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Abstract

In this note we show how one may compute the parameters of a finite Lie
geometry, and we give the results of such computations in the most
interesting cases. We also prove a little lemma that is useful for showing
that thick finite buildings do not have quotients which are (locally) Tits
geometries of spherical type.

1. Introduction

The finite Lie geometries give rise to association schemes whose parameters
are closely related to corresponding parameters of their associated Weyl groups.
Though the parameters of the most common Lie geometries (such as projective
spaces and polar spaces) are very well known, we have not come across a
reference containing a listing of the corresponding parameters for geometries of
Exceptional Lie type. Clearly, for the combinatorial study of these geometries
the knowledge of these parameters is indispensible. The theorem in this paper
provides a formula for those parameters of the association scheme that appear
in the distance distribution diagram of the graph underlying the geometry. As a
consequence of the theorem, we obtain a simple proof that the conditions in
lemma 5 of [2] are fulfilled for the collinearity graph of any finite Lie geometry
of type A,, D, or E, 6=m=8. (See remark 3 in section 4. The proof for the
other spherical types, i.e. C,, F,, and G, is similar.) By means of the formula in
the theorem, we have computed the parameters of the Lie geometries in the
most interesting open cases for diagrams with single bonds only (A, and D, are
well known, and are given as examples). The remaining cases follow similarly,
but the complete listing of all parameters would take too much space.
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2. Introduction to Geometries (following Tits [10])

A geometry over a set A (the set of types) is a triple (.I‘,*,t) v.vhere T is a set
(the set of objects of the geometry), * is a symmt.etnc relatlon. on I (the
incidence relation) and t is a mapping (the type mappmg) from I" into A, such
that for x, y € T' we have (t(x)=t(y) & x*y) if and only if x=y. (An example is
provided by the collection I' of all (nonempty proper) subspaces of a finite
dimensional projective space, with t: I'+A=N, the rank function, and *
symmetrized inclusion (i.e., x*y iff x Cyory C x).)

Often we shall refer to the geometry as I' rather than as (I *,t).

A flag is a collection of pairwise incident objects. The residue Res(F) of a
flag F is the set of all objects incident to each element of F. Together with the
appropriate restrictions of * and t, this set is again a geometry.

The rank of a geometry is the cardinality of the set of types A. The
corank of a flag F is the cardinality of A\(F). A geometry is connected if and
only if the (looped) graph (T,*) is connected. A geometry is residually connected
when for each flag of corank 1, Res(F) is nonempty, and for each flag of corank
at least 2, Res(F) is nonempty and connected.

A (Buekenhout-Tits) diagram is a picture (graph) with a node for each
element of A and with labelled edges. It describes in a compact way a set of
axioms for a geometry I' with set of types A as follows: whenever an edge
(dyds) is labelled with D, where D is a class of rank 2 geometries, then each
residue of type {d,,d,} of I' must be a member of D. (Notice that a residue of
type {d;,d,} is the residue of a flag of type A\{d,,d,}.) In the following we need
only two classes of rank 2 geometries. The first is the class of all projective
planes, indicated in the diagram by a plain edge. The second is the class of all
generalized digons, that is, geometries with objects of two types such that each
object of one type is incident with every object of the other type. Generalized
digons are indicated in the diagram by an invisible (i.e., absent) edge.

For example, the diagram

O—0—0

is an axiom system characterizing the geometry of points, lines, and planes of
projective 3-space. Note that the residue of a line (i.e., the points on the line
and the planes containing the line) is a generalized digon. Usually, one chooses
one element cf A and calls the objects of this type points. The residues of this
type are called lines. Thus lines are geometries of rank 1, but all that matters is

they constitute subsets of the point set. In the diagram the node corresponding
to the points is encircled.
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As an example, the principle of duality in projective 3-space asserts the
isomorphism of the geometries

Grassmannians are geometries like

O—0—0

(Warning: points are objects of the geometry but lines are sets of points, and
given a line, there need not be an object in the geometry incident with the same
set of points.)

Let us write down some diagrams (with nodes labelled by the elements of
A) for later reference.

n
1 2 3 n—2 n—1
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Eg
1 2 3 4 5 6 7
(Warning: in different papers different labellings of these diagrams are used.)

If one wants to indicate the type corresponding to the points, it is added as
a subscript. For example, D, denotes a geometry belonging to the diagram

1 2 3
It is possible to prove that if T is a finite residually connected geometry of rank

at least 3 belonging to one of these diagrams having at least three points on
each line then the number of points on each line is ¢+1 for some prime power q,
and given a prime power ¢ there is a unique geometry with given diagram and
¢t 1 points on each line. We write X, (g) for this unique geometry, where X, is
the name of the diagram (cf. Tits [9] Chapter 6, and [2]).

[For example, A, (q) is the geometry of the proper nonempty subspaces of
the projective space PG(n,q). Similarly, D, (q) is the geometry of the nonempty
totally isotropic subspaces in PG(2n—1,9) supplied with a nondegenerate
quadratic form of maximal Witt index. Finally, D, 1(g) is an example of a polar
space.]
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A remark on notation: =’ means “is by definition equal to” or “is defined
as’’.

3. Distance Distribution Diagrams for Association Schemes

An assoctation scheme is a pair (X {R,,...,R,}) where X is a set and the R;
(0=i=s) are relations on X such that {R,,...,R,} is a partition of XXX
satisfying the following requirements:

(i) Ry =1, the identity relation.
(ii) for all 7, there exists an ¢’ such that R-T— R;

(iii) Given z,y € X with (z,y) € R;, then the number ka = |{z: (z,2) € R;
and (y,2z) € R} does not depend on z and y but only on .

Usually we shall write v for the total number of points of the associated scheme,
i.e. v = |X|. The obvious example of an association scheme is the situation
where a group G acts transitively on a set X. In this case one takes for
{Ry,...,R,} the partition of X XX into G-orbits, and requirements (i)-(iii) are
easily verified.

Assume that we have an association scheme with a fixed symmetric
nonidentity relation R, (i.e, RT = R,). Clearly (X,R,) is a graph. Now one
may draw a diagram displaying the parameters of this graph by drawing a circle
for each relation R;, writing the number k; = |[{z: (z,z) € R;}| = p;] where z

€ X is arbitrary 1n51de the circle, and joining the c1rcles for R; and R; by a line
carrying the number pJ, at the (R )-end whenever pJl #0. (Note that k; p]l =
k;p/y so that le is nonzero iff p/; is nonzero.) When ¢=j, one usually omits
the line and just writes the number p}; next to the circle for R;.

For example, the Petersen graph becomes a symmetric association scheme,
i.e., one for which R = R; for all i when we define (z,y) € R; iff d(z,y) = i
for :t=0,1,2. We find the diagram

@3 1@2 1@

More generally, a graph is called distance regular when (z,y) € R; iff d(z,y) =
{ (0si=sdiam(G)) defines an association scheme.

When (X,R,) is a distance regular graph, or, more generally, when the
matrices I, A, A%, ..., A® are linearly independent (where A is the 0-1 matrix of
R.,, i.e., the adjacency matrix of the graph), then the p;-l suffice to determine all
Pjk- On the other hand, when the association scheme is not symmetric but R,
is, then clearly not all R; can be expressed in terms of R;.
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In this note our aim is to compute the parame.ters p;-k for the Lie
geometries X, ,(q) where X,, is a (spherical) d.iaglzam V:Ilth designated ‘point’-
type n, and tllle association scheme structure 1S given Dy the group of (type
preserving) automorphisms of X n(g) - essentially a Chevalley group. Fn the
next section we shall give formulas valid for all Chevalley groups and in the
appendix we list results in some of the more interesting cases. Let us d? some
examples explicitly. (References to words in the Weyl group will be explained in
the next section.)

Usually we give only the p_;:l; the general case follows in a similar way.

OO0~
1 2 3 n

The collinearity graph of points in a projective space is a clique: any two points
are adjacent (collinear). Thus our diagram becomes

Example 1.

n+l__ n_
v:q l’ =q 1q=’v_l.
qg—1 qg—1
)
k-1

Example 2.

“O-Q-0-C
1 2 3 n

Now we have the graph of the projective lines in a projective space, two
projective lines being adjacent whenever they are in a common plane (and have
a projective point in common).

[N.B.: the lines of this geometry are pencils of ¢+ 1 projective lines in a
common plane and on a common projective point.]

Our diagram becomes

k ©
ko1 . ¢*(¢" = 1)(q-1) (g+1)°

Weyl words: ' 9" “2312”
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(" '~1)(¢"—1)

T @ De-1)
_ ¢" -1
k—q(q+l)——qfl—'

n-2
_1
A=g—1+ql+2L —=
A

qn—l_l qn—2___1 4
¢*-1 g-1
For ¢=1 (the ‘thin’ case) this becomes the diagram for the triangular graph:

~7)

[Clearly X\;:= ',—k Z’p 150 Often, when A; does not have a particularly nice
J#i
form, we omit this redundant information.]

k2=

Notice how easily the expressions for v,k,k;,\ can be read off from the
Buekenhout-Tits diagram: for example, A=X(z,y) first counts the ¢—1 points on
the line zy, then the remaining ¢ points of the unique plane of type {1,2}
containing this line and finally the remaining ¢° points of the planes of type
{2,3} containing this line.

Example 3.

OO0

This is the graph of the j- flats (subspaces of dlmenswn 7) in prOJectlve n-space,
two j-flats being adjacent whenever they are in a common (j+1)-flat (and have
a (7—1)-flat in common). The graph is distance regular with diameter
min(j,n+1—j). Parameters are

v= (qnﬂ_l)(‘l "1) (‘I"+2 J‘l [n+1]
(¢7=1)(¢""'=1)..(g—
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_ a2l r—itt
k"q [’]q[ 1 q

i _aiet|imi] n—goitl
bi=piie1=0" [ 1 ]q[ 1 ]q

. 12
i _ 11
Ci=Pli-1— [1 7

The parameters for the thin case have ¢=1 a\nd binomial instead of Gaussian

+1
coefficients; we find the Johnson scheme n j

J
The Weyl words (minimal double coset representatives in the Weyl group)
have the following shape: for double coset ¢ in A, ; the representative is
w;i= ”j7j+]_,...,j+i“l,j—]-;j’-"rj-*.i_2’ ...... ,j—i+l,j'—i+2,...,j ”

Note that w; has length %, the power of g occurring in k;.

Example 4.

1 2 n—2 n—1
(n=3; Dy is the direct product A; ;X A, |, ie., a (g+1)X (g+1) grid.)

n__ n—1
v=#D, = g"—1)(q +1)
’ q_l

n—1 n—-2
-1 +
k=q#Dn—1,1=q(q )(q 1)
g—1
Diagram:
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1 2n~3
(=
q9— 1+q‘#Dﬂ 21 q 1)#Dn—ll
Thin case:
v=2nk=2n-2
2n 2
l 1
2n—4

This is K, minus a complete matching.
The Weyl words are:
“"" for double coset 0,

“1” for double coset 1, and
- 17 for double coset 2.

“123 -+ - n=3n—-2nn—-1n-2 --
Example 5
n
1 2 n—2 n—1
#Dua#Dn-11 _ (¢"=1)(g" T +1)(¢" " = 1(g" 24 1)

T A, (¢*~1)(¢—1)

(" 2=1)(g" "*+1)
(g+1) -1

k=q#A1,1#Dn~2,1=‘I
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Diagram (for n >4):

Double coset 1 contains adjacent points, i.e., lines of the polar space in a
common plane. Shortest path in the geometry: 2-3-2 (unique).

Double coset 2 contains the points at ‘polar’ distance two, belonging to the
Weyl word “2312", i.e., in a polar space Az ,. (I.e., lines of the polar space in a
common t.i. subspace). Thus

2n-6
¢ "—lgqg
ky= _9oko(Ags)=
2 #Dn 2,2 2( 3,2) q2_1 q—l
Shortest path in the geometry: 2-4-2 (unique). Double coset 3 contains points
incident with a common 1-object, so that the Weyl word is the one for double
coset 2 in D, _  (relabelled):

n—2__l

(" *+1)q*

“23 - n-3n-2nn-1n-2 --- 2"
(These are intersecting lines not in a common t.i. plane.) Thus
ky=#A,1ko(Dp—y1)=(g+1)g*" "%
Shortest path in the geometry: 2-1-2 (unique).

Double coset 4 contains points with shortest path 2-1-3-2 (unique); the
Weyl word is

23 - n-3n-2nn-1n—-2 --- 312"

the reduced form of the product of the word we found for double coset 3 and the
word 212" describing adjacency in Ay,. Thus
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s P -
k4=#Dn—‘z,lq?(#Dn—l,l—(Q‘*1)“02#Dn—3,1)= q__q—_ 1—'(‘1" S+1)(g+1)g> 3,
Double coset 5 contains the remaining ¢**~7 points (the lines of the polar
space in general position). Shortest path in the geometry: 2-1-2-1-2 (not

unique). The Weyl word is
“283 -+ n—=1123 -~ - n-2nn—-2 --- 21n—1 --- 397
of length 4n —7.

The thin case is:

v=2n(n—1), k=4(n-2)

Example 6.
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As before we find

and k=q(g+1).
This time the thin diagram is
v=24, k=8

and we see that the number of classes is one higher than before. This is caused
by the fact that we can distinguish here between shortest paths 2-4-2 and 2-3-2,
while in the general case (n=5) both 2—n—2 and 2—(n—1)—2 are equivalent
to 2—3—2. Thus, our previous double coset 2 splits here into two halves.
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Double coset Weyl word Cardinality ~ Shortest path (unique)
0 1 2
1 “on glg+1)° 2-{1,3,4}-2
2 “2312” g*q+1) 2-4-2
3 “2412” gig+1) 2-3-2
4 “2432" aY(q+1) 2-1-2
5 “24312” (g +1) 2-1-{3,4}-2
6 “231242132" q°

Diagram:

Example 7.

n
1 2 3 n—2 n—1

This graph is distance regular of diameter [%]

We have
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v=(g" T+ 1)(g" T2 1) (g +1)

Note that when n=2m, then km=q"‘(2m—l). Also, note that in the case n=4
these parameters reduce to those we found for D ;.

Two points have distance =i (for 0=i=<n) iff there is a path
n—(n—2i)—n in the geometry. When n is even, then two points at distance

% (“in general position”) are not incident to a common object. (Note that
k=#A, _, .9 and, more generally, that
ki=#A, 1 9iki(Do;gi)=a"® " V#A, o

The values for b; and ¢; follow similarly. The value for v follows by induction,
and when n=2m then k,, is found from k,=v— 3 k;.)
i<m
The Weyl word corresponding to distance ¢ is the same one (after
relabelling) as in Dy, o;, namely:

“‘nn—2n-1n-3n-2nn—-4n—-3n—-2n-1 ---7"
of length
1+2+34+4+ --- +21—-1 = i(2i-—l).

In the thin case we have v = 2"7! k= [g], and the graph is that of the binary

vectors of even weight and length n where the distance is the Johnson distance,
i.e., half the Hamming distance.
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Example 8 (sce Tits (8]).

6
1 2 3 4 5
This graph is strongly regular (i.e., distance regular with diameter 2). We have
g—1 ¢°—1
V=t
¢g*—1 ¢—1

and

-1 5
k=q#Dgs5=¢q -1 (g°+1).

The thin case gives diagram

v @16 1@ 8@ ’
8

10
the Schldfli graph; this is the complement of the collinearity graph of the

generalized quadrangle GQ(2,4). In general we find the diagram

O
\/ #D,,

where ls:2*—~q31'#D5yl and A=¢— l+q2#A412.

Double coset 1 corresponds to the shortest path 1—2—1 and has Weyl word
“1". Double coset 2 corresponds to the shortest path 1—=5—1 and has Weyl
word “12364321", as in Dy ;.

Example 9.
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This graph has

9
-1
v= qq_l (¢®+1)(g*+1)(¢°+1)

and

-1
qg—1

k=g#A55=q(¢*+1)(g°+1)

The thin case gives diagram

with v = 72.

In general we find

with k2=#A5y1#A4,1q6 and k;=q'% and A=q¢-1+¢*(¢>+q+ 1)2. Double
coset 1 corresponds to shortest path 6-3-6 and has Weyl word ‘6. Double coset
2 corresponds to shortest path 6-{1,5}-6 and has Weyl word “634236” (of D ,)-
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Double coset 3 corresponds to shortest path 6-1-4-6 (or, equivalently, 6-5-2-6)
and has Weyl word “6345 234 1236”. Double coset 4 has Weyl word “6345 234
1236345 234 1236"".
Example 10.

The case of type F; ; has been treated in Cohen [6].

Up to now all our computations were easy and straightforward, mainly
because of the limited permutation ranks (number of classes of these association
schemes) and the fact that A, ,, D,,, and Eg, have diameter at most two.
Continuing in this vein we quickly encounter difficulties. Eg, is still distance
regular with diameter three and E7g and Eg; have diagrams like Egg (and
these three cases are easily done by hand) but for instance E; 4 has 149 classes
(double cosets) and all geometric intuition is lost; in the next section we describe
how parameters for these Lie geometries can be mechanically derived by means
of some computations in the Weyl group. In a way, this means that it suffices
to consider the case ¢=1. Now everything is finite and a compnter can do the
work.

In the appendix we give computer output describing Ey ,, E75, E77, Eg),
Egq, and Egg, In other words, the geometries belonging to the ‘end nodes’ of the
diagrams FE; and E3. For E; we also computed the parameters on the
remaining nodes, but listing these would take too much room. We therefore
content ourselves with the presentation of the permutation ranks for the
Chevalley groups of type F,, E,, (6=n=8); to each node r in the diagram below
is attached the permutation rank of the Chevalley group of the relevant type on
the maximal parabolic corresponding to r.

Q-0

5 17 17 5
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4 13 50 149 27 5

35

ES
5 26 122 547 1437 134 10

4. Reduction to the Weyl group

In this section, G is a Chevalley group X, (q) of type X, over a finite field
F,. We shall rely heavily on Carter [4], to which the reader is referred for
details. Though with a little more care, all statements can be adapted so that
they are also valid for twisted Chevalley groups, for the sake of simplicity, we
shall only consider the case of an untwisted Chevalley group G. To G we can
associate a split saturated Tits system (B,N,W,R), cf. Bourbaki [1], consisting
of subgroups B,N of G such that G is generated by them, and of a Coxeter
system (W,R) with the following properties:

(i H=BNN is a normal subgroup of N and W=N/H.
(ii) For any weW and reR,

(i) BwBrB C BuBUBuwrB

(i)"’"'BCB
{iti) (split) There is a normal subgroup U of B with B=UH and UNH = {1}.
(iv) (saturated) n “B=H.
weW

Here and below, YA stands for wAw ™! if A is a subset of G invariant under
conjugation by H. Notice that “B and Bw are well defined. We shall briefly
recall how a Tits system may be obtained. Start with a Coxeter system (W ,R)
where W is a Weyl group of type X,,. Let & be a root system for W. A set of
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mutually obtuse roots corresponding to the subset R (of fundamental
reflections) forms a set of fundamental roots. Now any root ae® is an integral
linear combination of the fundamental roots such that either all coefficients are
nonnegative or all coefficients are nonpositive. In the former case, o is called
positive, denoted o >0; in the latter case, « is called negative, denoted a <0.

Now choose a Cartan subgroup H in G, and denote by X, for ced the root
subgroup with respect to a (viewed as a linear character of H). Thus H
normalizes each X ,. Next, let N be the normalizer of H in G. Then W=N/H
permutes the X, (ae®) according to Y X, = X, (weW).

Now U= JT X, is a subgroup of G normalized by H, so that B=UH is a

a>0
subgroup of G with BAN=H. This explains how B,N,W ,R,U occur in G. We

need some more subgroups of G. Given weW, set
U,:= JI X,
a>0,uw o <0
It is of crucial importance to the computations below that
[Us 1 =¢'t)

for every weW, where I(w) denotes the length of w with respect to R. (For a
proof, see Carter [4] 8.6; notice that our definition of U, differs from Carter’s
in that our U, coincides with his U_-1.) Observe that U, is a subgroup of U,
for if we let wy denote the unique longest element in W with respect to I, then
wy is an involution satisfying U, = U N ““°U (and also U N “°U = {1}). Fix
reR and write J = R\{r}, W; = < J>, the subgroup of W gencrated by J, and
P=BW;B. Then P is a socalled maximal parabolic subgroup of G (associated
with r). We are interested in the graph I'=I'(G,P) defined as follows. Its
vertices are the cosets P in G (for z¢G), two vertices zP,yP being adjacent
when y ™1z ePrP.

In this graph, zP and yP have distance d(zP,yP)se if and only if
y lzeP<r> -+ <r>P (a product of 2e+1 terms). Let us first compute the
number v of vertices of this graph.
Lemma 1. Each coset rP has a unique representation zP=uwP where ucU,
and w is a right J-reduced element of W, i.e.,

weLy={weW | l(ww")=l(w) for all w'ed¥,}.
Proof:

zB has a (unique) representation zB=uwB with weW, ueU, (see Carter
[4], Theorem 8.4.3). Thus zP=uwP and obviously we may take weL; (cf.
Bourbaki [1], Chap. IV, §1 Exercice 3). Suppose uwP=u'w'P. Then
w'eBwBW; B so that w' = ww" with w" € W, but since w,w'eL; it follows that
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w'=1w. We assert that PNw™!Bw C B. (See [5], Proposition p. 63; since this
reference is not easily accessible we repeat the argument.) Let w=r;ry- -+ r, be
an expression of w as a product of t=1(w) reflections in B. Denote by S the set
of elements of the form ryry -+ -y, With #; <ip< - -+ <3, Then W;NS 1w =
{1} since wW;NS = {w} (w is the only element in .5 with length at least I(w)).
Hence, PNw™'Bw C BW;BNBw 'BuB C BW,BNBS 'wB =
B(WJﬂS"lw)B = B, as asserted. Now v lu! € wa‘anu;-
w(PNw™ Wwnwlwg Y™ € w(BNwUwg Nw™! = {ww™'} = {1} since
BN"“U = 1 (see Carter [4], Lemma 7.1.2). Thusu=u" ®

Proposition 1. The graph I'(G,P) has v vertices, where

v= 3} q'('”).

Il

weL;
Proof:
A straightforward consequence of the formula |U, | = ¢'*) for weW and
lemma 1. ®
Remark 1. Of course, we also have the multiplicative formula

d;
o lGrp| - fria=L
i=19 —1
where d, ..., d, are the degrees of the Weyl group W, e,, ..., e, are the degrees
of the Weyl group W; and e; = 1 (cf. Carter [4]).
Next, we want to put the structure of an association scheme on this graph.
The group G acts by left multiplication on the cosets £P, and clearly this action
is transitive. Thus we find an association scheme. The collections of cosets in a
fixed relation with a given coset, say P, are the double cosets PrP. The pair
(zP,yP) has relation G(zP,yP), labelled with Pz ~'yP. We see that a relation
PrP is symmetric iff PzP = Pz ~'P, and this holds in particular for z=r.

Lemma 2. Each double coset PrP has a unique representation PrP=PwP
where w is an element of W that is both left and right J-reduced, i.e.,

weDy:={weW | w is the unique shortest word of W wW,}
Proof:
See Bourbaki [1] Chap. IV §1 Exercice 3. ®

Proposition 2. The association scheme I'(G,P) has valencies k; (belonging to the
relation PiP) for 1¢D;, where

k= X q'®).
wel ;NW,i
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Proof:

Obvious. ®
Remark 2. If 1eD;, then iW,;i "'"NW;=W, -1~ ; by Solomon [7], so substitution
of ¢g=1 in the above formula for k; leads to the equation. |L;NW;i| =

Wyl

I VViJ:'_lﬁJl

Finally, we come to the parameters p}k. It is more convenient to label the
relations (such as i,7,k) by elements from D; than by 0,1,....s as in Section 2.
Therefore, we shall use these new labels; 1 now stands for the ‘old 0", and r for
adjacency, i.e., the “old 1”". We shall confine ourselves to giving pJ.
Theorem. Let 1,jeD;. Then the number of points (i.e., cosets) in 1PrP N P;P
is

e oz g
welNA | (tw)>!(twr)
ql(wr)+
wel NA |, I(iw)<l(iwr)
¢'rlg—1)

wel NAr | I(iw)<l(iwr)
where L := L; N W;r and A := i "W, ;W

Proof:
Clearly,
e
WyW,=y wW;
wel
Consequently,

[ ]
iPrP=iBW,;BrBW ;B =iBW,rW,;B=j iBuP

wel

Now we want to write each set {BwP as a union of cosets uwP as in lemma 1.
For g¢G and K a subgroup of G define ‘K := gKg~ ! and K* = K\{1}. Itis
well known that for any uel we have if {(su)=1(¢)+!(u) then *(U,) C U
(See Cohen [5] Lemma 2.11.) Notice that w=wvr for some wveW; with
l(iv)=1(i)+1(v) and I(vr)=1(v)+1.

Distinguish two cases:

If I(fw)>1(4v) then
iBwB=iU; wB="(U; )iwB

and we have ‘(U ) C U, as desired.
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If I{iw) <l{iv) then
° .
iBuB=iBeBrB="(U)ivBrB="(U;) - (iwB y *((U;)*)ivB)

and we have {(U)7) € Uz, ‘(U7)™(U7) C U as desired. (For the

inclusion *(U,”) C Uy, note that v cannot change the sign of the root

corresponding to r since veW;.)

Now in order to count how many of the cosets uwP fall into a given double

coset PjP we need only observe that wwP C PjP iff weW;W;, and that
distinet wel lead to distinct cosets fwP. @
Corollary. Given two vertices z,P, zoP of I' at mutual distance d, the number
of vertices at distance d—1 to z,P and adjacent to z,P is congruent to 1 (mod
q), and the number of vertices at distance d to P and adjacent to z,P is
congruent to — 1 (mod ¢). Also, the valency k is congruent to 0 (mod gq).

Proof:

From “weW,r iff [(w)=1" and the expression given for k=Fk, we see that
k = 0 (mod q). Next, from the previous theorem we obtain that

pl=6(ireW W)+ (q—1)-8(i Wy W;) (mod q)

where §(T) for a predicate T denotes 1 if T is true and 0 otherwise. Thus, all er
are congruent to 0 (mod ¢) except pf. which i is congruent to —1 (mod q) and p!
which is congruent to 1 (mod g¢) -- where i is defined by treW_,zWJ Clearly
d(P,iP) = d(P,iP)-

Remark 3. This corollary is motivated by Lemma 5 in [2] which is a crucial step
in the proof that if T is finite and ¢ >1, then the building corresponding to the
Tits system (B,N,W,R) does not have proper quotients satisfying the conditions
in [10], Theorem 1. The above corollary shows that the conditions are satisfied
for the Chevalley groups of type A,, D, or E, (6=sm=8). For another
application, see [3].

Remark 4. It is possible to compute the parameters pjk for arbitrary k in a
similar way. Again one starts by writing ¢{PkP as a disjoint union of sets of the
form {BwP. Next by induction on /(w) this is rewritten as a disjoint union of
cosets uvP, where u¢U,” and veL;. As an algorithm this works perfectly well,
but it is not so easy to give a simple closed expression for p;:k.
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5. Computation in the Weyl group

We shall briefly discuss the way in which several items in the Weyl group

have been computed.

(i)

(ii)

The length function /.

The only essential ingredient in our computations is the length function; all
other computations could be done by general group theoretic routines. But
given the permutation representation of the fundamental reflections on the
root system & and a product representation w=s3,'35°8,, (not necessarily
minimal), we find {(w) from

l(w)=|{aed:a >0 and wa <0}
(see e.g. Bourbaki [1] Chap. VI, §1.6 Cor. 2).

Canonical representatives of the cosets wW;.

Let & be the coroot perpendicular to all fundamental roots except the one
corresponding to r. Then & has stabilizer W, in W, and the images of ¢
under W are in 1-1 correspondence with the cosets wW.

Equality in W.

Similarly, let p be the sum of all positive roots. Then wp=w'p iff w=w'".
Double coset representatives.

Given a suitable lexicographic and recursive way of generating the cosets
wWj, the first of these to belong to a certain coset W;wW; will have weD .
All cosets in the same double coset are found by premultiplying previously
found cosets with reflections in J. However, the set D; of distinguished
double coset representatives can be found without listing all single cosets
wW): given weDy, one can determine all elements from D; N wL, where L
= L; N W,r, by simply sieving all right and left J-reduced words from wL
(compare with (i)). In view of the fact that W is generated by J U {r},
iteration of this process will eventually yield all of D; (one can start with
w=1). We have done so for the Weyl groups of type Fy, E, I+, Eg. The
cardinalities of Dy, i.e. the permutation ranks, have been given above.
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Appendix

Eg,1

27 cosets

3 double cosets

Sizes:

0: )

(1] 1

1: (1)

[186] q+:;2-l—q3+2q4-l-2q5+2q$+2:]7+2<18+q9-f—qm+q’1

2: (12364321)

[10] q8+q9+q10+q11 +2q12+q13+ql4+q15+q16

Neighbours of a point in 0:

1:

(16] g+ q¢® +¢® +2¢* +2¢% + 295 + 2¢7 + 2¢% + ¢° + ¢! + V!

Neighbours of a point in 1:

0:

1:

2:

a1
(10] -1+g+¢®+g®+2¢" +2¢° +2¢°+¢" +4°
6] g +¢®+¢°+g0+q"

Neighbours of a point in 2:
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18] 1+g+g’+2% +¢*+¢°+¢°
2: [8] -l-q3+q4+q5+q6+2q7+2q8+q9+q'°+q”
Ego
216 cosets
10 double cosets
Sizes:
0: ()
(1] 1
1:(2)
[20] q + 2q2 +3¢% + 49 + 4q5 + 3¢% + 2q7 + q8
2: (2312)

(30]  q*+2¢° + 4¢% + 5¢7 + 6% + 5¢° + 4¢'0 + 29! + 12
3: (236432)
[10]  ¢%+2¢7 +2¢% + 2¢° + 2¢'0 + V!
4: (2364312)
[60] 07+ 3¢5 +6¢° + 9¢"0 + 11" + 11¢'% 4 9¢'3 +6q' 4 3¢'5 4 g1
5: (23645342312)
(20] g + 2912 + 3¢5 + 4™ + 4" + 3¢10 4 2417 4 ¢18
6: (23412365432)
[20] g' 4+ 2912 + 3¢"3 + 4g™ + 4¢'° + 3¢10 4+ 2417 4 o'
7: (2341236342312)
(5] g8 gt " " 4 g7
8: (23412365342312)
[40] g™ + 39" + 50" + 717 + 818 4+ 7¢19 4 5¢%° 4 3¢%! 4 ¢
9: (2364534123645342312)
[10] q24 + q25
Neighbours of a point in O:
1:[20] 3¢ +2¢7 + ¢
Neighbours of a point in 1:
0: 1] 1
1: [7] 149 +2¢8+2¢3+2¢ 4+ ¢°
2 (6] ¢ +2t+2¢°+¢°
3B ¢+t +d
48 P+ +4



26 A E Brouwer and A.M. Cohen

Neighbours of a point in 2:
1: [4 142 +¢°
2: (6] -1-q+qz—}-3q?‘+3(14+q5
&8 ¢t+3°+3°+d
5: [2] 7+t
Neighbours of a point in 3:
1: (6] l+g+28+¢°+4¢*
3 l-¢+d gt 2+
406 e+t +d°
6: [4  P+e"+q +4°
Neighbours of a point in 4:

1: (1] 1

2[4 g+2°+¢°

3: (1] ¢

47 -1-q+2¢3+4¢* +3¢°
5: 20 ¢ +4

6: 2]  ¢°+¢°

71 ¢

812 ¢ +¢°
Neighbours of a point in 5:
2: 8] 1+gq+g?
4 (6] *+2°%+2%+¢°

5: [4] A+ +¢t P+ %+
8 [6] g*+20°+2¢%+¢"
o: 1] ¢°
Neighbours of a point in 6:
3: 2] 1+4+4¢
4: [6] g+2¢%+2¢° +¢*
6: 6] -1-g+¢°+3¢*+3¢° + ¢

8 (6] ¢°+2¢°+2" +¢°
Neighbours of a point in 7:

4:(12] 1+ 29 +3¢% +3¢% +2¢* + q°

00 l-g-®+¢t+ ¢+ ¢°

8 8] g*+20°+2¢° +2¢" 4 ¢°
Neighbours of a point in 8:
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4: (3] 14+q+¢°

5: 8] g+¢°+4°

6: 3] ¢+ ¢°+ gt

7. 1] ¢°

& (711 -l-q-¢"+3¢*+4¢° +2¢° + ¢’

9: 8] ¢®+q"+4°
Neighbours of a point in 9:
5: [2] 1+g¢
8:[12] ¢ +3¢° +4¢° + 3¢* + ¢°
9: [6] _l_q_q2_q3+q4+3q5+3q6+2q7+q8

Eg,g

72 cosets

5 double cosets
Sizes:

0: ()

(1] 1
1: (6)

[20] g4+ ¢ +2¢° +3¢* +3¢° +3¢° +3¢7 +2¢% + ¢® + ¢'°
2: (634236)

(30]  q® + 29" +3¢% + 4¢° + 5¢'° + 59" + 4¢'% + 3¢'3 4 201 + ¢1°
3: (63452341236)

(20] g+ g+ 291 4 3gM 4 3¢15 4 310 4+ 3¢17 4 2¢18 4 ¢! 4 g%
4: (634523412363452341236)

¢
Neighbours of a point in 0:

1:[20] g+ ¢"+2¢°+3¢% +3¢° +3¢° + 397 +20° + ¢° + ¢"°

Neighbours of a point in 1:

0: [1] 1
1: [9] 14 g 4¢P +2¢° +3¢0 +2¢° +¢°
2: 9] ¢®+2¢°+3¢" +2¢°+¢°
3 1] ¢"
Neighbours of a point in 2:
18] 1+gq+2¢°+¢°+ ¢

2: [8] 1-¢2+¢>+2¢* +3¢° +2¢% + 2q7
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3: 6] ¢ +q" +2%+¢% +4"°
Neighbours of a point in 3:
1: [1] 1
2: [9] 7 +2¢% +3¢% + 2¢* + ¢°
3: 9] -1-q2-q3+q“-&-2q5+3q6+3q7+2qs+qg
4: 1] q'
Neighbours of a point in 4:
3: [20] 1+q—i—2q2+3q3+3q4—f—:’>q5-+-3q‘5+2q7+¢,18+q9
0] -1-¢* - +¢ +¢+¢"

Ezq
56 cosets
4 double cosets
Sizes:
0: ()
(1] 1
1: (1)
[27] q+q +% +q +2¥ +2q +2? +2¢% + 3¢° + 2¢"° + 24"
2q +2q +q +q +q —I-q
2 (1234754301)

[27] q + qll +¥ 32 + 2q14 + 2q15 + 2q1:6+ 2q17 + 3q18 + 2q19

+200 4+ 20" + 202+ ¢P + ¢ + P + g
3: (123475645347234512347654321)
(1] g

Neighbours of a point in 0:

1: [27] q+q +% +q +2? +2q +23 +2¢% + 3¢° + 2¢'0 4+ 2¢" +
29" + 298 + ¢ + ¢ + ¢! 544!

Neighbours of a point in 1:

0: 1] 1

1: [16] -1+q+q + 0%+ gt +2¢° +2¢° + 297 + 298 4+ 2¢° + ¢! + ¢!
+q

2:110] ¢ 8 4 gl0 gl g12 4 9g18 4 gl 4 15 4 418 4 o1

Neighbours of a point in 2:

1: [10] l-I—q+q2+q3+2q4+q5+q5+q7+q8

2: [18] -114-4 +q +q +q" + ¢® + 397 + 2¢"° + 29" + 2¢"% + 24" +
q +q +‘I
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3: (1 gV

Neighbours of a point in 3:

2: [27] l+q+¢{+q +2q+2qs+2g+2q + 3¢% + 2¢° + 2¢"° +
+2q +q +q

3:10] -1-g*-¢®+ %+ ¢ 44"

E7,8
126 cosets
5 double cosets
Sizes:
0: ()
(1] 1
1: (6)
B2]  g+q"+ 3+2q +2Z +3¢° + 397 +3¢° +3¢° +3¢"° + 3" +
2¢" + 20" + ¢+ g% + ¢
2: (65473406)

[60] ¢ +g ? 2q +4q‘2+4‘3+5g +5q +sq16+sq17
+5¢™ + 5¢ +4q°+4q +2¢% + 29% + 2 4 ¢®
3: (65473452347123456)
[32] ¢ + - % % 0 2q21 1 3q22 : 3¢2 + 3% + 3¢% 4 3478
+ 3077 + 297 4 297 4+ ¢%0 4 ¢ 4 ¢%2

4: (654734562345123474563452347123458)
g%
Neighbours of a point in O:
1: [32] q+q +? +2q +22 +3§ +3¢7 +3¢% +3¢° + 3¢ 4+ 3¢ +
Tr2gB g+ e+ g
Neighbours of a point in 1:
0: [1] 1
L15] -14+q+q¢°+¢®+2¢" +2¢° +3¢° + 29" + 2¢® + ¢° + ¢"°
2:[15) ¢+ ¢® +2¢° +2¢"0 + 3" + 29" + 2913 4 M + ¢
3 (1] ¢
Neighbours of a point in 2:

1: [§] 1+g+¢>+2¢% +¢*+¢°+¢°
3 [8] q10 +qll +ql2+2ql3+ql4+q15+q16

Neighbours of a point in 3:
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1: [1]
2: [15]
3: [15]

4: [1]

A.E. Brouwer and A.M. Cohen

1

e+ +2¢° +2¢* +3¢° + 20+ 2¢" + ¢* + ¢°

gt g4 g+ 2¢° + 20° + 3¢%0 + 3¢" + 2412 4 243 4
q14+q5

qxs

Neighbours of a point in 4:

3:[32) 144 +q2+2¢113+2q4+3g5+3q6+3q7+3q8+3q9+3q]°+
2qll +2ql2+q 3+ql4+ ql
4 [0] TP S VR L R R L
Eq77
576 cosets
10 double cosets
Sizes:
0: ()
(1] 1
1: (7)
35] ¢+ gz +20° + 3¢* + 4¢° + 4¢° + 5¢7 + 4¢% + 4¢° + 3¢'° + 24"
+ ql + ql3
2: (745347)
[105] %+ 2¢" + 4¢® + 6¢° 4+ 9¢'° + 11¢" + 13¢"% + 13¢"® + 13¢'* +
11q15+9q16 +6q17 +4ql8+2q19 + q20
3: (74563452347)
[140] ¢! + 2¢'% + 49" + 7" + 104" + 103q16 +016q17+17q18+ 17¢'
+16¢%° + 13¢%! + 10¢%% + 7¢% + 4¢%* + 29 + ¢%°
4: (745347234512347)
I7] q15 +q16 +ql7 + q18 + qlﬂ +q20 + q21
5: (7453476234512347)
[140] qls+225q17+4q18+7q19+lq%20+ 13¢2! + 16¢2% + 17¢% + 174%
+16¢%° + 13¢% + 10¢%7 4+ 7¢™ + 4¢% + 2¢%° + ¢!
6: (745634523474563452347)

[7]

q21 + q22 +q23+q24 + q25 + q26 + q27

: (7456345234745634512347)

[105]

0* + 207 + 4¢™ + 69%° + 99%° + 11¢7 + 13¢%8 + 13¢2° + 1343°
+11¢% + 9¢% + 6q33 +4¢% + 2q35 + ¢%®

: (74534762345123473456234512347)
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135] q2938+ qsos‘;_ 2qi; +3¢%% 4 4g% 4 40% + 50% 4+ 4¢%° + 4437 +
3¢%8 +2¢%% + ¢*0 4 ¢*

9: (745347623451234734562345123473456234512347)
o ¢®
Neighbours of a point in 0:
1:[35] ¢ +132 + l23,;3 +3¢* + 4¢° + 495 + 5¢7 + 4¢% + 4¢° + 3¢'0 + 2411

+q9°+gq
Neighbours of a point in 1:
0: [1] 1

L[12]  -L+q+%+2¢° +3¢* +3¢° + 2¢° + ¢
2: (18] ¢° +2¢° + 4¢" + 4¢° + 4¢° + 24" + ¢!

3 4] g0 4+ g1 4 g12 4 g1
Neighbours of a point in 2:
L] 1+q+2¢°+¢° + g

2:[12]  -1-q%+ ¢® + 2¢* + 4¢° + 3¢% + 307 + 48
3:12]  ¢®+2¢" +3¢% +3¢° + 2¢"0 + ¢!

4: 1) q°

5: (4] PELIFIPEE IR LR ks
Neighbours of a point in 3:

1: 1] 1

2: 9] g+2¢°+3¢3+2¢" + ¢°
3112 -1-¢°-¢* +¢* +3¢° + 4¢° + 4¢" + 2¢° + ¢°
5: 18] " +2¢% +3¢° + 29"+ ¢!
6: (1] ¢"°
7. 3] T
Neighbours of a point in 4:
2:(15]  1+q+2¢°+2¢° +3¢* +2¢° + 2¢° + ¢" + ¢°
400 1-g*-q*+¢"+q +¢°
5:20] ¢t + ¢° + 24 + 3¢7 + 3¢° + 3¢° + 3¢ + 21 4 ¢'2 4 18
Neighlours of a point in 5:
2: 3] 1+4gq+q?
3: (9] > +2¢% + 3¢ +2¢° + ¢°
4 1] ¢
5:(12]  -1-¢%-¢° +2¢° +3¢% + 5¢" + 3¢% + 2¢°
70 ¢®+2¢° +3¢"% + 2¢" + ¢"?
8 1] g
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Neighbours of a point in 6:
3:[20] 1+4+q+2¢°+3¢3+3¢ +3¢°+3¢% + 20" +¢%+¢°
6: 0] -1-¢%-¢*+¢" +¢%+q"°
7:[15])  ¢® 4+ ¢% + 207 + 2¢% + 3¢° + 2¢'0 + 2¢! + ¢'2 4¢3
Neighbours of a point in 7:
3: 4 1+qg+¢*+¢°
5:(12] ¢ +2¢° +3¢* +3¢° +2¢° + ¢’
6: [1] ¢
7:[12]  -1-g%-q®-qt 4+ %+ 2¢% + 4¢7 + 4% + 3¢° + 2¢1°
8: [6] ¢° + g0 4 291 4 g12 4 13
Neighbours of a point in 8:
5: [4] 1+g+4¢*+¢°
7: (18] ¢ +2¢° + 49" + 4¢° + 4¢° + 20" + ¢°
8:[12]  -1-¢%-¢%-q*+3¢7 +3¢% + 4¢° + 3¢'% + 2¢'! + ¢'2
9: [1] q"
Neighbours of a point in 9:
8: [35] 1+q+2q +3¢° +4¢* + 4¢° + 505 + 4¢7 + 4¢® + 3¢° + 29" +
q l+ q12
9: [0]  -1-¢%-¢°-q*-¢®+q" +¢° + ¢ + ¢ +¢"®

Eg1
240 cosets
5 double cosets
Sizes:
0: ()
(1] 1
1: (1)
B8] g £ a"+ o+ a - a® 420" + 207 + 2% + 2¢0 + 3¢ + 3¢ +
3q +3q +3qza +32 +3q +3q +3q +3q + 2¢%° +
2q +2q + 2¢g +q +q +q +q -I-q
2: (123458654321)

[126] q12 14 + 18 + 2q17 +3 19 + 4 + 4q
+5g s 33 g& &é’ 35 %?Hq 3+7q +6q30
6q + Bq + 5q + 5¢q 4¢°% + 4¢%7 + 3¢%8 + 3430

2¢* + 24* +q4 +¢* 4 gt 4 ¢®
3: (12345867564583456234587654321)
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4: (12315867

(1
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q* g+ ¢ 4(—) ¢+ {1 54 2q:"4 + 2q35 + 2q""5 + 2q37 +3¢% +
3q +3q4+3% g +3q +3q +3q +3% + 3¢Y +
29" +2¢%° + 2¢°° + 2¢°" + ¢ + g% + g% 4 ¢S
5645834567234561234585674563458234561234587654321)

q57

Neighbours of a point in 0:

1: [56]

g+q¢*+¢+q? +q + 24° +2q +2? +2¢° + 3¢'° 4 3¢ +
3q12+3q13+3qz +3‘5+3q +3q8+3q“’+2q2°
2¢%1 + 2922 + 292 + ¢ + g% + ¢? +q T4 g%

Neighbours of a point in 1:

0: [1]
1: [27]

2: [27]

3: 1]

1
1+ + +q +q +¢° +2q +2q +2q + 2¢° + 3¢ +
2q +2q +2q +2q“+q +q"% 4+ 9T+ ¢

q + q g +g +2q15+2q16+2q17+2q18+3q19+2q20
+ 202+ 2¢% + 295 + g2 4 ¢ 4 ¢ 4 T

g%

Neighbours of a point in 2:

1: [12]
2: [32]

3: [12]

1+q+q2+q3+q4+2q5+q°+47+q8+q°+q1°

-1-5q +?6 +4q +q +q +23“’+3q"+3q‘~+3q’3+3q“+
3q1 +3q +3q +2q +2q +¢20+¢° +q2

¢ + 0"+ g%+ ¢+ g7+ 207 4¢P 4 B 4 g% 4 T 4 P

Neighbours of a point in 3:

1: 1]
2: [27]

3: [27]

4: 1]

1

q+q2+% +q +2¥ +2q6 "‘2? +2¢% + 3¢° + 2¢'° + 2¢" +
2q‘2+2z;(l +q +q +q +q

1-¢°-¢° +¢" + ¢" + ¢'% 4 ¢! +2q“+2q15+2q'6+2q"+

3" + 39" + 2% + 297! + 292 4 297 4 g™ 4 ¢® 4 ¢ 4 ¥

q28

Neighbours of a point in 4:

3: [56]

4: [0]

E8,7
2160 cosets

1+q+q°+¢° +q + 2¢° +2q +2g
3q” +3q12+3q2 +3g“+3q +3q +3q
2q +2q + 2¢q +q +q +q +q +q7

1-¢"-¢° + "% + ¢ + ¢

q7 +3q + 3¢ +
+ 3¢™® + 29" +

10 double cosets

Sizes:
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0: ()
1] 1

1:{7)

[64] q+q +13+2q + 2¢° +3q +1;1q +4? +4q + 5¢" +5q‘;
52 +oq + 4q¢' +4q + 4q + 3¢ +2q + 24! +q° +
¢t + ¢

2: (76584567 )
280 ¢® + ¢° + 2¢'° + 3g!! + 5 % + 6q,0 + 9¢'7 + 10g70 + 13¢1° +

15q“ +17¢!° + 18¢ %+ 20¢%° + 20¢° "Oq + 20q + 18¢% +
l7q o+ 153 + 13¢% + 100 + 99 + 600 + 5¢%" + 3¢%% 4 24
+¢* +g

3: (76584563458234567)
[448] g7 + 2¢"° + 3¢"7 + 5¢%0 + 7¢% + 10¢°7 + 14970 + 179 + 204
+ fz4q~6 + 27q + 30q~8 +32¢%° + 32q +32¢% ¢+ 325,32 + 304¢°°
+ "Tq + 24q + 20¢% + 17q37 + l4q + IOq39 +7¢% + 5¢41 +
3¢% + 2¢% + o
4 (765845573456934581234567)
[560] g™ + 0% + 2¢°° + 497 + 60 + 8¢% + 1207 + 15¢°! + 19¢% +
24q33 + 27q3‘ + 3lq +35¢°% + 37q + 38¢%8 + 40¢%° + 38910 +
3 'y 35q + 31q + 27q ot 243 +19¢*% + 15¢*7 + 1248 +
°+6q +4q +2q +q +q
:(765845673456234585674563458234567)
ll4l q33 + q34 + q35 + q36 + q37 + q38 + 2q39 + q40 + q4l + q42 + q43
+ q44 + q4.5
6: (765845673456‘7345856745634581034567)

[448] ¢** + 2q“5 +3¢% + 5¢% + 7¢% + 104%° + 14q L+ 17q‘“ + 90q42
+24¢*% + 27q“ + 30q45 + 32¢% + 3‘>q47 + 32q + 323 + 30q
+ 27¢%! + 24¢°° o+ 20¢%% + 17¢% + 14¢°° + 10¢% + 7¢%" + 5458
3q5g + 2q6° + q
T: (76584563458”23456l2345845673456234581234567)

[280] ¢* + 't + 2¢% + 33 3 T4 6q + gq“* 10q5° + 13q5‘
l5q + 17q53 + 18¢° 4 204> + 203 +20¢°7 + 20¢°® + 18¢%° +
l7q + 15§ +13¢%% 4+ 1095 + 9% + 6¢% + 5¢%° + 3¢57 + 2458
+¢% +gq
8: (7658456345872345612345845673 1562345845673456234581234567)

4] ¢° + q 2+ 49 8 44
+5q +5qq’ % z+4q8+4q +3¢™ +2q +2q4q
¢ +q" + q"
9: (765845673456234585674561234586723456123458345672345612345845
673456234581234567)

IS

+5q + 4q
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q78

Neighbours of a point in 0:

q +oq2+({3+2q4+2q5+3q6+4q7+4g8+4q9+5ql°+5q11+
Sgl“ +05°q 4 oag™ 4 g™ 4 49" 4 3017 4 29" 4+ 2¢" + ¢ +
¢= +q~

Neighbours of a point in 1:

1
14+q+¢°+¢%+2¢" +2¢° + 3¢% + 3¢7 +3¢% 4 2¢° + 2¢° +
11 12

¢ +q

q7 +q8+2q9+3ql0+4qll+4ql2+5q13+4q14+4q15+3q16+
2ql7 + q18 +q19

q16+ q17 + q18+q19 +q20+q21 + q22

Neighbours of a point in 2:

1+g+¢2+2¢% +¢*+¢°+¢°

-1- P +g'+ % +2¢% + 497+ 4¢% + 44° 4+ 49" 4+ 3¢ 4 242 ¢
g

q10+2qll +3q12+4ql3+4q14+4q15+3q16+2q17+q18
q16+ql7+q18+2q19+q20+q21 +q22

Neighbours of a point in 3:

1

¢ +a*+2¢° +2¢* +3¢° +2¢° + 20" + ¢® + ¢°

1-¢%-9°+¢% +2¢7 +3¢% +3¢° + 491 + 49" + 3¢ + 2 +
14 15

9 +4q

0"+ " 4 2¢"2 4 3¢"% 4+ 3™ + 3¢1° + 3¢10 4 2917 4 18 4 41
16

q

q17 + q18 + q19 +q20 +q21 +q22

Neighbours of a point in 4:

1+qg+¢>+¢°

q?’+2q4+3q5+4qﬁ+3q"'+2<,78+t,19

1-g3- %5_ qs+q7 + 2q8+3q9+5q1°+5q“+5q‘2+4q‘3+
2¢ ¢ ¢!

q13+2ql4+3q15+4q16+3q17+2q18+q19

g% + ¢ 4 g2 4 g2

Neighbours of a point in 5:

1+q+q2+2?3+2q4+335+3q6+3q7+3q8+3q°+3q1°+
2qll+2q12+q3+ql4+ql
1-¢3- g% 4 g 4 gt 4 gt
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I+t +g +2%1°+2q“+3q'2+3q‘3+3q +3¢" + 3¢ 4+
3q"+2q‘8+2q +"+4¢% 44

Neighbours of a point in 6:

3: [6]
4: [20]
5: [1]
6: [21]

7: [15]
8: [1]

l+g++d+q¢*+¢°
q3+q4+2q5+3q5+3q7+3q8+3q9+2q10+qll+ql2

6

g

1-¢2-¢°-g" g +a +g 4 3¢"0 + 4g" + 49" + 4¢" 4 3™
+2q 54+ 24!

g+ g+ 2" + 2¢"% + 3¢"7 + 29" + 2¢"° + ¢%° + ¢V

q22

Neighbours of a point in 7:

4: [8]
6: [24]
7: [24]

8: [8]

l+g+¢+2¢%+¢*+¢°+4°

gt +2¢° +3¢° + 4¢7 + 4¢° + 4¢° + 3¢"% + 2¢™" + ¢**

-3 g% - g% + 20" + 3¢M + 49" + 50" + 4¢™ + 4¢"° + 3418
+2¢'7+ ¢!

1%+ g1 4 g1 4 2g10 4 g2 4 g%t 4 g%

Neighbours of a point in 8:

6: [7]
7: [35]

8: [21]

9: 1]

1+q+q +q +¢t+gq +q°

¢ +q +2q ;-3q + 4" + 4¢% + 5¢° + 49" + 4¢™ + 391 +
2¢"? +q +q

-1-¢q
4q15+3q7

q22

811 + 2q12 + 3¢13 4 3¢ 4 3¢% 4
+2q‘8+2q‘°+q +¢*

Neighbours of a point in 9:

8: [64]

9: [0]

E88

1+q+q +2q +2q +3q +4q +4q +4?+5q +5q‘°
g +5q + 49" + 4¢' + 44’ +3q + 2¢'7 4 248 + ¢
¢ + ¢*

d-g%- g0 -qB-q® g 4 gt 4 gV 4 g1% 4 g2

172’80 cosets
35 double cosets

Sizes:

0: ()
1]
1: (8)
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[58] q+q +2q +3q +4q +5qw+6q + 6¢% + 6¢° + 6¢'° + 54"
+4¢" + 3¢ +2¢M + ¢¥ 4 g

: (856458)
[280] ¢° + 2¢7 + 45] + 7q L+ 11q‘° + 15¢" + 20q‘~ + 24q‘3 +27¢1% +

~

29¢] S+ 29q + 27¢'7 + 24¢"® + 20¢"° + 15¢% + 11¢%! + 7¢%% +
497 + 2¢% + ¢%®
3: (85674563458)
[560] g¢'! + 2¢"% + 5¢' + 9¢™* + 15¢!% + 228 + 31¢'7 + 39¢'% + 474"°
20 1 22 23 24 q q q
+ 53¢ . + 56g" + 56q + 53¢ + 479" + 39q +31¢%% + 22q
+15¢%8 + 9¢% + 5¢%0 + 2¢%! + ¢*?
4: (856458345623458)
[56] q + 2q + 3q + 4q % o4 6q2° +7¢% + 7q22 + 6¢%% +

5¢2% + 4¢%° + 3¢%0 + 247 +q
5: (8564587345623458)

[1120] ¢'® Y 3q"7 + 7q‘8 + 14q‘° + 244{ + 37421 + 53¢%% + 70¢% +
86¢%% + 100¢%° + 109¢%% + 112¢%" + 109¢>® + 100?29 + 86¢% +
70¢%! + 53q3 + 37¢% + 24¢3* + 14¢%° + 7% + 3¢%7 4 ¢

6: (85674563458a674563458)

(28] *! + q22 + 2q23 + 2%24 + 3¢% + 3¢% + 4¢¥ + 3¢% + 3¢% +

2q3° + 2q + q LS q
7: (8564583456723456123458)

[280]  ¢* + 297 + 4¢% + 797 + 11¢%° + 15¢°7 + 204 + 24g" + 27¢°
+ 292 + 29¢%2 + 27q33 + 24¢%* + 20¢%° + 15¢%% + 11¢%7 + 7%
+ 4q o4+ 2q4°

8: (8567456345823456123458)

[280] ¢%2 + 2q~3 + 4g f 7q~5 +11¢% + 15q27 +20¢% + 24q2° + 27q3°
+ 293 + 29¢%2 + 27q + 2403 + 20¢%° + 15¢3% + 11¢% + 74%8
+ 4q o4 2q4° + q

9: (8567456345856745623458)
[840] ¢* + 3¢% + 7¢% + 13¢% + 22¢%° + 33¢% + 46¢%8 + 59¢%° +
31 32 33 34 35 36 37
7lq +80q + 85¢ +8} +80q +7lq + 59¢°° + 46¢°" +
33038 + 22¢%° + 13¢%0 + 7¢* + 3¢4% + ¢*3
10: (8567456345856723456123458)

[1680] ¢%° + 3¢*% + 8¢% + 16528 + 29q2° + 46%30 + 68q3‘ + 92q3~
117¢%% + 13933‘ + 156¢%° + 165¢%% + 165¢°7 + 156¢%8 b 139¢%° +
1}87q‘° + 92¢*" + 68¢*% + 46¢*® + 29¢** + 16¢*° + 8¢*® + 3¢*7 +
q

1: (85645873456234584567345623458)

[280] g™ + 2% + 4¢% 4 7¢% + 11¢%° + 15¢° + 20q35 + 24¢°) + 2797
+293 + 299 °+27q + 24¢*! + 20¢*? + 15¢*% + 11¢** + 7¢%®
+ 4q 8+ 2q 8
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18

19
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: (856458734562345845673456123458)

[1680] 430 -‘!3.8 39 4
117¢°8 + 139¢%° + 156
& + 68¢%7 + 4898 + 20¢*° + 16¢°° + 8¢°! + 3¢°% +

117¢* + 92¢
q53

3¢° + 8¢% + 16¢% + 2097 + 4697 + 68¢7F + 92¢% +

+ 165¢%! + 165¢%2 + 156¢*3 + 139¢%* +

: (85674563458567456345823456123458)

[168]

q32 + 2q33 + 42

+ 18¢*! + 17¢
q40

2

3 4 6g% 4+ 9¢% 4 120" + 15¢°% + 17&39 + 18¢%

+15¢% + 12¢* + 9¢*° + 6¢*° + 4¢% + 2¢*® +

: (85645834567234561234585674563458)
g234 +6¢% + 9¢% + 12¢% + 15¢% + 17¢%° + 18¢%

[168]

¢+ 298 + 4
+ 18¢* + 17¢
q49

+ 15¢% + 12¢™ + 99®° + 69 + 49" + 2¢*® +

: (85674563458567456234586723456123458)
(1120] ¢* + 3¢% + 7¢%7 + 14¢°® + 24239 + 37¢* + 53¢*! + 704%% +

(70]

86¢* + 100¢* + 109¢*° + 112

% 4+ 109¢*" + 100¢*® + 86¢%° +

700° + 53¢°" + 37¢%% + 24¢°° + 14¢™ + 7¢%° + 3¢ + ¢
: (85645834567234561234584567345623458)
(1120] ¢ + 3¢% + 7¢%7 + 14¢% + 244q39 + 37¢* + 53¢*! + 7042 +

86¢*3 + 100¢** + 109¢*° + 112

8 4 109¢* + 100¢*® + 86¢%° +

70¢%° + 53¢°! + 37¢%% + 24¢%% + 14¢%* + 7¢%° + 3¢%° + ¢
: (85674563458234561234583456723456123458)
q38 + q39'+ 2q40 + 3q4l + 5q42 + 5q43 + 7344 + 7q45 + 8q46 +
7q47+7q48+5q49 +5q50+3q51 +2q52+q5 + q54
 (856745634585672345612345856723456123458)
[1680] ¢ + 3¢ + 8¢*' + 16¢%% + 29543 + 46%:* + 68¢% + 92¢*% 4

117¢Y + 139g48 + 156¢* + 165¢

117¢% + 924
q62

O 4+ 165¢°! + 156¢°% + 139¢°% +

S+ 68q5 + 46(,157 + 29q58 + 16¢%° + 8q60 + 3q'51 +

: (856458734562345845673456234584567345623458)

q42 +q43 + q“ + q45 + q46+ q47 + q48 + q49
1 (8564583456723456123458567456345823456123458)
q43 + q“ + q45 + q46 + q“ + q48 + q“ + q5°
: (8564587345623458456734562345845673456123458)
q43 + 2q“ + 43:

(8]
(8]

[168]

18¢%% + 17
e 17

54 6¢% + 9% 4+ 129 + 15¢%° + 1745 + 185!
+ 15¢%% + 12¢% + 9¢% + 6¢°7 + 4¢°% + 2¢%9 +

: (8564587345623458456734561234584567345623458)
q43 + 2q44 + 4?;

[168]

+ 18¢%2 + 17¢
qao

54+ 6¢% + 9¢Y + 12¢% 4 15¢*° + 1745 + 18¢%!
+ 15¢° + 12¢% + 9% + 6¢°7 + 4¢%° + 2¢% +



Some parameters of Lie geometries 39

23: (856458734562345845673456l2345845673456123458)

[1680] g¢** +, 3;,“5 + 8¢*® + mg‘7 + 29 % + 462“ + 68¢°0 + 92¢° 4
117q 139353 + 156? + 165¢™ + 1650 + 156¢°7 + 139¢°% +
ll7q59 + 92¢%0 + 68¢%" + 46¢5% + 20¢5° + 16¢5* + 8¢5% + 3¢56 +
q"

24: (85645834567234561234585674563458723456123458)

(280 q* +2¢% + 43:5 + 7q47 + uq48 + 15¢%° + 20¢°° + 24q5‘ o+ 27e%
+ 29¢ + 299 +27q + 24¢%% + 20¢%7 + 158 + 11¢% + 7¢%°
+ 4¢°! + 2¢%% + ¢%

25: (85645834567234561234584567345623458567234561"3458)

[840] g% + 3¢ + 7¢° + 13¢%% + 22¢% + 3345'4 + 46q55 + 59¢% +
712 ST 4 soq58 + 85459 +8 g“" + 80q‘“ + 71q +59¢% + 46¢% +
33q +"2q +l3q + 7¢%8 + 3¢5° +q

26: (8567456345856745693458672345612345834567234561"3458)
[280] ¢°! + 2q52 + 431 + 7«;,54 + 11q55 + 15q56 + 20q57 + 24q58 + 27q59

+ 292 + 29q + 27q + 24¢% + 20¢%* + 15¢%° + 11¢% + 7457
+ 4¢%8 + 2¢%° + 4"
27: (85674563458234561‘7345834567234561234584567345603458)
[280] ¢*' + 2q 2 5 4 7q5“ + 11q55 + 15¢° + 20¢%7 o 244°8 = 27q
+293 +29q'+27q + 24¢% + 20¢%* + 15¢5%° + 11458 + 7¢%
4+ 497" + 2q +q o

28: (85674563458567"345612345856723456123458456723456123458)

[1120] ¢** + 3¢°° + 7q56 + 14q5’ + 24q5 + 37q + 53q .+ 70q
86¢%% + 100% + 109q + ll2q 109q .+ 1003 + 86q
70¢% + 53¢ + 37¢"" + 249" + 14¢™% + 7¢"™* + 3¢”

29: (8564587345623458 1567345612345845673456234083456723456123458)

(28] ¢° + q° + 2q51 + 21 + 3¢5 + 3¢% + 4¢% + 3¢5 + 3¢%

2q + 2q + q o4 q
30: (856458734562345845673456123458456734561234583456723456123458)

[560] ¢% + 245! + 5;162 + 9q63 + 15q‘“ + 22q65 + 31q66 + 39q°7 + 47q63

+ 53q‘59 + 56070 + 56q + 534 & 47¢™ +39¢™ + 31¢™ + 22¢7°
15q + 9¢ +5q +2q +q
31 (85674563458067406"3458672345612345834567234561234584567345623458)

[56] q“ -+ 2q65 + 3q66 + 4q ‘468 +6¢% + 7¢™ + 7¢™ + 69"

5q +4q +3q +2q +q

8

32:
(856745634585674562345867‘73456123458345672345612345834567234561"3458)
[280] ¢% + 2q + 4? +7q + llq + 15q +20q +24q + "7q
+ 293 +29¢'" 4 27q + 24¢™ + 20¢% + 15¢%" + 11¢%% + 745
+ 4q 14 2q85 + q
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33:
(85645873456234584567345612345845673456123458345672345612345834567

23456123458)
56 g™+ o7 4 2070 + 8070 + 4050 + 5¢51 o+ 60%% 4 69% 4 6g% +
6q® 5 + 5% + 44® +3q 289 4+ ¢° +q

34:
(85645873456234584567345612345845673456123458345672345612345834567

234561234583456723456123458)
m o ¢*
Neighbours of a point in 0:
1: [56] q+c¥ +2q +3q +4q5+5q6+6q + 6¢% + 6¢° + 6¢1 4 54!
+4¢'% 4+ 3¢ R
Neighbours of a point in 1:
0: (1] 1
1:[15]  -14+q+q¢>+2¢°+3¢* +3¢°+3¢% +2¢" +¢°
2:(30]  ¢°+2¢° + 49" + 5¢° + 6¢° + 5¢'% + 4" + 292 4 ¢
3:[10] '+ '+ 2912 + 241 4 21 + 15 4 418
Neighbours of a point in 2:
1 (6] 1+g+2°+¢*+¢*
2:(16]  -1-¢%+¢°+2¢* +4¢° + 4¢° + 49" + 2% + ¢°
3:[18] g%+ 297 + 4¢% + 4¢° + 4¢'% + 2¢'! + 412
43 ¢+ + "
5:[12] g0 + 2¢ + 3¢'% 4 3™ 4 2¢1 4 15

8 1] 4"
Neighbours of a point in 3:
1: [1] 1

2:[9) g +2¢°+3¢° +2¢* + ¢°
3:(15]  -1-¢%-¢*+¢* +3¢° +5¢° +5¢" +3¢° + ¢°
5: (18]  ¢" +3¢% +5¢° + 590 + 3¢!! 4 g2
8: (1] q'°
7- [3] q11+q12+q13
9: [6] g™+ 24'% 4 24" + g
10: [3} ql4+ ql5+qls
Neighbours of a point in 4:
5] 14g+ 20"+ 2¢° + 3¢* + 2¢° + 2¢° + ¢7 + ¢
4: [6] A-q7- gt + P+ g®+ 297 + g8+ 2¢° + g1 + ¢!
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5:[20]  ¢'+¢° +2¢° +3¢7 + 3¢% + 3¢° + 3¢10 + 24" + ¢"2 4 gV
8: [15] @+ qs + 2410 4 2q" 43¢ 4 2¢' + 2q“ +g' 4 ¢t
Neighbours of a point in 5:

2: (3] 1+q+4¢°
3: 9] ¢®+2¢° + 3¢ +2¢° + ¢°
¢ ¢

5: [15] -1-¢%- ¢+ 2¢° + 44% + 6q7 + 4q8 + 24¢°
7 [3] ¢+ q1° 4 g1
8: [38] ¢®+¢"+4"°
9: [9] q® +2¢° + 3¢1° + 2¢ + ¢'?
100 (9] g% 4+ 2! 4+ 3¢1% 4 2¢'3 4 g1t
11: (1] ¢®
12: [3] ql4+ql5+q16
Neighbours of a point in 6:
3:(20]  1+q+2¢°+3¢°+3¢* +3¢° +3¢° +2¢" + ¢% + ¢°
6: [0] -1-¢*-¢®+4¢" +¢%+¢"°
9:[30]  ¢° +2¢% + 397 4 4¢® + 5¢° + 5¢'° + 4" + 3¢'% + 2¢1% 4 ¢!
14: 6] " 4+ q'% + ¢'% 4+ g 4 ¢15 4 ¢
Neighbours of a point in 7:
3: 6] 1+g+2¢°+¢°+¢
5:[12] ¢+ 2¢* +3¢° +3¢% +2¢7 + 48
7: (7] 1-2+¢%+¢% +2¢7 + ¢® +2¢° + ¢*° + o
10: [18]  ¢5 + 27 + 4% + 4¢° + 49" + 2! + g2
12: [12] ¢ + 2¢"" + 3¢'2 4 3¢1% 4+ 2¢'* 4 o8

17: [1]  q'
Neighbours of a point in 8:

2: [1) 1

4: 8] g+ +4°

5: [12] q2 +2¢% + 3¢ +3¢% +2¢% + q7
8 [12]  -1-4¢%-¢®+¢° +3¢°% + 49" + 4¢® + 2¢° + ¢°
10: [18]  q7 +2¢% + 4¢° + 49" + 4¢" + 2¢'2 4 ¢13
13: [6] q10+q11+,2ql2+q13+ql4
15: [4] ql3+ql4+ql5+qlﬁ
Neighbours of a point in 9:
3: [4] 1+9g+¢2+4¢3
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5: (12 ¢ +20° +3¢ + 3¢ + 200+
6: [1] ¢*
0:[13) -1-¢%-¢°-¢*+q° +3¢° + 497 + 4" + 3¢° + 247
10: 8] g +20% +2¢° +2¢"" + "
1: 6] ¢°+ g0+ 2t + g%+ "
12: 5] ¢+ 420"+ ¢+ "
14: 2] ¢+ "
16: [4) q13+q14+q15+q16
Neighbours of a point in 10:
3: (1 1
50 16) gq+208+2° +¢*
8 +et+d
& 3] ¢*+¢*+¢
9: (4] gt +2¢° +¢°
10:[14] -1-¢%-¢%-¢*+3¢° + 697 +5¢° + 3¢° + ¢"°
12: [12] q8 +3¢° + 44" + 3¢ + q!?
13: 1] ¢*°
14: 1] ¢V
15: 6] ' +2¢"% + 29" + g™
16: [2] ¢+ ¢"
18: [3] ql4+q15+q16
Neighbours of a point in 11:
5: [4] 1+g+¢+¢°
0: (18]  ¢®+2¢° + 40" +4¢° + 4¢° + 29" + ¢°
1:(12]  -1-¢%-¢%-q* +3¢" +3¢° + 4¢° + 39" + 2¢"" + ¢"*
12: 6] %+ +2¢%+¢° +¢'°
16:112]  ¢° + 2™ + 3¢"1 + 312 + 243 + ¢!
19: 1] ¢*®
29. [3] ql4+q15+q16
Neighbours of a point in 12:
5: [2] 1+¢
Tl P+
0: 13 ¢+ +gt
10:(12]  ¢®+3¢* +4¢° +3¢° + ¢
1m: 1) 8



12: [13]

15:
16:
17:
18:
21:
23:

[6]
[6]
1]
(6]
(1]
(3]
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1-q%- g gt - g + 205 + 5¢7 + 6¢° + 4¢° + ¢"°
g° +2¢'0 4 24" 4 g2
¢° + 2¢10 + 2411 4 g2

q10
qll + 2q12+ 2ql3+ql4
q13

ql4 + q15 + qlﬁ

Neighbours of a point in 13:

8:

[10]

10: [10]
13: [10]
15: [20]
20: [1]
24: [5]
Neighbours of a point in 14:

6:
9:
10

14:

16
18

(1]

[10]
: [10]
(5]
: [20]
: [10]

1+q +2¢%+2¢% +2¢* + ¢® + ¢°
q3+q4+2q5+2q6+2q7+q8+q9

1-¢%- ¢+ ¢° +2¢% + 3¢7 + 3¢8 + 2¢° + 2¢"°
q" +2¢% + 3¢° + 4¢'° + 4¢"! + 3¢'2 + 2418 4 ¢'*
qll

q12+ q13+ql4 +qlf>_*_q16

1

g +2¢%+2¢% +2¢* +2¢°+ ¢°

* + % +2¢% + 297 +2¢° + ¢° + ¢q'°
-+ +q®+ 207 + B+ ¢ + ¢!

q6 + 2q7 + 3q8 + 4q9 + 4q1° + 3qll + 2q12 + q13
q10+qll +2q]2+2q13+2ql4+q15+q16

Neighbours of a point in 15:

8:

10
12
13
15
18
21
23
24
25

(1]

: (9]
2 9]
: (3]
: [13]
- [9]
: 3]
- [3]
: [3]
: (3]

1

g+2¢2+3¢>+2¢t+ ¢°

gt +2¢° + 3¢5+ 2¢" + ¢°

gt +¢% + ¢b
-1—q2-q3-q“+q$+4q7+4qg+4q(9+3¢,yl°+q11
q8+2q9 + 3¢ 4 2¢1 4 g2

g + q12 AL

q12 4 q18 4 gt

g + ¢! 4 g1

™ +q1% 4 g1t

Neighbours of a point in 16:

9:

10:

(3]
(3]

1+4q+¢°
@ +¢+ ¢t
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11: [3]

12
14
16
18
22
23
27

: (9]
: 3]
: [13]
2 [9]
2 [3]
: 9]
: 1]

A.E. Brouwer and A.M. Cohen

@S+t +g

g +2¢° +3¢° +2¢" +¢°

PR P
-1-q2-q3-q4+2q6+4q7+4q8+4q9+2q1°+q”
q8+2q9+3q10+2q11+q12

q10+qll +q12

qll+2q12+3q13+2q14+q15

q16

Neighbours of a point in 17:

7:

12
17
18
26

(4]
: [24]
: (0]
: [24]
1 4]

1+qg+¢°+4°

a®+2¢° +4¢* + 5¢° + 5¢° + 4¢" + 2¢% + ¢°
deg?- g gt- P T+ 28 4 ¢+ g

0" +2¢° +4¢° +5¢1° + 5¢" + 4¢'2 + 29" + ¢
ql3+ql4+q15+q16

14

Neighbours of a point in 18:

10:
12:
14:
15:
16:
17:

18
23
24
25
26
28

8]
(6]
1]
[6]
(6]
[
2 [13]
: [12]
2 (1]
2 [3]
2]
2 [2]

l+g+4°

¢ +2¢° +2¢* +¢°

e

ot 2% +2¢° + 47

gt +2¢° + 245+ ¢7

g5
-l-qz-q3-q4-q5+4q7+6q8+5q9+3ql°
¢° +3¢'0 + 49! 4 3¢1% 4 18
g"!

g2+ g1 4 ¢!

g" + g™

PN L

Neighbours of a point in 19:

11

19
22

1 [35]

= [0]
:[21]

l+q+2q2+3q3+4q4+4q5+5q6+4q7+4q8+3q9+2q1°+
e

g +9q

1-¢"- g%t g® g+ ¢+ g0 g g

936+ ¢+ 2¢% + 2¢° + 3¢ + 3¢ + 3¢'2 4 293 4 241 4 g5 4
q

Neighbours of a point in 20:

13
20

1 [21]
= [0]

l+q+2q2+2q3+3q4+3q5+3q8+2q7+2q8+q9+q1°
d-g2- gt ¢ 4+ g% 4 !



24

: [35]
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0 + 0%+ 2¢° + 3¢ + 4% + 4¢° + 5¢"° + g™ + 49" + 3¢" +
2q14+ q15+q16

Neighbours of a point in 21:

12
15

21:

23
25
29

: [10]
: [20]
(5]
: [10]
: [10]
2 (1]

L+ +2¢" +2¢° + 2¢* + ¢° + ¢°

¢® + 20" +3¢° + 40" + 497 + 3¢° + 2¢° + ¢*°

1-¢%- % gt P+ T+ B+ 20" + 20" + 2" + ¢ 4 g
¢® + g7 +2¢° +2¢° + 29'0 + ¢! 4 ¢'2
q10+2q11+2ql2+2q13+2q14+q15

qls

Neighbours of a point in 22:

11:

16
19
22
23
27

(5]
: [20]
2 (1]
: [10]
: [10]
: [10]

1+g9+¢ +¢° +¢*
g% +2¢° + 3¢ + 4¢° + 4¢° + 3¢" + 2¢® + ¢°

q5

1-¢%-g gt P+ %+ 2" +3¢8 +3¢° + 3¢ + 29" + ¢
q7+q8+2q9+2q10+2q11+q12+q13
q10+qll +2q12+2ql3+2ql4+ql5+q16

12

Neighbours of a point in 23:

12
15
16
18

2 3]
1 (2]
. (6]
[12]
2 (1]
2 (1)
: [14]
1 (4]
1 (3]
2 (3]
(6]
: 1]

1+g+q°

¢ +q
q2+2q3+2q4+q5
q4+3q5+4q5+3q7+q8
5

q

qﬁ

1-g%- g% gt ¥+ 37 +5¢% + 6% + 410 + ¢!
g0 4 2q'1 4 g2

g' g2 4 g1t

g0 4 M 4 12

¢'2 4 2913 4 2gM 4 g1

q16

Neighbours of a point in 24:

13:

15

18:

20
24

(3]
: {12
(6}
([
1 [12]

14+q+¢°
q2+2q3+3q4+3q5+2q6+q
q6+q7+2q8+q9+q10

¢

1-g%- g%+ % +2¢° + 4¢7 + 3¢8 + 3¢° + ¢° 4 ¢!

7
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25: [18] qS + 2q9 + 4q10 + 4qll +4q12+ 2q13 +ql4
28: [4] q13+ql4+q15+q16
Neighbours of a point in 25:
15: 4] 14+q¢+¢°+4°
18: 6] ¢+ g%+ 20"+ g%+ ¢°
21: 2] ¢*+¢°
23: 8] ¢®+2¢%+2¢" +2¢% + ¢
24: 6] ¢C+¢t+288+¢5 447
25:[13]  -1-¢°-¢®-g*- ¢® +¢° +3¢" +4¢° + 4¢° + 4¢"° + 24"
28: [12]  ¢° + 2¢'° + 3¢ + 3¢'% + 2¢'% + g™
29: 1] ¢V
30: [4] ¢+ gt 4 g% 4 gt
Neighbours of a point in 26:
17: 1] 1
18: [12] ¢ +2¢° + 3¢ + 3¢* + 2¢° + ¢°
23: [18]  ¢* +2¢° + 4¢° + 4¢7 + 4¢°% + 2¢° + ¢"°
96: [7]  -1-¢%-q%-q*+ 297 + ¢® + 2¢° + 24" + 2q'! + 12 4 13
28: [12]  ¢% + 2¢° + 3¢ + 3¢!! 4 2¢'2 4 o3
30: (6] ¢'2 4 ¢'3 4 21 4 15 4 o1
Neighbours of a point in 27:
16: [4) 14+qg+¢°+4°
22: 6] "+ ¢°+ 20"+ ¢° + ¢°
23: (18] ¢® + 2¢* + 4¢® + 4% + 4¢7 + 2¢% + ¢°
oT: [12]  -1-¢%-¢%-q*- ¢® + 207 + 4% + 4¢° + 4¢10 4 241 4 412
28:[12]  ¢° + 29" + 3¢!1 + 3¢1% 4 2419 4 g4
31: [3] q13 + qH + q15
32: 1] ¢
Neighbours of a point in 28:
18 [3] 1+q+4°
23: 9] ¢%+2¢° +3¢* + 2¢° + ¢
24: 1] ¢°
25: 10] o' +20° +3¢° + 24" + ¢°
26: 3] ¢°+¢"+q"
27: 8] ¢ +q +¢°
28: [15]  -1-¢%-¢%-q*- ¢®- ¢5 4+ 297 + 4¢® 4+ 6¢° 4+ 5410 + 3g1 4 g1



30: [9]
31: [1)
32: [3]
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q10+2qll+3ql2+2ql3+ql4
q13

ql4 +q15 +q16

Neighbours of a point in 29:

21: [6]
25: [30]
29: [0]
30: [20]

L+g+¢®+¢*+¢*+¢°
q2+2q3+3q4+4q5+5q6+5q7+4q8+3q9+2q10+qll
B TP AP SR Qs DIt Bt P
q7+q8+2q9+3q10+3q11+3q12+3ql3+2q14+ql5+q18

Neighbours of a point in 30:

23: [3]
25: [6]
26: [3]
28: [18]
29: [1]
30: [15]
32: [9]
33: [1]

1+q+q?

¢® +2¢% + 2¢* + ¢°

P+et+gd

q4+Z’»qs‘+5q6+5q7+3q8+q9

6

q
_1_q2_q3_q4_q5_q6+q7+3q8+5q9+6q10+4q11+2q12
qll +2q12+3q13+2ql4+q15

qlﬁ

Neighbours of a point in 31:

27: [15]
28: [20]
31: [6]
52: [15]

14+q+2¢2+2¢°+3¢* +2¢° +2¢° + ¢7 + 4B
q3+q4+2q5+3q6+3q7+3q8+3q9+2q10+qll +412
-1-q2-q3-q4+2q7+q8+2q°+2q1°+2q" 4 gt
q8+q9+2q10+2q11+3q12+2ql3+2q14+q15+q16

Neighbours of a point in 32:

27: 1]
28: [12]
30: [18]
31: (3]
32: [16]

33: [6]

1

g+ 2¢>+3¢%+ 3¢ +2¢° + ¢°
q4+2q5+4q6+4q7+4q8+2q9+q1°

q5+qs+q7 i
_1_qz_qs_q4_q5_qs+q7+2q8+4q9+5q10+5411+3q1.+
2ql3

q12+q’3+2q“+q15+q15

Neighbours of a point in 33:

30: [10]
32: [30]
33: [15)

34: 1)

1+q+2¢8+2¢° +2¢* + >+ ¢°
@+ 29 +4¢° +5¢% + 607 +5¢% + 4¢° +2¢"° + ¢

-1~qz-ff‘-q“-q5-43+q8+2q°+4q‘°+4q”+4q‘2+3q‘3+
2¢M 4 ¢f°

11

q16
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Neighbours of a point in 34:
33:(56] 1+q+2 2+3c{3+4?4+5%5+6q5+6q7+6q8+5q9+5q10+
4q" + 3¢ 4 29 + gM 4 ¢!
34: [0] 1-g%- q3_q4_q5_q6+q10+qll + ql2+ql3 +q“+q‘6



