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0. Introduction

In their listings [McK], [Bre] of decompositions of characters of semisimple
Lie subgroups obtained by restriction from overgroups or by tensor products of
irreducible representations, McKay et al. often use generating functions that
turn out to be rational. In this paper, we prove that they are always rational
and provide an example of how to derive an explicit expression for this rational
function in the case G3 | A,.

Let G be a semisimple complex connected Lie group of Lie rank n with
maximal torus 7. The group of all rational characters of T, called weights,
is denoted by A(T). As groups, we have A(T) = Z™. The set of all roots
(that is, all nonzero weights occurring in the restriction to T’ of the adjoint
representation of G), is denoted by @¢. A set of fundamental roots oy, ..., an
is chosen with respect to a fixed Borel subgroup B of G containing T'. We
write Wg = Ng(T)/T and (-,-) for the canonical Wg-invariant inner product
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on A(T). We also fix the fundamental weights w1, . .., w, as the basis dual to the
fundamental roots in the following sense: 2(wi, aj)/(aj, ;) = i 5, 1 < 4,7 < n.
The set AT (G, T) of dominant weights is the N-span of these fundamental
weights. As semigroups we have A*(G,T) = N™. The set of positive roots is
&t = {a € ®¢g|(a,wi) >0fori=1,...,n} and pg = 3 ;- w; is the half sum
of all roots in ®(. A partial ordering < on A(T') is given by A < p if and only if
p— ) is a non-negative integral linear combination of positive roots. AT(G,T)
is used to indicate irreducible representations of G and Vj is the irreducible
G-module with highest weight A\. This module can be obtained as {f € C[G] |
f(gb) = A(b)f(g)}; here X is viewed as a character of B by A(b) = A(t) for
b=tu, witht € T and u € U, where U is the maximal unipotent subgroup of
B. There is a straightforward extension from semisimple to reductive groups.
If G is a reductive group we also use elements of AT (G, T') to indicate the set of
all weights that are dominant with respect to the semisimple part of the torus.
Thus for example A* (T, T) = A(T).

1. Rational generating functions

Assume that G is a semisimple Lie group. Let y, ..., up, € AT = AY(G,T)
and set M = NP with standard basis ey, ...,e,. For the G-module V=V, &
-+ @V,,, the algebra C[V*] of polynomial functions on the dual V* of V can
be M-graded in such a way that C[V*],, = V,, foreach : € {1,...,p}. Given
m = (my,...,mp) € M, the homogeneous part C[V*],, is a homomorphic
imageof V' ® --- ® V;:’ in which Vin, ;4. 4m,pu, Occurs with multiplicity 1
and has a unique G-stable complement J,. Clearly C[V*],, - Jm' C Jmim/s
50 J = @®memJm is an M-graded G-stable ideal in C[V*]. Since the algebra
C[V*]is Noetherian, J must be finitely generated. In fact

.1 Theorem ([Bri, 4.1]) The ideal J is generated by the J.,., for all 1 <
<j<m.

The quotient algebra A = C[V*]/J can be provided with the induced M-
grading and is preserved by the induced G-action. By construction, A,, =
Vinyps++mypu, [0 particular, putting p = n, p; = w; forall s € {1,...,n} and
M = AT, the direct sum 4 = @)‘e a+ Vo over all irreducible representations of
G is a At-graded G-algebra, with Ay = V,. The Poincaré series of A is the

expression

Piim(z) = Z (dim Vy)z?,

A€EAT

where z stands for (z1,...,2,) and z* stands for mi“ e if A= Yo Asws.
Thus, z; = z“*. As A is finitely generated, Pgmn,(z) is a rational function
in z1,...,2n (this will later be abbreviated to: rational in z). The rational
function can be explicitly given:
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1.2 Them.'em (Wey!’s Dimension Formula, cf. [Hum]) The dimensions of the
highest weight modules of G are given by the formula

Pdim(w)z Z H ka

AEA+ B+ (pe, )

n 0
E¢=1 (wi,a)T ‘ZTy [
- 1I % (=
acet (pe, ) il )

The first identity gives an explicit formula for the dimension of Vi and
is more convenient for actual computation. The second identity expresses
Diim(z) as a rational function in z; it can easily be derived from the first

by use of P zi(2™) = (mi + 1)z™ and (A + pg, @) = iy (M + 1)(wi, @).

1.3 Example Let G be a Lie group of type A;. Then pg = w; and &+ =
{al} = {2(1.’1}, SO

im(T) = ((m+1)w1,2w1)mm__ m :c"‘——6—~:c !
Paim @) "§) (w1, 2w1) "2;0( " = Oz ( )
_ 1
T (1-z)*

We shall extend these observations to Weyl’s Character Formula. Let H
be a reductive closed Lie subgroup of the semisimple Lie group G. The fact that
H is reductive ensures that any finite-dimensional rational representation of H
decomposes into a direct sum of irreducibles. Branching is the decomposition
of a representation of H that is obtained by restriction from a highest weight
module of G. Let S be a maximal torus of H and m the Lie rank of H.
Then, there is a maximal torus of G containing S, which we may take (up
to conjugacy) to be T. Thus for dominant weights A = (A1,...,As) of G
and p = (K1,---,Hm) of H, we are after the multiplicity (Vy,Va lx) of the
highest weight representation V, of H in the highest weight representation V)
of G restricted to H. In terms of formal power series in the indeterminates
Ti,...,%n, Y1, - - -, Ym, We want to find an explicit description of the branching
series

Poir(ziy) =D (Vu, Vo Lur)hy?
A p
of H in G.

The coefficients of the branching series have a second interpretation. Given
a highest weight module V), of the subgroup H there is a unique (possibly in-
finite dimensional) induced G-module V,, 16. The multiplicity of the highest
weight module V) in the module V, 1€ is denoted by (V, 16,V3). Frobenius
Reciprocity gives that (V, 16, VA) = (Vu, Va lu), which is a second interpre-
tation of the power series. However, considered as a power series in z, the
coefficients of the series are power series in y that need not be polynomials.
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1.4 Lemma Pg g(x;y) is a rational function in x and y.

Proof Denote by B = @,cp+(z,5) Vi the AT(H, S)-graded H-algebra of all
dual irreducible H-rtepresentations, and by 4 = @), a+(G,r) VA the AT (G, T)-
graded G-algebra of all irreducible G-representations. Then the tensor product
A®Bisa At (G, T)®AT(H, S)-graded algebra with a G x H-action preserving
the grading. Considering H as a diagonally embedded subgroup of G x H, we
get for A € A*(G,T) and p € AT(H, S)

(A® B)f .y = (Va lu ®V; )7 = Homp (Vi lu, Vi)

Since the dimension of the latter complex vector space is the multiplicity
(Vuy Va lm), the Poincaré series of (A ® B)¥ is precisely Pg m(z;y). On
the other hand, it is a rational function too, as (A ® B)¥ is finitely generated,
for H is reductive and acts grade preserving on the finitely generated graded
ring A @ B. (cf. [Spri, Proposition 2.4.14}). O

Weyl’s Dimension Formula handles the special case H = 1. In the case of

the reductive subgroup H = T, an explicit rational form is known. For any
A€ AT(G,T) set Ox(z) = ¥, det w z*>.

1.5 Theorem (Weyl’s Character Formula, cf. [Hum]) The branching series
of the maximal torus T in the semisimple Lie group G is

Peir(z;9)

Z ®>\+Pa(m) A
050 (z)
AeA+(@,T) FP°

= zPc Haeéi (1 _ :C“") Z Sgn(w);n'wPG( Z mwky}\) .

wEWa AEA+(G,T)

This is indeed a rational function since Yoae A+(T) z¥*y* is rational for

each w € Wg. If G is of type Ejg, the expression consists of |Wg| = 696729600
summands, which is unrealistically high for computations.

1.6 Example Let G be a simply connected Lie group of type A4;,. Then

1 z z~1
Por(zy) = z(l—=2-2) (1 —zy 1-— x‘1y>
— 1 .
- (121 -2ly)
= Z(wm +a2™ 2T ™)™,

which is a well-known fact.

2. Tensor decomposition and plethysms

Computing the decomposition of the tensor product V3 ® V. of two irre-
ducible G-modules can be viewed as branching the irreducible G x G-module
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Vi ®_V“. t.o the diasonal subgroup isomorphic to G. Denote by (Va, Vu®@V,) the
mllltlphclty of Vain V), ® V, and identify A*(G x G, T x T) with AT (G, T) x
AT(G,T). Then, as we have seen in the previous section, the power series in
Tl ey Tny YLy ooy Yny 21 -+ -5 2

Pg(z;y;2) = Z (Va, V@ V) gt 2
A1, vEAT(G,T)

By the proct o the lomm in the Dot oon, she pones Sheoh

, the power series can be
considered as the Poincaré series of (A® A® A*)®, where G must be considered
as the diagonal subgroup of G x G x G. If we use an automorphism of G
to identify A* with A, the entries of the multidegrees in A*(G,T) must be
permuted in an appropriate way. Therefore the series can be considered as

the Poincaré series of (A ® A ® A)¢ and is invariant under permutation of the
names z, y, z.

2.1 Example Take G a Lie group of type A;. Then A = @, Vs is a
polynomial algebra in two variables. (4 ® A)1,1) = V2 @ Vo, and if we take
P € (A® A)(1,1) a generator for Vo, then it follows by Theorem 2.1 that A ®
A/(P) = ®n,m>0Vnsm. On the other hand (A9 4)C = Clp], because (V,®V;,)¢
has dimension 1 if n = m and dimension 0 otherwise. Therefore, A® 4 is a
free (A® A)°-module, or equivalently A® A = (A® A/(p)) ® (A® 4)€. This
yields the generating function for the tensor product of G:

1
(1—zy)(1 —z2)(1 —yz)’
This formula can also be used to compute the power series of the [-fold tensor
products. If Py(z1;-.;21;9) = 3. koo Y52 < -2]" | where the sum is
taken over all k,my,..., my > 0 and ck,m,,...,m, denotes the multiplicity of V%
in Vip, ® - ® Vip,, then P =1 and, for I > 0,

i1 Pz o) — yPi(zas - 25 y)
(1 - yzre1) (2141 — ¥) '
The factor z;,1 — y in the denominator always divides the numerator.

Pz+1 =

As we will see, also symmetric and skew-symmetric powers, and more general
plethysms, lead to rational functions. Let d € N. Identify A“‘(Gd,Td) with
(AT(G,T))?, and set p; = wf = (wi,..,w;), d times w;, for ¢ = 1,...,7n.
Then B = @,,cpr Vmipa - tmapn, Where M = N7, is a M-graded algebra,
which is preserved by the G¢ action. Restricted to the subgroup G, embedded
diagonally in G, we get B = @, cpr Vol 4 tmnwn- The action of Syma
on B, given by permuting the factors of the d-fold tensor product in each
degree, preserves the degree and commutes with the G action. Suppose T is
any irreducible character of Symg. Denote by V' the 7-homogeneous part of
the Symg-module Vfd, and by (Wi, V] ) the multiplicity of Vi in V. The
Plethysm of V,, with respect to 7 is the decomposition of V| as a G-module.
The symmetric and skew-symmetric d-tensors are special cases corresponding

to the trivial character 7 = d+ and the sign character 7 = d—, respectively.
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2.2 Theorem Let T be a character of Symg. The power series

S (V)

\ueAt(G,T)

is a rational function in z and v.

Proof Note that for given T the power series is the Poincaré series of
(B” ® A*)¢. The algebra C = (BS¥™e @ A*)C is finitely generated and has
rational Poincaré series. This proves the case where 7 is the trivial character.
(B® A*)€ is finitely generated and integral over C, thus is a finitely generated
C-module. We have the C-module decomposition (B® A*)¢ = @, (B"®4*)¢,
where the sum is taken over all irreducible representations 7 of Symg. Thus

(B" ® A*)€ is a finitely generated C-module for each 7, and therefore its
Poincaré series is rational. o

2.3 Example Take G = A;, d = 2 and set S = Sym, = {£1}. We have
B = @50 Ve ® V& and 4A* = @, Vy. Let C = C[(V1 ® V'] an N-graded
polynomial algebra provided with the natural S x G action. There is.the
natural surjective homomorphism C — B, which preserves the degree and
commutes with the S X G action. The kernel, I say, is graded and S x G
stable. Let p be a generator of the skew-symmetric part Vp of C; = Vo @ Vo.
We have C = C5 @ C°p. By Brion’s theorem I is generated by elements of
degree 2 and from that it follows I N (C5p) = (I N C5)p = ISp. But then
B=C/I=C5/I°®C5/I°p = BS @ B5p. Thus if P, is the Poincaré series
of (BS ® A*)® corresponding to the series for the symmetric 2-tensors, then
P,_ = yP,, is the series corresponding to the skew-symmetric 2-tensors. The

Poincaré series Pog = Py; + P2_ of (B ® A*)® can easily be derived from the
tensor product series of G above:

B 1
T -ty -v)

The series of the symmetric 2-tensors becomes

P,

B 1
T (1 -22)(1 - ¢?)

and for the skew-symmetric 2-tensors

P,

_ y
P = oy i vy

Write Psg = Y & 150 ck,zz"yl, where ci; is the multiplicity of V4 in VI3®, then
straightforward computations using the above formulas give

22y +zy+1
(1 —z®y)(1 —zy)(1 - ¢?)’

P3® =
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8. Branching

We now return to the gemeral situation. G is a reductive group with
maximal torus T and H a reductive subgroup with maximal torus S, such that
S C T. The most straightforward way to compute a coefficient (V,, Vx |g) of
the branching series Pg g (z;y) is by determining the set of all weights of the
G-module V,, next computing their restrictions to .5 and then decomposing
this set with the inverse of Freudenthal’s formula as an H-module. In this
section we give an explicit formula for the coefficients of the branching series.
Let 7 : A(G) — A(H) denote the linear map restricting the weights of T to
weights on S. Also, by choosing appropriate Borel subgroups, we may assume
that for « € ®% we have r(a) ¢ ®5. Let @ = {a € &g | r(a) = 0},
et =N <I>E and Wg the subgroup of Wg generated by . Each coset in
Wg relative to Ws has a unique representative in Wg of minimal length, the
set of these representatives is denoted by W. Put A = (&% )\{0} and provide
each element o € A with a finite multiplicity m, = |{8 € &% | 7(8) = a}| if
a¢ @ and ma = |[{B € @& | r(B) = a}|~1if a € BF;. Let L be the lattice of
non-negative integral linear combinations of elements in A. Kostant’s partition
function p4 on L is defined by

H,,EA(l—Z“ m ZPA(ﬁ

BeEL

and is extended to the real span of L by putting p4(8) = 0if 8 ¢ L. Finally

put
D()\) = H (A’a).

a€§+ (p§, a)

8.1 Theorem ([Hec])

(Va, Va L) = Y det(w) D(w(X + pa))pa(r(w(X + pa)) — (1 +(pc)))-
weW

The theorem can be proved using Weyl’s dimension and character formulas
above. Conversely Weyl’s formulas are special cases of the theorem. The
theorem suggests how the branching series can be written as a sum over W of
power series, which represent rational functions. Below we indicate by means
of a rank 2 example how the actual rational functions can be obtained. Again,
a higher rank case such as Fg seems intractible. Here is a simpler one.

3.2 Example Let G be a Lie group of type G2, with root system ®¢ and
fundamental roots By, 82, where 3; is long and 5, is short. There is a subgroup
H of type A, whose root system ®y is the root subsystem of long roots of
&4, and with fundamental roots B; and B + 382. We want to give the power
series Pg g = ZA’F(V#,VA lg)z*ry*az#1u#? | where the sum is taken over
all A € A*(G,T) and p € AT(H,T). The restriction map with respect to the
bases of fundamental weights is given by 7((1,0)) = (1,1) and »((0,1)) = (0, 1).
Thus ® is empty, so D = 1, We = {1} and W = Wg. The multiplicities of the
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elements in A = r(®}) are one for the images of the short roots and zero for
the long roots. The short positive roots are y1 = B1 + B2, y2 = B2 and 71 + 2.
Kostant’s partition function ps at the lattice points my; + ny2, m,n > 0, is
given by :

1
(1 -a)(1-b)(1—ab)

= Z pa(mys + nyz)a™b"

m,n>0

and is zero outside these points. We need the following more general formal
power series expansion defining the function g4 on the same lattice, whose
values are polynomials in z and u.

1 miln
(1= a)(1 = b)(1 - ab)(1 — az)(1 —abu) _ D qa(myr + nyz)a™bn (%)

m,n>0

The values of g4 are taken to be zero outside the lattice. Thus,

ga(®) = palv — (am + pa(m1 + 12))) 2 w2

Since the fundamental weights of the A; subsystem of long roots are y; and
1 + Y2, we have p = p1y1 + pa(y1 + 72). Consequently, substitution of the
formula of Theorem 3.1 in the formal power expansion Pg|y, yields

Poir= Y, ¥ aalr(w(X+ pc)) — rpe))a* v

weW X

Now Pg g is computed by finding rational functions for the power series cor-
responding to each w € W separately. Let s; and s; denote the reflections in
Wg corresponding to the fundamental roots §; and (B, of G, respectively. In
light of the support of g4, a non-zero series occurs only when w is one of the
four elements 1, sy, 52, 5155.

We indicate how to compute the rational function corresponding to w = 1.

As 7(A) = A1(271 +72) + A2(71 +72), we have to compute the rational function
expression of

3 gan(@n +72) + dalya +72))et 1y (+%)

)
But, writing z = a?b and y = a b, we obtain the subseries of (*) in which pre-
cisely those monomials a™b™ occur that can be written in the form (a?b)*(ab)’

for certain ¢,j5 > 0. The following general identity is useful in finding the
required rational function

E gy M2 N LMy 12 My
al a2 ...ak bl b2 .--bl -
nymg,. om0
my,mg,...,m>0
nitngtotng2mytmatoodmy

k—-1p1-1

. (% * %)
;; Hp#i(ai - aP)Hq;éj(bj = bg) (1—aidj)(1~a;)
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We first compute a rational expression for the subseries of (*) in which only

monomials a™b™ occur that are at the same time monomials in the variables
ab and a. To this end we need only consider the fraction

1
(I1-a)(1-0)(1- az)

of (*). Letting k = 2 and | = 1 and substituting a; = a, a; = az and by =bin
(***) we obtain the rational expression for the relevant subseries of the above

fraction of (*). Thus, the rational expression for the subseries of (*) itself
becomes

( a B az ) 1 1
(1-ab)(1-a) (1-abz)(1—-az)/ a—az (1 -ab)(1- abu)

(1 — a%bz)
(1= a)(1 —az)(1 - ab)(1 - abz)(1— ad)(1 - abu)’
A look at the denominator of this function shows that a similar step, with & = 4
and ! = 2, and substitution a1 = az = ab, a3 = abz, a4 = aby, b; = a, and
b2 = az in (***) yields the required expression for (**) upon substitution of =

for a?b and y for ab. The resulting rational function for the w = 1 summand
of PGLH is

—(=1+2%uz? — 2z + %22 + yz + 222 — 2%uz® + 23y%z® - 2Puz® — 232ly —
x2yu + y?2?2? — uzz — Y ru — yPrz — 2%y%2 + 3yzz + 22%zu + 22%yx +
2zyu+ Syzzu+ 23 uledy + ulyzdz + 2223yu® 4 2yzzu— 32222y + z4ulzSy? +
42%2%y%u + 22222y u? — 223uzy + 2323y%u? — 22%2y — 62%zyu + 2Pzyu —
222 2yu? — 22zt 23y? —ulz? 22y + 2tztyBul — o3y u—yieztul 4 2PrtyPul —
zrziytu— 2242ty + 2392 23w + 2227 uz + 22y?ulz — buz2?y + 2 yluz +
zr28yu + 3232%yu + 3232%yu — uw?yPztz? — 29%zu? + yizzu — 3yPzzu +
v?2?2%u — 233U — yPateiu — 2Bydedu?)

(1—2)%(1 — zuz)(1— z2)(1 — y)?(1 — 222)(1 — yz)(1 — zu)(l —yu)

For w € {si, 52,5152} one can follow the same procedure. In these cases,
an additional summand r(w(pg) — pg) occurs in the argument of ¢4. However
this requires only a shift in the grading or removing some terms of the series.
The corresponding rational functions are, respectively,

v zizu+ yi2?zu — 222 uz — ¥ 2Pu— yizlz +zyu +yzz + 2yz —z ~y
(1 —zu)(1 —z2)(1 — 2)*(1 — yu)(1 - yz)(1 - )?

(1= y)(1 —z)*(1 - 22)(1 - zu)

3 3, 5.3 2,2

uz® — 232ty + 2323yu + 22%z — 22yz + yz® — Zluz
— 224 2%pu— eyutzz+yz — 2+ zux — 1)
(1= zuz)(1 — z2)(1 — 22z)(1 — yz)(1 — zu)(1 - z)*(1 —v)

—z(2%z3yu — 23uzly — 2z
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Adding these series gives the rational form of the branching series of G2
to the subgroup Aj:

1— zyzu .
(1—yu)(1 — zu)(1 — yz)(1 — y)(1 — z2z)(1 — zuz)

Pg,a.(,y32,u) =

An immediate consequence of the obtained rational function expreision
is the following recursive expression for the coefficient g(X1, Ap) of z*y*? in
Pg,|4,-

OZA’—J 2™ ifA; =0
g(d1,As) = ¢ T2 Tl pmmytim ifA; >0, X =0
q(A1,0)q(0, A2) — zug(A; — 1,0)g(0, A2 = 1) if A3 > 0,2 >0

We recall that g(A;, A7) is a polynomial in z and u expressing the decomposition
into irreducibles of the restriction to A4, of the G5 representation with highest
weight (A1, A2). The computation of ¢(A1, Az) via this method is much faster
than the general method as implemented in, e.g., the software package LiE (cf.

[Co]).
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