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1. INTRODUCTION

If Ag is the infinitesimal generator of a strongly continuous semigroup
To(t),t > 0, on a Banach space X, the dual Ag of Ag is the weak* genera-
tor of the dual semigroup Ty (t) = (To(t))*,t > 0, 0on X* in the following

sense:
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z* € D(4y) and Ajpz* =y* (1.1)
iff
C%(z,Ta‘(t):r*) = (z,Tg(t)y*), ze€ X,t>0.
Forany z*€ X*,t>0 we have /: Ty (r)z*dr € D(Ap) (1.2)
and

¢
Ap (/0 To*(r)x*dr) =T5(t)z" —z*.

Here f; Ty (r)z*dr has to be interpreted as the weak® integral
t t
(m,/o T3 (r)z*dr) = /0 (Ty(r)e,z*)dr . (1.3)

In Clément et al. (1989D) it is shown that the perturbed operator
A = Af + C, where C : D(A}) — X* is bounded and linear, generates
a weakly” continuous semigroup T on X* in the sense of (1.1) and (1.2).
Note that in general X© := D(4}) # X*. In Clément et al. (1989b) the
restriction T® of T on X© is constructed first via a variation of constants
formula and then extended to the space X*. In Clément et al. (1989¢) a
general Hille-Yosida type characterization is derived for the weak* generators

of weakly* continuous semigroups (in the sense of (1.1) and (1.2)).

In this paper we derive variation of constants formulas for the semi-
group T (rather than for its restriction 7® to X®). The construction pre-
sented here — which is independent of the approach in Clément et al. (1987,
1989a,b,c) — relies on the observation that A generates an ‘integrated
semigroup’ 5> on X* such that $*(¢) is locally Lipschitz in the operator
norm. S can also be described by a variation of constants formula. See
Arendt (1987), Kellermann (thesis), Kellermann&Hieber (1989), Neubran-

der (1988), Thieme (to appear) for some background material concerning
‘integrated semigroups.’

An alternative approach, which does not take the operator C as a
starting point but considers ‘multiplied integrals’ of the dual semigroup T

instead, is presented by Diekmann, Gyllenbergé Thieme (preprint).
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The formulas derived in this paper will allow easy derivation of cer-
tain properties of 7. We expect that they will play a crucial role in ex-
tending the perturbation theory from dual semigroups to dual evolutionary
systems and in handling quasilinear Cauchy problems on non-reflexive dual
Banach spaces. Such problems arise from physiologically structured popula-
tion models — see Metz&Diekmann (1986) for reference — in which popula-
tion growth couples back to individual development.

2. BASIC IDEAS AND RESULTS

In Clément et al. (1989b) a strongly continuous semigroup 7© is constructed
on X© = D(A}) via the variation of constants formula

TO(t)z® = TO(1) +/T0 (t = 7)CTO(r)z%dr, ®eX®  (2.1)

with T denoting the restriction of 7§ to X©. Then T is extended to X*
by the so-called intertwining formula

T*(t) = (M — AX)TO(t)(\] — 4%)7?

A variation of constants formula of type (2.1) is not possible for T because
C is assumed to be defined on X© only. In order to overcome this difficulty

we shall justify the following formula in section 6:

T*(t)z*
= T3 ()" + ' — Jim t:rg(t SROAA - 4T dr
= T (t)a* + w* - lim / TX(t — 7)CA(A — A T3 (r)z* dr.

T*(t) can be represented by a ‘generation’ expansion

T<@) = 5T () (23)

n=0
with T, = Tg and

Y (t)at = w* — lim / THt—1)CAA = A7 1T (D2 dr . (24)
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The series (2.3) converges in the operator norm. We shall see in section 6
that the w* — limy_q in (2.2) and (2.4) holds uniformly for ¢ in bounded
intervals, ||z*|| < 1 and that T>*(t)z is a continuous X** valued function of

t for any z € X.

Strangely enough we have not been able to prove these results di-
rectly. So we take a detour which is of its own interest. It is well known that
A* = A} + C satisfies the resolvent estimates and therefore generates an
‘integrated semigroup’ $*(t),t > 0, on X* which is locally Lipschitz in ¢
with respect to the operator norm. See Arendt (1987), Kellermann (thesis),
Kellermanné Hieber (1989). Actually it is possible to write down a variation
of constants formula for $*, namely

S¥() = S¥(0)+ || S5t = )de(CS* (7))
0 (2.5)
= S5+ [ $¥(t—7)d-(CSy (7))
with .
S = [ T3 (r)ar
being the ‘integrated semigroup’ generated by A§. The Stieltjes integrals in
(2.5) hold in the operator norm. From the first formula in (2.5) we realize
that S*(t)z* can be differentiated in the weak* sense yielding

T*(t)z* := %;Sx(t)z*
= (0" + [ Tyt - 1) (CS*(r)e) (2.6

t
= Ti(t)a" + [ TX(t = 1) (CSF (7))

The first integral in (2.6) is a weak* Stieltjes integral. The second equal-
ity in (2.6) will reveal that X** 3 T>*(¢)z is a continuous function of ¢ for
z € X. This will imply that the second integral in (2.6) makes sense as a
weak” Stieltjes integral. As we will see in section 6 the second equality in
(2.6) also shows that (A — A§)~1T>(t) is locally Lipschitz in t with respect

to the operator norm because (A — A§)~!T;(¢) has this property. (2.6) will
then imply (2.2).

The generation expansion (2.3), (2.4) is derived similarly using a
generation expansion for S*. The following formula is particularly help-

ful in studying the dependence of T on C and Tj. Set Voo(t) = CS*(t),
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Vo(t) = CS¥(t) and consider the second equality in (2.6) and (2.5):

,

T*(t)z* = T3 (t)z* + /Ot Ty (t — 7)dr (Voo (7))
Vao(t) = Vo(t) + /0 Volt = 7)ds Vio(7) 2.7)

1
= olt) + /0 Vio(t — 7)dr Vo (7)

\

In the next section a convolution calculus for locally Lipschitz operator ker-

nels will be developed in which Vi plays the role of a resolvent kernel for

V.

3. A CONVOLUTION CALCULUS FOR LOCALLY LIPSCHITZ
CONTINUOUS OPERATOR KERNELS

3.1. LIPSCHITZ KERNELS AND THEIR CONVOLUTION

By a kernel (of operators) we mean a family U(t),t > 0, of linear bounded

operators on a Banach space ¥ which satisfies
U)=0 (3.1)

and is locally Lipschitz in ¢ (with respect to the operator norm), i.e. for any
t > 0 there exists a Ay > 0 such that

U@)=U@s)]| < Aglr —s|, 0<rs<t (3.2)

The kernels form a vector space in an obvious way. We define seminorms
e V() - UGs)l
r)—=U(s
[Ulle :== sup

= , t>0. (3.3)
o<rgs<t T — sl

By (3.1), U(0) = 0, we have
sup [[U(r)l < t|U][: - (34)
0<r<t

With these seminorms the kernels form a Fréchet space which becomes an
algebra in the following way: For two kernels U, V' we define the convolution
* by

U+ V)(t) = /0 Ul = r)dV(r). (3.5)
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The integral in (3.5) is a Stieltjes integral in the operator norm, i.e. it is the

limit of sums
STUE=s;)(V(rj+1) = V(ri)), i € [rjirjsl

with 0 = rg < ... < nq1 = t, when the partition ro,..., rn41 gets finer. By
reordering the sums one easily checks that

(U V)(2) / LUV (E—r) (3.6)

with the integral being the limit of sums

S U1 = UVt —s3), 5 € Irjrrisal,
7=0

0 =79 < ... < rpg1 = t.Itis convenient to extend the kernels to R by
setting
Ut)=0, t<0. (3.7

Then they are locally Lipschitz on R and
t
(U *V)(s) = /0 U(s —r)d,V(r),s < t. (3.8)

U =V is a kernel again; actually we have the following inequalities in terms
of the seminorms || - ||.

Lemma 3.1.
¢
U * Vs S/O NU=r [V llrdr < LUV e -

Proof. Let 0 < r,s <t. Then (U« V)(s) — (U % V)(r) is approximated by

sums
2 (U(s = gj01) = U(r = 0541))(V(ojs1) = V(oy)) (3.9)
with
O0=00<- - <opy1 =t.

The norm of the sum (3.9) can be estimated by

;} 1le=0i41 s = 71 1V llojp (0541 = ).
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Taking the limit by refining the partitions we obtain

(U % V)(s) = (U * V) < Js - 7] ( A IIUlIt—o!IVllada) .

This implies the first estimate. The second is trivial.

We can integrate (U « V')(t) and obtain a more familiar convolution.

Lemma 3.2. [§(UV)(r)dr = [{U(t — r)V(r)dr =: (U * V)(t). In other

words,
(U V)(t) = SV = V)0

with the differentiation holding in the operator norm.

Proof.

/Oi(U «V)(r)dr = /ot /Ot Ulr — s)doV(s) dr = /Ot (/Ot Ur - s)dr) 4,V (s)

:/Ot(/ot_sU(r)dr> 4,V (s) = _/Ot d3</oi—s U(r)dr )V (s) =/;U(t~s)V(s)ds.

The second, fourth and fifth equality follow by approximating the integrals
by sums and rearranging these, the first equality holds by definition, the
third by standard integral calculus. Remember (3.7): U(0) = V(0) = 0.
Noting that

%(U*V)=U'*V=U*V’,
provided the respective derivatives exist, we find that
d2
Ux(VxW)= F(U*(V*W))
2

d
(U*V)*IV:E{Z—((U*V)*IV).

As the associativity of * is well-known and easily checked by standard inte-

gration theory, we have

Lemma 3.3. « is associative, i.e. the Fréchet space of kernels is an alge-
bra.

In view of Lemma 3.1, the Fréchet space of kernels deserves the name
Frechet algebra.
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3.2 RESOLVENT KERNELS

The resolvent kernel Vo, of a kernel Vj is determined by the relation
VOQ=V0+V0*V°°=%+V°°*V(). (3.10)
If it exists the resolvent kernel is unique by its algebraic properties. See

Gripenberg et al. (1990), Section 9.3, Lemma 3.3.

Remark. Often the resolvent kernel of a kernel Wy is defined by
I/V’oo’:WO—WO*WOO =W0—WOO*W0- (311)

See Gripenberg et al. (1990), Section 9.3. Note that (3.10) translates into
(3.11) by setting Wy, = —Vi, Wy = —Vj. The concept of (3.11) seems
to be more natural when ‘frequency domain methods’ are used whereas the
concept of (3.10) is more convenient when exploiting order relations in case

that Y is an ordered Banach space.

The standard construction of the resolvent kernel is the series of mul-
tiple convolutions:

oo
Voo = Z v (3.12)
n=1
with
Tl I Vo, V*(n-}—l) = V™ % V. (313)

The main point is showing the convergence of the series. (3.10) then follows
from

Lemma 3.4. V**«xVy=VyxV*"

which is immediate by induction. From Lemma 3.1 we obtain by induction
Lemma 3.5. ||V )|, < O|ett, n>1.
So 021 [[V™™ e < [[Valleexp(t]|Va]le) and the series (3.12) converges

in the seminorms || - ||s. By (3.4), 52, V**(t) converges in the operator

norm uniformly for ¢ in bounded intervals.

As a corollary we have the estimate

Lemma 3.6.  [[Veolle < [[Voll exp(t][ Vo) -
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The importance of resolvent kernels consists in solving convolution

equations.
Lemma 3.7. (Gripenberg et al. (1990), Section 9.3, Lemma 3.5)
The convolution equation

U=Ug+VogxU

is uniquely solved by
U="Uy+ Vo xUp,
whereas

W=Wy+Wx«V

is uniquely solved by
W=Wy+Wy*Vs.

Before we estimate the solutions of convolution equations we make

the following simple observation which follows from Lemma 3.6.
Lemma 3.8. 1+ [§ ||Veollrdr < exp(t||Voll1).

Note that ||Vp||: is a monotone non-decreasing function of t. The fol-

lowing is now easily derived from Lemma 3.7 and Lemma 3.1.

Lemma 3.9. Let W solve W = Wy + W x Vg or W = Wy + Vo « W. Then

Wlle < [Wollsexp(t][Vollo) -

We use this lemma for studying the dependence of the resolvent ker-

nel Vo on Vg. Let

Vo = Vo + Vo %V .
Then

Uoo_Voo=(UO"'VO)'*‘(UO—VO)*Uw+%*(Um—Vw)-

By Lemma 3.9

[Uso = Voolls < [|Ua = Vo + (Uo — Vo) * Uool|1 exp(t|Vol}2)-
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By Lemma 3.1

Ve = Veolle < 100 = Voll (14 [ [eellvdr ) exp(el¥all).
By Lemma 3.8,
[ = Vesle < 100 = Volleexp(tlTiall) exp(e Vo)
So we have

Lemma 3.10. Let Uy, Vi be the resolvent kernels of Uy, Vo respectively.
Then

1Uso = Veolle < 1Uo = Vollsexp(t[[lTnlle + 1Voll:])

4. PERTURBATION OF LOCALLY LIPSCHITZ CONTINUOUS
INTEGRATED SEMIGROUPS

It is well-known that an operator A on a Banach space ¥ generates an ‘in-

tegrated semigroup’ Sg'(¢), ¢t > 0, on Y which is locally Lipschitz (with

respect to the operator norm) iff A — AJ can be continuously inverted for

A > w and the resolvent estimates

M
. X\—n <
(A = Ag) ”__-——(/\——w)"’ A>w,neN (4.1)
are satisfied. Actually
ISe() = Syl < M e (t—7),t>7>0. (4.2)
Moreover we recall that by definition
t
SEOSK ) = [(Sr+m) = S5(dr, S5 =0.  (49)

See Arendt (1987), Kellermann (thesis), Kellermanné Hieber (1989). The
following relations hold between A* and $*:

Lemma 4.1 a) Let z,y €Y. Then z € D(A{) and Az = y iff £S5 (t)z =
z+ S5 (t)y for all t > 0.

b) (A= AF)T = A [P e NS (t)dt = [0 e Md, S (1)

c)Foranyy € Y,t > 0, [f S¥(r)ydr € D(AY) and AX J¢ S§(r)ydr =
S5 (t)y —ty.
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See, e.g., Thieme (to appear).

If C : D(AJ) — Y is a bounded linear operator, the operator
AX = Af + C also satisfies the estimates (4.1) (with different w). See the
proof of Theorem 1.1 in Pazy (1983), Section 3.1. So A* generates a locally
Lipschitz continuous integrated semigroup S*. Compare Proposition 3.3 in
Kellermann& Hieber (1989). Actually it is possible to find S* as the solu-

tion of the variation of constants formula

() =S¥ () + [ $%(t = m)dr(CS3 (7)) -
= SE+ [ S5(t=n)dr(CS(7)).

Taking Laplace transforms one realizes that
[ee]
—At g% _ _oAxy-1
,\/0 e MG (4)dt = (A — A,
Applying C to (4.4) we realize that C'S*(¢) coincides with the resolvent ker-
mel Voo of Vg, Vo(t) = CS§(t). Hence
t
SX(t) = SX(t) + /0 SX(t = 7)d, Vio (7). (4.5)

In other words,
S* =55 + S5 * Vo (4.6)

In turn, we can first construct V, as the resolvent kernel of Vy and define
S by (4.6). If we multiply (4.6) by C and compare with (3.10) we find that

Voo = CS*. Using the expansion (3.12), (3.13) we obtain the generation
expansion

St = 3 S5(1)
=0 (4.7)

t t

Tl = [ St = 1)dACSE() = [ S5t - )dr(CSE ()

In fact the definition
S =S*V*™ n>1,
yields OS5y, = V*(n+1) _ see (4.7) and Lemma 3.4 — and so

Sas1 =S¢ *(CSY),
w1 = SE R (V% Vo) = (S5 V™)« Vo = SX % (CSY).
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As a byproduct, we obtain the estimate

E IS, +1||t < oo, foranyt>0. (4.8)

n=0

5. PERTURBATION OF DUAL SEMIGROUPS

If T3 (1) is the dual semigroup on X* associated with a strongly continuous

semigroup Ty on X — the infinitesimal generator of which is Ag —, then
t
SX(t)e* = /0 T (r)e* dr (5.1)

defines the locally Lipschitz continuous ‘integrated semigroup’ Sg (¢) on X*
which is generated by Aj. Let C : D(A4;) — X* be a bounded linear op-
erator. Then the perturbed operator A* = Aj + C with D(A4*) = D(Ag)
generates the integrated semigroup given by (4.4). From the second equation
in (4.4) we realize that $*(t)z* can be differentiated in the weak® sense and
that
X * d* *
T*(t)z* : = E— *(t)z
. (5.2)
= T + [ Ti(t = r)d-(CS*(r)a).

The integral on the right hand side has to be interpreted in the weak*
sense. We note that X** 3 T>*(¢)z is a continuous function of ¢ for z € X.

Taking this into account we obtain from the first equation in (4.4) that

T*(t)z* = T (t)z" + /0 (= ) (CSE (), (5.3)

where the integral on the right hand side has to be interpreted in a weak*
sense:

(z, /0 s — 7)d, (CSF¥(r)z*))

is the limit of the sums
Z (€8¢ (741) = CSF(73))a*, T* (t - 0y)z),

0=17) < -+ < Tag1 = t,0; € [tj,t;41], when the partition 7g,- -+, Tpy1,n €
N, gets finer.
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From (1.2) and the second equality in (4.4) we realize that S>(t)z*
€ D(Aj) and
AyS* ()t = =z + T*(t)z* — CS™(t)z".
In other words
T*(t)z* =% + AXS*(t)z" . (5.4)
This is property (1.2) for T%, A*. Using (4.3), (5.4) and Lemma 4.1c) we
can verify that T%(t) is a semigroup. From Lemma 4.1a) we obtain that

z* € D(AY),A*z* =y* ff T*(t)z* —z* = S*(t)y*,t > 0.

This is equivalent to (1.1) for T™, A*. Hence we have shown that the weakly*
continuous semigroup T generated by A* in the sense of (1.1), (1.2) is ob-
tained by the formulas (2.6).

It is now easy to obtain a generation expansion for 7*. Proceeding

as before we can differentiate (4.7) in the weak* sense obtaining
x * d* x *
Ton(t)z” = =50, (1)
¢ t
= /0 Tg(t — 7)d-(CSX (7)) = /0 T3 (t = 7)d: (CSE (7))

It follows from (4.8) that

(5.5)

[e.e]
> T
n=0
converges in the operator norm uniformly on bounded intervals, hence the

series in (4.7) can be differentiated in the weak* sense such that

T (t)e* = %sxu)x* =3 %s:; (t)z* = S TXt)z*.  (5.6)
n=0

n=0

6. THE VARIATION OF CONSTANTS FORMULA (2.2)

In order to give a meaning to the integrals in (2.2) we prove

Lemma 6.1. a) (A— A}§)"1Tg(¢) is locally Lipschitz in t with respect to the

operator norm.

b) The same holds for (A — A§)~1T*(t).
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Proof: a)
(- 47T () = T (O — 43)™"
= [ T6)450 - A3y ds + (1= 4p)
- /ot Ty (s)ds + /Ot T3 ()AA — A5)~ds + (A — 43)7".
b) By (5.2)

t
(= 457170 = (A= AT @) + [ (= 4) TS (= ) (CS¥(7).
Part a) and Lemma 3.1 now imply the assertion.

In order to show the first equality in formula (2.2) we use formula
(5.2) and prove that

t t
w’ - im /0 T3 (t—7)CA(A = A1 T ()2 ds = /0 T} (t—7)dr(CS*(r)z").

Note that the integrals on the left hand side can be approximated in the

weak* sense by sums
S To(t = )CAR - 43) 7 (S (1) =S¥ (7))
J

uniformly for large A and uniformly for ||z*|| < 1, t in bounded intervals.

The integral on the right hand side can be approximated in the weak”
sense by sums

Y To(t = m)C(8(7j41) = §%(7)))”

J
uniformly for large A and uniformly for ||z*|| < 1, t in bounded intervals.

So we only need to show that

AN = ADTIS*(r) = SX(r), A = o0

uniformly for r in bounded intervals. But
M= 43718 (1) = §%(r) = (A — 43)"1 435%(r)
= (A= A5 HT*(r) - I - CS*(r))

— see (5.4) — and

A =457 =0 for A — oo.
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The second equality in (2.2) is shown similarly using (5.3). Note that T>*(t)z,z €
X, is a continuous X** valued function of t > 0. (2.4) is derived from (5.5)
in the same way. Note from (4.7) and (1.2) that S;°,(t)z* € D(Ap) and

ASy )zt =TX ()2 — 2" — CSy ().
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