)/pz(a) > n - 3/2. Hence the theorem follows.

l(Cl) < n and

QED

Two examples of properties are now given.

For the slope, f(a) = a, and f*(a)/£'(a) = 0, so eq.(A6.5) is satisfied if
n>2, and 8ypo and gypy coincide. For n=1, note that maximizing the funct-
ion p(a)/|f'(a)|is identical to maximizing p(a) since f'(x)=l. Therefore,
2P0 and gypy are identical for the estimation of the slope. 1
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For length, where f(a) = n/(1+a2) , we have f"(a)/f'(a) = 1/[a(1+a2)),
which becomes infinite at a=0. Since f"(a)/f'(z¢) > 0, the left inequality
in eq.(A6.5) 1s satisfled. The right inequality is only satisfied if

A< a <1, where A is determined by 1/(A(1+A2)) < n-3/2 . With increas-
ing n, A decreases, and there are relatively increasingly more tuples for
which 8po edquals gpye In the asymptotic case where n»®, only the tuples
with P_/Q_=0/1 have 8ypo 7 Bypy+ For the (ng,n,)-characterization, this is
1 tuple out of n, for the (n,q,p,s)-characterization n tuples out of

n3/1t2 (see eq.(4.29)). Therefore, for length estimation, asymptotically
almost all tuples t have gMPO(t) = gMPv(t).

These examples show that though 8\po and gypy are mot equivalent for all
properties f(@) and for all tuples t, they may be very close. The reason
is that the probability function over a region for a-dependent properties
is sharply peaked (see Fig.6.l). Since this sharpness increases with
increasing n, gypg and Bypy normally are asymptotically equivalent.

estimators.

7. Length Estimators

7.1 LENGTH MEASUREMENT

This chapter treats estimators for the length corresponding to a chaincode
string of n elements. In the terminology of chapter 6, this chapter deals
with estimators g(t) of the property f(a) = n/(1+a2), for that is the
length of a continuous line y= ax + e, considered between n columns of the
grid. These estimators can be divided with respect to the 'type' of g, and

with respect to the characterizing tuple t.

With respect to type, the length estimators in this chapter are divided
into three major groups. Section 7.2 treats so-called simple estimators,
which are a linear combination of the parameters of their characterizing

tuple. Section 7.3 describes MPO estimators. Section 7.4 deals with BLUE

Estimators of a given type are subdivided with respect to the
characterization used. This is done in subsections, in the order: (n)-

(ne,no)—, (ne,no,nc)— and (n,q,p,s)-characterization (see Table 7.1).

The estimators are analyzed and experimentally compared for the length
corresponding to a straight string of n elements. The error measure used

is the relative deviation RDEV, defined as follows.
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Table 7.1 An overview of the length estimators treated in this chapter.
The columms indicate the characterization, the rows the type of
estimator. A comparison of all estimators can be [ound in

section 7.5.

(n) (ng>n,) |(ngsng,0.) | (n,q,p,8) | evaluation
simple Te2.1 FinZie 7523 T+2.4 7.2:5
MPO a3l 7.3.2 74343 7.3.4 7355
BLUE 7 edent 7.4.2 7 4,3 7 46 Felt e

Definition 7.1 RDEV(L,n)

The relative deviation RDEV(L,n) of a length estimator L is the square
root of the mean square error of the estimator L in the length
measurement, averaged over all straight strings of n elements 0 and/or

1, divided by n.

The normalization by n allows the interpretation of RDEV as the relative
error in the length measurement of all line segments with a projected

5
length of unity, when the sampling density is n° per square unit (arranged

in a square grid).

Using RDEV, the estimators are analyzed for discrete line segments
connecting the origin to a point in the column x=n. It should be noted
that there is a (small) difference between this and analyzing the
estimators for all points on the circumference of a circle x2+y2=n2. This

point of detail is discussed in Appendix 7.1.

7.2 SIMPLE LENGTH ESTIMATORS

In this thesis, the term simple estimators is used for estimators that are
a linear combination of the parameters of the characterizing tuple. One
would like to call these estimators 'linear estimators', but this term is

already reserved in the theory on parameter estimation, see section 6.5.
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7.2.1 Simple estimators for the (n)-characterization

The most primitive length measure one can consider for a string

DSLS(n,q,p,s) is simply considering the number of elements as the length:
LO(n) =n (7.1)

This measure is still used in computer graphics to make dotted lines. In
image processing, a recent use is in [Shahrahay & Anderson 1986]. It is
also the length measure for a contour that one obtains by simply counting

the object pixels that are 4-connected to the background.

The length measure Ly is bilased: the length it gives 1s consistently too
small, except for lines with slope 0. The bias can be computed by
considering all strings consisting of n elements O and/or 1. These are
strings connecting the origin to a discrete point on the line X*=n. In the
asymptotic case, where n>®, the bias is computed by considering all lines
from the origin to a continuous point on the line x=n:

1

BIAS(Lo(n))/n = | (1-/(1+a%)) s
0

Y2 et
m d = (1= 55 = -.1107  (7.2)

The estimator Lo(n) can therefore be made unbiased by multiplying the
length by a factor 1.1107, yielding:

Ll(n) = 1.1107 n (7.3)

The MSE of Ll(n) is equal to its variance, since it is unbiased:

1

1
I E:—z- V(1ta?) )2 Y2 (1+2) 2P a

MSE{Ll(n)}/n2
0

2
= /2 In(1+/2) - & (7.4)

It follows that the relative deviation RDEV(Ll,n) (the root mean square

error per chaincode element) is asymptotically equal to:

RDEV(Ll,m) = Sl Z:D)
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By comparison,
RDEV(LO,m) = .1581 (7.6)

Thus, 1if the estimator Ll(n) 1s used instead of Lo(n), by simply rescaling
the result of Lo(n), one can gain some accuracy. However, it is impossible
to obtain a higher accuracy than approximately 11%, no matter how densely

the image is sampled.

7.2.2 Simple estimators for the (ne,no)—characterization
This subsection treats estimators that can be written as:
L(“e'“o) =ran o+ bno (7.7)

Several estimators of this type are known. They are treated in

chronological order.

In the paper introducing the 8-connected chaincode scheme ([Freeman
1970]), a length measure for a chaincode string was also proposed. The
purpose was to measure the length of the digital arc. The measure computed
by attributing a length of 1 to every even chaincode element (correspond-
ing to unit vectors along the grid), and a length v2 to every odd chain-
code element (the diagonal vectors). Denoting the number of even-coded
elements by ng and the number of odd-coded elements by n,, the length

measure 1s:
Ly(ng,n5) = n_ /2 n, = 1.000 n, + 1.414 n/ (7.8)

Note that Lp gives a measure for the length of the discrete arc instead of
providing an estimate for the length of the continuous arc. Considered as
an estimator for the continuous arclength, LF is biased, since it always

gives a length that is too long (except for lines with a=0 and a=1 ).

[Kulpa 1977] notes this, and rescales Lp to make it an unbiased estimator

for the length of the continuous arc. He computes the scale factor
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required to make the estimator unbiased for the radius measurement of

large circles as:
LK(ne,nO) = .9481 Lp = 9481 n, + 1.3407 n, (7.9)

The error is computed to be maximally +2.5% and minimally -5.37%. The
coefficient .948 is also derived in [Filip 1973], who treats simple
approximations to the modulus of a complex number, for use in determining

the amplitude of a quadrature signal pair.

Groen and Verbeek [1978], unaware of these results, noted that odd and
even chaincode elemements in a straight string are not equally probable.
The probabilities were computed by considering all possible lines passing
through 1 column of the grid. With these probabilities, the expected
length of an even and odd chaincode were computed, yielding 1.059 and
1.183, respectively. These values can be used to construct a length

estimator:

1 /2
1 g P
1.059 1.183

LG(ne‘nc) = n_ = .944 n_ 1.195 n, (7.10)

e (]

This length estimator is unbiased for strings with (ne+no) = 1, which is
not a reasonable restriction for practical situations. When used for

longer strings, it is biased.

It should be remarked at this point that both in [Vossepoel & Smeulders
1982] and in [Dorst & Smeulders 1985], the length estimator based on the
calculations of [Groen & Verbeek 1978] is wrongly specified to be
LG(“e’“o> = 1.059 g + 1.183 ng. Nevertheless, the conclusions drawn in
these papers still apply, for both this formula and eq.(7.10) lead to

practically the same value for the asymptotic mean square error.

The asymptotic behaviour of the simple estimators of eq.(7.7) can be
computed. In the asymptotic case where n > =, the (x,y)-plane may be
considered continuous. The number of odd and even codes from (0,0) to a
point (x,y) of TRAPEZOID(n) are then 0, = y and g S The asymptotic
length D(x,y) of the line segment connecting (0,0) and (x%,y), measured by
the estimator of eq.(7.7) is
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D(x,y) = ax + (b-a)y (7.11)

Consider the error made in the length assessment of all strings of n
elements 0 and/or 1. In the asymptotic case, where m*® , these strings
are the strings of straight line segments from the origin to points on the
line »=n. For a point (x,y)=(n,n®) on that line, the length of a line

segment to the origin, measured by eq.(7.11), becomes:
D(n,na) = n(a + (b-a)a)

The Euclidean distance to the point equals n/(1+u2) , s0 the bias of the
estimator eq.(7.7) 1s given by:

1

BIAS(L)/n = [ { at(b-a)x - (1+az)%} U e
t (14232
= {al2 + v} (/2 - 1) - %/z (7.12)
and the MSE by:
9 1 ) Vo
MSE(L)/n” = [ { a+ (ba)a - (1+a")? }° ==l b
0 (T4u)>/2

= &{V2 1n(1+2) + 21/2)} + b{/2 1n(1472) - 1}
~ ab 2/2 {In(1+/2) - /2 +1} + a/2 {1n2 - 121- }
- W2 1n2 + /2 1n(14+/2) . 13)
Eq.(7.12) implies that in the parameter space of these estimators, (a,b)-
space, all unbiased estimators are on a straight line with equation:
b= -a/2 + 7 /2(/2 +1) (7.14)

Eq.(7.13) is a biquadratic form in 2 and b. This implies that all simple

estimators with the same value for the asymptotic MSE can be found as

127
b=aV2
2.0 —
b=a
A 2
LK
L
G (™
1.0 —
LO
b
0.0 { T ‘!
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Figure 7.1 (a,b)-gspace, the parameter space of simple estimators for the
(n)~ and (n,,n,)-characterization. The ellipses are curves of
constant asymptotic MSE, the drawn line is the line of

unbiased estimators.

points on an ellipse in the parameter space (a,b), see Fig.7.1. The major
axis is along the line of eq.(7.l4), since unbiased estimators have a
minimal MSE. The center of all ellipses is the point:

T

5 (v2.1n(/241) - 1} - (V2-1)1n2

12— D)

(a,b) = (

2.10(/2+1) - 4(/2-1) ey = I

= (.9445, 1.3459) (7.15)



These coordinates stre the coefficients of the optimal slnpleestimavar
L(nﬁ,no): it minfmizes the dsymptoric MSE for the estimation of the tenpth
of all stralght strings comsieting of n elepents, in the asYMpLotic cdagse
wherd n+ @ | The asymptotic RDEV {root MSE per chatneode elementy can be
found from eq.(7.35) and eqe{7.23) and equals 02622,

: space. The lines of equal MS8E, which are the
ellipses of eq (7:13) are Indicated, as ie the line of unbiased
estimators. The estlmators LO’ 1‘1’ }’F’ Lp-ang L‘G are repvesented by polnts
in{a,b)-space. Estimaters with & flzed ravia Betwecn 2 and b can be
Tepresented on & line through the origin. Ly is LD rescaled and hoth ave

on the line with slope 1. Ly is Lp teecaled and both are on 4 line with

7.2.3 Simple estimdtors for ihe {ne,ﬂo,nc}wcharactaﬂzation

Froffice and Rosen [1979] introduced the corner count 25 an exira
pardmster to improve the length dassessmenti far dsconnected chaincode
to match the pes
sErings
amnounts to making the Aonnesrad striog 8-copnécted, their estimator is a
simple (ne,ne}wastimator. Thelr computarion &6f an asymsptotically unbiased
estimator for the radius measurement of 2 cirele s therefore equivalent

to Lln ,n 3.

count paraweter could improve length lators for strings

Other connectivities. They studied estimatars of the focm!
Lcﬂsne%*bno*bc n

Ihis ectimator is & conceptual inprovement o the previous estimators of
Tconnected, dee Appendix 7.2,
The coefficients a, b and o in eq:(7.16% were evaluated by computer

MSE between eq.(7.16) and the Euclidean lensth

At =0, n =0, siace the String o
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for a13 scraighe strings with n=1000, The estimator that resulted for B

connected  strinps 1o
LC(nE,no,nc) BUORG R, + 1,406 fly = 091 ne
mator is asymptotically unbiased fur tong etrings.

The asymptotic behaviour of 2q.{7 165 can also be computed mathematicaily.
Because of rhe behaviour of the D parameter the ostimator takes o
different form in the interval 0 ¢ ¢ % and 10 the fnterval Ldg g
This can be understood ae Follows.

ely of Dls. tn tol o ok
the dorner count lucreases, and s equal to 2n ook where k= 001 o 7 faee
Seetion 5.2.3)1 In fhe intarval S <a e decrﬂases, and s equal s
2n =y with agalo k=0, { br 2. Thus, with eq.(7.1

ama v Lg = amn_ & (bt2edin

Lo the asvmprotic case where oo

Giandin= iﬁe'l“ne) s eRd
18, to order 0(n 5y,

Bl
£ o

04 a <y LC/n 24 (beatloye

Lingg nE (akley & (e £+ pa
where abbreviations A, By T oand D are Introduced for convenjence. Tha

continuity of the length ectimator at o = 5 odmpiies :he*kﬂlationship:

BD = 20c-a) (7.20)

BoEorner count estimator is given by

1 1

BIAS(LA) = ,fgtg?_:, 3(1_ |+ f_‘;{;} 753 .

2
D[;,—s— -
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and the asympeotic MSE In terms of A, By € and D is

2

usECL) = 2 y{«%«’?,«%‘)—A & %4%+ ek + 2 )8’ - 2(17-(%334- 1jaB

i

24 atan(d) - B 10() + In(s + /%) }

+lh- 7“7—(;/2))52’” (73 + InawD) + 7‘7““(}3/%) -k + D
25 s - 2atan() - stan(le - (1n(2) - a6 I
botncieiey o :m(% - «(%)] 1

Minimlzation of this MSE under the constraint of eq.(7:20) vields:

A= L0900 ; B® W24 4 €= 798 ¢ D= 608 (7239
ofy with eq.(7.19}

a =980 ¢ b= 10406 ¢ ¢o= =09 (7245
in complete aereement with eq.(7.8), the result df [Vossepoel & Stenlders
19827, who found these values by a computer simulation For serings with
n=1000,

The minimal asymptobid RDEV ab the values given by ea.(7.23) is:

RDEV(L, =) - L0077 (7253

Thus simple estimarors can be as aecurate as (M7, despite bnelr sinnle,

linear form !
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7.2.4 Slmple eirimators for the (n,q,p,s)-characterization

The simple estimator for the (a,4q,p.8) characterization would have the
form:

Lln,q,p,8) = an + bp + cd wds (7.28)

However, estimators of this form are not congidered meaningfuly for the
Fotlowing reason. It was seen in section 6.3 fhat an optimal walue for the
length cprresponding to the tuple (n,q,p,s) is n/{l-l-(g-)z) Jifthis formula
impiies a multiplicative relation between n and pfg. Linearizatlon of such

a relation de arvificiale

1245 Comparison of the simple estimators

To obtalnm an insight into the behaviour of the simple estimatar for the
nof~asymptotic case, a computer simulation was periormed.

The similation is organized ds followss PBor each estimator Li(t;) and for
all straight scrings conslsting of n slements, tie MSE ds camputed asithe
welghited sum of the expevted squared difference over DOMATN n,q,0,8)
between the length estimate and the pround fruth nv"(lmz). T formula:

MSE(L) = 7

it t)—-m’(l—cﬁz}]zp(a,m) deda
B
Din,q.m,

Ehin

+450,8)

51 Din,a,0,5) Goan
All gquantities can be computed with the expressions For the dopatng idn

gection 5.2

Fip.7.2 15 a plot of RDEW(Ly.n) = f"{MSE(Li})fn as a function of n. ROEY
can be lnterpreted as a normaligation of the root MBE to that of the
aroperty 'linelength per chaincode element!(Note that this is ot a
normalivation of the estimaror on the ascraal line lengrb L, but rather os
the projected dength n = L[r"(l-!-osz} , dee also Appendix 7.l). The computed
values for n = 1, 2, 5, 10, 20, 100 sre ziven in table 7,2,

From both figure and table, It is seen that £he RUEV of 4ll simple

estimators reaches 4 limit value. This means that the relative error io
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1 10 100
10000
L
0
Lotn)
g.1000 2 i
=g Ldn,ng
Froeltio
Lidng.ng)
0.0100
Lnangnd
RDEY
olMo d i b
0.0001

n

Pigure 7.2 Comparison of the eimple longth egtimtors Loinl, Lital,
Leln,n, ), Laln n ), Lplngan,), Zoln . no.m .
Bee also table 7.2,

lengeh measurement with these sstimarors does not decrease with Incredsing
sampling density, The values for these Iimits agree wirh those calenlated.
For each estimator, they give the ultimate accuracy that can be reached;
even with Infinite sampling density. Note that rhe asymptotic RDEV s of

these estimators differs greatly, from 16% For Lgs via bio% for Ly ta the
veryoacceptable (8% for LC‘

The experiment shows that cansideration of the BUEV for small n would lead
to the same ovderins of the estimators with Tespect Lo dncreaging error as
the asymptotic case, 0Of all simple estivators, the corner count estimatsr
Lo 18 best, with an asymptotic RDEV of .87, The optimal eetimator &f

&g, (1.15), or the virtually ddentical LK,are based on a tuple that fe
gomewhat simpler ta compute, and can therofore be used in time~critical
sltuatlons, of when high accuracy 1s not needed. The asymototic ROBY for
thls estimator 1s 2,64, The cotimaror Lr has & threefald hipher srror,
for virtually the same computational effort,

strings only, and that the cenclusions can be applied to only that case.

L33

Tt should be stressed that the experiment was earried out for straleht

TP O=ESTIMATORS

This section treats the MPO-gstlmators for each of the characterizations

considered, For the proparty lenzth, the MPO-estimator for o tuple t is

thi lenpth of a seegment with the most probable slope dn Hery .

731 The MPO-éstimator forithe (n)-chHavacterization

For the (n)~characterization, the MPO-estimator s given by equ(6.30):
Zupoln) = n (7.28)

The MPO-estimator for this charadcterization is thus ddentlcal to LO(n),

piven in eq.(7.1). The asympiotic RDEV equals 1581, by eq.(7.6).

743.2 The MPO-estimaror for the (ne,na)*characterization

The MPO=estinator of the {ne,no)mcharacterization s by aqi(6.315:

Bupat0sl) = B3 (728
e s

Bptigm )il e 2 (e 0l (7.29%)
e &

This ecrimator takes 4 more familiar form if It is used ro compute the
lenpth between two points () ,v,) and (x,,9,). A straipht string
ronnecting the point to the oripin has (n e J=(x.x jebx, 0 =(y, ¥ =iy,
S0 en.(7:29b) becomes:

Biboliiin ) = R A Gan
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This de just the Buclidean distince Barveen the podntes Remembar that tha
line segment that copnecis tha nolats (xl,yl} to (xg,yzj g Just one of
the (infinitely) many continucus straight line sepments digltized and
characterized to the same tuple (ne,n0)4 Since the (ne,no}wchatacteriza-

Elon ds not falehful; the distance estimite 24, (7.30) cdn be improved!

For the asymptotic behaviour of gMPO(ne=“oj’ one can-provearresultirhae

anplles o ectinators of propertics sonewhar more general than leneth:

Theorem 7.1

RDEV, the ro0t mean sauare error per chaincode olement of the MPO-
estimdbol of the (ne,n0)~characterization is for all g-dependent

properties of ithe order D(n_z} as i n2iey

Proof:
Let m= n. and'm o= (n +n J. Plree normalise e} Lo become the
property per chalncode element. The MSE of rha estinator
E(n0!(n6+no) over the resion 3{(ne,n0) equals, with eq.(6.,24):

(mhly/n
MSE(%? =2 { {m+l«an){f(§) - f(“}}2{1+a2}_3/2da
wmin
o/n
42 ((ln*m-!—l){f(%) i f(“)}zilwz]“a"zda
(=1 )/n

In the pase n»e. the fesions become small, and the ectismatar van be
HSE can be apovoximared by

1/n
VS = /2 [ Gewolsetystateo) Hintern )2 4
g
- n
s Wk pan? | e 2o
4
» 2 (et R pG? 13 (7.3
120

Tutegrating over all o' therd 16 4 nimber of o repions, lying
uniformly between a0 and ev1. In the dsymptotic cave . the number of
regions between o' and ol+dn! therefare equals ndo’ and one obrains:

i
Vi o
98l g lasan 3] = i 0! Frie i e B2 (1.3

which 1s of order O(H-Z}‘ Teking the square roob proves the theorsm.

OED
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Hor the special case of lenpth estimatars, the langth of a 1ina Segment
Netween nicolumnsigquals n/(l+&2}, “0 the lenpth perichatincade &lemant
squals flo) = /(1+a2) and eq.(7.32) ylelds:

1
wselgtn o) = T2 f 2L s L L g 7.3
.y & o

implying Ethat the asvmptotic EDEV {standdrd deviation per chaineade

eloment) equals

RDEV{g(ne,no).n} ag% as nee (7.34%
This is zood agreement with cthe ewperimental vesulis, see table 7.2,
Comparing thls with the asymprotic BDEV of the simple estimatbr for the
same characterization, 1t s seen that the MPOScatimator becones
Increasingly more ageurate with increasing sampling density, whereas the
optimal Simple estioator reaches o limiy value of 6670 This dg clearly an

tmprovement!

74243 The WPO-estimator for the (ne,na,nc)~characterizacion

As sae already stared in section 6.3, the shape of the recions makes this
eatimator awkward to express din a general form. An eeciwarar af this type
is therefore not considerad.

Nevertheless, the dpyuptobic order can be computedi

Theorew 7.2
RDEV{gM?O(ne,nO,nC},n}, the srandard deviation per chaincods element
GF rhe MDO estimatar of fhe (ae,nc,na)*chafaccgrization for an o=

dependent property fs. for larse u, bf the brder O{ndll‘

Broof:
Flrst, normalize f(x) to Yecome the property per chalncode slement.
Consdder a rverdon ot the (ne,na.n Jrcharacterization, Eq.¢5.7) can ha
used Lo compufa Fhe o-dimension oF any of the a types of repion,
Tt iy then seen that all repions have an entent in @ which s of the
order 1/n. Tn the savmprotic ease, the extent hecomes swall,
and £la) can be conaldered constant within o resion. &s in the proof
of theotem 7.1, thie implies thar the MOB of an aVmast sonsrant

function [(a) over such a region {s of the order ol Intearating over
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all ¢, theﬁe are of the avrder of 0 reglons, 80 the total MSE is of the
order O(n “), and hence RDEV of the order O(n ).
QED

Comparing the order of the MPU-estimator for this characterizarion with
the eimple estimator, 1t 1s found that the MPO-ESEIHator bedones
lucreasingly more accurate with Increasing sampling density, whereas rChe
simple estimator reached a limit value.

Comparing the estimators based on the (ne,no)— and the (“e’“o’“c)_
characterizatlon; it Is seen that use of the more complex (ne,nc)—
characterization does not lead to an increase in the order of the

asymptotic RBEV: rhey are both O(n_l).
7:3.4 The MPO-estimator For the (n,q,p,s)-characterization
This estimator is, according to eqi(6.32):
Bupoll;1,1,0) = B/ (7.35a)

Boolnig.p,e) = 1 /(1+(%}2) (7350

As with the {ne,no)—characterization, 1tiis possilile to prove a theorem

for properties more general properties than length:

Theorem /.3

For an @-dependent property, the standard deviation ver chaipedde
element of the MPO-estimator of the (n,q,p,s)-chardeterizarton, tends
to 0(n~3/2} as nvow,

Proof
First normalize f{a) to become the properry per chaincede element,
Consider a domain., If n tends to infinity, the domains become small in
thelr a-dimension, and the Taylor-approximation of ea.(5.44) shows
that BLUE and MPO esrimator becoms equivalent, to the lowest order.
Therefore the MSE of rhe BLUEstimator eq.(9.03) to lowest order cap he
used as the MOE of the MPO-octimator:

- 1 1 i 1
mdosie s e e e
18 g0 gigl g

The contrlbution of this domain should be welghted by dts probability

2.8 (7.3
@ )

137

of occurrence Pln,qip, sy, which equals 3re welghted area:;

- /2 e Lo 1 .
P(,4,p,8) I'I—;-EESE*Y§7§“ e £ qq, i o ) (7:37)
el

where the fact wae used that the interval between the consecutive
fractions of a Farey series p)/qy and py/g, is 1igygy by eq:03.5).
Therefore, the contribution C%n,q,p,s) of DOMAIN(n,q,p.s) ©0 the toral
WSE equals:

L2 pli-3/2 2.2 11 Iyl o
Gln,e,8,5) = 5 s ) e e ) L s )
q * - 4. 449 9
(7.38)
aud the toral WSE hecomeg:
M3E = L Clnygipusd = 0 g Clnidepys) {7:39)

Din,g,0,5) pla
The ‘final transition follows [rom the fact that there are q domains
at o = pfa, all giving the dame contribution since s iis not a
parameter dn eq.(7.38)
Atermiol this sun s o the order llq3. The main concributione will
therefore be trom fractions pla with a small g. These are called
tstmple' fractions. At o simple fraction p/q. & ney peishbour yill
appear inevery q-th Farey series, and nence 1f p/d 1a 4 fraction with
q small, g and g are asymptotically equal to u. The main .
concriburions to the sum in eq.(7.39) are thus of ‘the order O(n 7},
which imp}%?§ that thie aum itself is of order 0(n 7). Thus RDEV is bt

o

arder Oln
QED

TLAL5 0 Compdvilsoniofi the MPD-estimators

To compare the MPU-estimators, a simulation wes performed. The simulation
vwae organized fin precisely ‘the same way as for the simple estimatars

described in eection 7.205.

Fig. 7.3 and table 7.7 show the resaltss It ds seen from this data that the
asymptotic behaviour that was computed is vindicated. The MPO-estimator
for the (nog.p.si-charactarizarion is remarkably aceurate, and 8 Bt to

the dars yields apn devmprocie behaviour of
=300
MSE{gWO(n,q,p,s)} = kb (7403

Compared ko the MPO-estimator of the Cna,ﬂ°}~characcerizatian, the

improvement imn accuracy s more thau a factor of 2 for m » 25.
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00100
RDEV
0.0010 Fupolfian,)
Guplmap,s)
6.0001

Ploure 7.8 Compayison of the MPO length soiimatovs: Lotuls gupatnon )
and auiatnia,piel. Boe also table 7.5,

7k BLUE ESTIMATORS

BLUEstimators are cotimators that are linsar in the admissable values (see
section 6,2.5), are unblased, and have wminimal MSZ, By ‘theorem 6.4 the
BlUSstimator is the mean value of the leppthe averaped svar all tines in
the region of the tuple sousidered. With the exception of the regions of
the (n)-chatacterization, these reglions become small dn their o«

dimedsion if n+= | Therefore, the asymptoble bebavinur of the BLURStimator
is identical to that of the MPO-estimator (except for the (n)=
characrerization),

7.h.1  The BLUB-estimator for the (nlscharactarization

The BLUEetimator of the (ni-characterization 1o the expectation of

2 .
Wl 1+a } gver the region R(n), pivan in 8q.(5.5). Asveptotically | thie
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region extends from @ = O fo i =1 Jiso rhe estimatior is:

Ba) = /[1+az) e (1+&2)~3/2 du = %«42 ni= 1.1107 o (1.4

o

which Is just the unblazed slople estimator Ll(n), given dnieqil7 2y
Asymptorieally, RDEV. ds a constant, and equal to 21129 by eq.(7:5)4

Juti2 o The BUUEstiwarorn for the (ne,no)“characterization

The BLUE estimator for the {np,ng)~characterizatioa g the expeciation of
n¢{1+ﬂ2) over a region. An expression for the replon was glven dn
Bq.(5.6). For convenience, let us put m = ng andini= (né%no). The BLUE

egtinator thenis:

(oel)/n

o 2 /2
Bln,n) = m{ﬂ (lkm=wa) Fll+e") W da
mf“ 2 \ /2
+ L
fm=15/n {l+ﬁ2}3 ‘
V2 bl 1 : -1 el
= 4 nﬁ;— atan(?—%—) = %amn[%} + EE;— atan\gﬁ-]
bl e -y edhY ) G

This i# considerably more complicated than the WEO-estimator of eq.(7.29).
Since the BlLUBEstimator is asymprorically sanal o the MPO~estimator, RDEYV
Behaves asympiotically ag O(n‘l), 406 theerem 7.1. Further (as shown dn
tabhle 7.2) there is nop significant difference (less than 258 RDEV)

between these two éstimakors for n > 5.

Z44:30 The BLUEstimaror tov the {ne,nD,nc}-chatacterization

2] aver

The BLUE length estimator ggLUE{ne,nc,nc} 15 the average of nf{1+m
the region 3{(ne,no,nc}- This i4 exactly the 'optimal estimator! given in
{Vossepoel & Smeulders 19871, Bxpressions for this estimator are of a
similar complexiby as the optipal BlUBstimator of section 6.4,

The estimator is piven in tevms of thelr generatlon functions G, by




146

eq. (036} and eq.(6437). The geuerating functions Gi(n,m,k) ares

6 0nm,0) = 2C1-mr (o) & npi(ﬂila + (n—zysi(ggéa
¢ to,m1) = 2o (B) + 2omr (B0) + (e (0 + £ (20)))
(74D
-1 -1 -1
Gty = il iea) v o ) 4 Ger ()
where the fundctions Fi(a) ares
2
Fola) = dilte )
P(a) = n | o.atane) - Yintisaty ) (7445

Py(a) = WA e dnleiainS )l

{In fVossepoel & Smeulders 19821, the ascimator is glven In 4 more general
form, For arbltrary copnectivitles, The above formulds are For the B
connecetd case. Alsollaithe paper, ap exception Lz made for the sbrings
Q0Uye, and L11.s., which 1s not needed here.}

Asymprotically. the hehaviour the same ac:for gme(ne,no,nc), whichiis
D{a 1) (Bee section 7.3:3).

7.406 The BLUEsrimavor for the (n;d.p, s)i-tharacterization

Sinee the (a.a b s)-characterioation Io falehful. theorem 6.5 vields that
the BLUE estimaror correspoanding to this cheracterization is optimal BLUE.
Therefore, it 45 the most accurare [linear) éstimator. with respect to
minimization of the MSE.

The Formila for this estimator was derived in section 6.4.:3 (eqsi(6.38=
6.41)). The asymproric behaviour of the MSE ds,according to section 6.4.3,
equivalent to that of gypg(n,q,p,8)« Therefore theorsm 7.3 shows that the

asymptotic order is 0(n“3;23-

14l

A for the MPO-eerimator, a slmulation can be used to estimate the

32

cosffinient of n 7%, yielding:

ROEV(B(n.q,ps8) 0] = 38 022 ag nae (1,435

This s the ulcinate asymptotic acedracy (in the sense of the MSE) that
cdn be reached when estimating the length of & stralght string on a

discrete prid using a linear estimator,

7408 comparidson of the BLUBstimators

The comparison of the BLUEstimators wag déne by the simulation, degeribed

inigectlon 7.2.5. Fig.7.4 and teble 7.2 present the results,

The regults from this experinent are asymptotically almost identical to
chose for the asimulation with MPO-estimators, in secktlon 7.3.5, The
estimator for the (ne,uo,nc)wcharacterizatiau 19 new aud indeed asyvap

Y
totically decreaces as 0(n "), as stated in theorem 7.3, For small n, the

1 10 100

HDEY
9.0010

0.000%
n

Piguve 7.4 Comparizon of the BLUB length corimators: Lylnl, Geraplnoen i=
Bin,nl, QELQE(”e’na’”c)zg(”a’no’ﬂc) and g nin g0l
Bin,q.pu8l, See nleo table 7.2,
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behaviour s also close to that of the MPO-esiimator: the differences are

too emall to be slgnificant for use in practice.

Note that the figure clearly shows the lmporctance of the chardacterizating
for the performance of the estimator, All estimators are optimal Far the
characterization chosen (in the sepse of minimizing the M3E for each n),
but thelr behaviour differs preatlv. The reason is the inecrease in the
number of critical points contributing to the outcome thar accompanies the
use of dpcreasinely wore extended characterizations, It was shown in
section 5.2 that the (n)rcharacterization is based upen the diskance
between the columms of bepgin and end polnf of the discreta line SEpmank
(“e’na) also takes the critical polnks in these columns fura aceounts
(n.ym,n.) Includes the erirical points in the sccond and second to last
column; and (n,q,p,s) 1s based upon all eritical polnts in all columng

considered. Beyond thils, no improvement is possible |

745 | LENGTH ESTIMATORS COMPARED
7u541 0 Beradehr line lenpth estimators

In the sections 7.1.5 (4=2,3,4), results of analyses and simulations have
been discussed subdivided with respsct to the t¥pe of estimator. For
actual use o practicd. 4t 5s interesting to discuss the subdivision with
respect to characterization.

For the (n)-characterizatlon, only two estimators wera computed, Ly and Ly
Lenol7.13.07.33), These ars comparad dn Bip 7,50 Beth raguire almost the
same computation, but the one veal multiplicarion used in Ly results ina
atenificant increase in accuracy, from RDEV(LG,5)=16% to RDBV(LO,w)leZ.
The estimator L sometimes oceurs in binary image processing, if one
detects the poines of an obieat d-conncctod to the backpround by means of
a 3%3 nelghbourhood ugperation, and rthen counts the nambor af palnisy
Repcaling afterwards, tu Ly, glves the lmprovement indicated.
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Por the (n .n )-chardctevization, compared in Fig.7.6, the simple
estimators Lo and L. glve, for the =ame computational effort, a much less
aceurate cesult than Ly. Therefore, only Ly should be used; the
corresponding asymptotic RUEV 1§ 2.67, three times more accurate than Ly
or L«

The MPO- and BLUEstimators for this eharacterization behave almost
identically, and therefore only the MPO-eatlmdtor, which is much simpler
to compute, needs to be considered. 1t is In fact the estimator one would
{ntulrively expect to be optimal, pamely the Hucllidean distence between
bepin and end polnt of the digcrete stralght line (see eq.(7.303). The

asymprotic RDEV is i

Karithe (ne,no,nc)«charactetization, the estimators are compatediin
Fig.l.7. The simple 'corner count estimator! Lo is amazingly dccurate: BE
asymptoriec RDEV. We see that it performs almost as well as the
BLUEstimator for this characterization for straleht strings of 20 elements
or less: only when n»20 che error is halved by using the BLUEstimator. The
MPO=estimator was not calculated; but presumably behaves in a aimllar way

to the BLUBstimator.

Tor the (n,a,p;8)-cheracterization, the estimstors are compared in
Fig,/ 8. There 15 no simple estimator {see section 7.2.6), and the MPO-
and PLUE-estimator have an asyoproric RDEV of .46u_3/2 and .36n—3[2,
regpectively (dee eqs.(7.20,45)). The difference batween the coefficlents
{s not undevstood. The {mprovement ip RDEV of these (n,q,p,s)-based
estimators over the simple corner count estimator is o factor of 2 far

stralght strings with o » 10

Note that the compurstion of a tuple, wiven a straight striog, is
straieht-forward for the (n)~ (ne,n°)~ and (ne,nc,nc)~characterization.
For Lhe (u,0,p,s)-characrerization, it vequires more cowpubational effort
(see Lheorem 2.2). This should alse he rtaken into account when evaluating

the sstimator.
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somputed for this characterizabion. See also fable 7.5




Table 7.2 4 compurison of length estimptore, fov all straight stvings
consisting of w elemence. The colum muvked « containg predic-

ted values. The srperiment ip described in section 7.9.5.

o

Lhn)

Litn) L e
LG(ne,nG) C e'no‘ o

Lelng,n.) : : geweine"tﬁ}

G1yeMer i)

00337
00849 | L00337
Soryplng.ng,ng v 00644 | (00248 | 00124
apalnia.p,e) B0476 100197 L IH004S Piguve 7.9 Cowparison of all Iengbh estimzbore cvaluated fn thls thesie.
CBLUE(n,q,b,5) 2 00379 | 00097 | .onos4

n

Figi7.9 ds 4 comparative plat of all estimators. Fig 7.10 gives the hest
estimators, based on the above cansiderations. Summarizing, rhey dre in

order of ineveasing accuracy:

Ly(n) = for use in extremely time—crirical situations, or in stmple

image analvsisy Apcuracy up ta 117

‘ ‘ - o &
1s needed. Accuracy up to 2.6%. \\
5
Lefnoin yn 3= the 'cormer count! estimator. For normal uvser simple Lo MBO

q (ne,nni

cctmj?lffe, reasonably high accuracy, up Lo .87. Conparable to QMFGfﬂ'q'p;g}E
optimal result for stralght strings with n K10,

ZupolDaun ) - che 'Huclidean distance! of bepin and end point. Simpls to
compute, though what mot i

gura: 7010 Compoetedn of the best shoisps For lenath estimatops: lﬁl

5 i s)= for use when nipgh accuracy is 1 Lred, or wh high z
Mep(D,9,p,8) o nigh ac ¥ equired, -gjzen a hig Llmon by bofnn n ), auniin n ) and gupntno sl
sampling density ir expensive. Accuracy .4bn L S
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Tt id ab first sight amazldg that any lmprovement of lengeh estdmation can
be reached over the Euclidesn distance between the end points of the
diserete line (this i BMPO(“e’“o))‘ The fntulcive explanation 15 the
following.

er the string deawn in flg.7.11. The estimator Ly vakes into account
sinale code elements, corresponding to the veerors {?] and (L ) and adds
their lengths, 1 and ¥2. A more complicated getimator ds to break upiiche
string into elaments ((l)}, [i} and ( } (for a stratghe steing in the
standard sitvation), and add fheir lengthe as 1, ¥7 and V5. Tt 34 shoua 1a
appendix 7.2 that this is in Faetr a simple (nQ,nO,nc}-estimator, almost
equivalent to the 'corne count' estimator I’C The next step in complaxity
i aubstrings cnrk‘ewbﬁdlng to the vectom
i : the corresnonding lengths, and 'so oo (dee
alsa [Baghri & Freeman 1981]). Note that these bagic vectors (.] are such
that % Is an element of F(m), the Farey series of ordér m. The Final arep
in this series of increasingly more accurate estimators would séem fo be
approgimations by terms of #(n). However, since the longest straight
substringd of a string are the substrings correspondng to R {by the
sufifcient. ‘

The Jengrh estimator LF(Q) that results can be written as:

L = z ;/(1+(5_)2‘ g
T i i 44

where rhe subdivision int
lements cont g to the subs
In the speclal case that tha string consists of only ane substring (n]

the computed lengeh 1

Eecg) ?’)’(H{%}z] b= Atk 1)

awpoin,g.p,8).

Figune 711 a) A sieing and o series of inerensingly more acewpate length
eatimat | the total
bl The lengvh e

1f ‘the string consists of more straight subsirinss, then 3t follows from
. B
the definition of g that these consist of a nupber of strings ( } (namely
the sirings of lines connecting the crifiecal points P oand B), plus some
o : :
Strings {E,J and [P0} corvesponding to heatn and end of the original

strings The leng 8 the

‘ .
gt Vi “”(?{} )am,q + /(1+(q‘.) iy

b
Legay = f{n(-i«,«) In

SEdll, this estimdtor does not make usi of the Fact that the original
curve was a stralght 1ime. This preknowladge can be incorporated by
attributing the lenpth v’(l-i—(%)g} to all n elements. This results io the
estimabor gupa( L8

This alternative derivation of Buppln,q,pys) shows u:hy the estimator
gMPG(“ ,n()}, the 'Buclidean dts:xace’ s less accurét 1 if computes the
- =

distance between the discrete heg;{u and end polint, aﬁi the wvariation in
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these polnts s muck larger thdn in the eritieal points Poand K, which
determine the (n,q,p,s)-based estimator. For the same (relativey position
Of P and Ry many different valaes of the coordinates of besln and endpoint
are possible, leading o many different length estluares, Thug! the
varistionin gMPO(ne,n Joids larszer than in g“PO(n,q,p,s). Since they are
both asymptotically unbiaced, the dsymprotic MSE of gqpo(n,q,p,G} mhstibe
smallar than ehat of g&PO(ne,n 3

7:5.2 The leneth per chaincode element

All estimatars in this chapter were caleulared and analysed for the
gstimation of the lenpeh of a straipht line sepment beétween fhe columns
2= and xen. Dividine by ny this amounts to 2lving estimatore For rhe
leneth per i chaincods element, or Ehe Length per column, The reason that
this dpproach was chosen ia that it g one problem to give a gand cefinate
for the length per chalneoda element, and another ta glve @ pood estimate
[or the proper number of columns to be associatad with o glven diserere
line sepment.

Stppose ‘the diserare stralght line segment was obtained as the resultof g
polyesn soproximation to a larger, and curved dlscrete are. Then :the error
made in assuning the segment de straloht and rhat it rins From Just the
bealnning of the firce column wsd o the end of the lasc column xen is
emall, if the curvatire la small, Thus the lensth werimators glven can be

used for cach straipght subsepment 6F the string.

A differcont sibustion For the esefmation of length is when rhe disorate
stralght line segment is obtained ac the disitizarinn of 4 continucus
straleht line segmenli Tn this cage, the error made in the setimition of
the number of colupme may exceed the srrpr made in the extimarion of the
length per dotunn.

Consider the sltuation shetehed in Bio 712, "o o eiagre conbinuous
straisht line sepment of Length I 1s dipteizad. Depeandine o the swart
location of the segment relative 5 fhe digivizing orid, éne mayihave ia

151

string o {L/J{l+&2)j or [L//(1+a2)j~1 elemeats (in OBO-digitisation).
Under the assomption that rha Iine sepgments with Flxed lenzth L and

slope o are wnlformly discriboeed ia position £ fzee section 2.3.25 Ehe
expectation of Lhe number of string clements (g enslly couputed to bes

Rlay = ook (149

1[1+u2]

Dengtilng L//(l+a2} by K, the variance in nods found ro be
var(n) = CAefhsliche iy 1.50)

Lf there are n columns on the lengrh A, the varisoee in the numbar ot
calumns 15 of the order 0(1) and RDEV, the standard deviation per
chalncode element, of order O(n_l}. The RDEV of the lonpltudinal variation
may Lhus exesad rthe RDEV corresponding Fo the franmsveraal Gasiaiian 1o
this situation the errors made by the (n,0.0,8) based sstinators are
asymptotically dnelenificant, The other estimstors may still give
stendficant errovs.

Pigure 7,10 0 difforent sffuntion Tor Length moasurement lsee boxk).
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7.5.3 lLength estimation for arblirary strings

ALl caleulacions and analyses in this chapter were carried out For
stralght strings. For non-stralght strings, the resulbs can also be mads
applicable if a polygon approximarion of the string is mades the string is
eplit intc straight substrings. For sach of the substringe. the lengrh ¢an
then be computed by one of the methods treated, Tt the eurvature is small,
the coneclusions of section 7.9.1 seill apply. For some estimators, the
relative error will still reach an asywiptotic value, orheér estimators zive
a more accurate length estimate for an increagingly highecr sampling
dengity.

An alporithm that perfords the polypon approximation in o(zni) Lime (where
oy is the number of elements of the f<th substring) is given in [Wu 19821,
by simple checking of the Iinearity conditions. A ney algorithe, repairing
Bowe errors in that algorithm, and checking the linearity conditions
differentially 1s O(H), where N is the number of slements ofiithe string
[Bmeulders & Dorst 1986]. This algorithm also computes the parameters 1
and p "on the fly'.

The easy computability of the parameters Hy s 0

ever, a different use of the length estimatore. One simply computes i

sonoand H. Suggests, hou-

s
Ty andfor . without making a polygon epproximation first, dnd then ussz
ane of the (nyo. {“e’no}" or (ne,nc,nc)—based estimators. For thie

situation, the conclusions drawn in secrien 7.5.1 da not dpply.

It 1s difficult to give general statements of the accuracy oriorder ol
estimatore dn this general case. An experfuwent on the perimeter
measurement of cireles, described tn Appendix 7.3, gdve the surprising
resulr that rhe simple (na,no) estimator Ly performs hetter than the
BLUEstlnator of the (nja,p,s)-characterivarion. An analyais chows that Ly
is asymprotically precise for the estimation of the lenpth of 4 cirete are
of 45-deprens, and hence aleo for o cotiplete cirele. This imslies rhat far
gome curved aves, dven a4 slmnle sstimator can became more accurdate with
increasing sanpling densicy, something which la not true for straieht
ares! In comtrast, for non-circular arcs the rasult can be mush worde than

for straleht lines. A srudy 1s required of the performance of the wvarions
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sgtimators for different curves, or parte of curves: 1t may evepn he
necegsary to develop nev estimators. These lesges ave ourside the seopeiol

this thesis, which treats straleht line sepments only.
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Appendiy 7.1 TUE OPTIMIZATION OF LENGTH ESTIMATORS

THere ave several mothods to opbimize lanpeh sctimstors wich TEspEct to
the Buclidean length, even if we reastrict ourselves to the minimal mean
Bguare ervor criterfon. Three of these metheds will be discussed in this

sectiony Dnly the asymptotic case noo @ 18 saneidervad;

Let a length estimator for the distance of a point to the orlgin beiindlis
cated by Lir,0,F) . Here ¢ and © are ithe polar coordinares of the poink
consldered, and P 2 set of coefficients (such as (a,b) for the simple
estimatar eq.(7.7)). Let r and ¢ be uniformly distribured, as usual. A

Droperty needed in the sequel is that all well-behaved leapth estimators
ahey:

Lirg.2) = r.101,6,P) (87,1
This is called rhe 'scaling properiy!

Hathod 1: The errore over a euclidesn circle
The most direer method s assess lenpth subimarors de th compETeERe
outcome of the estimator with the true Buelidean Jength in a11 polnts
of Ehe circumference of a euclidean clircle.

Reacallng rhe circle by T, e thus have that moment generating
functions of the Form:

1 L |
i - = ot o gt g (a1.2)
S0

Are coneldered. Serting Ii{?) equal £o zero, and selving for E, vields

tnblased estimatnes, Minimizing 1%(?} by & proner choice of p yvielde
estimators with nininmal MSE.

Method 2: The errore over the ledrele! or the leugth estimator,
e - e T CifRe Of Uhe leugth estimargr,

In this method, one compares the deviation fram the Euclidean length
at each point of the clrcumforence Of the ledreiat corresponding ro
the lenpth estimator. This fa useful ir One Weasures the size of

objects by maans of diarunce Lransformatione (see Appendix 7.23. ope
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Ls then Interestad [n the hest suclidean sadine corresponding ta a

gilven distance computed by the dictance transformacion,

The cirele of radius R For the lergth estimator ponsldered ls Found by
solving the eguation

Lir.g.p) = B (47.3)

which wields, nsing the sealing properivy

B

ri= e (87.4)

Gealing to "vadius' 1, the moments are aiven by:

ik .
i 4 1
e L
w4
LA LOLo.B) =1 o ‘
: e (A7.5)

Thisifs different from Li(?}.

Method 3: The error for a string ofF u alenents
el i Sl MOR S SELINE 0L noetements.

In this Ethesls, the MEE of o Tenoth estimator was mininized for rhe
medsurement of Lhe lepoth of 4 sbralanp skrine of v elements
[Vossepoel & Smeulders 19827,

This method dwplies that monents of the diffevence betveen the
eatimdte and the Euclidean length are computed by integration over the

Line x=n, wbich is {n polar coordinates r = n/cost. Rescaline by Ty

and using the proper probability density function, the f-th moment 454
: o 2 24 o i L
L = Oj (LU arana p) - Vit (1”2)3 5 e (a7

This can be rewritten to:

o ‘2
}i ! [L(1,atane P) - 1]i S e (A7,

3
Le) [ ey
0 Lo

leading ta




n/h o
A c2 0 el e -l g (47.8)
i

It 1s seen that domputiog unblased estimatows (1=} by wmethod 1 or
methed 3iils equivalent thecondition I {P) = 0:ds equivalent 6 the
condition I (P) = 0 Minimizing the MSE Howevar, leads to different
expressions.

These three methods of assessment can be compared for the simple:length
estimators L(ne,ne} aof eq. (7.7), The distance to to the oriply of a point
{r cosb, r sind) is for these estimatoras

Lir,b,(a,b)) = ar cost + (b-a)r sind (47:.9)
The coefficients (a,b) are camputed by minimizing the MSE, according to
each of the three nethods given. RDEV, measured according to method .3, is

then found by substiturion in g (a1,

Optimization according to method 1 wias bonsidered by [Kulpa 197771, and
Tesults in the estimator Ly with:

{a,b) = (.9481 | 1.3407) and RpEy = 0263 (AT 10y

Optimization according to methad 2 was considered by [Beckers 19861,
ylelding the rasult:

fa,b) = (L9401 | 3o34nay ood Ropy L goey (h7.11)

Optimizatrion according o wethod 3 was performed ia section 7.2.2 of thie
thesis, vielding:

{a,b) = (L9445 . 1.3459)  and FoEV = 0260 [A7 .12y
It 1s seen that the coefficients for the slmple lenpbh ostimaray aceording

to the theee methads do not differ greatly. and rhat Ehe resulting
difference 1n ROBV 15 less thaa .01%.
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Appendix 7.2 BORGEFORS' DISTANCE TRANAFORMATION

There ds @ close rdlavionship berween tha simple chaincode lensch
estimators and distance transformations s developed in [Borgefors 1984]

and [Horsefors 19851, Dhis w100 aoy be shoun,

Boreefors computes the disranes oF shjace points to the backeround 1n a
binany lmdge by a clever, twompass, recursive algorithn, In fhe firar
version, she uses so-called 'dhamfer-distances! [Borgefors 198371,
Chamfer(dl}dz) iga distance meaeirel dn dhiden Gare sridostens are counted
as having 4 dength dl’ and diagonal steps as &2* The distance between two
paluts P oand O is compuled 48 the minimum distance albng 4 path connecting
Poand 9.0 Thisipath le aidiesrers stratshi line. The chamfer distance
between two pointe, connected by a2 dine with o, !square! steps (steps of
one pgrid unlt Ao xor v direction) and Bq 'disgonal! steps (s thus piven
by i

LCh(“s’nd) = d1 1. ok dE Ty CA7 13y

Lf the path frob ¥ to 0 is coded by & chaldcode string. then a.en and
ey EaaCATLI3) s therefors Just another estimator of the Form
gL (7i7):

L<ne*“o> Eogipookoh n. {(af.i4;

-
with a=d, and bed,. For practical reasons the daefficients él and d, in

(A7413% are restricted to be ifitepers, preferably amall.

o study the hebaviour of the distance meacire CAlvI 30 ariiat ieha lenpth
estimator (A7.14), conalder all poinks wikh an equal distanee to s given
Point. This ds the Tcivele! of the distancd weasira, Tn the Sirst actant,

the distance Diw;y) to 4 point (%.v) is, wiih a.=y and {ns+nd)«x:
Dix,y) = ax & (b-ajy {47415)

The ledrcle' iw this petant is Found by putbing Dix,v)=R. If one conalders

the asymptotic case Bes, the grid steps hecome Infinliely small. Scalina




By B, the Jodedie! fo raung By

2%k (beady =1 (A7.16)
which {8 g stralght Iine, Repeating this for all actants shows thar the
asymptotie feirele! {s an otkagon. FigiAl 1l shows fha ockazons vorrespond-
lng o Le, Ly (whers the Octagon demenerdtes o g square); and For Loy Ly
and Lo. Por Ly and To:y the octagon s in 2 'base fit! relacive ro the

Buclidean circle. These ara Ehe estimators with wminimal MBE,

For the distance Eransformation, vwhere a=diiand b=d2 are integers, fhe
Auestion naturally arises what values should he Goad. Borgefors bascs hey
computations and recommendations upon distances of the Farm Lch/dl. Thege

Arte chamfer distances pesealod by gy, corresponding to lenpth estimarers:

d
a n, (A7:17)

B2

LCh(ne,nG)/dl ot

Comparing to (A7.14), it 1o sien EAar these are estimators with a=l and

oie
OO

Ployre 471 o asymplotic ‘oipelos! of eirmle lewgth cobimatire.

20hpi BlLy . Slias dln 2lly.
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Pable 42,1 The chanfer distanpos {dz,dz) compared fon f0b ways of

rescnling.
(dl,dz) tescaled by ctl RDEV. rescaled o unbisg
ELi1s {1.0000,1.0000) |=.1107 | iss1 Cheldod ratiogy

(10000, 2.0000)
(1.0000,1.5000)
(1.0000,1.333%)
(1.0000,1,4000)

{ L7850 8 5708,
29202 .1.3800)
HTE0. 1,301
-9528,1.3340)

e

ratfonal b. Introducing (a,bjrspace 4s in section 72,20 they canWe found

at rational positions oa the Ting axl, cee Flp,A7.7,

The 'civcles’ sorreshonding to €qelAT 17) are the oftamans. sketched in
Fle.A7.3. The constralnt A=l impiies that the octason should infarsect the
Boclidead circle ab (R,0%: with this constraint, the frvesular ocrapon of
(dl,dzjm(B,ﬁ} is to be breferrad o the atmesr repular ootacsn of
(d1,ds)=05.7). See algn tahis A7.1, where the values bf the MSE's are
indicated.

Lf any rescaling by a fackor a/dl ig allowed, eq.(A7.13) becomes an
cebimatar of rhe form:

Lot a/d 2 e b EE " cira
In fa,b)-space, these cetimators lie on the lins b= adlfdz, se8
FiguA7.0. Minimizarion of tha asymptolic MSE is achieved by making the
estimator ssymotorically unblased. This means thar the line h & adlfﬂz

should dintersect the line of Unblased esbimators, siven in @q.(7.14). Thia
ylelds the polnt

2w 7 2%
Gom L o ’ Gvain)
2y 1

Now, the rescaled Chanfer(5,7) s seen to nerforn barter than the rascalad

Chamfer(3,4) | Table A7.1 shows that 1f ane performs the dictunce

Lranformarion with {dl,d2}=(5,?), and rescales pach value by 9528 befara

.
:
.
-
-
.
.
:
.
.
|
:
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2.0

24

Pigure 47,2 (o0 b)svnee isith the chamfer diotance messives (dy.dy) on
Lince of ofioe dy

o

Use, them the asymprotbic HMSE in the Medsucement de 2074, Anorher reason
te prefer (dl,d2}={5,7) Lo (d1.d,3=(5 45 1s that the Former 1o wich more
Isotroplc: the fcircles! are almoat Tegular bctagons, see Flp A7.1.

Recently, Borgefors developed a more acourare and Isotronic digtance

transforuation, by alaa atbributing b length d3 to the 'knishb's miove! (see

d e

Frgure £2.8 The asyrptobic foiveles! of the chamfer dictonds measipes
fddod, with different tupos of resealing, Solid lines:
resealed by Ao, Dotted lives: mossalod boomendar
deymototionlly smbiased.
ab denie bl WL 8L elids a0 ) oy (5,70,

[Borgefors 1985)). Thus the new distance measurs s

Ly= din. = 4y Uy Fdy o {a7.203

o, denotes the nunber of knight's moyes, 1 a line connecting rwo points.

Eq.(A7.20) 18 reminiscent of the 'chrner count’ estimator of eq.(7.16):

LC{ne,nG,nC} S A b node . (A7.21)

and ban iadeed be Feurirten to 1ty a8 ©ll) now be shoun.




162 163
The carner count ng was defived ay the nimber of consecutive unequal
chalncodes in a String; for an 8-connectad straleht string) these ara
Always the occurrence of ap even—odd or odd-sven chalncode element

combination: In the distanes trdnsformation, these correspond oA sguare-

diagonal or diabonal-sqtare step, which is Hust che kniphi's move, The

relation herveen 95y U4, oy and B Mas nilds Found to bed

fo mong b omy g .5 ng o o o= 2 ok (A2.22)

whera k 15 the constanr Introduced In section 5.2.3: k=0, 1 ar 95 1n the

e . Tigure A2 doubtolte Sieiler Fae W phooobs el mensure, yhich

o8 Glosaly velated fo the sienle sheier aoian eatimaton,
- S - 2 =
P e L o= (A7.05y
Hith this, eq.(A7.20) can be rewritten to
Lc(ne,no,nc) =980 o4 .40p f. o= w081 a (a7.26) 5
Lplasn ond= g n oog o e (AT 24y .
B 22 L 2 30
c & ¢ . : For a distance Cransformation, cosfficicnts that ate small darepers are
cpefors 4 = (5,7,110. Aceording to ea.(7.27
Which is indeed 4 spgclal case of the coraer saunt estimator (A7.7150 ssed. [Baigerors 1986) uses (dl' 3’63} 7t e 9 e .

the asymptotic RDEV is .0l22 ifione simply rescales By Blbo bHa Moddnaiany
The feirelas? cotiesponding to rhis distance Teasure are drrepular havas i
5 20 m o lihe w00 Al
decasdns (lb~gong); g (7.19) shows that irs gides are dinesr ih GEvie iy “B(“e’“o*“c) & o] e .
each of the Tntarvals b ¢ e Soand Loepw o Is shown in Fig.A7.4.
The estimator oan be made unbiased through rescaline be o faprot of 997,
% i toblc ROEY of .0115. Bolh valiss of the as totic
¢ were alloved, a reasonable chaics usnld Tesulting in an asympio i song

i RUEY timal L0077 fven dn el 7 058
be (dl,d2,d3) = (L,¥2./55, as these ara the Euclidean Tength of a square RURY dre remsonably Glsse bo ens Jpriuel velue 0017, given im cquf 2

If mon-inteser walies for the g

Aove, 4 diggonal move, and a knight's move, Thls redulta 18 what could be

called the Tcorner tount Equivalent of the Freemad egtimator’

since it
Somputes the length of the distea] ave: .
Boomim = lin w42 o0l gy .
= L.000 9,4 1.614 n,o- 089 0. (a7 958

Ihe values mininiaing the MSE, were siven in eqi(7.2hy:
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Appendix 7.3  CIRCLE PERIMETER MEASUREMENT

Tn a simolation, length estimators were compared with respect to thelr
perfarmance for the meagurémeént of the parimeter of & discrete clreled
This wis a departure from the main theme of estimating the leagth of

¥ afford the opportunity to test the
utility (4nd accuracy) on an additional set of important contlntous

figures, The experiment was organized as follows.

Clecles with Increasing integer radius R and orisin at 4 grid polnt were
generated by the Bresenham circle peneration algorithn [Bresenham 1985n1,
Th rirhm produces discrete points approximating a circle with radius
hat are best 1n fnk cense of a minimislog the
radidl mean square ermf. hé discrete points were encoded by an B
connected chaincode string. The lenpth of the 'circular! chaincode strings
thus obtained was estimated using the estimators which were shown to
behave well for straight ldimes: Lg, L. and the BLUEstimator for the
(n,q.p,s)-characterization. For the latter estimator, the string was

divided into the fewest possible straight substrings by the alporithm of

since they are linear 1n the characterizing tuple, which 1a turn id linear
in the sobdivision of strinps. The perimeter length was divided by 23R,
S0 60 7O 8O 90100
R o0
Fig.Al.5 preseors the results. The MSE of the estimators wias not measured
directiy. An lmpression of the variance at radius R may be obtained from

er of close-lying radii.

they seem unbiased, and their vaciance seems smaller than that of
the BllLkstimator.
The reason for this is 2 mathematical coincidence, which will now he .
discussed. quéannp-S)

estimator L. mputed as a s E,no’)-—based ‘

4 R
circle, and has asymptotically minimal R

Unblas AF the cetimaror da e dowange Piaure 47,5 Similation on siveles: estimntod wadive B velative ta the

generated radius B, ae g function of ;fm various estimate
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Figure A7.6 7o the derivation of on asymptotically presise cirole
papimeter length estimatov (see text).

n/h .
Loism e = (47.28)
o

For the measurement of the perimeter of a circle, one demands that the
estimator gives asymptotically the correct value Tor the perimeter length.

Breaking the perlmefer up idto arps of %, this demand is (see FlooAl. by

7 "

Wi = e (47293
Kote that eq.(A7.28) s a requlrenment bn the area under LL1,4,PY, wheress
eq.(A7.29) 18 a requiremedt on the walue at a single point o= lg— In

gzeneral, thege twp eaquations candgt bokh be satistied.

For a simple (ua,no}*based length estimator glven by L(ne,no’j = oan & ’th,

DLy
W1.8,0a,0)) = 4 sint + (boaycosh (h7.50)

both renuirements eq.(A7.28) and £q.(A7.29) lead to a linear equation in 4
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and B oand so to lines id (a.b)-spaceé. It is highly surprising that not

only do these lines Intarsect, but they even dnlncldel Bochiare glven by:
W2t b= {»«/2(14—-’2) (a7.31)

soe aleo equf.14). Estimators on this line are asymptotically unbidsed

over all apgles for the measurement of the radius of a eircle (rhough they
heed not have minimal MSE). They are alsa asymptotiscally precise for

measircing the perimeter bf a circle.

This 18 the redson that 1y is so surprisingly accurate. The explamation

for Le {5 presumably similar.
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Figure 8.1 The digitization and measuvement scheme,

developed in section 2.4, This parametrization assigns a unique tuple to
eachistring, and vice wvergsa. There is thus an isomorphisn between the gat
of ‘tuples and the set of strings — the tuple s nAothing more than a

convenlent representation of ‘the dinformatlon present 1n the string.

With the parametrization of L by (e,a) and n, and of € by (n,q,pys)
girizal an be 5 a mapping D the patameter
epaces | and G . In section 2.4, the idea) dipitization of an ideal
continuous straight line segment £ to a straight chaincode string ¢ was
déscribed. An exact inverse mapping does not exlst, due to the lrrerrie-
vahile ‘lose of Inforpation inherent 1in any mappltg of a continuoug
parameter Space to a discrete parameter space. The most accurate way to

de. the Inverse is ifying the equivalence classes of all lines

equivalence classes induced in L by D are called domains (see FilgiB.l);

each domain is :Iiéaieled by a unique chalncode string or, equivalently, by a
utitgue tuple (ji;é,ﬁ,s). )

Tt s not alvaye desirable to use the complete {n,q,p,s)-paramerrization
to descrilie 4 string: this led to the Introduction of chatacterizarions
Chiaracterization Is/a parametrizatlon of a chaincode string by 4 tuple,
and can be considared as a mapplng K of € outo the set of tuples T (zee
Fig.8.1). Thus the (n,q,p,s)-parametrization 1s a characterization, It fe
special in that each straight string Is represented by a unlque buple, and
Glée versa; a characterization with this property is called d f i
characterization. Generally, a tuple will be uniquely determined by the
chaineode string, but the converse need not be true. In that case, the
charcterization leads to loss of information. The most precise description
boe dan then glve of the inverse mappiug Is by means of the sguivalence

classes induced in G by K; these are called scopes (zee Fig.3.1).

Taking the two mapplngs D and K togethe“r‘ p“dduces a mapping KD

onto B . Tdeal continuous straight liné segments ate reduced to tuples in
4 unique way. The inverse mapping is again speclfied by the equivalence
slasses induced 1n T each of which 1s labeled by a2 unique tuple. These
squivalence c¢lasses are called regions (see Fls.B.1), the reglon of tuple
t belng denoted by R(E). For the (n)-, (ne,no}—, (ne,no,n )= ang

Ll

progressivaly more }zoﬁiplex characterizations generally prod HEress

{vély smaller reglons. In the case of the falthful (n,q,p,s)=chardcter—
izatilon the repion for 2 glven string {eiiag small as is still poseible

after digitizationi it is the domain of Ehat string.

& property of 4 continuous straight line segment ) is a function £ of its
ieters. After ( ! 4

sesesged on the basis of‘ this tuple, for the simple reason that 't ds all

that is left of %, But sirce this tuple 1s the same for all lines in the

repion of £, a variabion of § within the region implies that it Is

impossible to asgess the property exaclly for all dines: only estimation
tlon e{t). A 'pood’ estimator

t)y

discussed in chapter 6.

Since an estimator glp)




that the accuracy of an estimator depends upon the extent of the reglion
¢onsldered. For regions thar are large, the property [(1) varies more
within the reglon than for reglons that are emall, and the ocstimator gty
will have a larger variance. It is the charactdrization that determines
the repgions, and thervefare the Accutacy that can be reached fg limited for

lealar characterization. This was demonstrated in chapter 7.

stimators were presented, analyzed and compared for the property
Xength and the criterion minimal MSE, for various characterizarions and
types of estimatora.

Ideal non-straight lines

Urement process pivan above s applicable e

situations other than the measurement of properties of ideal straight line

segments. However, 1t ia not always possible to follow the scheme with a

quantitative description of the various sets and mappings invalved

Consider the problem of digitization and measurement of unore genetal

julvalence classes of
digitieacion can again be called domaine. Ta derive s
closed fobm,

'domaln theorem' in
both the set L (now the set of ‘continuous curves considered)
and the sec € (rhe diserete counterparts), have ts parametrically
described by a tuple of Parameters; the number

should bBe finite, and filxed,

of slements of the tuple
Thls demand on [ restticts the set o

et of admissable curves to parametrie

discrete curves. T believe (but can nat prove} that cireles on a sguare

grid, can not he Parameirized by a fixed finlte number of integer

paradeters, If this Is true, It would mean that olte cdannot eive a domain

Eheorem for circles as concise and complers as For straight lines, THis
would make the search for and the analysis of oprimal estimators for

8u1:3  Non-ideal straight lines

Inchapter 7, d discrete siraight string vésulted from the digitization of
an:ideal continuous straight obiect boundary by ideal, noilse-free and
point=like digicizers, positioned in a regular grid, and detecting
Yobject! or 'background his led to the ideal stralght s;t

analyzed.

Fram the point of Vlew of Computer graphlcs and discrete geomerry, the
rostriction to ideal straight strings fs not a serious one, slvce there
the straight line segments dealt with are indeed ideal: they sre generated

or postulated that wayi

Inimage analysis, discrete straight llnes are often only First srder
approximations Lo disbrete curved avce. Inithis tield, 1t may be
advantageous to extend the study to non-ideal straight line segments,
represented by strings that deviate slightly from ideal straight strings.
The natnral representation of the digitization of straignt lines Qs still
the ‘parameter space of straight lines, (&,®)-space. However  the domains

hange thelr o : : de

As a first departure from the ideal case, suppose that the digitiners are
stiil point-like and arranged in a repgular erid, bat one of them is not in
the prid determined by the others {see Fig.B.93. The border line
corresnonding to this erirical peint s then displaced in (e d)~dapace;

compared to the ideal sey This impites tl} tiiche iutersectiQ

uhers several bordéf 1£ue§ Intersect  Inithe samé (a,a)-point may thus be
removed (Fis 8.2). For small displacements, this results in s new domain,
corresponding to a nonsstraight string ditfering from an ideal straight
strive In 2 single chaincode element. If all digitizers arve slightly
displaced relative to an average vegular grid, then all degeneracies in

Intersections of border lines in {e,u)=spice are removed, and non-




Figure 8.5 Displacement of the eritionl notne [ 9,87 Teads to o dieplocement
of the conrasponding border [ins i DIAMONOLA] and therefore to

the formation of o wew domain Labeled by o Aon-Strnight stvdng,

inlte 'region of sdnsitivity' over whieh the
data is intesrated and thresholded. Ie

éach digirizer ha
thig resion is polnt—symmetrical
and Isorropic, then tne orikteal Point corresponding rs the digitizer (tha
paint where it changes the detction of a stradght boundary from tobiack!
to 'backeround') can still he made to colacide with a grid points In other
Cages, where rthe region of sensitivicy i non-d

L this impliss that the border 1ina
corresponding to the detector i a curvei The degenetacies: are again

lifred, and new domalng appear corresponding to non-straight strings:
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1E the non-ldealness of the detector 14 stochasric) or not dedcrivsd as
determiolstic. it may be conctdersd as 'nolse'l The dignlacement of
critlcal polnte 4nd the corresponding border lines ds then Stachastic, and
the boundaries of the domsin become fuzzy. Non-ideal straight atvings
appear with a certaln probability.

de srill an open question as to what good chavacterizations

estimators are under these circumstances. Srill, (e,0)=spacs gpems ro be

the natural representation ro cesolve these problems.

8.1 RESULTS

8.2.1. Representation

The natural representation of stralght linea for a study of theflr
digitization is (&,a)-space. The domains arp easily repressnted in (&,a)~

sSpace by quadrangular facets. Pormulas for the domains are more gesily

rographs are tlie natural representation for the study of atructure and

anlsoiropy. Spirvoeraph theory pravides Hha condection between diserete
straight lines and number theory (racional approximations). It g
sutlflciently general that the results of [Freeman 1970}, [Rosenfeld 1974)
and fWu 19821 For 1ipeari;y conditions and the pénerating alesarith £
[Brons 19741 and [Wu 148 the fram

also sufficiently pdwerful Lo derive new vesulis, such as the guantitative

axpressions for the anisotropy given in section 3,40

Ine tuple (n,q,p,8) 1& Ehe first Falthful strlne parametrizatbion. Lt
provides a concise and complete description of a strateght string, Ihis

a0 alporitham to opevate onithe string: this dan fow be replaced by g

Eormula based ou fniqup is sufficiently feneral that the results of

[Ereeman 1970), [Rosenfeld 1974] and [Wu 19891 for linearity conditions




and the penerating algorithme of [Brons 1974] and [Wu 1982] can he
described within the framework. It is also sufffclently powerful to derive
new vesults, such a4s the quantitative expressions for the anfsotropy piven

in section 3.4.

e (n,q,p,8) s the tst falthful string parametrization. It
provides a conclse a omplete description of a straight string. Thie
descrintion can be used in the theovetical analysis of straight stringss
In the past, the only way to give sxact resulfs fn this fileld was to give
an alporithm to operate on the string: this can now be replaced by a

formula based on {n,q,p.s):

Mappings and eq ence clagses

Digitization, considered as a mapping, maps continuous straight lines to
discrete straight Iines that are convenlently coded by scrings. This is
nothing new, bu the description of the inverse mapoing is. The domain
theoren describes the squivalence classss of the napping concisely and

1 section 4.2, it is an i1lustration uf the
pomt made above, that a parametrization is required before guantitative
Tesults can be formulated concisely. Whereas [Andersen & Kim 19847 give an
algorithm to derive the domaln of 2 string, rhe domain theorenm in this
thests 1s a Formula, in terms of {n,q,p,s). The algorithm effectively
derives the domain dnew For every string that s oftered; the formula
provides 'a more global insipht 'into rhe s:‘ructure £ domains

The original proof of the domain theorem, as it appeared in [Dorst &
Swedldere 1984] vas performed in (z,v)-space. [Mellrey 1985] pave an
elegant derivation of the facets in {e,d)-spape, which {in turn) inspired
Ehe new proof given in section 4.2 of this thesis.

Characterization has
the echaracterization mapping are called ‘scopes'y they ars the

cryetallivariy £ the conceot of "equivalent strings’ in [Vosseppel &
In that paper, the distinction between 'domain' and
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'region’, which ls lmportant to the search for estimators, was nob vet

made: both were called 'domaln'.

The coneept of characterization allows a unifled treatwent of previcusly
igolated merhods to estimate the lepgth of a string and alse leads to the
{mportant idea of a 'faithful charactéwi¢qpion{* This is

for the most aceuwrate es‘timators that cap be Found. The strin

parametrization (n,q,0,¢) forms such 3 falrhful chavacterivation.

B8.4.3 Estimation

n the study of estimaro

how the accuracy ché& may be reached depends strongly on I:h‘e charactar-
fzation used. Genarally, ‘the more 4 charagcterfzation isiextendad) the
smaller are the vegions of 4 tuple, and Lhe better an estimaror can be
tuned to the original property. & failchful characterization therefore

satentlally tesults dp ithe most aceurdte estimators possibles

For each chara k‘s‘ar”

line segments have been given, subject to several crireria. These optimal

solurions provide upper bounds on the accuracy that can be reached; for
that: particolar characterizacion. As such, thev are not only interssting
a8 theoretical resulrs, but also usefyl fu practice, Even If Lhair
complexity hampers direct application In practice, the optimal reenlts can

bEiuged tocalibrar diiassess more s‘x;p simators.

The way the measurement problem is visved inithis thesls difﬁefs funda~
mentally from o the normal methods dn the field of parameter estimation.
Hdormally, one would consider the ¥ points of 2 discrete straight line as
S0 mAnY MeasuTemente . esch With thely own uncerfaintve Dibivization is

then treated as uncorrelared aoise, uniformly distributed between (0 and 1.

this thesis, the dlgitizatmn effects are considered as deteyminiatic,
father than stochastie. The series of N discrete pnjsg!:; 15 seen as 1

measurement, of an euotity called 'discrete stralght line’. The digit-
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lzabion effecte are not considered sepatately for each polnt but Fof the
complete discrete styaiphe 1lne: the domain of that line 15 rhe
uncertalney daterval of the measurement.

8244 Lenpth estimators

For lenpth measurement, a detailed Comparison das made between bnown and
newly developed methods, This was dane by séparately studyiae Lhe affecis
0f the chavacterization and of the Lype of estimater, vesnliing in the
matrix etrocture of chapter 7. Por stralsht line longen easurspent the
methods of [lreeman 19701, [fulpa 1976], [Grown & Verbeek LOT8L. UPeoFisee
& Rosen 19791, [Vassepoel & Smeulders 1982], and the newly developed
optimal estimators in the MPO and BLUE sense wera comparedy The

coniclusions were summarized fn seccion 7.5,

The maln conclusion is that khe stmple corner count estimater s the
estimacor to use in daily practices fc s reasonably: accurate Cup ro (87
asyoptobic RMSE), and easy to implement, T comes as ansurprise that thars
L8 a better estimacor for the length of 4 string than the Buclidean
distance betveen beein and end point. The estimator nf(l+(§§2}, which 1s
the length of the line with the most probable Slope 1n agrebment With tha
SEring. was shoun eo have bhd Cniitar MSE. and an ssymnroric henaviour
wiidch 1s ao order of magnitude bebtev, It iz the estimator o be uded when
hiph accurace ds dasired.

8.3 THE wuTuRy

To an outsider it nust he surprising that so moch could Ye said abdanr
dlscrete straipht ldnds © 4ad T kaow of some insiders, too. SEill. the
tesedrch reported in ehis Lhesls has yigldad many fesults vhat are anr
only new, but also fundamental tg Lmage analysis and compuber graphics,
Ve now know the theorerically oprimal solurisne Lo the measurement of the
fundamental wpropertiss !lengkh! (or ‘disrancely ang 'slope’ in a rwo-

dimensional, regular, ideal, discrare Space. We kiow how acpurately and
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istropieally strafeghe 1inés can be feptesented Insuch & spade. Bur ve
have also sekn that these solutions are of 4 distiessing complextivy: 4F it
dIscas bad saiehls Foriideat gtralght 1ine eegments, what will happen with

more complex lobierte’?

Welll gee.

:
-
1
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For 4 given econk{nuous straight line segment the corresponding dlscrara
Stralphc line sepment s completely deéterminad by the digitdzation, but
the converse s nat true. To each diserete stralght line seement there
Corresponds a 'domain' of bontinsous straight ‘line segments all having the
sdme chalntode strine: these are the primitives of the stringii g
mathegarical description of the domain of ian arbitrary SLTing providesia
Gomplete and concise description of the digitisation of straight Tipe

segments (chapter h),

Loncistness may he desired, bt completenass not necesdarily often
Iincomplete Iepresentationa of chaincode SLrings are enploved, Phegs Lwg
formally degcribed as lcharacterizacions' {chapter 5}, The use of g
particulay charadterization Ttesults in s losa af tesolving pover in the

Ltreatment of straight Iine segmenis,

The properrics of & discrere stralght line sepment are dssedsed onithe
basis of the Characterization choden, Exact determination of pProperties
SUeh a8 lensth and sigpe g imposeible: tHe best that can be achieved ie
an estimate of the properiy, acconding to some criterion (chapter 6).
These satimorors Provide the best solutiche ts the measurement problems
¢och accordise to tre Gun eriterion.

For the imporfane property !length!, chaincode based estimators have
already been wiven by several suthors: These lengeh estimatora Are
compared with the ney methdds develoved fn this thesis {chaster 73, The
dgadganment leade 4 tecommendations for the mast appronriate lopoen

cstimatore ander various Circlimstances;
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Samenvatting

Hen diskreer vechy lidnstuk vormt de tepenhanger van eed Konting reche
Iignatuk 4n een diskreat regelmatig raster. Ondat diskrars techie
Mjnstukken elementaire strukturen zijn dn diskrecs beelden, iz poed
beprip ervan van groot belang voor komputer sraflek en digitale
beeldanalyvses In dit proefschrift Yorden ze bestudeerd, woornameli jk
vanult het oogpuint van de beeldanalyse.

Rechte 1ijnstuklen zijn de genvaudipste strukturen met sen longte en ocn
cichting. Deze olementairs eloenschanben mosten vaask worden gemeten Bid de
Aanalyse van objekten in bealdan, De nauwkeurdgheid van zo'a Heting is
€chter beperkt, zelfs ondey idsale omstandlishedsn, Bie kont dhoedat e
diskreta vooretslling van san rechn Iijnstuk voor deze elpenschapnen cen
wegeanlt e verliiss ror gevole hWeefty Dit proafsehrife wil Ltonen hoe

nauwkeurig de mectrediltaten desondanks f0g kusnen 2190,

Voot de verwerkold tking van dit dosl 1s een dieppaande spalyse van de
diskrorigatie “dic her vorband Beelft tussen de kontinue en de diskrere
rechte 11instakken= nopdeakell dk. Als Halpnilddal dasrvoor worden sovst
kengetrallen Ingevoerd, zowel voor konatinue dls woor diskrete rechte
lijnetukken Choofdstuk 33, Pase Kengetallen vormen son bondige en
volledige, kwantitatiave Beschirddving van de rechie Lignstukken. die har

ultgangspunt vorat voor de afietding van verdere rosylaten.

Diskrete rechbte lidnatuklken worden messpal yoorgesteld dobr een anoer wan
kettingcodes (ochaincads Strings). Zo'n "recht snover’ heotr cen bi jeondere
bphouyw, die Het onderscheidt van Yromme saveren. Die ophouw haner nanw
pamen met getallundipe eigencchappen van de heiling van her
oarspreakelldhe kontinue rechue Lifnstuk (hoofdetuk ).
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Gegeven son kontinu recht Idinstul is het overeenkoiende diskrots rechts
1ijnstul volledis bepaald door da disktvetisatie; maar het omgekeésrde 15
niet waar: er is een hele yerzameling van kontinue rachte Iijnstulkken die
Overeenkomen met Ben gegeven diskrest recht: 1iinstuk. Deze verzameling
sorepronkelijken wordt het landgoed (domain) van her snoer gencemd. Fen
Wiskundige uitdrukking vour het landgoed van een willekourle ¥écht snoer
1s een bondige en volledige beschrijving van de diskyetizatie wvan rechis
1l jnstukken (hoofdstul 415

Bondigheid is Bewenst, maar wolledigheld niey altiid: daaron worden vaak
onvolledige vooratellingen van de snoeren Bebrulkt. Deze worden formeal
samengevat als "kepschersingen' (characterizations, huofdstuk 5). Gebrolk
van een bepaalde kenschetsing leidt tot sen verlies aan onderscheidend

vermogen 1n de behandeling van rechre Lijnstukken:

Ulrgaande van de kenschetsing worden elgenschdppen van de snoeren bepaald
(blivoorbeeld lengte of richting)i Zoals Eezepd is Gen exakte bepaling
onmogell jk: het Hest haalbare 15 cen schatering die do elgenschap benaderr
Yolpens een bepaalde maatatar. Verschiliende mintstaven ei de bljbehorende
schatters worden gegeven (hoofdstuk 6). Deze schatters =140 dus. tfeder
volsens elgen Daatstaf, de beate oplossingen voor het gestelde
meetvragpatyk,

Voor de helanarijhe elgenschap "lenpte” waren al latiger schatters bekend,
Deze worden verpalaken et Ellcaat en met de nlsdwa schatters ontulkkeld tn
dit proefschrift (hoofdstuk 734 Voor verschillende omstandigheden worden
de mesat Eoepasselljke Jenpteschattere gegeven.
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Alleen 's nachts werken is niet balf za prettia als web den groepje. De
nachtplosp Bestasnds oir Robert, Ruud, Guus, Alex, Rein en Ferdie vormdan

de aanspraak. 214 paan Yerder, masy vonder mide Sukses, jonuenet

Bart, ouwe reus, zonder jouw gondags ontbiir was 1k den siuk alapper
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