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NONLINEAR ASYMPTOTIC STABILITY OF THE
SEMISTRONG PULSE DYNAMICS IN A REGULARIZED
GIERER-MEINHARDT MODEL"

ARJEN DOELMANY, TASSO J. KAPER}, AND KEITH PROMISLOWS

Abstract. We use renormalization group (RG) techniques to prove the nonlinear asymptotic
stability for the semistrong regime of two-pulse interactions in a regularized Gierer—Meinhardt sys-
tem. In the semistrong limit the localized activator pulses interact strongly through the slowly
varying inhibitor. The interaction is not tail-tail as in the weak interaction limit, and the pulse
amplitudes and speeds change as the pulse separation evolves on algebraically slow time scales. In
addition the point spectrum of the associated linearized operator evolves with the pulse dynamics.
The RG approach employed here validates the interaction laws of quasi-steady two-pulse patterns
obtained formally in the literature, and establishes that the pulse dynamics reduce to a closed sys-
tem of ordinary differential equations for the activator pulse locations. Moreover, we fully justify the
reduction to the nonlocal eigenvalue problem (NLEP) showing that the large difference between the

quasi-steady NLEP operator and the operator arising from linearization about the pulse is controlled
by the resolvent.

Key words. Gierer—Meinhardt, semistrong interaction, renormalization group, geometric sin-
gular perturbation, nonlocal eigenvalue problem (NLEP)

AMS subject classifications. 35P15, 35K57, 35K45, 351325

DOI. 10.1137/050646883

1. Introduction. Pulse solutions are the building blocks for the analysis of
complex patterns in reaction-diffusion equations. Within the proper scaling limit,
the dynamics exhibited by many reaction-diffusion systems is governed by the in-
teractions of localized solutions of pulse type. A prototypical example is given by
the spatio-temporal chaotic dynamics of the one-dimensional Gray—Scott system for

which numerical simulations indicate that the chaotic dynamics originate from the
interactions and bifurcations of pulse solutions [13].

In the context of singularly perturbed equations in one spatial dimension, there is
a well-developed literature addressing the existence and stability of stationary pulse
solutions based on the geometric singular perturbation theory and the Evans function
methods (see {15, 5] and the references therein). There is no such general theory for
pulse interactions. In fact, strong pulse interactions, and especially the phenomena
of pulse-replication and annihilation, have been studied computationally, but are not
yvet understood mathematically. On the other hand, there are methods to study
the behavior of pulses in the weak interaction limit where the pulses are so greatly
separated that they can be considered at leading order as copies of a solitary pulse. In
this regime the exponentially weak interactions affect only the position of the pulses
and have no leading order influence on their shape or stability (see (8, 9, 14, 15| and
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Fig. 1.1. The two-pulse solution of the Gierer-Meinhardt equation, shown at t = 500 and

t = 9000, in the slow spatial variable. The figures are obtained from numerical simulation of (2.1)
with €2 = 0.01 and u = 5.

the references therein).

Recently, an intermediate concept has been introduced in the context of singularly
perturbed equations, the semistrong interaction case (see [6, 16] and the references
therein). The semistrong regime exists in systems whose components decay at asymp-
totically distinct rates, so that some of the components of the system approach the
trivial background state between pulses, while others do not. Moreover, the pulse
positions, amplitudes, and shapes change at rates that are algebraically small in the
perturbation parameter (see Figure 1.1) and may bifurcate due to the interactions
6, 16].

Up to now the semistrong pulse interaction has only been studied formally (see
Remark 1.3). In this paper we show that the semistrong interaction fits naturally into
the framework of the renormalization group (RG) methods developed to study the
stability of slowly evolving patterns [14, 12]. For the Gierer—Meinhardt equations, the
geometric singular perturbation theory shows that the activator-inhibitor interaction
reduces the highly diffusive inhibitor to a local constant within each activator pulse.
The value of this constant determines the activator pulse interactions, in particular
causing the pulse amplitudes to depend upon the pulse positions, which evolve on an
O( g%) time scale. The RG analysis makes these statements rigorous, in particular fully
justifying the reductions made in the nonlocal eigenvalue problem (NLEP) analysis
which arises in the linear stability analysis of the pulses.

The singular perturbation theory typically constructs a family of pulse type pat-
terns which are approximate solutions of a given system of equations [2, 3, 6, 11, 16].
The solutions are characterized by parameters ¢ € R*, which are often—but not
exclusively—pulse locations. The linearizing about the global manifold of slowly
evolving pulse patterns for a particular choice of parameters p allows one to de-
compose the phase space into tangential (or active) and normal (or decaying) modes.
In the RG approach, rather than using the exact linearization, reduced linearized
operators are ldentified at a discrete family of base points on the manifold. These
form a loose covering of approximate tangent planes, much like the scales of a fish
form a piecewise linear envelope of the underlying body. In the current setting this
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gives two specific advantages: first, in a neighborhood of each base point we identify
a temporally constant linearized operator and associated phase space decomposition,
and second, we are free to modify the governing linear operator in ways that simplify
the analysis. For the Gierer-Meinhardt equations, the singularly perturbed structure
of the linearized operators makes them strongly contractive on certain regions of the
phase space. This permits a nontrivial replacement of spatially varying potentials
with delta functions, affording dramatic simplification to the analysis of the principle
linear operator. Indeed we replace the exact linearization with a putatively O(e~2)
“perturbation.” This reduced linear operator gives rise to exactly the NLEP operators
introduced previously in the formal linear stability analysis, [2, 6, 16], and justifies
the observation that, at the linear level, the inhibitor equation averages perturbations
into a mean-field.

The RG method shows that the NLEP operators control the flow in a neighbor-
hood of the pulse configurations, generating a thin absorbing set in the phase space.
Moreover, we recover the leading order pulse evolution by projecting the flow onto
the tangent plane of the manifold of two-pulse solutions. In this paper we consider
only two-pulse solutions. Although there are no new conceptual features, the gener-
alization to N-pulses is technical. In particular, determining the amplitudes of each
pulse within an N-pulse configuration requires a nontrivial nonlinear computation,
and the stability of the underlying pattern will depend sensitively upon the pulse
amplitudes and separations. These issues have been studied numerically in [11] and
the construction and interaction of V-pulses on bounded domains has been considered
in [16]. However, the nonlinear aspects of the stability approach we developed here
generalizes directly from the two-pulse to the N-pulse case. Our methods can also
be applied to the weak and semistrong N-pulse interactions in classes of singularly
perturbed reaction-diffusion equations as considered in [6] and in [17] on bounded
domains. Nevertheless, interesting additional issues may emerge in specific settings,
such as the semistrong evolution of pulses in the Gray-Scott equation (see [4]) in
which the essential spectrum is asymptotically close to the origin.

The main result of this paper addresses the semistrong evolution of two-pulse
solutions P, given in (2.5), of the regularized Geirer-Meinhardt equation (2.3). The
solutions are parameterized by pulse positions I' = (I'1,I'3)%, with pulse separation
AI' = |I'y — I'3|. In the application at hand the RG approach models the impact of
transient initial perturbations on the semistrong pulse evolution, and after the decay of
the transients, recovers the formal pattern evolution at leading order. For the Gierer—
Meinhardt equation the semistrong regime is comprised of pulses whose separations
satisfy A" > AI'*(u), where AT'* = O(e~2) is defined in (3.37) of Proposition 3.4.
For AI' < AI'™ one enters the strong interaction regime, where the two-pulse solution
has quasi-stationary eigenvalues which are incompatible with the two-pulse manifold,
and pulse splitting bifurcations are observed. Our approach works uniformly for the
weak, AI' > £72, and semistrong interactions, recovering prior results 8, 9, 14, 15],
for the weak interaction limit.

We introduce the norm || - || x on H' x H' defined by
(11) IGlix = ellGallzs + <M 18cGrll e + |Galls

and remark that it controls the L norm uniformly,

(1.2) 1G1llz= < (21G1ll2]|0:G1llz2)® < €llGillze + 7 (|0eG1llLe < |Gllx.

We next state our main theorem for the pulses in the semistrong interaction regime.
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T'HEOREM 1.1. Let € be sufficiently small, let n > UHopt, and let the pulse
separation satesfy ALY > A (u), where ppops and AT () are given in Proposition
3.4. The manifold M of two-pulse solutions (2.6) of the reqularized Gierer—Meinhardt
equation (2.3) is asymptotically exponentially stable up to O(e3). That is, there erists
M and v > 0, independent of €, such that for all initial data U, sufficiently close to
the M, the corresponding solution U = (U, V)t of the regularized Gierer—Meinhardt
equations can be decomposed as

(1.3) U(E,t) = ®r + W(E, 1),

where the parameters I'(t) of the two-pulse solution ® evolve at leading order according
to (4.17). Moreover, the remainder W satisfies

(1.4) Wl x < M(e " ||Wollx + €°).

In particular, after the perturbation W has decayed to O(e°), the pulse evolution is

gwen 0y the ordinary differential equations (4.75) which are equivalent at leading order
Lo

d emezL\I‘“\/’ﬁ

(1.5) = N ra——y ey

Since the pulses are repelling, Theorem 1.1 governs the evolution of all two-pulse
solutions in the semistrong or the weak interaction regime. That is, any two-pulse
solutions with AI'(0) > AT (u) will evolve according to (1.5) for all subsequent time.

Remark 1.2. The pulse dynamics (1.5) were obtained formally in [6].

Remark 1.3. In |2, 3], slowly-modulated two-pulse solutions were constructed for
the Gray—Scott model on the infinite line, along with ODEs for the pulse positions,
using the method of multiple scales. Various bifurcations, including the bifurcation
to selt-replicating two-pulse solutions, were identified. Moreover, the NLEP method,
which was initially developed for studying the stability of stationary, one-pulse solu-
tions (see [5] and the references therein) was (formally) extended in [2] to the stability
analysis of two-pulse solutions. For the generalized Gierer—Meinhardt equations on
bounded domains, [11] presents ODEs for N-spike quasi-equilibrium solutions in the
semistrong and weak interaction regimes. Also, the NLEP method is employed to
formally derive explicitly computable stability criterions. Further formal study of
the instabilities (competition and oscillatory) for two-pulse solutions of the Gierer-
Meinhardt equations has been reported in [16]. The analysis is primarily on a bounded
domain, and results for the infinite line—some of which extend those reported in
2, 3]—are obtained by taking the domain to be large. Semistrong pulse interactions
have also been studied in [6] for a large class of reaction-diffusion equations, including
for the generalized Gierer—-Meinhardt equations the Gray-Scott model, the Thomas
equations, the Schnakenberg model, and others. Conditions were derived to deter-
mine formally whether adjacent pulses attract or repel, and the interactions between
stationary and dynamically-evolving /N-pulse solutions were studied.

2. The two-pulse solutions of the Gierer—-Meinhardt equations. As pro-
posed the Gierer—-Meinhardt model, [10], has an artificial singularity in its nonlinear
term, which suggests infinite production of the activator, V, in the absence of the
inhibitor, /. While the singular model can be studied by working with exponen-
tially weighted norms which preserve positivity of the inhibitor, the behavior of the
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model for small concentrations bears little resemblance to chemical reality. Moreover,
the singularity has an exponentially small impact on both the two-pulse construction
and their evolution. To avoid clouding the analysis, we truncate the superfluous sin-
gularity of the Gierer-Meinhardt reaction term, replacing it with a variation of the
classic Rice-Hertzfeld mechanism typical of complex reactions with inhibition steps:
see chapter 26 of [1]. In the slow spatial variable x, the regularized Gierer—-Meinhardt
equation is given by

(2.1)

where U(z,1),V (x,t) : R x RT — R, g > 0 is the main (bifurcation) parameter, and
e > 0 1s asymptotically small, 0 < ¢ < 1. The regularizing function s takes the form

- s i s>26
9 o) — )
(2.2 +(5) {é if 0 < s <6,
and is smooth for s € (4,26), with derivative uniformly less than two. In the absence
of the inhibitor, U, the production rate of the activator V reduces to V?/§, where 6

: C P .
is a small parameter. The regularization introduces an O(e™¢ “17?l) perturbation to

the pulse dynamics. The fast spatial scale is defined by ¢ = =, so that (2.1) transforms
Iinto

Ut — —%IU “MU_l'"l?Vza
(2.3) { ¢

2
Vi=Vee =V + oy

We denote the right-hand side of (2.3) by F'(U, V). Since the regularizing term has only
an exponentially small impact on the pulse construction we carry over the asymptotic
results for the singular Gierer-Meinhardt equation without modification.

PROPOSITION 2.1. The construction and spectral analysis of pulse solutions for
the classical GM model given in [5] and the construction and formal dynamics of

semistrong two-pulses given in (6] hold up to exponentially small terms for the regqu-
larized models (2.1)-(2.3).

2.1. Notation. We write f = g+ O(¢) in norm || - || if

(2.4) | f = gl < ce,

and assume the || - ||x norm if no norm is specified. The solution (U, V) of the

Gierer-Meinhardt equation is denoted U. The two-pulse solutions are denoted by
Op = (Ug+e2Us+--- ,Vo+e?Vo+---)t, while the initial data of the Gierer—Meinhardt
equation is given by U,;. We denote by | fllz, and ||f Hf------~~2 the LP and H? norms
of the Fourier transform of f. We remark that ||f|z= < ¢||f|lz: and, conversely,

| fllz < c||fllz:, and, in particular, that the delta function resides in L but is
not in L'. Also the norm ||(z) f||z: with () = 1 + |z| controls the L norm of the
derivative of the Fourier transform of f. We denote the mass of a functlon f by

f=[= ., J d&. The quantity [F];c will denote the kth component of the vector F when
less cumbersome notation is not available.
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2.2. Asymptotic pulse solutions. Within the semistrong pulse regime the two
pulses interact strongly through the inhibitor component, U, and weakly through the
activator, V. The asymptotic family of semistrong two-pulse solutions is parameter-
ized by the pulse location I' € K = {(I',['2)|I'1 < ', |’y — I's| > AT*(u)}, where

AI'*(u) is defined in Proposition 3.4. We denote the two-pulse solution by ®r(&)
which we expand as

_ . 2 ‘ ar .
05 oo (€) (ii;) _ (UO(&:F) —I—s'“Ug(&aF)‘—i-f::‘ (]4(§,F))

and define the manifold M C H' x H' of two-pulse solutions by
(2.6) M = {or|I" € K}.

We first describe the leading order terms (Up, Vo) which were derived in [6]. Full
resolution of the pulse dynamics of the renormalization procedure of section 4 requires
a more accurate description of the two-pulse solution which requires the construction
of the higher order corrections, outlined in Lemma 2.1.

The V-components of the two-pulse solutions are centered around the pulse-
positions £ = I'x(¢), where

t ¢
(2.7) 'y (t) =Tg — 52/ é(s)ds, T'a(t) =Tg + 5:2/ &(s)ds.
0 0

In the two-pulse configuration each pulse moves away from their mutual center I'g
with equal and opposite speed given by

1 e—€ Al /I
0 N e

where AI' = AI'(t) = |I'y — I'2]; see (1.5).
The leader order term, Vj, of the V component of ® is given by the sum of two
one-pulses

(2.9) Vo(§; (%)) = @1 + o2,

where for £ = 1, 2 the one-pulse solution is

(2.10) 81(€) = S A(T) sech? o-(€ — Ti(1))

A key distinction between the semistrong interaction depicted here and the weak

pulse interaction is that the pulse amplitude, A(I"), depends nontrivially upon the
pulse separation, Al' = |I'y — I'y|, via

VE 1
(2.11) A = G e

The pulse regions Z),, = Zx(t), k = 1,2, are defined as regions outside which V is
exponentially small, and such that Uy remains constant at leading order over a pulse
region. We set the width of the pulse regions to be O(1/+/¢), i.e., we define

1 1
12 = | —— — o= 1, 2.
(2.12) Ly, (Fk(t) \/E,Fk(t) + \/E) , k=1,2
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T'he choice of pulse region width is somewhat arbitrary but standard. Another dis-
tinguishing feature of the semistrong pulse interaction is that the slowly varying U-
component of ®r is not the sum of two one-pulses. To the left of Z; and to the right
of 7y, Ug(x,t) decays slowly, while in the region between Z; and Z it is cosh-like, but
agaln on the slow, spatial scale,

(2.13)

As defined above, Uy would be nonsmooth if extended into the pulse regions Z;.
Rather we define the U-component of the two-pulse solution inside 7 as Uy +&<Us(€),
where Uy = A, and Usz(&) is a solution of Uge + ¢f = 0; see (2.3). Using (2.13) as
boundary or matching conditions and the pulse amplitude (2.11), we find

(2.14)

Al /T — 3AJ jn £2) d€s dE,  for £ € Ty,

Up +€*Us(&T) = A+ €7
o +e7U2(§ 1) TE A[\/ﬁ-—---SA frg %(fz d€2 d§y  for § € 1o,

which gives that Uy + €?Us(€) € C' N H?. The Cl-smoothness of Uy + £2U3(€) is
equivalent to the amplitude-pulse separation relation (2.11), i.e. Uy + €2U5(€) can be
smooth only for A(T") given by (2.11).

Relations (2.7), (2.8), (2.9), (2.10), (2.11), (2.13), and (2.14) give a leading order
description of the two-pulse solution ®r(£). The corrections Us(£) and V5(€) can be
obtalned by a straightforward regular asymptotic expansion and are both defined only

in the pulse regions Z; 5 (see (2.23) in the proof of Lemma 2.1 below). The residual
of (Dp,

(2.15) R = F(®r) = (gigg) |

1s determined by the right-hand side of (2.3), denoted by (Fi, F5)*, evaluated at
®r. Obtaining L'- and L*-estimates on the residual is a key step to controlling the
remainder in the renormalization process.

LEMMA 2.1. For the residual R = F(®r) defined in (2.15) we have

(2.16) sup|Fa(®r)| = O(e?), sup |Fi(®r)| = O(*), sup |Fi(®r)| = O(eVE).
R R\Z1UZo L1Uds

More specifically

(2.17) Ry(T) = e%¢(¢y = ¢5) + O(e*) in L*(R),
while

(2.18) [ Ry (D) ][ = O(e).
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The O(e+/¢€) bound on Fj in (2.16) and the O(¢) bound on R; in (2.18) deteriorate to
Oe~ '%‘) bounds, if we do not introduce the leading order corrections €U, and €2V, in
(2.5). Moreover, (2.17) no longer holds in that case. On the other hand, the bounds
on Ra(I') given in the lemma are sharp. The bounds on R;(I') may be sharpened, but
this does not lead to any improvements in the renormalization analysis of section 4.

Proof. In 6], ®r is constructed as the solution of the classical Gierer-Meinhardt
system

m€65kU§ = Uge — e*plU + £*V?2,

“EEEkV£ — Vgg -V + ‘{f

(2.19) {

with ¢1 = —¢ <O for § <T'gand éa = ¢é > 0 for £ < T, and ¢ = &(t) as in (2.8). Note
the factor e* difference between the right-hand sides of the U -equation here and in
(2.3). We may employ a regular perturbation expansion, writing

Uo(&;T) + €2Ua(&;T) + e*Uy(&;T) + €8U, (€, t; €2),

U (€, 1)
(2.20) Vo(&;T) + €2Va(&T) + eV, (€, t; €2),

V(1)

where A, Us, and Vj are given in (
have already been introduced in (2

|

2.9), (2.10), (2.11), (2.13), (2.14), and U4 and V5
.5). Likewise, we expand F) and Fy (Proposition

2.1),
1
F1(Qr) = 2 [Uz,gg T Vog] + [Usge — pUo + 2Vo V3]
+ g [UT,£§ — E4MU¢. — Fli?wh(Uza VO,E,?"; 52)] ;
(2.21) - V27 - V21
Fo(®r) = |Voee — Vo + —=| + €2 | LyaVsy — “Q““oz
._ Uo | _ Us
T 54 [LB‘.EVT " FQiflrh(UO,QAa EEU’T‘: VO,QaggvT; 52)] y
where
V02
(2.22) LoV = Vee — V + —[-j-—V,
0

. 1 ‘) yon) ' 2 ‘) P,
and the expressions for F{f‘?..h(Ug, Vo.2.r;€%) and Féf"rh(Uo,g,ﬁl,E”U,., Vo2,V %) follow

directly by substitution of (2.20) in (2.3). We obtain by (2.19) the following equations
for Uy and Vs:

V5 Us

(2.23) U4,§,5 = /.LUO — QV()VQ, ngVg == U2
0

'"" &k‘ VO,{ )

for £ € Z; 2. These equations can be solved uniquely by application of the natural
boundary/matching conditions. Note that Uy (&) grows as (§—T"y3)% for [E-T15| > 1
and that Vo decays exponentially to 0 as | — "1 2| > 1 (see (2.9)). The equations for
the remainders U, (&, t;e%) and V,.(€,t;€?) are given by

(2.24)
Ur.ce — e*pU, = Fli?T}'l(UQ: Vo,z,r§€2) — CrlUo,e — EzékUﬂ,«S - 54513(]4’6 - EaékUr,Ea

inh > 2y . 22y _ 2 2
LoV = Fy 0 (Uo2,4,6°Ur, Vo,2,6° Vi €%) — E1Va e — €781V e,
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for £ € R. It is a straightforward procedure to check that |V,.| and |F2““¥,h[ are uni-
formly bounded for £ € R; in fact, both V, and Férf,h decay exponentially to 0 as
§ —T'12(t)| > 1. Together with the definitions of V5 and V5 ((2.9) and (2.23)), sub-
stitution of this result in the second equation of (2.21) yields (2.17). This also implies
the results on Fo(Pr) in (2.16).

Outside the pulse regions 7y, all V5 9, components are exponentially small, and
Up is constructed as a solution of the equation Uge — U = 0; see (2.13). Therefore,
the correction U, to Ug in the U-component of the two-pulse solution also varies like
e?€, and Us and Ug may be taken to be identically zero outside Zj. This implies by
(2.21) and (2.24) that outside Zj

Fl((I)r') = *Egékaﬂg — 0(84).

Since U, decays for £ — o0 with the same slow rate as Uy, we find

_ 1
/ Fy(@r)]d = = x O(c*) = O(e?).
R\Z,UZs

3
Inside Zj,, we conclude from (2.24) and the fact that U grows linearly with (§—T%;) (see
(2.14)) that U, may grow as (§—1I";)°. Nevertheless, both U, ¢¢ and Fi"(Us, Vo 2 5;€2)
only grow linearly in ({—TI";). Since the width of the Zj, interval is O(1//€) (see (2.12))

we deduce from (2.21) and (2.24) that supz, 7, |F1(®r)| = O(e/€) (2.16). Hence, by
(2.12),

| IFi(®r)] dE = ---f/_-- X O(ev/E) = O(e),

which yields the L*-bound (2.18). 0

3. Linearization and the reduced operators. In a neighborhood of the two-
pulse manifold M we decompose the solutions of (2.3) as

(3.1) (5) = Dr+ W(E, 1),

where the remainder W = (W7, W5)? and I' is taken as a function of time. In terms
of the remainder introduced in (3.1), the GM equation (2.3) can then be written as

0D ..
(3.2) Wi+ 2= =R+ LcW + N(W),

where R is the residual (2.15) and Lt is the linearization of F' about ®p, given by

_ 6_482 — L 267 Pr o
(3.3) Lr =1 &% ,k'(®r1) ., Pro
et WA Sl N VAN » S RN DU
K(Pr,1)° : K(Pr,1

In the linear operator above «(®r,;1) = ®r 1 except for those £ for which ®r (&) =

O(e""""‘_gl n 21y, Thus the perturbation to the linearization introduced by the regular-

1zation is compact and exponentially small. The final term, N (W), representing the
nonlinearity is given at leading order by

— ) )
e W3

(3.4) N (W) = |
O(W32) + O(VoW W) + O(VEW?2) |
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From the asymptotic form of the pulse solution given in (2.9), (2.11), and (2.13), we
calculate that

ol oUp oUjy
3.9 e2|| = 3 —_ = (&’
( ) 8Fk L1 T 8Fk L2 + 8F;¢ L=< O( )’
while

A%} ,

3.6 e I e ’, -
( ) 8Pk ¢k T O(E )7
in L2,

3.1. The reduced linearization. A key step in the RG treatment is the re-
placement of the exact linear operator with a reduced operator whose spectral and
semigroup properties are easier to analyze, yet such that the difference between the
exact and the reduced operator, the secularity, does not lead to growth of the remain-
der W. Due to the contractivity of the L1; component of L, the two-pulse potential
which comprises the L5 component can be replaced with § functions located at each
pulse position. The mass of the delta function is chosen to equal the mass of the
product of the original potential and the function it operates upon. We also replace

the exact two-pulse solution ®r with its leading order approximation (Uy, Vp)t. With
these reductions the linearized operator becomes

(37) *Z’P — V2 \V/ )
--——/_;1% O —1+2-4

where the tensor product of f; and f, is defined by

(3.8) (f1® f2) W = (fo, W) L2 f1.

In particular, ér, ® ¢ represents the tensor product of the § function centered at
¢ = 1 with ¢,. In the analysis below we use the notation

(3.9) ap(W) = (¢r, W) L2,

for K = 1,2. The scalar operators that appear in the upper left entry, respectively
lower right, of the matrix L (3.7) will be denoted by L;1, respectively Lqs; see (2.22).
The reduced operator is ostensibly an O(e~2) perturbation of the original operator.
However, it is immediately clear that they share the same essential spectrum

(3.10) Tess = {AER A< max (—1,—u)}.

3.2. The point spectrum. The two-pulse profiles which comprise the manifold
M are not stationary solutions, and as such it is not self-consistent to determine their
linear stability in terms of the spectrum of the associated linearized operator. We say
that the two-pulse solution ®r is spectrally compatible with the manifold M if the
spectrum of the associated linear operator can be decomposed into a part contained
within the left-half complex plane and a finite-dimensional part whose associated
eigenspace approximates the tangent plane of M at I'.

To determine the point spectrum of L we invert the U component of the eigen-
value equation, and eliminate the inhibitor from the activator equation, reducing the
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eigenvalue problem to a scalar equation for the activator component of the eigen-
function. We call this the NLEP equation (see (3.23)) and denote the corresponding
linear operator by £(A, AT'). The NLEP operator controls the point spectrum of L to
leading order.

PROPOSITION 3.1. Up to multiplicity we have o,(L) = = {A|Ker(L(X\)) # 0}(1 +

O(e?)). That is, for each eigenvalue A € o,(L) with corresponding eigenvector U =
(Pq1,Wa)t, there is a Az and corresponding ¥ such that L)Y = Agh, [A = Ag| =
O(e?) with ¥y = P(1 + O(e?)) and Uy given by (3.12) up to O(c?). Moreover, the
small eigenvalues of L and L are both exponentially small.

Proof. The eigenvalue problem for the reduced operator is written as

(3.11) LU = )\,

where U = (U, U5)* is a possibly complex two-vector. Since Li; — \ is invertible for
A& (—o0, —u|, we may solve for ¥y as

(312) \Ifl — ““25”“2((1’1(1;11 — )\)—16[‘1 QQ(LII o )\)M161—'2)a

where the oy = (¢r, V2)r2 are as yet undetermined. From the Fourier transform we

find

2 &~ (afle“wl +o: ezw")

3.13 U (L) = — /.

From the integral relation

Z

OO kI
__.1/ e“il "'"‘6 VH+::|€ Fl
V2T J oo k“+€4(p+)\ u—%—/\

we may invert the Fourier transform of Wy explicitly,

(3.14)

(3.15) U1(€,8) = ar H(\€ — T1) + o H (A, € — Ta),
where

VvV I+ A

Eliminating ¥, the equation for ¥, reduces to

(317) (ng — )\)\PQ = -‘Z—-Q-—\I.ll;
see also (2.22). Since ¥; is a slowly varying function of &, while each term in Vj

decays exponentially to zero at an O(1) rate in £, we may reduce the equation for ¥,
to

(3.18)  (Lay — \) Uy = VO (@1 H (A€ —T1) + asH(A € — T))

_ qbz + @3
(3.19) faiks

1 .

3.20) R/ 671 (@1 + @2F) + ¢3 (1 E + )] + O(£?),

(a1 H(ME—=T1) +aeH(A E—T2)) + O(e™2h)
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(3.21) E = E(AD; \) = e~ VETXAL

In the tensor product notation this is written as

We define the NLEP operator as

_, 1 ; |
(3.23) L(A, AT') = Lo VEN/TED P71 ® (61 + E¢2) + ¢35 ® (Egy + d2)] .

T'his is a compact perturbation of Lss and thus is Fredholm, with the same essential

spectrum, but is no longer self-adjoint. Indeed its adjoint exchanges the roles of the
potentials in each tensor product. ]

PROPOSITION 3.2. Ezcept for the exponentially small eigenvalues, the point spec-
trum of the NLEP operator L is given, up to multiplicity, by the zeros of the equation

(3.24) R(N) —3YEEA 1+ e”< VAT

=0,
\/ﬁ 1 + e~ VRTAAT

where R is an explicitly known meromorphic function on C\(—oo, —1] given by (3.33).

Proof. The spectrum of the NLEP operator £ can be determined explicitly as the
zeros of an analytic equation using the methods developed in [5], which we outline
below. We introduce wp(£) > 0 as the scaled homoclinic solution of

(3.25) wee — w + w? =0

with its maximum at £ = 0. For k = 1,2 we introduce the translates wy ;(€) =
wp(§ — I'y). Since ¢ (&) = Awp 1 (€), (2.10) and (3.22) can be written as

(3.26)
gez L A) = 2(wh1 + wn2)| V2 = T Wh,1 (1 + @2 E) + wj, 5 (a1 E + az)]

where ar = ar(¥2) (3.9). Since the potential of both the Schrédinger operator on
the left-hand side of the equation and the inhomogeneous term on the right-hand side

consists of disjoint parts localized about I'y and I's, it is natural to decompose ¥,
Into

(3.27) Wy = ¥1(€) + ¥2(8),

where 1 is localized about I'y, and decays exponentially as £ moves away from I'.
Equation (3.26) is equivalent, up to exponentially small terms, to the coupled system

dE? «Wh,1] ¥1 — m (X1 2 ,
(3.28) , ,

d“ip ' Wh, 2 '

dgg o [(1 + )\) o 2““«’?1,2] ".[’2 — m (le;[E ~- Ckg) ..
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We define v = v(£; \) as the uniquely determined bounded solution of

d*

d£2 R [(1 T A) o QI.Uh] fl/{J — 'lU;—i?

(3.29)

and its translates ¥ (€) are defined by 4 (€) = (£ — I'y). The functions ¢ can be
determined explicitly; see [5].

We first consider the solution of (3.29) for A € oreq = {i—, 0, ----;31-} J (—o0, —1], the
spectrum of the operator

(3.30) Lreq = a% (1 = 2wp(£)).
Clearly,
(3.31) $1(€) = C191(E), W) = Cotha(é)

for some constants C}, that depend on A and AT'. Recalling that here o = (¢, ¥2) 2
and using (3.27), we find

Qe = / Pr{1 + 2)dE = / Awy 1 (C101 + Catpo)dE

OO » OO
(3.32) == ACk/ wh,k’tz)kdé' = AC};/ 'whvﬁdf
J — o0 —0
up to asymptotically small corrections. The quantity
0 _—
(3.33) R(A) = / wp Y d§
— O
is meromorphic for A € C\(—o0, —1], with poles at A = 2 and A\ = -——h-ﬁ—-; see [5]. Note

that in [5] a more general function, R(A; 81, 82), has been defined and studied; (3.33)
is related to [5] by R(A) = 216R(\; 2, 2). The system (3.28) can be written as

dzwl [(1 + A) — 2w |1 = Aw}%"'ln (C + Co F)

,.,_a2 . — LWHh 1 1l — —TF/— 1 2 ?
(3.34) . AR

dg?/):z [(1 + /\) ) ] Awﬁ’sz’ (C E+Cqy

de? Wh,2| Y2 = “““;\/—:_—}_———“"X 1 2) -

Comparing the equations for ¥ 2(€) to (3.29), we obtain the following relations for
C'7 and Csy:

AR AR
m(C’l —l—CgE), (H = —— "(C1E+Cg),

(3.35) C,

or, equivalently,

(3.36)

For (3.26) to have nontrivial solutions the determinant of the matrix on the left-hand
side of (3.36) must be zero. Isolating R(A) from the resulting expression and using



SEMISTRONG PULSE DYNAMICS 1773

(2.11) and (3.21), we obtain (3.24) whose zeros are the eigenvalues of the NLEP
equation (3.22), up to multiplicity, outside of o.eq. These eigenvalues lie on curves
A(AT"), parametrized by the pulse separation.

For A € o..q we analyze the eigenvalue equation case by case. For \ = ..,.__.3_ or -3—,
(3.29) does not have a bounded solution since the right-hand side is not orthogonal
to the kernel of the L,.q, and so these values cannot be eigenvalues. However, the
eigenfunction -fgwh of Lyeq at A = 0 is L? orthogonal to wy. Equation (3.32) implies
that a; = @y = 0 and the system (3.28) has a double eigenvalue at A\ = 0 with a
two-dimensional eigenspace spanned by {—fgwh(f - I'y), -fgwh(g — I'5)}. These eigen-
values do not occur as solutions of (3.24), rather they correspond to exponentially
small eigenvalues of the original NLEP system (3.22), whose corresponding eigen-
functions, derived in Lemma 3.7, form the key spectral projection onto the active
tangent plane. [

Remark 3.3. Proposition 3.2 is equivalent to Principle Result 5.3 of [16].

We identify conditions on p and I such that the reduced linearized operator, Lr,
1s spectrally compatible with the manifold M of two-pulse solutions.

PROPOSITION 3.4. For each AT' € (0,x), the NLEP eigenvalue problem (3.22)

has two exponentially small eigenvalues, denoted A+, and 4 or 6 eigenvalues /\‘i‘*' (AT

and N~ (AT), je =1,...,J+,Jx = Ji(u) = 2 or 3. There exists a unique UHopf > 0

such that for al?,u > WUHopf, there s aWAI’*(,uJ) and a v > 0 such that

Re[MF (AD)] < —v < 0 for all AI' > AT*(u), joe=1,..., Jx.

i1

For all > prp =~ 0.62 (the tangent point), AT'* takes the exact form

1

g2\ /1L
while for p € (puuopt, pTe), A (1) increases with decreasing p, with A'* () — oo
as [ | MHopf -

Since the two pulses of ®r(£) move away from each other (see (2.7), (2.8)), this
result implies that the spectrum of the NLEP operator £ remains in the stable half-
plane for all ¢t > 0 if AI'(0) > AI'™.

Proof. We can distinguish two limits, AI' — oc and AT’ | 0. The first case
represents the situation in which the two pulses of (&) are so far apart that the

two-pulse solution can be considered as two one-pulse solutions, i.e., the two-pulse
solution is in the weak interaction limit. In this limit, (3.24) reduces to

(3.37) AT* (1)

R VHFA
(3.38) R(A) = Ji

for both AL (AI'). This is the relation that determines the point spectrum of the
solitary one-pulse solution of (2.1), independent of the regularization. It was shown in
Theorem 5.11 of [5] that there exists a unique pyopr > 0 such that all solutions of (3.38)
have Re(A) < 0 for g > ppopr and that (3.22) always has incompatible eigenvalues
if 4 < pgopt- Numerical evaluation shows that pupepr = 0.36. Moreover, (3.38) has
2 or 3 nontrivial eigenvalues, i.e., A # 0, depending on u; the third (compatible)
eigenvalue is created in an edge bifurcation as p increases through pieqee = 0.77 |5].
There also are 2 or 3 curves Y (AT') and M7 (AD), ie., jx = 1,...,Jx, Jo(p) = 2,

.

respectively 3, for 1 < fledge, respectively > pieqge- The eigenvalues A3 (AT') are real
and A3 (AT') < —3.
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1+ 1.1
0.5}
|
- — — -
-0.5}F

Fi1G. 3.1. (a) The orbits of the zeroes A(AT') of (3.24) plotted parametrically in the complex

plane as a function of AI' for u = 1. The eigenvalues )\i_‘z(AI’) are closed loops attached to the
homoclinic limit A ~ —0.48 + 1.207; the curves }\l_j_jg(AI’) approach the homoclinic point in the
limit A — oo, but )\i’z(AF) collide on the real axis, becoming real as AI' decreases approaching
the limits )\EE(AF) —s -—-—%,% as Al' — 0. The third pair of eigenvalues satisfies )\fz (AT') < m%
with A3 (AT) disappearing into the essential spectrum of (3.22) as AT decreases through a critical
value. All eigenvalues )\,]_‘jz’j(AI“) have negative real part for AT’ > AI'*(1) given by (3.37). (b)
The closed /\}}“(AF)-loop;for five values of p: p = 07 > prp, o = 0.6,0.5,0.4 € (UHops: UTP),
and p = 0.3 < pgopt. The Al-region (AI“i‘*(,u),AFi*(u)) in which Re[Al (AT)] > 0 grows as

i € (LHopt, LTP) decreases, so that AT*(u) = AT (k) for p < p* € (KHopt, KTP)-

For small values of Al' there are two mechanisms to generate incompatible point
spectrum, one which occurs for g > purp and the other for p € (ungopr, #rp). The first
occurs when the eigenvalues AL and A% collide and become real. Indeed, in the limit

AL' | 0, it follows from Proposition 3.2 that )\_l{jQ(AI‘) again approaches a solution of

(3.38), i.e., the A};%AI‘)-branchea are closed curves. On the other hand, |R(A?(AT)))]
becomes unbounded in this limit. By evaluation of (3.24), we see that R(A) becomes
unbounded as AL (Al') — —2, the stable pole of R(A), and as A2 (AT") — +2, the
other, unstable pole of R(\). The passage of the real eigenvalue A% (AT') through zero
corresponds to AI' given by (3.37) since R(0) = 6 [5]. In particular, the eigenvalue
problem (3.22) has incompatible eigenvalues for all AT’ < log3/(e?\/i), for pu > urp.

In the second case, the )\3_’2 (AT')-branches may cross through the imaginary axis.
For the tangent point value, 4 = urtp, the )\}}_’2 curves are tangent to the imaginary

axis. For u € (unopt, 4Tp), & part of the closed, complex conjugate /\},_"B(AI‘)--curves

lies In the unstable half-plane, while the endpoints of the curve, i.e., the eigenvalues

associated to the stationary homoclinic one-pulse limit, lie in the stable half-plane;
. . 1,2 . 1, % 2, %

see Figure 3.1(b). More specifically, Re[A;“(AT')] > 0 for AT' € (AT 2" (u), AT (1)),

where

lim ATY*(u) =0, lim ATI'>*(u) = oo,

K UHopf H—MHHopf
‘ ]_,* e 2’ 1.32
lim A} () = lim AT (u) =
“+- T 2
H=UTP = TP £

so that AI'*(u) = Afi*(u) > log3/(e* /i) for u € (umHopt, ) for a certain p* €
(UHopt, #TP). O
The orbits of the eigenvalues A\ of (3.22) as function of AI' can be determined by a
direct evaluation of R(A) [5]; see Figure 3.1.

Remark 3.5. Competition instabilities and synchronous oscillatory instabilities
were identified for the Gierer-Meinhardt equations in [17, 16|; see, especially, section
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5.2 of [16]. The presence of these two instabilities is related to the two multipliers in
the NLEP, as also found here.

Remark 3.6. Proposition 3.4 implies that ®(£) is not spectrally compatible with
the manifold M if AT'(0) < AI'*(u). However, this lower bound on the admissible
pulse separation distance does not limit the semistrong character of the pulse interac-
tion in ® (&), since the U-component of &1 (£) evolves on the slow £2€ space scale. To
quantify the lower bound on pulse separation we determine the corresponding maxi-
mum value of the minimum Uy;,(t) of the inhibitor U between the two pulses I'; 5;
see also Figure 1.1. Since Upin(t; ) decreases monotonically in time (by (2.11) and
(2.13)), we find that a spectrally compatible two-pulse solution must satisfy

A(AT™) 3

Umin 0 U];T]in T ~ — T 3 ?
0) < 2 coshe? /uAI'*/2 16 5

if 1 > prp (3.37). In the context of Figure 1.1, in which p = 5, it follows that Uiy (0)

must be less than 0.72.... The evolution shown there is thus governed by Theorem
1.1.

Remark 3.7. The lower bound (3.37) on the pulse separation distance does not
contradict the pulse-splitting behavior observed in the Gierer—-Meinhardt equation
7], in which a stable two-pulse solution is observed with an O(1) pulse separation
distance at the onset of splitting. It is shown in [7] that pulse splitting only occurs
for u = O(1/&*). For these values of u, AT () = O(1) (3.37), which implies that
the two V-pulses of & (€) are no longer well separated. Thus, the lower bound (3.37)
agrees with the analysis of [7], since it implies that x must be @(1/e%) in order to
have two-pulse solutions that are not well separated.

3.3. The resolvent estimates and the semigroup. To establish estimates
on the semigroup generated by the reduced linearization L we begin with preliminary
bounds on the resolvents of L;; and £ in the norms defined in section 2.1. A key
point 1s that the resolvent of L1 is strongly contractive on zero-mass functions.

LEMMA 3.1. Let A € C be an O(1) distance from o(L11) and set g = (L11—=X)"!f.
Then the following estimates hold uniformly in A:

(3.39) ellgllz + e HIOeglire < ce? Ifllz=-

il

Moreover, for small total mass, f we have the tmproved estimate,
(3.40) ellgle + e M BegliLe < c(2F] + &*||<z>f]| )
Proof. We take the Fourier transform of the equation (L1 — A)g = f, obtaining

1 e F (k)

3.41 g(k) = —=——"—"F—"—".
(3.41) (k) = —= a5

Assuming that f & f‘m, the bound

e 64 2 2
42 ' =~ | 4| <
(3:42) ([.m k2 4+ e (X + p) ) =

for some ¢ > 0, shows that ||g||.2 < cg||f|lz<~. Replacing f with ikf in (3.41) and
calculating an integral similar to (3.42) gives ||O¢g||L2 < ce®|/f||7-. Together these
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results yield (3.39). In the case that f has small mass, the identity f (0) = f and the
fact that the norm |[(z)f||z: controls the L™ norm of the k-derivative of the Fourier
transform of / imply that f is uniformly Lipschitz and small at zero, and so we have
the estimate

(3.43) f(k)| <c

This inequality, used in (3.41), leads to the bound (3.40). [

We define V to be the eigenspace associated to the two exponentially small eigen-
values A% of LT, the adjoint of L.

LEMMA 3.2. Assume that A € C is an O(1) distance from o(L)\{ +,A-}. Then
we have the following estimate, uniformly in X\, and for I' € K:

(3.44) (£ =X fllas < cllfllce

for all f L V.

Proof. The NLEP operator £ is a finite rank perturbation of Loz, a self-adjoint
Schrédinger operator, and hence is Fredholm. Moreover, away {rom its point spec-
trum, £ — \ is boundedly invertible with O(1) inverse, uniformly in AT for I' € K. If
f 1V, then £ — X is uniformly invertible for A in a neighborhood of A4. 1o obtain
uniformity in X for large |\| we observe that the resolvent of £ can be explicitly con-
structed in terms of the resolvent of the selfadjoint operator Lgo and that this later
quantity decays like (dist(\,o(L22)))™%. That the resolvent of £ maps into H ' follows
from a classic argument by contradiction. [

To study the resolvent of L we project off the eigenspace {¥,V_} associated to

its small eigenvalues, A+. We introduce the space Xr = (U 1U|lx < oo and 7plU =

0}, where the spectral projection is given in terms of the adjoint eigenfunctions \IJL
by

; U, ! [, !
(3.45) U Y- g + CIAEY U,

(w_, ¥ty 7 (g, wl)

The complimentary projection is #ir = I — 7p. Assuming the spectral compatibility
of ®r, the space Xr is associated to temporally decaying solutions of the semigroup
generated by Lr, while Xr = R is the eigenspace associated to the two exponen-
tially small eigenvalues Ay. To characterize the projections we need asymptotics tor
these eigenfunctions.

LEMMA 3.3. The small eigenvalue eigenfunctions have the following asymptotic
form.:

(3.46) Wy = ( o i ” ) + exponentially small,
- 0

3.47 Ul = + O (%),

(3.47) L= (4 0 g) +OE

in the X -norm.

Proof. The expansion for the eigenfunctions follows from classical results. For
the adjoint eigenfunctions we present the case for a single pulse; the generalization to
two-pulses is straightforward. The adjoint operator is given by

- L1 — E‘i
(3.48) Ll = A% |

26791 ® or,  Lag



SEMISTRONG PULSE DYNAMICS 1777

where L;; and Loy are given in (3.7). Writing U7 = (\If]{, \If:;)t and taking A7 expo-
nentially small, we solve for the second component of ¥, noting that ¢; is in the
range of Los since it is orthogonal to its kernel, ¢/,

(3.49) Ul = B¢} — 2e720(0) L3y b1,
where [ is a free parameter. Solving for \I”; we have

. B 1. QU)o
(3-50) ‘I’I — “"‘A"‘Q“Lnl%@b& - ““&?:_:1[1(4“““5&")' 111 (‘?52[1221(?51) -

The function ¢7¢} has zero mass, so from (3.40) we have
(3.51) |7 ¢t lle= < est.

It can be verified that QS%L;;qbl is a positive O(1) function, and thus we know Lfll
(qb?ngglcle) |§mr‘1 1s nonzero and O(1). Evaluating (3.50) at & = I'; and solving for

U1(T;) shows that ¥i(I';) = O(£8). Substituting this back into (3.50) and choosing
B = 1 yields the equivalent of (3.47) in the one-pulse case. L
With these results we may estimate the resolvent of L restricted to Xr.
PROPOSITION 3.8. Let A be an O(1) distance from o(L)\{ s, A_} and denote

G=(L-MX"1F. For F € X, we have the following estimates on the resolvent of L,
holding uniformly in A\, and in I' € IC:

(3.52) 1Glix < c (Pl + | Fallz) .
If, in addition, the mass of F'1 is small, then we have the improved estimate
(3.53) IGllx < c(e®[F1| + || <a>Fillp: + || FallL2) -
Proof. By analogy with the eigenvalue problem we solve for GG;:
(3.54) Gi=(Li1 =N '"Fi+aHMNE=T1) +asH(\ E—-T5),

where H is given by (3.16), and ar = (G2, ¢k )2, for k = 1, 2. The second component
of G satisfies

(3.55) (Laz —A)Ga=Fo+ —% ((L11 = A)T'Fi + a1 H(E -T1) + o H(E —Ty)) .

'Z"rj

Approximating the product VZH as in the eigenvalue problem, we find the equation

V".Z,
(3.56) (L —A)Gq = Fy "A%'(Ln — \)THEY,

where the NLEP operator £ is defined in (3.23).

From the asymptotics on IIJ];: the condition F' € Xy is equivalent to the right-
hand side of (3.56) being orthogonal to V. From Proposition 3.1 the point spectrum
of L, less its exponentially small eigenvalues, agrees with the point spectrum of L,
less its exponentially small eigenvalues, up to O(g%). So X is an O(1) distance from
o(L\{A+} and the estimate (3.44) applied to (3.56) yields

|Gallmr < e (|Fallze + V5 (L1y — A) ™ Fy| 2)
(3.57) <c(1Fellpe + (L1 = A)THFL o) -
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From (3.39) and (1.2) we find that

(358) HGQHH'l < ¢ (H}P‘g‘ 72 + EQH}’H”L:L) .

If I} has small mass, then by applying (3.40) we have the improved estimate

(359) HG‘.-Z”Hl <c (“.F*gl L2 + Ez’hpmll -+ €4H<QE>F1HL1) ..

From (3.54) and (3.39) we find that

(3.60) 1G1llL2 < c(el|Fillpr + |Gallpz||H(A)| L2),
but since
~ 52
. k < ¢ |— —
(3.61) H ( a)\)lmckg+€4()\+u) :

we have ||H(M\)||z2 < ce™! and we obtain

(3.62) |G1ll2 < e (ellFrllpy + &7 || Felize) -
A similar argument yields

(3.63) 10:G1llL2 < ¢ (2| Fulir + ellFellzz)

which verifies (3.52).
If F; has small mass, then applying (3.40) to (3.57) yields the improved estimate

(3.64) |Gallg: < c (| FallL2 + €| F1] + €*||<a>F1|],,) -

Following the arguments laid out in (3.60)—(3.63) yields (3.53). [

Since L is an analytic operator we can generate its semigroup from the Laplace
transform of the resolvent. We fix the contour C' in the complex plane as depicted in
Figure 3.3 and generate the semigroup S associated to L|x,. via the contour integral

1 -
(3.65) S(H)F = — [ e\ - L) " 'Fad),
271 C
where we assume that F' € X. The semigroup inherits the following properties from

the resolvent.
PROPOSITION 3.9. Let pu > pgops and AI' > A (u) be given and let v > 0 be as

given by Proposition 3.4. The solution U of U = S(t)F', where F' € Xr, satisfies
(3.66) |Ullx < Me™" (%I Fllee + [ Fallze)

for some M > 0 independent of AT’ > AI'*(u). If, in addition, Fy has small mass,
then we have the improved estimate

(3.67) “if“}( < ]\a‘f[@mw (82\“ﬁ1| -+ E4H <$>F1HL1 -t ”FQIILQ) :

Proof. By Proposition 3.4, the conditions on x4 and I' imply that o(L)\{A\+, A\_}
is contained within the interior of the contour C, and dist(c(L),C) = O(1). The esti-
mates on the semigroup follow directly from the contour integral representation (3.65)
of S(t), the resolvent estimates (3.52)-(3.53), and the uniformity of these estimates

over the contour C. L]
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FIG. 3.2. The spectrum o(L) of the reduced operator as determaned by Proposition 3.3, and the
contour C used to generate the semigroup S. Depiction is for the case pu > LHopt and AT > A (u)

for which )\i’g are within the left-half plane and J+ = 2; see Proposition 3.4. The eigenspace

corresponding to the small point spectrum {A+} is p;*ojected away and is not contained within the
contour.

4. Nonlinear stability via the RG method. We adapt the RG method de-
veloped in [14] to the singular perturbation setting of the Gierer—Meinhardt equations.

We assume at time {g that our initial data [70 satisfies
(4.1) |®r, — Ugll <6,

for some I'y € K. The following proposition, adapted from Proposition 2.2 of [14],
permits us to choose our base point I'g about which we develop our local coordinate

system.
PROPOSITION 4.1. Fiz 6 K< 1. Giwen Uy and Ty € K satisfying |[Willx < 6, for

We = ®p, — If—jo, there exists M > 0, independent of (70 and 'y, and a smooth function
H: X — K such that T' = T', + H(W..) satisfies

(4.2) Wy = Uy — ®r € Xr.

Moreover, of W, € Xz for some e K, then

(4.3) T —T,| < Mo||Wi|x|T'x — L.
Proof. Since

(4.4) Wo= Wi+ &pr — P,

the condition (4.2) is equivalent to

(4.5) 0 =nmpWy =mnp (W, +Ppr —&p_).

Since Ul | are approximately spanned by (0, ¢7)" and (0, ¢5)*, and ®r > = Vo + O(e?),
our equations A = (Ay, Az)" are equivalent, up to O(g?), to

(4.6) AL (D, W) = (W + Vo(T) = Vo (L), ¢} (- T1)

N’
c
o
|
p=

(4.7) Ao(T,W.) = (Wau + Vo(T) = Vo(Tu), $(,T2)

e
L~
ho
]
-
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Since A(I'y,0) = 0 and the I' gradient of A given by

NETA
(P=T. W, =0) 0 —|| 7]

is uniformly invertible, the implicit function theorem guarantees the existence of a
smooth function H which provides the solution of (4.2) and in a neighborhood about
the manifold M defined in (2.6). The interval of existence of H may be chosen
uniformly in I since the solution of (4.2) behaves smoothly as AI' — co.

If, in addition, we have W, € Xx, then (Wa ., ¢} (Tk)) 2 = O(e*) for k = 1,2. We
see that

(4.9)

(4.8) VrA

) + O(e?)

L‘R

(Waes 6600)) | < | (Wore, $k(00) = 64(0%)) | € Mol WajzalF =T T

4.1. The projected equations. To begin the RG procedure we freeze I' = I'g

in Xp,, where I'g is the base point provided by Proposition 4.1, and change variables
as

o

(4.10) U(t) = Pr + W,

where W € Xr, and T' = I'(t). Comparing to (3.2), we write the evolution for the
remainder W as

(4.11) W, A gﬁ?f* =R+ Ly, W + (Lp - f;n,) W + N (W),
(4.12) Wi(¢,0) = Wo,

where Wy = W, + &p, — &r.. The terms AL = Lp — pr“ include both the approxi-
mations made to the linear operator and the secular growth implicit in the sliding of
I' away from I'p.

To enforce W € Xp, we impose the nondegeneracy condition %WOW = (), where
o = 7, is given by (3.45). Since 7y is independent of time, the nondegeneracy
condition is equivalent to moW; = 0, and, moreover, as mp commutes with .t]_"c, it
follows that mgLr, W = Lp,moW = 0. The nondegeneracy condition is thus equivalent

to the pair of equations obtained by projecting onto \IJJ_rl_ and U7

(4.13) (Q?if, qﬂ;)

= (R+ AL W+ N(W), \Iﬂ;:)

or 72 L2

From the form of the semistrong pulse solutions, and assuming momentarily that
' = O(e?), we calculate

a(bp N 0 O(ES)
(4.14) T ( P+ czsgm) i (0@4))

componentwise in the L? norm. Using the form of the adjoint eigenvector (3.47) and
(3.6), (4.13) may be written as

(4.15)
(Wl 2+ 0(h) (952, + O(e) ) -

$1l7: + OE*) —lgallF2 + O(e?)
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Again using the asymptotic form of the adjoint eigenfunctions \IIL we may neglect
the contribution from \IIIL_J in the inner products on the right-hand side of (4.15). In
particular, from the L' bounds on R; from (2.18), we have

(4.16) (R1, UL )2 <Rl WL = = OD).

Inverting the matrix on the left-hand side and using the expansions for ‘IJLE, we
arrive at the equations of motion for I' which show explicitly the coupling between
the remainder W and the pulse evolution,

. Ry + [AL Wlg + Na, ¢5.(-:T0)) L2 ,
417) By = -2 en et I BT o ),
ky¥k/LZ

To simplity the equation for the evolution of the remainder W, we introduce the
reduced residual

- O :
(4.18) R = 7 (R — ;I)f r) |

and observe from the asymptotic description (2.17) of Ry that the projection removes

the leading order term from the second component of the residual. By Lemma 2.1,
the reduced residual enjoys the estimates

(4.19) |R1]lr < O(e),
(4.20) |Rs|| 2 < O(4).

The evolution for the remainder W is now given by

e

(4.21) Wi =R+ LoW + 7o (AL W + N,
(422) W(&,to) = WO:

where Lo = fzr‘n and mg = I/ —mp,. The point of the reduction of the Gierer-Meinhardt
equation (2.3) to the projected residual equation (4.21), in the case of two-pulse
dynamics, 1s that the asymptotically relevant and the asymptotically negligible terms
are now evident. The evolution for W is controlled by the first two terms on the
right-hand side of (4.21); we will show that the last two terms are asymptotically

irrelevant, until I' — I'g is so large that the secularity implicit in AL forces an update
OfI}y

4.2. Decay of the remainder. We identify the duration of each renormaliza-

tion interval and quantify the decay of the remainder W over this interval. To control
the dynamics we introduce the quantities

(4.23) To(t) = sup e“"(s“t“)HM/(s)||X,
to< st

(4.24) T1(t) = sup |I'(s) —I'gl.
<8<t

The first enforces the decay of the remainder W, and the second measures the distance

the pulse positions have moved from their frozen base point. The variation of constants
formula applied to (4.21) yields the solution

(4.25) W t) = S(At)Wy + /t S(t—s)(R+ 7g (AL W + N)) ds,

L)
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where we have introduced At =t — {g.

To estimate the distance that the pulse locations I' have moved from the base
point I'g we examine the equations (4.17). We break AL into secular and reductive

parts AL = ALy + AL,, where ALy, = Ly — Ly, and AL, = Ly, — Lp,, and remark
that

(4.26) I[AL Wla|[r2 < || [ALs W], |lL2 + || [AL, W], || L2
(4.27)

IA

¢ (T = To| + &) [|[W] L2
(4.28)

IN

c(T1(t) +?)e 7t Th(t),

where the estimates on AL, and AL, are described in more detail below. From the
form (3.4) of the regularized nonlinearity it is straightforward to obtain the estimate

(4.29) (N2, @) 12| < W%
With these bounds in hand, the drift of the pulses is controlled by their speed,

to+AL
(1) < / I'(s)]ds

to+ At
(4*30) < / c (“RQHLQ 4 (62 + T (t))emv(s-—tn)jb(t) n em2u(sthJ)YB?(t)) ds
£
(4.31) < c(e?At + (e + T1)To + 17).

For Ty small enough we can eliminate 17 from the right-hand side, and neglecting 1y
in the sum 1y + At, we obtain

(4.32 Ty < c(e?* At +T3).
0

Turning to bounds on the remainder, we estimate the irrelevant terms first. T'he
secular term takes the form

0 2e=2(Vo(T) = Vo (5 o))
Via(5T) = Via(-,To)  Vaa(T) = Vaa(; To)

(4.33) ALg =

?

where Vi» and V5o denote the potentials in the Lo and Loo components of L. Since
each potential, V, Via, and Voo, decays rapidly away from the pulse locations, the

difference between the potential centered at pulse locations I'g and at I' scales like
I' — I'p in any reasonable norm. In particular,

(4.34) IVo(-,T') = Vo(-, To)llar + [[Vo(-, ') — Vo (-, Do) llzr < ¢fI' = Ty,
and similarly for Vjo and V55, Using these estimates it follows directly that
(4.35) AL While: < ce™?|[Vo(-,T) — Vo(-, To)llo: [[Wa L

(4.36) < ce T |[W]x.

Similarly

HALs Wiallr2 < ¢||Via(,T') = Via (-, Do)l w1 |Whll x
(4.37) + [[Vaa (-, T') — Vaa(:, Do)l a | Wl x
(4.38) < cIh||W]|x.
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Combining these estimates with the unweighted semigroup estimate (3.66) we find
that

(4.39) |S(t — s)mo(ALs W(s))||x < ]\Je“”(tms)’lﬁ(S)HW'HX.

The small mass version of the semigroup estimate plays a key role in controlling
the reductive term AL, W given by

0 2e72(Vo — ér, ® ¢1(To) = br, ® $2(T0) ) + O(1)

(4.40) AL, =
O(e*Vy) O(e* Vo)

}

where here the O indicates pointwise estimates. T'he first component of the reductive
term can be decomposed as

(4.41) AL W]y =72 (21 + ).
where
(4.42) Sk = ¢r — br, @ ¢r + O 1),

That is, each 2 decays at an O(1) exponential rate away from z = Ik, and, moreover,
at leading order each component >, W5 is mass-free for £ = 1,2. In particular, the
total mass of the 1 component of AL, W arises only from the higher order corrections,

(4.43) AL, W]1| < c||Wal|x-
In the weighted norms we estimate

| <z — Ti>TpWallrz < e ({z = Tr)éry |2 + (@ — D) il ) [[Wal L=
ce || W | x,

IN

(4.44)
for k = 1, 2. For the second component we observe that

(4.45) AL Walla: < e[ W i

so from the weighted semigroup estimate (3.67) we find

(4.46) 1S(t — s)To(AL, W(s))|lx < Me V'=&?||[W||x

independent of the pulse spacing AT,
Finally, for the nonlinear term given by (3.4), it is easy to verify

r2 + Wl r2)

(4.47) 1S(t — s)ToN||x < Me =S (W3 + [|W3

(4.48) < Me =9 1w %

From the bounds on the reduced residual (4.19)-(4.20) and the semigroup estimate
we obtaln

(4.49) 1S(t — s)R||x < Me3e 7{t=9),
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laking the X-norm of variation of constants solution for W, (4.25), and using the
estimates outlined above we obtain
(4.50)
W ()l x
<M (e““mnwuo)nx + [ emvit9 2+ (7 +T0(s) W (s)llx + W (s)lI%] ds)

Lo

1o estimate the decay of ||W(t')||x for t' € (tg,t) we evaluate (4.50) at t = ¢/,
multiply by e”(* ~t0) and take the sup over ¢’ € (tg,t) obtaining

; _
(4.51)  1u(t) < M (T(to) + / [s%"(“t“) + (e + T1(t)) To(t) + e 75Tp(t)? ds)
t ..

(3

(4.52) < M(To(to) + %2 + (€2 + 11 (t)) At To(t) + To(t)?).
From (4.32) we may eliminate 1% from the 7p estimate,
(4.53) To(t) < M(Tp(to) + eVt + e (At + (A))To(t) + To(t)? + At TP).

For At <« min {3“1,‘]“‘8“1} the term Me?((At)? + At) < %—, and we may eliminate the
linear term in 7q from the right-hand side. In addition we may absorb the cubic term
in 1o into the quadratic one. With these reductions (4.53) becomes

(4.54) To < 2M (To(to) + 7" + 17).
The quadratic equation in 1g,

1l 1/ | 1 ryt rrh
(4.55) 0 = To(to) + %" — T + T,

has two positive real roots so long as Ty(tg) +£°e¥?t < 1. The smaller of these roots,
ro, takes the form

(4.56) ro = 2M (To(to) + €°e”2) + O(To(tp) + £3e¥41)?,

while the larger is

(4.57) + O(To(to) + 3e¥2Y).

:r e S,
YV

Thus if Tp(t0) < 1 and e3e”?t « 1, then there is an ezcluded region, either 0 < Ty < 74
or r; <1y < oo. Since 1y(tg) < ro and T} is continuous in ¢, we see that

(4.58) To(t) < ro < M(Tp(tg) + e3e¥?H)
so long as

33| 1
(4.59) At < f—-—'-i-?-%i'

for any fixed 8 < 1. This condition on At prevents the secularity from dominating
the linear operator; in particular, it is a stronger condition on At than that imposed

after (4.53). This implies that

(4.60)  [[W(©)lx < M(e™" U)W (to)|x + %), forte (to,to " M)

L

and, in particular, for t; = tg + At we have

(4.61) W (t1)|x < M(e%P||W(to)|lx +&°).
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4.3. The RG iteration. We break the time evolution into a series of initial
value problems, tracking the decay of the remainder over the long-time scale of many

RG iterations. We fix 8 < 1 and At = ﬁﬂf“l T'he renormalization times are defined
sequentially,

We break the evolution of W into disjoint intervals I,, = tn,tne1). On each interval
I, we solve the initial value problem (4.21) with initial data W (tn) € X, , with the
quantities 1o, and 17, corresponding to (4.23)-(4.24) over I,,. The renormalization
map, &, takes the initial data W,,_; = W (t,_;) for the initial value problem on
interval I,, 1 and returns the initial data W,, = W (t,,) for the initial value problem
on the interval I,,,

(4.63) GWry = W,

Arguing inductively, the initial data and the new base point I',, are obtained from
W (t,, ), the end-value of the evolution of W over I,,_1, by applying Proposition 4.1.
Indeed, we know that W(t; ) € Xr,_, and so from (4.3) we have

(4.64) |I'n = I'(t7)] < MollW ()| x (7)) = T(tn-1)| < Mol|W (£t ) | x T m—1(t).

From the estimates on At and 717 5,1, we bound the jump in I' at renormalization by

(4.65) Tn —T(t;)| < Mo (Jlogele® + 15, _1) W ()| x.
T'he solution at time t = ¢,, is independent of the decomposition,
(4.66) Ultn) = ®p=y + W(t5) = &p,, + Wi,

and we may bound the jump in W at each renormalization
W (t,) — W(tn)l[x = ”(’Dr‘(t;) - @r, <cll'y = T(2,;)
(4.67) < My (| logele® + ’JOn ) W) x,

where we used the fact that Uy is O(1) X-Lipschitz in I", as follows from (3.5) and
(1.2). From (4.58), using the equality T n—1(tn-1) = ||Whn—1||x, we have the estimate

(468) r]bjn.....l S A’fl(”Wnﬂ-—lllX 4 ESU“B)).

Combining the estimates (4.67) and (4.68) with (4.61), we obtain a bound on GW,,_; =
W,

HGWh_1llx < (1 + M| 10g€|€2 + Aﬁ(HW(tnhl)Hx +€3(1“B))2])
(4.69) x M(e3P||W (t,-)llx + €3).

Neglecting the terms involving positive powers of € within the first parenthesis on the
left-hand side, we may bound ||W (t,)||x by 7, the solution of the map

(4.70) N = M(1+ Mon?)(e3Pn,_1 + €3),

with ng = ||W (-, t0)|lx, and My = MyM#. It is easy to see for ng = O(1) and ¢
sufliciently small that

_ M 3
(4.71) Ny — - 535]\/[5 ,

as n — oo. Since |W(-,t,)||x < mn, the estimate (4.61) yields the result (1.4) in
Theorem 1.1.
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4.4. Long-time asymptotics. To recover the asymptotic pulse motion, we con-
sider the situation where ¢ is sufficiently large so that ||[W]|x < Me>. In this regime
we see from (4.32) that 1} < ce?|loge|, and hence from (4.27) that

(4.72) AL Wl p2 < ce?|loge|||W |2 < ce®|logel.
Moreover, from the form (3.4) of the nonlinearity we readily verify that
(4.73) NVa(W)| < W% = O(£°).

In this regime the estimates (4.72) and (4.73) on the secularity and the nonlinear-
ity show that the remainder W has an asymptotically small influence on the pulse
evolution equations (4.17), which reduce to

: R2,¢I, ';F { 2
(4.74) Fk(t) = *--(--—----ﬁqg, Hz"'(_)-)-zﬂém -+ O(I 10g€|€5)*
kL=

Furthermore, the asymptotic form (2.17) for the second component of the remainder
shows that

(4.75) fk(t) = E%(p)iﬁ_ﬁﬁfﬁc);ﬁ + O(e?) = (-—-—1)""+1€26(P) + O(e?),
kil L2

where ¢(I') is, by construction, the position-dependent formal pulse speed given by

(2.8). In particular, the pulse separation AI' = I'y — Iy grows as given by (1.5) while
the amplitudes increase according to (2.11).
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