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Procedures in Algol 60

Inleiding

In de serie AP met nummering beginnend bij 200 worden
enige in Algol-60 geschreven procedures gepubliceerd. Zij
kunnen in het MC-Algol-systeem gebruikt worden. Men bedenke
echter, dat deze procedures niet zonder declaratie ter be-
schikking staan, maar op normale wijze gedeclareerd moeten
worden, ‘

De tekst van elke procedure-declaratie wordt voorafge-
gaan door een commentaar omtrent effect, mee te geven para-
meters en eventueel methode. Bovendien wordt in dit commen-
taar vermeld welke non-locale procedures in de betreffende
procedure-~declaratie voorkomeri, behalve de in het Algol-60-
rapport [1] section 3.2.% en 3.2.5 gencemde standaard-func-
Lies. De gebruikte non-locale procedures zijn ofwel proce-
dures uilt de serie AP 200 ofwel standaard procedures, die
tot het complex behoren of als MCP beschikbaar zijn.
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comment AP 200

ZERD := X:= g zero.of £% between a and b. The réal Tx must be an expression depending on x with

. @ifferent sign for x = &.and % = b, In the array e[1:3] st be given the relative error e[1] and the

B I KN Ay

. absolute error e[2). The method is & combination of linear interpoletion or extrapolation and bisection.
The process ends if a zero X has been found within a tolerance < abs (x X e[1]) + e[2). For a simple

zero the process is of the order 1.6;

reel procedure ZERD (x,a,b;,fxg*ﬁh

begin real c,fe,fb,fc,re,ae;

res= e[1]; ae:= e[2];

x:= 83 far= fx3 x:= b for= fx; goto entry;

begin: if abs (& - b) < fa then &:= b + sign (c - b) X fag

if sign (e = x) = sign {b ~ a)' then x:= a;

g:= by fa:= fb3 b:= X3 fb:= £X;

if sign (fc) = sign (fb) then

entry: begin C = a3 fci= fa end;
if abs {fb) > abs (fc) _tgég
begin a:= b3 fa:=s fb3 b= ¢} fbi= fcj ci= aj fé;g fe end;
a:= (& X fb ~ b X fa) / (b ~ fa);
x:= {c +b) / 2; fa:= abs (b X re) + ae;

if abs (x - b) > fa then goto begin;

ZERD 1= X

end ZER(O;



The Series AP 200 of Procedures in AIGQOL 60
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This series has been written primarily for the users of the AILGOL 60 system, developed for the Electro—
logica X1 computer. The procedures published have been tested on this system. They can be used in AIGOL

programs by inserting the procedure declarations in the ordinary way.

The text of each procedure declaration 1is preceded by a comment, giving details about its effect and
parameters and describing the method, Moreover, in these comments the non—local procedures used are
mentioned, except the standard functions listed in the (Revised) Report on AILGOL 6‘0, sections 3.2.4 and
%.2.5. The non—local procedures are either procedures written in machine code, in which case they can be

called without being declared, or they are procedures published in the present series AP 200.



Summary o f AP 200 - 242
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At this moment the procedures AP 200 — 242 have been completed. Some of them are new versions, written
mainly for the sake of enmbellishment and elucidation, of procedures that did already exist. The existing
versions, however, have not appeared to be incorrect: they are still useful.

In more detail:

Beside AP 200 ZERO there is now a new version AP 230 ZER0, bearing the same name because in any existing
program these procedures are interchangesble, |

The procedures AP 224 — 229, however, being new versions of AP 220 — 223, bear new names because they

cannot replace the old versions in an existing program. AP 224k ~ 227 contain only slight modifications,
but AP 228 — 229 require the parameters to be given in another way; the latter have been written so that

they are useful for matrices given in an integer array.

(AP 204 — 208 and 224 — 229 have been published also in Report MR 63, where the methods used and the
organization are dealt with; in that report, moreover, some details of the AIGOL 60 system for the

Electrologica X1 computer are mentioned. )

AP 2351 — 255, being new versions of AP 210 — 215, Dbear néw names because These, too, cammot replace the
0ld versions 1in an existing program. They contain several improvements and ensble the user to obtain
more informaiion during the execution of the processes 1nvolved with the possibility of influencing the

process 1f so desired.

As to the nomenclature, the initial letter of the procedﬁre identifier gives some information about the
kind of matrices for which the procedure is intended, as follows:

usually denotes symmetric matrices

denotes complex arithmetic |
denotes asymmetric matrices having real or complex elgenvalues
denotes asymmetric matrices having real eigenvalues only.

o QW



comment APIEOT
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MAX := the maximal value of the expression £k
where fk 1s computed for k:i:= a step 1 antil b. Moreover

ki= the index value for which this mexImim has been found.
if a > b then k:i= a and the value of MAX is undefined;

R RN R

real procedure MAX(k,a,p,fk);

Fow Gk g B My ST W RODY cdl FLER EENS

value a,b3 integer k,a,b; real fkj

HC IR FON A Mk el i e Wy Syl A B0 Ry

‘begin real r,s;

| -] IR T M L

MA : kmm g 1if k <b then MAX:= g:= Tkj goto MC;

A o8 mom wma ik Wotly eey

MB s kem k + 15 ree £k

1f r > s then begin MAX:= 8:=rj a:= k end;

ik myry et W o e mp e win

ML :» 1f k < b then goto MBj ki= a

R OT SOES Y = T

end MAX3



comment AP 2_02
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PROD:= the product of the values of fk, where
the expression fk is computed for Ki= a step 1 until b.
if a > b then PROD:= 1; T

‘real procedure PROUD(k,a,b,fk);

SR NER oy SN oA B xpope it w) EERE OO R

value a,b; integer k,a,b; real fkj

vOE Bl oan whpE LA O BED i GTh N Pty TN WY

begin real ps pi= 1

for ki= a step 1 until b do pi= fk X p;

RN M ) EEy Eny BN TR Rt dlt R

PROD := p

end PROD;

A DAE oy



comuent AP 205

INT:= integral from a tc b of y.dx. The parameter eps determines the absolute precision of the answer.
The method is Simpson's rule, which is carried out each time over ean interval 2 X h and over two intervels h.
If the difference exceeds eps X h then the interval is halved and the integration is repested. |
If the difference is smaller than eps X h / %2 then h is doubled. From the difference a correction term
is computed and added, so that the error is hot of the order h A 4 but of the order h A 6.
The total amount of corrections does not exceed eps X abs (b - a) / 180;

real procedure INT (x, a, b, y, eps); value a, b, eps; real x, a, b, y, eps;

begin boolean ls; real h, F, V, £0, £k, I; -
I:= 03 X:=a3 fO:= y;
mi: hi= (b - 8)/ b; ls:= true;
m2: X:=a + hjg :=f0+4><}"£
X=X + hy Vi='y3 F:= F + 2 ><V§

X+ hy Fe=F + b X y3

~
I

x + hy fhi= v F:=F + i

>4
i

Vi=8 XV + 2 x (fOo + £U4) - F3 -

if abs (V) > eps then begin h:i= hf2; 1s:s false end else

begin &= x3 fO0:= fl; I:=h x (F - V/15) + I;

if ls then goto mS;

if abs (V) < eps/32 then h:= 2 X h;

if sign (b - & = 4 X h) 4 sign (h) then goto m1

AEED Y N L ¥ ]

end ;

oto m2;

my: INT:= I1/3 l

end INT:



coment AP 204

| DET:= deterninent of the n~th order matrix A vhich is given as arrey A[1: n,1: n]. The method 1s Crout with

rdwinter-éhanges: A is replaced by its trianguler decomposition L X U with all Ulk,k] = 1. The integer array pi1: n]

is an output vector giving the pivotal row indices. The k-th pivot is chosen in the k=th colum of L such that
~abs (L[i,k]) / row norm is meximal. DET uses the non-locel real procedure INPRID;

I 2K SO ENEY T gy B W I SN S i

real _Eroc.é.dure DET (A,n,p)s value n; integer n; array Aj integer arrey p;

begin integer i,J,k; real d,r,s; arrsy vil: nl;

for i:= 1 step 1 until n do vii] := sqrt (INPROD (331,H,A[i93]gﬂ[ipjl));
= 13

for k:= 1 step 1 until n do

begin ri= - 13

for i:= k steE 1 uvntil n g_q

begin ~A[i,k]:= A[i,k] - INPROD (J,1,k - 1,A[1,3]1,A03,k]);

s:= gbs (A[i,k]) / v[il;

if s > r then begin r:= s; plk]:=1 end

end I1OWER}:

viplk]]:= v{k]; .

for J:= 1 step 1 until n do

begin ri= Alk,d); Alk,d]:= if § < k then A[plk],]] else
(Alp[k],j] - INPROD (i,1,k - 1,A[k,i],A[1,31)) / Alk,k]s
if plk] 4 k then Alp[k],3]:= = r

end UPPER;

d:= A[k,k] x 4

end IU3;

DET:= d

end DET;



comment AP 205
| SUL should be preceded by a call of DET,which yields the array W[1: n,1: n} in trisngularly decomposed
he integer array pl[1: n] of pivotel row indices. SOL replaces the vector b which is given as
“array b{1: n] by the solution x of the linear system L XU X X = b, SOL leaves the elements of IU end p
unaltered, hence after one call of DET gseveral calls of SOL are allowed.
SOL uses the non-local resl procedure INPRID; :

o P BT IS S T R P ) WD S

procedure SOL (IU,b,n,p); value nj integer n; array LU,b; integer array p;

S SE BT ety PR T B 4 YY) e SO

begin  integer 1,k; real T;

for k= 1 steE T antil n g_g

begin  r:= blkl; ,
b[k]:= (b[p[kl] ~ INPROD (1,1,k - 1,W0[k,1],0[1])) / Wlk,k];

if plk] # k then b[p[k]]:= - r

end

for k:=n steE - 1 until 1 gg

miaEy TR S B - § -F- 1. F

blk]:= blk] = INPROD (i,k + 1,n,IU[k,1],b[1])

end SOL3



comment = AP 206

INV should be preceded by 8 call of DET, which yields the arrsy IU{1: n,1: n} in triangularly decomposed form

and the integer arrsy pl1: n] of pivotel row indices. INV replaces I by the inverse matrix of L X U,

- INV uses the non-local real procedure INPRUD;

Y AR ST il (00 A W Y A

P P . R P P o S ) T efpn oEnmeos

procedure INV (IU,n,p); velue n; integer n; srray IUs integer array p;

begin integer i,Jj,k; real r3 errey v{1: n];

f - LT . F -] 1 1 F | EAE EET it DEEF

for kems n steg - 1 until 1 gg

begin for J:=k + 1 step 17 until n do

N TR Y e oy KT EESE KN aDioh il vl

begin vIJjl:= Wlk,J]; Wik,3):= 0 end;

Wik,k]:= 1 / Wlk,k]s

for ji=k - 1 step ~ 1 until 1 do

W(k,Jj)s= - INPROD (i, + 1,k,I(k,1],10{1,3]1) / Wi, il

for ji= 1 step 1T until n do

IU[k,J]s= IU[k,3] = INPROD (i,k + 1,n,v{i],IU[1,3])

endg.

for k:=n step - T until 1 do .

begin if plk] # k then for 1:= 1 step 1 watil n do

begin r:= Wfik]; Wizk] = - I.U[i,p[k]'l; W(i,pk]]le=r end

end

end INV;



comment AP 207
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DETSOL := determinant of the n~th order matrix A
which 1s given as asrrasy A{1:n,1:n]. Moreover the

L

vector b which 1s glven as array b1 :tn] is repleced by
the solution x of the linesar system A X X = D

DETS0OL uses DET and SUL}S

real procedure DETSOL (A,b,n);

ot bid BEE e R O T e MR wrw R e

value n: integer ng arryr A,bs -
? — 9 »H o

(-l - el TARY a3 R E) i) 5T SR

DETSOL:= DET (Ayn,p)s SOL (Ay,byn,p)

end DETSOL}



comment AP 208

DEULINV := determinant of the n=th order matrix A

which is given as erray A[1:n,1:n}. Moreover the
metrix A is repleced by its inverse.
DETINV uses DET and INV}j

real procedure DETINV (Ayn);

value nj integer n; array Aj

begin  integer array p[1:n];

s tacs SRS aliiny e e FETy CXER MR

DETLNV := DET (A,n,p)3 INV (A,n,p)

end DETINV}

Maa MGz o
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DSBAND:= determinant ven de bandmatrix M; els n > b bovendien Ni= M A (- 1) X §, dat is de oplossing X ven
het lineaire stelsel M X X = N, De mee te geven integer parameters zijn: m = orde, 1 = santal disgonalen links van

de hoofddisgonsal, b = bandbreedie, n = b + aantel rechterleden. Deze perameters moeten voldoen san: b < men
0 <1<%b < n.De bandmatrix M en de matrix N der rechterleden worden als volgt in het array A[1:m,1:n] meegegeven.

In de eerste b kolommen ven A zijn gegeven de elementen van i volgens de formule: |
A[i,j] = M1, if 1 <1+ 1 then j else ifi<m-Db+1then j+1i-~1-= ‘I-g}ggj-&-mnb] voor § < b,

O e S B L - e

de andere elementen ven M zijn O. De laatste n - b kolommen van A zijn de rechterleden, in

forgule: Ali,Jj] = N[i,j ~ b} voor j > b.
" DSBAND gebruikt SUM, PROD en MAX;

real procedure DSBAND (A,m,1l,b,n); value m,1,b,n; integer m,1,b,ns array A;

begin  integer 1,j,k; real w;

ELIM: for k=1 steE 1 until m 5}2

1:= if k + b < m then 1 + 1 else m; MAX (i,k,1,abs (A[i,1]));

begin = ek £28¢C
if 14k then for ji= 1 step 1 until n do
begin wi= - A[i,j]1; Ali,J]:= Alk, 3] Alk,J]:= w end;
cor tom k¢ 1 stap ) vmtl 3 o ‘
begin wi= A[i,1) / Alk,1];
for J:= 2 step T wmtil n do
Ali, if 3 < b then j - 1 else jl:= Ali,3) - w x Alk,J];
Ali,b]:=
end
end ELIM}

DSBAND := PROD (k,1,m,Alk,1]);

BACK: for ji=b + 1 step 1 until n do for ki=m step -~ 1 until 1 do

O R Tl —r“n-ﬂm. “““““ T Ny 0 TR D Ok

Alk,Jj]:= (Alk,J] ~ SUM (1,2, if k + D < m then belsem =k + 1,A[k,1] x Ak + 1 - 133]))/A[k,1]

I R 7T 1Tk

end DSBAND:



comment AP 210

PSP1 transforms an n-th order symmetric metrix Into triple disgonal form

according to & method of A.S.Householder{litt. J.H.Wilkinson, Comp.J.3(1960)23-27).
The matrix is defined by means of the actusl parsmeters for A, i and J as follows:

The actual parameter for A must be & subscripted real verisbele which for each i and
. satisfying 1 < i < j < n is the (i,j)=th element of the matrix.(So only the upper
trisngle of the matrix need be given.) -
The results are delivered in A and in the output-arrays B,BB,D{1:m] as follows:
The main diagongl is delivered in A &end in D. The codiagonsl elements are delivered in B
and the squares of these elements in BB. Moreover B[n] := BB{n]:= 0. The vectors defining

the subsequent transformastions are delivered in A,
PSP1 uses SUM

procedure PSP1 (4,1,3,n,B,BB,D); value nj integer 1,j,n3 real A3 srray B.BB Dj

begin  integer p,r; real w,X;

HA: for r:=1 steE T until n g_c:_:

begin  Jj:= i:=r; D[r):= A; BB[r]l:= SUM (j,r+1,n,A A 2);

Blr) := sqrt (BBlr]); if Blr] < ,~200 then goto HB;

j:=r+13 if A > 0 then Blr]:= -B[r]; A:= A-B[rl]; w:= 4 x B[rl;

nir Egly G guil

for j:= r+1 step 1 until n do D[j]:= A;

for p:= r+1 step 1 until n do

begin  ji= p;
Blpl:= (sUM (i,r+1,p-1,4 x D[1]) + SUM (J,p,n,A x D[31))/w

end;

x:= SUM (p,r+1,n,D[p] x Blpl)/(2 x w);

for j:= r+1 step 1 until n do B[3):=D[J] x x + B[j];

for i:= r+1 step 1 until n do for j:= 1 step 1 until n do

A:=D[i] x B[j] + B{1] x D[j] + A3

end

-— end PSP1s.



comment AP 211

PREP , which should be involved before SEIVA, carries out some
prepatory substitutions in the suxiliary arrey E[1:5]. In detai :
E[3] := 1.1 X an upper bound s of the sbsolute value of the eigenvalues
of the n~th order symmetric triple diggonal matrix with main disgonal D
and codiagonal B, the relative error E[1]:= 0 and
the gbsolute error E[2]:= eps X 5

begin integer rg real s,X;

R el iy ok 0 1 - F B . TR Wik Wi

for r:=1 step T until n gg

iy ENE SNl N e RN Y A BT e

begin x:= (if r = 1 then O else gbs 'B[r=1]))

+ abs (D[r]) + abs (B[r]);

if X > s then s:= X

end;

Ef1]:= 0: B[2] *= eps X s3 E[3]:= 1.1 X s

end PREP;



comment AP 212

SEIVA := next eigenvalue of the n=th order symmetric triple disgonsal matrix
with main diagonal D and the squares of the codisgonal elements in BB.

For the method used see W.Givens, NBS ~AMS.26(1953)117=122,
If there occur vanishing or suffi ciently small elements on the codiagonal, the

matrix is subdivided into submatrices with non=vanishing codiagonal elements.
The parameter E is an auxiliary srray E[1:5] , the parameters nl,n2 and k are

oy g TENL iy

integer varisbles which in these order 1ndlcate the lowest and the highest

index of the subsequent submatrices and the number of eigenvelues computed.
One gives E[1], E[2] and E[3] suitable starting values by means of PREP, and k
mist have the star‘b.ung value 0. The values of nl1,n2,E[L],E[5] need not be given.

SEIVA uses EVEN and ZERD 3

real procedure SELIVA (D, BB,n,nt,n2,k,E); value nj integer n,nl,n2,kg array D,BB,E;

MR P e S My ik} N iy R ERE R S

begin integer r,t; real x*

L F &£ 4T _

begin  Iinteger p; real d0,d1,d2;3

b F -7 ¢ 1 R DD T DeN EIEY ST raet

pe= O3 SDET E[S],

dl:= t3 d2:= (x=D[q]) x a1; goto DB*
DA ¢ Q= q+l3 a0 := atg di:= a2 dé":'?:"(x-D[q]) X d1 - BB[g~1] x 40;
: ¥ d2 > 0 =dl < O then p:= pti;
1? < r then T

begln 1f q < 02 then goto DA

ey x| sali ey i ﬂﬂ_ -_—

i¥ abs (dE) S LT5] then E{SJ abs (d2)3

SDET:= 42
end
end SDETS
GA: if k = 0 then n2:=

TR o —

i¥ k = n2 then

begin E[4]:= E[3]; E[5]):= 0; nl:= n2+1;

GC:~  n2:= n2+l; if 1—BB[n2]/r4[5] A 2 1: 1 then goto GC
ends T/
K:= k+1: r:= k=-nl1+1; t:= EVEN (r);

SEIVA:= ZERD (x,E[4],~E[3].SDET (n1,n2) E)

end SEIVA} |




AP 213

SEIVEC computes the eigenvector V of the n~th order symmetric triple diagonal matrix with

main disgonal D and codisgonsl B belonging to the eigenvalue x of the submatrix with lowest index ni
d highest index n2. The vector V must be declared with two extra elements, scil. array V[O:int+1].

SEIVEC uses SUM 3

Erocednre SEIVEC (D.B,n,nLnE,x,V)?

WC:

integer 1,p,q$ real Xi;

p:= nl=13 g:= n2+13 Vipl:= V[ql:= 13

i:=p:=p + 13 1f p = n2 then goto WD;

Vipl:= (if p = n1 then (x - D[p}) else ((x ~ D{pl} x V[p - 1] = Blp - 1] x V[p - 2])) / B[pI;

if p > q then goto WD;

1:=qi=q - 13 1f q = nl then goto WD;

V[ql:= (if q = n2 then (x = Dlq]) else ((x = Dlql) x Vlq + 11 = Bla] x V(g + 21)) / Blg - 113

if abs (V[q]) > abs (V[g + 1]) then goto WC;

if p < q then goto WBj
V[il:= 1/sqrt (UM (p, n1 = 1, i = 2, VIp]l A 2)/VI[i = 1] A2 + 1
+ SOM (p, 1 + 2, n2 + 1, Vip] A 2)/V[i + 1] A.2);

x1:= V[i]/V[i - 1]; for p:= i = 1 step =1 until ni1 do Vipl:=V[p = 1] X x1;

x1:= V[i]/V[* + 1]; for pi= 1 + 1 step 1 until n2 do V[p]:= V[p + 1] x x1;

ik
o e - N kb ey A ST

<

for pi=1 step 1 until nl ~ 1, n2 + 1 step 1 until n do V[p}:= 0

end SEIVECS



comment AP 214

|

-

| - TRASF'T transforms the eigenvector V of the by means of PSF1 transformed
matrix into the corresponding eigenvector of the originsl matrix.
TRASF1 uses SUM 3 :

procedure TRAGHT (A,1,3.n,B,V)s value ng integer i,5,n3 real Al array B.V3

begin real x1,f1;

W Wl A

for i:= n=1 step -1 until 1 do

i e Ty . — ) Ay g el panlt ey

begin if abs (B[i]) > ,~200 then

2 -3 T ) ey gl RSl BT

begin  Si= 1+T3 X1 := Aj

[~ J % _F

£1:= 80 (5, 1+1,n, 031/ (x1x@[1]);

for j:= i+1 step 1 until n do V[il:= AxF1+V[;]

aapist

end

end TRASF1;



comment &P 215

OY:ILVE computes the eigenvalues and eigenvectors of the symmetric
matrix A of order n. The actual parameter for A must be & subscripted real
varigble depending on the actual parameters for i and j in such a way that
for i and § satisfying 1 < . < [ < n the variable A is the (i,J)=th element
of the matrix. The eigenvalues are computed within a tolerance eps X s,
where s is an upper vound for the elgenvalues computed in PREP. The proce=
dures OVA and OVEC serve 1o deliver each time an elgenvalue or eigenvector
respectively. |

SYMEVE uses PSP1,PREP SEIVA,SEIVEC,!

RASF1 3

A A ¥k __7 ]

procedure SYMEVE (Ai,j,n,eps.UVA.CVEC);

vaelue n3 integer i, j.,n3 real A,epsi procedure GVA,OVECS

L3 1 R N ] 3 3 1 - K ¥ 3 | ey = Al DN —y F_ X F_ 3 -] - F -}

begin  Integer k,n1,n2,p; real x3 arrzy B,BB Dl1m],VIiOom+1],E[1:5]);

PSP1 (A i,72.n,B.BB,.D); FREP {D,B,n,eps,B)3 k:i= 03

next: x:i= SHEIVA (D,BB,n,m,n?.,k,E); CVA {x)3

SEIVEC (D,B,n,nt.n2,x,V); TRASF1 (A.i,J.n,B,V); GVEC (p,1,n,VIpl);

1f k < n then goto next

end SYMEVES



comment AP 216

CSGRT:= rp:= real part and ip:= imsginary part of a complex sguare root
of the complex number with real part a and lmaginsry par‘t b.
The answer is situated in the halfplane rp > 0; |

real procedure CSQRT (a,b,rp,ip); value a,b; reel a,b, I'P,lg,

il PP — 1 1 TF ' 7} 1 F 1 F 3§ 1 |

begin rp:= sqrt ((ebs (&) + sart (2 x a2 + b X b)) / 2.0)3
ip:=TDb:=b / (2.0 X rp};

if a < 0 then begin ip:= if b > 0 then rp else ~rp; rp:= sbs (b) end;

SeQRT= 1P

end CSGQRT;



comment A 217

CZERC = X:= real part and y:= imaginery part of a zero of
imaginary ~art s. In e{1:3] the desired tolerances st

verisbles x =nd y estimated starting vslues.

The method is due to D.E.Mler {(1itt. MTAC 10 {195€6) 20€ - 215).
The process ends i
anc the modulus of
CZERLD uses CSLRT:

the fun

T two subsequent iterates agree within sqrt ((x 4 2 +
ction value is smgller than or equal to e[3],

e function with real zart r and

be given. Moreover

A2y xel1l 4 2+

cne st give the

real procedure CTERG (x,y,r,s e), real X,¥,r,S; array e;
Beglin “'f"é'éi"'é.b c,d e‘i,...e e3,g,nh,70,71,r2,80,581785, %, u3
B = e[T] /} 23 e2:= ef2] A 2, ez'-* e{}] /}, D8 mi= X3
ci=sqrt (a xa+ 7 A 2) X .1+ .13 hi= 03 ci= =53 di= O3
=8 + gy ro=r; sOi= 853 X=8 ~ g3 rl:=1r; sl:= s}
r0:= 10 ~ r1; sCi= sU - 81§ X:= 8}
Tr2:= I}j 3zZ:= 5}
I r1*=r1-r*si*"31_s£'
=rC xec-30Xd-rljum=r0xd+ 80 xc=sl;
a:= (t -r1) x¢c - {u- s1) d~-ri;bi={t -7r1) xd+ {(u- st) s1;
o= 1T K C - u A 43 sD-—txd-i-ax C3
ti= -2.=3x({1.f:+k,) Kr2 =4 x s2); ui= =20 X {({(1.2 + ) xs2+ 4 . 1r2);
CSQERT(a/:a-‘i.s,(b*a.cx1tf<r"-u,<si';),"‘u{3/<(ay'" + t % 30 + u 4 rd),e,d)s
ifaXxe+b a5 then begin ci= - ¢; di= - 4 end;
§?=a+c; b:=b+i;" T
ci={axt+bxu [/ {axa+dbxdb)jd=(axu-dxt)/ {axa+vxib);
a:= sqrt {¢ x ¢ + d x4) / 10;
if a2 > 1 then begin c:= c¢fa; d:= d/a end;
a:=g X C ~ 1 X E"h:=gxd+h;<:c'"§':'= a; Xi= X + g3 yi= ¥V + hy
2= 113 80:= 8l rl:=r2; sl:= 82; r2:= r; s2:= 53
ifgxg+hxh>(XA2+yA2) Ael +e2Vr2xr2+ s2Xs2> e then goto 1L;
C7ERC := X | o T
end CZERC s

A R



cémmént' AP215

CPRUD:= yp:= real part and ip:= imaginary part of the product over k from
~a untll b of the complex numbers with real part rkX and Imsginary part sk, vhere
rk and sk are expressions depending on k; |

real procedure CPROD (x,a,b,rk,sk,rp,ip); value b} integer k,a,b; real rk,sk,rp,in;

ik M S ey T BV WRT gl N T i S St . — T i i S A R ——

begin real p,q,r,s8; pi= 13 lpi= g:i= 03

i AR DU A L 1 F F |

for Xe= g sten 1 artil & 2o

N e g Y B i K RO ol OEN el el

begin = rk; si= 3K 1= p X 8 + q X r}

D= p X X2 =g X 83 Q= 1if
end;

CPROD:= rp:=

3

end CPROD;



comuent AP 219

CPOL:= rp:= real part end ip:= imaginary part of the n~th degree polynomial
defined by: sigma over K from Cuntil n of A X z A (n~k), where z denotes the complex
argument with real part x and imesginary part y. The polynomial has real coefficients
which zre the successive values of the exXpression A depending On k3

resl procedure CPUL (&,k,n,x,y,r7,1ip)3 value X,y,n; resl A,X,¥,rp,ip; integer k,n;

e ook I B AN g SN SO DS S0 S S PO D e N TR SO e ¥ I 1

begin 1real p,q,o0,b1,b2;

Pi= 2 XXy Q=S X XX+ ¥ Xy3 b2:= bl:= (3

for k= 0 ste}_g 1 aneil nn - 1 go

begin bG:= bl; bli= b2; bL2i=p X bl - q X bC + A end;

ilpi= y X b2Z) k= nj CPlLi=rpi=X K b2~ g X vl + A

end CPCL3



coment AP 220

SYMDET:= determinant of the n~th order symmetric positive definite matrix M which

is defined by the actual parameters in the following way:
A is a subscripted real verisble which for each i and J satisfying 1 <1 < j <n 1s the

Ty Sy yuny -

(1,j)-th element of M. (Thus one needs to give only the upper triangle of M.)
The method used is the square root method of Cholesky (1itt. NBS.—-AMS. 39 p&g.?ﬂ), which

yields an upper trianguiar matrix U wlth the property: U transpose x U = M.
SYMDET replaces the upper-disgonal elements of M by the upper-disgonal elements of U and
the disgonal elements of M by the inverses of the dlagonal elements of U.

SYMDET uses SUM;

real procedure. SYMDET (A,1i,J,n}; value n; integer 1,J,n; real A;

g T R Y— L3 %t 4 F ] ey i flngy mmal S Ty DY iy Sl

begin  integer k; resl d,r; array v[1:nl;

el well ‘i il T el panm Tigley TN & F 1 iy el Hphl

d:= 13

for ki= 1 step 1 until n do

1 % 5 _F KB Ty Ty el S Y

begin J:=k; for i:= 1 step 1 wntil k do v[1]:= A;

| ] N ] P Pl ey iy Jun SN A

r:= vik] = SIM (j_,‘]’k—‘l,V[i] A 2)‘;
d:= r X dj i:= k; A= ri= ] / sqrv (I‘);

for j:= k+1 8tep 1 until n do

LR 7 ] ol Teven yiny ¥ 8 T & |

begin = k3 A= (A = SUM (i,1,k-1,A x v[i])) x r end

[ -y ) ] Wy y— p—




comment AP 221

‘Puiy iy R B Soent farnl

SYMSOL must be preceded by a call of SYMDET, which ylelds an upper triangular
matrix U satisfying: U transpose x U = M,
SYMSOL replaces vector b which is given as array b[1: n], by the solution vector x of
the linear system M X X = b. For the definition of the matrices M and U by means of

the actual parameters for A, i, J and n see comment of SYMDET.
SYMSOL leaves the elements A unaltered, hence after one call of SYMDET several calls

of SYMSOL are allowed.
SYMSOL uses SUM ¢

procedure SYMSOL (A,1i,J,n,b); value n; integer i,J,n; real A; array b;

=3 ¥ -k _ 3 -k 5 B ¥ ] [ - F % T ki pigey hEnd] iy RN Faitay e p— —

begin for J:=1 step 1 until n do b[J]:= (b[J] = SUM (1,1, J=1,4 x b[i])) x A;

for i:=n steg =T until 1 4

Y PR Ry, Tl i Ty bl e JEEN SN 3 |

begin  Ji= 13 b{i]:= A x (b[1] - SUM (J,1+1,n,A x b[J])) end




compent AP 222

- SYMINV must be preceded by a call of SYMDET, which yields an upper trianguiar
matrix U satlsfying: U transpose X U = M. |
SYMINV replaces the matrixelements A by the corresponding elements of the inverse of
- the original matrix M. For the definition of the mairices M and U by means of the
‘actusl parasmeters see comment of SYMDET.
SYMINV uses SUM ;

procedure SYMINV (A,1,J,n); value n3 integer i,j,n; real A;

iy TR iy TR S Sy Jramy -y i S M A — ey w— el iy

begin  integer k; array v[1:ml;

for k:= 1 steg T until n 9.9

I Wi e — el el Sl il T

begin i:= ji= ki vik]:= Aj

Ay pammr RN Y Sunn

for j:= k+1 step 1 until n do

T Il e e — Skl ey i g Ny

begin i:= k3 A= v[j]l:i=~ SOM (i,k,j-1,A x v{i]) x A end;

--.-.-4- o

for i:= 1 step 1 until k do

Ty gy Tl e uinf P S S T ] g Nl

begin J:= k3 A:= SUM (j,kx,n,A X v[j]) end

end

end 3

g e



gomment AP 22%

syminv should be preceded by a call of SYMDET ylelding an upper triangular

matrix U with the property: U transpose X U = M,
syminv replaces the diagongl elements A by the corresponding disgonal elements of

the inverse of the original matrix M.
For the definition of the matrices M and U Dy means of the actusl parsmeters see

comment of SYMDET.,
Syminv uses SUM 3

procedure syminv (A,1i,Jj,n); value n; integer i,j,n; real A;

Impy Ty Sl TR Pl iRy BERT W o il Sl S e TRl Ve S —— —

begin  integer k; array v[1:m];

oy Il St VORI ilieg et fo ol my Tepl

for k:= 1 step 1 until n do

Py Bemnt o Tty Pamy femm Beiay ey TR

begin i:= ji= k3 vik]:= Ag

Poagy e TR e —

for J:= k+1 step 1 until n do v{j]:= - 8UM (1,k,J~1,A x v[i]) X A;

3] ek e e iy EEE ke R TR Sy

1= Ji= k3 A:= SUM (j,k,n,v[i]l A 2)

end

epy mumb K

end Syminv;

o uay



comment Ap 224

B SYMDET1:= determinant of the n—th order symmetric positive definite matrix M which is defined as
| follows: the actual parameter for A — being a subscripted real variable whose indices (or index )
depend(s) on the actual parameters for 1 and j — is the (i, j)-th element of M for each i and j satisfying
1 <1< J<n. Thus one needs to give only tThe upper triangle of M. TIn order to avoid waste of space, one
may give this triangle in a one-dimensional array. E.g., if the upper triangle of M is given in array
C[1 :nX {n+ 1) : 2] columnwise, i.e. the colurms one after the other, and the successive values
{J - 1) X 3 : 2 have been recorded in an auxiliary integer array J[1 : n], then the appropriate call of

SYMDET1 reads:

SYMDET1 (c[i + J[J]1], i, J, n).
The method used is the square root method of Cholesky, yielding an upper triangle which, premultiplied by

its transpose, gives the original matrix, OYMDET1 replaces the elements of M by the corresponding elements
of this upper triangle. It uses the non-local real procedure SUM (= AP 119);

real procedurs SYMDET1 (A,i,j,n); value n; integer 7,j,n; real A

begin integer k; real 4,r; array vil:n];

d:= 13
for k:= 1 step 1 until n do
begin Ji:= k; for i:= 1 step 1 until k do v[i]:= A;
i1= k3 A:= ri= sqrt Ev[k, — SUM F,hk——‘i,v[i] A 2));
di= r X dj | |
for j:= k+1 step 1 until n do |
beain f:= k; A= (A — SUM (i,1,k-1,A X v[1])) / = end
end LU;

SYMDET1:= d A 2

end SYMDETT;



AP 225

- SYMSOL1 replaces the vector given in array b{1 : nl, by the solution vector x of the linear system:
U transpose X UX x = b, where U is an upper triangle which is defined by the actual parameters for
A, 1, jand n in the same way as the upper triangle of M in SYMDET1 (= AP 224). Consequently, a call of
SYMSOL1, following a cell of SYMDET! with the same actual psrameters for A, i, Jj and n, has the effect
that b is replaced by the solution vector x of the linear system M X x = b.

SYMSQL1 leaves the elements A unaltered. It uses the non—local real procedure SUM (= AP 119);

1(4,1,3,n,b); value n; integer i,J,n; real A; array b;

real I}

for j:= 1 step 1 until n do

ii= J; ri= Aj

b[Jl:= (b[J] ~ suM (i,1,5-1,A x b[1])) / ¥

b{1]:= (b[1] — SUM (J,1+1,n,4 X (1)) / =

end

L

end SYMSOL1;



comment, AP 226
o SYMINV1 replaces the matrix elements A by the corresponding upper triangular elements of the inverse

of U transpose X U, where U 1s an upper triangle which is defined by the actual parameters in the
same way as the upper triangle of M in SYMDET1 (= AP 22L). Consequently, a call of SYMINVI, following =
call of SYMDET1 with the same actual parameters, has the effect that the upper tri angle of the symmetric
positive defi nite matrix M is replaced by the upper triangle of the inverse of M.
SYMINV] uses the non—local real procedure SUM (= AP 119);

procedure SYMINV1 (A,i,J,n); value n; integer i,j,n; real A;

‘begin integer k; real r; array v[l:n];

for ki:= 1 step 1 until n do
begin 1:= Ji= k; A:= v[kl:= 1/ A;

for j:= k+] step 1 until n do

begin i:= J; r:= A; i:= k;

1

A= v[jli= — SUM (L,k,5-T,A X v[i]) / r

for i:= 1 steB T until k _t_i_g_

begin  Ji= k; A:= SUM (Jj,k,n,A X v[j]) end

end

“we

end SYMINVT




comment AP 227
syminvl calculates the main diagonal of the inverse of U transpose X U, where U is an upper triangle

which is defined by the actual pasrameters for A, i, J and n in the same way as the upper triangle of
M in SYMDET1 (= AP 224 ), The calculated diagonal elements are delivered in array d[1 : n]. Conseguently, a
call of syminvi, following a call of SYMDET1 with the same sctual parameters for A, i, J and n, has the
effect that the diagonal elements of the inverse of the symmetric positive definite mairix M are delivered

in array d.
syminvl leaves the elements A unaltered. It uses the non—local real Eroceciure SUM (= AP 119) 3

procedure syminvt (A,i,j,n,d); value n; integer i,J,n; real A; array d4;

begin integer k; real rj
for ki= 1 step 1 until n do

begin i:= j:= k; d[kl:= 1/ 4;

for j:= k+1 step 1 until n do

begin i:= J; ri= A;
aljl:= — SUM (i,k,J-1,A % a[i]) / r

end;

d[k]:= SUM (j,k,n,a[j] A 2)

end

end syminvls;



cooment = AP 228
SYMDRETZ := determinant of the n—th order symebrlc pogsitive definite mtrlx, given in integer ar'r‘a
A[1 : nX (n + 1) : 2] in such a way that, for all i and j satisfying 1 <i < Jj<n, the E 3 J—th

element is A1 + {(§ - 1) -,j 2]. The method used is the sguare root method of Cholesky, vielding an upper

trigngle U which, premultiplied by its transpose, gives alfa X matrix A. The elements of U are writiten over
the corresponding elements of A. The scaling factor alfs must be chosen so that the meximal element of U is
Just within the integer capacity, in order to obtalin & reasonably accurate revresentation of U. In view gf_‘
the definitenesg of A vhis means that alia musy be glightly less (but not oo critically, on account of th
inexactness ¢f the arit}.metic} than the sguare of the integer capscity divi ded by the maximal element of‘ A,

Aiso, one may use SYMDETZ with real axray A, in which case 1,0 is the most obvious value of alfa. TIf A is

neg&’m ve definite, one may use SYMDETZ2 with alfa negative.
SYMDET2 uses the non—local real procedure INFROD (= AP 120);

real procedure SYMDET2 (A,n,alfa);

ger array Aj

d:= 13 kk:= O3
for ki= 1 step 1 until n do

begin kk:= kk+k; A[kk]:=
sqrt(Ai'kk] X alfa — IN]:'-RUD(l 1k, =1 A[kk+1] ,A[kk+11));
d:= Afkk] X d; kj:= kk;
fﬂgﬁ Ji= k+1] step 1T until n do

begin kji= kj+j-1;
Alkj):= (A[kj] X alfa
~ INFROD (i,1-k,-1,A[kj+i],A[kk+i])) / A[kk]

end
end IU;

SYMDET2:= d A 2 / alfa A n

end SYMDETZ:



comment AP 229 -

SYMSOLZ2 1replaces the vector given in real array b[1 : n], by the solution vector x of the linear
system: U transpose XUX x=agalfaXb, where U is an upper triangle, given in integer (or real )

array A[1 :nX (n+ 1) : in such a way that, for all i and J satisfying 1<1i < Jj<mn, the (i, Th
element is A[i + (J —_ 1) J : 2], The scaling factor salfa is chosen in relation to the scallng of U, Con-—

sequently, the call SYMSQI2 '(A n, alfa, b) following the call SYMDET2 (A, n, alfa) (viz.: AP 228) has the
effect that b is replaced by the solution vector x of the linear system A X x = b,

SYMSOI2 leaves the elements of A unaltered. It uses the non—local real procedure SUM (= AP 119);

procedure SYMSQI2 (A,n,alfa,b);

value n,alfa; integer n; real alfa; integer array A; real array b;
begin

integer 1i,j,Jj0; inte

ger array J[1:n];

for j:= 1 step 1 until n do

begin blj]l:=
— (p[J] X alfa — SUM (i,1,J=1,A[i+j0] X b[1]))/Alj+jol;

JLil:= JO; jO:= jO+j

end

for i:= n step -1 until 1 do |
bli]:= (b{ fi SUM (J,i+1,m,A01 + J031] X b[31))/AlL + J[1]]
end SYMSOLZ;



coment | AP 230
ZERO:= w:= g gero of fx between a8 and b, The expression fx must depend on % snd have different signs

for x = s and Xx = b. In sarxray e[l : 2] one must give the relative tolerance e[1] and the absoclute

tolerance e[2], both of which must be positive.

The method is & conbingtion of linear inter— and extrapolstion and bisection, proceeding as follows:
Starting from the intervel (s, b}, ZERQ constructs s sequence of shrinking intervals {c, ), each interval
having tne mroperty thet fx hes different sizns in its end points. If necessary, ¢ and ¥ are interchanged,
n order o ensure that fx hss the smaller absclute va}.ua in x, Subseguently, either interpolation using ¢
and x or extrapolation using X and & point outside (¢, x) takes place, yielding 2 new iterate i.

If ebs {i — x} is too small, i is moved slightly towards c¢. Purthermore, the new :zteraue is accepted only if
it is situeted in the x-half of {c,x); ofhm"“w.a,&e 1%t i3 replaced by the middle m of the interval. The process

o ke iy e —

ends &as soon 2s the interval {c, x) has & length < 2 X {abs {x X e[1]) + &[21). 1"'31—- z simple zero this
process is of order 1.6;

—rm v e i

begin Teal c,fa,fb,fc,m,i,tol,re,ae;

re:= e[1]; ae:= e[2];

| Xi= aj fa:= fX; xX:= b; o= fx; 50‘50 entry;

goon: il abs (i —~b) < tol then i:= Db + s:.gn (c —b) X tol'
Xi= if sign (i —m) = sign (b — i) then i else m;

ai= b fa:= fb; bix x5 fbi= {x;

if sign (fc) = sign (fb) then

entry: bvegin Cc:= g3 fci= fa end;

real procedure ZERO (x.8,b,fx,e); value a,b; real Xx,a,b,fx; array e;

if abs (fb) > abs (fc) then
e in g:i= b; fa'- fb; bi= c; fb:i= fec; ci= a3 fe:= fa end;

i=1ffb—-“F'a O then {(a X fb —b X fa) / (fb-fa) else m;
tol:= abs (b X re) + ae:
if abs (m — b) > tol then goto goon;

ZEROQ:= x:= b
end ZERO;




comment AP 231

SPAP carries out HOUSEHOIDER's tridiagonslisation (Litt.: J.H. Wilkinson, Comp. J. 3 (1960), 23 — 27,

Num. Math. b (1962), 354 — 361} on the symmetric matrix M, which in the following way is defined by
means of the actual parameters for A, i, J and n:
The actual parameter for A — being a subscripted real varisble whose indices (or index) depend{s) on the
actual parameters for i and j — is the (i, j)th element of M for each i and j satisfying 1 <i<J<n
Thus one needs to give the upper triangle of M only. If one wants to avoid waste of space, one may give this
triangle in a one—dimensional array. E.g., if the upper triangle of M is given in arra C[1 : nX (n + T) 2]
columwise, 1i.e. the colums one after the other, and if the successive values 1) J : : 2 have been
recorded in an auxiliary integer array J [1 : n], then the appropriate call of SPAP reads.

SsPAP (c[i + J[31], i, j, n, B, BB, D, E).

The last four parsmeters are output arrsys, to be declared as array B, BB, D[1 : n], E[0 : 3]. However, if
SEIGENVA is used after SPAP then the array E must be declared as array E[O 71.
SPAP delivers its results as follows:
The main diagonal of the Ttriple disgonal matrix is written over the main diagonal of M and stored in D, the
codiagonal elements are delivered in B and the squares of these elements in BB. Moreover, 3B[n]:= BB[n]:=
The vectors defining the subsequent transformations are written over the corresponding rows of the upper tri-
angle of M. Thus enough information is retained for the calculation of eigenvalues and eigenvectors. E[3]:=
- the maximum of the absolute row sums of M, which matrix norm is an upper bound of the moduli of its eigen—
values. The elements E[0}, E[1] and E[2] become zerc. (These assignments are carried out for the benefit of
SEIGENVA. ) At each stage the transformation is skipped if the corresponding codiagonal element B[r] satisfies
E[3] — Blr] = E[3]. The arithmetic must be such that this condition is eguivalent with abs (B[r]) <E[3] X
eps, where eps (nearly) equals the relative machine precision. The matrix norm E[3] must be reasonsbly large
so that at any rate the relation E[3] — B[n] = E[3] holds for the vanishing element B{n].
In order to simplify the computation, at each stage the vector defining the r—th transformation is normalized
so that the square of its Euclidesan norm equals -2 X B[r] X the {r + 1)th element of the vector. SPAP
uses the non-local real procedure SUM, which must have the property that after a call of SUM the summation
variable has obtained the rejected value;.

. procedure SPAP (A,i,3,n,B,BB,D ,E); value nj integer 1 J,n, real A; array B,BB,D,E;
begin integer p,r; real w,X,s;
st= 0; for p:= 1 steE 1 until n do
begin ji= p; wi= SUM (i,1,p-1, abs (A)) + SUM (J,p,n,&bs (A)) if w > s then s:= w end;

HA: for ri= 1 steE 1T until n do
begin Ji= ii= 13 D|r] BB{r]:= SUM (j,r+1,n,A /k 2)

B[r]:= sqrt (BB[I‘])' if s = B[r] = s then begin B[r]:= BB[r]:= 0; goto HB end;
Je= r+1; if A > 0 then n Blr}:= -Blr]; Ai= ABlr]; wi= A X Blr];




comment AP 231, continued;

for ji= r+1 step 1 until n _@_QD[,j]:m A
Tor pi= r+l step 1 until n do
begin  j:= p; B[pl:= (SUM {i,r+1,p-1,A X D[i]) + SUM (J,p,n,A X p[31))/v end;

x:= SUM (p,r+1,n,D[p] X B[p])/(2 X w); |
for j:= r+1 gtep 1 until n do B[Jj]:=D[j] X x + B[j]:

A:= D[i] x B[5] + B[1] X D[J] + A;

for i:= r+1 step 1 until n do for j:= i step 1 until n do

HB:
end; E[0):= E[1]:= EB[2]):= 0; E[3]:= s
end SPAP;




comment AP 232
SEIGENVA:= E[6]:= next eigenvalue of the n—th order symmetric triple disgonal matrix with main

diagonal given in arrsy D[1 : n] and the squares of the codiagonal elements, concluded by O, in arra
BB[1 : n]. In array e[1 : 2] one must give the relative tolerance e[1] and the absolute tolerance e[2] for
the eigenvalue. In arraZ'E[O : 7] SEIGENVA records some administrative quantities. Before the first call of
SEIGENVA only the following elements of E must be given: E[0]:= E[2]:= 0 and E[3]:= a suitable matrix norm,
being an upper bound of the moduli of the eigenvalues {with negative sign if so desired, see below).

The method is based on the STURM property of the sequence of principal minors (Litt.: W. Givens, NBS-AMS 29
(1955%, 117 — 122). If the codiagonal contains small elements BB[r] satisfying ss — BB[r] = ss, where ss =
E[3] A 2, then these elements are neglected and the matrix is subdivided into submatrices which are dealt
with separately. The arithmetic must be such that this smallness condition is egquivalent with BR[r] < E[3] X
eps, where eps {nearly) equals the square root of the relative machine precision., The matrix norm E[3] must
be reasonably large so that at any rate the smallness condition holds for the vanishing element BB[n].

The eigenvalue is calculated by means of the non—local real procedure ZERO, which finds a zero of a function
having different signs in the end points of a given interval. The r—th eigenvalue of a certain submetrix is
located by means of the function: if p=1r or r — 1 then (-1) 41r'X:det (lambda X I — matrix) else sign (p~r)
X The maximal modulus of the function values already computed. Here p = the number of sign variations in the
STURM sequence. The factor (—1) A r is calculated by means of the non—local integer procedure EVEN.

Calling SEIGENVA n times one obtains all eigenvalues of the matrix. The eigenvalues of each submatrix are de—
livered in order of decreasing magnitude.

In order to obtain tThe eigenvalues of & symmetric matrix, one may well use SPAP, followed by the calls of
SEIGENVA with the same actual parameters for n, D, BB and E. In that case no preparatory assigmments in array

E are needed, as SPAP carries them out.
"The main purpose of the subdivision into submatrices Is +to facilitate the calculation of mutually orthogonal

eigenvectors in the case that some eigenvalues are (nearly) coincident. It should be noted, however, that
this is Just the case where the error in the eigenvalues may be as large as the largest codiagonal element
neglected, which is {(at most) E{3] X the square root of the machine precision. If one wants to avoid this in—
convenience one mey call SEIGENVA with negative E[3] and abs (E[3]) defined as above. In that case only those
codiagonal elements are neglected the squares whereof are equal to the vanishing element BB[n]. After a call
of SPAP and the assignment E[3]:= -abs (E[ﬁ}) this means that Just those elements are neglected for which the
transformation was skipped by SPAP. |
If one 1s not Interested in the remaining eigenvalues of the submatrix considered one performs the assignment
Ef0]}:= E[2] before the next call of SEIGENVA, whereupon SEIGENVA will operate on the next submatrix.

SEIGENVA can also be used for the calculation of eigenvalues of so called ''quasi symmetric' triple diagonal
matrices, 1l.e. triple diagonal matrices with the property that the products of the corresponding codiagonal

elements are non-negative. In this case these products, concluded by 0, must be given in array BB.
In-EEEEX{E[O : 7] the following quantities are recorded:




AP 252, continued.

E[0] = number of calculated eigenvalues. SEIGENVA increases this number by 1. The starting value must be O,

E[1] = lower index and E[2] = upper index of the submatrix considered. They satisfy the relations E[1] < E[O]
< E[2]. If E[0] = E[2] the next submatrix is taken, The starting value of E[2] must be O.

E[3] = a suitable matrix norm, being an upper bound of the moduli of the eigenvalues or the reversed value.
The sign of E[3] rules the subdivision. The value of E[3] must be given. SEIGENVA does not alter it.

E[4] = an upper bound of the next eigenvalue of the submatrix considered.
E{5] = maximum of the calculated absolute values of the characteristic function of the submatrix considered.
B[6] = eigenvalue computed lastly.

E[7) = squared codiagonal element neglected lastly.

These quantities contain sufficient information for subsequent calls of SEIGENVA and subsequent calculations
of the eigenvectors of the given symmetric triple diagonsl matrix. SEIGENVA leaves the elements of D, BB and
e unaltered. It uses the non-local type procedures ZERO {= AP 230) and EVEN (= AP 118);

rea.l procedure SEIGENVA (D BB,n,e,E); value n; integer n; array D,BB,e,E;
begin integer r,t,k,nl,ne; real x,low,ss;

real procedure SDET (q,q2); value q,q2; integer q,q2;
begin integer p; real d0,d1,42;

pi= O; SDET:= E[5], dl:= t; d2:= (x-D[q]) X d1; goto DB;
DA : qi= q+l; dO:= dl; al:= d2; a2:= (x-Dla])’x d1 — BBla—1] X d0;
DB: if 42 > 0 = d1<0thenp=p+1, if p < r then

begln 1f q < q2 then goto TA: if x < B[ L| hen E[4]:=
TF abs (d2) > E[5] then E[5]:= abs (d25
SDET := if p > r—1 then 42 else — E[5]

end
end SDET
GA: k:= BE[0]; n2:= E[2]; low:= -2 X abs (B[3]); ss:= E[3] X abs (E[3]);

if k = n2 ‘then
begin B[LT:= <low: E[5]:= 03 nl:= n2+1;

GC: ne:= n2+1l;
if if ss > O then ss — BB[n2] % ss else BB[n2] =f BB[n] then goto GC;
E[7]:= BB[n2]

end else nil: = E[1];
k:= k+1; r:= k—nl+l; t:= EVEN (r); E[0]:= k; B[1):= n1; E[2]:=
SEIGENVA := E[6] = ZERO (x, E[u ]1,1ow,SDET (ni1,n2},e)

end SKEIGENVA;




coment AP 233
SEIGENVEC calculates an eigenvector cf the n—th order symmetric triple diagonal matrix with main dia-—
gonal given in aryay D[1 : n] and the codiagonal given in array B[1 : n — 1]. The eigenvector calcul-

ated corresponds with the eigenvalue E[6] of the submatrix with lower index E[1] and upper index B[2] and has
the EBuclidean norm 1.
The eigenvector of the submatrix is computed by means of forward and backward recursion meeting each other at
a component, the modulus of which is a relative meximum, This eigenvector of the submatrix is supplied with
components O in order to obtain an eigenvector of the entire matrix. The eigenvector is delivered in array V
[1 : n] which must be declared, however, as containing two extra elements, viz. array V[0 : n + 1].
SEIGENVEC may well be used after SEIGENVA with the same sctual parameters forn, D and E. If SETIGENVA is
called with E[3] > 0, then (nearly) coincident eigenvalues will usually come out as eigenvalues of different
submatrices., In that cese SEIGENVEC will find mutuslly orthogonal corresponding eigenvectors. It may occur,
however, that the matrix has very close eigenvalues even if the codiagonal elements are not at 811 small. In
that case SRIGENVEC will not find mutually orthogonal (and possibly not even independent) corresponding
elgenvectors.

SEIGENVEC leaves the elements of D, B and E unaltered. It uses the non—local real

procedure SUM (= AP 119);

procedure SEIGENVEC (D,B,n,E,V); value n; integer n; array D,B,E,V;

begin integer nl,n2,i,p,q; real xX,x1; nl:= E[1]; n2:= E[2]: x:= E[6];

WA« pi= ni—1; q:= n2+1; Vipl:= V[g]:= 1;

WB: 1t=pi=p + 1; if p = n2 then goto WD;
V[pl:= (if p = nT then (x — D[p]) else ((x = D[p}) x V[p — 1] —=B[p — 1] x V[p ~21)) / Blpl;
if abs (Vipl) > abs (V[p — 1]) then goto WB; if p > q then goto WD;

1t=q:=q—1; if @ = n1 then goto WD; T |
Vigl:= (if ¢ = n2 then (x — D[q]) else ({x = D[q]) X Vlg + 1] = Bla] X Vig + 2])) / Blg — 1];

1T abs (?rq]) > abs ZV[q + 1]) then goto WC: if p < q then goto WB;
WD: V[il:i= 1/sqrt (UM (p, n? —1, 1 ~2, VIipl A2)/V[i ~T] A2 + 1
+SUM (p, i +2, 02 + 1, V[pl A 2)/V[i + 1]} 2);

WC:

x1:= V[i]/V[i — 1}; for p:=1i — 1 step -1 until nl do V[pl:= V[p — 1] X x1;
x1:= V[1]/V[i + 1]; for p:= i + 1 step 1 until n2 do V[p]:= V[p + 1] X x1;

for p:= 1 step 1 until nl — 1, n2 + 1 step 1 until?iu_cli_q Vipl:= 0O
end SEIGENVEC;




comment AP 234

STRASF carries out the back—transformation of the n—vector given in array V[1 : n], in correspondence

IOLDER fs tridiagonalisation carried out by SPAP (= AP 231). The codiagonal, concluded by O,

with HOUSE

[

of the symmetric triple diagonal matrix must be given in array B{1 : n] and the vectors of the subsequent
treﬂs_formations must be given in the upper triangle, defined by the actual parameters for A, i, jand n as
degcribed for the upper triangle of M in SPAP. Consequently, following a call of SPAP, a call of STRASFE
with the same actual parameters for A, i, Jj, n and B and with an eigenvector of the symmetric triple

diagonal matrix given in V has the effect that V is replaced by the corresponding eigenvector of the original

symumetric matrix M.

A iy i,

STRADF leaves the elements of A and B unaltered. It uses the non-local real procedure SUM (= AP 119):

-l i i

procedure STRASF {A,1,,n,B,V); value n; integer i,J,n; real A; array B,V;

{

begin real x1,f1; for i:= n-1 step —1 until 1 do

'beg'n if B[i] + B[n] then
begin  J:= i+1; x1:= A; fl:= SUM (J,1i+1,n,AxV[j])/{x1xB[1]);

for j:= i+1 step 1 until n do V[j]:= AX£1+V[J]

end

end

end STRASF;




comment AP 235

SEVAVEC calculates the eigenvalues and eigenvectors of the n~th order symmetric matrix M defined by
the actual parameters for 4, i, jand n in the same way as described in SPAP. In array el1 : 2] one
must give the relative tolerance e[1] and the absolute tolerance e[2] for the eigenvalues. In the auxiliary
array B[O : 7] which must be declared only, some administrative quantities are recorded (see SEIGENVA ). The

procedures OVA {}c} with parameter real x and GVEC (V ) with parameter array V serve to deliver each time the

sigenvalue X, resp. the sigenvector V given in arrey V[1 : nl. In these procedures one can obtain additicnal
information from array E. Moreover, one may influence the computation by modifyin some elements of . In
this connection it is essential that in the body of OVA, if X is non—value, the calculation of the eigenvalue

is carried out in just one assignment statement involving x. SEVAVEC uses SPAP (= AP 231 ), SEICENVA (= AP

232}, SEIGENVEC (= AP 233) and STRASF (= AP 234), which see for further details;

procedure SEVAVEC (A,i,J,n,e,RE,OVA,OVEC);

i,J,n3 real A; array e,B; procedure QVA,OVEC;

ver k; array B,BB,D[1:n],v[0:n+1];
SPAP (A,i,j,n,B,BB,D,E);

next: OVA (SEIGENVA (D,BB,n,e,E));

SEIGENVEC (D,B,n,E,V); STRASF (A,i,j,n,B,V); OVEC (V);

k:= E[0]; if k < n then goto next
end SEVAVEC:




- ZEREX:= x:= the largest zero of fx smaller than the given value of X. Moreover., xs:= the previous
value of X, One must give starting values to x and xa such that desired zero < xa < X. The function,
| deflned by the expression fx depending on x must be convex between the desired zero and the Ziven value of X.

~ Moreover, the desired zero must be well separated from the other zeroes of fx. In array e[1 : 2] one must

give the relative tolerance e[1] and the absolute tolerance e[2]. |

One may also call ZEREX with starting values x and xa such that desired zero < x < xa. In this case, fx must

‘be convex and non~vanishing between desired zero and xa, with a possible exception for a neighbourhood of x,
where fx might be badly defined. In this case also, the. desired zero must be well separated,

ZEREX has been written mainly for finding the zeroces of a polynomial P {x), having real and well separated

zeroes onlv. The successive calls of ZEREX, with fx = P (x) / FRD (i, 1, k-1, x —2z[i]), will yield the

zeroes Zlk] in order of decreasing magnitude, vrovided bh&t values of ¥ and xa (mL th Z{1] < xa < x) are de—

fined before ZEREX is called for the first tlme

Method: The desired zero is calculated by mesns of llnear extrapolation, The starting values are two points
between X and xa, If x < xa then = (poss:.bly dangerous ) nelghbourﬂood of x is avoided by succesgsive halving
of the interval (x, =xa) until an extrapolate safely smaller than x is found. Just then this extrapolate is
accepted and the ordinary extrapolation starts. If the difference of two successive iterates is too small,
then the later iterate is slightly diminished. As soon as fx changes sign the extrapolation ends and the zaro
is located by means of the real procedure ZERO, which yields a zero x within a tolerance 2 X {abs {x X e[1])
+ e[2]1). The function must be convex and the desired zero must be well separated in order to ensure that the
extrapolates remain larger than the desired zeroc and that the sign changing will indeed be stated.

ZEREX uses the non—local real procedure ZERD (= AP 230);

_.l

real procedure ZEREX (x,fx,xa,e); real x,fx,xa; array e;
begin real a,b,fa,fb,i,be,re,ae;
re:= e[1]; ae:= e[2];
-—(2an+x)/3;xa:=x; = D

reject: x:= (b + xa) / 2; a:=b; fai= fb; b

i:= (aX b —b X fa)/ (fb — fa);

goto 1if (xa. — 1)'X 2 <b - xa then reject else accept;
goon: i:= (a X fb —b X fa) / (fb — fa);
accept: bei= b — (abs (b X re) + ae); a:= b; fa:= fb;

xX:= bi= if 1 < be then i else be} fb fxg

if sign (fb) = sign (fa) then goto goomn;
ZEREX:= ZERO (x,a,b, if x = a then fa else if x = b then fb else fx ,e)

end A _:X;




comment, Ap 237

POL:= the value in x of the n—th degree polynomia.l defined by: sigma over k from O until n of

AXx A\ (n — k). In other words: the coefficients of the polynomial are the successive values

of the expression A depending on Kk;

‘real procedure POL (A,k,n,x); value n,x; integer k,n; real A, x;

begin real r; ri= O

for ki= O step 1 until ndo ri=r X x + A; PUL:=7Tr

end POLj




comment AP 238 |
APAP transforms the n—th order matrix given in array A[1 : n, 1 : n] into an upper HESSENBERG matrix

, say, (i.e. H[i, j] =0 for i > j + 1) according to HOUSEEOIDER's method (Iitt.: J. H. Wilkinson,
Comp., J. 3 (1960), 23 —27), A suitable value, e.g. the relative machine precision, must be given to the
parameter eps, being the relative tolerance Tfor the transformation. APAP delivers its results asg follows:
norm:= the maximum of the absolute row sums of A, which matrix norm is an upper bound of the moduli of the

eigenvalues. The upper triangular elements of the resulting HESSENBERG metrix H (i.e. the elements H[i, j]
with 1 < j) are written over the corresponding elements of A,

In array B[1 : n] the codiagonal elements B[k]}:= H[k + 1, k] are deliverd, moreover B{n]:= eps X norm. The
vectors defining the subsequent transformations are written over the corresponding columns of A, using only
the elements below the main diagonal. Thus enough information is retained for the calculation of elgenvalues
and eigenvectors,

At each stage the transformation is skipped if the corresponding codiagonal element B{k] satisfies abs (B[k])

< eps X norm, in which case the value eps X norm is assigned to B[k].
In order to simplify the computation, at each stage the vector defining the k—th transformation is normalised

so that the square of its Euclidean norm equals —2 X B[k] X the (k + 1)=th element of the vector.
APAP uses the non—local real procedure SUM (= AP 119) and the real procedure INFROD (= AP 120);

&

procedure APAP (A,n,eps,norm,B); value n,eps; integer n; real eps,norm; array A,B;
begin integer i,Jj,k; real w,alfa,tol; array P{1:nj;
norm:= O3 for i:= 1 step 1T until n do
begin wi= SUM (,j,1,n,a.bs {Al i,j])-)? if w > norm then norm:= w end;
tol:= eps X norm;
HA : for ki= 1 step 1 until n do
kl

begin B{k]:= sart (INPROD (i,k+1,m,A[(1,k],Al1,k]));
if abs (B[k]) < tol then begin B[k]:= tol; goto HB end;
if Alk+1,k] > O then Blk]:= — B[k]; A[x+1,k]:= A[k+1,K] — Blk]; w:
for i:= 1 step 1 until n do P[i]:= INFRMD (Jj,k+1,m,A[1,i1,A04,k])/w;
alfa:= INFRD (i,k+1,n,A{i,k],P(i]); |
for ji= k+1 step 1 until n do B[j]l:= (INFRMD (i,k+1,n,A[i,k]1,A[1i,3]) + alfa X AlJ,k]1)/w;
for j:= k+1 step 1 until n do |
begin for i:= 1 step 1 until k do Ali,Jl:= P[1] X A[J,k] + A[4,3];
for i:= k+1 step 1 until n do Ali,J]:= Ali,k] X B[3] + Pli] X A[j,k] + A[4,3]

!

Alk+1,k] X Blk];

end;

qB
end end APAP;




commern b AP 259
REIGENVA:= E[2]:= Z[E[0]]:= next mgenvalue of the n—th order upper HESSENBERG matrix whose upper

triangle is given in array A[1 :n, 1 : n] (thus, REIGENVA uses only the elements A[i, j] with 1 < J)
and whose codiagonal is given in array B[1 : n=—1]. The eigenvalues of this matrix must be real and well
separsted.

In array e[1 : 2] one must give the relative tolerance e{1] and the absolute tolerance e[2] for the eigen—
- value. In array E[O : 3] one must give the serial number E[O] of the desired eigenvalue (i.e. 1 + the number
of eigenvalues already computed) and a matrix norm E[1] which must be an upper bound of the mcduli of the
eigenvalues. Moreover, in array Z[1 : E[0]] one must give the eigenvalues already computed.

REIGENVA delivers the next eigenvaliue in E[2] and in Z[E[0]], the number of iterations in E{3] and an
estimate of the corresponding eigenvector in array V[1 : n] (for the benefit of REIGENVEC (= AP 240). Note
that, if REIGENVEC is used, E must be declared array E[0 : 5] ). Subsequent calls of REIGENVA yield the eigen—
values in order of decreasing magnitude. Consequently if one wants all eigenvalues of the matrix one declares
array Z, V[1 : n] and carries out the assignment E[1]:= matrix norm and the statement for k:= 1 step 1 until
n do S, where S stands for a statement involving the assignment E[0l:= k and a call of | REIGF'NVA Then all
eigenvalues are delivered in array Z[1 : n].

The eigenvalues are calculated by means of the non—-local real Erocedure 7EREX, which requires that the eigen—
values are real and well separated. The characteristic function is evalusted according to HYMANS'! method
(Litt.: J. H. Wilkinson, Num. Math. 2 (1960), p. 327 sqg). This method requires that the codiagonal elements
given in array B do not vanish., It is advisable +to replace all codiagonal elements whose moduli are smaller
than some threshold (e..g. metrix norm X relative machine precision), by this threshold,

REIGENVA may well be used after APAP, which delivers ccdiagonal elements whose moduli are larger than or
equal to eps X matrix norm. REIGENVA leaves the elements of A, B and e unaltered. It uses INPROD (= AP 120),

FROD (= AP 202) and ZEREX (= AP 236);

real Eroced e REIGENVA (A n,B, e,E,Z,V); value nj integer n; array A,B,e,BE,7Z,V;

begin real x,xa; integer k;
real procedure RDET (x) value X; real Xx;

begin integer i,Jj; E[3]:= |5] + 13 V[n]

.f_og_ i:= n step -1 until 2 do V[1—1] (x X V[l] — INRMD (J,1,n,A{1,31,v[31))/B[i-1];
RDET:= (x X V[1] — INBRD (J,1,n,A[1,31,v[3])) /RD (i,1,k-1,x —2[i])
end RDET;

= B[0O]; E[3]):= 0; x:= if k > 1 then Z[k~1] else 2 X E[1];
:= if k > 2 then Z[k—ETelse if k = 2 then X + B[ 1] else E[1];
REIGENVA E[2]:= 2[k]:= ZEREX (%,RDET (x),xa,e)
end REIGENVA;




comment AP 240
REIGENVEC calculates the eigenvector corresponding with the real eigenvalue E[2] of the n—th order

upper HESSENBERG metrix whose upper triangle is given in array A[1 : n, 1 : n] (thus, REICENVEC uses
only the elements A[i, j] with 1 < j) and whose codiagonal is given in array B[1 : n — 1],
One must give: 1n array Vi1 : n] an estimate of the eigenvector (which needs not be normalised), in arra
e[1 : 2] the relative tolerance e[1] and the absolute tolerance ef{2] for the eigenvalue and in array Bl2 : Si
the eigenvalue E[2]. - .
The eigenvector 1is calculated by means of inverse iteration, each step involving Gaussian elimination with
partial pivoting. This process is of order n /f\ 2 per step and requires — beside the given matrix — a tempo—
rary storage for n X {(n + 3) : 2 real numbers., Each step starts with a normalised estimate of the eigen—
vector. The iteration ends 1if the inverse iteration yields a vector whose Euclidean norm is larger than or

equal to 1/(4 X (abs (E[2] X e[1]) + e[2])) or if 10 'steps have been carried out.
REIGENVEC delivers the eigenvector (normalised so that its Euclidean norm = 1) in array Vi1 : n] and, more-
the nunber of iterations in E[4t] and the normalisation factor, i.e. 1 /Euclidean norm of the vector

the value E[5] is approximately equal to the Euclidean norm of (matrix

over,
iterated inversely, in E[{5]. Thus,

- B[2]X I)X V. .
If the matrix has (nearly) coinciding eigenvalues +then REIGENVEC mey yield corresponding eigenvectors which

are not independent. In this case it may be helpful +to call REIGENVEC with E[2] slightly modified, so that
the successive values of E[2] do not agree within working accuracy.

REIGENVEC may well be used after REIGENVA, in which case the matrix must have well separated eigenvalues. It
leaves the elements of A, B and e unaltered. It uses the non—local real procedure INFRID (= AP 120);

procedure REIGENVEC (A,n,B_,e,E,V); value n; integer n; array A,RBR,e,E,V:
begin  integer 1,J,10,i1; real m,r,labda; Boolean array pll:n]; array C[1m X (n+3) : 2 — 1];
labda:= E[2]; i1:= 0; C[1]:= A[1,1] — labda; for ji= 2 step 1 until n do C[jl:= A[1,J];

gauss: for i:= 1 gtep 1 until n-1 do __
begin 10:= 11; il:= il+n=i+l; ri= C[i0+1]; m:= B[i]; p[i]l:= abs (m) < abs (r);
if pli] then :
egin C[i1+i]:= m:= m/r; for j:= i+l step 1 until n do
Cl[i1+J]:= (if J > i+1 then A[i+'|,jj else Ali+1,j] — labda) — m X C[10+]]
end else |
begin C|iO+J‘.):= m; C[i1+i]:= m:= r/m; for j:= i+1 step 1 until n do
"~ begin ri= if j > i+1 then A[i+7,3] else A[T+1,5] — laoda;

cli1+]:= C[i0+j] = m X r; C[1i0+3]:= r
end  end  end gauss; :
r:= 1/sqrt (INRRMD (3,1,n,V[I1,V[j1)); for j:= 1 step 1 until n do V[Jjl:= V[Jj] X r; E[L]:= 0O;




comment, AP 240, continued;

iterat: 10:= 0; E[b]:= BE[4] + 1; for i:= 1 step 1 until n-1 do

begin 10:= i0+n—i+1; if pli] then V0Ii+1]:= V1i+1] — C[10+i] X V[i] else
. begin ri= V[i+17]; V[i+1T:= V[i] — C[10+1] X r; V[i]:= r end

end forward;
for i:=n step -1 until 1 do
begin V[i]:= (v[i] — INRRMD (J,i+1,n,C[10+31,v[J]))/C[i0+1]; i0:= i0-n+i-2 end backward;
ri= 1/sqrt (INEROD (Jj,1,n,V[J1,v[3il)); for j:= 1 step 1 until n do V[j]:= Vi) X T3

f r >L X (abs(labda X e[1]) + e[2]) A EBIH] < 9.5 then goto iterat; E[5]:= r

i

end REIGENVECS




comment AP 2k

ATRASF carries out the backtransformation of the n—vector, given in array V[1 ¢ n], in correspondence

with HOUSEHOIDER's transformation carried out by APAP (= AP 238). The codiagonal, concluded by the

threshold eps X norm, of the HESSENBERG matrix must be given in array B[1 : n] and the vectors of the subse—

guent transformations must be given in the part below the main diagonal of array A1 + n, 1 : n]. Consequent—

ly, a call of ATRASF following a call of APAP, with an eigenvector of the HESSENBERG matrix given in V, has
the effect that V is replaced by the corresponding eigenvector of the original matrix. Since HOUSEHOIDER's

transformation is orthogonal, the Euclidean norm of V remains invariant.

Ai

RASF may also be used for the backitransformation of a complex eigenvector. In this case one calls ATRASF

twice, once for the real part and once for the 1maginary part of the eigenvector.

ATRASF leaves the elements of A and B unaltered. It uses the non—local real procedure INFPRC (= AP 120);

procedure ATRASF (A,n,B,V); value n; integer n; array A,B,V;

begin integer 1,j; real r; for j:= n—1 step —1 until 1 do

begin if B[j] $ B[n] then

R (1,J+1,n,A01,31,VIi1)/(a(5+1,3] x B[J1);

begin r!
for i:= j+1 step 1 until n do V{ij:= Ali,J] X r + V[i]

end end end ATRASF;



comment Ap 242
REVAVEC calculates the elgenvalues and eigenvectors of the n—th order matrix given in arrax.é[1 ¢ n,
1 : n]. The eigenvalues must be real and well separated. In array e[0 : 2] one must give the relative
tolerance e[0] for the transformation (relative to matrix norm) and the relative tolerance e[ 1] and the abso—
lute tolerance e[2] for the eigenvalues, The arrays E and Z need be declared only: array E[O : 5], Z[1 : n].
In array Z the eigenvalues are delivered and in array E the following quantities:
E[0]:= serial number of the last computed or next eigenvalue

E[1]:= matrix norm: the maximum of the absolute row sums of A

E{2]:= last computed eigenvalue

E[3]:= number of iterations for the calculation of the eigenvalue
E[L4]):= number of iterations for the calculation of the eigenvector
EfS]:= (transformed matrix — lambda_ X I) X eigenvector (approximately}.

The procedures OVA (x) with parameter real x and OVEC (V) with parameter array V serve To deliver each time
the eigenvalue x or the eigenvector given in array V[1 : n]. In these procedures one can obtain additional
information from the actual arrays. In this commection it is essential that in the body of OVA, if-x is non—
value, the calculation of the eigenvalue is carried out in just one assignment statement involving x.

REVAVEC delivers the eigenvalues in order of decreasing magnitude. The eigenvectiors, more precisely: the
«gsolutions of the linear systems:

Sigma (Ali, J] X V[j]) = lambda X V[i]
are normalised so that Euclidean norm = 1. REVAVEC uses the non—local procedures APAP (= AP 238), REIGENVA
(= AP 239), REIGENVEC (= AP 240) and ATRASF (= Ap 241), which see for further details;

S

procedure REVAVEC (A,n,e,E,Z,UVﬁ:,DVEC); @lue ny integer nj array A,e,E,Z; procedure OVA,OVEC;

begin integer k; array B,V{1:n]; APAP (A,n,e{0],E[1],B); for k:= 1 step 1 until n do

begin E[0]:= k; OVA (REIGENVA (A,n,B,e,E,Z,V));
REIGENVEC (A,n,B,e,E,V); ATRASF (A,n,B,V); OVEC (V)

end end REVAVEC;



comment AP 243
K calculates the complete elliptic integral of the first kind:

77’/2
K=/ (1~ (sif A)sir® 0"/ ax
0

the relative error is of the order ,-12,

(literature : D. J. Hofsommer and R. P. van de Riet,

On the numerical integration of Elliptic Integrals of the
first and second kind and the Elliptic Functions of Jacobi,

Numerische Mathematik 5 (1963) pp 291 — 302);

real procedure K (A); value A; real A;
begin  real al, a2, b, k1; integer n; b:= abs (sin (A)); k1:= cos(A); if b > .9539
then begin  al:= (1+b)/2; b:= sqrt(b); a2:= (al+h)/2;
bi=sgrt (alxb); K:= In (128x(a2+b)xa2xalA2/
k1A4)/(a2+b)/2

end

else begin  bi= abs (cos (A)); al:=1; for n:=1, 2, 3 do

begin a2:= (al+b)/2; b:= sqgrt (alxb); al:= a2
end; K:= 3.14159265359/(al+b)

end

end K;



--—I.

comment AP 244
EE calculates the complete elliptic integral of the second kind:
77/2
EE:=/ (1 - (sirf A)sif® x))" 2 ax
0

the relative error is of the order ,—-12, for literature reference

see the comment of AP 243;

real procedure EE (A)s value A; real A;

begin  real al, a2, b, s, kl; integer n; b:= abs (sin (A));

kl:= abs (cos (A)); if b > .9539

then begin  al:= (1+b)/2; s:= kixkl/2+alxal-b; b:= sqrt (b);
a2:= (al1+b)/2; A:= alxb; s:= s/2+a2xa2-A}
b:= sqrt (A); EE:= (a2+b)/2+(s/(a2+b))x In (128x
(a2+b)xa2xalxal/(k1Ad))

end

else begin b:=kl;al:=1;s:=1+Db X b3

for ni=1, 2,3 do_

begin a2:= (al+b)/2; A:= alxb; al:= a2;
s:= g/2-alxal+A; b:= sqrt' (A)

end; EE:= 12.5663706144 x s /{al+b)

end

end EE;



comment AP 245
BB calculates the complete elliptic integral:

"-'7‘/2
BB:=/ cof x(1 - (sirf A)sid x)TV/2 ax
0

the relative error is of the order 12, for literature reference

see the comment of AP 243;

real procedure BB (A); value Aj real A;

begin real al, a2, b, bl, s, ki; integer n; b:= abs (sin (A));

kl:= abs (cos (A)); bl:=h; if b> .9539
then begin  al:= (1+b)/2; s:= alxal ~ kixkl /2 ~b;
b:= sqrt (b); a2:= (al+h)/2; A:= alxb;
b:= sqrt (A); s:= s/2+a2xa2-A;
BB:= ((a2+b)/2+(s/(a2+b))x In (128x(a2+b)xa2xalx
al/(k144)))/(hixbl)

end

else begin b=kl al:=1; s:=0; kl:= 1;

for ni= 1, 2, 3 do_
begin k1:= .25 x k1 x (al - b)/(al + b);
a2:= (al+b)/2; A:= alxb; al:= a2;
s:= 8/2 — k1 b:= sqrt (A)
end; BB:= 3.14159265359 x (.5 + s x 4)/(al + b)

end
end BB




comment

AP 246

I calculates the incomplete elliptic integral of the first kind:
P
Fi= / (1 ~ (sir? A)(sir® x))ml/z dx
0

with 0 < P < 77/2, the relative error is of the order ,-12,

for literature reference see the comment of AP 243}

real procedure F (A, P); value A, P; real A, P;

begin

)

end F;

real a, al, b, bl, si; integer n, mj b:= abs (cos (A));
bl:= abs (sin (A)); if bl < .9539
then begin  a:= 1; si:= cos (P)/sin (P); n:= 0; A:= b;

'f_qz'__m:‘——- 1,2,3do

begin si:= (si~A/s1)/2; n:= 2xn + (1 ~ sign (si))
/23 a:= (a+b)/2; b:= sqrt (A); A:= axb

end; si:= (si ~ A/si)/25 ni= 2xn + 1 ~ sign (si);

a:= (a+h)/2; F:= ((2 x arctan (a/si) + n X

3.14159265359)/a)/32

else begin a:= 13 b:=Dbl; si:= cos (P)/sin (P); al:= bxb;

for m:=1, 2 do_
begin A:= axb; si:= axsi + sqrt (axax(sixsi + 1)
~ al); a:= (a+b)/2; si= si/(ax2);
b:= sqrt (A); al:= A
end; si:= axsi + sgrt (axax(sixsi + 1)} -~ A);
a:= (a+b)/2; si:= si/(ax2); F:=1n ((1 + sqrt
(1 + sixsi))/si)/a

end



comment AP 247
E calculates the incomplete elliptic integral of the second kind:

.

P
E :'—'-*-/ (1 ~ (sin2 zﬂsh)(a%i'.:n2 :a-:))'i-l/2 dx
0

with 0 < P < 77/2, the relative error is of the order ,~12,

for literature reference see the comment of AP 2433

real procedure E (A, P); value A, P; real A, P;
beE‘n real U, V3
procedure EA;

begi real a, al, b, S1, S2, si, co; integer n, mj
b:= U a:= 13 co:= cos(P)/sin (P)s S1:= S2:= 03 al:= bxb}

n:= 03 for mi= 1, 2, 3, 4 do_
begin  A:= axbj co:= (co - A/c0)/2; ni:= 2xn + (1 - sign
(co))/2; P:= axa; a:= (a+b)/2; P:= P - al;
S2:= 32 + P X sign (1.5 — n + (n:4)x4)/sqrt
(axa +coxco); Sl:= S1/2 + P; al:= A; b:= sqrt (A)
end; E:= (((2 X arctan (a/co) + (n +(1 - sign (co))/2) x
3.14159265359) x (.250 — S1)/a)/2 + 82)/4

end}
procedure EB;
begin  real a, S1, co, si; real array b [0:3], SIN [0:3];
. integer mj; a:= 1; S1:= U x Us b [0]:= V; si:= sin (P);
co:= cos (P)/si; SIN [0):=sis b [3]:=1 + V3
co:= {co + sqrt (cox co +1 -V x V))/b [3]; si:= coxcos




comment continuation of AP 247;
ﬁ_g_;'__m:: 0, 1, 2 do_
begin  SIN [m+1]:= 1/sqrt (1 + si); A:= a x blm];
a:=b [3]/2; b [m+1]:= sqrt (A); P:=a X a;
S1:=81/2 + P~ A:b [3]:=a +b [m+1];
co:= (a x co + sqrt (P x (si + 1) - A))/b [3];
si:= CcOo X coO
end; si:= sqrt (1 + si); P:=1/si; U:=0;Db [3]:= a;
. for m:=3,2,1,0doU:=2xU+b [m]x (P~ SIN [m]);
E:=4x S1 x1In ((1 + si)/co)/a+ P+ U

end;

U:= abs (cos (A)); V:= abs (sin (A)); if V < .9539 then EA else EB

i
e

end |



comment AP 248
B calculates the incomplete elliptic integral:

P
B:= / 0052 x(1 — (sin2 A)(sin2 x))“l/2 dx
0

with 0 < P < 7/2, the relative error is of the order ,-12,

for literature reference see the comment of AP 243;

real procedure B (A, P); value A, P; real A, P;
begin  real U, V;
. procedure BAj;
begin  real a,b, 81, S2, co; integer n, m; array p [0:4];
b:= U a:= 13 co:= cos{P)/sin (P); S2:= S1:= 0 n:= 03
p [0]:=1;for m:=1,2,3,4do
begin  A:= axb; co:= (co - A/c0)/2; n:= 2xn + (1 - sign
(co))/2;p Iml= .25 xp [m~1]x (a - b)/(a + b);
a:= (a+b)/23S1:= S1/2 + p [m]; S2:=82 + p [m - 1]
x sign (1.5 — n + (n:4)x4)/sqrt (axa +coxco);

b:= sqrt (A)
end; B:= (2 X arctan (a/co) + (n +(1 ~ sign (c0))/2) x
. 3.14159265359) x (,015625 ~ S1/4)/a + S2/4

end};

procedure BB;

begin  real a, S1, co, si; real array b {0:3], SIN [0:3];
integer mj a:= 15 Sl:=~ U X Us b [0]:= V; si:= gin (P);
co:= cos (P)/si; SIN [0i=sijb [83li=1 + V; Vi=V x V3

co:= (co + sqrt (cox co +1 - V))/b [3]; si:= co X co:




comment continuation of AP 248;
for m:=0, 1, 2 do_
begin  SIN [m+1]:= 1/sqrt (1 + si); A= a x b[m];
a:=b [31/25 b [m+1]:= sqrt (A); P:=a x a;
S1:=81/2 + P~ A; b [8]:=a +b [m+1]; co:= (a X co
+ sqrt (P x (si + 1) - A))/b [3]; si:=co x co
end; si:= sqrt (1 + si); P:=1/si3 U= 03 b [3]:i= a3
for m:=3,2,1,0do U:=2xU +b [m]x (P~ SIN [m];
. B:= (4 x 81 x1In ((1 + si)/co)/a+ P+ U)/V
end;
U:= abs (cos (A)); V:= abs (sin (A)); if V < ,9539 then BA else BB

end B



comment AP 249
If u=TF (A, P), where F (A, P) is defined in the comment of
AP 2486, the inverse function is called the amplitude function P = am (u, A).
The Jacobian elliptic functions are then defined by:
sn {(u, A) = sin (am (u, A)),
cn {u, A) = cos (am (u, A)) and
dn (u, A) = (1 _sif A SI (u, A))_l/%

The following procedure calculates sn (u, A), with 0 < u <K (A).

The comment of AP 243 contains the literature reference and the defi-

nition of K (A). The absolute error is of the order ..-12;

real procedure sun (u, A); value A, uj real A, u}
begin  real array a [0:3], b [0:3]; real al, t; integer i;

Erocedure V1;
begin  al:= (a [i-1]+ b [i-1])/2;

b [i]l:= sqrt (a [i-1]1x b [i-1D; a [i}:= a1

end;
procedure V2 (j); integer jst:=2 x a [i]xt/(a il + b [i]-jx (a [i]-b [i]) x t x t);
a [0]:=1; b [0]:= abs (sin (A)); if b [0]> .9539
then begin  for i:=1, 2 do V13
al:=exp ((a [2] +b 2] x u); t:=(al - 1)/
(2 x sqrt (al)); for i:=2, 1, 0 do V2 (1);
sn:= t/sqrt (1 +t x t)

end

else  begin b [0]:= abs (cos (A)); for i:=1, 2, 3 do V1;




comment continuation of AP 2493
al:= (a [3]+ b [3]) x u/2; t:= sin (al);
for i:=3,2,1,0do V2 (-1); sn:= ¢t

end

end sn;




comment AP 250
JEF calculates the Jacobian elliptic functions cn {u, A) and

dn (u, A) and assigns these values to the varibles cn and dn,

See the comment of AP 2493

procedure JEF (u, A, cn, dn); value A, u; real A, u, c¢n, dn;
begin  real array a [0:3], b [0:3]; real al, bi, t, k1; integer i;
procedure V1

begi al:= (a [i-1] + b [i-1])/2;
b [ili=sqrt (a [i-11x Db [i-1]);a [il:= a1

end;
procedure V2 (j); integer j; t:= 2 x a [i]x t/(a [i]+ b [i] - j x (a [i] - b [i]) x t x t);

procedure V3;
begin t:= (al - 1)/(2 x sqrt (al)); for i:= 2,1, 0 do V2 (1) end;
a [0]:=1; bl:=b [0]:= abs (sin (A)); k1:= abs {cos (A));
if b [0]> .9539 then
begin for i:=1, 2 do V1;
al:=(In((a 2]+b 2D xa2]lxal]lxa[1])/2
+2.42601513194 -~ 2 x In (k1) /(a [2] + b [2]);
if u/al > .5 then
begin al:i=exp ((a [2] +D [2]) x (a1 - u)); V3;
cni= k1 Xt /sqrt (1 + (k1 X t)A2);
dn:= k1 X sqgrt ({1 +t x t}/(1 + (k1 x t)A2)}

end else




comment continuation of AP 2503
begin  al:= exp ((a [2] + Db [2]) x u); V3;
cn:= 1/sqrt (1 +t X t);
dn:= sqrt (1 + (k1 X t)A2)/(1 +t x t))
end
end else
begin b [0]:= k1; for i:=1, 2, 3 do V1;

al:=(a [31+ Db [3]) x u/2; if al < .78539816340 then

begin  t:= sin (al); for i:= 3, 2, 1, 0 do V2 (~1};

| cn:= sqrt (1 -t x t);
dn:= sqrt (1 - (bl x t)A2)

end else

begin  t:= sin (1.57079632679 - al);
for i:= 3, 2,1, 0 do V2 (~1);
cni=b [0] x t /sqrt (1 - (bl x t)A2);
dn:=b [0)/sqrt (1 - (bl x t)A2)

end

end
E_x}_t_:i_JEF;



