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Let F be a field and let K be the vector space of dimension 27 over f whose elements are the 
triples x == [x1,x2,x3] with x; EM3(F), the set of 3X3-matrices with entries in F, for i = 1,2,3, 
with addition and scalar multiplication taken entrywise. Set 

E = {g E GL(K): there is;\ E F'" such that, for all x E K,!i(xK) = A§(x)}, 

';Yhere~~~Fisthecubicform!i(x) = detx1 + detx2 + detx3 - trace (x1x2x3).:. Then 
E = [E,E] is Athe universal cover of the simple Chevalley gropp E6({) (the split form) and E ~the 
extension of Eby diagonal automorphisms. The center of Eis Z(E)::::: Hom.(Z3,F ). Let ejk be 
the element {x 1,x2,x 3) of K all of whose entries are 0 except for the j,k-entry of x;, which is 1. 
Furthermore, set e; = e/; for i = l,2,3, and e = e1 + e1 + e3. It is well known (cf. MARS 
[9D that E bas three orbits on PJ. the set of I-spaces of K, with representat,!ves <~>,where x is one 
of e J, e 1 + e1, e. Clearly, Z(E) fixes P pointwise, and the group E = E / Z (E) acts faithfully on 
P. Let {·, ·) be the inner product given by (x,y) = trace (x Jl I + xzy3 + x3y2) for 
x == (x 1,x 2,x 31 y = [y 1,y 2,y 3} EK. Define a map # :D<~K, x H> x by the identity 

~x + ~) = !i(x) + (x# ,y)t + (x,y#)t2 + ~)13, 
for x,y E K and t an indeterminate over F. (The map # can be explicitly defined as 

x# = Ixf - x2x3,xf - x1x2,xf - x3x1]; 

here c#, for a 3X3 matrix c == (c;j). is the 3X3-matrix with i,j-entry c1r = CkfCmn - ckncm1. 
'!here (jkm) = (iln) =. (123).) Thus # is a quadratic map and the set { <x > E P: x # == O} is 
E-invariant. The three E-orbits of points < x > in P can be distinguished by invariants as fol
lows. 
(i). x # = 0, x =I= 0. We refer to these <x > as white points. For such a point, the stabilizer in E 
is E <x > = QL, a parabolic subgroup with unipot~t radical Ru(E <x >) = Q ::::: F 16 and Levi 
complement L (so Q n L = 1) such that [L,L}=:::D5(F), the spin group of type Ds over F and 
L/[L,L]::::: F'". 
(ii). ~x) == 0, z# =I= 0. These will be called gray poip.ts. For such a point, E<x> = QL 
where Q = Ru(E<x»::::: F16, Q n L = 1, [L,L]~ B4(F), the spin group of type B4 over f, 
and L/[L,L];;;;;F*. 
(iii). !i(x) =F 0. These we designate as black points. For such a point, E <x > ~ F 4(f). 

The collectjons of white, gray, and black points will be designated py ir,~SI, respectively. Both if/ 
and <§are £-orbits. Two points <x >, <y > Ea are in the same E-orbit if and only if ~x) / ~) 
has a cube root in IF. . 
We note that <e > E SI and that its stabilizer F = Ee~ E <e > preserves (·, ·), whence the map 
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x r.. x # (x E IK). If char(IF) ;:/:- 3, then e r$.e .l, where 1- denotes the orthogonality relation in

duce<! in II( by (°>), and K = < e > EB e ..L. In any case, we will let V = II</ <e >, a 26-
dimensional module for F. 

For u,v EK, we define uXv = (u + 11)# - u# - v#. This is an F-invariant symmetric, bil
inear map fJOID I< to K. If U C K, we will also write u X U for the union of u X w over all w E U. 
The group E preserves the relation xXy = O for x,y EK. 

The present definition of the E 6 (F}module, which is based on a Lie subgroup of type A2A 2A 2 in 
the sense that such a subgroup obviously stabilizes 1J (see the section below), romes from 
FREUDENTHAL [6]. Other explicit forms of !'), related to subgroups of Lie type A 1A 5 and F 4, 
respectively, are given by DICKSON [5] (see also CHEVALLEY [2]) and JACOBSON [7]. More informa
tion of the module under study here can be found in recent work of AscHBACHER [I]. 

It is our purpose to determine the orbits of E on the 2-spaces (i.e., the 2-dimensional linear sub
spaces, also called the projective lines) of K under the assumption that F = f q, a finite field with q 
elements. The main reason for restricting to finite fields is brevity _of exposition; in fact it is not 
hard to extrapolate from the present text a qualitative result on the £-orbits of 2-spaces for the case 
of an arbitrary field. 

Remark. When F = Fq is finit~ of order q, the order of E is q36(ql2 - l)(q9-1Xq8 -1) 
(q6- l)(q5- l)(q2 - 1) and the E-orbit sizes are as follows: 

lifl = (q12 - 1Xq9 - I>, l~I = q4(q5 - 1Xq12 - l)(q9-12, 

(q4 - IXq - I) (q4 - IXq-1) 

and 1.911 = q 12(q9 - l)(q 5 - 1). 

The next five sections are organized as follows: Some useful elements of E are explicitly given 
in Section A. In the subsequent section P we introduce some notation and preliminary facts that will 
prove useful throughout the analysis. In section W which then follows we will find all £-orbits of 
lines rontaining a white point. Then w~ move into section B determilling the F-orbits of lines of IK 
which rontain <e > and from this all E-orbits of lines which contain a black point. Finally, in sec
tion G we determine the £-orbits of lines containing gray points. 

To end this section, we recall some standard notation for groups. We write Symn for the 

symmetric group on n letters and Zn for the cyclic group of order n. Let p be a prime, and q = pa 
a power of p. We use qn and f ~ to denote the elementary abelian p-grou,p lf and [qn] for a p
group of order qn. The multiplicative group of the field f is denoted by f (or, if IF == F q• also by 
lq - I). For groups A and B, A.B denotes an extension with normal subgroup A and quotient B. 

Section A. SOME ELEMENTS OF E. 
The following identity, first observed by FREUDENTHAL (6], has been used by SPRINGER [10] to 
characterize the pair of the bilinear form(·>) and!'). 

x # # == §(x)x (x E IK). 

From this identity, many others can be derived, cf. JACOBSON [8]. Here are three important ones, 
valid for all x,y E K: 

x # X(x Xy) = §(x)y + (x # ,y)x, 

x X(x # Xy) == §(x)y + (x,y)x #, 
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(xXy)# + x#xy# = (x#,y}y + (x,y#)x. 

Using these, it is straightforward to derive that, for x,y EK with (x,y)=O and <x>, <y > E "II', 
the map t.x,y:K"""'K given by 

ztx.y = z + y X(x Xz) - (z,y)x (z EK) 

belongs to E. It fixes x and the subspace y X IK. 

By H we denote the subgroup of E consisting of all elements which are diagonal with respect to the 
standard basis e)k (I ~ i,j,k ~ 3). An arbitrary ~lement h EH has the shape h(a,{3, y,o,E,n = 

a-I,e-Iy-I8-I a-I)' a-Ip-15 p-I1-IcIE-l 1 -lE p-ly-lf a-Ip-If-! aE-1 frle-1 [ 
ocy-lo-I a/Jy aO yof-Jt:-l fly& y8f a-1ft: a/Jfe t.f l 
y-l(J-1 Pr 8 o-lr-lt:-1 ~-IE rlr a-lr-1 apr-1 cI 

Here, each entry represents the scalar by which the corresponding basis element of I< is multiplied 
in the action of h. 

The diagonal transformations da (a E f.) given by 

a 
a 

a 
a 

a a a 
a 
a 

1 
l 
1 l 

with the same convention as ior h E H, complement H to a maximal di!\gonal subgroup of E estab
lishing that the morphism >..:E"""'f• given by ~xK) = A(g)!'i(x) for g EE and x EK, is surjective. 

The next set of transformations in E constitutes a subgroup isomorphic to a central product 
SL3(F)oSL3(1F)oSL3(F). For gl>g2,g3 E SL3(f), we let sg,,g,,g, be the transformations given by 

x' = (g1x1gi 1,g2x2g3 1,g3x3gl 1) (x = [x1,x2,X3] EK). 

Many 2-spaces that we shall encounter have a conjugate in the 9-space < elj : 1 ~ j,k ~ 3 > ; 
the subgroup { sg,,g,,id : gl>g2 E SL3(F)} ~ SL3(F) X SL3(F) stabilizes this 9-space and yields auto

morphisms suitable for deriving some of the transitivity results needed in the sequel. 

Section P. NOTATION AND PRELIMINARY FACTS. 

Let.fbe a collection of subspaces of Kand Ma subspace of K We will set 

.l(M) = {U E.f: U(;;;M} and M...- ::::: {U EJ: U~M}. 

When either .A.._M) or M., consists of a single element we will, by abuse of notation, identify .A.._M) or 
M...- with this single element. 

Next, suppose .f !: P, that is, a set of 1-spaces of K, and k is a positive integer. By .Ji we will 
mean the collection of k-dimensional subspaces of IK all of whose I-spaces belong to J. Thus, .Ji = 
{M~K: dlln M = k, P(M) i;: .J}. A member of ~ will be called a purely white k-space, and a 
member of ~ a purely gray k-space. If IF = IF q and l s P 2, we write dist(I) = 
(I il1J)I, I~/) I, l&K._/) I) for the distribution of the points of l among the £-orbits. 

The permutation representation of E on ~is a parabolic representation; it is well known and 
supports the Lie incidence structure E 6, 1(f) (cf. COHEN & COOPERSTEIN [3] and COOPERSTEIN [4D. 
The next several results can be deduced easily from facts about this representation. 
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(P.1). The permutation rank of Eon iflis 3. For w E "IP; the orbits of Ew on iflare {w}, 
.6.(w)= {xEifl: <w,x> E'#l}= {xE"lr: wXx=O} and I'(w)= 

= {x Eir: wXx ::faO} = {x Eifl: ii'(< x,w>) = {w,x}}. 

We will write w' for the set {w} U A(w), and, if A is a subset of ill, we write A' for n w eAW '. 

We will also write x' instead of <x > ' if <x > E "If": When f = f q we have 

1.6.(w)I =q(q4+ 1Xq3 + l)(q2 +lXq+1) and I f(w)I =q8(q5 - l)(q4 + 1) /(q-1). 

(P.2). Let x,w E ii'" with x E f(w). Set S(x,w) = <w,x,x' n w' >. Then 
S(x,w) = (wXx)XK and dimS(x,w) = 10. For any xi.w1 Eil'(S(x,w)) with x 1 Ef(w 1), we 
have S(xi.w1) = S(x,w). Additionally, writing S =S(x,w), we have 

(i) (il'(S), '#l(S), \;;; ) is a polar space of type D 5 over F; 
"" ,. ,,.. "" 

(ii) the stabilizer Es of S in E is a parabolic subgroup isonwrphic, but not conjugate in E, to E.,; 
A 

(iii) [R,,(Es),S] = O; 
' A 

(iv) a Levi complement to R,,(Es) in Es is transitive on P(S) \ il'(S), which consists of gray points. 

We will refer to the subspaces S(x,w) as symplecta and denote the collection of such spaces by Y: 

(P .3). if"k =I= 0 if wuJ only if k ..;;;6. The stabilizer Eu of U E if'k is a parabolic subgroup. If k =I= 5, 
E is transitive on ifk. The group has two orbits on *5 which can be distinguished by maximality: one 
orbit consists of those purely white subspaces which are maximal under inclusion, the other consists of 
purely white subspaces which can be embedded in an element of "IP(,. 

We will denote by Ail'"s the set of all elements of *5 which are maximal among the subspaces in ii/: 
The Tits building associated with E can be obtained as a geometry whose elements of the various 
types are as indicated in the £ 6-diagram below. Incidence is symmetrized inclusion except for unor
dered pairs from vltirs X "IP(, and YX "IP(,, (up to ordering), in which cases it is "meeting in a member 
of '#4" and "*5 ", respectively. 

(P.4). If S E.9;' then S contains representatives of both E-orbits in if5. 

(P.5). The permutation rank of E on!/' is 3. For S E.51' the orbits of Es on !/'are {S}, 6(S) = 
{R E!/':S n R EAil'"s}, andy(S) = {RE!/': s n R Eil'}. 

We remark that the incidence system (Y,{U9': U Evltirs}, E) is isomorphic to (ifl,ifl, ~),the au
tomorphism being established by an outer automorphism of E. 

(P.6). E has three orbits on il'X!/. For any w E ill and S E .9;' precisely one of the following occurs: 

(i) w E P(S1· 

(ii) w ' n S E *5 \ .;{t"lf';,; 

(iii) w ' n s = o. 
When F ::::: F q, then, for w E ii'" and S E Y, we have 
(q5-I)(q4 +1)/(q-l), l{R E.51': w' n R E*S}I = 
q5(q4 + l)(q3 + 1Xq2 + l)(q +I), and 

l{R E!/':w EP(R)}I = lil'(S)I = 
l{<x>Eil'": x'nSE*S}I = 

l{RE!/':w'nR =O}I = 
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l{x E ir:x' n S = O}I = q 16 • 

(P.7). lfy E ~then ly.9'1 = 1, andy!I' = y# XK. 

Proof. Since E is transitive on Sf and ffi(S) :;i!= 0 for each S EY, we have Y.9' =F 0. On the other 
hand, if S =FR ES': then, by (P.5), P(R n S) C if': It follows that ly.9"1 ~1. and so ly.9"1 = 1. 
The remaining assertion follows by a direct check for y = e1 + e2• 

Section w. LINEs wrra WHITE POINTS. 

From now on we shall assume that F = IF 9, a finite field of order q. The first result is a direct 
consequence of (P.2) and (P.3). 

(W.1). Let I E P2 and assume lif(l)l ;;;;.. 2. Then either 

(i) l E ill and E1:= [q25 ].(SL2(F)XSLs(f)).F*; or 

(ii) l'if(l)I = 2, P(l)\ if(l) c ~ 1/.9"1 = 1, and E1 ~ [q 16).D4(F~(F*)2.2 
We set.2} =ill and~= {/EP2 : lif(l)I = 2}. Then IJ!i'I = IEl/IEil, for /E~, is as 
given in Table 1 below (i = 1,2). 

cy¥ :J.). ~Let I E,.. P 2, w E ii{/), y E 9{/) ang assume y .9' n w' = 0. Then P(l) \ { w,y} C 11 and 
E1 = E.,~:= B4(F).IF*. There is a single E-orbit of such lines L The q -1 black points of I occur in 
(3,q -1) Erorbits of length (q - I)/ (3,q -1). 

We denote the collection of such lines by~. 

~- By (P.6), E is transitive on pairs (w,S) E i/IX!/' for which w' n S = 0. The subgroup 
~s ... a;: .{>5(F).F* is a Levi complement to the unipotent radical in eaph of the p~abolic su]>groups 
~s and E ... It has has a sqtg!e orbit on ~S) and, if y E 9{S), then E <w,y> = Ew,y = Es,w,y ;;s 
B4(F~F·. It follows that E is transitive on~- Take w = < e1 > , y = < e1 + e3 > and 
l = < w,y > . Then l is a representative of such a line, and P (I)\ { l!!.Y} !;;; {II-, a direct check, us
ing elements of H, shows that elements <u> and <v> of 9/K.l) are Erconjugateif §.(u)/§.(v) is a 
cube in f*. This completes the proof of (W .2). 

(W.3). The group F has two orbits in.ill; with representatives <e1 > and <x>, where x =elz. The 
respective stabilizers are F « > :::'. B4(F) and F <x> =QL a parabolic subgroup of F with unipotent 
radical Q :::F15, and Levi co~lement isomorphic to B3(F). f*. 

Proof. By (W 2.), we have that E <ee > ~ B4(F~F·. Froro its action on Si( < e,e1 > ), it follows 

that F <e, > Qi: B4(F). This acco~ts for one orbit with q8(q 8 + q4 + 1) points of if': The 
geometry (if{e.L),ill(e.L}, C) is the Lie incidence structure F4, 1(F). From this it follows that 
if(e.L) is an orbit of F containing <x>, that F<x> is as stated, and l<x>FI = 
(q 12 -IXq8 -l)/(q4 -l)(q-l). But then I < e 1 >FI + l<x>FI = lil'I, and hence all 
points in irhave been accounted for. 

(W.4). The grqup E has two orbits of lines I for which ii{/) =F 0 =F fJl...O. One orbi! is~- penote the 
other orbit by!4. Then, for l E!4, lif(l)I = 1, P(l)\ if(l) C 11, and E1 := [q 16 ].B 3(F~F. 
Proof. Let I E P2 with if(/):/= 0 =F 9/K.I). §ince Eis transitive on !JI, without loss _9f generality we 
may assume <e > E P(l). By (W.3), F = Ee has two orbits on if': Consequently, E has two orbits 
on lines as described above, one of which must be~. Suppose l Ef4. By (W.1),Jif{l)I = 1 and 
if {x} = if(!}, then P(I) \ {x} ~ !JI. Since Fis ~tive_ on il{e.L), the group Ex. is transitive on 
{y E 11: x E if(y .L )}, from which it follows that E1 = Ex.,1 is transitive on ffl.../). By (W.3), for 
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y E .~J), we have Ex,y ::::: [q 15 lB3(F).IF*. Taking x ::::: < eh > and y ~ < e > , elemen_ts of 
H suffice to establish transitivity on J \ {x,y}, whence transitivity of E1 on ~l). Thus, E1 ~ 
[q 16 ].B3(F).F• as claimed. 

Remark.. ~ consists of (3,q -1) E-orbits of equal length; they can be distinguished by the value 
(modulo cubes) in F0 of fiJ on a black point of l E~. 

(W .5). Let l E P 2· Assume I if(l) I ::::: { w} for some w E if" and I\ if(l) ~ ~ Then one of the follow
ing holds 

(i) l!l'-::fo 0, wXl = 0, and E1 ;;;;, [q24].B3(F).(f0 )2; 
(ii) ly = 0, for each y E P(l) \ { w }, the space y !I' n w' belongs to 1f5, and E1 ~ 

[q22lSL4(f).(F 0 )2. 
In each case there is a single orbit, which we denote by~ and~, respectively. 

Proof. Let/ E P 2 be such that if(/) == { w }, and P (1) \ { w LC: rJ. • 
If /!I' =F 0, then, by (P.7), I /.sPI = 1. Put S = 19' and write Es = QL where Q = R,,(Es) and L a 
Levi complement. Then {Q,~] = 0, and L is transitive on { m E P ;z (S) : I ~ m) I = 1}. For such a 
line m, we have 4.:;;;;: [q8}B 3(F).(F*)2. From this it follows that E1 = Es,1 = QL1 is as stated 
above. Taking w = <e1 > and l = <eh + e21,w>, it is readily verified that wXI = 0, whence 
(i). 
Suppose now that /!I' = 0. Let y E P(l) \ { w }. Thus y E rJ. Set S == y ,y. If w E S, then I = 
< w,y > c;; S contradicting ly = 0. If w' () S = 0, then, by (W.2), P(f) \ {wJ'} c;; PI, again 

a contradiction since P(/) \ {w} !;:;; rl. According to (P.6), for ally E P(l) \ {w }, it follows that 
Y.9' n w' E if;. Also by {P.6), E is transitive !Jn pairs (Si,w 1) ES"X~ such that 
S1 n < W-1 > I E if;. Let Es = QL with Q = Ru(Es) and La Levi complement. L,. == Lu 
where U = S n w'. Now Lu Si!. [q 10 lSL5(F).(F")2 is transitive on ~S) and, for y E r4{S), we 
have Lu,y-::::. [q6+4].SL4(F).(F0 )2. This shows that E is transitive on {(w,y) E in<~: 
w' n (y)vEiJS}, from which it follows that Eis tran~tive on~= {/EP2 :\if(l)I = I, 
P(/)\ ii(/)~ ~lv = 0} and, for l E~, the subgroup E1 is transitive on~/). The rest of (W.5) 
follows easily from this. 

Now if I E P 2, il(l) ;:fo 0, then I must satisfy one and only one of I if(/) I ;;;;. 2; I if(!) I = 1 
and !fK../) =fa 0; or I if(/) I == 1 and P(l) \ii(/) c;; ~ We have therefore completely enumerated the 
lines l containing white points. We summarize: 

(W .6). If l is a 2-space of K containing ff white point, then it is contained in !If for a unique 
i E { 1,2,3,4,5,6}; furthermore, its stabilizer E1 and distribution dist(I) are as given in Table I. 

Table 1. 
£-orbits of lines l containing white points. 

rbi E1 orbit size description dist(l) 

q:zs].SL2(F)XSLs(f~F· 
(g:l2 - l}.(g:9 - l}{g:8 - l).{g:6 -1} q + l,0,0 
(q4 - IXq3 - l)(q2 - l)(q -1) 

)6 A ·y. !l8(!ll2 - l)(q9 -1).{g:S - l)(q4 + l} 
ant 2,q-1,0 [q ].D4(F).(F .2 

2(q4 - l)(q -1)2 
symplecton 

~ . 
B4(f).F <e1>e2 + e3 > l, l,q -1 
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rbi E1 orbit size description dist([) 

16] ~ • [q .B3(f).F 
q11 {g12 _ l)(q9- l)(q8 - l)(qs -1) 

(q4 - l)(q -1) 
<e,eb > (1,0,q) 

[q24iB 3(F).(F" 'f q3(!ll2_1}1q9 - l}{25-l){g4+11 
gent (l,q,0) 

(q-lf 
symplecton 

[q22iSL4(f).(F")2 (I,q, 0) 

Section B. LINES WITH BLACK POINTS. 

In this section F = Ee:;;;;: f.'..4(F), V = K/ <e >. We will determine the orbits of Fon V. 
From this we deduce the orbits of E on lines containing black points and the stabilizers of represen
tatives. The main result is 

(B.1). The orbit structure of Fon P(V) = { <e,x > / <e > :x E II< \ <e >} iS given in Table 2, 
where c is one of 2,3,4,5,7 and such that q=:( (mod 6). 

Table 2. 
F-orbits on P(V). 

orbit number of stabilizer orbit size description x in 
type orbits F<e,x> of x e.L 

I 1 B4(F) qB(qa + q4 + I) <x >, x# =O, (x,e) =I= 0 no 

II 1 [q 15 iB3(f}F" 
(!l12 _ l){24+ Q 

<x >, x# =O, (x,e)=O yes 
q-1 

III 1 [q 14W2(F).f* 
4 (q12- l}(!l-1} 

q q-I <x> E ~ (x,e)=O yes 

IV 1 
7 ~ 

[q ].B3(F) q8(q12- l)(q4+1) <x> E !J, (x,e) ;/;= 0 no 

v ~ D4(IF) 
!l12(q:l2_1}{q8 -1} 

no 
6 (q4 -1)2 generic in a special 

plane 

~ !l12(!l12 _ l}(q8 -1) 
VI 6.,5 + 6,,1 D4(f').2 

2(q4 -1)2 
no 

VII 6.,4 +6.,1 D4(F).3 
!lt2.(ql2_1}~8 -1} 

no 
3(q4- lf 

VIII 8.,3 D4(f).Sym3 
!l12~12 - l)(gg - I} 

yes 
6(<,4-1)2 
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orbit number of stabilizer orbit size description x in 
type orbits F<e,x> of x e l. 

IX 
q + l-W.,1-21\4 -ll.,3 

3 D4(F) 
3 

q11(qs - lXq4- l) 
generic in a triality no 

twisted special plane 

x 2i\1 +28.,4 +8.,3 3 D4(F).3 
!l 12{q8 - l }!g:4 -1} 

yes 
3 

XI 
q -1 +8.,2 +ll.,4 2 A ql2(ql2 -1) 

2 
D4(f).2 generic in a duality no 

twisted generic plane 

XII s., 7 +ll •. 5 +s.,3 2D4(F).2 
!l12!!l12_ 11 

yes 
2 

The ~tabilizers [q 14W2 (F).F• in 1)1 and [q 7 ].B3(1F).f• ,in IV are contained in the stabilizer 
[q 15 ].B3(1F).F0 in II. The stab~s D4(F).2, 2D4(F), and 2D4(F).2 in V, VI, XI, and XII, respective
ly, are contained in a stabilizer B 4(F) in I. If char(F) == 3, then V has a 25-dimensional irreduci
ble submodule, namely el. I <e >, whose orbit structure can be determined by the last column. 

We will prove the result by establishing the existence of each of the orbits and showing they 
have the required stabilizer. Since the sum of the sizes of the orbits in the table is ( q26 -1) / ( q - l ), 
the assertion (B. I) will then follow. After this has been established, we will determine, for represen
tatives/, the distribution dist(l) and the action of E1 on P(l). 

(B.2). The point <x > == < e1 > is a representative of orbit I. 

Proof. Clearly ef = 0 and (e,e 1) =I= 0. In (W.3) we saw that F < e,e, > = F < , 1 > :::::: B4(f). 

(B.3). Letx ==eh. Thenx# =: 0, (x,e) = OandF<e,x> = F<x>'.'.::'. q 15.B 3(F).f• areas in II. 

Proof. This was shown in (W .3). 

(B.4). Let x = e!1 + eb. Then <x> E f9, (x,e) = 0 and F<e,x> = F<x>;;;;;; [q 14 ].G2(F~f· as 
in III. 

Proof. Let y =eh. Then x# == y and (x,e) = 0 as can be easily computed from the defining for
mulae for(-,·) and#. Note thaty# = 0 and (y,e) = 0 and hence <y >is a representative of the 
orbit in II. Set Q = R0 (F <y >) and let L be a Levi complement to Q in F <y >. It is easily com
puted that the symplecton S == Xfl' = yXK = < e1, d1, eb, e!3, e11, eh, eh, eh, ei3, ej3 > 
satisfies y ES and S n el. = < S n y' > . The subgroup Q fixes every line on <y > in e..L, 
and, for every such line m (=I= < y,e > in case cbar(F)=3), is transitive on P(m)\ { <y> }. 
Thus Q<x> has index q in Q. Since L;;;, B 3(F).F• acts irreducibly on the 8-space 
<S n y' > l<y> (as can be deduced from the F4- geometry), it follows that Lis transitive on 
the set of all lines <y,z> of < S n y' > == S n e..L for which z# =I= 0. Since <y,x> is 
such a line, L<yz> '.'.::::'. G2(F).f". Hence F <y,x > ~ [q14].G2(F).F". As x# == y, we conclude that 

' 14 •. 
F <x> = F <y,x> ~ [q J.G2(f~F IS as asserted. 
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(B.5). Let x=eli - eb. Then <x > E ~ (x,e) '=/= 0, and F<x> ~ [q7].B3(F) as in IV. 
Proof. Let y,S, Q,L be as in (B.4). Then x # = y and ~x )=O, so <x > E '6. Again, xv = S and 
F <x > C F <y > . In this case, however, x f1. S n e .L = < S n y ' > . The Levi complement L 
is transitive on the set of all Jines m in S lying on <y > for which I *(m) I = 2. For any such line 
m, the unipotent radical Q is transitive the q-1 points of S{m). From this it follows that F <x>;;;;: 

7 ~ 
[q ].B3(F). 

In the next several proofs we establish that the remaining q25 -q20 -q16 points of Vall be
long to a so-called (twisted or untwisted) special plane. By definition (cf. AscHBACHER [ID a 3-
space 11 in K is special if it ~ecisely 3 noncollinear white _points and every point of 'TT not on a 
line through two white poilits of 11 is bla<;k. There is a unique E-orbit of such 3-spaces. 

Let 11 = < e1te2,e3 > . This is a special plane. Let /1 = < e1,ek > where (i,j,k} = 
{1,2,3}. If x = <u> E P('TT), then ~u) =:/:: 0 unless x E P(/1) for some i E {l,2,3}, and u# '=/= 0 
unless x E {ei.e2,e3 }. Thus, Np(11)!CF(11) is isomorphic to a subgroup of S~3 • If 
f!,j,k} = {1,2,3}, we set S; = -;:. ej,ek > 9'· Then S1 n < e1 > ' = 0. Since A Es .. ~~ 
D 5(F).F*, there exists an element T; E Es,,e, interchanging e1 and ek> and hence 'T; E F = E,,. Then 
tJie subgro1!J> T = < 1'1>T2,T3 > of F fixes 'IT and induces Sym 3 on {ei.e2 , e3}· Clearly 
Ee,,e,,e, ~ D4(F) acts in each of its three distinct linear representation of degree eight on the spaces 
{ei.e2,e3}-'- n (e; XK) where i = 1,2,3. 

The following observation is crucial: if x=<u> E'IT\ U f=l < e,e1 >, then w = 
< e,x,u# >. It follows that w is the only F-oonjugate of 'IT containing x =<u>, and 

A A 

D4(F):::::CJ{w):...: Fx:...: F<e,x> :...: NF(w);;;;D4(f).Sym3. 

Hence F <e,x>ICp('TT) is a subgroup of Sym3 , completely determined by 
l(<e,x>F n P('IT))/ <e> I. Let x = < u> Ew\ U 1= 1 < e,ei >.As we are only interested 
in the F-orbit of < e,u > modulo <e >we may assume u = e2 + ae3 for some a E F \ {O, l}. 
Now the elements of T which induce (23), (12), (123), (132), (13) map <e, u > / <e > onto 
<e,e2 + {Je3 > /<e> with P = a-1, 1 - a, 1 - a-1, (1 - a)- 1, and (1 - ~~T 1 , in the 
respective cases. This implies that, for generic a, i.e., a=!= 0,1,-1, f,2,f(l±V-3), we have 

I ( <e,x >F n P(w)) / <e >I = 6. To be more specific in the remaining cases, that is, for non
generic a, we must consider the different values of q modulo 6. 
Q). q=l (mod 6). The above 7 values for a are all distinct, so we get (q-7) / 6 orbits with Fx;;;;; 
D 4(F). For a= -1,+,2 we have l(<e,x>F n P('IT))/<e>I = 3, and, for 

a= {l±v'=3)/2, ?le have l(<e,x>F n 'TT)/<e>L = 2. Thus, we get two additional orbits, 
one with F <e,x> ~ D4(F).2, the other with F <e,x>::::: D4(f).3. 
(ii). q=2 (mod 6). Thus q is an odd power of 2, and so (l±V-3) /2 (that is, primitive cube roots 
of 1) do not exist in F. Since 2=0, l = -1, and a = -} corresponds to ': = e3, we only need ex-

clude a = 0, I; thus there are (q -2) / 6 orbits with stabilizer F <e,x> :;;;;; D4(1F). 
(iii). q=3 (mod 6). Now q is a powe: of 3, so -1 = -} = (I± '\!"=3) / 2; with such an a we get 

an orbit with stapilizer F<e,u> ~ D 4(F).Sym 3 • Excluding a= 0,1,-1, we get (q-3)/6 orbits 
with F <e,x>::::: D4(F). 
(iv). q=4 (mod 6). Now q is an even power off• and two distinct primitive cubic roots of unity ex
ist, leading to a single orbit with F<e,x~;;;;;;: D 4(F).3. Excluding a= 0,1,(-l±v'=J)/2, there 
remain(q-4)/6orbitswithF<• >~ D4(F). 
(v). q=5 (mod 6). Now {I±J:'.:3)/2 do not exist, so we get (for a= - 1.+.2) a simple orbit 

with F <e,x> ~ D4(F).2 and, for a generic, (q -5) / 6 orbits with F <e,x> ::=::: D4(F). 
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Note that the lines <e,u >, for u = e1 + ae3, contain three gray points and that the remain
ing q -2 points are black since they meet eac~ of < ei•,ej > in a point, but do not contain any of 
<e 1 > , < e1 > , < e3 > . If F <e,x > == D 4(F) or D 4(IF).2 then at least one of these poitJ.ts is 
fixed, which we may assume to be < u >. But then F < u,e > ~ F < u• > = F <e, > == B4(f). 

We now pr~ t~ the "twisted" cases.'" may be viewed as the set of points of its "algebraic 
closure", Ti = 1T®Ff ( n= an algebraic closure off) fixed under the Frobenius map Frobq acting as 
a f..> a!l on the coefficients of elements with respect to a given base, say ei,e2,e 3. By a well-known 
consequence (cf. SPRINGER [11]) of Lang's result on the vanishing of the first order Galois cohomol
ogy, the group Fa = Cj;{11) of all elements of F (the algebraic cl9sure of F) which are fixed by a 
given automo~hism 11 of Qi.e form -roFrobq for some inner automorphlsiii -r of F, is isomorphic to F. 
Similarly, the F.,-module V., is isomorphic to the F-module V. We shall apply this principle to find 
orbits in twisted versions i-0 of 11. 

(B.6) (Triality Twisted Version). Let 'T be the member of T==Sym 3 which induces (123) on 
{e1 ,e2,e3 }. Then Ti is normalized by <J = 'ToFrobq, so ?i0 is well defined. It_E-as F-basis/1 = e, 
f2 = A.e1 + A_qe2 + 1.-1-qe 3, f3 = A.qe 1 + ;>,,-l-qe2 + /.e3, where A E IF is a fixed primitive 
(q1 + q + 1)-st root of unity. All points <u > of Ti0 satisfy §(u) =I= 0. This follows from the fact 

that no point in P( < e1,ej > ) is fixed by <J. Thus, any line contained in a triality twisted special 
plane contains only black points. It is readily seen that, for <u > E P(7T0 ), we have 

3D4(1F)::::::C;,(i).;;;; (Fa)<u> ~ (Fa)<e,u> .;;;; Ni.0a)8;: 3D4(F).3 

(and, by the argument above, we may identify F" with F and 1i0 with a plane of K containing 
< e>). 

As in the untwisted case, we need to know, for -r in NF,('iia) inducing (123) on {e 1,e1 ,e3}, and 

u ETi0 , when 

(*) <e,-r(u) > =<e,u > mod <e >. 
A simple computation, using 7if2) = (f.q + 1.-i-q + ,\)e - f2 - h and -r:J3) == fz shows that 
(*) is satisfied with u = ah + f3h (a,{3 E f) if and only if a?- - a/3 + fl = 0. We consider 
the separate cases of q modulo 3. 
(i). q_l (mod 3). The above equation in a,/3 has two distinct solutions up to scalar multiples. 
These lead to two orbits with F <eu> ~ 3 D 4(F).3. The remaining (q -1)/ 3 orbits have F «.,u> ~ 
3 D4(F). , 
(ii). q-2 (mod 3). There are no solutions, so we get (q + 1) / 3 orbits with F <e,u > ;;;:;;; 3 D 4(f). 
(iii). q=O (mod 3). The solution a = - f3 leads to a single orbit with stabilizer F <e,u > ~ 
3 D4(IF).3. The remaining q / 3 orbits have F <e,u> ~ 3 D 4(1F). 

(B.7) (The Duality Twist). We now take o to be the composition of the Frobenius automorphism 
Frobq with an automorphism TE T which induces (23) on {e 1,ei,e3}. As in (B.4), 1i is o-invari~t. 
The fixed point space 1ia has f-basis / 1 = e, f2 = e1 + eJ, h = A.e2 + i\ -I e3, where A E IF is 
a primitive (q +I )-st root of unity. It has a unique point < u > for which u # = 0, namely 
<u > = < e 1 > and Si{770 ) = P( < fi,f3 > ). For u E1i0 \( < e1 > U <f2,f3 >),we 
have 

2"' - - - 2"' 
D4(f)~(Fa) ~ (F.,)<u> ~ (F.)<e,u> .;;; Ni.Cia)== D4(f).2. 

Setting u = afi + /J (a E IF) we get that <e,T(u) > -<e,u > mod <e >if and only if 

( +) 2a == - (i\ + f. -1 ). 

There are two cases to consider. 
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(i}. q==.-0 (mod 2). Then ( +) has no solutions, so there are q / 2 orbits with stabilizer F <e."> ~ 
2D4(F). 
(ii). q=l (~od 2). There is a unique solution to ( + ), leading to a ~le orbit with stabilizer 
F<e,11 > ~ 2D4(F)2. The remaining(q-1)/2 orbits have F<e,ll> ~ ZD4(F). 

Since u# = (a+ AXa + A- 1)ei. we must have F<e,u> Et: F < .,1 > ~ B4(f) for all <u> 
considered. This ends the proof of (B. I). 

We end this section with the following consequence of (B. I). 

(B.8). The E-orbits of lines containing black but no white points are as indicated in Table 3, with the 
exception that, if q :: 2, the members of 14 lie in a special plane but have no black points. 

TableJ_ 
Lines I black but no white points. 

orbit F-type stabjlizer £-orbit dirt(/) 
ofl Er size 

~ Ill [q15JG2(F).F• 
!lIS~IZ- l)(q9- l)(qs- ll{2s- l} 

(0,1,q) 
q-1 

~ IV fq7JB3(F).F* 
!l20{!l 12 _ l){~l-1){![4 + })(qS -1) 

(0,2,q-1) 
q-1 

14 V-VIII b,(F).Sym3 224{,q 12- l)(q9- l}{!l8 _ ll(![s -1} 
(0,3,q-2) 

6(q4 -I)2 

.2'fo IX-X 3D4(f).3 tq24(q9 - lXqs - IXqs -1Xq4 - I) (0,0,q + 1) 

.2'f 1 XI-XII 2D4(F).2 fq24(q12_1Xq9 - lXqs -1) (O, l,q) 

Proof. Let l E P2 be a line with ii(/)= 0 =F !6.._l). By transitivity of Eon f;B, we may assume 
<e > e /, and so, according to (B.l), I has type I, n, ... , or XII. As for types I and II, the lines 
I = <e,x > in (B.2), (B.3) belong, respectively, to~ and~- The distributions dist(f), stabilizers 
E1, and actions of E1 on P(I) were completely determined in section W. 
Suppose I = <e,x > has type Ill, and <x > E 9{/). Then ¥1 is transitive on I because if 
<f > E !M...I) \ <e >, then !!iif) is a cube in f*, so there is g E E with p = e and, by transitivity 
of F on the set,. of lines labeled III, we may take g such that <x >K = <x >. Thus F, = F <e,x > 
has index q in E1. 
Next, suppose that I has type IV. Then, up to conjugacy, we may take ~/) = { <x >, <y >}. 
where x = e1 + e3,y = e1 + eh. Since (x# .,l') =i= 0 and (x,y#) = 0, we have Er = E<x>,<y>· 
Using appropriate elements of H, we :find that E1 has (3,q -1) orbits of equal length on !M..l), and 
that E1 = F <e,x>·F·. 
It remains to discuss the case where /lies in one of the (twisted or untwisted) special planes 'IT of 
Section B. Using the fact that the number of point orbits in .,, equals ~ number of line orbits in .,, 
(or just the automorphisms d4 and h EH from Section A), we get that E .. acts transitively on each 
of the sets .,, n ii(_/), .,, n ~l), rr n !6.._/), and gn the set of all lines m c .,, with tlf.m) = 0 and 
~m) =i= 0. Therefore, I belongs to one of the E-orbits listed and the stabiliz.er in Eis as stated. 

The orbits found are named~, .•. , .5fi 1 as indicated in the table. 
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Section G. GRAY LINES. 

We complete our determination of £-orbits of lines in this section. Since we ha_ye already 
found all orbits of lines which contain white or black points, it remains to determine the E-orbits on 
~. 

(G.1). The groyp E is transitive on ~2 = {I E@, : ly =I= 0 }. Moreover, if 1 E @,(S), then E1 

Es,1~ [q 16l 2D4(f).Zq+1-2. 

Proof. If I E ~ and /{I' ::f:. 01. then ilyl = 1. Now E is transitive on Y, and if S is a symplecton, 
then we have Es! R,,(Es) = D 5(f).f* is transitive on ~(S) (cf. (P.2)). The second assertion follows 
from standard knowledge of the D 5-space S. 

(G.2). Let S i,S2 Ef/with S 1 n S 2 = <x > E if': Then Es,,s,;;:;; [q 16].D4(1F).(IF*)2 is transitive on 

each of the following three sets of pairs: {Y1ES1,y2 ES2 : xXy 1 =xXYz=O}; 
{y1 ES 1,y2 ~ S2: x Xy1 = O,xXy2 ::f:. 0}; and {y 1 E Si.y2 E S2: x Xy1A=/= 0,x Xy;. =/= 0}. The 
stabilizer in Es.,s, of a such a pair is isomorphic to [q 14].G2(F).(F")2, [q 8].B3(1F).F 0

, D4(F1 in the 
respective cases. 

Proof. The unipotent radical Ru(Es.,s,) fixes ea~ line m i1!_ S; on x '?th xXm == 0 (and, for each 

line m, is transitive on m\ {x}). The quotient Es,,s,I R.,(Es,,s,)= D4(1F).(f*)2 acts on the two 8-
spaces <z ES; : z ?<x = 0 > I < x >, i = 1,2 with inequivalent actions. (This can be seen directly 

by the fact that Es,,s, preserves the map from il2.(S 1 n x ') n x~ onto if5(S2 n x') n x~ 
given by I >-+ < S 2 n I ' > ; this map induces an incidence preserving map from singular points of 
the D 4 -space <z ES1 :zXx == 0 > l<x> onto one of the classes of singular 4-spaces of the 
D4 -space <z E S2 :z Xx = 0 > l<x>). The group Es.,s, has two orbits on the set of points 

y 2 E ~S2} which are distinguilj.hed by y 2 Xx ,= 0 andy2 Xx =I= 0, re;;pectiv~y. Moreover~ the sta

bilizer in Es,,s, of Y2 E S2 is Es.,y, ~ [q 15 ].B3(f).(F*)2 if x Xy2, = 0, an~ Es,,y, = [q8].D4(F).IF 0
, 

otherwise. (G.2) readily follows from knowledge of the action of Es,,y, ..; Es,,s, on S 1• 

(G.3). Let ..213 be the collection of lines < y i.Y2 > E ~ which are not contained in a special plan'} 
and satisfy <y1 > y n <y2 >!I' E if': Then E is transitive on ..213 with stabilizer of l E~3 in E 
isomorphic to [q 14).(G2{f)XSL2 (1F)).IF•. lfq > 2, this is the single orbit of lines <yi.y2 > E~ 
with <y 1 > y n <y2 > !I' E if; if q =2, there is exactly one additional such orbit, namely .'l9-
Proof. For I = <Yi.Yi > E.,Sfi3, set S; = < y; > .s-. i = 1,2. Thus S1 n S2 = <x > E if': 
In view of (G.2), there are only three cases to be considered (up to interchangingy 1 andy 2). 

(i). xXy1 = xXy2 = 0. We may take Yt = eh + e!1 and y2 = eb + e!1. A direct check 
(usin& elements of the form s8,,8,,1) shows that £ 1 induces PSL2(1F) on P(l). From this we conclude 

that E1 ~ [q 14HG2(f)XSL2(f)).IF*. 
(ii). xXy1 = 0, xXy2 ::f:. 0. We may take Y1 = elz + e:h and y 2 = e2 + e3 . Now 
<y1 + y2 > E ~l), a contradiction to the hypothesis. 
(iii). x Xy1 =I= 0, x Xy2 -=I= 0. The triple <x,y 1,y2 > spans a special plane. Therefore, if z E P(l) 
satisfies zE;lP(<x,x 1 >) U P( < x,x 2 >) u P( < x1'x 2 >),then z E.58. Such pcints exist 
if and only if q > 2. This ends the proof of (G.3). 

Remark. The stabilizer E1 of l E Sfi3 is contained in the stabilizer of a point, namely Ex for x = 
nyetYY. 

It now remains to consider lines l in ~ for which there are points y i.Y 2 E P (/) satisfyin.g 
<y1 >s-n <y2 >y E~. 
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(G.4). Let l E ~. <y 1 >, <y 2 > E ~l). Write Si = {y;}s-and U = S 1 n S 2. If U E if5 and 
there is a hyperplane A of U with y; XA = 0 for each i = 1,2, then if(_/) =/= 0. 

Proof. We have dim {yi E Si: A Xyi = O} = 6 for both i = 1,2. Since U = 
(S1 n A') n (S2 n A'), we have that C = < S 1 n A ',S2 n A'> has dimension 7. However, 
if B = Ar., then B; = S; n BE ilS (i=l,2) satisfy < Bi.B2 > == Band B1 n B2 =A. 
Therefore, B is a hyperplane in C, and, as < y 1,Yz > i;;; C, that B n < y i.Y2 > =/= 0. Hence 
iP(<y1>Y2 >) =/= 0. 

(G.5). Let x,xi,x2 E if'"be such that x E f(xi) n f(x 2) and set Si = {x,xi}S" Assume S 1 n S 2 
E if'j. If x 1 E <x2 > ' and <y; > E ~ < x,xi > ) for each i = 1,2, then 

iP(<y1,J2 >)=I= 0. 

Proof. Observe that <y; > .Y = S; and u = S1 n S2 E if5. Since X1 E <x2 > ',we get from 
(P.6) <x1 > f n S2 = <Un < X1 > ',x2 > = <Un < X2 > ',x1 >' whence 
Un <x 1 > ' = Un <x2 > '=A. Then yiXA = 0, and so, by (G.4), 
iP( <y i.Yz > ) =I= 0 . 

(G.6). The group E is transitive on the set of triples x,x 1,x2 of distinct white points lJilh 
x E f(x i) n f(x2), x I E f(x2), and s l n s 2 E 1/15 where S; = { X,X; }S" The stabilizer in E of 
such a triple is isomorphic to [q20tSL3 (1F).(F.)3 and is transitive on the set of pairs 
YI E ~ < X,X1 > },Yz E ~ < X,X2 > ). 

Proof. Set S = S(x1>x2), U = S1 n S2, and U; = S n S;, for i = 1,2. Since Un <x, > 'is 
a hyperplane in U contained in S n S 1 n Si. we have S n S 1 n S 2 E ilj, and so, by (P.5), 
U; E 1/15- Oearly, x EU and x; EU; for i = 1,2. Now, Eis transitive on 713 and if NE if3, then 
EN~ [q29 l(SL2 (F) X SL3(f)X SL3(F)). (IF.)3 is transitive on triples U, Ui. U2 E N.kll'; such that 
ug < l/i,U2 >'with stabilizer in E isomorphic to [q29l(SL2(F)XSL3(IF). (F*)3 in E. 
Put N = <e1>eb,e'3 > , U = <N,e1z,e13 > , Ui = <N,eh,e~3 > , and U2 = 
<N,ej2 ,e~3 > . Using this explicit description and automorphisms sg,.g,,g, and tx,y as described in 
Section A, it is readily seen that EN,s,s,,s, is transitive on the set of all triples of points 
x E P(U\N), x 1 E P(U1 \x '), x 2 E P(U2 \ (x' U < x 1 > ')). Now x == <ef2 >, 
x 1 = <eh > , x 2 = < d2 + e~3 > is such a triple and their stabilizer is Ex x x ~ 
[q20].SL3(1FHF')3• These three points are the only white points in < x,x 1,x2 > and a1.r"ot.her 
points are gray. Finally, elements from H show that the stabilizer of x,x 1,x2 is transitive on pairs 
Ji E ~ < x,x1 > ),y2 E ~ < x,x2 > ). This completes the result (G.6). 

(G.7). E is transitive on the set £14 of lines I E ~ such that, if J1,y2 El and y 1 =I= Y2· then 
(y 1 ).y n (y 2).9' E '#5. Moreover, [Ei.E1] induces PSL2(F) on P(l) and E1.:::: [q 23].(SL2(1F)XSL3(1F)). 
IF•. 

Proof. Let U = S 1 n S 2 E ilS. By (G.5), if A 1,A 2 are hyperplanes of U such that y; XA; = 0, 
thenA 1 =/=A 2 • LetxEP(U\(A 1 UA 2)).Theny1 Xx=/=Oforeachi=l,2. By(W.l)and(W.5), 
Iii(< x,y; >)I = 2. Let {xt} = Aiff._ < x,y; > )\ {x}, i = l,2. Now x,x1,x2 satisfies the hy
potheses of (G.6). We deduce that E is transitive on £14 , and, for I a representative, E1 induces 
PSL2(1F) on L 

We summarize 
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(G.8). Every purely gray line belongs to one of the three E-orbits in Table 4. 

rbi 
type 

This completes the results. 
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