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1 Introduction 

Mathematical descriptions of the dynamics of structured populations take vari­
ous forms. In many cases, most notably in linear age-dependent population dy­
namics, integral equations form a natural modelling tool. For an age structured 
population in a constant environment it is possible to derive a renewal equation 
(Lotka's equation) for the birth rate of the population from first principles. 

An other approach to structured population dynamics is to start by writing 
down a population balance equation. This equation takes the form of a first 
order hyperbolic partial differential equation describing the continuous change 
of individual state as well as death. The birth process is described by a boundary 
condition supplementing the pde. 

In the case of linear age-dependent population dynamics the two approaches 
described above are equivalent. Integrating the population balance equation 
(McKendrick's equation) along characteristics one obtains the age distribution 
of the population in terms of the birth rate. Substituting this into the boundary 
condition one obtains Lotka's renewal equation. On the other hand, once Lotka's 
equation has been solved, one can easily write down an explicit expression for 
the age distribution. 

The purpose of this paper is to show that the equivalence of the renewal equa­
tion and pde approaches is not confined to age structured populations but has 
a much wider generality. A general structured population problem can usually 
be formulated as an abstract Cauchy problem in M(.Q), the space of all Borel 
measures on the individual state space .Q (see (7)). In the linear case this Cauchy 
problem generates a w*-semigroup on M(.Q) (see [2, 5]). We show that acer­
tain family of operators associated with the corresponding integrated semigroup 
satisfies a renewal equation on M(.Q) and conversely that the solution to this 
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renewal equation uniquely determines the semigroup. All our results will be for­
mulated in a general setting without any reference to population dynamics, but 
they will be illustrated by applications to age dependent population dynamics. 

In section 2 we recall some facts from perturbation theory of dual semigroups 
as developed in [2-5] and we recall how this theory is related to Cauchy problems 
on dual Banach spaces. In section 3 we show how the perturbation problem gives 
rise to a renewal equation, the solutions of which can be used to define the solu­
tion semigroup of the problem. Finally in section 4 we take an abstract renewal 
equation as the starting point and we give conditions for when the solutions of 
this equation determine a semigroup on the dual Banach space. To achieve this 
goal which eventually yields the equivalence between the perturbation problem 
and renewal equation we introduce a new concept, that of a "multiplied inte­
gral of a semigroup". The relationship between this new notion and some more 
established ones like "integrated semigroup" is investigated. 

2 Perturbation theory for dual semigroups 

Let X be a Banach space. Recall that a w* -semigroup on X* is a family 
Tx = {TX ( t)} t>o of bounded linear operators on X*, which in addition to 
the semigroup properties rx(o) =I, rx(t+s) = rx(t)TX(s), satisfies the con­
tinuity condition that t --+ (x, Tx (t)x*) is continuous for any x E X, z* E X*. 
The w"' -generator Ax of rx is defined by 

Axx• =weak* - lim![rx(h)x* - z*] 
h!O h 

the domain D(AX) being defined as the set of all z* EX* for which the above 
limit exists. In general there is not a unique correspondence between semigroup 
and generator (see [6] where properties (i) and {ii) of Theorem 2.1 below are 
motivated). 

Let To = {To(t)}t>o be a strongly continuous semigroup of linear operators 
on X with infinitesimal generator A0 • Then T0 = {7(j(t)}t~o is a w*-semigroup 
on X* with w*-generator A0. Define X0:= D(A0). Then T~, the restriction of 
T0 to x0, is a strongly continuous semigroup whose generator A~ is the part 
of A(i in x0, that is AWz0 = A(iz0, D(AW) = {:i:0 E D(A(i):A(iz0 E x0}. 

Let C be a bounded linear operator from x0 into X*. The basic perturbation 
result is given by the following theorem. 

Theorem 2.1 Let Ax:= A0 +C,D(AX) = D(A0). Then Ax generates a w*­
semigroup TX = {TX(t)}t~o on X* with the properties 

(i) x* E D(AX) and AXx• = y* 
if and only if 

~ (z, Tx (t)x*} = {z, Tx (t)y*} "ix EX, Vt ~ 0 

(ii) For all x* E X* and all t ~ 0 
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Note that the integral in (ii) is defined as a weak*-integral, i.e. 

Theorem 2.1 can be proved in several different ways. In [6] we used a general 
Hille-Yosida type characterization of w• -generators of w* -semigroups. A perhaps 
more appealing approach is to first construct a strongly continuous semigroup 
T0 = {T0(t)}t;::o on the smaller space x0 by the variation of constants formula 

T0(t)z0 = To0(t)z0 +lot TQ'(t- T)CT0(T)z0dT, z0 E x0' (1) 

and then extend T0 to all of x•. That the variation of constants formula (1) 
indeed defines a strongly continuous semigroup T0 on x 0 was proved in [2]. The 
extension of T0 to X* can be performed in two different ways, either through 
the intertwining formula 

(2) 

or by duality. In the latter case one obtains, after taking adjoints of T0(t), a 
w• -semigroup r0• on x0• and after restricting to the space x00: = D( A 0•) 
of strong continuity, a strongly continuous semigroup r00 on x00. There is a 
duality pairing[,] between x00 and X* and hence Tx(t) can be defined on 
x• by 

(3) 

for all z00 E x00 (in particular all z00 E X), z• E X*. The details and 
equivalence of these approaches are explained in [5]. 

Observe that a variation of constants formula like (1) is not possible for rx 
since the perturbation C is defined on x0 only. (A more involved variant which 
also holds for Tx on X* is derived in [8]). However, we will be able to write down 
a renewal equation for an associated family of operators on X* from which the 
semigroup rx can be recovered. This leads to yet another method of defining 
the solution semigroup on all of X*. 

We close this section by illustrating the abstract setting with an example 
from population dynamics. 

The classical age-dependent population problem is usually formulated in the 
population state space L1[0, oo) by the McKendrick equation supplemented by 
boundary and initial conditions 
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8n 8n 
Ft+ 8a = -µ(a)n, 

n(t, 0) = 100 
ft(a)n(t, a)da, 

n(O, a)= tfo(a). 
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(4) 

Here the age-specific fertility function ft is assumed to belong to L00 [0,oo). The 
problem ( 4) can be put in the abstract framework by considering the birth 
process as a perturbation of the process of aging and dying. On the predual 
space X = Co[O,oo) the unperturbed semigroup, i.e, the solution semigroup for 
the problem with f3 = 0, is given by 

J.•+t ( )d 
[To(t)f](a)=e- .. µa af(a+t). (5) 

The population state space is X* = M[O,oo). T0 is strongly continuous on 
x0 = D(A0), the subspace of absolutely continuous (with respect to Lebesque 
measure) measures on [O,oo). x0 can of course be identified with L1[0,oo) 
by the Radon-Nikodym theorem, thus yielding the classical state space. The 
birth process is described by the bounded perturbation C: x0 -+ x•, where 
C: L1 [O, oo) -+ M[O, oo) is defined by 

cq, = {ft,tfo}6=1
00 /](a)efJ(a)da6, {6) 

where 6 is the Dirac measure concentrated at the origin. Thus the problem can 
be abstractly reformulated as the Cauchy problem 

~; = (A~ + C)n, 
(7) 

n(O) =no 

on x• = M[O, oo ). If n0 E L1[0, oo) then the variation of constants formula {1) 
yields the usual mild solution in L1 [0, oo). 

3 The renewal equation 

In the last section we showed how the classical McKendrick formulation of age 
dependent population dynamics could be viewed as an abstract perturbation 
problem on a dual Banach space. In order to motivate the subsequent derivation 
of a renewal equation associated with the perturbation problem, we start by 
considering the same example again. 

Let the semigroup To on X = Co[O, oo) be given by (5) and let the perturba­
tion C be given by (6). Applying the linear functional induced by ft E L00 [0,oo) 
to both sides of the variation of constants formula (1) one obtains the equation 

b(t) = bo (t) + {ft, 1t T0 (t - r) 6 b( r)dr}, (8) 
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where 

(9) 

and 

b0(t):= {/3,T~(t)x0). (10) 

The function b(t) may be interpreted as the instantaneous birth rate of the pop­
ulation and b0 (t) as the instantaneous birth rate of offspring of parents present 
in the initial population. We want to transform equation (8) into a renewal 
equation. To this end we note that the function K defined by 

K(t):= {/3, fo1 Ta'(r)odr) {11) 

is locally Lipschitz continuous and therefore is differentiable almost everywhere, 
the derivative k belonging to Lr,;>c [O, oo ): 

K(t) = 1t k( r)dr. (12) 

It is now easily seen (for details, see [3]) that b satisfies the renewal equation 

b(t) = b0(t) + fo1 k(t - r)b(r)dr. (13) 

Equation (13) is nothing but Lotka's integral equation. Once b is solved from 
(13), the solution is obtained on x0 = L1[0,oo) by the explicit formula 

T0(t)x0 = T0°(t)x0 +lot Ta'(t - r) c5 b(r)dr. (14) 

As a matter of fact we obtain the solution on a.II of X* = M[O, oo), not in terms 
of the instantaneous birth rate, but in terms of the cumulative number of births. 
Exactly as in the case of K above, we see that 

Bo(t):= (/3, lot T;(r)x*dr) (15) 

defines a locally Lipschitz continuous function Bo. Therefore the renewal equa­
tion 

B(t) = Bo(t) +lot K(t - r)dB(r) (16) 

has a unique solution B, which is again locally Lipschitz continuous. It follows 
that B has a derivative b E Ll,;c[O, oo) almost everywhere: 

B(t) =lot b(r)dr. (17) 
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If x"' = x0 E x0, then bis of course the continuous function defined by (9). It 
follows that B(t) is the cumulative number of births in the time interval [O, t]. 
We have the following explicit representation of the perturbed semigroup Tx on 
X"': 

(18) 

The crucial "trick" in the derivation above was integration with respect to time. 
We will now extend this idea to the general theory. It will therefore come as no 
surprise that integrated semigroups will play a key role. 

If one integrates the variation of constants formula (1) from 0 tot one obtains 

1t T0(r)x8 dr = 1t Tg'(r)x0dr 

+it T0(t - u)C 1u T0 (r)x 8 drdu. (19) 

Applying the operator C: x0--+ X* to both sides of equation (19) one obtains 

C it T0(r)x0dr = C it Tg>(r)x0dr 

+Clot T0(t - u)C !au T 8 (r)x0drdu. (20) 

Observe that since J; 1(i(r)x"dr E x0and1; TX(r)x"dr E x0 for all x" EX*, 
all terms in equations (19) and (20) still make sense if z0 E x0 is replaced by 
x* E X*, Tg> by T0 and T0 by TX. Introducing the integrated semigroups 

S~(t) =it T0(r)dr, 

sx(t) =it TX(r)dr, 

mapping X* into x0 and the operators 

Vo(t) = CS~(t), 
V(t) = csx(t), 

(21) 

(22) 

{23) 

(24) 

mapping x0 into X" and integrating by parts we arrive at the representation 

5x (t) = s;(t) + 1t s;(t- r)dV(r) (25) 

of sx (t), where V(t) is the solution of the abstract renewal equation 
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V(t) = V0(t) + fo1 Vo(t - r)dV(r). (26) 

Once sx(t) has been obtained from (26) one gets the semigroup TX(t) by dif­
ferentiation with respect to the weak* -topology: 

TX(t)z* = ~:sx(t)z· = r;(t)z* + 11 r;(t- r)d[V(r)x•]. (27) 

The Stieltjes integrals in equations (25) and (26) are in the operator norm, 
whereas the Stieltjes integral in (27) must be interpreted in the weak* -sense. 

In [8] we show how the formal manipulations above can be made rigorous. 
There we develop a convolution calculus on a Frechet algebra of Lipschitz contin­
uous operators. Resolvent theory (see [9]) then implies that the renewal equation 
(26) has a unique solution in this algebra and that it is given by the generation 
expansion 

00 

V(t) = 2: V0n*(t), {28) 
n:O 

where the terms in the series are powers with respect to the Stieltjes convolution 

(U * V)(t) = fo1 U(t - r)dV(r). {29) 

It follows that the integrated semigroup sx (t) and the semigroup rx (t) also 
have representations in terms of generation expansions: 

00 

sx(t) = I:s:(t), (30) 
n:::O 

where 

(31) 

and 

00 

rx(t) = I:r:(t), (32) 
n:O 

where 

(33) 

Finally we note that (the integrated version of) Lotka's integral equation (16) is 
a special case of the abstract renewal equation (26). In age dependent population 
dynamics the perturbation C is a rank one operator and hence so are Vo(t) and 
V(t). Equation (16) i simply the scalar component of {26), with Vo(t) = B0 (t)8 
and V(t) = B(t)8. 
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4 Multiplied integrals of semigroups 

The main result of the last section was that if the perturbation C: xe -+ x• 
is given, then the perturbed semigroup TX(t) on x· is obtained in terms of 
solutions of an associated renewal equation on B(X*), the space of bounded 
linear operators on x•. In the McKendrick model of age dependent population 
dynamics it was clear how to define C, but this is not longer true in more general 
models of structured populations. If for instance the individual state space n is 
multidimensional (a subset of R" with n ~ 2), then there is no reasonable rep­
resentation of x0 as a space of functions or measures, and hence it is not clear 
where exactly the instantaneous birth rate operator C should be defined. In some 
concrete models it is not even clear from biological arguments how to define C, 
see e.g. [12). However, it is usually possible to define directly the cumulative birth 
function of a given population in M(D). In the case of multidimensional indi­
vidual state space this is not a scalar, but a measure-valued function. Moreover, 
cumulative births, not rates, are what one can actually measure. 

We are thus led to the following converse problem : Given a w*-semigroup 
T0 on X* and a family {Vo(t)}t>o of locally Lipschitz continuous operators in 
B{X*), under what conditions does the formula 

TX(t)z* = r;(t)z* +lot r;(t - r)d[V(r)z*], (34) 

where V is the solution of the renewal equation 

V(t) = Vo(t) +lot Vo(t - r)dV(r), (35). 

define a w•-semigroup rx on X*? Does there exist a bounded linear operator 
C: x0 -+ x• such that V(t) = csx (t), where sx (t) = J; rx ( r)dr? The rest of 
this section is concerned with these and related questions. We start with some 
definitions. 

Definition 4.1 (see [6]) A w• -semigroup Tx on X* is called an integral w* -
semigroup if 

rx(t) la. Tx(r)z*dr = fo 11 TX(t + r)z*dr 

for all z* E X* and all s, t ~ 0. 

{36) 

Definition 4.2 (see [1, 10, 11, 13]) A family S = {S(t)}t~o of bounded linear 
operators on a Banach space is called an integrated semigroup if 

S{O) = O 

t -+ S(t) is strongly continuous 

(37) 

(38) 
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S(s)S(t) = 18 [S(t + r) - S(r)]dr, s, t ~ 0. (39) 

It is clear from the above definitions that Tx is an integral w* -semigroup if and 
only if sx defined by sx (t): = J; TX ( r)dr is an integrated semigroup. 

Definition 4.3 Let Tx be an integral w* -semigroup on x• and let sx be the 
corresponding integrated semigroup. A family V = {V(t)}1>o of bounded linear 
operators on X* is called a multiplied integral of Tx if it s~tisfies the following 
conditions 

V(O) = 0 

t-+ V(t) is locally Lipschitz continuous 
with respect to the operator norm 

V(s)Sx(t) = 1t[V(r+s)-V(r)]dr,t,s ~ 0. 

Remark 4.4 Formal differentiation of ( 42) with respect to t yields 

V(t + s) = V(t) + V(s)Tx(t). 

(40) 

(41) 

(42) 

(43) 

In the context of population dynamics condition ( 43) has a clear biological inter­
pretation. V(t) then stands for cumulative births. Let x• be the initial population 
state. In the time interval [O,t] there are V(t)x* births while the population itself 
evolves to Tx (t)x*. In the time interval [t, t+s] there are therefore V(s )Tx (t)x" 
births. This should equal V(t + s)x", that is, equation (43) should hold. 

Note that ( 42) is equivalent to 

V(s)Sx(t) =ls [V(t + r) - V(r)] dr, 

which shows that the integrated semigroup corresponding to an integral w* -
semigroup is also a multiplied integral of that semigroup. 

The terminology "multiplied integral of yx " introduced in Definition 4.3 is 
justified by the following proposition. 

Proposition 4.5 Let Tx be an integral w* -semigroup with w*-generator Ax on 
the Banach space X". Let x0 = D(Ax) and let C be a bounded linear operator 
from x0 into X*. Then 

V(t) = csx (t), t ~ 0 (44) 
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defines a multiplied integral of Tx. Conversely, if V is a multiplied integral of 
TX' then there exists a unique bounded linear operator C: x0 - X* such that 
( 44) holds. One has 

for all x0 E X0. 

Cx0 =Jim! V(t)x0 
t!O t 

(45) 

Proof Let V be defined by ( 44). Then it is obvious that V satisfies ( 40) and 
(41). Also, 

1t [V(r + s) - V(r)]dr =it C[Sx(r + s)-Sx(r)]dr 

=Clot [Sx(r + s) -Sx(r)]dr 

= CSx(s)Sx(t) 

= V(s)Sx(t), 

that is, (42) holds. 
Conversely, let V satisfy (40) - (42). Let x* EX*, h > 0. Then 

* V(h)Sx(t)x* = * 1t [V(r + h)x* - V(r)x*]dr 

-+ V(t)x* ash l 0. 

(46) 

In fact, t V(h)SX (t) -+ V(t) in the operator norm as h l 0. Since x0 = 
limh!of:Tx(r)ix0dr,x0 E X0, the set of elements of the form SX(t)x"' is 
dense in x0. Since moreover t II V(h) 11:5 L < oo, 0 < h $ 1, it follows that 
the limit in (45) exists for all x0 E x0 and defines a bounded linear operator 
C:X0-+ X*. It follows from (46) that {44) holds. Uniqueness is clear. 

Remark 4.6 The limit in ( 45) agrees with the notion of instantaneous birth 
rate as the derivative of cumulative number of births. 

We now turn our attention to the main question of this section. Let To = 
{T0(t)}1>o be a strongly continuous semigroup on X and let Vo be a multiplied 
integral ~fTQ'. Let SO(t):= J:T0(r)dr,t ~ 0. Let V(t) be the unique solution of 
the renewal equation 

V(t) = Vo(t) +lot Vo(t - r)dV(r), (47) 

or equivalently, 

V(t) = Vo(t) + 1t V(t - r)dVo(r), {48) 
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and let sx ( t) be defined by 

sx(t) = SQ'(t) + 1t S0(t - r)dV(r). (49) 

Then sx (t) is the unique solution of the equation 

sx(t) = So(t) + 1t sx(t- r)dVo(r) (50) 

(for details, see [8]). It follows from (50) that the mapping t -+ sx(t)x'" is 
differentiable in the weak'" -sense. So we can define 

for x" E X* and t ~ 0. It is obvious that 

sx(t)x" = 1t Tx(r)x*dr. (52) 

Proposition 4.6 Let C: x0 -+ X* be the unique bounded linear operator satis­
fying Vo(t) = CS0(t), t ~ 0. Then V(t) = csx(t), t ~ 0. 

Proof By ( 47) and ( 49) we have 

csx(t) = CSQ(t) +Clot SQ'(t - r)dV(r) 

= Vo(t) + 1t Vo(t - r)dV(r) 

= V(t). 

Proposition 4.6 shows that we are exactly in the situation described in section 
3 and rigorously treated in [8]. However, the point of this section consists in 
deriving the main result - that V is a multiplied integral of the integral w*­
semigroup Tx - without any reference to the operator C. 

Theorem 4. 7 rx is an integral w* -semigroup and V is a multiplied integral 
ofTx. 

Proof Since Tx and sx are related by (52) we have to show that sx is an 
integrated semigroup. It follows then immediately that rx is an integral w* -
semigroup. To this end, note that it follows from (50) that 
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and hence that 

sx(t + r) - sx(r) = s;(t + r) - S~(r) 

r+T 
+Jo sx(t + T- u)dVo(cr) 

-1-r sx(r - a)dVo(o-) 

127 

1' [SX(t + r) - Sx(r)]dr (53) 

= l' [S;(t + r) - S~(r)]dr 

+ l' 1r+t Sx(t + T- cr)dVo(u) dr 

+ l' lr [SX(t + T- u)- Sx(r - cr)]dVo(cr)dr 

Since S0 is an integrated semigroup the first term on the right hand side 
of (53) is of course equal to S0(t)S0(s). Using the fact that V0 is a multiplied 
integral of T0, one finds that the second term to the right of (53) equals 

1' 1t sx(t-u)du[Vo(u+r)]dr 

= fo' lt sx(t - u)du[Vo(cr + r) - Vo(r)]dr 

=it sx(t - cr)du[1' {Vo( er+ r)- Vo(r)}dr] 

=it sx(t - cr)du[Vo(cr)s;(s)], 

while the third term can be written as 

(The subscript u in du indicates the integration variable). Defining 

Ut(s):= fo 1 [Sx(r+t)-Sx(r)]dr 

it follows from (53) that 

Ut(s) = s;(t)S0(s) +it sx(t - u)du[Vo(u)S~(s)] (54) 

+fa" U1(s - u)dVo(O"), 
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or, by {50), 

(55) 

But ( 47) and ( 48) show that Vis the resolvent kernel of Vo and hence Ut, as the 
solution of (55), has the representation 

Ut(s) = sx(t)S~(s)+ l' sx(t)SHs-o-)dV(ir) 

= sx(t)[S~(s) + 18 S~(s - ir)dV(ir)] 

= Sx(t)Sx(s), 

which shows that sx is an integrated semigroup. 

(56) 

It remains to be shown that V is a multiplied integral of rx. That ( 40) 
and (41) hold is obvious. The proof that V and sx satisfy (42) is completely 
analogous with the proof that sx is an integrated semigroup. Again using the 
fact that V0 ,S0 satisfy (42) one derives an equation similar to (55) for U,(t): = 
J;[V( T +s )- V( r)]dr, after which the resolvent representation yields the desired 
result. 
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