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The Dirichlet problem for a singularly perturbed parabolic equation with convec-
tive terms is considered on an interval. For the sufficiently smooth data, it is easy
to construct a piecewise uniform mesh condensing in the boundary layer and a
standard finite difference operator, which give an e-uniformly convergent differ-
ence scheme with the accuracy O(N_l In2 N + K~} ), where N+ 1and K +1is
the number of nodes in the space and time meshes, respectively. Here e-uniformly
convergent schemes of high-order time-accuracy are constructed by a defect cor-
rection technique (by correction of the right-hand side). It allows us to achieve an
arbitrary high order of accuracy O(N~!1n% N + K~™"),n > 2. The efficiency of the
new defect-correction scheme is confirmed by a series of numerical experiments.

1 Introduction

In this paper we study e-uniform numerical methods, 1.e. methods the accu-
racy of which is independent of the parameter €, for time-dependent singular
perturbation problems. For such problems e-uniformly convergent difference
schemes were introduced and analysed in Shishkin!. If the problem data are
sufficiently smooth, the accuracy of these schemes is O(N~'In® N 4+ K1),
where N and K denote, respectively, the number of intervals in the space and
time discretisation. The amount of computational work for this scheme is pro-
portional to K. Therefore, it is natural to seek for a method that allows us to
achieve the higher-order accuracy in time, without essentially increasing the
amount of computational work. For reaction-diffusion equations, the improve-
ment of time-accuracy by means of a defect correction technique, maintaining
e-uniform convergence, was studied in Hemker et al?3. Particular attention
was paid to the case of a Neumann problem in Hembker et al 4. In the present
paper we develop a new approach, also based on the defect correction method,
but for the new class of problems, including convection-diffusion equations,
that confirms the efficiency of this promising method for wide classes of singu-
larly perturbed problems.
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2 Problem Formulation

On the domain G = (0,1) x (0, T], with the boundary S = G\ G, we consider
the Dirichlet problem for the singularly perturbed parabolic equation with
convective terms ¢ :

5

2

5}
L(l) u(z,t)= {E a(l‘,t)aamz + b(z, 1)

5 e(z,t)— (la)

—p(z,t)%} u(z,t) = f(z,t), (z,t)€G, €€ (0,1]

u(z,t) = p(z,t), (z,t)€S. (1b)

For 5 = SoUSE, we distinguish the lower base So={(z,t): =z € [0,1],t=0}
and the lateral boundary ST = S& U SE| where St is the outflow part of the
boundary, Sk = {(z,t): 2 =d, t€(0,7]},d=0,1. Ase — 0 in (la), in the
neighbourhood of the set S the solution exhibits a boundary layer, which is
described by an ordinary differential equation (a regular layer).

In (1) a(z,1), bz, 1), ¢(z, 1), p(z,1), f(z,1), (z,t) € Gand p(z,t), (z,t) €S
are sufficiently smooth and bounded functions which satisfy a(z,t) > ag >
0, b(z,t) > by >0, p(z,t) >po >0, c(z,t) >0, (z,t)€ G.

3 A classical finite difference scheme

To solve problem (1), we first consider a classical finite difference method. On
the set G we introduce the rectangular mesh

5}, =W X Wy, (2)

where @ is a (in general) non-uniform mesh on [0, 1], &y is a uniform mesh on

the interval [0, 7). We define 7=T/K, k' =z'*t! — 2 h=max; ', h< MN™1,

N and K are the numbers of intervals in the meshes & and @, respectively. °
For problem (1) we use the difference scheme (cf. Samarskii ®)

Ayz(z, t) = fz,t), (z,t) € G, (3a)
z(z,t) = ¢(z,t), (z,t) € Sh. (3b)
Here Gn=GNGh, Sh=S5NGCh,
A@)z(z,t) = {e a(z,t)0~ + bz, t)d; — c(z,t) — p(z,t)67} z(z, 1),
bnz(zh 1) = 2(h* 1 4+ BT Gpz(2t ) — z2(2', 1)),

“The notation L, denotes that this operator is first introduced in Eq. (a).

®Here and in what follows we denote by M (or m) sufficiently large (or small) positive
constants which do not depend on the values of the parameter e or on the difference operators.
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bzz(at t) = (7171 (2(2',0) — 2(2'711))
8zz(a’,t) = ()71 (2(a™,1) — 2(2%, 1)),
brz(zt 1) = 771 (2(2t, 1) — z(2',t — 7)),

6z2(z,t) and dzz(z,t), &;z(xz,t) are the forward and backward differences,
dz02(z,t) is the usual second difference of z(z,t) on the non-uniform mesh.

The difference scheme (3), (2) is monotone (see Samarski®). Using the
maximum principle and taking into account a-priori estimates of the deriva-
tives, we find that the difference scheme (3), (2) converges for a fixed value of
the parameter ¢ (see also Shishkin ©):

| u(z,t) — z(z,t) | < M(e™2N~ 4+ 7), (z.,t) € Gh. (4)

Let H(®)(G) = H ©/2(G) is the Holder space, where o is an arbitrary
positive number (see Ladyzhenskaya’). We suppose that the functions f(z,t)
and ¢(z,t) satisfy compatibility conditions at the corner points, so that the
solution of the boundary value problem is smooth for every fixed value of .

Assume that at the corner points S N 5" the following conditions hold

9" dke
B—Fgo(rt) )b—_k— o(z,t) =0, k+2ko<[a]+2n, 6)

ko

ERET flz,t k+2ko<[a]+2n-2,
where [ a ] is the integer part of a number o, @ > 0, n > 0 is an integer. We
also suppose that [ a ] +2n > 2.
Theorem 1 Assume in Eq. (1) that a, b, ¢, p, f € H(«+m=2)(G), o €
H©t22)(G), a > 4, n = 0 and let the condition (5) withn = 0 be fulfilled.
Then, for a fized value of the parameter ¢, the solution of (3), (2) converges to
the solution of (1) with an error bound given by (4).

4 The e-uniformly convergent scheme

Now we use the technique of the special meshes, condensed in the neighbour-
hood of the boundary layer. The way to construct the mesh for problem (1)
is the same as in Shishkin® and in Hemker et al?3. We take

Ghn=G, =@ (o) x @y , (6)

where @p is a uniform mesh with step-size 7 = T/K, i.e. @y = Wo(z), and
W* = w* (o) is a special piecewise uniform mesh depending on the parameter
o =o(e, N) > 0. We take o = o(g)(¢, N) = min(1/2, m~leln N ), where m is
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any number from the interval (0,mg), and mg = ming [a~ (2, ¢)b(z,?)]. The
mesh @* (o) is constructed as follows. We divide the interval [0, 1] in two parts
[0,0] and [0,1], ¢ < 1/2. In each part we use a uniform m_es*h, with N/2
subintervals in each interval [0,¢] and [, 1]. On such mesh G, the scheme
(3), (6) converges e-uniformly, see Shishkin ' :

lu(z,t) — 2(z,1)| < M(N"'In® N + 1), (2,1) € G, )

Theorem 2 Let the conditions of Theorem 1 hold. Then the solution of (3),
(6) converges e-uniformly to the solution of (1) and the estimate (7) holds.

5 Numerical results for scheme (3), (6)

We consider the model problem

L t) = —8—2—+i—-—8— u(z,t)=f(=z,t), (z,t)€C (8)
(S)U(xa ) = Eam?' ax 8t yb)— y V) 3 )

u(z,t) = o(z,t), (z,t)€S, T=1,
where f(z,t) = —4t3, (z,t) € G, ¢(z,t)=0, (z,8)€S

Table 1: Errors E(N, K, ¢) for the special method (3), (6)

e\ N 16 32 64 128 256 512

1.0 2.178¢—03 1.179¢—03 6.046e—04 2.989e—04 1.410e—04 6.073e-05
2-1 6.460e—03 3.555e—03 1.840e—03 9.126e—04 4.312¢—04 1.859e~04
272 1.533e—02 8.465¢—03 4.402e—03 2.188e—03 1.035¢—03 4.467e—04
2—3 2.950e—02 1.639e—02 8.544e—03 4.257¢—03 2.017¢—03 8.708e—04
2~ 4.819e—02 3.275e—02 2.238¢—02 1.148¢—02 5.510e—03 2.399e—03
2-5 6.342¢—02 3.601e—02 2.334e—02 1.454e—02 8.192e—03 4.061e—03
26 7.341e—02 4.263e—02 2.409¢—02 1.498¢—02 8.460e—03 4.192¢—03
27 7.763¢—02 4.651e—02 2.495e—02 1.521e—02 8.601e—03 4.269¢—03
2-8 7.939¢—02 4.819e—02 2.618e—02 1.534e—02 8.669¢—03 4.307e—03
2-9 8.015e—02 4.893e—02 2.673¢—02 1.540e—02 8.707e—03 4.326e—03
2710 | 8.050e~02 4.927e—02 2.699¢—02 1.543e—02 8.728¢—03  4.336e—03
2718 | 8.082e—02 4.984¢—02 2.730e—02 1.547¢—02 8.749e—03 4.345¢—03

E(N) 8.082¢—02 4.984e—02 2.730e—02 1.547¢—02 8.749¢e—03 4.345e¢-03

In this table the function E(N, Kz\s) is defined by (9), where z(z, t) is the solution of (3), (6)

with m = 27!, G, = 6,:, N* = K* = 2048. In the bottom line E(N) gives the maximum
over each column.

We evaluated the error E(N, K, ¢), defined by

E(N,K,e) = max |z(z,t) —u*(z,t)| (9)
(z,t)€Gn
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Here u*(z,t) is the linear interpolation obtained from the numerical solu-
tion z(z,t) on the adapted mesh Gj(s). Note that no special interpolation is
needed along the t-axis.

We solve the problem using scheme (3), (6) with K = N for N = 2,
k =3,...,9 and for various values of ¢. From the analysis of the numerical
results we conclude that, in accordance with (7), the order of convergence is
O(N~'1n® N+ K~1). For large N the order of convergence is one with respect
to the space and time variables that corresponds to the theoretical results.

6 Improved time-accuracy
6.1 The difference schemes of the second order accuracy in time

Here we construct the scheme with an order of accuracy with respect to 7
higher than in (7).

The idea is similar to the one published in Hemker et al>3. The error
of the solution consists of two contributions: one caused by the discretisation
of the time derivative and the other by the space derivative (or briefly, the
time and the space errors). For the difference scheme (3), (6) the time error is
associated with the truncation error given by the relation

c?;;( 0~ Gl 1) = 2—17%2'2'“ f 6! 2233( t—9), 90, (10)
A better approximation than (3a) can be obtained by defect correction
5%
Azyzf(z,t) = f(a,t) + 27 p(z, )T ) (z,1), (11)

with ¢ € & and t € Ty, where & and Wy are as in (2); 7 is step-size of the mesh
Wo; 2°(z,t) is the “corrected” solution. Here we use for the approximation of
(8/0t) u(z,t) the expression
5t~u(m, t) + ré;;u(m,t)/.‘z,

where &;7u(z,t) = §,;u(z,t — 7); d,zu(z,t) is the second central divided
difference. Instead of (02/0t?)u(z,t) we use the difference time derivative
&7 z(z,t), where z(z,t), (z,t) € Gps) is the solution of the difference scheme
(3), (6) Thus, the new solution z¢(z,t) has an accuracy of O(r?) with respect

to the time variable.
We shall use the notation §,;2(z, ) for the backward difference of order &:

6 2(z,t) = (8415 2(2,t) =67 2(z,t— 7)) /7, t> kT, k2>
b 2(2,t) = 2(z,1), (2,1) € Gh.
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On the mesh Gy, we first write the difference scheme (3) for z(1)(z, t)

A(g)z(l)(:c,t) = f(z,1), (iL‘,t)EGh,

W (2,1) = p(2,1), (2,8) € Sh. (12)

z(1) (2, 1) is the solution of the discrete problem (12), (6)
Then we construct the difference equations for z(?)(z,t):

)27 1 &u(z,0), t=r,
A(a)z(z’)(ﬂcﬂf)=f(ﬂv,1¢)+{p(gc i u(f ) i
p(z, )27 18,7 2 (2, 1), t > 27, (2,t) € G,
z®(z,t) = p(2,1), (z,1) € Sh. (13)

We shall call 2(®)(z,1) the solution of the difference scheme (13), (12), (6) (or
shortly, (13),(6)).
We suppose that the coefficients a(z,t), b(x,t) do not depend on t

a(z,t) = a(z), b(z,t)=0b(z), (z,t)€CG (14)
and we take a homogeneous initial condition:
e(z,0)=0, z€[0,1]. (15)

Under the conditions (14), (15), the following estimate holds for z(?)(z,¢)
ulz,t) — 2O (z,1) I <SM[NW’N+72], (2,0)eCh.  (16)

Theorem 3 Let conditions (14), (15) hold and assume in Eq. (1) that a, b,
¢, p, fe HAM=9(@G), v e Ht)(G), o> 4, n =1 and let condition (5)
be satisfied for n = 1. Then for the solution of difference scheme (13), (6)
the estimate (16) holds.

6.2 The difference scheme of the third order accuracy in time

Now we construct a difference scheme with third order accuracy in 7. On the
mesh G, we consider the difference scheme

323 (z,t) = flz,t) +

plx,t) (CuTat;u (z,0) + Cyo7? at3u(.’c 0)) t=m,

+ p(z,1) ( z,0) + Coor? wu(z’ 0)) t =27, (17)
(z,1)

p(z,t) (C 11'5252( z,t) 4 Caor28372V (2, 1)) , t > 37, (2,t) € G,
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B2 t) = p(a,1), (2.t) € S

Here z(}) (2, t) and 213 (z,t) are the solutions of problems (12), (6) and (13),
(6) respectively, the derivatives (8%/8t*)u(z,0), (0%/0t*)u(z,0) are obtained
from Eq. (la), the coefficients Cj; are determined as in Hemker et al®3 and
equal to C11=C1 =C31 =1/2, Cip=Cs,=1/3, Cy=5/6.

We shall call z®)(z,1) the solution of the difference scheme (17),(13),
(12), (8) (or shortly, (17), (6)).

Assume the homogeneous initial condition
o(z,0) =0, f(z,00=0, z€][0,1]. (18)

Under conditions (14), (18) we come to the following estimate for the
solution of difference scheme (17), (6)

Ma0~ﬁmuﬁ‘§M[N”h3N+ﬁ],@ﬂe@b (19)

Theorem 4 Let conditions (18) hold and assume in Eq. (1) thata, b, ¢, p, f €
HEm=2(G) » € Her?™(G), o > 4, n = 2, and let condition (5) be
satisfied with n = 2. Then for the solution of scheme (17), (6) the estimate
(19) is valid.

The same technique can be used in the construction of difference schemes
with an arbitrary high order of accuracy O(N~!'In® N + 1), n > 2.

7 On numerical experiments for the time-accurate schemes

We consider the following boundary value problem

Ligyu(z,t) =0, 0<z<l, 0<t<LT,

u(0,t) =t*, 0<t<T, wu(zt)=0, (z,t)eS, z>0. (20)
It should be noted that the solution of this problem is singular.

It is very attractively to use the analytical solution of problem (20) for the
computation of the errors in the approximate solution, as was in Hembker et
al?3. But here the suitable (for computation) representation of the solution
u(z,t) is not known. It is possible to use, as the exact solution, the solution of
the grid problem on the mesh with a large number of nodes. But this method is
not effective because the analysis of the order of accuracy for a defect-correction
scheme requires a very dense mesh that leads to large computational expenses
and, besides, to large round-off errors.
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Here we use the method from Shishkin ?, different from the above-men-
tioned techniques. The solution of problem (20) is represented in the form of
a sum

u(z,t) = V(2 1) + v(z,t), (z,t) €G, (21)

where V(U (z, ) is the main singular part (two first terms) of the asymptotic
expansion of the solution of problem (20), and v(z,t) is the remainder term.
The function V{*)(z,t) has a sufficiently simple analytical representation

VI (2,1) = Vo(z,t) + Vi(z,1), (z,t) €G, where
Volz,t) = t*¥(x), U(z)=[1—-exp(—e™")] " [exp(—e™"2) — exp(—¢7")],
Vi(z,t) = 4831 — exp(—e~1)] 7! (~zexp(~e'x) — zexp(—e ')+
+2exp(—e 1= T(2)]), |Volz,)I<M, [Vi(z,t)] < Me, (z,t)€G,

The function v(z,t) is the solution of the problem
Lgyv(z,t) =37 Vi(z,1), (2,8) € G, wvlz,t)=0, (z,¢) €S (22)
For the function v(z,t) the following estimate holds:

k+ko
i-a—i—%—ik—ov(x,t)l < Me*[1+67%, (2,1)€G, k+2ko<4, k<3

Then the function v(z,t) and the product 2(8*/dz*)v(,t) are e-uniformly
bounded. Thus, we can consider v(z,t) as the regular part of this solution.

We solve the grid problem, which approximates the boundary value prob-
lem (22) on a sufficiently dense mesh ﬁh(e), and there are no difficulties to find
the function v(z,t). Such a methodology allows us to perform the numerical
experiments which illustrate the validity of the theoretical results.
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