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The steady-state workload at an arbitrary time is considered for several single-
server queueing systems with nonpreemptive services for multiple classes of cus-
tomers (arriving according to Poisson processes) and server vacation (switchover)
times. The distribution of the workload at an arbitrary point during the vacation
period is obtained for systems with setup times, and for polling systems with ex-
haustive, gated, or globally gated service disciplines. From the stochastic decom-
position property, this workload is added to the workload in the corresponding M/
G/1 system without vacations to give the workload at an arbitrary time in vacation
systems. Dependence of the workload distribution on the vacation parameters is
studied.

1. INTRODUCTION

The workload, also called the backlog, unfinished work, or work in system,
in a queueing system is defined as the sum of the remaining service times of all
customers in the system. This article is concerned with the distribution of the
steady-state workload in several single-server queueing systems with P classes
of customers (arriving according to independent Poisson arrival processes) and
server vacation (switchover) times. Note that the workload indicates the system-
wide congestion, while the queue size and the waiting time are interesting for
customers of each class. Throughout the article, we assume that service times
and vacation times are independent random variables. We focus on nonpreemp-
tive service disciplines that use only information about the customer class in
selecting the customer to serve. It is also assumed that the service discipline and
the vacation process do not affect the amount of service time given to any
customer.
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For a broad category of multiclass queueing systems with server vacations,
including the above-mentioned systems considered in this paper, Boxma and
Groenendijk [2] (see also Boxma [1]) established the following work decom-
position result. The steady-state workload U is distributed as the sum of the
steady-state workload Uy, in the corresponding M/G/1 system without va-
cations and the steady-state workload Y in the original system at an arbitrary
time during a vacation period:

distr

U= Uyen +7Y. ey

Furthermore, Uy, and Y are independent. Let 4,, b,, b?, and Bj(s) be the
Poisson arrival rate, the mean, the second moment, and the Laplace-Stieltjes
transform (LST) of the distribution function (DF) for the service time, respec-
tively, of a customer of class p, where p = 1, 2, . . ., P. In addition, if U*(s),
Usyci(s), and Y*(s) denote the LST of the DF for U, Uy,c/1, and Y, respectively,
we have, for s = 0,

U*(s) = Uuen(s)Y*(s), (2)
where
% o (1 — p)S
s & A & Y]
A=Ay p= 21 Aby  B¥*(s) =D —f B} (s). (4)
p=1 p= p=1

The purpose of this paper is to give Y*(s) for systems with setup times (Section
3) and for polling systems (Section 4), thus obtaining the LST of the DF for the
workload in those systems by (2). For general systems with nonpreemptive
service, the evaluation of the mean workload E[U] leads to the so-called pseu-
doconservation law with respect to the traffic-intensity-weighted sum of the mean
waiting times for each class of customers (see Section 2), which has been studied
for several polling systems. However, as far as the authors know, no results
have been published for the distribution of the workload. Our results are sum-
marized in Theorems 1 and 2. Concluding remarks are given in Section 5.

2. PSEUDOCONSERVATION LAWS

In this section, we first present a general form of the pseudoconservation law.
It is followed by examples of systems with setup times and polling systems.

For multiclass systems with a nonpreemptive service discipline that does not
distinguish customers on the basis of their service times [7, Sec. 6.2], we have

e 2

E[U] = -+ }; P E[W,], (5)
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where

P,
Py = Apby b2 D L (6)

S A

and E[W,] is the mean waiting time of a customer of class p. It follows from
(1) and (3) that

: b
S nEIW,] = 3f—— + EY] ™

which is called the pseudoconservation law. For systems without vacations, we
have E[Y] = 0, and (7) reduces to Kleinrock’s conservation law [8, Sec. 5.2, 9]
as this intensity-weighted sum of the mean waiting times can never change no
matter how the service discipline may use the class information. For systems
with vacations, E[Y] depends on the structure of the vacation mechanism.

In a system with setup times, a setup time S, is required prior to the busy
period when a customer of class p arrives during an idle period in the system,
where p = 1,2, ..., P. During the busy period, scheduling of classes to serve
is arbitrary, for example, first-come-first-served (FCFS), nonpreemptive priority,
or exhaustive-service polling [6]. Many priority queues with setup times are
studied by Takagi [11], who shows, for example, that

P
s AE[SY + 2 E[S
(= pES,] , b 15 + 2 2 piELS

EWolrors = 13 AE[S] 20 - p) * 2(1 + AE[S)) - ®
where b'? is defined in (6), and
a1 & . .
E[S] = 3 > i, E[(S,)].  i=1,2,... 9)
p=1

is the ith moment of the setup time aggregated over all classes. For the non-
preemptive priority system with setup times in which class 1 has the highest
priority and class P the lowest, we have

A b(:)
E[ Wp]nunprecmplivc priority = 2(1 . p;~ l)(l — p;)

Lo, JE[SY] + 2 ; PhE[SA]
- (1 + AE[SD(L = p;-) [E[S"] ¥ 2L = py) ] - (10

where p; = 3£_,p. Both (8) and (10) satisfy (7) with

,
PLEISY) + 2 X p,E[S,)
2(1 + J.[E[S])

E[Y]sctup times = (11)
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In the next section, we derive the LST Y*(s) of the DF for Y in a system with
setup times.

Pseudoconservation laws are studied extensively for polling systems [1, 2, 10].
In a polling system, customers of each class are served in cyclic order with finite
switchover times. Let R} (s), r,. and r{> be the LST of the DF, the mean, and
the second moment, respectively, for the server switchover time from class p to
class p mod P + 1, where p = 1, 2, ..., P. (Hereafter, all class indices in
polling systems should read in a similar cyclic fashion, although not shown
explicitly.) Switchover times are assumed to be independent. In the exhaustive
service system, the server continues to serve each class until there are no cus-
tomers of that class in the system. In the gated service system, the server continues
to serve only those customers of each class that were waiting when the server
started its service to that class, while those customers that arrive during this
service period are served in the next round. The mean workload E[Y] at an
arbitrary time during the switchover times in these polling systems is given by

P
R(pz -2 pf»)
p=1

pRO
L= 12
E[ Y]cxhausuve 2R + 2(1 _ p) ’ ( )
P
R(p2 + 2 p?:)
B[ = 222 4 - (13)
[ ]Bﬂlcd - 2R 2(1 _ p) ’
where
P P
R=Yr; RO=>(@®-r)+ R (14)
p=1 p=1

Note that R and R@ are the mean and the second moment of the sum of
switchover times over one round. In the globally gated service system, which
was recently proposed and analyzed by Boxma, Levy, and Yechiali [3], in each
cycle of the server, only those customers that were found in the system at the

start of the cycle (namely, when the server visited class 1) are served. In this
system, we have

pRm sz P p-1

E[Ygovaty gueed = 7R + 20 - p) + Py r;. (15)
p

In this case, E[ Y] depends on the ordering of classes.

REMARK: For P = 1 (a single-class vacation model), if the waiting time of
a customer is independent of the part of the arrival process that occurs after the
customer’s arrival time (as in the FCFS system), the LST W*(s) of the DF for
the waiting time can be expressed also in the decomposition form [5]

W*(s) = Wign(s) x(1 — s/4), (16)
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where y(z) is the probability generating function of the number of customers in
the system at an arbitrary time during a vacation period, and

(1 = p)s

Wivan®) = =7 5G)

= Ulpnls). (17

Since each customer makes a contribution of its service time to the workload in
system during the vacation period, it follows that

Y*(s) = x[B*(9)]- (18)

Hence the relation between U*(s) and W*(s) is given by (2), (16), (17), and
(18). In particular, we get

E[W] = E[W]yen + flpﬂ (19)

which leads to

20 mw) - Bup = SEREYT o ()

E[U] - pE[W] = —— P

3. SYSTEMS WITH SETUP TIMES

In a multiclass system with setup times, a vacation period consists of an idle
period, exponentially distributed with mean 1/4, and a setup time S, if a customer
of class p arrives first during the idle period. During a vacation period, the
system is in the idle period with probability

1/4 1
1/ + E[S] 1 + AE[S]” 1)

During the vacation period, the system is in the setup time S, with probability

E[S] _ AEIS,) _ _AELS,]
/A + E[S]~ AE[S] 1+ iE[S]’

=1,2,....P. (22

Note that the probability generating function of the number of customers that
arrive from the beginning of the setup time §, till an arbitrary time during S,
is given by

1= Sk = A2) @3

FES )1 - 2)

Therefore, the LST of the DF for the workload at an arbitrary time during the

setup time S, is given by

)l - S;[A = iB*(s)]‘
ZE[S, (1~ B*(s)]

Bj(s

(24)
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Hence we obtain

. 1 LOLES,] . 1= S¥A - AB*(s)]
Vi weld) = T3 % L 2T+ 268 &) TESAT — B70)]
I = 2 AB)SH[A ~ 1B*(s)]
= L , (25)

(1 + AE[SP[1 = B*(s)]
from which we get the mean in (11), and the second moment

2bOE[SY

E[Y ] up tmes = m

P P
PRES] + 3p S, p,EISH + 3 LbP EIS,]
p=1 p=1 2
* 3(1 + AE[S)) - (26)
Note that the LST of the DF for the workload in the system at an arbitrary time
is given by (2) using (3) and (25). Thus we have established the following
theorem.

THEOREM 1: The LST of the DF for the workload in a multiclass system
with setup times at an arbitrary time in equilibrium is given by

,
G-ps T ZGABOS -8
s = A+ AB*(s) (1 + AE[SD[1 - B*(s)]

U*(s) =

4. POLLING SYSTEMS

For polling systems, we can express Y*(s) only in terms of a certain function
for which the functional equation is known. Let us focus on a moment at which
the server completes the service of class k, and denote by Uj(s) the LST of the
DF for the workload U, in the system at that moment. An arbitrary point in
time during switchover times falls in the switchover time from class k to k + 1
with probability r,/R, and the LST of the DF for the workload that is newly
brought to the system before the arbitrary point during this switchover time is
given by

| - R[4 — AB*(s)]

Airl = B*(s)] 27
Since this workload and U, are independent, we have
P
.1 — R{[A - AB*
vie = 3 DL RIZZ 2B (8)

SR An{l = B*(s)]
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Therefore, it remains to determine Uj(s) for individual polling systems. Here
we consider polling systems with exhaustive, gated, and globally gated service
discipline.

In the exhaustive service system, we can express Uf(s) in terms of the joint
LST of the DF of the successive station times. The concept of a station time is
introduced by Ferguson and Aminetzah [4] (they call it a terminal service time).
In the exhaustive service system, the station time w), for class p is defined as the
time interval between the successive instants when the server leaves class p —
1 and class p. In other words, w, consists of the switchover time from class
p — 1to class p and the following service period of class p. The joint LST of

the distributions of P successive station times wy_p41, Wk—pez, - - - , W i defined
by
A P
QFsy, - .. ,8p) = E[exp(— >, a)k_,:+isi>] (29)
i=1

Ferguson and Aminetzah [4] show that it satisfies the equation
Q/T(Sl, c ey Sp) = R;:_l(Sp + j.k[l - @;:(Sp)]) . Q:_I(O, S + lk[l - @;:(Sp)],

s + A1 - Of(sp)], - . -, 8spor + A1 — ®l’<k(sp)])a (30)

where O/ (s) is the LST of the DF for the length of a busy period in an M/G/
1 system consisting only of customers of class k. It satisfies the equation

0i(s) = Bi[s + A — 4O(s)]. (31)

In order to find Ujf(s), we study the set of customers of each class in the
system when the server completes the service of class k. Because of exhaustive
service, there are no customers of class k in the system at that moment. Cus-
tomers of class k — 1 in the system are those that arrived during the station
time w,. Customers of class k ~ 2 in the system are those that arrived during
the station times w,_; + wy, and so on. Finally, customers of class k — P + 1
in the system are those that arrived during wy_(p-2) + @i_(p-3 + =+ * + w4
In other words, only those customers of classj, k — P + 1 =<j=k — P +
i — 1, that arrived during the station time w,_p,; remain in the system when
the server leaves class k, where i = 2,3, ..., P. Hence, using the definition
of the joint LST Qf(s,, - . . , sp) of the distributions of the station times w;_p.,
Wr-p+2, - - - , W In (29), we get

Uit (s) = QF (0, exn(s), - - -, epu(s)), (32)
where
k-P+i-1

ex(s) = S Al - B*s), i=2,...,P. (33)

j=k-P+1
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Substituting (32) into (28) we get

i {1 - R;:[A - AB*(S)]}QI;:(Oa e2;k(s)’ e eP;k(s))
Asmsie(5) = RIL — B*(s)] > (34)

where O (sy, . . . , 5p) is the solution to (30).

From the mean station times given by Ferguson and Aminetzah [4], we can
derive E[ Y Jextausive in (12) from (34), as shown in the Appendix. It is also possible
to calculate the second moment EJ Y?*|eypaustive from (34) in terms of & ra = coV[w,,
w,); the set of equations for {5 p, ¢ = 1,2, .. ., P}is algo given in Ferguson
and Aminetzah [4]. Note that the first moment E[ Y]exnaustive in (12) depends only
on the total switchover time. It turns out, however, that the second moment
E[ Y?)expausive depends on the individual switchover times.

In the gated service system, the station time w, for class p is defined as the
time interval between the successive instants when the server visits class p and
class p + 1. The joint LST of the distributions of P successive station times
Wi-p+1, Wi-pe2, - - - , Wi I8 again defined by (29). It satisfies the equation [4]

Qs - ., 5p) = Ri(sp)
: Q'I:.:—l(’lk[l - BI?(SP)]’ §1 + )“k[:l - B:(SP)]’ ce ey
Sp_1+ /1/([1 - B:(Sp)]) (35)

In order to find U (s), we first consider the set of customers of each class in
the system when the server starts the service of class k. From the definitions
of the gated service and its associated station time, those customers of class j,
(k-—1)-P+1=j=<(k-1) - P+ i, that arrived during the station time
W-1)-p+i TEMAIN in the system at that moment, where i = 1, 2, . . . , P.In
particular, the number of customers of class k — P = k mod P in the system
equals the number of customers of class k that arrived during the entire cycle
time wy_p + Wg_pyy + + - - + w1 The service period of class k consists of
the service times of this number of customers, and those customers that arrive
during this service period are added by the time when the server completes the
service of class k. Therefore, the LST of the DF for the workload in the system
when the server leaves class k is given by

U;:(S) = Qlf-l(fl;k(s)’ fZ;k(S)v R | fP;k(S))7 (36)

where

fils) 2 241 = B[4 = 1B*(s)]}

k=P+i-]

+ > AMl-BXs)], i=1,....P. 37)

j=k=P+
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However, using Eq. (35) for Q{(s,, . . . , sp), this can be rewritten as

QF(81x(s), &2u(8)s - - - » gr(s) (38)
Ri[% - 1B*(5)] ‘

Ui(s) =

where

k-P+i

gu) 2 S A1 -Brs), i=1,...,P-1
j=k-P+1
21 - B*s)] i=P. (39)

Substituting (38) into (28), we obtain

Y;mcd(s ) =

»
kEl {1 = R{[2 = AB*()]} QX (814(5): 824(5)s - - - » 8pu(8))/ RE[A — AB*(s)]

RA[1 — B*(s)] ’
(40)
where QF(s,, . - . ,5p)is the solution to (35). As in the exhaustive service system,

we can derive E[ Y]geq in (13) from (40).

In the globally gated service system, let C*(s) be the LST of the DF for the
length of a polling cycle, that is, the time interval between two successive starts
of service for class 1. The functional equation for C*(s) is given by [3]

C*(s) = C*[1 — AB*(s)] f[ R[4 ~ AB*(s)). (41)

It is clear that the workload in the system when the server completes the service
to class k consists of the following parts: the workload brought by those customers
that arrived during the service periods of class 1, 2, . . . , k, the workload of
customers of class k + 1, ..., P that are still present since the beginning of
the cycle, and the workload brought by those customers that arrived during the
switchover times since the beginning of the cycle. Hence we get

k P
Uz(s) = C*[Z ML= B - ABYs)] + 3 Al - B,*(s)]]

j=k+1

x kn' R[4 — AB*(s))- (42)
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Substituting (42) into (28), we obtain

P
S {1 - R[4 - AB*(s)}}
. _ k=1
ley gx!cd(s) - R}.[l - B*(s)]

< c*[i 31 - BYG - AB*(5)]

j=1

+ > Al - B,-*(s)]] t{:R,-*[i — AB*(s)], (43)

j=k+1

where C*(s) is the solution to (41). Differentiation of (43) readily leads to E[ Y]
in (15).
Our results for polling system can be summarized as the following.

THEOREM 2: The LST of the DF for the workload in a polling system at
an arbitrary time in equilibrium is given by

(1 -ps
¥y = N\ PPy
U =i
where

P

2 {1 = RE[A = AB*()IQU (O, e2u4(5), - - -, €pul(s))

Y*(s) = =
RIA[1 — B*(s)]

for the exhaustive service model, where Q;(s, . . . , sp) is the solution to (30),
Y*(s) =

gl {1 = R{[A — AB*()PQ(814(5), 824(5), - - -+ 8ra(8))/ RE[A — AB¥(s)]
RA[l - B*(s)]

for the gated service model, where Qf(s;, . . . , sp) is the solution to (35), and

gl {1 = R{[A - AB*(9)]}
YO = TR T B

X C*[Z A1 = B (A = AB*(s))]

p k-1
+ 3 - 5ol T R - 1870

j=k+1

for the globally gated service model, where C*(s) is the solution to (41). O
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5. CONCLUDING REMARKS

The workload decomposition in (2) for single-server multiclass systems
(Boxma and Groenendjik [2] and Boxma [1]) was initially derived in an attempt
to interpret, unify, and generalize the pseudoconservation laws of Ferguson and
Aminetzah [4] and of Watson [12]. Calculating the mean workload from (2)
indeed easily leads to those conservation laws, as special cases of a much more
general pseudoconservation law. However, (2) has until now not been exploited
to obtain insight into the workload distribution of single-server multiclass systems
with vacations (switchover times).

In the present paper, we have obtained the LST of the DF for the workload
in the M/G/1 system with P classes and server vacations for the cases of (a)
setup times, and (b) cyclic service of the classes with exhaustive, gated, or
globally gated service, respectively. For case (a), an explicit expression for the
workload LST has been derived; for case (b), the workload LST has been
expressed in terms of a certain function for which the functional equation is
known [the functional equations (30), (35), and (41), respectively]. Workload
moments can then be obtained. Perhaps more importantly, our results may be
used to analyze the tail behavior of the workload distribution by studying the
poles of the workload LST and identifying the pole with the largest real part.
Such an analysis could be useful, as often information about mean values of
waiting times or workload is not sufficient for judging the performance of a
system.
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APPENDIX
Derivation of (12) from (34)

Ferguson and Aminetzah [4] show that

pR
E =71+ .
[‘UA] Ti-y 1 -p

(A1)

Thus, from (34) we have

P P k-Pri-1 )
r 7]
E[ Y]:xhduunc = E = 2 E[u)l« F ] Z p/ + p 3
SR kPl 2r
1 & P k=Pri-1
=7 ey, T P
R?;x kf-d H ,; k- Pel
3 P k-Pei-1 » P
+ S X pr. 2op o+ - S (A2)
l-pis "2 f=k-Prl 2R
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However, after some manipulation, we get

P P k=-P+i-1 p P
TrZ e 2 A= 5(R2 -2 rﬁ) (A3)
k=1 =2 jek=-P+1 p=1

and
P » k-Pri-1 R P
> > Pr-pei > p= By (i’z -2 P:) (A4)
k=1 =2 j=k-P+1 p=1

Substituting (A3) and (A4) into (A2), we get (12).
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