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Abstract.

To prove convergence of numerical methods for stiff initial value problems, stability is needed but also
estimates for the local errors which are not affected by stiffness. In this paper global error bounds are
derived for one-leg and linear multistep methods applied to classes of arbitrarily stiff, nonlinear initial
value problems. It will be shown that under suitable stability assumptions the multistep methods are
convergent for stiff problems with the same order of convergence as for nonstiff problems, provided that
the stepsize variation is sufficiently regular.
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1. Introduction.

In this paper we shall discuss convergence of multistep methods applied to stiff
nonlinear initial value problems

(1.1) u'(t) = f(t,ut) O<t<T), u0)given,

with u(0)e R™ and f: [0,T] x R™ — R™ Much of our attention will be given to
k-step one-leg methods, where successive approximations u, ., to the exact solution
u(t) at gridpoints t, 4, = t,+,-; + h are computed from

k k k
(12) z Ocju,,+j=hf<2 ﬁjtnﬁ'j’ z [fju,,+j> (n=0, 1,2,...),
j=0 J=0 j=0
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with starting values uy, u,,...,u,_,. Compared with the corresponding linear multi-
step method

k k
(1.3) ‘ZO Ujthyrj =R Y B f(tarjythys;) (n=0,1,2,..),
i= i=0

the one-leg method (1.2) may have stronger nonlinear stability properties, such as
G-stability, and a more robust behaviour on nonuniform grids, see [4],[15]. On the
other hand, it is known that to obtain a one-leg method of high order (i.e. order of
consistency for nonstiff problems) the parameters ;, B; have to satisfy more con-
straints than for linear multistep methods, see [5], [7] and also Section 3.

We shall be concerned with bounds for the global errors u(t,) — u, that are not
affected by stiffness. Such bounds have been studied quite extensively for Runge-
Kutta methods, for example in [8], [9] and [ 10]. Most Runge-K utta methods suffer
from an order reduction in the presence of stiffness, i.e., the order of convergence for
stiff problems may be considerably lower than for nonstiff problems, even if the
solution u(t) is very smooth. As we shall see, such order reduction will not occur with
the multistep methods, provided that the grid is sufficiently regular.

Stiffness independent error bounds can be obtained for various classes of initial
value problems. The most general class that will be considered in this paper consists
of the problems (1.1) where the function f satisfies the monotonicity condition

(1.4) (f(t,v) — f(t,9),v — D) <0 (for all t€[0, T] and v, 5 R™)

with respect to some inner product (-,”) on R™ Although sufficient stability
conditions for one-leg methods are known, this does not lead to convergence results
in a straightforward way, since the local errors will depend on the stiffness (except for
methods like BDF, which are at the same time one-leg and linear multistep
methods). For the linear multistep methods it is stability that causes difficulties in
proving convergence, and as we will see additional constraints on the starting values
have to be imposed. One of the results of this paper is that any A-stable multistep
method (1.2),(1.3) applied with exact starting values and smoothly varying stepsizes
to a problem satisfying (1.4) will be convergent, independently of the stiffness, with
the same order of convergence as for nonstiff problems.

A complete convergence analysis for the implicit midpoint rule and the trap-
ezoidal rule applied to problems of the above type has been obtained by Kraaijevan-
ger [13]. Our approach is closely related to this analysis. For the sake of simplicity,
we shall confine ourselves until Section 5 to uniform grids z, =nh (n=0,1,2,...).

After some preliminaries in Section 2, convergence of one-leg methods is dis-
cussed in Section 3. It will be shown that the local discretization error, defined as the
error introduced in one single step of the integration process, may slightly suffer
from an order reduction: as a rule, one order is lost due to stiffness. For stable
methods, however, this reduction will not be present in the global discretization
error, due to damping and cancellation effects. As we found after completing this
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section, Hairer and Wanner derived some convergence results for one-leg methods
in a preliminary version of [12] by considering the same local error but without
taking into account the cancellation effects (and this leads to a too pessimistic
estimate for the order of convergence). In [6], Dahlquist indicated a different way to
obtain stiffness independent global error bounds for one-leg mehods; this approach,
however, is more complicated and it seems difficult in certain cases (if there is no
strong damping) to get the correct order of convergence.

In Section 4, convergence results for linear multistep methods are derived, by using
the well known equivalence relations of Dahlquist [3] between the linear multistep
method(1.3)and its one-leg counterpart (1.2). Rather general error bounds for linear
multistep methods applied to stiff nonlinear problems were given already by
Nevanlinna and Odeh [16]; they applied the equivalence relation in a slightly different
way, which requires the assumption of strong stability at infinity (and thisexcludes the
trapezoidal rule, for instance). We shall prove convergence for linear multistep
methods with appropriate starting values under the sole assumption that the
corresponding one-leg method is stable for the class of problems under consideration.

Under certain restrictions on the stepsize variation, the convergence results will
carry over to nonuniform grids. This will be demonstrated in Section 5.

Finally, in Section 6, convergence of interpolated one-leg approximations
Bittysx + ... + Bou, will be considered.

2. Preliminaries.

Consider the polynomials p and ¢ containing the coefficients of the method.
k . k .
pl)=3Y a2, olz)= Y ;7.
j=0

Let E stand for the forward shift operator and 1, = 6(E)t, for n = 0, 1,..., N, with
N being the number of steps needed to cover the interval [0, T] at a given stepsize A.
For the one-leg methods it will be assumed that t, < f,, < t,. to guarantee that all
1,-values are inside [0, T]; otherwise some modifications would be required. Further
it will be assumed throughout the paper that the polynomials p, o have no common
zeros and % # 0 (irreducibility), and that p(1) = 0, o(1) = p’(1) = 1 (consistency).
We will consider initial value problems (1.1) such that all derivatives uV(r) of the
exact solution needed in the analysis exist and f: [0, T] x R™ — R™is assumed to be
continuously differentiable. The Jacobian matrix [f(t,v)/dv] will be denoted by
J(t,v). Besides, it will be assumed that the systems of algebraic equations arising from
implicitness of the methods if f, # 0 have unique solutions; cf. [3] for a sufficient
condition.
The one-leg scheme (1.2) can be written as

2.1 PEy = hf (t,,8,), i1, = o(E)u,.
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For the exact solution u of (1.1) we have
(2.2) pEMu(t,) = hf (1, u(f,)) + r,. u(r,) = o(EWdt,) + ¢,

where r,, g, are discretization errors due to differentiation and interpolation, re-
spectively. These errors, which only depend on the smoothness of u, will be consider-
ed more closely in Section 3 (cf. also [5], [6]).

Let ¢, = u(t,) — u, denote the global discretization errors of the one-leg scheme,
and put &, = ul(t,) — i,. By subtraction of (2.1) from (2.2) it follows that

(2.3) P(E)en, = Z,&, + 1y, & = 0(E)ey + qn,
where the m x m matrix Z,, is given by Z, = hJ, with
1
(2.4) Jo= j- J(t,, Oult,) + (1 — 0)a,) do.
0
Elimination of &, in (2.3) leads to
(2.5) pEY, = Z,0(E)e, + 1, + Z,4,.

This recursion for the global errors can be written in the somewhat more transparent
form

k
(2.6) 8H+k = 2 'l’j(Zn)‘Sn+k—j + (Sﬂ
j=1

where 8, = (] — BeZ,)” '(rp + Z,q,) with I the m x m identity matrix, and y; are
rational functions given by ¥ (z) = — (a4 — Bxz) o -; — Bi-;=). In order to facili-
tate the analysis, (2.6) will be written as a one-step recursion in R*"

(2.7) e,+1 = Rye, + d,
where R, = R(Z,) with

l1’1(‘2) e lf//k(z) Epak-1 (5,,‘!
rRzy=| 1.0 and o= 42O
10 ‘. 0

To ensure stability of the one-leg scheme — which is, as we see from the above,
governed by the matrices R(Z,) - appropriate assumptions on the method and the
class of stiff initial value problems are needed. Consider a class of initial value
problem # with a suitable maximal stepsize H(). This determines a class & of
possible matrices Z, = hJ, with 0 < h < H(#)and J, given by (2.4). For example, if
2 consists of all problems (1.1) with f satisfying (1.4) in arbitrary dimension m, then
Z will contain all m x m matrices Z with me N such that (v, Zv) < O for all ve R™
this is irrespective of the value of H(#), which can be chosen as .
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Let |-| be a given norm on R™ and define the norm |- | on R*™ as

Iwl = max |w;| for w=(wl,wl, .., w) eR"™
1€j<k
We shall use || and ||| also to denote the induced matrix norms for m x m and

km x km matrices, respectively. A basic assumption in this paper is the existence of
a constant § > 0 such that

(2.8) IR.R,-:... RIS

for all possible R; = R(Z;)with Z;e 2 and 1 <! < n < N.This stability assumption
does not depend on our special choice of norm |- | on R¥™, which is merely taken for
convenience. Equivalent norms |- ||" as given in [18] could be used as well and this
would only alter the stability constant S.

Sufficient conditions for (2.8) have been extensively studied; here we shall give
some examples were the stepsizes are allowed to be arbitrarily large.

ExaMPLE 2.1. Suppose the norm |-| on R™ is generated by an inner product and
[ satisfies the monotonicity condition (1.4). It was proved in [4] (cf. also [14]) that
for any A-stable method a norm ||+ |’ can be found such that ||[R(Z,)||’ < 1 whenever
Z, = hJ, is given by (2.4) with h > 0. The norm ||-||" (the G-norm) is completely
determined by the coefficients «;, f; of the method and it is equivalent with ||-||
uniformly in m. Hence, A-stability and (1.4) together are sufficient for (2.8) with
a stability constant S determined by the method (and thus independent of the
specific problem (1.1), its stiffness or dimension).

For A(a)-stable methods (2.8) will hold under more restrictive conditions on f as
given in [16]. It should be noted that the results in [16], especially Theorem 4.1,
have been formulated in terms of linear multistep methods, but along the same lines
stability of one-leg methods follows even in a more simple way.

ExAMPLE2.2. Assume again [ satisfies(1.4)and |- |isgenerated by an inner product.
A one-legmethod is said to be A-contractive in the max-norm [15]if || R(z)|| < 1forall
ze CwithRez < 0. It was shown in [ 14] that for such methods we have | R(Z,)|| < 1
whenever Z,, = hJ, is given by (2.4) with h > 0, and thus (2.8) then holds with S = 1.

In [15] also larger classes of methods were considered, for instance methods
which are 4,-contractive in the max-norm. For these methods (2.8) holds with S = 1
for real, scalar problems where Z,e R, Z, < 0.

More general conditions, under the assumption that f is circularly bounded, can
be found in [4], [18], [19], for example. The latter two references also deal with
norms on R™ which are not generated by an inner product; the results in [19] have
been derived for linear problems, but with one-leg methods they are also applicable
to nonlinear problems.

The stability condition (2.8) implies in particular that | R(Z,)| < S for any n, and
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therefore also y;(Z,) < S (1 <j < k). Due to the consistency conditions p(1) =0,
a(l) = 1, we have

J

k
(2.9) UiZ) =1+ (l — KZ,)"'Z,.
=1

It follows that there are constants S;,S, > 0, determined by «,, , and S, such that
for all n

(2.10) Wl — BZ,)" ' < Sy, lowl — BZ,) ' Z,| < S

The following lemma shows that slightly perturbed coefficients of a stable scheme
will cause only a small perturbation of y/;(Z,) — and consequently of R(Z,) - even if
|Z,| is very large. Consider d&;, g i (0 <j < k) such that

(2.11) & — ol <vh, 1B —Bl<yh  (0<j<K)
withy > 0, and let J/;(z) = — (@ — Bu2) " Gx-; — Bi-j2) (1 <j< k)
LeMMA 2.3. Suppose (2.8),(2.10) and (2.11) hold with constants S, S, S,,y" > O. Let
Y = p(S; + S,) and assume y'h < 1. Then
WAZn) = YAZ ) < (1 + 8L =y~ yh (I <j<k).
Proor. Foranyi, 0<i<k, wehave
e — BeZ,) ™ [(@& — a)] — (B = BIZ,1I < Syvh + Soyh =v'h,
and in particular, for i = k,
et — BeZa) ™ "Gl — BZy) — 1| < 7'h.
By some calculations it follows that
@ — BeZa) ™ Hewd — BeZa) — 1 < (1 = y'B)™Hy'h,
(@ — BZa) ™ ewd — BZ) < (1 —yB)7"
The proof can now easily be deduced from the relation
Ji(Z,) — Wi(Z0) = (@] — BeZn) ™Mol — BiZy) — IWAZ,) +
+ [@d — BeZn) ™ Mol — BuZ,)] x
x [l — BZn) MGy — tac- M = B=j = Be-)Z0)] L

3. Convergence of one-leg methods.
3.1. Local error bounds.

Considering (2.6) we see that 8, = (! — B Z,)~ Yr, + Z,q,) is a local discretization .
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error, in the sense that if ¢, = &,4; = ... = ;44— = 0 then ¢, ., = J,. (In other
words, 8, is the error, due to discretization, which is introduced in one single step of
the integration process.) For a gth order method we expect that |5,| = O(h?*?).

Note that 6, is different from the usual discretization error obtained by substitu-
ting the exact solution directly into (1.2). This error, which is approximately given by
rn + Z,q,, is not bounded uniformly in the stiffness and therefore inappropriate for
stiff systems. This was observed already in [6], where an alternative error was
proposed for stepsize control (for our purpose, proving convergence for stiff prob-
lems, 8, seem more suitable).

Let the numbers v;, y; be defined by

k ’ k
(31) Vi = Z ajj‘, Ui = Z Bjjl (l = 1,2,...).
j=o

j=0

By a Taylor series expansion of u and the consistency conditions
p(1)=0, o(l)=p'(1) = 1,it follows that

(3.2a) 1, =A%) + AshRu(E) + .. A=

(3.2b) 4. = Boh*u"(t,) + Bsh3u"(t,) + ..., B; = %(/fl — ).
Now, for nonstiff problems, where f satisfies a Lipschitz condition with a moder-
ate constant, we have |Z,| = O(h), and consequently
O = (o ' + O(h))(rn + O(h)q,)-
In order to have |6,] = O(h?* ') it is then necessary and sufficient that
(3.3) A;=0 (2<i<q) and B;=0 (2<i<qg-—1),

which are the usual order conditions for one-leg methods (cf. [5], [6]). The more
familiar conditions for the linear multistep method (1.3) to be of order g can be
written as 4; + B;_; =0 (2 <i < g), see Section 4 for example. These conditions
are the same if g =2, but for g > 3 the one-leg method has to satisfy more
constraints.

For stiff problems the order conditions (3.3) are not sufficient to ensure
|6,] < Ch?™* for some moderately sized C > 0. From (2.10) it can be concluded that

Ianl < Sl Irnl + SZ |qn|

butsince S, # O(h) in general (for instanceif Z,, = hA, 1 - o), (3.3) merely implies
[6,] = O(h?) for stiff problems. This local order reduction occurs with the implicit
midpoint rule [13] and most other one-leg methods.

ExaMpLE 3.1. Consider the second order method CA2, introduced in [15],

Upt2 — Upyy = hf(tn + %h,%un+2 + %:ll,,).
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This method is A-stable and A,-contractive in the maximum norm. Consider further
the model problem

(3-4) w(t) = ALu() — g()] + '), u(0) = ¢(0),

with solution u(t) = g(z) for any 1 < 0. Take g(t) = 42 Application of the method
above with exact starting values uo = u(0), u, = u(r,), gives

uty) —uy = —3h*(1 =327 'z, z=hi

If the problem is nonstiff, || < 1 say, then |u(t,) — u,| < 2h> + O(h*), as we would
expect after one step with a second order method. For A — — oo, however, we only
have [u(t,) — u,| = $h%. Thus, due to stiffness one order of h is lost.

The local order reduction is absent with methods that satisfy, in addition to (3.3),
the extra order condition

(3.5) B, =0.

This is fulfilled, for instance, by the BDF methods (where all B; are zero). It can also
be shown that the local order reduction will not occur in case the initial value
problem (1.1) is such that all partial derivatives [J'* (¢, v)/dt'0r'] with i,j > 0,
(i,j) # (0,1), are bounded by a moderate constant (cf. [9] for a related result with
Runge-Kutta methods). Note that the partial derivative with (i,j) = (0, 1), the Jac-
obian, is always large for stiff systems, since its norm is proportional to the Lipschitz
constant. For general stiff systems, where other partial derivatives may be large as
well, there will be a local order reduction if (3.5) is not satisfied, as can be seen by
considering problems of the type (3.4) with 1 << 0 and g a smooth function.

3.2. Global error bounds.

For nonstiff problems the local condition |3, = O(h?*?) is necessary to have
le,] = O(h?), global convergence of order g. For stiff problems there may be damping
or cancellation of local errors, as a result of which there can be convergence of order
q while |8,| = O(h% only. This was shown in [13] to be the case for the implicit
midpoint rule. Related results for Runge-Kutta methods can be found in [1].

LEMMA 3.2. Consider recursion (2.7). Assume the stability condition (2.8) holds with
a constant S > 0. Assume further that a constant D > 0 and vectors x,, y, € R*™ exist
such that

(363) dn = (1 - Rn)xn + Vns

n—1 n-1
(3.6b) x| < Dh?, 2 lIxje1 = x;l < DR, 2. lly;ll < Dh?
j=0 j=0
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foralln=0,1,...,N. Then
le.ll < Sllegl + (3S + 1)DhHP (n=1,2,....,N).

PROOF. Let &, = e, — x,. These perturbed errors satisfy
én=Rn-lén-l+5n—la En—l=yn—1+xn—1_xn (n=l,2,...,N).
By writing out &, in full in terms of R;, [i} (0 € j<n— 1)and é,, it easily follows

from (2.8) that

n—-1
le.l < Sléoll + S Y Idll.
j=0

n—1 n—1
Hence el <Sleol +S Y Iyl +S 3 lIx; = Xjuall + S lixoll + xull,
j=0 j=0
which yields the proof of the lemma. B

THEOREM 3.3. Consider a one-leg method (1.2) having order q, and assume (2.8)
holds with stability constant S > 0. Then there is a constant C > 0, only depending on
S, T and bounds for derivatives of u(t), such that

lu(t,) — u,| < S max |u(t;) — u;| + Ch? foralln=k, nh<T
0<j<k

PROOF. In order to apply Lemma 3.2 it has to be determined whether the vector d,
in (2.7) can be decomposed as indicated. Let x,=(x},,...,x;,)" and
Va = Dln--o» Vi) " With xj,, y;» € R™ These vectors should satisfy

5,, = (1 - ll’1(Z,,))x1,, - D,DZ(Z,,)XZ,, e T lllk(Zn)xk" + ylnv
0= ~Xj-1,n+ Xju+ Vn (G=2.3,....k).
Taking X1, = X3, = ... = Xpn = — 4y~ Yin = (0l — BZ,) " 'rpand yy, = ... =

Yin = 0, it is easily seen from (2.9) that (3.6a) is fulfilled and
Ixull < Dyh%, lxpey = xull S D2HTTY, yall < D3HT1

for all n, with D, D,, D, determined by S and the solution u (see Section 3.1). Hence,

Lemma 3.2 can be applied with D = max{D,, D, T, D3 T} which leads to the error
bound of the theorem. B

This convergence result shows that the order reduction is annihilated in the
transition from local to global error. For stable one-leg schemes the order of
convergence for stiff problems will be the same as in the nonstiff case.

REMARK 3.4. A somewhat shorter proof of the convergence result can be given by
considering directly, instead of (2.6), a recursion for ¢, + g,. We have not followed
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this approach since it obscures the underlying reason for the annihilation of the local
order reduction as given in Lemma 3.2.

4. Convergence of linear multistep methods.

In this section convergence of linear multistep methods on uniform grids will be
proved under the assumption that the corresponding one-leg method is stable, in the
sense of (2.8), for the class of problems under consideration. This will be done by
using the equivalence relations of [3] between one-leg and linear multistep schemes
for constant stepsizes. This approach is not new, for example Theorem 4.1 in [16]
can be viewed as being derived this way. In fact, the one-leg methods were introduc-
ed originally only to simplify the analysis of linear multistep methods, see [3]. The
new feature in the proof below is that the equivalence relations will not be applied
directly to the numerical approximations u, or the global errors ¢,, but will only be
used to show a kind of stability of the linear multistep error recursion. In this way,
the order of the one-leg method will not be involved and use of the inverse operator
o(E)~ ! can be avoided (otherwise all roots of the -polynomial should have modulus
strictly less than 1, which corresponds to strong stability at o). Moreover, the proof
can be formulated in such a way that extension to smoothly varying stepsizes is
rather straightforward, see Section 5.

Consider the linear multistep method (1.3). Using the generating polynomials
p and ¢ it can be written as

(4.1) P(E)u, = ho(E)f(t,, u,)-
Inserting the exact solution u(t) into this scheme, we obtain
(4.2) p(EYu(t,) = ho(E)f(ts, u(t,)) + Pn

where p, is a local discretization error. Taylor expansion of uand ' = f(t,u) around
the point ¢, leads to

1 ,
(4.3) pn = Coh*u'(t,) + Csh®u"(t,) + ..., Ci= ;!“(Vi —igi—1)

with v;, y; defined by (3.1). The method has order p if the usual order conditions
4.4) C;=0 2<i<p)
are satisfied, and then p, = O(h"*!) independently of the stiffness.

Let Z, = hJ, with J, the m x m matrix given by

4.5) Jo = jl J(t,, Ou(t,) + (1 — B)u,)do.

0

For the global errors we then have the recursion

(4.6) p(E)en = o(E)Zytn + P
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An important difference with the error recursion (2.5) for one-leg methods is that

foreach n > Oseveral matrices Z, + ; are involved in (4.6). For n = 0, for example, we
get

k=1
4.7) & = (ol — {Zy) ! [— z (a1 — BiZj)e; + Po]-
j=0

If Z, are allowed to vary strongly we may have a situation where
|Z| << |Z;} (0 <j< k), and to obtain an estimate for |¢,| we will need not only
bounds for [¢;] but also for |Z;¢;] (0 <j < k). Therefore, instead of ,, we shall
consider the transformed errors

(48) én = ((ku - ﬁkzn)en‘
These transformed errors can be seen to satisfy

k
(4.9) B = 2 Ui Znsr-)Bnsk—j + Pn
=1

J

In one-step form this can be written as
(4.10) éys1=R,é, +d,

where é, = (67, ,_1,...,éNT, d,=(pT,0,...,00TeR*" and R, is the km x km block
matrix with m x m blocks ¥(Z, 4y -1),...,¥«(Z,) on the first row, identity blocks
I on the first lower subdiagonal and zero blocks on the other positions. For this
recursion to be stable we now need uniform boundedness of products of R,,.

LeMMA 4.1. Assume (2.8) holds with stability constant S > 0. Then there exists an
S > 0, determined by S and the coefficients o;, f;, such that
(4.11) IR,Ro—1... R <8  foralll,nwith0<I<n<N.

ProOF. Take ! = 0, for convenience of notation. Consider vector sequences {v,}
and {w,} such that

p(EY, = 6(E)Z,v,  p(EYW, = Z,0(EW,  (n20),
and let 3, = (o4 — B Z,)v,. An equivalent formulation is
r/;l-f-l:Rnp;n W,+1 = R,W, (n=0)

with ¥, = (67— 1,...,00)" and W, = W, _1....,w}). So, in order to prove the
lemma it has to be shown that |3, can be uniformly bounded in terms of
ol . .., |5 — 1|, starting from the stability estimate for |w,|. This will be done by
choosing, for arbitrary given vg, vy, ..., Uk~ 1, Suitable wo, wy, ..., Wi — 1.

Since p(E) and o(E) commute, the vectors w, = o(E)w, satisfy

PEW, = o(E)ZyWy.
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Hence, we have w, = v, for all n > 0 provided that w ;= v;for 0 < j < k. The latter
condition will hold iff we, wy,..., W, are such that

o(Eyw; = v, pEWw;=Zv; (0<j<k).

This determines wo,Wy,...,W2-1 as a linear combination of v; and
Zp; (0 <j<k)ascan beseen from relation (1.11) of [3] (for this relation to hold
we have assumed in Section 2 that p and ¢ have no common zeros). It follows that

lwil <D max (o)l +|Zv}l) < D' max |3,
0sj<k 0<j<k

where D > 0 only depends on the coefficients o, $;,and D’ = (S, + S,)D with S,, S,
asin (2.10). The stability assumption (2.8) thus implies [w,| < SD’ max (5]  (for

all n = 0). 0<j<k
Finally, since 9, = oy W, — B Z,W, = a,a(Ew, — By p(E)w,, we arrive at the bound
.l < S max |5;] with $=SD" max |o.f; — Bel. |
0<j<k 0<j<k

Returning to (4.10) it now follows that
n—k
(4.12) el < Sl +$ Y 14l
Jj=0

forall n = 0. The sum over ||d |l (= |p;1) will give an O(h?) contribution. Further, note
that

el = max |ue; — fZjgjl <low| max [u(t)) — uyl + kBl max |u'(t)) — f(t;u)l.
0<j<k 0<j<k 0<j<k
Therefore, to have ||é,] = O(h?) it will be required that
(4.13)  Ju(t;) — u;l < Coh?, [u(t;) — f(t;u)l < Coh?™! 0<j<h).
Finally, by noting that |¢,| < S, |2, (see (2.10)), the following result for the global

errors ¢, is obtained.

THEOREM 4.2. Consider a linear multistep method (1.3) with order p. Let S,Co > 0
be suchthat (2.8) and (4.13) hold. Then there is a C > 0, only depending on Co, S, T and
bounds for derivatives of u, such that

lu(t,) — u,| < Ch? foralln=0, nh<T

For stiff systems the condition (4.13) is more difficult to fulfil than only
lu(t;) — u;] < CohP, which is sufficient for convergence of one-leg approximations
(see Theorem 3.3). By considering model problems of the type

(4.14) w(t) = A[ut) — g(t)] + g'0), u(0) = g(0)
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with strongly varying A(t) < 0 and smooth ¢(t), it can be seen from (4.7) that (4.13) is
necessary in the theorem above.
On the other hand, under the assumptions of Theorem 4.2 we also obtain

4.15) [W(ty) — f(tns )] < C'HP 1 foralln >0, nh<T
with C' > 0 independent of the stiffness, since
hlw'(t,) — f(tn )l = |Z,8,] < S216,1 (see (2.10)).

For one-leg methods such bounds (4.15) will not hold (this can be seen from(2.6)
withn=0, Jtv)=1—- —oc0andegy =... =g, =0)

It should be noted that the approximation property (4.15) can be used to apply
Theorem 4.2 in situations where subintervals of [0, T] are integrated with different
linear multistep methods.

REMARK 4.3. If we consider only linear differential equations u'(t) = Au(t) + g(1),
then Z, is constant and there is no need to introduce the transformed errors é, or to
impose (4.13). Convergence can then be proved directly from (4.6) as for one-leg
methods, see [2]. In the same way one can deal with semi-linear problems with an
inhomogeneous term g(t,u(t)) satisfying a Lipschitz condition with respect to u;
stability can then be proved from the linear case by a perturbation argument, similar
asin Lemma 2.3 (cf. also [ 1] for a related result on Runge-K utta methods). Therefore,
in many problems of practical interest the condition (4.13) will not be needed.

5. Variable stepsizes.
5.1. Assumptions on the stepsize variations.

In this section it will be discussed to what extent the convergence results for the
multistep methods will be affected by variable stepsizes.

Consider a nonuniform grid {t,} covering [0, T] and let h, = t, — t,_, be the
stepsizes with maximum k. Further, let w, = h, + 1/h, denote the stepsize ratios. In
the variable stepsize formulation of the multistep schemes (1.2) and (1.3), & is
replaced by h, ,, and the coefficients «;, f; are allowed to vary with n,

(51) ajn=aj(wn+lswn+27"',wn+k—1)5 Bjn=bj(wn+lawn+27--~;wn+k—1)'

It will be assumed that these functions a;, b;, which describe the method on nonuni-
form grids, are Lipschitz continuous in a neighbourhood of (1,1,...,1), and that
there is a positive constant M such that M ™' < w, < M and |«;,], |B;x| < M. More-
over it will be assumed that the fixed stepsize methods (1.2), (1.3) are extended in such
a way that the orders g, p, respectively, are not affected by variable stepsizes. (The
order conditions are for any given grid of the same complexity as for uniform grids,
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but it is difficult in general to find suitable closed expressions (5.1) such that these
order conditions will be satisfied independently of the stepsize ratios.)

As we shall see, the convergence results will remain unchanged if the stepsizes are
assumed to vary smoothly, in the sense that

(5.2) lo, =1l < Kh, (n21)

with a moderate constant K > 0. This assumption will hold in case the stepsizes are
chosen by accuracy considerations only (see [11], pp. 356, 357). Although in any
practical numerical code local accuracy is not the only selection principle, (5.2) will
often hold in substantial regions of the integration interval and thus has a certain
practical relevance. If (5.2) is valid and «, § ; are the coefficients of the fixed stepsize
method, we will have, for some y > 0,

(53) iajn - ajl < '}’h,,, lﬂjn - B]' < ‘}'hn (n = 0. 1 <j < i\}

5.2. Variable stepsize one-leg methods.

Let p,, 0, be the generating polynomials containing the coeflicients x;,, f;,. respect-
ively. Then the one-leg scheme is given by
(5.4) Pr(EYuy = hy st f{OLENtn, 0 E)uy)
and the global errors ¢, = u(t,) — u, satisfy
k
(55) €n+k = Z l,l/j,,(Zn)s,H.k‘.j + (5,‘.
j=1
Here Z, = hy 4y J, with J, as in (2.4), Y,(2) = — (2, — Bin?) " (@ -j.n — B j.n2) and
5n = (aan - ﬁknzn)nl(rn + ann) Wlth
rn = pn(E)u{tn) - hn +ku,(6n(E)tﬂ,)’ q;-n = u(a‘n(E)Ih) - O‘R(E)u(tn)‘

Again, these errors are independent of the stiffness. If the one-leg method has
order g, we have as in Section 3 (cf. also [5])
(5.62) = O™, o = hiBu¥(t,) + O™ )
where

k q k
(Séb) Bqn = (Q')‘x {[ Z ﬂjnh; 1(I:H‘j - tn)] - z Bjﬂ[hn l(tn-w‘ - ln)]q}~
i=0 j=o

In order to prove convergence we need a stability condition like (2.8) where
R, = R,(Z,), R,(-)beingformed by the rational functions {;,. On arbitrary grids,
sufficient conditions are known for some relatively small classes of schemes, see [7],
[15]. If we have a smooth stepsize variation (5.2), then Lemma 2.3 and (5.3) show
that |R,(Z,) — R(Z,)| = O(h,) where R(Z,) is the companion matrix of the fixed
stepsize scheme. Consequently, stability for variable steps then already follows from
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fixed stepsize stability by a well-known perturbation argument, see, for example,
[17], p. 58 (the proofin this reference for constant h can easily be modified to fit into
our situation by noting that (5.2) will cause h/h, to be uniformly bounded in n).

In the remainder of this section it will simply by assumed that the method, the grid
and the class of problems are such that (5.4) is stable. As before, we obtain for stiff
systems the local error estimate |9,| = O(h%), and in the standard way stability leads
to the global, stiffness independent bound |e,| = O(h?~ ) for all n > 0.

If the grid is sufficiently regular, convergence with order g can also be proved.
Proceeding as in the proof of Theorem 3.3 it follows that |e,| = O(h?) (independently
of the stiffness) under the assumption

N-1
Zo |gn+1 — qal < DH?
for some D > 0. This will hold for arbitrary, smooth solutions u iff thereisa D’ > 0
such that

(5.7)

N-1
Z lQn-i-l - in < D,hqa Qn = thqn'
n=0
As a consequence, it can be shown that (5.2) is sufficient for order g convergence.
For specific methods this can be proved under assumptions on the stepsizes less
restrictive than (5.2).

ExampLE 5.1. For the implicit midpoint rule
Upyy — Uy = hn+1f(tn + %hn—% h%un + %unJrl))

we have g = 2and Q, = —%h?. . The method is stable for arbitrary problems (1.1)
where f satisfies (1.4). From (5.7) a result of [13] is reobtained: the method is
convergent of order 2, independently of the stiffness, provided that

N-1
(5.8) 2 |hiey = kil = O(n?).
n=0

This condition is satisfied if the number of sign changes in the sequence
{hy+, — h,} is bounded by a fixed, finite number. This seems a reasonable assump-
tion for numerical codes, where h, will be somehow related to the smoothness of
solutions near t,. It was also shown in [13] that (5.8) is necessary to guarantee
second order convergence; for stepsize sequences like h, = +h (for n odd), h, = h(for
n even) the order will reduce to 1.

ExaMPLE 5.2. The variable stepsize formulation of the Adams-type method CA2
of [15] (cf. Example 3.1) reads

24+ w w,

1 1 n+1 1 n+1

Unsz —Upsy = Mpso fltyss + 7hpsn Uy + 35— U, |.
" 1+ wyp 1+ ey



CONVERGENCE OF LINEAR MULTISTEP AND ONE-LEG METHODS . .. 139

This method is Ap-contractive in the maximum norm for arbitrary stepsize
sequences, and we have order g = 2and Q, = — k%, , — ih,, h,,,. Hence

[@nv1 — Qul < %Ihfu - hf+1| + %h,,ﬂih,,” ~h,| <
<%|h3+2 - h§+x| + %!hj-kl - hrﬂ

Thus we see that this method is also convergent of order 2, independently of the
stiffness, if the grid refinement is such that (5.8) is satisfied.

5.3. Variable stepsize linear multistep methods.

The linear multistep method for variable stepsizes is given by
(5.9) PulE)ty = hy i 0(E) f (1, 1),

In the same way as for constant stepsizes we obtain an error recursion
k
(510) Z (ajnl - }Bjnhn+k‘]n+j)£n+j = Dn
j=0

with J, defined by (4.5) and
(5-11) Pn = Pul EVilt,) = o 0nl Y (t,) = O(RE™Y)

where p is the order of the method.

It is well known, see for instance [20], pp. 181, 182, and [15], that unfavourable
combinations of strongly varying h, and J, may cause instability for linear multistep
methods. Therefore, convergence can only be proved if either the variation of the
stepsizes or the variation of the J,, is limited.

If J, = J is constant, we obtain from (5.10) a recursion of the type (5.5) with
Z, = hy+J and 8, = (ol — BinZs)~ P leading to convergence with order p if the
corresponding one-leg scheme is stable for variable stepsizes as in [7], [15]. For
mildly varying J, a similar result can be derived, again by using a perturbation
argument to prove stability from the constant J case.

If, on the other hand, the stepsize variation is restricted we consider the transformed
errors &, = (0 n—kl — Be.n—kZn)ex With Z, = h,J,. To make this meaningful forn < k
wemayputho = hyand oy = %o, Pu = Proif ! < 0. Thenitfollows from(5.10) that

k
(5.12) nik =2, UinlZnsi-Mensx-j + Pn
ji=1

with rational functions ¥ u(2) = —(@n-j = ZBen-1) " @—jin = B jonPuer/nsic-j)-
Assuming (5.2), we obtain as in Lemma 2.3

|l/7jn(zn+k-"j) - d’j(zn*'k—j)! = O(hn)

and thus stability, and consequently convergence with order p, again follow from
stability for the constant stepsize case, treated in Section 4. As for the one-leg
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methods, this can be proved for specific linear multistep methods under assumptions
on the stepsize variation somewhat less restrictive than (5.2), but in contrast to the
one-leg methods we may now have divergence for irregular grids, see for example the
results of [13] for the trapezoidal rule.

6. Interpolated one-leg approximations.

Consider a linear multistep method (1.3) with order p and its one-leg counterpart
(1.2) with order g, and suppose that p > g. As we saw in the previous sections, the
one-leg method will be more robust w.r.t. variable step sizes and initial errors, but on
the other hand the linear multistep method will often be the more accurate one. As
a compromise, one might consider interpolated one-leg approximations @7, = a(E)u,
and errors &, = u(t,) — i,, with the vectors u, computed from the one-leg scheme.
The approximations i, will be stable whenever the u, are so, while for constant
stepsizes the &, can be shown to satisfy an error recursion with local error
P, = O(h**1) (and thus, as said in [6], from the equivalence point of view the
quantity £, might be a more adequate measure of the global error than the custom-
ary one).

In this section it will be proved that even very smooth stepsize variations will
cause already a decrease in the order of j, to O(h?* '), resulting in convergence of i,
to u(f,) with O(h% only, the same as for the original one-leg approximations.
A closely related fact was claimed in [6] for a class of high order methods with g = k;
this was based on a somewhat different local error and on more complicated
arguments. Besides, it will be shown in this section that also for constant stepsizes
the approximations i, will in general not converge with order p, due to the fact that
the initial errors &, &y,...,& - will be of O(h?) at best.

Hence, as far as the order of convergence is concerned the interpolated values
have no general advantage over the one-leg approximations. It should be noted that
this does not exclude the possibility that the errors £, are substantially smaller than
the ¢,, due to the global error constants involved. This is to be expected for (nearly)
constant stepsizes and damping of initial errors.

Throughout this section we will assume that p > g. Comparing the order condi-
tions (3.3), (4.4) it easily follows that (3.5) cannot hold under this assumption.
Consequently, the errors g, will be of O(h?) exactly, provided that u(,) # O (see
(3.2)).

In the following we consider a geometrical stepsize sequence h,, with constant
stepsize ratios w, = w. Then the coefficients of the multistep methods will not vary
with n, but they still may depend on w. Consider again the error relations for the
one-leg method

(6’1) gn = O-(E)en + qn’ p(E)sn = Z'lé'n + r'l
(cf. (2.3)) were now g, =ut,) — o(Eyt,). r, = p(E)u(t,) — h,.x(f,) and
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Z, = h,+J,. By premultiplying the error relations in (6. 1) by p(E), o{ E}, respectively,
and using the fact that p(E) and ¢(E) commute, it is easy to eliminate &, yielding

(6.2) PE), = aE)Z,8, + P,
with
(6.3) Pn = P(E)g, + 0(E)r, = p(ENult,) — 6(E)[h, . u'(z,)].

If the stepsizes are constant, w = 1, then
P = p(EYut,) — ho(E'(1,)
which is just the local error of the linear multistep scheme on the shifted grid {f,,}. It
follows then that |j,| = O(h"* ') and from (6.2) we conclude that |£,| = O(h?) for all
n provided that the initial errors are sufficiently small. However, the initial errors
involved here are &,,¢&,,...,4_,. Suppose that the starting values of the one-leg
scheme are exact, gp = ¢; = ... = g, = 0. Then (6.1) implies
& = 6(E)eo + 9o = Be& + o
and from (2.6) we know that
e = (o] — BeZo) ™ Mro + Zogo).
Hence
€0 = (! — BZo)™ (o + Biro)-
From (2.10) it follows that
€0} < S1(laxgol + 1Birol) = O(R%)

and if | Z,| = O(1) this estimate is sharp. Note that since convergence of the one-leg
scheme (see Section 3) implies |¢,| = O(h?) we already know

|2l < lo(E)en| + 19a] = O(h%)

for all n. In view of the above this error bound is optimal.

In this discussion we have not considered the fact that there may be damping for
h > 0 bounded away from zero. Therefore, in an actual computation the conclusion
that |e,| and |&,| will be of similar size might be too pessimistic for the |¢,|. On the
other hand, in actual computations constant stepsizes are hardly ever used. It will be
shown in the following that a slight deviation from the constant stepsize case leads to
|Bal = O(h*1), instead of |p,| = O(h?*') as for constant k.

Consider a stepsize sequence h, = (1 + ho)'ho. i€,

(6.4) w=1+ h.

Note that on [0, T] the ratio of maximal and minimal stepsizes h/ho = O(1). Let
h,=t,—1t,_,forn>1 Wehave

B = {P(EYulF) — Py sx 0 W (5,)} + {410 EW(5,) — O(E)ha i ()]
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The first term on the right hand side is the local error of the linear multistep scheme
on the grid {t,}, and thus it is of O(A?**). Hence

k
Br= Y Bl — husice(Gs ) + ORE™H).
=0

J

Taylor expansion of u'(f, ;) around i, for j = 1,2,...,k yields

p —
(6.5) pn= Chl, u®,)+ OHhe*)
i=1
were
~ 1 k _ - ot .
(6.6) C;= Q=1 Z Bilhnsx — Pyixs jYlusj — o) Yhiy (1<i<yp).
-5

Since h, = o(E)h, and h,.;= w’h,, it follows that h, = o(w)h,. Therefore
En +j = (U’ﬁ-n and
1

_ 1 k _ _ i
Ce= (i—1) ) ﬁf(hnﬂc " o) E"”‘*f)(hnﬂ ot b ) T =
cj=0

—-____..1_.__._ -1 : . j j—1yi—1
_(i—l)!a(a))wk jgoﬁj(a(w) D)1 +w+...+ oY)

Let
. k .
bj=1+w+...+o 'and m(w) = Y B
j=o

Usinga(l)=1, 6;=(w—1)"Y ' — 1) for w # 1, it follows by some simple
calculations that

o@) =1+(@—1Dm(), dw) - =-=1[m() -]

and consequently
(6.7) Ci=——"—~0" o= DIm(@m_ (w) — m(w)] (I<i<p)

Note that m;(1) = y;, with y; being defined by (3.1). The order conditions (3.3)
imply m(1) =my(1) (0<i<gq—1), and since it is assumed that the one-leg
method remains of order g for nonconstant stepsizes, it follows in the same way that

(6.8) my(@) = mw) O0<i<q-1).
As said before, p > g implies that (3.5) does not hold, i.e.,
(6.9) ' my(1)? # my(1).

Hence we have C; =...=C,_, =0, but



CONVERGENCE OF LINEAR MULTISTEP AND ONE-LEG METHODS . .. 143
= ! k-1 \q
(6.10) Co==————7——0 o~ D[mlw!—-miw)] =

(g — Dlo(w)

h
= T Dm 1 = m11] + Ok,

Thus, returning to (6.5), we see that for our geometrical stepsize sequence we have
1Pl = O(h?* ') only. From the recursion (6.2) it can be concluded that the errors &,
will be of order ¢ at most (there is no cancellation of local errors in general, for
example if Z, ~ 0 for all n).
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