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Abstract

Given independent random points Xi,...,X, € R% drawn according to some
probability distribution v on R?, and a positive distance r > 0 we construct a ran-
dom geometric graph G,, with vertex set {X1,...,X,} and an edge X;X; € E(G,,)
when || X; — X;|| < r. Here ||.| may be an arbitrary norm on R? and we allow any
probability distribution v with a bounded density function. We consider the chro-
matic number x(G,,) of G, and its relation to the clique number w(G,,) as n grows.
We extend results by the first author [12] and by Penrose [15]. In both [12] and [15]
the chromatic number was considered in the range of » when n=¢ < nr¢ < Inn for
all e > 0 and in the range nr¢ > Inn, and their results showed a dramatic difference
between these two cases. Both authors asked for the behaviour of the chromatic
number in the “phase change” range when nr? = ©(Inn). Here we will determine

constants ¢(t) such that XGn) _, c(t) almost surely when nr?

e ~ tlnn and we will
sharpen and extend the results from [12, 15] on other ranges. A striking feature of
our results is a “sharp threshold”; (except for some less interesting choices of ||.|| —
when the unit ball tiles d-space) there is a sequence 1y = ro(n) such that if r < r

then igg:) — 1 almost surely, but if » > (1 + €)r for some ¢ > 0 then the liminf of
(Gn

the ratio (o

>0 ~—|

is bounded away from 1 almost surely.

N

1 Introduction and statement of main results

To set the stage, we fix a positive integer d, and a norm ||.|| on R%. Then we intro-
duce a probability distribution v with bounded density function, and consider a sequence
X1, X5, ... of independent rv’s each with the given distribution v. Also we need a sequence
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r = (r(1),r(2),..) of positive real numbers such that r(n) — 0 as n — oo. The random
geometric graph G, has vertex-set V(G,,) := {Xi,..., X, } and an edge X;X; € E(G,)
(i # j) if ||X; — Xj|| < r. For technical reasons we shall always assume that r(n) — 0 as
n — 0o.

Recall that a k-colouring of a graph G is a map ¢ : V(G) — {1,...,k} such that
c(v) # c(w) whenever vw € E(G) and that the chromatic number x(G) is the least k for
which G admits a k-colouring. Also recall that a clique in a graph G is a set of vertices
C C V(@) with the property that vw € E(G) for all pairs v # w € C, and the clique
number w(G) is the largest cardinality of a clique (note that w(G) is a trivial lower bound
for x(G)). In this paper we are interested in the behaviour of the chromatic number,
X(G,), and its relation to the clique number, w(G,,), of G,, as n grows large.

The distance r = r(n) plays a role similar to that of the edge-probability p(n) for Erdés-
Renyi random graphs G(n, p). Depending on the choice of r(n) qualitatively different types
of behaviour can be observed. The various cases are best described in terms of the quantity
nr?, which scales with the average degree of the graph (see appendix A of [13] for a precise
result).

Before we we can state our first result we will need some further definitions. In the rest
of the paper o will denote the essential supremum of the probability density function f of
v, le.:

o :=sup{t:vol({z : f(x) > t}) > 0}.

Here and in the rest of the paper vol(.) denotes the d-dimensional volume (Lebesgue mea-
sure). We also need to define the ‘packing density’ §. Informally ¢ is the greatest proportion
of R? that can be filled with disjoint translates of the unit ball B := {z € R?: ||z| < 1}
wrt the (arbitrary) norm we have equipped R? with. For K > 0 let N(K) be the maximum
cardinality of a collection of pairwise disjoint translates of B with centers in (0, K)?. The
(translational) packing density ¢ of the unit ball B may be defined as

5= qim U voI(B)
K—oo Kd
(This limit always exists.) For an overview of results on packing see for instance [16] or [14].
The first theorem concerns the case when onr?/Inn — a limit ¢t as n — oo; and
it asserts that then x(G,)/onr? tends a.s. to a limit ¢(¢), and gives some properties of
the limiting function ¢. We shall give a formula for ¢(t) later, after introducing further
definitions.

Theorem 1.1 There is a function ¢ : (0,00] — (0,00), given explicitly in Theorem 3.4
below, such that

i) c is continuous and non-increasing, and c(t) — c(o0) = VOILSB) ast — oo, and
244
G
(ii) if onrd/Inn — t € (0,00] as n — oo, then X( Z) — c(t) a.s.
onr



In the case when nr? > Inn (ie. t = oo in the above theorem) this gives an improvement

over a result in [15]. Penrose ([15]) gave an almost sure upper bound for lim sup X<z

onrd
of Vgigfj) and an almost sure lower bound for lim inf Xa(gz) of VC;I(S(;B), where d;, is the lattice

packing density of B (that is, the proportion of R? that can be filled with disjoint translates
of B whose centres are the integer linear combinations of some basis for R?). The paper [12]
considers only the Euclidean norm in the plane, where 6 and ¢, coincide. However, let
us note that in general dimension the question of whether 6 = 4, is open, even for the
Euclidean norm, and a widely held conjecture is that 6 > ¢, for large dimensions d.
Theorem 3.4 shows that in fact d; is not relevant here and the lower bound given by
Penrose is always attained.

Putting the above theorem together with some further results including one of Penrose
on the clique number w(G,,), we can obtain a description of the limiting behaviour of the
informative ratio x(G,)/w(G,). Some results were already known about the ‘sparse’ case
when onrd/Inn — 0, and the ‘dense’ case when onr?/Inn — oo (these results are de-
scribed more fully below), but nothing was known about the more challenging intermediate
case. One feature which we find is a striking threshold value ¢, (except when 6 = 1).

Theorem 1.2 The following holds for the ratio x(G,)/w(G,) asn — oo:

(i) limsup, o X(Gn)/w(Gy) < 3 a.s., so in particular if § = 1 then x(G,)/w(G,) — 1
a.s.

(ii) Assume now that 6 < 1. Then there is a constant ty with 0 < ty < oo and a function
x:[0,00] — (0,00), given explicitly by (10) below, such that

(a) x is continuous, x(t) = 1 for t < to, x is strictly increasing for t > to, and

z(t) — x(c0) = § as t — oo; and

(b) if onr?/Inn — t € [0,00] as n — oo, then

What is more, for the threshold behaviour we do not need to assume that nr?/Inn tends
to a limit:

Theorem 1.3 The following holds for the ratio x(G,)/w(G,) asn — oo:

(i) If =1 orif 6 <1 and limsuponr?/Inn <ty then

X(Gy)
W(Gn)

— 1 a.s.

(ii) If 6 <1 and liminfonr?/Inn >ty + € for some e > 0 then

(Gn)
(Gn)

lim inf > a(tg+¢) > 1 as.

€

w
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So there is a “sharp threshold” at ro := (222)a.
Part of the proof of Theorem 1.2 and Theorem 1.3 will be to derive the following result
which is also of independent interest.

Theorem 1.4 If nr¢ < n=® for some a > 0 then
P(x(G,) = w(G,) for all but finitely many n) = 1.

So we see that for small » we can be very precise. In [12] (two dimensional, euclidean
case) and in [15] (the case of arbitrary norm in arbitrary dimension) it was already shown
that if n7° < Inn < Inn then x(G,),w(G,) and A(G,,) are all asymptotically equivalent
to k(n) := Inn/In(™2%) in the sense that the ratios Xk((ci’;), “’é(%), Ak((i’)l)
probability as n — oo. As part of proof of part (i) of Theorem 1.3 we will settle the
minor technical point that the type of convergence can be strengthened to almost sure

convergence (which settles a question posed in [12] and [15]).

all tend to one in

2 Notation and preliminaries

We will often omit the argument or subscript n for the sake of readability. We will denote
B(z;p) :={y : |lx — y|| < p} and diam(A) := sup{||z — y| : z,y € A}, all wrt the given
norm. Following Penrose [15] we set 6 := vol(B), with B := B(0; 1) the unit ball (wrt ||.||).

For V' C R? a set of points and p > 0 a positive number we will denote by G(V, p) the
graph with vertex set V' and an edge vw € E(G(V,p)) iff ||v — w|| < p. Notice that with
probability one G,, = G({ X1, ..., X,,},7(n)) (as the events || X; — X,|| = r have probability
zero for all 4, j). We have chosen to use < instead of strict inequality in the definition here
for technical reasons to do with the proof of Proposition 3.15 below.

For V C R? a set of points and ¢ : R — R a nonnegative function we will denote:

M(V,p) := sup Z (v —x)
z€RT 2y

A central role in our analysis will be played by these quantities and by the random variables

M, = M(n,r) = Mr~{X4,.... X,}, ) = sup Zcp ( x) .

z€R4

In the special case when ¢ = 1y is the indicator function of some set W, we will also
denote My := M,,. The variable Myy is called the scan statistic (wrt the scanning set W).
Notice that My, is the maximum number of points in any translate of »W, ie.

My = max [{Xq,..., Xp} 0 (2 +rW)].
z€R

For A C R? we will sometimes denote the number of X; that fall inside A by N(A4) = N,,(A),
ie.



N(A) = [An{Xy,..., X, }| = Z 14(X;).

So My, = max, N(x + rW).

If Ais an event then we say that A holds almost surely (a.s.) if P(A) = 1, and if
Ay, Ag, ... is a sequence of events then {4, almost always } denotes the event that “all
but finitely many A, hold”. In the rest of this paper we will frequently deal with the
situation in which P(A,, almost always ) = 1, which we shall denote by A, a.a.a.s. (A,
almost always almost surely). We thereby hope to introduce a convenient shorthand whilst
avoiding clashes with the many different existing notations for P(A4,,) = 1+o(1) (a.a., a.a.s.,
whp.) that are in use in the random graphs literature. The reader should observe that A,
a.a.a.s. is a much stronger statement than A,, a.a.s.

In the rest of this paper H will denote the function z +— xlnz — xz + 1 for z > 0.
Observe that H(1) = 0 and that H is strictly increasing for x > 1.

For 0 < t < oo and ¢ a non-negative, bounded, measurable function with 0 <
Jga p(z)dz < oo let us denote by (¢, t) the integral

lot)i= [ ey,
Rd
where s = s(ip, t) is the unique nonnegative solution to

H(e#@)dg = 1. (1)
Rd t
We will also set £(p, 00) = [ ¢.

We leave to the reader the elementary considerations showing that the left hand side
of (1) equals 0 when s = 0 and is continuous and strictly increasing in s (and finite) for
s > 0 under the stated conditions on ¢ — so that s(p,t) and &(p,t) are well defined. If
[ ¢ =0 (in which case ¢ = 0 almost everywhere) we will set {(p,t) = 0 and if [ ¢ = o0
we will set £(ip,t) = oo and s(p,t) = 0. We remark that if ¢ = 1y for some set W C R4
with 0 < vol(IW') < oo then (as can be seen by straightforward computations):

£(p,t) = c(t) vol(W), (2)

where ¢ = ¢(t) > 1 solves H(c) = W if t <ooand c=1ift = .

We will often omit the domain we are integrating over and simply write [ ¢ instead of
Jga p(x)dz. All integrals in this paper are over R? (and wrt the d-dimensional Lebesgue
measure) unless explicitly stated otherwise. The following lemma lists a number of basic

properties of £(p, t). We will make frequent use of these properties in the rest of the paper.

Lemma 2.1 For any t € (0,00]| and non-negative, bounded, measurable, integrable func-
tions , v the following hold.

(i) If ¢ < then E(p,t) < E(,1);



(ii) (e +v.t) <&l t) +E(W,1);
(iii) &(Ap,t) = X(p,t) for any X > 0;
(iv) For0 < X <1 let gy be given by px(x) = o(Ax). Then&(p,t) < E(pa,t) < XN U%(p,t);

(V) (m7)élp,t) < E&(p,t+h) <E&(p,t) for h > 0;

(vi) Letpy, o, ... be a sequence of nonnegative, measurable functions with pointwise limit
@ and @, < ¢ for all n where v satisfies 0 < [ < oo. Then lim,_.o &(pp, t) =

£(p,t);
(vil) If [ olipsar < [Ulgysay for all a then §(p,t) < (¢, 1).

The proofs (most of which are relatively straightforward) can be found in section 5.

We will say that a set W C R? has a small neighbourhood if lim. o vol(W.) = vol(W),
where W, = W+ B(0; ). Then for sets W with vol(W) < oo, W has a small neighbourhood
if and only if W is bounded and vol(cl(W)) = vol(W), where cl(.) denotes closure. So in
particular all compact sets and all bounded convex sets have small neighbourhoods. We
will say that a function ¢ : R? — R is tidy if it is measurable, bounded, nonnegative, has
bounded support and the sets {z : ¢(z) > a} have small neighbourhoods for all a > 0. We
will call a function simple if it takes only finitely many values.

Let us denote by 8 the collection of all sets S C R? that satisfy ||v — w|| > 1 for all
v #w € S. We will call a nonnegative, measurable function ¢ : R? — R (dual) feasible if
it satisfies the condition that ) o ¢(v) <1 for any set S € §. For example, gy = 1.1
is feasible. We will denote the set of all feasible functions by &.

3 Proofs of main results

The proofs in this section rely heavily on the following result. We postpone the proof until
section 4.

Theorem 3.1 If %f —t € (0,00] asn — oo and ¢ : RY — R is a tidy function then

M

)
onrd

— &(p,t) a.s.

Theorem 3.1 allows us to give a short proof of the following theorem of Penrose, which we
shall need for the proof of Theorem 1.2. Here we used (2) to rephrase the statement in [15]
in terms of &, and we have removed the assumption in [15] that the density function has
compact support.

Theorem 3.2 (Penrose [15]) If "lg’: —t € (0,00] as n — oo then
w(Gp)

onrd

— &(po,t) a.s.

where o = 1p.1).



Proof of Theorem 3.2: First set W := B(0;3). Any set of points contained in a
translate of rW is a clique of G,,, so that by Theorem 3.1:

lim inf w(Gn)

n—oo onrd

M,
> lim W

Let us now fix € > 0 and let A;, ..., A,, C eZ% be all the subsets of €Z? that satisfy 0 € A;
and diam(A;) < 1+ 2ep, where p := diam([0, 1]¢). Let W; := conv(4;). We now claim
that w(G,) < max; My,. To see that this holds, suppose X;,, ..., X;, form a clique in G,,.
Let us set y; := (X;, — X;,)/r and A = {p € eZ% : ||p — y;|| < ep for some 1 < i < k}.
Observe that 0 = y; € A and diam(A) < 14 2ep, so that A = A; for some 1 < i < m.
What is more {yi,...,ys} C W := conv(A). But this gives {X;,,..., X;, } C X;, +7W by
choice of y;, and the claim follows. Thus Theorem 3.1 yields

. w(G) .
lim sup < lim max y
n—oo ONT n—oo i ONr

W;

= max &(p;, t) a.s.,
writing ¢; = ly,. We will now need the following inequality (for a proof see for instance [5]):

Lemma 3.3 (Bieberbach inequality) Let A C R If A" is a ball with diam(A) =
diam(A") then vol(A) < vol(A’).

By the Bieberbach inequality vol(W;) < vol(B(0;12%2)), so that also [¢;lip>a <

[ 1liypsay for all a where ¢ denotes Lp(o,12200y.  Also observe that V() = volirss)-

By parts (vii) and (iv) of Lemma 2.1 we therefore have max; {(p;,t) < &(w,t) < (1 +
2ep)4€ (g, t). Sending € — 0 now gives the result. O

3.1 Proof of Theorem 1.1

Recall that F denotes the set of all feasible functions. In this section we will show the
following explicit version of Theorem 1.1:

onrd
Inn

Theorem 3.4 Suppose that —t € (0,00] asn — oo. Then

and the right-hand side has the properties claimed for c¢(t) in Theorem 1.1.

We will prove Theorem 3.4 in a number of intermediate steps. Recall that a stable or
independent set in G is a subset S C V(G) with the property that vw ¢ E(G) for all pairs
v # w € S and that the chromatic number x(G) of a graph G corresponds to a natural
integer linear program (ILP), expressing the fact that the chromatic number is the least
number of stable sets needed to cover the vertices, as follows. Let A be the vertex-stable
set incidence matrix of (G, that is, the rows of A are indexed by the vertices v, the columns



are indexed by the stable sets S, and (A),s = 1if v € S and (A), s = 0 otherwise. Then
X(G) equals

min 17z

subject to Az > 1, (3)
x > 0, x integral.

The fractional chromatic number x;(G) of a graph G is the objective value of the LP-
relaxation of (3) (ie. we drop the constraint that x be integral). By definition we have
Xf(G) < x(G). In general the difference can be large (see [17] for more background on
the fractional chromatic number and related notions), but as we will see that is not the
case for (G,,. We start with a deterministic lemma on the fractional chromatic number of
a geometric graph G(V,r). Recall that if ¢ : R? — R is a function and V C R? is a set of

points then M (V, ) := sup,cpa ey (v — ).

Lemma 3.5 Let V. C R? be a finite set of points and consider the graph G = G(V,1).
Then

X5 (G) =sup M(V, ).

pedF
Proof: By LP-duality x¢(G) also equals the objective value of the dual LP:

max 17y

subject to ATy <1,
y=>0.

For convenience let us write V' = {vq,...,v,} where v; is the vertex corresponding to the
i-th row of A (and thus the i-th column of AT). Notice that a vector y = (y1,...,%n)"
is feasible for the dual LP if and only if it attaches nonnegative weights to the vertices
of GG in such a way that each stable set has total weight at most one. There is a natural
correspondence between such vectors y and certain feasible functions (hence our choice of
the name ‘feasible function’).

Let ¢ be any feasible function and 2 € R? an arbitrary point. We claim that the vector

Yy = (90(1)1 - .T), .- '790(Un - x))T

is a feasible point of the dual LP given above. To see this note that each row of A7 is the
incidence vector of some stable set S of G and ||(z —x) — (2/ —x)|| = ||z — #’|| > 1 for each
z # 7 € S since S is stable in G. Hence

(ATy)s =Y plz—2) <1,

z€S



by feasibility of ¢. This holds for all rows of AT, so that y is indeed feasible for the dual
LP as claimed. Also, notice that the objective function value 17y equals 2?21 o(v; —x).
This shows that

X(G) > sup sup ng(vj —x) =sup M(V, ).
Conversely let the vector y = (yi1,...,y,)T be feasible for the dual LP. Define ¢(z) =
Y i1 Yil,—y,. Then ¢ is clearly a feasible function, and

n

1Ty = p(v)) < sup > p(v; —x) = M(V, p),

d
jil zeR le

so that x;(G) < sup,eq M(V, ). O

Recall that (with probability one) G, = G({Xi,..., X,},r) &2 G@rYXy,..., X, }1)
(where = denotes isomorphic to). Thus by the above lemma and rescaling we get

x(Gr) > x;(G,) = sup M, as.
peF
Let * be the collection of all ¢ € F that are tidy. Then Theorem 3.1 allows us to conclude
that

lim inf X(G’;) > lim inf LGZZ) > sup £(ip,t) as. (4)

n—oo  ONT n—oo  OonNr e

The last term is not quite the expression we are aiming for in Theorem 3.4, but we will
deal with that later, and show that sup g £(0,1) = sup,e5&(p, t).

Let us now turn our attention towards deriving an upper bound. We start with another
deterministic lemma. Given o > 0 we say that the function ¢ on R? is a-feasible if the
function o, (1) = ¢(ax) is feasible (ie. if S C R? satisfies ||s — §'|| > «a for all s # ' € S
then ) _c¢(s) < 1). Thus 1-feasible means feasible.

Lemma 3.6 For eache > 0 there exists a positive integer m, (1+¢)-feasible, tidy functions
D1y Om, and a constant ¢ such that:

X(G(Vi1)) < (1 +¢e) max M(V, ;) +c,

1=1,..

for any set V. C RY.

Proof: Let ¢ > 0. Let us again set p := diam([0, 1]¢) and let  be the smallest multiple
of € such that ||y — z|| > 1 + ep whenever |y; — z;| > n for some coordinate 1 < i < d.
Let K > 0 be such that K/e is an integer (think of K as large and ¢ as small), and let



N = (2£)4. We shall show that there exist (1 4 2ep)-feasible tidy functions ¢y, ..., ¢n
such that the following holds for any V C R%
n

MGV, 1) < (1+ 51) max M(V,0) + N*(1+ 5 )", (5)

This of course yields the lemma, by adjusting € and taking K sufficiently large.

We partition R? into hypercubes of side e. Let I" be the (infinite) graph with vertex set
eZ% and an edge pq when ||p — q|| < 1+ ep. For each ¢ € €Z¢ let C denote the hypercube
q+0,¢)% Observe that the hypercubes C? for ¢ € £Z¢ partition R%. Thus for each z € R?
we may define p(z) to be the unique q € eZ? such that z € C9.

Now let Vy = [ K, K)? N eZ?, and note that |Vy| = N. For each p € eZ? let I'? be the
subgraph of T" induced on the vertex set p+ Vj, that is by the vertices of I' in p+[— K, K ).
Observe that the graphs I'? are simply translated copies of I'’. Let B be the vertex-stable
set incidence matrix of I'?.

Now let V' C R? be arbitrary. Given a subset S of R?, let us use the notation N(.S) here
to denote |S NV|. Let T'y be the graph we get by replacing each node ¢ of " by a clique
of size N(CY) and adding all the edges between the cliques corresponding to ¢,¢" € Vj
if gq¢ € E(I'?). Tt is easy to see from the definition of the threshold distance in T' that
G(V,1) is isomorphic to a subgraph of I'y.. For each p € eZ? let I'}, be the subgraph of Ty
corresponding to the vertices of I'P.

Consider some p € eZ?. Then x(I'},) is the objective value of the integer LP:

min 17z

subject to Bz > 0P (6)
x > 0, x integral

where 07 = (N(CP*7)) ey, and the vector z is indexed by the stable sets in T°. Here we
are using the fact that I'? is a copy of I'’ and that the vertex corresponding to ¢ has been
replaced by a clique of size N(C?*?). By again considering the LP-relaxation and switching
to the dual we find that x;(I'{,) equals the objective value of the LP:

max (b)Ty
subject to BTy <1 (7)
y=>0.

Notice that the vectors y = (y,)4en, attach nonnegative weights to the points ¢ of Vj is
such a way that if S C Vj corresponds to a stable set in [y then the sum of the weights
> 4e5 Yq 18 less than one. Note the important fact that the feasible region (ie. the set of all
y that satisfy BTy <1,y > 0) here does not depend on p or V.

The vectors y that satisfy BTy < 1,y > 0 correspond to ‘nearly feasible’ functions ¢
in a natural way, as follows. Observe that z € [—K, K)¢ if and only if p(z) € V;. Let
¢ : RY — R be defined by setting

10



L Yp(z) ifx e [—K, K)d,
plo) = { 0 otherwise.

Note that () = 3 .y, 1oa(2)y,. Then for each p € €27

o)y = quvo N(CPH)y, = quvo > vev Lovta(V)yq
= D vev 2gevy Loa(V = D)Yg = D ey (v — )
< M(V,).

We claim next that the functions ¢ thus defined are (1 + 2ep)-feasible; that is they satisfy
Z?Zl @(z;) <1 for any z,...,z, such that ||z; — 2| > 1+ 2ep for all j # [. To see this,
pick such 21, ..., 2. Since ¢ is 0 outside of [~ K, K)? we may as well suppose that all the
z; lie inside [— K, K)?. For all pairs i # j we have ||p(z;) —p(2;)|| > ||z — zj|| —ep > 1 +¢p.
Thus p(z1),...,p(z) are distinct and form a stable set S in ', and therefore correspond
to one of the rows of BT. The condition BTy < 1 now yields

p(21) + -+ @(2k) = Yp(er) T+ Ypa) = (BTy)s < 1.

This shows that ¢ is (1 4 2ep)-feasible as claimed, and it can be readily seen from the
definition of ¢ that it is tidy.

Recall that a basic feasible solution of an LP with & constraints has at most k nonzero
elements and that, provided the optimum value is bounded, the optimum value of the LP
is always attained at a basic feasible solution (see for instance [2]). Thus, noting that by
rounding up all the variables in an optimum basic feasible solution x to the LP-relaxation
of (6) we get a feasible solution of the ILP (6) itself, we see that:

x(I'Y) < xs(Ty) + N.

Now let y',...,y™ be the vertices of the polytope BTy < 1,y > 0 and let q,..., 0.,
be the corresponding (1 + 2ep)-feasible, tidy functions. As the optimum of the LP (7)
corresponding to x¢(I'},) is attained at one of these vertices we see that:

max (07)'y" = x;(T7) < x(IY) < max (17)"y/ + N < max M(V.g;)+ N (8)

Jj=1...m T j=l..m 1,...m

What is more, for each p € ¢Z? we can colour any subgraph of G(V,1) induced by the
points in the set W? = p+ [-K, K)? + (2K + n)Z® with this many colours, since by the
definition of 1, WP is the union of hypercubes of side 2K which are far enough apart for
any two points of I' in different hypercubes not to be joined by an edge.

Now let the set P be defined by

K+n
€

—K
Pngdﬂ[—K,K+n)d={(€i1,---,€73d)37Sij< 1

Note that if p runs through the set P then each ¢ € €Z¢ is covered by exactly N of the sets
WP 1f H? is the graph we get by replacing every vertex ¢ of I' that lies in WP by a clique

11



Figure 1: Depiction of a set WP.

. N(C9)
of size [T

WP then

_‘ rather than one of size N(C) and removing any vertex that does not lie in

1
X(H?) < NmaxM(V, ©j) +N.
J

This is because we can consider the hypercubes of side 2K that make up W? separately
(and each of these corresponds to some I'{,) and for each such constituent hypercube
q + [ K, K)? all we need to do is replace the ‘right hand side’ vector b¢ by %bq in the
LP-relaxation of the ILP (6) (the rounding up of the variables will then take care of the
rounding up in the constraints, as the entries of B are integers). Because each ¢ € Z% is
covered by exactly N of the sets WP we can combine the ( Qij)d colourings of the graphs
HP for p € P to get a proper colouring of Iy, with at most

2K 1
Ky (— max M(V, ;) + N) |
€ N

colours and the inequality (5) follows. O

Before we can finish the proof of Theorem 3.4 we must derive a lemma on the functions
inside the class F.

0

Lemma 3.7 sup,cq [p. ¢(7)dr = 555

12



Proof: First note that the function @i which has the value m on the hypercube
(0, K)4 and 0 elsewhere is feasible, giving that

/ (z)dz > li K i
WP LA = L NER) T 248

by definition of §. On the other hand, let ¢ be an arbitrary feasible function. Let A C
(0, K)* with |A| = N(2K) be a set of points satisfying ||a — b|| > 1 for all @ # b € A. If
n is a constant such that ||a — b|| > 1 whenever |(a); — (b);| > n for some 1 < i < d, then
the set B := A+ (K +1)Z (={a+ (K +n)z:a € A,z € Z}) also satisfies the condition
that |l — 0| > 1forall a # b € B. Set ¢(x) := >, 5 p(b+x). Since ¢ is feasible we must
have v(z) < 1 for all z. For a € A let us denote by B, the “coset” a + (K +n)Z? C B,
and let us set ¥, (7) := >, .5 (b4 x). We have that

Kz [ wwar=3 [ @i =Nex) [ e

acA
where the last equality follows because f[o kit Ya(@)d = 3 g, f[o Ky PO+ x)dr =

> beBa Joi 0.1 1nye P(@)dx and the sets b+ [0, K + n)? with b € B, form a dissection of R?.
Thus we see that indeed for any feasible ¢

(K+n)? 0
< AL/ VA
/Rd (v)de < m o = 9%

From Lemma 3.7 we may also conclude:

Corollary 3.8 For allt € (0,00]:

0
— < t) <c(t)—=
535 _Zggﬁ(% ) < )55
where c(t) > 1 solves H(c) = W if t < oo and c¢(o0) = 1.

The lower bound follows from Lemma 3.7 and the fact that £(p,t) > [¢ (as s > 0)
for all ¢. The upper bound follows from Lemma 3.7 together with (2) and part (vii) of
Lemma 2.1 (if ¢ € F and W C R? has vol(W) = 5% then [ ¢lisap < [ Lwl{iy e for all
a € R so that £(¢,t) < &(1w,t)).

We may now complete the proof of Theorem 3.4.

Proof of Theorem 3.4: That c(t) := sup .5 (¢, t) is non-increasing in ¢ follows from
the fact that {(¢,t) is for each ¢ € F separately. The bounds in Corollary 3.8 also give
that 0 < ¢(t) < oo for all ¢ > 0 and limy ... c(t) = 5% as required. Furthermore, c(t) is
continuous, because by part (v) of Lemma 2.1, for any h > 0:

13



(

)sup&(p,t) < sup&(p,t + h) < sup{(p, ).
t+h pedF pedF pedF
Thus c(t) is as required, and it only remains to show that x(G,)/onr? — c(t) a.s.

To this end, pick an arbitrary e > 0 and let ¢q, ..., ¢, and ¢ be as in Lemma 3.6. Then
by Theorem 3.1, and recalling that G,, = G(r~{X;,..., X,,}, 1) with probability one, we
have

=
Q
=

< (1+¢)max&(p;,t) as.

For each j the function @; given by @,(z) = ¢;((1+ ¢)z) is feasible, and so by Lemma 2.1
part (iv) we have £(p;,t) < (14¢)%€(@;,t) < (1+¢)?sup,eq&(p,t). Hence

lim sup X(G’;) < (14 o)™ supé(p,t) as.

n—00 onr peF

Putting together this last result and (4), it remains only to show that sup cq- (¢, t) =
sUp,eg&(p,1). Let ¢ € F. We want to show that

§(p.t) < sup £(¢,1). (9)

IS

We may assume that ¢ has bounded support, because (by Lemma 2.1, part (vi)) the
sequence of functions (¢,), given by @, = @1, ,ja satisfies lim, .o, {(@n,t) = (¢, t). Let
e > 0 and for each q € €Z? let C? := g+ [0,£)? as before. Define the function ¢ on
R? by setting 4(z) = SUP,ccn@ ¢(y) (Where again p(r) is the unique q € eZ% such that
r € q+[0,¢)9). Clearly ¢ > ¢. Although ¢ is not necessarily feasible, the function ¢’ given
by ¢'(x) = ¢((1+ep)x) is. Also, ¢ is tidy: clearly it is measurable, bounded, nonnnegative
and has bounded support. That the set {¢' > a} has a small neighbourhood for all a > 0,
follows from the fact that it is the union of finitely many hypercubes (1 + ep)~'C%. So
¢ € F*. We find that

£, t) E(@,t) < (L+ep)’(e,t) < (1+ ép)djgg* (1),

using Lemma 2.1, parts (i) and (iv), for the first and second inequalities respectively. Now
we may send € — 0 to conclude the proof. O

3.2 Concerning z(t) and ¢t

As a consequence of Theorems 3.2 and 3.4 we see that for ¢ € (0, o] the ratio x(G,,)/w(G,)
tends almost surely to the limit:

Supwegf(@, t)
5(9007 t)
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where again @ := 1p.1). It is clear from the definition of ¢ that £ (o, t) is continuous in
t (and positive for all t > 0) and we have already established that c(t) := sup,c5&(p,t)
is continuous in ¢ in the proof of Theorem 3.4. So z(t) is continuous for ¢ > 0 as claimed
in Theorem 1.2. Combining the fact that 11mt_>oo§ ©o0,t) = [ o = 51 (by definition of &),
with the fact that lim, o sup,c5&(p,t) = 575 (by theorem 3.4) we see that limy oo 2(t) =
as claimed in Theorem 1.2.

Corollary 3.8 allows us to show x(t) = 1 for all ¢ > 0 iff § = 1. To see this note that if
0 = 1 then the upper bound given in corollary 3.8 equals &(y, ) for all t > O whereas if
d < 1, then &(po,t) < 2d5 for sufficiently large ¢ as lim, ... £(o, t) f Yo =

To finish the proof of Theorem 1.2, we still need to consider the case When t = 0, which
we shall do later as an integral part of the proof of part (i) of Proposition 1.3, and we need
to consider ¢, (show that it exists, in particular) and show that z(t) is strictly increasing
for ¢ > t;.

1
6

3.2.1 Concerning t,

Let us set

=inf{t > 0:z(t) # 1}. (11)

Our aim, in this section, will be to establish the following result:
Lemma 3.9 ¢, > 0.

First notice that from previous remarks it can be seen that ty; = oo iff 6 = 1, so that
we may assume 0 < 1 wlog in the rest of the section. The proof consists of a number of
intermediate steps.

Lemma 3.10 There is a T > 0 such that 1 ﬂ — t with 0 <t < T then a.a.a.s. there
exists a subgraph H, of G, induced by the pomts i some ball of radius 2r such that

X(Gn) = xX(Hy).

Proof: If x(G,) = w(G,) then clearly x(G,) = x(H,) with H, a subgraph contained in
a ball of radius 2r. If on the other hand x(G,) > w(G,) and we remove all vertices from
G, whose degree is < w(G,,) then the chromatic number does not change. We will show
that when ¢ is chosen sufficiently small, then a.a.a.s. any two vertices X;, X; of G,, with
degrees > w(G,,) will satisfy either || X; — X;|| < 2r or ||.X; — Xj|| > 3r. This implies that
if we remove all vertices of degree < w(G),) then each of the components of the graph that
remains will be contained in some ball of radius 27, which in turn yields the result. Let
us set W := B(0;3). Note that if two vertices with 2r < || X; — Xj|| < 3r have degrees
> w(G,) then there must exist a translate of 71V containing at least 2w(G,,) + 2 points.
By Theorem 3.1 and Theorem 3.2 together with (2) we have
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Here wy = vol(W) = 63, w, = £, and ¢;(t) > 1 solves H(¢;) = -1-. We will now show

cllwr _ 9 from which the proposition follows. First note that for i = 1,2

co (t)wz

that litho

1

=H(c;))=cilne;—¢;+1=(1+0(1))¢Ing, (12)

because ¢; — 0o as t — 0. Taking logs on both sides of (12) gives In¢; = (1 + o(1)) In().
This together with (12) gives:

e = (1+ 0(1))“31@ — (14 0(1)) G) /1n G) |

The claim follows. O

As can be seen from the proof of Lemma 3.10, the conclusion of Lemma 3.10 holds if ¢
satisfies

E(1p0:3), 1) < 2&(0, 1), (13)

and there exists a 7' > 0 such that (13) holds for all 0 < ¢ < 7. We will show that ty > T
by showing that sup c4§(,t) = (o, t) for all ¢ that satisfy (13). Lemma 3.10 together
with (fairly straightforward) adaptations of the proof of Theorem 3.4 gives:

Lemma 3.11 Let t > 0 satisfy (13). Then

sup§(p,t) = sup (e, 1).
peF supp(i)eéé(o?z)

Proof: Let r satisfy onr? ~ tInn and consider x(G,). We know that a.a.a.s. y(G,)
equals the maximum over all € R? of the chromatic number of the graph induced by the
vertices in B(w;2r). Let us fix an ¢ > 0. Let us denote V := r~{X;,..., X,,} and for
p € €Z% let AP denote the subgraph of I' induced by the points of eZ? inside B(p, (2+¢p)),
where again p := diam([0,1]%), and let A}, be the corresponding subgraph of I}, (with
[,T7, Ty, T% as in the proof of Theorem 3.4). Since for every z € R? the subgraph of G,
induced by the vertices inside B(z,2r) is a subgraph of some A},, we have:

X(Gr) < max x(A}) < max M,, + caaas., (14)
P i=1,..., m
where @1, ..., ¢, are obtained from the ILP formulation of x(A},) via the same procedure

we used in the proof of Theorem 3.4 (ie. the upper bound in (14) is the analogue of the
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upper bound in (8)) and ¢ = ¢(g) is a constant that depends only on €. By construction we
have that supp(y;) € B(0,2+ 2¢p) and that ¢} given by ¢}(z) = ¢;((1+2ep)x) is feasible.
Notice that ¢} also satisfies supp(¢}) € B(0;2). Thus, (14) together with Theorem 3.4,
Theorem 3.1 and part (iv) of Lemma 2.1 shows that

sup&(p, 1) < max £(p;,¢) < max (1+26p)d£(% )< (1+2p)?  sup  E(pt).

pex = hesmo = ey peT,
supp(¢)CB(0;2)

The statement now follows by letting ¢ — 0. O

Let us now fix a ¢t > 0 that satisfies (13). If supwegﬁ(gp, t) > &(po,t) then there must
also exist a feasible simple function ¢ := 7" - k14, with supp(y)) € B(0;2) such that
E(Y,t) > &(po,t), because (by Lemma 2.1, item (v1)) for any ¢ the increasing sequence of
functions (¢, ), given by ¢, = S an{ b <okt satisfies limy, o0 £(0n, t) = E(p, 1).
Solet i = Y1, L1y, be afeasible simple function with £(v,¢) > &(¢o, t) and supp(¢)) C
B(0;2). We may suppose wlog that the A are disjoint and m is even. For 1 <k < % let

1. be the function which is % on Uf;f A;and 1 on | A;. We can write

i>m—Fk

m/2

Z%,

because for z € A; with i < m/2 we have 2 Zm/2 p(@) =i2s ==L andif z € A,_; with
2

i < m/2 then %ZZL/I op(z) =1—1i23 = mm’.

Let us now observe that £ is convex in its first argument, ie. for any two nonnegative,

bounded, measurable functions o, 7 and any ¢ > 0 and A € [0, 1]:

EAo+ (1= N)7,t) < X(o,t) + (1 — N)E(T, 1).
This follows from parts (iii) and (ii) of Lemma 2.1. Because we have written 1 as a convex
combination of the ¢, we must therefore have £(v,t) < (¢, t) for some k.

Let us first assume that {1, = 1} = J,-,,_ Ar = 0. Since supp(¢) C B(0;2) we must
have that ¢, < ¢', where ¢’ is the function which is 3 on B(0;3) and 0 elsewhere, and thus
also (¥, 1) < &, t) < E(¢', 1) = 36(1p(03).t) (by ch01ce of k and Lemma 2.1, items (i)
and (iii)). But then (13) gives:

5(13(03 t) < &(go,t),

N | —

(1) <

a contradiction.
So we must have {¢ = 1} # 0. Let us denote by C' := cl(B) the closed unit ball. Notice
that

diam({yy, = 1}) <1
supp(¢r) € [ (@ +C),



by feasibility of ¢ (if x € supp (), ¥x(y) = 1 then (x) + ¥ (y) > Egomk —1).
Bieberbach’s inequality tells us that vol({t;, = 1}) cannot exceed 2, "the volume of a ball of
diameter 1. Hence there is a 0 < 3 < 1 with vol({¢, = 1}) = vol(B(0; 55 ﬁ)) 41— p)L.
We will need another inequality, given by the following proposition:

Lemma 3.12 (K. Béroczky Jr., ’05) Let C C R? be a compact, conver set. Let A C R?
be measurable and let A" be a homothet (ie. a scaled copy) of —C with vol(A) = vol(A').
Then vol (,ca(a+ C)) < vol (Nyeula+C)).

This is a generalisation of a result proved by the second author. With the kind permission
of K. Boroczky Jr. we will present a proof in appendix A, because such a proof is not
readily available elsewhere.

It follows from Lemma 3.12 that we must have

vol(supp(¢)) < vol ﬂ (x+C) | =vol (B(O; ﬂ)) = %(1 + B)%.

2
IEB(O;%)

Now let 5 be the function which is 1 on B(0;5%) and 1 on B(0; 22)\ B(0; 52). We
see that vol({tyy = 1}) = vol({¢s = 1}) and vol({¢, = 3}) < vol({¢s = 3}). And thus

we have [Ypliy,>ap < [ 0sl{p,>ay for all a, which gives &(y, t) < (s, t) by part (vii)
of Lemma 2.1. We may conclude that if sup_c4&(0,1) > &(po,t) and (13) holds then also

E(pp,t) > E(po, t) for some 0 < f < 1. Let us set u(5) := &(pp, t).

Lemma 3.13 maxo<p<; p(5) = max(u(0), p(1)).

Proof: Notice that for 0 < <1

H(0) = S+ B = (L= )6 + (1 %),
where s = s(3) solves
o

S (U B) = (1= B H(E) + (1= BH()) = 1. (15)
)

The function u(3) is continuous on [0, 1]. Differentiating equation (15
for0< <1

wrt 0 we see that

0 = d((1+8)"" + (1 =B H () + ((1+8)! = (1= B)")je/?s' —d(1 - B)* " H(e*)
+(1 — B)4sess,

giving that

A= By H(e) — d((L+ B + (1= B H(e?)
(37— (L= B)5el + (L= B)lser
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Thus,

1+ 0) + (1 - 6)d—1)§e8/2 —d(1— p)iles
(148" = (1= p)) e + (1 = B)%e)]

(
+ ¢
= A+ (1= B e — i1 — gy e
+5(d(1 =) H(e®) —d((1+B3)" "+ (1= "HH (3/2))}

= ZHA((1+ )+ (1= B ) (2 = 1) —d(1 = B)*H(e® —1)].

Clearly 1/(8) > 0 for g sufficiently close to 1, so that it suffices to show that (for any ¢)
(' () = 0 for no more than one 5 € (0,1). Note that x/(3) = 0 if and only if

1
e —1= ((Lﬁ)d—1 +1)(e¥? = 1).
1-p
Writing a := (Hg)d ' +1 and z := /2 this translates into the quadratic 22 —az+(a—1) =

0, which has roots 1,a — 1. Now notice that e¥? = 1 would give s(3) = 0, but this
is never a solution of (15). So if p/(3) = 0 for some 0 < # < 1 then we must have

s(B) = 2(d —1) ln(Hg) Notice that, as s cannot equal 0, this also shows that we must

have d > 2 for p/(8) = 0 to hold. The curve u(f) :=2(d — 1) ln(%) has derivative

A(d—1)

YO ma+ s

On the other hand, for 0 < § < 1

d(1— B)41H(e*) d

!/

YO T Bse . 15

We find 5'(8) < 125 < 4(d —1)/(1+ B)(1 = 3) = /() for 0 < 3 < 1 (recall d > 2 by a
previous remark). We may conclude that the curves u(f3) and s() meet in at most one

point, as u(f) — s(f3) is strictly increasing on (0,1). In other words, there is at most one
B € (0,1) with ¢/(8) = 0 and the proposition follows. O

Since we had chosen ¢ so that (13) holds. parts (iv) and (i) of Lemma 2.1 tell us that:

Elp1,t) = 56(1m1) < 5E(Lpoa, 1) < Elpo. 1),

Thus sup,cq&(0,t) < maxo<p<i p1(3) = pu(0) = (o, t) after all. This concludes the proof
of Lemma 3.9

3.2.2 The function z(t¢) is strictly increasing for t > t,

In this section we shall prove the following result:

Lemma 3.14 The function x(t) is strictly increasing for ty < t < oco.
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The proof makes use of the following observation, which is also of independent interest;

0

a5 Or the supremum is attained

Proposition 3.15 For eacht > 0, either sup,c5&(p,t) =
Proof of Lemma 3.14: First suppose that sup,.5&(¢,t) = 575. Notice that the lower
bound in Corollary 3.8 then shows that also sup c5&(¢p,t') = 2‘35 for all t' > t, so that in
this case z(t') > x(t) for all ¢’ > t as (o, t) is strictly decreasing in t.

Let us therefore assume sup¢€§§(cp,t) > %. By Proposition 3.15 there is a ¢ € F
s.t. the supremum equals £(p,t), where 0 < [¢ < co. Observe that it would suffice to
prove that for any A > 1 there is at most one ¢ > 0 that solves the equation £(p,t) =
Ao, t) (recall that £(p,t9) < &(wo,to) so that this indeed gives that % is increasing
for every t where this ratio is > 1). Set 1) := Apg with A > 1. By Lemma 2.1, part (iii),

(1, t) = M(po, t), so that it suffices to show that the system of equations
/ o(x)e™?Ddr = [ (x)eV@da, (16)
R Rd

H(e*?@)dz = [ H(e¥®)dx (17)
Rd Rd
has at most one solution (w, s) with w,s > 0. For s € R let v(s) be the unique solution
of (16) and let u(s) be the unique non-negative solution of (17). Differentiating both sides
of equation (16) wrt s we get

/ v'(8)p? (a:)e”(s)“"(”:)da: = ¢2(x)es¢($)da:,
Rd Rd

where we have swapped integration wrt x and differentiation wrt s (this can be justified us-
ing for instance the fundamental theorem of calculus and Fubini’s theorem for nonnegative
functions').

This implies

fRd ¢2 sw(x)dm fRd ¢ sw(w dr fRd ¢ sw(r
=A

/ —
v (S) - f]Rd g02( ev(s d.fE f]Rd 90 go(x d.fE f]Rd 90 QO(I dx

=1,

where we have used the specific form of ¢ as a constant times an indicator function, the
fact that p?(x) < ¢(x) (it’s a [0, 1] function) and the fact that v(s) solves (16). Now not
that u(0) = 0 and u(s) > 0 for s > 0. Differentiating (17) wrt s we get that for s > 0:

Here we mean the following. If g(z,u) denotes one of p(z)e“?(®) () @) H(e*?(®)) or H(e“¥(*))
then [, g(z,u)—g(z,0)dz = [p. [y g2(z, w)dwdz = [ [ou g2(2, w)dzdw, where g, denotes the derivative
of g wrt the second argument, and we have used Fubini’s theorem to switch the order of integration.
Now the fundamental theorem of calculus shows that d% Jpa 9(z,u)dz = d% Jpa 9(x,u) — g(z,0)dz =

% fou Jga g2(z, w)dzdw = [, g2(z, u)de.

20



/(s5) = $ [oa V2 (x)e @) dz
wis) = u(s) f]Rd 02 (x)en)e@)dg

Let us first suppose that v(0) > 0. Since v'(s) > 1 for all s € R, we must also have that
v(s) > s for all s > 0. If v(s) = u(s) for some s > 0 then

o $ [ra V()@ da s, ,
YO = i) Peed ~ e ¢ <)

This shows that in any crossing of these two curves, v(s) must come from below u(s). But
this means there can be at most one such crossing.

Now suppose that v(0) < 0 (recall that w(0) = 0). Let s; > 0 be the first solution of
v(s) = u(s) (supposing that such a solution even exists). As v(s) < u(s) for 0 < s < s; it
must hold that v'(s1) > u/(s1) = U/(Sl)y(ssll)‘ This gives v(s;1) > s; and hence also v(s) > s
for all s > s; (as v/(s) > 1). Again there cannot be a second solution v(s2) = u(sz) with
sy > s1 as for any such solution it would hold that v'(s2) > u/(s2), while at the same time

v(s) > u(s) for s; < s < s9. O
Proof of Proposition 3.15: Let us assume sup,c5§(p,t) > % (otherwise there is
nothing to prove) and let us consider a sequence ¢, o, ... € F s.t.
lim &(pn,t) =sup&(p,t) (18)
n—o00 weT

and let us suppose (wlog) that lim, [, ¢, exists and is as large as possible subject to (18)
(recall B = B(0;1) is the unit ball). We will first exhibit a subsequence ¢, @n,, ... of
(¢n)n and a function ¢ € F s.t.

lim sup @, (r) < ¢(z) for all z € R%. (19)
k—o00
We will then consider the “inner parts” ¢y ; := ¢n, 1p(0;r,) and the “outer parts” (where
(Ry)r is a growing sequence, chosen in such a way that £(¢.,t) — £(¢,1)), and we will
see that the outer part is negligible.
In order to construct ¢ and the subsequence (¢, )k, let Dy be the dissection {i +
0,277)8 4 = (iy,...,14) € 27FZ9} of R? into cubes of side 27 (observe that Dy, refines
Dy). For o € F let us define the functions o* by setting:

ot(z) = sup o(y),
yecz,k

where O is the unique C' € Dy, with z € C. Let us now construct a nested sequence
F1 2 F, O ... of infinite subsets of {1, @9, ...} with the property that

1
lo¥(z) — 7%(2)| < e for all z € [k, k) and all 0,7 € F;. (20)
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To see that this can be done, notice that the behaviour of o* on [—k, k)? is determined
completely by (o(p1),...,0%(px)) where py,...,px is some enumeration of [—k, k)4
27%74. Given F;_; there must be intervals Iy,..., I C [0, 1] each of length % such that
the collection {0 € F_; : oF(p;) € I, for all 1 <4 < K} is infinite. So we can take Fj, to
be such an infinite collection. Let us now pick a subsequence @, , ¥n,,... of (©,), with
¢©n, € Ji and let the function ¢ be defined by:

U(x) = lim ¢, (2). (21)

k—o0

To see that this limit exists for all z, notice that ¢!, (z) < ¢F (z) < @k (2) + 1 for all
[ >k > |x|. Thus,

1 1
lim inf ¢, () < hgis;}psonk( z) < I Hf”sonk( z)+ ¢ <liminf oy, (2) + - = lim inf o, (2).
We now claim that ¢ and the sequence (¢, )r are as required (ie. ¢» € F and (19) holds).
To see that (19) holds, notice that sup,s, ¢, (2) < @k (x) +  for any z and any k > x|,
so that lim supy, ¢n, () < limy @} () = (z).

To see that ¢ € F, let S = {s1,...,5,} € 8 be finite (observe it suffices to show
Y oes¥(x) < 1 for all finite S € 8). Since ||s; — s;|| > 1 for all i # j, there is a kg
s.t. |ls; — sj]] > 14 27%p for all i # j where p := diam([0,1]%). Thus if k > ko then

907]2]6(81) +-+ przk(sp) S 1’

and hence the same must hold for .
Also notice that the dominated convergence theorem (using 1, ¢,, < 1) gives that

/Bl/)(x)dx:/ lim ¢f (z)dz > lim [ ¢, (z)dz. (22)

k—o0 n—00
Furthermore, for any fixed R > 0 we have that
Jijﬁlof(@ﬁle(o;R)a t) = &(Wlpo,r),t) < (1, 1). (23)

Here we have used parts (i) and (vi) of Lemma 2.1. Hence, there also is a sequence (Ry)g
with Ry tending to infinity and limsup,,_., (¢} 15 ), t) < &(w,t). To see this, notice
that by (23) there exist k1 < ko < ... such that £(¢f 1pom),t) < E(,t) + = for all
k > ky,. Thus, we may put Ry := max{m : k,, < k}.

Let us put

1/)1@,2' = @nle(o;Rk), %,o = Pny, 1]Rd\B(O;Rk+1)a Py = 1/)1@,2' + 1/)1@,0-

We may assume wlog that Ry has been chosen in such a Way that £(¢x,t) = (1 +
0(1))€(pny, t). To see this note that for s = s(ipp,,t) there is an Z& < R’ < Ry, s.t.
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P LR \BO:R) < VAL
2
If we take such an R’ and set ¢, := @, Iga\ po; ' +1)uB0;:r) then s(¢y, t) > s(py,,t) (by the
definition of s, as ¢}, < ¢, ) so that {(¢,t) > (1 — LR—lkj)f(gonk,t).
=

Let us define A(p) := supgeg Y _,cq¢(x). Clearly

A(hk) = M) + A(Whio) < 1. (24)

For convenience let us write Ay := A(¢,). First let us suppose that A, — 0. Notice that
ko € F, which implies

£(¢k‘,07t) < /\k Sugg(goat) - 0(1)7
pe
using part (iii) of Lemma 2.1. As &(¢gs, 1) < E(Ur, t) < E(rit) + E(Yro,t) (by parts (i)
and (ii) of Lemma 2.1) and &(¢y, t) = £(¢n,,t) + o(1) it follows that

sup §(ip,t) = lim (i, 1) = m E(vy,1) < E(3,1),
YEF k—o0 k—o0
so that the proposition follows in the case when A\, — 0.
Now let us assume that limsup Ay > 0. We may assume for convenience that lim A\, =
A > 0 (by considering a subsequence if necessary). We first claim that vol({¢y, > ¢}) — 0
for all € > 0. To this end let us construct a new sequence of functions ¢; as follows. For
each k pick an z, € R\ B(0; Ry + 1) that maximises fB(wk;l) V.o
To see that such an xzy, exists, let us write I(x) := fB(m) g 0. Notice that I is continuous
(Yo < 1 so that |¢go(z) — VYro(y)| < vol(B(z;1) \ B(y;1))). Let us suppose that ¢ :=
SUD,cpa\ p(0:1,, 1) 1 () > 0, for otherwise there is nothing to prove as any = € R*\ B(0; Ry +
1) will do. We first claim that the set {# € R\ B(0; Ry 4+ 1) : I(z) > £} can be covered

by at most |22] balls of radius two. This is because if I(z1),...,I(x) > & there must
exist y; € B(wx;1) for 1 <@ < k with ¢p0(ys) > 55. By feasability of ¢, we must have

either k < 2 or |ly; — y;|| < 1 for some i # j. Thus, the y; can be covered by at most
% balls of radius one, and hence that x; can be covered by at most % balls of radius
two, as claimed. As [ is continuous and we can restrict ourselves to a compact subset of
R\ B(0; Ry, + 1) we see that the supremum ¢ = sup,cga\ p(o.r, +1)  (¢) is indeed attained
by some point z;, € R4\ B(0; Ry + 1).

Now let 1}, := g + Yo 0 T}, where T, : y — y + xy, is the translation that sends 0 to
x. By (24) we have ¢, € F. Notice that

/ ULy >ay > / Vrl{g,>a)

for all a, because {¢, > a} D {tp; > a} UT, '[{tx, > a}] so that
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S riligg>ay + [ Yroliwy >a)
f¢k1{¢k2a}‘

Part (vii) of Lemma 2.1 therefore gives that

v

§Wh ) = €Wk, 1) = (14 0(1))€(pny., 1)-
We therefore must have [ Blay1) Vo — 0 for otherwise (a subsequence of) the ¢} would con-

tradict the choice of (¢,),. Now suppose that for some £ > 0 we have lim sup,, vol({¢x, >
e}) = ¢ > 0. Because ¢y, € F we can cover {ty, > ¢} by at most [+] balls of radius 1.
But this gives lim sup,, f Blax:1) i o(x)dx > ce and we know this cannot happen. The claim
follows.

Recall that o, = )\—lkzﬁm € JF. Because limy A\, = A > 0 the previous also gives
limy, vol({o, > €}) = 0 for all € > 0. Let us fix € > 0 for now and let V., W, . C R? be
disjoint sets with vol(V.) = ?‘%,VOI(W]C’E) = vol({ox > €}). Let us set 73, := ely, + 1w, _.
Then [o4l{p,>ay < [ Thlir>q for all a (using Lemma 3.7), so that parts (vii), (iii)
and (ii) of Lemma 2.1 give:

{(op, t) §(hyt) <e€(lv,t) +E(1w, ., 1)
ec(e) vol(Vy) + d(k, ) vol(Wy )

C(g)% + d(k7 5) VOI(Wk,5)>

[ IA

where c¢(e) > 1 solves H(c) = m = 52;—;5 and d(k,e) > 1 solves H(d) = vol(I/Il/k -

Observe that lim._oc(e) = 1. For any fixed € > 0 it also holds that

klim d(k,e)vol(Wy ) = 0. (25)

To see this note that d — oo and H(d) ~ dlnd as k — oo, so that d < H(d) =
O(vol(Wy..)~!) which gives (25). We see that limsup,_, . &(op,t) < Since o}, =

0
PR — W.
1—1,\k Y € F by (24) we thus have

0
lim (g, 1) = lim §( Aoy + (1 = M)oy, t) < Asoe + (1 = A)sup (i, t) < sup&(p, 1),
k—o0 k—oo 244 peTF peTF

using parts (i) and (iii) of Lemma 2.1. But this contradicts the fact that by construction
limy oo §(Vhs 1) = sup,eq&(p,t). So we must have A\, — 0 and the proposition follows
from previous arguments. o
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3.3 Proof of Theorem 1.3

To prove Theorem 1.3 and to finish the proof of Theorem 1.2 it suffices to prove the
following lemma. The formulation in this lemma circumvents having to deal with the case
0 = 1 separately.

Lemma 3.16 Pick 0 < t < 0.

(i) Ifonr?/Inn <t then

lim sup zgg:; < x(t) a.s.;
(ii) If onr?/Inn >t then
x(t) < liminf igg:; < lim sup chEg:; < % a.s.

In order to prove part (i) we will need to consider three ranges for the value of r, corre-
sponding to nr¢ = O(Inn), nrt < n=« for some a > 0, and intermediate values.

3.3.1 The proof of Theorem 1.4

As mentioned in the introduction, to deal with very small r we will need to prove Theo-
rem 1.4.

Proof of Theorem 1.4: We will need the following lemma on the scan statistic, the
proof of which can be found in section 4.

Lemma 3.17 Let W C R? be a measurable, bounded set with nonempty interior.
(i) Ifnr® < n= with a > 1 then My < k a.a.a.s.;

(i) If nrd > n=8 with B < ﬁ then My, >k a.a.a.s.

To make use of this lemma, we will “split” r into subsequences. Let K € N be such that

% <a. Fork=1,... K seta,:=3(; + 47) and set:

r(n) if nrd <n—®,
ri(n) ::{ (n) N

Y

2 .
n~d otherwise

and for 2 < k < K:

{ r(n) if n”%-1 < npd <nm
r(n) = k1 ) )
n~ ak  otherwise

Let us now put G := GH{{Xy,..., X}, mk(n)) for 1 < k < K. Observe that (with
probability one) G,, is one of the G%k), but which & may vary with n. Thus it suffices to
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show that X(th)) = w(GT(f)) a.a.a.s. for each k separately (as the intersection of finitely
many events of probability one itself has probability one). Let us thus fix 1 < k < K and
let us set M := max,cga N(B(x; ), My := max,cge N(B(x;1007;)). Observe that

M; < w(GP) < x(GW) < A(GP) +1 < M. (26)
Now notice that Lemma 3.17 shows that a.a.a.s. it holds that:

My, M € {k,k+1} (27)

(in the case k = 1 we do not apply (ii), but My, My > 1 is trivially true). To finish
the proof we will derive (deterministically) that if (27) holds then X(G%k)) = w(GP)
must also hold. So let us assume that (27) holds. First note that (26) then implies that
A(ngk)) € {w(Gﬁzk)) — 1,w(G§zk))}. If A(Gg{)) = w(Gﬁzk)) — 1 then we are done, so let us
suppose A(ngk)) = w(Gg{)). In this case Brooks’ lemma (see for instance [18]) tells us that
X(ngk)) = w(Gﬁzk)) unless w(Gg{)) = 2 and GV contains an odd cycle. Let us therefore
assume w(Gg{)) = 2. Then we must have & < 2 and hence M, < 3. But if M, < 3 then
L(G%k)) < 3 (where L(G) denotes the order of the largest component of GG). To see this
note that if the subgraph induced by X;, Xj,, Xi;, Xj, is connected then || X;, — X || < 3r
forall j € {1,...,4}. But L(G(k)) < 3 means that the only odd cycles G could possibly
have are triangles. The existence of a triangle would however contradict w(G( )) = 2.
Hence there are no odd cycles and X(G%k)) = 2 as required. O

3.3.2 The proof of Lemma 3.16

We are now ready to combine some of the results in the previous sections to give a proof
of Lemma 3.16:

Proof of Lemma 3.16, part (i): Let € > 0 be arbitrary. It suffices to show that

< (1+¢)z(t) a.a.a.s. (28)

It is clear that Theorem 1.4 takes care of the case when nr? is bounded above by a negative
power of n, because then [* — 1| = 0 a.a.a.s. (and x(t) > 1). To deal with larger » we will
need the following lemma on the scan statistic, proved in section 4:

Lemma 3.18 Let W C R? be a measurable, bounded set with non-empty interior and
e > 0. Then there exists a 3 = B3(¢) > 0 such that if n=? < nrd < Blnn then (1—¢)k(n) <
My < (14 ¢e)k(n) a.a.a.s. with k(n) =Inn/In(2%).

Let us choose g’ such that (1+€) < 14e. and let § = 3(¢’) be the 3 we get in Lemma 3.18.
Let t; < m be chosen such that ¢, = B(¢') /o, t,, =t and t41/t; < 1+ €. We will
again “split” r into associated sequences rg, 11, ..., 7, Where
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. ri(n) =

)

{ r(n) ifnrd <n P,

r(n) ifn=f <nrd < Blnn,
n~ 4  otherwise

n~ 4  otherwise
and for 2 <i<m:

(n) r(n) if t;_1Inn < onrd <t;Inn,
r;(n) =
! (tilnn) i otherwise

For 0 < i < m set GV := GH{X1,..., X,.},mi(n)). So (with probability one) G,, is always
one of the G,(f), but which one is dependent on n. Thus, if we can show that G©, ... G™)
all satisfy (28) then we are done. As mentioned before, Theorem 1.4 shows that G®
satisfies (28). Next, let us consider G with 2 < ¢ < m. We know that a.a.a.s. the
following hold:

X(GS)) S (]‘ + 8/) Supwegf(gp, tz)UtZ 111 n,
W(GS)) > (1 —¢€")é(po, ti1)oti—1 Inn,

where we have used Theorem 3.2, Theorem 3.4, and the fact that both w and y are
increasing with r. We have

MG _ (L4t supgeré(e.t)
w(GY) : (1—eti1 5(90:: tio1) <(dtejelt) < (L +ejelt) aaas.

Here we have used that &(wo,ti—1) > &(po,t;) by definition of &, and that z in non-

decreasing.
Let us now consider GV, Set M, := max, N(B(z; %)), My := max, N(B(x;71)). Then

72

My < w(GP) < x(GH) < AGP) +1 < My and so

X(G) < M,

1< <
w(GS)) M,

By Lemma 3.18 we have

M. 1+¢
ﬁj < 1—_1_2 <14 ¢€a.a.as.,
which implies that 2528; < (1+¢)z(t) a.a.a.s. as required.
Proof of part (ii): This time is suffices to show
(1—e)x(t) < X(Gn) <1te a.a.a.s
S oGy S g vaas

We will need the following sharpening of the ¢ = oo part of Theorem 3.1. The proof can
again be found in section 4.
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Lemma 3.19 Let ¢ be a tidy function. For every e > 0 there exists a T = T'(¢) such that
if onr® > T'lnn then

(1—¢e)k <M, <(1+¢e)k a.a.a.s.,
where k = onr? [ .
Let us choose T large, to be determined later. Let us pick an arbitrary & > 0 such that
(11’:,,)2 <1l+4¢and L‘ri: > 1 — ¢, and proceed as in the proof of the previous case, picking
t; < -+» <ty in such a way that t;;1/t; < 1+¢€', t; = t,t,, = T and defining Ggf) in the
same way as before for i =2, ..., m. Let G be the graph with distance threshold

r(n) if onrd > t,, Inn;

Tmt1(n) == { (%)% otherwise.

Q)
Proceeding as in the previous part we know that ngﬁ-); < (1+e)z(t;) < H= aaas. for
w(Gy
2 < i <m. We also have that

X(Gg)) > (1 =€) sup,egé(p,tioi)tiilnn aaas.,
W(GY) < (1+)E(@o, tir1 )t Inn aaas.

and hence:
(@) /
X(Gn') (1 =&t SUPg;ezrf(%ti—l)
— > . > (1 —¢)x(tis) =2 (1 —e)x(t) a.a.a.s.,
w(@D) ~ L+t ¢ (o, ti) (= eJoltia) 2 (1 ~e)alt)

using again the decreasingness of £(yo,t) and the non-decreasingness of x. It remains to
be seen the same is true for G (for some choice of T').

By Lemma 3.6 for any €” > 0 there exists a constant ¢ = ¢(e”) and tidy, (1+¢”)-feasible
functions ¢, ..., ¢, such that

X(Gn) < (1+ ") max M,, +c,

In fact this bound holds uniformly in 7 > 0. Now let us set ¢}(z) := ¢;((1 4+ €"”)x) then

Joi= 0+ [ < (1+e")%5 by Lemma 3.7. Furthermore, from Theorem 3.1 and

Theorem 3.4 (taking ¢ = 0o) we see that we also must have (1 + &”) max;—1.., [ ;i > 595.
Thus, in view of Lemma 3.19, T, " can be chosen such that onr? > T Inn implies:

6 (@) (@) 6
1 —¢&)— < liminf <l <(1+¢&)— as.,
( 5)2d5_ imin Jnrffwrl < lim sup Jnrffﬁl <( S)Qdaas
( glerl)) w( glﬂ’H*l))
(1-¢&" /gpo < lim inf y < limsup ————= < (1 +¢) /900 a.s.
onre, onre,
This concludes the proof. O
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4 Proofs of statements about My, and M,
The proofs in this section make use of the following results on o.

Proposition 4.1 ([13]) Let W C R? be bounded with positive Lebesque measure and fiz
e > 0. Then there exist Q(r~%)-many disjoint translates x1 +rW, ... xx +1W of rW with
v(z; +rW)/vol(riV) > (1 — ¢€)o.

A proof can be found in appendix B of [13]. This last result extends to:

Corollary 4.2 Fize > 0 and let W C R? be bounded and let W1, ..., Wy be a partition
of W with vol(W;) > 0 for all i. Then there exist Q(r~%)-many points x1,...,xx such
that the sets x; +rW; are pairwise disjoint and v(x; + rW;)/vol(rW;) > (1 —e)o for all
i=1,... . N.j=1,.. . k.
Proof: Set p; := YIC;II((IS/V))
with N = Q(r7¢) such that the sets x; + W are disjoint and satisfying v(x; + rW) >
(1 — pe)ovol(W)r?. By construction the sets z; + rWW; are disjoint. We now observe
that v(z; + rW;) must be > (1 — &)o vol(W;)r?, because otherwise v(z; + rW) < (1 —
p;)o vol(W)ri+(1—e)op; vol(W)r? = (1—p;e)o vol(z;4+rW) < v(z;4+rW), a contradiction.
O

,p := min; p;. By Proposition 4.1 there exist points z1,...,xy

For the proofs in this section we will also need some bounds on the binomial, Poisson and
multinomial distributions. The following lemma is (one of) the so-called Chernoff-Hoeffding
bound(s). A proof can for instance be found in [15].

Lemma 4.3 Let Z be either binomial or Poisson with p:=EZ > 0. Then it holds that
(1) If k> p then P(Z > k) < e M0G0
(i) Ifk < pu then P(Z < k) < e #HG),

Often the upper bound given by Lemma 4.3 is quite close to the truth. The following
lemma gives a lower bound on P(Po(x) > k) which is sufficiently sharp for our purposes
(see [15] for a proof).

Lemma 4.4 For k, > 0 it holds that P(Po(u) = k) > <= e HHIG),

A direct corollary of lemmas 4.3 and 4.4 is the following result:

Lemma 4.5 For a > 1 it holds that P(Po(u) > ap) = e #1(@)Folw),

Another bound on the binomial and Poisson that will be useful in the sequel is the following
standard elementary result (see for instance [12]).
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Lemma 4.6 Let Z be either binomial or Poisson and k > p:=1EZ. Then

() <Pz 2 k) < ()

ek

IN

We will also need the following result, which is due to [9]:
Lemma 4.7 Let (Zy,...,Zy) ~ mult(n;p1,...,pm). Then

P(Z) < k.. T < ki) < T, P(Z; < k).

Proof of Lemma 3.17, part (i): We first remark that it suffices to prove the result for
W a ball. This is because W is bounded and hence we must have W C B(0; R) for some
R > 0 (and hence also My < Mp(o;r), so that Mp,r) < k implies My, < k). Furthermore,
since W is a ball it is clear that My, is non-decreasing in r and we may assume without
loss of generality that r is chosen such that nr? = n=. If some translate of 7/ contains
k + 1 points, then some X; has at least k other points at distance < 2Rr. Hence

P(My > k+1) <P(Ji: N(B(X;;2Rr) > k+1) < nP(N(B(Xy;2Rr)) > k+1).
Note that

P(N(B(Xl;QRT)) >k + 1) < P(Bi(n,aQQderd) > k) < (M)k
= O(n~ko),

where we have used Lemma 4.6. As o > %, we have o := ka— 1 > 0. We find

P(My > k+1) = O(n™).
Unfortunately this expression is not necessarily summable in n so we cannot apply the
Borel-Cantelli lemma directly. However, setting K := (&} + 1, we may conclude that
P( My (m®,r(m™)) < k for all but finitely many m) = 1,

because Y, (mf)™® < co. We now claim that from this it can be deduced that My, < k
a.a.a.s. Note that

— 1K
fig M= D7)y
mece (k)
d r((m=1)")

because nr® = n~®. Consequently v := sup,, Ry < 0. By the previous we may also
conclude that

P(M,w (m™,r(m™)) < k for all but finitely many m) = 1.
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Let n,m be such that (m — 1)¥ < n < mf. Note that for any z € R? it holds
that « +r(n)W C x + yr(m®)W as yr(m&) > r((m — 1)X) > r(n). In other words if
My (n) > k + 1 then also M,y (m”) >k + 1. Thus it follows that

P(Myw (n,r(n)) < k for all but finitely many n) = 1,

as required.

Proof of (ii): We may again assume that W is a ball. This is because W has non-empty
interior and it must therefore contain some ball B, so that it suffices to show Mg > k
a.a.a.s. Again, by the fact that My, is non-decreasing in r (when W is a ball) we may
assume wlog that r is chosen such that nr? = n=%. By Proposition 4.1 we can find disjoint
translates Wy, ..., Wy of rW satisfying v(W;) > (1 — &)ovol(W)r? where N = Q(r=%).
Now notice that the joint distribution of (N(W;), ..., N(Wx), N(R?\ U;W;)) is multinomial,
so that we can apply Lemma 4.7 to see that

P(My <k—1) <PN(Wy) <k —1,..., N(Wy) <k —1) <IELPON(W;) < k- 1).
The (marginal) distribution of N(W;) is Bi(n, v(W;)), so that Lemma 4.6 tells us that

—kB

P(N(W;) > k) > (”(1 - 8)(;]:01(W)Td

¥ =cn

Thus

P(My <k—1) < (1 —en )N < exp[—en " N].
As nr? =n=" we have r~¢ =n!'*P. As B < ﬁ we also have ' := 14 3 — kB > 0, so that
n~ N = Q(n”). Thus
P(My <k —1) < exp[-Q(n”))],

which is summable in n. It follows from the Borel-Cantelli lemma that My, > k a.a.a.s.
as required. O

Proof of Lemma 3.18: As in the proof of the previous lemma we may again assume that
W is a ball. Set k(n) :=Inn/In(™2%). Let us first consider the lower bound. Completely
analogously to the proof of Lemma 3.17, item (ii), we have

P(My < (1-¢)k) < (1—P(Bi(n,Cr?) > (1 —e)k)*™"

< expl=0(r () )
= e[ expl~(1 - h(In(—p) + D)), (29)

with C := (1 —¢e)ovol(W), D := ln(e(lge)). By choice of k:
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k(ln(%)JrD) = lnl(né) {n(fﬁ) I(IH(EZ)HD}

lnn lnn

= lnn {1—ln(ln( ))/l ( )+D/l ( Td)}. (30)

If n=% < nr? < BInn then 22 > L Thus, if 3 = B(¢) > 0 is chosen small enough then:

wrd 2 5
k D — In(In(24))
k(ln(nrd)+D): <1+ In(3) Inn <lInn. (31)
Also note that r~7 > i = n'*+°) Combining this with (29) and (31), we get
P(My < (1 —e)k) < exp[—Q(r~%e~(1=9)nn)] = exp[—Q(r~dn~1+ete)]
< exp[_na—ko(l)]'

This last expression sums in n, so we may conclude that My > (1 — e)k a.a.as. if
n? <nrd < Blnn for 3 = B(e) > 0 sufficiently small.

Let us now shift attention to the upper bound. As in the proof of item (i) of Lemma 3.17
the obvious upper bound on P(My > (1+¢)k) does not sum in n. Unfortunately the trick
we applied there does not seem to work here and we are forced to use a more elaborate
method. For s > 0 let us set

M(n,s) :==maxN(x + sW), k(n,s) :=Ilnn/ ln(lnn

z€R4 ns?

)-
Note that k(n,s) is increasing in n and s and so is M(n,s) (because W is a ball). The
rough idea for the rest of the proof is as follows. We fix a (large) constant K. Given n we

appoximate n by m, chosen to satisfy (m — 1)% < n < mf, and we approximate r by
§ > r, which is one of O(Inm) candidate values s1, ..., sy(n), in such a way that

(a) M(m",3) < (1+5)k(m*,3) a.a.as.
(b) (1+ 5)k(m™,5) < (1+e)k(n,r);

Note that M(m%,5) > M(n,r(n)) because m > n,§ > r and W is a ball, and that
combining this with items (a) and (b) will indeed show that M(n,r) < (1 + ¢)k a.a.a.s.
The reason we have chosen this setup is that if the constant K is chosen sufficiently large
we will be able to use the Borel-Cantelli lemma to establish (a), making use of the fact
that we are only considering a subsequence of N and § is one of O(Inm) candidate values.

Let us pick s;(n) < sa(n) < ... such that k(n,s;(n)) = i. Let us denote by A(n) the
event

A(n) :={M(n,s;(n)) > (1 + %)z for some 1 < i< I(n)},
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with I(n) :=lnn/ ln(%), the value of k(n, s) corresponding to ns? = 231Inn, where 3 =
B(e) is to be determined later (note that k(n,s) = i implies that In(2%) = =) By
computations done in the proof of (i) of Lemma 3.17 we know that

k(n,s)

d N\ (+35)k(n,s)
C’ns) 2 :nef(lJr%)k(n,s)(ln(W)JrD)’ (32)

P(M(n,s) > (1+ 2)k(n, s)) < n <W

2

for appropriately chosen constants C, D. We may assume wlog that D < 0. By (30) we
have that

k(n, s)

nsd

k(n, s)(In < ) +D)>Inn(l+ ).

In(355%)

If 51 < s < sy then Inn/(ns?) > % Hence, by taking § = ((e) sufficiently small we can
guarantee that for s; < s < 57

€ € D
(1+5)(1+ 1n(1“”)) > (1+5)d+ ()

) > 1,

nsd

as we assumed wlog that D < 0. Let us write 1 4c:= (14 5)(1+ ln('i)). By (32) we have
28
that for s;(n) < s < 51 (n):

B(M(n,) 2 (14 S)k(n, 5)) < ne (DRI < oot

It also follows that

P(A(n)) < I(n>nfc+o(1) _ nchro(l)‘

This last expression does not necessarily sum in n, but if we take K such that K¢ > 1
then we can apply Borel-Cantelli to deduce that (a) holds, ie.:

P(A(m™) holds for at most finitely many m) = 1.

Now let n € N be arbitrary and let m be such that (m — 1)X < n < mf. Let i be
such that s;(m%) < r(n) < s;y1(mf). We first remark that if n=" < nrd¢ < Blnn then
(mE)=F <mfrd < (%)Kﬂln(mK), giving:

1+ o0(1) K In(mf)
<km™,r)<—(1+o(1 )
S Sk ) < (1 o) T
So for n sufficiently large, we must have % < i < I(m®). To complete the proof we now

aim to show that (for n large enough)

{M(n,r(n)) = (1 + )k(n,r(n))}
Y
1

{M(m", 51 (m”)) = (1+ 5)k(m", sipa(m™))}
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It suffices to show that (1+e)k(n,r(n)) > (1+ 5)k(m™, s;p1(m”)), because M(n,r(n)) <
M(m* s 1 (m®)) (W is a ball). To this end, notice that
k(n,r(n)) = k((m =1, si(m"))
1

( i
( )/

= In((m — 1))/ In(20 )

= (In(m®) + In((m2) ))/(m(mKS L))Hn(%))
= () + 0G) /(257 + o)

— In(mF)(1+ o(1))/25 (1 4 (1))

= i(1+0(1)),

where in the fourth line we’ve used that In(1+z) = O(z), the definition of s;(m) and that

1< 131‘5,(7’;}‘)}5_"{; < (=25)%, and in the fifth line we've used that ln(n;K) > 1?((25)) In( ﬁ)
So if n is sufficiently large, and 3 = () > 0 is chosen sufficiently small then
(1+e)k(n,r(n)) > (I+e)(1+o0(1))i> (1+5)(1+206)
> 1+5A+Hi=(1+5)@E+1)
- (1 + %)k(m 782+1(mK))7
as required, where we've used that i > . O

Lemma 3.18 also allows us to deduce the following corollary, which is of independent
interest and extends lemma 5.3 of [12].

Corollary 4.8 Let W C R? be bounded with non-empty interior. If n=¢ < nr¢ < Inn for

all e > 0 then

My 1 a.s
— — .S.
k(n) ’

with k(n) :==Inn/In(24).

Proof of Lemma 3.19: Let us first observe that it suffices to prove the result for ¢ a
simple function, because the functions ¢ we are considering can be well approximated by
the functions cplower, UPPer defined by:

(plzwer = Z (T)l{%<¢gﬁ}a @?n?per = Z (E)l{%<§0§%}7
—1 k=1

Here we mean by “well approximated” that @lo% < o < PP for all m and
lim [ o = tm [ o = ¢(o,0) (33)
m—0o0 m—0o0

Observe that (33) follows from the dominated convergence theorem (¢ is bounded and has
bounded support). Also observe that the sets {ppPP*" > a} = {¢ > LamJ} and {plover >
a} ={p > %} have a small neighbourhood for all a.
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Clearly Mpiower < M, < Mupeer. Thus the result for non-simple functions will follow
from the result for simple functions by taking m such that [ @uPPer — [ lower < = [ and
setting 1" := max(71,T3), where T is the value of T'(5) we get from the result for simple
functions applied to @pPP* and 75 is the value of T'(5) we get from the result for simple
functions applied to plover,

In the remainder of the proof we will always assume that ¢ = > a;14, is a simple
function with the sets A; disjoint and bounded and that {¢ > a} has a small neighbourhood

for all a. Let us set

k.= am‘d/go. (34)

It remains to show that (1 —e)k < M, < (14 ¢)k a.a.a.s., whenever onr? > T'lnn for
some sufficiently large 7= T'(¢).

Proof of lower bound: Let N ~ Po((1 — 155)n) be independent from Xy, Xo,.... It will
be useful to consider Xj,..., Xy (rather than Xi,..., X)), because they constitute the
points of a Poisson process with intensity function (1 — 155)nf (where f is the probability
density function of v), see for instance [7].

By corollary 4.2 there are Q(r~?) points z,...,xx such that v(x; +rA;) > (1 —
100)0\701(/1 )r dforall 1 <i< K,1<j <m and the sets z; + rA,; are disjoint. For the
current proof we will only need that K > 1, but the fact that K = Q(r~%) will be needed
for the proof of Theorem 3.1, which proceeds along similar lines as the current proof. Let
us set M; = Zjvzl o(22%) 50 that

T

Mi = CLlNN(.TZ‘ + TAl) + -+ CLmNN(I'Z’ + TAm),

where Ny (B) := [{Xi,..., Xy} N B| denotes the number of points of the Poisson process
in B. Note that Ny(z; + rA;) is a Poisson random variable with mean at least

pi=(1— m) g vol(A;)nrt.
Setting
N
Xi X
M = sup Y o ),
zeRd ]
we have

P(M, < (1 —e)k) <P(My < (1= e)k,..., Mg < (1 —e)k) = L, P(M; < (1 —e)k),

where in the last equality we have used that distinct M; depend on the points of a Poisson
process in disjoint areas of R? and hence the M; are independent. If Z = a1 Z1+ - -+ a;nZm
with the Z; independent Poisson variables satisfying EZ; = pu; then M, stochastically
dominates Z, so that:
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P(M, < (1—e)k) <P(M, < (1—e)k)+P(N >n) <P(Z < (1-e)k)* +P(N > n),

and consequently, by Lemma 4.3

P(My, < (1—¢e)k) <P(Z<(1l—¢e)k)+P(N>n)<P(Z<(1l-¢e)k)+e ",

where a 1= (1 — 15 )H(:==) (and we’ve used that K = Q(r~?) is > 1 for n sufficiently
100

large). On the other hand (using Lemma 4.3):

YL P(Zi < )
m - max; P(Po(u;) < a—lﬁ/”)
m - exp[— min; p; H Ujlﬁ ].

P(Z < (1 - 2)k)

IA A

IN

Now suppose that 7" has been chosen in such a way that (and we may suppose this)

€ 1—¢
T-(1——) -minvol(4;) - H | —F7 | >2.
( 100) milnvo( ) ((1_WE())2)_

It follows that Y P(M, < (1 —¢e)k) <m)  n 2>+ e * < oo, which concludes the
proof of the lower bound.

Proof of upper bound: We may assume wlog that a; > as > --- > a,, > 0 and that
the sets A; are disjoint (note the A; are bounded by assumption). Recall that A, denotes
A+ B(0;n) = UgeaB(a;n). For n > 0 let ¢, be defined by

on(z) 1= a; if x € (A3)y \U;i(A))y,
e 0 ifxd(A4),foralll <i<m.’

and let 7 be chosen such that [, < (1+ 5) [ ¢. This can be done, because:

vol((Ai)y \ U;<;(A45)y) — vol(A) = vol((U;<; Aj)n \ (U;<; Aj)n) — vol(U;<; 4 \ (U5 45))
= (VOI((UjSi Aj)y) — VOI(Ujgz‘ A;))
_(VOI((Uj<i Aj)n) - VOI(Uj<i Aj))7

and this can be made arbitrarily small by taking n > 0 small, since the sets | J i<i Aj =
{¢ > a;+1} and Uj ;A5 = {¥ > a;} have small neighbourhoods. Thus we can choose 7
so that vol((Ai), \ U;-;(A;)y) < (1 + 155) vol(A;) for all i, and then we also have [ ¢, =
5, 4 vol((A), \U, o (4,),) < (14 155) 3, i vol(A) = (14 155) [ . Clearly g, (2) > ()
for all z giving M, > M,.

Similarly to what we did for the lower bound, let N ~ Po((1 + 155)n) be independent
of the X; and set
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We have

P(M, > (1+e)k) < P(M, > (1+)k) + P(N < n) <B(M, > (1+2)k) + e, (35)

for some a > 0 (where we have used the Lemma 4.3). Again the points Xi,..., Xy are
the points of a Poisson process, this time with intensity function (1 + 55)n.f.

Let R > 0 be a fixed constant such that the support of ¢, is contained in
(R exists because we assumed the A; are bounded). Let U be uniform on [0,7R)% and let
['(U) be the random set of points U + rRZ? (= {U + rRz : z € Z%}). For x € R let M,
be the random variable given by Zjvzl @n(b). Let us define

T

[—_R E)d

272

M(U) := max M,.
zel(U)

If [[p — q|| < nr then ¢, (=2) > ¢(=12) for all « by definition of ¢,. For any ¢ € R, the
probability that some point of T'(U) lies in B(q;nr) equals
On?
P(L(U) N Blginr) # 0) = 47
(We may assume wlog that R is much larger than 7).) Because Zjvzl gp(Xjr_x) < Zjvzl gpn(X"T_y)
whenever ||z — y|| < nr, this gives the following inequality:

P(M(U) > (1+e)k|M, > (1 +¢e)k) > QR—nj.

We find:
Rd
P(M, > (1 +e)k) < WIP’(M(U) > (14 ¢)k). (36)
n
Let us now bound P(M(U) > (1 + ¢)k). To do this we will condition on U = u and give a
uniform bound on P(M(u) > (1+¢)k). The random variables M., z € I'(u) can be written
as ayM, 1 + -+ + a, M., with the M, ; independent Poisson variables with means

EM,, <(1+ ﬁ)Q vol(Ay)onr® =: ;.

Let us partition I'(u) into subsets 'y, ..., T'x with K = O(r~%) such that

> EM.; < forallie{1,...,m}. (37)

ZGF]'
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To see that this can be done, notice we can inductively choose maximal subsets I'; C
I'(u) \ Uj; Ty with the property >- o EM.; < p; for all i € {1,...,m} (where by
maximal we mean that the addition to I'; of any 2 ¢ (J;.; I’y would violate this last
property). With the I'; chosen in this way, we must have that I'; U {z} violates one of the
constraints (37) for any z € I';;;. Thus, in particular > ", > er,ur;y, BM:; > ming g if
I'j11 # 0. Consequently, if we were able to select K subsets I'; we must have

LEJ i -<§:§:ZEM-< (14 —)n
5 miln,uz_ 20 > 100 n,

j=1 i=1 z€l;
where the second inequality follows because the M. ; correspond to the number of points of
a Poisson process of total intensity (1 + 355)n in disjoint regions of R?. So we must indeed
have K = O(r~%), and that the process of selecting I'; must have stopped after O(r—9)

many I'; were selected.
Set Mp; := > .cp, M. As T'(u) = J; I'; we have

M(u) = max M, < mapr
z€l(u)

Note the Mr, are stochastically dominated by Z = a12; + - -+ + @, Zp, Where the Z; are
independent with Z; ~ Po(u;). Thus

P(M(u) > (1+¢)k) < KP(Z > (1 +¢)k).

Because this bound does not depend on the choice of u we can also conclude

PMU) = (1+e)k) = /{0 PO 2 (15 2)8) o
< KP(Z > (1+e)k), (38)

where fy is the probability density function of U. We then have:

P(Z>(1+ek) = P(CaZi > gty Yam) < L2 P2 > qiipm)
< m-exp[— min; u; H (@ﬁ)],

using Lemma 4.3. Now suppose that 7' = T'(¢) has been in such a way that (and we may
suppose this):

1+e¢
T (14— -minvol(4)-H| ——"_) >3,
(—i—loo) milnvo( ) ((1+fm)2)_3

so that

. l+¢ _3
exp|— min p; H <7)] <n’,
! (14 155)?
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whenever onr¢ > T'lnn. Because K = O(r~%) and onr? > T'Inn, we have that K = O(n).
By (38) we then also have P(M(U) > (1 + €)k) = O(n?). Combining this with (35)
and (36) we find

P(M, > (1+e)k) = O(n?).

The Borel-Cantelli lemma now gives the result. O

Our next target will be to prove Theorem 3.1. We will do this along the lines of the proof
of Lemma 3.19. We will however need a generalisation of the Chernoff bound to weighted
sums of Poisson variables, which is given by the following lemma.

Lemma 4.9 Let X;,...,X,, be independent Poisson variables with X; ~ Poi(\;u) where
Ai >0 1s fized, and set Z := a1 X1+ -+ + @ X, with ay, ..., a,, >0 fived. Then for s >0
(fized):

PZ>/LZ)\CL6% = exp|— Z/\H “%) 4+ o(p)]

Proof: The moment generating function of Z (evaluated at s) is
Ee*? = II;Ee%sXi = exp[z Aip(e®® —1)].

Hence Markov’s inequality gives

IP)(Z > uzi )\i&ieais) = [P’(esz > eNSZi )\aieaiS) < exp[zi ﬂ)\i(eais _ 1) — us ZZ )\iaieais]
— eXp[_IU“ ZZ )\i(a/iseais — eaiS + 1)] — exp[_lu ZZ )\ZH(eals)]

On the other hand,

P(Z >y Nae™) > P(Xy > phie™, ., X > phne®™) = exp[—p > NH(e"*)+0(p)],

using Lemma 4.5. O

Proof of Theorem 3.1: The case when ¢t = oo follows from Lemma 3.19, so we only
need to consider ¢ < oo here. We shall proceed as in the proof of Lemma 3.19. Again it
suffices to prove Theorem 3.1 for ¢ a simple function, because the functions ¢ considered
can be well approximated by the functions @2 pUPPT defined in the proof of Lemma 3.19,
where this time we mean by “well approximated” that

Tim (g t) = lim E(op, 1) = &(p,1). (39)

Observe that (39) follows from part (vi) of Lemma 2.1 (¢ is bounded and has bounded
support). So the result for non-simple functions will follow from the result for simple
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functions by noticing that Mowe < M, < M uwrer for all m and taking m — oco. We
remark that if o = > a;14, is a simple function with the sets A; disjoint, then

Jpa p(z)e?@dz = 377 a;e vol(4;),
Jpa H(e3¥®)dz = 377 H(e*) vol(A;).

Let us set

k= &(p, t)onr, (40)

Again it suffices to prove that (14 ¢)k < M, < (1 +¢)k a.a.a.s., for any € > 0.
Proof of lower bound: We will proceed as in the proof of the lower bound in Lemma 3.19.
We again have that:

P(M, < (1—¢e)k) <P(Z < (1 —e)k)X +e7om, (41)

where o > 0 is a fixed constant, K = Q(r~%), and Z = a1 Z; + -+ + @, Z,, with the Z;
independent Po(p;)-random variables, where p; := (1 — =)?onr?vol(4;). We can write

100
(1 B 8) = sa; « s'a;
P(Z<(1—-e)k)=PZ< ﬁ Zaie ) =P(Z < Zaie ),
7100/ =1 i=1

where s’ = s/(t,¢) solves > a;e¥ % vol(4;) = (19;5))2 S azeivol(A;). Note s’ < s and
100

(provided ¢ is small enough) also s’ > 0. Lemma 4.9 now gives:

m

1-P(Z < (1—e)k) =P(Z > (1—e)k) = exp[—(1 — ﬁ)%md(z H(e%*') vol(A;) +0(1))]

As 0 < ¢ < s we have that Y_/" | H(e%*) vol(4;) < Y1, H(e%*)vol(A;) = 1. Conse-
quently there is a constant ¢ = ¢(t,e) > 0 such that

P(Z > (1 —e)k) = exp[—(1 — ¢ + o(1)) Inn] = n~Ferell),
It follows that

P(Z < (1—e)k)" < (1 —n "W)X < exp[—Kn~ W] < exp[—ntW)],

using that K is at least n'™W (as K = Q(r~?) and r™¢ ~ ), we see that the right
hand side of (41) sums in n, so that we may conclude that M, > (1 — ¢)k a.a.a.s. by
Borel-Cantelli.

Proof of upper bound: Let N, M, 7, ,, M(U) be as in the proof of the upper bound
in Lemma 3.19. We again have

P(M(U) > (1+e)k) < KP(Z > (1 +2)k),
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where K = O(r~%) and Z = a1 Z; + - - + @, Z,, with the Z; independent Po(y;) random
variables, where 11; := (1 + 55)? vol(A;)onr?. We now have

l+e¢ 5 s'a;
P(Z>(1+¢e)k)=PZ (1 s E a;e* ;) =P(Z > E a;e® ),
T05) p ~

where s' = s'(g,t) is such that > a;e*% vol(4;) = (IJ&% > ae’¥ vol(A;). Note that

s' > s, giving >, H(e* %) vol(A;) > 3, H(e*%) vol(4;) = %, and consequently

sal d S/ai —
ZH 1+m onr zi:H(e )vol(4;) = (1+c+o(1))Inn,

for some ¢ = c(e,t) > 0. Since K = O(r~%) < n for n large enough we find that:

P(M(U) > (1 +e)k) <nP(Z > (1 +e)k) = nexp[—(1+ ¢+ o(1))Inn] = n=¢T°W (42)

Unfortunately this does not necessarily sum in n, so we will have to use a more elaborate
method than the one used in Lemma 3.19. Note that for any 0 < " < n we have, completely
analogously to (36):

Rd
~ 0 =)
By (43) and (35) we also have that for all 0 <’ < n:

B(OM,, > (1+e)k) < _P(M(U) > (1 +e)k), (43)

]P)(Mcp ) 2 (1 + 8)/{) S nchro(l) + e—an — n*C‘l’O(l)‘
n
Although the right hand side does not necessarily sum in n, it does hold that if L > 0
is such that ¢L > 1 then we can apply the Borel-Cantelli lemma to show that
P(M,,, (m",r(m")) < (1 + e)k(m*) for all but finitely many m) = 1. (44)
We now claim that from this we can conclude that in fact M, < (14 2¢)k a.a.a.s. To this
end, let n € N be arbitrary and let m = m(n) be such that (m —1)r < n < m”. The claim
follows if we can show that (for n sufficiently large)
{M,,, (m", r(m")) < (1 +e)k(m")} = {My(n) < (1 +2¢)k(n)}. (45)
To this end we will first establish that (for n sufficiently large and) for any x, y:

y—T y—
o( () ) < @n/(m)' (46)

Since the support of ¢ is contained in [=F, 1—2%]‘1 we are done if Hy IH > dlam([O B1d) =: 4.
If on the other hand [|£=%[| < v then || 4% | = 11— || = o(1)
(because nr ~ tlnn giving r(n) = (1 + 0(1)) (m!)), so that for n sufﬁmently large this is

r(mL
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< n" and thus (46) holds uniformly for all z,y (for such sufficiently large n), as required.
Since we also have k(n) = (1+0(1))k(m’), equation (45) does indeed hold for n sufficiently
large, which concludes the proof. O

5 Proof of Lemma 2.1

The case t = oo is always trivial, so in the proofs we will only consider the case when
t < o0o0. On several occasions in the proof below we will differentiate an integral over
r € R? wrt a parameter s and swap the order of integration. In all cases this can again be
justified by means of the fundamental theorem of calculus and Fubini’s theorem, as in the
proof of Lemma 3.14.

Proof of (i): If we differentiate the equation ¢ [ H(e*) =1 wrt ¢ we find:

1
0= /H(es‘p) +t/s/sg0268‘p =5+ s/st/cpZes“",

which gives

s = —1
- tQSfSOQescp'
Thus
d 1,2 sp —1
&S(so,t)—/w €=y

Now notice that ¢ < 1 implies s(p,t) > s(¢,t), so that for all 0 < t < co:

d d
Eﬁ((pv t) > &g(ﬂ)? t),

which implies that &(¢,t) — (¢, t) is non-increasing. Finally, lim; .. £(¢¥, 1) — &(p,t) =
[ — [ ¢ >0, so that we must have {(¢,t) > &(p,t) for all ¢ > 0.

Proof of (iii): We must have s(Ap,t) = s(p,t)/A as [ H(e¥@)¢) = [ H(esPothhe) = 1
So indeed £(Ap,t) = [ ApesMoAe = X [peseDe = \(p, t).

Proof of (iv): Note that the substitution y = Az gives that:

= [ H(e*PNde =" | H(e*W)dy,

R4 R4

1
t
so that s(py,t) = s(¢, A%). Using the same substitution we get

E(pn t) = A1 /R ) p(y)es @ e dy = \lg (o, A7),

42



The upper bound now follows from the fact that A=* > 1 and that s(y, t) is decreasing in
t. The lower bound follows from part (vii), to be proved independently below, because
[ oxlipasay = A% [ pliysq for all a (again by the substitution y = Az).

Proof of (vi): For any fixed s > 0 the dominated convergence theorem (using that
H(e*o) < H(e*¥) and [ H(e®") < o0) gives

im [ H(e) = [ 1)

n—oo

which shows that lim,, .., s(¢n,t) = s(g,t). Thus, for all € > 0 and n sufficiently large:

/ el E0=on < (0 1) < / S @OTIn < / pels@ D+

As [ e+ < o0 the dominated convergence theorem also gives that

/ e D792 < liminf £(p,, t) < limsup (i, 1) < / pelsei)tele,

Two more applications of the the dominated convergence theorem now yield

lim [ pet@D=9% — lim [ pelsleDFee — £(p,t),
e—0 e—0

giving the result.

Proof of (ii): Now that (vi) has been established, we see that it suffices to take ¢,
simple functions. If ¢ = " a;14, (with the A; disjoint) then £(p,t) depends only on
the values a; and vol(A;). Similarly if ¢ := S_F  b;1p, (with the B; disjoint) then &(v), 1)
depends only on the values b;, vol(B;) and similarly £(¢+1), t) is determined by the numbers
vol(A; N Bj),vol(A; \ U?:1 Bj),vol(B; \ U;~; A;) and the a;,b;. We may therefore assume
that all these sets have small neighbourhoods (by taking two different functions if needed).
This means we are assuming , 1) and ¢ -+ 1 all satisfy the conditions of Theorem 3.1. Now
notice that

Mgy = sup, Z?zl(so(ff’”) +p(F)) N
< sup, Z?:l 90(17_:6) + sup, Z?:1 U( Z;y)) = My, + My.

The result now follows from Theorem 3.1.
Proof of (v): Reasoning as in the proof of part (ii) we see that we may assume wlog that

1
¢ satisfies the conditions of Theorem 3.1. Let r satisfy nr? ~ tInn. Let us put A\ = (t%h) <
By Theorem 3.1 we have:

. My(n, A7)
nhjgo oA~ dnrd

=&(p,t+h) as. (47)

Now observe that:
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) - > () b

%
yeRe

Now ¢, also satisfies the conditions of Theorem 3.1 (as ¢ does) so that we see that:

. My(n,A71r)
Jim —omrd (o, t) ass. (48)

Combining (47) and (48) it follows that £(¢,t+h) = (75 )&(a, t). The result now follows
from part (iv).

Proof of (vii): It suffices to show that s(p,t) > s(¢, t) for all ¢, because then the argument
given in the proof of part (i) will give the result. Therefore it also suffices to show that

/ (H(e®) — H(e®)) de > 0, (49)

for all s > 0. Equation (49) is certainly true for s = 0, and it is thus enough to show that

% |:/Rd (H(esw(x)) _ H(ew(x))) dx] _ Séd (¢2($)68w(x) _ @Q(x)esgo(x)> dz >0 (50)

for s > 0. Let us set F(s) := [o. (¢¥*(2) — ¢?*(z)e**™) dz. To show that F(s) > 0
for s > 0, 1t suffices® to show that F(k)(O) > 0 for all £ > 0. To see that this holds, note
that F®)(s) = [o. (WFH2(2)es?® — @ 2(2)es#(®)) dz and that for any k > 1:

Jea¥F(@)dz = foai(@) X duy . duy o dae

- f fO fRd ¢ ]-1/1(90 )>max(ui,..., uk,l)dxdul cee duk—l

> f fO fRd QD (z)>max(u1,..., uk,l)dxdul cee dukfl

= Joa @"(x)da.
Here we have used Fubini’s lemma for nonnegative functions to change the order of inte-
gration and the fact that [ ¢li,sa < [¥1{ysay for all a. 0

2To be completely rigorous, we should remark that we are uslng that the infinite Taylor series of F' about

0 converges to F for all s. Taylors theorem applies because F*) (s f PF2(2)es?(®) — ph 2 (z)es? (@) dg
(1)
is continuous in s for all k. The error terms Ryy1(s) = F(krl)(, )sk"’l (with 0 < ¢ S s) tend to zero, because

F®)(c) < OFF1ecC [4) if C is chosen s.t. p,1 < C' (recall o, are bounded).

44



6 Concluding remarks

In this paper we have proved a number of almost sure convergence results on the chromatic
number of the random geometric graph and we have investigated its relation to the clique
number. Amongst other things we have set out to describe the “phase change” regime
when nr? = ©(Inn). An important shift in the behaviour of the chromatic number occurs
in this range of r (except in the less interesting case § = 1). We have seen that (except
when § = 1) there exists a finite constant ¢y such that if onr? < tyInn then the chromatic
number and the clique number of the random geometric graph are essentially equal in the
sense that

X(Gh)
w(Gy)

and if on the other hand nr¢ > (t, + ¢)Inn for some fixed (but arbitrarily small) ¢ > 0
then the liminf of this ratio is bounded away from 1 almost surely. Moreove, if nr® > Inn
then

— 1 a.s.,

X(Gn) 1
— a.s.,
w(Gn) 9
We have also given expressions for the almost sure limit ¢(¢) of X;ﬁfg) and the almost

x(Gn)
w(Gr)

nr? is bounded above by a negative power of n then with probability one x(G,) = w(G,)
for all but finitely many n. An interesting observation is that g and the limiting constants
¢(t), z(t) do not depend on the choice of probability measure v, and that the only feature
of the probability measure that plays any role in the proofs and results in this paper is o,
the essential supremum of the probability density. We have not spelled this out, but it is
quite straightforward to combine and adapt some of the proofs given in this paper to show
that X(GG")) — 1 almost surely, for any sequence r with r — 0.

xf(Gn
It should be mentioned that considering the ratio igg:g, apart from the fact that it

provides an easy to state summary of the results, can also be motivated by the fact that
while colouring unit disk graphs (non-random geometric graphs when d = 2 and ||.|| is the
Euclidean norm) is NP-hard [3, 4] finding their clique number is in P [3], unlike finding the
clique number in general graphs. In fact finding the clique number of a unit disk graph is
in P even if an embedding (ie. an explicit representation with points on the plane) is not
given [10]. Thus, the results given here suggest that even though finding the chromatic
number of a unit disk graph is NP-hard, the polynomial approximation of finding the clique
number and multiplying this by % (which equals 27‘/3 ~ 1.103 for the Euclidean norm in
the plane) might work quite well in practice.

It is instructive to consider what happens to the ratio of the chromatic number to the
clique number in the Erdés-Rényi model for comparison. Let us consider p = p(n) bounded
away from one. Results of Bollobés [1] and Luczak [8] show that

if onr® ~ tlnn for some t > 0. Furthermore we have shown that if

sure limit x(¢) of
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n In(%)

2lnn

X(G(n,p))

as long as np — oo; and (see for example [6]) for such p

whp

2lnn

w(G(n,p)) ~ whp.

Thus

X(G(n,p)) () In(5)
w(G(n,p)) 41n*n

and the last quantity tends to infinity if np/Inn — oo. Thus, the results on the chromatic
number given here and in [12, 15] highlight a dramatic difference between the Erdés-Rényi
model on the one hand and the random geometric model on the other hand.

Although we have presented substantial progress on the current state of knowledge on
the chromatic number of random geometric graphs in this paper, several questions remain.
Our proofs for instance do not yield an explicit expression for ¢y (when 6 < 1) and it would
certainly be of interest to find such an expression or to give some (numerical) procedure
to determine it. More generally, it is far from trivial to extract information from the
expression for x(t) we have given in Theorem 3.4. At present we are still lacking a good
understanding of the class of functions F and the behaviour of £ on this class.

A question that has not been addressed at all in this paper is the probability distribution
of x(G,). In a recent paper by the second author [13] it was shown that when nr? < Inn
then x(G,) is two-point concentrated, in the sense that

whp

P(x(Gn) € {k(n), k(n) +1}) — 1,

as n — oo for some sequence k(n). Analogous results were also shown to hold for the clique
number w(G,,), the maximum degree A(G),) and the degeneracy 6*(G,,). For other choices
of r the distribution of x(G,,) and w(G),) and §*(G,,) is not known. However, it is possible
to extend an argument in [15] to show that if v is uniform and Inn < nr? < (Inn)? then
A(G,,) is approximately doubly exponential and if nr? = ©(Inn) then A(G,,) is not finitely
concentrated and the distribution does not tend to a nice limiting distribution.

7 Acknowledgments

The authors would like to thank Joel Spencer for helpful discussions and e-mail corre-
spondence related to the paper. We would also like to thank Gregory McColm, Mathew
Penrose, Alex Scott, Miklos Simonovits and Dominic Welsh and for helpful discussions re-
lated to the paper, and Karolyi Boroczky Jr. both for helpful discussions and for allowing
him to reproduce the proof of Lemma 3.12 in appendix A below.

46



References

1]

2]
3]

[4]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

B. Bollobds. The chromatic number of random graphs. Combinatorica, 8(1):49-55,
1988.

V. Chvatal. Linear Programming. W. H. Freedman and Company, New York, 1983.

B. N. Clark, C. J. Colbourn, and D. S. Johnson. Unit disk graphs. Discrete Math.,
86(1-3):165-177, 1990.

A. Graf, M. Stumpf, and G. Weiflenfels. On coloring unit disk graphs. Algorithmica,
20(3):277-293, 1998.

P. M. Gruber and J. M. Wills. Handbook of Convex Geometry. North-Holland, Ams-
terdam, 1993.

S. Janson, T. Luczak, and A. Rucinski. Random graphs. Wiley-Interscience Series in
Discrete Mathematics and Optimization. Wiley-Interscience, New York, 2000.

J. Kingman. Poisson Processes. Oxford University Press, Oxford, 1993.

T. Luczak. The chromatic number of random graphs. Combinatorica, 11(1):45-54,
1991.

C. L. Mallows. An inequality involving multinomial probabilities. Biometrika,
55(2):422-424, 1968.

M. V. Marathe, H. Breu, H. B. Hunt, III, S. S. Ravi, and D. J. Rosenkrantz. Simple
heuristics for unit disk graphs. Networks, 25(2):59-68, 1995.

J. Matousek. Lectures on discrete geometry, volume 212 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 2002.

C. J. H. McDiarmid. Random channel assignment in the plane. Random Structures
Algorithms, 22(2):187-212, 2003.

T. Miiller. Two-point concentration in random geometric graphs. Combinatorica, to
appear.

J. Pach and P. K. Agarwal. Combinatorial geometry. Wiley-Interscience Series in
Discrete Mathematics and Optimization. John Wiley & Sons Inc., New York, 1995. A
Wiley-Interscience Publication.

M. D. Penrose. Random Geometric Graphs. Oxford University Press, Oxford, 2003.

C. A. Rogers. Packing and covering. Cambridge Tracts in Mathematics and Mathe-
matical Physics, No. 54. Cambridge University Press, New York, 1964.

47



[17] E. R. Scheinerman and D. H. Ullman. Fractional graph theory. Wiley-Interscience
Series in Discrete Mathematics and Optimization. John Wiley & Sons Inc., New York,
1997.

[18] J. H. van Lint and R. M. Wilson. A course in combinatorics. Cambridge University
Press, Cambridge, second edition, 2001.

A The proof of Lemma 3.12

In this appendix we will give a proof of Lemma 3.12 above. The proof is due to K. Boroczky
Jr. and we reproduce it here with his kind permission, as it is not readily available from
other sources. The proposition is a generalisation of a statement proved by the second
author.

Proof of Lemma 3.12: Let us set [ := Ngea(a + C). Then I is compact and convex.
We may suppose wlog that vol(I) > 0 (otherwise there is nothing to prove). Let us remark
that

I+cl(—A)CC.

This is because for any x € [ and a € A there exists a ¢ € C such that x = ¢ + «a,
by definition of I. Hence, for any x € I,a € A we have © — a € C. In other words
I+ (—A) C C. This also gives that I 4+ cl(—=A) = cl({ + (—A)) C C as C' is closed. We
will need the following result (see chapter 12 of [11] for a very readable proof).

Theorem A.1 (Brunn-Minkowski inequality) Let A, B C R? be nonempty and com-
d
pact. Then vol(A + B) > <vol(A)§ + VOl(B)é) ,

The Brunn-Minkowski inequality gives that

=

< vol(I + cl(—A)) < vol(C)a.

-

vol(I)# + vol(cl(—A)) (51)

Thus:

vol(1) < (vol(C)* — vol(4)3) . (52)

The proposition will now follow by showing that if A is of the form A = A\(—C') for some
A > 0 then equality holds in (52). Let us thus suppose that A = A\(—C') for some 0 < A < 1
(note A > 1 would contradict vol(I) > 0). We claim that in this case

(1-\CC 1. (53)

Observe that this will prove that equality holds in (52) (as in this case vol(/) > (1 —
N)4vol(C) and vol(A) = A vol(C)), so that it only remains to establish (53). Pick = €
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(1 —=X)C, and let a € A = A\(—C') be arbitrary. We can write x = (1 — A)¢y,a = — ey for
some ¢y, ¢co € C. Because C'is convex, ¢z := (1—A)c;+Aey € C and thus z = a+c3 € (a+C).
As a € A was arbitrary this gives x € I as required. O
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