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Chapter 1

Introduction

1.1 Full Abstractness Problem

In this thesis, we treat two kinds of semantic models for concurrent program-
ming languages: denotational semantics in the sense of Scott and Strachey (cf.
[Mos 90]) and structural operational semantics (SOS) in the style of Plotkin (cf.
[Plo 81]). (In this thesis, we use the terms “model”, “semantics”, and “semantic
model” as synonyms; we mean by a model a function from the set of programs
of a (programming) language to a mathematically defined set, called a semantic
domain.)

Here we mean, by denotational models, those models for a programming lan-
guage which are constructed compositionally, i.e., in terms of semantic interpre-
tations of syntactic constructs of the language, and which give the meaning of
a recursive statement as the limit of its finite approximations in an appropriate
semantic domain with some notion of convergence.

On the other hand, we mean, by operational models, all those semantics which
are defined in terms of a labeled transition system (LTS), including, e.g., all se-
mantics of van Glabbeek’s linear time-branching time spectrum, which consists of
bisimulation semantics, trace semantics, and nine other models lying in between
the two (cf. Chapter 1 of [Gla 90]). Operational models in this sense are defined
in two steps: First, we define a LTS in terms of some axioms and rules for in-
ferring transitions among programs, and then we can obtain various operational
semantics by abstracting from some unwanted details involved in the LTS. We call
this approach to program semantics two-level operational semantics, following the
terminology of De Nicola (cf. § 3.0 of [DeN 85a]), and refer to those semantic mod-
els which are obtained from LTS’s by some abstraction as high-level operational
models.

In many cases, the most interesting characteristic of programs (or more gener-
ally, software or hardware systems) can be represented by a high-level operational
model O (for example, the set of possible finite sequences of events a program
may perform can be characterized operationally by a kind of trace model). Such

3



4 1. Introduction

an operational semantics O serves as a touchstone for assessing various (denota-
tional/operational) semantics, even though O itself may have some crucial defects
such as the lack of compositionality. A fully abstract model is the one assessed as
the highest in terms of such a touchstone, in the sense explained below.

The full abstractness problem for programming languages was first raised by
Milner ([Mil 75]). In general, a fully abstract model D w.r.t. O is the most abstract
of those models which are correct w.r.t. © and compositional, and thus, D is the
most desirable model from the following point of view:

In general, the high-level operational model @ represents only the essence of
program behaviors, and may be too abstract to be compositional. (Note that
we do not claim here that operational models in general are too abstract or lack
compositionality; see Remark 1.1 below.) Compositionality, in turn, is needed for
the modular definition of program meanings, i.e., in order to define the meaning
of a composite statement in terms of the meanings of its components. It is also
needed to make it possible for two equivalent systems A and B, to substitute A
for B within a composite system, without affecting the overall meaning. Thus
some ezira information needs to be involved to construct a compositional model.
However, it is desirable for the extra information to be minimum so as not to bring
about inessential details. The fully abstract model meets these requirements. As
we will see such fully abstract models can be constructed both denotationally and
operationally.

Remark 1.1 There is a great diversity of operational models as mentioned above:
Actually some of them are very concrete, and some are compositional, as we will
see in the later chapters of this thesis. Note also that we do not claim that
operational models are in general more abstract than denotational ones: Some
operational models may be less abstract than a given denotational model D and
some other ones may be more abstract than D, with the others being incomparable
with D. For an illustration of this situation see Figure 3.1, where we may suppose
that D is the fully abstract model in the figure, and various models in the figure
are defined operationally, with some of them being compositional. [

1.2 Approaches to the Problem

We take two approaches to constructing a fully abstract model for languages with
recursion: The first approach is taken in Chapters 4, 6, 7, 8, where we construct a
fully abstract model denotationally, i.e., construct the model in terms of semantic
interpretations of syntactic constructs, giving the meaning of a recursive statement
as the limit of its approximations in a certain semantic domain; we use two kinds
of mathematical structures for semantic domains: In Chapters 4, 7, 8, we employ
complete metric spaces as semantic domains for the fully abstract (denotational)
models; in Chapter 6, we employ a complete partial order. The second approach is
taken in Chapter 5, where we construct a fully abstract model operationally, i.e.,
in terms of a LTS in the style of §OS.
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1.3 Overview of the Thesis

The thesis consists of three parts: Part I composed of Chapters 1-3 gives an in-
troduction and preliminaries to the thesis; the main body of the thesis consists of

Parts IT and III.

1.3.1 Overview of the Languages

We treat six languages, Lo to L5, in the thesis. The first three, £y to L£,, are
what we like to call uniform languages; they are uniform in that the elementary
actions are uninterpreted symbols from some alphabet; the other three, L5 to
Ls, are nonuniform in that the elementary actions are (primarily) assignments of
values to variables and the meaning of atomic statements generally depends on
the current state,

First, uniform languages are treated in Chapter 3 and Part II composed of
Chapters 4-6; next nonuniform languages are treated in Part III composed of
Chapters 7-8. All the languages have a certain kind of atomic actions, alter-
native choice, and sequential and parallel composition; in addition, all of them
except £y have a certain form of guarded recursion. Guardedness is a syntactic
restriction reminiscent of Greibach normal form for context-free grammars; it is
imposed to ensure contractivity (of operations corresponding to the bodies of re-
cursive programs). An overview of the languages treated in the present thesis is
given in Table 1.1. A comparison of the expressive power of the languages is given
in Figure 1.1.

The extension from Ly to £ and the one from £3 to L5 are motivated by
practical interest, as well as by theoretical interest. In the extension from L, to
Ly, a construct for communication (or synchronization of complementary actions)
is added so that cooperation among processes is expressible and possible; in the
extension from £; to £y, we add parameterization and value-passing, which are
crucial for programs involving data in addition to a definite number of events. Also,
nonuniform languages, such as £3-L5 treated in Part III, are important from the
practical point of view, since many algorithms are naturally expressed in this type
of languages, and many of practical languages are of this type. (C and Ada are
examples of such languages.) The motive for the extension from £3 to L4 is the
addition of value passing as in the extension of £, to £»; in the extension from £, to
Ls, we add parameterization and locality; of these new features, parameterization
is crucial for programs with data as mentioned above, and locality is very useful
for modular design/development of large systems/programs. (For a discussion
about the importance of data and nonuniform languages in the context of process
algebras, see [Pon 92].)

The emphasis in the thesis is on semantic definitions—rather than on prag-
matic use—of language concepts; however, several example programs are given
for demonstrating the expressive power of the languages £; (i = 1,...,5) (see
Figures 4.1, 4.3, 8.1, 8.2). (Of the example programs, the ones written in the uni-
form languages £; (i = 1,2) have been executed by means of the CCS interpreter
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Table 1.1: Summary of the Languages

Type of Cha.?ter/ Form o_f Peatiires
Language Section  |Recursion
Uniform Lo|Chap. 3
£, l§ 4.2 Pectastion Connnfunca,tmn,
: Recursion
Chap. 5, .
L Chiap. 6 p-notation
Parameterization,
Lol8 4.3 Declaration |Value-Passing,
Recursion
Nonuniform [£3(§ 7.3 Declaration |Recursion
FTue-Pass,
£u§74  [Declaration [YAUePassing,
Recursion
Parameterization,
. Value-Passing,
Ls|Chap. 8 |g-notation
Recursion

reported in [Hor 88] and [Hor 89], to check that they run as intended.)

There are two approaches to introducing recursion to languages: One is to use
some form of j-notation (in the form of, say, “(pX. S(X))”), and the other is to
use declarations. Each approach has its advantages and disadvantages:

Using p-notation has the advantage that the resulting language is simple
in the sense that it has only one syntactic category, i.e., that of statements.
The p-notation, however, entails so-called nested recursion (in the form of, say,
“(pXo. (uX1. S(Xo,X1)))”), which may make the definition of denotational se-
mantics complicated.

The advantages and disadvantages of using declarations contrast with the ones
of p-notation: It has the disadvantage that the resulting language is complex in
the sense that it has at least two syntactic categories, i.e., those of statements
and declarations. The definition of denotational semantics, however, may be made
simpler because of the absence of nested recursion.

We take both approaches in the thesis (see Table 1.1), because p-notation is
convenient for the proof of full abstractness in some situations, while using decla-
rations is sufficient in others. In fact, there is a minor variant, which we denote by
L, of the language £;: The language £; treated in § 4.2 utilizes declarations, and
the variant £ treated in Chapters 5, 6 utilizes pi-notation (the interested reader
may want to compare the technicalities of § 4.2 with those of Chapter 6). We
usually identify £, and £; when we discuss the expressive power of languages,
because the difference between the two is inessential in this respect.
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£0 £3

|+ Communication, 1+ Value-Passing
Recursion

i = v Ly .

l + Parameterization, | + Parameterization,
Value-Passing Locality

£2 = - £5

Figure 1.1: Comparison of Expressive Power of Languages

Below, we give an overview of the following chapters.

1.3.2 Overview of the Chapters
Part I. Introduction and Preliminaries

Chapter 2. Mathematical Preliminaries: Basic notions concerning complete
metric spaces (cms’s) and cpo’s are explained. Then, the relationship between
cms’s and cpo’s is discussed, which leads to the following result:

if a chain in the space of closed sets of sequences is also a Cauchy
sequence, then the lub of the chain coincides with its metric imat.

This is an extension of a similar result for the space of compact sets of sequences;
this extension is necessary in Chapter 6, because we need to treat closed sets of
sequences there, rather than compact ones.

Chapter 3. Introduction to Fully Abstract Models: This chapter presents
general definitions concerning the full abstractness problem, providing a fully ab-
stract model for a very simple concurrent language £y, which has atomic actions,
alternative choice, and sequential and parallel composition, but does not have com-
munication (or synchronization of complementary actions). Even for this simple
language, the linear operational model involving both termination and deadlock
is not compositional, and the fully abstract model is given so that it will serve as
an illustrative example of constructing a fully abstract model.

Part II. Models for Uniform Languages

Chapter 4. Full Abstractness of Metric Semantics for Communicating
Processes with Value-Passing: Two uniform languages £, and £ are treated.
The first language £; has communication (or synchronization of complementary
actions) and recursion in addition to all constructs of £y. The second language Lo
has parameterization and value passing in addition. For each language £; (i = 1,2)
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a denotational model M; is constructed on the basis of a complete metric space,
and it shown that M; is fully abstract w.r.t. a strong linear operational model
for £;. (In this thesis, we mean by strong models, semantic models which do
not abstract from internal actions usually denoted by 7. Also, by denotational
models, we mean semantic models constructed compositionally on the basis of
some mathematical domain such as a complete metric space or a complete partial
order. For more details, see Chapter 3.)

Chapter 5. Fully Abstract Models for Communicating Processes with
respect to Weak Linear Semantics with Divergence: We treat the lan-
guage L;, which is a minor variant of the language L, introduced in Chapter 4.
(As described in § 1.3.1, the only difference between £; and £; is in the way to
treat recursion: Lj (resp. £1) uses p-notation (resp. declarations) to treat recur-
sion.) Two compositional models C; and Ci for L, are defined operationally, and it
is shown that C; (resp. Cji) is fully abstract w.r.t. a weak linear operational model
O, (resp. O}). (In this thesis, we mean by weak models semantic models which
abstract from internal actions usually denoted by 7.) The two operational models
O, and O} are different in that the latter involves only internal actions, whereas
the former involves both external actions (communication with the environment)
and internal actions.

Chapter 6. A Fully Abstract Model for Communicating Processes Based
on the Smyth Powerdomain of Failures: A denotational model DYf for £,
is constructed in an order-theoretic setting, and its full abstractness w.r.t. a weak
linear operational model O is established, where OPf is a weak linear operational
model similar to OF™ treated in Chapter 5, but the former is slightly different
from the latter in the following sense: The model OPf is based on the view that
divergence is disastrous, whereas O}'™ is based on another view that divergence is
not particularly disastrous as deadlock is not.

Part III. Models for Nonuniform Languages

Chapter 7. Fully Abstract Denotational Models for Nonuniform Con-
current Languages: Two nonuniform languages £3 and L, are treated. The
first language L3 has assignment of values to individual variables, and recursion
in addition to all constructs of £o. The second language L4 has value passing in
addition. For each language L; (i = 3,4) a denotational model M; is constructed
on the basis of a complete metric space, and it shown that M; is fully abstract
w.r.t. a strong linear operational model for £;.

Chapter 8. A Fully Abstract Model for a Nonuniform Concurrent Lan-
guages with Parameterization and Locality: The result for £4 presented in
Chapter 7 is extended to a language L5 which is obtained from L4 by extending
it so as to incorporate parametrization and locality.
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Table 1.2: Interdependence of Chapters/Sections

Chap. 1
Chap. 2§ 2.1
§2.2[5 2.1
§ 2,38 2.1
§ 2.4/8§ 2,1-2.3
Chap. 3 §21
Chap. 4 §§ 2.1-2.2, Chap. 3
Chap. 5 § 2.1, Chap. 3
Chap. 6 §8 2.1-2.4, Chap. 3, Chap. 5
Chap. 7 §§ 2.1-2.2, Chap. 3
Chap. 8 §§ 2.1-2.2, Chap. 3, (Chap. 4), Chap. 7

Chapter 9. Conclusion: A summary is given of the results obtained in the
thesis, with several remarks about directions for future research.

1.3.3 Interdependence of the Chapters

Chapters of the thesis, especially Chapters 4-8, can be read almost indepen-
dently, while there are certain logical dependences between the chapters/sections
of the thesis. Logical dependence of chapters/sections is summarized in Table 1.2
(where the section/chapter in the left-hand column of each row depends on the
sections/chapters in the right-hand column, with the sections/chapters in paren-
theses denoting non-essential dependence); it is also described in Figure 1.2 (where
essential dependence (resp. non-essential dependence) of Chapter/Section N’ on
Chapter/Section IV is denoted by N—N" (resp. by N — — — N')). Note that not
all sections of Chapter 2 are necessary for each of Chapters 4-8: Each of Chap-
ters 4-8 depends on § 2.1 (and Chapter 3), but only Chapter 6 depends on §§ 2.3
and 2.4.

1.4 Origins of the Chapters

Parts of the thesis appeared in several papers: Chapter 4 is based on [Hor 92c].
Chapter 5 is a minor revision of [Hor 92a]. Chapter 7 is an extension of joint
work [HBR 90] with J. de Bakker and J. Rutten, and Chapter 8 is an extension of
[Hor 93].

1.5 Related Work

The work reported in this thesis is closedly related to and based on the pioneering
work of several people. In particular, Milner’s CCS and CSP (which is due to
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Hoae and his colleagues) are closely related to the present work.

1.5.1 Languages

The languages £; (i = 0,1,2) treated in Parts I and II are very similar to CCS:
The language £, is the same as pure CCS, except that £, has general sequential
composition instread of more restricted action-prefizing of CCS, but does not have
relabeling, which pure CCS has; likewise, L3 is the same as full CCS, except for
certain minor differences.

The languages £; (i = 3,4,5) treated in Part III can be viewed as nonuni-
form versions of the languages £; (i = 0,1,2) treated in Parts I and II (see Fig-
ure 1.1). Also the nonuniform languages are similar to the original version of CSP
([Hoa 78]), in that both L; (i = 3,4,5) and the original CSP have variables to
which values can be set, although there is an fundamental difference between vari-
ables of £; (i = 3,4,5) and those of the original CSP: Variables of L; (i = 3,4, 5)
can be shared by two or more processes, while variables in the original CSP cannot
be shared.

1.5.2 Semantics

All the denotational models presented in this thesis are variants of the failures
model first proposed for CSP by Brookes, Hoare, and Roscoe in [BHR 85]; thus
as far as semantic models are concerned, this thesis is most closely related to
the work on CSP semantics of Brookes, Hoare, and Roscoe ([BHR 85], [BHR 83],
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[BR 84], [Ros 84]). A detailed comparison between several fully abstract models
presented in this thesis and the ¢mproved failures semantics due to Brookes and
Roscoe ([BR 84]) is given in § 6.6.

On the other hand, all the operational semantics are provided in the style of
Plotkin’s Structured Operational Semantics ([Plo 81]).

‘We primarily exploit metric topology as mathematical framework for semantic
construction, following the approach of De Bakker and Zucker ([BZ 82]) and their
colleagues ([AR 88], [KR 90], [Rut 89]).

Hennessy and De Nicola emphasized the importance of full abstractness issues
in the context of concurrency semantics ([DeN 85a), [DeN 85b], [DH 84], [Hen 88]),
which encouraged the work reported in this thesis.
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Chapter 2

Mathematical Preliminaries

As mathematical domains for our operational and denotational models we shall
use complete meiric spaces (cms’s) and complete partial orders (cpo’s) composed
of (sets of) sequences. In this chapter, we first present basic notation for sets and
functions in §2.1. Then, in §2.2 (resp. in §2.3) we present standard notions on
cms’s (resp. on cpo’s) with their basic properties, and some notions specific to do-
mains of (sets of) sequences. Finally, in § 2.4, we will establish several connections
between cms’s and cpo’s composed of sets of sequences.

There are two stylistic matters to be mentioned: Throughout the thesis, the
end of a definition, theorem, and so on is marked by ‘g, while the end of a proof is
marked by ‘@W. The phrase “if(B, E, E')” is used as conditionals in mathematical
formulas: If B holds (resp. does not hold), then this phrase refers to E (resp.
to E'). (We prefer this notation because this clarifies the scope of conditionals,
although some people write “if B then E else E'” instead.)

2.1 Basic Notation

In this thesis, we use the following notations on sets and functions.
Notation 2.1 (Sets and Functions) Let X, Y be sets.

(1) The usual A-notation is used for denoting functions: For a variable , and an
expression E(z), the expression (Az € X. E(z)) denotes the function which
maps z € X to E(z). We sometimes write (E(z)).cx or (E(z): z € X) for
(Az € X. E(z)).

(2) The cardinality of X is denoted by #(X). The powerset of X is denoted by
©(X). The set of nonempty subsets (resp. finite subsets) of X is denoted by
94 (X) (resp. by pg, (X)); the set of nonempty finite subsets of X is denoted
by o 4,(X). The set of functions (resp. partial functions) from X to Y is
denoted by (X — Y) or by Y¥ (resp. by (X+Y)). Let

(Xs—Y)={f (X - Y): fis1-1}.

13
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The set of natural numbers is denoted by w, and each number n € w is
identified with the set {i € w: 0 < ¢ < n} as usual in set theory. For n € w,
let i ={m € w:1<m< n}. The domain and range of a function f is
denoted by dom(f) and ran(f), respectively. For f € (X — Y) and a set Z,
the restriction of f to Z is denoted by f Z. That is,

f Z=(Xx edom(f)NZ. f(x)).
(3) The set of integers is denoted by Int. For i, j € Int, let
[i.j)={keInt:i <k<j}

(4) Let M be a metric space. We denote by p. (M) (resp. by ©+ci(M)) the set
of closed subsets (resp. monempty closed subsets) of M. For N C M, the
closure of N is denoted by N°. g

Notation 2.2 (Sequences) Let A be a set.
(1) The empty sequence is denoted by e The sequence consisting of
g, ..,an_1 € A is denoted by {ag,...,n_1)-

(2) The set of finite sequences of elements of A is denoted by A< and let At =
A<“\ {€}. The set of finite or infinite (with length w) sequences of elements
of A is denoted by AS“. For a € A, we sometimes write simply a instead of
{a) to denote the sequence consisting only of a.

(3) Each sequence w € A< is regarded as a function whose domain is a member
of wU{w}. Thus the length of w is dom(w); referring to its length as lgt(w),
one has

w = (w(2))icig(w) = (A € Igt(w). w(i)),
ran(w) = {w(i)}ieigi(w)-

When an element a of A are considered a symbol, we write ¢ to denote the
sequence {a);ey, where v € wU {w}.

(4) For w; € A<¥, w3 € AS@_ let w; - wo denote the concatenation of w; and ws.
Also for p; € A<Y, pp C AS¥, let py - pa = {w1 - wo t w1 €1 A w2 € p2}.

(5) For g € A*, rest(g) denotes the unique sequence ¢ € AZ¥ such that
(¢(0)-4=19
and the last element of ¢ is denoted by last(g), i.e., let
last(g) = q(max(lgt(g))) = ¢(lgt(q) — 1)-

(6) For n € w and a sequence w € AS, the truncation of w at level n, written as
Wy, is the prefix of w with length n if lgt(w) > n, or g otherwise. Regarding
w as a function with domain lgt(w), wpy) is the restriction of w to n =

{0,...,n— 1}, ie,
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W =W N

For a set of sequences p C AS¥, let ppn) = {wpy) : w € p}.

(7) For p € p(AS®), and w € A<, let p[w] = {w' € A : w-w' € p}.

(8) An ordered pair (ag,a,) and a ordered triple (aog, a1, az) (= (ao, (a1, az2))) are
distinguished from, but treated as sequences {a;)ien with n being 2 and 3,
respectively; for n = 2,3 and i € n, we sometimes write (a;);c, to denote
(ags...,an_1), and the i-th component of t = (a;);e, is denoted by «7(¢).

(9) Let AZ= Ax A, and A2 = A x A2, We sometimes identify A2 (resp. A2) with
A? = (2 — A) (resp. with A® = (3 — A)), when no confusion can arise. J

Notation 2.3 Let X, Y be sets.

(1) Forn € w, ¥ € (n>—X), § € (n — Y), we denote by §/& the mapping
{(£(i), (7)) : 1 € n}. In particular, forz € X and y € Y, y/z = {(z,3)}.

(2) For f,g € (X-+Y), we denote by f[g] the result of overlaying f with g, i.e.,
flgl = (f (dom(f)\ dom(g)))U g. In particular, for zp € X and y € Y,
flvo/xo] is the mapping which maps x to yo and x # xo to f(y). §

Throughout this thesis, the phrase “let (z,y,--- €) X be ---” is used for intro-
ducing a set X ranged over by typical elements x, y, ---.

2.2 Complete Metric Spaces

In this section, first we present standard notions on cms’s and basic properties
of them. Next, we present several notions specific to ems’s consisting of sets of
sequences, and establish basic properties of such cms’s.

First, we assume the notions of metric space, complete meiric space, continuous
function, and closed set to be known (the reader might consult [Dugundji, 1966]
or [Engelking, 1977]). A metric space (M,d) is called a ulira-metric space (or
an non-Archimedian metric-space), when it satisfies the following strong form of
triangle inequality:

Vz,y,z € M[ d(z,y) < max{d(z,y),d(y,2)} ].

Let (M;,d;) and (M3, dz) be two metric spaces. The function f: M; — M; is
called contracting (or a contraction), when

3e € [0,1)[Va, y € Mildx(f(2), f(y)) < € - da (=, )]l.

We call M; and M; isometric (which is denoted by M; = M, when there
exists a bijective mapping f: M; — M5 such that

V:c,y € Ml[d2(f(x)) f(y)) = dl("":s y)]

The following is known as Banach’s Fized-Point Theorem, and is conveniently
used in the thesis:
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a contraction from a cms to itself has ¢ unique fized-point, (2.1)

where a fized-point of a mapping f is an element x € dom(f) such that f(z) = z.
For a contraction f from a cms to itself, the unique fixed-point of f is denoted by

fix(f).

We use the following operations on metric spaces. (In our definition the dis-
tance between two elements of a metric space is always bounded by 1.)

Definition 2.1 (Operations on Metric Spaces) Let (M,d), (M, d1), -,
(Mp,d,) be metric spaces.

(1) With M, & --- & M, we denote the disjoint union of My,--+, M,, which can
be defined as J;e;[{i} x M;]. We define a metric dy on M@ Y M, as
follows. For every (¢,z),(J,y) € M1 W--- W M,

3 . d; I, ifi = j']
du((i,z),(J,¥)) = { 1 (=3) otherwise.

(2) We define a metric dp on the Cartesian product M; x --- x M, as follows.
For (z1, +*,&n), (Y15 s Yn) € My X +-- X My

dp((mll' ® '!xﬂ)ﬂiyls"‘}yn)) = ma-x{dj(;l?jayj) 1j € ﬂ}

(3) Let V be an arbitrary nonempty set. The function space (V — X) is a cms
with a metric d; defined as follows: For f,g € (V — X),

de(f, g) = sup{d(f(v),9(v)) : v € V}.
(4) For X C M, the closure of X is denoted by Xoe
(5) Let p (M) = {X € p(M) : X is closed}. We define a metric dg on pq(M),
called the Hausdorff distance, as follows: For every X,Y € p (M),
dn(X,Y) = max{sup{d(s,Y) : s € X},sup{d(y. X) : y € Y}},

where d(z, Z) = inf{d(z,2) : z € Z} for every Z C M, x € X. (Here we use
the convention that sup(§) = 0 and inf(@) = 1.)

The space pya(M) = {X € p(M) : X is closed and nonempty} is supplied
with a metric by taking the restriction of dy to it.

(6) For a real number ¢ € [0, 1), we define
id:((M,d)) = (M, d),

where d'(z,y) = ¢ - d(z, y), for every z,y € M.

(7) An arbitrary set A can be supplied with a metric d4, called the discrete metric,
defined by

0 ifz=uy,
d"(”‘y)={1 ifm;&;

The space (A,d,) is an ultra-metric space.
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(8) For two cms’s (X, dx), (Y,dy), and a positive number ¢, let (X —¢ Y) be the
set of functions satisfying the Lipschitz condition with coefficient , i.e., let

(X=Y)={fe(X>Y):Vro,z1 € X|
dy(f(zo), f(21)) < €-dx(zo,21) |} N
Next, we state an important technical result due to Hahn which plays a central

role in metric semantics of concurrency; we need a few preliminary definitions for
this:

Definition 2.2 Let (M, d) be a cms.

(1) We denote by CS(M, d) the set of Cauchy sequences (CS’s) in M.
(2) For (pr)icw € (v — p(M)), let

Lim(@")'lew) = {]im(<q71>ﬂ€w) : (Qn)nEW € CS5(M,d)N HLpn]}s

new
where lim({gn)new) is the (toplogical) limit of the CS (gn)neo in M. J
In terms of the notions defined above, Hahn’s theorem is as follows:

Theorem 2.1 (Hahn’s Theorem) If (M,d) is a cms, then so is (p,(M),dn),
with dy 1s the Hausdorff distance defined in Definition 2.1 (5). Also, for (pn)new €
CS(pe (M), du), we have

Hm({pn)new) = Lim({pn)new),
where lim({pr)new) is the (topological) limit of {ppinew in P (M). §
Proof. See Theorem 2.9 of [BZ 82|. W

Complete metric spaces consisting of sequences are introduced as solutions of
appropriate domain equations as in [BZ 82] and [AR 88]. Namely, for arbitrary
two sets A and B, and for an arbitrary real number s with 0 < & < 1, there exists
a complete metric space (Q,dq), which is unique up to isometry, satisfying the
domain equation:

Q= B (4 x id«(Q)).

(The existence and uniqueness of such Q have been shown in [BZ 82] and [AR 88],
respectively.) Note that id, is necessary for the associated functor with this domain
equation to be contractive, which condition ensures the uniqueness of the solution
(see [AR 88]). In the rest of the thesis, we fix a real number s with 0 < & < 1.
The metric space (Q,dq) can be defined in terms projection functions introduced
below, where the projection functions are very similar to the truncation functions
of sequences but slightly different from them, as we will note below.

Definition 2.3 (Projection Functions on Domain of Streams) Let (Q,dg) be
the unique cms which satisfies the following domain equation:
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Q= B (A xid.(Q))-

Actually the space ((4<“ x B)WAY,dg) is the solution of this equation, where
dq is defined, in terms of truncation, by

gmin{n:(g m# (@ WI=1 3 (g, n) £ (@ n)],
do(q, g2) = { 0 otherwise.

Here and in the sequel, we treat an element (r,b) of A<“ x B as a sequence with
length lgt(r) + 1 instead of a pair of r and b.

(1) For n € w, the n-th projection function ¥ : Q — Q is defined as follows.
First, fix an arbitrary element by of B. For g € Q,

(i) Yo(g) = bo,
" _Jb if ¢ € B,
(ll) @bn-i-l(Q) - { a-;bn(q’) ifq —_ a-q’.
(2) Let P = p,a(Q). Forn € w and p € P, let
Pn(p) = {¥n(g) : ¢ € p}-1

Notation 2.4 For g € Q (resp. p € p(Q)), we sometimes write g!™ (resp. pi™)
for Yn(q) (resp- ¥n(p))- B

Note the difference between truncation and projection: The values of the pro-
jection functions are members of Q, whereas the values of the truncation functions
are members of A<¥ not of Q.

The metric dg is formulated also in terms of projection as follows:

Lemma 2.1
(1) For q1,92 € Q:

min{n:¢n(g1)#¥alg2)} -1 if 3 [;{1 () #
_ K i an| valt %(42) ]’
do(q1,¢2) = { 0 otherwise.

(2) Forp1,p2 € P,

B nlniﬂ{ﬂ:'j’ﬂ(Pl)‘_ré';)ﬂ(p2)}_l if En[-&n (Pl} # ﬁz’n (pZ) ]3
dp(p1,p2) = { 0 otherwise.

(3) Vn € w,3e > O] _ _
¥p1,p2 € P[ dp(p1,p2) £ € = ¥n(p1) = ¥n(p2) |-

Proof. (1) Let A, B, Q, ¥», P, and ¢, be as in Definition2.3 (n € w). For
n € w, let

@(n) = VQISQZ[(¢n+l(q1) 5'1: wﬂ-l‘l(%) = dQ(Q’l,Qz) > K'n)
AWn(q1) = ¥n(g2) = dolar,q2) < K") |-
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It is sufficient to show ¥n € w[®(n)], which will be established by induction.
Induction Base: Fix q;,¢2 € Q.
First, let us show that

Y1) # ¥1(g2) = doln, ¢2) = &°.
Suppose

Vi(m) # ¥1(a2)- (2.2)
Case 1. Suppose ¢;,¢q, € B. Then

Di(q) = Ai(g2) = qo.

By this and (2.2), one has

do(q,92) =1 ="

Case 2. Suppose g1,92 € A x Q. Then, by (2.2), one has
day,az € 4,391,495 € Q[q1 = (a1, 41) A g2 = (a2, ) Ay # az].

Hence dg(q1,¢2) =1 =&".
Case 3. Otherwise, by the definition of dg, one has

do(q1,02) =1=«°
Thus one has

Yi(q1) # ¥1(g2) = dolqi,q2) = &°.

Moreover by the definition of dg, it holds that dg(g1,¢2) < &°.
Thus one has &(0).

Induction Step: Fix n € w and assume ®(n). Then fix q1,¢2 € Q.
First, let us show that

Yina1)+1(01) # Ynany+1(a2) = dolar,g) > &™
Suppose
Yn+1)+1(01) # Yne1)+1(22)- (2.3)
Case 1. Suppose q1,q2 € A x Q. Then
a1, a2 € A,3¢1, 93 € Qa1 = (a1, q1) Az = (a2, 3) .
If a; # aq, then
do(q,q2) =1 > ™+,
Otherwise, (2.3) implies that
Yn+1(q1) # Yn1(g2)-
By this and the induction hypothesis, one has
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do(q,q2) 2 K",

and therefore
do(q1,02) = K- do(g1,g2) = K™

Case 2. Otherwise as in the induction base, one has
do(q1,q5) =1 = ™.

Thus one has

1!’(n+1)+1(fh) # ¢(n+1)+1(Q‘2) = dQ(Qth) =%

Next let us show that

D1 (@) = Yn1(g2) = dolar,q2) < K™
Suppose
VYnt1(q1) = ¥Ynta(g2)- (2.4)

Then, if g1, g2 € B, one has ¢, = ga, and therefore, do(g1,42) =0 < &™*1.

Otherwise, by the definition of 1,41, one has
Ja € A,3q;, 9 € Q[ar = (a,91) A g2 = (e, 12} |-
By (2.4), one has
Yn(q1) = ¥n(2)-
By this and the induction hypothesis, one has
do(gi,%2) < £
and therefore
do(q1,42) = K- do(g1,05) < &™
Thus one has
Unt1(q1) = Ynia(g2) = doldl, a3) < ™17

Summing up, one has ®(n + 1).
(2) By (1) and the definitions of ¥, (n € w) and dp, one has

Vn € w,Vpy,p2 € P
(¥n(p1) = ¥n(p2) = d(p1,p2) < K7)

A (Yns1(p1) # Uns1(p2) = d(p1,p2) 2 7)),

which implies the claim of this part.
(3) This part follows immediately from (2). W

The notion of finitely characterized subset is introduced for establishing that
some subsets of a cms are also cms’s.
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Definition 2.4 (Finitely Characterized Subsets) A subset P’ of P is finitely
characterized iff there exist n € w and P C P such that

VoeP[peP & gu(p) € P”]. (2.5)

Also, a subset P’ of P is finitely characterized in the wider sense, when P’
is the intersection of finitely characterized subsets of P, i.e., when there exists
P C p(P) such that P’ = (P) and

VP"” € P[ P" is finitely characterized subset of P |.

A property defined for elements of P is called finitely characterized, if the set
consisting of those elements of P which have the property is finitely characterized.
The next example presents such a property.

Example 2.1 Fix n € w. An element p € P said to be nonempty at level n, if
(p n)NA"#0. Let P'={pcP:pis nonempty at level n}. Then it immedi-
ately follows that

Vp € P{p eP & ¢n+1{p) € P’]

Thus P’ is finitely characterized, and therefore, the property “being nonempty at
level n” is finitely characterized. Remark that P” in (2.5) is taken to be P’ here. |

The next lemma states that finitely characterized subsets and intersections of
finitely characterized subsets are complete metric spaces with the original metric
restricted to them. This lemma will be used in the proofs of full abstractness to
show that the domains of denotational semantics to be presented in the following
chapters are closed.

Lemma 2.2

(1) If P’ C P is finitely characterized, then P’ is closed in P.

(2) If P’ C P is finitely characterized in the wider sense, then P’ is closed in
P. 1

Proof. (1) Suppose (p;}ic., converges and Vi € w[p; € P’).
Let p = lim;e,[p;]. Since P’ is finitely characterized, there exist n € w and P” C P
such that

VpeP[peP & ¢n(p) e P (2.6)
Fix such n and P”. By Lemma 2.1 (3), there exists ¢ > 0 such that

Vp1,p2 € P[dp(p1,p2) < € = Yn(p1) = ¥nlp2) | (2.7)
Fix such e,

3N € w[ dp(pn,p) < €.
Fix such N. By (2.7),
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J’:;(PN) = @E’n(p) (28)

By (2.6) and the fact that py € P’, one has ¥, (py) € P'. By this and (2.8), one
has ¥,(p) € P’. It follows from this and (2.6) that p € P’
(2) By the definition of finitely characterized subsets in the wider sense, it suffices
to show that

P C p(P) A YP" € P[ P” is finitely characterized |

= (P) is closed in P.

This follows immediately from (1) and the fact that the intersection of closed sets
is closed. W

2.3 Complete Partial Orders

In this section, first we present standard notions on cpo’s and basic properties of
them; all the properties are standard and their proofs are omitted (see [DP 90] for
detailed exposition; a concise description is found in § 1.2 of [Bar 84] and § 3.1 of
[Hen 88].) Next, we present several notions specific to cpo’s consisting of sets of
sequences, and establish basic properties of such cpo’s.

Definition 2.5 (1) For a setX and a binary relation R on X, we define the set
Chain(X,R) of R-chains of elements of X by

Chain(X,R) = {f € (w— X):Vn e[ f(n)Rf(n+1) ]}.

Thus, for a partially ordered set (pos) (X,C), the set of increasing sequences
of elements of X is defined to be Chain(X, C).

(2) A complete partial order (cpo) is a triple (X,C, Ls) such that (X,C)is a
pos with L being the least element (or bottom) of (S, C), and every chain
(€)new € Chain(X,C) has its least upper bound (lub) in X.

(3) For a cpo (X,C, L) and {¥n)new € Chain(X,L, 1), let us denote the lub
of {Tn}new in X by [J({zn)new,X) or more simply by L({(zn)new) or
Useul(zn)l:

(4) Let (X,C, 1) a cpo. A function f: X — X is called continuous w.r.t. C,
when f is monotonic w.r.t. C, and satisfies the following:

V{%n)new € Chain(X, E)[ f( |_| [2a]) = l_| (f(za)] 10
nEw nEw
The following fact is due to Tarski (cf. Theorem 4.5 of [DP 90]).
Lemma 2.3 Let (X,C, 1) a cpo, and let f € (X — X) be continuous w..t. L.

Then, | |,,¢,[f*(L)] is the least fized-point of f, where [T s the n-th iteration of
f for n > 1 with f° being the identity function on X. 1

Notation 2.5 For a cpo (X,C, L) and f € (X — X) which is continuous w.r.t.
C, we denote by fix;(f) the least fixed-point of f. |
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By Lemma 2.3, we have
fixi(f) = | [F"(L))- (2.9)
new

for every cpo (X,C, L) and continuous f € (X — X).

Proposition 2.1 Let Z be an arbitrary set and (X,C, L) a cpo. Let C be a binary
relation on (Z — X) defined by:

C={(f,9) €(Z— X)*:Vz€ Z[ f(z) Cg(2) I},
and let L =(Az€ Z. 1).

(1) (2 = X),E) is a pos.
(2) For every (fn)new € Chain((Z — X),C), the function

(Azez | |I#(=)D)

new
is the lub of {fn}new in (Z — X),C0).
(3) (2 — X),C, 1) is also a cpo. J

Definition 2.6 For two cpo’s (X,C, 1), (Y,C', 1), let [' — X] be the set of
continuous functions from (X,C, L) to (Y,C', L’). &

Proposition 2.2 Let (X,C, 1) and (Y,C', L") be cpo’s. Then ((Z — X],C, 1) is
also a cpo, where C and L are defined as in Proposition2.1.

In the sequel of this section, we present several notions specific to cpo’s con-
sisting of sets of sequences, and establish basic properties of these cpo’s.

Definition 2.7 Let A and B be nonempty sets with AN B = @, and let L be a
symbol with L & AU B. Further, let B, = BU {.L}, and let Q = A<¥ .- B, U A¥,

(1) A function strip(-) : Q — A= is defined as follows: For g € Q, let
strip(g) :{ g (Igt(g) — 1) if lgt(g) <w,

q otherwise.

(2) The stream order CC @ x Q is defined as follows: For g1, 92 € @, let ¢, C go,
if one of the following two conditions is satisfied:
(i) 91 = g2,
(ii) ¢ € A< {{L)} and strip(q1) < strip(g2).
(8) For each n € w, the projection function (-)[" : Q — A<¥. B, is defined as
follows: For q € Q, let
] = { 9 if Igt(g) < m,
1 (¢ n)-(L) otherwise.
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Also, for p € p(Q), let pl"l = {g" : g € p}. 1

Let us take A, B, and Q as in the above definition and fix these sets in the sequel
of this section.

Lemma 2.4 (Q,C, (L)) is a cpo. |
The ordered set (@, C, (L)) has the following special property:

Proposition 2.3 Let q;,q90 € Q. If there exzists ¢ € Q such that 1 T g and
g2 C q, then q1 and g are comparable w.r.t. C, i.e., either gy T g2 or q1 Eg2. I

Proof. See Proposition2.8 of [MV 88] for details.
Definition 2.8 (1) A binary relation Cs, the Smyth order on p(Q), is defined as
follows: For py,p2 € p(Q), let p1 Cs pa, if
Vg €pz,dn €Ep[@i E g2 |
(2) Let p € p(Q). We call p flat, if Vg,¢' € p[gC ¢’ = ¢= q' ]. Let
9:(Q) = {q € p(Q) : ¢ is flat}.

(3) pra(Q) = {p € pa(Q) : p is flat},
where p_(Q) is the set of closed subsets of Q (see §2.2).

(4) 011a(Q) = pra(@) \ {0}

(5) Preo(Q) = {P € pco(Q) : p is flat},
where pco(Q) is the set of compact subsets of @ (see §2.2).

(6) K‘J-l—l'co(Q) = pfco(Q) \ {m} |

As is shown in § 2.2, we can define a metric d on p,(Q) in terms of the projec-
tion functions (-)[" as follows: For every p1,p2 € p4(Q), putting

I={n: (@)™ # @)},
let

gmin(D) if T £ @,

d(p1,p2) = { 0 otherwise. (2.10)

The notion of compactness for subsets of @ is introduced as usual; for the sace
(Q, d), we have a convenient characterization of compactness in terms of the notion
of boundedness defined by:

Definition 2.9 We say p € p(Q) is bounded iff ¥n € w[ pl™] is finite ]. §
Then compactness is characterized as follows:

Lemma 2.5 Let p € p(Q). Then p is compact in (Q,d) iff p is closed and
bounded. J§

Proof. This proposition can be established using (2.10). See Theorem3.18 of
[MV 88] for details. [l
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Lifting Method

In [MV 88], Meyer and de Vink proved the following useful theorem which en-
ables us to lift continuous operations on the domain () of sequences to continuous
operations on the domain p.,(Q) of compact sets of sequences:

Theorem 2.2 (Lifting Method) Let f be a continuous function from (Q,C) to
(Preo(Q), Es), and let F = (Ap € pr.,(Q). mini(J(f[p]))). Then,

(1) F: p10(Q) = p1c0(@Q)-

(2) The function F is continvous w.r.t. Cs. |

Although the domain of sequences in [MV 88] is slightly more restricted than the
one treated in the present paper, the above theorem can be proved in the same
way as the corresponding result, Theorem 4.6, in [MV 88].

From the above lemma, we immediately obtain the following:

Corollary 2.1 Let f € (Q — Q) such that f is continuous w.rt. C, and let
F = (Ap € pgeo(Q). mini(f[p])). Then,

(1) F: pfco(Q) = pfco(Q)'

(2) The function F is continuous w.r.t. Cs. [

2.4 Relating Cms’s and Cpo’s of Sets of Se-
quences

In this section, we will establish several connections between cms’s and cpo’s com-
posed of sets of sequences. As is shown in §2.2, (p,(Q),d) is a complete ultra-
metric space with the metric bounded by 1.

Definition 2.10 (1) Increasing sequencesin (@, C), i.e., elements of Chain(Q, C)
are called (ascending) chains in Q.
Also for P C p(@Q), elements of Chain(P, C;) are called chains in P.

(2) A chain (gn)new € (w — Q) is called infinitely often increasing (i.o.i.), if for
infinitely many n € w, ¢, @ g p4+1; otherwise we say {(gn)new € (w — @) is
stabilizing.

(3) For {gn)new € Chain(@,C), we define lub({gn)new) as follows: First, if
{gn)new € Chain(Q, C) is i.0.i., then for every n, g, € 4<% x {{L)}, and let

lub({gn)new) = | [strip(gn)].

new

Otherwise, {gn)new € Chain(Q, C) is stabilizing, and let

lub((Qn)nEw) = qm,
where m is the least number k such that Yn > k[ g, = gz |-
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(4) For (pn)new € (w — 0(Q)), let

Lub({pn)new)
= {lub({gn)new) : (gn)new € [T ewlpn] N Chain(Q, E)}.1
Definition 2.11 (1) Let (X,Cx) be a cpo. For (#p)new € Chain(X,Cx), we
denote by | J({Zn)new, X) the least upper bound (lub) of (z)new in X. We
sometimes write | |({n)new) OF Llpew[@n] for LJ({2a)new, X), when it is clear
what cpo is under consideration.

(2) Let (X,dx) be a complete metric space. For {(Tn)new € CS(X,dx), we denote
by lim({Zn)new, X) the (topological) limit of (zn)new in X. We sometimes
write im({Z,)new) or limpeu[z,] for lim({zpYnew, X ), when it is clear what
cms is under consideration. [

Chains of flat sets have the following interpolation property:
Proposition 2.4 (Interpolation Lemma)

(1) Let k > 1, po € 0(Q) , and py,---,px € 9(Q)- If po & p1 Es -+ Es Pr,
then for every q € po and ¢' € py, such that q C ¢, there exists (gn)ne(k+1) €

Hne(k+1)[pﬂ] such that
g=@EaC---Ca=¢.

(2) Let {pn)new € Chain(p(Q), Cs), and (v(i))icw € (w — w) be strict increasing.
Then, for every {gi}ic., € Chain(Q,C)N [Lico[puiiy), there exists {Gn)new €
Chain(g, C) N [],e.[Pn] such that Vi € W[ By =pi |- 1

Proof. (1) This part follows immediately from Proposition2.3. See Proposi-

tion 2.19 of [MV 88| for details.

(2) This part can be established by successively applying part (1. m

Closedness is preserved by Lub(-) as is stated by part (1) of the following
lemma, which is due to Back ([Bac 83]):

Lemma 2.6 Let (pn)new € Chain(py (@), Cs).

(1) Lub({pn)new) € P1a(Q)- (2.11)
(2) Also Lub({pn)new) is the lub of (pa)new in 010(Q), i€,
Lub({pn)new) = || ({Pn)new: 9ra(Q)). (2.12)

(3) (pra(Q),Css {(L)}) 15 a cpo-

Proof. (1) The flatness of Lub({pn)ne.) immediately follows from its definition.
Its closedness can be shown using its definition and the definition of the charac-
terization of the metric d in terms of projections (Lemma 2.1 (1)). See [Bac 83]
for details.

(2) This part follows from part (1) and Proposition 2.18 of [MV 88] stating that

Lub({pr)new) is the lub of {(pn)new i Preo(@Q)-
(3) This part immediately follows from part (2). W
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Lemma 2.7 Let (pn)new € Chain(pg, (@), Cs) N CS(ppy(Q),d). Then

LI({pn)news a1 (@) = Lub((pn)new) (2.13)
= Lim((pn)new) = lim({pn)new, 910 (@))- B

Proof. Let (pn}new € Chain(pg,(Q), Cs) N CS(p:,(Q),d). We will prove (2.13).
Since we have shown that

U((pn)nEua 9:a1(@)) = Lub({pp)new) (the claim of Lemma 2.6 (2))

and that

Lim((pn)new) = Um({pp}new, Pia(@)) (the claim of Lemma 2.1),

it suffices to show the following:

Lub({pn)new) = Lim({pr)new)- (2.14)
From the definition of Lub({(ps)new), it immediately follows that

Lub({pn)}new, 91 (Q)) € Lim({pr)new)- (2.15)
We will show the other part, i.e., that

Lim({panew) € Lub((pn)ne). (2.16)

Let ¢ € Lim({pn)new)- We will show that ¢ € Lub({(pn)nen). By the
definition of Lim({pn)new), there is {gn)new € []neo(Pn] N CS(Q,d) such that
g = im({gn)new). Fix such a sequence (gn)ne.. We distinguish two cases accord-
ing to whether ¢ € A“ or not.

Case 1. Suppose ¢ ¢ A¥. Then, g must stabilize, i.e., IN,Vn > N[ g, = ¢ ]. Fix
such a number N. Since (p,)new. is a chain, there exists an ascending sequence

(gh)n<n € Il <nlpn] With giy = g. Let us define (g )new € [I,c.[Pn] by

"o_ Q:1 ifn <N,
nT1g ifn>N.

Obviously, (¢)new € TTnculpn] N CS(Q,C) with lub((¢)neu) = ¢. Thus, ¢ €

Lllb((pn)ﬂew).
Case 2. Suppose ¢ € A“. We distinguish two cases according to whether AN, Vn >

N[ ¢ € pn ] or not.

Subcase 2.1. Suppose 3N,Vn > N[ g € p, |. Then, as in Casel, we can define
a sequence {gi)ncw € [[,colPn] N CS(Q,C) such that ¥n > N[ ¢ = ¢ ]. Thus
¢ = lim{{gn)new) =€ Lub({pn)new)-

Subcase 2.2. Suppose VN,3n > N[ g € pn |. Then, there exists a strictly
increasing sequence {(v(i)};c,, € Chain(w, <) such that Vi € w[ g € p,(;) ]. For each
t, one has

du(g,pui)) = inf{d(q,¢') : ¢’ € puiy} >0,
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since q & p,(;y and since p, ;) is closed. By this and the fact limuew(d. (g, pn)] = 0,
we can assume, without loss of generality, that

(d.(g, Pu(i)))iew is strictly decreasing. (2.17)
Let i € w. Since d.(g, p,(;y) > 0, there exists §; € p,(;) such that

d(g,Gi) = du(g, Pus))-

Fix such an element §;. Let £(i) = max{k: @ k =g¢ k}. Then by the definition
of d, one has d.(g,p,(i)) = k). Since (d.(q,Pu(i)))icw is strictly decreasing, one
has

(£(2)}iew 1s strictly increasing. (2.18)

Since pu(iy Cs Puiy+1 s --- Es Pugi)s th.ere exists an ascending sequence

; Sy 5 s
(gg’))je[y(‘-)__u(,-,{_l)] € Hje[v(i)..l/(f-f-l)][p-f] with ¢, 1) = Gi+1- By the definition of
C, either

o =i, (2.19)
or
0y € A+ {(1)} A strip(q,y) <p strip(din): (2.20)

Having (2.19) is impossible by (2.17). Thus one has (2.20).
Let us prove by contradiction that lgt(qi'()i)) < Igt(g;). Assume to the contrary
that

Igt(d) < lgt(gLey)- (2.21)

We distinguish two cases according to whether lgt(§;) < £(i + 1) or not.
When Igt(g;) < £(¢ + 1), one has

@y 18t(@) = duisn) 18t(G) = 0 lgt(@),
and therefore,
max{k € w: qﬁ?!-) k=gq k}>lgt(q) > £(i).
When £(i + 1) < lgt(g;), one has
@D i+1) =Gy Li+1) =g Li+1),
and therefore,
max{k € w: qu(}l.) k=gq k}>L{GE+1)>L3).
Thus, in both cases, one has

ma.x{kew:qr(,?l-) k=g k} > L),
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and therefore,

i ax{k€w:gl) k=g k
d. (g, pu(iy) < d(g, qi})ij) — max{kewiq i) k=g k}

< &0 = d(g, &).
But this contradicts the fact that d.(q,p.()) = d(g, Gi). Thus, (2.21) is false, i.e.,
Igt(g ) < lgt(g:)-

Moreover,

StﬂP(QL?:’)) = ?f{(};) (lgt(ql(:();)) = 1)('
=G (gt(gly) —1) =g (gt(¢dy) - 1)

<pgq (gt(&)—1)=d (gt(§) — 1) = strip(g).
By this and (2.20), one has ‘i’ii();) C gi. From this and the fact that p,;) is flat, it
follows that qi?’,) = §;. Thus,

= _ (i) (i) (i) _ =
% =Gy C Qu(iy+1 Erweml oy = Tit1-

Fix such a sequence (qg’.))jeiy(,:)__y(,‘_,_l)] for each 7 € w. Further, there is an ascend-
ing chain (¢7);e(0..1(0)] € ILjeqo..0(0y)[Pi] With @50y = Go- Let (¢})jew € Chain(Q,C
) N1I1;c.[p;] be defined by:

(q;')jEu = (9});‘5[0..40)} u U [(g‘gl))je[u(i)..v(H—l)]]'

i€w
From this definition, it immediately follows that (g7);c., € Chain(Q,LC), and that
Vi € w[ gy;) = G |- Thus
¢ = lub({gi)icw) = lub({g});ew) € Lub({p;}jc)- M
For g, (Q) instead of p;,(Q), we have the following stronger result:

Lemma 2.8 Let (pn)new € Chain(p;,, (Q),C).

(1) (Padnew € CS(Pr,(Q), d).
(2) Lub((p")ﬂew) = Ll((pﬂ>n€w1 pfco(Q)) = lim({pn)ﬂEwa pfco(Q))‘ I

Proof. (1) This part is essentially the same as Corollary 3.30 of [MV 88], although
the notion of sequences of [MV 88] is slightly more restricted than ours; here
we give a proof for the sake of self-containedness with certain modifications in
accordance with the present -setting,.

Let {(pn)new € Chain{p (Q)).

First, let us show that (pn)ne. is a CS, ie. that (pn)new € CS(pro(Q)). For
this purpose, it suffices to show that

¥m € w, 3N, ¥n > N[ (pa)™ = (py)I™ ]. (2.22)
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Fix m € w. For each n, let p, = (p,)l™. Note that (x): for each n, p, is finite.
Let $ = Lub{{pn)new). We will prove that

AN, Vn > N[ pn =75 |. (2.23)
First, let us prove that

AN,¥n > N[$ C pn |- (2.24)
For this purpose, it suffices to show that

3N € w,¥{gn}new € Hne;,.,. [#] N Chain(py,(Q))] (
Vn > N[ gn = qn ||

b2
[
o
S

Assume, for the sake of contradiction, that (2.25) does not hold, i.e.,

VN € w, Hgn)new € [ [Fn) N Chain(peeo (@) 3n > N[ g @ ¢ ]]-

nEw

Then, we can define, by induction, a strictly increasing sequence (v(i))iew € (w —
w) and a chain (¢})iew € [ieulBu(s)] such that

View[q;@qiy | (2.26)

as follows.
First, let #(0) = 0 and choose gy so that

YN € w,3gn)new € [1,eu[Pn] N Chain(pp,(Q))]
qu(0) = q{] Adn> iV[ qN @qgn ]]

Let k > 0, and suppose {(¥(i)):cx and {(g})icx have been defined so that (v(i)}icr
is strictly increasing, (¢})icx € [1;er[Pu(i] with

Viekli+l<k= ¢ Cqiyls
and

YN € w,Hgn)new € Hneu[ﬁn] n Cha.in(gpfco(Q))[ (2.27)
Vieklgun=q]A3In>Ngy@qn]l :

Then, taking v(k — 1) as NV in (2.27), we know there exists

(an)new € J] [5n] N Chain(preo (Q))

new

such that
Vieklgu=a]AIn>vk-1)]gu1) €qn]

Fix such a chain {gn)new, and let v(k) = min{n > v(k — 1) : gy(x-1) @ qgn}. We
will show that
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¥(Gn)new € HnEw[ﬁ“] N Chain(gpy,,(Q))]
Vi€ k[ Gy =q;] = (2.28)
Vn € [v(k = 1).v(k) = 1][ gi_; = Go(k—-1) = Gn |-

Assume, for the sake of contradiction, that (2.28) does not hold, i.e., there exists

(Gn)new € J] [5n] N Chain(pe, (Q))

nEw
with Vi € k[ g,y = ¢{ ] such that
In € [v(k —1)..v(k) = 1][ gioy = Gu(k-1) @ n |-

Fix such a number n. Then, g, = q;_; @ ¢, With ¢», §n € Pn, but this is impossible
since p,, is flat. Thus (2.28) must hold. In a similar fashion, it can be shown that

V(‘jﬂ_)ﬂEw % HnEw [ﬁﬂ] n Cha‘in(pfco(Q))[ .
Vi€ k[ Gy =4 ] = Gy = -1y C Gy )-

Since p, () is finite, there is ¢’ € p,(x) such that q’u(k_n @ g’ and
VN € w,3{gn)new € [Inen,[Pn] N Chain(pg, (Q))[
Viek[quw=¢]Adqu=¢ AIn>NgnveQq,].

Define g;, to be such q'.
In this way, we define (v(i))ic, € (w — w) and (¢})icw € [;colBu(i)] With the
desired property (2.26). From (2.26), it follows that

View[ g€ AV - {(L)} ] A Vi € w| strip(q}) <p strip(g,,) |-

This is, however, impossible, since Vi[ Igt(g;) < m + 1 ]. Hence, (2.25) must hold,
and therefore, one has (2.24), i.e., AN,Vn > N[ p C p, ]. Fix such N in the sequel
of this proof. !

Next, we will show, by contradiction, that

3IN',Vn > N'[ 5a C 5] (2.29)
Assume, to the contrary, that
VN',3n > N'[ 52\ #0].
Then, we can define a strictly increasing sequence {#(i));c. € (w — w) such that
N <i#(0) AVi€w poiy \P#£D] (2.30)

Fix such a sequence (¥(7)}:ieq-

Then, we will define, by induction, a chain {§i)icw € [T;c.[Poci) \ B]-

From (2.30) and the fact that Vi > 0[ o) Cs Pi(i) ], it follows that for i > 0
and § € (Py(i) \ p), there exisits ¢ € (o) such that ¢’ C §. It is impossible that
§' € p, since if §¢' € p then

¢ @GAG €Puiy NaQE Doy,
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which contradicts the flatness of ;. Thus, one has
Vi > 0,94 € (Poiy \ §), 34 € (o) \ P § E G ]

From this and the fact that (pyo) \ ) is finite, it follows that there exists §' €
(Ps(0) \ §) such that

Vi >0,3G§ € (Puiy \P)[T EG)

Let us define g to be such §¢'.
Fix k € w, and suppose we have defined a chain

<§01"'1ék) € ]_—_[ [ﬁﬁ[:) \ﬁ]
ie(k+1)

with

Vi > k,3q € (Puiy \P) @k T q -
For each i > (k+1) and g € (Ps(s) \P) with G C g, it follows from the interpolation
property (Lemma 2.4 (1)), that there is § € p,(x+1) such that G C § C g. One has
g € p, since if § € p then

G€PC Py N € (Buiy \B) A G@ug,

which contradicts the flatness of p;(;). Thus g must be an element of Pyk+1) \ P-
Since pp(k+1) \ B is finite, there exists § € (Pp(r41) \ §) such that

GeCGgAVi>(k+1),3g€ (Poiy \P)GC q]-

Define g1, to be such 4.

In this way, a chain {Gi)icw € [[;cu[Pociy \ 7] is defined.

Since Vi € w[ lgt(§;) < m + 1], the sequence (§;)ic., must stabilize, i.e., there
exists £ such that Vi > £[ §; = §¢ ]. Fix such £. One has,

e = lub({d:)iew) € P.

This, however, contradicts the fact §¢ € (P(¢g \ #). Hence, (2.29) must hold.
From (2.24) and (2.29), it follows that

AN',¥n > N[ =pn |-

Thus, one has (2.23), and therefore, (2.22).
(2) This part follows from part (1) and Lemma 2.7 as follows.
Let {pndnew € Chain(p.,(Q),Cs). From part (1), it follows that

(pn)nEu € Cs(pfco(Q):d)'

By this and Lemma 2.7, one has

Lub((}’n)néw) = I_l((pﬂ)ﬂEwa Pl’cl(Q)) = lim((.pﬂ)n(iws KJI‘CI(Q))' (231)
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From Lemma 2.5 and the fact that the property being bounded is finitely char-
acterized, it follows that Lub({pn)new) € s, (@)- By this and (2.31), one has

Lub({pn}new) = LI((.PR)NEM Preo(Q)) = Em({Pn)new, Preo(Q))- M
We do not have a similar property for p_ ¢, (Q), ie., not every (ppincw €

Chain(p, ¢, (Q),Es), is a CS; this is demonstrated by the following example:

Example 2.2 Suppose B be infinite, and let B = {b, : n € w} with b; # b; for
i # j. For each n € w, let p, = {(b;) : i > n}. Then, obviously, (Pp)necw €
Chain(p, (@), Cs), but (pn)new is not a CS.

From Lemma 2.6 and Lemma 2.8, we have the following two corollaries.

Corollary 2.2 (1) Let {pa)necw € Chain(pg,(Q),Cs). Then, Lub({pn)new) €
Preo(@)- Also Lub({pn)new) s the lub of (Pphnew in P, (Q), i-e.,

Lub({pn)new} = U((Pn)nEw)-

(2) (P1eo(@), Cs, {{L)}) 45 @ cpo. 1
Proof. (1) Let (pn)new € Chain(p, (. (Q),CEs). Then, by Lemma2.8, (pphnew €
CS(p41c0(@), d) and

LUb(@“)“EW) = I_l({p“)ﬂews pfco(Q)) = lim((pn)ﬂewz Pfco(Q))'

Obviously, the property of being flat and compactis finitely characterized, and thus,
limpew[pn] € P, (@) (see §2.2). Hence, Lub({Pn)new) € Ppe, (@), and therefore,

Lub({(pn)new) is the lub of {p;)new in pg, (Q)-
(2) This part immediately follows from part (1). W

Corollary 2.3 (1) Let {(pp)new € Chain(p, ¢, (@),Es). Then, Lub({pn)new) €
Piteo(@)-  Also Lub({pn)new) is the lub of (Pp)new in 94(Q), e,
Lub((pn)n{;w) = Ll((Pn)nEw)'

(2) (P41eo(@), By {(L)}) 15 @ cpo. 1

Proof. Similar to the proof of Corollary 2.2. In the proof, we exploit the fact that
the property being nonempty, flat, and compact is finitely characterized. |

We give a few more propositions for later use.
Proposition 2.5 (1) For every (gn)new: (¢h)new € Chain(@,C),
V€ Wl gn E ¢n | = lubneu[gn] E lubnewgy]-
(2) For every (Pn)news {Ph)new € Chain{p:(Q),Cs),
Vn € w[ pn Cs pf, | = Lubpey[pn] Cs Lubgey[pr]-
(3) For every (pn)new (Pn)new € CS(p(Q), d),



34 2. Mathematical Preliminaries

Vn € W[ pn Cs Pl |, = lim[p,] Cs lim[p]. B
new ncw

Proof. (1) This part follows immediately from the definition of lub,ew[gn]-

(2) Let (pn)ncws (Ph)new € Chain(p(Q),Cs), and suppose Vn € w[ pn Cs py, |-
Let ¢’ € Lubuey[pl,]. We will show that

dg e LUbnEu[pn][ qC q! ] (232)

By the definition of Lub, ¢, [p}], there exists (¢} )new € Chain(@Q, C)NI], ¢, [Ph]
such that ¢’ = lubpew[g,]. Fix such a sequence (g, )nco-

For every n € w, there exists q,, € p, such that ¢, C g}, because p, Cs p),. Fix
such g, for each n.

Fix n € w. Since p, Cs pny1, there exists ¢/ € p, such that ¢! C ¢,. Fix such
g, Then, ¢l C gnt1 C ¢4, and ¢, C g;, C gy, 4. Thus, by Proposition 2.3, the
two elements q!! and g, of p, are comparable. By this and the fact that p, is flat,

one has q!! = g,, and therefore, ¢, C gn41.
Thus, {pn)new € Chain(Q, C). Further, by part (1),

lubnew[gn) T lubneu[an] = ¢'.
Thus, one has (2.32). Summarizing,
Vq' € Lubneu[py], 3¢ € Lubneu[ph][ ¢ E ¢ ],
fo
Lubneu[pn] Cs Lubneu[py)-
(3) Let (Pr)new, (Ph)new € CS(p:(Q), d), and suppose
Vn € w[ pn Cs Pl |- (2.33)
Let p = limpey[pn] and p’ = lim,e.,[p},]. We will prove
pCsp. (2.34)
Fix n € w. Since {p,)new 1s a C8, there exists N such that
vk > N[ (o)l = pl¥ 1.
Likewise, there exists N’ such that
vk > N[ (ph)l" = ()M 1

Fix such N and N’, and let £ = max{N, N'}. Then, (p¢)" = pl"l and (p})["] =
(p))["l. By (2.33), pe Cs p}, and therefore, (pe)™ C, (p)™. Thus, p™ C, (p').
Summarizing,

vn € o] p" C () ].

From this and part (2), it follows that
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p = Lubpeo[p™] Cs Lubneo [()™] = 7.
Thus, one has (2.34). H

Definition 2.12 (1) Let p € p(Q). We say ¢ € p is minimal in p w.r.t. C, when
-3¢ ep[g' eq].
(2) For p € p(Q), let

mini(p) = {q € p : g is minimal in p w.r.t. C}.
(8) For p1,p2 € p(Q), let
p1 Upz = mini(p; U pa).
For P’ € p(Q), let

J®') = mini(|_J(P")).

For (p;).';g; € (p(Q))T with I being some index set, let

Uie.‘,[?ii = J{pitier)-1
The following proposition can easily verified:

Proposition 2.6 Let p € p(Q) and g € p. Then there ezists unique ¢’ € mini(p)
such that ¢' C q. |

We introduce a notation for denoting such ¢”:

Definition 2.13 For p € p{Q) and q € p, let mini(p, ¢) be the unique ¢’ € mini(p)
such that ¢’ C q. |

Projection (-)[“] and mini(-) are interchangeable:
Proposition 2.7 (1) Vp € p:(Q),Vn € u[ pl" € p:(Q) ]
(2) Vpisp2 € (@) P1 Cspz Ap2 S oy = p1=p2 .
(3) Vp € p(Q),¥n € w[ (mini(p))l") = mini(p!™) ]. §

Proof. (1) The claim is the same as Proposition 2.13 (a) of of [MV 88], where the
proof is omitted. A proof is given here. Let p € p;(Q), » € w, and ¢, ¢2 € p such
that

(@)™ C (). (2.35)

We will show (¢1)! = (g2)l*"! by distinguishing two cases.
Case 1. Suppose lgt((g1)[™) < n. Then, by the definition of (-)"], one has

a1 = (g)™ C (g2)!” C ga.



36 2, Mathematical Preliminaries

Thus, q; = ¢2, because ¢q1,q2 € p and p is flat.

Case 2. Suppose Igt((g1)™) < n + 1. Then, by the definition of (-)["] one has
(q1)!" = strip((g)[™) - (L). Further, by the definition of C, it follows from (2.35)
that strip((g1)") <p strip((gz)™), and thus, lgt(strip((g2)™)) = n. Therefore,
Igt((g2)!™) = n + 1. Thus, by the definition of (-)["], it must hold that

(g2)™ = strip((g2)™) - (L) = strip((q)!™) - (L) = (¢1)"].

Summarizing, Yd,d; € p!™[ ¢ C G2 = ¢ = o |. That is, pll is flat.
(2) The claim is the same as Proposition 2.13 (b) of [MV 88|, where the proof is
omitted. A proofis given here. Let p;,ps € p;(Q) such that p; s p2 and py Es py-
We will prove p» C p;. (The fact that p; C pp can be shown in a similar fashion.)

Let ¢ € p,. Then, since p; T pa2, there exists ¢’ € p; such that ¢’ E g. Further,
since ps Ce p1, there exists ¢ € py such that ¢” C ¢. Thus, ¢ and ¢” are elements
of p, such that ¢” C g. Hence, by the fact p; is false, one has ¢" = ¢, and therefore,
¢' = g. Summarizing, one has py C p;.
(3) The claim is the same as Proposition2.23 (e) of [MV 88], except that the
domain @ is slightly more general than the one treated in [MV 88]. This is shown
as in [MV 88], but with certain modifications.

By part (1), (mini(p))(™ is flat. Hence, by part (2), it suffices to show that

(mini(p))l™ C; mini(p) (2.36)
and that
mini(pl™) Cs (mini(p))". (2.37)

First, let us show (2.36). Let ¢ € p such that ¢ € mini(p™). Putting
¢' = mini(p,q), one has ¢’ € mini(p) and ¢’ C ¢. Thus, (¢')" € (mini(p))(™ and
(¢")™ E ¢i"l. Summarizing, one has

V§ € mini(p™),3¢’ € (mini(p))!M[ ¢’ C g1,

i.e., (2.36) holds.

Next, let us show (2.37). Let ¢ € mini(p). Then, ¢ € p, and therefore,
¢ € pl"l. Putting 5" = mini(pl™, ¢["), one has 5" € mini(p™!) and p" C ¢l".
Summarizing, one has

Vg € (mini(p))™,3§" € mini(pM)[ ¢" C §],
ie., (2.37) holds. W

From the above lemma, the next corollary immediately follows:
Corollary 2.4 For every p;,p2 € p(Q) and n € w,
(p1)™ = (p2)™ = (mini(py))" = (mini(p))I". 0

Proof. Let py,p2 € p(Q), n € w, and suppose (x): (p1)[* = (p2)("l. Then, by
Proposition 2.7 (2), one has
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(mini(p1))f = mini((p1)™) = mini((p,)!™) = (mini(p,))!"]. W
The mapping mini : p(Q) — p(Q) is nonexpansive in the following sense:
Lemma 2.9 For every py,ps € p(Q), one has

d(mini(p; ), mini(p;)) < d(p1,p2)- B

Proof. First, we will prove that if one has

Vp1,p2 € p(Q),Vn € o[
(p1)) = (p2)" = (mini(p;))M = (mini(p,)) ), (2.38)

then the desired result is obtained.
Let p1,p2 € p(Q). We will show

d(mini(p; ), mini(p2)) < d(p1,p2)- (2.39)
We distinguish two cases according to whether or not
Vn € w| (mini(p;))™ = (mini(ps))™ ]. (2.40)

Case 1. Suppose that (2.40) holds. Then, d(mini(p;), mini(p;)) = 0, and there-
fore, one has (2.39).
Case 2. Suppose that (2.40) does not hold, i.e., that

3n € w| (mini(p1))!™! # (mini(p2))™ ).
Let
m = min{n € w : (mini(p;))!" # (mini(p,))"}.
By this and the characterization (2.10) of d, one has
d(mini(p, ), mini(pz)) = £™ 1.
By Corollary 2.4, one has (p;)™ # (p2)™. Thus, putting
¢ =min{n € w: ()" # (p2)},
one has 1 < £ < m. Hence
d(p1,p2) = K1 2 K™ = d(mini(p1), mini(py))-
Thus, one has (2.39). W
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Chapter 3

Introduction to Fully
Abstract Models

In this chapter, we first give a definition of the notion of full abstractness in terms
of the notion of abstract conterts, in § 3.1. The definitions are so abstract that
they will apply to the various languages treated in the following chapters.

Next, in § 3.2, we give a fully abstract model for a very simple language in-
volving a parallel construct but no communication; the model construction and
the full abstractness proof are very easy, but they will still serve as an illustrative
example of construction of fully abstract models.

3.1 Fully Abstract Models for Languages

We will give concrete definition of several languages in later parts of this thesis
(in § 3.2 and in Chapters 4-8), where each of the languages is defined as the set of
terms generated by a signature, sometimes with certain other constructs, such as
recursion and function abstraction. However, no information about the construc-
tion of a language is necessary for the abstract definitions in this section; we fix a
nonempty set L, called a language, in this section.

3.1.1 Languages with the Notion of Contexts

In this thesis, we will define several languages as a set of terms, where we view a
term as a finite ordered iree with its leaves and nodes labeled with symbols, rather
than as strings. In other words, we are concerned with abstract syntaz rather
than concrete syntaz (cf. § 1.2 of [Hen 90]; see also Remark 3.1 below for a related
discussion).

Given a language as a set of terms, a contezt is usually defined as a term with
a hole (or a place-holder) in it. (A hole can be represented in several ways, e.g., by

39



40 3. Introduction to Full Abstractness Problem

a special symbol such as ‘[-]’, by a variable, or by a sequence of integers specifying
a position within a term (cf. [DJ 84]).)

Given a context C[] in this sense, substitution of statements s for the hole
in C[-] determines an operation (As € L. C[s]) on £, with C[s] being the result
of substituting s for the hole in C[-]. Further, two distinct contexts determine
two distinct operations. Thus, we can identify a context C[] with its associated
operation on £. Observing this, we give the following abstract definition of a set
of contexts, where we take, as contexts, operations on L.

Definition 3.1 (Abstract Contexts)
Let (S €) Cont € p((£L — L)). We call Cont a set of abstract contezts of L,
when the following two conditions are satisfied:

(i) id; € Cont, with id; identity function on L.

(ii) Cont is closed under composition, i.e.,
VSy,S; € Cont[ Sp08; € Cont ] B

(In the sequel of this thesis, we will give a concrete definition of the set of contexts
for each of the languages £; (i = 0,...,5); for each of the concretely defined sets
of contexts, it will be easy to check that the two conditions in Definition 3.1 are
satisfied.)

Whenever we consider the full abstractness of a model for a language in this
thesis, it is always assumed that a set of contexts of the language is fixed. In the
rest of this section, we fix a language £ and a set Cont of contexts of L.

3.1.2 Fully Abstract Models for Languages

Suppose a model O for L is given.
The notions of compositionality is defined in terms of contexts by:

Definition 3.2 (Compositionality) Let M : £L — D be a model for £L. We say
M is compositional, when

VSu,Sl € ﬁ[ M[Su]] = MIIS}]} = (31}
VS € COIlt[ MﬂS(So)]] = M[S(S])]] ]] [ |

(In the following, it will be helpful, for getting some engineering feeling, to
assume that O represents some view of behavior of statements of £, although this
assumption is not necessary for the mathematical understanding of the following
definitions.) The notions of correctness, completeness, full abstractness of another
model M w.r.t. O are defined in terms of contexts as follows:

Definition 3.3 Let M a model for L.
(1) We say M is correct w.r.t. O, when

VSQ,S] € .C[ M[[So] = Mﬂ81]
= VS € Cont| O[S(so)] = O[S(s1)] ])-
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(2) We say M is complete w.r.t. @, when

Vso, 51 € L[VS € Cont[ O[S(s0)] = O[S(s1)] ]
= M[so] = M[s1] ]-

(3) We say M is fully abstract w.r.t. O, when M is correct and complete w.r.t.
O, i.e., when

Vso,51 € L[ M[se] = M[s1]
& 5 € Cont] O[S(s0)] = OIS(s1)1 ] 0

Remark 3.1 By the above definition, the property of full abstractness is sensitive
to the choice of the set Cont of contexts, but there is usunally only one natural
definition of the set of contexts for a given language £ defined by an abstract
syntax. This is not the case, however, for a language defined by a concrete syntaxz,
i.e., for a language regarded as a set of strings.

For example, let us consider a concrete language (s €) Lp, defined by:

Ebn = {05 1}+e

The language Ly, is the set of binary numerals. Let Op, be the function which
maps each numeral s € Lpy, to its numeral value (in w). Let us consider two sets

Conty, = {“s" : 5 € {0,1}*}, Cont;, = {“s" :s¢€ {0,1}*}.

where “s-” (resp. “:s”) is the function which maps each 3 € Ly, to s3 (resp. to §s).
(Note that both Conty, and Conty, satisfy conditions (i), (ii) in Definition 3.1.)
The two sets Conty,, and Conty, correspond to the following two grammars,
respectively:

(i) s==0]1]|0s|1s, (ii) su=0]1]s0]s1. (3.2)

(Note that both the grammars generate Ly;.)

Although the two sets Conty, and Cont;, are equally natural as a set of
contexts, they have very different effects when we try to provide a fully abstract
model. When we adopt Conty,, as the set of contexts, Oy, is compositional, and
so, is fully abstract w.r.t. itself. But, this does not hold when we adopt Contp,
as the set of contexts, since Op,[01] = Opn[[1] = 1, but

Obnﬂs(}l] = O],n[[l(]l]] =(101) =5# 3= (11)2 = Obn[[ilﬂ = Obnilsll

with s = 1.

From the above example, we know that more than one notion of contexts is
possible for a given concrete syntaz, and different notions of contexts may derive
different notions of full abstractness. On the basis of this fact, Mosses cast doubt
on the appropriateness of full abstractness as an absolute criterion of the quality
of semantics for programming languages. (Cf. § 3.1 of [Mos 90], in response to
which this remark is made; cf. also § 1.2 of [Ten 91] for a related discussion.)

Our standpoint is different from this: An abstract syntax, which determines the
notion of contexts, is more fundamental than the corresponding concrete syntax. J
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Definition 3.4 Let M, and M, be models for £. We say M, is less abstract
than M, (or M, is more abstract than M), when

Vsg,51 € JC[ Moﬂ&o]] = Mu[[sl]] = JM][[Sg]] = .Ml[[sl]} ] [ |

Notation 3.1 Let My and M; be models for £. We write My <., M; to
denote that Mg 1s less abstract than M;. Also, we write My =,ps M1 to denote
that My <abps M1 and M; <.ps My. Finally, we write My <.ps M, to denote
that

MO >abs Ml (MO Zabs Ml) I

Given a model O for £, we can always construct a model for £ which is fully
abstract w.r.t. O, as a quotient of £ by the congruence induced by O:

Definition 3.5 Let @ be a model for L.

(1) A binary relation 2§, on L, called the congruence induced by O, is defined as
follows: For sg,51 € L,

50 25 51 & VS € Cont| O[S(s0)] = O[S(51)] I- (3.3)

Obviously, =5, is an equivalence relation on L.

(2) For s € L, let [s] 225)] be the equivalence class of s w.r.t. =5, i.e., let
[3 S ={s'eL:s25 5}
Let £/ =25, be the quotient of £ by =5,, i.e., let
L] =H={[s| =p]:s € L}.
(3) Let CS : £ — L[ 225, be defined by:
Co = (As € L. [s| =5)).
We call C5, the canonical term model induced by O. J
From Definition 3.3, the following immediately follows:

Proposition 3.1 (1) The canonical term model C, s fully abstract w.r.t. O.
(2) A model M for L is fully abstract w.r.t. O iff M =aps C5. 1

Fully abstract models are compositional:

Proposition 3.2 Let O and M be models for L. If M is fully abstract w.r.t. O,
then M is compositional. [

Proof. Suppose M is fully abstract w.r.t. O. Let sg,s1 € £ with M[so] = M[s;].
We will show that

VS € Cont[ M[S(so)] = M[S(s1)] ]- (3.4)
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Let S € Cont. We want to show that M[S(sp)] = M[S(s;)]. For this purpose,
it suffices, by Definition 3.3, to show that

VS’ € Cont[ O[S'(S(s0))] = O[S'(S(s1))] ]- (3.5)
This is shown as follows: Let &’ € Cont. Then, §' 0§ € Cont. Thus,
O[S'(8(s0))] = OL(S' 0 8)(50)] = OI(S" 0 S)(51)] = OLS'(S(s1))],

since M is fully abstract w.r.t. ©. Thus, one has (3.5) and therefore M[S(so)] =
M([S(s1)]- Since S was arbitrary, one has (3.4), and therefore, M is composi-
tional. |l

When we identify equally abstract models, the models for £ constitute a com-
plete lattice Liyoder With <abs being the order of the lattice; Figure 3.1 illustrates
the hierarchy of models for £. The trivial term model, which maps each s € £
to itself, is the bottom of the lattice, and the one-point model, whose semantic
domain consists of one point to which all s € £ are mapped, is the top of the
lattice. The lattice is depicted by the dashed box in the figure. Within Lmnodel
compositional models constitute a sublattice Leompo, Which is also compete. The
sublattice Leompo is depicted by the large rhombuse, in the figure.

Given an operational model O for £, let M be the unique fully abstract model
w.r.t. @. We have two complementary characterizations of 2 in terms of the
sublattice Lcompo of compositional models. First, the compositional models which
are correct w.r.t. £ constitute a sublattice Lcorrect, where D is the top; second,
the compositional models which are complete w.r.t. O also constitute a sublattice
Lcomplete; Where D is the bottom. In the figure, Leorrect and Licomplete are depicted
by lower and upper small thombuses, respectively.

In the sequel of this thesis, we look for various fully abstract models within
Leorrect, i.€., within the compositional models which are correct w.r.t. @. The
other approach of looking for it in Lcomplete is also possible. For example, if the
congruence =4 induced by M is characterized by a set E of (in)equalities, then
the compositional models which are complete w.r.t. D can be characterized as the
compositional models satisfying E, and D can be characterized as the least abstract
model of these models. In this case, we may look for D within the compositional
models satisfying E, i.e., within Leomplete (see Proposition 1.4.13 of [Hen 88]).

In terms of the notion of relative abstractness, we have the following sufficient
conditions for correctness and completeness:

Proposition 3.3 Let M be a compositional model for L. If M 1s less abstract
than O, then M is correct w.r.t. O. |}

Proof. Let M be a compositional model for £ and suppose that M is less abstract
than @. We will show that M is correct w.r.t. O, i.e., that

Vsg,51 € ﬁ[ MIIS()] = M'ISI] = (3.5}
L ANS Cont[ OIIS(S())]] = 0115(81 )] ]]
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High abstractness
The one-point model
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The complete
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Compositional
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model w.r.t. O

The correct
models
w.r.t. O

1 \The trivial term model
Low abstractness

Figure 3.1: Hierarchy of Models

Let so,s1 € £ with M[so] = M[s1], and let S € Cont. Then, since M is
compositional, one has M[S(sq)] = M[S(s1)]. From this and the fact M is less
abstract than O, it follows that O[S(se)] = O[S(s1)]. Thus, one has (3.6). W

Using the above proposition, we obtain the following characterization of full
abstractness in terms of relative abstractness:

Proposition 3.4 Let M be a model for L. Then, M is fully abstract w.r.t. @
iff M is the most abstract model of those models which are compositional and less
abstract than O. J

Proof. (=) Suppose M is a fully abstract model for £ w.r.t. ©. Then, by
Proposition 3.2, M is compositional. Further, M is less abstract than O, since for
every Sq, 51 € L with M[so] = M([s1], one has

VS € Cont[ O[S(s0)] = O[S(51)] ]
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* by Definition 3.3, and therefore,
OESu:ﬂ = 0’[1(:15[30)]] = O[[ldg(sl)] = Oﬂsl]],

by taking id. as S.

Let M’ be a compositional model such that M’ is less abstract than O. We
will show that M is more abstract than M’. By Proposition 3.3, M’ is correct
w.r.t. @. Let sq,57 € £ with M'[s0] = M’[s1]. Then, since M’ is correct w.r.t.
@, one has

VS € Cont|[ O[S(so)] = O[S(s1)] ])-

From this and the full abstractness of M w.r.t. O, it follows that M[so] = M[s:].
Thus, one has

Vso,81 € L[ M'[so] = M'[s1] = M[so] = M[s1] ],

i.e., M is more abstract than M.
(<) Suppose M is the most abstract model of those models which are composi-
tional and less abstract than . We will show that M is fully abstract w.r.t. O.
First, it follows from Proposition 3.3, that M is correct w.r.t. O.

The completeness of M is shown as follows. The canonical term model Cg, is
compositional and less abstract than . Therefore, M is more abstract than Cg,
ie.,

Vso, 51 € L[ Collse] = Colls1] = M[so] = M[s1] ]. (3.7)
By the definition of Cf,, one has

Vs0,51 € ﬁ[ CE)]ng]] = CE)II‘!’l]]
& VS € Cont| O[S(s0)] = O[S(s1)] I

From this and (3.7), it follows that

Vso,51 € L[ VS € Cont|[ O[S(s0)] = O[S(s1)] ]
= M[so] = M[s1] ],

i.e., M is complete w.r.t. O.
Thus, M is fully abstract w.r.t. O.

Notation 3.2 Let Mgy and M; be models for £. We write My <correct M to
denote that M, is correct w.r.t. M. Also, we write Mgy <complete M1 to denote
that M is complete w.r.t. M;. [

From the definition of contexts, it follows that the relations <correct and
<Lcomplete are transitive:

Proposition 3.5 Let My, M, M, models for L.
(1) If Mo <correct My and My <correct Mz, then Mo <correct M.
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(2) If Ml] 5compiete Ml and -"Ml Scomplete M’Z: then «’MO Scumplete -’MZ- I

Proof. (1) Suppose Mg <correct M1 and My <correct Ma. We will show that
Mo <correct Mz, i.e., that

Vs, 81 € L[ Mo[s0] = Mo[s1]

= VS € Cont[ M2[S(s0)] = Ma[S(s1)] ]I (88
Let sp,5, € £ and suppose that Mo[so] = My[s1]. It suffices to show that
¥S € Cont| M2[S(s0)] = M2[S(s1)] )- (3.9)

Let S € Cont. Then, M[S(sq)] = M1[S(s1)], since My <correct Mi. From this
and the fact M; <correct Ma, it follows that M[idz(S(se))] = Ma[ide(S(s1))],
since id; € Cont. Thus, one has M3[S(so)] = M2[S(s1)]. Since S was arbitrary,
one has (3.9).

(2) Suppose My <complete M1 and M; <complete M2. We will show that
Mo Zcomplete M2, i.e., that

Vso,81 € L[ VS € Cont| M3[S(s0)] = M2[S(s1)] ]

= Molso) = Mals1] ) Al
Let sg,s1 € £ and suppose that
VS € Cont[ M2[S(s0)] = M2[S(s1)] |- (3.11)

We will show that Mg[se] = Mo[s1]. For this purpose, it suffices to show

VS € Cont[ M;[S(s0)] = M[S(s1)] ], (3.12)

since Mo <complete M1. Let S € Cont. We want to show that M, [S(s0)] =
M;[8(s1)]- For this purpose, it suffices to show

VS' € Cont| M[S'(S(s0))] = M3[S'(S(s1))] ], (3.13)
since M; <complete Mz. Let S’ € Cont. Then, §’' o S € Cont, and therefore,
M[(8" 0 S)(s0)] = M2[(S" 0 S)(s1)],
by (3.11). Thus,
M2[S8'(S(s0))] = M:[S'(S(s1))]-

Since S’ was arbitrary, one has (3.13), and therefore, M;[S(s0)] = M;[S(s1)]-
Since S was arbitrary, one has (3.12).
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3.1.3 Models for Languages without Recursion

A (single-sorted) signature is a par of set Fun of combinators and a function
arity : Fun — w which maps each combinator to its arity. (In this thesis, we
regard constant symbols as nullary combinators.) Let Sig = (Fun,arity) be a
signature, and A" a set of variables. For every r € w, let

Fun'” = {F € Fun: arity(F) = r}.
A language L is defined as the set of terms generated by Sig and A
Definition 3.6 Let

L = Term(Sig, X)

where Term(Sig, X') is the set of terms generated by Sig and A. For S € L, let
FV(S) be the set of variables contained in S. For J C A, let

LY ={S € £L:FV(S) C Y}

For X € X, we simply write £[X] instead of L[{X}]. &
Further, let the set Cont of contexts be defined in terms of substitution:

Definition 3.7 Let

Cont = {S[-/X]: X € X A § € L[X]},
where

S[-/X] = (xs € L. S[s/X]),
with S[s/X] the result of substituting s for X is S. J

Definition 3.8 Let M be a model for £. We say M is compositional w.r.t. the
combinators in Fun, when the following holds for every r € w and F' € Fun'":

VS0, 80y« . .y 8r—1,5._1 € L[ Vi € 7[ D[si] = D[s}] ]

= M[F(so,...,50—1)] = M[F(sgs...,5n_1)] .1 (3.14)

For a model M for L, compositionality of M in the sense of Definition 3.2 is
equivalent to its compositionality w.r.t. the combinators in Fun:

Proposition 3.6 4 model M for L is compositional in the sense of Definition 3.2
iff M is compositional w.r.t. the combinators in Fun. [

Proof. (= ) Suppose M for L is compositional in the sense of Definition 3.2. Let
r € w and F € Fun'”. We will show (3.14). For this purpose, it suffices to show
that the following holds for every i € r:

Y80y e ey 8i 1y Sidlye-nySpm1,Sh st € L[O]] M[s:] = M[s]] =

Jw[[F(Sﬂ1"'985—113218!:-!'11"'33!"—1)]] (315)
= M[F(80;y.++,8i-1,8{38it1,--»8~—1)] |-
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Let Sgy. -0y 8ic1ySid1y. -y Sp—1, 55, 8¢ € L[O] with M[s!] = M[s?], and set
S = F(50y--15i-1: X, 8i41y---15r—1)-

Then, since M is compositional in the sense of Definition 3.2, one has
MISIsi/X]] = MISIst/ X,

i.e.,

M{[F(‘SO:' . ":s‘i—l'.!s:'-ssl'—‘,-la' . '}sr‘—l)]}
= MEF(SU:'“ :Si—las:'r\ Sitlse0s 3)"—-1)]-

Thus, one has (3.15).

(<) Suppose M is compositional w.r.t. the combinators in Fun. Let sg,s; € L[0]
with M[sp] = M[s;]. Then, we can show the following by induction on the
structure of 5 € L:

VX € X,VS € LIX][ M[S[so/X]] = M[S[s:1/X]] ]-
Thus, M is compositional in the sense of Definition3.2. |l

Given a model M which is compositional in the sense of Definition 3.2, we can
define an interpretation of each combinator of £ as a function on the codomain of

M:

Definition 3.9 Let M be a compositional model for £. For r € w and F €
Fun”, let FM : (M[L])Z — M]|L], the interpretation of F induced by M, be
defined as follows: For pq,...,pr—1 € M[L[0]],

FM(pl]s" . !pf‘-l) — .-"M[F(So,. "':Sf'—l):ﬂ:

where for ¢ € r, s; is chosen so that M[s;]] = pi;. Note that the value
M[F(s1,...,s,)] is not dependent of the choice of s;, since M is compositional
w.r.t. the combinators in Fun. [

Given the above definition of contexts, Definition 3.3 is rephrased as follows:

Definition 3.10 (Full Abstractness) Let O and D be models for £. We say D
is fully abstract w.r.t. O iff the following holds for every 51,52 € L:

D[[s;]] = DIISQ]} <
VX € Xp,V5 € LIX][ O[S(xyls1]l = OlScxyls2]l |- B

For such a language £ and an operational model © for it, there always exists a
model D which is fully abstract w.r.t. O. Actually, we can construct such a model
D as a term model, i.e., a model whose carrier is a quotient set of £. Moreover
such a model is unique in the following sense:

Lemma 3.1 (Uniqueness and Existence of Fully Abstract Models) If two mod-
els My and M, are fully abstract w.r.t. O, then there is an isomorphism from
Mo[L] to M1[L], i.e., there is a bijection @ : Mo[L] — M,[L] such that for every
combinator F in L with arity r, and py,...,pr € Mo[L], the following holds:
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e(FM(p1,...,pr)) = FM(o(p1),-- -, 0(Pr))s

where for i € 2, FMi is defined as in Definition 3.9.
In other words, the fully abstract compositional model is unique except for iso-
morphism. [

Proof. See Proposition7.1.1 of [BKO 88]. W

Thus, for such languages, the full abstractness problem is reduced to the prob-
lem of how to characterize the congruence relation £ induced by O (cf. Defini-
tion 3.5). In § 3.2, we present an example of such a characterization for a very
simple language, which has parallel composition but does not allow communica-
tion.

Remark 3.2 Such a characterization may have several practical significances: For
example, by an appropriate characterization of this kind, it may be shown to be
decidable whether s; 2§, s; or not for arbitrarily given two statements s, sz,
where £, is the congruence induced by O (cf. Definition 3.5 (1)). (Indeed, it is
easily checked that the fully abstract model Dy to be given in § 3.2 serves as a
basis of such a decision procedure.) Note that even when the function O[] is
computable, this is not necessarily decidable, because of the infinitary nature of
the definition of ¢, (note that in the right-hand side of (3.3), we use universal
quantification over Cont which is usually infinite). Moreover, such a characteri-
zation may serve as a basis for complete aziomatization of the congruence 2, (cf.,
e.g., Proposition 1.3.8 of [Bro 83]). §

3.1.4 Models for Languages with Recursion

Let £ be a language which involves some form of recursive construct. Although
there always exists a (compositional) model for £ which is fully abstract w.r.t. a
given model O, such a model D is not always constructed as a denotational model,
as was shown in [AP 86] (cf. also Remark 3.4 at the end of this subsection). Thus,
for languages with recursion, there are two issues concerning the full abstractness
problem: One is the problem of how to characterize the fully abstract model, as
for languages with no recursion; the other is to investigate whether it is possible
or not to construct a fully abstract model denotationally.

In this thesis, we consider, as denotational models, only domain-based contin-
wous models, i.e., least fized-point models based on cpo’s and fized-point models
based on cms’s. That is, we consider as denotational models only those models
satisfying the following conditions (1) and (2):

1) First, M is compositional in the sense that the meaning of a composite pro-
g p
gram (say F(s1,s2)) under M is specified as a function of the meanings of
its syntactic subcomponents (say M[s1] and M[sz]).

(2) The semantic domain, the codomain of M, is a cms or cpo, and the meanings
of recursive programs under M are obtained as fixed-points in the domain
in such a way that either of the following conditions (i) and (ii) holds:
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(i) The semantic domain is a cms, and the meaning of a recursive program
s (of the form say (pX. S(X))) is the limit of the iteration sequence

{po, f(po), F(f(po))s---)

with po an arbitrary point in the cms, and f a contractive mapping
(from the cms to itself) obtained as the interpretation of the body
S(X) of s. (In this case, the meaning of s is a fixed-point of f, i.e.,

fF(lim,[f™(po)]) = lima[f™(po)], which is shown by:

f(limn[f" (po)])
= limn[£(f"(po))]

(since f is contractive, and so, continuous)

= limn " (po)]. )

(ii) The semantic domain is a cpo, and the meaning of a recursive program
is the least upper bound (lub) of the iteration sequence

(L, F(L), FFL))s s

with L the bottom of the cpo, and f a continuous mapping (from the
¢po to itself) obtained as above. (In this case as well, the meaning of s
is a fixed-point of f, i.e., f(lub,[f"(L)]) = lubs[f"(L)], which can be
shown in a similar fashion to case (i) by:

f(lubya[f"(po)])
= lub,[f(f™(po))] (since f is continuous)
= luby[f"(po)). )

Remark 3.3 There are other kinds of models which might be called denotational,
such as fixed-point models using category-theoretic (co)limits, and models based
on non-well-founded sets; such models are useful for certain purposes (cf. [Rut 92]
for the latter). The mathematical background of these models are, however, rather
different from that of domain-based continuous models described above; we cannot
afford to discuss these models in this thesis. J

Remark 3.4 Let O be a given operational model. As De Nicola and Hennessy
have shown in their work (such as [DeN 85a], [DeN 85b], [DH 84], and [Hen 88]),
when there is an (in)equational proof system which is sound and complete w.r.t.
the induced congruence ¢, we can construct a cpo-based fully abstract model
w.r.t. © (as the ideal completion of a certain term model induced from the proof
system). However, finding such a proof system (with the proof of its soundness and
completeness) seems to be almost as difficult as that denotational construction of
a fully abstract model which is independent of such a proof system, although it is
very pleasant to have the equivalence of three complementary views of the seman-
tics of concurrency —an operational, denotational, and proof-theoretic views. [
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3.2 A Simple Example of Fully Abstract Models

In this section, we give a fully abstract model for a very simple language involving
a parallel construct but no communication; the model construction and the full
abstractness proof are very easy, but they will still serve as an illustrative example
of construction of fully abstract models.

3.2.1 A Simple Language £

Definition 8.11 Let (@ €) Ay be the set of atomic actions. No assumption is
made about Ay except that Ay is nonempty.

(1) A (single-sorted) signature Sigy = (Fung, arity(-)) is defined as follows.
Fung = {0,e}U{a:a € A} U{+,|:; }.

: _Jo if op € {0,e} U {a:a € Ap},
arity(op) = { 2 ifop € {+;},

where the constant symbols: “a” (a € Ag), “0”, and “e” represent an atomic

19

action, the inaction, and the termination, respectively; the combinators: *;”,
“+”, and “||” represent sequential composition, alternative composition, and
parallel composition, respectively. For r € 3, we put

Fun!” = {op € Funy : arity(op) = 7}.

(2) Let (X €) Xp be the set of statement variables. The language (S €) Lo is
defined by the following grammar:

S = | Ole | (81,52) |(Sl +Sg) |(S1 [l SQ) |X (316)

For S € Ly, let FV(S) be the set of statement variables contained in S. For
Y C Xp and X € Xp, Lo[V] and Lo[X] are defined as in Definition 3.6. |

3.2.2 Operational Models for £,
A Linear Operational Model O,

Definition 3.12 (Transition Relations —5g) A family of binary transition rela-

tions —oC Lo[0] x Lo[0] (¢ € Ay), and a unary relation l’:ng Lo[0] are defined
as the smallest sets satisfying the following rules (1) to (5.2). (Let us set (a €)
AY = Ay U {y/} for short.) Intuitively, the expression “sy S0 so” means that the
process s, may perform the action a as a first step, resulting in the process sz, and
“sq ).’:.n" means that s; may terminate successfully or that s, is in a final state
(following the terminology of classical automata theory). In the sequel, we use the
notational convention that for o € Ay, the phrase “s Zo (52) ” means sy !m, if

r . o
a = +/; otherwise, it means s; —o S2.
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(1) aSpe (a€Ay).

(2) e Y.
(3.1)
51 =0 51 (a € Ayg)
a A 0/-
(s1582) —0 (Sﬁsz)-
(3.2)
51 j’o} 82 £>n (55)
- (€ AY).
(31;32) —0 (3’2)
81— (8;)
(4) 2 (@ € AY).
(s1 +82) —0 s}
(s2 + 1) 40 81
(5.1)
81 i,,o S’; (a € AO)_
(51l 52) —=0 (51 [ 52)
(s2]ls1) —0 (2] 51)
(5.2)

81 il’oa S2 L{O
o
(1] s2) =0

We call (Lo[0], (—0: @ € AY)) the labeled transition system (LTS) of Lo.

Notation 3.3 Let (S, (-%: a € AY) be a LTS such that AV = AU{/}, 2ied,
and Va € A[ =5C S x S ]. As in [Mil 80], we can assign each state s € S a
synchronization tree (ST) which is a rooted unordered tree labeled with elements
of AV. In the sequel of the thesis, we exploit diagrams as the one below, for
depicting a synchronization tree:

a,

o

a a
Ssg=04¢ e 50

a

e M0 %0

This diagram represents a synchronization tree T' defined as follows: First, T' has
so as its root, six other nodes s; to sg (placed from the upper left to the lower
right), and six arcs {(s0,51), (S0,52), (52,53), (S0,54), (54,55),(55,56)}. The arcs
are labeled by a labeling function { defined by:

£((s0,51)) = a0, £((s0,82)) = a1, £((s2,s3)) = a2,
£((s0, s3)) = as, £((s4,85)) = a4, £((ss, s6)) = as.
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Finally, the states s;, s3 represented by o are final states (states labeled with /),
and the others represented by e are nonfinal states (states not labeled with /).

Definition 3.13 For w = (ag, -, an_1) € (Ag)<¥, a binary relation Box is de-
fined by:

w g ay An—1

—FQe=——F0—*0 " —0 -

(Here and in the sequel, juxtaposition is used for denoting relational composition,

e.g., —G}nf—;gz {(s,8"): 3s"[ s = s ﬁg s’ 1}.) For a € Ag, w € (Ao)<¥, we write
5 =g and s 3¢, to denote that 3s'[s =g s'] and Is'[s —. s'], respectively. [
Definition 3.14 (A Linear Model O, for £o)
(1) Let actg : Lo[0] — p(Ay) be defined as follows: For s € L[],

acty(s) = {a € Ay : s ——}.
(2) Let

(p€) Q)= (A) {{(V)(2)}

where / and & are symbols representing (successful) termination and dead-
lock, respectively.

(3) The function Qg : Lo[f] — o(Q}) is defined as follows: Let s € Lo[@]. For
p € Qb, we put p € Op[s] iff either of (3.17) or (3.18) below holds:

Jwe (Ag)“[p=w-(\/) AIs'[s 205 A Eacte(s')]. (3.17)
Jwe (Ag)Y[p=w-{8) ATs'[s50. 8 Aacte(s)=0]]. (3.18)
The model Oy is not compositional as the following example shows:
Example 3.1 Let
so=a+ (a;a), s =a;(et+a)

The two statements sp and s; are depicted by:

Then,

Oolsol = Oulls1] = {{a, v}, (a,a, V) }-
However, Og[so || O] # Oo[s1 || 0], since

(a, 8) € Ools0 || 0] \ Oo[s1]/0]- W
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A Compositional Model C, for £,

Definition 3.15 (An Intermediate Model Cy for £p)

(1) Let Qf, the semantic domain of Cy, be defined by:
Qo = (A0)< - {(V) (V) (8O},

where 6(Y) = (8,7) for T € p({V})-
Let us use a variable Y ranging over p({y/}).

(2) We define Co : Lo[0] — p(Q)) as follows: Let s € Lo[@)]. For p € Q}, we put
p € Co[s] iff either of (3.17) above or (3.19) below holds:

Jw € (A0)<, 3T € p({V}lp = w- (6(X)) A

3s'[ 5 Bo. 5" A acte(s’) € {V/} Aacte(s)NT=0]]. 0 (3.19)

We define an abstraction function Ap : p(Q}) — ¢(Q}), in terms of which we
will establish a connection between Oy and Cy:

Definition 3.16 For p € p(Q}), let
Ao(p) = (PN ((A0)< - {{VIH) U {w- () :w-(6({v})) € p}-1

From the definitions of Cy, Og, and Ag, the following lemma immediately fol-
lows:

Lemma 3.2 Oy = Ay 0Cy. |
Also the following lemma immediately follows from the definition of Co:

Lemma 3.3 For every s € Lo[0] and w € (Ao)<¥, one has

w-(8(0)) € Cols] & w-(6({v/})) € Cols0]- N

3.2.3 A Denotational Model D, for £,

In this subsection, we define the denotational model Dy. As a preliminary to
the definition, we define semantic operations op corresponding to the combinators
op € Fun. First, we need an auxiliary function.

Definition 3.17 For wo,w; € (Ag)<¥, we define mrg(wo,w;) € p((Ag)<¥) by
induction on Igt{wg) + lgt(we) as follows:

mrg(e, €) = {e};
for (wo,w1) # (e,€),

mrg(wy, w )
= | J{w;(0) - mrg(rest(w;), w;) : (4,7) € {(0,1),(1,0)} A w; #e}. 1

First, the interpretations of constant symbols op € Funi}m are defined by:
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Definition 3.18 For op € (Fung)(®, let 5p = Coflop]. 1§
Then, the interpretations of binary operations op € Fung‘” are defined by:

Definition 3.19 For op € Fungzl, the semantic operations op : (p(Q5))*
©(Qf) are defined as follows:

(1) For po,p1 € p(Q)), let

i(po,p1) =3/(Posp1) Uis(po,p1). (3.20)

where

\/(Puapl) ={ wo wy - (V)
0+ (V) €po A wr- (V) €pl},

3s(po,p1)
= {w- (§(1)) :w- (Y U{V}) € po}
U{w - (6(T)) : w- (8(T\ {V}) € po A (6(T)) € p1}
U{ wo - wy - 6(T) 2 wo - (/) € po
Aun #G A iy (S(T) Gpl}

(2) For po,p1 € p(QF), let

F(po,p1) = ({(6(1)) : T € p({v})} N po N p1) (3.21)
U \ {(6(1)): T € p({VvD})
U(p2 \ {{8(1)): T € p({VD})-

(3) For po,p1 € p(Q5), let

ll(po, 21) = ly(®o,p1) U lls(po, 1), (3.22)

where

ﬂ\/(PUaPl) = {w-{/): Jwo, wi[ w € mrg(wo, w1 ) A

wy - (/) €po A wy- (/) €p1 ]},

|I6(PB:P1)

={w-{§(1)): T € p({VvHA
Jwg, w [ w € mrg(wo, wy) A
((wo - (6(T)) € po A wr - (8(Y\{V})) €)V
(wo - (6(T\ {V})) € po A w1 -{8(Y)) €p1)) 1}- 1

Definition 3.20 For s € Lo[0], Do[s] € ©(Qf) is defined by induction on the

structure of s as follows: For every r € 3 and op € Fun(,]r),

DOE[OP(SO: AL sr‘—l)]] = aﬁ(Dﬂ[[sl]]la i aDD[sr—l]])- I

Obviously Dy is compositional by its definition:
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Lemma 3.4 For every sg,s; € Lo[0], one has

Do [So]] =Dy [[81]] =
VX € Xp,VS € Lo|X][ Do[S[s0/X]] = DolS[s1/X1] |- 8

The model Dy is more distinctive (less abstract) than Op:
Example 3.2 Let two statements so and s; be defined as in Example 3.1. Then,
Ool50] = Ool[1] = {{a, V). (@, a0, }}-
However, Dg[[so] # Do[s1], since
(a,6(2)) € Do[so] \ Do[s:1]-B

Equivalence between Dy and Cp

The two models Dy and Cp turn out to be identical, as is shown below.
First, it turns out that Cy is compositional w.r.t. all the combinators in Fung:

Lemma 3.5 For every r € 3, op € Fun'”, one has

¥s0,. .+, 8r—1 € Lo[0][
Colop(s0, - - - sr—1)] = p(Co[[so],- - -, Colsr-1]) |- W

From this lemma, the following lemma immediately follows:
Lemma 3.6 (Equivalence between Dy and Co)
Vs € ﬁn[@][ 'Dn[[s}] = COIIS] ] |

Proof. Recalling the inductive definition of Dy, we can prove the claim by induc-
tion on the structure of s € Lo[B] using Lemma 3.5. |

From the above lemma and Lemma3.2, the following corollary immediately
follows:

Corollary 3.1 Oy = AgoDy. |

3.2.4 Full Abstractness of Dy w.r.t. Oy
The model Dy is fully abstract w.r.t. Op:

Theorem 3.1 For every sg,s1 € Lo|0], one has the following:

D[}HSO]} = Dnﬂ&]] <

VX € Xp,¥S € Lo[X][ OolS[so/X]] = Oo[S[s1/X]] |- (3.23)

Proof. The = -part of (3.23) immediately follows from Lemma3.4 and Corol-
lary 3.1.

Let us show the <-part of (3.23). For this purpose, it suffices to show the
following:
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VS(), 8§ € EU[@H ’DU[[";I}II 9{' D@[[S]]] =
3X € Xp, 35 € Lo[X][ OolS[so/X1] # OullSls1/X1] ]I
Let 59,51 € Lo[@] with Do[so] # Do[s1]. We will show
IX € Xp,3S € Ly [K—H (@) [[S[.&o/.’{]]} #* ODiIS[Sl /.Y]]] ] (3.24)

When Og[so] # Oo[[s1], we immediately have (3.24).
Suppose Og[[so] = Oo[s1]. Then, we can assume, without loss of generality,
that

Jw € (Au)<w[ w - {é(ﬁ)) € Dg[[S()] \DD[[SI]] ]
Fix such a sequence w. Then, by Lemma 3.3, one has

w - (8({v/})} € Dollso | O] \ Do[s1 [ 0] ],

and thus,

w-(8) € Ao(Dolso [|0]) \ Ao(Do[s1 || O])
= Oo[[s0 || O] \ Ool[s1 || O]-

Thus, taking S = (X || 0), one has (3.24). W
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Chapter 4

Full Abstraction of Metric

Semantics for
Communicating Processes
with Value-Passing

4.1 Introduction

This chapter investigates full abstractness of denotational models w.r.t. operational
ones for two concurrent languages £; (i = 1,2). The first language, £, contains
atomic actions, termination, tnaction, sequential and parallel composition, nonde-
terministic choice, action restriction, and a form of guarded recursion. The second
one, Lo, is an applicative language based on £; in addition to the constructs of
L1, £ has value-passing. For each of L; (i = 1,2), three operational models O;,
OP, C; are defined in terms of a Plotkin-style transition system. The first two
models are linear in that the meaning of each program in both ©O; and OF is a
set of action sequences the program may perform; they differ from each other in
that O is a so-called mazimal trace semantics, whereas O; is not. The third one
Ci is a failures model. For each of £; (i = 1,2), a denotational model M;, which
is equivalent to C;, is defined compositionally using interpreted operations of the
language, with meanings of recursive programs as fixed-points in an appropriate
complete metric space. It is shown that M; is fully abstract w.r.t. O;, and also,
under an additional condition, w.r.t. O (i = 1, 2).

The main body of this chapter consists of §§ 4.2-4.3 treating £, and L,, re-
spectively. Although the first language, L;, is of some interest of its own, the
treatment of £; will serve as a preliminary to that of L.

First, in § 4.2, for a simple language £, of “uniform and pure processes”, the
full abstractness of a failures model w.r.t. two linear semantics is established. (By
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“uniform and pure processes” we mean processes whose actions are pre-defined
and uninterpreted and whose only form of communication is synchronization of
complementary actions.)

The full abstractness of a failures model w.r.t. a linear model was first estab-
lished in [BKO 88] for a language without recursion. In [Rut 89], the problem was
investigated in the framework of a complete metric space for a language with recur-
sion, which language is very similar to our first language £,. There, the problem
whether the failures model is fully abstract w.r.t. a linear model, which we denote
by O}, was investigated. The model O} differs from ©; and O" in that it is a so-
called internal action model taking into account only internal actions, whereas O,
and O take into account communication actions in addition to internal actions;
an error was found in the full abstractness proof in [Rut 89], but a way to over-
come it was found by Franck van Breugel under a certain additional assumption
(see § 4.2.5, for a related argument). This chapter investigates full abstractness
issues similar to the one investigated in [Rut 89]; we treat two operational models
Oy and OF which are slightly different from O}, and it is shown that the failures
model M, which is the same as the one in [Rut 89], is fully abstract w.r.t. Os,
and also, under a certain additional condition, w.r.t. Of".

Second, in § 4.3, an extension L of £; so as to include value-passing is pre-
sented; for £; also, it is shown that a failures model is fully abstract w.r.t. two
linear semantics. As described in [HI 90], there are two ways to extend L so as
to include value-passing: One is to extend to an applicative language based on Ly;
the other is to extend to a nonuniform language also based on £;. This chapter
presents an applicative language L, based on Ly; it is shown that a failures model
M, for L, is also fully abstract w.r.t. two linear models O, and OF for £, (under
an additional assumption w.r.t. OF'). The full abstractness result for £, is estab-
lished in essentially the same way as the proof of the corresponding result for £y,
by defining My so that the following holds: For a term (Az. E,)) € L2,

Ml(Az. Ey))] = (Mo € V. [Em 7 (v)),

where 7, is the interpretation (a type-respecting mapping which maps each syn-
tactical construct to a corresponding semantic operation) from which the model
M is derived, and [E(,)]**(v) denotes the interpretation of E(;) under I, with
the valuation associating v with x.

As far as we are aware, a similar full abstractness result for an applicative
language with value-passing first appeared in [HI 90], where a fully abstract de-
notational model w.r.t. an operational model induced by a notion of festing was
proposed. This work has much in common with our research, although their op-
erational model based on testing is different from our operational models O, and
o

A similar full abstractness result for a nonuniform language which is based on
£y and supports value-passing appeared in [HBR 90]; this result was refined in
Chapter 7 so as to treat another operational model which is more abstract than
that of [HBR 90] in that it ignores states while the model of [HBR 90] does not.
Note that a combinatorial technique, called the testing method, had to be employed
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for establishing the result for the nonuniform language in [HBR 90], whereas the
corresponding result for £ is established in essentially the same way as the proof
of the corresponding result for £,.

Finally, in § 4.4, some remarks on related works and future work are given.
Several mathematical proofs are deferred to the appendixes.

4.2 A Language L; for Pure Processes

In this section, a simple language £; of “uniform and pure processes” is presented.
By “uniform and pure processes” we mean processes whose actions are pre-defined
and uninterpreted and whose only form of communication is synchronization of
complementary actions. The language £ is a minor extension of the one inves-
tigated in [Rut 89], containing atomic actions, termination, inaction, sequential
and parallel composition, nondeterministic choice, action restriction, and a form
of guarded recursion. This is the language investigated in [Hor 92a] in the context
of weak semantics.

Three operational models @y, OF, and C; for L£; are presented; they are defined
operationally in terms of a tranqltlon relation —; for £,. The first two models
@ 01 are linear models in that the meaning of each program in both O and
O™ is a set of action sequences the program may perform; they differ from each
other in that O is a so-called mazimal trace semantics, whereas (@, is not. The
third one C; is a failures model which was first introduced in [BHR 85]. This
model is also defined denotationally: A denotational model M, is defined using
explicit semantic operations with meanings of recursive programs as fixed-points
in an appropriate complete metric space, and the semantic equivalence between
C; and M is established.

The importance of the failures model M lies in the fact that it is fully abstract
w.r.t. O; and OF, that is, for O = O, OF, it makes just enough distinctions in
order to be compositional and correct w.r.t. O.

The full abstractness of a failures model w.r.t. a linear model was first estab-
lished in [BKO 88] for a language without recursion. In [Rut 89], the problem was
investigated for a language with recursion in the framework of a complete metric
space. There a linear model, which we denote by Ol, is treated; the model O} is
linear in the above sense and an internal action modelin that the meaning of each
program in O is a set of sequences of internal actions the program may perform.
In [Rut 89], the full abstractness of the failures model w.r.t. O} was investigated;
an error was found in the full abstractness proof in [Rut 89], but a way to over-
come it was found by Franck van Breugel under a certain additional assumption
(see § 4.2.5, for an related argument). In this section, we establish similar full
abstractness results for C; w.r.t. two linear models @, and O, rather than w.r.t.

i the model O is defined in the same way as the model O} treated in [Rut 89]
except that O; involves communication actions besides internal actions.
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4.2.1 The Language £,

For the definition of £;, a (possibly infinite) set (¢ €) C; of communication actions
is assumed to be given. Asin CCS ([Mil 80]), a complementation function~: Cy —
C, is assumed to be given such that it is a bijection, and o= = id¢, . For C C C;y,
let C = {¢: c € C}. The internal action, which may be the synchronization of two
communication actions which are complementary to each other, is denoted by 7.
The set of actions, denoted by A1, consists of communication actions and 7, i.e.,

(G. E) A] = CI u {T}.

Further, let \/ be a special action standing for successful termination such that
v € Ay, and let

(ve) AY = A U{V}

We extend the function = on C; to A; so that 7=7. Thus-o~=1dy .

Let P range over RV, the set of recursion variables, and let X range over A’p,
the set of statement variables. Note that recursion variables are used as names of
recursively defined statements, while statement variables are used as place holders
for defining contezts of the language.

Definition 4.1 (Language £1) The set of statements of the concurrent language
(S €) L; is defined by the following BNF grammar:

Su=0]e|al(51;5:) (51 +52) | (S11152)|0c(S) | P|X,

where P ranges over the set R) of recursion variables; X range over the set Ap of
place-holders used for defining contexts; a ranges over the set A, of actions; C' rages
over p(C;); the constants 0 and e represent inaction and (successful) termination,
respectively; the combinator ;, +, ||, and d¢(-) represent sequential composition,
nondeterministic choice, parallel composition, and action restriction, respectively.
We regard elements of RV as constant symbols rather than as variables; for § € £y,
let FV(S) be the set of elements of A’p occurring in S. For £ C £, and A C Ap,
let

Llx] = {S e £ :FV(S) C X}.

For X € Xp, we sometimes write £[X] for L[{X}]. We use the variable s ranging
over £;[0].

Then the set (g €) G, of guarded statements is defined by the following BNF
grammar:

g:=0]al(gs)| (91 +92) | (91l 92) | Oc(9).

We assume that each recursion variable P is associated with an element gp of G;
by a set of declarations:

D ={(P,gp)}rery.
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Actually a declaration set D is a function from RV into G;. |

In the sequel of this section, we fix a declaration set D = {(P, gp)}recry.
We can characterize £, as the set of terms generated by a signature

Sig] = (Fun], arity, ),
a pair of a set of syntactical combinators and an arity function:

Definition 4.2 The arity function arity, assigns each F' € Fun;] a natural number
called the arity of F. For k € w, let (Fun})®) = (arity,)"![{k}]. We define Sig]
as follows:

{0,e}U{a:a€e A4}URY ifk=0,

w®) _ ) {0c(-): C C Ci} if k=1,
Fun)™ =13 &40 ifk=2,
0 otherwise.

Let Sig, be the result of removing RV from Funyj, i.e., let
Fun; = (Fun] \ RV), Sig, = (Funy,arity,).

Having defined Sigj, it is easy to check that the set £; can be characterized as
the set of terms generated by Sig].
We use the following notation in the sequel:

Notation 4.1 For S € £1, k€ w, X € (Xp)", and Se (£1)", the expression
SX’[S:] denotes the result of simultaneously replacing all the free occurrences of
X (i) by §(i) (i € n). We sometimes write S[5/X] for S¢[S]. For n = 1, we write
S(x)[So] or S[Se/X]- B

Remark 4.1 The language £; is very similar to the language treated in [Rut 89],
except that £; has action restriction, the inaction O, and the termination e in
addition. The termination e corresponds to SKIP in [BHR 85]; the inaction 0 is
a basic construct of CCS (cf. [Mil 80], [Mil 85], [Mil 89]). §

Example 4.1 (Description of Dining Philosophers in £;) The problem of n din-
ing philosophers with n > 2 can be solved without any centralized control mecha-
nism (such as a monitor or a semaphore), only by appropriately specifying which
of the two forks f; and f;;; must be got first by the philosopher F;, in the con-
figuration where f; is placed next to P; on the left (0 <7 < n). For example, we
can construct a deadlock-free and starvation-free system under the assumption of
fairness, by specifying that P; with ¢ even (resp. with ¢ odd) must take f; (resp.
fi-1) first (0 < ¢ < n). An instance of this specification for n = 5 is shown in
Figure 4.1, where “P; — f;” denotes that P; must take f; first.

Figure 4.2 gives a description of the system of dining philosophers in £;. (This
is a £; version of the LOTOS description given in § 3.1 of [OH 89].) We name the
description Philosophers; it is the parallel composition of five processes named
Pn1,) (n € 5) with the restriction of actions denoted by C.
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The process Py ; ;) represents the n-th philosopher in the thinking mode

((n,i,7) € 5x2x2), where the fact that s = 1 (resp. j = 1) signifies that the fork to
be got first (resp. second) is available. For each n, the action think, (resp. eat;,)
signals that the n-th philosopher is thinking (resp. that the n-th philosopher is
cating). The actions get,,, (resp. get ,)) signals that the n-th philosopher gets
the fork to be got first (resp. second); the actions put,, (resp. put, ) signals
that the n-th philosopher puts the fork to be got first (resp. second). The actions
get,(n)» 8e% (n), PUL,(,), Put () executed by the n-th philosopher must synchro-
nize with their complementary actions get,(n)s Bt (), PUL, (), PUL executed
by an adjacent philosopher.
The process P(’nl‘.‘j‘k] represents the n-th philosopher in the eating mode
((n,i,7) € 5 x 2 x 2), where the values of i and j have the same meanings as
in P, ;), and the fact k = 1 signifies that the n-th philosopher has already got
the first fork. Also, P(!::,i,j) represents the n-th philosopher in the post-eating mode
((n,i,j) € 5% 2x2). _

For each n € 5, 2(n) (resp. j(n)) is the index of the fork to be got first (resp.
second); it is assumed that

Vn € 5[ 1(n),3(n) € 5] A {get,:n€5}N{put,:nes}=0.

As illustrated in Figure 4.1, we define :(n) and j(n) by:

(n) = n if ¢ is even
W= —=1)mod 5 otherwise,

(n) = (n—1)mod 5 ifiiseven
= 1 otherwise. i

4.2.2 Three Operational Models O,, O}, C; for £,

In this subsection, three operational models O;, O, and C, for £; are defined in
terms of a transition system (£;[0], (—1: @ € AY)) in the style of [Plo 81]. The
transition relations 5,C £41[0] x £1]0] (¢ € A;) and 5,C £,[0] are defined as
follows. (For s1,s2 € L£1[0], and a € A;, we write s —241 g (resp. 57 —) for
(51,52) €1 (resp. s; €—), as usual.

Definition 4.3 (Transition Relations —'?-*1) A family of binary transition rela-
tions =, C £; x £; (a € A;), and a unary relation l’ilg L, are defined as
the smallest sets satisfying the following rules (1)-(7). Intuitively, the expression
“s; 51 so” means that the process s; may perform the action a as a first step,
resulting in the process sq, and “s; il“ means that s; may terminate successfully
or that s; is in a final state (following the terminology of classical automata the-
ory). In the sequel, we use the notational convention that for a € AY, the phrase

a3 a N . . (23
%81 — (52) 7 means s1 —‘f;], if a = /; otherwise, it means s; —1 $s.
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Figure 4.1: Arrangement of Dininging Philosophers
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(5.1)
a '
81 — Sl (a € Al)_

(s1]s2) =1 (s [ 52)
(s2]l81) —=1 (s2]1 51)



68 4. Full Abstraction of Metric Semantics

(5.2)

o T e 1]
§1 —*1 8§y, 82 —* 8§

2 (c € Cy).
Grlls) = il sh)

(5.3)

(6)

e (s’) | )
dc(s) = (30(3;}) (@€ AY\C).

See Remark 4.2 below for the motivation for this rule.

(7) For each (P,g,) € D,
9p —OL'*I (5’)
Py (v)
The last rule is called the recursion rule. §

Remark 4.2 In many of the references (e.g., [Mil 89], [Hen 88]), the following
rule, which is sligtly different from rule (6) in Definition 4.3, is adopted for action
restriction:

Szl@) (a € AY \ (CUC)), (4.1)
ot(5) 2 (2e(+)) 1 |

where 9 () stands for another restriction combinator specified by this rule. We
adopt, however, rule (6) in Definition 4.3 for the following reasons:

i) It is easy to check that 8(-) can be defined in terms of dc(-) in the sense
C
that the transitional behavior of J(.(s) is the same as that of 0 cye)(s)
(s € £1[0]). Thus d¢(-) is more expressive than d;(-).

(1) While the combinator (-) restricts the communications contained in C, to-
gether with their complementary communications, dc(-) restricts only the
the communications contained in C, which situation we may want for cer-
tain purposes. For example, we may want to forbid inputs through a channel
without forbidding outputs through it.

(ii) The full abstraction result in Chapter 6 depends on rule (6) in Definition 4.3,
although the results in this chapter and Chapter 5 can be established using
rule (4.1) instead of rule (6) in Definition 4.3. §
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Definition 4.4

(1) For w = {ag,"+,an-1) € (A;)<¥, a binary relation =, is defined by:

u ag a, an—1
=] s — .

Here and in the sequel, juxtaposition is used for denoting relational compo-
sition, e.g.,
S15={(s,5) : 3s"[s D1 5" 51 5 |}
For a € A, we€ (A;)<¥, we write s 5, and s-5,,, to denote that
3s'[s = s'] and Is'[s 5. '], respectively.
(2) For w € (A1)¥, a unary relation 51w is defined as follows: For s € Lg, 5 =14

iff there exists (si)icw € (L£p)* such that s = s and Vi € o[ s; 2l si+1)-

The transition system (£;[0], (—=: @ € AY)) is finitely branching in the following
sense:

Lemma 4.1 For every s € L;[0], the set {(a,s') € A1 x L1 : s 5, s'} of branches
is finite. J

Note that the property of being finitely branching relies on the guardedness re-
striction Definition 4.1.
The first two models Oy, O are defined in terms of the transition system

(£1[0], (—1: @ € AY)) These models are called linear, because they yield sets of
non-branching streams as the meaning of a statement:

Definition 4.5 (Two Linear Models @, and O7" for £;)

(1) Let acty : £1[0] — p(AY) be defined as follows: For s € £[0)],
acty(s) = {a € AY 15 =}

(2) Let CY = C; U{\/}, and let
(p €) B} = (A1) U (A1) {{(V)) U (A1) {(8)}.

(8) The function O; : £;[0] — p(B}) is defined as follows: Let s € £;[f]. For
p € BY, we put p € O;s] iff one of the following conditions (4.2), (4.3), (4.4)
holds:

I(si)icws Hai)iew[ p = (ai)iew A 50 =5

AVi € ws; 2 sit1) )- (4.2)
In € Isdiccur Hadienl o= dicn - (V) As0=s (49

AYi € nf 5; —1 si41 | AV € acty(sn) ]
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dn € w, H(Sf)fe[ﬂ-i-]]!a(af)ieﬂ[ P= (ﬂ-i)iEn & (6) Asg=s

; ! 4.4
AV € n[ §; i’: sit1 | A acti(sn) € Cy } 4

(4) The function OF : £,[0] — p(B!) is defined as follows: Let s € £;[]. For
p € B!, we put p € O'[s] iff one of the propositions (4.2), (4.3) above, and
(4.5) below holds.

In € w,3si)ie(n+1)s Haiien| p = (@i)ien A S0 =5 (4:3)
AVi € n[ si =51 si1 ] A acti(sn) =0].1

Example 4.2 Let ¢g,c¢1,¢2 € Cy, and put
s = (cojc13 ((750) + c2)) + Fo,

where it is assumed that (P, (7; %)) € D. The process s is depicted by:

B
<o 1 —_— @
— 0 —+ @ e
5=

T T T T
— e — 0 — 0 — 0
By the definitions of @ and O7, one has

Orfs] = {(e0- 8. (e0,e1,7 ). {ewn 12D 7,

and
O™ [s] = {{co,c1,7, 8),{co,c1,02,v/), 7}

The last model C; is a failures model which was first introduced in [BHR 85];
for this model, two alternative definitions are given: an operational one and a
denotational one. First, in this subsection, the operational definition is given by:

Definition 4.6 (Failures Model C; for £;1) Let & be a symbol standing for dead-
lock, as in Chapter 3.

(1) Let

Qi = (A1)Y U (A1) {WH U (A1) {{(8(I)): T C CY}),
where §(T) = (&,T).

(2) The function C; : £1[0] — ©(Q) is defined as follows: Let s € £;[0]. For
p € Qi, we put p € Cy[s] iff one of the conditions (4.2), (4.3) above, and
(4.6) below holds.

In € w,3(si)ie(ne1)s Hi)ien, 3T € P(CY)| (4.6)
P= (flf),’e,; . ((S(F)) N sy =8
AYi € n[s; =1 siy1] A T € acty(s,)
Al Nacti(s,)=0].1
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Example 4.3 Let s be defined as in Example 4.2. Then, by the definition of (i,

one has
-’

Ci[s] = {{co, 6(T) : T € €Y\ {e1}} U {{co, c1,7,6(I)) : T € CY}
U{{co, 1,¢2,8()) : T € C1} U {{co,c1, €2, V) 7} I
The model C; can also be characterized as the fixed-point of a higher-order
function ®{. That is, we can define ®{ and show C; = fix(®}). This characteriza-

tion will be of use when establishing the semantic equivalence between C; and a
denotational model presented in § 4.2.3.

Definition 4.7 (Fixed-Point Formulation of Failures Model for £;)

(1) By defining a metric dQ] on Q; in terms of #runcations as usual, it is easily
shown that (thQl) is the unique solution to

Q) = (p(CY)U{V}) W(A; xide(Q1)),

in the category of complete metric spaces.
The set Py, the domain of the failures model for £,, is given by

P1 - f)-l—cl(Q! )

The Hausdorff distance dp  (on P1)is induced from dgy such that (P1.dp,)

is a complete metric space (see Chapter 1 for the definition of Heusdorff
distance).

(2) Let M9 = (£1[f] — P;1), and let f : MY — MY be defined as follows: For
Fe M? and s € £,[0],

&1 (F)[s] = if(v/ € acta(s), {()}, 0)
U{{8(T)) : T C CY A 7 ¢ acty(s) A T Nacty(s) =0}
UU{{a)- F]s']:a € Ay A s’ € L1]0] A s =1 5"}
By Lemma 4.1, it is straightforward to check that the right-hand side of the
above equation is nonempty and closed.
(3) Let ¢, = fix(®}). By definition one has the following for every s € £1[0]:
Ci[s] = if(V/ € acti(5), {{V)}.9) (4.7)
U{{(T)): T € CY A 7 €acti(s) A T Nacty(s) = 0}
UU{{a)-Ci[s] :a € A1 A s' € L[] A 551 5’} 8
One has the following fixed-point characterization of Cy, i.e. the equivalence of
Cy and Cq:

Lemma 4.2 (Fixed-Point Characterization of C;)

(1) Vs € Li[0][ C1[s] € Py ]
2) =061
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Proof. (1) Let s € £;[0]. It suffices to show that C,[s] is nonempty and closed in
Qo.

Nonemptiness. Let us show that C;[s] is nonempty, by distinguishing two cases
according to whether

3s',3w € (A1) [ s —1. 8" A T g acty(s') ]. (4.8)
Case 1. Suppose (4.8) holds, and choose s, w so that (4.8) holds. Then
w- (5(0)) € C1[s]

by the definition of Cq[-].
Case 2. Suppose (4.8) does not hold. Then, we can define an infinite sequences
(s$n)new € (£1)* such that sp = s and Vn € [ s L sn41 ). Then, by the
definition C1[-], one has (T),c. € C1[s].
Closedness. Let w € (C;[s])*"® \ C1[s]. It immediately follows that w € (A1)¥;
putting w = {an)new, and let us show (an)new € C1[s].

First, let us define a sequence (s,),¢., by induction such that

S0 =8 AVn €wl s, 3 sny1 |- (4.9)
Let sp = s. For k € w, suppose s; has been defined, When
(ak-i—n)nEw € (Cl [[Sk]l)ds: (4'10)

there are only a finite number of statements sj, -+, s,,_;, by Lemma 4.1, such

that s; 5 s} (i € m). From the fact that (axyn)new € (C1[se])™, it follows that
3i € m[ (@rs14n)new € (ColsD™ );

choosing such i, let sp4q = si. (Then obviously one has (4.10) with & replaced by
k+1.) When (4.10) does not hold, let s = 0.

Then, it follows, by induction, that (4.10) holds for every k € w. Thus one has
(4.9). By this and the definition of C;, one has {(@n)new € Ci[s]-
(2) Having established part (1), it is easy to check that

Vs € £,[0][ @1 (C1)[s] = Ci[s] ).
Thus, one has
¢, =fix(®))=C,. W
Two abstraction functions A}, A5 : p(Q1) — p((A1)S¥) are defined by:
Definition 4.8 (Abstraction Functions A}, A§) Two functions
Ap, A5 Py — o((A1)5)

are defined as follows: For p € P,
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(1) Ay(p) = ((A1)* Np) U (((A1)° - {{(V)}) Np)
U{w-{8):3r € p(CY)[w-(8(T)yep A €T}

(2) Ag(p) = (A1) Nnp) U (((A)“ - {{V)}) Np)
{w-(8):w-(6(CY)) € p}-1

Having defined A} and AS, we immediately obtain the following lemma from
the definitions of O;, O, and (;:

Lemma 4.3 (Relative Abstractness of C; w.r.t. O; and OF")
(1) O = Ao ().
(2) 1 =A50C- 1

4.2.3 A Denotational Model M; for £,

In this subsection, a denotational model M, is defined using explicit semantic
operations (corresponding to the constructs of £,), with meanings of recursive
programs as fixed-points in the complete metric space (Pl,dpi). Then, the se-
mantic equivalence between M; and C, is established along the lines of [KR 90],
[Rut 89], and [BR 91].

For the definition of M;, we use the following notation:
Notation 4.2 For p € Py, let
Ti(p) =pN(A)-{(N)}), T(@) = pN (A1),
Fi(p) =p N (&)< - {(8(T)) : T € 9(CY)})- B

An interpretation I; which maps each syntactical construct of £, to a correspond-
ing semantic operation is defined on the basis of the domain P; by:

Definition 4.9 (Interpretation Z for £1) We define an interpretation 7, a type-
respecting mapping which maps each combinator of the subsignature Sig,, intro-
duced in Definition 4.2, to a semantic operation as follows.

(1) The semantic interpretation 0; of 0 is defined by:
0: = {(8(I) : T € p(CY)}-

(2) The semantic interpretation &; of e is defined by:
& ={{6(T): T € p(CY) A V €THU{(V)}.

(3) For ¢ € A,. the semantic interpretation @ is defined by distinguishing two
cases according to @ = 7 or not:

(i) a={(n}-é.
(ii) For a # 7,
i ={(8(1)): T C CY Aagl} U{(a)}-é1.
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(4) With an auxiliary operation ] : Py x P; — P, the semantic operation
i, : Py x Py — Py corresponding to the sequential composition *;" is defined
as follows: For py,p2 € Py,

pipz={w-q:w- () € Ti(p1) A q € Ti(p2)}
UFi(p1,p2) U T (p _) .
Uf{w-q:w- () € Ti(m) A g € T (p2) }-

where

Fi(p1,p2)
={w-(6(T)): (w e (A)Y ATCCY)A
(w- (6T U{V})) € Fi(p1))
V(w-{8(T\{v})) € Fi(p) A (8(I')) € Fi(p2)))}
U{w-g:w- (V) € Ti(p)
Agq € (Fi(p2) \ {(8(T)): T € p(CY) N}

(5) For p € Py, p\ 0, is called the action part of p and denoted by p®. For
P1.D2 € P.,.p; ‘Fl py is defined by:

pr+1p2 = (p1)? U (p2)®
U{{s(T)) : T € CY A (8(T)) € pr N p2}-

A process p € P, is said to be downward closed at level 0, if
VT € p(CY)[(6(I)) €p = VI' € p(CY)[ I CT = (8(I")) € p |I-
Obviously, if p; and p; are downward closed at level 0, then

prt+ipz = (m ) Pﬂ)$
U{(8(T)) : 3(8(T1)) € p1,3(6(T2)} € p2| T C Ty NT,J}.

6) We have the unique operation 11 : P, x P; — P, satisfying the following
p ying
(for the existence and uniqueness of such an operation see [Rut 89]): For
p1,p2 € Py,

pilipe = {{(V)}n( n Np2)) U (1 ﬂipz
U(p1 [l p2) U (p2 LLl P)U(m [1p2)

where

plip= U{ (p1l{@)] L p2) s a € Ay A pr[(a)] # 0},

pIIIPZ
= (U{{~ (m{ N p2l(@) : c€ Cy (4.11)
/\Pl ]#E'Apz[ﬁi#@})“‘ﬁ

and
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:3(8(T)) € Plsa(é(rz ) € p2|
I)N(Ci\Iy) =

{\/} cIhb ATC Tg)
(P LA TA{V]H ET2) I1

Note that taking closure in the right-hand side of (4.11) is necessary as was
shown by Exampled in [HBR 90].

(7) For every C' € p(C,), the operation dL(-) : Py — P, corresponding the
combinator ‘dc(-)’, is defined as follows: For every p € Py,

dt(p) = {we Thi(p) UT¥(p) : ran(w) N C = 0}
U{w - (§(T)) : w € (A1)<¥ A T € p(CY)
Aran(w)NC =0 X
w- (8(C\ C)) € Fi(p)}.

(8) Representing a mapping as a set of pairs as usual, we define 7, by:

T, = {(0,0,), (e,82), ,71)s (1), (Il 1)}
U{( 60,6 ):C e p(Ci)h i

In terms of the interpretation I, the denotational model M, is defined. For
the definition, we need the following definition and lemma:

Definition 4.10 Let 7 be an interpretation for Sig;. For n € w, X € (n>—Xp),
S € £; with FV(S) C ran(X), and j € (P})", let IISX.]F(}T) denote the interpreta-
tion of S in T with the valuation associating p(i) to X(i) (i €n). (Forn=1and
7= (p), we write |[S<\>]}I ) Formally [[S\]]I(p) is defined by induction on the
structure of .S using the follo“mg rules:

(i) For i € n, [(X() )X () = #0);
(ii) For k € w, F € (Fun;)®, § € (£1)*,

[FGE) () = Z(F)IE) 1 (0))ier)- B

Lemma 4.4 Let D = {(P,gp) : P € RV} be a set of declarations, and let MM
(RY — P,). We define II; : MM — MM as follows: For p € MM, I, Up is an
interpretation for Sigy; for P € RV, let

I (p)(P) = [gp]""P.

Then, the mapping I1; is a contraction from MM to MM, |

Proof. See § 4.A. H

By means of the above lemma, the denotational model M is defined by:
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Definition 4.11 (Denotational Model M; for £;) Let D = {(P, 9p)}pery be
the set of declarations. Let M{"' and II; be as in Lemma 4.4, and let p; = fix(II, ),
whose existence is guaranteed by Lemma 4.4. Let us set f; =Z;Up;. Then, fl 1s
an interpretation for Sig]. By means of 7y, the model My : £,[0] — P, is defined

by My[s] = [s]® (s € £, [0]). Equivalently, M, [s] is defined by induction on the
structure of s € £,[0] as follows:

(1) For P € RV, P, the denotational meaning of P, is defined by:
PM1 — p, (B
(2) For k € w, F € (Funj)®, and sy,-++, s, € L,[0)], let
Mi[F(s1,+ -, s6)] = Ti(F)(My[s1],- - -, My[si]).
where Z; (F') is the semantic operation in 7; corresponding to F. J
The denotational model M, is compositional by definition:
Lemma 4.5 (Compositionality of M;) Let X € Xp and S € £, [X]. Then,
Vs1,82 € Li[0]] Mi[si] = Mi[s2] = Mi[Sixy[s1]] = Mi[S(xyls2]] |- B
Proof. It can be shown, by induction on the structure of § € £, that
¥s € L] Ma[Seo sl = [Seol™ (Mas]) )

From this, the claim immediately follows. [

It will be shown that the operational model C; is also compositional, as
stated by Lemma 4.6 below. From this, the equivalence C; and M;, the claim
of Lemma 4.8 below, immediately follows.

Lemma 4.6 (Compositionality of C;)

(1) For each k € w, F € ((Fun})™® \ RV), and s1,--+, s, € L1[0], the following
holds:

Cu[F(s1y- -+ s)] = Ti(F)(Ci [l -+ -, Ca [si])-
(2) Puiting by = (AP € RV. C1[P]), one has the following for every s € L[0]:
Ci[s] = [s]P5. g

As a preliminary to the Proof of Lemma 4.6, we give the following lemma
stating two useful properties of the operation ||;:

Lemma 4.7 (1) For every py,ps € Py, p1”1p2 = p2”1p1-
(2) For every p1,py,p2 € Py, (p1 Up})[lipz = (p1]l1p2) U (04 ]l1p2). B

Proof. This is established in a similar fashion to the proof of a corresponding
result, Lemma 18 in [HBR 90]. 1§
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Proof of Lemma 4.6. (1) This is established in a similar fashion to the proof
of a corresponding result, Lemma 19 (1) in [HBR 90]. Here, we prove the claim for
the combinator F' = ||. For the other combinators, this is proved (more straight-

forwardly) in a similar fashion.
Let H; = (£4[0] x £1[0] — P;), and let F,G € H; be defined as follows: For
51,82 € 51[@],

F(s1,82) = Ci[s1 ]| s2],
G(s1,52) = sl Callsa]-
Let us define a mapping H; : H; — H, as follows: For H € H,, and s;, s, € L:1[0],

Hy(H)(s1,52) = HY (51, 52) UHS(51,52)
UHL(H)(s1,52) UHL(H)(82,81) UHL (H)(51, 52),

where

H;/(SI&SZ)

= {{v/)} Nacty(s1) Nact1(s2),

Hf{sl':sZ)

={(6(T)) : T C CY A 7 €acty(s1) A 7 & acty(s2)
/\(actl(sl) ﬂCl) ﬂ{a(‘t-l(.‘-)z) n C1) =0
AT N ((acty(s1) N Cy) U (acty(s2) NCy)) =0
AT N ({\/} ﬂact.l(sl) ﬂactl(sz)) = @ },

HL(H)(s1,52)

= U{{a) - Ha(s},s2) s a € Ay A st € Li[B] A s1 =1 51},

HY (H)(s1,52)

= U{{r) - Ha(s},55) : Jc € C1[ s}, 55 € Lu[0] A s1 =1 81 A s S8 )

The mapping H, is a contraction. By the definition of C; and ——, it holds for
51,52 € £1[0) that F(s1, s2) = Hi(F)(s1,52). That is, F = fix(H;).
Let us show G = H;(G). By the definition of ||;, one has

Gls1,82) = ({{MIN (@ IsilnGIsD) U Gl Gils2D)
UG sl Cals2D) U (Gillsell I Gl ])
U(Ci[s2] b CulsaD)-

It is easy to check that
(W n@lsidnGils]) = HY (s1,52)- (4.12)

It immediately follows from the definition of ﬂ{’ that
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Cilsi] fIf €ils2] = Hi(s1,52). (4.13)
‘We can show that

Cilsil [ Cills2] = HE(G) (51, 52) (4.14)
as follows:

Cilsi] [y Cills2] _
= (@) - (UG Is1] = s1 =1 siHICils2]) s @ € Ay A 3si[ 51 =51 87 ]}
=@ - ({alsiDlCi[s2] = 5151 81}) s @ € Ay A 3si[ 51 515 ]}
(by Lemma 4.7)
=J{@) - (@I DlCiLs2D) @ € Ax A 5151 1)
&= U{(a) -G(sh,52):a € Ay A 5y =, 51}
(by the definition of G(,-))
= HL(G)(s1,52)
(by the definition of H!i(G)(-, ).

Thus, one has (4.14). Likewise, one has

Cilsa] [ Cils1] = HEHG) (52, 81). (4.15)
Also, the following can be shown in a similar fashion to (4.14):
Cilsil11 Calsa] = HY(G) (51, 52). (4.16)

By (4.12), (4.13), (4.14), (4.15), and (4.16), one has G(s;1,s2) = H1(G)(s1, s2) for
every sy,s2 € £1[0]. Thus, G = fix(H;) = F. That is,

V1,82 € L1[0]] Ci[s1 || 2] = Ci[sa][l1Calls] .

(2) This part can be established using part(1) by induction on the structure

se (0] W

The following semantic equivalence result immediately follows from the above
lemma:

Lemma 4.8 (Semantic Equivalence for £;) ¢ =M;. |
Proof. First, let us show
VP e RV[Ci[P] = p1(P) |, (4.17)

where p; = fix(II;) is the mapping defined in Definition 4.11. For this purpose, it
suffices to show that p} = (AP € RV. C;[P]) is the fixed-point of II;, i.e., that

p1 = ILi(p))- (4.18)
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This is shown as follows: Let P € RV. Then,

p1(P) =Ci[P] (by the definition of p7)
=Cifgp] (by the definition of C;)

= [gp]"“Pi  (by Lemma 4.6 (2))
=II,(p})(P) (by the definition of II; ).

Thus one has (4.18), and therefore, (4.17).
Using (4.17) and Lemma 4.6 (1), one can establish the following by induction
on the structure of s:

Vs € L10)[ C1lls] = Mu[s] ] W

From Lemmas 4.3 and 4.8, the following proposition immediately follows:
Proposition 4.1 (Relative Abstractness of M; w.r.t. O; and OF")

(1) O1 = Ay o M.
(2) I'=Aj0o M. 1

4.2.4 The Full Abstraction of M; w.r.t. O; and O

The full abstractness of M; w.r.t. O; and O is established along the lines of
the proof of a similar statement in [BKO 88]. First, the full abstractness of M),
w.r.t. @, is established. Then, under the assumption that C; is infinite, its full
abstractness w.r.t. OF" is also established.

As preliminaries to the proof, Lemmas 4.9-4.11 below are presented.

First, we observe that each statement of £ is sort-finite at any given depth,
which is formally stated by Lemma 4.9. For making precise this observation, we
define the sort-set of a statement at a fixed depth by:

Definition 4.12 For s € £,[0], and n € w, let
SM(s) = {a € AY : Jw € (A)"[s B2 ]}
The set S%")(s] is called the sori-set of s at depth n. J
Then, one has the following lemma:
Lemma 4.9 For s € £;[0], and n € w, the sort-set Sim(s) is finite. J
Lemma 4.10 For s € £;[0], w € (A1)<¥, and T C Cy, the following holds:
w- (§(T)) € Mi[s] & w-(8(TU{v})) € Mi[s] 0] N

Lemma 4.11 Let s € £;[0], w € (A1)<¥, C C Cy, and T C CY.
If C Nran(w) = 0, then

w-(§(T)) € Mi[s] & w- (8(C'UC)) € Mi[oc(s)]-N
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Theorem 4.1 (Full Abstraction of M; w.r.t. O; and O7")
(1) The following holds for every si,s2 € L1[0):
Mi[si] = Mi[so]

4.19
& VX e Ap, VS € ﬁl[X][ OlIIS(X)[Sl]]] = ES(X)[SQ]]] ] ( )

(2) If C, is infinite, then the following holds for every si,s2 € L1[0):
M, I]:S’]]] = J’\/hﬂ.&'g]] ~ (420)

VX € Xp,VS € Li[X][ OP[Sxy[1]] = O [Sixy[s2]] )- 1

Proof. (1) Let s1,82 € £1[0]. The =-part of (4.19) immediately follows from the
relative abstractness of M; w.r.t. @; (Proposition 4.1) and the compositionality
of M, (Lemma 4.5) as follows: Let M;[s;] = Mi[s2], X € Ap, and S € £,[X].
Then

O1[Sxy[s1]]

= Ay (M1 [S(xy[s1]]) (by Proposition 4.1)

= A (ISl (Mi[s1]))  (by Lemma 4.5)

= Ay([Sex 7 (Mu[[s2])  (since My[[si] = M[[sa])

= Ay (M1 [Sixy[s2]]) (by Lemma 4.5)

= O1[S(xy[s2]]  (by Proposition 4.1).

For establishing the <=-part of (4.19), it suffices to show that
if Mi[s1] # Mi[s2], then

3X € Xp,3S € L1[X][ O1[Sxy[1]] # O1[Sixy[s1]] ]- (4.21)
Suppose
Mi[si] # Mi[sz]. (4.22)

Let us show (4.21). By (4.22), one of the following propositions holds:

(i) Ti(Milsi]) # Ti(Mi[s2]),
(i) 7" (Ma[s1]) # T* (Mu[s2]), (4.23)
(iii) Fr(Mils1]) # Fi(Mq[s2])-

When (4.23) (i) or (ii) holds, the desired consequence (4.21) immediately follows
by putting S = X.

Let us consider the case that (4.23) (iii) holds. We can assume without loss of
generality that there exist w € (A;)<%, T € p(CY) such that

(1) w- (8(I)) € Musa],  (§) w (8(T)) & Mu[s2]. (4.24)

We distinguish two cases according to whether \/ € T or not.

Case 1. Suppose i/ € I', and put m = lgt(w). Then, by Lemma 4.9, the set
8™ (s,) is finite. Let I’ = (I'N S{™(s2)) U {y/}. Then I" is finite and contains
/» thus we can put I = {/,¢1,+ -+, e }. By (4.24), one has
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(i) w- (8(I")) € My[s1], (i) w- (5(I")) & Mi[s2]. (4.25)
Let §=7™%!, and
F=e+(er;8)+---+(Tr; 8)
Let us show
) w-{2) € Orls: || 5], (i) w- () & Or[s2]| ). (4.26)

First, (4.26) (i) is shown straightforwardly as follows: By (4.25) (i), there is s}
such that

51 1. 8y A T & acty(s]) A acty(sy) NI = 0. (4.27)
With this 5], one has

(s1]18) S1. (51 19)
Aact, (5] || §') = act1(s}) U (act: (8') \ {'}) € C1.

Thus, by the definition of Oy, one has (4.26) (i).
Next, let us show (4.26) (ii) by contradiction. Assume, to the contrary, that

w-(9) € O1fs2 || ¥']- (4.28)
Then, there is s’ such that
(i) (s2||8") S1. &', (i) acty(s') € Cy. (4.29)

We observe that each action in w must stem from either s or &, or it must be
the synchronization of two actions stemming from s and §'. However, it can be
shown that every action in w must stem from s, as follows: Assume, for the sake
of contradiction, that some action of w stems from &, or it is the synchronization
of two actions stemming from sg and §. Then, by the form of §, there must be at
at least (m + 1) 7-actions in w, which contradicts the fact that m = Igt(w). Thus,
every action in w must stem from s», and therefore, there is sf such that

(1) sp S1. 85, (i) 8" = (55 || §). (4.30)
By (4.29) (ii), and (4.30) (ii), one has acti(s || §') C C;. Thus, 7 € act;(s3) and
acty(s5) N{v/,c1,--+,ck} =acti(s5) NIV = 0.
From this and (4.30) (i), it follows that
w- (§(I")) € My[s],

which contradicts (4.25) (ii). Summarizing, (4.28) does not hold, i.e., one has
(4.26) (ii).

Case 2. Suppose / € . Applying Lemma 4.10, one obtains the following from
(4.24):
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w- {(§(TU{y})) € My[s1]|0] A w-{(6(TU{V})) € Mi[s2 ] O]-
Thus, this case is reduced to Case 1.

(2) Suppose C; is infinite, and let s;,s2 € £;[0]. As in part (1), the =-part of
(4.20) follows from the relative abstractness of M, w.r.t. OF' and the composi-
tionality of M;. For establishing the <-part of (4.20), it suffices to show that if
MIEsl]] # Ml[[SQ]], then

3X € Xp,3S € Li[X][ OV [S(xy[s1]l # O[Sy il |- (4.31)
Suppose
MIII“"I]] ?5 JM]_'ISQ]]. [432)

Let us show (4.32). As in part (1), one of the propositions (4.23) (i)-(iii) holds;
when (4.23) (i) or (ii) holds, the desired consequence (4.31) follows immediately.
Let us consider the case that (4.23) (iii) holds. As in part (1), we can assume
without loss of generality that there exist w € (A;)<“, T € p(CY) satisfying
(4.24) above. As in part (1), we distinguish two cases according to whether \/ € T
or not.
Case 1. Suppose / € I. Then, as in Case 1 in part (1), there exist w € (Ay)<¥
and a finite set TV C CY such that / € I' and (4.25) above holds. Setting
I ={/,c1, -+, cr} and m = lgt(w), let

w = 740 . C:) e 3’1 B it VAN CL—l el
Further, let

Co = (S (s1) UULS (s2) si € (m+2-v)} (4.33)
U{C],- "t ck} U {Cillv trty C:z—l})'

Then, Cp is finite, and therefore, the set C; \ (Cy U Cp) is nonempty under the
assumption that C; is infinite. Choosing an element ¢ of this set, let us define &,
and §" as follows:

f=e+T7+--+7k,

&' = (g i(ad_yie)ed.
Finally, let C = C, \ {¢, ¢}. Putting

w =T .coreg) oo (Vi) (71 1 0), (4.34)
let us show

(i) w'-(8) € OP[dc(s1 18], (i) w'- () & OF[0c(s2]]5")]).  (4.35)

First, it follows from (4.24) (i) that there exists s{ satisfying (4.27) above. With
this s}, one has
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(s113") =1a (51 11). (4.36)
We observe that

act1 (s} [18) = (act: (s}) \ {V}) U (acta (8) \ {V}) B e:5:7, v

and therefore,

acty (s} || 8') € C1 \ {e, e} =C. (4.37)
By (4.36) and the fact that ¢ € C, one has

dc(s1]18") —1x Bc(s1 | 9).

Also, one has act; (9c(s] |

3")) = 0, by (4.37). Thus,
w'- (&) € O[9c(s: [137)];

i.e., one has (4.35) (i).
Next, let us show (4.35) (ii) by contradiction. Assume, to the contrary, that

w' - () € OP[0c(s2 || §)]. (4.38)

Then, there exists s’ such that

() (s2[|8") 2 &', (i) acty(5') C C. (4.39)

Since ¢ € C; \ (Co U Cp) with Cy defined in (4.33), all the c-actions in w’ must
stem from §”, and therefore, the i-th 7-action (in w’) preceded and followed by
a c-action must be the synchronization of ¢i- and ¢i— actions stemming from s
and 3", respectively (i € v). Moreover, all the other actions in w’, which consist
of (£(0) + - - - + £(v)) T-actions, must stem from s, since 5 must perform exactly
3v actions until it perform the (2v + 1)-th c-action. Thus, the actions:

(78O . cg) e von (D gy y) ) =y

in w') must stem from sy, and therefore, there is s5 such that
2
(i) 82 —>2. 55, (ii) ' = (s3] ). (4.40)

By (4.39) (ii) and (4.40) (ii), one has act; (s || ') € C. Thus, 7 ¢ acty(s3) and
act;(sy) NI’ = 0. From this and (4.40) (i), it follows that w - (§(T")) € M[s2],
which contradicts (4.25) (ii). Summarizing, (4.38) does not hold, i.e., one has
(4.35) (ii).

Case 2. Consider the case y/ € I'. This case is reduced to Case 1, as in

part (1).
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4.2.5 An Internal Action Model

In [Rut 89], the argument for the full abstractness of C; (or M;) w.r.t. the internal
linear model O}, claimed by Theorem6.13 in [Rut 89], relies on Proposition 4.2
below (with some adaptation to the present setting); this, however, does not hold
as Example 4.4 below exhibits.

The setting in [Rut 89] is slightly more general than that of this chapter. That
is, in [Rut 89] the set I of internal actions is assumed to be given such that 7 € I
but it may contain other elements than 7, whereas in this chapter we assume that
the set of internal actions consists only of 7. However, this difference is irrelevant
to whether Proposition 4.2 holds or not.

As mentioned in § 4.1, Franck van Breugel found a way to overcome this error
under an additional assumption that the I is infinite; under this assumption, the
full abstractness of M; w.r.t. O} can be established in a similar manner to the
proof of Theorem 4.1 (see page 423 of [BR 92]).

Proposition 4.2 (False) Let s € £1[0), w = (ao,*--,an-1) € (A1)<¥, and
{ak);- > Qr(m-1)} = {a0," o p-1}NCy with k(0),---, k(m—1) € n and k(0) <
o Km—1). If

7,0, 7) - q € Oy [s]|(@q@ys -+ s Trgm=1))]

n

with some q, then there exists s{,---, s, € L1[0] such that
PRI N

Example 4.4 Put w = {c) with some c € Cy, and s = 7. Then
(r)-q € O\[s|( 0)]

with some g, but there is no s' € L1[0] such that s =, s'. 1}

4.3 An Applicative Language £, with Value-
Passing

As described in [HI 90], there are two ways to extend £, so as to include value-
passing: One is to extend to an applicative language based on L;; the other is
to extend to a nonuniform language also based on £;. This chapter presents
an applicative language £, based on L;; it is shown that a failures model M,
for £, is also fully abstract w.r.t. two linear models O, and OF for £, (under an
additional assumption w.r.t. OF'). The full abstractness result for £ is established
in essentially the same way as the proof of the corresponding result for £;, by
defining M3 so that the following holds: For a term (Az. E(.)) € L2,

Me(Az. E))] = (Av € V. [E)]" (v)),

where I is the interpretation (a set of semantic operations) from which the model
My is derived, and IIE(,:)]}I? (v) denotes the interpretation of E(,) under Z, with
the assignment associating v with .



4.3. An Applicative Language L2 with Value-Passing 85

4.3.1 The Language L,

For the definition of £,, the following two sets Chan and V are assumed to be
given:

(i) a set of (possibly infinite) communication channels (¢ €) Chan,
(ii) the set of (possibly infinite) values (v €) V.

It is also assumed that 'V contains a distinguished value nil standing for the logical
value false.! Let (z €) A} be the set of value variables, (E €) £ the set of value
ezpressions which is predefined, and let

(e€) € ={E e :FV(E) =0}

Further, an evaluation function [-] : £ — V is assumed to be given, and it is
convenient, for later purposes, to postulate that V C &.

Note that elements of A} have a very different nature from that of so-called
individual variables, which are used in nonuniform languages to introduce assign-

ment statements such as “x := e”. These variables in nonuniform languages are
used to store values, whereas elements of Xy serve as parameters, e.g., as  in
“(Az. E)”.

Moreover, let (Y €) RV be the set of recursion variables of type P), which
is the type of parameterized statements (with one parameter). Also, let ( €)
X be the set of variables of type P(). We put (¢ €) Xp = Xp U X', and
A% K RS

Definition 4.13 (Language £3)

(1) The set of statements of the applicative concurrent language (S €) Lo is
defined simultaneously with the set of parameterized statements (U €) .Cg”,

by the following BNF grammar:

= 0|e|T|c'{E |C?( )1 51152)| Sl-}-SQ)l Sl |S‘2)l
dc(8) | if(E, 81,82) | T( |P|X,
T = (Az. 8) | Y |

where P and X are as in Definition 4.1; ¥ (resp. #) ranges over rYW (resp.
X;(,l))., c ranges over Chan, and C (resp. E) ranges over p(Chan) (resp.
£). The constructs c!(E) and c?(T') represent output and snput through the
channel c; the constants 0, e and the combinators ;, +, ||, 8c(-) are as in Ly;
T(FE) is the application of a parameterized process T' to an actual parameter
E.

Let

1Tt is possible to introduce Boolean expressions, instead of introducing the value nil for
defining conditional statements. The present approach of introducing nil, as in Lisp and the C
language, is adopted for simplifying the semantic definitions in § 4.3.3.
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(Ue) L5 =LauLs,
(2) Let
(Z€e) RV*=RVURVD,

We regard elements of RV™ as constant symbols rather than as wvariables.
The construct “(Az. ---)” has the usual binding property. For U € £3, let
FV(U) be the set of elements of X which have a free occurrence in U.

Then the set £;[0] of statements (resp. the set E{;)[@] of parameterized state-
ments) in L, are defined as the closed elements of L, (resp. L'gz”) by:

(s €) Ly ={S € L : FV(S) = 0},

(te) L ={T e £ : FV(T) = 0}.
Let

(we) L5 =LyuLdh.

(3) The set of guarded statements (G €) Gy and the set of guarded parameterized

statements (H €) ,E” are defined as follows:

G:==0|7|c(E)|cNT)
| (G;8) | (G1 + G2) | (G1 | G2)
| 0c(G) | if(E,G1,G2) | H(E),
H:=(Az. G).

Then let
(g€) Go ={G € G, : FV(G) =0},
(he) GV ={H e G : FV(H) = 0}.
(4) Let
G€) G5 =0Uug".

We assume that each recursion variable Z € RV™ are associated with an
element of G5, by a set of declarations:

D={(Z,5z): Z € RV},
where we assume that D respects types in that

VZ e RV'[(Z €RY = iz € G0])
ANZerRVY = gz eGV[0]) )0

We give an example program in £, in Example 4.5 below; the program is very
simple but makes an essential use of the parameterization feature of L:
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Example 4.5 A description of a process Accumulating-Responder in Ly is given
in Figure 4.3. Let N be a fixed number representing a limit of accumulation
of Accumulating-Responder. In the n-th step (n € w), the program inputs i,
through the channel co, and outputs the value 3 ..o ,[i;] through the channel
c on the input in, s0 long as 3 ;¢(o ;] £ NV; otherwise it outputs 0 though c;
and restarts. J

In the sequel of this section, we fix a declaration set D = {(Z, §z) : Z € RV"}.

We can characterize £, and E.(;) as the set of terms of a certain type, generated
by a signature Sigj in the sense of the standard typed A-calculus (cf. [Mit 90]):

Definition 4.14 The signature Sig; is defined by:
Sig; = ({v' .P}aF“ngv tYPez)

with V and P are the base types of values and statements, respectively, Funj being
a set of function symbols, and ‘type,’ a function assigning a type to each function
symbol. The set of types of Sigj is {V,P, PV} with P standing for (V — P),
and for each F € Funj, type,(F) = (V¥ - P¢- (PM)™, S) with k,£,m € w and
S € {P,PW}. For k,{,m € wand S € {P,P1)} let

(Funj)(*6m9) = typey ! [{(VF - PE- (P)™, S)}].
Let (X €) X = Xy U X5. We define Sigj as follows:
Figg(f‘n'm‘p) = {e,0,7T}URY;
Figl"*?"® = {c!(:) : ¢ € Chan};
Figg‘a’u‘”’p) = {c?(-) : ¢ € Chan};
Figl""""® = {3¢(-) : C C Chan};
Figh P9 =Lt I
Figl( %" = {if(,, )}
Fig(z(f'ﬂ'”‘pm’ = RYW:
Fig{*“™® = ¢ for other indexes ((k, {,m),S).
Let Sig, be the result of removing RV" from Funj, i.e., let
Fun, = (Funj \ RV"), Sig, = ({V, P}, Funy, type,)- 1

Having defined Sig;, it is easy to check that the sets £, and ﬁg” can be charac-
terized as the sets of terms generated by Sig;, X', and &, of type P and P,
respectively.
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4.3.2 Three Operational Models O,, OF, C, for L,

Three operational models Oz, OF, and C, for Lo are defined in terms of a transition
system (Ly[0], (—2: @ € AY)), where AY is the set of actions of £, defined below.

The following definition is given as a preliminary to the definition of = (o € AY).
Definition 4.15 (Actions for L)
(1) For C C Chan, let
Cl={cl:ceC}, C?={c?:ceC},
and
cr=CctuC.
The set (y €) C; of communication sorts is given by:
C; = Chanl!?.
For v € p(Cs), let ¥ = c? if v = c! for some ¢ € Chan; otherwise v = c?
for some ¢ € Chan, and let ¥ =c!. ForT' C Co, let C = {5 : v € T'}. Let
Cy =CyU{y}.
(2) The set of actions, (a €) A, is given by
Ay, =(Cy x V)U{r}.
Let
AY = A, Uu{/}

In this section, let the variable ¢ range over C, x 'V, the set of communication
actions. For ¢ = (,v) € C3 x V, let ¢ = (7, v).

(8) The set of action sorts, (A €) ASort, is given by:
ASort=Cy U {r}.
(4) The function sort : Ay — ASort is defined as follows: For @ € AY,

v_J oy 3y, a= ()]
sort(a) = { a otherwise.

(5) For A € ASort, let chan(A) be the unique ¢ € Chan such that v = c! or
v =c?if A € Cy; otherwise A € {7,/} and let chan(4) = A. J

Next, let us define the transition relations —,C Ly[0] x £3[0] (¢ € A;) and

—‘Qgg Lo[B]. For s1,s9 € L3[0] and a € Ay, we write s, —5 59 (resp. s; -ﬁrz)

for (s1,s2) E=5 (resp. for s; E-iu), as usual. For c!,c? € Cy and v € V, we
sometimes write clv and c?v for (¢!, v) and (c?,v), respectively.
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Definition 4.16 (Transition Relations —;) The transition relations =3 (a €
A;l) are defined as the smallest relations satisfying the following rules (1)-(10.2):

(1.1)
T L}Q (=5
(1.2)
cl(e) C—zgig e.
(1.3)
c2(t) EB, t(v) (weV).
(2)
Vv
e —g
(3.1)
51 _a}z SE @ Az 5
(31;52) i’2 (-"‘!1;32)- ( © )
(3.2)
§1 —+2, 89 —*2 (SE) (a e A{)
(s1352) 2 (s5)
(4)
4 _’20(31) (a € A)
(s1+s2) —2 (&)
(52 +31) —“a—’z 5'1
(5.1)
) T 3, As).
ol Sl o) o
(s2]ls1) =2 (2] 51)
(5.2) ]
51—6'23’11 32—c>zsfz € C,).
) G )
(5.3)

51 lf’zs-‘Sz L/*::
TN W
(81l 52) >

(6)
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s 5, (s’) (e CRYTNCE V)
8c(s) B2 (8c(s))
(7.1) 2
§1 —o (s . .
¥leosi:8d) 2oy (3) if [e] # nil.
(7.2)

e (q) if [e](¢) = nil.
if(e, s1,52) — (3)
(8) The following rule is called the pre-evaluation rule:
u(le]) =2 (+')
u(e) = (3’)
(9) The following rule is called the A-rule:
S[v/a] 2 (3)
(Az. S)(v) == (s)
(10.1) For each (Z,§z) € D with Z e RV:
gz = (S’)
7.2, (s)’ '
(10.2) For each (Z,jz) € D with Z € RV:
Gz(v) —>2 (8')
Z(v) s (s’)

The last two rules (10.1) and (10.2) are called the first and second recursion
rules. J

(e € f).

(veV).

(veV).

Definition 4.17 (1) For each w € (A3)<“, the binary relation =, is defined as
in Definition 4.4.
w!

(2) Also, for a € Ay, w € (A2)<¥, w' € (A2)*, unary relations 5,5, Ss., =g,
are defined as in Definition 4.4.

(3) Let acty : £o[0] — p(AY) be defined as follows: For s € £5[0],

acta(s) = {a € AY : s =} 1
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The transition system (L5[0], (—2: o € AY)) is image-finite in the sense of part (1)
of the following lemma:

Lemma 4.12 For every s € L2[0], the following hold:
(1) For every a € Az, the image set {s' : s 53 s'} is finite.
(2) sort[acta(s)] us finite.
(3) For every c € Chan, the set {v € V : (c!,v) € acty(s)} is finite. |
Definition 4.18 (Two Linear Models O and OF for L)
(1) Let
(p€) By =(A2)” U (A2)<  {{(V)}U(A2)< - {(2)}.
(2) The function Oy : L3[0] — p(BY) is defined as follows: Let s € Lz[0]. For

p € BY, we put p € Oy[s] iff one of the following conditions (4.41), (4.42),
(4.43) holds:

3(8;);5“; € (ﬁz)w,a(ﬂi)iEw € (AI!)w[

. a; 4.41
p= (ag)ng A S =8 A Vi € w[ 5; —*2 8i41 ]] ( )
In € w, Hsidien+1) € (L2)"1,Fai)ien € (A2)" (4.42)
p= (G-i):'En g (\/} Nsg=s A Vi e n[ 8; —“—‘*2 Sit+1 ]
A/ € acty(s,) |
In € w, I(si)iem+1) € (L)1, 3 (ai)ien € (A2)" (4.43)

p:(a;),—en—(a} ANsg=s /\V'iEn[ S,'—(E%g Si41 ]
Asortfacta(s,)] € Ca |

(3) The function OF : L3[0] — p(Bb) is defined as follows: Let s € L£[@). For
p € BL, we put p € OP[s] iff one of the propositions (4.41), (4.42) above,
and (4.44) below holds.

In € w, s ic(ns1) € (£2)"FD,3(as)ien € (A2)"[ (4.44)
p={adien- () Aso=s AVien[si—>2s401]
Aacty(s,)=0].1

Example 4.6 Let cg,c1,c2 € Chan, and put

s = P+ c?(Azg. ¢14{z0 + 1, (730) + c2l(zg + 2,€))),

where it is assumed that (P,(7;P)) € D. Let V = {v; : i € w} with v; # v; for
distinct ¢ and j. Then, s is depicted by:
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r T T T T T
— 0 — 0 — 0 — 0 — B
T
Colup Ci'(vo+1) — 8
i — 89 Cil(ve+2) o
e

r
CU?UlA Cl!(b‘l“rl)‘ — e

* e 09 Cal(n142) 2
—_—y

k‘:
By the definitions of Oy and OF, one has

Oqfs] = {r“} U {{co?v, 8): v € V}U{{co?v,c;! (v +1),7,8): v € V}
U{{co?v,cil(v+ 1),¢c2!(v +2),v/) : v € V},

OFls] = {m«} U {{co?v,c;(v+1),7,8):v € V}
U{{co?v,c1l(v+ 1),c2!(v +2), /) : v € V]I

Next, as for £,, a failures model C; is defined in two ways (operationally and
denotationally). The major difference between C; and C; is that the the meaning
of a statement in C; consists of elements like w; + (§(T";)) with w; a sequence of
actions and I'y a set of action sorts, while the one in C; consists of elements like
wp - {6(To)) with wg like wy and Ty a set of actions. First, an operational definition
of the failures model is given by:

Definition 4.19 (Failures Model C; for L)
(1) Let
Q2 = (A2)” U((A2)“- {{(V)}) U ((A2)<* - {(8(T)) : T C CY}).

(2) The function C; : £3[0] — (p(Q2) U(V — p(Qz2))) is defined in the following

two stages:

(1) First, for s € L£5[0], C2[[s] € p(Qz) is defined as follows: For p € Qa, we
put p € Ca[s] iff one of the conditions (4.41), (4.42) above, and (4.45)
below holds.

In € w, El(si)iE{n+l)1 3(&,;)55,«;,3]_-' € p(cg)[ ; (445)
p = (ai)ien - (6(T)) A s =5 A Vi € n[ s; =53 5141 |
AT & acta(s,) A T Nsortlacta(s,)] =0 .

(ii) Having defined Cy[s] for s € £,[0], C2[t] € (V — p(Qz)) for t € £V [0)
is defined by:

Cot] = (Av € V. Co[t(v)])- 1

Example 4.7 Let s be put as in Example 4.6. Then, by the definition of Cs, one
has
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Cols] = {r}
U{{co?v,6(T)):v € V AT € p(CY) A c;! ¢T}
U{{co?v,c1!(v +1),7,6(T)):veVATE p(Cf_}/)}
U{{co?v,c1!(v +1),c2! (v +2), /) : v € V AT € p(CY)}
U{{co?v,c1!(v +1),c2!(v +2),6(T))}: v € VAT € p(C2)}. 1

As for C;, the model Cy can also be characterized as the fixed-point of a higher-
order mapping ®5:
Definition 4.20 (Fixed-Point Formulation of Failures Model for £;)

1) By defining a metric dy_ on Q3 in terms of {runcaiions as usual, it is easily
Q: )
shown that (Qs, dQ,) is the unique solution to

Q2 = (8[p(Cy)]U{vV}) ¥ (A2 x idx(Q2)).

in the category of complete metric spaces.
The set Py, the domain of the failures model for £, is given by:

(p €) Py = pra(Qe).

The Hausdorff distance dPg on P> induced from dQ2 is defined such that
(Pg,dp_z) is a complete metric space. Let

(re) PV = (V= Py),
(p€) P; =P, UP{".

(2) Let

MS = {F € (L£3[0] — P3) :
Vu € L3[0][ u € L,[0] & F(u) € Py [},

and let ®f : MY — M be defined as follows: For F € M and u € L3[0)],
@ (F)[u] is defined in the following two stages:

(i) First, for s € L£2[0],

B (F)[s]
={{V): V € actz(s)}
U{{(T)) : T C CY A 7 & acty(s) A
I Nsort[acty(s)] = 0}
UU{{a) - F[s'] :a € Ay A 5" € Lo[B] A s S5 5}
By Lemma 4.12, it is straightforward to check that the right-hand side
of the above equation is nonempty and closed.

(ii) Having defined ®%(F)[s] for s € L[], ®(F)[¢] for ¢ € £3[0] is defined
by:
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3L (F)[t] = (M € V. BL(F)[t(v)])-
(3) Let C; = fix(®%). By definition one has the following:
(i) For s € Lo[0],

égilsl
= {{V) : v € acty(s)}
U{{6(T)) : T C CY A 7 ¢ acta(s) A (4.46)

I Nsort[acty(s)] = 0}
UU{{a) - Ca[s'] : a € Az A 8" € L[] A s 54 6"}

(ii) Fort € LS"[0],
Calt] = (Wv € V. Co[t(v)])-1 (4.47)

Asfor L;, one obtains the fixed-point characterization of Cz, i.e. the equivalence
of C3 and Cs:

Lemma 4.13 (Fixed-Point Characterization of C;)
(1) The function Cy is type-respecting in the following sense:

(i) Vs € Lo[0) Cols] € P2 ), (i) Ve € LV[0)] Ca[t] € PY .
(2) C;=Co. I

Proof. Similar to the proof of Lemma 4.2. |l
As for L1, two abstraction functions Ab, A5 : Py — p((A2)S*) are defined by:

Definition 4.21 (Abstraction Functions A}, AS) Two functions Ay, AS : Py —
p((A2)S¥) are defined as follows: For p € Py,

(1) AL () = (A2)* Np) U ((A2)<* - {{V)}Np)
{w-{6):3C € p(CY)[w-{6(T))ep A JeT]}

(2) A5(p) = ((A2)* Np) U ((A2)<“ - {{V}} Np)
U{w- (8):w-(5(CY) € p}- 1l

As for £;, one has the correciness of Co w.r.t. Oy and OF by means of these
abstraction functions:

Lemma 4.14 (Relative Abstractness of C; w.r.t. O; and Oy')

(1) Vs € Lo[0]] Oals] = Ax(Cals]) I-
(2) Vs € Lo[0][ OF'[s] = A3(Co[s]) |- B



4.3. An Applicative Language Lo with Value-Passing 95

4.3.3 A Denotational Model M, for £,

In this subsection, a denotational model My is defined, as for £, using explicit
semantic operations (corresponding to constructs of £3), with meanings of recur-
sive programs as fixed-points in the complete metric space (Pg,sz). Then, the
semantic equivalence between My and C; is established as in § 4.2.3.

For the definition of M5, we use the following notation:

Notation 4.3 For p € Ps, let
T(p) =pN((A2)-{(V)}), T () =pN(A2)",
Fap) =p N ((A2)<-{(6(T)) : T € p(C¥)})- N

We define semantic operations corresponding the syntactical constructs introduced
in Definition 4.14 as follows:

Definition 4.22 (Interpretation I, for £5) We define an interpretation 75, a
type-respecting mapping which maps each combinator in the subsignature Sig,,
introduced in Definition 4.13, to a semantic operation as follows:

(1) The semantic interpretation Oy of 0 is defined as in Definition4.9 (1) using
Cy instead of Cy by:

0, = {{6(I):T e 0(Cy)}-

(2) The semantic interpretation &, of e is defined as in Definition4.9 (1) using
Cy instead of CY by:

& = {(8(I): T € p(CY) A vV ¢TIU{(V)}-

(3) The interpretation 7 of 7 is defined as in Definition4.9 (3) (i) using Ccy
instead of C‘l/ by

Ta = {(1)} - &.

(4) For every ¢ € Chan, the interpretion ¢! : V. — P of ¢!(-) is defined as follows:
Forv eV,
) ={{(6()): T CCy AclgT}U{{clv)}-é&,.
(5) For every ¢ € Chan, the interpretation ¢? : P[zn — Py of ¢?(+) is defined as
follows: For r € Pgl),

&r) = (M) :T € Cf A 7 ¢ThU | [{(eo)} - r(w)].
UEV
(6) The semantic operation j, : P; X P; — P; is defined in the same way as 5,

in Definition 4.9 (4) except that A, and CY are used instead of A; and CY,
respectively.
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(7) The semantic operation +; : Py x Py — Py is defined in the same way as +;
in Definition 4.9 (5) except that A, and C{ are used instead of A; and CY,
respectively.

(8) As we have ﬂl for £;, we have the unique operation ﬂg Py x Py —» P,
satisfying the following: For p1,ps € Py,

pill2p2 = )N (e Np2)) U (p1 1|2P2}
U(p1 [l p2) U (p2 L[gpl (P1 [op2) U (p2 |.2P1

where the operations ”_2 and "g are defined in the same way as B_l and ﬂf
in Definition 4.9 (6) except that A, and C, are used instead of A; and Cy,

and the operation [2 is defined as [; in Definition 4.9 (6) by:

pl ]:2 pg (448)

= (UL () - (pa[{clv) ]“2 p2l{c?v)]):c€ Chan AveV
i 0 A ealicro 40 e

(9) For every C' € p(Chan), the operation §%(-) : P, — P3, corresponding to
the combinator ‘d¢(-)’, is defined as follows: For every p € P,

%(»)
= (g€ B(p) UTP(p) : chansortlran(w)]] N C = B}
U{w- (6(T)) : w € (A2)<¥ A T € p(CY) i

A chan[sort[ran(w)]]NC =0 A w- (§(T'\ C'?)) € F2(p)}.

(10) A semantic operation ify(:,+,:) : V x Py x Py — Py is defined as follows:
Forv € 'V, p1,p2 € Py, let

: _ [ p ifv#nil,
ifa(v, p1,p2) = { og dE il
(11) Let
IZ = {(0?62)1(9 ),(T, %2)}
|

1 é2
(c!(),é!()) : ¢ € Chan}
(?0), (n ¢ € Chan}
U{(: :2 (+ ] ” ” )( ( ')11f2(!$))}
U{{0c, 82 : C' e 9(Chan)}. g
In terms of the interpretation I, the denotational model Mj; is defined. For
the definition, we need the following definition and lemma:

Definition 4.23 (Compositional Interpretation of Statements in £,) LetU €
EUL;, n €w,and let { € (ny—A™) with FV(U) C ran((); let p € (VUP3)"
such that the types of 5and P agree in the sense that

Vi€ n[ (¢ _.EA.’V::-p[)eV)
A(C(i) € Xp = P(i) € Py)

-

A(LG) e XS = BG6) e PP) ).
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Let Z be an interpretation for the signature Sig,. Let us define the interpretation
of U in I with the assignment (i) to {(i) (i € n), written [[U‘,:-]]I(fi), by induction
on the structure of U as follows:

(i) If U € X*, then there is unique ¢ € n such that U = ¢(i), and let
[U.a. (3) = B().
(ii) For U € RV", let [U;J*(B) = Z(U).
(iii) U € &, then let [UA7(B) = [U-B].
(iv) T U = F({U;)ier) with F € Fun; \ RV", then let
[UA*(8) = Z(F)IU)A* (5)) ier)s
where Z(F) is the semantic operation in Z corresponding to F.
(v) U = (Az. S) with S € Ly, then let
[V (B) = (2w € V. [(S[v/=]) A" (8))-
(vi) HU = T(e) with T € £5" and e € &, then let
[UA*(8) = [T (B)([le])- 0
Lemma 4.15 Let D = {(Z,§z) : Z € RV"} be the set of declarations. We say a
function f € (RV™ — P3) respects types iff
VZ e RV [ (ZeRY = f(Z) € Py)
AZeRVY = ;(Z2)e PY)].
Let MM = {f € (RV* — P3) : f respects types}. (Obuviously, M3 is closed in
the complete metric space (RV* — P3), and therefore, M3 itself is a complete
metric space.) Finally, let Il : M3 — MM be defined as follows: For p € My
and for Z € RV", let
I (p )(Z) = [g2]""P.
{Here note that T, U p is an interpretation for Sig,, and so, writing [§z]**"P

makes sense.) Then, the mapping Iy is a contraction from MM to MM. |

Proof. This is shown in a similar way to the proof of Lemma 4.4. See § 4.B.
By means of the above lemma, the denotational model M5 is defined by:

Definition 4.24 (Denotational Model My for £3) Let D = {(Z,§z) : Z €
RV*} be the set of declarations. Let M3! and II, be as in Lemma 4.15, and let
p2 = fix(Ily). Let us set Io=Tp U p2. Then, T, is an interpretation for Sig;. By
means of Z,, the model M, : L5 — P3 is defined by My[u] = [u]® (u € L3[0]).
Equivalently, Mz[u] is defined by induction on the structure of v € £3[@] using
the following rules (1) to (4) (in the sequel, we use the convention that for k € w,
@ € (L3[0])* (resp. &€ € EF) My[@] (resp. [€]) denotes the sequence (M [&(i)])ick

(resp. {[€(i)]}iex) ):
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(1) For Z € RV", let us define Z*M2, the denotational meaning of Z, by:
ZM2 = py(2).

(2) For each (k,I,m) € «*, and F € (Fun;)(&0mP) g e (E)% 5 e (L2[0)),
Fe (Lm)™, let

Me[F(e- - D)] = To(F)([e] - Ma[5-1]),
where Z3(F) is the semantic operation in 7, corresponding to F.
(3) Let Ms[[(Az. S)] = (Av € V. My[S[v/z]]).
(4) Let Ma[t(e)] = Ma[t]([e])- B

Lemma 4.16 (Compositionality of M) Let X € Ap, s € L3[0], and U € L3[X].
Then,

M;[Uxy[s]] = [Ug)]% (Mels])- 0 (4.49)

Proof. This is established by induction on the structure of U € £}, more specif-
ically, by induction on deg(U), the number of combinators, A-constructs, and
application constructs contained in U. Assume that (4.49) holds for every U with
deg(U) < n. Let us show that (4.49) also holds for U with deg(U) = n + 1. Here
we consider the case that U = (Az. S). (In the other cases, the consequence is
obtained more straightforwardly.) One has

Me[Uix)[s]l = Ma[(Az. §)x)[s]] = M2[(Ae. Sixy[s])]

(Av e V. Ma[[(Sixy[s])[v/2]]) (by the definition of M3)

(Av € V. Ma[[(S[v/2])(x)[5])

= (Av € V. [(S[v/z])(x)[**(Mz[s])) (by the induction hypothesis)
= [(Az. S) (x>]]I’ (Ma[s]) (by the definition of [- ]]I2

= [Uxy P (Ma[s]). B

The model C; is also compositional in the following sense:
Lemma 4.17 (Compositionality of C;)

(1) Foru € L3[0], Co[u] is defined in terms of the meanings of subterms of u as
follows:

(i) Let (k,{,m) € w® and S € {P,PW}. Ifu= F(€-5-1) with
Fe ((Fun')(”"'f'mjm \RV"), e € &, 5 € (Lo[0))S, T (LV[0])™, then
Ca[u] = Zo(F)([€] - C2[[5- 7]).
(i) Ifu = (\z. S) with S € Ly, then
Colu] = (Av € V. Co[S[v/=]]).
(iii) [fu=t(e) witht € £L[0] and e € &, then
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C2[u] = Co[t]([e])-
(2) Putting ph = (AZ € RV*. C2[P]), one has the following for every u € L3[0]:

Calfu] = [u] P 3

Proof. (1) Part (i) can be established in a similar fashion to the proof of
Lemma 4.6 (1).

Part (ii) follows from the definition of Cy, since the only rule which derives
actions of (Az. §)(v) is the A-rule (the rule (9) in Definition 4.16), and therefore,
the actions of (Ax. S)(v) are the same as the actions of S[v/z].

Likewise, part (iii) follows from the definition of Cz, since the only rule which
derives actions of u(e) is the pre-evaluation rule (the rule (8) in Definition 4.16),
and therefore, the actions of t(e) are the same as the actions of #([e]).

(2) This part follows from part (1) by induction on the structure of v € £3[0]. W

The following semantic equivalence result for £, immediately follows from the
above lemma, as Lemma 4.8 follows from Lemma 4.6.

Lemma 4.18 (Semantic Equivalence for £3)
vu € L30)[ Colu) = Mo[ul |0
Proof. First, let us show
VZ € RV'[ Co[Z] = P2(2) ], (4.50)

where pp = fix(Il3) is the mapping defined in Definition4.24. For this purpose, it
suffices to show that p) = (AZ € RV". C2[Z]) is the fixed-point of II», i.e., that
(%): py = Oa(P5). This is shown as follows: Let Z € RV". Then,

p5(Z) = C2[Z] (by the definition of p5)
=C2[§z] (by the definition of C3)
= [gz]]nui); (by Lemma 4.17 (2))
= [5(p4)(Z) (by the definition of II;).

Thus one has (x), and therefore, (4.50).
Using (4.50) and Lemma 4.17 (1), one can establish the following by induction
on the structure of u:

Vu € L3[0][ Co[u] = Mo[v] ] W

4.3.4 The Full Abstraction of My w.r.t. O, and OF

The full abstractness of My w.r.t. Q2 and OF can be shown in a similar way to
the proof of Theorem 4.1, by adjusting the contexts used there so that they fit into
the setting of Lo; we give the proof, in this subsection, to demonstrate that this
is indeed the case.

As in § 4.2.4, the following three lemmas are presented as preliminaries to the
full abstractness proof. First, we define the sort-set of a statement at a fixed depth
by:
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Definition 4.25 For s € £5[0], and n € w, let
S (s) = {sort(a) : @ € AY A Jw € (A;)"[ s B2.52 ]}
The set S{™(s) is called the sort-set of s at depth n. |
Then, one has the following lemma:
Lemma 4.19 For s € L3[0], and n € w, the sort-set S$™(s) is finite.
Lemma 4.20 For s € £3[0], w € (A2)<¥, and ' C C,, the following holds:
w- (§(T)) € Mz[s] & w-(8(TU{V})) € M[s] 0] 0

Lemma 4.21 Let s € Lo[0], w € (A;)<¥, C C Chan, and T C Cy. IfCnN
chan[sort[ran(w)]] = @, then

w- (8(T)) € Mz[s] & w- (§(TUC'?)) € M2[oc(s)]- B
Theorem 4.2 (Full Abstraction of My w.r.t. O; and OF)
(1) The following holds for every s1,s2 € L3[0]:

Ma[[s1] = M2[s:]

4.51
o VX e Xp,VS S ﬁg[X][ O‘ZHS(X)ESI]]] = Oz[[S(X) [Sz]]] ] ( )

(2) If Chan is infinite, then the following holds for every si,s2 € La[f]:
Ms[s1] = Ma[s:] & (4.52)

VX € Xp, Y5 € Lo X][ OF[Sexlsall = OF[Sexylsall - B

Proof. (1) Let s1,52 € Ly[0]. The =-part of (4.51) follows from the relative
abstractness of My w.r.t. 1:12 and the compositionality of Mj. For establishing
the <=-part of (4.51), it suffices to show that if My[s1] # Ma[s2], then

3IX e Ap,dS € Ez[XH Ozl{S(_\’)[S]]]] # 02'[5()()[-5‘1]]} ] (453)
Suppose
Mz[[S]]I -‘,“-‘ ;MzIISg]]. (4.54)

Let us show (4.53). By (4.54), one of the following propositions holds:

(i) T(Mz[s1]) # To(Ma[s2]),
(ii) 7' (Ma[s1]) # 73° (M2[s2]), (4.55)
(iif) Fo(Mz[s1]) # Fa(Maz[s2]).

When (4.55) (i) or (ii) holds, the desired consequence (4.53) immediately follows
by putting 5 = X.

Let us consider the case that (4.55) (iii) holds. We can assume without loss of
generality that there exist w € (A2)<“, T' € p(CY) such that
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(i) w- (6(T)) € Mafsi), (i) w- (6(T)) € Malsa]. (4.56)

We distinguish two cases according to whether \/ € T or not.
Case 1. Suppose / € I', and put m = Igt(w). Then, by Lemma 4.19, the set

S{™ (sy) is finite. Let IV = (TN S{™(s5)) U{y/}. Then I is finite and contains
v/, thus we can put IV = {/,71,- -+, 7} By (4.56), one has

(i) w- (8(I")) € Mas1], (i) w- (5(I")) ¢ Mz[s]. (4.57)
We will construct an appropriate statement & such that
(i) w- {6) € Ous1 || 8], (i) w-(6) & Oa]s2 || §']- (4.58)

A few preliminaries are needed for constructing such §. First, fix & € V and
& € Xy. Then, for v € p(C;), let us define x(v) € £, as follows:

_ cT(i}) ify= C!q
x(v) = { (i e)) if:},{fz c?.

Let § = 7™+1, Finally, let
§ =+ (x(T1);8) + -+ + (x(70); 8)-

First, (4.58) (i) is shown straightforwardly as follows: By (4.56) (i), there is s}
such that

51 —2. 5] A T & acty(s]) A sort[acty(s))] NI = 0. (4.59)
With this s}, one has

(51 115) S2x (5111 8)
Asort[acty(s] || §)] = sortacta(s]) U (acte(8) \ {/})] € Cs.

Thus, by the definition of O3, one has (4.58) (i).
Next, let us show (4.58) (ii) by contradiction. Assume, to the contrary, that

w- (8) € O[5z || ]. (4.60)

Then, there is s’ such that

(i) (s2 || 8') S2u &', (ii) sort[actz(s")] C Co. (4.61)

We observe that each action in w must stem from either s5 or &', or it must be
the synchronization of two actions stemming from s, and 5. However, it can be
shown that every action in w must stem from s, as follows: Assume, for the sake
of contradiction, that some action of w stems from &', or it is the synchronization
of two actions stemming from s; and §'. Then, by the form of &, there must be at
at least (m + 1) T-actions in w, which contradicts the fact that m = Igt(w). Thus,
every action In w must stem from s;, and therefore, there is s such that

(i) 52 2. 55, (i) 8’ = (s ]| )- (4.62)
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By (4.61) (ii), and (4.62) (ii), one has sort[acta (s |
and

)] € Cy. Thus, T & acty(s5)

sort[acta(s5)] N {v/, 71, * -,k } = sort[acty(s5)] NI = 0.

From this and (4.62) (i), it follows that w - (§(T")) € Ma[s:], which contradicts
(4.57) (ii). Summarizing, (4.60) does not hold, i.e., one has (4.58) (ii).

Case 2. Suppose v/ € I. Applying Lemma 4.20, one obtains the following from
(4.56):

w- (ST U{V})) € Mz[s1 [|0] A w- (8(TU{v})) & Mo[s2 ]| O].

Thus, this case is reduced to Case 1.

(2) Suppose Chan is infinite, and let 51,52 € Lo[0]. As in part (1), the =-
part of (4.20) follows from the relative abstractness of My w.r.t. OF and the
compositionality of M. For establishing the <=-part of (4.52), it suffices to show
that if Ms[[s;] # Maz[s2], then

3X € 9,3 € La[X][ OF [Sexylsill # O[Sy sull ) (4.63)
Suppose

Ma[s1] # Ma[s2].

Let us show (4.63). As in part (1), one of the propositions (4.55) holds; when
(4.55) (i) or (ii) holds, the desired consequence (4.63) follows immediately.

Let us consider the case that (4.55) (iii) holds. As in part (1), we can assume
without loss of generality that there exist w € (Az)<“, T € p(CY) satisfying
(4.56) above. As in part (1), we distinguish two cases according to whether VET
or not.

Case 1. Suppose / € I'. Then, as in Case 1 in part (1), there exist w € (Ay)<*
and a finite set IV C CY such that \/ € I and (4.57) above holds. Let I' =

{75k}, m = lgt(w), and let
w=7ri. ¢ .7t ... =D gLl
Let

Co = chan[S{™ (s1) UU{SE (s1) 1 i € (m +2-v)} (4.64)
U{1,---» 7} Usort[{cp, -5y 1 H |-

Then, Cy is finite, and therefore, the set (Chan \ Cy) is nonempty under the
assumption that Chan is infinite. Choosing an element c of this set, let us define
& and §" as follows:

§=e+x() + -+ x(0);
5" = (c!(0); ch; (D)); -+ 5 (€U(D); €,y €X(D)); €(9)): &

Finally, let C = Chan \ {c}, and put
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w =T . clyrocld). - (D ey eld) - M) L el (4.65)

Let us show

(i) w'- (8) € OF[9c(s1 18], (i) w'- (8) & OF'[0c(s2 | 3] (4.66)

First, it follows from (4.56) (i) that there exists s} satisfying (4.59) above. With
this s{, one has

(s1[18") —2. (s1 1 8). (4.67)
We observe that

actz(s] || §) = (actz(s1) \ {V}) U (act2(3) \{V}) Z 7, V,

and

c ¢ chan[sort[acts(s] || §')]]-
Thus,
chan[sort[acts(s] || §)]] € Chan )\ {c¢} = C. (4.68)

By (4.67) and the fact that ¢ € Cy, one has
Bc(s1 []8") Dog. Bc(s) || §).

Also, by (4.68), one has acty(9c(s]
w' - (6) € OF[0c(s1 || 3],

i.e., one has (4.66) (i).
Next, let us show (4.66) (ii) by contradiction. Assume, to the contrary,

w' - (6) € OF[0c(s2 || 5")]- (4.69)

| 3)) = 0. Thus, one has

Then, there exists s’ such that

(i) (s2]|3") % ', (ii) chan[sort[acty(s')]] C C. (4.70)

Since ¢ € (Chan \ Cy) with Cy defined in (4.64), all the cli-actions in w' must
stem from §”, and therefore, the i-th 7-action in w’ preceded and followed by a
clé-action must be the synchronization of two actions ci- and ¢} stemming from s,
and §', respectively (i € v). Moreover, all the other actions in w’, which consist
of £(0) 4 --- + £(v) T-actions, must stem from sy, since 5 must perform exactly
(3v + 1) actions until it perform the (2v 4 1)-th clé-action. Thus, the actions:

(TE(D) cp)r ver - (Tf(v—l) cCyo1) - 74 — 4
(in w') must stem from sy, and therefore, there is s; such that

(i) sp = sp, (ii) &' = (s5 ]| ). (4.71)
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By (4.70) (ii) and (4.71) (ii), one has chan[sort[acty(s, || 8')]] € C. Thus,
T & acta(sh) A sortfactz(sy)]NT' = 0.

From this and (4.71) (i), it follows that w - (6(I")) € Ma[sz], which contradicts
(4.57) (ii). Summarizing, (4.69) does not hold, i.e., one has (4.66) (ii).
Case 2. Consider the case / € I'. This case is reduced to Case 1, as in

part (1).

4.4 Concluding Remarks

We have presented denotational models M; and M3 for two languages £ and £,
for communicating processes, and established the full abstractness of each of M,
and M, w.r.t. two linear models. The first language £, is a simple concurrent
language with predefined actions which are uninterpreted; the second language
Lo is an applicative language which is based on £, and supports value-passing in
addition to the constructs of £;. It will be easy to see that when the set V of
values is reduced to a singleton set, then L5 is reduced to £;. In that case, we can
define, in an obvious way, two mappings ¢ : L3[0] — £, and ¢ : P2 — P such
that the following diagram commutes:

Ly 2, b
l .f'\/fz . l JM] (472)
P, = P

In this chapter, we have treated so-called sirong models which are strong in
that they do not abstract from internal actions 7. In Chapter 5, which is a minor
revision of [Hor 92a], and Chapter 6, similar full abstractness problems for weak
models for a language £, which is essentially the same as £;, are investigated;
for example, the full abstractness of a failures model C{ w.r.t. two weak linear
models OF and O}™ is established in Chapter 5, where Cy*, O}, and O™ are
weak versions of M;, O, and O". (Roughly speaking, the weak models Cy*, OY,
and OF™ are obtained from the strong models My, Oy, and OF', respectively, by
abstracting from internal actions.)

In this chapter, the full abstractness of M; w.r.t. OF" has been established
under the assumption that the set C, of communication actions is infinite. Some-
what surprisingly, however, a corresponding result for weak models, i.e., the full
abstractness of €}’ w.r.t. OY™, can be established without such an assumption
(see Theorem 5.1). Note also that although in [BKO 88], a similar full abstract-
ness result was established without such an assumption that C, is infinite, the
full abstractness result in [BKO 88] relies on a somewhat artificial renamaing con-
struct which maps internal actions to communication actions (see the proof of
Theorem 7.2.1 of [BKO 88]).
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Furthermore, in Chapter 5, a compositional model C}*!, which is obtained from
Cy' by abstracting away from certain (redundant) information, was shown to be
fully abstract w.r.t. a weak linear internal model O}!, which is obtained from the
strong version O} discussed in § 4.2.5.

In many respects, the treatment of weak models is more difficult than that of
strong ones, but the order of difficulty seems opposite with the problem treated
here. Roughly speaking, the reason why the treatment of strong models may be
more difficult than that of weak models is as follows: Two processes distinguished
in the strong model M; may be so similar that, when composed with another
process, the difference cannot be detected anymore in the more abstract strong
model O, whereas such two processes are simply identified in the weak model CY¥
corresponding to M;. An example of such two processes is given by:

Example 4.8 Let
51 = (675 ((¢:0) + (736, 0))) + (75 ¢, 0),
s2 = (¢ ((136,0) + (73756,0))) + (3¢5 ¢; 0).
Then, M[s1] # M;[sz], since
{e,7,6(0)) & Mi[s1] but (e, 7,6(0)) € M[s2]-
It is easy to check that
OP[s1] = OP[s2] = {{es 7y} (e 7y 7€), {y e} - O,
and that

Cl'[s1] = CY'[2]
={(e,0)} 01 U{{c,6(I)) : T € p(CY) A c ¢ T}
U{{(6()) : T € p(CY) A c¢ T}

Without the assumption that C; is infinite, we do not know whether or not it is
possible to construct a suitable context S(xy € £; such that

O [Sxy[s1]] # O [Sexy[s2]]- 1

In Chapters 5 and 6, only the pure language L; is treated. We expect it will be
possible to extend the result in Chapter 5 to construct a model for the applicative
language £ so that the extended model is fully abstract w.r.t. the weak linear
models OF and OF™; this extension also remains for future research.

As mentioned in the introduction, the result in [HI 90] is closely related to the
result presented in this chapter; it also remains for future research to relate the
Acceptance Tree Model (ATY) in [HI 90] and our model Mj. Note that, for the
pure language Li, the strong Acceptance tree model AT, and a variant of C}’ are
shown to be isomorphic to each other, in § 6.6.3.



106 4. Full Abstraction of Metric Semantics

4.A Proof of Lemma 4.4

Lemma 4.4 can be proved along the lines of the proof of a similar result Theo-
rem 4.3 in [Rut 89]. For the proof, we need a few preliminaries.

First, we observe that the languages £; and G; can be defined by explicit
induction as follows:

Definition 4.26 (1) For n € w, let £,(n) be defined as follows by induction on
n:
(i) £1(0) = {0,e}UA, URV.
@) A+ =L A
U{(s1;82) @ 51,52 € L1(n)}

U{(s1 + s2) 2 51,52 € Li(n)}
U{(s1 ]l 52) : 51,52 € L1(n)}
U{dc(s): C C Cy A se Ly(n)}.
Then, let £; = U{L:(n): n € w}.
(2) For n € w, let G;(n) be defined as follows by induction on n:
(i) G1(0) = {0} U A,.

(ii) Gi(n+1) = Gi(n)
U{(g:5): g € Gi(n) A s € Ly[0]}
U{(g1 + 92) : 91,92 € Gi(n)}
U{(g1 | g2) : 91,92 € Gi(n)}
U{dc(g): C C Cq1 A g€ Gi(n)}.

Then, let G; = J{G1(n) : n € w}. &
Then, it is easy to check that the following holds:
Lemma 4.22 (1) £, =L,. (2) G =G1- B
The semantic operation i; can be characterized as a fixed-point as follows:

Lemma 4.23 For p;,p2 € Py, let

R1 (p1,p2)
={(6(T)): T C CY A
(6T u{v}) e V (T \{VvD) € p1 A (8(T)) € p2))}-
Then, for p1,ps € Py, one has
piip2 = if(e € pr,p2 \ {(6(D)) : T € p(CY)},0)

UR (p1,p2)
UU{{a) - (m[{@)]iap2) : @ € Ay A pil{e)] # 0} 1

Proof. Easily verified using the definition of 5,. [l

One has the following lemma; from which Lemma 4.4 follows immediately.
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Lemma 4.24 (1) All the semantic operations iy, +1, ”1, ('}é() are NONETPANSIvE,
(2) Vs € L1[0], VD1, P2 € M| dP,(ﬂs]]I‘Up'-.[[SBI'Up*) < dypm (1, P2) ]
(3) For p € Py, let us write ®%(p) to denote that
VI € p(C[(8(T)) €p = (S(TU{V}) ep] Aegp.
Then, one has Vg € G1,¥p € MM[ &8([g]7"P) .
(4) Vp1,pi.p2,ph € Pa[ 25(p1) A 23(p1) =
dp ((p151p2), (p151p2)) < max{dp (p1,p1), k- dp (p2,p2)} ]-
(5) Vg € G1,Vb1, b2 € MM dp ([g]7VP", [ VP*) < &~ dpypse (B1,B2) ]

Proof. (1) Easily verified using the definition of the semantic operations.
(2) One can show the following holds for every n € w, by induction on n:

Vs € L1(n)[0], V1, b2 € MM
dP, ([“"]]IIUPI»HSBIIUPQ) < dM;M (P1,P2) |-

The induction base is straightforward. In the induction step, part (1) is conve-
niently used. From (4.73) and Lemma 4.22 (1), the claim follows.
(3) One can show the following holds for every n € w by induction on n:

Vg € Gi(n),¥p € M| 8%([g]"*P) ). (4.74)

The induction base is straightforward. In the induction step, we use the fact
that all the semantic operations preserve the property ®. From (4.74) and
Lemma 4.22 (2), the claim follows.

(4) One can establish the claim by the definition of dp , exploiting the fixed-point
characterization of 3; stated by Lemma 4.23.

(5) One can show the following holds for every n € w by induction on n:

Vg € Gi(n),¥P1, P2 € M{"|
dp, ([g]"VP", [g]"VP?) < & - dpgae(Br,B2) |

The induction base is straightforward. In the induction step, parts(1)-(4) are
conveniently used. From (4.75) and Lemma 4.22 (2), the claim follows. [

(4.73)

(4.75)

Proof of Lemma 4.4. Let p;,p; € M{¥. Then, by Lemma 4.24 (5), one has
the following for every P € RV:
dP‘(IIQ’P]]II up: [[gP]lI; uPz) <k dM{“ (P1,P2)-

Thus, one has

dniam (I (p1), 1 (P2)) ) _

= dpg((AP € RV, [gp]9P), (AP € RV. [5p]7P))

= sup{dp, (Lgp]*vPr, [gp]*VP2) : P € RV}

< K- dpm (P1,P2)-

Since p1, p» were arbitrary, II; is a contraction from MM to Mf“. ]
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4.B Proof of Lemma 4.15

Lemma 4.15 can be proved in a similar fashion to the proof of Lemma 4.4, with
suitable adaptation for the setting of L,.

First, we observe that the languages £; and Gy can also be defined by explicit
induction as follows:

Definition 4.27 (1) We will define £5(n) and ﬁél)(n) by induction on n as fol-
lows:

(i) £,(0) = {0,e,7} U{c!(E): E € E}URV.

£8(0) =rRVW,

(ii) Lo(n+1) = La(n)U{cN(T): T € Ly(n)}
U{(S]§Sz) 3 31,32 € £2£R)}
U{(S1 —I—Sg) : 51,5 € ‘Ez(n)}
U{(S] ||52) : S],Sg € ﬁg(ﬂ)} R
U{8c(S): C C Chan A S € Ly(n)}
U{if(E,S1,5:): E€ &

ASy1,8s € La(n)}

U{T(E): T € £ (n) A E € £).

£ +1) = L3 (n) )
U{(rz. S): S € L2(n)}.

Then, let
Lo = U{ﬁg(n) 1n € w},

(L) =L ) :new},
and

£ = B0 (LD).
For each n € w, let

£3(n) = La(n) U LY (n).

(2) For n € w, let Ga(n) and C;él)(n) be defined by induction on n as follows:

@) G2(0) = {0} U {r} )
U{c!(F):c€ Chan A E € £}
U{c?(T):ceChan AT € (LN},

¢ (0) = 0.
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(ii) Go(n+1) = Go(n)U{(G:S): G € Caln) A S e (L)}
U{(G] + Gz) :G,Ge € ng(n)}
U{(G1 || G2) : G1,G3 € G2(n)} R
U{0c(G) : C € p(Chan) A G € G2(n)}
U{if(E,G1,G2): E € £ A G1,G, € Go(n)}
U{H(E): He "(n) A E € £}.
GV (n+1) = GV (n) )
U{(Az. G):z € Xy A G € Go(n)}.

Then, let
Go = U{Q’z(n) 'n € w},
(1) U{g“’ in € wh,

and
G =G UGY.
For each n € w, let
G5 (n) = Ga(n) UG;(n).
Then, it is easy to check that the following holds:
Lemma 4.25 (1) (i) £, = £,. (ii) £ = £V.
@) () %=G ()6 =6". 1
As7,, the semantic operation }, can be characterized as a fixed-point as follows:

Lemma 4.26 For p,p; € Ps, let

RE(Pl,Pz)
={(6(T)): TCCyA
(T U{V) ep Vv (&(T\{V}) €1 A (8(])) € p2))}-

Then, for p1,ps € Py, one has

piiapz = if(€ € pr,p2 \ {{6(T)) : T € p(CY)}.,0)
UR'Q(F},}J;Z)
UU{{a) - (p1[{a)]i2p2) : a € A A pi(a)] # 0}. B
Proof. Easily verified using the definition of ,. |
One has the following lemma, from which Lemma 4.15 follows immediately.

Lemma 4.27 (1) All the semantic operations 35, +2, ﬂg, 82(), and if2(v,-,)
(v € V) are nonezpansive.
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(2) Letk €w, € (k>—Ay). Then,

VU € L3[ran(%)], V1, P2 € M3, Vi € V¥
dP;([[U:?]]IQUp’(TT}aHUE]}INP’(g)) < dM;A (P1,P2) |-

(8) For p € P3, let us write ®5(p) to denote that
VL € p(Co)[ (5(T)) ep = (S(TU{V}) ep]Acgp

Also, for r € Pé”, let us write ®&(r) to denote that Vv € V[ ®§(r(v)) ].
Then, one has the following for every k € w and T € (k>—Ay):

VG € G [ran(7)], V7 € V¥, Vp € M| 9%([G+ ]Igup 01

(4) Vp1,pi,p2, Py € Po 25(p1) A 25(p1) =
dp_((p15ap2), (P132p2)) < max{dp, (p1,p}), % dp, (p2.p3)} |
(5) Letk € w, T € (k>—Xy). Then,

VG € G;lran(F )],V € vE ,VP1,P2 € MM|
dP (IG= ]]:&upx( [[G-]]Izupa ) < ”'dM;}‘(f’lsﬁ'?) N |

Proof. (1) Easily verified using the definition of the semantic operations.
(2) One can show that the following holds for every n € w, by induction on n:

Vk € w, VT € (k—Ay)|
YU € Ez(n)[mn r:)] VP1, P2 € MM, Vi € V| (4.76)

dP" ]IU ]]I:zupz [[U ]]Izl.lp? Ej‘)) < dM'M (phpz) ]]

The induction base is straightforward. In the induction step, part(1) is conve-
niently used. From (4.76) and Lemma 4.25 (1), the claim follows.
(3) One can show that the following holds for every n € w by induction on n:

Vk € w, VT € (k>—Ay)[

VG € Qg (n) [1an(..'r: )], V7 € VE vp € MM[ @g(IIG*]]IEUp( M) 1. (4.77)

The induction base is straightforward. In the induction step, we use the fact
that all the semantic operations preserve the property ®5. From (4.77) and
Lemma 4.25 (2), the claim follows.

(4) One can establish the claim by the definition of dp_, exploiting the fixed-point
characterization of i, stated by Lemma 4.26.

(5) One can show the following holds for every n € w by induction on n:

Vk € w,VE € (ks—X)|

VG € G3(n)[ran(Z)],VP1, P2 € M3 (4.78)
dp, ( [G_]]Izup1 (), [Gz ]]Igup? 7)) < k- d-M,?M(f)l:l‘)?) 1-

The induction base is straightforward. In the induction step, parts(1)-(4) are
conveniently used. From (4.78) and Lemma 4.25 (2), the claim follows.
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Proof of Lemma 4.15. Let p;,p; € M. Then, by Lemma 4.27 (5), one has
the following for every Z € RV™:

dp, ([2]P*, [320""P*) < & - diygpe (B1, B2).
Thus, one has
dppp (M2 (P1), T2 (B2))
= dpp (A2 € RV™. [32]7P1), (AZ € RV". [32]°P*))
= SUP{dP;(ﬂﬁz]]I’Up‘,Ilﬁ‘z]]I’Up’) 1 Z € RV*}
< K- dpgp(P1, P2)-

Since P1, pp were arbitrary, IIs is a contraction from MM to MM,
2 2
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Philosophers
= 9o (Pl Pa, 0 PeanllPe,nllPan )

where,
C = {get, }nes U {PUt,, }nes U {get, tnes U {put, tnes.
and for each (n,7,j) € 5% 2 x 2,

P(n,x"j) ~= (thinkn; P{’n,i.j,ﬂ))
+(gety(nys Pin0.5) T (88t y(n)s Pinii0)
+[Put:(n); P(”nlui)) + (PUtJ[ﬂ); P{“”.‘l))‘

P[fn‘l,l,o) + (get,(n); P[fu‘l,l,l])
. pi . pl
+(8et,(nys Pln0.1,0)) T (88T )(n)5 Fn,1,0,0))>

Plann ) < (888, n); 88En; PUT, ()5 Pln11))s

P(’:‘l,f,l) ~ (Putj{n);P(",i‘l))
. '} - 1
+(get,(n); Pl o1)) + (PUt, )i By 1))

!
‘P(fn,l,[l,[}} < (put ()3 P(Irn,l,l,[lj) + (8et,(n)i Pn0,0,0)):
Plaip1) < (P05 Plauin)s

!
P(Irﬂ,[),l,l]) = (putl(n];P(Fn,l,l,k)) + (getj(n]; P{n,ﬂ.ﬂ,k))?

Plnop,0) < (PUt, () P(’n,l.l],k)} + (put ()3 P("n,l],l,k))'

Figure 4.2: Description of Dining Philosophers in £,
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Accumulating-Responder = Y(0),

where

Y < (Azg.co?(Axy. if(xo + 21 < N,
(erl(zo + 1 ); Y (z0 + 21)),
(c2!(0); Y'(0)) )))-

Figure 4.3: Description of Accumulating Responder in £,
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Chapter 5

Fully Abstract Models for
Communicating Processes
with respect to Weak Linear
Semantics with Divergence

The semantics of a language £; for communicating processes is investigated, and
three full abstractness results for £; are established. The language £; is a mi-
nor variant of £; treated in Chapter 4; both the two languages have atomic ac-
tions, termination, inaction, sequential and parallel composition, nondeterministic
choice, action restriction, and a form of guarded recursion. (The guardedness re-
striction on recursion is necessary to establish one of the full abstractness results.)
The minor difference between £; and £; is that £; treats recursion in terms of
declarations, whereas L; treats it in terms of g-notation.

Three Plotkin-style operational semantics OF, OF™, and O of the language
are defined. These semantics are linear in that the meaning of each program in
any of these semantics is a set of action sequences the program may perform, and
are weak in that the action sequences are obtained by abstracting from (finite
sequences of) internal moves. All the three semantics distinguish divergence (an
infinite sequence of internal moves) from deadlock.

The semantics O}! differs from the other two in that O} is a so-called internal
action semantics taking into account only internal moves under the assumption
that the environment allows no (external) communication actions, and hence, the
only possible actions for processes are internal moves, whereas the other two se-
mantics take into account communication actions in addition to internal moves.
The two semantics O and OF™ differ from each other in that O™ is a so-called
mazimal trace semantics, whereas O} is not.

Then, two compositional models C}' and C}"' for the language are proposed,

115



116 5. Fully Abstract Models for Communicating Processes

and the full abstractness of CY (resp. of C}') w.r.t. O} and O}™ (resp. w.r.t. O}),
as expressed in the following, is established:

Cﬂsl]] = CHSQ]I <

VS[[ S['] is a contezt of L; = O[S[s1]] = O[S[s211 1, (5.1)

where
(C,0)= (C;vv O?)a (CJ\:’! O=vm)& ( Iﬂe Oiw)

A similar full abstractness result has been established by Bergstra, Klop, and
Olderog for a language without recursion or internal moves. Moreover, Rutten
investigated the semantics of a language similar to Lj, in the framework of com-
plete metric spaces, and showed that the failures model is fully abstract w.r.t. a
strong linear semantics O}, where O} is strong in that it does not abstract from
internal moves. The full abstractness of C}¥ w.r.t. O}™, expressed in (5.1) with
(C,0) = (Cy,OF™), is an extension of the result of Bergstra et al. to a language
with recursion and internal moves. Also, the full abstractness of C}' w.r.t. O},
expressed in (5.1) with (C,0) = (C}"', O}?), is an extension of Rutten’s result, to
the case of weak linear semantics with divergence.

5.1 Introduction

The semantics of a language £; for communicating processes is investigated, and
three full abstractness results for £; are established. The language L, to be
presented in § 5.2, is a minor extension of the language investigated in [Rut 89],
and a minor variant of £; treated in Chapter 4; both £; and £, have atomic ac-
tions, termination, inaction, sequential and parallel composition, nondeterministic
choice, action restriction, and a form of guarded recursion. (The guardedness re-
striction on recursion is necessary to establish one of the full abstractness results.)
The minor difference between £; and Lj is that £; treats recursion in terms of
declarations, whereas L treats it in terms of p-notation.

First, in § 5.3, three operational semantics O}, O™, and Oy of L; are defined
in terms of a labeled transition system, in the style of Plotkin ([Plo 81]). These
semantics are linear in that the meaning of each program in any of these semantics
is a set of action sequences the program may perform, and are weak in that the
action sequences are obtained by abstracting from (finite sequences of) internal
moves (denoted by 7 in [Mil 80]).

There are two alternative approaches to abstracting from 7’s: One is to distin-
guish divergence (an infinite sequence of 7’s) from deadlock; the other is to identify
them. In this chapter, the former approach is adopted. The semantics identifying
divergence and deadlock are somewhat simpler than the ones distinguishing them,
and are often useful in applications. However, it may be appropriate and useful to
distinguish them in certain circumstances, even when it is necessary to ignore finite
sequences of 7’s. (For motivations for distinguishing divergence from deadlock, we
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refer to [AH 89], [Uch 90], [Wal 91], although all of them treat branching-time
semantics instead of linear (time) semantics treated here.)

The semantics O}! differs from the other two in that OVl is a so-called internal
action semantics taking into account only internal moves under the assumption
that the environment allows no (external) communication actions, and hence, the
only possible actions for processes are internal moves, whereas the other two se-
mantics take into account communication actions in addition to internal moves.
The two semantics Of and O™ differ from each other in that O¥™ is a so-called
mazimal trace semantics based on the view that a process may deadlock only
when there is no possible action for it, whereas OYis based on the different view
that a process may deadlock when the only possible actions for it are (external)
communication actions.

Next, in § 5.4, two compositional models C' and Cy'! are proposed, which are
variants of the failures model proposed by Brookes, Hoare, and Roscoe ((BHR 85])
and later improved ([BR 84]). It is shown, in § 5.5, § 5.6 and Appendix 5.A, that
CY (resp. YY) is fully abstract w.r.t. O} and OF™ (resp. w.r.t. Oy'). That is, for

(€,0) = (€7, 07), (¢, OF™), (€, oY),

one has that C is the most abstract compositional model which is correct w.r.t. ©.
Equivalently, one has the following for every s1, s, € Ly

C[[S]]] = C[[Sg]] L= .
VS[][ S[] is a context of L; = O[S[s1]] = O[S]s2]] ],

where
(€,0) = (c),O7), (cr, O0F™), (¢, 07,

and for a contest S[-] (a statement consisting of the language constructs and a
place-holder []) S[s] denotes the result of substituting s for [-] in S[].

Bergstra, Klop, and Olderog have shown that the failures model for a language
without recursion or internal moves is fully abstract w.r.t. a mazimal trace seman-
tics trace ([BKO 88]). Moreover, Rutten investigated the semantics of a language
similar to £i, in the framework of complete metric spaces, and showed that the
failures model is fully abstract w.r.t. a strong linear semantics O} ([Rut 89]), where
O} is strong in that it does not abstract from internal moves.?

The full abstractness of C} w.r.t. O™ expressed in (5.2) with
(C,0) = (C}',O™), is an extension of the result of Bergstra et al. to a language
with recursion and internal moves, since both O™ and trace are maximal trace
semantics. Also, the full abstractness of C}! w.r.t. O}, expressed in (5.2) with
(C,0) = (C}', O}, is an extension of Rutten’s result, to the case of weak linear
semantics with divergence, since O} is obtained from O} by abstracting from
(finite sequences of) 7’s present in O}

(5.2)

!For a semantic model M for a language L5 and s € Ly, the notation M|s] is used to denote
the value of M at s.

2 As is described in § 4.2.5, there was an error in the original full abstractness proof in [Rut 89,
but Franck van Breugel found a way to overcome this error under an additional assumption.
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Brookes ([Bro 83]) studied the relation between two models of concurrent be-
havior, Milner’s synchronization trees for CCS, and the failures model of TCSP.
There, a mappings 7 from the set CSP of finite TCSP terms to the set ST of
synchronization trees, and a function failures from ST to the domain of failures
were defined. Then, it was shown that the composite function C; = failures o T
coincides with a compositionally defined failures model F (cf. [Bro 83] Proposi-
tion 1.4.3). In other words, it was shown that:

C; is compositional w.t.t. the TCSP combinators treated

in [Bro 83]. (93}

As a topic for future work, Brookes raised the problem of how to extend the result
(5.3) to the case of infinite processes (cf. [Bro 83]§2). This chapter provides two
possible ways of such extension as follows. It is easy to see that C¢ can be defined
in terms of a labeled transition system (instead of a ST) with CSP as its state
set, because labeled transition systems are mapped into synchronization trees by
a natural translation (and vice versa). We define two variants C}" and CY¥' of the
failures model for infinite processes, in terms of a labeled transition system; these
two models may be considered as extensions of C; to the case of infinite processes.
Then, we establish the compositionality of C}* and Ci (cf. Lemmas 5.4, 5.5 in
§ 5.4). Thus the result (5.3) is extended to the case of infinite processes.

Our models C} and C}'* differ from the original failures model in [BHR 85] even
for finite processes, because we treat ‘+’, the nondeterministic choice of CCS, and
the original model is not compositional w.r.t. this combinator even for finite pro-
cesses. In [Bro 83, this modification is not needed, because the TCSP combinators
treated there do not contain ‘+'.

Closely related to the study of the failures model (and hence to this chapter) is
the work of De Nicola and Hennessy ([DH 84]), where a framework of extracting
information about a system by testing is proposed, and three equivalences =~;
(i = 1,2,3) for CCS are introduced based on a particular definition of tests (see
Remark 5.4 in § 5.7 for the comparison between the testing equivalences and the
equivalence induced by C}").

Although the models C}' and Cy'! are compositional and the meaning of each
recursive program in C) or Cl‘"i is a fixed-point of the associated function (the
interpretation of the body of its defining equation), they are not denotational in
the framework of comnplete partial orders (cpo’s) or in the framework of complete
metric spaces (cms’s) (cf. [BZ 82]), where the meaning of a recursive program is
defined as the least fized-point (in the cpo framework) or as the unique fized-point
(in the cms framework) of the associated function. In this section, we intuitively
explain why C}¥ (or C}'!) cannot be constructed denotationally in the standard cpo
or cms framework; for more precise explanation, see § 5.7.

First, C¥ (or C}') cannot be constructed in the standard cpo framework with
the reverse inclusion 2 being the order of the semantic domain, because the se-
mantic operation ||; corresponding to the parallel composition combinator of £;
is not continuous w.r.t. the order 2 (for an example showing this, see Exam-
ple 5.3). It also turns out that ﬂl is not nonezpansive w.r.t. the metric defined in
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terms truncation as in Chapter 4; thus C}¥ (or C}'') cannot be constructed in the
standard cms framework based on the metric. (for an example showing this, see
Example 5.4).

Such order-theoretic or metric topological construction of CY¥ and C}*' remains
for future study. The characterization of C}¥ and C}*' in this chapter as fully ab-
stract models is analogous to Milner’s characterization of the so-called observation
congruence in [Mil 83] and [Mil 85].

Note that such denotational construction of C}' (or C}*') as described above
1s not necessarily possible as is shown in [AP 86]. (In [HP 79], a fully abstract
model for a parallel language was constructed in an order-theoretic framework.
However, the concurrency treated there is different from the one treated here,
because the language in [HP 79] contains a coroutine construct as well as the
usual interleaving.)

We tackle this problem of denotational model construction in Chapter 6; there
a denotational model D} for £; is constructed in an order-theoretic setting, and its
full abstractness w.r.t. a weak linear operational model O is established, where
O™ is a weak linear operational model similar to OF™, but slightly different from
OF™. Intuitively, the difference between the two models is that OPf is based on
the view that divergence is disastrous, whereas O}'™ is based on another view that
divergence is not particularly disastrous as deadlock is not.

5.2 A Language £; for Processes

The language L£; treated in this section is a minor variant of the language £,
introduced in Chapter 4. (As described in § 1.3.1, the only difference between L5
and £, is in the way to treat recursion: £; (resp. £,) uses p-notation (resp. dec-
larations) to treat recursion.) Just as £y, £; is a minor extension of the language
investigated in [Rut 89], containing atomic actions, termination, inaction, sequen-
tial and parallel composition, nondeterministic choice, action restriction, and a
form of recursion.?

Definition 5.1 Let (a €) A; be the set of actions. As in [Mil 89], it is assumed
that A, is partitioned into A; = C; W {7}, where (¢ €) C; is the set of communi-
cating actions, and 7 is the internal move, which represents successful communi-
cation and is unobservable by the environment. Further, let us use C' as a typical
variable ranging over p(C, ), and let (X, Y €) X'p be the set of statement variables.
First, a language (S €) £; without guardedness condition is defined by:

Su= a|0|e]|(51;52)| (51 + S2) | (5.4)
(S11182) [0c(S) | X | (nX. 5),

3Except for the addition of action restriction, the difference between L; and the language in
[Rut 89] is that £; contains the construct e representing termination, while the latter language
does not. The construct e corresponds to the regular expression denoting {¢}, SKIP in [BHR 85],
and exit in [ISO 89].
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where the constants: “a” (a € A;), “0”, and “e” represent an atomic action, the
inaction, and the termination, respectively; the combinators: ", “||”, “+", and
“dc” (C € p(C,)) represent the sequential composition, the parallel composition,
the nondeterministic choice, and the action restriction, respectively.

Intuitively (uX. S) stands for a solution of the equation X = §. Syntactically
the prefix “uX” binds each variable X, as “Az” in A-notation. For S € Li, let

FV(S) be the set of free variables contained in 5. |

Intuitively, the language L; is defined to be the set of S € L:i satisfying the
following guardedness condition:*

For each subexpression (uY. S') of S, each occurrence of
Y in S’ occurs in a subexpression of S” of the form (a; S") (5.5)
(a € A;) or (0;5").

Below, we will give a formal definition of the guardedness condition and the lan-
guage Lj.

As a preliminary to the formal definition of £, we introduce a signature, and
characterize Ei as the set of terms generated by the signature:

Definition 5.2 A single-sorted signature Sig; = (Funy,arity,(:)) is defined as
in Definition 4.2, with (op €) Fun, being a set of combinators and arity,(-) a
function which maps each combinator to its arity: (Here constant symbols are
regarded as nullary combinators.)

Fun; = {0,e}U{a:a€ A}U{dc:C € p(C)}U{+ ] };

0 ifope{0,e}U{a:ae€ A},
arity, (op) = ¢ 1 ifop € {9c: C € p(C)},
2 ifope {+ i),

where the constant symbols: “a” (a € A), “0”, and “e” represent an atomic ac-
tion, inaction, and termination, respectively; the combinators: “”, |7, “+7,
and “9¢” (C € p(C)) represent sequential composition, parallel composition, non-
deterministic choice, and action restriction, respectively. For r € 3, we put

Fun(l’") = {op € Fun, : arity, (op) =7}. I

It is obvious that the language Iji defined by (5.1) is characterized as the set of
terms generated by the signature Sig, and Xp with g-notation.
In terms of the signature Sig,, we formally define the the language L; by:

Definition 5.3 (1) The language £L; is defined to be the set of guardedly defined
statements, i.e., statements S € Lj satisfying the following guardedness con-
dition:

4The guardedness restriction is imposed so that the labeled transition system, to be defined
in § 5.3, is finitely branching. The property of being finitely branching is necessary to establish
the full abstractness of C}_’"i w.r.t. O}, while it is not necessary for the full abstractness of CY¥
w.r.t. O} and Oy™ (cf. Lemma 5.1).
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For each subezpression (uY. S') of S, each occurrence of (5.6)
Y in S’ is preceded by a € A or by 0. '

More formally, ((£;(n), G(n))}new are inductively defined as follows:
(i) £;(0) =9, and G(0) = 0.
(ii) [:1: (n =+ 1) = Xp
U{ op(So,...,Sr—1):TE3 A op€E Fung'")
A Sy .oy Sp=y € Li(n)}
U{(eX. S): X € Xp A S€G(n)},

and

G(n+1)= {op(So,...,5.—1):7 €3 A op € (Fun!" \ {e})
S0y s Srmt € G(n)}
U{ S(;,Sl S[}Eg( !\Slef,(n}
U{,uX 8) XeXpASeg(n}

Then, let £ = U,¢,[£i(n)], and G = U, ¢, [6(n)]

(2) For X C Xp, let £;[X] = {S € £; : FV(S) C X}. Thus L;[0] denotes the set
of closed statements. We write £;[X] for £;[{X}] (X € Xp). 1

Remark 5.1 In [KR 90], a seemingly more general definition of guarded state-
ments is given (cf. [KR 90] §2.1). For example, the expression

s = (pX. (a; X; (Y. X;Y)))

is considered to be a guardedly well-defined statement in [KR 90], whereas s ¢ £;
because (X;Y) ¢ G according to Definition 5.2. However, our language is not so
restricted as it seems. For example, we can construct a statement s’ € L; which
is bisimilar to s as follows (for the notion of strong bisimulation, cf. [Mil 89]): Put

s' = (uX. (6 X; (1Y. (6; X;Y);Y))).

Then one has s ~ s’ with ~ representing strong bisimilarity as follows: First,
putting s; = (pY. 5;Y), one has

s~ (a;s181) A sy~ (s351),
and therefore,
s~ (a;s;81) A 51~ (a;8;5);s1,
On the other hand, putting, s; = (uY. (a;5";Y);Y), one has s} € £; and
s' ~ (a;8'581) A sy~ (a;8';87); 57,
Thus, both (s,s1) and (s’, s7) are a solution of the system of guarded equations:
X=(a;X;Y), Y =(a;X;Y); Y.
Thus, applying Proposition 14 of [Mil 89], one has
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s~s As ~sil
The next proposition immediately follows from Part (3) of the above definition:
Proposition 5.1 (1) Vn € w| Li(n) C Li(n+1) ].

(2) Ynew[G(n) CG(n+1)].
(3) Vn € [ G(n) C Li(n+1) ]. W

The language £; is closed under substitution in the following sense:

Proposition 5.2 Let r € w, X € (r>—X), and §€ (r — Li[0]), and S € L;
such that FV(S) C ran(X). Then, S[5/X] € L;. 1

Proof. We can prove the following by induction on n:

Vn € w[ VS € G(n), VX € X,Vs € L;[0][ S[s/X] € G ]
AVS € L;(n),VX € X,Vs € L;[0]] S[s/X] € £; ]I.

—
[}
-3

—

From this, the claim immediately follows. W

Notation 5.1 For §,5’ € L;, we write S = §’, to denote that S and S’ are syn-
tactically identical. For S, 5" € £i, X € A'p, we denote by S[S’/X] the result of
substituting S’ for all free occurrences of X in S. J

5.3 Three Weak Linear Semantics O}, O7™, O}

In this section, three weak linear operational semantics Oy, O7'™, and Oy of L; are
defined operationally in the style of Plotkin ([Plo 81]). Here the superscript “w”
stands for weak, and “m” and “i” stand for mazimal and internal, respectively.
As a preliminary to the definition, a labeled transition system is defined as in
Definition 4.3 follows, with a suitable adaptation in accordance with the minor
difference between £; and L.

Definition 5.4 (Transition System) Let us use w and u as typical variables

ranging over (A;)=* and (C1)=¥, respectively.

(1) Let / (¢ A;) be a symbol representing the (successful) termination, and let
(a€) AY =AU {V}

(2) A bijection™: C; — C is assumed to be given such that Ve € C1[ €= ¢ ]. For

¢ € Cy, ¢is called the complement of c. Moreover, for u = {c;)iex € (C1)<¥,
.CCCy,letT= (E‘g)gek, O= {E: cE C}.

(3) A family of binary transition relations S1C L;[0] x £3[0] (e € A), and a
unary relation ilg L£;]0] are defined as the smallest sets satisfying the rules
(1)-(x) below. For s1,s9 € L;[0], a € A, we write 5, 51 89 (resp. 51 341) for

(s182) €5, (resp. s E-\!q), as usual. Intuitively, the expression “sy 21 89"



5.3. Three Weak Linear Semantics Oy, O}™, O} 123

means that the process s; may perform the action a as a first step, resulting

in the process s,, and “s, 1:1" means that s; may terminate successfully or
that sy is in ¢ final state (following the terminology of classical automata
theory).?

In the sequel, we use the notational convention that for a € A‘f’, the phrase

@ W . . . o
Y81 —1 (32) ¥ means s, =1, if @ = /; otherwise, it means s; —, ss.

() aS1e (acA) (i) e, .

T . (a € A)
iii - a
(s1382) =1 (s);82)
51 l{h S2 E*1 (6’2)
(iv) = (a € AY)
(513 82) =1 (s’z)
81 2)1 (SI;)
v) - (a € AY
(81 +82) =1 (8]
(52 +51) =1 (8}
i 8§ —1 Sl ((}_ c A)

(51 s2) =1 (]| 52)
(s2]ls1) =1 (2] s})

c ' e ’
§1 =1 81, S2 —1 Sy

ii = € Cy)
Y m T A g T
51 !*1 82 1’1
(viil ’
(s1] s2) l,n
Gl —— (+) (a € (AY\C))

dc(s) 2 (80(3"))

5The rules presented here are all standard except for the treatment of termination and se-
quential composition. The rules for termination and sequential composition here are very similar
to the ones in §9.2 of [Mil 89] and to the ones in §7.5 of [ISO 89], except that termination is

treated here in terms of the unary relation !-1 on processes, rather than in terms of a binary
transition relation labeled by a special symbol such as /.
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S[(kX. $)/X] 21 (')
(uX. 8) ™ (5’)

The last rule is called the recursion rule

(a € AY)

(4) For w = {ag,"-,@n—1) € (A1)<¥, a binary relation 5. is defined by:

(Here and in the sequel, juxtaposition is used for denoting relational com-
r !

position, e.g., —1—1= {(s,5) : 3s"[ s 5, 8" 5, 5 ]}.) Forac A,

w € (A)<¥, we write s 5, and s S1., to denote that 3s'[s 4. 6] and

3s'[s 1. s'], respectively.

(5) For w=(A;)¥, a unary relation Sw is defined as follows: For
s € Li[0], s B, iff there exists (si)ico € (Lj[0])* such that s =so and

Vi € w[ S; ﬁ] Sit1 ]

(6) Let

(p€) Q' =(C1)* U ((C1)<*- {{(V)}) U (C1)=*-{(8)}
U(C1)<-{(L)},

where 8 and L are distinct symbols representing deadlock and divergence,
respectively. Also, let

(p€) (C1EY = (C1)=¥U((C)= - {{(L)})-
A function 6 : (A,)S¥ — (CI)JS_” is defined as follows: For w € (A1),

_fw\7)- (L) f3de A)V[w=w-1],
W) = {(-w \7) otherwise,

where (w \ 7) is the result of erasing 7's in w.
(7) For u € (C;)<%, a binary relation =, is defined by:
s=%, s’ @ Jwe (A)Y[b(w)=u A s> s ]
For p € (C;)$¥, a unary relation =25 is defined by:

s=2, & Jw e (A)<“[8(w)=p A s 5]
Vaw € (A)[B(w) =p A s =10 ]
(8) For s € L[], let
act)(s) = {a € AY 1 s 51}

(9) For s € L;[0], we call a pair (a,s’) € A x L;[0] an immediate derivative of s,
when s -5, s'. Let IDrv(s) be the set of immediate derivatives of s, i.e., let
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IDrv(s) = {(a,s") € A x L;[0] : s =, s'}.

By the guardedness condition (5.5), it can be shown that the labeled transition
system (L5[0], (51: @ € AY)) is finitely branching in the following sense:

Lemma 5.1 For every s € L, the set IDrv(s) is finite. |

Proof. By the definition of transition relations, one has the following properties
(5.8)-(5.11):

Vr € 3,Yop € Fun{”,¥so,...,s,_; € L;[0][ (5.8)
Vi € [ IDrv(s;) is finite ] = IDrv(op(so,...,5r—1)) is finite ]. '
Vr € 3,Yop € Fung"),Vso, oy Bt € L0 (5.9)

Vier[ &acti(s:) ] = & acti(op(s0,...,5--1)) ].
Vso,s1 € Li[0][ / € acti(so) = acti(s0;81) = acti(so) ]- (5.10)
VX € X,VS € §[ IDrv((pX. §)) = IDrv(S[(uX. $)/X]) . (5.11)

It suffices to prove that the following holds for every n € w:
Vs € L;i(n)[ IDrv(s) is finite ]. (5.12)

We will prove this by induction.
For § € L, let us write GStat(S) to denote that

¥r € w,¥X € (re—X),V5 € (r — L;[0])[ FV(S) C ran(X) (5.13)
= (IDrv(S[5/X)) is finite A / € act1(S) ) ]. '
We will prove, by induction, that the following holds for every n € w:

VS € G(n)[ GStat(S) ]. (5.14)

For n = 0, (5.14) holds vacuously. Suppose (5.14) holds for n = k, and let
S € G(n). Then, one of the following propositions (5.15)—(5.17) holds:

S = op(So,...,S,) with Sp,..., S, € G(n). (5.15)
S = (803 51) with So € G(n) and S; € Li(n). (5.16)
S = (uX. S) with S € G(n). (5.17)

When (5.15) (resp. (5.16)) holds, one has GStat(.S) by the induction hypothesis
using (5.8) and (5.9) (resp. (5.10)).

Suppose (5.17) holds, and let r € w, X € (r>—X), §€ (r — £;[0]). We can
assume, without loss of generality, that X ¢ ran(X). Then

S[3/X] = (uX. S[5/X)).
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Thus,
IDrv(S[5/X]) = IDrv((5[5/X))[S[5/X]/ X))
= IDrv(S[(5- (S[3/ X))/ (X - GO

By the induction hypothesis, IDrv(S[(5 - (S[5/ XM/ (X - ( X))]) is finite, and
J & acty(S[(5+ (S[5/X)/(X - (X))])- Thus, IDrv(S[s/X]) is finite, and / ¢
act, (S[5/ X)), i.e., GStat(S[5/X]).

Summarizing, (5.14) holds for n = k + 1. By induction, (5.14) holds for every
n. Using this, one can show that if (5.12) holds for n = k, then it also holds for
n =k + 1. Thus, (5.12) holds for every n. |l

Notation 5.2 For @ € AY, we use s 25, as a shorthand for ~(s 51). 1

. . o . . .
By means of transition relations —, three weak linear operational semantics
¥, O™, OV are defined. First, the common semantic domain of these semantics
is defined by:

Definition 5.5 (Semantic Domain for Oy, O™, Oy!) We define PY!, the com-
mon semantic domain for the three weak linear semantics, from Q}" by:

(r€) PY' =p(Q")-§
The three weak linear semantics OF, Oy™, Oyi: £;[0] — P}" are defined by:
Definition 5.6 (Weak Linear Semantics)  Let s € £5[0].

(1) As preliminaries to the definition of the semantics, five auxiliary functions 7/,
Ts, T, 1., and T are defined as follows:

(i) T/(s) = {u- (V) 1 u € (C1)< A s =%},
Each element u € 7 /(s) represents a finite, successfully terminating se-
quence of observable actions s may perform.
(i) Ts(s) ={u-(8):ue (Ci)<¥A
Is'[ s =1 &' A 7,/ € acty(s') |}
Each element u - ( 8) € 75(s) represents a computation which first per-
forms observable actions in %, and then results in s’ which may perform
no internal moves or successful termination, and so, deadlocks, when
the environment offers no complements of the communication actions
act(s') which s’ may perform.®
(iii)
M(s)={u-(8):u€(Cy)¥A
35’ s =>1 8" A acty(s') =0]}.

6 Here, we assume that the interaction between a process and its environment is synchronousin
the sense of CCS or TCSP, i.e., that a process s cannot wait (or be suspended) unless 7 € acty(s).
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(iv)
To(s) ={u € (C1)¥:5 =}
Each element « € 7,,(s) represents an infinite sequence of observable
actions s may perform.

v) Ti(s)={u- (1) :ue (C) A s}
Each element « - (L) € 7 (s) represents a computation which first per-
forms observable actions in u, and then, diverges, i.e., performs an
infinite number of 7’s.

(2) OY[s] =T /(s) U Ts(s) U T,(s) U T (s).

(3) OY™[sl = T/(s) U TM(s) U Tu(s) U To(s).

(4) Let Q1" = {¢,(8),(L)}. We define Oyi[s] as the subset of O} [s] consisting
only of elements of Q‘f'l‘ under the assumption that the environment allows
no (external) communication actions, and hence, the only possible action for

processes is 7. That is, we define O}! with the help of a restriction function
O as follows:

(i) For p € P}, let O(p) = pn QY.
(i) OF'[s]1=0(0y[s]). 1

As stated in the introduction, none of the three semantics is compositional, as
is exhibited by the following example.

Example 5.1 Let
51 = (co;c1) + (cojc2), 82 = co;(c1 +c2).
Then,
O[s1] = O[s2]
(O = Oy, 08m, OF!). However, putting
s=(6;6), C=A{cz, &1},
one has
() € Olls1 || s]\ Ofs2 || 5]

for O = Oy, 0V, and

(8) € O/ [0c(s1 || )]\ O [0c(s2 (| 9)]- 0
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5.4 Two Compositional Models C', i

In this section, two compositional models Cy and C}" for L are introduced. The
models €)' and C}* are mild variants of the failures model of [BHR 85]. Here
superscripts ‘w’ and ‘i’ stand for weak and internal, respectively. The models are
defined operationally in the style of Plotkin ([Plo 81]) first, then they are shown
to be compositional.

First, the common domain of C}' and C}"', written P}, is defined by:

Definition 5.7 (Semantic Domain for C}" and C¥) Let

(ye) CY =Ci U {V},

and let us use I as a variable ranging over p(Cy). Let 4 be a symbol distinct from
& and L. The symbol 4 represents immediate deadlock (see Remark 5.2 below
for more explanation of 4). For I' € p(CY), let us write, for easier readability,
§(T") and A(T) for (&,T) and (4,T), respectively.

First, let

(ge) Q' = ((C)<“-{(N)})
U((Cy)<¥-{(s(T)) : T € CY'})
u{(a(T)): T c Cy}
U(C1)* U ((C)<“-{{L)})-
From QY', we define P}' by:
(» €) Py = p(Q}).
For p € P}, let

Ty(p) =p N (C)= - {1,
F(p) =pN((C)< - {{8()): T € CY}),
R(p)=p N {(AM):T € C{'},
) =p 0 (C1)*
Ti(p) =p N ((C=-{(L)})-1
The compositional models
cy,.eyts £3[0] — Py
are defined by:

Definition 5.8 (Compositional Models)  Let s € £;[0].
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(1) Let F(s) be the set of failures in the sense of [BHR 85], R(s) the set of refusals
of 5 (not of some s’ such that s 5;==, s'). Here F(s) and R(s) are defined
as follows:”

F(s) =
{w-{8(T)):u € (C1)* ATC CY A
3s'[ s == A= /AN acty (s') =0 ]},

R(s) ={(A(T)) : T C CY A s £51 AT N act,(s) = 0}.

(2) CYlsl = Ty(s) U F(s) U R(s)U T,,(s) U T, (s).
(8) For defining the second model C}* from C}*, a pruning operation A on elements

of
©((C1)* U ((C)= - {{L)})
is defined as follows For p € p((Cy)“ U ((Cy)<¥ - {(J_)}}),

Ap)={uvepn (C1)¥: V' <pu[w - (L) &p
{u- (L) €p N ((Cr)<- {(i)}) va! <pv[u’-{i) ¢pl}

Moreover, for p € P¥f, let

Ap)= (P\((C1)*U((C1)< - {(L)}))
UA( N ((C1)* U((C)< - {{L)}))-

Then, C}i[s] is defined by:
cyilsl = Ay TsD)-
See Remark 5.3 below for an intuitive explanation of the notion of pruning.
(4) Let
¥ {(A): T CCY} - {{(8(1): T C G}
be defined by:
$((A(D)) = (6(T). 0

Note that, from C}'[s], the five parts: 7 /(s), F(s), R(s), T(s), To(s) are
represented by:

P(s) =P(CY[s]) (P=7,F,R,T.,T.).

Remark 5.2

7C!ngma\lly in [BHR 85], a failure is defined as a pair (u,I') with « € (C;)<%, I C C‘/ The
pair (u,I') in [BHR 85] corresponds to the sequence u - (§(T')) in this chapter. We a.dopt the
above definition of failures for the convenience in defining the semantic operations presented in
Definitions 5.9-5.12.
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(1) For s € £;[0], R(s) is included in F(s) is the sense that
Y[R(s)] € F(s).

The difference between (A(T)) and (6(T)) is that (A(T)) is an immediate
refusal of s itself (not of s’ such that s —;==1 s'), while (§(T)) is a refusal
of some s’ such that s =>, s'.

(2) There are alternative formulations for €}’ and Cyi. For example, let us define
R' as follows: For s € L;[0],

R/(s) = {{A} i

[} otherwise.
Then it is easy to see that for every s1,s2 € L[], the following holds:

f(S]) U R(Sl) = .7‘-(82) U R(Sg)
& F(s1) U R'(s1) = F(s2) U R'(s2).

Thus the part R(s) can be replaced by a 1-bit piece of information R'(s).
Nevertheless, we prefer the present formulation for the convenience in defin-
ing the semantic operations to be presented in § 5.4.

(3) In [BP 91}, an additional ingredient similar to R(s) is used to construct a fully
abstract model for a concurrent constraint programming language based on
asynchronous communication. Notice that the communication treated here
is synchronous unlike the one in [BP 91]. J

Remark 5.3 As mentioned in § 5.1, the second failures model C}"" is intended to
be fully abstract w.r.t. the internal action model O}". For this purpose, Crisl
(s € £;[0]) should contain just enough information in order that C"[s] contain
all the information in OFi[s] (i.e., C}'" <abs O}') and that C}"' be compositional.

Let us say g € C¥[s] is omissible when g € (C;)* U (C;)<¥-{(L)} and there
is u € (C1)< such that u <, strip(q), where strip(¢) = ¢ if ¢ € (C,)*, and
strip(g) = u’ if ¢ = '+ {L); otherwise we say g is non-omissible.

Only in order to have C}'' <ups OV, we may omit all elements of C}'[s] \ Q)"
(from C}'[s] for obtaining C}"'[s]), since all elements of Oyi[s] are contained in
QY. However, if we omit all elements of Cy'[[s] \ QY (from C}'[s] for obtaining
CF[s]), we will loose the compositionality of C¥, since for some context S[-], some
elements of C)'[S[s]] N Q¥ stem from elements of C}'[s] \ QY. (For example,
consider the context -||s’ with (&)ico € CY'[¢']. We may or may not have (L) €
O¥i[s||s'], according as {¢;)icw € Cy'[s] or not.) Thus, we cannot omit all elements
of C¥[s]\ Q" (from CY'[s] for obtaining Cy''[s]).

But, we can omit all the omissible elements of C}'[s] (from it for obtaining
Cri[s]), because for every context S[-], all non-omissible elements of Cy¥[S[s]] are
obtained from non-omissible elements of Cy[s]. (For example, let us consider
the above context again, under the assumption that (ci)icn € C¥[s] with the
additional assumption that (¢;}iex - (L) € Cy[s]. Then, {(ci)iew is omissible by
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definition, since (c;)ier <p (Ci)icw = strip({¢i)ic). We obtain the element (L)
of CY¥[s]|s'] N Q}", without using the omissible element {¢;);¢.,, by using the non-
omissible element {c;)iex - {L) instead of {¢;)icw.)

Thus we can omit all the omissible elements of C}[s] from it for obtaining
C}'[s]; such omissible elements of C}'[s] are pruned away by the function ©, in
order to obtain C}'I[s].

Note that in Chapter 6, the notion of flattening, which is a slightly stronger
version of of pruning, is used for constructing a fully abstract model in a cpo
framework. J

From Definition 5.8, it immediately follows that C}¥ <.ps CJ'}, i.e., that C}'! is
as abstract as or more abstract than C}¥. Moreover, it holds that C}' <aus C}',
i.e., that C}'! is strictly more abstract than C)'; this fact follows from the following
example, where we give two statements sg, s; such that C{¥[so] # C{¥[s;] but

Ctisol = O[]
Example 5.2 Let
so = (pX. e+ (13 X5¢), s1=(pX. ;X)+ 50
(see Figure 5.1 for pictorial representations of sq and s;). Then,

Clso]l ={c" - (V)inewlU{c"t-(6(T)):new AT € p(Cq)}
{1 -(8() :n€w AT € p(CY \ {ch} U {(L)},
and Cy'[s1] = {¢“} U C}'[so]. Thus, C}*[so] # C}[s1]-
On the other hand,
CY'Isol = €Y [s0] = CY [s1] \ {*} = €Y [s1]. W

The following lemma, whose first part states a kind of closedness of C}'[s]
(s € L£1[0]), will play a key role in the proof of the full abstractness of C}"' w.r.t.
o,

Lemma 5.2
(1) Letse L;[0] and v € (C1)~. Then

Vo' <p u[ v’ - (L) € CY¥[s] A CY[s][w'] #0]
= u € CY'[s].

(2) Let 51,89 € L;[0]. Then

(sl \ (C1)*) = (¥ [s2] \ (C1)¥)
= (CY[s1] N (C1)¥) = (C1'[s2] N (C1)°)- B

Proof. (1) By the fact the transition system is finitely branching (Lemma 5.1),
with the help of Kénig’s Lemma (cf., e.g., [Kun 80] Lemma 5.6).

(2) Let u € (C)[s:] N (C1)¥) and n € w. Then, by the definition of C}', one has
upny - (L) € CY'[51], and hence,
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up - (L) € 7' [s2]-

Clearly there exists s} such that s, =i s}. Since upy) - (L) & Ci'[s1], there exists

Figure 5.1: Synchronization Trees of Statements sg, 51 in £

sy such that

S; "'—C_>1 SlrlJI 7£1‘] i
Thus

gy - (8(T)) € CY'[s1]

for some I' C Cy. Thus, one has

upm) - (8(0) € (CF ] \ (C1)¥) = (C1' 52D \ (C1)?),

and hence,

g - (8(T)) € CY'[s2].

By this and (5.18), applying Part (1), one has u € C{'[s2]. By this and (5.18),

recalling the definition of C}"', one has

u € (C{Viﬂsz]] aR( DN |

It can be shown that both C}¥ and C}*! are compositional w.r.t. all the combina-
tors of £;. In order to show this, we will define semantic operations corresponding

to the syntactic combinators of £5.

First, two binary semantic operations ;} and 7 corresponding to ;" are defined

by:
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Definition 5.9 With two auxiliary operations:
FLR (BT x Py Pyt
the operations ; and 7 are defined as follows: For p;,p, € PYE,

Fi(p1.p2) = X

{u-(6(I)) :w- (6T U A{V})) € F(p1) V_

(u- 6T\ {V}) € F(»1) A (A(T)) € R(p2))}
U{w-g:w- (V) € T (p1) A q € (F(p2) \ ¥[R(p2)])},

Ri(p1,p2) = )
{a@): (AT u{y)) eRPp) vV
((ATN{V}) € R(m) A (A(T)) € R(p2) )},

pLipz= N N

{w-q:w- () €T/)(p1) A g€ T/)p)}

UFi(p1,p2) U Ri(p1,p2) X X
U(Zo(p) U {w-g:w- (V) € T/(p1) A q € Lu(p2)})

U(TL(p1) U {w-g:w-(V) € T/p) A g € Ti(p2)}),

P13p2 =A(p17p2)
Next, two binary semantic operations + and F corresponding to ‘4’ are defined
by:

Definition 5.10 With an auxiliary operation F+, the operations + and + are
defined as follows: For p;,ps € PYF,

F*(p1yp2) = X i
(Fe) \ ¢¥[R(p1)) U (F(p2) \ ¥[R(p2)])
UY[R(p1) N R(pa)],

P{‘T'Pz =
(Ty(p1) U T /(p2)) )
UF*(p1,p2) U (R(p1) N R(p2))
U(Z(p1) U To(p2)) U (To(p1) U Ti(p2)),
Pp2 = A(pr4p2)- 1
Moreover, two binary semantic operations ﬁ and ﬂ corresponding to ‘||’ are
defined. As a preliminary to the definition, a function

mrg : (A1) x (A1)59) = p((A1)S¥)

is defined as follows:®

81t is easy to see that the above definition of the function mrg is a natural extension of the
definition of shuffle of two (possibly infinite) sequences in [Mey 86], so as to allow synchronization
of communicating actions with their complements (cf. [Mey 86] §2.2).
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Definition 5.11 (Merging of Sequences) Let wy,w; € (Ay)Sv.

(1) First, the set of merged sequences of w; and w, with exztre information on the
origin of its elements, written mrg” (w1, wz), is defined. Let L, R, and S be
distinct symbols standing for “from left-hand side”, “from right-hand side”,
and “from both sides by synchronization”, respectively. Let

H={ne (A x{L, R,S})=¥ : Vi € Igt(n)|
w3 (n(i)) = S = m(n(i)) € C1 ]}
For a € A, let us write simply a”, a®, ¢ for (a, L), (a, R), (a, S), respec-

tively. Two homomorphisms 7,7z : H — (A1)S¥ are defined as follows:
Fora € A]., cE Cl,

(i) m({a®)) = (a), ma( ;
(ii) 7, ({a®™) =€, ma(( a)i (5.19)

(Note that m, and 75 in (5.19) (iii) can be exchanged without changing the
meaning of H, because ¢ = ¢, by Definition 5.4 (2).)

Then, let mrg*(w,w2) be the set of elements 7 € H satisfying the following
conditions:

(i) If both lgt(w;) and lgt(w,) are finite, then 7. () = w, and Ta(n) = ws.
(In this case, one has lgt(n) < lgt(w;) + lgt(w2), by the definitions of
7w, and Tg.)

(ii) If either lgt(w ) or lgt(ws) is infinite, then lgt(n) = w, 7.(7) <p w1 and
7a(n) <p w. (In this case, one has 7;(y) <, w; instead of wi(n) = wj,
because the actions in the merged sequence might stem only from w;
from some stage, if w; is infinite ((#,j) = (1,2), (2,1)). Note that no
fairness constraint for merging is imposed here.)

(2) Another homomorphism 7 : H — (A1)S¥ is defined as follows: For a € A,
ce C,,

7({a")) = 7((a™) = (), (%)) = (7).
Then, let
mrg(wy, ws) = w[mrg” (wy, we )],
mrg,, (wy,wy) = B[mrg(ws, wa)].
(3) For py,p2 € (C1)S¥, let
Mrg, (p1,p2) = U{lmgw('ﬁ’lew?) cwy €y A wa € pa}- i
From the homomorphisms defined above, we have the following lemma:

Lemma 5.3 (1) Let 51,52, € Li[0], w € (A1)<¥. Then,
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51]] 52 D1. 8’ &
Jwy, wa € (Ay)<¥,3s}, sh € Li[0]] w € mrg(wy,ws)
As' = (sh]|sh) A 51 —51. 85 A sz 5. 55 ]

(2) Let wy,w; € (Ay)<%. Then

Jw € {r}<“[ w € mrg(wy,ws2) | = 8(wy) = 8(ws).
Proof. The part (1) (resp. (2)) can be shown by easy induction on lgt(w) (resp.
on lgi(un) + Igt(z)). W

From Mrg,,, the semantic operations ﬂ and ﬂ are defined by:
Definition 5.12 For p € P}7, let
Tr(p) = {u € (C)<: plu] #0},
Prefy(p) ={u € (C1)*: u- (L) € TL(p)}-
First, four auxiliary operations
Fi, R T TE (PP x PP~ P
are defined as follows: For p;,ps € P}7,

}_Il(phpz) =
w) (GO &
Juy - (8(T'1)) € F(p1), 3uz - (6(T1)) € F(p2)
[ w € mrg(uy,usz)
A(CL\T1) N(C \Tp) =10
A((C\{V} ET1 AT CTy)
VI ST AT\{V}CT2) ]}

Ri(p1,p2) =
{amy: )
H(A(Fl)) 'R(pl) (&(Fz )) € R(p2)
[ (Cl\Fl n (C (Ci\T2)=10
(C\{V}CTL ATCTy)
V(ITCTy A T\{\/}Crz) 1}

T“(Pl Pz) =

Mrg“ (T‘( 1 *Tw(Pz))

UMrg,, ( 1'(

U((C)* N M gw (T (Pl) To(p2)))s
T} (p1,p2) =

Mrgw('j'l"gpi) Pref ) (p2)) - {{L}}
UMrgw(ﬂ (Pz) Pref Pl) {('L>} .
U(((C1)< - {{(L)}) N Mre, (Tu(p1), Zu(p2)))-
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From these auxiliary operations, H and ﬂ are defined by:

pilipe = Mg, ({w:w- (V) € Typ)}{w: w- (V) € Tym)})
U Fi(p1,p2) U RI(p1,p2)
UTY (p1,p2) U 7] (p1,p2)-

-

prllp2 = Alp1||p2)- B
Finally, a unary semantic operation 5(; (C C C,) is defined by:
Definition 5.13 Let C' C C,. For p € Q}7, let

dc(p) = _

{u-{/) € T/(p) : ran(u) N C =0}

U {u- {8( )) e(c Yo A TVC CYA
ran(u)ﬂ =0 A w- (86 I‘\C))e}'( )}

U(A):T € CY A (AT\C) e R}

U{ueT p) :ran(u) N C = 0}

U{u- (L) € 7. (p) : ran(u) N C = B}.§

By means of the semantic operations op and op (op =*;’,‘+",*||") and 8¢, the
compositionality of C}¥ and C}*' w.r.t. the combinators is shown:

Lemma 5.4 (Compositionality w.r.t. Combinators) The models C}' and C}"* are
compositional w.r.t. all the combinators of Li. That is, the following propositions
hold for every sy,s2 € L;[0] and C C Cy:

(i)  CY[s1 op s2] = CY'[s1] 65 CY' [5],
(i)  CYi[s1 op s2] = CY'[s1] op CY'[[s2]l,
Gii) C[0c(s1)] = dc(CLs1])s
where op = 4, 4+ || %, and C = CY,CY. 1
Proof. By case analysis on the types of elements of C}'[s; op s3] and C}'{[s; op s3]

(op = %4, ¢||), using the definitions of C}' and C}", together with the definitions
of the semantic operations. [

A semantic model M : £;[#] — D(M) s called compositional w.r.t. all contezts
of £; iff it satisfies:?
VX € Xp,VS € L£;[X],3f € (D(M) — D(M))[
Vs € L;[0][ M[S[s/X]] = F(M[s]) ]I,
which is obviously equivalent to the following:

Vs1,89 € Li[0]] M[s:] = M[s2] =

VX € Xp,¥S € L;[X][ M[S[s1/X]] = M[S[s2/X]] ]]. (5.20)

9In many of the references, the notion of compositionality is defined only in terms of certain
sets of combinators. The above definition is due to Apt and Plotkin (cf. [AP 86] Definition 3.3).
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It can be shown that both C}’ and C}'! are compositional w.r.t. all £; contexts
(possibly containing p-expressions) as stated by the next Lemma:

Lemma 5.5 (Compositionality of C} and C}'!) Let C be CY¥ or C\¥'. Then, for
every sy, s9 € L;[0], the following holds:

ClI'Sl] = C[[Szﬂ = (5 91)
VX € Xp,VS € L;[X][ C[S[s1/X]] = C[S[s2/X]] | W =

Proof. See Appendix 5.A. |

The proof of this lemma is rather more involved than that of Lemma 5.4 be-
cause of (possibly nested) p-expressions contained in the contexts; we relegate the
proof to the appendix, and first establish the full abstractness of C}* (resp. C}'!)
w.r.t. OF and O}'™ (resp. w.r.t. O}'"), using Lemma 5.5, in the next two sections.

5.5 Correctness of Models

The correctness of C}' (resp. of C}') w.r.t. O and O™ (resp. w.r.t. O}1) can be
shown by means of three abstraction functions A}, AY™, Ay : PYT — P which
are defined by:

Definition 5.14 Let p € P} .

(1) AY(p) =
{u (8):Ae p(CY)[ Vel Au-(s(T)) €p]}
U T\/(P) T.(p) U To(p).
(2) AP = {u-(8):u-(6(CY))ep}
UT\/(P)UT( ) U Ti(p).
(3) AT(p) = AV (p) N {e,(8),(L)}. 1

The following lemma follows immediately from the definitions of the linear
semantics, the compositional models, and the abstraction functions.

Lemma 5.6 Let (C,0,A) be (CT, 0¥, AT), (CV, 0™, A™), or (CF, O, ATH).
Then,

Vs € Li[0][ Ofs] = A(C[s]) |- 0

By this and the compositionality of C} and C}"' w.r.t. all contexts of £;, we can
show the correctness of C{" (resp. C}"') w.r.t. O} and O™ (resp. w.r.t. O}*).

Lemma 5.7 (Correctness of Models) Let (C,0) be (Cy',0F), (C,0F™), or
(CY',OF). Then, for every si,s2 € Li[0], the following holds:

Cls1] =C[s2] =

VX € Xp, V5 € L;[X][ O[S[s:1/X]] = O[S[s2/X]] |- 0 (5.22)
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Figure 5.2: Connections between Operational Models for £;

Proof. Let us prove (5.22) for (C,0) = (CV,0F) (for (C,O) =
(Cyi, oM, (CY,0F™), (5.22) can be shown in a similar fashion). Let s1,s; € L;[0]
such that

C;v Il‘slﬂ =C [[32]],
and let X € Xp, S € L;[X]. Then,

Oy [S[s:/X]]

= AV (CY[S[s1/X]]) (by Lemma 5.6)
= AV(CY'[S[s2/X]]) (by Lemma 5.5)
= OY[S[s2/X]] (by Lemma 5.6). H

5.6 Full Abstractness of Models

In this section, we will prove the full abstractness of C}’ (resp. of C}"') w.r.t. Oy
and OF™ (resp. w.r.t. O}1).

The connections, including the full abstractness results stated above, between
the three weak linear semantics and the two compositional models are summarized
in Figure 5.2. where (unlike usual commutative diagrams)

A (f.a)
_

“ o

denotes that C is fully abstract w.r.t. @ with AoC=O.
We need a few preliminaries to the full abstractness proof. First, let us define
the sort of s € L[], written S(s), by:

Definition 5.15
S(s)={ceCy:Iwe (A)¥s 5151 ]} 1

Then, the sort-finiteness stated by the following lemma immediately follows from
the definition of £3.
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Lemma 5.8 Vs € £;[0][ S(s) is finite |. |
The following two lemmas, to be used in ‘the full abstractness proof, follow
immediately from the definitions of C{ and C}".
Lemma 5.9 Lets € £;[0], v € (C,)<*, T C Cy, and let C be CY¥ or C}'. Then,
(1) uw-(8(I)) € CLs] & u-(6(TU{V})) €C[s]l0],
(2) (AM) e Cls] & (AT u{v})eCls|0]. B
Lemma 5.10 Let s € L;[0], T C CY, and C C C;. Then,
(1) (5(T) € ¢yl & (8(CUT)) € croc(s)l.
(2) (AM) € &'[s] & (A(CUT)) e CY'[oc(s)]- 1

Theorem 5.1 (Full Abstractness of Models) Let (C,0) be (€Y', OY), (€Y, O'™),
or (CY', OFY). Then, for every s1,s2 € Li[D], the following holds:

Cls1] =C[s2] &

VX € Xp,¥S € Li[X][ O[S[s1/X]] = O[S[s2/X]] | B (5.23)

Proof. Part 1. First, let us prove (5.23) for
(C,0) = (€1, OF).

The = -part is the claim of Lemma 5.7. For establishing the <=-part, it suffices
to show that if C{¥[s1] #£ Cy'[s2], then

3X,35[ OY[S[s:1/X]] # O [S[s2/ XD |- (5.24)

Suppose Cy'[s1] # C'[s2]. Let us show (5.24).
When 7 /(s1) # T /(52), Tu(51) # Tu(s2), or Ti(s1) # Ti(s2), it immediately
follows that

OY'[s:] # O [s2]-

Otherwise, there are two cases.

Case 1. Suppose F(s;) # F(s2). Let us construct an appropriate statement T
called a tester such that O} [s1 || T]) # O} [s2 || T].1° Since F(s1) # F(s2), one can
assume without loss of generality that there exist u,I" such that

u - (8(T)) € F(s1) \ Fs2)- (5.25)

Two subcases are distinguished according to whether \/ € I' or not.
Subcase 1.1. Suppose y/ € I'. One can assume without loss of generality that I’
is finite by Lemma 5.8; let I' = {\/,c1,---,¢n}, and u = (¢}, -+, c.)-

Set @ = (pX. 7; X), and

10The variable T is used to denote a statement when it is considered a tester, while the typical
variable ranging over the set of statements is s.
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T=e+ ;) +: -+ (@ Q),
T=(c,+8);;(c; +Q); T.
Then, it immediately follows from (5.25) and the definition of T" that
(6) € O || T] (5.26)
Let us show, by contradiction, that
(8) ¢ OY[s2 || T]. (5.27)

Assume that this does not hold. Then, by the definition of O}, there are s' € L;[0)]
and w € {7}<“ such that

(i) (s2||T) 5.8, (ii) 7,/ € acty(s'). (5.28)
Let us show that there is s5 such that

(i) so =1 sp, (i) & = (4 || 7). (5.29)
By Lemma 5.3 (1), there are wy,wy € (A1)<¥ and s, T’ € L;[@] such that

(1) w € mrg(wy,wy), (ii) ' = (s5 || T"),

I '.30

(ifi) s2 =514 s, (iv) T 3, T, (7-30)
First, let us show, by contradiction, that

wy = (¢, ) AT =T. (5.31)

Assume this does not hold. Then, one has either
i€ k[T = (cL+ Q)+ (ck +9);T]

(when w, is a proper prefix of (a, - ,a)) or
T'=Q

(when 7 is contained in ws or wy = (e, -,c_i_, ¢;) for some j € @2). In both cases,
it follows that

7 € act;(T”) C acty(s'),

which contradicts (5.28) (ii). Hence one has (5.31). By this and Lemma 5.3 (2),
one has

9(w1)=w_2=(c_§_-,---,zi-)=u.

(i) and (iii), one has (5.29).
and (5.28) (ii), one has 7,/ € acty(s}) and

—

Hence, by (5.30
By (5.29) (i

—

@ = (C; N act (s5)) N (Cy N acty(T))
=acty(s5) N {c1,*+,cn}
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Thus,
a'Ctl(S;) nr= aCtl(sé) n {\/?Cl:" B scn} — m-

It follows from this and (5.29) (i) that u - (6(I")) € F(s2), which contradicts (5.25).
Thus one has (5.27). From (5.26) and (5.27), the desired consequence (5.24)

follows.

Subcase 1.2. Suppose / ¢ I'. Then, by Lemma 5.9 (1) with C = C}¥, one has

u- (T U{V}) € &'[s1 [| O]\ €Y' [s2 | O]-

Thus, this subcase is reduced to Subcase 1.1.
Case 2. Suppose

(i) F(s1) = F(s2), (ii) R(s1) # R(s2)- (5.32)

Then one can assume, without loss of generality, that there exists I' C CY such
that '

(A(T)) € R(s1) \ R(s2)- (5.33)

As in Case 1, two subcases are distinguished according to whether \/ € I or not.
Subcase 2.1. Suppose / € I'. Then, since {A(I')) € R(s;), one has

81 A . (5.34)

Moreover, by the fact stated in Remark 5.2 (1), one has (6(I')) € F(s;), and hence,
(6(T)) € F(s2), by (5.32) (i).

Thus there must exist s4 such that
82 =1 55 71 AT N acty(sh) = 0.
From this and the fact v/ € I, it follows that
T,/ & act; (s5). (5.35)
By (5.33), s5 cannot be sy itself; thus
8g —1==>1 5. (5.36)

Let us take the context S = X + e with X € A'p arbitrary.
First, one has

(8) ¢ OV [Sls1/X]] = OF[s1 + el (5.37)
since by (5.34), there is no s} such that
(s14+e) =18, A1,/ ¢acty(s)).
On the other hand, one has

(9) € O [S[s2/X]] = O [52 + €], (5.38)
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since it follows from (5.35) and (5.36) that

(52 +e) =€>1 S; A T,\/ﬁactl(s’;).

From (5.37) and (5.38), the desired consequence (5.24) follows.
Subcase 2.2. Suppose / € I. Then, by Lemma 5.9 (2) with C = CY', one has

(A(CU{V})) € Y[ l0]\ CY' [ 52 || O]-
Thus, this subcase is reduced to Subcase 2.1.
Part 2. Next, let us prove (5.23) for

(€,0)= (¢, O™).
As in Part 1, it suffices for this purpose to show that if C'[s1] # C{'[s2]; then
3X,38[ OY™[S[s1/X]] # O™ [S[s2/X]] ). (5.39)

Suppose C}'[s1] # CY[s2]- Let us show (5.39).
As can be seen from Part 1, one can assume, without loss of generality, that

F(s1) # F(s2) or R(s1) # R(s2).
Case 1. Suppose F(s1) # F(s2). Then, one can assume, without loss of general-
ity, that there exist u, I such that

w-{6(T)) € F(s1) \ F(s2).

Two subcases are distinguished as in Part 1.

Subcase 1.1. Suppose / € I'. Then, setting T as in Subcase 1.1 in Part 1, one
can show that the following holds, in a similar fashion to Subcase 1.1 of Part 1
using Lemma 5.10 (1):

(9) € Oy [oc, (s1 | DN\ O™ [0¢, (s2 [ T]-

Subcase 1.2. Suppose / € [. This subcase is reduced to Subcase 1.1, as in
Part 1.

Case 2. Suppose F(s1) = F(s2) and R(s1) # R(sz2)- Then one can assume, with-
out loss of generality, that there exists T C CY such that

(A(D)) € R(s1) \ R(s2)-

Two subcases are distinguished as in Part 1.
Subcase 2.1. Suppose / € I. Then, it can be shown in a similar fashion to
Subcase 2.1 of Part 1 using Lemma 5.10, that

() € Oy™[oc, (52 + )]\ OF™[0c, (51 +e)]-

Subcase 2.2. Suppose \/ € . This subcase is reduced to Subcase 2.1, as in
Part 1.

Part 3. Finally let us prove (5.23) for
(c,0) = (1, 0.
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As in Part 1, it suffices for this purpose to show that if C}"'[s;] # C\¥'[s2], then
3X,35[ Oy[S[s1/X]] # OY'[S[s2/X]] ]. (5.40)
Suppose C}'[s1] # Cy¥'[sz]. Let us show (5.40).
By Lemma 5.2 (2), one has
@[]\ (C1)*) # (' [s2] \ (C1)%).

Thus, there are four possible cases, i.e., one of the following four propositions
holds:

(i) Fls1) # F(s2), (ii) R(s1) # Ris2), (5.41)
(i) T/(s1) # Ty(s2), (iv) ToL(CYi[s1]) # TL(CY [s2])- '

In the cases (i), (ii), one can show (5.40) in the same way as in Part 1. Let us
show (5.40) in the cases (iii), (iv).

Case 1. Suppose (5.41) (iii) holds. Then one can assume, without loss of gener-
ality, that there exists {c;,---,ex) € (C1)<¥ such that

{e1,+ -5 ek V) € Ty(s1) \ Ty(s2)-

Then, setting T' = (&;- - -; €), it can be shown, in a similar fashion to Subcase 1.1
of Part 1, that

(V) € OV Is1 ITI\ O [s2[| 7).

Case 2. Suppose (5.41) (iv) holds. Then one can assume, without loss of gener-
ality, that there exists

u={c1,++, ) € (C1)<¥

such that

(1) v (L) € Tu(CY'[0])s () u- (L) & TL(CY'[s2]). (5.42)
Then, by the definition of C{'! and (5.42) (i), one has

Vo <pul o'+ (L) € Tu(sr) | (5.43)

Two subcases are distinguished according to whether the following holds or
not:

Ju' <pulu' - (L)€ Ti(s2) ] (5.44)
Subcase 2.1. Suppose (5.44) holds with lgt(u’) = i. Then, i < k. We set
T = (e13--5G)

Then it follows from (5.43) and (5.44), in a similar fashion to Subcase 1.1 of Part 1,
that

(L) € O[5 | TI\ O [s1 || T
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Subcase 2.2. Suppose (5.44) does not hold. Then
- ('L> Q T.L(32)}

since otherwise it follows that
u- (L) € TL(CY'[s2]),

which contradicts (5.42) (ii).
We set

T = (o153 )
Then it can be shown, in a similar fashion to Subcase 2.1, that

(L) € O [s1 | TI\ O [s2 | T]-

Summarizing, in both subcases, one has (5.40).

5.7 Concluding Remarks

We conclude this chapter with remarks about future work.

There are two directions for possible extensions of the reported full abstractness
results.

One is to investigate the same full abstractness problem for other languages
that are extensions of £;. The set of combinators of £; is rather restricted; the
abstraction combinator of ACP, (cf. [BK 85]), as well as the relabeling combinator
of CCS (cf. [Mil 80]) are good candidates to add to Lj. (However, it should be
noted that the failures model and its variants are not compositional w.r.t. some
combinators defined in the style of Plotkin (cf. [BIM 88]).) A similar full abstract-
ness problem for nonuniform languages such as the ones treated in [HBR 90], also
remains for future study.

The other direction is to investigate denotational constructions of C}' or C}"' in
the order-theoretic or metric topological framework; an extension in this direction
is provided in Chapter 6, as described in § 5.1.

Equational theories where “s; = s,” is interpreted as C}'[s1] = C}'[s2] and al-
gorithms for deciding whether C}'[s1] = Cy'[s2] for arbitrarily given two elements
51,52 of some subclass of £;[0] (and the same issues for C}'') are also to be investi-
gated; the first candidate class for which this issue is to be investigated is the class
of serial statements (cf. [Mil 89] §7.4), where seriality is a syntactical restriction
yielding the set of finite state processes.

Remark 5.4 It is known that on a class of simple expressions (at least 7-free finite
processes), the second testing equivalence =, defined in [DH 84], coincides with
the equivalence = induced by the failures model (cf. Remark 7.3.3 in [BKO 88]).
Although the general framework of testing is very appealing, there seems to be
a fairly large arbitrariness in the definition of tests (cf. [Abr 87]), and we expect
that, on the intersection of CCS and our language Lj, all the equivalences =;
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(1 = 1,2,3) are strictly coarser than the equivalence =¢y induced by C}', mainly
because the tests used in [DH 84] do not pay, in nature, so much attention to the
distinction between divergence and deadlock. Actually, it is shown that both =cw
and =y is strictly finer than =; (i = 1,2,3) for a sublanguage L; (see Figure 6.2
in § 6.6.4). We expect there will be no difficulty in extending this result for £; to
Li- 8

As mentioned in § 5.1, C}¥ (or C}*') cannot be constructed in the standard cpo
framework with the reverse énclusion 2 being the order of the semantic domain,C}"
(or C}') cannot be constructed in the standard cpo framework with the reverse in-
clusion 2 being the order of the semantic domain, because the semantic operation
|1 corresponding to the parallel composition combinator of £; is not continuous
w.r.t. the order D:

Example 5.3 (Discontinuity of ”1) Let c € C;. We define a sequence (3¢)ne.
of statements by induction as follows: First, we define §; as in Example 5.2 by:

G0 = (pX. e+ (1; X5 0));
then for every n € w, we define 5,4 by:
én-}-l = .§,.1; C.

Note that Figure 5.1 depicts 5, and §, in general is depicted by Figure 5.3 For
cach n € w, let p, = C}'[8,]. Then, clearly the sequence (p,)ne. is a D-chain, i.e.,

Po2p1 2 P2
Next, we define another statement 3 by:
o= (pX. e+ (1; X 0));

we put p = C}'[5]. Then, one has

Vn € wl (/) € pnllid ],

and so,

(V) € ﬂ [Palli].

new

However, for every n € w,

W) € [ [pa),

new
and so,
W) €@l () [pa))-
ncw

Thus,
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Figure 5.3: Synchronization Trees of Statements §, in £;

n [Pn ﬂl Pl # (ﬁﬂl ﬂ [2n])s

new new
and so, the semantic operation ||; is not continuous w.r.t. 2. §

Also, the next example shows that [|; is not nonezpansive w.r.t. the pseudo-
metric defined on P¥T in terms truncation as in Chapter 4; thus C}* (or C{"!) cannot
be constructed in the cms framework based on this metric.

Example 5.4 (Lack of Nonexpansiveness of ﬂl) Let dp be the pseudo-metric
between elements of P! defined in terms of truncation as in in Chapter 4. (Note
that dp is not necessarily a metric on P}f, because not all elements of P}' are
closed.) Let ¢ € C;. Putting @ = (pX. 7; X), we let

so=¢, sy=cf, osi=F s;=50
Then, obviously,

dp(CY'[s0], CY [s0]) = dp(CY [1].CY [51]) = &,
but

dp((CY [sol [l € [soD)s (€1 [sa] [l CF [s1D) = 1.

Thus, ||; is not nonexpansive w.r.t. dp. [

5.A Proof of Lemma 5.5

We will prove (5.21) for C = C} by induction on the depth of inference trees through
which transitions s 5, s' are proved by the transition rules (For C = C}", (5.21)
can be shown in a similar fashion). This proof is analogous to Milner’s proof of the
fact that the largest equivalence which respects weak bisimulation and is preserved
by ‘+’ is indeed a congruence (cf. [Mil 85] §2.2).

We need a few notational preliminaries to the proof.
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Notation 5.3 For 5,5 € Ly, a € AY, n € w, let us write Foay 8 = (s’), to de-
note that there is an inference tree, with depth n, through which s Ly (s') is

proved by the transition rules. We write - _ s Ly (s’), to denote that
(a3
3k <n[k,, s (s’) k

(a3 . ¢ 3
s —1” and “F s —1” for shorthands for

Further, we use “+
{<n)

(n})
3k 521 ()]
and
35’[ |_(<n) i 3’1 (S;) ]s
respectively. Ji

One obtains immediately, by the definition of transition relations =1 {(a € AY),
that

55,5 © Ineu Foy § =18

Let sy, 52 € Lg with C}¥[[s;] = C{¥[s2]. In order to prove (5.21) for C = CY", it
suffices to prove (5.45) below for P =7 ,, R, F,7,,7}:
VS € Lx[ P(S[s1/X]) = P(S[s2/X]) . (5.45)
The proposition (5.45) for P = 7./, R, F, T.,, 7. will be proved in this order.

Proof of (5.45) for P = T. In order to prove (5.45) for P = 7/, it suffices to
prove the following for every S € Lx:

(i)  S[s1/X] %12 S[sa/X] =1 %,

(i) Vae A, Vwe (A<, VSe Ly
[ S[SI/X] 'g’lﬂ*lm!n

= 5[82/){] A {a}-w) 1lf/1 ]

(5.46)

We will prove part (ii) (part (i) can be proved more easily in a similar fashion).
For (n, k) € w X w, let us write ‘ﬁ.}/(n, k) to denote that
Va e Ay, Vw € (A)",VS € Ly
[ 351y Slor/X] 51 st B0 % ]
B({a)-w) Vv
= S[SQ/X] 3l ]
The proof is achieved by transfinite induction on the well-ordered set

(w X w, <), where < is the lexicographical ordering defined as follows: For
(n, k), (0, k') € w x w,
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(n,k) < (0, k') &
n<n' V{n=n Ak<E).

Induction Base: The propositions 'I’}”(n,{]) (n € w), especially the base case:

'i'.}{ (0,0) can be shown straightforwardly.
Induction Step: Let (n,k) > (0,0) with & > 0, and assume

V(' k') < (n k) Y (', k) ).
Let us prove (I’.‘}’.’(n, k).
Let a € A;, w € (A;)", S € Ly, and suppose

3si[ kg, Sls1/X] 51 5 E’l*il ]. (5.47)

(%)
It suffices to show

B({a)-w) ) v

S[s2/X] -1 (5.48)

If S = X, then (5.48) immediately follows. Otherwise, we distinguish five cases
according to the form of S, i.e., one of the following five propositions holds:
S=(88"),8=(8+85"),S=(5]|8"), S=0c(5), or § =(pY. §’). Out of
the five cases, we consider the the case S = (5’;8") (in the other three cases, the
same result is obtained more easily in a similar fashion; in particular in the case
S = (uY. §'), the result is obtained in a similar fashion to the induction step in
the proof of (5.45) for P = R below).

By the definition of % (o € Af), there are two possible cases, i.e., either of
the following holds:

(1) 3%,3w € (A))*, 3" € (A)<
[ w=w-w"
A, Ss/X] S0 8 5%

(<k)
A 8"s1)X] 2%,

A s =(8:5"[s1/X]) ]
(i) S[s1/X] %1 Ak, §"[s1/X] 21 8.

(<k)

We consider the case (i) (in the case (ii), the same result is obtained more easily
in a similar fashion). By the induction hypothesis and (5.46) (i), one has

S 8 o’ w'’
S'lsa) X L)y M\ AS"[sa/X) 2 Y,

Thus, one has

Sls2/X] = (8'[s2/X]; §"[s2/X])
B(a)w) | 0w") |V

! 171,

and hence (5.48), since
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6({a) - w') - 6(w") = 0({a) - w). W

Proof of (5.45) for P = R. In order to prove (5.45) for P = R, it suffices, by
the definition of R (cf. Definition 5.8), to prove the following for every 5 € Lx:

(i) Sls2/X] F#0 =
Vv € CY[ Sls1/X] 212 S[s2/X] 51 ],
(i) S[s1/X] 512 S[s2/X] 51 .

We will prove part (i) (part (ii) can be proved in a similar fashion using (i)).
For n € w, let us write ®z(n) to denote that

VS € Lx[ S[s2/X] =1 =
¥y € CY[ k,y Sls1/X]
= S[sy/X] 1 ).

Let us prove, by induction, that ¥n[ ®z(n) ].
Induction Base: First, we will prove ®z(0). Let S € Lx, and suppose
S[sa/X] #551. Further, let ¥ € CY, and suppose b, S[s1/X] 51, If S=X,
then one has immediately that S[s;/X] = s; 1, and hence, S[sz/X] = s3 1.
Otherwise, S is either v (if v € C,) or e (if v = €). Thus, S[s;/X] = S[s:/X],
and hence, S[s2/X] 1.
Induction Step: Let k € w, and assume that ®(i) holds for every : < k. We
will prove @x(k + 1).
Let § € Lx, v € C,, and suppose

(i) S[s2/X] 451, () ki, Sls1/X] D1 (5.49)
Let us show
S[sa/X] 21 . (5.50)

If S=X, then (5.50) is obtained immediately. Otherwise, we distinguish five
cases according to the form of §, i.e., one of the following five propositions holds:
S=(588"),8=(5+5"),S=(5"]S"), S=08c(5),or §=(pY. §).

QOut of the five cases, we consider the case S = (uY. S') (in the other three
cases, the same result is obtained similarly). If ¥ = X, then (5.50) is obtained
immediately. Otherwise, by (5.49) (ii), one has

5 (nY. §)[s1/X] = (nY. §'[s1/X]) S

(k+1)

By this and the definition of N (cf. the recursion rule in Definition 5.4 (3)), one
has

Foy S'ls1/X][(wY-S'[s1/X])/ Y]

' = 8y, 8)/Y)is/X) 21

By this, (5.49) (i), and the induction hypothesis, one has
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S'(wY. §)/Yls2/X] =
S'[s2/ X)[(nY. S'[s2/X]1)/ Y] %1 .

Thus, by the recursion rule, one has
(nY. S'[s2/X]) D1,

and hence, (5.50). W

Proof of (5.45) for P = F. In order to prove (5.45) for P = F, it suffices to
prove that the proposition (5.51) defined below holds for every (n,k) € w X w,
since (5.45) for P = R has already been shown.

Va € A,V € (A)", VT C CY,VS € Lx
[ 384,81 b, Sls/X] 21 8% 5. st —h
Aact(si) NT'=0] =
3w, € (Aq)T,3s) ;
[ 8(w2) = 8((a) - )
A S[s2/X] 1. sy —h
Aact(sh) NT =0 ]].

(5.51)

This is achieved by transfinite induction on the well-ordered set (w X w, <), in a
similar fashion to the proof of (5.45) for P =7, W

Let us prove (5.45) for P = T,,, 7, . We need a few preliminaries to the proof.

Definition 5.16 (1) Let T C L4 x Ly be the largest relation satisfying the fol-
lowing condition:

Vsy,82 € Ly
[ 51 C s =
Va € A;,Vs)
[s1 51 81 = 3sh[ 82 >1 55 A st T ]l

(5.52)

(2) For w € Ay, and s1, 82 € L;[0], we write
51 D 1.C 52
to denote that
3s" € L;[0) 51 =1 S Cs2 )10

The existence of such a relation C can be shown in a similar fashion to the way
that so-called strong bisimulation is defined (cf., e.g., [Mil 89] §4).

Definition 5.17 Let (w,)ncw € ((A1)*)”. The concatenation of (wy)new, Writ-
ten cat({wn)new), is defined to be

wo.wl.w2- saa

Formally, this is defined to be
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(M € w. Win() (t- - Ejem(i)lgt(wj)))r
where m(i) = min{k : { < Z;eenylgt(w;)}- B

The following proposition, to be used in the proof of (5.45) for P =7,,7,
immediately follows from property (5.52):

Lemma 5.11 Let (wn)new € ((A1)1)¥, s € Lp, and (Sp)new € (Lo)“. Then

sso AVR €[ sy —=1.0 801 | = 8 M*.l

The following lemma plays a key role in the proof of (5.45) for P = 7,,,7,.

Lemma 5.12 Let s;,s2 € £y with C¥[s1] =C¥[s2]. Then for w € (Aq)*,
p € (C1)3, and S € Ly, the following holds:
8(w) # € A S[s1/X] i L T
die Ly,35 € Lx
[ 6(w) = 8(d) A (3] S[s1/X]) =1
A Slsa/X] =23 (31| Slea/ X)) |-

Proof. In order to prove this, it suffices to prove the proposition (5.53) defined
below, holds for every (n,k) € w % w:

Va € Ay,Yw € (A)",Vp € (C1)3¥, VS € Lx
[ 8({a) - w) #eA
3s[ |_(k) SlstI =1 81 LL"1=p>1 ] =
die Ly,35 € Ly
[ (311 8[s1/X]) =1
A S[s2/X] 222 3 (3 3ls2/ X)) 1)
This is achieved by transfinite induction on the well-ordered set (w X w,=<), in a
similar fashion to the proof of (5.45) for P =F. W
By means of Lemma 5.12, let us prove (5.45) for P = 7,,.
Proof of (5.45) for P =7,. Let S € Lx. In order to prove (5.45) for P = T,,,

it suffices to prove

(i) T(S[s1/X1) € Tu(S[s2/X]),
(if) To(Sls2/X]) € Tu(S[s:/X]).

(5.53)

Let us show the first part (the second part can be shown in the same way).
Let (cn)new € (C1)”, and suppose S[s;/X] %1. Let us prove

S[s2/X] %1 . In order to show this, it suffices, by Lemma5.11, to prove
that there exists {(Sn,Sn))new € (Lo X Lx) such that
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S[s2/X] 3 (30 || So[s2/X]) A

{ca)

> i 5.54
Vn € w[ (3n || Snls2/X]) =12 (8n+1 || Sn+1[s2/X]) |- (5:54)

First, let (3o, S’o) = (0,S). Next, let us define (3, 5,) (n > 0) inductively as
follows: For n € w, suppose (3y,S,) has been defined. If

(§n, Sn) ﬁf E@ X EX:
let

(3041, Sn41) = (L, L)
Otherwise, putting

N ={(5,5) € Lo x Lx : (3] S[s1/X]) <2225,
A (3n || Suls2/ X)) g’”lg (3] S[s2/ X))},
let
5 {(l» 1) it N =0,

(8nt1, Snt1) = any member of N otherwise,

where (3n41,9n41) = (L, L) indicates that (3n41, Sny1) is not properly defined.
Then, one can show that

{(3n)5n))new € (Lo X Lx)*
and (5.54), by induction on n using Lemma5.12.

Finally, let us prove (5.45) for P = T;. In order to prove it, the following
lemma is employed.

Lemma 5.13 Let 51,82 € Ly with

CY' [1] = CY' [s].-
Then for every S € Lx, the following holds:

Sls1/X] =, >

35 € Lo,35 € Lx[ (3]|8[s1/X]) =

A S[s2/X] D1==13 (3| S[s2/X]) | N

Proof. This lemma is proved by induction on the number k such that
3s)[ b, Sls1/X] 51 st =, |, using Lemma5.12. W

By means of Lemma 5.13, one can prove (5.45) for P = T, in a similar fashion
to the way (5.45) for P = 7, is proved by means of Lemma 5.12.
Summarizing, we obtain (5.45) for

P=T,R,F, Ty,
and hence, (5.21) for C = CY'.



Chapter 6

A Fully Abstract Model for
Communicating Processes
Based on the Smyth
Powerdomain of Failures

6.1 Introduction

In this chapter, we construct a fully abstract model ’D;"f for the language L; treated
in Chapter 5, but w.r.t. a new operational model OPf. The model OPf is weak
linear and maximal as the one O™ treated in Chapter 5, but also it is flatiened
in the following sense: If a sequence w - (L) is contained in the meaning OPf[s] of
a given statement s under O™, then there is no element w’ - (z) in OPf[s] such
that w' is an extension of w and z # L. The model O is obtained from O}'™ by
flattening, i.e., by removing all elements of the form w’ - {z) with w’ an extension
of wand z # L. when w- (1) € O}™[s]. The flattening operation reflects the
view that an element of the form w - (L) indicates that something disastrous can
happen after the execution of w, and thus, all elements of the form w’ - (z) with
w' an extension of w are of no interest.

First, in § 6.2, a semantic domain P on which D} is based is given. We call
P, the Smyth powerdomain of failures because P is a cpo ordered by the Smyth
ordering C,. The domain P, is also a cms with a metric d defined in Chapter 2.
Further P, has the following useful property:

153
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Let (pn)new be a chain consisting of elements of P
Then, (Pn)necw s a Cauchy sequence w.r.t. the metric d,
and the b of (pnYnew in (P, Cs) and its imit in (P, d)

cowncide, i.e., (6.1)
|_' [pn] = }llé?)[pn ]
new

(This property is established in § 2.4, where certain results for the space of compact
sets of streams, established by de Bakker et al. ([BM 87], [MV 88|, and [MO 90])
are generalized to the space of closed sets.) The property (6.1) plays a key role in
the full abstractness proof, as is explained below.

In § 6.3, we introduce three operational models; the LTS (£;[0], (—1: o € AYY)
defined in Chapter 5 is also used for defining these operational models. First, a
weak, linear, maximal, and flattened model OP' is defined in terms of the LTS.
Further, two failure models C§* and C}'f are defined operationally. Both Cj* and
Cy' are flattened in the sense explained above. A purely operational argument
shows that C}'T is complete w.r.t. OPf, i.e. that

For every two statements sg, s; of £; with C¥iso] # C{’“f{[slﬂ, (6.2)
there is a context § of £; such that OP[S[s] # OPI[S[s:]. )

In § 6.4, semantic operations op corresponding to the combinators op of Lj are
defined on the basis of P.. Metric and order-theoretic models M7" and Df" are
defined in terms of the semantic operations. Using (6.1), one has

Vs M{'[s] = DY'[s] |- (6.3)

Moreover, another order-theoretic model D' is defined in terms of weak semantic
operations op, which are obtained by applying a hiding function H to the original
semantic operations op. The continuity of the operations op follows from that of
H. A purely order-theoretic argument shows that

Vs DY[s] = H(DY[sD) | (6.4)

Then, in § 6.5, the models defined in the previous section are related; in par-
ticular the full abstractness of Dy w.r.t. OPf (the main result of this chapter) is
established: The correctness of D} w.r.t. OPf can easily be shown. For establish-
ing the full abstractness, it suffices, by (6.2), to show that

vs[ Y [s] = DY'[s] ], (6.5)
which is shown as follows: For every statement s,
Cr'[s] = H(CY[s]) = H(MT[s]) = H(DY [s]) = DY'[s].

In this chapter, we are primarily concerned with the two models O™ and Dyf
and the connection between them. All the other models, however, are necessary
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for connecting O‘l"f and .’D}"f, and for establishing the full abstractness. In particu-
lar, note that the metric framework is essential in connecting the operational and
denotational models, although the denotational model D¥f, which we are primar-
ily concerned with, is constructed order-theoretically: The equivalence between
the metric (M7") and operational (C{*) models is conveniently established in the
metric framework, by means of Banach’s Fixed-Point Theorem. It seems much
more difficult than this to show the equivalence between Dj" and Ci{ in the order-
theoretic framework, although the metric (M§5') and order-theoretic (Di") models
are equivalent.

Finally, in § 6.6, a slightly simplified variant D*T of the fully abstract model
Dy is compared with two well-known models for communicating processes: the
improved failures model A° of Brookes and Roscoe ([BR 84]) and the strong Ac-
ceptance tree model AT, of Hennessy ([Hen 88]): these three models D¥f, A/, and
ATg are shown to be isomorphic. We also give a comparison between these models
and the two models C}¥ and C}'! introduced in Chapter 5.

Some of the tedious mathematical proofs are relegated to the appendices.

6.2 The Smyth Powerdomain of Failures

In this section, we define the common semantic domain P, of the several models
to be presented in the following sections. Roughly speaking, P consists of closed
sets of failures and is endowed with an order C, due to Smyth; we call P the
Smyth Powerdomain of fatlures.

First, we present some preliminary definitions.

Definition 6.1 (1) Let C; be a nonempty set, 7 a symbol with 7 ¢ C;. (Ele-
ments of C; represent communication actions, and 7 represents an internal
move (or a silent action).) Set A; = C; U {7}.

(2) Let D, 4, and & be distinct symbols standing for direct deadlock, indirect
deadlock, and deadlock, respectively. Let CY = C; U {y/}, and let D :
p(CY) — {D} x p(CY) and A : p(CY) — {4} x p(CY) be defined as
follows: For T € p(CY),

D(T)=(4,T), A(T)=(D,T).
(3) Let
B = D[p(Cy)] U Alp(CY)] U {v}

and B, = BU{L}. Let Q be defined just as in Definition 2.3 with 4 = A,
and B = B. That is,

Q= ((A1)<¥-BL)U (A1)~
(4) For p € p(Q), let B(p) =pN B and &(p) =pN((A1)' - Q). §
From Q, the domain P, is defined by:
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Definition 6.2 (Semantic Domain P) Let p € p(Q).

(1) (i) act(p) ={a € Ay : p[{@)] # 0}.
(ii) cact(p) = act(p) N C;.
(2) Let P, be the set of elements p of p411(Q) satisfying the following conditions
(i)-(v):
(i) p is bounded in the action partin the sense that
¥n € w| strip[pl™] is finite ]. (6.6)
(ii) p is downward closed in the sense that

Vuw € (A)<“ VT C CY[w-(Y(T)) ep =
VI' € p(D)[w-{X(T)) ep]l,
where T = D, A,

(iii) p is upward closed w.r.t. disabled actions in the sense that

Yw € (A)Y VL CCY[w-{Y(T))ep =
w - (T(T U (CY \ act(p[w])))) € p ],
where T = D, A,

(iv) Yw € (A)*,VI[ w- {(A(T)) € p ]. (We call this condition the A-
condition.)

(v) For every w € (A;)<¥, if plw] # 0, (L) € p[w], and 7 ¢ act(p[w]), then
3r[ (D(T)) € plw] ] or 3T (A(T)) € plw] | (We call this condition the
disabled-7 condition (DTC).)

We call P the domain of processes.
(3) Let
5(p) = {w-(8(1)) : w-(AT)) € p V w-(D(T)) € p},
where the notation §(T') is used to denote (&,T). J

For P, we have the following lemma which is analogous to Lemma 2.8 for

Preo(Q)-
Lemma 6.1 Every (pn)necw € Chain(Pey,Cs) is also a CS in P, and

Lub(@ﬂ}ﬂ&w’) = U((Pn)nEmPcl) = lim((Pn)nEmPcl)- |

This lemma essentially follows from Lemma 2.7, but we need some preliminar-
ies for the proof.

Definition 6.3 (1) Let P, (with ‘co’ standing for ‘compact’) be the set of ele-
ments of P .o (Q) satisfyfing the conditions (ii), (iv), (v) in Definition 6.2 (2)
and the following condition:
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Vu, VT [w-{(D(T)) ep V w-{A)) €p

= I C act(p[w]) ]. (6.7)

(2) Let A : P — P, be defined as follows: For every p € Py,

Alp) = {{A(T Nact(p))) : (A(T)) € p}
U{w - (D(I' Nact(p[w]))) : w - (D(T)) € p}
U \ ((A1)< - (A[p(CY)] U D[p(CY)]))).
(3) Let A’ : P, — P, be defined as follows: For every p € P,
A'(p) = (AT UT)) : (A(D)) € p A T’ C CY \ act(p[w])}
Uw-(D(TUT)):w- (D)) €p
AT’ C CY \ act(p[w])}
U(p \ ((A1)< - (A[p(CY)] U D[p(CY)))))- B

The mappings A, A’ have the following properties:
Lemma 6.2 (1) The mapping A is monotonic in the sense that
Vp1,p2 € Pu p1 s p2 = A(p1) G Alp2) |-
(2) A'oA =id and A o A’ = id’, where id and id" are the identity mappings on
P, and P.,, respectively.
(3) (i) The mapping A is an isometry from Py onto Pe,.
(ii) The mapping A’ is an isometry from P, onto Py. I

Proof. (1) Let p;,p2 be elements of P such that p; Cs pp. We will show that
A(p1) Cs A(p2), Le., that

Vg € A(p2), 31 € A(p1)[ @1 C 2 ] (6.8)

Fix g2 € A(p2). We distinguish two cases according to whether
g2 € (A1)< - (D[p(CY)] U A[p(CY)))

or not,
Case 1. Suppose g2 € (A1)<¥ - (D[p(CY)] U A[p(CY))]) and g, = w - {Y(T)}) with
T = D, A. By the definition of A, one has I' C act(ps[w]). Let

G =w - (T(TU(CY \ act(pz[w]))))-

One has §» € ps, since pp is upward closed w.r.t. disabled actions. Since p; Cq pa,
there exists §; € p; such that ¢ C ¢2. By the definition C, either §; = o or
3w <pw|w-(L)=aq ]

Subcase 1.1. Consider the case ¢ = §». Then, from the fact that p; C, pa, it
follows that

act(p; [w]) D act(pz[w]). (6.9)
Thus, (Cy \ act(p1[w])) C (CY \ act(p2[w])), and therefore,
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T U(CY \ act(p;[w])) € T U (CY \ act(p2[w])).

From this and the fact that w - {Y(I' U (CY \ act(p2[w])))) € p1, it follows that
w - {Y(T U (CY \ act(p1[w])))) € pi1, since p; is downward closed. Thus, putting
q1 = w- (T(T Nact(pi[w]))), one has

a1 € A(p1)- (6.10)

Since T’ C act(pz[w]) C act(pi[w]), one has T’ Nact(p;[w]) = T. By this and (6.10),
one has ¢, = w - (Y(T)) = g2 € A(p1), and therefore, 31 € A(p1)[ @1 C g2 |-
Subcase 1.2. Consider the case 3w <, w[ w- (L) = ¢ ]. By the definition
of A(), one has @ - (L) € A(p1). Moreover @ - (L) € w- (Y(I')) = g2. Thus,
g e A(p)[ 1 E g2 |-

Case 2. Suppose ¢2 € (A;)<¥ - (D[p(CY)] U A[p(CY)]). Then, by the definition
of A, one has ¢ € py. By this and the fact that p; Cs po, there exists g1 € p; such
that q; C qo. By the definition of C, either g¢; = g2 or

Jw € (A1) w <p strip(qe) A @ =w- (L) ].

In both cases, one has ¢; € A(p1), and therefore, 3g; € Ap ) Cgo )
Summarizing we have (6.8).

(2) This part immediately follows from the definition of A and A’; the proof is

omitted.

(3) We will show only part (i); part (ii) is obtained in a similar fashion. From the

definition of A, it immediately follows that

Vn € w,¥p € Pa (A@)™ = A(M) |-
By this, one has
Vn € w,¥p1,p2 € Pal (1) = (p2)I" & (A(p1))1" = (A(p2))I ).

From this and (2.10), it immediately follows that A is an isometry. Also, from
part (2) it immediately follows that ran(A) = Pe,. W

Using the above lemma, we can prove Lemma 6.1 as follows:

Proof of Lemma 6.1 Let (pn)new € Chain(P, Cs). First, we will prove that
(pn)nEw € CS(Pch d] (6.11)

Since A is monotonic, (A(pn))newo € Chain(Peo,Cs). Thus, by Lemma 2.8,
(A(pn))new € CS(Peo,d). From this and the fact A’ is an isometry, it follows
that (A (A(pn)))new € CS(Pa,d). Since A'(A(p,)) = pn by Lemma 6.2 (2), one
has (6.11).

Thus, by Lemma 2.7,

LUb((pn)nEu) . U((Pn)nEwa pfcl(Q)) = lim((pn)ne’ws Pfcl(Q))- (612)
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Since the property of being nonempty and flat and satisfying (i)-(v) in Defini-
tion 6.2 (2) is finitely characterized (see Chapter 2), Py is closed in pc1(Q). Thus,
Hm({pn)new, Pra(Q)) € Pa. From this and (6.12), it follows that

Lub((pn)new) = | J((Pn)new: Pet) = im((pn)new: Per). W

From Lemma 2.7, one obtains the following lemma:

Lemma 6.3 (1) (Pq,d) is a complete ultra-metric space.
(2) (Pa,Cs, {{L)}}) s @ cpo. N

Proof. (1) The set P C pa(Q) is closed in the complete metric space ga(Q),
for the reason explained in the proof of Lemma 2.7. Thus, P is also a complete
metric space with the metric d restricted to it.

(2) It suffices to show that every (pn)ne, € Chain(P.,C;) has a lub in P. This
immediately follows from Lemma 6.1. |

6.3 Operational Models

In this section, three models for £; are defined operationally, i.e., defined in terms
of a transition system (—;: a € AY). The relations 2, are the same as those
defined in Definition 5.4. First, we need some preliminary definitions.

Definition 6.4 Let s € £;[0].

(1) We call the pair (a,s’) € Ay x Lj[0] an immediate derivative of s, when
s =1 s'. Let IDrv(s) be the set of immediate derivatives of s, i.e., let

IDrv(s) = {(a,s") € A; x L;[0) : s 5, s'}.
(2) acty(s)={a €AY :(a€c A AT[s S, 8 ])V(a=y/ AsS)) B

The labeled transition system (£;[@],(=1: @ € AY)) is finitely branching as
stated in Lemma 5.1.

6.3.1 A Flattened Weak Linear Model O{“f

In this subsection, we define a flattened weak linear operational model OPT; this is
obtained from an auxiliary model O by applying a hiding operation H.

First, we define the auxiliary model O7"; this model is the same as the one
defined in Definition 4.5.

Definition 6.5 (1) Let (p €) By = (A1)<¥ - {{(V),{3)} U (A1)~.
(2) The model O : £; — p(B)) is defined as follows: Let s € £;[0] and p € B,

we put p € OF[s] iff one of the following propositions (6.13), (6.14), (6.15)
holds:
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E(SS)iEws a(ai)iEw[ P = (ai>£Eu A S =8
AV E W[S,‘ __.GL'I S,’+1] ]. - (6-13)
In € w, IHs:i)ie(nt1) El(a,-).'_enf p = (ai)ien (V) (6.14)
Aso=s AVi€n|s; =51 siy1 ] AV € acti(sn) |
In € w, Isi)ie(nr1), Hadienlp = (ai)ien- () A S0 =5 (6.15)

AYi € n[ s; =1 sip1 | A acty(sn) =0 )0
Next, we define the hiding operation H:

Definition 6.6 (1) For w € (A;)<¥, let (w\ 7) denote the result of erasing 7’s
in w.

(2) Let (n €) B = (C1)< - {{L),{(V):(8)} U (Cr)*.

(3) A function h; : B; — By, is defined as follows: Let p € By. When p = w - (z)
with (w,z) € (A1)<¥ x {L1,/, 8} let

hi(q) = (w\ 1) (2}
otherwise ¢ € (A)“, and let

(@\7)- (L) if Ib[w=1d-{r)iew ],
hl(q)z{(w\?‘§ W other[wise. Ve |

(4) A hiding function Hj : p(B)) — ©(Bw1) is defined by:
H\(p) = (Ap € Pq. mini(hy[p])),
where mini is defined as in Definition 2.12.
From O and Hj, the model OPF is defined by:
Definition 6.7 The model OF : £; — p(Q) is defined as follows: For s € £;[0],
O [s] = Hi(OT'[3])- B
Example 6.1 Let ¢p,c; € C; and put
s = (co; 1) + (co; (X 73.X)) + (c15 ¢0)-
Then,
O [s) = {{coy 1, V) (e0) - 7, (en, 0, V-
Thus,

O:‘nfﬂsﬂz mini({{cuscla Vs (CO"L)’ (cl’ €0, \/)})
= {{C(),_L), (Clacl]a \/)}!

where {cg,¢1,+/) is pruned away by mini(-). §
An equivalence relation = on £;[0)] is induced by OPf as usual:
Definition 6.8 For every sg,s; € L[],
so =" 51 & OP[s] = OF[s1]. 0
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6.3.2 A Strong Failures Model C{"

In this subsection, we define a strong failures model C§* operationally. The model
Ci" is essentially the same as C; defined in Definition 4.6. First, C5* is defined
nonrecursively:

Definition 6.9 The C§* : £;[0] — p(Q,) is defined as follows: Let s € C;[@]. For
¢ € Q, we put g € C{"[s] iff one of the following four conditions (6.16)-(6.19) is
satisfied:

3(3,‘},‘6‘”3(&,'),;{;@[ qg= (l‘l,‘),‘ew A S =8 A Vi € u.’[ 84 —ai—il Si41 ]], (616)

Hn E w? 3<Si)ie(ﬂ+1)1 a{ax)!t‘:'n[g == (al>leﬂ X {V/> A Sﬂ =& (6 17)
i a; .
AVYi € n[ s; —1 sip1 ] AV € acti(sn) |

3n € (w\ {0}), 3(sidie(ns1), Haiien, IT € p(CY)]
g = {ai)ien - (D(T)) A 5o =5 A Vi €n[ si =5 si41 ) (6.18)
AT & acty(sp) A TNacty(s,) =0]);
are p(C}/)[ g=(A(D)) A 7 €acti(s) AT Nacty(s) =0 ].1 (6.19)
Example 6.2 Let ¢g,¢; € C; and put s = (cp;c1). Then it is easity checked that

Ci'[s] = {{A(T)) : co € T} U {{co, D(T)) : e1 ¢ T}
U{{co, 1, D(T)) : / € T)} U {{co, c1, V) }-

From Lemma 5.1, it follows that for every statement, its meaning under C5* is
in P:

Proposition 6.1 Vs € L;[0][ Ci'[s] e P ]- B

The model C;' can also defined recursively, l.e., as the fixed-point of a higher-
order contraction; we will define another model Ci" : P — P recursively, and
show that CiF = Ci":

Definition 6.10 (1) First, an auxiliary function ¢ : Q — Q is defined as follows:
For q € Q,

¥(g) = {(D(F)) if ¢ = (A(F)}, (6.20)

q otherwise.
(2) For s € Ly, let
cact(s) = acty(s) N C;.
(3) The model C§ : £; — P is defined recursively as follows: For s € £;[0)],
C'lls] = if(v/ € act:(s), {{(V)},0) (6.21)
U{{A(T)): 7 & acti(s) A T Nacty(s) = B}
U U{{a) - ¢[Cy[s']] - s =1 5}
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Remark 6.1 In Definition 6.1 (3), G; is defined recursively. To be precise, Gy is
defined as the unique fixed-point of a,n appropriate higher-order contraction from
(L; — Pa) to itself; the precise definition is similar to the definition of C; in
Chapter 4 (cf. Definition 4.7).

Example 6.3 Let s be defined as in Example 6.2. Then

Ci'ls] = {{(AMD)) : co € T} U {eo) - ¥ ]l (6.22)
First, (5"[c1] is calculated by:
Ci'le]

={{a(M): & ¢F}U(Cl) Y[{(A(): v ¢ T}]
U{{er, )} = {{A@) s e g THU {{er, D(T)) : v € T U {{en, V)1

Hence,

{co) - [Csrﬂclﬂ]
= {{co, D(T)) : &1 & T} U {(co,c1,D(T)}: v/ € 1)} U {{co, 1, V)}-

Thus by (6.22), one has

Ci[s] = {{A()) : o T} U {{co, D(T)) : 1 ¢ T}

U{(CQ,C1, D(r» : \/ ¢ F)} U {(CQ, C1, \/)}

By this and the result of Example 6.2, one has

Glsl=cilsl-n

The two models C5* and C§* coincide as expected:
Proposition 6.2 (Nonrecursive Characterization of Ci')
:lar = C‘sr B

Proof. It is easily checked that (6.21) with Cs* replaced by C§F holds, using Propo-
sition 6.1. Thus both (5" and C*’“ are the fixed-point of a higher-order contraction,
and therefore, they c01nc1de ||

6.3.3 A Flattened Weak Failures Model C}"

In this subsection, we define a flattened weak failures model C}'" from C§* by ap-
plying a hiding function H.
First, we define the hiding function H by:

Definition 6.11 (1) For w € (A;)<%, let (w\ 7) denote the result of erasing 7’s
in w.

(2) A function h : Q — Q is defined as follows: Let ¢ € Q. When ¢ = w- (z)
. with (w, m) € (A1)<¥ x (D[p(CY)]VU A[p(CY) U{V,L}), let

)= (w\7)- (o)
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otherwise ¢ € (A1)%, and let

g = (@A) ) 30l = - )

(w\71) otherwise.
(3) A hiding function H : p(Q) — p(Q) is defined by:
H(p) = (Ap € P mini(h[p])). 0
Example 6.4 Let cy,c; € C; and put

p={(A()):co €T}U{{co, D(T')): c; €T’}
U{(CO}CI& \/)} U {(00) : Tw}'

(It will be easy to check that p = C{*[(co; c1) + (co; (pX. 7; X))].) Then,

hlp] = {{A(T)) : co € T} U {{co, D(T)) : 1 € '}
Uf{co, e15 V) U {{eo, L)}-

Thus,

H(p) = mini(2[p]) = {{A(T)) : co €T} U {{co, L)} N
Remark 6.2 It will be easy to check that

Vs € Li[0][ Cy'[s] = A[CT"[s] ],

where C} is the weak model defined in Chapter 5. Thus, C}'T is obtained from C}"
by flattening:

Vs € L;[0)[ C''[s] = mini(C}'[s]) . W
Then we define the flattened weak failures model C3'F : L; — p(Q) by:
Definition 6.12 For s € £;[0], let C}'{[s] = H(C [s]). B
The range of C}"f is contained in P:

Proposition 6.3 Vs € L;[0][ C}''[s] € Pa |- B

6.3.4 Completeness of C}' w.r.t. O

In this subsection, we will show that the equivalence relation induced by Cl“’f 15
coarser than the congruence induced by O, provided that the set C, of commu-
nication actions is infinite. That is,

Lemma 6.4 If C, is infinite, then

Vso,s1 € L;[0][
VX,VS € Li[X][ OP'[S[so/X]] = OPI[S[s1/X]] ] (6.23)
= CMso]l =CY[1] ]-0
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We call this property the completeness of C{"f w.r.t. OPF (or w.r.t. =nf), following
the terminology of Apt and Plotkin (cf. [AP 86] § 3.3).
For the proof of Lemma 6.4, we need a few preliminaries.

Definition 6.13 For s € £;[0], let

S(s)={ce C;:3we (A;)<¥,3[ s D1 s' A ceacty(s') ]},
and S*(s) = S(s) US(s).
Example 6.5 Let s be defined as in Example 6.1. Then, §(s) = {co,c1}, and
S*(s) = {co, 1,0 %1} 1
Definition 6.14 Let p € p(Q).
(1) S(p) = {c € C1: Jw € (A1)<*[ c € act(p[w]) ]}
(2) To(p) =pN (A1) - {{L)})-
(3) T,(p) =N (A1) - {{V)})-
(4) j'w(p) =pnN (Al)w-
(5) F(p) = {w- (5(1)) : w-(D(T)) € p V w-(A(T)) € p}-
(6) R(p) =pn{{A()):T € P(Cf)]:-
(M AP =T.@UT,MULE

Ufw- (8):w- (5(CY)) € F()}-1

Then, the next proposition immediately follows from the definitions of oy
and C}'F.

Proposition 6.4 For s € £;[0], OP[s] = AYH(CT[s]). B

Proof of Lemma 6.4 Suppose C; is infinite. Obviously (6.23) is equivalent to
the following:

Vs, 51 € Li[0]] CY[s0] # Ci'[s1] =

3X,35 € £ {X][ or f[[S[sD/X]:H # Omf[[S[sl /X]]} ] (6.24)

We will prove this. Let so,s2 € £;j[#] such that C}'"[so] # C¥f[s1]. Let us fix
X € Xp. It suffices to show that

35 € L;[X][ OP[S[s0/X]] # OT[S[s1/X]] ). (6.25)
Since C¥[so] # C}'{[s1], one the following propositions (6.26)—(6.30) holds:

T1(CY [so]) # ToL(CY [s1])s (6.26)

T/C"[so]) # T /(€Y [s1]), (6.27)

T.(CY [50]) # Tu(CY [5:]), (6.28)
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F(CF [so]) # F (€' [5:]), (6.29)
R(CY [s0]) # R(CY'[51])- (6.30)

In the cases (6.26), (6.27), or (6.28) holds, (6.25) follows immediately from Propo-
sition 6.4. Let us consider the other two cases.

Case 1. Suppose (6.29) holds. Then, we can assume, without loss of generality,
that there are w € (C1)<* and I € p(CY') such that

w- (8(T)) € F(C"[s0]) A w- (5(T)) & F(CY [s1])- (6.31)

Let T' = I'N (S(s0) US(s1)). Then, obviously I" is finite. Further, by (6.31) and
the definition of C}"![s], one has

(1) w- (8(")) € F(CFTsoll), (i) w- (5(I)) & F(CY[s1]). (6.32)

We distinguish two cases according to whether \/ € T’ or not.
Subcase 1.1. Suppose / € I''. Since I" is finite, one can put

I = {010 evsCrmiy /) (6.33)

for some cg,...,cn_; € C;. Also, w = (C0s---sCl_q) for some k € w and
€05+ -+ Ch_; € Cy. Fix ¢ € C; so that

c & (SE(s0) USE(sy)), (6.34)
and put
&= (g+c);---;(m+c);e.

Finally, put C' = (S(s0) US(s1)) \ {co,- ", n—1}. We will show that

(i) (8) € O [0c(sol18)], (i) (8) ¢ OF[Ac(s1]|9)]. (6.35)
First, let us show (6.35) (i). It follows straightforwardly from (6.32) (i) that
(&) € M[OT[0c(sollS)]]- (6.36)
Thus, it suffices, for establishing (6.35) (i), to show that
(L) & M[O"[0c(so15)]]- (6.37)

We will show (6.37) by contradiction.
Assume, for the sake of contradiction, that (6.37) does not hold, i.e., that
(L) € M[O™[8c(s0]|3)]]. Then, from the form of 3, it follows that for some i € k,

(s -+l L) € M[OP 5ol

This is, however, impossible by (6.32) (i). Thus (6.37) must hold. Summarizing
the above, one has (6.35) (i).

Next, let us show (6.35) (ii). Assume, for the sake of contradiction, that
(6.35) (ii) does not hold, i.e., that
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(8) € O [0c(s11)] (6.38)
Then, by the definition of O{“f, there is s’ € £;[0] such that
(i) s1]]5 == &', (ii) acty(s') C C. (6.39)

By (6.39) (i), there are i € k and s} such that

51 22 A8 = (T + O3 Gy + i), (6.40)
By (6.39) (ii), i must be k— 1. Thus, s’ = s{||e, and therefore, act; (s') = act;(s}).
By this and (6.39) (ii), one has act;(s}) C C, and therefore,

T ¢ acty(s}), acti(s]) NI =40. (6.41)

By (6.40) and (6.41), one has w - (§(I")) € F(h[C{*[s1]]). Further there is no
w' <, w such that w'- (L) € h[C{'[51]], because if there exists such a sequence
w', then one has 7¢- (1) € C§"[s1 || 8] with ¢ = Igt(w’), which contradicts (6.38).
Thus, one has

w- (8(")) € F(mini(R[C"[1]) = F(H(C[1]) = F(C[s1]).

This contradicts (6.32) (ii). Thus, (6.35) (ii) must hold.

Summarizing the above, one has (6.35).
Subcase 1.2. Suppose the case / ¢ I'. Then, putting §; = s;||0 (j € 2) and
I =T'U{y}, one has \/ € I' and

(i) w- (8(1")) € F(C[5]), (i) w- (5(T)) & F(C}[51]).

Thus, this subcase is reduced to Subcasel.l by taking 5; as s; in Subcasel.l
(J €2).

Case 2 Suppose that (6.29) does not hold, and (6.30) holds. Then, we can assume,
without loss of generality, that

R [ D\ R D) # 0. (6.42)
Thus, one has

(i) 7 € acty(s0), (i) 7 & acts (s1)- (6.43)
Since (6.29) does not hold,

F(CF Tso]) = F(CF Tsal)- (6.44)

By (6.42), R(C}'[s1]) # @ Thus, by (6.43) (i) and (6.44), there exists sy such
that

S0 —1==>1 85 A T & acty(sp).
Let us choose ¢ € C; so that ¢ & S*(sp) US*(s1). Then, one has

(6({ch)) € F(C" 50 + ],



6.4. Metric and Order-Theoretic Models 167

because (sq + ¢) =1 sh with 7 & act;(s}) and ¢ ¢ act(s)). Also,

(({eh) g F(CY s + ),

because for every s, if (s; +¢) = s’ then s’ = (s +c), and therefore, ¢ € act;(s').
Thus, this case is reduced to Case 1 by taking (s; + ¢) as s; in Casel (j € 2).
Thus in all cases, one has (6.25). H

6.4 Metric and Order-Theoretic Models

6.4.1 Definition of Semantic Operations
In this subsection, we define a semantic operation
65 : (Pcl)r — P

for each combinator op € Fun; with arity 7.
First, we define interpretations of constant symbols of £; simply as their mean-
ings under C;":

Definition 6.15 For op € Fun{” = {0,e} U {a: a € A,}, let 5p = C;'[op].

Semantic Operation for Alternative Choice

We define a semantic operation + corresponding to the combinator ‘+’ for choice
with several auxiliary functions:

Definition 6.16 (1) For p € p(Q), let
D(p)=pn(D[p(CY)])', A(p) =pn(Alp(CY))"
(2) For p1,p2 € p(Q), let

Fu(p1,p2) = (B(p1) \ A(p1)) U (B(p2) \ Ap2))
U(A(p1) NA(p2)),

where U is the operation defined in Definition 2.12.
(3) For p1,p2 € p(Q), let
F(p1,p2) = +6(p1,92) U @ (p1) U & (p2)-11
The following proposition is easily obtained from the above definition of +:

Proposition 6.5 Vp;,py € Poi[ p1+p2 € Pa |.' 1

1We use binary semantic operations Op both in prefix form 0p(po,p1) and in infix form
Sigcned 2
po Op p1 (Op € Fun§ .
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Definition of Semantic Operation for Parallel Composition

First we state a few useful properties of the domain Py.
The domain P is closed under the operation U:

Proposition 6.6 Vp;,ps € Pa[p1Up2 €P ). B
The domain Pg; is closed uder taking remainders:

Proposition 6.7 Vp € P, Yw € (A)<“[ plw] #0 = plw] € Pa]. 1
From this, we obtain the following:

Proposition 6.8 Vp € P, Va € act(p)[ p[{a)] € Pa |. 1§

As a preliminary to the definition of the semantic operation H corresponding

to ||, we introduce a higher-order mapping ;; the operation || is defined as the
unique fixed-point of .

Definition 6.17 (1) For p;,p2 € p(Q), let
(1) L(p1,p2) = {{(L)} N (1 U p2),
@) [ly(p1.p2) = {{H} N (p1 N p2);

(iii) ”D(Puspl) .
={{(D()): V(j,k)e{(o,l),(l‘o)}{ H(D(T})) € p;» I(6(T2)) € 6(pi)|
(C\N{V}CTHi ATCTy) V(D C AT\ {V} CT}))

A(Ci\T1)N(Ci\T2) =0]]},
(iV) ﬂA(Pl,Pz)
= {{A()}: T € p(C1) A I{A(T1)) € pr, HA(T2)) € pof
(C\{V}CT1LATCT) V(TCTH AT\{V} CT2))
A(C1\T1)N(Ci1\T2) =01},

(V) ﬂb(Plupz) = ”J.(PlaP‘Z)Uﬂ\/(phP?)U ﬂD(Pl,PQ] U ﬂa(plspz)-

(2) A mapping Q) : (Pa)? = Pa) — ((Pa)? — 9(Q)) is defined as follows: For
He ((Pc1)2 == Pcl) and P1,p2 € Pcls let

O, (F)(p1.p2) = {lb(p1,p2) OQF (F)(p1,p2),
where Q;f (F)(p1,p2) is defined by:

QF (F)(p1,p2) = Qu(F)(p1,p2) U Qu(F)(p2,p1) U (F)(p2, 1)
with

F)(p1.p2) = | J{{@) - ¥[F(m[{a)], p2)] : @ € act(p1)}

and
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Q(F)(p1,p2)
= U{{n) - ¥[F(p1[{c)], p2[(&)])] : ¢ € act(p1) A € act(p2)}. B

Then, ((Pa)? — Pg) is closed under €:
Lemma 6.5 Q[((Pa)? — Pd)] € ((Pa)? = Pa). B
Thus,
Qi : (Pa)? = Pa) = (Pa)? — Pa).
Moreover, the mapping €2 has the following useful properties:

Lemma 6.6 (1) The mapping Uy preserves nonezpansiveness, i.c., for every F €
((Pa1)? = Po), if F is nonezpansive, then ) (F) is also nonezpansive.

(2) The mapping Q preserves monotonicity w.r.t. Cs, i.e., for every F €
(Pa)? — Pq), if F is monotonic w.r.t. Cs, then Q(F) is also monotonic
w.r.t. Cs.

(3) The mapping Q is a contraction: More specifically, for every Fi,Fy €
((Pcl)2 — Pa),

de(Q(F), Q(F)) < k- dp(F, Fa),

where dyp is a metric on ((Pa)? — P.) defined in Chapter 2, and & is the
positive real number introduced just after Definition 2.1.

We define ﬂ as the unique fixed-point of the contraction :

Definition 6.18 (Semantic Operation for Parallel Composition)

(1) ﬂzﬁ‘((f%n}
(2) L= 92u(l) = (Ap1:p2) € Pa)*. Ul(a) - (al{a)]llp2) : @ € act(p1)}).
(3) = ||) = (A(p1,p2) € (Pcl)z-

UL(r) - e l(eNllp2l(@)]) = ¢ € act(p1) A 2 € act(pz)}). B
Then, we have the following proposition by definition:

Proposition 6.9 For every pi,p2 € P,

pillpz = lo(p1,22) O [[(p1,p2) O (B2, 1) O](p1.p2)- B

Then, we obtain the following two lemmas using Lemma 6.6 (1) and (2):

Lemma 6.7 The mapping H is nonerpansive. [

Proof. Let F = (A(p1,p2) € (Pa)? {(L1)}), and for n € w, let F, = (Q)"(F),
where ()" is the n-th iteration of €. Then, by Definition 6.18 and Banach’s
Fixed-Point Theorem (cf. Chapter 2), one has || = lim,e,[()" F)] It is easily
verified that the set of nonezpansive functions is closed in ((Pcl) — Pg). From
this and the fact that F' is nonexpansive, it follows that ﬂ = limpeo[()"(F)) is
also nonexpansive. [
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Lemma 6.8 The mapping H is monotonic w.r.t. Cs. 1

Proof. First, let us show that
the set of monotonic functions is closed in ((P¢)? — Pg). (6.45)

(From this, the desired result follows easily as in Lemma 6.7.)

Let {Gp)new be a converging sequence of elements of ((Pa)? — Pgq) such that
VYn € w| G, is monotonic J; let G = limpey[Gn]- Let us show that G is also
monotonic.

Let p1,p},p2,p5 € Pq such that p; C p2 and py Cs p5. It suffices to show

G(PlsP;) Es G(P?.,P;:) (646)

For every n € w, one has Gn(p1,p}) Cs Gn(pz2,p}), because G, is monotonic.
From this and Lemma 2.5 (3), it follows that

G(plupfl) = }lig[Gn(plap; )] .I;Es iig}}[Gﬂ(p2ap12)] = G(pQ-p;)':

i.e., (6.46) holds. Thus, G is also monotonic. Summarizing the above, one has
(6.45).

_ Putting F = (A(p1,p2) € (Pa)?. {(L)}) as in the proof of Lemma 6.7, one has
| = limpew[(S )*(F)]. From (6.45) and the fact that F' is monotonic, it follows
that || = limpeo[(Q)"(F)] is also monotonic. [l

Definition of Semantic Operation for Sequential Composition

We define a semantic operation ? corresponding to the combinator ‘; for sequential
composition with several auxiliary functions:

Definition 6.19 (1) For p;,p2 € p(Q), let
L(p1p2) = {{(“} if (L) ep V (V) €p1 A (L) €p2),

] otherwise.
(2) For p1,p2 € p(Q), let
T (p1,p2) = {{(\/}} if (/) € p1 A (V) € p2,

] otherwise.
(3) For p1,p2 € p(Q), let

ip(p1,p2) = {{D(T)) : (DT U{V})) € m
V({(DIT\{V}) € A (A(T)) € p2)
V({{v) €p1 A D(T) € p2) }-

(4) For p1,p2 € p(Q), let

app2) = {{AM) : (AT U{V}) EmV
(AM\A{VD) € pr A {AD)) € p2) -
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(8) For py,p2 € p(Q), let
i(P1,p2) = 11 (p1,p2) Uiv(p1,p2) Uip(p1,p2) Uia (P1,p2)-
(6) For P1.p2 S PC]: let

J _ () if (V) €p1,
it (p1yp2) = {@ otherwise. |

(7) A function : (Pq)? — Pq is defined as follows: For py,p2 € Pa,

Wp,p2) i
= Eb{PlaPZ) U UaEacL(pl)Ka) f wi:(lea)]ﬂpz)]] U;’—{—(Plp?!) I

The above definition of i is recursive, since i(p1,p2) is defined in terms of
Wpil{a)], p2); rigorously the operation ] is defined as the unique fixed-point of
an appropriate higher-order mapping as || has been defined in Definition 6.18.

Definition of Semantic Operation for Action Restriction

For each C' € p(C,), we define a semantic operation 5(7 : P, — P, corresponding
to the combinator ‘¢’ by:

Definition 6.20 Let C € p(C,).
(1) For p € p(Q), let

9(p) = (PN {(L), (V)
U {{A(D)) : (A(T'\ C)) € p}
U{(D(T)) : (D(T'\ C)) € p}-

(2) For p € Py, let

00(8) = %) OU ¢ qesppi (@) - 1O LD B

The next proposition immediately follows from the definition of the semantic
operations op (op € Fun,) given so far in this section:

Proposition 6.10 For everyr € 3 and op € Fungr), one has
Eﬁ (= ((Pcl)r _’1 Pcl)!
where ((Po)" —' Py) is the sapce defined in Definition 2.1 (8). 1

As a preliminary to the definition of metric and order-theoretic models in the
next section, the notion of a valuation is introduced by:

Definition 6.21 (Semantic Valuations)

(1) Let (¢ €) SeVal = (X¥p — P.). Elements of SeVal are called (semantic)
valuations, which are mappings assigning an element of P to each statement
variable.
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(2) Let rff be the metric on SeVal defined from d as follows: For f, g € SeVal,

dy(f,9) = sup{d(f(X), (X)) : X € Xp}.
(Note that df is the metric defined in Definition 2.1 (3).)
(3) Let C. be the pointwise order on SeVal defined in Proposition 2.1, and let
L=(AX € Xp. {1}). 1

As is stated in Chapter 2, (SeVal,df) is a cms (cf. Definition 2.1), and
(SeVal,C,, L) is a cpo (cf. Proposition 2.1).

6.4.2 A Strong Metric Model M

In this subsection, we define a model M5 on the basis of the cms (P, d) and in
terms of the semantic operations op defined in § 6.4.1; the definition is given using
the following lemma:

Lemma 6.9 There is a unique function M : £; — (SeVal —! P.)) satisfying the
following conditions:

(i) M[s](¢) =5, for s € A, U{0,e}.

(ii) M[8c(9)1(¢) = dc(MIS](C)), for C € p(C1) and S € L;.

(iii) M[op(So,51)1(¢) = op(M[Se](C), MISel(C)), for op € {7',*+,|I'} and
Sp, 51 € ﬁi‘

(iv) M[X](C) = ¢(X), for X € Xp.

(v) For every (pX. S) € Lj, the function (Ap € Pq. M[S](¢[p/X])) is a con-
traction on P, and

M[(pX. S)](C) = fix(Ap € Pa. M[S](¢[p/X]))- 1 (6.47)
The proof of this lemma will be given later; first, M$" is defined by:

Definition 6.22 Let M5 : £; — (SeVal —! P) be the unique function M :
Lj — (SeVal —! P) satisfying the conditions (i)—(v) in Lemma 6.9. |

By this definition, one has the following:

Proposition 6.11 The conditions (i)-(v) in Lemma 6.9 are satisfied with M re-
placed by M. 1

We need a few preliminaries to the proof of Lemma 6.9.

Definition 6.23 Let p € P,.. We say p is a guard process, when {+/) € p. Let P
be the set of guard processes. |

Obviously, P& is a finitely characterized subset of pc1(Q), and therefore, closed
by Lemma 2.2:
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Proposition 6.12 V(p,)new € CS( Pfl,d N limgeulpn) € P51 B
We easily obtain the following two propositions.
Proposition 6.13 (1) For every p € P, if p is a guard process, then
VT € p(CY)[ (YD) €p = (Y(TU{V}) €p],

where ¥ = A, D.
(2) For every p € P% and p,p) € Po, one has

d(i(p,p1)3(p, 1)) < K- d(p1,pY)-
(8) For every po,py € P and p1,p} € Pq, one has

af(f(pu,pl),";(p’u,p';)) < Inax{(i(pﬂspil)ﬂ K- J(Phﬁi)}- l

Proof. (1) Straightforward from the upward closedness of p w.r.t. disabled ac-
tions.

(2) Ttliis part immediately follows from the definition of ; with the help of part (1).
(3) We obtain this part from part (2) as follows:

d((po, 1) 3P0, P1)) )
< max{d(i(po, 1), 3P0, 1)), d(i(p0s P1),3(P0, P1))}
(since d is an ultra-metric)
< max{d(po, py), & - d(p1, 1)}
(by the fact that 7 is nonexpansive and by part (2)). @

Proposition 6.14 (1) Vr € 3,Yop € (Fun!" \ {e})[ op[(P5)"] C P, .
(2) Vpo € P§,Vp1 € Pa i(po,p1) € PG ] 11

Proof. Straightforward from the definitions of the semantic operations. [l

Proof of Lemma 6.9 The uniqueness can be easily shown by induction on the
structure of statements. For showing the existence, we will first define a family
of mappings (M (™), ¢, satisfying the following conditions (6.48) and (6.49) for
every n € w, and then put M = Uﬂew[.ﬂ/‘f{"}].

MM L (n) — (SeVal =! Pyy), (6.48)

VX € Xp,VS € G(n)[
¥¢ € SeVal] M(M[S](¢) € PE] (6.49)
A (Ap € Pa. MW[S](¢[p/X])) € (Pa =" Pa) ).

(For the definition of £;(n) and G(n), see Definition 5.3.)

Step 1. Since £;(0) = @, we simply define M(™) to be the empty function.

Step 2. Let n € w and suppose that M(™) has been defined so that the conditions
(6.48) and (6.49) are satisfied.
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Step 2.1. First, let us define M("+V[S](¢) for S € Lj(n + 1) so that (6.48) is
satisfied with n replaced by n + 1.

By the definition of £;(n + 1), one of the following three conditions is satisfied
(cf. Definition 5.2 (3)):

S € Xp; (6.50)

S = op(Sp,...,8p-1) for somer €3, op € Fun”, and (6.51)
S0y -5 Sr—1 € Li(n);

5= (uX. §) for some X € Xp and S € G(n). (6.52)

We distinguish three cases according to which of (6.50)—(6.52) holds.
Case 1. When (6.50) holds, let

MEFD[S] = (. ¢(S))-

Obviously, M("*+V[S] € (SeVal —! Py).
Case 2. When (6.51) holds, let

MEI[S] = (A HMPS](C)s -, MPLSr-11(0))-

It follows from the induction hypothesis and Proposition 6.10 that M +D[S] €
(SeVa.l —1 Pcl)-

Case 3. Suppose (6.52) holds. Then, by the induction hypothesis, the following
holds for every ¢ € SeVal:

(Ap. MMS](C[p/X])) € (Pa =" Pa).
Thus, (Ap. M™[8](¢[p/X])) has a unique fixed-point, and we put

MEFED[S]= (AC € SeVal. fix(¢(¢)))
= ()\C € SeVal. linlnew[(¢(4))rl (pﬂ)])a

where () = (Ap. MM[S](C[p/X])) for each ¢, with po being an arbitrary element
of P,. For every (i, (s € SeVal, one obtains the following, by induction, from the
induction hypothesis:

va € W[ d((#(¢1))" (Po), (#(C2))"(R0),) < dr (G5 C2) |;
therefore
d(MPTDS](G), MEHD[S](G)) < (G, Ga)-

Thus, one has M(**V[S] € (SeVal —! Pyy).

Step 2.2. Having defined M("+1) 5o that (6.48) is satisfied with n replaced by
n + 1, let us show that (6.49) is satisfied with n replaced by n + 1. Let X € A’p,
S € G(n +1), and ¢ € SeVal. It suffices to show (6.60) and (6.54) below.

V¢ € SeVal[ M"FV[S](¢) € PE, | (6.53)
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(Ap € Pa. MU[S](¢[p/X])) € (Pa =" Pa). (6.54)
By the definition of G(n + 1), one of the following three propositions holds:

S = op(So, ..., Sr_1) for some r € 3, op € (Fun{" \ {e}), (6.55)

and Sg,...,Sr—1 € G(n);

S = (Sy;S1) for some Sp € G(n) and 51 € Lj(n); (6.56)

§ = (uY. §) for some Y € Xp and S € G(n). (6.57)

We distinguish three cases according to which of (6.55)-(6.57) holds.

Case 1. Suppose (6.55) holds. Then, we obtain (6.53) from the induction hy-
pothesis and Proposition 6.14 (1). Also, we immediately obtain (6.54) from the
induction hypothesis by applying Proposition 6.10.

Case 2. Suppose (6.56) holds. Then, we obtain (6.53) from the induction hy-
pothesis and Proposition 6.14 (2). Also, we immediately obtain (6.54) from the
induction hypothesis by applying Proposition 6.13 (3).

Case 3. Suppose (6.57) holds. First we will show (6.53). One has

MEHD[S] = (A¢ € SeVal. lim((9(¢))*(po))) (6.58)

with ¢(¢) = (Ap € Po. MM[SI(¢[p/Y]))s (¢(¢))" the n-th iteration of ¢(¢), and
po an arbitrary element of Po. By induction, we obtain the following from the
induction hypothesis:

vk € w[ (6(0)*(po) € PY |- (6.59)

By applying Proposition 6.12, we obtain (6.53) from (6.59) and (6.58).
Next let us show (6.54). Let p1,p2 € Po. We will show that the following
holds for every k € w by induction:

o(¢lp1/X])) *(po), (¢( CLPz/X] po)) < k- d(py,p2)- (6.60)

For n = 0, (6.60) obviously holds. Fix ¥’ € w and suppose (6.60) holds for k = K.
We can show that (6.60) holds for k = k' + 1 as follows:

d((¢(Clpr/X1)* * (po), C[pz/X] ¥+ (po))

S X T ‘()
(6(¢lp2/ XN (8¢l / X)))* (Pn))

M(”)ES]I Clpr/X[(o(Clpr/X])* Po
MOS(Cp2/ YN @(Cp2/ X (po

)/
)
< max{d(M ™ [S)(¢lp1/X][(( c[pl/xm
MOL3Nclp /X (9(Clp2/ XD (po
dMP[S](Ccl /X][(B(Clp2/ XD (2o
MOSL(Cp2/ X((Clp2/ XD (b0)

[I

1)
Y])

)
I"(Pu) Y

)

)

/Y)),
/Y1)
/Y));
/YD) }
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(since d is an ultra-metric)

< max{x® - d(p1, p2), % - d(p1,p2)}
(by the induction hypothesis stating that (6.60) holds for
k — k.") .

S K- d-(php2)'
Thus, by induction (6.60) holds for every k, and therefore

‘i(}_‘iéﬂ[("f’(d}’l/X]))k(PU)]s }:iél;[(ﬁf’(C[Pa/X]))k(Pu)]) < & -d(p1,p2)-
By this and (6.58), one has

d(MTDLST(¢lpr /X)), MOFVS](Clp2/ X)) € & - d(pr,p2)-
Since ¢, p;, and p; were arbitrary, one has (6.54). @

The following proposition is intuitively natural, and in fact follows from Propo-
sition 6.11:

Proposition 6.15 For every S € L; and {y,(; € SeVal with ¢, FV(S) = §
FV(S), one has

MT[S1(G) = MYTISH(G)- B

Proof. This can be shown by induction of the structure of S € £;, using Propo-
sition 6.11. [

Using this proposition, we define a model M5 : £;[0] — P from M5* by:

Definition 6.24 Putting ¢, = (AX € Xp. 0), we define M : £;[f] — Pq as
follows: For every s € L;[0)],

M [s] = M [s1(Go)- B

6.4.3 A Strong Order-Theoretic Model Df

In this subsection, we define a model D5' on the basis of the cpo (P.1,Cs) and in
terms of the semantic operations op defined in § 6.4.1; the definition is given using
the following proposition, which is standard in (¢po-based) denotational semantics:

Proposition 6.16 Let D € (L£; — [SeVal — P.]) with [SeVal — P, being the
space of continuous functions defined in Definition 2.6. Then for every S € L;,
¢ € SeVal, and X € Xp, the function (Ap € Pqy. D[S)({[p/X])) is a continuvous
function from (Pq,Cs) to itself. |
Proof. Straightforward from Proposition 2.1 (2). H

Using the above proposition, the model 5" is defined by:

Definition 6.25 We define D5 : f’i — [SeVal — P] by induction on the struc-
ture of S as follows:
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(i) D[s}(¢) =5, for s € A; U{0,e} and ¢ € SeVal.
(ii) P[oc(5)](¢) = 8c(D[S](C)), for C € p(Cy), S € L, and ¢ € SeVal.

(iii) Dllop(So, S1)](¢) = op(D[S6] (<), P[So](€))s
for op € {;’,‘+,‘||'}, So,S1 € Ly, and ¢ € SeVal.

(iv) D[X](¢) = ¢(X), for X € Xp and ¢ € SeVal.

(v) D[(nX. $)I(O) = fixi((Ap € Pa. DIS](([p/X]))),
for (uX. §) € £5 and { € SeVal. (Note that this clause makes sense by

Proposition 6.16.) Ji

We have the following proposition for D§' corresponding to Proposition 6.15
for M7
Proposition 6.17 For every S € L and (p,(; € SeVal with (¢ FV(S) = ¢
FV(S), one has
DY [S1(¢%) = DY IS1(G)- B
Proof. Similar to the proof of Proposition 6.15. |l
Using this proposition, we define a model D§* : £;[0] — P, from D5* by:

Definition 6.26 Putting (o = (AX € Xp. 0), we define D5* : £;[0] — Pq as
follows: For every s € L£;[0],

Di'[s] = Di'[s1(¢o)- 1

6.4.4 Continuity of the Hiding Operation H

In this subsection, we show the continuity of the hiding operation H on the domain
P.. We need a few preliminaries for this purpose.

By the lifting method, Theorem 2.2 and Corollary 2.1 presented in § 2.3, we
immediately obtain the following lemma:

Lemma 6.10 (Continuity of H on pp(Q))

(1) H[pfco(Q)} C Preo(Q).
(2) The function H pro(Q) is continvous w.r.t. Cy. [

We cannot generalize Theorem 2.2 to the domain P in any straightforward way,
because the proof of the lifting method (Theorem 2.2) depends crucially on the
compactness of the underlying domain. As is shown below, however, a similar
result for P, (the continuity of H on P.) can be obtained using Lemma 6.10,
with the help of the close connection between P, and P,,.

Definition 6.27 (1)
071 (Q) = {p € pra1(Q) : p is bounded in the action part}.

(2) Let (R €) Ry = Afp4(CY)] U Dlp+(CY)].
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(3) For p € pf,(Q), let
A(p) =p\ ((A1)<Y - Ry).
(4) For p € pf,(Q), let
H(p) = {h(w-(T)): w-(T) € pN ((A1)“ - Ry)
A=3u <p wlu- (L) € H(A(p)) |}.0

For p € Py, H(p) is represented in terms of A(p) and H(p) as follows:
Proposition 6.18 Vp € P H(p) = H(A(p)) UH(p) ]. I

The following lemma follows straightforwardly from the definition of A:
Proposition 6.19 The function APy = preo(Q) is continuous w.r.t. Cs. i

We obtain the following lemma from Lemma 6.10 and Propositions 6.18 and
6.19.

Lemma 6.11 (Continuity of H on P)

(1) H[Pcl] CcC P,
(2) The function H P is continuous w.r.t. Cs. Ji

Proof. (1) We will show this part using Lemma 6.10 (1) and Proposition 6.18.
Let p € P... We will show H(p) € P.. By the definition of H, obviously H(p)
is nonempty and flat. It suffices to show that H(p) is closed and satisfies the
conditions (i)—(v) in Definition 6.2 (2).

First, let us show that H(p) is closed. By Proposition 6.18,

H(p) = H(A(p)) U H(p). (6.61)

Let ¢ € (H(p))™. If ¢ & (A1)¥, then ¢ € H(p). Suppose ¢ € (A1)*. By the
definitions of A and H and the fact p is downward closed, one has

Vw - (D(T)) € H(p)[ w-(D(®)) € H(A(p)) ] (6.62)

Thus, ¢ € (H(A(p)))", since for every approximation w - (D(T')) € H(p) of g,
there is another approximation w - (D(0)) € H(A(p)) such that w - (D(I')) and
w - (D(@)) approximate g to the same extent, i.e.,

d(g,w - (D(®))) = d(g,w - (D(T))).

By this and the fact H(A(p)) is closed, one has ¢ € H(A(p)) C H(p). Thus,
Vg € (H(p))*[ ¢ € H(p) ], i.e., H(p) is closed.

Next, let us show that H(p) satisfies the condition (i) in Definition 6.2 (2), i.e.,
that H(p) is bounded in the action part. Let n € w. Then, by (6.61) and (6.62)

one has

strip[(H (p))™] = strip[(H (A(p)))"].



6.4. Metric and Order-Theoretic Models 179

Since H(A(p)) is compact by Lemma 6.10 (1), strip[(H (A(p)))!™] is finite. Hence,
strip[(H (p))l"] is also finite. Thus, strip[(H(p))["]] is finite for every n, i.e., H(p)
is bounded in the action part.

It is easily checked that H(p) satisfies the conditions (ii)—(v) in Defini-
tion 6.2 (2). Thus H(p) € P, by Definition 6.2 (2).
(2) First, it immediately follows that H is monotonic w.r.t. C, since h is mono-
tonic w.r.t. C.

Let us show that H is continuous on P w.r.t. Cq, i.e., that the following holds
for every (pn)new € Chain(P, Cs):

H(| |lpa)) = | | [H(pn)): (6.63)
new ngw

Let {pn)new € Chain(P.,C). Since H is monotonic w.r.t. Cg, it immediately
follows that

|| 1H @) E H(| ] [pa) (6.64)

new ncw

We will show the other direction, i.e. that

H(| | [pa)) Cs || (H(@n))- (6.65)
new new
Let ¢ € | |,,¢o,[H(pn)])- Then, by Proposition 6.18,
g€ || [HAPA) U H(pn)). (6.66)
new

We distinguish two cases according to whether ¢ € (A;)<“ Ry ornot.
Case 1. Suppose g € (A;)<*-Ry. Then, by (6.66), one has ¢ € ||,,c,[H(pn)]-
Thus, ¢ = w - (R) for some w € (A,)<“ and R € R, and there exists IV such that

Vn > N[ g€ H(pa) |. (6.67)
Fix such a number N. Obviously, the set
py ={w-(R) € py : h(w - (R)) = w- (R)}

is nonempty. Further p, must be finite, since if it is infinite then there must
u € (A;)<“ such that

u<pw Au-({Ll)€ H(A(px))

which contradicts the fact that w - (R) € H(py).
For each ¢ € py, let

I{gy={n>N:G€pn}

Let us show
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U@ :depnt={new:n> N} (6.68)
Fix n > N. Then
g=w- (R) € E(pn)s (669)

by (6.67). Therefore there exists @ - (R} € pn such that h(w-(R)) = w- (R). Since
Pn Cs Pn, there is § € py such that § C w - (R). It must hold that § = @ - (R),
since if § @ w- (R), then § = w’- (L) for some @' C @, and therefore,

hlpn] 3 (@' - (L)) @w - (R) =g,

which contradicts the minimality of ¢ in h[py]. Thus § = @ - (R) € pn, and
therefore, n € I(§). Since n was arbitrary, one has (6.68).

From (6.68) and the fact that py is finite, it follows that I(g) is infinite for
some § € py. Fix such an element g. Then, using Proposition 2.4, one has
Vn > N[ § € pn ], and therefore, § € | J,,c,[Pn]- Thus,

new

Mi)=qe h[ﬂlzlu[pn]]- (6.70)
Also, since (6.69) holds for every n > N, one has

~Ju- (L) € h[H[@»:]][ w-(L)eq]. (6.71)
By (6.70) and (6.71),

g€ mi"i(h’[,!;lf”“”} = H(nlglw[pnl)-
Case 2. Suppose ¢ & (A;)<“ - Ry. Then, by (6.66), one has

g€ ,!E]w[H(Mpn))]' (6.72)
Moreover,

g € H(U,e,[A(Pn)]) (by Lemma 6.10 (2))

= H(A(U,c lpn])) (by Proposition 6.19)
C H(U,culpn]) (by Proposition 6.18).

Thus, ¢ € H(| ], [pn])-
Summarizing the above, in both cases one has ¢ € H(| |

an arbitrary element of | ], . [H(pn)], one has

H(| |[pa)) 2 | |[H(pn)], and therefore, H(| |[pa]) Cs | |[H(pa))-

nEw new new new

[pn]). Since ¢ was

new

By this and (6.64), one has the desired consequence (6.63). W



6.4. Metric and Order-Theoretic Models 181

6.4.5 A Weak Order-Theoretic Model D"

In this subsection, we define a weak order-theoretic model D}''.

As a preliminary to the definition, we define weak versions of semantic oper-
ations op from the strong ones op (op € Fumn,), by applying the hiding function
H:

Definition 6.28 For op € Fun,, let op = Hoop. That is, we define op as follows:
For Poy--- s Pr—-1 € Pcl with r = a.rity(op),

@(Po,---,Pr—1) — H(aﬁ(pﬂa'--:pi“—l))' |

The next proposition immediately follows from Lemma 6.11:
Proposition 6.20 For everyr € {1,2} and op € Funrlr], one has
op € [(Pa)" — Pal- B

We define the weak model D} in the same way as D{T, but in terms of weak
semantic operation op instead of strong ones:

Definition 6.29 The function DT : Lij — (SeVal — Pg) is defined by the
following clauses:

(i) For X € Xp and ¢ € SeVal, DYT[X](¢) = ¢(X).
(ii) Forr € 3,0p € Fun(l"), So,...,8r_1 € L5, and ¢ € SeVal,
DY*[op(So, - - - Sr-1)](¢) = BB(DY[S0] (), - - -, DY [Sr-11(¢))-
(iii) For X € Xp, S € Gx, and ( € SeVal,
DY [(X. $)](C) = fixi(Ap € Pa. DY [(X. S)](Clp/X]))- B

We have the following proposition for DYf corresponding to Proposition 6.15
for M3 and Proposition 6.17 for D"

Proposition 6.21 For every S € Li and (o,(1 € SeVal with (¢ FV(S) = G
FV(S), one has

Di[S1(%) = Di[S1(6)-1
Proof. Similar to the proof of Proposition 6.15.

Using this proposition, we define a model D}f : £;[0] — P from D} by:
Definition 6.30 Putting (o = (AX € Xp. 0), we define D} : £5[f] — Pq as
follows: For every s € L;[d)],

D}'[s] = Di"[s1(Go)- B

A model D for £; is said to be compositional, when the meaning of a compos-
ite statement under D is determined by the meanings of its components. More
precisely, we give the following definition:
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Definition 6.31 (Compositionality of Models) Let D be a model for £;, i.e., let
D:L; = ((X¥p —» P) — P) with P being some set. The model D is compositional,
when for every sq, 81 € Li[f], X € Ap, and § € L, the following holds:

Dlsol = Dlls1] = DISTso/X]] = DIS[s:/X11. (6.73)

Compositionality in the above sense is an intrinsic property of metric or order-
theoretic models defined in terms of semantic operations using some fixed-point
construction for recursive statements. Thus, all the three models defined in this
section are compositional, whose proof is standard in denotational semantics. Here
we need the compositionality of DYT for establishing its full abstractness in § 6.5:

Lemma 6.12 (Compositionality of D}'') The model D}' is compositional. J

Proof. By Proposition 6.21, it suffices to show that the following holds for every
se€ Li[0), X € £;, S € Ly:

DY [8[s/X11(¢) = PYISICIDY [s)/X))- 1 (6.74)
For § € L, let us write Compos(S5) to denote that

VX € Xp,Vs € Li[0],V( € SeVal|

; e 6.75
DY [STs/X]1(¢) = DY ISICIDY Ts1/ X)) | (679)

We will prove, by induction, that the following holds for every n € w:
VS € Li(n)] Compos(S) ]. (6.76)

For n = 0, (6.76) holds vacuously. Suppose (6.76) holds for n = k. Let us prove
(6.76) for n = k+ 1. Let S € Lj(n + 1). Then, one of the following three
propositions (6.77)-(6.79) holds:

S € Xp. (6.77)

S = op(Sp,...,Sr—1) with some r € 3, op € Funl"), and (6.78)
So,---,8-—1 € ﬁi(n)

§ = (uY. §) with some ¥ € Xp and Se Li(n). (6.79)

When (6.77) or (6.78) holds, (6.75) immediately follows from the induction hy-
pothesis,

Suppose (6.79) holds. Let X € Xp. When ¥ = X, one immediately obtains
(6.75) from the induction hypothesis using Proposition 6.21. When ¥ # X, one
obtains (6.75) as follows: For every s € £L;[0] and ¢ € SeVal,

DY[S[s/X11(¢) = DY [(kY- Sls/X1D(¢)

= fix (- D} [S[s/XIN(¢Ip/ Y1)
= fix (. DYISNCIDY 1/ XD e/ YY)
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C?- H < C;\rf ‘A;\-’r (f.a-)h Oinf
My -
Dy H  pu AV (fa)

Figure 6.1: Connections between Semantic Models for £

(since, by the induction hypothesis, one has

DY S[s/XN(¢lp/Y])
= DY ISI(¢lp/ YD 51/ X))
= DYISI(CIDY [s]/ XD)p/Y)) )

= DY [(nY- S)] DY Ts1/X]) = DY ISICIDY [s]/X))- W

6.5 Relating Semantic Models

In this section, we will relate the operational and denotational models defined
in §§ 6.3 and 6.4, and thereby establish the full abstractness of D' w.r.t. omE,
The connections, including the full abstractness result stated above, between the
semantic models are summarized in Figure 6.5, where (unlike the usual commu-

tative diagrams) C M—n O denotes that C is fully abstract w.r.t. O with
AoC=0.

As a preliminary to the proofs of this section, the notion of a syntactical valu-
ation is defined by:

Definition 6.32 Partial functions from Xp to £;[0] are called syntactical valua-
tions. Let

(6 €) SyVal = (Xp-»L;[0]). 1
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6.5.1 Equivalence between Ci" and MY

In this subsection, we will establish the equivalence between Ci* and M{. In
fact, we will prove the following lemma which is slightly more general than the
equivalence:

Lemma 6.13 (1) For S € L3, ( € SeVal, one has

V8 € SyVal[ FV(S) C dom(f)

= C{[S[0]] = MY [S(CICsr o 8)) . (6.80)

(2) For every s € L;[0], one has C'[s] = Ms[s]. B

In the proof of the above lemma, the following lemma, which states the com-
positionality of C§* w.r.t. combinators in Fun,, will play a key role.

Lemma 6.14 For every r € {1,2} and op € Fun(lr), one has

VS(), ey 8po1 € ﬁi[@][ C?r’ﬂ[‘?p(“a‘u, ey sp_l)ﬂ (681)
= op(C5*[s0], .- ., C5" [5--1]) |-

We first prove Lemma 6.13 using Lemma 6.14, postponing the proof of
Lemma 6.14.

Proof of Lemma 6.13 (1) We will prove, by induction, that (6.82) below holds
for every n € w:

(6.80) holds for every S € Li(n) and ¢ € SeVal. (6.82)

Induction Base. For n = 0, one has (6.82) vacuously, since £;(0) = 0.
Induction Step. Let n € w, and suppose that (6.80) holds for every S € L;j(n).
Fix $ € L;(n+1) and ¢ € SeVal. Let us show (6.80) by distinguishing three cases
according to the form of S.

Case 1. Suppose S € Xp. Then one obtains (6.80) as follows: For every # € SyVal
with dom(8) C FV(S) = {5},

CyIS[6]] = C ()] = MYST(CICE" o 6]).
Case2. Suppose S = op(Sp,...,S-—1) with r € 3, op € Fung_"), and
S0y..-,8r—1 € L;(n). Then one has (6.80) as follows:

cr[s(ell = Ci"[op(So[6); - - -, Sr—1[0D)]

= op(C"[Solf]], . - -, €T [Sr-1[6]]) (by Lemma 6.14)
SBMEISOl(CICE 0 61, ., MTTSe—a](C[CT" 0 ])

(by the induction hypothesis)

= MYS](<[CT" o 8]).
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Case 3. Suppose § = (uX. §) for some X € Xp and S € G(n) C Li(n). Then,
first one has

c[S[]] = ¢ [(eX. S[6))] (where § =6 FV(S))

= cYI(S16DIS161/X11

= cy[Ste[se1/ X1

= MS[S](C[CsF 0 8[S[6]/X]]) (by the induction hypothesis)
= MY ISI((CICT o BDICTISI11/ X])-

Thus,
' IS[O1 = MTISTCICET o eDICTISIeN/X]).
By this and the fact (6.49), one has
CiIS(O1 = fix(ap. MEST((C[CE o 6DIp/ X))
= MY[S](CICT" o 6])

(since (6.47) holds with M replaced by MJ" by Proposi-
tion 6.11).

(2) This part immediately follows from part (1). H
Now let us prove Lemma 6.14. For the proof, we need a kind of distributivity
of semantic operations ||, }, and dc; first, we will establish the distributivity.
The operation || is distributive w.r.t. U:
Proposition 6.22 Vp,p;,p2 € P pn(pl Ups) = (p||p1)0(pﬂp2) I’ |
Proof. See § 6.A.1. W
The functions 3, and 7 are distributive w.r.t. U in the first argument:
Proposition 6.23 (1) For po,p1,p’ € 9(Q),
(0 Up1,p") = | J L (055 2))-
JE?
(2) For po,p1,p’ € P,
(po Up1,p') = | JL(ms-P))-1
jez
Proof. See § 6.A.2. W

For each C € p(C,), the semantic operation dc is distributive w.r.t. U:
Proposition 6.24 Let C € p(Cy).
(1) Yoo, € p(Q) 9o Up1) = 0 (o)
(2) Vpo,p1 € Pai dc(poUp1) = dc(po) Udc
Proof. See § 6.A.3. W
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Proof of Lemma 6.14 Here we will prove (6.81) for op = || (for the other
combinators, the claim can be established in a similar fashion). Let us define two
mappings F, G : (L;[0])*> — Pq as follows: For (so,s1) € (£1[0])?

(i) F(s0,51) = C'[solls1], (i) G(s0,51) = [[(C57Ts0], G5 [s:]). (6.83)
Let us show that both F and G are the fixed-point of some higher-order mapping
&) : ((L£1[0))? = Pa) — ((£1[0])? — Pa),

from which (6.81) for op = || immediately follows.
Let s, 51. First, we observe

B(C5 [sollsa]) = B(I(C5 [50]. C5 [s0])) = [l (B(C"[s0]), BCT [s0))-  (6.:84)
(For the definition of 5(-), see Definition 6.1.) For every ¢ € Cy,
F(s0,s1)[{c)]
= | JWICTIsN : (solls1) =1 s}
= U{w[C“'[snllsl]!] : 50 51 50} U | J{0ICT Tsolls1]) = 51 1 51}
“U[U{F 50,51) * S0 = s} U U{F (s0,51) : 51 =1 81}]-
Also,
F(sﬂasl)[T]
= e I] : (sallsn) 51 ')
= U{»lCTsollsal)  so =1 5o} U ULl C“ﬂé@”‘ﬁ]ﬂ 51 '51 51}
Uecenct(eoyramaramPIULCT Tsollsi] = s0 =15 A so =1 st }]
= PIU{F(sh,51) : 0 1 56} U U{F(50,51) : 51 =1 51}
UU cecact(so)nmamiay UL F (80, 81) : 50 5185 A so =1 5ot
Now we define &, so that F = & (F) as follows: For F € ((£i[0])? — Pa), and
(s0,51) € (£3[0])?,

@y (F)(s0,51)
= [[o(B(C5" [50]), B(CT [50]))
UU.:ECI[(C) : (lb[U{F(sfnSl) So _C"l 30}
U U{F( 50, ) :s1 =1 s1H)]
U(r) - BIU{F(s5,81) : 50 =1 S0}
U U{F(s0,51) : 51 =1 81}
U UcEcact(su)r‘lm[ .
U{F(sh, 1) : s0 =1 85 A 51 =1 51}
Obviously @y is a contraction on ((£;[0])2 — Pe1), and therefore, F' = fixi(®n).
Using (6.83) and Proposition 6 22, we can easily check that G = ®(G). Thus,
we have F = fix)(®;) = G, i.e., (6.81) for op = || holds. W

(6.85)
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6.5.2 Equivalence between M{" and DY

Lemma 6.15 For every S € Lj, one has
¥¢ € Sevall MY[SI(¢) = DFISI(¢) 1.1 (6.86)

Proof. We will prove this by induction on the structure of S, or more precisely,
we will prove, by induction, that the following holds for every N € w:

VS € L;i(N),¥( € SeVal[ MT[S](() = DY[S](C) - (6.87)

Induction Base. For N = 0, (6.87) holds vacuously, since £;(0) = 0.
Induction Step. Let n € w and suppose that (6.87) holds for N = n. We will
prove that (6.87) holds for N = n + 1. Let S € Lj(n + 1). We will prove (6.86).
By the definition of £;(n + 1), one of the following three conditions holds:

S € Xp; (6.88)

S = op(S, - iy S,._1) with op being an r-ary combinator (6.89)
(r € 3), and S; € Li(n); ’

$ = (uX. §) with some X € Xp and S € Li(n). (6.90)

In the case (6.88) holds, (6.86) immediately follows from the definitions of M7
and DY

In the case (6.89) holds, (6.86) immediately follows from the induction hypoth-

esis.

In the case (6.90) holds, one obtains (6.86) as follows: Let ¢ € SeVal and put
& = (Ap € Pa. MY[SIG[p/X));
¥ = (Ap € Pa. DY[S1(C[p/X]))
Then & = ¥, by the induction hypothesis, and therefore,
MT[SI(¢) = fix(®) = }jgld[q’"(i)]
= Lig})[ll!“(l)] = | |{¥"(1)] (by Lemma6.1)
new
= fixa(¥) = DILSIQ).
Thus, one has (6.86). W

6.5.3 The Relationship between Dj and Dy"

In this section, we will show that for every statement s, D'[s] is obtained from
D5t[[s] by applying H (which is the claim of Lemma 6.20 (2) below). In the proof
of this fact, a key role is played by the notion of neutrality defined by:
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Definition 6.33 Forr € w and f € (P)" — P, we say the hiding operation H
is neutral w.r.t. f iff the following holds:

Vpo,- .- Pr-1 € Pal H(f(H(po), -, H(pr-1))) = H(f(Po>-- > Pr-1))- B

The following four lemmas together states that the hiding operation H is neu-
tral w.r.t. all the semantic operations.

Lemma 6.16 (Neutrality of Hiding w.r.t. +)
Vpo,p1 € Pal H(H(po)+H(p1)) = H(po+p1) |- B
Proof. See § 6.B.1. W
Lemma 6.17 (Neutrality of Hiding w.r.t. |)
¥p,p' € Pal H(H@)H(") = H(pllp') ] 0
Proof. See § 6.B.2. W
Lemma 6.18 (Neutrality of Hiding w.r.t. 3)
Vp.p' € Pa H(H(p) H(p')) = H(pip) ]-0
Proof. See § 6.B.3. H
Lemma 6.19 (Neutrality of Hiding w.r.t. dc) For every C € p(C1),
Vp € Po| H(9c(H(p)) = HOc()) |-
Proof. See § 6.B.4 W

Summarizing Lemmas 6.16-6.19, we have established that the hiding opera-
tions H is neutral w.r.t. all the semantic operations +, ||, +, and d¢ (C € p(Ci)).
Using this fact, we can show the following connection between D§" and D}'":

Lemma 6.20 (1) For every S € Ly, one has

V¢ € SeVall H(DY[S](¢) = DY [SI(H 0 ¢) |- (6.91)
(2) For every s € Ly[0], one has
H(DY [s]) = Dy'[s]. 0 (6.92)

Proof. (1) We will prove, by induction, that the following holds for every N € w:
VS € L;(N),V(¢ € SeVal[ H(DY[S](() = DY [SI(H 0 ¢) ). (6.93)

Induction Base. For N = 0, (6.93) holds vacuously since £;(0) = 0.
Induction Step. Let n € w and suppose that (6.93) holds for N = n. We will
prove (6.93) for N = n+ 1. Let S € £ij(n+ 1). Let us prove (6.91). By the
definition of £;(n + 1), one of the following three conditions holds:

S € Xp, (6.94)
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S = op(So,. o S,—1) with op being an r-ary combinator (6.95)
(r € 3), and S; € Li(n), ’

S = (uX. §) with some X € Xp and § € L;(n). (6.96)

We distinguish three cases according to which of the above conditions is satisfied.

Case 1. Suppose {6.94) holds. Then, For every { € SeVal, one has

H(DYS1(¢) = H(((S)) = (H 0 ()(S) = DY [S](H 0 ©).

Thus, one has (6.91).
Case 2. Suppose (6.95) holds. Then, for every ¢ € SeVal,

HDFISICQ) = HOFIF (o, .-, 5:-1)](C)
= HEBOYI3(0),- - DY [5r11()
= H(op(H(DY [So](€))s - - - H(DY[Sr—11(E))))
(by the neutrality of H w.r.t. op)
= B(DY[Sol(H 0C), ... DY [Sr-1](H 0 O))
(by the definition of op and the induction hypothesis)
=D} [op(So, - -, Sr—1))(H 0 () = DY[S](H o ().
Thus, one has (6.91).
Case 3. Suppose (6.96) holds, and let { € SeVal. Then, putting

@ = (Ap € Pa. DY[S](¢lp/ X)),
one has

H(DY[S)(Q)) = H(fixi(®)) = H( ;e [® ({(L)})]) (6.97)
= lico [H(@'({(1)}))] (by the continuity of H). )

Also, putting
¥ = (Ap € Pa. DY[S]((H o Q)[p/X))),
one has

DY[SI(H o ¢) = fixa(¥) = | [T ({{L)})]- (6.98)
iEw
Thus, it suffices, for showing (6.91), to show that the following holds for every
1€ w

H(® ({{(L)}) = T ({{L)}). (6.99)

We will show this by induction on :.
Obviously (6.99) holds for i = 0. Let j € w and suppose that (6.99) holds for
t = j. Then,

S ({(L)}) = 8(®({{(1L)}) = DYISICI®’ ({{L)})/X]),
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and therefore,

H@*({(1)) = DTS ({(L)D/X])

= D‘f’fﬂk?]}(H o (¢[®’ ({{J.)})/X])) (by the induction hypothesis)

= DY[SI((H o O[T ({{L)})/X])

(because

H o (¢[2° ({{L)})/X]) = (H o [H(2'({{L)}))/X]
= (H o QI ({(L)})/X] (by (6.99) for i = j) )

= ¥(T({(L)}) = T}

Hence, one has (6.99) for i = j 4+ 1. Thus, for every i € w, (6.99) holds, and
therefore, one has (6.91).
(2) This part immediately follows from part (1).

6.5.4 Equivalence between C}' and D}

The following lemma immediately follows from Definition 6.12, Lemma 6.13,
Lemma 6.15, and Lemma 6.20:

Lemma 6.21 For every s € Li[B], one has
Y sl = D[] B

Proof. Let s € £;[0]. Then
CYs] = H(C;"[s]) (by Definition 6.12)
= H(M7[s]) (by Lemma 6.13)

= H(D{'[s]) (by Lemma 6.15)
= Tj}”f[[sl (by Lemma 6.20 (2)). W

6.5.5 Full Abstractness of D} w.r.t. O

The order-theoretic model ’D}"f is fully abstract w.r.t. the flattened weak linear
model O‘{“f, provided that the set C; of communication actions is infinite:

Theorem 6.1 If C, is infinite, then for every so,s1 € L;[0], one has

Dy’ [s0] = D}'[s1] &

VX, VS € Li[X][ O [S[so/X]] = OP[S[s1/X]] ]- W (6.100)

Proof. Suppose C; is infinite, and let sg,s1 € L;[0].
The <«=-part of (6.100) immediately follows from Lemma 6.4 and Lemma 6.21.
Also, we obtain the =>-part of (6.100) from Proposition 6.4, Lemma 6.12, and
Lemma 6.21 as follows: If
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DY [s0] = Dy [s1], (6.101)
then for every X € X'p, S € L;[X], ¢ G-Se’\e’rsll1 and ¢ € 2,

O [S[s:/ X]] = AVT(CYT[S[s:/X]]) (by Proposition 6.4)
= AY(DY[S[s:/X]]) (by Lemma 6.21)
= «4‘1”(1'?}“[[5]] (C[’DIVF[[S,-]]/X])) (by Lemma 6.12).

From this and (6.101), it follows that

OP[Slso/X1] = OT'[S[s1/X]]. W

6.6 Comparison of a Variant of D}! and Other
Models

We conclude this chapter with a comparison between a slightly simplified variant
I?Wf of the fully abstract model D! given in § 6.4.5, and two well-known models for
communlcatmg processes: the improved failures model N of Brookes and Roscoe
(IBR 84]) and the strong Acceptance tree model AT of Hennessy ([Hen 88]); these
three models '}D“'f N, and AT are shown to be isomorphic. We also give a
comparison between these models and the two models C}' and C}' introduced in
Chapter 5.
To give the comparison, we replace the choice combinator ‘+’ by the internal
choice operator ‘@’ with the following two transition axioms:

(i) (so ® 1) =1 s0, (ii) (s0 ® 1) —1 51 (6.102)

Thus the distinction between a direct and indirect deadlocks is no longer necessary
(this distinction has been needed only for defining denotational interpretation of
‘4’); we obtain a slightly modified language L;, for which denotational models are
constructed more easily.

Definition 6.34 Let Sig; = (Funj,arity;) with
Funj = (Funm, \ {'+'}) U {'®’},
and for op € Funj, let

arity; (op) = { - if op = O,
YiloP) = arity, (op) otherwise.

Also, we define a language £; on the basis of Sigj, just as £; has been defined on
the basis of Sig;. Let £;[0] be the set of closed elements S of L;. I
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6.6.1 A Simplified Variant of D}

For the simplified language L£;, we construct a denotational D;"f by simplifying
Di"'f accordingly.

In the construction of TD;"{, we take C}/, instead of A}/, as the set of actions;
this is for the convenience of comparing ‘D%"r and the other two models which are
constructed based on C;".

We define the semantic domain P; for ’D‘i"f just as Py, but on the basis of C}/
(instead of AY) by:

Definition 6.35 (Semantic Domain Py for DY)

(1) () Qf" = (C1)= - (le(CY ) U{(L) ().
(i) Q; = Q" U(Cy)~.
(2) Let P; be the set of elements p of p,¢1(Q;) satisfying the following conditions
(1)—(iii):
(i) p is bounded in the action part, i.e., satisfies (6.6).
(ii) p is prefiz-closed in the sense that

Yw € (C; <w,v Qi w-geEp =
B EL) )e . i (a([@)) qu f) (6.103)

(iii) p is downward closed in the sense that
Vw € (C;)<%, VT € p(CY)[w- (§(T)) € p = (6.104)
VI' € p(T)[ w- (8(I)) € p ]I-
(iv) p is upward closed w.r.t. disabled actions in the sense that
Vw € (C1)<¥,VT € p(CY)[ w- (6(T)) € p =
w- (§(CU(CY \act(p(w])) €20
Obviously (Pj,Cs) is a pos; further, it is easily shown that (P;,Cs,{(1}}) is a
cpo.
We can define semantic operations op; on P; for combinators op € Fun; as
follows: First, we define a domain P} just as P; but on the basis of A;/ instead

(6.105)

of C}/, and semantic operations op; are defined on P! for op € Funj just as in
§ 6.4.1. (There semantic operations op have been defined on P for combinators
op € Fun,.) Obviously Pj is a suset of P'%, and Pj is closed under the operations

61'5’1, ie.,
Vr € 3,Vop € Fun;[ op;[(P;)"] C Py |-
We define the semantic operation op; : (P;)” — P; by:
op; = op; (Py)".
The simplified variant D‘i"f is defined in terms of the semantic operations opj,
just as D{"f has been defined in terms of the semantic operations op.
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6.6.2 Comparison with Improved Failures Model

In this subsection, we will show that a simplified variant ’D‘i"f of the weak order-

theoretic model DY is isomorphic to the improved failures model N proposed by
Brookes and Roscoe in [BR 84]. Similar isomorphism has been established by de
Bakker et al. in [BMO 87] for linear semantics, and they raised there an analogous
problem for failures semantics as a topic for future research; here we study the
problem along the lines of [BMO 87], and establish a result analogous to that of
[BMO 87].

Comparison of Semantic Domains

We define the semantic domain P}, for the improved failures model A/ as in Defi-
nition 6.36 below. (This definition is seemingly rather different from the original
definition of [BR 84]; however the domain Py, is isomorphic to a sub-cpo of the
original domain N of [BR 84], as explained in Remark 6.3 below.)

Definition 6.36 (Semantic Domain for the Improved Failures Model)

(1) A subset p of Qg‘" is said to be saturated in Q?“ iff
Ve, € Q" [qepAqCqd = d€pl (6.106)
(2) Let Py, be the set of elements p of _sp.,_(Qflj“) satisfying the following conditions.
(i) mini(p) is bounded in the action part, i.e.,
¥n € w[ {strip(¢™) : ¢ € mini(p)} is finite ]./a (6.107)
(ii) p is prefiz-closed in the sense of (6.103).
(iii) p is downward closed in the sense of (6.104).
(iv) p is upward closed w.r.t. disabled actions in the sense of (6.105).
(v) p is saturated in Qf".
(3) We define the nondeterminism ordering E, on Py, by:
Co= {(po:p1) € (Por)* : po 2 1}

We sometimes write pg C, p1 to denote that (pe,p1) €Cn, as usual. J

Remark 6.3 (1) In[BR 84], processes (elements of N) are defined as pairs (F, D)
with

F (€)% xp(CY), DC(Ci)v

Such a pair (F, D) corresponds to the following set which is an element of
Pb[:

{w-{§(T)): (w,T) € F}uU{w-(L):w € D}.
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We adopt the above definition of the semantic domain for N, for the conve-
nience in comparing N with DY,

(2) In [BR 84], the model N was defined by seven conditions (N1)-(N5), (D1)
and (D2) (cf. § 3 of [BR 84]). Condition (N1) corresponds to nonemptiness,
which is satisfied by all elements of g)+(Q?“); conditions (N2), (N3), (N4)
correspond to (ii), (iii), (iv) in Definition 6.36 (2), respectively; the conjunc-
tion of (D1) and (D2) corresponds to (v) in Definition 6.36 (2). Condition
(i) in Definition 6.36 (2) is added for the convenience in comparing A" with

D;"f. Condition (N5) follows from condition (iv) with the help of conditions

(i), (iii), (v)-

Summarizing, conditions (i)-(v) are equivalent to the seven conditions in
[BR 84] plus condition (i). That is, Py, is isomorphic to the sub-cpo con-
sisting of those elements of N which are bounded in the action-part. |

Every element of Py, is strongly prefiz-closed in the following sense:
Proposition 6.25 Let p € Py,. Then,
Vw € (C1)<“, Vg€ Qi[w-g€p = w-(60) €p .1 (6.108)

Proof. Fix p € Py,. Let w € (C1)<%¥, ¢ € Q; such that w - g € p. Then, either
w-{L) € porw-(6(0)) € p, since p satisfies (6.103. When w - (L) € p, one has
w - {6(@)) € p, since p is saturated. Thus, in both cases, one has w - (§(8)) € p.
Summarizing the above, one has (6.108). W

Obviously (Py,, C,) is a pos; further, it is easily shown that (Py,, E,) is a cpo.
For establishing the isomorphism between P; and Py, we will employ a satu-
ration function satr(-) defined by:

Definition 6.37 (1) A subset p of Qj is said to be saturated in Qj iff
Ve,¢ €Qilg€pAgCqd = ¢ epl]. (6.109)

(2) We define a saturation function satr : p(Q;) — ©(Qj) as follows: For every
? € 9(Qj),

satr(p) ={¢ € Qi : 3¢' € p[ ¢’ C ¢ ]}-
We call satr(p) the saturation of p. §
From the above definition, we immediately have the following proposition:
Proposition 6.26 Let p € p(Q;).

(1) Taking saturation of p preserves the minimal part mini(p) of p in the sense
that

mini(satr(p)) = mini(p).

(2) Taking saturation of p preserves closedness in the sense that if p is closed,
then satr(p) is also closed. i
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Using the saturation function, we define an mapping ¢, from P; to Py by:
Definition 6.38 (Isomorphism between P; and Py,)

(1) Let ¢ : Py — p(Q?‘“) be defined as follows: For every p € Pj,

e (p) = satr(p) N Q™.
(2) Let ¥p, : P — p(Qj) be defined as follows: For every p € Py,
$(p) = minip). B

The following proposition immediately follows from the definitions of Pj, Ppr,
Pbrs and Yrm:

Proposition 6.27 (1) ¢u[Pj] C Py:.

(2) ¢u:[Po] CPy- 1

From the first and second parts of the this lemma, one has
¢ : Py — Py, and ¥y, : Py — Py,

respectively.
The two cpo’s (P;,C;) and (Pyr,Cy) are isomorphic as cpo’s, with ¢p, and
Py: being isomorphisms between them:

Lemma 6.22 (Isomorphism between P; and Py,)
(1) Ppr © Por = idPi-

(2) Pbr © Ypr = ider-
(3) éb: is a continuous function from (Py,Cs) to (Ppr, Cn).
(4) ¥ is a continuous function from (Pyr, En) to (P, Cs). B

In order to prove this lemma, we need the following proposition:
Proposition 6.28 (1) Letp € p(Q;). If p is closed and prefiz-closed, then
pn Q> =
(2) For every p € Py,
(sate(p) N Q)™ = satr(p). I

Proof. (1) Let p € p(Q;) and suppose p is closed and prefix-closed. It suffices to
prove two propositions (6.110) and (6.111) below.

(pﬂ Qii’in)cis n Q{i’m =p n Ql;m (6110)

(PN QM N(C1)” =pN(Cr)". (6.111)
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First, let us show (6.110). Since all accumulation points of every subset of Q3
are contained in (C;)“, one has

PN Q™)™ \ (pn Q") € (Ch)“,
and therefore,

(PN Q"™ \ (pnQI")NnQi" c (C)*nQf" = 0. (6.112)
Further

(p N inin )cls A Q?n

=((pn QM) \ (pn Q") U (N Q") nQl

= (kN Q)™ \ (pn QM) NQfHUEN Q)
=pnN Q" (by (6.112)).

Thus one obtains (6.110).
Next, let us show (6.111). One has

(pn Q") C p =p, (since p is closed).
and therefore,
(PN Q") n(Ci)” Cpn(Ci)~.
We will show the reverse inclusion:
2N(C1)” € (pN Q") N (Cy)~. (6.113)

Let ¢ € pN (Cy)*. Since p is prefix-closed, there exists ¢' € QT“, for each n, such
that

3 eQi"[(¢g n)-dep]
Choose such an elementq’ for each » and denote it by ¢/,. Then,

vnew (g n)-dePNQ" ]
Thus, g € (pN ini“)':]"’. Since ¢ has been an arbitrary element of p N (C;)“, one
has (6.113).

(2) Let p € P;. Then, satr(p) is prefix-closed by the definition of P;, and is closed
by Proposition 6.26 (2). Thus, applying part (1), one has

(satr(p) N ini“ ) = satr(p). @
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Proof of Lemma 6.22
(1) It suffices to show that

Vp € Pi[ Y (dn:(p)) =P |- (6.114)
Let p € P3. Then,

o (Poe(P))

= mini((satr(p) N Q")) (by the definitions of ¢pr and i)
= mini(satr(p)) (by Proposition 6.28 (2))

= mini(p) (by Proposition 6.26 (1))

=p (since p is flat).

Thus one has (6.114).
(2) It suffices to show that

Vp € Pur[ due (¥ (p)) =1 |- (6.115)
Let p € Py,. Then,

str(f'bbr (p))

= satr(mini(p<*)) N Q" (by the definitions of ¢y and ) (6.116)

= satr(p®) N Q'{“‘ (by Proposition 6.26 (1)).
Further, one has
satr(p™®) = p°, (6.117)

since p°'® is saturated in Qj, which follows from the fact p is saturated in Q?“.

By (6.116) and (6.117), one has

o (Yo (p)) = p™* N Q" =p.

Thus, one has (6.115).
(8) It can be easily shown that ¢y, is monotonic, ie.,

Vpo,p1 € Pil po Cs p1 = ¢be(Po) 2 dor(p1) |- (6.118)
It suffices to show that the following holds for every (p1)new € Chan(Pj, cc):
Soe([ ] [2a]) = () [$6r(pn)]- (6.119)
new new

Let (p1)new € Chan(P;,cC). We will show (6.119).
From (6.118), the monotonicity of ¢y, it immediately follows that

¢br( l_] {pﬂ ]} g ﬂ [ber(pn) ]

new new

Thus, it suffices to show that
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ﬁbbr( |_| [pn]) 2 ﬂ [‘rﬁbr(pn)]- (6'120)

nEw new

Let g € ﬂnEw[_ébr(pn)]. By the definition of phiggr, for every n € w, there is
gn C ¢. Fix such an element g, for every n. Since {¢' € Q; : ¢' C ¢} is finite,
there exists ¢' € Q; such that {¢’ € Q; : §» = ¢'} is infinite. Fix such ¢’. By this
and the Interpolation Theorem there is N € w such that

VRZN[ éﬂ.:q’]'

Thus, ¢’ € UnEw[p“]" and therefore,

¢ €str(| |[pn,].

new

Thus, one obtains (6.120).
(4) First, let us prove that iy, is monotonic, i.e., that

Vpo,p1 € Poe[ po 2 p1 = Yue(Po) Cor Ye(p1) |- (6.121)

Let pg,p1 € Py such that pg D py. Then, obviously (po)“"ls D (pl)“ls1 and therefore,
(po)™™® Cs (p1)°'. By this and the fact that mini(-) preserves the order Cs, one has
mini((pg)"s) =y mini((pl)ds), ie., ¥ (po) Cs Ybe(p1). Summarizing the above,
one obtains (6.121).

Next, let us prove that ¥, is continuous, i.e., that the following holds for every

(Pn)new € Chain(Py,, D):
Yoe ([ [pa]) = || [¥5:(pn) - (6.122)
nEw new

Fix {(pn)new € Chain(Py;, 2). From (6.121), the monotonicity of ., it immedi-
ately follows that

Ve ( n [Pn]) 3s I_I [¥br (Pn) ]-
new new
Let us show the other inequality:
Uoe( [ [Pna]) Es || [¥ne(pn)]. (6.123)
new new

For this purpose, it suffices, by the definition ¢, to show the following:

(N [paD)" 2 | [mini((pa)™)]- (6.124)
nEw new

Let ¢ € | ], ¢, [ mini((pn)'®)]. We will show that
g€ ([ [pa])" (6.125)

new
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We distinguish two cases according to whether g is finite or infinite.
Case 1. Suppose ¢ is finite. Then, by the definition of UHEM[mini({pn)ds)], there
is N € w such that

¥n > N[ ¢ € mini((p,)™") ].

Fix such a number N and let n > N. Then, one has g € (pn)ds, and moreover,
g € pn, since ¢ is finite. Thus Vn > N[ ¢ € pn ]. Also, since (pn)ncw is a 2-chain,
one has ¥n < N[ g € pn ]. Thus, V2 € w[ g € p, ], and therefore, ¢ € Nyewl?n -
Hence, one has (6.125).

Case 2. Suppose g is infinite. Then, by the definition of | |, [mini((pn)®)],
there exists {g,)new € Chain(Qu:, C) such that

¥n € W[ gn € mini((pa)®) ] A |_] [¢n] = g

new

From this and the definition of | |,. [¢n ], it follows that for every n € w, there
exits NV € w such that

Vn > N,3g€ Q;[ (¢ n)-q € mini((p,)™) ].

For each n, we fix such a number N, and denote it by N(n). Fix n € w. Then, by
Proposition 6.25, one has

VE > N(n)[ (¢ n)-(6(8)) € mini((pa)™) ],
and therefore,

Vi > N(n)[ (g n)-(8(0)) € pn |- (6.126)
Also, since {(pn)new is a D-chain, one has

VE< N(m)l (g n)- (6(8)) € pa ] (6.127)
By (6.126) and (6.127), one has

Vkewl (g n)-(6(D) € pnl,
and therefore,

(g n)-(8(0)) € D [Pn)-
Since n has been an arbitrary element of w, one has

vaewl (g n)-(6(8) € [[pnl]-

nEw

Thus, one has (6.125).
Summarizing the above, in both Casel and Case2, one has (6.125). Since ¢
has been an arbitrary element of UnEw[mini((pn)“'s) ], one has (6.124). H
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Comparison of Denotational Models

For each r € 3 and f € E(ir], a semantic operation f; : (P;)" — P; is defined

just as f : (P¢)” — P, with certain appropriate modification (or simplification).
In term of these semantics operations f; (f € Fun;), a cpo-based denotational
model 'D%"f : L; = ((Xp — P;j) — Py) is defined, in the same way as D}T has
been defined in terms of f (f € Fun;).

Alsolet N : L; — ((Xp — Py;) — Py;) be the improved failures model defined
in [BR 84] on the basis of Py,. )

We define D;"f : Li = P and NV : £; — Py, from 'D%"f and A, respectively,
just as D‘l"' has been defined from D}

Lemma 6.23 Let S € £;. Then
(1) V¢ € (Xp — Py)[ dur(DYISI(0) = NST(be 0 ) ]
(2) V(e (X — Pur)[ vur(VIS(Q) = DY [S](¥er 0¢) | W
The next proposition immediately follows from this lemma:
Proposition 6.29 Let 59,51 € £;. Then
D} [so] Ce DY [s1] & Nso] Co Ns1]-B (6.128)

Proof. Let 59,5, € £;. We will prove the = -part of (6.128) (the <=-part can be
proved in a similar fashion).
Suppose

DM [s0] Cs DY [s1].

Then, one has
Gbr (P [50]) Cs e (DY [51]).

From this and Lemma 6.23 (1), it follows that
Nsol T M-

Thus, one has the = -part of (6.128). W

Comparison of Operational Models

An operational model C}"f : Li[0] — p(Q;) is defined in terms of the transition

relations —1, just as C}' by:
Definition 6.39 For s € £;[0], let
Ci“'fﬂs] = mini(7,(s) U T /(s) UTL(s) U F(s)), (6.129)

where 7.,(s), T ./(s), T1(s) are the sets defined in Definition 5.6, and F(s) is the
set defined in Definition 5.8.
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The equality between CJ Tand f);"f can be established just as that between C}'f
and DI

Proposition 6.30 For every s € L;[0], one has
CY sl = Dy[s]. B
Proof. Similar to the proof of Lemma 6.21. [l
In [BR 84], the authors do not give an operational characterization of A; such

a characterization, however, is found in [OH 86]. In [OH 86], the authors define a
model Obsx[-] (for £;[@]), which turns out to equal to A/, operationally in terms

of the transition relations —; as follows (cf. § 13 of [OH 86]):

Definition 6.40 (Operational Characterization of A") Let Obsz[-] : £;[0] —
©(Qbr) be defined as follows: For s € L;, let
Obsx[s] = {g € Qur : Jw € (C1)<“[ s 2 Aw- (L)Esql} (6.130)
U{w- (8()) : w € (C1)<* A T € p(CY) A
Is'[ s = s’ A T & acty(s")
AT Nacti(s") =01} 1

From the definitions of C%"f and Obsz[-], the following proposition immediately
follows:

Proposition 6.31 For every s € L;[0], one has
Obsrls] = 6 (CYT5D)- N
The equality between Obsz[] and A’ follows from that between C;"f and f)}”f:
Proposition 6.32 For every s € L;[B], one has
Obsz[s] = Ns]- B
Proof. Let s € £;[0]. Then,

Obsz[s] = ¢b:(Ci"[s]) (by Proposition 6.31)
= dbr (D;"f[isl) (by Proposition 6.30)
= .a";rﬂsﬂ. (by Lemma 6.23 (1)). W

We remark that this result is established in [OH 86] without mentioning Cll"“f
or lf’}"f, but the proof in [OH 86] seems less intuitive than the one given above.
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6.6.3 Comparison with Acceptance Tree Model

It can be shown that the improved failures model A is isomorphic to the strong Ac-
ceptance Tree model AT, which is fully abstract w.r.t. the operational equivalence
= ue induced by the must tests (cf. Proposition 7.1 of [DeN 87] and the Historical
Note of [Hen 88]). Thus, we can also show that our model D%"f is isomorphic to
the strong Acceptance Tree model ATs[-].

The model AT is originally defined for a language which involves action-
prefizing instead of sequential composition and no successful termination (cf.
[Hen 88]); we slightly extend the model AT so as to include sequential com-
position and successful termination.

This extension preserves all the results of [Hen 88], except that we have to
slightly modify the notion of computation in accordance with the language exten-
51011,

Definition 6.41 Let s € £;[0] and e be an ezperimenter in the sense of [Hen 88].
A computation starting from (e, s) is a sequence {(en, 55))ney (With v € wU {w})
which satisfies either (6.131) or (6.132) below:

v=w A Vn € V[ (en||sn) =1 (ent1]lsns1) |- (6.131)

veEwAVnE(v— 1)[ (e"”‘gﬂ) _T’l (en l”sn 1) ]
A (acti(ey-1l|sy-1) =0 V / € acty (eytlus,il)). ] (6.132)

Here we do not give the definition of =, or ATs[-]; instead, we give an op-
erational relation =, which is shown to coincide with =, (cf. Theorem 4.4.6
of [Hen 88]).

For the definition of =, we need some preliminaries. First, we rephrase
several auxiliary notations given in § 2.5 of [Hen 88], with some modifications in
accordance with the language extension:

Definition 6.42 (1) For Ay, A; € p(p(C}/] U {V}), we write 4; CC Ap to
denote that '

VA; € A; Np(CY),34p € Ao Ao € 4 ]
AV € A = /€ A).

(2) For s € L;[0], let S(s) = {7 € cY s =5}
(8) For s € £;[0] and w € (C;)<¥, let

A(s,w) = {S(¢') : s =21 §'JU{Y 3 [s =1 & 5. 1}
(4) For s € £;[0] and w € (C1)<*, we write s | w to denote that

V' <p wl —(so —i—{-ih) Il

In terms of the notations given above, a preorder <, is defined in § 2.5 of
[Hen 88] as in Definition 6.43 below; we define =, to be the kernel of <5
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Definition 6.43 (1) A binary relation <, on £;[0)] is defined as follows: For
50,81 € ﬁi[m, let sp < must 51 iff ’

Vw € (C)¥[so L w = 51 L w A A(s1,w) CC A(so,w) ].
(2) Let =g, be the kernel of €, 1., let
Zmust = Cmust N (<<must)_l-
Namely, for sp, s1 € £;[0], let so =y 51 1
S0 Kmust 51 N 51 Lpyst So-

Then we have the following lemma stating that the congruence induced by Ci"f
coincides with =

Lemma 6.24 Let so,51 € £;[0].
(1) 50 Lmust 51 & C[s0] s CF'[1]- (6.133)
(2) S0 Shust 51 = C;’fHSU] = C}'"f[[sl]]. I (6134)

Proof. Let so,s1 € £;[0].
(1) First, we will prove the = -part of (6.133). Suppose

Sp <<mu5t 51. (6135)

We will show that C[so] Es C3[[so]. For this purpose, it suffices to show that
ObS}'ﬂSQ]] Ch Obe’ll-S]]], i.e., that

ObS_';:'[Su]] 2 ObS}*IIS1H. {6136)

Let ¢ € Obsx[s;]. We will show that ¢ € Obsx[se], by distinguishing two cases
according to whether or not

Jw € (C1)<“[ w-{L) € Obsg[s;] A w <, strip(q) |. (6.137)
Case 1. Suppose (6.137) holds, and fix such a sequence w. If it holds that

8

il
—3Ju’ Sp w[ S0 u:()>

then, one has
-3dw € (C1)<w[ w - (_L) € ObS}'ﬂSl]] ]
(by the definition of €myst), Which contradicts (6.137). Thus one has

ML
Juw' <p wl so =y 8

From this and the definition of Obsz[-], it follows that ¢ € Obsz[so].
Case 2. Suppose (6.137) does not holds. Then, either

q = strip(q) - {8(T1))
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for some Ty € p(CY), or
q = strip(g) - {v/)-

We consider the first case (the same result can be obtained more easily in the
second case).
Fix such a set I';. By (6.135), it holds that

; (L)
~Jw <, strip(g)[ so =—==> ].

Also, by the definition of A(p;,strip(q)), one has
341 € p(CY \T1)[ A € A(py,strip(q)) |

Fix such a set A;. From (6.135) and the definition of <, it follows that
349 € A(so,strip(g))[ 4p C A4 ]

Fix such a set A;. There exists a statement s;] such that

g =2, b A Ay =8(sh).
Thus, there exits another statement s such that

strip(q) sy AT ¢acti(s)) A Ao = S(sp) D acty(sf).

Fix such a statement sj. One has

FiC CY\ A€ O \ Ai: CF \acti (s2).
Thus,

g = strip(q) - {(§(T'1)) € Obsx[so].

Summarizing the above, in both cases, one has ¢ € Obsz[se]. Since ¢ has been
an arbitrary element of Obsz[so], one has the desired conclusion (6.136).
Next, we will prove <=-part of (6.133). Suppose

C[s0] Cs € 1] (6.138)
We will show that sp <, 51. For this purpose, it suffices to show that

Yw € (C1)<¥[ Vw' <, w[ (5o w:mh) | =

w' (L) (6.139)
V' <p wl =(s1 ===21) ] A A(s1,w) CC A(s0,0) ].
Let w € (C;)<“ and suppose that
' w'- (1)
Yw Sp w[ —‘(30 =}1) ] (6140)

First, let us prove, by contradiction, that
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V' <p wl (51 =) . (6.141)

Assume this does not hold, then there exists w’ <, w such that

w’ (L)
81 .

Let 1 be the shortest sequence of such sequences w’. Then, by the definition of
C%"f, one has - (L) € Ci’"f[[sl]l. From this and (6.138), it follows that

T’ <p W @' - (L) € CF M [s0] ],

but this contradicts (6.140). Thus, (6.141) must hold.
Next, let us prove that A(s:,w) CC A(so,w), i.e., that

(i) YA; € A(s1,w) N p(CY), 340 € A(so,w)[ 4o C A1 ], -
(ii) (v € A(s1,w) = V € A(s0,w)). -

We will prove (6.142) (i) (the other part (6.142) (ii) can be shown more easily).
Let A; € A(s,w). Then, by the definition of A(s,w), there exists s{ such that

81 =1 8] A A; =S(s}).
Further, by (6.141), there exists s} such that
st == 7 A T €acti(s]) A acty(s)) C S(s7) = S(s7) = Av. (6.143)
Fix such a statement s{, and let T'y = C;/ \ act;(s{). Then, by (6.143), one has
I 2 CY\ 4. (6.144)
Further, w - (§(T'y)) € C{'"[51]. From this and (6.138), it follows that
w - {8(T1)) € C{"[s0]-
Thus, there exits sy such that
5o =1 sh A T ¢ acti(sh) A T Nacty(pp) = 0.
Since acty(sh) = S(sg), one has I'y N S(sp) = @, and therefore,
S(sh) € CY \ T = act;(s}) C Ar.
Observing S(sp) € A(so,w), one has
34 € A(so,w)[ Ao C Ay ]

Since A, has been arbitrary, one has (6.142), i.e., A(s1,w) CC A(s0,w).
Summarizing the above, one has (6.139), i.e., it holds that sp €must S1-
(2) This part immediately follows from part (1). W
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6.6.4 Hierarchy of Weak Compositional Models for Com-
municating Processes

For comparing various models for £;, recall the notations:
M Zabs M!: M <abs JM!': M <abs M’1

given in Notation 3.1, where M and M’ are models for Ly.

In order to compare with the denotational models defined hitherto in this
chapter, we define two models C;" and C%"i for £;[0] operationally; the models
C;" and CY are those simplified variants of €y and C}"i defined in Chapter 5,
respectively, which ignore the refusal part.

Definition 6.44 The two model C}" : Li[0] — p(Q;) are defined as follows: For
every s € L;[0], let

C¥[s] = T (s) U T,/(s) U To(s) U F(s),
Ci'[s] = A(C{[sD),

where 7,,(s), T /(s), T.(s) are the sets defined in Definition 5.6, F(s) is the set
defined in Definition 5.8 (1), and A is the pruning function defined in Defini-
tion 5.8 (3). 1§

The compositionality of C%” and C%’"i can be established in the same way as the proof
of the compositionality of C%"’ and Cg"i in Chapter 5, with the obvious modifications;
we omit the proof.

The classical trace model T : L;[] — p((C1)<¥) is defined operationally as
follows:

Definition 6.45 For s € £;[0)], let
T[s] = {w € (C1)<¥ : s =1}.1

As is shown in [Hoa 85], the model 7 can be constructed denotationally on the
basis of the cpo (p((C1)<¥),C,0), and thus, 7 is compositional. Further, 7
and the weak Acceptance Tree model AT, of [Hen 88] are equally abstract (cf.
Theorem 4.4.6 (a) of [Hen 88]).

In [Hen 88], the Acceptance Tree model AT is defined so that the following
holds (cf. Theorem 4.4.6 (c) of [Hen 88]):

Vsg, 51 € Lo[0][ AT[so] = AT[s,] &

AT, [s0] = ATw[s1] A ATs[s0] = AT[s1] ). (6.145)

The hierarchy of compositional models for the language £; defined hitherto is
summarized in Figure 6.2.
We have shown in this section so far that

£ wf tm=
C;’ =abs Div =abs N =Zaps AT,
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T =abs ATy

C“l‘v <abs C{“ <abs AT ‘<abs{ i .
C}\«'f =abs D%‘Ir =abs v'l\"l Zabs A-TS

Figure 6.2: Hierarchy of Weak Compositional Models

Also, it easily follows from (6.145) that
AT <,ps AT
Thus, for establishing the claim of Figure 6.2, it suffices to show that
EV e O e AT w075 (6.146)
We will establish this in the sequel of this section.
Proposition 6.33 AT <. C}"f. |
Proof. By (6.145) and the fact that AT =abs C%"r, it suffices to show that
50,51 € L3 [0][ Tlso] # Tlsa] A & s0] = CY 1] ). (6.147)
Fixing ¢ € Cy, let us put
so=(pX. 1 X), si=sde
Then,
Lol = €3Il = {1},
but
T[so] # T[sl,
since
{c) € Tls1]\ T [s0]-
Thus, one has the desired result (6.147). H
Proposition 6.34 C}"' <.us AT. |
Proof. First, we will show
C}' <abs AT. (6.148)

To show this, it suffices to show that C%"i <abs T, i.e. that
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Vso, 51 € L;[0][ C%'Vi[sg]] = C;“[sl]] = Tlso] = T[s1] ], (6.149)
since (6.145) holds and

Ciwi <abs C;\rf = AT..
We will show (6.149). Let sg,s; € £;[0] such that

Ctiliol = €[] (6.150)

Let w € 7[so]. Then, there exists sj such that sp = s§. Fix such s. From the
fact that the transition system (L;[0],(=),c,) is finitely branching, it follows
that

(L) € CFi[sp] Vv (8(8)) € CY'[so],

with the help of Konig’s Lemma (cf., e.g., [Kun 80] Lemma 5.6). In both cases,
one has w - g € C[so] with some ¢ € {{L),(8(0))}. From this and (6.150), it
follows that w - g € C}''[s,], and thus, w € T[s].

Summarizing the above, one obtains (6.149), and thus, (6.148).

Next, let us show that

—(C} =abs AT). (6.151)
To show this, it suffices to show that

3s0,51[ CY'[s0] # C}'[s1] A AT[s0] = AT[s1] ]. (6.152)
Let

so=(puX. 1 X)B (g (pX. X)), si=(pX. s X)&c
Then, one has

Tlso]l = Tlai] = {{c)},  C}"sol = Ci""[1] = {{L)},
and therefore, AT[so] = AT[s:]. But,

(e, 1) € ¢} [so] \ G} 1],

and thus, C;1[s0] # C}*'[s1]. Thus one has (6.152), and therefore, (6.151).
Summarizing the above, one has the desired result that C;"i <.bs AT. H

Proposition 6.35 C <aps C*'. 11

Proof. By the definitions of C{" and C%”i, it immediately follows that
Civ <abs C{“

Thus, it suffices to show that

3s0, 51[ C'[s0] # C7'[s1] A €' [s0] = CY[s1] |- (6.153)



6.6. Comparison of a Variant of D} and Other Models 209

T c
— ® — O

T c c

—_—t —r 0 — O
T [ c c

sp=e % —3 0 —+0— 0 —0
— e T

T el —r 0.

Figure 6.3: Synchronization Tree of a Statement sq in £;

Let
so = (pX. c® (X;c), s =X (6X))®so

(see Figure 6.3 for a pictorial representation of sq). Then obviously
CPilso] = €3 [s1]

but
Ci' [s0] # €Y' [,

since
¢ € G [s1]\ CF [50]-
Thus, one has (6.153), and therefore, the claim of this proposition. i

Summarizing Propositions 6.35-6.33, (6.146) is shown, and thus, the claim of
Figure 6.2 is established.

Remark 6.4 Let ~; be an operationally defined equivalence over a language
REC(Sig), the set of terms generated by a signature Sig with g-notation,
and let D; be a cpo-based model (for £) which is induced from a Sig-domain
Dom; = (D;,{fi : f € Sig)) and is fully abstract w.r.t. ~; (i =0,1). (Here by a
Sig-domain, we refer to a pair (D, (f : f € Sig)) such that D is a cpo, and f is a
continuous interpretation of f on D (f € Sig).) Then, a fully abstract cpo-based
model w.r.t. the conjunction of ~y and ~; can be constructed just as the model
induced from the product Sig-domain (Dy x Dl,(f : f € Sig)) of Domy and
Dom,, where for each f € Sig of arity 7, fis defined by:

f=(A(20,90); -+, (@r=1,¥r-1)) € (Do x Dy)".
(.fl](xﬂa- . !wr'-—‘lJ?.fl(yI]:!"' ayr‘—l)))-
In this way, a cpo-based model which is isomorphic to the Acceptance tree

model AT is induced from the product Sig,-domain of the two Sig;-domains
underling C¥ Fand 7.
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6.A Proof of Distributivity of Semantic Opera-
tions

6.A.1 Proof of Proposition 6.22
Let My = ((Pa1)® = Pe), and let us define F, G € ((Pa)® — p(Q)) by:

F = (A(p,po.11) € (Pa)®. pll(po Up1)),

G = (\(p,po, 1) € (Pa)®. (pflpo) U (2]lp1))-

Then, it is easily checked that F,G € M;. We will establish that ' = G by
showing both F and G are the fixed-point of a contractive higher-order mapping
¥, from M, to itself.

Let p,po,p1 € P.. By Proposition 6.9,

F(p,po,p1) = [Ib(P,po Up1) (6.154)
O [[(pspo Op1) U [[(po Op1,2) Ul(p. 2o U p1).

Also,

G(p,p0,p1) = ([Io(p. o) Ulln(p, p1 ) ) (6.155)
U (1L(p+20) © [L(p+21)) O ([L(po,») U L(p1,2))
U (l(pupﬂ) O i(p>p1 ))

Below let us define the higher-order mapping ¥ . By the definition of []_, one
has

U(P poUp1) = UaEact(p)[(a) U;ez[P{( )]”PJ Il (6.156)
- UaEact{p [(a) F(p[ {I)} php?)]

Also, one has

I]_(pﬂ Uplap) .
= U(j,k)e{((),l),(l,o)}IUaEact(pj )\ar_‘t(pk)[ (ﬂ.) ’ (p;[(ﬂ)]“jﬂ)]] (6157)
U UaEact(pg)ﬂact.(pl)[ (a> ' F{Papﬂl(a‘)]‘rpl [{ﬂ)]) ]

Further,

I poUp1)

U{(r) - Fel(e)], pol(@)], pa[(B))) -
c € act(p) A AJGZ[L € act(p;)]} (6.158)

UU(j,k)e{(u,r),(l,u)}[u{( 7) - (pl{Mllp;[(2) : ¢ € act(p) A
2 € act(p;) A © € act(pi)})
Now let us define ¥ € (M — ((Pa)® — ©(Q))) together with auxiliary
mappings ¥y, ¥}, ¥ € (My — ((Pa)® — 9(Q))) as follows: For ' € M, and
PraP"usPi € PCh
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@y (F')(p' po- P1)
H (P06, 1) OE L (F)(p', 2, P1) UL (F' )P, 25, Ph)
U, (F')(p", Pos P1)

where,
¥ (F)@\poor)) = U (@ Fola),pr.p2)],
a€act(p)
¥y (F') (', po» )

= U(j,k)e{(ﬂ,l),(l,l])}[UaEacL(pj}\act(pk)[(a) i (ij(ﬂ-)]ﬂp)]]
U UaEact(pu)r‘lact(pl)[(a') . F('p, pn[(&)],pl[(a)])],

U(F') (' posP1)
—U{(T) F'(p'[{)], pol{)), pi[(0)]) < ¢ € act(p) A Ajep[E € act(@))]}

v U(; Ke{(0,1),1, 0)}[U{(T ) - (P'[( C)}”P;[( &)]) : ¢ € act(p’) A
ceact(p;) AT act(py)}]-

Then, it can be easily checked that
VF' € My,Vp,po,p1 € Pal ¥ (F')(p,po,p1) € Par |,

i.e., that ¥y € (M; — M,;). Further, it follows easily from the definition of ¥y
that ¥ is a contraction from M to itself.

_ By (6.156), (6.157), (6.158), ome has L(,pe0Op1) = Tu(F)(p,poUpi),
IL(po U p1,p) = ¥ (F)(p,po Up1), and |(po Up1,p) = ¥ (F)(p, po Up1). Thus

F(p,p1,p2) = ¥u(F)(p,p1,p2)-

Since p,p1,ps have been chosen to be arbitrary elements of P, one has F =
U (F). From this and the contractivity of ¥, it follows that F' = fix(¥y ).

Next, let us show that G is also the fixed-point of ¥y. First, one can easily
show the following by a case analysis on whether (L) € p or not and on whether
(L) € po Up; or not:

Ujez[ﬂb(;ﬂ,?j)] = [lb(p, 2o Up1)- (6.159)

Second, one has

U, o [L2:25)] = Tu(@)(@: po, p1), (6.160)

because

U, o, (L@:2:)]
—U@[ U Ka)- @il

agact(p)
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U Ke-U_lbliles]

aCact{p)

= U [{a) - G(p[{a}], po.P1)]
acact(p)

= ¥y (G)(p,po, p1)-

Also, one has

U_,Egm(p; p)l = ¥ (G)(p,po, p1),

because for (7, k) € {(0,1),(1,0)},
lwip) = U Ka)-l@pila))]
a€act(p;)

== UaEact(pj)ﬁnct(pk)[(a> . “({J! p.‘r‘[(a‘)})]
U UaEnct(pJ)\act(pg)[(ﬂ') ’ ||(p‘pJ[<a)])I’

and therefore,
U, 252
" Uaeacutppmecoo (@ - 1.p51(@))]
u «JE:’.\.cL(_::;_1 \act(p,,)[(fi) H(p pj [(a’ ] ] ]
= Usesettpormaction (@) - Useall @, 2@

u U (j,kye{(0,1),(1, 0}}[Ua€act(p‘?)\act(pk [{a) - ”(P pil(a Ml

= Uaeact(po)nact(pn) [(@) - G(2, po[()], 1 [{@)])]
U U(j,k)E{(O,l),(l,O)}[UaEact(pJ—)\act{pk)[(a) : ”(Pepj[(a)])]]
= IIHLL(G)(pspﬂapl)'

Finally, one has

Ul@.2;)] = ©(G) (P, pos 1),

Jjez2

because for (j, k) € {(0,1),(1,0)},

- Uu‘,k)e{(u.u‘n.u)}

12.25) = () - GUANTR @) : ¢ € act(p) A & € act(p;)}
= U{(r) - Ui, (@) : ¢ € act(p) A & € act(p;) Nact(px)}

OU{(r) - @I{Nlp;[(2))) = ¢ € act(p) A & € act(p;) \ act(pk)},

and therefore,

Ujezﬂ(p,m)]

(6.161)

(6.162)
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{4 Uyl ) - ¢ € act(p) A € € act(py) N act(pe)}
Ui sseto.n,a,03 UL - (RINlp;[(2)]) -

¢ € act(p) A € € act(p;) \ act(pi)}]
{(r) - G@l(c)] pol(@)], P1[(2)]) : ¢ € act(p) A & € act(p;) Nact(pr)}
U(j,;.-)E{(u,1),(1‘0)}[U{(T) - (pl(Mllp;[(2)]) -

c € act(p) A € € act(p;) \ act(pr)}]

Il
o

(-

= U (G)(p; po,p1)-
By (6.161), (6.160), (6.161) and (6.162), one has
G(p,po,p1) = Y (G)(p:posp1)-

Thus, G= "I‘|| (G), and thereforcT G= ﬁX(‘I‘”).
Summarizing the above, one has the desired result that F =G. B

6.A.2 Proof of Proposition 6.23

(1) This part follows immediately from the definition of 3, in Definition 6.19 (5).
(2) This part can be shown by a fixed-point argument similar to the proof of
Proposition 6.22. W

6.A.3 Proof of Proposition 6.24

(1) This part follows immediately from the definition of 52 in Definition 6.20 (1).
(2) This part can be shown by a fixed-point argument similar to the proof of
Proposition 6.22.

6.B Proof of Neutrality of Hiding w.r.t. Seman-
tic Operations

6.B.1 Proof of Lemma 6.16

We need a few preliminaries for the proof of this lemma.
Proposition 6.36 For every pg,p1 € P,
H(H(po)+H(p1)) = H(po)+H(p1)- 1
Proof. This is shown as follows:
H(H(po)+H(p1))
= mini(h[H(po)+H(p1)]) (by the definition of H)
= mini(H (po)+H (p1))
(because Vg € (H(po)+H (p1))[ (¢) = ¢ ], and therefore,
h[H (po)+H(p1)] = H(po)+H(p1))
= H(po)+H(p1)
(because H(po)+H(p1) is flat by the definition of +). [
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Proof of Lemma 6.16 Let pg,p; € P. We will show

H(H(po)+H(p1)) = H(po+p1)- (6.163)
For showing this, it suffices, by Proposition 6.36, to show
H(po)+H(p1) = H(po+p1)- (6.164)

We consider the case 7 € act(pg) A 7 € act(p1) (in the other case, the same result
can be obtained more straightforwardly).
First, one has, for j € 2,

B(H(p;)) = B(p;) O B(H(pj[7])),
and that
A(H(pj)) = Alp;) U A(H (psl7)) = Alp)).
Thus, by the definition of 4, one has
-T-b(H(Pn) H(Pl))
=U, D\AHE)O(AE (o) NAH(P1)))

=Uj62 (p5) \ Ap;)) O BUH (p;[7])] O (A(H(po)) N A(H (1))
Thus,

+o(H (po), H(p1))
= Tu(B(po), B(p1)) O B(H (pol])) O B(H (7)) )
Finally,

H(Pu)‘i'H(Pu)
= +b(B(po), B(p1)) U B(H (po[7])) U B(H (p:[r]))

UUJE2[$(‘H(P’J[T})) DUcEcact(pj)[((:) : H(p.il'[(c)])]]
= -f-b.(B(Po)ag(Pl)) X .

OU;e2BH (2(7])) U @ (H(pj[7])) UUcecaciipny e} - Hp;l{e))]]
= +(B(po), B(p1)) U H(&(po)) U H(&(p1))

(because, for j € 2,

B(H(p;[7])) U @ (H(pj[7]))
OU cecact(py [(€) - Hp; o))
= H(FJ{T]) D L»lr:Et_'act,(pJ [( ) H(pj[(c)l)]

= H(®(p;))
)
= H(;b(B(PU)aB(PI))U @ (po)U & (p1))
= H(Po;Pl)-

Thus, one has (6.164). W
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6.B.2 Proof of Lemma 6.17

We need a few preliminaries for the proof of this lemma.
First, we have the distributivity of H w.r.t. U:

Proposition 6.37 (Distributivity of H w.r.t. U)
¥p1.p2 € P(Q)[ H(p1Upz) = H(p1) U H(p2) | 1
The operation H is commutative:
Proposition 6.38 Vp,,p; € P| nllpz = pzﬂpl ] 8
Definition 6.46 (1) Forp € p(Q), let Lgt(p) = sup(lgt[p]), where the supremum
is taken in w U {w}. We say p is bounded in length, when Lgt(p) < w.

(2) Let PY be the set of those elements of P that are bounded in length. That
is,

P} = {p € Pa: Lgt(p) <w}.

Proof of Lemma 6.17 By Proposition 6.38, it suffices, for establishing the
lemma, to show that

vp,p' € Pal HHE)P) = Hllp') |- (6.166)
Let p,p’ € P.. By the continuity of H and ﬂ, one has

HHEIY) = || EE(@)M)E)M).

nEw

Likewise,

Hpllp) = | H@M]E)M).
new

Thus, for showing (6.166), it suffices to show that the following holds for every
5,7’ € P:

H(Hp)[p") = Hllp). (6.167)

We will prove this by induction on Lgt(p)+Lgt(p’). Note that Lgt(p)+Lgt(p') > 2,
since Lgt(p) > 1 and Lgt(p') > 1.
Induction Base. Suppose Lgt(p) + Lgt(p’) = 2. Then Lgt(p) = 1, and therefore,
H(p) = p. Thus, one immediately obtains (6.167).
Induction Step. Let n > 2 and suppose that (6.167) holds for every (p.p') €
(P2)? with Lgt(p)+Lgt(p') < n. Let (p,p') € (PY})* with Lgt(p)+Lgt(p) = n+1.
We will prove (6.167). When Lgt(p) = 1, we have (6.167) as in the induction base.
Suppose Lgt(p) > 2.

If (1) € p', then both sides of (6.167) equal to {(L)}, and therefore, (6.167)
holds.

Let us consider the case {1) ¢ p’. We distinguish two cases according to
whether T € act(p) or not. We consider the case T € act(p) (the same result can
be obtained in the case 7 ¢ act(p) in a similar fashion). In this case,
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p=@EnB)U()-pl(N]u U K-l (6.168)
ceact(p)nC,
and therefore,

Hp) = enB)OEGK) v U, o () HELED
Hence,
H(p)[lp' = [lo((p N B) U (H(p[(7)]) N B),p' N B)
0@, H ()
OLEGU.P)
OUscussonrit [(c) IED, 2]
O E @), 2)
oy O ey L ICH B, P[],

and therefore,
H(H(p)]lp)
= ”b pﬂB,p N B) U|[b (p[{m)]) N B,p' N B)
UH [L(P, ()

O H([L(HP[T)]),2 )) i (6.169)
UUcEact(p)r\C [( ) ”(H(p{(c)]),p'))}

UH(| (M), p)

UUcEact(p)ﬂm—[( - Il P [(E)-

Further, since H(p) Cs H(p[(7)]), one has
L', H) S L' B,

and therefore,
L', H(p) = L&', H@)) O (', H(p[(r)])-
From this and Proposition 6.37, it follows that
H([L(', Hp))) = H(L(', @) OB (LG H@()). (6.170)
By (6.169) and (6.170), one has
H @)
=[b(pNB,p’ ﬂ B)
UH(|(2', H(p))) i
U UUcE,,d(p)ncl [{c) - H(|(H (p[{c)]), p))]
U sl - I >1 Pl

O (ll(E @[] nB,p' nB) UH([L(»', H( [( ])))
UH(|L(H(p[(")]),»")) 0 H(|(HP(T)]), P

By this and the fact that
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b (H(@[(r)]) N B,p' N B) UH([L(7', H(pl(r}))))

O H([(H (), ))UH [[¢:3 pLT)} )

= H([ls(H(p[{m)]) N B,p' N B)U lL(p’,H(p[(T)]))
Ol (p[{ )]) p) OJH @), )

= H(HE(H)P'),

one has

H(H(p)ilp')
= |lb(pNB,p' N B)

OUaenctm (@) \ ) - (H (p)ap[(a)]]

OU.cactpinG, ) - HAH @), 2))]
UUceact(p)nW[” (2], P'[{@)])]
O H(H (p[{m))llp)-

Also, by (6.168), one has

pll?’ = [ls(p N B,p' N B)
UUaem(p y{a) - lI p,p'[{a)])]
U{r) - llpl{7)], p")
UUCEact (mnC, [(C) ” P[(‘)] p ]
UUceact(p)nm[(T) 1) 2’ 1)),

and therefore,

H(pllp') = [l(pNB,p' N B) .
OUagactipn (e \ 7) - H({|(p, ' [{a)]))]
OUH([|(p[(7)],»") )

OU.cact(pnC, 1) - H(I@[()], ))]
oy Eact(p)nm[ff (@l P @D,
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(6.171)

(6.172)

By the induction hypothesis, one can show that the right-hand sides of (6.169)

and (6.172) are equal. Thus, one has (6.167). W

6.B.3 Proof of Lemma 6.18

This lemma is proved by induction as Lemma 6.17. The following proposition is

employed in the proof of the above lemma:

Proposition 6.39
Vp,p' € P H(H(p);H(p')) = H(p) H(') | 1

Proof. This can be proved in a similar fashion to the proof of Proposition 6.36. [



218 6. A Fully Abstract Model for Communicating Processes

Proof of Lemma 6.18 By Proposition 6.39, it suffices to show

vp,p' € PY[ H(p)iH(p') = H(pip') ].

For showing this, it suffices, by the continuity H w.r.t. Cs, to show that the
following holds for every p,p’ € P2

H(p)TH@') = H(pip) (6.173)

We will prove this by induction on Lgt(p) + Lgt(p’) in a similar fashion to the
proof of Lemma 6.17.

Induction Base. Suppose Lgt(p) + Lgt(p’) = 2. Then Lgt(p) = Lgt(p’) = L.
Hence, H(p) = p and H(p') = p’, and therefore, one has (6.173) as follows:

H(p)iH{p') =pip' = Hpip')-

Induction Step. Let n > 2 and suppose that (6.173) holds for every (p,p') €
(P12 with Lgt(p)+Lgt(p') < n. Let (p,p') € (PY)? with Lgt(p)+Lgt(p') < n+1.
We will prove (6.173).

First, let us show

B(H(p); H(p")) = B(H(p:p"))- (6.174)

We consider the case (/) € p (the same result can be obtained more straig’tfor-
wardly in the other case (\/} € p). One has

B(H(pip'))
=3 (B(p), B(r")) U B(H(p[(T)]);2") UBHP[(T)])

=3 (B(p), B(')) O B(H@'[()])) U (BH (p{r))). B(H(¥')))
(because, by the induction hypothesis, one has

H(p[(n)]ip") = HE[)DH(')
and therefore,

B(H(p[(r)]3p")) = BH(p[())) 1 H (')
= (B(H(p[{T)])), B(H(p")))-

)
=3 (B(p), B(p') O B(p' (1)U (BEH (p[(7)])): BH(')))
(because
(B(p), B(p")) UB(H(p'[(7)]))
=5(B(p), B(p") UB(H('[(T)])),

which follows straightforwardly from the definition of 3,
and the A-condition)

=%, (B(p), B(H ()05, (B(H (p[{7)])), BLH (')
(because B(p') UB(p'[(7)]) = B(H(p")))
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=5 (B(p) UB(H (p[{7)])), B(H(p")))
(by Proposition 6.23 (1))

= 5 (BUH®)), BUH())).

Thus, one has (6.174).
Next, let us show

@ (H(p)i H(p")) =a(H(pip"). (6.175)

We consider the case that T € act(p) A 7 € act(p’) A (V) € p A (/) € H(p[(7)])
(in the other case, the same result can be obtained more straightforwardly).
Since

H(p) = B(p) Upl(r)| 0| J
one has

®(HP)iHP)) = Uc_emct(ﬂ(p[(r)]))[(c) (H UK H )] (6.176)
UUcécact(p) [<C) : (H(pKC)]) : H(p!))]
U & (H(p"))-

Also, by the definition 3, one has

pir' =300 0(r) - GUNEP") OUeecacuplle) - (L(c)]3p")]
O(r) - PN OU cecnce(pm 140 - 2L

and therefore,

® (H(pir) = sHEU)7) OUeccacinle) - HOUA D) (6.177)
38 (HEUD) O Ueeaeripr () - EEHN))-

We will show that the right-hand sides of (6.176) and (6.177) are equal. First,
one has

P =B 0y Pl [{e) - P'[{)]s

c€cact(p’ )

H(p[{c)]),

cEcact(p}

and therefore,

& (H() = eEHE ) 0L, N (O (CA(CIK (6.178)
Also, by the induction hypothesis, one has
Hpl(n)]3p") = HEUn)D T HE),
and therefore,

S(H@E(N)) =@ H(p{(T)] H(p'))

= UcEcacl.( H(P[(ﬂ]))[(c) pKT)] ( )] H(P!))] U & (H(p’))‘ (6179)
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where @(H(p')) in the right-hand side is necessary under the assumption that

(V) € H(p[(m)])-

Further, by the induction hypothesis, one has

Uecenctimlte) - H@I132)]
= UcEcact(p} [(C) : H(}J[(C)]} 3 H(p")] (6180)

From (6.178) (6.179), and (6.180), it follows that the right-hand sides of (6.176)
and (6.177) are equal. Thus, one has (6.175)
By (6.174) and (6.175), one has (6.173). W

6.B.4 Proof of Lemma 6.19

This lemma is proved by induction as Lemmas 6.17 and 6.18. The following propo-
sition is employed in the proof of the above lemma:

Proposition 6.40 For every C' € p(C,),

Vp € Pal H(3c(H(p) = dc(H(p)) |- B

Proof. This can be proved in a similar fashion to the proof of Proposition 6.36.

Proof of Lemma 6.19 Let C' € p(C;). By Proposition 6.40, it suffices to show

¥p € Pa[ dc(H(p)) = H(9c(p)) |-

For showing this, it suffices, by the continuity H w.r.t. Cg, to show that the
following holds for every p € PY:

dc(H(p)) = H(0c(p)). (6.181)

We will prove this by induction on Lgt(p) in a similar fashion to the proof of
Lemma 6.17.
Induction Base. For p with Lgt(p) = 1, one has (6.181), because

dc(H(p)) = dc(p) = H(Be(p))-

Induction Step. Let n < 1 and suppose that (6.181) holds for every p € PP
with Lgt(p) < n. Let p € PP with Lgt(p) = n + 1. We will show (6.181) in
the case 7 € act(p) (in the other case, the same result can be obtained more
straightforwardly).

By the definition of H, one has

H(p) = H(B(p) U H(p[(-r)]) U U{:Ecact(p) [{C) : H(p[((')] )])
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Thus,

8c(H(p))
= 8%(B(p) U B(H (p[(r)])))
UUcEact(H{p[(r)]) \c[(c) dc(H (e[mIDeD]
Ul cactionclie) - ) - dc(H (pl{c)]))]
= 318: (}_5’(23))
U (02 (B(H (pl(r )])))UUcEact[H(p[(f)])]\C[(C) e (H (p[{m){))])
UUcEar_‘t(p)\CKc) H(dc(pl{c)]))]

(because, for each c € act(p) \ C,

dc(H(pl(c)) = H(Bc(pl(c)))

by the induction hypothesis, and because

9¢,(B(p) U B(H(p[(r)])))
= 0&(B(p)) UoZ(B(H (p[{T)])))
by Proposition 6.24 )
= 02(B(p))
U H@c(pl(n)]))

UUCEact(p)\C[(c> H( ac(p[( )] ]
(because

H(p[(7)]))
= 33(3 @lm)))
UUcEact{H(p[(r)]) \c[(c) 5‘0 H(p[(m)D]
(by the definition of dc)
= H(@c(p{(r)])) (by the induction hypothesis) )

= H@(B) 0| [(a) - Do (pl{a))))
= H(3c(p)).

Thus, one has (6.181). W

a€act(p)\C
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Chapter 7

Fully Abstract Denotational
Models for Nonuniform
Concurrent Languages

This chapter investigates full abstractness of denotational models w.r.t. operational
ones for two concurrent languages. The languages are nonuniform in the sense that
the meaning of atomic statements generally depends on the current state. The first
language L3 has parallel composition but no communication, whereas the second
one L4 has CSP-like commaunications in addition. For each language £; (i = 3,4),
an operational model O; is introduced in terms of a Plotkin-style transition system,
while a denotational model M; for £; is defined compositionally using interpreted
operations of the language, with meanings of recursive programs as fixed-points in
appropriate complete metric spaces. The full abstractness is shown by means of a
context with parallel composition:

Given two statements s, and sy with different denotational
meanings, o suitable statement T is constructed such that the
operational meanings of $1||T and s;||T are distinct.

A combinatorial method for constructing such T is proposed. Thereby the full
abstractness of M3 (resp. My) w.r.t. O3 (resp. O4) is established. That is, M; is
most abstract of those models C which are compositional and satisfy O; = Ao C
for some abstraction function A (7 = 3, 4).

For L4, another operational model ©Of is defined in terms of the same transition
system in terms of which @, is defined. The model Of is more abstract than Oy
in the sense that OF ignores states whereas O involves them.

The following connection between Oy and Oj is established:

Vs1,82 € Ly YC[ C is a context of Ly = Of[Cls1]] = O;[C[s2]] ]
= Oq.IIS]II = 04 [[SZ:EI].

225
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From this and the full abstractness of My w.r.t. Oy, the full abstractness of M,
w.r.t. Of immediately follows.

7.1 Introduction

This chapter investigates full abstractness of denotational models w.r.t. operational
ones for two concurrent languages. The languages are nonuniform in the sense
that the meaning of atomic statements generally depends on the current state. In
particular, they have individual variables which store values, and the elementary
actions are (mainly) value assignments to these variables. The first language L3
has parallel composition but no communication, whereas the second one L4 has
CSP-like communications in addition. Both of the two languages have recursion.
For each of £; (i = 3,4), an operational model O; for £; is introduced in terms of
a Plotkin-style transition system, while a denotational model M; for £; is defined
compositionally using interpreted operations of the language and some fixed-point
method for defining the meanings of recursive programs.

We show that, with the nonuniform languages, one needs to represent, in the
meaning of a process, possible interactions between the process and its environ-
ment. Merely recording observations of initial and final states or possible compu-
tation sequences is not enough to obtain compositionality. One needs sequences
in which there are gaps between steps to represent possible actions of the environ-
ment. This is essential in order to interpret parallel composition compositionally.
Furthermore, the model one obtains by adding this information is in fact fully
abstract w.r.t. the operational semantics, which is established by showing how to
construct contexts that distinguish processes with different meanings.

The full abstractness problem for programming languages was first raised by
Milner in [Mil 75]. In general, a model M for a language L is called fully abstract
w.r.t. another model O, if it makes just enough distinctions in order to be correct
(and thus compositional) w.r.t. O. In other words, it is fully abstract w.r.t. O, if
the following holds for every s;,s2 € L:

MIISI]] = Mllsz]] =
VC[ C is a context of L = O[C[s1]] = O[C[s2]] ],

where a contezt is a statement consisting of the language constructs of £ and
a place-holder (or a hole) X, and C[s| denotes the result of substituting s for
X in C} If M is fully abstract w.r.t. O, then M is most abstract of those
models C which are compositional and satisfy @ = A o C for some abstraction
function A, i.e., for each of these C’s, there is an abstraction function A* such
that A* o C = M. The models M; (i = 3,4) will be denotational in the sense that
apart from being compositional, they treat infinite behavior by means of some
fixed point construction.

I For an operational or denotational model M for a language £ and a statement s € L, the
notation M[s] is used to denote the value of M at s.
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The mathematical domains we use are complete metric spaces ([Niv 79,
[BZ 82]). In general, the metric approach may have, as a tool in programming
language semantics, some advantages over the use of the more traditional com-
plete partial orders: First, many definitions can be given as the (by Banach’s
theorem) unique fixed-point of some higher-order function. Second, a metric pow-
erdomain can be easily defined (as the collection of closed or compact subsets of
a given complete metric space). In comparison, ordered powerdomains are easily
defined as well (by means of ideal completion), but often the characterization of
their elements is rather technical. For some example of the application of metric
spaces to semantics, see for instance [ABKR 89], [BM 88], [Bak 91].

The main body of this chapter consists of § 7.2 and § 7.3.

In § 7.2, the first language L3 is introduced; an operational model Oj is pre-
sented in terms of a Plotkin-style transition system; a denotational model M3 for
L3 is defined on the basis of a complete metric space consisting of sets of streams
of pairs of states with some additional information. First, the correctness of Mj
w.r.t. O3 is established, as in [Rut 89] and [BR 91], by means of the fixed-point
method introduced in [KR 90]. The full abstractness of Mj is shown by means of
a context with parallel composition:

Given two statements s1,s2 € La with different denotational

meanings, a suitable statement T' called a tester is constructed (7.1)
such that the operational meanings of sy ||T and sy ||T are '
distinct.?

A combinatorial method called the testing method, which is the key idea of this
chapter, is proposed for constructing such a tester (Lemma 7.10). This is in general
applicable to denotational models with a domain consisting of sets of streams
of pairs of states (possibly with some additional information). Thereby, we can
construct testers having the following property:

Given a process p and a finite sequence

r = {(0i,07))ien;

we can construct a tester T’ and an ezecutable sequence
e ((51\ &;)(iefn

with k > n such that for every process p', the parallel composi-
tion p' || M3[T] can execute 7 if there is some sequence q such
that {(0i,0!))ien - ¢ € p', and the converse of this holds for
p' = p. Intuitively, for such T and ¥, the process p is forced
to execute the steps ((0,0}))ien (maybe not consecutively but
in this order), when p || M3[T] ezecutes the steps {(7;,07))iek
consecutively.

By the above property, we can construct such testers T' as in (7.1):

2The variable T is used to denote a statement when it is considered a tester, while the typical
variable for the set of statements is s.
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If s, and sy are distinct in their denotational meanings, then,
putting p; = Mj[s:] (i = 1,2), there exists some sequence
such that r-q € py for some q but r-q & py for every q (or vice
versa). By constructing a tester T and an ezecutable sequence
7 for v and p = py as above, one has ¥ € Ms[si] | Ms[T] and
7 & Ms|sa] || Ms[T]. Thus one has a difference between the
operational meanings of the two statements s1 || T and s3 || T.

The full abstractness of Mj is established by means of the testing method as
described above,

In § 7.3, the second language L4 is introduced; an operational model Oy for
L4 is given as in § 7.2. The domain of a denotational model M, for L4 is a
kind of failures model, which was introduced in [BHR 85], and is adapted here to
the nonuniform setting. Each element of the domain is a set consisting of such
elements that are represented as ({(c;, ai,c%))i, (¢”,T)), where oy, o}, and o” are
states, a; is an action, and T is a set of communication sorts. These elements are
called failures; the parts {(0;,a;,0%)); and (¢”,T) are called a trace and a refusal,
respectively. First, the correctness of M, is established as in § 7.2. Then, the full
abstractness of My is established by a combination of the testing method and the
method proposed by Bergstra, Klop, and Olderog in [BKO 88] to establish the full
abstractness of a failures model for a uniform language without recursion. This
method was adapted by Rutten in [Rut 89] so as to employ it for a language with
recursion in the framework of complete metric spaces, which suggests how to use
it in the present setting. Given two statements s; and sy of £4 which are distinct
in their denotational meanings, then the denotational meanings are distinct in the
trace parts or in the refusal parts. When the distinction is in the trace parts, we
can construct a tester by the method described above, otherwise we can construct
a tester by the method of [BKO 88].

It might be argued that Oy involves too much information, because one might
be interested only in actions and not in states. (For example, let us consider a
calculator which reads expressions and writes their values. We are interested only
in the input/output actions, not in the states of its registers.) From this viewpoint,
another operational model Of for £ is presented; the model O] is defined in terms
of the same transition system in terms of which Oy is defined.

The model O] is more abstract than Oy in the sense that the former ignores
states whereas the latter does not: For each statement s, O4[s] is a set of sequences
of actions, and an abstraction function A} is defined such that

O; = A; 0 O4. (7.2)
Furthermore we show that the following holds for every sy, 52 € Ly:

YC[ C is a context of L4 = O;[C[s1]] = O;[Cls2]] ]
= O.; [81]] = O4ﬂ52l.
This property is called the completeness of Oy w.r.t. OF. From this and the full

abstractness of My w.r.t. Oy, the full abstractness of M, w.r.t. O} is immediately
obtained as follows:

(7.3)
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The full abstractness of My w.r.t. OF refers to the fact that the following holds
for every s1,59 € Ly4:

My[s1] = My[s2] &

VCIC is a contest of £; = O;[Clsi]] = O:[Cls2]] ] ()

The =--part follows immediately from (7.2) and the full abstractness of My w.r.t.
O4. The «-part is shown by showing its contrapositive: Suppose My[s1] #
M[s2]. Then by the full abstractness of M, w.r.t. @y, there is a context C' such
that O4[Cl[s1]] # O4[C[s.]]; by this and (7.3), there is another context C* such
that OF[C*[C[s1]]] # O;[C~[C[s2]]]- Thus we have the <-part of (7.4).

Finally, in § 7.4, some remarks on related works and future work are given.

Several mathematical proofs are deferred to the appendices.

Closely related to this chapter is the work of Hennessy and Plotkin [HP 79].
The language treated there, which we denote by L., is very similar to our first
language Li, except that it contains “co”, a coroufine construct, as well as the
usual interleaving. In [HP 79], a denotational model V for £, is constructed and
the full abstractness of V is established. Interestingly, we can construct a fully
abstract model M., for L., by slightly modifying M3j; thus the two models V,
M, turn out to be isomorphic (see § 7.2.6 for more comparison with [HP 79]).

The work of Roscoe [Ros 84] is also related to this chapter. The language
treated there, a large subset of occam, is similar to our second language £, in
many respects. However, unlike individual variables in L4, variables in occam
are not shared by two or more parallel processes. Thus, the model proposed in
[Ros 84] is different from M, in the way for involving states into the meaning of
a statement (see § 7.3.7 for more comparison with [Ros 84]).

7.2 A Nonuniform Language with Parallel Com-
position

The first language L3 is a nonuniform language with recursion and parallel com-
position but no communication.

First, an operational model Oy is introduced in terms of a Plotkin-style tran-
sition system.

Then a denotational model Mj is defined compositionally by means of inter-
preted operations of the language, with meanings of recursive programs as fixed-
points of the denotational semantic domain, a complete metric space consisting of
sets of streams of pairs of states.

The correctness of M3 w.r.t. Oj is established, as in [Rut 89] and [BR 91], by
means of the fixed-point method introduced in [KR 90].

Finally, full abstractness of M3 is shown by means of a context with parallel
composition:

Given two statements s, and sy with different denotational
meanings, a suitable statement T is constructed such that the
operational meanings of s, || T and s, || T are distinct.
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For constructing such T, a combinatorial method called the testing method, is in-
troduced in Lemma 7.10 ( Testing Lemma). By means of this, the full abstractness
of M3 w.r.t. @y is established.

7.2.1 The Language L3

The language L3 is the simplest nonuniform concurrent language with recursion: It

has parallel composition but no communication, and its elementary actions consist

only of value assignments to variables.

Notation 7.1 (1) Let (v €) V denote some abstract domain of values.

(2) Let (x €) IV denote the set of individual variables. It is assumed there is
a total order <;, on IV. For zg,x, € IV, let xg <iv x1 iff o <iv #1 and
Ty # r1.

(3) Let (o0 €) & denote the domain of states: & = (IV — V).

(4) Let (e €) VExp denote the set of value ezpressions.

(5) Let (b €) BExp denote the set of Boolean ezpressions.

(6) The logical true and false values are denoted by tt and ff, respectively. [

We assume a simple syntax (not specified here) for e and b. ‘Simple’ ensures at
least that

no side-effects or nontermination occurs in their evaluation. (7.5)

The evaluations of e and b in state o are denoted by [[e](c) and [b](c), respectively.
For each e € VExp, it is assumed that

X € g)ﬁn(IV),VO'(),O'l € E[ gp X=0q X = HEH[O’()] = IIE][J{]] ] (76)
Likewise, for each b € BExp, it is assumed that
X e pﬁn(IV),VO'g,G'l (< E[ ogg X=0 X = [[b]][ﬂi}] = [[b][O'g] 1 (T?)

Property (7.6) (resp. (7.7)) follows from the syntactical fact that only a finite
number of individual variables occur in e (resp. in b). The full abstractness of a
denotational model is established under assumptions (7.5), (7.6), and (7.7).

Definition 7.1 (Language £3) Let P range over RV, the set of recursion vari-
ables, and let X range over Xp, the set of statement variables. Note that recursion
variables are used as names of statements defined by recursion, while statement
variables are used as place holders for defining contests of a language.

(1) For every z € IV and e € VExp, the construct “(z := e)"is a nullary combi-
nator on statements called an assignment;® let Asg, the set of assignments,
be defined by:

3 Constructs which represent statements and have no parameter are called nullary combinators
on statements.
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Asg={(z:=e):2 €IV A e € VExp}.

Also, for every b € BExp, the construct “if(b,-,-)” is a binary combinator
on statements called an conditional; let Cond, the set of conditionals, be
defined by:

Cond = {if(b,-,-) : b € BExp}.

A single-sorted signature Sig,; = (Fung, arity;(-)) is defined as follows, with
(op €) Funjy being a set of combinators and airty,(-) a function which maps
each combinator to its arity:

Funy = {0,e} U AsgU RV U {;,+,||} U Cond.

; _J0 ifope {0,e} U Asg U RV,
aritys(op) = {2 if op € {+,||,:} U Cond,

where the nullary combinator: “0” and “e” represet inaction, and fermina-
tion, respectively; the combinators: *;”, “+7, and “||” represent sequential
composition, alternative choice, parallel composition, respectively. For r € 3,
we put

Fun|” = {op € Fun; : arity;(op) = r}.

(2) The set of statements of the nonuniform concurrent language (S €) Ls is
defined as the set of terms generated by the signature Sig, and the variable
set Xp. That is, L3 is defined by the following grammar: *

Beu=n|e|lass e)[(50;51)|(50+51}|(50 I S1)
| if (b, So, S1) | P | X.

Let FV(.S) denote the set of statement variables contained in S.

(8) Let (s €) L3[0] be the set of statements with no statement variable, i.e., let
L3[0] = {S € L3 : FV(S) = 0}.
For X € X'p, let
L3[X]={S € L3 :FV(S) C {X}}.
(4) The set of guarded statements (g €) Gy is defined by the following grammar:

gu=0]|(z:=e)|(g:5)] | (g0 +91) | (g0l o) |if(b, g0, 1)

(5) We assume that each recursion variable P is associated with an element gp
of G3 by a set of declarations D = {(P, gp)}pery. A program consists of a
pair (s,D). 1

4In this language, the precedence of ;' , ‘+°, and ‘||’ is higher than that of *," occurring in
the construct if(-,-,-).
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In the sequel of this section, we fix a declaration set D = {(P, gp)}penry-
We introduce the notion of a contezt and some uses of it as follows:

Notation 7.2 Let £ be a language formulated as the set of terms generated by
a signature Sig and a set {X;} of variables.

(1) For S € £ and a sequence of distinct variables (X,...,X,), the pair
(8. (X1, ..., Xn))
is called a contezt of £. We sometimes write
Sixy,..,xay Tor (S,(Xy,..., X))
When the notation S(x,, . x,) is used, it is always assumed that
FVS) € {Xppses Xk
(2) For a context S(x,, . x,) and S1,...,5; € L, the notation
SU(Sts- - Sud/ (X1, - X))

denotes the result of simultaneously replacing X; in S with S;, i € A. More
simply, we sometimes write

S(Xh...‘X,,)[Sla- . -1Sn] for S[(Sla L 'JSH)/(X].‘\‘ . aXn}]-

(3) Let Z be an interpretation, i.e., a mapping which maps each combinator in Sig
to a corresponding semantic operation on a semantic domain P (see [Rut 90]
for a formal definition of an interpretation for a signature); let Six, . x,)
be a context. For py,...,pn € P, let [S]*[(X1,..., Xn)/{(p1,- .-, Pn)] denote
the interpretation of S under Z with the assignment of the value p; to the
variable X;, i € i. More simply, we sometimes write

HS(X‘Jr--‘an)]]I(pl'J‘ "1pﬂ)

for

IIS]}I[(ph"-spn)/(-X], F 1Xn)] |

7.2.2 Operational Model O3 for L;
Let (a €) AY, the set of actions in L3, be defined by:

A.‘{ = {T’ \/}=

where 7 and |/ are symbols representing a internal move and successful termina-
tion, respectively.

The operational model Oy rests on a transition system (—3: & € {7,/}), of
the style of [Plo 81]. For s1,s2 € L3[0] and o0y,0, € I, we write (s1,01) LA

(s2,09) (resp. (s1,01) M3) for ((s1,01),(52,02)) €Da (resp. (s1,01) €%y) for
easier readability.
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Definition 7.2 (Transition Relations —“»3) The transition relations —3 and 343
are defined as the smallest relations satisfying the following rules (1)-(7-2). For
o €L,z €TV, and v € V, the notation o[v/z] is used to denote a state o’ which
is the same as o except that o'(2) = v.

(1) (e,0) B3 .

(2) (2 := €),0) 53 (e, 0([e]()/2])

(3-1) (51,0) = (o) :
((s1582),0) =3 ((s;02),0")
(3-2) (51,9) D3, (52,0) 53 (8',0")
((s1;52),0) =3 (',07)
(s1,0) _6’3! (321 U) _"3
3-3
(555 ((51582),0) 3
o) Sl (BT)
(514 s2,0) 53 (s,0")
(52 + 51,0) S (s,0')
(51,0) %s
(4-2) .
(51 +52,0) %g
(.5'2 + 81.,0') L/};;
52y —— ael s e}
(51 || 52,0) 53 (5]l s2,0")
(52|l s1,0) 53 (s2] s,0")
(5_2) (s1,0) L/*35(3216’) l/*3_
(51 || 52, 0) %
(51,0) D3 (s,0') _
(6-1) (0, 51.52).0) D3 (5.7 ([el(o) = tt).
v
(6-2) — 0D 3 (fe)(0) = w).
(if(ba 51, 32)7 J) =
(6:8) — ) 0 (80) gy gy

(if(b, 51, 82),0) =3 (s,07)
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6-4 (52,9) %3 [el(o) = £
(6-4) — ([e)(e) = ).

(if (b, s1,82),0) —3

% (gP} U) _T’S (3!50’)
(1) (o (Pep)eD)

(gPaJ) '!}3
(-2) Y2025 (Pgp) € D).
(P! g) —3

The last rule, called the recursion rule, stipulates that for each declaration
(P,gp) € D, transitions of the recursion variable P are derived from those of
its body gp, as usual. Ji

A few auxiliary functions are introduced as preliminaries to the definition of
the operational model.

Definition 7.3 Let s € L3[0] and ¢ € £. We define IDrvs(s, o), the set of
immediate derivatives of (s,0), be defined by:

IDrvs(s,0) = {(s',0") : (s,0) =3 (s',0")}.
Also, we define acty(s, o), the set of actions of (s, o), by:
actz(s,0) = {a € {r,/} : (a =7 A IDrv(s,0) # 0)
V(a=v A (s,0) %1

Let us call a statement s € L3[0] finitely branching iff for every o € I,
IDrvs(s, ) is finite. Then, the transition relation L4 is finitely branching in the
following sense:

Lemma 7.1 Every s € L3[0] is finitely branching, i.e., for every o, the set
{(s',0"): (5,0) D3 (s',0")} is finite. |
Proof. Let us say s is a guard statement, if s is finitely branching and
Vo[ / & acts(s,0) .
First, it is shown that
Vg € Gi[ g is a guard statement ], (7.8)

by induction on the structure g using the following facts (7.9)—(7.12):

0 is a guard statement. (7.9)
Vz € IV, Ve € VExp,Vo € I[ (z := e) is a guard statement |. (7.10)
Vs1,s9 € L3[0][ if 51 is a guard statement, then (s1;s2) is also. (7.11)

a guard statement ]



7.2. A Nonuniform Language with Parallel Composition 235

Vsy, sy € L3[0][ if both s, and s, are guard statements, then (7.12)
(s1+82), (s1]] s2), if(D, 81+ s2) are also guard
statements |.

Also, one has

Vsy,s9 € L3[0][ if both s; and sy are finitely branching, then. (7.13)
(s1+ s2), (s1]| s2), and if(b, s; + s2) are also
finitely branching ]

Using (7.8) and (7.13), one has
Vs € L3[0][ s is finitely branching |

by induction on the structure of s. i

As a preliminary to the definition of the operational model, we define an aux-
iliary semantic domain Ry by:

Definition 7.4 Let

R; = (2 {{8),(V)}) U T,

where & is a symbol representing deadlock. We use the variables p ranging over
R; and y ranging over {(8),(\/)}. 1

An operational model Qs is defined by means of —+3 as the fixed-point of a higher-
order mapping ¥§.

Definition 7.5 (Operational Model O3 for L3)

(1) Let M = (L3[0] — (¥ — p+a(Rs))), which is equipped with a metric d
defined as in § 2.2. Then, let 9 : MS — MY be defined as follows: For
feMY?, s e L;[0],and ¢ € T,

T (f)(s)(o)
— U{(O’F) ' f[S’)(O"’) : (S",J!) € IDI‘VB(& 0)}
Uif(y/ € act(s, o), {{)},0)
if(act(s,0) = 0,{(9)},0).

The right-hand side of the above equation is closed by Lemma 7.1, and there-
fore, indeed ¥§(f) € MY . Moreover, it immediately follows from the above
definition that for f, f' € MS, d(¥9(f), ¥9(f)) < & -d(f,f'), where &
(< 1) is the fixed positive real number introduced in § 2.2. Thus, ¥§ is a
contraction from M§ to MY .

(2) Let the operational model O3 be the unique fixed-point of ¥§. By the def-
inition, one has Oy : L3[0] — (Z — p+a(Ras)), and for each s € L3[0] and
ogex,
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OgIIS](O’

= U{{e') - Os[s'](¢’) : (s',0') € IDrvs(s, o)}
Uif(y/ € act(s, 0),{{(v}},0)
u if(aCt(S) J) =0, {{ g )}! @) |

Note that @5 is not compositional as the following example shows.
Example 7.1 Let z € ZV. Then
Os](z := 0); (z := 2 + 1)]= Os(x := 0); (z :=1)]
= (Ao : {{(a[0/z],0[1/2]), V}}),
but

Osl((x := 0); (& := 2+ 1)) || ((z = 2); 0)]
£ O3[((z := 0); (w := 1)) || (= := 2); O)],

since for every o,

(o]0/2], 0(2/), o[3/2], v/)
€ O3[((z :=0); (z := 2 + 1)) || ((z := 2); 0)] (o)

but

(o[0/2], o[2/x], 0[3/2), v/)
¢ Os[((z := 0); (z := =+ 1)) || (= := 2); 0)](0)- W

7.2.3 Denotational Model M3 for L3

The denotational model Mgy is defined compositionally by means of interpreted
operations of the language.

The denotational semantic domain P is a complete metric space consisting of
sets of streams of pairs of states. The meaning of a recursion variable P with the
declaration (P, gp) is defined as the fixed-point of the contraction which maps each
process p € P to the interpretation of gp under the interpreted operations with
the assignment of p to P. It turns out that the fixed-point is the unique solution
of the equation P = gp under the interpretation consisting of the interpreted
operations.

Recall that a real number & with 0 < & < 1 is fixed in this thesis. The domain
P; is defined by:

Definition 7.6 (Denotational Semantic Domain P3 for L3)

(1) Let us use the variable I' ranging over p({y/}). For I € p({y/}), let 6(T) =
(8.T). Let

(Te) By={(s,/):0 €T} U {(0,6(T)):0€Z AT E p({vD}
Further, let

By = {(0.v) 10 € T} U {(0,6({v/})) : o € ).
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(2) Let Q3 be the unique solution of
Qs 2 B3 ¥ (S x T) x ide(Qs)).
One has
Qs =((ZxZ)*-B3) U (Ex ).
(8) For p € 9+a(Qs), and r € (T x T)<¥, the remainder of p with prefix r,

denoted by p[r], is defined by p[r] = {g € Qs : 7 - ¢ € p}.

(4) The initial state of a sequence ¢ € Q3 U (£ x £)*, denoted by istates(gq), is
defined as follows: Let istates(q) = o if ¢ = {(0,0")) - ¢/, and let istatey(q) =
o' if ¢ = {(¢",58(T))).

(5) Letp € p41(Qs) and o € . Let p{o) be the set of those elements of p whose
initial state is o, i.e., let

p(c) = {q € p : istate(q) = o}.
Also, let

acty(p, o) = if (30’[ p[{(e, 0'))] # @ . {7}, 0)
Uit({(e, v)) € p.{v}, 0).

(6) Let p € p1+a(Qs) and n € w. We say p satisfies the disabled-T condition at
level n iff

Vre(ExI)" Vo e Z[plr] #0 A 7 & acty(p[r],0) =
ar € p({vHl r - {(e,6(T))) € p ]I.
We say p satisfies the disabled 7 condition iff it satisfies the disabled 7 con-
dition at every level n € w.

(7) Let p € p4+a(Q3) and n € w. We say p is downward closed at level n iff
vr e (Ex D)% Vo[ r-((o,8({V})) €p = 7-{(0,6(9))) € p |-

We say p is downward closed iff it is downward closed at every level n € w.
(8) Let p € p41(Q3) and n € w. We say p is upward closed w.r.t. disabled actions
at level n iff
vr e (ExZ)" Vo[ r-{(c,6(0))) €p A V & acta(p[r],0) =
r-((a,6(0))) € p ].
We say p is upward closed w.r.t. disabled actions iff it is upward closed w.r.t.
disabled actions at every level n € w. '
(9) Let Pj, the domain of processes for L3, be the set of elements p of piq(Qs)
satisfying the following conditions (i)-(iii):
(i) p satisfies the disabled-7 condition

(ii) p is downward closed.
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(iii) p is upward closed w.r.t. disabled actions. Ji
Remark 7.1 A subset P of p(Qa) is said to be closed under taking remainders
ift

VpeP,Vr € (Ex B)<[p[r] £0 = p[r] e P .

Given an arbitrary subset Py of p1.1(Qs), it is routine to check that the largest
subset Py of p+c|(Q3] which is included in Py and closed under taking remainders

is given by: ={p € pra(Q3) : ¥r € (ExZ)¥[plr] #0 = p[r] c Py ]}
Thus, P is the largest subset of p+c|(Q3) which is included in 1:'3 and closed

under taking remainders, where EP3 is the set of elements of @4 (Q) satisfying
the following conditions (i)—(iii):

(i) p satisfies the disabled-7 condition at level 0.
(ii) p is downward closed at level 0.

(iii) p is upward closed w.r.t. disabled actions at level 0. J

The conditions (i)-(iii) in Definition 7.6 (9) are necessary for defining the interpre-
tations of combinators in Funy” || as operations on Py in the sequel.

Lemma 7.2 The set Py is closed in p4a(Qs), and therefore, Py is a complete
metric space with the original metric of p1a(Qs) restricted to it. |

Proof. The closedness can be established using Lemma 2.2 as follows: For n € w,
let Pg") be the set of elements p of @y (Qs) satisfying the following conditions

(1)—(11):

(i) p satisfies the disabled-T condition at level n.

(ii) p is downward closed at level n.

(iii) p is upward closed w.r.t. disabled actions at level n.

Then, it immediately follows that

Vp € p+a(Qs)[p € Pé“’ & Tsi(p) € P{a,m ].

Thus P{" is finitely characterized. Obviously, Py = [P{™]. Hence, by

Lemma 2.2, P3 is closed. [l

nEu.'

The interpretation I3 for the signature Sigy is defined as follows:

Definition 7.7 (Interpretation I3 for Sig,)

(1) 85 = {(0,8(1)) : 0 € S AT € p({V})}-

(2) & ={(0,v):0 €T} U{(0,6(0)):0 € Z}.

(3) For z € TV and e € VExp, the process asgz(z, ¢) € P3, which is the interpre-
tation of the assignment statement “(z := e)”, is defined by:
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asgy (¢, €) = {{(0,o[[el(0)/2])) : 7 € £} - &,

where

(o, 0llel(e)/2))) - &
denotes the concatenation of {(o.c[[e](c)/z])) and éj.

(4) The semantic operation i, : (P3)2 — P3 corresponding to the combinator *;’
is defined recursively as follows: For every p;,p2 € P3,

Ea(Pth) — Eg(plep2)
U Ugeslif({(a,v)) € p1. (p2)*.0)]
U U{Gs(p1[{(. 0], p2) = p1[{(0, 0"))] # O},

where

Eg(pl}pﬂ)
=Uses{{(0,6(I)) : T € p({VV}) A {(0,6(T U {/}))) € p1
V{{(,6(C\{V})) € 1 A {(0,6(T))) € p2)}].

Formally the operation i3 is defined as a suitably defined contraction as the
operation |3 is defined in Part (6) below.

(5) For p € P3, p \ 03 is called the action part of p and denoted by pt, and the
set p N O3 is called the inaction part of p. The action part of the alternative
composition of two processes is the union of the action parts of those pro-
cesses, and its inaction part is the intersection of the inaction parts of them.
That is, for p1,p2 € P3,

pitp2 = (p1)T U (p2)* U (p1 N p2 N 03).

(6) The parallel composition ”3 : (P3)%2 — Pj is defined recursively as follows: For
every p1,p2 € Py,

ls(1,p2) = [L5(P1:p2) U [5(P2,21) U I (01,p2) U [I§(p1sp2),  (7.14)

where

L5 (p1,p2) - UH{(o.0") - lls(eal{(a, o). p2) 2 p1[{(0, 0" ))] # B},

1Y (1,p2) = {{(e,V)) : 0 € S} N p1 O o,

~§(pl:p2)

= {{(0,8(T))) : ({(0,8(T))) € pr A {(0,8(C\ {V/}))) € p2)
V({(a,8(C\{V})) € ;1 A {(0,6(T))) € p2)}.

Formally the operation ﬂ3 is defined as the fixed-point of a suitably defined
contraction: Let M = ((P3)2 — P3), 2 : M} — M be defined as follows:
For F € M}, and py,p2 € Ps,
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‘Qg(F}(plap2) . .
= QL(F)(p1,p2) U QL (F)(p2,p1) U [IY (p1.2) U [1§(p1,p2),

where

L(F)(p1,p2) = | J{{(0:0) - Foil{(o,0" )] p2) = 21 [{(0,0")] # B}

It is shown that Q4 (F)(pi1, p2) satisfies the disabled 7-condition at level 0 as
follows: Let o € X, and suppose

7 & actg(Q(F)(p1,p2))

Then, by the definition of Q}, one has

T ¢ acts(p1,0) and T € actz(p2,0)

Thus, by the fact that p; and p, satisfy the disabled-7 condition and are
downward closed, one has

((0,6(9))) € [I5(p1.p2)-

Likewise, it can be shown that Q} (F)(p1,p2) is downward closed and upward
closed w.r.t. disabled actions both at level 0.

Moreover 23 (F)(p1,p2) satisfies the disabled 7 at level n, and is downward
closed and upward closed w.r.t. disabled actions, at level n (n > 1), since
QL(F)(s1,52) and Q3 (F)(s2.51) satisfy these conditions at level n. Hence
Q"( )(p1,p2) € P3. It immediately follows that QY is a contraction. Let

lls = fix(2}), and [l = 5 (la)-

(7) For b € BExp, the function if3(b) : P3 x P35 — P3, which is the interpretation

of the binary combinator “if(b,-,-)" on statements, is defined as follows: For
every p1,pz € Ps,

if3(b)(p1,p2) = U if([6](o) = tt, pr{o), p2{o))]-

oEX

(8) Let

T; = {(0,03), (e, &)}
U{((z := e),asg;(z,e)) : x € IV A e € VExp}
U {(if(b,+,),if3(b)) : b € BExp}
U{(sa)s (4 F3)s (1 ls) -1

The next lemma follows immediately from Definition 7.7 (5). We shall use it

for establishing the full abstractness of the denotational model M3 defined below.

Lemma 7.3 Let p,p,,ps € P3.

(1) {(o,0'))-q € lls(p1sp2) iff a € [ls(p1[{(c,0"))],p2) or g € lls(p1, p2[{(e, 0" )])-
(2) lla(pr,p2) = [la(p2,p1)-
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(3) Vp € P3,Vr € (Z x Z)<¥[ .
r{(o,86(0)) €p & r-{(o,6({V}))) € |3(p,05) |- W

In terms of the interpretation Z3, the denotational model M3 is defined as follows:

Definition 7.8 (Denotational Model Mj for £3) The model Mj : L3[0] — Py
is defined by induction on the structure of s € L3[0].

(1) First, for each recursion variable P, M3[P] is defined as the fixed-point of a
contraction defined in terms of the declarations. Let D = {(P, gp)}pery be
the set of declarations. Let MM = (RV — P3), and let II; : MM — MM
be defined as follows: For p € MM, PeRY,

I5( ( ﬂg ]]IS[( YP P I(P} )/(YP I(P)}]
where {¥{7,..., YI{’P}} is the set of recursion variables contained in gp. (See

Notation 7.2 for the notation [gp]%(--+).) The mapping II5 is a contraction
from M3 to M. Let po = fix(Il3). For P € RV, let us define M, [P], the
denotational meaning of P in M, by: '

Ms[P] = po(P).

(2) Next, for a composite statement s € L3[0], M[s] is defined as follows: For
each r € w and combinator F € Fung"), and sg,...,8._1 € L3[0], let

JW:;[[F(SI g S,‘)H = I_'; (F](,M3ﬂ81]], iy JMg[[S,.]]),
where T3(F) is the interpreted operation corresponding to F in Z5. J

Several properties including the so-called image-finiteness for elements of Py are
introduced. It is shown that the denotational meaning of each statement in £;[f]
has these properties; this fact is used for establishing the full abstractness of Ms.

Definition 7.9 (Image Finiteness for Elements of P3) Let p € P5 and n € w.

(1) The process p is image-finite at level n, written IFingnJ(p}, iff
Vr € (Ex X)", Vo[ {0’ € Z:r-{(0,0")) € pns11} is finite .

The process p is image-finite, written IFins(p), iff Vn € o[ IFingn)(p) ]
(2) We say that only a finite number of individual variables are relevant to the

non-terminating part of p at level n, written FIRE\"g"](p), iff there exists
& € pg,(IV) such that the following holds:

¥r € (8 x D), V5 € (TV\X) = V)| r € ppy ©
Vi€ n[ m3(r(i) (TV\X)=m(r()) (IV\X)] (7.15)
AN((m3(r(d)) X) U 8(i))je2)ien € ppm) .

That is, for each r € (X x )", if r € py,), then, in every step
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r(i) = (mg(r(@)), 71 (r(i)))
of r (i € n), the value for z € (IV \ A’) is not changed, i.e.,
R(r() (IV\X) = B(r(0) (TV\ ), (7.16)

and one may change the value 7% (r(i))(z) (j € 2) arbitrarily, i..,

(((73(r() &) U G())jez)ien € Pin) (7.17)
for arbitrary @ € ((ZV \ &) — V). Conversely, for arbitrary
Fe((Iv\Xx)—-V)",
if one has (7.16) and (7.17), then r € pr,). (See Remark 7.3 below for a
motivation of this definition.)
(3) Similarly, we say that only a finite number of individual variables are relevant

to the terminating part of p at level n, written FIRT_E,,")(p), iff there exists
X € pg,(TV) such that

Vg€ (S x )" - By, Vi € (IV\X) - V)"*H[gep &
Vi € n[ 73(g(i) (IV\X)=(q(i)) (IV\X)]A
(((FE(Q(”) "Y) U 5(";'))_?'62){6"
{((§(g(n)) &) U &(n),7}(g(n)))) € P ]-

(4) We say that only a finite number of individual variable are relevant to p,
written FIR3(p), iff FIRN3(p) and FIRT3(p), where

(7.18)

FIRN3(p) & Vn € w| FIRNS (p) ],
FIRT;(p) < Vn € w[ FIRTS" (p) |.
(5) P; = {p € Py : IFina(p) A FIR3(p)}. N

Remark 7.2 It immediately follows that {p € P3:IFins(p)} is the largest sub-
set of P3 which is included in {p € P3 : IFin}’ (p)} and closed under taking
remainders. [

Remark 7.3 (1) Note that for some set D of declarations and some statement
s, we cannot take one X' € pg, (TV) such that (7.15) holds for every n € w
and p = M(s]. For example, suppose IV = {x, : n € w} and RV = {P, :
n € w}, and let D = {(Pp,(xn := 1); Pat1) 1 n € w}, p = M3[BR]. Then,
the greater n € w is given, the greater X' € g, (ZV) should be taken so that
one has (7.15).

(2) It is easy to check that for X1, A2 € g, (TV) with Xy C X, the property
(7.15) (resp. (7.18)) for X = X, implies (7.15) (resp. (7.18)) for X' = &;. I

It turns out that the denotational meaning of each statement is a member of P3,
which is used for establishing the full abstractness of Mj.
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Lemma 7.4 (1) The set P} is closed in Pj.
(2) Vp e P3,¥r € (Ex Z)<Y[ p[r] # 0 = p[r] € P; |. That is, P} is closed under

taking remainders.
(8) The set Pj is closed under all interpreted operations of Ly.
(4) Ms[L3[0]] € P;.
(5) Vp e Ms[L3[0]],Vr € (Ex Z)<¥[p[r] # 0 = plr] €P5 . }
Proof. (1) This part is shown as Lemma 7.2.
(2) This part follows immediately from the definition of Pj.
(8) This part follows immediately from the definitions of the operations in Defini-
tion 7.7. Note that for the two operations asg,(x, ¢) and if3(b), we need properties

(7.6) and (7.7), respectively, for establishing the closedness.
(4) Let inact; = (AP € RV : 03). By the definition of 03, one has

inact; € (RV — P3).
By (3), for every n € w, one has
(II3)"(inacts) € (RV — P3),

where (II3)" is the n-times iteration of II3.
The set P is a complete metric space by (1) , and therefore, by Banach’s
Theorem one has

Po = lim,[(II3)" (inacts )] € (RV — P;).
Hence, for each P € RV, one has

My[P] = po(P) € P;.
From this and (3), it follows that

Vs € Li[M[s] € P;).

(5) This part follows immediately from (2) and (4). B

7.2.4 Correctness of M3 with respect to 0,

The correctness of the denotational model is shown as in [Rut 89]: For the deno-
tational model M3, an alternative formulation, called an intermediate model, is
given, in terms of the same transition system which was used for the definition of
Oj3. Let C3 be the intermediate model. Then the correctness is proved by show-
ing that, for an appropriate abstraction function Az, both A3 0 Cs and @5 are
a fixed-point of the same contraction, which by Banach’s Theorem has a unique
fixed-point.
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Intermediate Model for £; and Semantic Equivalence

First, the intermediate model C3, which is an alternative formulation of Maj, is
defined in terms of the transition relation —j.

Definition 7.10 (Intermediate Model C3 for L3)

(1) Let My = (L3[8] — P3), and let 3 : My — Mj be defined as follows: For
F € M3, s € L3][0],

a(F)(s) = U{(0:0") - F(s') 10 €2 A (5,0) B (50"}
U{{(0,V)) : v € acts(s, o)}
U{{(e,8(T"))) : 0 € Z AT € p({V})
AT ¢ acty(s,0) A actz(s,o) N T =0}

The right-hand side of the above equation is closed by Lemma 7.1; ¥y is a
contraction from My to M.

(2) Let C3 = fix(¥3). By definition, it holds for every s € L3[@] that

Calls] = U{{(o,0")) - Cs[s'] : 0 € T A (s,0) D3 (8,0}
U {((0’, \/)) : \/ € a":t':i(s: C‘r)}
U{{(0,6())) : 0 € Z AT € p({v})
AT ¢ actz(s, o) A actz(s,0) N T =0}.
It turns out that Cj is identical to M3,

Lemma 7.5 (Semantic Equivalence for L3)

(1) Let F be an combinator of Ly with arity r, and let s,..., sy € L3[0]. Then
one has

Cs[F(s1y---,5r)] = Ts(F)(Cs[s1],- . ., Ca[sr])-
(2) For s € L3[0], one has C3[s] = Ms[s]. 1

As a preliminary to the proof of Lemma 7.5, we give the next lemma stating
that the operation ||3 is distributive w.r.t. set-theoretical union.

Lemma 7.6 (Distributivity of ﬂ3 in P3) Letk,l>1. Then

Vpl?.a'--apk—lrp:]'l'“ap:—l EP3[ -
]|3(Usekh’£]:Uje:[P}]) = U(;‘j)ekxi[”:s(?’isﬁ})] N |

Proof. See § TA. B
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Proof of Lemma 7.5 (1) Here we prove the claim for the combinator ||. For
the other combinators this is proved (more straightforwardly) in a similar fashion.
Let Hy = (L3[0] x £L3[0] — P3), and let F,G € H; be defined as follows: For
s1, 82 € L3[0]
F(s1,52) = Cs[s1 (| s2],  G(s1,52) = [|s(Cs[s1], Ca[s2]).
Moreover, let 3 : H3 — Hj be defined as follows: For f € H and sy, s, € L3[0],
-7:3“ (f)(s1,52)
. F3ll(f){sla‘92) U ‘F3l(f)(321 51 ) U F:i\/(f)(sla 32) U ‘F;f(f)(sl1 32)3

where

F.‘l 31132 U{ U J 31132} {81,0') ':’3 {3;110’)}}

F(£)(s1,52) = {{(0, V) : V/ € acts(s1,0) N acty(sz,0)},

Fi(s1,82) = {{(0,8(T))) : 7 & actz(s1) A T & actz(s3) A
(((T\{V}) Nacts(s1)) =0 AT N &Ctg(SQ) l?))
V(T N actz(s1) =0 A (T\ {/}) N actz(sz) = 0) )}

Then J"-3” is a contraction. Let s1, s, € L3[0]. By the definitions of C3 and (—»3: a €
{7, V}), and Lemma 7.1, one has F(sy, s3) = FJ (F)(s1, s2). That is, F = fix(F}).
Next, let us show that G = fix(F}). By the definition of ||3, one has

G(s1,52) = [l5(Csls1], Calls2]) U [5(Cals2], Cssa])
15 (CsLs11, Csls20) U [[§(Calsa], Callsa])-

Thus, for showing G = fix(F1)), it suffices to show

L (Css1] Csls2]) = FHG) (51, 52), (7.19)
1Y (Csls1], Cals20) = 75 (51, 82), (7.20)
15(Cals1]. Calls2]) = F§ (o1, 52). (7.21)

The fact (7.19) is shown as follows:

(L5 (Cs[s1], Cs[lbzﬂ)

= J{{(e, ") - ls(Cals1][{(o, 0")). Calls2]) : Callsa][{(o, o)) # 0}

= J{{(o, ||3 U{Cs[si] : (s1,0) D3 (s5,0)}, Cals2]) :
381[ (31, —3 (51,0") [}

= UJtl(0,0")) - (U{lla(Cslsi1, Csllsa]) = (51,0) D5 (s5.07)}) -
3sy[ ( Sla o) 53 (s1.0) ]}
(by Lemma 7.6) )

= Ull(e.0)) - s(Cs51].Csls2) = (51,0) D5 (s}, 0)}

= .}-3 (G)(sl,SQ).
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The other facts (7.20) and (7.21) follow immediately from the definition of I8
Thus one has G(sy,s2) = F3y(G)(s1,52), i.e., G = fix(Fy). Thus, by Banach’s
Theorem, one has F' = G, i.e.,

Vs, sz € Ls[0]] Csls1 || s2] = ls(Callsal, Cals2l) 1
(2) First, let us show, for P € RV, that

e[ = Ms[P]. (7.22)
Let (P,gp) € D. Then,

C3[P] = Cslgp] (by the definition of C3)
ZlopTP (G DL o, ColY D/ CVE . Vi) (7.23)
(by (1)),
where {}’]P,...,YI{’P)} is the set of recursion variables contained in gp. Hence
(AP € RV : C3[P]) is the fixed-point of I3 defined in Definition 7.8. Therefore by

the definition of M3[P], one has (7.22). Using this and part (1), one can show,
by induction on the structure of s € £L3[0], that

Vs € £3[®][ C3|IS] = M3|IS] ] B

Correctness of M3 with respect to O3

An abstraction function As : P3 — (¥ — pia(Ra3)) is defined as follows. First, it
is defined as the fixed-point of a higher-order contraction. Next, it is shown that
for a process p, A(p) is characterized as the set of histories of ezecutable elements of
p, where the notions of history and ezecutability are to be formally defined below.

Definition 7.11 (Abstraction Function Az for £3)

(1) Let Mz! = (P5 — (£ — pra(Ras))), and let Ay : Mz — M3 be defined as
follows: For F € M3!, p € P;, and 0 € I,

As(F)(p)(o) = U{(o") - F(pl{(o; 0" N)(e") : pl{(0:0"))] # 0}
Uif({(e, v)) € p, {{V)},9)
Uif({(o, 6({V}))) € p.{(2)},0).

Note that the right-hand side of the above equation is nonempty, since if

V""J[ p[((o‘, c.r"))] =0 ] A ((Jr \/)) € p,

then, ((o, 5(9))) € p by the fact that p satisfies the disabled-7 condition, and
further, {(o,6({\/}))) € p by the fact that p is upward closed w.r.t. disabled
actions. Thus the mapping Aj is a contraction from M to M3'.

(2) Let Az = fix(A3). By this definition, it holds for p € P3 and o € I, that

As(p)(0) = U{(¢") - As(p[{(a, ")) (0") : pl{(, 0"))] # 0}
Uif({(o, v)) € p,{{V)},0)
Ulf(((J,tS({\/}))) Gp,{(ﬁ)},@).l
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The abstraction function is to be characterized in another way. First, we need
some preliminary definitions.

Intuitively, a sequence ((0;,0})); in a process represents a possibility of eze-
cuting the step (o;,0%) if the process is in the state ;. After this execution, the
process is in the state o;. Thus a sequence {(c;,5})); such that the second compo-
nent of each element (o;, 0}) is the same as the first component of the next element
(0it1,07,1) represents a possibility of executing the steps (o9, o)), (01,0}),..., and
therefore is called ezecutable. In other words, a sequence is executable when it has
10 gaps.

Definition 7.12 (Histories of Elements of Q3) Let ¢ € Q3 U (X x X)<v.
(1) The sequence g is ezecutable, written Execs(q), iff either

v € w U {w}, I(0i,0)))iew| ¢ = (04, 07))iev
AViev[i+lerv = ol =041 ]

or

3k € w,3{(0:,0}))iex, Jok, 3T € Bs[ ¢ = (04, 0}))ier - {(o%, 1))
AVi e k[ 0'::0',:.{..1 ] ]

Let
E; ={g€ Q3 U (Z x I)<¥: Exec3(q)}.
Foro € %, let
E3;(0) = {q € E3 \ {€} : istatez(¢q) = o}.
(2) Let g be executable. The history of g, denoted by hists(q), is defined by

<U:)fEU if q= ((O’,‘, JEDI'EW
hista(q) = ¢ (iier - (V) if ¢ ={(0i,0))ick - {(ok:V))s
(oiiek - (8) if ¢ = {(o5,0))ier - ((or, 6({V/D)))- N

Now we can give another formulation of A3 as follows:
Lemma 7.7 (Another Formulation of Abstraction Function Aj)
(1) Forp € Pj,0 € &, one has
As(p)(o) = {histz(q) : ¢ € p N E3{a)}.
(2) Vk 2 1,Vps,..., pi € P5,Vo[ As(U;erlpil) (@) = UiclAs(pi)(a)] ] B
Proof. See § 7.B. B

By means of this lemma, one has the correctness of Ms.
Lemma 7.8 (Correctness of Mj)

(1) A3 0C3 = Os.
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(2) Az o Mz = O;.
(3) Vs1,82 € ﬁs[@][ M3H31E — M3]ISZE =
VX € Xp,VS € L3[X][ O3[S[s1/X]] = Os[S[sz/X]] 1]- B

Proof. (1) By showing that Az o C3 is the fixed-point of ¥ defined in Defini-
tion 7.5.

(2) Immediate from part (1) and Lemma 7.5 (2).

(3) Immediate from part (2) and the compositional definition of M;. W

7.2.5 Full Abstractness of M3 with respect to O3

The full abstractness of Mj is shown by means of a context with parallel compo-
sition:
Given two statements s, s2 € L3[0] with different denotational

meanings, a suitable statement T called a tester is constructed (7.24)
such that the operational meanings of s1||T aend s;||T are
distinct. '

A combinatorial method for constructing such a tester is proposed in Lemma 7.10
(Testing Lemma). Thereby, we can construct testers having the following property:

Given a process p and a finite sequence:

r={(01,0}),- -, (Tn,0h)),

we can construct a tester T and an ezecutable sequence

7= {((61,00)s---»(Fn, 5%))

with k > n such that for every process p', the parallel compo-
sition p' || M3[T] can ezecute 7 if there is some sequence ¢
such that {(c1,01),...,(on,00)) - q € P, i.e.,

P,[((Ul ) G-; YyswssKbna 0—:1))] # 0,

and the converse of this holds for p' = p. Intu-
itively, for such T and 7, the process p 1s forced to ex-
ecute the steps (01,0%),...,(0n,0,) (maybe not consecu-
tively but in this order), when pﬂ3 M;[T] executes the steps
((61,8),--.,(F%, 6)) consecutively.

By the above property, we can construct such testers T' as in (7.24) as follows:

If s, and sy are distinct in their denotational meanings, then,
putting p; = M;s[si] (i = 1,2), there exzists some sequence
r such that pr[r] # O but po[r] =0 (or wvice versa). By
constructing a tester T and an ezecutable sequence T for r
and p = py as above, one has ¥ € Ms[s1][ls Ms[T] and
7 & Ms[s2]|ls M3[T]. Thus one has a difference between the
operational meanings of the two statements s, ||T and s3 || T.
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For L3, the set Cont; of contexts is defined as usual in terms of substitution
(see Definition 3.7). Then, following Definition 3.3, the full abstractness of models
for £3 is defined by:

Definition 7.13 (Full Abstractness) Let O and M be models for £3. We say
M is fully abstract w.r.t. O iff the following holds for every s, s, € L3[0):

VX € Xp,VS € L3[X][ O[S(xy[s1]] = O[S(x)[s2]] ]
& M[s1] = M[s:].0

Let us proceed to establish the full abstractness of M3z w.r.t. O3, stated by
the following theorem, under the assumption that V is infinite. The reader might
expect that the same result can be obtained without this assumption, but it is
necessary. In fact, if V is finite, then M3y is not fully abstract w.r.t. O (see
Example 7.2 in § 7.2.6).

Theorem 7.1 (Full Abstractness of M3) If'V be infinite, then for every s;,s, €
L3[0], one has

Mis[s1] = Ms[[s;] & (7.25)
VX € Xp, VS € L3[X][ Os[S(x)[s1]] = Os[Sixys2]] ] B '

For establishing Theorem 7.1, we present the following lemma, from which
Theorem 7.1 follows easily.

In the sequel of this chapter, we fix an elment # of V, and for X' € Pan (IV),
set

Sx={ceB:Vre (IV\X)o(z)=7]}

Lemma 7.9 (Uniform Distinction Lemma for £3) If V is infinite, then the fol-
lowing hold for every X € p_ g (TV).

(1) For everyr € (Sy x Zx)<¥,

Vp1,p2 EP3[ pi[r] #O A po[r] =0 = (7.26)
Yoo € Ey,3T € LJ[@][

As(p1 [ls Ms[TT)(o0) \ As(p2 [ls Ms[T])(00) # 0 ]].

(2) For every g € (Sx x Ty)<¥ . By,

Vpi.p2 €Pi[geEp\pr = (7.27)
Voo € £4,3T € ﬁq[@][

As(p1 [ls Ms[TT)(70) \ As (P2 [ls M3[T])(00) # 0 ). B

The proof of this lemma is given later. First, Theorem 7.1 is proved using this
lemma.
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Proof of Theorem 7.1. Let V be infinite, and s;,s, € L£3[0]. We will prove
(7.25). The = -part of (7.25) is the claim of Lemma 7.8(3). Let us prove the
«-part. For this purpose, it suffices to show the following:

JM3|IS]]] 7"—' M31IS‘2H =

aT € ﬁs[@][ As Mgﬂsll] ||3 JW\;HT]] # As( j\/{3[{¢,z]] ”3 JM3ET]1 ] (7.28)

Let py = M3[[s1], p2 = M3[s2], and suppose p; # pz. We can assume, without
loss of generality, that there exists ¢ such that ¢ € p; and ¢ € p2. The proof is
given by distinguishing two cases according to whether ¢ is infinite or finite.
Case 1. Suppose ¢ is infinite. First, let us show by contradiction that there is
n € w such that gpn) & (p2)[)- Assume, to the contrary, that Vn € w| p2[g(n)] # 0]
Then, by the closedness of p;, one has ¢ € pz, which contradicts the fact
q & ps. Hence, there is n € w such that py[q;,] = 0. From the fact FIR3(p;)
(i = 1,2) and Remark 7.3(2), it follows that there is X' € p.q,(ZV) such
that (7.15) holds for p = p; (i = 1,2). Fix such X, and let 7 = (Az €
(ZV\ X) : 9), and r = (((73(g(i)) X) U &)jea)ien. Then, r € (Zx x Zy)"
It follows from the fact that g € ((P1)m) \ (P2)(n)) and (7.15) for p = p;
(: = 1,2), that r € (pl) (] \ (P2)n))- Thus applying Lemma 7. 9(1), one has
37 € LafB]] As(Ma[si] s Ms[T])\ As(Ms[sal lls Ma[TD) # 0 1
Case 2. Suppose ¢ is finite. Then, one obtain the same result in a similar fashion
to Case 1, but using Lemma 7.9 (2) instead of Lemma 7.9 (1) used in Case 1. [l

Proof of Lemma 7.9

Testers for proving Lemma 7.9 (1) (resp. Lemma 7.9 (2)) are constructed by induc-
tion on the length r € (Sx x Sx)<“ (resp. ¢ € (Sx x Zx)<* -Bj). The following
lemma is used to construct testers for r (or ¢) with length n 41 by means of testers
for r (or ¢) with length n. The assumption that V is infinite will be essentially
used in the proof of Lemma T7.10.

Lemma 7.10 (Testing Lemma for £3) If V is infinite, then for X' € Ppin(TV)s
p € P, and o', 0", 09 € Sy, there are two finite sequences 1,72 € (Zx X Ty)
such that the following hold:

(1) r1-{(d’,0")) - r2 € Eg{00).
(2) For every tester T' € L3]0], there ezists another tester T € Ls[0] such that
the following hold:

(i) Ms[T][r1 - r2) = Ms[T7],
(i) The process p is forced to ezecute the step (0',0") and forbidden to exe-

cute any other steps, when the parallel composition p [|3 M;3[T] ezecutes
the sequence: r - {(c',6")) - ro. That is, the following holds for every

q' € Qs:
1'1'((U’:U”))'Tz-q’Gpﬂ3M3[[T}] )
= pl{(o’,a" )] #0 A ¢’ € p[{(c’, ")) |ls M3[T']. B (7.29)
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The proof of this lemma will be given later. First, we will prove the following
corollary, and thereby, Lemma 7.9.

Corollary 7.1 Let 'V be inifite, and let X € p_4,(ZV), p € Pj, (0',0") € Ty X
Xy, and g9 € Tx. Then, there are two finite sequences p1, ps € (E1)<¥ such that
for every tester T' € L3[0] there exists another tester T € L3[0] such that, putting
o1 = last(py - 6" - p2), one has the following:

(1) For every p' € Pj, one has

Vo' € Rs[ p'[{(c",0"))] # 0 (7.30)
Ap' € As(p'[{(o’, o)) llsM3[T'])(a1)
= p1-0"-pa-p' € As(p' |ls M3[T])(00) ].

(2) For p' = p, the converse of (7.30) holds. That is,

Vo' € Rg[p1 0" p2-p' € As(p ﬂa Ms[T])(00) = (7.31)
pl{(e", a1 # 0 A p' € As(p[{(o”, " NllsM3[T"]) (1) ] B

Proof. Take 7y, r2 as in Lemma 7.10, and put p; = histz(r ), p2 = histz(rs), and
let o1 = last(p, - " - p2). Also, for T’, take T as in Lemma 7.10.

Part(1). Let p’ € P3, and p' € Rj. Suppose p'[{(¢’,0")}]#0 and p' €
As(p'[{(d",6™))] ﬂ«; M3[T'])(o1). Then, by Lemma 7.7 (1), there exists

¢ € (@'[{(o',a" N ]ls Ms[T'])
such that
¢ € Es{o1) A histz(¢') = p'.

Fix such ¢'. By Lemma 7.10(1), one has ry - {(¢',6")) - 72 - ¢ € Ez(0g). By
Lemma 7.10(2) (i), ¢ € @'[{(e’,a"))]]ls Ms[T][r1 - r2)). Thus, applying <-
part of Lemma 7.3 (1) successively, one has r; - ¢' € (p'[{(¢',0"))] H;; Ms[T][r]),
(0',a") 72+ € (TsMsITTin]), and i - (o, a™) -2 - ¢’ € (s MsITI).
Hence, py 0"« py - p' = hists(r1 - ((0',6")) - 72 - ¢') € As(0 fls MaT])(0).

Part (2). Let p’ € R, and suppose p,-¢"-py-p' € As(p|ls M3[T])(o6). Then, by
Lemma 7.7 (1), there exists ¢’ such that (x): ¢’ € E3(01) A histz(¢’) = p’. Fix such
q'. By (7.29), one has p[((¢’,0"))] # 0 and ¢’ € p[{(o’,0"))] lls Ms[T']. Thus, by
(%), one has p’ = hist3(¢') € As(p[{(¢’,0"))]||ls Ma[T']){o1). B

Proof of Lemma 7.9. Let X € p_ 4 (TV).

Part (1). We will prove (7.26) holds for every r € (Sx x £4)<“ by induction on
the length of r.

Induction Base: Let lgt(r) = 0, i.e,, let r = ¢, and let p;,p; € P;. Then, one
has (7.26) vacuously, since Vp € P3[ ple] = p # 0 |, and therefore, it does not hold
that pi[r] # 0 A pa[r] = 0.
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Induction Step: Let & € w, and assume that the claim holds for every r such
that lgt(r) < k. Fix an arbitrary sequence r of length &k + 1, say r = {(¢’,0")) - .
Let p1,p2 € Pj such that (x): (i) p1[r] # 0, (ii) p2[r] = 0. Finally let o9 € Zx. We
distinguish two cases according to whether pz[{(¢’,5"))] = 0 or not.

Case 1. Suppose p2[((¢’,6"))] = 0. Then, applying Corollary 7.1 with p = py
and T' = 0, there are pq, pa, T such that:

(i) VpeP;Vp' € Rl p[((e',0"))] #0

Ap' € As(pl{(a’, " Mll303)(o1)

= pr-a"-py-p' € As(plls M3[TT)(00) ], (7.32)
(i) Vo' € Ry[p1- 0" py-p' € As(pz2 [ls Ms[T])(00) =

p2l{(0", d"N] # 0 A p' € As(p2[((a’,0"))][|305) (o) ],

where o, = last(p; - 0" - p2). By (%) (i), there exists p/ € As(p1[r][|s03)(c1).
Let us fix such p’. By (7.32) (i) for p = pi, one has p; - o pa - p
As(py ||s M3[T])(00). Next, assume (for the sake of contradiction) that py - o' -

p2 - p' € As(pz |ls M3[T])(00). Then, by (7.32) (ii), one has pa[{(c”,0"))] # 8,
which contradicts the fact

p2[{(c’,d"))] = 0.

Hence, p1 - 0" - pa - p' & As(p2 [|s M3[T]){00).

Case 2.  Suppose pz[((c’,0"”))] #0, and let us denote p;i[{(¢’,c"))] and
p2[{(c’,0"))] by p| and p}, respectively. Then, one has, by (*), that (}): p}[F] #
O A py[F] = 0. Applying Corollary 7.1 with p = p,, there are py, pp such that for
every T € L3[0)] there exists T satisfying the following:

((i)  VpeP;,Vp' €Rs[p[((a/,0")] # 0

Ap' € A3(pl{(o” " NlsMs[T'])(o1)

) = pr-0"py-p' € As(plls MalTT)(a0) 1, -
(i) Vo' €Ra[p1-0"-pa-p' € As(pz ||s Ms[T])(00) =

p2l{(a’ "N #£OA

p' € As(pa[((a’, " WllsM3[T"]) (1) ],

where o = last(p; - ¢” - p2). By the induction hypothesis and (}), there are Tj
and p’ such that

p' € As(py lls Ma[Tol)(1) \ As(4 [ls Ms[Tol)(on)- (7.34)

Let p=py-0"pa-p', and take T such that (7.33) holds for 7" = Ty. By (7.33) (i)
for p = p; and (7.34), one has p € As(p1 [|s M3[T])(09). Next, assume (for the
sake of contradiction) that p; -¢” - p2 - p’ € As(p2 ﬁa M3[T])(eg). Then, it follows
from (7.33) (ii) that p’ € Az(ph ﬂa M;3[To])(o1), which contradicts (7.34). Thus,
p1-0" - pa-p & As(p2 ﬂ3 M;[T])(o0). Summarizing, in this case too, there is p
such that p € As(p1 [|ls Ms[T])(00) \ As(pz [|s M3[T1)(o0).

.
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Part(2). In order to establish part(2), we will prove (7.27) holds for every
g € (Zx x L3)<¥-Bj, by induction on the length of ¢.

Induction Base: Let lgt(q) = 1, say ¢ = (¢, ). Let p1,p2 € P} such that
q € p1 \ p2, and let o9 € Ey. Since X is finite and nonempty, we can put X =
{z1,...,2,}. We distinguish three cases according to the value of T.

Case 1. Suppose Y = /. Then, let us set

T (n)ivvila s (e e
and t = M;[T]. By the definition of ﬂg, one has

<(J|’]'J J{): ] (J:-—la J:-)a (0!7 \/)) € P1 ”3 ta

(01,---, 005 V) € As(pr |3 t)(00),
where
ol = ao[{o'(z1),...,0" (@)} /{x1,. .. 2:)] (F€r+1).
Let us prove, by contradiction, that
((a{]? ‘7; ) (U:-—l ’ cr:.), (o';s V) € p2 ”-5 L.
Indeed, if
((U{:n O-i )'J (R (U:—l ) o-:-)u OJ} € P2 ﬂS ts
then the first r-steps
(0{): U; ) B (g:._] 1 U:-)
must stem from the right-hand side ¢. Thus, it must hold that
(o', V) € pellst[{(0g,01); - -, (0721, 07))] = P2 |3 &.
However, this is impossible since (¢’, /) € p2. Summarizing, one has
((Gaa 0‘1)} trey (0':-—11 J:‘)a (0-’1 \/)) & p2 ”3 t,
i.e.,
(0100 V) & As(pz2 [l t)(00).
Case 2. Suppose T = 6({/}). Then, let us set
T=(z1:=0'(z1));-++; (zr 1= 0" (z)); €,
and t = M3[T]. We can show, as in Case 1, that
((J{)&Ji)a sy (0’:,_1._.0';,), (Jrﬂ 5({\/})) € (Pl H3 t) \ (P2 H3 t)’

ie.,
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(01,107, 8) € As(pr [ls 1)(00 \ As(p2 [ls 1)(0)-
Case 3. Suppose T = 6(@). Then, by Lemma 7.3 (3), one has

(e, 6({v}))) € (P11 03) \ (2 [|5 03)-

Thus this case is reduced to Case 2.
Induction Step: Similar to the induction step of part (1). |

Finally let us prove Lemma 7.10. A crucial ingredient of the proof is the fact
that the value of a variable can be changed from any value to any other value in
one atomic step, by means of an assignment statement.

Proof of Lemma 7.10. The proof is formulated by supposing that A" is reduced
to one variable: X = {x}, which simplifies the proof allowing us to identify a
state o € Sy with its value o(x) € V. However, the lemma still holds when &X'
is composed of more than one variable, as established in § 7.C. For v € V, let
o(v)=(Ay € IV :if(y = x,v,7)).

_ Trying to construct a desired tester T, we first observe that the composition
p|ls M3[T] must be in the state o’ when p executes the step (¢’,0"). Therefore, if
oo(z) # o'(z), then M[T] must execute the step (a,0") for some o, and therefore,
T must have an assignment “z := ¢'(z)” in it. Moreover, we need a trick for
forbidding p to execute the step (o, ') instead of M[T] and forbidding M[T]
to execute the step (0/,0”) instead of p. The proof of Lemma 7.10 is given by
distinguishing two cases according to whether oo(z) = o'(x).

Case 1. When oo(x) = ¢'(z), we can easily construct two sequences ry, ry satis-
fying (1) and (2) of Lemma 7.10 as follows: Let

ri=¢ 1= {(0",a(v1))),

where v; is chosen such that

() v #0"(x), () vy g {veV:{d, "), (c" () €pyl} (7.35)

Note that the right-hand side of (7.35) (ii) is finite since p is image-finite by
Definition 7.9, and therefore, there is v; satisfying (7.35). It immediately follows
that Lemma 7.10 (1) holds. Let us show Lemma 7.10 (2). For every T" € L3[0],
let T = (z := v);T’. It immediately follows that (2) (i) holds. Let us show
(2) (ii), i.e., that (7.29) holds for every ¢' € Qs.

Suppose that

((e',0"), (6", (1))} - ¢’ € plls M3[T].

Let us show that the first two steps (¢’,0”) and (¢”,7(v1)) must stem from p and
M3[T], respectively. The first step cannot stem from M3[T] by (7.35) (i). Also,
the second step cannot stem from p by (7.35) (ii). Thus one has the desired result.
Case 2. When oo(z) # o'(z), we can construct two sequences r1, 72 satisfying
(1) and (2) of Lemma 7.10 as follows: Let ry = ((00,0")), and 72 = {(¢", 5(v1))),
where v; is chosen such that
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(i) v1 & {v € V:{(00,0"),(¢",0"),(c",5(v))) € P31},
(i) v # 0'(z), (i) v % o'(z), (7.36)
(iv) vy g {v e V:{(a',d"),(d",5(v))) € pg}-

Note that the right-hand sides of (7.36) (i) and (iv) are finite, since p is image-
finite by Definition 7.9, and therefore, there is v, satisfying (7.36). It immediately
follows that (1) holds. Let us show (2), i.e., that for every 7" € L£3[0)], there exists
T € L3[0] satisfying (2) (i), (2) (ii). A tester T with these properties can be
constructed in the following format: For @, #', 71,72 € V, and s € L3[0)], let

F(%,,7', 7y, Tp, 5) o
=if(z =T, (z:=7);(z:=7);s, (x:=702);0). (7.37)
We set T = F(oo(x),0'(z),v1,v2,T"), where vy is chosen such that (x): (i) ve #
o'(z), (ii) v # v1. In this case also, it immediately follows that (2) (i) holds. Let
us show (2) (ii), i.e., that (7.29) holds for every ¢’ € Q. First, put ¢’ = M3[T"],
t= M3[[T]]
Suppose that

{(00,0"),(0",0"), (0", 5(v1))) - ¢ € pllst.

Let us show that the first three steps (gg,0’), (o', "), (¢", &(v1)) must stem from
t, p, t, respectively.

First, let us show by contradiction that the first step (oy, 0') cannot stem from
p. Assume that the first step stems from p, i.e., that

((6’1 U—H)a (0—3356(1"1))) . Q" € p[{(ﬂ'u, J’))} ﬂ3 t.

Then the second step (¢’,0") must stem from either of p[((og,0"))] or t; let us
show that it can stem from neither of them. Suppose that the second step stems
from t, i.e., that

{(0",5(n))) - ¢' € pl{(00,0")flatl{(e", "))]-

Then t[{(c',06"))] # 0, and therefore, under the assumption a¢(z) # o'(z), the as-
signment “z := v3” must be executed in the second step, which yields o' () = vs.
However this contradicts (%) (i). Thus

{(e",5(v1))) - ¢ € pl{(00,"), (o', fla ¢.

The third step (¢”,&(vq)) cannot stem from p[{(g¢,0’),(c’,c")}], since, by
(7.36) (i),

pl{(00,0"), (0", 0"), (¢",5(v1)))] = 0.

Thus the third step must stem from ¢, which implies v; = ¢'(x) or v; = vy. How-
ever both are impossible by (7.36) (ii) and () (ii), respectively. Summarizing, the
first step cannot stem from p, and therefore, it must stem from f. Thus one has

{(o',0"),(a",3(v1))) - ¢' € plla t[{(c0,0"))].
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Next let us show the second step (¢’,0") cannot stem from t[{{cg, o’)}]. If it
stems from t[((ou, c'}}], then

t{{(o0,0"), (o', 0"))] # 0,

which implies, by the form of T, that ¢’(z) = v;. This contradicts (7.36) (iii).
Thus the second step must stem from p, and therefore,

(6", 5(v1)) - ¢ € pl{(e’, " Mllstl{(o0, o).
Finally, the third step (¢, ar(-v])) cannot stem from p[{(¢’,c"))], since
i@’ "), (0", 7 ()] =
by (7.36) (iv). Thus the third step must stem from t[{(c9,”)}], and therefore,

9” € p[((o"‘} JH))m-’itK(UO& OJ)'- ('7”! 5’('1}1 )))]

¢ € pl{(e’,a"NsMs[T'].- |

Remark 7.4 Note that if og(z) # o'(z) and ¢'(z) # ¢"(x), then a simpler tester
T = (z := o'(2)); (v := v1); T, with v, satisfying (7.36), is sufficient to establish
the above lemma. However if g¢(z) # o'(2) and ¢'(z) = ¢”(x), then we need a
tester defined in the format (7.37), for excluding the possibility that the first three
steps of the parallel composition may stem from p, ¢, and ¢, respectively. i

7.2.6 Comparison of M3 and Other Models
Comparison with a More Abstract Model than Mj; for £3 with V Finite

As stated earlier, the assumption V is infinite is necessary for the full abstractness
of Mj. In fact, if V is finite, then we can construct another compositional model
M3 which is correct w.r.t. O3 and more abstract than Ms. Thus M3 cannot be
fully abstract w.r.t. @;. The model .Mg is constructed from Mj; by abstracting
from certain redundant information present in Mj as follows:

Definition 7.14 Let p € p(Q3).

1) Let ¢ € p, and (n,i) € w x 2. Let us say ¢ is pruned away from p at place
p p p
(n,i) iff ¢ is infinite and

g & Qn+i) * (E, (Tr';-!{q(n-))) NExD)¥YCp
(2) A pruning function A : p(Qs) — p(Q3) is defined as follows:

={q€p:-3(n,i) Ewx2|
¢ is pruned away from p at place (n,1) |}.

(3) For s € L3[0], let Ms[s] = A(Ms[s]). B
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Since ezecutable passes in Ms[[s] are the same as those in Ms[s] (s € L£3[0]) by
the definition of A, one has the correctness of M3 w.r.t. Os:

Lemma 7.11 .A3 o .;"\:1“3 = .Aa o JV[3 = O;;. I

Moreover, we can show that ﬂ3 is compositional w.r.t. all the combinators of Lj.
For this purpose, we define another set of semantic operations from that defined
in Definition 7.7. For each syntactical combinator F' with arity r of L3, a semantic
operation F with domain (P3)" has been defined in Definition 7.7; we can extend
the domain of F from (P3)" to (p(Qs))" straightforwardly except for F = ||. As

to ||, we can extend the domain of ||3 to (p(Q3))? by means of a merge operation
on elements of Qg; this operation can be defined as in [Hor 92a), where merge
operation on infinite sequences (taking communication into account) is defined.

Definition 7.15 (1) Let r € w. For a meaning function M with dom(M) =
L3[0], and 5 € (L3[@])", let M[5] = (M[5(?)])ier. Also, for a function f
with dom(f) = p(Qs), and € (p(Qs))", let f(7) = (f(7(i)))ier-

(2) Let r € 3, and let F € Sigl” and F be the semantic operation corresponding
to F' in the interpretation structure I3, i.e., let F = I3(F). From F, let us
define another semantic operation F as follows: For every j € (p(Qs))7, let

F(5) = AF(7))-1

From the semantic operations ﬁ, one obtains the compositionality of 131 w.r.t. all
the combinators of Lj:

Lemma 7.12 For every r € w and F € Sigl”, one has
V5 € (Ls[0]) | M[F(9)] = F(Ms[5]) ).
Proof. Let r e w and F' € Siggr). It can be shown that
Vi € (p(Qs))" [ A(F(7)) = A(F(A(F))) ]. (7.38)
From this one obtains the desired result as follows: Let
§e (L3[0)", 7= Ms[s].
Then,
Ms[F(5)] = AM;[F(3)]) (by the definition of D)
= A(F(p)) (by the compositionality of My)
= AF(A@)  (by (7.38)
ﬁ(}ﬁa [ST) (by the definitions of Dy and F). @

When V is finite, the model ,ﬁg, is strictly more abstract than Mj, as can
seen from the following example. Thus M3 is not fully abstract in this case.
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Example 7.2 Assume V = {0,1}. Moreover, let us assume, for simplicity, that
TV = {z}. Then, T is identified with V. Let g = ((z := 0); Po) + (2 := 1); Py),
and suppose (Fp, g) € D. Then, setting
sy =Py +if(z =0, (2:=0)if(x =0, R, 0), B),
and
s = if(z = 0, ((z := 0);if(c = 0, Py, 0)) + (2 := 1); o), Po),
one has
M;[:][(0,0) - (1,1)] # 0,
but
Ms[s2]((0,0) - (1,1)] = 0.
Thus,
Ms[s1] # Ms[s2]. (7.39)

However, by the definitions of .sﬁ-_a, and A, one has

Ms[si] = A(Ms[s:])
= A(JV[;;[[SQD — Ma[[Sz]] (?40)
= {q € M3[s2] : ¢ is finite V ¢ is infinite and executable},

since if ¢ (€ Qg) is infinite and executable, then ¢ € Ms[s;] (¢ = 1,2). Thus, for
every context S¢x)y € L3, one has

Os[Sixy[s1]l = As(Ms[Sixy[s11D)
= A3(Ms[Sixy[s2]]) = Os[S(xy [s2]]-

From this and (7.39), it follows that M3 is not fully abstract w.r.t. Os. [

Note that, when V is infinite, we cannot construct a statement yielding all infinite
paths, such as Py in the above lemma; thus (f) in the above example does not
hold when V is infinite. Moreover, for every s € £3[0], it is shown that

Ms[s] = A(Ms[s]) = Ma[s] (7.41)

as follows: First, for every ¢ € Mj[s], (n,i) € w x 2, it does not hold that
qnti) (Ba(7?(g(n))) N (ExE)¥) C p, since Ms[s] is image-finite by Lemma 7.4 (4).
Hence, ¢ € M3[s] is not pruned away from Ms[s] at place (n,7). Thus, one has
(7.41).
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Comparison with a Less Abstract Model than M; for L4

In [BR 91], another denotational model Mj for a language, which is the same as L3
except that it does not include O or e, was proposed. The model M] was presented
on the basis of the domain: P§ = p,(Q}), where Q5 = {e} U ( — (£ x Q})).
The outline of M/ is as follows; the interpretation of the parallel composition is
omitted, since this is not necessary for the present purpose.

(1) Mi(z = e);s] = {(Aa : (o[[e](a)/], 9)) : ¢ € Mi[5]}.

(2) The operation + : P x P} — P} is defined by: {€} +p =p + {¢} = p, and,
for p1,p2 # {€}, p1 + p2 is the set-theoretic union of p; and ps.

(8) MATiE(b, 51, 5]) = {(Ao : €([](0) = tt,01(0),02(0))i s € Milsi] A gz €
Mi[s2]}.

It turns out that A% is not fully abstract w.r.t. O3 as the next example shows.
Thus, M5 is less abstract than Mj.

Example 7.3 Let us assume, for simplicity, that 7V = {@}. Then, I is identified
with V. Let

s1=(z:=0)+(z:=1),
and
sz =if(x =0,(z :=0), (2 := 1)) +if(x = 0, (x := 1), (x := 0)).
Then,
Ms[s1] = Ms[so] = {{(v, ")) :v € VA (v =0V =1)}-8;. (7.42)
On the other hand Mj[s;] = {¢1,¢2}, where
@ = (dveV:(0,e),
@ = (v eV:(lLe).
Also, Mj[s2] = {q1, 43}, where
@ = (v € V:if(v=0,(0,¢), (1,¢))),

gy = (Av € V:if(v =0, (L,¢€), (0,¢))).

Hence

M;[s:] # Ms[s2]. (7.43)
If M5 is also fully abstract, then one has

Vs1,89 € L3[0]] Ms[s1] = Ma[s2] & Mi[s1] = M;[s:2] ], (7.44)

which contradicts (7.3) and (7.43). Hence M} cannot be fully abstract. J
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Comparison with Hennessy-Plotkin’s Resumptions Model

The language treated in [HP 79], which we denote by L, is very similar to Ls,
except that it contains “co”, a coroutine construct, as well as the usual interleaving.
On the basis of a set (a €) Act of primitive actions, (s €) Lco is given by:

s n=al (51382) | (51 +82) | (51 | s2) | (51 co s2)
|1f{b s1,52) | While(b, s).

A transition relation —C Lo X Str with Str = 5 U (L, X I) is defined, as S,
with the help of a given interpretation A : Act — (£ — ) (see §2 of [HP 79)).
The expression (s5,0) — ¢’ means that the configuration (s, o) can terminates with
state ¢’. The operational semantics B treated in [HP 79] is defined as follows: For
every statement s and state o,

Blsl(c) = {0’ : (5,0) =~ o'}
U{L : H{(5n,0n))neul (50,00) = (s,0)
AR € W[ (Sn,0n) — (Snt1,0n+1)]]}-

Obviously B is more abstract than another operational semantics

Oco : Leo = (E— Prel(Z \{5})

which is constructed by slightly modifying O3 in the obvious way. Then, a de-
notational model V for L., is defined on the basis of a domain R which is the
solution of a domain equation in the category of non-deterministic domains. Fur-
thermore, the full abstractness of V w.r.t. B is established under the following three
assumptions (see the paragraph immediately preceding Lemma 5.6 of [HP 79)):

(i) The set ¥ of states is infinite.
(ii) For each o € X, there exists a statement K'(o) € Act such

that Vo'[ A[K(o)](¢') = o ]. (7.45)
(iii) For each o € I, there exists an expression is(c) € BExp,

such that Yo'[ [is(o)](¢") = tt & o' =0 ].

We can construct a denotational model Mco for L, by slightly modifying
Ms. First, the underlying domain Pco is defined by slightly modifying P3 as
follows: Pco = 9+c1(Qco), Where Qo is the solution of domain equation:

Qco = (E X {(\/J) 10 € E}) E X "‘) X ld (Q‘"-"-‘)

with ¢/’ being some symbol standing for termination. Writing /() for (\/, o) for
the sake of easier readability, one has

Qo & (Ex Z)<Y - {{(a,y/(0")) 1 0,0' € T} W (Z x D),
as with Q3. Then, the model Mco : Lo — (¥ — Pco) is defined by

Meco[sl(0) = Meo[s](a) U Meo[sl(o),
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where Mgo[s](¢) and MZq[s](o) are the terminating and non-terminating parts
of Mco[s](o), respectively; these parts are defined as follows: First,

Meols](o)
= {((0’5,0’2))55;; : ((Jm \/(J:q))) :
NEWANANoyg=0
A(si)ietn+1)[ 50 =5 A Vi € 0 (si,0i) = (si+1,07) ]
A(sn,00) = o7 ]}

Next,
Mgo[sl(o)

= {{(0i,07))icw 1 00 = T A
Is:)icol 50 = 5 A Vi € W[ (51,0:) = (si41,00) ]I}

The model M¢g can also be formulated by means of appropriate semantic oper-
ations and Banach’s Theorem, as M3.

Interestingly, the full abstractness of Mcg can also be established under the
assumptions (7.45). Thus, the two models V and Mc¢o are isomorphic in the
sense of Lemma 3.1, whereas the two models are constructed rather differently.
The proof of its full abstractness is outlined below.

Proof of Full Abstractness of Mco. Let 81,59 € Lo such that
Mecols1] # Mco[s2]-

Then, either
Meolsi1] # Meols2], or Meolsi] # «MEOHSEH'

Let us set p; = Mco[si] (i = 1,2).
Case 1. Suppose M@g[[s1] # MZol[s2]. Then, we can assume, without loss of
generality, that there exists ¢ such that

q € Mgo[s:1] \ Mgol[s:].
Thus, by the closedness of py, there exists (0}, 07))ig(m+1) such that

((Ui,ag))ie(m+1) € (P1)[m+1 \ (P2)[m+1] (7.46)

for some m € w. As in [HP 79], we can construct an appropriate tester Ty for
distinguishing s; and s- as follows: First, let

T, = if(is(0%,), K(2), K(2')),
where &, &’ will be chosen below. Then, T; (i € m, ) are defined by:
T; = if(is(07), (K (0i41); Tig1), K (7).

We choose & and & so that
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a¢ |J o:((oi0d))iek - ((ok,0)) € (p2)s)})s (7.47)

kE(n‘H—l)
g+ a. (7.48)
Note that the right-hand side of (7.47) is finite since the transition relation —

is finitely branching, and thus, by the assumption (7.45) (i), we can choose such
states. Then, obviously one has

((00,90): (90 01)s -+, (Oms o), (T, V(7)) € Meo[s1 co To],
and therefore,
7 € B[s; co Ty](oo). (7.49)
On the other hand, by the conditions (7.47) and (7.48), one can show that
7 € B[s2 co To](00) = ((04,07))ie(m+1) € (P2)im+1)-
Thus, since {(04,07))ie(m+1) € (P2)[m+1), one has
& & B[ss co Tp](o0). (7.50)
By (7.49) and (7.50), one has
B[s1 co Ty] # B[sz co T].
Case 2. Suppose Mgols1] # Mgollsz]- Then, we can assume, without loss of
generality, that
Im € w,3((04,07))iem * {(Tm, V(7)) € pr\ pa-
Fix such a sequence {(¢},0%))iem - {(om,/(01,))). Further, let us choose G so that
gg{oi:ie(m+1)} (7.51)
U{a : {(03,00))ie(me1) - {(T1n:9)) € (P2)[ms21 }s
and let T = (K (7)); T' with T’ being an arbitrary statement. Then, obviously one
has
{(i,00)Yie(m+1) " {(0m: 7)) € (P13 T)m+2)-
On the other hand, by the condition (7.51) it is impossible that
{(0i,0))ie(m+1) - (T, 7)) € (P25 T)ma2)-
Hence, one has
((05105))56{:n+1) ’ ((J:m 7)) € (PIET)[m+2] \ ('Pz:T)[mH]-
Thus, one obtains the same proposition as (7.46) in Case 1, replacing
(03, 01))ie(m+1) bY {(04,00))ie(m+1) * (o7, 7)), and p;i by (pisT) for i = 1,2.
Hence, one can construct Ty such that
Bl(s1;T) co To] # B[(s2: T) co To],
as in Case 1. i

The full abstractness result for ¥V and Mg essentially depends on the
construct; without this, the two models would not be fully abstract w.r.t. B, whlch
is also conjectured by Hennessy and Plotkin for V (see [HP 79] §6).

“
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7.3 A Nonuniform Language with Communica-
tion

The second language L4 is a nonuniform language which has CSP-like communi-
cations in addition to all constructs of the first language. An operational model
Q4 for £, is given as in § 7.2.

The domain of a denotational model My for L4 is a kind of failures model,
which was introduced in [BHR 85], adapted to the nonuniform setting. Each
element of the domain is a set consisting of such elements as ({(o;, a;,0})):, (¢, T)),
where o, o!, and ¢" are states, a; is an action and T is a set of communication
sorts. These elements are called failures; the parts {(¢;, a;,o!)); and (¢”,T) are
called a trace and a refusal, respectively.

First, the correctness of My is established as in § 7.2. Then, the full abstract-
ness of My is established by a combination of the testing method introduced in
§ 7.2 and the method proposed by Bergstra, Klop, and Olderog in [BKO 88] to
establish the full abstractness of a failures model for a uniform language without
recursion. This method was adapted by Rutten in [Rut 89] so as to employ it
for a language with recursion in the framework of complete metric spaces, which
suggests how to use it in the present setting.

The full abstractness of the denotational model for £, is established as follows:
Given two statements s; and s, of £; which are distinct in their denotational
meanings, then the denotational meanings are distinct in the trace parts or in
the refusal parts. When the distinction is in the trace parts, we can construct a
tester by the testing method, otherwise we can construct a tester by the method
of Bergstra, Klop, and Olderog.

7.3.1 The Language £,

In addition to all constructs of L3, the language £4 has CSP-like communica-
tions, i.e., it has inputs “(c? x)” and outputs “(c! e)” for all channels ¢, individual
variables z, and value expressions e.

Definition 7.16 (Language L4)

(1) Let (c €) Chan be the set of channels. For every ¢ € Chan and x € TV, the
construct (c? x) is a nullary combinator representing an input through the
channel ¢ with the input value assigned to the variable x; let In, the set of
inputs, be defined by:

In= {(c? z):c€ Chan A z € IV}.

Also, for every ¢ € Chan and e € VExp, the construct (¢! ¢) is a nullary
combinator representing an oufput of the value e through the channel ¢; let
Out, the set of outputs, be defined by:

Out = {(c! ) : c € Chan A e € VExp}.
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A single-sorted signature Sig, = (Funy, arity,(-)) is defined as follows, with
(op €) Funy being a set of combinators and arity(-) a function which maps
each combinator to its arity:

Funy = {0,e} U Asg U In U Out U RV
U{;,+, ]|} U Cond.

arity, (op) = 0 ifope {0,e} U Asg U In U Out U RV,
Yal%P) =12 ifop € {+||,;} U Cond,

(2) The set of statements of the nonuniform concurrent language (S €) Ly is
defined as the set of terms generated by the signature Sig, and the variable
set X'p. That is, £; is defined by the following grammar:

S:=0|e|(z:=e)|(c? z)|(c! e)]|(So;51)
| (So+ S1) [ (So || S1) |i£(b, So, 81) | P| X,

where P ranges over RV, the set of recursion variables; X range over X'p, as
in Definition 7.1, and in addition, ¢ ranges over Chan, the set of commauni-
cation channels.

(3) Let
(s €) L4[0] = {S € L4 : FV(S) = 0}.
Also, for X € A'p, let
L4[X] = {S € L4 : FV(S) C {X}}.

(4) Then the set of guarded statements (g €) G, is defined by the following gram-
mar:

gu=0|(z:=¢)|(cle)|(c? z)|
(9:5) | (91 + 92) | 91 || g2 | 1£(D. g1, 92)-

We assume that each recursion variable P is associated with an element gp
of G4 by a set of declarations D = {(P, gp)}rery- i

In the sequel of this section, we fix a declaration set D = {(P, gp)}pery-

7.3.2 Operational Model O, for L4

An operational model Oy for £, is defined in terms of a transition system (-3}4: a).
The following definition is given as a preliminary to the definition of (2,4: a).

Definition 7.17 (Actions)
(1) The set of communication sorts, (v €) C8Sy, is given by:

CS; = {c!: c € Chan} U {c?: c € Chan}.



7.3. A Nonuniform Language with Communication 265

LCt CS;{ = 054 U {\/}-
(2) Let (a €) Ay, the set of actions of L, be defined by:

Ay =(CSy xV)U {7}
Let
(a€) AY =AY U {V}

We sometimes write clv and c?v for (c!,v) and (c?,v), respectively (c,c €
Chan and v € V).

(3) The set of action sorts, (A €) ASort, is given by:
ASort = CS; U {r,/}.
(4) A function sort : Ay — ASort is defined as follows: For @ € A,

N |y fa=(y,v)eCS8;y xV,
sort(a) = {a otherwise. Ji

A transition system (=4 a € AY), with 5,C (L4[0])2 for a # / and Ml
L4]@), is defined as follows:

Definition 7.18 (Transition Relations —+;) The transition relations —, are
defined as the smallest relations satisfying the following rules (1)-(10), where

we write (s1,07) Sy (s2,02) (resp. (s1,01) —‘/—>4) for ((s1,01),(s2,09)) =)

(51,82 € La[0], 01,02 € S, and a € Ay), (resp. for (s1,01) €-4).
(1) (e,0) %4 .
(2) ((z:=e),0) =4 (e, 0[[e](0)/2])
(3) ((c! e),0) 2D, (o o).
(4) ((¢? 2),0) =54 (e, 0fv/a]) (vEV).

(51 ? J) j"‘l (s!a U?)

((s1382),0) =4 ((s'302),0")

(5-1) ((l S Ai)

('5] !J) "f'}*ls (3230) _a_“l (S"': OJ)

((s1352),0) =>4 (s, 0")

(G, € Ay).

51, a’) -{_}‘h (3236) _{)4

((51352),0) =4
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(311 U) _a’d (31 OJ)

(6-1) a .
((s1 + s2),0) =4 (s,0")
((s2 + 81),0) =4 (s,0")
(6-2) (51,0') _\{’4
((s1+ s2),0) —\'/-*4
((s2+51),0) s
(7_1) (3130) "E’nl (S,G"’) (a € Ay).

(51| 52), @) =4 ((5]] 52),0")

((s2]151),0) =4 (52| 5),0")

! 2
(Sluo—) _':_'-’_}4 (8;,0’), (5210—) _C_"'_}4 (3’273’)

((s1]152),0) =4 ((51 | 52),0")
((s2 | 51),0) =1 ((sh || s1),0")

(7-2)

(c € Chan,v € V).

(SI,O') "i"h (SZsJ) _ﬁ'd

(7-3)
(51 1|32, 0) o4

(81) LD 24 (7) gy =),

(if(bﬂ 51, 52)1 G‘) _6*4 (5., UJ)

(5130')—\'/"4

(8-2) (Bl(e) = t0).

(£(b, 81, 82),0) 5

(s2,0) =4 (s,0")

(8-3) -
(if (b, 51,52),0) —4 (s,0")

([6l(e) = ).

(-‘:‘2,0') —X,"d

(8-4) ([6)(o) = ).

(if(b}sls32)aﬂ—) —y

L (gp0) B4 (,0")
(1) PEZTE S (Par) € D).

v
(0-2) Y= ((pg,) € D).
(P,g) —4

For (s,0) € L4[0] x I, let
acty(s,0) = {a € Ay : 3(s',0’) € L4[0] x T (5,0) =4 (s',07) 1}



7.3. A Nonuniform Language with Communication 267

Moreover, let sacty(s, 0) = sort[acty(s,c)]. §

The family (—4: @ € AY) of transition relation is image finite in the sense of
part (1) of the following lemma:

Lemma 7.13 For every s € L4[0], 0 € &, the following hold:

(1) For every a € Ay, the set {(s',0') € L4[0] x £: (s,0) = (s',0")} is finite.
(2) asort(s,o) is finite.

(3) For every c € Chan, the set {v € V : (cl,v) € acty(s,0)} is finite. J
Proof. These are shown in a similar fashion to the proof of Lemma 7.1. |l

As a preliminary to the definition of the operational model, we define an aux-
iliary semantic domain R, by:

Definition 7.19 Let
Ry = (A4 x D)< {(2), (V)P U (A4 x Z).
We use the variable p ranging over Ry and o ranging over (¥ — Ry). i

In terms of the transition relations —,, the operational model O, is defined
as follows:

Definition 7.20 (Operational Model Oy for £4)

(1) Let M9 = (£4]0) — (£ — p+a(R4))), and let ¥ : MY — MY be defined
as follows: For f € MY, s € L4[0], and ¢ € T,

P (£)(s)(0) = U{(a,0") - 7(s)(0") : (5,0) =4 (', 0")}
Uif(y/ € acts(s, o), {{/}},0)
Uif(actq(s,0) = 0,{(9)} : 0).
It follows that ¥ is a contraction from M to MY, as in Definition 7.5.
(2) Let the operational model Oy be the unique fixed-point of ¥$. By the def-
inition, one has Oy : L4[0] — (£ — p+ca(Ry), and for each s € L4[0] and
o €L,

OuIs1(e) = Ul(@ o) - OS1(@")  (5,0) 54 (',0")} (752
U if(\/ € acty(s, 0—)3 {(\/)} Qj)
Uif(acts(s, o) =0,{(d)}: 0).8

The model @4, defined recursively above, can be characterized as follows:

Lemma 7.14 Let s € L4 and 0 € . For p € Ry, p € O4sl(o) iff one of the
following conditions (7.53)-(7.55) is satisfied:

3((3,-,0,-]),-@,3(&,'),'21[ pP= ((G-i+110‘i+1))ie-_u A (s0,00) = (s,0) (7.53)
AYE € Wl (8i,0:) =224 (sig1,0541) ] |-
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In € w,3((si,0%)Yie(n+1)s Hai)ienl p = é_(ai+la‘7:'+l))ien V) (7.54)
A(s0,00) = (5,0) A Vi € n[ (si,0;) ety (si+1,0i+1) |
Ay € acty(sn, o) |-

dn e w, 3((5£>Ji))£e(n+1)a 3(“:’):‘5:‘1[ P = [S_(ﬂi+1,0i+1)):‘6n . (3} (7.55)
A(s0,00) = (s,0) A Vi € n[ (si,0:) ——4 (Si41,0i41) |
Aa‘:t'rl(sm on) € CSy ] |

Proof. Let O} : £, — (£ — p(Ry)) be defined so that for every s, o, and p,
p € O4[s](c) iff one of the conditions (7.53)—(7.55) holds. Then, one has

Vs € L4,Vo € I[ Oy[s](0) € pra(R4) ],
and M§(O}) = O}. Thus, O = fix(M?) =0;. @

The second operational model O is defined also in terms of the transition
relation — as in Lemma 7.14 but ignoring states.

Definition 7.21 (Operational Model O for L)
(1) Let RY = ((A4)<“ - {(V),(8)D U (A4g)*.
(2) The function

O : L4 = (3 — p1a(RY))

is defined as follows: Let s € £,4[0][0] and ¢ € . For n € R}, we put 5 €
O;lsl(o) iff one of the following conditions (7.56)—(7.58) is satisfied:

3((3i,0i))i6m 3(65{):'21[ 7= (@i+1)iew A (:‘_U':JU) = (s,0) (7.56)
AVi € w[(si,07) —=4 (sit1,0i41)] |,
In € w,I(si,0:))ie(nt1)s Haidienl 1 =(Sf1-s+1)£en V) (7.57)

A (s0,00) = (8,0) A Vi € [ (5i,05) —=4 (8i41,0i+1) ]
/\\/G B-Ct-q,(smgn) ]

dn € W, 3((351 gi))ie{n—‘,-l))a(ai)iEﬂ[ n= (a£+1)iEn " (6) (?'58)
A(s0,00) = (5,0) A Vi € n[ (8i,0:) —=4 (8i41,0i+1) ]
Aacty(sn,0n) € CSy |. B

7.3.3 Denotational Model M, for L,

The domain of a denotational semantic domain Py for L4 is a kind of failures model,
which was introduced in [BHR 85], adapted to the nonuniform setting. FEach
element of the domain is a set consisting of such elements as ({(o, ai, 0}))i, (", T)),
where o;, 0!, and " are states, a; is an action and I is a set of communication
sorts. These elements are called failures. Formally Py is defined by:

Definition 7.22 (Denotational Semantic Domain P4 for £4)
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(1) Let us use the variable I' ranging over p(CSY). For T € p(CSY), let §(T) =
(8,T). Let
(YT €) By={(0,/):0 €T} U {(0,6(T)): 0 € T AT € p(CSY)}.
Further, let
B4 = {(J,‘\/) 1o € E}
U{(0,6(T)): 0 € S AT € p(CSY) A / €T}
(2) Let Q4 be the unique solution of
Qi 2By W (( x Ay X S) X ide(Q4)),
where §(T') = (8,T') as in Definition 7.6. One has
Q= ((E X Ay X E)<w B4)U (E x Ay X E)w
(3) For p € p1+c1(Q4), and r € (2 x Ay x £)<¥, the remainder of p with prefix r,
denoted by p[r], is defined by: p[r] = {¢' € Q4 :7-¢' € p}.

(4) For g € Q4 U (T x Ay x T)T, let istates(q) = o if g = {(v,a,0")) - ¢, and let
istatey(g) = ¢” if AT ¢ = {(¢”,T)) ].

(5) For p € p1+a(Qs) and o € 3, let
plo) = {q € p : istates(¢) = o},
and

acty(p,0) = {a € Ay : 307[ p[{(d,a,0"))] # 0 ]}
uif({(e, v)) € p,{v'},0)-

(6) Let p € p+a(Qs) and n € w. We say p satisfies the disabled T-dondition at
leverl n iff
Vre(Ex Ay x )" Vo € I p[r] #0 A 7 & acty(p[r], o)
= 3T € p(CSY)[ - {(0,6(T))) € P ]}

We say p satisfies the disabled-T condition iff it satisfies the disabled-7 con-
dition at every level n € w.
(7) Let p € p1a1(Q4) and n € w. We say p is downward closed at level n iff
Vr e (2 x Ay x )", Vo € VT € p(CSY)[r-((0,86(T))) €p
= VI' € p(T)[ 7 - {(o,6(I"))) € 2 ]]-
We say p is downward closed iff it is downward closed at every level n € w.

(8) Let p € py1(Q4) and n € w. We say p is upward closed w.r.t. disabled actions
at level n iff

Vr € (T x xAy x T)", Vo € T,V € p(CSY)[
r-{(e,8(0)) ep =
YT’ € p(CSY \ acts(p[r], o)) 7- {(0,6(C UT))) € p]l.
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We say p is upward closed w.r.t. disabled actions iff it is upward closed w.r.t.
disabled actions at every level n € w.

(9) Let P4, the domain of processes for L3, be the set of elements p of Pic1(Qa)
satisfying the following conditions (i)-—(iii):

(i) p satisfies the disabled-7 condition
(ii) p is downward closed.
(iii) p is upward closed w.r.t. disabled actions.
(10) Fory € CSy,let 7= c?if y=c} otherwise v = ¢? and let 7 = ¢!. Moreover,
for T € p(CSy),let T ={7:7€T}.1
We have the following lemma for P4, which is similar to Lemma 7.2 for Pj.
Lemma T7.15 The set Py is closed in p4a(Qy4), and therefore, Py 1s a complete
metric space with the original metric of p+a(Qa)- 1l
Proof. This is proved in a similar fashion to the proof of Lemma 7.2. |l

The interpretation I, for the signature Sig, is defined as follows:
Definition 7.23 (Interpretation I, for Sig,)
(1) 04 = {{(c,8(T))): 0 € S AT € p(CS})}-

(2) &4 ={(0,V):0€Z}U{(s,8(I')):c €L ATE p(CSy)}-

(3) For x € IV and e € VExp, the process asg,(z, e) € Py, which is the interpre-
tation of the assignment statement “(z := e)”, is defined by:

asg,(z,e) = {{(,7,0[[e](0)/2])) : o € B} - &.

(4) For ¢ € Chan and e € VExp, outs(c,e) € Py, which is the interpretation of
the output statement “(c! e)”, is by:

outy(c,e) = {{(a,(c!,[e](0)),0)) : ¢ € T} - &,
U{{(c,8(T"))):c € AT € p(CSY \ {c'})}.

(5) For c € Chan and = € IV, iny(c,z) € Py, which is the interpretation of the
input statement “(¢? ), is defined by:
ing(c,z) = {{(0,c?v,0[v/z])) ;0 €S AvEV]}-&
U{{(c,6(T))) : 0 € Z AT € p(CSY \ {c?})}.

(6) The semantic operation i, : (P,)2 — P, corresponding to the combinator *;’
is defined recursively as follows: For every p1,p2 € Py,

T4(p1p2) =34 (p1,p2)
u Uge)J[if(((Uﬁ \/)} € p1, (pE )+1@)]
U U{f‘;(pl [((g,a,o"))],pg) N [((o‘,a, J!))] # @}!

where
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(Pl p2)
= U,exl{{(0,8(I))) : T € p(CS8Y) A {(0,6(T U{V}))) € p1
V({(0,6(0\ {V))) € 11 A ((0.5(T))) € p2)})-
Formally the operation 3, is defined as a suitably defined contraction as the
operation ||4 is defined in Part (6) of Definition 7.7.

(7) For p € Py, p\ 04 is called the action part of p and denoted by pt. For
p1,p2 € Py, p1+p, is defined as in Definition 7.7 by:

pr¥p2 = (1) U (p2)T U (p1 N p2 0 0y).

(8) We have a unique operation []4 : P, x Py — P, satisfying the following
equation; the existence and uniqueness of such an operation are obtained as
in Definition 7.7 (6). For p1,p2 € Py,

ﬂ-t(PhPﬁ = [[4_[1911}"2) U [L41(P2:P1 U [,(p1,p2) (P2 P1) (7.59)
U|lY (p1,p2) U [|§(p1,p2),

where
[I.A(plap2) .
=U{(o,a,0") - [la(p1[{(0,a, ")), p2) : p1[{(0, 2, 0"))] # O},
[.;(Plspz)
= (Ul{(o,7,0") - [la(1[{(0 cto, U))l,m[ o, c?v,0"))]) : (7.60)

pil{(o,clv, @))] # O A pal{(ayc?v,a"))] # 0 1),
I¥ (p1,p2) = {{(0,V/)) : 0 € Z} N p1 N p2,
5

|4 plapZ)
= {{(0,8(T))) : 3{(0,6(T'1))) € p1, (0. 6(T'2))) € pal
(cs4\r1) N (CS; \Iy) =0
A(T\{V}ETL AT CTy)

V(L CT1 AT\ {V} CT2) )]}

Note that taking closure in the right-hand side of (7.60) is necessary as
Example 7.4 shows below.
(9) For b € BExp, if4(b) : P4 x Py — P; is defined as follows: For p1,p2 € Py,
1f4{b (p11p2 U [1f([[b] =1, ;1 (J)!'}')Z(o’))]'

oEXD

+ b

(10) Let

T, = {(0,04), (e, 4)}

u ((I := e),asg,(z,e)): € IV A e € VExp}
((cle),outy(c,e)) : c € Chan A e € VExp}
((c?m), 11\.4(c z)): c € Chan A z € IV}

(i ( ),ifa (b)) : b € BExp}
(5,3

; ++4 ), (1,131

{
u{
U{
u{
u{
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Example 7.4 Let us assume, for simplicity, that TV = {z} and V = {v}. Then
the set of states consists only of one state denoted by v. Moreover assume that
Chan = {¢; : i € w} and ¢; # ¢; for i # j. Let p; and pz be defined by:

pr={rn:n€w}-04 po={{(vycnv,v)):n€w}- 04,
where

T = {(v, cnlv,v)) - (&v,cu!v,'n), ooy (v, 000, vl)

e
n

Then p; and p, belong to Py, and moreover they are image finite, which notion is to
be defined in Definition 7.25. Nevertheless, it is shown that the right-hand side of
(7.60) without taking closure is not closed as follows. This set is {r}, : n € w} - Oy,
where

o= {lsm))- (\(v, colv,v) -+ (v, cplv, vl)

e
n

This is not closed, since the infinite sequence
{(v,7,v), (v, colv,v), (v, colv, v),...)
is a member of its closure but is not a member of it. [

The next lemma follows immediately from Definition 7.23 (7).

Lemma 7.16 (1) Vp1,p2 € Py H4(P1-.?’2) = ﬂ-;(PZaPl) I8
(2) Vp € Py Vr € (T x Ay x D)<V € p(CSy)[
r-{(0,8(T) €ep & - ((0,6(CU{V}))) € [l«(p,03) ] B

In terms of the interpretation Zy, the denotational model M, is defined by
induction on the structure of s € £4[@], as in Definition 7.8.

Definition 7.24 (Denotational Model My for £4) First, a contraction Iy from
MM = (RV — Py) to itself is defined as in Definition 7.8 (1), using Z; instead
of T3. Let po = fix(Iy), and for P € RV, let us define M4[P], the denotational
meaning of P in My, by:

My[[P] = po(P).

Next, for each r € w and combinator F € Fungr], and sg,...,8._1 € L4[0], let
My[F(s1,...,8:)] = Ta(F)(My[s1], ..., Ms[s:]),

where T, (F) is the interpreted operation corresponding to F in Zy. |

Several properties including the so-called image finiteness for elements of P4 are
introduced. It will be shown that the denotational meaning of each statement in
L£4[0] has these properties; this fact is used for establishing the full abstractness of

My.
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Definition 7.25 (Image Finiteness for Elements of Py) Let p € Py and n € w.

(1) The process p is image finite at level n, written IFin{™ (p), iff

Vre (Ex Ay x ) plr] #0 =
Vo € £,Va € Ay[ {0’ € Z: p[r][{(0,a,0"))] # 0} is finite ]].

The process p is image finite, written IFing(p), iff
Vn € w| IFin{" (p) ].
(2) The process p is finite w.r.t. action sorts at level n, written ASFin'™ (p), iff

Vre(Ex Ay xD)plr] #£0 =>
Vo € X[ sacty(p[r], o) is finite ]].

We write ASFin(p) to denote that p is finite w.7.1. action sorts at every level,
i.e., that

¥n € w[ ASFin'™ (p) .
(3) The process p is finite w.r.t. output values at level n, written OVFin™ (p), iff

Vre(Ex Ay x E)[plr] #0 =
Vo € T,Vc € Chan|
{v e V: 3¢ p[r][{(o,clv,0'))] # @ ]} is finite ]].

We write OVFin(p) to denote that p is finite w.r.t. outpul values at every
level, i.e., that

vn € w[ OVFin™(p) ].

(4) The process p satisfies the disjointness inaction condition at level n, written

DIC™ (p), iff

Vre(Ex Ay xZ)"[p[r] #0 =
Vo € T,3IR C p(sacty(p[r],o) N CSY)|
VT € p(CS 1) ((0,6(T)) € plr] © 3R € R[T N R =0 ][]

The process p satisfies the disjointness inaction condition, written DIC(p),
iff

¥n € w[ DIC™(p) ].
(See Example 7.5, for a motivation of this definition.)

5) The Property FIRN{™ (p) is defined as FIRN{" (p) in Definition 7.9 (2). For-
4 3

mally, this is defined as follows: First, FIRNi")(p) iff there exists &’ €
96, (ZV) such that the following holds:



274 7. Fully Abstract Denotational Models for Nonuniform Concurrecy

VrG[ExA;xE) NVEE((IV\X) - V) [r€pp &
Vi € n[ m3(r (1)) (IV\X)=7='§( (i) (ZV\AX)]A
((m3(r(@)) &) U &), m(r(@)), (w3 (r()) &) U &(i)))ien

€ pin) |-

That is, for each r € (X x Ay x )", if r € py), then, in every step

r(i) = (mp(r(0)), 71 (r(0), 2 (r(2)))
of r (i € n), the value for z € TV \ X is not changed, i.e.,
m(r()) @IV\X)=m5(r(i) (IV\A), (7.61)
and one may change the value w¥(r(é))(x) (j = 0,2) arbitrarily, i.e.,
(@) X)UDREWLEED) ) Ve (1
€ P[n]

for arbitrary & € ((ZV\X') — V)". Conversely, for arbitrary & € ((ZV\X) —
V)™, if one has (7.61) and (7.62), then r € p,).

(6) The property FIRT(H)(p) is defined as FIRT(")(p) in Definition 7.9 (3) by:

FIRT{™ (p) &
X € pg,(TV),Vg € (Z x Ay x )"+ By,
V& e ((Zv\X) = V)"t g€ p =
Vi € n[ m3(a(i) (IV\X) = m(q(i)) (v \Y) I
U

(w3 (a(i)) X) U &), 7 (q0). (3(a(i) X) U 5()ken
((x2g(n)) X) U 3(n), 2 (q(n))))
epl

(7) FIR4(p) & FIRN4(p) A FIRT(p)

where

FIRN;(p) & Vn € w[ FIRN{ (p) ],

FIRT4(p) & Vn € w[ FIRT" (p) ].

(8) P; = {p € P, : IFiny(p) A ASFin(p) A OVFin(p)
ADIC(p) A FIR4(p)}- 1

Remark 7.5 Though the condition DIC'®(-) might seem too complicated, it is
characterized in terms of a simpler condition D(-) defined as follows: For p € Py,

D(p) &
Vo[ 3] (0,6(T)) €p] = (7.63)
3R C sacty(s,0) N CSY, VI (0,6(T)ep © TN R=0]].

Let P’ be the smallest subset of P4 which includes {p € P4 : D(p)} and is closed
under set-theoretical union, i.e., let
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P'={{JP":P"CP; A|JP" €Py AVY € P'[ D) ]}

Then, one has P’ = {p € P, : DIC'”)(p)}. The part P’ D {p € P, : DIC'V(p)}
is shown as follows (the other part is shown more straightforwardly). Let p € Py
with DIC(p), and £’ = {o : 3I[ (0,6(T)) € p ]}. Then for each ¢ € T, there
exists R, such that

VI[(0,6(T) €ep < IRER,[(T N R=0]].
Fix such R, and for each Re Myex (Rs), put
p(R)={gep:lagt(g) > 2} U{(0,8(I"):0 €= AT N R(c) =0}.

Then, one has D(p(R)) and p = U{p(R) : R € Iyex(Ros)}, and therefore, p € P’

Also, as is obvious from Remark 7.1, the set {p € P, : DIC(p)} is defined as
the largest subset of Py which is included in {p € P, : DIC®(p)} and closed
under taking remainders, where closedness under taking remainders for subsets of
P, is defined as in Remark 7.1. It is easy to check that the downward closedness
of p € P, follows from the fact that DIC(p). 1

It turns out that the denotational meaning of each statement is a member of P},
which is used for establishing the full abstractness of M.

Lemma 7.17 (1) The set P} is closed in Py.

(2) VpeP;,Vre (Ex Ay x I)<¥[p[r] #0 = p[r] € P; .

(8) The set P} is closed under all interpreted operations of L.

(4) M4[L,[0]) C P;.

(8) Vp € M4[L4[0]),Vr € (Ex Z)=¥[plr] #0 = plr] € P5 ] 1

Proof. These propositions are proved in a similar fashion to the proof of

Lemma 7.4. Here we prove the essential part of (3), i.e, that ¥p;,ps €

P4[ DIC(py) A DIC(p2) = DIC(plnwg) ]. Let us show by induction on n € w
that the following holds for every n € w:

Vp1,p2 € P4 DIC™ (p;) A DIC™ (py) = DIC™ (p [lsp2) |- (7.64)
Induction Base: Let p;,ps € Py such that DIC(G](pl) and DIC” (p,), and fix

o € L. By the definition of DIC'”(.), there exists R; C p(sacts(pi,o) N CSy)
such that

VI[ (0,6(T) €p; & IRER[TNR=0] (i=12).
Let R={R; URy: R € Ry A Ry € Ry A Ry N Ry = 0}. Then one has, by the
definitions of |4 and ||§, that

VI[ (0,6()) € p1flap. & IRE€R[T N R=10]],

which implies that DIC(O)(pl ﬂ.ipz).
Induction Step: For every k € w, it immediately follows from the definition of
[l4, that (7.64) with n = k + 1 follows from (7.64) with n = k. i



276 7. Fully Abstract Denotational Models for Nonuniform Concurrecy

7.3.4 Correctness of M, with respect to O,

The correctness of My w.r.t. O, is established as that of M3 w.r.t. O3, by means
of an intermediate model Cj.

Intermediate Model for £, and Semantic Equivalence

First, the intermediate model Cy, which is an alternative formulation of My, is
defined in terms of the transition relation — .

Definition 7.26 (Intermediate Model C4 for £;) We have a unique mapping
Cy : L4[0] — P4 satisfying the following condition (the existence and uniqueness
of such a mapping are obtained as in Definition 7.10): For s € L4[0],

Csls] = U{{(0,a,0")) - C4[s'] : (0,a,0') e Ex Ay x E
A(5,0) 4 (¢,0)}
U{{(o,v)): 0 € T A / € acty(s,0)}
U{{(e,8(T))): 0 €T AT € p(CSY)
AT ¢ acty(s,0) A T N sacts(s,0) =0} 8

We have the distributivity of ﬂ.; in P4 as we had that in Py (cf. Lemma 7.6).
Lemma 7.18 (Distributivity of || in Py) Let k,I > 1. Then

Vpgu---apk—lspaﬁ'--s!);—l € P;[

lla(UserlPi s Useil 5 ]) = U(f,j)eh:[ﬂdﬁi:P})] -0
Proof. See § 7.D. @

By means of the above lemma, we will establish the equivalence between M,
and C4 as we have established Lemma 7.5.

Lemma 7.19 (Semantic Equivalence for L4)

(1) Let F be an combinator of L4 with arity v, and let s1,...,5, € L4[0]. Then
one has

C.; [[F(S]., ey Sr)] = I4(F)(C4]IS]]]., s C.;[[S,-]}).
(2) For s € L4]0], one has C4[s] = My[s].

Proof. (1) The proof is similar to that of Lemma 7.5. Here we prove the claim
for the combinator ||. For the other combinators this is proved (more straightfor-
wardly) in a similar fashion. Let Hy = (£4[0] x £4[0] — Py4), and let F,G € Hy
be defined as follows: For 51,52 € £4(0],

F(s1,s2) = C4|I31 H s2],  G(s1,82) = ﬂ4(04ﬂ51]],c4[[82]])-
Moreover, let F) : Hy — H, be defined as follows: For f € Hy and 51,52 € L4]0)],
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Fi(f)(s1,82) = F(F)(51,82) U FL(F)(52,51)
UFL(f)(s1,52) U FLH(f)(s2,81)
Uff(sl,‘?z) U ff(sl,sﬂ,

where

F-ill(f)(“"ls 32) = U{((Js a, OJ)) g f(S'i, s2) : (51,0) 2’4 (S"lsar)}a

)(s1; 52) U{ {(o0,7,0") Slssz)
Je, Jv| {31, —>4 (s4,0)

A(s2,9) 54 (sh,0") 1},
FY(s1,82) = {{(0,V/)) : 0 € T A/ € acty(s1,0) N acty(sz,0)},

and

Fi(s1,82) = {{(c,8("))) : T € acty(s1,0) A T & acts(s1,0)
A (CS4 N sacty(s1,0)) N (CSy N sacty(sz, )) =0

A V(z;) =(1,2), (21)[ (T\{V}) N sacty(si,0) =
AT N sacty(s;,0) =@ }.

Then, F| is a contraction.
Let 1,59 € £4[0]. By the definitions of Cy and —4, one has

F(SI}SZ) = }'-‘ll(F)(Sl,Sg),

ie., F =fix(F). Thus, for obtaining the desired result, it suffices to show G =
FI(G). By the definition of |4, one has

G(s1,82) = U@,;)_(l,z),(z,l)[ LL; 64[[5=]] 041331) U L; (Ca[ls ]]!64[3.3]})]
UllY (Calsr], Cals2]) U N8 (Callsn]. CallsaD)-

Thus, for showing G = .7'1'(@), it suffices to show

Ly (Calsid, Callss]) = FE(G)(sivss)  ((3:) = (1,2),(2,1)), (7.65)
Ly(Calsil,Cals;1) = FEG)(s1,82)  ((3,5) = (1,2),(2,1)), (7.66)
¥ (Cals1]. Callsal) = F¥ (51, 52), (7.67)

and

” 64[81]] 64[[82]]) }; ‘31,93) (768)
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The fact (7.65) can be shown as (7.19) in the proof of Lemma 7.5 (1); (7.66) is
shown as follows:

Ls(Calsi], CsllssD) )
= Jll(o, 7,0 - [la(Callsil[((a, cto, o)), Calls1I{(o, v, a))])) -
Callsi][{(o,clv,a))] # O A Culs;][{(o,ctv,a'))] # 0}
(taking closure is omitted, since ASFin'®(O4[s:]) and
OVFin®(O4[sk]) (k= 1,2) by Lemma 7.13(2) and (3),
and therefore, the above set [J{{(a,7,0"))----} is closed)

=Ul(o:m o) |
s (UG5 (50,0) 224 (1)),
U{GIs5] = (5:0) <54 (55,0)))

35! (51,0) <24 (s},0) | A 38 (55,0) 24 (shy0”) ]}

= (o, 7, 0"))-
(U{lls(Calsil Cals5D) -
(5:,0) Loy (s1,0) A (57,0) S5y (s5.0")}) -
3si{(si,0) 224 (s}, 0)] A 3s}[(55,0) 24 (s5,0)]}
(by Lemma 7.18)
= FflL (G)(S,’, Si)'

The fact (7.67) immediately follows from the definitions of ||y, Cy, and Fy.

For showing (7.68), it suffices, by the definition of ﬂf to show the following for
every (0,T) € £ x p(CSY):

3((0,6(T"))) € Cafls1],3((0,6(T2))) € Ca[s2]l
(CSs\T1) N (CS4\Ty) =0
AVip=a2.enlT\{VDETi ATCT]]
& 7 ¢ acty(s1,0) A T € acty(sz,0) (7.69)
A (CS4 N sacty(sy,0)) N (CSy N sacty(se,0)) =0
AV in=a.2.enlC\{V}) N sacty(si,0) =0
AT N sacty(sj,0) = @)

The <-part of (7.69) is obtained by putting
1 = CSY \ sacty(s1,0), Ty = CS \sacts(ss,0).

Let us show the =>-part. Suppose the left-hand side of (7.69) holds, and fix such
Iy, I';. By the definition of Cy,

T & acty(s1,0). (7.70)
Moreover, I'y N sacty(s1,0) = @, and therefore,

CS; N sacty(sy,0) € CSy\T1. (7.71)
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Similarly
T & acty(sq,0), (7.72)
and sacty(sz,0) C CS; \ Ty, ie.,

(CS4 n SaCt,;(Sz,O‘)) g (CS,; \Pz) (7?3)

By (7.71) and (7.70), one has

(CS4 n Sa£t4(31,0')) n (051 M sacty (52,0')) g (CS4 \r1) n (CS4 \Pg),
where the right-hand side is empty by the left-hand side of (7.69). Thus,
(CS,4 N sacty(sy,0)) N (CSy N sacty(sq,a)) = 0. (7.74)

Finally, by the left-hand side of (7.69), for some (i, j) € {(1,2),(2,1)}, one has
(T\{/D ST ATCT;,
Fix such (i, j). Then,
(T\ {V}) CTi € CSY \ sacty(si,0),

and therefore,

T\ {V}) N sacts(si,0) = 0. (7.75)
Similarly
T’ N sacty(sj,0) = 0. (7.76)

By (7.70), (7.72), (7.74), (7.75), (7.76), one has the right-hand side of (7.69). Thus
one has the = -part of (7.69).

Summarizing, one has (7.69).
(2) Similar to the proof of part (2) of Lemma 7.5. [l

Correctness of M, with respect to Oy

As a preliminary to the proof of the correctness, we will define an abstraction
function Ag : Py — (£ — pra(Ry)). As Ay, this function is formulated in two
ways, i.e., firstly as the fixed-point of a higher-order mapping, and secondly as the
set of histories.

Definition 7.27 (Abstraction Function A4 for £4) We have a unique mapping
A4 : Py — (Z = pia(Ry)) satisfying the following (the existence and uniqueness
of such a mapping are obtained as in Definition 7.11): For every p € Py, 0 € &,

= U{{(a, 0’ ) As(pl{(0; a, 0" )M)(0’) : p[{(0.a, 0"))] # 0}

Uif({ (o’, )€, {{V)},0)
Uif(3r € p(csv’)[ JET A ((6,86(D) € pl, {(3)},0).
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Note that the nonemptyness of A,(p)(e) follows from the fact that p satisfies the
disabled-7 condition and is upward closed w.r.t. disabled actions. J

The abstraction function is characterized in another way. First, we need some
preliminary definitions.

Definition 7.28 (Histories of Elements of Q4) Let
qgeEQs U (EXA.{XE)Q‘J.
(1) The sequence g is ezecutable, written Execy(q), iff either

v € w U {w}, H(oi,ai,0}))iev| ¢ = ((0i,ai,01))ien
AV?EU[T."‘].EV = 0';20'{+] ]]

or
dk € w,3{(0;,&;,0?));Ek,30k,3'1‘ € }34[
q= ((Jiaaho—;))fEk ' ({O’k,T))
AVi € k[ 0] = 0it1 ]].
Let
Ey={g€ Qs U(Sx Ay xI)¥:Execy(q)}-
Foro € &, let

Ey (o) = {q € Es \ {€} : istates(q) = o}
(2) Let ¢ be executable. The history of ¢, denoted by hist,(g), is defined by:

{(aisol))ien
" if’§)= {(U(s\,/)as,ﬂi))fep,
. _ iy 0;)}iek -
hista @) = 0 0 = (s oD (01 VI,
((ai,0}))iex - (9)
if ¢ = (04, @i, 01))ier - (01, 6(T))). B

The next lemma is shown in a similar fashion to Lemma 7.7.
Lemma 7.20 (Another Formulation of Abstraction Function A4)
(1) ForpePj,0c € Z, one has
As(p)(0) = {hists(q) : ¢ € p N Es{0)}.
(2) Yk 2 1,Vp1,...,pr € P}, Vo[ Ai(Uierlpi) (o) = UscrlAs(pi) ()] ]. B
By means of this lemma, one has the correctness of M,.

Lemma 7.21 (Correctness of My w.r.t. Oy)

(1) /-14 OC4 = O.i.
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(2) Ad. o Mq = O‘i.
(3) Vs1,52 € Lq[0]] Ma[s1] = My[se] =
VX € Xp,VS € Ly[X][ Ou[S[s1/X]] = Ou[[S[s2/ XTI ]I- W

Proof. (1) By showing that A4 o Cy is the fixed-point of ¥9 defined in Defini-
tion 7.20.

(2) Immediate from part (1) and Lemma 7.19(2).

(3) Immediate from part (2) and the compositional definition of My. W

7.3.5 Full Abstractness of M, with respect to Oy

As for L3, we present the following lemma to establish the full abstractness of My:

Lemma 7.22 (Uniform Distinction Lemma for £4) If either V or Chan is in-
ifite, then the following hold for every X € p g4 (IV).

(1) Foreveryr € (Sx X Ay X Zp)<v,
Vp1,p2 € P pi[r] #0 A p2[r] =0 = (7.77)

Yo € Tx,3T € Ly[0]] i
As(p1a Ms[T])(0) \ As(palls Ma[T]) (o) # 0 ]].

(2) For every g€ (Sx X Ay x By)<¥. By,

Vp1,p2 € P g€ pi\p2 = (7.78)
Vo € Sy, 3T € L4]0]]

AsprlsMaTD) (o) \ As(pafls M4 [TD) (o) # 0 ])- B

The proof of this lemma is given later. First, note that the full abstractness of
M, follows immediately from Lemma 7.21 and Lemma 7.22, in the same way as
Theorem 7.1 follows from Lemma 7.8 and Lemma 7.9.

Theorem 7.2 (Full Abstractness of My w.r.t. Oy) If either V or Chan s in-
finite, then for every s, s, € L4[0], one has

JM4II51] = M.; |I.S‘2]I =
YX € Xp,¥5 € JCA,[X][ O4|]:5[31/X]]] = 04[[5[33/.}(]]] ].

We present the following lemma as a preliminary to the proof of Lemma 7.22.
For its proof we assume that either V or Chan is infinite.

Lemma 7.23 (Testing Lemma for £4) If either V or Chan is infinite, then for
X € 9, 4.(TV), p € P}, (¢',a,0") € (Zx x Ay x Tx), 09 € Ty, there are two
finite sequences 71,72 € (Sx x Ay X Ty )<¥ such that the following hold:

(1) r1-{(¢’,a,0")) 12 € E4{00).

(2) For every tester T' € L4]0], there exists another tester T' € L4[0] such that
the following hold:
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(i) My[T[ry - 2] = M[T'], (7.79)

(ii) Vg' € Qu[r1-{(c',a,0")) 12-¢" € pﬁ4,M4i[T]] = (7.80)
pl{(o’,a,0"))] # 0 A ¢’ € p[{(c’,a, " NlsMs[T] |- 0

Proof. The proof is formulated by supposing that A’ is reduced to one variable:
X = {}, as Lemma 7.10. However, the lemma still holds when X is composed of
more than one variable, as Lemma 7.10.

We distinguish two cases according to which of V and Chan is infinite.
Case 1. Suppose that V is infinite. For v € V, let d(v) be defined as in
Lemma 7.10. The proof is given by distinguishing two cases according to whether
ao(z) = o'(z).
Subcase 1. When oq(z) = o'(z), we can easily construct two sequences 71, T2
satisfying (1), (2) of Lemma 7.23 as follows: Let

rn=¢ r2={c",7,8(w))),

where v, is chosen such that

(i) wu #d"(2),
{(ii) v € {veV:{(d a,c")(c", 7,5(v))) € ppa}- (7.81)

Note that the right-hand side of (7.81) (ii) is finite by Definition 7.25, and there-
fore, there is vy satisfying (7.81). It is shown that (1) and (2) of Lemma 7.23 hold
in a similar fashion to the corresponding part in the proof of Lemma T7.10.
Subcase 2. When oq(z) # o'(z), we can construct two sequences 7y, 7z, satisfying
(1) and (2) of Lemma 7.23 as follows: Let

r1 = {(00,7,0"), r2={((c",7,5(mn)))
where v; is chosen such that

(i) v € {v € V: {(00,7,0"), (0" a,0"),(c",7,5(v))) € P} }»
(ii) v; # o'(z), (iii) v, # 0" (), (7.82)
(iV) v ¢ {U eEV: ((a"‘, a, g”), (0‘”,‘1’, a(”))) € p[?]}‘

Note that the right-hand sides of (7.82) (i) and (iv) are finite by Definition 7.25,
and therefore, there is vy satisfying (7.82). In this case also, it is shown that (1)
and (2) of Lemma 7.23 hold in a similar fashion to the corresponding part in the
proof of Lemma 7.10.

Case 2. Suppose that Chan is infinite. Let ¢ € Chan such that

c! ¢ sortfacty (p[{(c0, 7, 0"))]. o)}, (7.83)
¢! ¢ sort[acts(p, o')], (7.84)
¢! & sort[acty (p[{(0’, a,0")}], 0], (7.85)

¢! # sort(a). (7.86)
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(Note that such a channel ¢ exists, because Chan is infinite and the three sets
{¢’ € Chan : ¢'! € sort[acty(p[{(00,T,0"))],0")]},
{¢' € Chan: ¢! € sort[acty(p, c’)]},
{c¢' € Chan : ¢! € sort[acts(p[{(¢’,a,5"))], 0")]}

are finite by the fact ASFin(p).) Let

r1 = {(00,7, 5[0’ (2)]), (¢', c'B,0")), T2 =((c",clB,0")).

Then, obviously (1) of Lemma 7.23 holds. We will show (2) of Lemma 7.23. For
every T', let

T = (z 1= o'(z)); ol 17, T
Then obviously, one has (7.79). We will show (7.80). Let ¢’ € Q4 such that
r-{(o’a,0")) -T2+ ¢
= {(o0, T, 5[0’ (2)]), (o', !z, 0'), (¢',a,0"), (0", B, 0")) - ¢’
€ plla M4[T].

Then, the first step (a¢,7, 7[0’(x)]) must stem from T, because if this is not the
case, it must stem from p, and therefore, then the second step (o, cl#,o') must
also stem from p, but this is impossible by (7.83). Also, the second step (o', c!7, d")
must stem from T by (7.84). The third action a cannot stem from T by (7.86),
and therefore, it must stem from p. Finally, the forth step (¢”,c!%,¢") cannot
stem from p by (7.85), and thus, this must stem from T. Summarizing the above,
one obtains (7.80). W

The following proposition follows immediately from Lemma 7.23 as Corol-
lary 7.1 followed from Lemma 7.10; this corollary is to play a central role in the
proof of Lemma 7.22.

Corollary 7.2 Let either V or Chan be infinite, and let X € p_ 4 (IV), p € P4,
(0',a,6") € (Ex XAy xZy), and og € Ty. Then, there are p1, p2 € (A4 XEX)
such that for every T' € L4[0] there exists T € L4]0] such that, putting o1 =
last(py - ¢" - p2), one has the following:

(1) For every p' € Py, one has
Ve € Ra[ p'[{(c", 2, 0"))] # 0 (7.87)

Ao’ € As(@'[{(o" a, 0" W]llsMs[T'])(o1)
= p1-0"pa-p' € As(plsMa[TT)(o0) |-

(2) Forp' = p, one has the converse of (7.88). That is,
Vo' € Ry[ p1- 0" pz- p' € As(pllaMa[T])(00) = (7.88)

pl{(o”,a,0"))] # 0 .
A’ € Al{(a'sa, " NIlsMalTT) (o) |- B
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Proof of Lemma 7.22. Let X € p_ 4 (V).

Part (1). The first part is proved by means of Corollary 7.2, as Lemma 7.9 (1)
was proved by means of Corollary 7.1, by induction on the length of r € (Ex x
Ay x Sy)<.

Part (2). We will prove that (7.78) holds for every ¢ € (Sx X Ay x X y)<¥-By, by
induction on the length of g. The proof is similar to the proof of the corresponding
part of Lemma 7.9 except for the induction base, which is established by means of
the method of [BKO 88] with some adaptation to the present setting; the induction
step can be established using the testing method (Corollary 7.2).

Induction Base: Let Igt(q) = 1, say ¢ = {(¢,T)). Let p1,p> € P} such that q €
p1\ P2, and let Ty. Since X is finite and nonempty, we can put X' = {zy,...,z.}.
We distinguish two cases according to the type of T.

Case 1. Suppose T = /. Then as in Case 1 in the induction base of the proof of
Lemma 7.9 (2), we can construct an appropriate tester T for every ¢ € Ly such
that

As(p1 [laMITD)(0) \ A (p2lls Ma[TD)() # 0.

Case 2. Suppose T = §(I'') for some I € p(CSY) with / € I". We will construct
a tester T' such that

As(p1 s MAITD) () \ As(p2lls Ma[T]) (o) # 0. (7.89)
Since p; satisfies the disjointness inaction condition, there exists Ry such that

Rz C p(sacts(p2, o) N CSY), (7.90)
and

YT € p(CSY)[ {(¢/,T)) epr & IRER[TNR=0]]. (7.91)

Fix such R2, and let
I = sacty(p2,0) NI’ N CS;,. (7.92)
By (7.91) and the fact that g € ps, one has
VR e Re[T'"N R #£0].
The set sacty(po, o) is finite since ASFin(p;), which implies that I' is finite. Let
I ={n,...,m}

Let us set
T = (21 :=0'(x1)); i (zr 1= 0'(2) ); T,
T'=e+¢(T1) + -+ 6(Fn),

where

e (! v) if v =c! with v € V arbitrary,
= (c? z) if v = c? with z € ZV arbitrary.



7.3. A Nonuniform Language with Communication 285

With this tester T, we will show that
(ry01),. (m 1), 8) € As(prlls MaLTD) (@) \ Ad (p2lls MaITD ),
where
o; = al[{o'(z1),...,0'(x:))/{z1,...,2:)] (F€r+1).
First, let us show
(1,005 (1,07), ) € As(als MuT)(0).

Under the assumption that ¢ € p,, one has

{(¢',8(I"))) € p1. (7.93)
Moreover, by the definition of T”, one has

((¢',C84 \ (T")) =€ M4[T"]. (7.94)
Moreover,

(CS,\T") N (CSs \ (CS: \T7)) = (CS; \ T") N T
= (CS4 \I") Nsacty(p2,0) NT N CS; (by (7.92)) (7.95)

Further, (/) € I'. By this, (7.93), (7.94), (7.95), and the definitions of ||; and [|¢,
one has

((00:7,01) o5 (@ho1s T 07), (0, 0),8({+/})) € prflaMa[T],
ie.,
((1,01); -5 (75 07), 8) € As(prlla Ma[T])(o (7.96)
Next let us show, by contradiction, that
((ry01);.. . (1,00), 8) & Ag(p2lla M [T]) (0

Assume, to the contrary,

((r,01)s+.-y(1y07), 8 ) € Aq(Pz”-;Mnf[[T]])( (7.97)
Then, by the definition of 44, one has
((0’61 T, gi )1 sy (0':._1 2Ty U:-)a (0'!5 6({\/}))) € p2ﬂ4J\44HT]]. (7.98)
Hence,
(o', 6({VINE P2lla MAIT]((05, 7,0%), .., (s, 7,0%)]
= p2lla M4[T'].

By this and the definitions of ||1 and [|¢, there exist Ty, T € ©(CSY) such that
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(1) {(o',T1)) € pa, _ (i) (¢, I‘z)) € My[T"],
(iii) (CS4\T1) N (CS4\T2) = (7.99)
(iv){vVICT1 Vv {/} €T

By (7.99) (ii) and the form of T”, \/ & T'. From this and (7.99), it follows that

{vVienh. (7.100)
By (7.99) (i), there exists R’ € R such that 'y N R’ = @. Fix such R'. Then,

CSY\I; =CSY\I; (by(7.100)) 2R (7.101)
By the fact that {(¢’,I")) € p2, one has

¥ R #A. (7.102)
By (7.99) (ii), one has T N T = 0, i.e., CSs \ T2 2 T, and therefore,

TS\ DT (7.103)
Thus

(CS;\T;) NCS;\T2 DR ' NT” (by (7.101) and (7.103))
= R' N (sacty(p2,0) NT' N CSy) (by (7.92))

C= R' N (sacty(pz,0) N T' N CSY)

=R NT' (since R Csacty(pz,0) N CSY by (7.90))

£0 (by (7.102)).

This contradicts (7.99) (iii). Hence (7.97) is false, and therefore, one has
((Ta 0";), (Ts )a ) ¢ A‘i(p?”"lv‘w‘iﬂ,:r]])(o)

By this and (7.94), one has
((ry01)s---(1y07), 8} € Ad(P1|l4JV[ [T]) (o) \ As( P2|| My[T]) (o).

Case 3. Suppose T € p(CSy). Then, by Lemma 7.16 (2), one has
(o', 6 U (V1)) € (prlls0s) \ (p2l:02):

Thus this case is reduced to Case 2.
Induction Step: By means of Corollary 7.2, the induction step is established, in
a similar fashion to the induction step of the proof of Lemma 7.9(1).

7.3.6 Full Abstractness of My w.r.t. O]
Connection between O, and O}

An abstraction function A; from the range of O to that of O] is defined as follows:

Definition 7.29 (Abstraction Function Aj)
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(1) First, a function Jj«; : Ry — R] is defined as follows: For every p € Ry,

(aidien - (V) if p=((ai,0:))ien - {V),

{aiYien-{8) if p={(ai,0i))ien-(9).

(2) By means of .,ﬁfl‘, the function A} : p(Ry) — p(R}]) is defined as follows: For
every R € p(R}),

Aj(R)={Aj(p): p € R} 1

Having defined A}, the following fact is obtained immediately from
Lemma 7.20 and the definition of Oj.

" (aﬂ>nf='w if p = {(0n,@n))news
Ailp) =

Lemma 7.24 (Relative Abstraction of Oy w.r.t. O;) O = A; 0 Oy. |

Let us establish the completeness of O w.r.t. Oy (proposition (7.3) stated in
§ 7.1). First, we present the proposition in another way taking the contrapositive
of (7.3) and restricting contexts to the ones of the form “P || T".

Lemma 7.25 (Completeness of O w.r.t. Oy) If either V or Chan is infinite,
then, for every so,s1 € L4[0], the following holds:

Osllso] # Ouls] = 3T € L) Oilso 1TV # O3[ I TT LW (7.109)
Several preliminaries are necessary for the proof of this lemma.
Definition 7.30 Let 0 € (¥ — g, (Ry)).
(1) For X € pg,(TV), let
gr = (Az € (ZV\ X). ).
(2) We use the variable u ranging over (ZV-+V). For u € (ZV+V), let
[ul=uUdy,

where X = dom(u).
(8) For n € w, (FIRN})™ (o) iff there exists Xy € pg, (ZV) such that for every
X € pg, (IV) with Ay C X, the following holds:

Vo € £,¥((ai,0:))ien € (A4 X Z)*[ {(ai,0:))ien € (0(0))n)
sVien[o (IV\X)=0 (IV\X)]
A(ai[o: X])ien € (o([c X]))m |-

(4) FIRN/ (o) iff Vn € w[ (FIRN})™ (o) |.

(5) For n € w, (FIRT})(™) (o) iff there exists Xy € g, (ZV) such that for every
X € pg,(TV) with Xy C X, the following holds:
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Vo € &, V((E,‘,O’;))ie.«; 1S (A.; X E)n,vx S {\/, 8}[
((aiy0:))ien - {X) € 0(0)
e Vien[o; (IV\X)=0 (IV\AX)]
A{(ais[oi X]))ien-(x) € o(lo &])]
(6) FIRT! (o) iff ¥n € w] (FIRT,)™ (o) ].
(7) FIR)(o) iff FIRN}(0) and FIRT(0). H

By Lemma 7.17 (4), one has FIR,(M,[s]) for every s € £4[0]. From this and
Lemma 7.21 (2), the following proposition immediately follows.

Proposition 7.1 For every s € L4[0], one has FIR{(O4[s]). B
We introduce a format for testers to be used in the proof of Lemma 7.25.

Definition 7.31 Let c € Chan and X € pyaa(ZV). Put k = i(&), and let
Tgy... k-1 €IV such that {xn,.. .,1:;1-_1} =& and 2y <iv -+ <iv Tk-1-

(1) Let u € (X — V) and s € L4[0)].

(i) ForveV,

H%(u,v,5) =if(X = u,(c! v);s,0),
where “X = u” is an abbreviation of the Boolean expression

zo =u(xp) A - A Th—1 = U(Tp—1).

(ii) For v/,v" € V, let

% (u, v, 0", s) = Hy(u,v', Hy(u,v", 5)).

(iii) For ¢’ € Chan, let

Gx(u,c,s) = if(X = u, (5 5),0).

2) Forncw, die(X— V), sely @], and v',v" € V", let F5(, v/, v, s) be
X
defined by induction on n as follows:

(i) F§(e,e,¢,8) =s,
(ii) Forn € w,u € V) de(X-V)", v eV, v, vieVn

(¥
( i, ( ) )-V”,S)

(8) For new, i€ ((’L’ — V)" s € £4[@], and @ € Chan", let Fy(d,¢és) be
defined by induction on n as follows:

(i) Fy(e,6,6,8) = s,
(ii) Forn €w,u € (X - V), d € (X - V)", ¢ € Chan, € Chan",
Fy({u)-d, (')-&s) = Gx(u, ¢, Fy(d,¢s5)).1

The following lemma is given as a preliminary to the proof of Lemma 7.25.
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Lemma 7.26 Let n > 1, L' € @ (La[0]), {ag... an_1) € (Ag)",
(00,...,0n_1) €X", and 0 € %.

(1) Let 'V be infinite, and c € Chan. Then there exist, X € po o (ZV) and v =
(Vhye vy Uh_y), V' = (vf,...,vll_|) € V" such that for every X € pian(ZV)
with Xy C A, the following holds:

Vs € L',V3 € L4]0),V(s',0") € L4]0] x Z[
(5 ” Fj:’((gi X)l'En}VI: VH} é)s [J X])

{ap,clug,ctuf ) (an—1,elv] _, clulf_ )

3(SI]S"' !Sn—l) € (Ei[@])“[
(s.l0 X4 (s0,[00 X))y g (5015 [on1 X))
AS!ESH-—l ||§]

Ao’ = [Jn—l X] ]

(2) Let Chan be infinite. Then there exist Xy € pian(ZV) and €= {cp,...,Ch_1),
such that for every X € pian(TV) with Xy C X, the following holds:

Vs € L',V € Ly[0],V(s', 0') € L4[0] x IT[
(3” FX((O—I' X}iEIH E!‘&)! [U ‘)CI})

{ao,cq!8)- - {an—1,e},_, !0} 2y
—4. (s',0") =
H(Sl]s LR sn—l) € (ﬁ.;[@])"[
(51 [U ‘:{‘J})i%‘l- (‘50} [aﬂ "Y])_al_"'-l THRLT e 4 (sn—]a [Jn—l X])
As'=s,.1] 8]
Ao’ =[on-1 X] 1

4= (s',0") =

The proof of this lemma is given later. First Lemma 7.25 is derived from it.

Proof of Lemma 7.25. By using Lemma 7.26 (1), we will prove that (7.104)
holds for every sq,s1 € L4[0], under the assumption that V is infinite. (By using
Lemma 7.26 (2), the same conclusion can be obtained in a similar fashion under
the assumption that Chan is infinite.)

Let sp,5, € £4[@], and suppose that

04[30]] # (94 [[81]].
Then there exists ¢ € ¥ such that either

Jp € Ry[ p € O4lso](c) A p & O4s1](0) ], (7.105)
or

3p € Ry p € Os[s0](0) A p € Os[s1](0) |-

We consider the first case; the result can be obtained in the second case in the
same fashion. The proof is given by distinguishing two cases according to whether
p is infinite or finite.

Case 1. Suppose p is infinite. First, let us show by contradiction that there is
n € w such that
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IR (p n)-5€Olsil) ], (7.106)
Assume that
Vnew,3peRy[(p n)-p€ Oilsl(o) ]

Then by the closedness of O4[s1](c), one has p € O4s1](g), which contradicts
the fact that p & O4[s1](¢). Thus there is n € w such that (7.106) holds. Fix such
a number n, and let 5 = p n. Further, let ((a;,0:))ien = p.

By (7.105),
p € O4fso](0) . (7.107)
Also, by (7.106),
p ¢ Oals1](o) n. (7.108)

By Proposition 7.1, one has (FIRN})™(Oy[s;]) (j € 2). Thus, there exists
Xo € pian(ZV) such that for every X € pian(IV) with Ay C A, the following
holds:

Vj € 2,¥Yo € £,V{(ai, 0i))ien € (As x )7
((EI,',U,;)),‘En € O4ﬂ5j]](a) n (7.109)
& ((ai[oi X]))ien € Oalls;]([0 X] n]].

Fix such a set Xp. Then, from (7.107) and (7.108), it follows that
VX € pifin[ A0 CX = {(ai,[oi X]))ien € Osls0]([c A]) =] (7.110)
Also, from (7.108) and (7.109), it follows that
VX € pyinl X0 €A = ((ai,[oi Xien € Oals1]([c X]) n].  (7.111)
Fix ¢ € Chan. Then, by Lemma 7.26, there exist
V= (Ugye e tyg) €V V= (0g v ) €V A € pran(TV)
such that the following holds for every X' € pig.(IV) with X} C A:

V(s',a') € L4[0] x I[
(31 ” F;.((cr,— X}iEmV’a V”: 0)3 [U "Y})

I " 1 "
{ag,clvg,clvg ,.,@n—1,ctv), _yclol_ ) P
—4. (8',07)

= 350, -5 8n1 € Luf0]l (7.112)
(s1,[0 X]) =>4 (50, [u0])
e =y (8n-1s[on-1 X))

NVARTY
AO” = [Jnul A.;] ].

Let Y= AUAX,u=0 X,andforien,letd;=(o; A,...,0n_1 &).
First, let us show that
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35 € Ry[ (a0, v, clvf,. ..y an—1, vl _1, vl _ ) 7
€ Oillso |l F5 (o, v', v, 0)]([u]) ].
By (7.110) and Lemma 7.14, one has

3505+ -2 8p_1 € La[0][
(50, [u]) =>4 (shs[00 X)) =54 -+ —=54 (sh_ys[on1 X)) .

Fori € n, let

VE = (UE! trey 'U:-;—I)! V? = (’U;’, LD U:':—1>'

Then, by (7.114) and the definition of F'$(do,v’,v",0), one has
(Sg ” F;'(ﬁlls VB: Vg: 0)1 [u])
_00_’4 (3:] " F.»‘Ct'(ﬁl)! va’vaf,o), [0’0 ‘J‘"})

(clvf ctvy) i
_C‘fg_ci?—).d: (Srl ” F,%(ulav;:vf'!o)a [JD ;{)D

2_'1"4 (s::—l ” F.i‘(ﬁn—lsvil-lsvz—lfu)! [0’,1_,1 X])

(ctefy_yetvll_y)

1x ($po1 [10,[on-r X))

By this and the definition of O, one has (7.113) with 5 € O;[s), || 0]([ux]).

Next let us show, by contradiction, that

-3 € Rj[ {ao,clvf, cvf,...,an_1, vl _j, el 1) 5
€ Oi[s1 | Fx (G0, v/, v", 0)](u]) ].
Assume, to the contrary, that
A € Ri[ {(ao,clvg, clog,. .., an_y, vl _q,clvll_1) - 7

€ Ojs || F5 (8o, v',v",0)](u]) ].
Then by the definition of O, there exists (s',0') € L4[0] x £ such that

(31 “FC (ﬁg v 0) [u]) {ao,clvf,cluy . @n—1,clvl _ clvl_ )
A sey 0} r

By this and (7.112), there exist sq,..., s, _; € £4[0] such that

Ay

(511 [u]) j_0’4 (Si)s [“I]]) _a'i‘hl . 4 (3';1_15 [un—ll)-

From this and Lemma 7.14, it follows that
35 € Ry {(ao, [wo]), - -, (@an-1,[wn-1])} - p € Os[s1]([u]) ],

which contradicts (7.111). Thus one has (7.116).
By (7.113) and (7.116), one has

Oz [so || Fx(do, v/, v", 0)]([u]) # OF[s1 [| Fx(to, v',v", 0)]([u])

van (87, 07).

(7.116)
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and therefore, one has the right-hand side of (7.104).
Case 2. Suppose p is finite, and let

P ((aiao'i)iEn : (X)-

By Proposition 7.1, one has (FIRT} )" (O4[s;]) (j € 2). Thus, there exists exists
Xy € pian(TV) such that for every X' € p4fn(ZV) with Xy C A, the following
holds:

V_}‘ S 2, Yo S E,V((ﬂ-,‘,ﬂ',;))ien € (A—q X E)",VX € {\/! ¢ }[
((ai,0:))ien - {x) € Oslls;](0) (7.117)
& ((ai,[oi X])ien - (x) € Oulls](le X)) ]

Fix such a set X,. Then, propositions (7.118) and (7.119) bellow follow from
(7.105).

YX € pian(IV)[ X2 C A = (7.118)
((ai[oi X]))ien - (x) € Oxlsol(lc X)) |- )
((aisloi XDdien - (X) € Oals1](le ) |-
We distinguish two subcases according to whether x = Vory=d.
Subcase 2.1. Suppose that y = y/. Then, proposition (7.120) below follows from
the definition of Oy and (7.118).

VX € pran(@V) B C X =
Seperr 8y € L4l
(s0.[0 X)) =>4 (sg,[o0 X)) (7.120)
_'1"1"4 "'a_"_"l"‘l (5:1—15{071—1 X])

Ay € acty(sh_i,[on—1 X)) ]

Also, proposition (7.121) below follows from the definition of Oy and (7.119).

VX € piin(IV)[ A2 C X =
Vsg, -5 81 € La[0]]
(s1,[0 X)) =>4 (s0,[00 X]) (7.121)

_"'1_,4..._‘“_";1_,4 (s'_1s[on-1 X))

=> V& acty(sh,_1,[On—-1 X)) 1l

Fix ¢ € Chan. Then, by Lemma 7.26, there exist
V' = (W Vo) €V, V= (Ul ul ) €V, X € pran(TV)

such that for every X € pian(ZV) with X3 C X, the following holds:
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V(s',0') € L4[0] x T
(s1]| Fg({oi X)ien, V', V" e),[0 X))
(ag,c.un,c_uo,...,n"_l,c.v"_l,c.v"_l_“h (s",a"')

= 3sf.... sy € L[0]] (7.122)
(s1,[0 A;])—-"-n (51, [uo])
=5y =y (shogs[oa X))

As'=s, ,[0]
No' =[ony A
Let ¥ =X, UA3, u=0 X, andforie€n,let y, =0; AX. Further fori € n,
let vi, vi, d; be defined as in (7.115). Then, as in Case 1, one has
(SU ” F;'(ﬁﬂ’v:]!vgie)!u)
_0'0"4 (56 ” F‘i‘(ﬁﬂ'sv(;]!v;]’a e)a [ul]])

! i, ; L o
C0.0), . (s [| FS iy, v}, v, ), [uo))

An—1

" (5:‘1—1 " F(g.’(ﬁﬂ—laviz—hv::—lae)s [uﬂ‘—-l})

(C!U’_ ,C[U"_ )
. (3:1—1 Il e, [un—1])-

Moreover / € acty(s],_, || e,[u,,~1]) by (7.120). Thus, by the definition of O}, one
n—1 4

has

I " N "
{aqg, clvg, clugy. .. @noy, el g, eVl 4/) (7.123)

€ Oif[so || Fx (@, v',v", e)]([u]).
Next let us show by contradiction that

! " - "
{0t e O oy B O o Bl oY (7.124)

&, O:[[sl ” Fﬁ'(ﬁ! v, v, e)]]([u])
Assume, to the contrary, that

(ao, clug, clvgy. ..y an—y, vl clvll_i, /)
€ Oils: | Fg(d, v/, v, e)]([u]).

Then by the definition of Of, there exists (s’,0') € £4[0] x  such that

(i) (SI "Fi’(ﬁ! v',v”,e),[u])

(ag,c!va,clua’,...,a,,_l,c!v‘;,_l,c!v::_i‘“ (s", o"'),
(ii) +/ € acty(s,a’).
From (7.125) (i) and (7.122), it follows that
HS;]) SRy s:z—l € ‘C4 [@][

(51, [u]) =54 (s}, [wo]) =y - --
As'=s, (0]

(7.125)

[ I
- 4 (3':-,._1,[11;1—1])
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From this and (7.121), it follows that

v & acty(s,_ || e, [un-1]),

which contradicts (7.125) (ii). Thus one has (7.124).

By (7.123) and (7.124), one has the right-hand side of (7.104).
Subcase 2.2. Suppose that y = &. Then, it can be shown, as in Subcase 2.1,
that there exist

vi= ('U{):" v, )1 vi= ('L’I’va s U::—l} eEV" Xe Sﬂ-‘rﬁn{:’fv)

r1Yp-1
such that propositions (7.126) and (7.127) below hold.

! " ! "
{ag, clvh, v, . .. an_y,clv)_y clvn_y, &)

€ Oilso || F$({oi X)ien,v',v",€)]([c A)). (7.126)

1 Vit 1.7 Vaydf &
o, C U, ClUg g e ey Q1,030 1. Oty - -
( 04 3 09 sUn—1, n—11 n—1: ) (‘,.120

¢ Oilsi | F3({o: Xien, V', v",€)]([0 X))

Thus, one has the right-hand side of (7.104).

For the proof of Lemma 7.26, we need Proposition 7.2, Proposition 7.3,
Lemma 7.27 below.

Proposition 7.2 Forn > 1 and s € L4[0], there ezists Xy € pg,(TV) such that
for every X € pg, (ZV) with Xy C X the following holds:

VS0,. .-, 8n-1 € Ls[0],Yao,...,an—1 € Ay,
V6,00,...,00-1 € 5,V € (TV\ X) = V)]
(5,0) =54 (50,00) —2q -+ 2t (Sn-1,0n1) &
Vien[oc (ZV\X)=a (IV\AX)]
As, (0 X)UT) =>4 (s0,(00 X)UT)
Ay 5 (Sn-1y(0n X)UT) L

Proof. Induction Base. The claim for n = 1 can be shown by induction on the
structure of s € L£4[0], using the guardedness restriction.

Induction Step. Let k > 1. Then, we can show that if the claim holds forn==Fk,
then it also holds for n = k + 1, using the result of induction base and the image
finiteness of the transition system (54: acAY) H

Proposition 7.3 Let 5,5’ € L4]0], 0,0’ € T, and c € Chan, and v € V. Then
(s,0) < (o) = IweIV[v=0'(z) ] 1
Proof. Immediate from the definition of =, in Definition 7.18.

Lemma 7.27 Let £’ € pg,(L£4]0]), a € Ay, and 7,00 € T.
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(1) Let V be infinite and ¢ € Chan. Then there exist, Xy € pyn(TV) and
v, v" € V such that for every X € pian(TV) with Xy C X, the following
holds:

Vs € L',V§ € L4[0],V(s',0") € L4[0] x ]

(S“ch(gu X,’U’,-U”,é),[ﬂ' X]) e 4= (‘sf! J’) =
Jsg € Ly[0]] (s,[0 X)) =4 (s0,[00 X]) A & =s0]5]
Ao'=[og 2]

(2) Let Chan be infinite. Then there exzist, Xy € pian(ZV) and ¢’ € Chan such
that for every X € pi6,(ZV) with Xy C X, the following holds:

Vs € L',V5 € L4]0],Y(s',0") € L4[0] x ]
{a,e"lo)

(s]| Gx(oo X,d,3),[0 X])—=,, (s,0') =
3sg € Ly[0][ (s,[0 X]) =4 (s0,[o0 X]) A & =s0]|5]
ANo'=[og X]).1B

Proof. We will prove only part (1); part 2 can be proved more easily in a similar
fashion.

Let £’ € pg,(L4[0]), c € Chan, a € Ay, 0,09 € . Then, by Proposition 7.2,
there exists Xy € P4 4,(ZV) such that the following folds for every n € [1..3] and
X € pyan(TV) with Ay C X:

Vs e )C",VS(),. vey8p—1 € £4[@],Va0,. v p_1 € Ay,
Vo,00,...,0n-1 € 5,VF € (ZV\ X) = V)|
(s,0) —ﬂ-u-u {30,00)—&4 "'thﬂ (Sn-—l:frn—l) «
Vien[o (IV\X)=0 (IV\A)]
As, (0 X)UG)=, (s0,(00 X)UF)

a an— i
5y =y (Sao, (0a X)UB)

From the above property for n = 1, it immediately follows that
Vs € L'\Va € A4,Vo,0' € T,Vs' € L4[0],Vz € TV]
(s,0) =4 (s',0") A o(z) # o'(2) (7.129)
=>zeX]

Fix such a set Aj}.
First, let us choose v’ € V satisfying the following:

(i) a#c' AV #£7,
(i) ' ¢ {o(z): 2 € A} U{oo(z): 2 € Ao},
(iii) v ¢g{veV:3Ise L 35" € L4[0],30" € I

(s,0) =4 (s',0") —C!—vh: (s",0') 1}

(7.130)

We remark that the right-hand side of (7.130) (iii) is finite, since the transition
relation is image finite (cf. Lemma 7.13 (1)). Therefore there exists such an element
v eV,

Furthermore, let us choose v € V satisfying the following:
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(i) o g{veV:3Ise ', 3" s" € Lyf0],30" € X[

(s,0) —CEU—M (s',0")

elv’

—y (Sn, 0';) —-E!inl (Sm.,ﬂ"') ]}, (7131)
(i) " #
(iil) v ¢ {veV:3Ise L, 3s,s" € L4[0),30" € I
(s,0) 4 (s',0") 1.9 (s",0') 1}
We remark that the right-hand sides of (7.131) (i) and (iii) are finite, and therefore,
there exists such an element v” € V.
We will show that Ap, and v',v"” have the desired property.
Let X € p4an(ZV) and suppose Ay C &. Further let s € L', 5 e L40],
(s',0") € L4]0] x T, and suppose

{a,chv’ clv’)
_

(s|| Glo0 X, ¥, 0", 3),[0 &) T (& i) (7.132)

Let us show that

ds;, € .64[@][ (S, [G’ ./Y])-—E}.; (SI,EO'O (Y]) A§ =8 "§]

It follows from (7.128) and (7.130) (iii) that
v g {veV:Ise L',35,5" € L4]0],30" € X[ (7.134)
(s,[0 X])>4 (s',0") 2 G
Also, by (7.128) and (7.131) (i), one has
' g {veV:iIse L£,3s,s", " € Ly0],30" € I . (7.135)
(5,0 X)) (s',0")
Y, (s, 0') -y (8", 0) 1}
Likewise, by (7.128) and (7.131) (iii), one has
v @ {veV:Ise L£,3s,s" € Li[0],30' € I (7.136)
(3,10 XD B4 (s'10") =2 (5", 0") I}
First, we observe that the first action a in (7.132) cannot stem from the right-

hand side of s || G5 ((o0 X),¢,v", ), by (7.130) (i).
Assume, for the sake of contradiction, that

the first action a in (7.132) is the synchronization of two
actions stemming from the left- and right-hand sides of (7.137)
s||G& (o0 &), ¥, 0", 3).

Then, there exist s € £4[0] and x € TV such that

@) (sle X)Z5 (shhlo X)W/2]),

ety clv” (7138)
@) (s))18,[0 X]W/a]) L

4 (S", OJ)!



7.3. A Nonuniform Language with Communication 297

where
§F=if(X = (00 X), (c!);35, 0).
By (7.138) (i) and (7.128), one has

(s.l0 A) 25 (shllo ¥ &)
We will show, by contradiction, that

z € Ap. (7.139)
Assume, for the sake of contradiction, that (7.139) does not hold. Then

o X//a] &l=[r Al
Thus, by Proposition 7.3, one has either

(i) v =9 or (ii) v' € {o(a): 2z € X} (7.140)

However, both (7.140) (i) and (ii) are impossible by (7.130) (i) and (ii), respec-
tively. Thus, (7.139) must hold.

The first action clv’ in (7.138) (ii) cannot stem from the right-hand side of
s ]| 8 by (7.131) (ii). Hence it must stem from the left-hand side of s || 8, and
therefore, there exists s} such that

@) (shlo Al/a]) 254 (sl [0 X[Y/a)),

(7.141)
(i) (s )|8,[0 X[/ /2]) = (', 0").

The action clv” in (7.141) (ii) cannot stem from the left-hand side of s{ || § by
(7.135). Hence it must stem from the right-hand side &, and therefore, there exists
§" such that

(#,l(c X)W /a]) 20 (3,0,

But this is impossible by (7.130) (ii), (7.139), and the form of &'. Thus the as-
sumption (7.137) must be false.

Summarizing, the first action ¢ in (7.132) must stem from the left-hand side
of s||G% (oo, v, v", §). Consequently there exist s; € L4[0)] and o] € T such that

@) (sl VDS Gnod, -y
(@) (5] Go(oh, v, v",8),00) ===, (51, 0). '

We observe the first action of (7.142) (ii) cannot stem from the left-hand side
of s ||G%(of,v',v", §) by (7.134). Thus it must stem from the right-hand side
G%(o1,v',v",5), and therefore, one has

"
clv

(511 8,07) —4 (¢',0"). (7.143)
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Finally, we observe that the action clv” in (7.143) cannot stem from the left-hand
side of s; || & by (7.136). Thus it must stem from the right-hand side &', and
therefore,

() o} X=0 X, (ii)d =01, (iii) s =515 (7.144)
Also by (7.129),

Vo e (IV\X)[oy(z)=7].
By this and (7.144) (1), 6] = [0 X7, and therefore,

o' =0] =00 ]
By this and (7.144) (iii), one has (7.133). W

Using Lemma 7.27, Lemma 7.26 is proved as follows:

Proof of Lemma 7.26. We will prove part (1) by using Lemma 7.27 (1).
(Part (2) can be proved by using Lemma 7.27 (2) more easily in a similar fashion.)

Let ¢ € Chan. Setting ®(n) as in (7.145) below, let us prove that ®(n) holds
for every n > 1 by induction.

®(n) &
vL' e pﬁn(ﬁ),VJ €L,
Y{oo,..., on-1) € I, Y{(ag,..., an—1) € (A4)",
ERANS g‘)+ﬁn(Iv)1
IV = (v U1 ), V' = (V0. .., _1) € Al
VX € prin(IV)[ A C A =
Vs € L5 € L[0],V(s',0") € L[0] x =]

(sl F3({oi X)ien,V',v",8), [0 X]) (7.143)
{ao,clvh v o an_1,clvy, ol _q) o
— 44 (87,07)
= (S0, 8n—1) € (L4[0])"
(s,lo X)) =>4 (s0,[00 X))
s .ot T . SR .

As =s,-1]5]
Ao’ =lonr A1 ]I

The proposition (1) follows immediately from Lemma 7.27.
Fix n > 1, and suppose ®(n) holds. Let us prove ®(n + 1).

By Lemma 7.27, there exist Xy € p4+fn(ZV) and vy, vy € V such that
VX € piin(IV)[ X0 C X =
Vs € LIVT € L4[0],V(s',0") € L4[0] x I
(5] Golon X el T) [0 X))o, (s,6") = (7.146)

Asg € La[O)] (s5[0 X)) =>4 (s0,[o0 X)) A S =50 T ]
Ao’ =log X]]).
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Also by Proposition 7.2, there exists X} € p4pn(ZV) such that

YA € g9+ﬁn(IV)[ ACX =
Vs € I:I,VSQ €Ly [@],Vau € Ay,
Yo,00 € ,V5 € ((ZV\ &) — V)|
(s,0) =>4 (50,00) ¢
o (IV\X)=0 (IV\4A)
A(s, (0 X)UG) =>4 (s0, (00 X)UG) ]|

Let Xy = Ap U A4,
Further let

LO = {s' € L4[0]: Is € L[ (5,0) =24 (s',00) 1},

Then, £ is finite by Lemma 7.13. Thus by the induction hypothesis, there exist
vi = (v],...,vh), v = (v],...,v}) € V", X5 € pifn(ZV) such that

VX € pran(IV) X3 C X =
Vso € L) V(s',0') € L4]0] x I[
(fo “ TF:'%((?{-‘-I)SE?,;V;‘, V)f-, 5), [00 ‘Y])
ay elvyclvy ... aq ,c.un‘c,u::_LJ- (s',0") .
& o1, 50) € (La[O)"] (7.148)
(Su, [00 .:’L)])—a—l-bd (31, [0’1 rY])
17"4 A _(11’4 (Sna [gn X])

As=splli]Acd =lon X))

(7.147)

Put v/ = (v} - vi, v = (v) - v{, and Xy = Ay U A3. It suffices to show

VA € SO.'..ﬁn(Ip){ A CA =
Vs € L',V3 € La[0],V(s', o) € La[0] x =[
GIES(oietmen v ¥ D).l 2]
ao,.:'!:.rn,c!“.uﬂ,.,.,a,.“f:!v“,u’.‘!vﬂ_}4 (S;,Ur) =
3(501 L) PR Sn) € {‘C4[®])n+1[ (7‘149)
(s,[0 X)) =4 (s0,[00 X]) =g - =2y (sny[on X))
A s =s,]5]
Ne' =lon, A

Let X € pign(TV) with Ay € X. Further let s € £/, 3 € L,[0], (s',0') €
L4[0] x £, and suppose

I " ' "
{ag,clvg,clvg ,...,an,clul clv)} -
1~ (8", 0").

(S “ F§(<Ji}ié(rz+1)>vr: vﬁt 5)! [0’ X])
Since

Fi’((ai)fE(ﬂ+l)av!}v”1 §)
= GCA{(UU X! !)l}]s?)g! F,%(<Ji+l)i6rtsviuvi’1 ‘:;))'!

by the definition of F§ (cf. Definition 7.31) there exists (s, 05) € L4[0] x ¥ such
that
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(i) (S”G‘%(O‘[L X,t{),v{,’,F‘%((g,-.{_l ’Y)feﬂav’lfv;’sé))’{g X])
{ap,clvg,clug i (5;0,0'6), (7150)

’ " r "
{ay,cluy elvy .. a0y etul clully v
4= (S T )

(ii) (s0,00)
By (7.150) (i) and (7.146), there exist so € L£4[0] such that
G) (s,]c X)) =24 (s0,[o0 X]), () s5=s0| F5(3,v',v",8),  (7.151)
and moreover, o, = [og X]. By (7.147), one has

LO={s" € L4]0) : Is € LT[ (5,0) =>4 (s',00) |}
={s' € Ly0]:Fs € L' (5,]0 X])—>4 (s,[00 X)) ]}

Thus, by (7.151) (i) and the definition of L), one has so € £, Moreover, by
(7.151) (ii) and (7.150) (ii), one has

r " ’ L
{ay,clvyelvl ... an. ,r:'.!.rﬂ,r_‘!!.-‘l,‘lL 1o
T4 ( )

(SD “ F;*((G'g_{_l)ie,«“v;_,v;;, ‘§)5 [JO XD 5.0 ).

Thus by (7.148), there exist (s1,...,5,) € (L£4[0])" such that
(50, [o0 X)) =>4 (51, [0 X))o o= (smylon X]) A S = sa |3,

and moreover, ¢’ = [¢, X]. Thus one has (7.149). |

Full Abstractness of My w.r.t. O]

In § 7.3.4, the correctness of My w.r.t. O was established. By this and the results
in § 7.3.6, the full abstractness of M w.r.t. Oj is established, as sketched in § 7.1.

From Lemma 7.21 and Lemma 7.24, the correctness of My w.r.t. Of immedi-
ately follows:

Lemma 7.28 (Correctness of My w.r.t. OF)
(1) (AjoAy)o My =0y
(2) The model My correct w.r.t. Of, i.e., the following holds for every 1,52 € L:

Myls1] = My[s2] =
VX € Xp.¥S € La[X][ O:[S[s1/XT] = O;[S[s2/XT1 1.0

From Theorem 7.2 and Lemma 7.25, the full abstractness of My w.r.t. O]
follows:

Theorem 7.3 (Full Abstractness of My w.r.t. Of) If either V or Chan is in-
finite, then for every sy,ss € L, the following holds:

My[[s1] = My[s2] &

VX € Xp,VS € L4[X]] Of[S[s:1/X]] = O;ES[S‘_)/_X‘]E |- B (7.152)
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Proof. Let s;,89 € L.

The =-part of (7.152) is the statement of Lemma 7.28 (2).

The <-part of (7.152) can be shown by applying Proposition 3.5 (2). Here we
will show this directly using Theorem 7.2 and Lemma 7.25 for the sake of better
understanding. It suffices to show the contrapositive:

My[s1] # Ma[[s2] =
3X € Xp,3S € Ly[X][ O;[S[s1/X]] # O;[S[s2/X]] ]-

Suppose M[s1] # My[s2]. Then by Theorem 7.2, there is T' € L such that
Os[s1 || T] # Oa[s2 || T]-

By this and Lemma 7.25, there is T € £ such that
Oil(s I IT"] # O3 [(s2 |1 T) | T7]-

Thus one has the desired result (7.153). |

(7.153)

7.3.7 Comparison of M, and Roscoe’s Model for Occam

Roscoe, in [Ros 84], constructed a denotational model for a large subset of occam.
The language in [Ros 84] is similar to £4 in many respects. However there are
several differences between the two: One major difference is that, unlike individual
variables in L4, variables in occam (except read-only ones) are not shared by two
or more parallel processes, and therefore, intermediate states of one process cannot
directly affect another process. Thus, in [Ros 84], a denotational model C can be
constructed (for the language) without taking account of intermediate states: The
model C is constructed as a hybrid of the failures model for CSP (proposed in
[BHR 85] and improved in [BR 84]), and the conventional model for sequential
languages which defines the meaning of a program as a relation between initial
and final states. We expect that a model for £; can be constructed along the
lines of C, and it will be more abstract than M, in nature. However it will not be
compositional w.r.t. ||, since processes of £4 have shared variables.

7.4 Concluding Remarks

We conclude this chapter with some remarks about possible extensions of the
reported results and related works. There are two directions for such extensions.
One is to investigate fully abstract models for other languages, e.g., a nonuniform
concurrent language with process creation and (a form of) local variables as the
language £3 in [BR 91]. The other is to investigate fully abstract denotational
models for the same language L3 (or £4) w.r.t. other operational models, which
might be more abstract than the one treated in this chapter.

For instance, it might be possible to construct a fully abstract denotational
model for an operational model B’ for £3 which is defined slightly modifying 53 in
§ 7.2.6 as follows: For every statement s and state o,
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BLsl(0) = {0’ : 35'[ (5,0)(29)"(s',0") S 1}
U{J- : 3((3':15 Un))nEw[ (301 9'0) = (31 5’)
AR € W] (Sp,0n) = (Sn+1,0a41)]]}-

It was shown in [AP 86] that there is no fully abstract denotational model w.r.t. 15’
if the language has countable nondeterminism. However it is still to be investigated
whether there is a fully abstract denotational model w.r.t. 3’, since the language
L3 does not have countable nondeterminism. It seems that M3 is not fully abstract
w.r.t. B'; at least, we cannot establish the full abstractness w.r.t. B’ as we have
done w.r.t. O3, since there are s;,ss € L3[0] such that Mj[s;] # Ms[s.] but
VT € L3[0)[ B'[s1||T] = B'[s2 || T] ]. This is easily verified by putting s; = 0 and
s = (= x); 0.

For L4, a language for communicating concurrent systems, there are several
possible operational models besides Oy defined in § 7.3. There are several dimen-
sions for classifying operational models for such a language; such a classification
and comparative study of those models were presented in [Gla 90]. One of those
dimensions is the dichotomy of linear time versus branching time: A model is
called a linear time model, if it identifies processes differing only in the branching
structure of their execution paths; otherwise it is called branching time. Another
dimension is the dichotomy of weak versus strong: A model is called weak, if it
identifies processes differing only in their internal or silent actions (denoted by 7
in this thesis); otherwise it is called strong. Also, there are two kinds of languages,
i.e., uniform languages and nonuniform languages. By combination of these cri-
teria, one has eight types of operational models, and for each of them, one has
the problem to construct a fully abstract denotational model, or to characterize
somehow the fully abstract compositional model. The obtained results on these
problems so far are summarized in Table 9.1 on page354.

7.A Proof of Lemma 7.6

By Lemma 7.3(2), it is sufficient to show

sz lszﬂs'“apk-—lep’eP:i[ p
~ ~ 7.154
lsUicelpi1,7") = Useallls @i 2] ) (7.154)

Let

M = ((p4 (k) — P3) x P3 — P3).

Let F,G € M% be defined as follows: For I € o, (k), {pi)iesr € (I — P3), and
p' €Ps,

F((pYier,?') = [ls(Uierlpi],P')s
G({pi)ier,P') = Useqllls(pi, 2')]-

By the definition of r[;;, one has
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F((piers?) = LsUieslpi],#) U @', Uies pi])
UIY (Uieslpid ) U 18(Useslpi). )

For J C I, let

A(T) = {(o,0") : Vi € J[pi[{(s,0"))] # 0]
AVi € (I\ J)[pil{(a,0"))] = 0]}

Then

'_Lﬂ(U:EI[p ] ')

= U{{(0.0) - lls(Useslpill{(0, 0], 2') = Useslpll{(0.0"))] # 0}
=Usepr 0 Uwonean{(:0) - llsUielpill{(e, o), 2]

= UJep+(1)[U(a,ar)eA{J}[ ((g,0) - F({pil{(a. 0" N]}ies, p)]]-

Let F : M$is — MZ's be defined as follows: For f € Mg's,

F{f}((pi)lef p)

= UJEp+(I)[U(au )eAu){{(U o )) (Pi[((“:a;))])ie.hpr)]]
UU{((J o)) - fF({piier, p'[{(o,0"))]) : p'[{(.0")}] # 0}
U ”3 :er[p ]aP )u “.s U ef[Pi]a PF)-

Then F is a contraction and F = F(F), i.e.,, F = fix(F).
Next, let us show that G = F(G).

G((pi}ier,p")
= Uses[ls (i) U Ls@'20) U Y @i2) U (01, 0)]
= xEI[IJ.:s(P p )] u U; eI[U_a(P pi))

UU;EI[”E (P P ] U U e;[“S(p: !)]

— UaEf[U.S(pnp )]
UU{{(e, ")} - G({pidier. p'[{(a,0"))]) : p'[{(0, 0"))] # 0}

u n:}/{U;’eJ[Pi}:PF) u ”g(umf[pi]!p!)'

Thus it suffices to show that

Userllls (i)
= UJEp+(I}[U(a,U’)EA(J)[((g a')) - G({pil{(a,0"))ics, p')]]-

For H : I x p4(I) — Pjg, it immediately follows that

Ui/ U{H, J) : T € pi(T) A i€ T}
= UJep+(J)[UseJ[H(£: J)]]

Hence

EI[[L:](P:
= UierlU{{(o, 0 )) lls(p:l{(@,a" )], ") : pil{(a,0"))] # 0}]

303

(7.155)

(7.156)

(7.158)

(7.159)
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= Uief[U{U(a,a')eA(J)K("a a’))- "3(}’:‘[(("3": a NPl
Jepr(I) Anied}

= UJEP+(.’)[UiEJ[U(a.a’)EA(J}[((J"oJ ) ||3 (pil{(a, )] POl
(by (7.159) with
H(:i,J)
= U[a,m)eA(J)[{(UxU) || (pil{(a, 0" )], )]
)
= U.Iep+(f) [U(a,g')e,i{J)[UieJ[((Ua Ur)) ! ”3(191'[((0', JF))LP’)]]]
= UJEp+[I)[U(o‘,a’)&,&(.}}[((a‘g’)) > U:’EJ[H3(1)‘5[ {(a, ‘7; )] P! ]]]
= U_,rep,,(I)[U(a,a’)eA(.n[((Js a")) - G({pil{(a,0")))ics. P Pl

Thus, one has (7.158). Thus, by (7.157), one has

G({pi)ier,p') = F(G)(pi)ier,p')-
Hence G =fix(F)=F. &

7.B Proof of Lemma 7.7

(1) Let A, : Py — (S — p1a(Rs)) be defined as follows: For p € P3 and o € I,
Al (p)(a) = {hista(q) : ¢ € p A istates(q) = 0 A Execs(q)}. (7.160)

The set A4(p)(o) is closed, because p is closed. Moreover Aj(p)(c) is nonempty,
because p satisfies the disabled-7 condition and is closed w.r.t. disabed actions.
Thus A} (p)(c) € pra(Z52).

Let M3' and Az as in Definition 7.11. By Definition 7.11, it is sufficient to
show

Ay = Az o Aj. (7.161)
Let p € P3 and o € . By the definition of Aj, one has

X oRely - ¢ € ll(oro MM Eato)

= | o' - {hists(g') : ¢’ € p[{(c,0’ 3{a")}:

pl{(,0 )] %0} (7-162)
Uif((s) € p,{e},0).

First, by (7.160), (7.162), it is straightforward that
€ € A3(p)(0) & € € (Ag 0 Ay)(p)(0)-

Next, let us show, for ¢’ € ¥ and p' € Rgj, that
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o' -p' € A3(p)(0) & o' - p' € (A30 A3)(p)(0). (7.163)
(=) Suppose o’ - p' € A4(p)(c). Then there exists g € p such that

o' - p’ = histz(q) A istates(g) = ¢ A Execs(q).
For such g, there exists ¢’ such that

g=(0,0")-q" A p' =hists(¢') A istatez(¢’) = o’ A Execs(¢’).

For such ¢/, ¢’ € p[{(c,0"))], and therefore, p[{(c,0’))] # 0. Hence
o p
€ U{a" - {hista(¢") : ¢" € p[{(a, 0" )] N B3{c")}:
pl{(o,0"N # 0 }
C (A3 0 A3)(p)(a).

(<) Suppose
o' o € (Ag o A4)(p)(0).
Then

! !

a'p
€ U{o" - {hists(¢") : ¢" € pl[{(7, o)) N Es{c")} :
pl{(o,a" )] #0 }.

Hence p[{(o,0"))] # @ and there exists ¢’ € p[{(c,0"))] such that
p’ = histg(q") A q' e Ey (O"’).
For such ¢, let ¢ = {(0,0")) - ¢’. Then

g€p A q € Es(o)
Ahistz(g) = ¢’ - histz(¢') =o' - p'.

Hence
o' - p'e {hists(q) : ¢ € p A istates(q) = o A Execs(q)}
= A(p)-

Thus one has (7.163).
(2) This part follows immediately from (1). |

7.C Proof of Lemma 7.10 with §(&) > 2

Roughly, the proof of Lemma 7.10 with #(A’) > 2 is given by n-times iteration
of the method introduced in Subsection 7.2.5 for the proof with #(X) =1. Let
X € pg.(IV), p € P, and 0',0",00 € Sx. Further let n = §(X), and X =
{150y Tn} with 2y <jy +++ <iv Zn.

First, we need some preliminary definitions.
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Definition 7.32

(1) Let k> 1 and v € V!5, For i € [1..k], V(i) is the i-th component of v. For
i € [0..k], let
vliij=v .= (M € [1.]. v(7)).
Note that v[0] = e.
(2) For kin[l..n] and v € V{14,
[vl= Az e IV.if(z € {z; : i € [L..k]},v(:), 7). 1

Definition 7.33 (Format for Testers with #(X) > 2) For k€ [l.n],
Vavr:"zevll“k]} vy €V, V:sEV[l"(k_”], and T' € £3[@], the tester

Fén)("’s v',v1,ve, V3, T') is defined by induction & as follows:
(1) If v/(1) = v(1), let
Fl(n)("'a viu,ve,6,T) = (21 =0 ;T
Otherwise, let
F (v, v 01, v2,6,T') = if (21 = v(1),

(z1 :=v'(1)); (21 =01 ; T,
(w1 :=vo(1));0).

(2) Let k € [L.(n = 1)]. T v/(k+1) = v(k +1), let

F;Ei)] (V, vla U1, Vo, Vs, T’)
= (k= va(k));

B (vlvs (k) /K)[K], v/ k], 01, va[k], vs[k = 1], T).
Otherwise, let

F]E:)]_ (Va v!’ 'Ul,Vg,V:},T!)

= if($k+1 = V(k + 1),
(@g1 1= V' (k+1)); (zx 2= va(k));
F{™ (vlvs (k) /R][K], v/[K], v1, va[k], vs[k — 1, T"),
($k+1 = Vz(k-‘r 1));0 ) I

Definition 7.34 (Testing Sequence with #(X) > 2) Let k € [1..n], v € V-7l

(n

v/ € V1% and v3 € VI1-(-D], The testing sequence r. (v,v',v3) is defined by
induction on k as follows:

(1) It v(1) = v'(1), let
r{(v, v/ e) =

Otherwise, let
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v, v e) = (v V(D).
(2) Let k€ [l..(n—1)]. v (k+1)=v(k+1),let
k-}-l (V,V VS)
= (], [vlvs (k) /K1) - mi (vIvs (k) /K], v/ [R], v [k = 1]).
Otherwise, let

Ec:—}l(v v',vs)

= (([v], W' (k + 1)/(k + 1))
<uv[v'(k+ 1)/(k+ DI, VIV (k + 1)/(k + 1)][va(k)/K])))
D (vIV' (k + 1)/ (k + D][vs (k) /K], V'[K], vs[k = 1]). 1

By means of the format for testers and the testing sequences, we can establish the
following lemma, from which the Testing Lemma with ${X') > 2 follows immedi-
ately.

Lemma 7.29 Let V be infinite, and let p € P3, v/, v" v € VIl For every
v1 €V, v € VI and vy € VI-("=D1 4he following hold: '

(1) The sequence
i (vo, v',va) - (V'] [v"]), (7], [v"[er /21D)
is ezeculable and its initial state is [vq), t.e.,
) (vo, v/, va) (V] [v]), (7] [v7 [0 /1]D) € Es([vol)
(2) For every T' € L£3[0], two conditions (7.164) and (7.164) below are satisfied:

MG[F$ (vo, v/, v1, Vo, v, T [r] = M3[T7], (7.164)
where 1 = '."51 )(VO,V va) - {([v"], v e /1]]));
Vg’ € Qal p[{([v]. V")) # 0 (7.165)

Aq* e pl{(Iv'], [v”m] lls Ms[T'] =
i (vo, V', va) - (([v) V™)), (v"], V" Tor /11)) - o'
€P||3Ms[[Fn Y(vo, V', v1,v2,v3, T')] ] B

Proof. Let v; € V, vy € VU1 and vy € VI1-(n-D],
(1) It is shown immediately by induction on k € [1..n] that for every k € [1..n],
the following holds:

vv e VI i e ([L.n] \ [L.A])] v(i) = V(i) ] =
i) (v VIR valk = 1) - (v, V"), (v, v [0 /1])) € Ba[v]) ).
Putting & = n and v = vy, one has the desired result.
(2) Fix T € £3[0]. Let us show (7.164) and (7.165).
First, we will show (7.164). It is shown immediately by induction on k € [1..n]
that for k € [1..n] the following holds:
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Vv € VI Mo [FM (IR, v/ [K], w1, va K], valk — 1], T)][F] = M5[T'] ],
where
r =1 (v, V'[K], vslk = 1)) - (V7] [V/[er /1))

Putting k = n and v = vy, one has the desired reslut.
Next, we will show (7.165). It is shown immediately by induction on k € [1..n]
that for k € [1..n] the following holds:

vv € VIl v’ € Qy )
P[] "D # 0 A g € p[{([v'], V' D) lls Ms[T] =
e (v, v'[K], vs[k = 1]) - (V'] D), ([v"), [V [or /11D)) - €
€ plls Ms[F.™ (v[k], v'[k], v1, va[k], va[k — 1], T")] .

Putting k = n and v = vy, one has the desired reslut. [l

Lemma 7.30 Let V be infinite, and let p € P35, v',v",v € VI-"l. There ezist
v €V, vo € VI and vy € VIL-0=D] sych that for every T' € L3[0), the fol-
lowing holds:

V¢ € Qs
(v, v, vs) ('] VD), (), v fer /11D)) - o
€ pls Ma[FS (v, v', v1,va, vs, T')] )
= pl{(V'], VD) # 0 A ¢ € p{(v'], [v' D) [ls M '] ] B

Proof. Let us show by induction on i € [1..n] that for every i € [1..n] the following
holds:

Yv € V-1l 3y, € V,3v, € Vi, 3vy € VG-l vy € Q4
ri™ (v, v'[il, va) - (v [V (V) V7 [or /1) -
€ pllsMs[F™ (v[i], v'[i), v1,v2, va, T")] (7.166)
= pl{(V], V') #0
Agq € p[{(v']: V"IN Is Ma[T] ).

Induction Base: We can show (7.166) with i =1 in a similar fashion to the
proof of Lemma 7.10 in Subsection 7.2.5. Let v € vil-nl We distinguish two
cases according to whether v(1) = v/(1).

Case 1. Suppose v(1) = v/(1). Then, by the definitions of 7™ (---) and Fl(")(- -+,
it is sufficient to show that

v, € V,Vg' € Q4 (7.167)
(V1 D5 (V7] v T /10D -

€ pllsMsf(z1 = v1); T'] } .

= pl{(V], V"IN # 0 A ¢’ € plls Ms[T'] |-

We can establish this by choosing v; such that
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{m #v'(1),
v € {v € V. (WL, [V']), (V"] [V[v/1]]) € pray}-

Case 2. Suppose v(1) # v/(1). Then, by the definitions of r%")(- --) and Fl(")(- ),
it is sufficient to show that
Juvy,vg € V[ )
(V] vV @) /200, (V') 7D (), v [on /1D) - o
€ plls Ms[T] )
= p[{((VLIV'IN #0 A ¢ € plls Ms[T] ],

(7.168)

where

T = if(z; = v(1),
(21 =y D))z =n )i,
(1 := v9;0).

We can establish this by choosing v; and vy such that

v g{veV:
(], vl (WD, (3 D, () 7 [e/10D) € P}
(i) o1 # v'(1),
(iif) o1 # v/(1),
(iv) v & {v € V: (W], V"D (v"): V' [v/11D) € ppa}s

and

(ii) vz # 1.
Induction Step: Assume that (7.166) with ¢ = k holds for some k € [1..(n — 1)].
We will show that (7.166) with i = £+ 1 holds. Let v € vit-nl YWe distinguish

two cases according to whether v/(k +1) = v(k +1).
Case 1. Suppose v/(k + 1) = v(k + 1). Choose v3 € V such that

vy & {v e Vi (([v], [v[v/K])) € puy}s (7.169)

and let v2 be an arbitrary element of V.
By the induction hypothesis, there exist v; €'V, wvp € vI-#  and
vy € VII-:=DI guch that

Vq’f S Qs[
e oy
£ Y s v \ Vf.f ; V” ?.,"1 ' gf
€ p||3.x\43[[F,£n)(v[t;3/k][k],v’[k], v, Ve, vy, T')] (7:270)
= pl{(V]L I #0
Aq' € p[{(v']; VD] lls Ms[T'] ).

{ (i) v2 # v"(1),

Put
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Vo=vy U {(k+1v2)}, V3=v3U{(k,vs)}
We will show
Vq' € Qs
dﬁku+uw)uﬂhmuwnwmmm
€p||3M3IIFL L(vk+1 ’[k—i— 1], v1, vz V3, T’)]]
= p[{(V VD) # 0 /\ ¢" € pl{((v'], v"D)] [ls Ms[T"] ).

Let ¢’ € Qg, and suppose

rip (V[ + 1, 93) - (V] VD (), V7T /1)) - o
€ p“3M3EF}£1)1 (V[k + 1]: V"[fi + 1]‘ vy, Vo, V3, Tr)]]

(7.171)

Then, by (7.169), the first step of ri:_)l (v,v'[k + 1],V3) cannot stem from p, and

therefore, it must stem from J\/[J][Ffi)l (v[k + 1], v'[k + 1], vy, Vo, V3,T")]. Thus
one has

v (v[vs /R, '["»] va) - (V] VD, (V7). v [er /1)) - ¢
€p|[3JW3[Fk (v[vs/K][k], v'[K], v1, V2, V3, T")].

By this and (7.170), one has

PUIVE VI # 0 A ¢ € pl(([v'], V"D [ls Ma[T'].

Thus one has (7.171).
Case 2. Suppose v/(k + 1) # v(k + 1). Choose v, € V such that

vy £V/I(k+1). (7.172)
Also choose v3 € V such that

(% ¢ {0 € V' (V] [Iv/E+ D/ ),
((v[v!(k+ 1)/(k+ D)
G+ 1)/ + D)
$ Pk (7.173)
(i) vs g {veV: (([V[V'(k +1)/(k + 1)]],
[VIvi(k +1)/(k + D][v/K]]))
€ ppy}-

By the induction hypothesis, there exist v; € V, v, € VI-*, and v4 € VI-(k=1)]
such that

Yq' € Q:s[
i (Vv (k + 1)/ (k + 1)][es/H], V'], vs)
AL, (v e /1D) - g .7
€ pllsMs[F{™ (v[vs /K][K], ﬂuﬂlwmeﬂ '
= (V] V"IN #0
Ag' € p[{(V'], VD)) [ls Ma[T'] ).
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Let ¥3 = v3 U {(k,v3)} and v3 = vo U {(k +1,v;)}. We will show

V' € Qs
r (v, vk A+ 1, ¥3) - (1, VD) (V) v en /1D - !
6p!|3MJ|]F,Ef1 (v[k + 1], "[R+1],vl V2,93, T")]
= pl{(V], VD) # 0 A ¢ € pl{(v'). VD) lls Ms[T'] ).

Let ¢’ € Q3, and suppose

Py (Vs VIR 4 10, 95) - (V) VD () [V Tn /10D) - of
[ p!i3M3EFk+l(V[k + ]_LV"[.I;‘. + 11, U, \'fg,\q'f;;,T;)II.

Let t = JV[;;E k+l V[»tw']' 1] "[k-l-l],t,‘l,{fg,\mf;;,T;)Il.
By (7.173) (i), it is impossible that the first and second steps of
5:31 (v, v'[k + 1], v3)

stem from p.

Also, by (7.172), it is impossible that the first two steps stem from p and ¢,
respectively.

Thus the first step must stem from t. Moreover, by (7.173) (ii), the second step
cannot stem from p. Hence the first and second steps must stem from ¢. Thus one
has

o (v[v' (k + 1)/(3~' + 1)][vs /K], v'[k], v3)
[Vf] VD, ("] v [ed /1)) - ¢
€ (plls

Ma[E™ (v[vs /R)[K], V' [K], w1, V2, Vs, T)]).

By this and (7.174), one has

KV DN # 0 A d € p[(V] VDI s MslT'-

Thus one has (7.175). W

Proof of Lemma 7.10 with §(X) > 2. Take
" € V, vy € V[l”n], V3 € V[l"[“_”]
as in Lemma 7.30, and let

r =13

vo,v',vs), 2= ((v",v"[1/1])).

Then by Lemmas 7.29 and 7.30, one has the desired result. [l
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7.D Proof of Lemma 7.18

The proof is similar to that of Lemma 7.6. By Lemma T7.16, it is sufficient to show
k2> "eP;
"4 ex[lﬂi Uiek[ "-l(PiaP )]

Let
My = ((p+(F) - Pj) x P; = PJ),
and let F, G € MY be defined as follows: For I € p..(k), (pi)icr € (I — P}), and
p' € P},
F({pi)ier,?') = [l1(Useslpil ),
G((piYienrp') = Usesllla(wir »'))-
By the definition of ﬂ4, one has

F({pi)ier,p") _
= LL4~(U;'E;[1’£],P’) U U_Q(P’:Uief[l’i})
U L4(Uier[.pi]sp;) U I.-;_(p!'s Uief[pi])
U Uierlpids ). U 115 (Useslpil, 2)-
For J C1I,let
AJ) = {(0,a,0") : ¥i € T[pil((,0,0)] # ]
AVi e (I\ D)[pil{(o,a,0"))] = 0]}

Then, as in Lemma 7.6, one has

{].4(U£ ![Pf]vp!)
=Ureo lUimeonean i@ a.a - F(@il(e.a,oWies sl 17
Let
C(J)={(o,¢e,v,0") : ¥Vie Jpil{(a,clv,a))] # 0]
AYi € (I'\ J)[pil{(o,clv,a))] = 0]
AP'[{(o,cTv,6"))] #0 }.
Then
L(Uie.'{}’ilap’) .
= U{{(o70) - lla(Usepill{(e, ctv, o)), p'[{(o, c?v,0"))]) -
Useslpill{(o, elv,a))] # 0 A p'[{(0,c?v, 0" )] # 0 }

(Taking closure is omitted, since

ASFi“(UfEJ[Pi])a
OVFin(U;¢ [pi]), and ASFin(p’) (7.179)

by Lemma 7.17)
= UJEp+(IJ [U(a c,v,0’ )EC(J)[
{(0,7:0")) - s (Userlpd[{(e, ctv, )], (s c?v, 0 )]

seps(NU,c00necinl

((0, 7,0)) F{(Pa‘[(("a clv,0))}ies, ' (o, c?v, a"))])]]-
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Let
C'(J) ={(o,c,v,0"): Vi€ J[pi[{(o,c?v,0"))] # 0]
AVYi € (I'\ J)[pi[{(o,c?v,0"))] = 0]
Ap'[{(o,clv,0))] #0 }.

Then as (7.179), one has
[4 (0", Uieslpil)

= UJE;:H.(I) [U(J,c‘u,a’)ec‘(.f)[

((01 Ty OJ)) ' F((_p{{(({]’, clv, g’))]),je‘“p"[((g, clb.(:l'»]}]]
Let F : Mdis — M%* be defined as follows: For f € M{'s,

F(f){pi)ier,P')
= Usep,(nlUo,a0neanlilosa, o)) - f(pil{(e,a,0"))])ics, p')]]
SH{(U’, a, EfL’J)) ' f((Pi)ieM[J’[((Ua a,0'))]) : p'[{(o,a,0"))] # B}
Jepy (NI o c v )eEC(T)
(01,0} F(pil{ (- ctv, ) ieas (0, v, DD (18
UUJEP+[I)EU[alc,v,cr’)EC"{J}[
_{(o,7,0") - F({pil{(o,c?v, 0" N])ics. p'[{(o, clv,a)])]]
U”f(UieI[Pi]:P;) u ”i(Ufer{Pi]aPF)-

Then F is a contraction; by (7.178), (7.179), and (7.180), one has F' = F(F), i.e,,

(7.180)

F = fix(F).
Next, let us show that G = F(G).
G((?’i)feg,P;) ) - )
= Usesllla(pisp") U Ly (0. pi) U Lu(pisp") U L (2, pi)

UllY (i, p') U [I§(pisp")]
= Uief[l.l.g(?hp!)] u Ufefmg('}"spi)] (7-12)
UUserlla(pis )] U Ui Lo (P, pi)]
UUseslllY (@i, 2")- U Use,lll3 (i p))-

As in the proof of Lemma 7.6, one has

Usesllla (i 2]
= Usen. Ui aonean (@@ 07 - Gpill(o, @ Whies o (7189

Moreover

Uerllioir)l

= U;erlU{llo, 7,.0") - lla(pi[((o, clv, o)), p'[{(o, €T, 0"))]) -
pil{(o,clv, ")) # 0 A p'[{(0,c?v,0"))] }]

= UiEI[U{U(a,c,y,U’}EC(JJ[

((O’, T, 0"'» ) ”,,{(p,-[((cr, C!U, G’))],p"[((a, c?v, JF))D] :
Jeps(I)Nied}
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= UJEp+(1}[UiE{[U(U cv,0! }ecu)[
((o,7,0") - lla(pil{(e, ctv, )], ' [{(@, c?v, o )DII]

= UJEP+(!)[U[U‘5.U‘0 }EC(J)[UxEJ[
((a,7,0") - la(pil{(, clv, o)), p'[{(0, c?u, " )]

=Usepr (nUio,emonec!
((0,7,0") - Useslllsill (o, ctv, o)), p'[{(a, v, NI

Thus
Uier(Li(pinp")]

= UJEp.'.(I}[U{o’,c,v.a’)EC[J)E (7.184)
{(o,7,0")) - G((pil{(o, clv,a))])ies, P'[{(a; c?v, )]

Likewise, one has

UserdL@'sp0)]
= UJep+(I)[U(crma}ecu)[ (7.185)

{(o,7,0")) - G({pil{(o c?v, o' Mies, p'[{(o, e, a)]]]-

By the definition of |l4, one has

U;e:[lL:(P’»Pf)] =

= UiEI[U{«g% a, OJ)) : (?”[((Jaﬁag’))“‘-ipi) :p"[({o’, G.,O")}] 7"- @}] (?186)
=U{{(0,a,0") - UieslP'[{(o,a, e Nllaps] : p'[{(0, 2, 67))] # 0}]

= U{{(0.a,0")) - G((pi)ier. p'[{(o,a, 0" ))]) : P'[((0, 0. 0"))] # O}).

Also by the definitions of [ and [|{, one has

U,e;[lh (@', pi)] = I[4 p Useslpil), i
User 8@ 2)) = 15, Useslpil)- (7.187)

Thus, by (7.182), (7.183), (7.184), (7.185), (7.186), and (7.187), one has

G({pi)ier,p') = F(G)({pi)ier.p")-
Hence G =fix(F)=F. H



Chapter 8

A Fully Abstract Model for

a Nonuniform Concurrent
Language with
Parameterization and
Locality

The full abstractness of a denotational model w.r.t. operational ones for a con-
current language L; is investigated. The language is nonuniform in that the
meaning of atomic statements generally depends on the current state; it has pa-
rameterization with channel- and value-parameters and locality in the form of local
variables and local channels, in addition to more conventional constructs: walue
assignments to variables, parallel composition with CSP/CCS-like communication,
nondeterministic choice, and recursion. First two operational models Os and O%
for L5 are introduced in terms of a Plotkin-style transition system. Both models
are linear in that they map each statement to the set of its possible execution
paths of a certain kind; the second model O; is more abstract than the first one
in that O ignores states whereas O involves them. Then a denotational model
M5 is defined compositionally using interpreted operations of the language, with
meanings of recursive programs as fixed-points in an appropriate complete metric
space. The full abstractness of M5 w.r.t. Os and Oj is established. That is, it
is shown for © = O3, O; that M; is most abstract of those models C which are
compositional and more distinctive than O.

315
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8.1 Introduction

We investigate full abstractness of a denotational model w.r.t. operational ones
for a concurrent language £5. The language is nonuniform in that the meaning of
atomic statements generally depends on the current state; it has parameterization
with channel- and value-parameters and locality in the form of local variables and
local channels, in addition to more conventional constructs velue assignments to
variables, parallel composition with CSP/CCS-like communication, nondetermin-
1stic choice, and recursion.

First, two operational models @5 and O: for L5 are introduced in terms of
a Plotkin-style transition system ([Plo 81]). Both models are linear in that they
map each statement to the set of its possible execution paths of a certain kind;
the second model O; is more abstract than the first one in that OF ignores states
whereas (J; involves them. Then, a denotational model Mj; is defined as an
extension of the model M, defined in Chapter 7 for a sublanguage £4 (of Ls)
without parameterization and locality.

In Chapter 7, we defined the model M, compositionally using interpreted op-
erations of the language, with meanings of recursive programs as fixed-points in
an appropriate complete metric space, and established the full abstractness of My
w.r.t. Oz. (The work Chapter 7, in turn, was inspired by earlier ones [BKO 88]
and [Rut 89] treating a similar full abstractness problem for a uniform concurrent
language.) The present paper extends this result to the language L5 with param-
eterization and locality. Namely, the model M; for Ly is defined as an extension
of My so that the extended model M3 is still fully abstract w.r.t. Os. From this,
the full abstractness of My w.r.t. Of is also obtained.

The main body of the present paper consists of §§ 8.2 to 8.6.

In § 8.2 we introduce the language L5, which is the result of extending the lan-
guage L4 treated in Chapter 7 so as to include parameterization and locality. A
major motive for the extension is our desire to enhance the expressive power of L4
from the viewpoint of soffware development, rather than from that of computabil-
ity, preserving the desirable properties of its semantics such as full absiraciness.
The new features are important from the viewpoint of software development: Pa-
rameterization is useful in describing abstract programs which can be instantiated
with particular parameters suitable for a particular situation; locality is useful
in modular development of software, where the interaction between two modules
should be minimized.

There are two directions for extending a pure language like pure CCS so as
to include value-passing: One is to define an applicative language based on the
pure language introducing parameterization; the other is to define a nonuniform
language introducing individual variables and value assignment to the variables.
In much of the literature, only one of these directions is adopted; e.g., the former
is adopted in [HI 90], and the latter in Chapter 7. From a practical point of view,
however, both directions are useful; actually man}; practical languages, such as
Ada, C, and Common Lisp, have both individual variables and parameterization.
We design our language L5 so as to include both features. The language L; is
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obtained by extending a base language, a subset of pure CCS, in the above two
directions, in two stages: First, the base language is extended to a nonuniform
language, which is the one treated in Chapter 7; then the resulting nonuniform
language is extended to an applicative nonuniform language, which we name Ls.

In § 8.3, three operational models Os, Oz, and Cs for L are introduced in
terms of a Plotkin-style transition system ([Plo 81]). The first two models O and
Or are linear in the sense explained above; the third model Cs is a variant of the
failures model which was first introduced in [BHR 85]. The last model is shown,
in the following sections, to be equivalent to the denotational model M.

In § 8.4, the denotational model Mj is defined compositionally using seman-
tic operations which are interpretations of the syntactic constructs of Ls, with
meanings of recursive programs as fixed-points in an appropriate complete metric
space.

Then, in § 8.5, the semantic equivalence between Cs and Mj is established, by
showing that Cs is compositional w.r.t. all semantic operations of £5. From a tech-
nical point of view, the compositionality result is the key of the present paper; from
this the semantic equivalence immediately follows, and the full abstractness results
in § 8.6 follows from this equivalence and the corresponding results in Chapter 7.

Finally in § 8.7, we give some remarks on related work and directions for future
study.

The Appendices include two mathematical definitions and description examples
n £5.

8.2 A Nonuniform Concurrent Language L;

In this section, a nonuniform concurrent language L5 is introduced. It is an exten-
sion of the language £4 treated in Chapter 7. The language £ has value assign-
ments to individual variables, parallel composition with CSP/CCS-like communi-
cation, nondeterministic choice, and recursion. In addition to these constructs, Ls
has parameterization with channel- and value-parameters, and locality in the form
of local variables and local channels.

As a preliminary to the definition of Ls, walue-exzpressions and channel-
expressions are defined with several related notions by:

Definition 8.1 (Value Expressions and Channel Expressions)
(1) First, the following sets are assumed to be given:

(i) An infinite set (c €) Chan of channels,

(ii) A set (v €)V of values,

(iii) A set (z €) IV of individual variables.

It is also assumed that V contains a distinguished element nil standing
for the logical false value.! Further, we assume that Chan is partitioned

11t is possible to introduce Boolean expressions, instead of introducing the value nil to define
conditional statements. The present approach of introducing nil, as in Lisp and the language C,
is adopted for simplifying the semantic definitions in § §.4.
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into two disjoint sets Chany and Chan;, with Chan, being infinite. (This
assumption is made for convenience in semantic interpretation of local chan-
nels in §§ 8.3 and 8.4.) We fix an enumeration {c})neo of Chan,, with
Chan; = {c}, : n € w} and ¢} # cj for distinct indexes i, j.

(2) Let (€ €) Ay and (n €) X¢ be the set of value variables and the set of channel

variables, respectively. For i > 1, let us use variables 7 and £ ranging
over (i>—A¢) and (i > Ay), respectively.

Note that elements of A}, have very different nature from that of individual
variebles * € IV: Individual variables are used to store values, whereas
elments of Xy are used as parameters, e.g., as £ in “(A€. E)”.

(3) We assume a signature

Sigy, = ({V. F,C, H}, Funy, typey,)

in the sense of many-sorted algebra to be given, where V, F, C, and H
are sorts of values, value-ezpressions, channels, and channels expressions,
respectively, Funy, is a set of function symbols, and type,(-) is a function
assigning a type (€ {V,F,C,H}<* x {F,H}) to each function symbol in
Funy. The types V, F, C, and H correspond to semantic donla.ins Vv, F,
Chan, and H, respectively, where where H = (X — Chan), F = (£ = V).
It is convenient, for later purposes, to postulate that v € Funb_ x € Funy,
¢ € Funy, with type,(v) = (e, V), typey(x) = (e, F), type,(v) = (¢,C), for
every v € V, & € TV, ¢ € Chan. Further, we postulate that there are two
function symbols ¢y, . € Funy, with type,(s) = ((V),F) and typey(ey) =
({(V}, F); the symbol ¢, (resp. i) converts a value (resp. a channel) to a
corresponding value-expression (resp. a corresponding channel-expression).
Moreover, we assume, for convenience in the definition of semantic models

in §§ 8.3 and 8.4, that
type,(F) € {F}< x {F, M},

for every non-constant function symbol F € (Funy, \ {¢v, tc})-
Let (E €) £y, (E €) &x, (G €) &, (G €) Ex be the sets of terms generated
by Sig,,, Xy, A¢ of sort V, F, C, H, respectively. Let

(e€) & ={E € &y : FV(E) = 0},
where FV(E) is the set of elements of Xy U A contained in E. Likewise, let
(¢€) & ={E € & : FV(E) = 8},
(g€) e ={G € & : FV(G) = 0}.
(G €) En ={G € & : FV(G) = 0}

We use variables (¥ (resp. §(")) ranging over (£5)' (resp. (Ex)') for each
i €w. (OnehasV C &, IV C &r, and Chan C &, because V, IV, Chan C
F'I.ln}_,.)
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(4) We define the set T of states by:
(ce) T=(ZV-=YV).

For each e € &y, € € Ex, h € &y, § € Ex. their evaluations [e] € V,
[é] € (£ — V), [g] € (£ — Chan), [§] € (£ — Chan), are assumed to be
given. We assume for every e € £y and h € £¢ that

[ev(e)] = (Ao € Z. [e]), [ev(R)] = (Ao € . [A]).

We assume for each function symbol F € Fun, with type,(F) €
{V,F,C,H}* x {H} that ran([F(---)]) C Chang, for convenience in se-

mantic interpretation of local channels. [
By means of the sets £x and £y, the language £; is defined by:
Definition 8.2 (Language L5)

(1) First, let (X0 g) {Y_S).O} be the set of statement variables. Also let
(X6 g) Xg‘j) be the set of parameterized statement variables with ¢
channel-parameters and j value-parameters, for (i,7) # (0,0). In the se-
quel, we sometimes omit the superscript (*'9, and write X (resp. Xp) for
X090 (resp. X;O’ﬂ)) for brevity. Further, let

(Ze) X=X : (i,) € ).

(2) First, the language (S €) Ls without guardedness condition is defined si-

multaneously with the sets of parameterized statements (S'H9) ¢) ff,,"'”
((£,7) # (0,0)) as follows:
(i) §:=X|0|e|asg(z,E)|out(H, E) |
in(H,2) |in' (2, SO0) | (S5 82) | (51 + $2) | (51 [ 62) |
dc(S) |if(B, 51,52) [let(x, E, S) | LC(ST0) |
(X. §) | SUD(H D . FO)),
where X and @ range over A'p and IV, respectively; H and E range over
Exn and &, respectively; H) and EY) range over (£)' and (££)7,
respectively; C' ranges over p(Chan),
Each construct above has the following intuitive meaning: (a) The con-
stants 0 and e represent inaction and (successful) termination, respec-
tively; (b) (asg(x, E); S) represents an assignment of a value-expression
E to a variable x; (c¢) out(H, F) represents an output of a value E to
a channel H; (d) in(H, z) represents an input from a channel H; (e)
in'(H, 5(®1)) also represents an input from a channel H, with 51 ap-
plied to the input value; (f) the combinators ", *+, *||’, and dc(-) rep-
resent sequential composition, alternative choice, parallel composition,
and action restriction, respectively; (g) if(-,-,-) is the usual conditional
construct; (h) let(z, E, S) is a statement with a local variable x whose



320 8. A Fully Abstract Model for Nonuniform Concurrency

initial value is E; (i) LC(S(?) is a statement with a local channel; (j)
(uX. S) represents a recursive statement, which intuitively stands for a
solution to the equation X = §; (k) S (A (. E D) is the application
of a parameterized statement S() to actual arguments HWO.EO,
(ii) For each (i,j7) # (0,0),
§lid) .= x i) | ()\-r'}'(i) .g(i}_ S) | (#X{!'J]' S(i’-.f))_J

where X1 ranges over A’A(P“j), and we put {0 = O =

For notational convenience, we put E_(,,U'm = Es, and let us use the variable
$0.9 ranging over £ let

(s € Ly =L : (1,5) e ).

(3) The constructs “(A7() - €@, -y, S(uX, --)7, “(uX @), -..)” have the
usual binding property. Let (¢ €) A'™ be the set of all variables, i.e., let
X* = XyUXcUX;p. For S € L3, let FV(S) be the set of free variables
in S, i.e., the set of elements of X'* having a free occurrence in S. For

(i,j) € w?, the language £éi'j) is defined to be the set of S € ﬂj’j} satisfying
the following guardedness condition:

For each subexpression (nZ.8') of S, each free occur-

rence of Z in S’ occurs in a subexpression of S’ of the (8.1)

form (asg(z, E); "), (out(H, E);8"), (in(H,x);S"), or
(in'(H,S"); 8").
Let
L=, 3= () € ).
(See § 8.A for an inductive formulation of the guardedness condition and a
more formal definition of £ for (i,j) € w?.)
(4) For Y C X~ and L' C fg, let
L'V ={SeLl :FV(S)CV}
Further, for { € X', let
L'[¢] = L'H{-
We use the variable s(%7) ranging over 1:5,,"”[@)] ((i,j) € w?), and the variable
s (resp. s) ranging over L3[0] (resp. £5[0]). 1

For description examples in L, see § 8.C. In the examples, we omit ¢, and ¢, and
simply write e and h instead of ¢, (e) and tc(h) (e € &y and h € &), when they
appear as arguments of a function symbol in Funs.

We also characterize the language L5 in another way: Along the lines of the
standard typed A-calculus (cf. [Mit 90]), we characterize i ) as the set of terms
(of type (i,])) generated by a signature Sigs ((i,]) € w?):
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Definition 8.3 (Signature Sig;) The signature Sigy is defined by:
Sig, = ({V,F,C,H, P}, Funs, type;),

where V, F, C, H, P arc the base types of values, value-expressions, channels,
channel-expressions, statements, respectively, and Fun; is a set of function symbols
with types being a mapping assigning a type to each function symbol. The types
V, F, C, H, and P correspond to the semantic domains (v €) V, (f €) F, (c €)
Chan, (k €) H, and (p €) Py, respectively. For (i,j) € w?, let

(pi? €) P = (Chan'- VI = Py).
We identify PE‘D.O) with Py, and let

(pe) P;=U{PY: (i) € w®}
The set of types of Sig; is
W, F,C, HYU {PUD) : (i,5) € W},

where PUJ) corresponds to the semantic domain Pgi‘j) ((i,j) € w?). The type
P(0.0) i identified with P. It is assumed that for each F' € Funs,

types (F) = (H!» 9. PR« (PO (PO P),

with ¢,7,k,{,m € w. For i,5,k, {,m € w, let
Fun(si‘i,k.e’,m} — t}-‘pes_l[{(Hi . Fi.pk. (-P(I],l})ﬁ 3 (’P("”))’“}P)}]_

We define Funj as follows:

(i) Fun{®""*? = {0,e};

(if) Funl"""" = {asg(z,-) : ¢ € IV}

(iii) Funl®'""® = {let(z,-,) : 2 € TV};

(iv) Fun{""*? = {out(-,)};

(v) Fung"“'“""‘” = {in(-,z): 2 € Ay}

(vi) Fungu‘o'l'ﬂ’u) ={0c(:): C C p(Chan)};

(vif) Funf{"**"? = {in'(,)};

(viii) Fun®*"*" = {LC(\)};

(ix) Fun{"* = {+,|I}

(x) Fung " = {if (-, )}

(xi) Funl""*“™ = @ for the other indexes (i,j,k,€,m). 1



322 8. A Fully Abstract Model for Nonuniform Concurrency

Having defined Sig;, it is easy to check that the sets E( ) can be characterized
as the set of terms of type P9 generated by Sigy, X*, &x, and £ ((i,j) €

w?). Thus the syntax of £5 fits into the framework of the typed A-calculus. On
the other hand, the semantics for it does not quite fit into the calculus because
of its nonuniform nature, as we will see in the following two sections (see, e.g.,
Lemma 8.6 (5)).

Notation 8.1 The function typos( ) is extended so that it is defined on £, UExU
L3 as usual. For ¢ € (X*-0(Ex UEx ULE)), we say ¢ respects the type iff

V¢ € dom(¢)[ types(¢(C)) = types(¢) ].

For S € Eg and a type respecting mapping ¢ € (A"—Hfg), we denote by S[¢]
the result of simultaneously replacing all free occurrences of ¢ by ¢(¢) (¢ €
dom(g)). 1

8.3 Operational Models O3, O}, C; for L;

In this section, three operational models O, OF, and C; for L3 are introduced in
terms of a Plotkin-style transition system ([Plo 81]). The first two models Os and
O; are linear in that both of them map each statement to the set of its possible
execution paths of a certain kind; the second model O is more abstract than the
first one in that O ignores states whereas Oy involves them. The third model C;
is a variant of the failures model which was first introduced in [BHR 85]. The last
model is shown, in § 8.5, to be equivalent to a denotational model M; defined in
§ 8.4

In this chapter, we use the the following notations with meanings defined in
Chapter 7:

Notation 8.2 (1) The sets C!, C7, C!? for C' € p(Chan), and CSy;

(2) the symbols / and &, the sets (¢« C) Ay, (o C) AY, the variable ¢ ranging
over CS4 x V, ¢ for ¢ € CS4 x V, and the notation §(I') denoting (& ,T);

(3) the set (A €) ASort of actions sorts;
(4) the function sort : Ay — ASort;

(5) the function chan(:) : CS4 — Chan.
(6) The set Ry.

(7) Theset (T €) By. 1

As a preliminary to the definition of {ransition relations, the notion of syntactic
sort is defined by:

Definition 8.4 (Syntactic Sort) For S € f;, the syntactic sort of S, written
S(8S), is the set of function symbols of sort H occurring in S. Formally, it is
defined by induction on the structure of S as follows:
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(i) IfS € X5 or S =0, then 5(S) = 0.
(ii) If S = (asg(z,E);S’), S = let(x,E,8’), S = LC(8'), S = (nZ. 8'), 8 =
S'(H - E), or S = (A\jj- €. §), then S(S) = S(S').
(iii) If S = 9c(S), then S(S) = S(8") \ C.
(iv) If S = (S1+S2), S = (S, || S2). S = if(E, S1,S1), then S(S) = S(S1)US(S2).
(v) If S = (out(G, E);S"), S = (in(G,z);§), or § = in'(G,8’), then S(S) =
S(S")US(G). 1
By definition, S(S) is finite for every S € 7.
Next, let us define the transition relations —5C (L5[0] x ) x (L5[0] x X)
(a € Ay), and —‘ng Ls[0] x . For 51,8, € Ls[0], 01,02 € X, and a € Ay, we
write (s1,01) —s5 (s2,02) (resp. (s1,01) Di5) for ((s1,01), (52,02)) €55 (resp. for
(s1,01) €55), as usual. Whenever (s,0) —; (s',0'), we call (a,(s',0")) (resp.
(s',0")) an immediate derivative (resp. an immediate a-derivative) of (s,0) as in
[Mil 89]. For c!,c? € CS4 and v € V, we sometimes write clv and c?v for (c!, v)
and (c?,v), respectively.

Definition 8.5 (Transition Relations —5)

1  ebs.
(2) (asg(z, e), o) =3 (e, a([e](0)/2]).
(3) (out(g, e), o) ([gl(e)t,[el(a)) s (€, ).

(4) For every v € V,

= ([glle)?,v
(in(g, 2),0) LV, (e, olu/a]),
where for the notation o[v/z] see Notation 2.3.

(5) For every v € 'V,

<@
(in'(g, @), 0) LD, (0D (1), ),

(6.1)
(5,0) Lsa(s’ 7) (a € Ay).
(31 +52,0’) —¥5 (S, 0';)
(s2 4 51,0) =5 (s,0")
(6.2)

(sls U) 'g'}S

(s1 + 82,0) _‘/45

(32+S1,0') —\’:'5
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(7.1)
(51,0 )-2’5 (s,0') a€ A,
(51| s2,0) =5 (5]l 52,0 e Sl
(52 s1,0) — 05(32”& )

(7.2) For every c € Chan, v € V,

¢ c?
(s1,0) _'2’5 (S;lvg)s [32}‘7) _Lt'v (sfzao-;)
(s1]] s2,0) =5 (51 || 3, 07)
T
(52 s1,0) =5 (s3] 51, 0")

(7.3)

(3130) ‘i’-ﬁu (5210) '1’5

(511l 52,0) s
(8.1) For every c € Chan, v € V,

a '
8§ —5 &

dc(s) s dc(s')

(8.2)
v
8§ —g
oc(e) Lo
(9.1)
(51,0) =5 (5,0") ‘
(if (e, 51, 52), 0) ~>5 (s, 07) ([el(o) # nil).
(9.2)
v
L ([el(a) # nil).
(if(e’slssz), 0') —5
(9.3)
(32’0') ‘f"*s (s, a"')
(if(e,sl,s-z),o-} _‘L& (s,0") [{ H ) = nil).
(9.4)

v
(420028 (1e](e) = ).

(if (e, 51, 52),7) s
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(10.1)

(s, o[lel()/2]) =5 (5',0")

(let(z, e, 5),0) =5 (let(z, o'(x), '), o'[o(x)/x])

Intuitively, this rule is explained as follows: To infer the immediate deriva-
tives of the configuration (let(z, e, s),d), we first need to find the immediate
derivatives of the configuration (s,c[[e](o)/x]), because in (let(z,e,s),0)
the statement s acts as if it is in the state o[[e](c)/«] which is the same as o
except that it binds  to the value [e](c) of e in o, forgetting the current value
o(z) for a moment for later restoration. From (s, 0([e](o)/x])) =5 (s'.0"),
it is inferred that the configuration (let(z,e,s),o) has an immediate a-
derivative (let(z, o'(z),s"),0'[0(z)/a]), where the statement let(z,0'(z), s')
is obtained from s’ by putting it in the let(- - -) construct locally binding z to
o'(z), and the state o’[o(x)/z] is obtained from ¢’ by restoring the original
value o(z) of x; the restoration is applied, because in let(z, €, s), the variable
z is localized, and so, the (global) value of 2 never changes whatever action
the statement let(x,e,s) may perform. (See § 8.7 for related work on the
semantics of local variables.)

(10.2)

(11)

(s ollel(@)/a) 5

(let(z, e, 5), ) s

(O(cs ) (s (eh)), 0) =5 (s',07)

(i) (LC(«"'(I‘G))'.U}__}"’ (s',0")

i) lea (00 0) s
LC(s19),0) s
where m = min{n € w: ¢}, € S(s1?)}. Note that the set
{n€w:c; g S(s1)}

is nonempty, since S(s1'?)) is finite by definition. (See Remark 8.1 below for
the motivation for this rule.)

(12.1) The following rules are called the recursion rules:

(S[(kX. 8)/X],0) 55 (',")
((pX. S),0) S (8, 0%)

(i)

(SI(uX. $)/X},0) 25
(nX. §),0) s

(if)
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]

(12.2) The following rules are called the parameterized recursion rules:

(S(t.?)[ X)) S(‘”)/}{{‘?]]("U) "U}Lg) &5 (3’,0")
(pX ), S (G . gD), 5) S5 (', 07)

(i) 3
(SED[(pX G, §ED) XED) (G . ), 5) L

(pX D), §EDYGW . g1), 0y Yo ’

(i)

where (2, 7) # (0,0).
(13) The following two rules are called the A-rules:

(S[(FDV[e] - e [a]) /(7D - €))),0) S5 (s',0")

(i) — R ‘
(AT - EG). SY(GW - 8W)), o) S5 (s, 07)
(u) (S[(GD[a] - 9 [a])/ (T - 5(1))],0.) ty
(M0 -0, §)(FD - eD),0) Log

where (i, j) # (0,0) and
[59] = GO®ODeer. F910) = (29 W])ec B

Remark 8.1 The present treatment of local channels is very similar to Milner’s
treatment of auxiliary channels introduced for defining the linking combinator ‘™’
(cf. [Mil 89] §3.3). This combinator is defined by:

51752 = dqcy(si[e/c’] || sa[e/c"]),

where ¢’ and ¢” are predefined channels for output and input, respectively, ¢ is an
auxiliary channel which is fresh, i.e., chosen so that ¢ € S(s;) US(s2), and [c/c’]
is the renaming combinator which replaces ¢’ by c. Strictly speaking, however,
the combinator i1s not defined in the calculus, i.e., there are not a term S
and variables X, X, such that s, " ss = S[(s1,82)/(X1, X2)] for all 51, s2. In
our language, LC(-) is a predefined function symbol, for which transition rules
in Definition 8.5 (11) are prescribed in terms of an auxiliary channel ¢}, which is
fresh. See Example8.3 in § 8.C for a description example using LC(-). J§

(Tl

By the above definition and the guardedness condition in Definition 8.2, we
have the following lemma stating several useful properties of the transition system

(Ls[0], AY, {5t @ € AY)).
Lemma 8.1 For every s € L5[B] and o € I, the following hold:

(1) The transition system is image-finite in that for every a € A4, the image set
{(s',0") : (s,0) =5 (s',0")} is finite.
(2) sortlacts(s, o)] is finite.
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(3) For every c € Chan, the set {v € V : (cl,v) € acts(s,0)} is finite. |

From Definition 8.5, we obtain the following lemma which states that immedi-
ate derivatives of a configuration of the form (S(§- &), o) are the same as those of

(5(151(e) - [€](a)); @)-

Lemma 8.2 Let (i,j) # (0,0), S € L5[0], G € (Ec), and & € (Ev)?. Then, for
every o € T, the following hold:

(1) Va € Ay, V(s',0') € Ls[0] x £ (S(F- €),0) =5 (s',0")
& (S(I71(0) - [E])(0),0) 5 (s',0") |-
(2) (S(F-2),0) Y5 & (S([71(0) - [F](0).0) 5 .1

In terms of the transition relations — (a € A“f) three operational models Os,
@, and Cs are defined. The first two models Os and Oj are linear, and the third
one Cs is a variant of the failures model. The models Os, Of, Cs are defined in the
same fashion as the definition of QO4, O, and C; except that the domain of Os,
Oz, Cs is Ls[0] instead of L£4[0] (cf. Definitions 7.20, 7.21, 7.26).

From the definition of Cs, the following lemma immediately follows.

Lemma 8.3 Let (i,j) # (0,0), s € L'[0), G € (Ec), and & € (Ev)!. Then,

Cs[s(g- &) = U [C5[s([§1(o) - [€T(o)){o))- B

oD

We define two abstraction functions Ay and Aj which relate Os and Of with
Cs, respectively.

We use in this section the abstraction functions A4 and Aj defined in Chapter 7
(cf. Definitions 7.27 and 7.29).

Having defined A; and Aj, the following lemma immediately follows from the
definitions of Os, Of, and Cs.

Lemma 8.4 (Correctness of C5 w.r.t. Os and O3)
(1) O = Ay 0Cs. (2) 0; =AjoCs.

8.4 A Denotational Model M; for L;

In this section, we define a denotational model M; compositionally using inter-
preted operations of the language L5, with meanings of recursive programs as
fixed-points in the complete metric space Py4; it turns out that M; is equal to the
failures model Cs, as stated earlier. The model M; is a conservative extension of
the model M, presented in Chapter 7, for a sublanguage £; of £5: That is, in
M5, the semantic operations corresponding to the syntactic constructs in Ly are
the same as those in My, and Ms[s] = Mq[s] for s € L.

As a basis for the definition of M3, we will define an interpretation Iy which
maps each syntactic combinator introduced in Definition 8.3 to a corresponding
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semantic operation on Py. We use the semantic operations 0,,64 € Py, and
TsFdss|l4 1 Py x Py — Py defined in Chapter 7 (cf. Definition 7.23). Semantic
operations corresponding to the combinators asg, d¢(-), let(z,-,-), and LC(-) will
be defined later. First, semantic operations corresponding to the other combinators
are defined as in Definition 7.23 by:

Definition 8.6 (Semantic Operations)
(1) For each z € IV, the semantic operation asggﬂ : F — P4 corresponding to
the construct asg(z,-) is defined as follows: For f € F,

dsggw) fl= U{((U, T,0[f(0)/x])) : 0 € T} - &;.

2) The semantic operation outs : H x F — P4 corresponding to the construct
p g
out(-,-) is defined as follows: For h e H, f € F,

outs(h, f) = {{(a,(R(c)!, f(0)),0)) : 0 € T} - &4
U{{(0,6(T))) : 0 € T A T € p(CSY \ {h(c)1})}.

(8) For each x € TV, the semantic operation ln : H — P4 corresponding to the
construct in(-, z) is defined as follows: For heH,

inl™ (h,p) = U{{(o. (R(0)?,v),0[v/z])) ;0 ES A vEV} -84
U{{(c,8(T))):c €S AT C cs4\{h(a)?}}.

(4) The semantic operation ing : H x Pio'l) — P, corresponding to the construct
in(-,-) is defined as follows: For h € H and p € P\"'",

ing(h,p) = U{{(o, (R(0)?,v),0)) - p(v): 0 €S A v E V}
U{{(0,8())) : ¢ € S A T C CSy \ {h(0)?}}-

(5) For g € Q4 U (T x Ay x £)*, let istates(q) = o if 3a,0'[ ¢ = {(0,a,0"))- ¢ |;
otherwise 3 ¢ = ((¢”,8(T"))) | and let istates(q) = o¢”. Also for p € Py,
o € %, let p{o) = {q € p : istates(q) = o}. The semantic operation ifs :
F x P, x Py — P, is defined as follows: For f € F, py,ps € Py,

ifs(.faplapz) U{pl( >

A f(O' nll}
UU{PJ(U) €T A

= nil}. g

A semantic operation 5£CJ(—) corresponding to the construct dc(-) is defined
by:

Definition 8.7 (Semantic Operation ééc) Corresponding to dc) The operation
ééc}{—) : Py — Py is defined as follows: For p € Py,



8.4. A Denotational Model Mj for £5 329

& (p) =
{{{oi,ai,00))ice € (Ex Ay X Z)¥ Np: Vi € w] sort(a;) € C'17 |}
U{g: 3n € w,3{0i)ie(ns1)s (01)ie(nt1) € T,
3(&,),.5,1 A4) LAl e KJ(CS4)[
g ={(0:,2i,07))ien - ((0';,, 6(I'))
AVi € n[ sort(a;) € C17 ]
A{(0i,@i,07)}ien - {(00, 8T\ CI7))) € p |}
U{g: 3n € w,3(00)ie(nt1), (O1ic(ns1) € Z™F,
(a:)ien € (Ag)"|
q= ((Ji: ai;J:))iérI . ((0’,1, \/))
AVi € n[ sort(a;) € C'7 ]
A{(0i,@i,07))ien - ((0n:s V) €D ]} I

A semantic operation corresponding to the construct let(-,-,-) is defined by:

Definition 8.8 (Semantic Operation let.g’“'} corresponding to let;) Let z € ITV.

First, we define an auxiliary function let-base.f;’) : F x Py — Py as follows: For
every (f,p) € F x Py,

let-basel™ (f,p)
={{(c,V)):c €T A ((Ulf(a)/'f] V) € p}
U{{(, (1)) € (£ x p(CS4))' : {(o[f(a)/2],8(T))) € p}-

By means of let-basegr), the operation Iet(;) : F x Py — Py is defined recursively
as follows: For every (f,p) € F x Py,

let{” (£, p)
= let- bascg:)(f,p) U
(U{{(0,a,0'[o()/])) - 1ets” (o' (), pl{(c]f (0) /), @, 0"))]) :
pl{(alf(0)/], a,0"))] # w})c*

(8.2)

Formally, letgx) is defined as the fixed-point of a higher-order contraction as
follows: First let M, = (F x Py) — Py, and let us define &, : M; — M; as
follows: For F' € My, and (f,p) € F x Py,

‘I’:(F)(f,;ﬂ)
= let base5 (f,p)

U (U{{(oya,0'[o(z)/z])) - F(a'(z),p[{(a]f(a)/2],a,0")}]) :
pl{(alf(a)/a],a,o’))] # 0})°.

It is easy to verify that @, is a contraction from My to itself. Let
(x) _
let;™ = fix(P,).

Then one has (8.2) by definition. For later use, we put
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let-actg’") (f,p)

= (U{{(0: 0, o'[o(2)/a])) - 1ot (o* (2, pI{ (o[ (0) /2], 2, )] : (8.3)
pl{(alf(a)/2]. a,0")] # O},

obtaining
let'™) (f,p) = let-base™ (£, p) Ulet-act'™ (£,p)
by definition. J

The following example illustrates how the elements of lct{;}( f.p) are obtained
from those of p:

Example 8.1 Let x € IV and ¢ be a finite element of Q4 of the form
((0i,i,00))ien - {(0n, 1)), or ((0i,ai,07))icw-

We say ¢ is x-stabilized iff
Vi € lgt(q)[ i + 1 <lgt(g) = oi(z) =0} J;

also we say g is x-connected iff
Vi €lgt(g)[ i + 1 <lgt(g) = oi(x) =0git1 ]

Let v € V and p € Py. It immediately follows from the definition of let-(;:)
that all elements of lety(p) are z-stabilized. Elements of lety(p) are obtained from

those elements of p that are x-connected. That is, for finite elements of letgr}(p)
we have (8.4) below for every n > 1, and for its infinite elements we have (8.5):

((U{,aig U;[Ui/ﬂ:]))ién . ((0’,” ‘r)) € ICt.(Sz)(U'! p) (8_4)

At <(Ji[1";/$}1 @i, g;))fE" ' ((Jﬂ{v:a/‘r]: T)) €p

(00 @i, aifvi/a]))icw € 1ot (v,p) & ((oilvi/a), air0]))icw € P, (8.5)
where v; = oy(z), v} = oi_(z) for i > 0, and vy = wv. Note that

the sequences ((o,a;,0i[vi/z]))ien - {(on, 1)} and {(oy, a; cllvi/2]))iew (resp.
{(oi[vi/a),aiy0l))ien - {(onlvy /2], X)) and {(o:[vi/z], ai,0}))icw) are x-stabilized
(resp. z-connected). Here we show only (8.4) for n = 1 below (a proof that (8.4)
holds for every n > 0 and a proof of (8.5) can be obtained by induction in a similar
fashion}.

{(70, a0, 7g[v0/2]), (01, X)) € let{” (v, p)
& pl{(oolvg/z], a0, 0¢))] # 0
A{(o1, 7)) € lets” (v}, pl{(o0lvh/], a0, o}))])
& pl{(oovg/2],a0,00))] # 0
A{(a1[v1 /2], 1)) € pl{(ao[vo/x], ao, op))]
& ((oolvg/x], a0,00), (o1 [v1 /2], X)) € p. 1
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As a preliminary to the definition of a semantic operation LC corresponding
the construct LC(+), we introduce the following semantic operation which renames
channels in processes:

Definition 8.9 (Renaming Operation) Let ¢ : Chan — Chan. First, we define
¢ Ay — Ay as follows: For a € Ay,

_ (¢(c),v) ifa=(c,v),

é(a) =< (o(c)?,v) ifa=(c?,v),

a otherwise.

By means of 5, a renaming operation é¢ : Py — Py is defined as follows: For
P € P‘-i'.!

Os(p) =

{q € Q4 EI{(U,,aI, Niew € (Ex Ay x D) Np[

q={(0i,¢ !) g; ))!Gw ]}

U{fj‘ €Qy: E']’l Ew 3((0‘,_ (D((I,‘),O’E))fe,«; € (E X Aix E)",
3(o,T) € = x p(CSy)[ (0, ai,07))ien - {(0,6(¢7'[I]))) € p
Ag = {(0i,¢(ai), 07))ien - {(0,8(I))) 1}

U{g€Qq4:3n€w, 5’((05,‘3';(&,), 1)),en € (X x Ay x T)",
30 € [ {(04,ai,07)}ien - {(0,V)) € P
A g = {(01,6(a:), 01))ien - (0. V) 1}- B

By means of the renaming operation 04, a semantic operation corresponding
to the construct LC(-) is defined by:

Definition 8.10 (Semantic Operation LC(:) Corresponding to LC(:))
(1) For p € Py, the semantic sort of p, written S(p), is defined by:

S(p)
={ c € Chan:
Jw; € (S x Ag X £)<%,3(0,0,0") € T x Ag x I
a # 7 A ¢ =chan(sort(a)) A p[w: - {(s,a,0"))] #0 ]}.

(2) For c,c’, let [¢'/c] be the mapping from Chan to Chan such that [¢’/c](c) =
¢’ and [c¢'/c](c") = c" for every ¢” € Chan \ {c}. The operation LC :
P{"" _, P, is defined as follows: Let p € P{"". If there exists C €
pr(Chan,;) such that

V¢, ¢’ € (Chan, \O)[ )
Orcr/e)(p(e)) = p(c’) A (c#c" = ¢’ € 5(p(c))) ],
then let LC(p) = a{c"‘}(p( c;,)), where

m = min{i € w:3C € pr(Cham )| cj € C'A
Vc,c' € (Chan, \ C)[ O¢c//¢i(p(c)) = p(c’)
Ae#c = ¢ ¢5(p(c))) ]I}
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Otherwise, let LC(p) = 0. J

Let 5 be an interpretation of Sig;, a mapping which maps each syntactic
combinator to its corresponding semantic operation:

Definition 8.11 (Interpretation Z; for Sig;) Representing a mapping as a set
of pairs as usual, we define Z5 by:

{(O,ﬁ),(e.,'é),(out( 3, outs) (in"( -),ing)}
U{(LC(')sLC) +, +4 ” “4 ! 1!4 lf(':‘:'):ifS)}
U{(asg(:z:,-),asgg )) 1z € IV}
U{(let(:c,-, ),let$”) : & € TV}
U{(in(-, z) lélg”) : 7 € IV}
U{(ac(')aaé 7(-)): C € p(Chan)}. 1
The semantic operations in T3 have the following useful metric properties,
which are to be employed in the definition of the denotational model Ms:

Lemma 8.5 (Metric Properties of Semantic Operations)
(1) Let (¢,j,k,I,m) €ew®, F € Fungi'j‘k‘!'m), h € Hi, f € Fi. Then, the mapping
- = = 2 0, 1 r T o - =
(M@, B.8') € P} x (P"V) x (P Ts(F)(h- £ i - B 5))
is a nonexpansive mapping from P¥ x (P{"")¢ x (P{"")™ to P,.

(2) Forz € IV, f € F, h € H, the three mappings (Ap € Py. (asg(;’(f) WD),
(Ap € Py. (outs(h, f)iyp)). and (Ap € Py. (in‘(;](h)i4 p)) are contractions
from P4 to P4 with coefficient x.

(8) Foreevery he H, f € F, (Ap € Pﬁu‘”. ing(h,p)) is a contraction from Pfi‘””
to Py with coefficient &. J

In terms of the interpretation I, the denotational model Mj is defined com-
positionally, with meanings of recursive programs as fixed-points in the complete
metric space Py. For the definition of Ms, a few preliminary definitions are
needed.

Definition 8.12 (Semantic and Syntactic Valuations)

(1) For S € L, let deg(S) denote the depth of nesting of function symbols
(including constant symbols), p-recursions, function applications, and A-
abstractions in S.

(2) For p € (X5 — P}), we say P respects the type iff for each Z € A5 the type
of p(Z) is the same as that of Z. Let

SeVal =‘{f) € (Xp — Pj) : p respects the type}.

For 0 € (X3—+Lz[0]), we say 8 respects the type iff for each Z € dom(f) the
type of 8(Z) is the same as that of Z. Let
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SyVal = {# € (Xp-+L:[0]) : 6 respects the type}.

(3) For S € £:[X3] and § € SyVal, let S[f] denote the result of simultancously
replacing all the free occurrences of Z € dom(#) by 6(Z). i

For S € L:[Xp], and p € SeVal, we can define M;[S](P), the mean-
ing of S in Ms under the evaluation P, so that the conditions in the next
lemma are satisfied. Moreover, it can be shown that there is a unique mapping
Ms : Li[X3] — (SeVal — Pj) satisfying the conditions. (See § 8.B for the formal
definition of JMs.)

Lemma 8.6 (Characterization of Denotational Model M)
(1) For S € Xp, one has M;[S](p) = p(S).
(2) For § = F(§-&-8-T-0) with F € Funf"**™, j € (€)', & € (£x),
§e£§,fe(£(° 1)yt UG(L'EI 0)) , one has
Ms[81(8) = Zs (F)([7] - [€]- Ms[S1(®) - Ms[T1(5) - Ms[U1(B))-
(3) For S =(Aij- g. 8", with lgt(if) = i and 1gt(€) = j, one has
M5s[S](p) = (AE- 7 € Chan' - V7. Ms[S'[(&- 0)/(i- OII(D))-
(4) For S = (pX ). SGIY with (i,j) € w?, the mapping
(xp € P M[SEP ) (plp/ X))

is a contraction from P70 itself (for the motation p[p"H)/X(1I)] see
Notation 2.3), and

Ms[S1(B) = fix(Ap € P{™. Ms[(S)(Blp/X 7))
By definition, the following holds for every p € Pgi‘j):

p = Ms[(pX0, SEN(p) & p = Ms[(S“N](Blp/XH]). (8.6)

(5) The interpretation of function application is nonuniform in the following
sense: For S = S (g . gli)),

Ms[81) = |J (M1 18)([7V1(@) - [€)(9)) (o) -1
ocEXD
From the definition of M;, we immediately have the following proposition

stating that the value M;5[S](p) does not depend on p(Z) for Z ¢ FV(S):

Proposition 8.1 Let S € L. Then for every p1,P2 € SeVal such that p,
FV(S)=p; FV(S), one has Ms[S](P1) = Ms[S](P2). 1

Thus, for s € £3[0], the value Ms[s](p) does not depend on the choice of p; we
denote the value by Ms[s], and we define a function Ms : £3[0] = P4 by:
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M = (Xs € L2[0]. Ms[s]).
The model Mj is compositionel in the following sense:

Lemma 8.7 (Compositionality of Ms) Let S € L:[X7], (i,)) € w?, Z € X9,
s € £§"[0), and p € SeVal. Then

Ms[(S[s/ZD](B) = Ms[SI(BIMs[s](B)/2))- B

8.5 Semantic Equivalence between C; and Mj;

In this section, we establish the semantic equivalence between Cs; and Mj, from
which the correctness of M; w.r.t. Os and Of immediately follows.

First, it is shown that Cs is compositional w.r.t. all combinators in Sig;:
Lemma 8.8 (Compositionality of Cs) Leti, j, k, {,m € w, and F € Fun{"?*5™,
Then, for every h € (By)i, € € (), 5 € £k, Te (LON), @ e (£L)™, the
following holds:

CSHF LE5-T-1)]
=T(F)([A]-[€]-Cs[5] - GsIF] - Csl@ ])-m
We will prove claim (8.7) for F = let(z,-,-) and for F = LC(-); for the other

combinators except dc(+), the claim has been established in Lemma 7.19; for d¢(-),
the claim can be established in a similar fashion to the proof of Lemma 7.19.

As preliminaries to the proof, we present four lemmas (all of them can be proved
easily and their proofs are omitted). The first two state useful properties of the

(8.7)

operation letm( -); we will employ them for establishing (8.7) for F' = let(z, -, ).

Lemma 8.9 (Distributivity of letf,f)) For x € IV and f € F, the operation
letS™)(f,-) is distributive in that
Vp1,p2 € Py 10135 (fipUpz) = let{;)(f,pl) UICt{sx}(fepz) N

Let us say p € P, is image-finite iff for every r € (£ x Ay x £)<%, the following
holds:

plr] #0 = Vo € T,Va € Ay[ {¢' € T : p[r][{(c,a,0"))] # B} is finite ].
Then, one has the following lemma:

Lemma 8.10 (1) For every s € L5[0], Cs[s] is image-finite.
(2) For image-finite p € Py, we can omit taking closure in (8.3). 1

Next, two lemmas are presented as preliminaries to the proof of (8.7) for F' =
LC().
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Lemma 8.11 Lets € ﬁgl"”, and let ¢,¢’ € Chan be such that c,c’ g S(s) and
c #c'. Then, ¢’ € S(Cs[s(c)]) and
Orc/c)(Csls(e)]) = Cols(<)]- W
Lemma 8.12 Let p € Py, c,c’ € Chan be such that ¢’ ¢ S(p). Then,
58 Brercr(p) = 1 (v)-W
For notational convenience, we extend the domain of Cs by:
Definition 8.13 (1) For (i,j) # (0,0) and s € ﬁgi’j), let
Cs[s] = (A&- 7 € Chan’ - V7. C5[s(€ - D)]).
(2) For n € w and § € (L3)", let
Cs[8] = (C5[8()])ien-
(3) For # € SyVal, let
Cs[8] = Cs 0 8 = {C5[8(2)]} zedom(oy-

Proof of Lemma 8.8. (1) First, we will prove (8.7) for F = let(z,,), i.e.,
that the following holds for every € IV, e € &5, and s € L5]0):

Cs[let(z, e, 5)] = let$™ ([el, Cs [s]). (8.8)
Fix z € TV, and let

K = (L5[0] x £ — Pa).
Let us define F,G € K as follows: For (e, s) € L5 X &,

Fle,s) = Cs[let(z,e,5)], Gle,s) = lets” ([e], Cs[s]).

Let us show that F = G, which is a reformulation of (8.8), by showing that both
F and G are the fixed-point of a higher-order contraction X : K — K defined as
follows: For K € K, and (e, s) € Ex x Ls[0],

K(K)(e,s) =

{{(o,V)) € (Ex {¥})' : V € acts(s, a[[e] (o) /2])}

U{{(o,8(T))} € (E x ©(CS4))! - acts(s, offe](s)/z]) SCSs x V
Aacts (s, o[[e](e)/z]) N T = 0}

ulU{{(a,a,0'[o(z)/2])} - K(o'(z),5") 1 0,0" €T A a € Ay A s'€Ls

A(s, ollel(o)/2]) =5 (s,07)}-

It is easy to verify that K is a contraction from K to itself. Also it follows from
the definition of Cs that F = K(F), i.e.

F = fix(K). (8.9)
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Let us show G = K(G). For (e, s) € Ex x L5[0], it follows from the definition of
let{™ that
5

G, s) = lets” ([e], Cs[s])
= let-base{™ ([e], Cs [s]) U let-act{ ([e], Cs[s])-

Further it follows from the definition of let-ba,scgz) that

let-base!™ ([e], Cs[s])

={{(0,V)) € (Ex{V})' : V/ € acts (s, o{[e](v)/2])}
U{{(s,6(T))) € (E x p(CS;))" : (8.10)
acts(s, o[[e](o)/x]) C CSy x V
Nacts(s, a[[e](e)/z]) NT = @}.

Also one has
let-act(z) ([el, Cs[s])
= {0, a,0[o(z)/a])} - lets™ (o' (z), (Cs[sD)[{(cllel () /). @, ")) :
(Cs[sDl(o[lel(o)/2]. a,0"))] # 0}

(by the definition ofletéxJ , where taking closure of the
term (J{--} can be omitted by Lemma 8.10 (2))

= J{{(0,a,0'[0(2)/2]))
1ets” (0 (2), U{Gs [5] - (s, 0[el(0)/#]) s (5" 0"))) :
3s'[ (s, o[led(0)/z]) =5 (s',0) 1}
(by the definition of Cs)
=UtUt,s. fr'[o z)/x]))
lets” (o (2), G5 [5']) - (S tT[[[ﬁ’] )/z]) =5 (s',0')} :
3s'[ (s, J[IIE] (0)/a]) =5 (s',0") 1}
(by Lemma 8.9)
= U{ 0,a,0'[o(x /:r] ) - letm (z),Cs[s]) :
(s, o{le](0)/=]) =5 ’)}
= U{ (o, a, U'[o(m}/m])) G (o'(x),s"):
(s, olle](0)/a]) =5 (s',0")}.
By this and (8.10), one has
Gle, s) = letz([e],s) = K(G)(e, s).
Since e and s are arbitrary, one has G = K(G), i.e., G = fix(K). From this and
(8.9), the desired result follows.

(2) Next, we will prove (8.7) for F = LF(.), i.e., that the following holds for every
s € £_(51’u):
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Cs[LC(s)] = LC(Cs[s]). (8.11)
Let s € ‘Cgl'n), and set p = Cs[s]. First, one has

C5[LC(S)]] = Csﬂa{c;n}(S(C:l )]], (812)
with

m=min{i € w:c; € S(s)},

since the only rule by which one can derive transitions of (s, o) is rule(10) in
Definition 8.5. Next one has, by Lemma 8.11,

¥c,¢’ € (Chan; \ $(p))[ Opc /1 (p(c)) = p(c')
Alc#c = ¢’ €5(p(c))) |-
Thus, by Definition 8.10, one has
LC(p) = 17} (p(c3)). (8.13)
with
n=min{i € w:3C € p;(Chan;)[ c; ¢ CA (8.14)

Ve,c¢' € (Chan, \C)Lé[c:/c](p(c)) = p(c)
Alc#c' = ' €S8(p(c)))A ]}

By (8.12) and (8.13), it is sufficient to show

Cs[01cs,y (s(c))] = 85 (p(e})), (8.15)
in order to show (8.11). Let us prove (8.15).
By (8.14), there is C' € pr(Chan,) such that
c, € CA N
Ye,c¢’ € (Chan, \ C)[ Ocr/¢(p(c)) = p(c)
Ac#c = ¢ ¢S5(p(c))) |-
Let us fix such C, and let ¢ € (Chan, \ (S(s) UC)). Then, one has
Cs[0gcsy (s(ei))] = 5™ (Cslis(er)D)
= 81"} @1c;, /1 (CsIs(e)]))  (by Lemma 8.11) (8.16)
= 35{(:}((35 [s(c)]) (by Lemma 8.12).
Also one has
51 (p(c;)) = 81 (B(e; /1 (P(c)))  (by Lemma 8.11)
=51 (p(c)) (by Lemma8.12) = 3d{(Cs[s(c)]).
By (8.16) and (8.17), one has the desired result (8.15). W

By means of Lemma 8.8, which states the compositionality of Cs w.r.t. the
combinators in Sigs, one has the equivalence between C; and Ms:

(8.17)
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Lemma 8.13 (Semantic Equivalence between Cs and M)

(1) For S € Li[X}], p € SeVal, and 6 € SyVal with FV(S) C dom(8), one has
Cs[S[0]] = Ms[SI(p[Cs[#]])- (8.18)

(2) Fors e L[0], Cs[s] = Ms[s]. B

Proof. (1) Let us prove claim (8.18) by induction on deg(S).
Induction Base. Suppose deg(S) = 0, i.e., S € A';. Then,

Cs[S[0]] = Cs[6(S)] = M5[S(Cs[6])-

Induction Step. Let n > 0, and assume claim (8.18) has been proved for S with

deg(S) < n. Fix S € L}[X}] such that deg(S) = n. Let us show (8.18) for S. We
distinguish four cases according to the form of S.

Case 1. Suppose S = F(§-&-5-T.U) with F € théi'j'k‘f‘m} and § € (En)',

g€ (Ex), § e (Ls[Xp)), T e (LOV[X3))4, U € (£87[X5])™. Then,
Cs[S[]1(®) = Zs(F)([4] - [€] - Cs[SION(B) - CsIT[81(B) - Cs[TI61)(B))

s (F)([3] - [€] - Ms[ST(BICs [6]]) - Ms[TTBICs[81]) - M5 [TT(BICs [41]))

(by the induction hypothesis)
Ms[ST(Cs[0]).

Case 2. Suppose S = (Afj- 3 S’). Then,

Il

—

Cs[S[01] = Cs (M- €. S'BD] = (A¢- . G5 [(S'eN)I(E - )/ (7 - E)]])
= (A& 7. G(S'[(E- 9)/(- OIelD)
(by the definition of Cs)
= (A& 3. Ms[S'((€ - 9)/ (i 1 @IC: [e1D)
(by the induction hypothesis)
= Ms[(A7- €. S)I(B[Cs[6]])) (by the definition of M)
= M;[S1(B[C5[4]))-
Case 3. Suppose S = (uZ. S'). Then,
Cs[s[e1]
=Cs[[(nZ. (S")[6])] (where § =6 (dom(8)\{Z}))
= Gs[(s"[8))(s[6]/2]]
= C5[S'[0[S[f]/Z]]] (for the notation §[S[#]/Z] see Notation 2.3)
= Ms[S')(B[Cs[6 U {(Z,S[6])}]]) (by the induction hypothesis)
= Ms[ST(p[Cs [61][Cs [S[6]1/2])).
Thus,
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Cs[S[6]] = Ms[ST(®ICsIoNICs[S[e11/2))-
By this and (8.6), one has

Cs[S[6]] = Ms[ (2. 8")(B(Cs[0])) = M5 [S1(PIC5[A]])-
Case 4. Suppose S = §'(§- €). Then,
Cs[S[]] = Cs[S'[61(7 - O] = | [G[S'P1([51 (@) - [€D (o)) ()]

ocEX

(by Lemma 8.3)
= J (G[S'611([71(0) - [€](9)){e)]  (by Definition8.13 (1))

oEel

= |J MsIS1BICIEN 7 1(0) - [€](0)) (o))
oEx
(by the induction hypothesis)

= M;[S'(7- O)](P[Cs[0]]). (by Lemma 8.6 (5))
Thus, one has the desired result.
(2) This part immediately follows from part (1).

From the above lemma and Lemma 8.4, the following lemma immediately fol-
lows:

Corollary 8.1 (Correctness of M5 w.r.t. Qs and Of)

(1) Vs € Ls[0][ Os[s] = A4(-f\'ffs{[51) J-
(2) Vs € Ls[0) Ozs] = Ai(Ms[sD) |- B

8.6 Full Abstractness of M; w.r.t. O; and O;

Having established the compositionality of My (Lemma 8.7) and its correctness
w.r.t. Os and O} (Corollary 8.1), the full abstractness of M5 w.r.t. Os and O;
immediately follows from the full abstractness results in Chapter 7.

Theorem 8.1 (Full Abstractness of Mz w.r.t. Os and O3) If'V is infinite, then
the following hold:

(1) For every s,,s, € L5[0],
J\;{5II31]] = J‘)fgl&g]] =3

VX € Xp,VS € Ls[X][ Os[S[s:1/X]] = Os[S[s2/X]] - (313)
(2) For every s1,s2 € L5[0],
Ms[s1] = M;s[s2] & (8.20)

VX € Xp,¥S € L[X][ O3[S[s1/X]] = O;[S[s2/X11 1.
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In order to prove the above theorem, we employ the following two lemmas, which
have been established in Chapter 7.

Lemma 8.14 If 'V is infinite, then

Vp1,p2 € Pa[ p1 # p2 = 35 € Ls[ Aa(py | Ms[3]) # As(pz [ Ms[3]) |-
Proof. See the proof of Theorem 7.2

Lemma 8.15 If 'V is infinite, then
Vs1, 82 € Ls[ Os[s1] # Os[[s2] = 35 € Ls[ OZ[s1 || 3] # Os[[s2 1|51 ]]- 0
Proof. See the proof of Theorem 7.3.

Proof of Theorem 8.1. (1) Let 51,53 € £5[0]. The = -part of (8.19) follows
from Lemma 8.7 and Corollary 8.1 (1) as follows: Suppose Ms[s;1] = M;s[s2], let
X € Xp, S € L5[X], and let p be an arbitrary element of SeVal. Then

Cs[S[s1/X]] = Ay (M5[S[s1/X]]) (by Corollary8.1 (1))
= Ay (M5 [SI(B[Ms[s1]/X])) (by Lemma 8.7)

= Ay (Ms[SI(B[Ms[s2]/X]))  (since M;s[s1] = Ms[s2])
= Ay(Ms[S[s2/X]]) = Cs[S[s2/ X]I-

The <=-part of (8.19) follows from Lemma 8.14 as follows: Let us show the
contrapositive. Suppose M;[s1] # Ms[s1]. Then, by Lemma 8.14, there is 5 €
L5[0] such that

Osls1 113] = AdMs[si]| Ms[s]) # As(Ms[s2][Ms[[s]) = Os[sz || 3].

Thus, putting S = (X || 5), one has C5[S[s1/X]] # Cs[S[s2/X]]. Summing up one
has the contrapositive of the <-part of (8.19).

(2) Let ;1,89 € L5[0]. The = -part of (8.19) follows from Lemma 8.7 and Corol-
lary 8.1 (2) as in part (1). The <=-part of (8.20) follows from Lemma 8.14 and
Lemma 8.15 as follows: Suppose M;[s;] # _;\/'15 [s1]- Then, by Lemma 8.14, there
is § € L5[0] such that Os[[s1 || 5] # Os[[sz || 5] Also by Lemma 8.15, thereis 5’ € L5
such that O3[(s1 || 3) || #'] # Oz[(s2 || ) || §']- Thus, putting S = ((X || 5) || 5'), one
has Cs[S[s1/X]] # Cs[S[s2/X]]- W

8.7 Concluding Remarks

We conclude this paper with some remarks about related work and directions for
future study.

We have shown how the simple nonuniform concurrent language presented in
Chapter 7 can be extended so as to incorporate parameterization and locality
(local variables and local channels), with the full abstractness result obtained in
Chapter 7 being preserved.
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Our treatment of parameterization in this chapter is standard except that the
interpretation of function application is nonuniform in the sense of Lemma 8.6 (5).
QOur treatment of local channels is very similar to Milner’s treatment of auxiliary
channels introduced for defining the linking combinator ‘=’ (see Remark8.1 in
§ 8.3). There are several approaches to the semantics of local variables. Our
treatment of them is similar to that in [BKPR 92] which treats a more general
setting with a state space including states with partial information. The treatment
in [BKPR 92], in turn, is based on the idea of [SRP 90] of using cylindric algebras
(see [HMT 71]) to capture the notion of projecting away information. For other
approaches to the problem of giving semantics to local variables especially those
using categorical methods, we refer the reader to an expository article [OT 92]

There are two directions for extending the reported results. One is to inves-
tigate fully abstract models for extended languages such as the ones including
real-time constructs. The other is to investigate fully abstract models for the
same language Ls, but w.r.t. more abstract operational models, e.g, linear mod-
els which are weak in that they ignore internal steps denoted by 7. Such models
which are fully abstract w.r.t. weak linear models have been proposed for uniform
concurrent languages (cf., e.g., [DH 84], [Hen 85|, [Hen 88], [HI 90], [Hor 92al); a
similar problem for nonuniform concurrent languages is an interesting topic for
future study.

8.A Formal Definition of Language L;

In this appendix L; is defined formally along the lines of the definition of a simple
language Lo in [KR 90] § 1.1. For each n € w, we define £59 (n) and 649 (n) for
(i,j) € w? simultaneously, by induction on n as follows:

Definition 8.14 (Definition of Language Ls)

(1) For each (i,j) € w?, let £57(0) = @, and G (0) = 0.

(2) Let n € w. In terms of Eéi’j](u) and G (n) for (i,j) € w?, we define
£ (n 4 1) as follows: First let

VJ(HF@#E E-§-T-0): F e Fun{ "™ A H € (En)’
ANE € (E7) A § e (£ (n))*
AT € (£OP ) AT e (L8 0)™)
(i,4,k,6,m) € w®}
v JUS@-E):s e £ (n) A H € (éx)' A E € (E)}
(,7) # (0,0)}
U{(pX. S). X € Xp A S € G4(n)}.
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Then, for (2, j) # (0,0), let
Lin+1) =
X(i,jJ
uJH»i- € S): i€ (irde YA Ee(jr—Xr) ASel"n)}):

(i,4) € w?}

U{(e2.8): Z € X" A S e g (n)}.

Also, we define g(13) (n + 1) as follows: First let
GO (n 4+ 1) =
(XOO\ {Z}) U {(asg(x, E); S):z € IV A S € LYV (n)}
U{(out(H,E);S): He éy A E€éx A § € LV (n)}
U{(in(H,z);S):z € IV A He Ex A S € L2V (n)}
U{in'(G,S): H € Ex A S € LV (n)}
VU({FE-E-5-T-0): F e Funl"M™ A H e (&)

ANEec(Er) ASe (G(n))*

AT € (GOVm))t AT € (61 (n)"}:
(irdy by t,m) € W}

UJUSH-E):S e Gid(n) A H € (&) A E e (Ex)}:
(i,5) # (0,0)}
U{(nZz'. 8): Z' € X5 A S € g5 (n) A GSP (n)).
Then, for (z,7) # (0,0), let
G (n+1) ==
(x5 \{2})
U{(\7-£. 8): i € (i) A E€ (iv—XF) A S € GO0}
U{(nZ'. 8): Z' € (Xp)") A S € 630 (n) NGl (n)}.
It can be shown immediately by induction on n that
Vn € w,V(i,j) € w?,VZ € X3 g{"-”(n) c.LY 3’(;1)
AGEN(m) € GO m +1) A L5 (n) € L5 (n 4 1) )
(3) For each n € w, let
ci(m) = L5 (n) : (4) € w*),
and
= [J{g"? ) €W’}
Also for each (i,j) € wz, let
1:5,,""" = U{E(;'j)(n) :n€whli
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8.B Definition of Denotational Model M;

For each n € w, S € L3(n)[Xp], and p € SeVal, we will define M;[S](p), by
induction on n. In other words, we will define a family of mappings

(AS € L3(n)[X3]. (AP € SeVal. Ms[S](D)))

(n € w), by induction on n. We will define this family so that the following two
conditions are satisfied for every n € w:

Wi, j) € w2, VS € L5 (n)[ 3]
(Ap € SeVal. M;[S](R)) is a nonexpansive mapping from (8.21)
SeVal to P4 |,

V(k, £), (i,5) € w?,¥Z € X50 vS € 647 (n)[X5], VD € SeVal|
(Ap € P9 M;[S](B[p/Z))) is a contraction from piHo (8.22)
to P\ with coefficient x. ]

Step 1. For n = 0, we simply define (AS € L; ([} )[Xp]. (AP € SeVal. M;[S](p)))
to be the empty mapping, since L;(0)[X7] =
Step 2. Let » € w and assume that

For S € £:(n)[X3] and p € SeVal, M;[S](p) has been
defined so that the conditions (8.21) and (8.22) are satis- (8.23)
fied.

Step 2.1. First, let us define Ms[S](p) for (i,j) € w?, 8 € LY (n + 1)[Xp] and
p € SeVal. Fix (i,j) € w?. We distinguish two cases according to whether or not
(i,7) = (0,0).

Case 1. Suppose (i,7) = (0,0). We distinguish several cases according to the
form of S.

Subcase 1.1. Suppose S € Xp. Then let M;s[S](p) = p(S). Obviously the
mapping (AP € SeVal. M;[S](p)) = (Ap € P}. p(8)) is nonexpansnc

Subcase 1.2. Suppose S = F(h-&-8 . T -U) for some (i',j', k', ¢',m'),
F e Fun{7*C™) g e (&n)7, 2 € (€)', § € ULV mIG)Y, T €
(L), U e (L8 (m)[A3)™ . Then let Ms[S)(p) = Zs(F)([4] - [e]-
M;s[S](B) Mo[[i‘:]](i)) - Ms[0](p)), where Ms[S](B) = (M5IS()](B))ier, and
M;[T](D), Ms[U](P) are defined in a similar fashion. In this subcase also, the
mapping (AP € SeVal. M;[S](p)) is nonexpansive, by the induction hypothesis
(8.23) stating that (8.21) holds and Lemma 8.5 (1).

Subcase 1.3, Suppose S = §'(§- &) for some (i,j') € w? 8§’ € ﬁf,,""f')(n)[(t’;]
Ge (En)", &€ (E7)7. Then let

Ms[S1(®) = [J Ms[818)([71(o) - [€]())(o}]-

el
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It immediately follows from the induction hypothesis (8.23) stating that (8.21)
holds and the definition of the metric on Pg' ) that the mapping

(Ap € SeVal. Ms[S](p))

is nonexpansive.
Subcase 1.4. Suppose S = (pX. S’) with S’ € G4(n)[Xp]. For p € SeVal,
let o(p) = (Ap € Py. Ms[S'](P[p/X])). By the induction hypothesis (8.23)
stating that (8.22) holds, the mapping ¢(p) is a contraction from Py to itself
with coefficient k. We define M;[S](p) = fix(¢(p))-

It can shown that the mapping (Ap € SeVal. M;[S](p)) is nonexpansive as
follows: Let pg be an arbitrary element of P4. Then, by Banach’s Theorem,

M;[81(B) = fix(p(3)) = lim [(¢(5))" (po));

where ((p))" is the n-th iteration of ¢(p). Let py,p1 € SeVal. Then, by induc-
tion, it can be shown immediately that

vn € w| d((¢(P1))" (o), (#(P2))" (po)) < d(P1,P2) |-

Thus, one has

d(Ms[S](P1), Ms[S](P2))

= limp—oo[d((p(P1))" (Po), (¢(P2))" (po))]

< d(p1, b2)-
Hence, the mapping (Ap € SeVal. M;[[S](p)) is nonexpansive.
Case 2. Suppose (i,j) # (0,0). In this case also, we distinguish several cases
according to the form of S. _
Subcase 2.1. Suppose S € X;{;:'J) (resp. S = (pZ. S') for some 8’). Then, we
can define M;[S](p) for p € SeVal, and show that (Ap € SeVal. M;[S](p)) is
nonexpansive, in a similar fashion to Subcase 1.1 (resp. to Subcase 1.3) above.
Subcase 2.2. Suppose S = (Aj-£. §) with 7 € (i>—aXc), £e(jr—Ay), S €
E(so'm(n)[/l’{,]. Then let

M;[S](p) = (\&- 7 € Chan’ - V7. Ms[S'[(&- 7)/(7- DII(B))-
By the induction hypothesis (8.23) stating that (8.21) holds and the definition of
the metric on P{"¥), one has

Vp1, P2 € SeVal[ d(M;[S](P1), Ms[S](B2)) < d(P1,P2) -

Namely, the mapping (Ap € SeVal. Ms[S](p)) is nonexpansive.

Step 2.2. Having defined M;[S](p) for S € ﬁgi‘j){n + 1)[X7] and p € SeVal, let
us show the following holds for every (k, £), (i,§) € w?, Z € X9, S € ¢S (n +
1)[Xp], and p € SeVal:

(Ap € P9, M;[S](Blp/2]) is a contraction from P{" (8.24)
to P{") with coefficient &.
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Fix (k,{),(i,j) € «?, Z € AFY, S € 657 (n + 1)[X;]. and p € SeVal. We
distinguish two cases according to whether or not (i, j) = (0,0).

Case 1. Suppose (i,j) = (0,0). Again, we distinguish several cases according to
the form of S.

Subcase 1.1. Suppose S € (,3(,1,”'0} \ {Z}). Then,

vp € PO M;s[S1(p[p/2)) = B(S) |-

Thus, the mapping (Ap € Pik‘g}. M{,ES](I‘)[p/Z])) is a constant mapping, and
hence, a contraction from ng‘f) to P,(;"'”. Thus, one has (8.24).
Subcase 1.2. Suppose one of the following holds:

(i) S = (asg(z,e); §') with x € IV, §' € £y (n),

(ii) S = (out(h,e); S') with h € Ex, ¢ € £x, 8" € L3 (n),
(iii) S = (in(h,z); S') with h € &, z € IV, §' € LV (n),
(ivf) S = in(h,S) with h € Ex, S’ € L (n).

We consider the case (i); in the other cases, the same conclusion is obtained in a

g 4 k.0
similar fashion. For every p € Pﬂ ;

M;[S1(Bp/2]) = asgs” (Ms[S'1(Blp/2]))

Thua, (Ap € P“‘ O M;[S1(B[p/Z))) is a contraction with coefficient &, since
asg'® is a contraction with coefficient , and (Ap € P, H). M;[S'1(plp/2))) is
nonexpansive.

Subcase 1.3. Suppose S = F(}: g-5-T-U) with F € Fun?"jf'kl‘ei‘m‘], he (En),
ge (£5), § € (Gzm)xE)*, T e GV ), T € (657 (n)[X3])™ . Then,
one has the desired conclusion that (Ap € P{"™. M;[S](p[p/Z])) is a contraction
with coefficient , by the induction hypothesis (8.23) stating that (8.22) holds and
the fact the semantic operation Is(F) is nonexpansive (cf. Lemma 8.5 (1)).
Subcase 1.4. Suppose S = S’ ( . &) with (¢/,7") # (0,0), 8’ € Qg}’j‘)(n)[{ﬂ’;].,
h € (Ex)', €€ (EF)'. Then, for every p' € SeVal,

M;[81) = | MsIS'I®E)([R1(0) - [€](0))(0)]-

cEX

Thus, the desired result that (Ap € ng,f). M;[S](p[p/Z])) is a contraction with
coefficient # follows from the induction hypothesis (8.23) stating that (8.22) holds

and the definition of the metric on the function space P (£:3),
Subcase 1.5. Suppose S = (uZ'. S') with 8§’ € gg’ Dy n)[Xp]. Thus, by Defini-
tion8.14 (2), one has 8’ € G5'” (n)[X3] N gg‘:“’(n)[x._;]. For every p' € SeVal,
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Ms[SI(5') = fix(p(3")), = lim [(2(5))™ (po)],

where

o(d') = (W' € Py. M5[S'](0'[p'/2])),

and pq is an arbitrary element of Py, and (p(p))™ is the n-th interation of @(p).

For p;,p; € ng.fl, we will show that for every n € w (8.25) below holds, by
induction on n, using the induction hypothesis (8.23) (stating that (8.22) holds),
and the fact that dp is an ulira-metric.

d((p(®p1/2]))™ (po). (p(BlP2/2]))™ (o)) < k- d(p1,P2), (8.25)

For n =0, (8.25) obviously holds. Fix &’ € w, and assume (8.25) holds for n = k'
Let us show (8.25) for n = &’ + 1. One has

d((sO(f)[m/Z]))“"*” o) (sO(i){Pz/Z] YD (py))
o(d[P1/2])((¢(D[P1/2]))* (Pn) (Blp2/2])((¢(BIP2/21))" (po)))

= d(Ms[S’ll b[p1/2)[(¢(Blp1/2]))* Po )/2'),
M;s[8'1(Blp2/Z][(¢ (p[pz/Z])) /Z"l

< max{d(M;s[S'](B[p1/Z][( ‘:'(P[PI/Z])] . Po)/Z"),
M;[S'1(B[p1/2)[(¢(Blp2/2]))" ,(Po)/Z’])),
d(-MS[[S!]](P[PI/Z][(%(P[PQ/Z]))}”,(Pu)/Z’]),
M;s[S'1(Blp2/2)[(¢(Blp2/2]))* (0)/2')))}

(since d is an ultra-metric)

< max{k? - d(p1,p2), & - d(p1,P2)}
(by the induction hypothesis (8.23) stating that (8.22) holds)

< &+ d(p1,P2)-
Thus (8.25) holds for n = &' + 1. Thus, one has

d(M;[S](B[p1/2]), Ms[S](P[p2/2]))
= d(limp o [(2(B[P1/2]))"™ (p0)]: limn—oo[(p(B[P2/2]))"™ (P0)))
< k-d(p1,P2)-

Since pi,p2 have been chosen arbitrarily, one has the desired conclusion that
(Ap € ng'c). M;[S](p[p/Z])) is a contraction with coefficient «.
Case 2. Suppose (i,j) # (0,0). Then, one of the following holds: (i) S € X"/},
(ii) 8 = (A7} £. §’), (iii) S = (pZ'. S’). We consider the case (ii) here; for the
other cases (i) and (iii) the same conclusion is obtained as in Subcase 1.1 and
Subcase 1.5 above. -

By the definition of Ms[S](p), one has the following for p € P{"/):

Ms[S](Blp/Z])
= (AE- 7 € Chan’ - Vi, Ms[(S'[(E- #)/(ii- EDI(B[p/2)))-



8.C. Description Examples in L5 347

Thus by the induction hypothesis (8.23) stating that (8.22) holds, one has the
following for p;,p2 € P9, (€,7) € Chan' x VI

dMs[(S'[E- )/ ODIBlp1/2]), Ms[(S'(E - 8) /(7T EDI(Blp2/2)))
<k d(plﬂ p'z)

Thus, one has,

d(Ms[S)(Blp1/2]), M5[S1(Blp2/2])) < £ - d(P1,P2)-

Since p1, p2 have been chosen arbitrarily, one has the desired conclusion that
(Ap € SeVal. Ms[S](p[p/Z2]))

is a contraction with coefficient . [

8.C Description Examples in L;
In this appendix, two description examples in L5 are given.

Example 8.2 In Figure 8.1, we give a description in L5 of the server of a typical
server-client system supporting an indefinite number of clients.

In the description, the following constructs in Funy are assumed to be pre-
defined: (a) a constant ¢ of type C used when clients request the service,
(b) a constant ‘client-indexes’ of type V representing a predefined set of possi-
ble client indexes, (c) a constant ‘sorry’ of type V indicating that all the client
indexes are being used, (d) a constant ‘exit’ of type V, (e) a function symbol
‘service-chan’ of type ((V),C), (f) a function symbol ‘update” of type (V3,V) such
that update(f,n,i) = f[n/i] for f € (client-ids — w), n € w, i € client-ids, where
‘client-ids’ is a predefined set of identifiers of clients, (g) a function symbol ‘bill’ of
type (V2,V) such that [bill(f, )] = f(i) for f € (client-ids — w) and i € client-ids.

We use three individual variables xg, x1, o2 as local variables, and another
individual variable 23 as a global variable: (h) The variable xq stores the set of
client indexes being used; (i) the variable 2y stores the client indez of the current
session; (j) the variable z stores the bill of the current session; (k) the variable
x5 stores the list of bills of all the clients.

Firstly, the server initializes the variable @ to 0 (linel); then the body in
lines 2-20 runs as follows: (1) The server receives a service request from a client
through the channel ¢ with the passed value, the identifier of the client, bound
to £ (lines3-4). (2) If the all the possible client-indexes are being used, i.e., if
client-indexes\ zo = 0, then the server outputs a message ‘sorry’ (line 6); otherwise
the block in lines 7-20 is executed.

The block runs as follows: (3) The variable z; is set to the client-index of the
current session (line 7). (4) The index is sent to the client through ¢, thereby the
client knows which service channel is used in the session (line8). (5) The value of
zo is updated so as to include the value of 2; (line 9).
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1. let(zo, 0,
2. (nXo.
3. in'(c,
4. (AE.
5. if(clients-indexes \ zo = @,
6. out(c, ‘sorry’),
7. let(z;, min(clients-indexes \ zg),
8. out(c, z1);
9. asg(zg,zo U {z1});
10. (Xo |l
11. let(xq, account(zs, £),
12. (.U,Xl .
13. in’(service-chan(z),
14. (M.
15. if (& = ‘exit’,
16. out(servzce chan(z;), z2);
17. asg(zj, update(xs, bill(z3, &) + x4, £));
18. asg(wo, o \ {z1}) ),
19. (out(service-chan(x; ), retrieve(£;));
20, asg(z2, 22 + 1) X1 )))))))-B

Figure 8.1: Description of a Server in Lj

The rest of the block is the parallel composition of the original server, which
can receive new service requests, and a subprocess (in lines11-20) managing
the current session. The subprocess runs as follows: First, z; is initialized to
account(wxs, &) (line 11). The rest of the subprocess is the iteration of the service
transaction (in lines 12-20), which runs as follows: (6) The subprocess receives a
query through the channel ‘service-channel(z;)’ with the passed value (the query)
is bound to & (lines 13-14). (7) When the passed value is ‘exit’, the subprocess
informs the bill of the session of the client, updates the values of 3 and 2, and
then terminates (lines 16-18). Otherwise the subprocess retrieves the answer to
the query &;, and sends it to the client (line 19); then it increases the value of x4
by 1, and iterates the transaction (line 20). J

Example 8.3 Let us name the parameterized statement given in Figure 8.2 fact.
Forc € Chan, n > 0, the statement fact(c, n) computes n! and outputs it through
¢, creating n processes which operate concurrently. i
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(X0,
(A(m,£). if(€ = 0, (out(s, 1); 0),
LC(Ay. XD (€ - 1)
| (in’(n', (Ay'. out(n, n-1');0))) ))))-

Figure 8.2: Description of Factorial in L;
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Chapter 9

Conclusion

We conclude this thesis with a table which summarizes the results obtained so
far on the full abstractness problem for concurrent languages (see Table 9.1 on
page 354).

In this thesis, we have investigated the full abstractness problem for concurrent
programming languages, in the context of linear-time semantics. More specifically,
we have investigated how to construct fully abstract models w.r.t. strong/weak
linear semantics, both for uniform and nonuniform languages.

As described in §§ 4.1, 5.1, 7.1, fully abstract models for uniform languages
w.r.t. linear operational models (of the linear-time variety) were first investigated
in [BKO 88], and then investigated in [Rut 89] in the framework of metric seman-
tics (cf. *1,%2 in Table 9.1). In Chapter 4, we have constructed fully abstract
models w.r.t. strong linear semantics for two languages £,, L2, of the uniform
variety; the first language £, is a so-called pure concurrent language, and £, is an
applicative language based on L;.

In Chapter 5, we have constructed fully abstract models w.r.t. three weak linear
semantics for £; within the framework of structural operational semantics in the
style of [Plo 81]; in Chapter 6, we have constructed a fully abstract model w.r.t.
yet another weak linear semantics also for £y, in the framework of denotational
semantics based on cms’s and cpo’s.

In this thesis, we have also investigated similar problems for nonuniform lan-
guages. The operational models O3 and Oy for a nonuniform language introduced
in Chapter 7 are strong models of the linear-time variety; both @3 and O, involve
information about states. Fully abstract denotational models w.r.t. Oz and Oy
are presented in Chapter 7 (cf. *3 in Table 9.1). Also, we defined a more abstract
operational model O} for L4 by ignoring states in § 7.3, and showed that M, is
fully abstract w.r.t. O as well (cf. x4 in Table 9.1).

It seems more difficult to construct fully abstract denotational models w.r.t.
weak operational models. In the uniform setting, fully abstract models for a CCS-
like language were constructed w.r.t. weak linear semantics with divergence, in
Chapter 5 and Chapter 6 (cf. *5 in Table 9.1).

351
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In the nonuniform setting, the problem seems more difficult, and not much
is known on this problem. For nonuniform languages as well, weak operational
semantics are naturally defined from strong ones by abstracting from internal
actions: For example, a weak operational semantics O}* for £, is defined from Of
as follows: For every statement s and state o,

O7"[sl(e) = {(p\ 1) : p € Of[s](0)},

where (p\ 7) is the result of ignoring 7’s in p € (C4 U {7})S“. It remains for
future research to construct fully abstract models w.r.t. weak linear semantics for
nonuniform languages like £3, £4 which have parallel composition but no coroutine
construct (cf. #7 in Table 9.1). Hennessy and Plotkin constructed a fully abstract
model for a language L., which is similar to £3 but has a coroutine construct
in addition to parallel composition (cf. *6 in Table 9.1). Having the coroutine
construct, however, has the effect of making internal actions in weak semantics
visible, and thus, makes it possible to treat weak semantics as if they were strong
ones (cf. § 7.2.6). A related discussion is found in the last section of [BKO 88].

The full abstractness problem has also been investigated in the context of
branching-time semantics. In [Mil 80], [Mil 85] and [Mil 89], Milner showed that a
strong operational model for CCS of the branching-time variety is compositional
(cf. *8 in Table 9.1). Moreover, it was shown in [GV 92] that branching-time and
strong operational models are in general compositional under certain conditions
(cf. %9 in Table 9.1). Denotational models equivalent to those operational models
were presented in [Rut 90] for the case when the LTS’s on which the operational
models are based are finitely branching; this result was extended in [Hor 92b],
to the case when the underlying LTS’s are possibly infinitely branching. The
denotational models are fully abstract w.r.t. the operational models by definition
(cf. ¥10, %11 in Table 9.1).

In [Mil 80], [Mil 85], [Mil 89], Milner characterized a fully abstract composi-
tional model for CCS w.r.t. observation equivalence = (cf. 12 in Table 9.1). This
relation = is a weak operational equivalence relation of the branching-time variety.
Milner characterized observation congruence =¢, which is the coarsest congruence
relation included in =, as follows: For every two statements s, 82,

51 =% 5, &
Va € Act, \(; y=(1.2),2.1)0 5[ s S5 =
38”[ Sj(—r>)* _‘_1_} (_L)*SH A S" ~ 3” ]}1

where Act is the set of all actions including 7 (cf. [Mil 89], Definition 7.2). The
characterization of a fully abstract model in Chapter 5 is an analogue to this
characterization, in the context of linear-time semantics.

In the major part of the thesis, in Chapters 4, 7, 8, we use cns’s as semantic
domains for denotational models, although a cpo is also used in Chapter 6. For
more treatment of the full abstractness problem for concurrent languages in an
order-theoretic framework, see [HP 79], [BM 87], [MV 88], [MO 90].

In [Hen 88], which is based on [DH 84], [Hen 83], [Hen 85], Hennessy showed
in detail the full abstractness of a denotational model AT consisting of acceptance
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trees equipped with a complete partial order, w.r.t. testing equivalence. In § 6.6.3
and § 6.6.4, we showed a variant AT, of AT is isomorphic to a mild variant ’D;"f
of the fully abstract model D}f presented in Chapter 6.

For a survey of the full abstractness problem for sequential languages, see
[BCL 85]. In [St 86], the general question concerning the existence of fully abstract
models was treated in an algebraic context.
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Table 9.1: Results on Fully Abstract Models for Communicat-
ing Processes

Linear Strong|Uniform [BKO 88]: Characterization of a fully ab-
Time stract compositional model.*!

[Rut 89], Chap. 4: Construction of a fully
abstract denotational model.*?

Nonuniform|[Chap. 7 ([HBR 90]): Construction of a
fully abstract denotational model w.r.t.
an operational model with states.*®
Chap. T: Construction of a fully abstract
denotational model w.r.t. an operational
model without states.™

Weak [Uniform Chap. 5 ([Hor 92al), Chap. 6.7

Nonuniform|[HP 79]: For a language with a coroutine
construct.*®

7. For languages with parallel composi-
tion like L3, £4.77
Branching|Strong|Uniform  |[Mil 80|, [Mil 85], [Mil 89]:

Time Characterization of a fully abstract com-
positional model for CCS.*®

[GV 92]: Characterization of fully ab-
stract compositional models in general.*®
[Rut 90]: Construction of fully abstract
denotational models for the case of
finitely branching LTS’s *1°

[Hor 92b): Construction of fully abstract
denotational models for the case of in-
finitely branching LTS’s*!!

Nonuniform|?
Weak |Uniform [Mil 80], [Mil 85], [Mil 89]:
Characterization of a fully abstract com-
positional model,*!?

Nonuniform|?
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Appendix B

Index

B.1 Notations

(ao,a;), 15

(a0, a1,a2), 15
(@i)ien, 15

(cl e), 263

(c? x), 263

(w\ 1), 162
(z:=¢€), 230
(X-+Y), 13

(X -Y), 13

(X —=°Y), 17

(Az € X. E(z)), 13
<jv, 230

C!, 88

C!?, 88

clv, 265

C?, 88

c?v, 265

D, 155

E, 85

F Z 14

flgl, 15

flyo/mo], 15
Fs(d,v',v",s), 288
G (o,v',v",s), 288
H, 154, 163

h, 162

H$(u,v,s), 288
hy, 160

Hi, 160

plnl, 18

pP, T4

PMi 76

p[n], 15

g, 18
S[So/X], 65
S[$/X], 65
Sx)[So), 65
Sf{g], 65
T(E), 85

wy - we, 14
W), 14

X<l 16

yfz, 15

[i..5], 14

[u], 287

88

, 14

7, 249

%, 64, 64

@, 250

Ty, 287
L((zn)new), 22
L({zn)new, X), 22

=
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Uneol{za)]; 22
= 15

~¢ 42
deg(S), 332
A, 155

&(T), 156, 236
DI, 177

DY, 200

M5, 176

M;, 334
M;[s], 333
N, 200

€, 14

=rf 160

= .o 208

T, 236, 269
B,, 236

C,, 94

J, 35

K, 17

D, 155

5, 53,155, 235
4,128,155
([1-0, iy, ag), 15
A, 157

A', 157

A(p), 129

<iv, 230
lub({gn)new), 25

¥, 161
v 235
n, 18
§(X), 13
¥, 230
D, 249
E; 23
C,, 24
24, 265

Vs, 233

Ty, 233

==, 124
2., 69

v, 53, 64, 232
7, 8, 64, 232
0, 127

f(w), 124

+, 167
+b(p1,p2), 167
D(p), 167
Fy(d,?s), 288
H(p), 178

0,, 73

0,, 95
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W, 16

¥/%, 15
p+|‘c1(Q)& 24
Pireo(@); 24
P+fin (X), 13
P-i—(X)'s 13
pra(Q), 177
0ra(Q), 24
pfco(Q)! 24
Pfin (X), 13
pr(Q), 24

0, 64, 231
Asg, 230
ASort, 88, 265
AT, 202
A, 64

Ay, 88

AY, 232
A, 265
Ay, 265

B, 155

B!, 69

B}, 91

B3, 236

B, 269
B, 155

B,, 159
B..;, 160
Chan, 85, 263
Chang, 318
Chan,, 318
Cond, 231
CS,, 264
CSy, 265
c!(E), 85
clv, 88
c?(T), 85
c?v, 88
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C,, 64
CY, 69, 155
C,, 88
Cy, 88

e, 64, 231
Es, 247
E,4, 280
E4(c), 280
false, 85
Fun,;, 65
Fun;, 65
F’Llng, 87
Fun;, 87
Funj, 231
Fun,, 264
Fun;. 321
Fun,, 318
F, 318

H, 318
if(b, -, -), 231
Int, 14
In, 263
nil, 85
Out, 263
P,, 93
P{", 93
P;, 93

P;, 242
P 321
P;, 274
P, 153, 156
PE, 172
P.,, 156
Q, 155
Q. 54
Ql, 53
Q;, 70
Qyf, 128
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Qyl, 124
Q2, 92
Qs, 237
R, 177
Rg, 235
Ry, 267, 322
R;, 268, 268
Sig,, 65
Sig;, 65
Sig,, 87
Sigs, 87
Sig,, 231
Sig,, 264
Sigs, 321
Sig,, 318
V, 85, 230
A (p), 164
< 94
AL, 94
Az, 246
Ay, 279
Aj, 287
B, 260
B, 301
B(p), 155
C, 318
Co, 54
C1, 70
c5r, 154
Crf, 154, 163
cri, 128
v, 128
Ca, 92
ey, 200
cy, 206
Dyf, 181
DY, 200
F, 318

F(s), 129
G, 64
G, 86, 86
g, 86
G;, 86
Gs, 231
G, 264
H, 318
7V, 230
7,73
Ly, 61, 64
Ly, 61, 85
£, 85
L;, 86, 86
L;,191,191
JVII, 62
Ms, 62
N, 200
O, 53
Ot 154, 160
or, 159
N b
Or™: 127
127
O3, 235
Oy, 267
Os, 327
Oz, 327
P, 85
RV, 64, 230
rYVY, 85
RV, 86
R(s), 129
S(s), 138, 164
S(S), 322
S*(s), 164
(n
1

Si(s), 19
S5 (s), 100
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T, 206

V, 318

X, 85

Ae, 318

Xp, 64, 230
X0, 85

X3, 85

Xy, 85, 318
act(p), 156
acty(s), 69, 124
acty(s), 90
acts(s, o), 234
acty(s, o), 266
arity, (-), 65
aritys (-), 281
arity, (), 264
ASFin™(p), 273
BExp, 230
cact(p), 156
cact(s), 161
Chain(X,C), 22
Chain(X,R), 22
chan(A), 88
CS(M,d), 17
dom(f), 14
Exec3(gq), 247
Execy(gq), 280
ff, 230
FIRN;(p), 242
FIRN{" (p), 241
FIRN,(p), 274
FIRN{™ (p), 273
FIRT:(p), 242
FIRT{" (p), 242
FIRT,(p), 274
FIRT{" (p), 274
FIR3(p), 242
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FIR,(p), 274
fix(f), 16

FV(5), 64
histy(q), 280
IDrv(s), 124, 159
IFing(p), 241
IFin{" (p), 241
istates(q), 237
istatey(q), 269
last(g), 14

lgt(w), 14
mini(p), 35
mrg(wq, w; ), 54
mrg(w,,ws), 133, 134
Mrg,, (p1,p2), 134
mrg,, (wi,ws), 134
ObS_;t'[[']l, 201
OVFin™ (p), 273
ran(f), 14
rest(g), 14
sacty(s, o), 267
satr, 194

SeVal, 332

sort, 88

sort(a), 265
SyVal, 183, 333
tt, 230

type,, 87

type;, 321

typey,, 318

VExp, 230

B.2 Variables

A, 88
a (for A;), 64
a (for AY), 64
D, 64
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e (for £), 85

G, 86

g, 86, 231, 264
g (for G,), 64
H, 86

h, 86

0, 267

P, 230

P (for RV), 64
r (for PYV), 93
S, 64

s, 86

s (for £,[0)), 64
t, 86

U, 85, 86

u, 86

v (for V), 85

z, 230

X, 230

X (for Xp), 64
z (for Ay), 85
Y, 85

Z (for RV"), 86
o, 232, 265

X, 235

7 (for By,), 160
n (for X¢), 318
7 (for X4), 85
7 (for C,), 88
p, 69, 91, 124, 235, 267
p (for B), 159
¢ (for SyVal), 183
g, 86

T, 236

T (for {D,A}), 156
7, 318

£, 318

¢ (for Ay), 318
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¢ (for X5), 85

¢ (for SeVal), 171

¢ (for Chan), 85, 317
p (for P3), 93

u, 287

B.3 Subjects

A-condition, 156
A-rule, 90

p-notation, 6

abstract (less ~ ), 42
abstract (more ~ ), 42
abstraction (function ~ ), 39
action (~ of £,), 64
action (~ of Ly), 88
action part, 74

action restriction, 64
action sort, 88, 265
alternative choice, 5

application (~ of a parameterized
process), 85

arity, 47
assignment, 230
atomic action, 5

Banach’s Fixed-Point Theorem,
15

Boolean expression, 230
bottom, 22

bounded in the action part, 156,
192

bounded set, 24
boundedness, 24
branching-time, 352
canonical term model, 42
cardinality, 13

Cauchy sequence, 17
chain (R—~ ), 22
channel, 317



channel variable, 318
closed set, 15

closure, 16

cms, 7, 13
communication action, 64

communication action (~ of L),
88

communication channel, 85
communication sort, 88
compactness, 24
complementation function, 64
complete, 41
complete metric space, 4, 13, 15
complete partial order, 4, 13, 22
completeness, 40, 164
compositionality, 40, 181, 182
compositionality (~ w.r.t. combi-
nators), 47
concatenation, 14

concatenation (~ of sequences),
150

conditional, 231
congruence (~ induced by a

model), 42
connected (z-~ ), 330
context, 64

context (abstract ~ ), 40
continuous (~ w.r.t. C), 22
continuous function, 15
contracting, 15
contraction, 15

coroutine, 260

coroutine construct, 352
correctness, 40, 40

cpo, 13, 22

CS, 17

deadlock, 53, 155
declaration, 6, 64
denotational model, 49, 49
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direct deadlock, 155
disabled-7 condition, 156
discrete metric, 16

disjoint union, 16

divergence, 115

domain (semantic ~ ), 3
domain (~ of a function), 14
domain of processes, 156
downward closed, 156
downward closed (~ at level 0), 74
DTC, 156

evaluation function, 85
executable sequence, 247, 280
faltteing, 153

finitely branching, 69, 120, 125

finitely characterized property,
21

finitely characterized subset, 21

finitely characterized subset in
the wider sense, 21

fixed-point, 16

flat, 24

flattened, 153

full abstractness, 40, 41
full abstractness problem, 4
guard process, 172

guarded parameterized
statement, 86

guarded recursion, 5

guarded statement, 64, 86, 264

Hahn'’s theorem, 17

Hausdorff distance, 16

hiding function, 154

high-level operational model, 3

hole, 39

i.oi., 25

image finite transition system,
267

image-finite, 91, 241
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immediate deadlock, 128
immediate derivative, 124, 159
improved failures model, 193, 200
inaction, 64

increasing sequence, 22

indirect deadlock, 155
individual variable, 230

infinitely often increasing chain,
25

input, 85

integer, 14

internal action, 8, 64
internal action model, 62
internal action semantics, 115
internal choice operator, 191
internal move, 232
interpolation property, 26
interpretation, 73

isometric, 15

kernel, 203

least upper bound, 22
length (~ of a sequence), 14
lifting method, 25, 177
linear-time, 351

Lipschitz condition, 17

LTS, 3

lub, 22

maximal trace semantics, 61, 115
metric space, 15

model, 3

model (semantic ~ ), 3
natural number, 14

nested recursion, 6

neutrality of H w.r.t. semantic
operations, 188

nondeterministic choice, 64
nondeterministic ordering, 193
nonuniform (~ interpretation of
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function application), 333
nonuniform language, 5
observation congruence, 352
observation equivalence, 352
occam, 301
ordered pair, 15
ordered triple, 15
output, 85
parallel composition, 5, 64
parameterization, 7
parameterized statement, 85, 85

parameterized statement vari-
able, 319

partially ordered set, 22

place holders, 64

place-holder, 39

pos, 22

powerset, 13

pre-evaluation rule, 90

projection function, 17, 18

range (~ of a function), 14

recursion, 6, 39

recursion rule, 90

recursion rule (~ for £), 124

recursion variable, 64, 230

recursion variable (~ of type
P, 85

relative abstractness, 43

restriction, 14

resumption, 260

saturated in Q;, 194

saturated in Q" 193

saturation, 194

saturation function, 194, 194

semantic sort, 331

semantics, 3

sequential composition, 5, 64

serial statement, 144



signature, 47, 65

Smyth (the ~ ordering), 153

Smyth (the ~ powerdomain of
failures), 153

Smyth order, 24

sort (~ of a statement in £;), 138

sort-finite, 79

sort-set, 79, 100

S0S, 3

ST, 52

stabilized (z-~ ), 330

stabilizing chain, 25

state, 230, 319

statement, 6

statement variable, 51, 64, 230

stream order, 23

strong Acceptance Tree model,
202, 202

strong model, 8

strongly prefix-closed, 194
successful termination, 232
synchronization tree, 52, 118
syntactic sort, 322

syntactical valuation, 183
TCSP, 118

term, 47

termination, 64, 64
termination (successful ~ ), 53
truncation, 14

two-level operational semantics, 3
typed A-calculus, 87
ultra-metric space, 15
uniform and pure process, 61
uniform language, 5

upward closed w.r.t. disabled ac-
tions, 156

value, 85

value expression, 85, 230
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value passing, 7

value variable, 85, 318
value-passing, 61, 62
weak model, 8
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