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ABSTRACT

For a fixed graph H, let H-CON denote the problem of determining
whether a given graph is contractible to H. The complexity of H-CON is
studied for H belonging to certain classes of graphs, together covering
all connected graphs of order at most 4. In particular, H-CON is NP-com-
plete if H is a connected triangle-free graph other than a star. For each
connected graph H of order at most 4 other than P, and C,, H-CON is
solvable in polynomial time.

1. INTRODUCTION

We use [3] for basic graph theoretic terminology and notations, but speak of
vertices and edges instead of points and lines. In describing problems and their
complexity, the terminology of [2] is applied.

We recall that an elementary contraction of a graph G is obtained by identi-
fying two adjacent vertices u and v, i.e., by the removal of u and v and the
addition of a new vertex w adjacent to those vertices to which u or v was adja-
cent. A graph G is contractible to a graph H if H can be obtained from G by a
sequence of elementary contractions. In several graph theoretic results, condi-
tions in terms of contractibility to certain graphs occur, e.g., in Wagner's
equivalent [5] of Kuratowski’s theorem: a graph is planar if and only if it has
no subgraph contractible to K5 or K3 ;. Numerous examples of such results can
also be found in [4], the paper that actually motivated our present research.
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Let the problem CON be defined as follows.

CON.
Instance.  Graphs G and H.
Question. Is G contractible to H?

As mentioned in [2], CON is an NP-complete problem. In view of the previ-
ous paragraph, it would be interesting to gain an insight into the complexity of
the problem that arises from CON if H is fixed to be a specific graph. We are
thus led to defining, for a fixed graph H, the problem H-CON.

H-CON.
Instance.  Graph G.
Question. s G contractible to H?

It seems natural to initiate a study of the complexity of H-CON by first con-
sidering small graphs H. Furthermore, we restrict attention to connected
graphs H. The number of components of a graph is invariant under contrac-
tions, and it is easily seen that H-CON is solvable in polynomial time iff, for
each component K ot H, K-CON is.

After stating preliminary definitions and lemmas in Section 2, we derive, in
sections 3—7, necessary and sufficient conditions for contractibility to each of
he connected graphs of order at most 4, except P, and C,. As is easily verified,
the conditions can all be checked in polynomial time, so that, if H is one of
these graphs, H-CON is solvable in polynomial time. In Section 8 it is shown
that P,-CON and C,-CON are NP-complete. For the sake of simplicity, only
graphs of order at most 4 occur in the titles of Sections 3-8, although some
of the complexity results on H-CON are proved for each graph H in some infi-
nite class.

2. PRELIMINARIES

We first develop some additional terminology in order to facilitate discussing
contractibility. If G is a graph, then two subsets V, and V; of V(G) are said to
be close in G if there is an edge of G joining a vertex of V|, and one of V5.
Clearly, G is contractible to a graph H with vertex set V(H) = {v, vy, ", Un}
iff there exists a partition of V(G) into vertex sets V|, Vo, - -+, V,, such that

e the induced subgraph (V;) of G is connected (i = 1,2, -, m);
e V.and V; are close in G iff v; and v; are adjacent in H(1 < i < j < m).

The notion of a block will play an important role in our development. In
finding criteria for contractibility to 2-connected graphs, the following obvious
lemma will be of much use.
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Lemma 1. A graph G is contractible to a 2-connected graph H if and only if
G is connected and some block of G is contractible to H.

Another useful and easily proved lemma is the following.

Lemma 2. If G is a 2-connected graph other than a complete graph or a
cycle, then G contains two nonadjacent vertices v, and v, such that G —
{v\, v} is connected.

3. CONTRACTIBILITY TO K,, K5, and K;

Garey and Johnson’s comment [2] on the problem CON is that K;-CON is solv-
able in polynomial time. Indeed, a graph G is contractible to K; if and only if
G is connected and G is not a tree. Clearly, this condition can be checked in
polynomial time. Just for the sake of completeness we mention that a graph G is
contractible to K, iff G is connected and to K, iff G is connected and nontrivial.

4. CONTRACTIBILITY TO P; and K, 3

The following theorem shows that K ,,-CON is solvable in polynomial time for
allm = 1.

Theorem 3. A graph G is contractible to K, ,, if and only if G is connected
and contains an independent set § of m vertices such that G—S is connected.

Proof. If the stated condition is satisfied, then contraction of G-S to a
single vertex yields K| ,,. Hence, the condition is sufficient.

To prove necessity, suppose G is contractible to K ,,. Then G is connected,
and there exists a partition {Vg, V, - - -, V,,} of V(G) such that

(1) fori =0,1, -+, m, (Vs is connected;
(2) fori < j, V:and V, are close iff i = 0.

See Figure 1. Fori = 1,2,--+, m, let v, be a vertex of V; with maximal dis-
tance from V,. Then {v,,v,, -, v,} is an independent set of m vertices,
whose deletion results in a connected graph. #

Criteria for contractibility to P; and K| ; are obtained by specializing Theo-
rem 3tom = 2 and m = 3, respectively. However, a more explicit character-
ization of the graphs contractible to P; can be found.

Corollary 4. A graph G is contractible to P; if and only if G is connected and
G is neither a complete graph nor a cycle.
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FIGURE 1.

Proof. The necessity of the condition is trivial. To prove sufficiency, let G
be a connected graph other than a complete graph or a cycle. If G has a cut ver-
tex, then G is easily shown to be contractible to P;. If G is 2-connected, then
Lemma 2 asserts that G contains two nonadjacent vertices v, and v, such that
G — {v,, vy} is connected. G is then contractible to P; by Theorem 3.

5. CONTRACTIBILITY TO K, 5 + x

Let H,, , be defined as the graph K, + (mK, U nK3), so that K, ;s + x = H, .
We first obtain a necessary and sufficient condition for contractibility to H,, ,
within the class of 2-connected graphs.

Theorem 5. A 2-connected graph G is contractible to H,, , if and only if
V(G) contains a subset S such that (S) = mK, U nK, and G-S is connected.

Proof. Suppose G is a 2-connected graph satisfying the stated condition.
Since the vertices of S all have degree at least 2, contraction of G-S to a single
vertex yields H,, ,.

Now assume that G is 2-connected and contractible to H,, ,. Then there is a
partition {V;, V,, -, Vo, of V(G) such that

(a) fori = 0,1,---, 2n + m, (V;) is connected;
(b) fori < j, Viand V,are close iff i = Qori + | =j = 2k < 2n.

See Figure 2. Fori = 1,3,5,---,2n — 1, let v;v;,, be an edge of
(Vi U V1)) such that the sum of the distances of the incident vertices from Vj is
maximal; the 2-connectedness of G then implies that (V, U V; U V) —
{vi,vii} is a connected graph. Furthermore, for i = 1,2, -, m, let va,.;
be a vertex of V,,,; with maximal distance from V,. Now the set S =
{vi,va, -+, vyt has the required properties. 1§
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FIGURE 2.

If a graph G is connected, but not 2-connected, then the condition of Theo-
rem 5 is neither necessary nor sufficient for contractibility to H,, ,. The
graph G, in Figure 3 is contractible to H,, ;, but no subset of V(G,) satisfies the
condition of Theorem 5. On the other hand, the subset V(G,) — {v} of V(G.)
satisfies the condition of Theorem 5, whereas G, is not contractible to H,, ;.

With the aid of Theorem 5 it is possible to obtain a necessary and sufficient
condition, checkable in polynomial time, for contractibility to H,, , of arbitrary
(not necessarily 2-connected) graphs, so that H,, ,-CON is solvable in polyno-
mial time for arbitrary m and n. However, since this condition looks very nasty
when formulated for general m and n, we only give it for m =n = 1, in
which case it has a simple form. Obviously, a graph G which is connected, but
not 2-connected, is contractible to K, ; + x iff at least one block of G is con-
tractible to K, or, in other words, iff G is not a tree. Summarizing, we have
the following consequence of Theorem 5.

5 max{2,m}

FIGURE 3.
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Corollary 6. A graph G is contractible to K, ; + x if and only if either G is
connected, has a cut vertex, and is not a tree or G is 2-connected and containg
three vertices v, v, v;, exactly two of which are adjacent, such that G-
{v),vs, v3} is connected.

6. CONTRACTIBILITY TO K, — x

By Lemma 1, a graph G is contractible to K; — x iff G is connected and some
block of G is contractible to Ky — x. The blocks of a graph can be found in
polynomial time. Hence, in order to show that (K, — x}-CON is solvable in
polynomial time, it suffices to find a polynomial time criterion for contractibil-
ity of 2-connected graphs to K; — x.

Theorem 7. A 2-connected graph G is contractible to K, — x if and only if G
is neither a complete graph nor a cycle.

Proof. Complete graphs and cycles are not contractible to Ky — x. To
prove the converse, assume that G is a 2-connected graph other than a com-
plete graph or a cycle, and let v be a vertex of G of maximal degree.
Then deg v = 3 and N(v) contains two nonadjacent vertices v, and v,. Let
G,.Gs, "+ -, Gy be the components of G—{v, v, v2}, and let G’ be the graph
obtained from G by contracting each of these components to a single vertex. If
k =1, then, since G is 2-connected and deg v = 3, G is K, — x. If k = 2,
then, for some i € {1, 2}, V(G")—{v, v,, v} contains two vertices vy and v, such
that v, is adjacent in G’ to v and v;, while v, is adjacent to v, and v,. Contrac-
tion of the edge vv;.; now yields a graph G" in which the vertices of degree at
least 2 induce K, + mK,, for some m = 2. Clearly, G" is contractible to
K,—x §

Note that Corollary 4 is a consequence of Theorem 7 also, since every graph
contractible to K, — x is contractible to P; too.

7. CONTRACTIBILITY TO K,

For a 2-connected graph G we define the reduction R(G) as the graph obtained
from G by successively contracting edges incident with vertices of degree 2
until either K; or a graph with minimum degree at least 3 results. It is easily
seen that R(G) is unique up to isomorphism.

In combination with Lemma 1, the following result implies that K,-CON is
solvable in polynomial time.

Theorem 8. A 2-connected graph G is contractible to K, if and only if R(G)
is not a triangle.
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Proof. Let G be a 2-connected graph. Clearly, G is contractible to K, iff
R(G) is. Hence, if G is contractible to K,, then R(G) is not a triangle. Con-
versely, suppose R(G) is not a triangle, so that 8(R(G)) = 3. Dirac [1] proved
that every graph with minimum degree at least 3 contains a subdivision of K,.
Obviously, a connected graph with a subdivision of K, is contractible to K. It
follows that R(G), and hence G too, is contractible to K,. H#

8. CONTRACTIBILITY TO P, AND C,

We start by showing that P,-CON is NP-complete. Clearly, P,-CON is in NP
since it is a subproblem of CON. We transform the following problem, which
is mentioned in [2] to be NP-complete, to P,-CON:

Hypergraph 2-Colorability (H2C).

Instance. Hypergraph L with vertex set X and (hyper-) edge set E.
Question. s there a 2-coloring of L, i.e., a partition of X into two subsets X,
and X, such that no edge of E is entirely contained in either X, or X,?

Obviously, H2C remains NP-complete if L is required to satisfy the follow-
ing additional conditions:

E| =2 and X EE. (%)

From a hypergraph L = (X, E) satisfying (*) we construct a graph G, as
follows:

e V(G,) ={v,,v, UXUE,UE, where E, and E, are disjoint copies
of E;
Nw) = E(i = 1,2);
(X) is a complete graph;
(E, U E,) is a complete bipartite graph with maximal independent sets E,
and E,;

o avertex u € X is adjacent to a vertex £ € E; iff u U E(i = 1,2).

An example is depicted in Figure 4. The NP-completeness of P-CON is now
established by showing that G, is contractible to P, iff L is 2-colorable.

Suppose first there exists a 2-coloring {X,,X,} of L. Then, in G, , each vertex
of E; is adjacent to at least one vertex of X; (/ = 1,2). Since (X;) is complete,
it follows that (E; U X;) is connected (i = 1,2). Now G, is contractible to P,
by contracting (E, U X,) and (E, U X,) to single vertices.

Assume next that G, is contractible to P;. Then there is a partition {V,, V1, Vi, Vi}
of V(G) such that

(i) for | =< i < 4, (V,) is connected:;
(i) for i < j, Vi and V;are close iff j = i + 1.
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FIGURE 4. The graph G, in case X = {1,2,3}, E = {{1},{2,3},{1.2,3}}.

If u € V, and v € V,, then d(u,v) = 3. Using (*), it is easily checked that
v, and v, are the only vertices having distance at least 3 in G, , implying that
Vil = [Vl = 1 and V, U V, = {v,, v,}. Assume without loss of generality that
V, = {v)} and V, = {v,}. Since all vertices of E, are adjacent to v; (i = 1,2), it
follows that E; C V, and E, C V,. Hence, there are two subsets X,, X, of X
with X; U X, = X such that V, = E, U X, and V; = E, U X,. (V») is con-
nected and E| is an independent set of G, with |E,| = 2, so X, # &, and every
vertex of E; is adjacent to at least one vertex of X,. Similarly, X, # &, and
every vertex of E, has at least one neighbor in X,. Thus, {X,, X} is a 2-coloring
of L, completing the proof. §

The following more general result, implying that C,-CON is NP-complete
too, can be established in an analogous way.

Theorem 9. If H is a connected triangle-free graph other than a star, then
H-CON is NP-complete.

Since the complete proof of Theorem 9 is quite long, we only give an outline.

Let H be a connected triangle-free graph, but not a star, and L = (X, E) be
a hypergraph satisfying (*). Then H contains an edge u,u, with deg u, =2
and deg u, = 2. Obtain a graph G from disjoint copies of H—{u,, u,} and
G,—{v1, v;} by joining each vertex of H—{u,, u,} neighboring u, in H to all ver-
tices of E; (i = 1,2). Now L is 2-colorable iff G is contractible to H, implying
the result. The major part of the proof consists of showing that, if G is contract-
ible to H, then E; U E, U X is the union of exactly two classes of the relevant
partition of V(G). &

The fact that H-CON turns out to be NP-complete, even for such small
graphs H as P, and C,, makes us expect that the class of graphs H for which
H-CON is not NP-complete is very limited.
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