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ABSTRACT

The tensor product of two unitary irreducible representations of the quantum group S, U(2) is
decomposed in a direct sum of unitary irreducible representations with explicit realizations. The
Clebsch-Gordan coefficients yield the orthogonality relations for g-Hahn and dual g-Hahn poly-
nomials.

INTRODUCTION

There are many special functions of hypergeometric type which admit a
group theoretic interpretation. (See Vilenkin [12].) For g-hypergeometric series
only a few interpretations were known. (See [8], § 1 for an overview.) Nowa-
days, quantum groups, as introduced by Woronowicz [13] and Drinfeld [3],
offer lots of possibilities for group theoretic interpretations of g-hypergeometric
series.

For instance, the little g-Jacobi polynomials appear as matrix elements of
irreducible representations of the quantum group S, U(2). Their orthogonality
relations are implied by the Schur orthogonality relations for compact matrix
quantum groups (cf. [13], theorem 5.7). See [8], [9] and [11]. For one of the
g-analogues of the Krawtchouk polynomials there also exists a group theoretic
interpretation. (See [8].)

In this paper we will show that the g-Hahn and dual g-Hahn polynomials
admit a quantum group theoretic interpretation, quite analoguous to an inter-
pretation of (dual) Hahn polynomials in terms of Clebsch-Gordan coefficients
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for SU(2) (cf. Koornwinder [7]). Here we will closely follow the approach of
[7], where the decomposition of the tensor product of two irreducible repre-
sentations was realized in terms of a basis of homogeneous polynomials in four
variables by the matrix elements of the irreducible representations.

In section 1 we will recall some facts from the theory of g-hypergeometric
series. The reader will find some facts about the quantum group S, U(2) and its
representations in section 2. The tensor product of two unitary irreducible
representations will be decomposed in section 3, which furnishes a new proof
of theorem 5.11 of [14] (i.e. our theorem 3.4). The Clebsch-Gordan coefficients
will be defined in section 4. The essential symmetry relations for the Clebsch-
Gordan coefficients will be derived in a simple algebraic way. However, in
section 5 we have to do hard computational work in order to obtain the
expression (5.3). The orthogonality relations for the g-Hahn and dual g-Hahn
polynomials will be a relatively easy consequence of this expression.

After we completed this manuscript a preprint by Kirillov and Reshetkhin
([6]) reached us, where they also give (without proof) explicit expressions for
the Clebsch-Gordan coefficients for the quantized universal enveloping algebra
U, (81(2)) (cf. [5]). However, they do not express them as g-Hahn polynomials.

1. g-HYPERGEOMETRIC FUNCTIONS

In this section we state some definitions concerning g-hypergeometric
functions. Some g-hypergeometric orthogonal polynomials are also discussed,
as well as some identities for g-hypergeometric functions.

Let 1#geC. For aeC, keZ, the g-shifted factorial is defined by

k-1 .
(1.1)  (@agk= 11 (1-aqg")
i=0
and if |g|<1 we also have
(12) @ @e= T (1-aq’).
i=0

The product of n g-shifted factorials is denoted by
@, ap; Dr=(ar; Qi+ (@y; G-

We also have g-combinatorial coefficients. For n,keZ,, n=k=0

(1.3) ’n} __ @9, =[ n }
Lkl @D @nk Ln-k],

Then
-
”} =1=[”}
101, nlg

and the g-combinatorial coefficients satisfy the following recurrence relation:

R HERAE
L k], klg Lk-1],
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For reZ, the g-hypergeometric series ,, ¢, is defined by

Ayyeees @y d (aly-~-7ar+l;q)k k
1.5 w( ;,">= r ————z~
( ) re1vr bl,...,b, @z k=0 (bl"--,bnq; Q)k

The radius of convergence is 1 for generic values of the parameters. For us the
most interesting case arises when a;=¢ " (n €Z_.) while the parameters
by, ..., by are not of the form 1, ¢ 7%, ..., ¢ ~". Then (1.5) is a well defined termi-
nating series with summation from 0 to »n.

There is a g-analogue of the Chu-Vandermonde formula ([41, (1.5.3))

) c/b; @),
(1.6) 2¢1<" ;q,Q>=(——-_—ﬂb.
c (c; D

The little q-Jacobi polynomials are also defined in terms of a ,¢, series:

-n n+1

,abg

1.7y pux;a blq)=z<01<q ;q,qX>.

They are orthogonal polynomials. (See [1].)
The g-Hahn polynomials are defined in terms of a ;p, series:

'",ab "+1,X
18)  2,0=2,x; a,b,NIq)=3¢'2<q 7 ;q,q>

b

for NeZ, and ne{0,1,..., N}. They are orthogonal polynomials and the
explicit orthogonality relation is

N —x @9 DG Dn-x
2,(q )2,
I 2@ G P
(1.9) _s (abd’ @n@) ™" (1-abq)(g by, abg"™"?; q),

(q; DN (1—abg**'Yaq,abq,q ™ "; @),
x (—aq)"g® =M.

(See [4], (7.2.22).) .
The dual g-Hahn polynomials are also defined in terms of a terminating ;¢
series:
—-n’ b X+ 1, -X

(1.10) %n(u(X))=<%n(u(X):a’b’qu)=3‘/’2< ag,q~ N

for NeZ, and ne{0,1,..., N} and p(x)=q "+ g**'ab. They are orthogonal
polynomials and the explicit orthogonality relation can be derived from the
orthogonality relations for the g-Racah polynomials. (See [2], (1.17)-(1. 19) and
p. 28, 29.) The relation is the following
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v (1-abg™*'Yagq,abg,q~V; q),
v -'A 4 e%" 5
o A (HOONR (1) (1-abq)(q, bg,abqg™*?; q),

(1.11) X(-aq) 'q
(abg*; Pnlag) ™ (.07 'g N @),

= — (abg)".
(bg; @)n (aq,q 5 @),

Ny —(3)

Note that for x, neZ,, 0<x, n<N

(1.12) R, (ux);a,b;Nlg)= 2,(¢ " "; a,b; N|q)

and that (1.11) is equivalent to (1.9).
We will also need a transformation for the ;p, series. It is (see [4], (3.2.5))

“"a b deq"\ (e/a;q), " a,d/b
(1.13) 3‘/’2((1 “7 >= 3z<q ; >

de ' ab (e; q), Ad,aq"”/e’q’q

2. THE QUANTUM GROUP §,U(2) AND ITS REPRESENTATION THEORY

The matrix elements of the representations of the quantum group S, U(2) are
considered in this section.

Fix pe[- 1,11\ (o). We are primarily interested in the case |u|<1. Let A be
the unital C*-algebra generated by « and y subject to the relations

a*a+y*y=1I; aa*+utyy*=1
2.
YYE=y*y; ay=puya; ay*=uy*a.

(For the construction of A4 see [14], § 1.)
Let

2.2) u= ("’ ‘”7*)

y a*

Woronowicz ([13], [14]) has proved that S,U(2)=(A,u) is a compact matrix
quantum group (a quantum group for short). For u=1 we can identify (4, u)
with SU(2).

The comultiplication is the unital C*-algebra homomorphism @ : A—~A4® A
such that (see [14], (1.13))

D(a)=aQ@a—-uy*Qy,
D(y)=yR@a+a*@y.

(2.3)

Fix/e{Z, andletne{~1 -I+1,...,/- 1,7}. Then, using (2.3) and (2.1), we
have
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,p( 21 l/zal—ny1+n
I-nj,-

2l 172 I—-n I+
@4 1 =, @@ty T ®ata*@y) "

u
li 172
= Y t,’;f,‘,,@[ly] al=myl+m,
m=~|[ - u-?
-

Evidently, t,’;fi,,ed, where .« denotes the *-subalgebra of A generated by the
matrix elements of u defined in (2.2). Using the coassociativity ([13], (1.7)),

(PRid)cd=(1dR D)o P,
on (2.4) we obtain
!
2.5 @)= ) by 1ALH .

So the matrix (£3%,) m= -
in C¥*1 (cf. [13)).
Define

(2.6) O=a* f=—uy*

, defines a smooth representation r*# of S,UQ)

.....

then the relations (2.1) become

aff = ufa; oy =uya; yé=udy; fé=uop;

@.7) i
ad—p*da=(1—udI; y=By; ad—ufy=1I.

So we can identify .« with #(a, 8, 7, 6) the unital algebra of polynomials in non-
commuting variables «, f, y and J with relations (2.7). Write a(e, B, y,d) for a
specific algebraic expression in the non-commuting variables o, f, y and ¢
for some ae.#(q, B,7,0). Interchanging B and y yields an isomorphism of
(a, f,7,0) which we denote by

a(a, B, y,0)—a(a, y, B, 5).

Write d(a, B, 7, ) for the same algebraic expression as a(a, f, y,d) with the order
of the factors in each term inverted. Interchanging « and J yields an anti-
isomorphism which we denote by

a(a, B, y,0)~aGé, B, v, a).
We state some results on the representations £# and its matrix elements t,’;f;,,.

(See [8].)

PROPOSITION 2.1. ([8]) The matrix elements 3%, satisfy the following sym-
metry relations:

2.8)  thE (o, By, 0) =5 (a1, B, ),
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(2.9)  t44(a By, 0)= ("4 _m) " (6,7, B ),
(2.10)  hH(a By, 0)=("4, _ ) (6, 8,7, ).

THEOREM 2.2. ([8], [9], [11]) For m=n= —m we have
@11) 55 (@ B 7, 8) = k™ py y(— ™ Bys p2 T D g,
where p,_,, denotes a little g-Jacobi polynomial (see (1.7)) and
@12) dr=| 7" VA em I/ZH—(m—nw—m)'
P Am=nlp | m—njp

Note that we can obtain an expression for t,’;f:n in the remaining cases by
proposition 2.1.

THEOREM 2.3. ([8], see also [9], [14], § 5) The representations thH (le3Z.)
form a complete system of inequivalent irreducible unitary representations of
the quantum group S, U(2).

See [13] for the meaning of this theorem.

3. DECOMPOSITION OF THE TENSOR PRODUCT ¢/t 4Ttz #

In this section we decompose the unitary representation 4D # into a
sum of unitary representations. We also give explicit realizations of these repre-
sentations.

From [14], theorem 1.2 we know that a*y”g” and y”f"s* form a basis for
. Let &/, be the linear subspace of .« spanned by all a¥y"”" and y""6* with
k+m+n=d for d=0,1,.... Then dim (Z,) = (d + 1)%.

Let 9 be the linear subspace of .« spanned by all a?y®p%6% with d, +
+dy+dy+d,=d.

PROPOSITION 3.1.

ddz ®Z ‘Md—Zj'

J=0,1,...,1d/2)

PROOF. From (see (2.7))

oy phat = iy (ad — upy)Bhe™

=u “(dz+d3)a,d1 + lydzﬁd35d4+1 —uad'yd2+ lﬁd3+ 15(14

3.1

we see that #9 ¥ Cw29 j=0,1,...,[d/2]. Since oy, Cl " we have
OF Wy, C

J=0,1,...,1d72}

Since the a*y™B" and y”B"6* form a basis of .« we see that
[d/72]

dm( ®Y )= % (d—2j+1)2=<d;3>sdim(dd).

J=0,1,...,[d/2] Jj=0
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But the dimension of ¢ is smaller than or equal to the dimension of the
space of homogeneous polynomials of degree d in four variables, which is

(d + 3) 0

3
COROLLARY 3.2. The monomials a®y®8%6% (d, +d,+ d; +d, = d) constitute
a basis for 9.

The equality (3.1) can be generalized into the following, which will be useful
in the sequel.

LEMMA 3.3. For d,, d,, d3, d, keZ, we have

k

k . R
adlydzﬂdaddA;_— Y (._u)’u‘(dz‘*ds)(k—l)l: l
i=0

1

ad,+k~iyd2+iﬁd3+i5d4+k—i'
u?
PROOF. By repeating (3.1) we see that we have an expression like
K .
aByighgdi= ¥ Akghtk-iyditipdivigdirk=i
i=0

To calculate Af‘ we apply (3.1) to every term of the sum on the right hand side.
This yields the following recurrence relation for A¥:

(3.2) Al[c+1:'u—(d2+d3)—2iA’[(_'uAlk_1_

Now put AF=(—p)iu~@+d)k-0pk then (3.2) yields a recurrence relation
for BF:

(3.3)  Bf*'=@ YBf+BL,.

Since A3=BY=1 we have from (1.4) the solution Bf= [r:] for the rela-
2

tion (3.3). » O

Now we consider %7, the linear span of the monomials a®yephs with
e, +e,=e and f, +f,=f. Note that (3.1) immediately yields

G4 @t

We make 2% into a Hilbert space by declaring the following basis ortho-
normal

/2 172
(3 5) Wll,lz,,u___ 2[1 : 212 all~n1yll+n1ﬁlz-—n35[2+nz’
. i Li=nyjy 2 Lh—nl,

ne{—10,....1\}, npe{—h,....,,}. This is possible because of corollary 3.2.
From (2.3) and (2.6) it follows that

172
@ 2/ l/zﬁ[_n51+n>= é té%@[ 21} ﬁl—n151+m-
l—n u? m=—1 [-m u?
This and (2.4) imply
" h

vy — lou gl lydou
(3.6) 45(!#1,‘,,;,2")— ) DI M G Lt

my=~lj m=-h
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This proves that @ acting on %2 gives a realization of the tensor product
¢h#(D)¢>#, Taking into account the Hilbert space structure of .« 2 e see

that ¢#D¢>*# is unitary.
From proposition 5.2 of [8] (or from theorem 2.2 and lemma 3.3) and (3.4)

we know that
t,l,’f:,,eﬂ[—m’1+mCﬂ1_m+l’/+m+l

for ieZ, . In particular, if we take m=»4—{ and [=|l;=b|, [ +h[+1,...,
l,+1,, we have

(3 7) tl,/; ; ed1+/;—lz+i,1—l|+12+i=d21|,212
: n =1
fori=L+5L-1
Theorems 2.3 and theorem 5.7(i) of [13] imply that all tﬁ;f,‘z_ , are linearly
independent and (2.5) yields

!
3.8) @@k )= T fEELE .

m= -]

If we define 22 to be the linear span of t,’;“;z_ jp n= =1k ..., 1, then & acting

on .ﬂlz"’z’z gives a realization of the representation r*#.

THEOREM 3.4.

L+l
Lo ®F d[ZI,,ZIZ
1=l =1
and

L+

t“tﬂ@tlz:”:\__' ©] ¥ tl,ll_
1=t~ k]

PROOF. We need only to prove the first statement in view of (3.6) and (3.8).
This follows from (3.7) and

i+
T QI+D)=QL+1DRL+1). O

=]l -]

REMARK. Theorem 3.4 is theorem 5.11 of [14], but the proof is new.

THEOREM 3.5. (i) For suitable complex constants a,’;‘;zqto

bbby — ph plou
(3.9) 9; ‘a/.,lztj,lz—l,’

= —/,...,[, constitute an orthonormal basis for d,Z"’ZIZ.
(ii) The constant af;f‘,z is uniquely determined by the condition

3.10) (ot y >0,
Then

W hu N )y, (-2 *2”)} 12

(3.11) a,”ﬂ;z(_ﬂ)w—h{ R }
v (u 2;# 2)Il+12—1(4u 2;.‘4‘”2)[l+12+1+1
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PROOF. (i) This follows from theorem 3.4, (3.8) and from [11], theorem
5.8, propositions 2.2 and 2.3.
To prove (ii) we use

nh_ (@ B,y,8)= a1 plrh=hgl=h+h
e A

by (2.5) and the g-binomial theorem (see [8], lemma 2.1). Hence, using lemma
3.3, we have

I 21 172 h+fh-t )
0" 2""(a,b’,y,5)=“1'§,”12[,+, ,] Lo (rhrdlrht=n
1782

5

u-- i=0
x(’ﬂ)i[ll+l.2—l] 24 e 2 —1/2‘//["12’”' .
I 2 LhHh=1-i],- A I=btih-i
So (3.10) implies (take i=/,+/,—) that
(.12) gk (= 1)i+EmI>0,

by by,

Now, ¢;*»*# and y/»'# are orthonormal bases, so

~

Lu |2 2] L0 2+ L~ 1-))
1=la;4 | Yo oum ATy STl
1 1+ll—12 ”-Z j=0

><[11+12-1 2 ra2n7t 21, -1

j ”—Z j ﬂ-z [1+12'—1—_] ”—2
Ry TR W (VR T VA
W h a2y,

W+ b1y =2~ +h+1)
p " 2 -
Xz(l’l( o suhp >

(B.13) < =laph Puttrhh

(ﬂ_z;.u—2)1,+[2—1(,u—2;/"_2)1,+12+1+l
W B u Dy (2 (=m0

Wy +h-1)

- e

~

In the last step we used the Chu-Vandermonde formula (1.6). Finally, (3.12)
and (3.13) imply (3.11). O

4. THE CLEBSCH-GORDAN COEFFICIENTS FOR §,U(2)

The Clebsch-Gordan coefficients are defined in this section. Some of their
properties will be derived.

Since we have two orthonormal bases in %22 we can consider the
unitary matrix which maps one basis onto the other. Its matrix elements are
called the Clebsch-Gordan coefficients Cj’:ji’/‘

21
k)

h

]
4.1) ghhkbi= ¥ T Clobbuylhbr,
J

. . JpJnd T2
h=-h j=-h

451



PROPOSITION 4.1. If j#j,+/,, then

Lyl
C}]y fz»j 0‘

PROOF. We need the notion of a quantum subgroup of a quantum group
G = (A, u). This is a quantum group K = (B, v) such that there exists a surjective
unital C*-algebra homomorphism 7 : 4— B such that

(4.2) Pxon=(n@n)°Pg,

where @, and @ denote the comultiplication of K and G.

Now let O be a matrix representation of G, then tX=ntC=(ntJ),; is a
matrix representation of K because of (4.2).

Take B = C(T), the unital commutative C*-algebra of continuous functions
on the unit circle T. Pick fe C(T) defined by f(z)=z for ze T and put

_(f 0>

“‘(o )
It is easy to check that the unital C*homomorphism of the C*-algebra A of
§,U(2) into C(T) generated by

n(@)=f; n(y)=0
makes (C(T),v) into a quantum subgroup of S, U(2). (See [8], [10].)

Apply 7®id on the last equality in (2.4) to obtain (cf. [8], § 4)

@.3)  wltph) =Oumf

Apply (t®id)o @ to (4.1) and use (3.6), (3.8) and (4.3) to obtain the following
equality in B ® .« where & denotes the *-subalgebra of C(T) generated by the
elements of v,

Iy

. I2 . .
f‘2.1®(pjl_|»[z;lyu= Z Z fhz(j'+j2)®cl<"[~2'/’-#l//l‘l’[2’u.

. : JvJa
Sl e bJ2 WAt

This proves the proposition. O

REMARK 4.2. If we define a quantum subgroup K =(B,v) of G=(A4, 1) with
ueM,(A) and ve M, (B), if m=n and if there exists a unital C*-algebra
homomorphism 7 : 4B with

n(u;)=v; Vi je{l,...,n},
then we have automatically (4.2) and the surjectivity of 7. Also
KgPnm=m OKG ’

where xy and kg denote the coinverse (see [13], def. 1.1.) of X and G, and
()= PB.

Because of proposition 4.1 it is sufficient to consider C»/24# with |/, — | <
sh+h; i<l |Al<l; |l =h; j=j,+j,. Here |jlslm%ahs je{-1...,1}.
To narrow this area under consideration even more we will prove symmetry
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relations for the Clebsch-Gordan coefficients. We have the following relation
in A(a, B, ,9):

—~

o2t a, ,7,6)

R W Vs W e -

Iy bup by~ i+ i pla =y 5l +
. / l; "k, \~JiphThRh =Ltz
4.4) < 1 23 CJth»J o y B %)

r I 5= -y 5 e .
P e (7 Vi VRN (7 07 TN (VB VTt VRN (V) T PO L
Jitia=]
~

Because ue[—1,1] \ o we see that the Clebsch-Gordan coefficients are real.
Since @ b4(a, B, y,5)=a,’;)“,2t;:f;_,l(a, B,7,0) the symmetry relations for
tf;,‘f,,(a, B,7,0) (see (2.8), (2.9) and (2.10)) yield symmetry relations for
glvinbi(, By, 6).

(4.5) ¢;1,lz,l,u(a’ B’ y, 5) _ ¢Ilz/_2(lfl+lz—j),l/2([,+12+j),l,u(a’ y, ﬁ’ 5)
{(/1_2§ﬂ_z)y,(ﬂ_z;/-l—z)zlz}m {(iu-z;.u-z)l,+12—j(.u_z;ﬂ-z)lﬁ-lﬁ-j}l/z
e - (@) (8, 7. B, @)
R R X (VR YT Y8
(4 7) (¢/ll/_2([il+12+j),1/2(l|+12"f),1,/.l)~(§’ ﬂ’ y, a)

RS R (TS (VR i TR e

Combination of (4.4) and (4.5), of (4.4) and (4.6) and of (4.4) and (4.7) gives
the following symmetry relations for the Clebsch-Gordan coefficients. (Of
course we use corollary 3.2 as well.)

PROPOSITION 4.3. The Clebsch-Gordan coefficients Cj’:jz’j“ satisfy the
following relations:

Loy bt (172 4 b= 1720 + b+ ), b .
G =y L S A1 s b=y + i =1y

—Chlbu
C"jz, "jly -J

= OV AP BN
1720 = b+ jy=ja) 1720 = b= jy + i -y °

Thus we can restrict ourselves to one of the following four subsets in the
(11> 12, L, Jys Jas J)-sPACE:
() h-hsjsh-h=lsh+b; —h<sh=h;j=j+h;
(i) h—h=jsh-h=<isli+b; —L<jh<b;j=ji+];
@9 (i) j=l—h=—jsish+b; ~L<ji; —h=jsi=i+);

(v) —j<hi—h=sjsish+h; (<l h<sbh;j=ji+i-
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5. EXPRESSION OF THE CLEBSCH-GORDAN COEFFICIENTS IN TERMS OF g-HAHN
POLYNOMIALS

We derive an explicit expression for the Clebsch-Gordan coefficients in terms
of g-Hahn polynomials. This will allow us to prove the orthogonality relations
for the g-Hahn polynomials.

First of all we need a generating function for the Clebsch-Gordan coeffi-
cients. We restrict ourselves to case (i) of (4.8). Then it follows from (4.4),
(3.11), theorem 2.2 and (1.7) that

X -1, , -2 -2’ = -2.,,-2 -2.,,-2 172
PR (RS R VR YV Riy TR VOW L (VY R VRN (Tt ¥ RN
J=i+i2

(-1) -1 —12+1u — I+l - L) - 1 —j)(l —u -2(1 +21))1/2

= S - 72
W2 1 - 5 1 5 1 D )
200 (2.2
. {(/12,#2)/—/(# ; #2 )1+212—1,z‘/2(5,2_,1 +igh=hJ
W e - (5 1)1
Pt (g b)) (kb D), 2y

Ho=h=J+ D2y (s 1P

5.1y <

(—upy)~.

X

L k=0 (u

In the right hand side we use

512_1|"’jﬂ’z‘11 "j(ﬁy)k =y =(h=h=j+26) =1 +))
2 -
X
1

i—0

' (= p)iu~e=h=i+ 2@ —k=i) 2L, —k
i,

X g —k=ipk+igh=h—j+k+ightl+j~k=i
by lemma 3.3 and the commutation relations (2.7). Put j,=k+i—/; and
change summation
I+h=l  2h-k I U+ 1 = BN +jy)
r L = I
k=0 i=0 =1 k=0

After some manipulation with g-shifted factorials we obtain

~
—2., -2
C{,,I;,I,_u=(_u)‘12+l+j1 _({l__’u_).z_['__
Ay (7597 I
~21+2)y 0, =2, - -2, -
§ ) (T Y VN (TR T VS 12
(u—Z. —2) ( -2, —2) ( -2.,,-2 . 2.2 i
] R e Y R A P LU Y T TN (Y A SR

(5.2)

(ﬂz;#2)1—1,+11(ﬂ2;ﬂ2)1—j
x (2 12 3.2
M Ut — (55 %)

=2y ~h+1) 20-L+hL+1) =20, +])
u M iy O e YT
X3¢2< ,le(lrl‘-j'“) lu._4[l SUS U (a+72) )

12
} u —h=h=)DU+1+j-j)

-
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Transform (5.2) using
(2 7 = (= Df e D2, 12y,
Next we introduce
x=l—jy;; n=l—L+I; N=2l,
a=—l+hL+j; b=-l+5L—].
Then (4.8) (i) is equivalent to the condition that x, n, N, @ and b are integers and
0<x=<N; 0=n=<N, a=0; b=0.

If we also use a transformation rule for the 50, (see (1.13) with g =2 *a+6+ 1),
b=p"?N=% d=u"2N and e=pu*®*Y), then we can recognize a g-Hahn poly-
nomial 2,. The result is
-
CURIS 3 A = (- D ens LK
u*; ),

(5.3) < { (S NI (T T PO (T T W (7 T WO | B e }"2

W5 1PN BN e msasbe 125 BN 5 D 120 (%5 ) n v

N 1 (,U‘Z(n-”)’ .uz)n 2x, ,,2a ,,2b 2
s N =@+ D+ nta+m (_——_——ﬂz(bﬂ) 5 2, ("5 u*u ;Nl,u ).
L

Since the Clebsch-Gordan coefficients are matrix elements of a unitary matrix
we have

N
CIANIANsatbnt1/2a+ b, IAN1/Nsasbme 12t bhu,
5.9 X Ol Ol AN e B L2 oy =

Combination of (5.3) and (5.4) and g =2 yields

(@5 DN-x+6(25 Dx1a
o (@;9x(q; DN-x

(5.5) 2_:

X

q—x(a+l)gn(q—x)gm(q~x)=cn5mm
where 2,(q %)= 2,(¢%; ¢% % N|g) and

(@ DN-n(T5 DN nrar b1 DnlD Drta N+ 1)-n@+n)
" TG Dreo@ Draarsl =g D) 1

(@95 @' 9n

(@ DX @ " i

(5.6)

When we divide both sides of (5.5) by (g; @)«(q; @)» We obtain the ortho-
gonality relations (1.9) for the g-Hahn polynomials with a, b replaced by q°,
g°. Since g=pu?e(0,1) we can use analytic continuation to obtain (1.9) for
arbitrary a, b.
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Of course we also have orthogonality relations dual to (5.4):

1/2N-x,1/2(a~b-N)+x,1/2(a—- /2N=-y,1/2(a=b—-N)+y,1/2(a-b) =

N
1/2N,1/2N+a+b,n+1/2(a+b), 172N, 1/2N+a+ b,n+ 1/2(a+ b), u
(5.7 r C LpCi Ory-
n=0

Substitution of (5.3) and (1.12) in (5.7) yields the orthogonality relations (1.11)
for the dual g-Hahn polynomials with a, b replaced by ¢, qb and »n and x
interchanged.
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