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We invert a special kind of Radon transform that maps a function to its
Integrals over circles through the origin.

Note. This paper is dedicated to Prof. H.A. Lauwerier on occasion of his 65th
birthday.

E INTRODUCTION
[he Radon transform 1 inte gra] transform
to the set of its integrals over the hy

, that maps a function f: R" —R
perplanes of R". If the hyperplanes of R”
are parametrized by a unit normal 6&S” -1 the unit sphere in R”, and the dis-
tance to the ongin | p |, then we denote the integral of f over one such plane

1S u‘an sfor has many pmc uC al apphications i engineering and medicine
([3,5,7]), but it is also of theoretical interest, with apphcatlons to partial
differential equations, integral geometry and Lie groups ([1,2]). In a more
abstract setting the Radon transform is defined as the transform that maps a
function f defined on a differentiable manifold, to its integrals over certain
submanifolds.

As a special case of this generalized Radon transform we want to study the
Radon transform, denoted by Qf, which maps a function f:R ‘ 5R onto its
Integrals over circles through the origin. This transform has been studied by
John [7] and Cormack & Quinto [5] for functions f:R"—R. Cormack and
into give an inversion formula for this transform by expressing the function
f 1In terms of a (orthonormal) basis of 5phencal harmonics (in L,(S" 1)),
fb) = Z,i(p)Y(6) (peR, #=S" ') and by giving an inversion formula for
each component ﬁ(p) In the case n =2 Cormack [6] n explicit alterna-
tive derivation of an inversion formula for the transform
However, for thus interesting case 1t 1s possible to exp101t the relation
between circles and lines through a Mobius transform. In this way a rather
elementary and transparent derivation of the iversion formula for Qf can be

given. This 1s the purpose of the paper.
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2 ENNmONS

= f f(x)dx. (2.2)

Notice that Lp o =L _; ¢+W In fact, we can represent each line L,
on the cylinder, (p,#6 Sl with 6:= (cos ¢, sin ¢); we can iden t1fy the
points (p,8) and (—p, — ) [Tus intes . yields the relation

Rf(p,¢) = RA(—p,p+m) (2.3)

With the relation between 6 and ¢, we will often write Rf(p,d) instead Rf(p,¢).
gin with centre at (p'/2cos¢’, p’/2sin ¢’)
. 'The reason for the notann p’ and ¢’ will become clear 1n Sec-

et = {(xp)eR? (x, “22"005 &) +(xq—

X 5-ax1$

X 1 -axis

FIGURE 1. Some circles
Define the Radon transform fi-Qf as

Of(p".¢"): = | flx)dx. (2.4)
CP'-#’
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(2.5)

(2.6)

nction of

P: R maps the | ne Ly 4 onto the
conti: uously differentiable. Then we have

C.. o(L,,)

Where J®(x) 1s the Jacobian of @ in x.

If we use the inversion formula for the transform RYf,
find an inversion formula for Of.
mula (2.6), then we obtain.

We necd a function ®: R
pe(—o0,), ¢€[0,2m) omo the famil
¢’ €[0,27). A known type of transforn
vice versa, 1s the ME

mily of lines L, ,,
L) Cpl’,‘#}l, ‘P,E(-“OQ, M),
ation, that maps lines onto circles and

rmation. Consider the mapping M : C —C,

(Cw is the extended complex ne CU {c0}.) M maps a line, not through the

TS Ts the ongm, and a ne through the origin onto a
oh 011 M is a conformal mapping,
SO 1t preserves angles. Let S be the pomt of intersection of the line L > and of
the line L, going through the origin, orthogonal to L, , (Figure 2). M
the line through the origin and M(S). It intersects the circle
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[he coora mates of
. Write S as a com-

S EOHOW irectly from the defi HOH S =(p cos ¢, psin

S e
. So ¢'=—¢ and p’=1/p (Figure 2).

.. . P .
in real coordinates, we obtain the

plex number, S =pe'?, then M (S)=

If we write desired map

d: R*>R

re)

(4.1)

Hnagmary lmaglnary
| axis | ax1s

real
axis

real
axis

The Jacobian is

TR =

With the relations ¢'=—¢ and p’=1/p, where peR and ¢e [0,277] we have
that the family of lines {L, 4} is mapped onto the family of circles {Cro }-

|

(4.2)

J. AN INVERSION FORMULA FOR Q
Substituting y =®(x) in (3.2) we obtain

1 27 0 “5_2 f(p’,9")

Using the transformation of vanables

pl = 1 and ¢'= —d¢, so dp = m--l-—-dp’

P D'
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Here 6’ =(cos ¢/, sin ¢’). Using (4.1), (4.

y=01,»2)
| 2 .
)= Zﬂ":ofm (1/p"Yyt +y35)—(ycos ¢’ +y,sis ¢)dprd¢" (5-2)
Or with an obvious change of nomtion
L 07 (p/.8)
J) = 4772 ffm dp’d?’, (5.3)

where we have used the relation ¢’ =(cos ¢’, sin ¢’).

6. THE DOMAIN OF Q

In Section 3 we inverted the Radon transform f—Rf of a function g of the
form

g(x) = JO(x) @)

If g is a continuous function with compact support, then the Radon inversion
formula holds. So we want to find a region G such that g i1s continuous on G
with support in G. Define the annulus around the pomnt m by A (m,r|,ry):=
B(m,r,)\ B(m,ry), ri<<r,. We know that ¢ [A (0,e,1)]= A(0,1,1/¢), because
M[A(0,¢,1)]=A4(0,1,1/¢). So 1f Jf has support in A(0,¢,1), then g has support
in A(0,¢, 1/¢), and vice versa. Thus if f is continuous with support in
G: = A(0,1,R), then g is continuous with support in A4(0,1/R,1) and the
Radon 1nversion formula can be appled.

. 'HE LUDWIG-HELGASON CONDITIONS
It is not only important to have an inversion formula for a Radon transform,
but also to know some of its properties. For example, for f»Rf there are the
so-called Ludwig-Helgason conditions for a function 4 to satisfy
h(p,8)=Rg(p,0) for some g and (p,f)eRXS'. In this section we formulate
Ludwig-Helgason conditions for the transform fi>QYf.

Recall the symmetry property (2.3) for the Radon transform f-Rf. Ths
property together with the homogeneity property

[ p*Rg(p,6)dp = mc(6), OeS" (7.1)

where () is a homogeneous polynomial of degree k in 6, are called the
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1These conditions are of Imp

by nmse
rmulas, for continuous funcuons . We ali ave the
mmetry -n (2.5). By substituting g(x) J (x) f( (x ) 1n mula

(7.2)

f (---- Y} T2Of (p',6)dp” = 7 (@), (7.3)

f or funcuons f l' 2_3R. For the hish '
funcuon fez Cm( "), g

1l case an
1hey consider the comp

ntegral transform amilies of curves in

plane, the so-called B-curves,

pPeos(B(6—¢)} =rk; B>0, |0—g|<- (7.4)

.I fix f=1, then (7.4)
defined here 1n Section

of one-branched lemniscates o
polas

T, (p/p") — cos(p—¢")

Here I(x) and U(x) are the Tschebycheff polynomials of the first and the
second kind, respectively. If =1 then m =1, and U(x)=1, T(x) =x. So

-5 Of(p’,¢")
U B , ? ’
27r2p b[ [ p/p’ — cos(¢p— ¢>)dp e’

J@.9) = —=—
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formula (5.3).
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