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ABSTRACT: In the semantic framework of metric process theory, we undertake a general
investigation of fairness of processes from two points of view: (1) intrinsic fairness of
processes, and (2) fair operations on processes. Regarding (1), we shall define a
“fairification’" operation on processes called Fair such that for every (generally unfair) pro-
cess p the process Fair(p) is fair, and contains precisely those paths of p that are fair. Its
definition uses systematic alternation of random choices. The second part of this paper
treats the notion of fair operations on processes: suppose given an operator on processes
(like merge, or infinite iteration), we want to define a fair version of it. For the operation of
infinite iteration we define a fair version, again by a "‘fair scheduling™ technique.
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1. INTRODUCTION

The most basic context in which the notion of fairness can be defined is that of a

Tepetitive choice among alternatives. In [F] the reader can find an elaborate intro-

duction to the notion(s) of fairness, with an extensive overview of the research in this
In this paper we propose a different approach, which could be called a semantic

one, as opposed to the language (or syntax) directed approach mentioned above. Our
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point of departure is a semantic domain for nondeterministic languages in general,
without limiting ourselves to the choice of a particular language. Such a semantic
domain will in general be a solution of some reflexive domain equation

FP =P,

where F is a functor on some category of mathematical domains, and “==" means “is
isomorphic to”. Various techniques have been developed for solving this type of
equation. We follow a mietric approach, following Nivat ((N]) and De Bakker and
Zucker ([BZ1]), and reformulated and extended in a category-theoretic setting in
[AR]. The category @ under consideration consists of complete metric spaces, and the
functors on € are so-called contracting functors. These spaces are composed from
basic metric spaces (sets provided with the trivial 0-1 metric) by the operations of
union, Cartesian product, forming function spaces, and forming the set of all (closed)
subsets of a given space. Examples would be complete metric spaces satisfying one
of the following equations:

P=AU(BXP), or
P =AU(B->(CXP)),

where A, B and C are arbitrary sets and = stands for “is isometric to”. (Since ele-
ments of € are pairs <P,dp>>, consisting of a set P and a metric dp on P, domain
equations over € should also specify a condition on these metrics. In this introduc-
tion, however, we omit such details.)

Another example of a domain is a metric space P satisfying the domain equation:

P={po}UPy(BXP).

(Here 9,4( - - -) denotes the set of all closed subsets of (---).) Since this is the
domain we shall use in this paper as a starting point for our study of fairness, we dis-
cuss it in some detail. The (possibly infinite) set B={hy,b,, ... } is called the
alphabet of P. The elements of P are called processes. A process p €P is either pg, the
so-called nil process, or a (closed) set of the form

p={<bi,p;>|<bipi>€BXP,icl}

for some set I of indices. (Here the set I represents the choice among alternatives.)
Then p can be regarded as a process that for each i€/ can take a step b;, and then
continues with the process p; (called the resumption of b;). This is itself either pg,
indicating that the process p has terminated after performing step b;, or again a
(closed) set of possible next steps and corresponding resumptions.

Roughly, one can think of these processes as tree-like entities. However, there are
some differences. Trees with a left branch labeled a and a right branch labeled 5, and
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with a left branch labeled b and a right branch labeled a, are identified, and both are
represented by {<a,po>,<bpy>}. A tree with only one branch labeled a is
identified with a tree with two branches both labeled a. Furthermore, we do not con-
sider arbitrary subsets of B X P, but only closed ones. For an extensive comparison of
trees and processes we refer to [BK].

In our approach the elements of B, which are called basic steps, are atomic actions,
whose possible interpretations have been abstracted from. One such interpretation
would be to associate a basic step b; with each component of a guarded command,
indicating that the i-th component of that command is selected. Another interpreta-
tion would be to regard b; as an arbitrary action of the i-th component of a system of
(possibly infinitely many) active components, indicating that “progress” is being
made by that component. A context in which this interpretation makes sense is that
of object-oriented programming (see e.g. [ABKR] or [C]). The basic steps could also
be thought of as being different possible actions (e.g. read, write, assignment, etc.)
which a single component can perform.

In this framework of metric process theory, we undertake a general investigation of
Jairness of processes from two points of view: (1) intrinsic fairness of processes, and
(2) fair operations on processes.

Regarding (1), a process p is called (intrinsically) fair if all its paths are fair. A path
for p is a sequence of pairs: <a;,p;>,<azp2>, ... suchthat <a;p;>e€pand
<da;+1,pi+1>>€p; for all i=1. The difference between fair and unfair paths can
easily be illustrated with a simple example: consider a process p € P satisfying

p={<0p>,<lp>}.

This process must choose infinitely often (in fact at every step) whether to perform
the basic step “0” or the basic step “1”. The following path in p

<0p>,<0p>, <0p>,...

is unfair (with respect to basic step “1”), because step “1” never occurs whereas it
can be taken infinitely often. An example of a fair path is

<0p >, <lp> <O0p><lp>, ...

Actually, there are (at least) two notions of fairness current in the literature. The
notion we are considering in this paper is often called “strong” fairness (e.g. in [OA]),
as opposed to “weak” fairness. In our context a path @ would be called weakly fair if
every basic step that is from some moment on continually enabled in « occurs
infinitely often in . (For the definition of enabled see 2.3.) This notion is also called
Jjustice ({LPS]). A path is strongly fair if every basic step that is enabled infinitely
often (but not necessarily continually) in 7 occurs infinitely often in =) The
difference between these two notions can again be illustrated with a simple example:
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consider a process p €P satisfying
p={<0,{<0p>}>, <L{<Lp>}>}

This process can choose infinitely often whether to perform twice the basic step “07,
or twice the basic step “1”. Then the path in p

<0,{<0,p>}>, <0p>, <0,{<0,p>}>, <0p>, ...

is weakly fair but not strongly fair. In this paper we only deal with strong fairness.
The case of weak fairness can be handled similarly; in fact it would be even easier.
We shall define in section 3 (for a finite alphabet B) a “fairification” operation

Fair:Pp—p"?

(where P/ is a suitably extended version of P), such that the process Fair (p) is fair,
and contains precisely those paths of p that are fair, or, more precisely, representa-
tives of such paths. The relation between Fair(p) and p will be clarified by the
definition of a mapping from the paths of Fair(p) to those paths of p which they
represent. Roughly, Fair(p) is defined by associating indices with the subprocesses
(or “nodes™) of p so as to provide a “bookkeeping” of the way in which alternative
subprocesses are chosen in forming paths. These indices indicate priorities for each
of the basic steps b;. During the construction of Fair(p), new sets of indices will
from time to time be chosen by certain random choices. (This idea of implementing
fair scheduling by means of systematic alternation of random choices is well known
(see e.g. [AO], [BZ2,3], [P]).) In section 4 this theory is extended to an infinite alpha-
bet, with an “expanding” system of indices (i.e. increasing in length), so that an index
at a node records all the (finitely many) basic steps already encountered on the path
to that node.

We turn now to (2), the notion of fair operations on processes. Suppose given an
operation 8 on processes, which is, say, binary: 0:P XP—P. We want to define a
fair version 0pP XP—P of 0, such that for all p1,p, €P: first, if p; and p; are (int-
rinsically) fair, then so is Onp1,p,); and second, O4p1,p,) is fair with respect to the
operation 0. This second condition must be explicated for each operation 0. A good
example is the merge operation [|:P XP—P. In[BZ2,3] a fair version ||; is defined.
In this case the second condition is the requirement that all paths in the resulting
process p1llp, must be fair with regard to alternate scheduling from p; and p;. A
trivial and wrong solution to the problem would be to define

pillpa = Fair(pillp2).

Obviously, the first condition would be satisfied, but not so the second. The reason
for this is, roughly, that in the resulting process p1l| P2, (intrinsically) unfair paths
of pillp, that are fair with respect to the alternate scheduling from p; and P2 should
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still be present. The operation Fair, however, would remove them from p,lip;. So
this solution would be too coarse. A satisfactory solution was given in [BZ2,3], where
the fair merge was defined on the basis of alternate sequences of random choices.

In this paper (section 5) we shall consider another example of an operation on
processes, namely infinite iferation ( - -- )*:P—P, defined by

w

P

— 1; n
- hmneoop )

where p®=pg and p"*!1=prep. (Here “o” stands for sequential composition of
processes.) We define the fair infinite iteration p of a process p € P and, after expli-
cating the notion of fairness with respect to infinite iteration, prove that the conditions
above are indeed satisfied. Our approach is flexible enough to enable us to deal here
with two notions of fairness simultaneously: global and node fairness.

An area that remains to be investigated is that of fairness for non-uniform processes
(BZ1], where our uninterpreted basic actions are replaced by basic state transforma-
tions, since here even the definition of fairness of paths in such processes is prob-
lematic.

Nevertheless an investigation of non-uniform processes would ultimately be neces-
sary, to deal with certain issues which cannot be handled in the present framework.
Consider, specifically, the case of guarded commands (with Boolean guards), where
successive “visits” to the same node have different descendent nodes, depending on
the state- for example, the process

P iz *[boc:= —c O bAc—b:= ff]

which terminates only under (strong) fairness. Nodes corresponding to the “top level”
here have, alternately, one and two descendents. In our “uniform” framework a node
always has the same set of descendents, and so a situation like this cannot be han-
dled.

RELATED wWORK: We already mentioned [F] above, where the reader can find an
introduction to the notion(s) of fairness. Next, we mention a few related papers
without the intention of giving a complete overview of this area of research.

In [DM], fairness properties are imposed through metrics that allow convergence to
fair processes only. The starting point is a simple concurrent language for which a
semantics is given with the help of so-called concurrent histories, which are partial
orderings describing ‘true’ concurrency. In [AO] and [CS), proof rules are given for
fair transformations in concurrent systems: in the first paper for a fixed number of
concurrent components, and in the latter for a (possibly) growing number.

The main difference between the above approaches and ours, is that we study fair-
ness of processes purely at a semantic level. This enables us to consider the notion of
arbitrary fair operation on processes, of which the merge (of concurrent, possibly
infinitely many, processes) is just one example.
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2. MATHEMATICAL PRELIMINARIES

DeFINITION 2.1 (Domains)

We shall use mathematical domains P of processes p, which are such that:
(1) P is a complete metric space,

(2) P satisfies the following reflexive equation:

P = {po} UBu(A X P),

where = stands for “is isometric to”, po is a null process, P( - - - ) denotes the set
of all closed subsets of (- - -) and A, with typical elements &, is such that it contains
as a subset a (possibly infinite) alphabet

B:{bl,bz, . }

of basic steps.

We shall not dwell too long upon the mathematical details of the construction of a
domain P which satisfies the above definition. Let us just briefly mention two
different approaches. First, one can take a metric completion of a union of metric
spaces in the following way. We need two definitions. First, d is an ultrametric on a
metric space M if, for all x, y, z €M,

d(x, z) < max{d(x, y), d(y, z)}

Second, given a metric space (M, d), the metric d induces a metric, the Hausdorff
metric dy, on the set 9,,(M) of closed subsets of M, defined by

dy(X, Y) = max{sup(xcx)(inf(,cy)d(x, y)), sup(ey)(infiexyd(x, »)))

Note that if d is an ultrametric, then so is dy.
Now we define a sequence of metric spaces ((P,, d,)), by

Py = {po}, doPo,po) =0
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Poi1 = poUPyAdXP)
dy +1(pospo) = 0
du 1 (p,p0) = duy1(po,p) = 1, for ppo

For p, p'e@ (A X P,), d(p,p’) is the Hausdorff metric induced by the distance
between points d,, 4 1(x, y), where, for x = <<aj,p;> andy = <a,,p;>,

1 i ayFa;

1l y) = Vedupr,pa) if a1=a;

Note that PoCP;C - -+ and dyCd;C - - - . Define
Py = U, Pn d, = U,,dn

and (P, d) as the metric completion of (P, d,,).

Note that P is a complete metric space, d is an ultrametric on P with maximum
value 1, and P satisfies the reflexive equation above. Full mathematical details and
extensive motivation are supplied in [BZ1]. The second approach is to interpret the
reflexive equation for P as defining a functor F on a category of complete metric
spaces, thus:

FP = {po}UP(AXP).

(The definition of F should also specify a metric for FP.) In [AR] it is shown how to
define I as a so-called contraction, which has a (unique) fixed point; so

I'P ~ P.
‘Thus this method also presents us with a solution.
RiMARKS: We should be more precise about the metrics involved. We should have
written the equation above as
FP = {po}UP A Xidy (P)),

where, for any positive real number ¢, id, maps a metric space (M,d) onto (M,d")
with d’(x,y)= c'd(x,y). For the details see [AR].
‘I'he metric d on P has the following convenient description: First, for p7po, we

define the left projection of p:
m(p) = {aeA:3p'[<a,p'>€Ep 1}
Then we have, for p, g5%p, the following two cases.

(1) if w(p)7#m(qg) then d(p, q) =1
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@) if w(p)=m(q)
then d(p, g) = Y%sup{d(p’,¢): Jacd[<a, p'>ep N <a,g>eq]} (¥)
The constant % appearing in the formula (*) will be used in the “contraction argu-
ments” below.
We now introduce a number of concepts related to processes.
DEFINITION 2.2 (Paths)
A path for a process p €P is a (finite or infinite) sequence
7=(<a,p1>,<azp>, ...)
such that
<ayppi1>ep AViZ1[<a;11,pi+1>€pil-
We say that m passes through p;, and p; will be called a node of p or a subprocess of p
(for i=1). The set of all paths for p will be called Paths(p).
The following definition explains which processes we want to consider fair.
DEFINITION 2.3 (Fairness)
(a) Let b;eB. Consider a path
T=(<app1>,<dz,pr>, ...
We say that b; is enabled in « (or i is enabled in ) at step k whenever
JkeNIgeP[<b,q>ep;l.
We say that b; occurs in 7, whenever
3k eNJ[a; =b;).

(b) We call a path 7 fair whenever for all b;€B, if b; is enabled infinitely often in ,
then it occurs infinitely often in 7.
(c) A process p P is called fair if all its paths are fair.

ExampLE: Let peP be such that p ={<ap>,<bp>}. Then b is continually
enabled in

T=(<ap>, <ap>,...)

but never occurs in it. Thus, the path « is unfair.
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Please note that only basic steps b; B are taken into account in the definition of fair-

1Ness.

3. FAIRIFICATION OF PROCESSES WITH FINITE ALPHABET

Let P be defined by
P={po}UP(BXP),

with B a finite alphabet:
B={by,...,bu}

Given a process p €P, we want to form a new process Fair(p), which is, in some
sense, a fair version of p. For this purpose we want to define a function

Fair: p—spT

such that there is an obvious correspondence between the paths of Fair(p) and the
fair paths of p. Here P is given by:

Plnd — {PO}U@CI(A XPIHd),
where A = B U Index, and Index is a set of indices (to be defined below). A node p’
of a process p € P with

p = {<wp,>|vel},

for some subset I of Index, is called a sum node and is denoted by

p'= 2Py
vel
After having defined the function Fair, we shall clarify the relation between p and
Fair(p) by defining a mapping

®: Paths(Fair(p))—> Paths (p),

that will satisfy the following two properties. First, for every path =& Paths(Fair(p))
we have that ®(r) is fair. Secondly, any fair path in p will be in the range of ®. The
function Fair will be defined in such a way that it transforms a process p into a fair
process Fair(p) by labeling each node of p with an index and, moreover, interspersing
some new nodes consisting of sums of indices (to be defined below). Indices are the
main building blocks in the definition of the function Fair. They are defined as
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follows.

DEFINITION 3.1 (Indices)
The set Index of indices, with typical elements », is given by

Index = (<ny', ..., m5>|
Vie(l,...,m} [n;Z0N0<s;<0 A (n; =05, = 0)]},

where m is the number of elements in B, and n} denotes the Cartesian pair <n;,s;>.

Let p be a process and » an index. The process p”, which is defined below, can be
viewed, informally speaking, as a process that behaves like p as far as is allowed by
the index ». Consider the i-th element of », say ni. It is related to by, the i-th ele-
ment of our alphabet B. The interpretation of nj (relative to p) is that in paths start-
ing in p, a step &; is permitted n; times with priority s;.

For the priorities s; we have the convention that a low number indicates a high prior-
ity. It is possible that two or more s;’s have the same value, the corresponding b,’s
having the same priority. The symbol oo indicates the lowest priority possible.
Because it is always associated with an # that is 0, it can also be interpreted as indi-
cating no priority at all.

REMARK

The interpretation of the i-th component 7} is in a sense orthogonal to the approach
taken in e.g. [AQ]. There a single number z; is used to indicate the priority of the i-th
component of some system of active components. This number z; indicates, roughly,
the number of times a computation can “allow itself”” nor fo choose this component as
the next one to make progress. In our approach the number n; indicates the number
of times we are allowed fo choose b; (the i-th component) as the next step, before
another component gets the highest priority.

Now suppose we have a process p containing a step <b;,q>:
p=1{..,<byg> ...}

and assume furthermore that we have » € Index with
v=<...,n,...>

where 7;>0 and s;=min{sy, . ..,s,}. Then, according to our interpretation of p”,
it is permitted to choose <<b;,¢> as the first step of a path starting from p. With the
resumption ¢ of this step will be associated a new index »~[i], in which n; is
decreased by one. If n,>1 nothing happens to the priority s; of ;. If n;=1 (and so
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decreased to 0) it is, for the time being, the last time that b; is allowed, and s; is
changed to oo (the lowest priority possible). As we will see, at some later stage it will
be taken care of that n; and s; are reset again, so that 7;>0 and s;<Coo. All this is
formalized in the following definition.

DEeriNITION 3.2
Let veIndex be such that
s i Sm
y=<ny,...,nf,. .. 00>,

andletie{l,...,m}. We define

<ny, ..., =D > if n>1
yTlil= |<nY, .. .,0%, . nm> if ;=1
undefined if n;=0.

There is another operation on indices we shall need.

DEFINITION 3.3
Let veIndex be such that

y=<nl,...,nm>,
then
N(y)={<i’;’,...,ﬂf,7>;
vie{l,...,m}
(=0 As;=00)= (7;>0 A5;=) max({s1, - - -, Sm} \ {0}) +D A

(n;>0 /\sj<oo)a(ﬁj=nj As;=spl)

The elements » in N (v) are obtained from » by changing, for all ; with n,=0 and
5; =00, the value of »; to an arbitrary positive number and the value of 5; to s +1. In
words, this means that b; is again allowed to be chosen (n; times) but with a priority
lower than all other priorities present in » that are not co. This definition will also be
used in the definition of Fair, where it will be further elucidated.

We now give this definition, upon which an explanation will follow.

DEFINITION 3.4 (Fairification)
We define a function
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Fair: P—p™.
Let p€P. Then

Fair(p) = 3 Sfair(p,v),

vely
where

Iy ={<nl, conh > n>0,i=1,...,m}
and

fair:P X Index—P ™

is defined as follows. (We often write p” for fair(p,»).) For all »€Index we define

Jair(po,») = po.
For pp we distinguish two cases.
Case 1:

If 3ie{l,...,m}[n;>0A5<oo A enabled(i)],

then p” ={<b;q" Ul>| <bjqg>ep As;=min{s1, .. .,sm}}
Case 2:

If Vie{l,...,m} [enabled(i)= (n;=0As;=c0)],

then p'= 3 p;'.

veN(v)

REMARKS

(1) The definition of fair:P X Index— P is self-referential and therefore needs
some justification. We observe that fair could be defined as the fixed point of a

mapping
®:(P X Index —P ™) —>(P X Index—PT"%),

which can be defined according to the definition scheme of fair above. It is
straightforward to show that such a definition yields a contracting function (as
we will see), which thus has a unique fixed point (cf. Banach’s fixed point
theorem ([E], [BZ1])). We now show that @ is a contracting function using equa-
tion (*) in Remark 2 in Section 2. First note that the distance between two

functions

&, ¥: P X Index—pind
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is given by
d(9,9) = sup {d(@(p,”), Y(p,»)): p €P, veIndex} (1)
So
a(D(9), 2()) = sup {d(B(D)p,»), PW)p,»)): p €P, vElndex}  (2)
Now for all p P, v Index
d(@@)p,»), DW)(@.») = (following Definition 3.4 schematically)
IF p =py THEN d(py,po) =0
ELSE IF [Case 1] THEN % sup({d(e(g,» /], ¥(g » [j]): -~} by (*)
< %d(¢,4) by (1)
ELSE IF [Case 2] THEN % sup{d(¢(g, ), ¥(q, 3)): 7EN(»)} by (*) again

< %d(¢,¢) by (D)

Hence

d(®(¢), W) < %d(s,¥) by )

(2) Because case 2 never occurs twice in succession, fair(p,») never contains two
sum nodes successively.

(3) Every node in Fair(p) is either a sum node, or of the form {<b; ,p;>|j €I}, for
some set of indices J.

(4) We give some informal intuition for this definition. The indices »€Index in the

definition above can be interpreted as strategies for the construction of a process
Fair(p) such that every path in this process will be fair with respect to every ;
in B. An element » in / can be regarded as permission, for each i, to choose b;
n; times. All / are supplied at the beginning with the same priority, that is 1.
We will treat p” for the case that p%po. As long as case 1 applies there is no
need to change our strategy or, in other words, to choose a new ». Each b; that
is enabled at p, and for which ;>0 and s, =min{sy, . . .,s,}, may be chosen as
the next step in the new process we are constructing. The index » is changed
according to the definition of »~ [i], so n; is decreased by 1 and the priority s;
remains constant, unless n; was 1. Then it is set to co, indicating no priority at
all. Because every application of case 1 causes the decrease of an #;, it is obvi-
ous that after a finite number of such applications case 2 must hold. For didac-
tic purposes we shall now make a conceptual distinction between two possible
sitnations that may arise in this case. Formally however, as may be inferred
from the definition of case 2, this is not necessary.
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First, it may be the case that all n;’s have been decreased to 0 (and all s;’s have
been set to o). Then we can consider the strategy suggested by the » we started
with to be a great success: every b; has been chosen the number of times we had
in mind for it (n;). The fact that originally all n;’s were strictly positive implies
that so far we have made sure that all b;’s have been treated fairly. It is clear
what to do next: we can just restart by choosing a new index », with all »;
strictly positive and all s; set to 1. According to the definition of N(¥), this is
exactly what happens in this case.

The second situation is more typical. It concerns the case that for all i that are
enabled at p, n;=0 and s;= co. But we have not finished the strategy suggested
by the original », because there exists at least one j not enabled at p, with n;>0
and s;<<co. Although we have not finished our first strategy, we are forced to
change it because it does not tell us what to do about the /’s that are enabled at
p- A new strategy » is defined such that for all j with n;>0 and s;<<oo these
values remain unchanged, thus preserving that part of the first strategy (») that
has not yet been dealt with. For all other / (enabled or not enabled) the value of
n; is set to an arbitrary strictly positive number, and the value of s; to
max{si, ...,5,}+1. So the new priority introduced here is lower than all the
already existing priorities. When at a later stage one of the j’s, for which n; and
s; remain unchanged here, is enabled, it will take precedence over those i’s for
which a new priority is introduced. Thus a fair treatment of such ;s is ensured
for the future.

Now for the rest of this section let p € P be fixed. We define a mapping

@: Paths(Fair(p))—> Paths (p),

relating to each path 7 in Fair(p) a fair path in p. For its formal definition we shall
make use of the following lemma.

LemMma 35

For all peP with ps#p,, velndex and <a,q><fair(p,v), there exist p’eP and
v’ € Index such that

q = fair(p’,v) A\
a€lndex =p’'=p N

a€B = <agp'>ep.

The proof is straightforward from the definition of p’ (= fair(p, v)).

DEFINITION 3.6 (The mapping @)
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Let
7= <dp,qo>, <daigi1>, ...

be a path in Fair(p). By the above lemma and the definition of Fair(p) we can
rewrite it as

7= <agp’, <appl>, ...

for certain »,v;,... €lndex and pi,p;, ... €P. Now if we delete all pairs
<a;,p;* > with g; € Index, and all superscripts »;, we get a sequence

@(W) = <a,-[,p,-, >, <a,»2,p,~2 >0,

which is a path in p. We call ®(x) the path in p corresponding to the path 7 in
Fair(p). This defines a mapping

O: Paths(Fair(p))— Paths (p).

EXAMPLE
Consider the alphabet B ={0, 1} and the process p € P defined by

p={<0,p>, <l,p>}
We give an example of a path 7 in Fair(p):
T =
<<3l 2>, fair(<3!, 2>, p)>,
<1, fair(<3', 1'>, p)>,
<0, fair(<2!,1'>, p)>,
<l, fair(<2!,0%>, p)>,
<0, fair(<1',0°>, p)>,
<0, fair(<0%,0° >, p)>,
<<23',183!>, fair(<23!,183'>, p)>, - - -
For this = we have

O(m) = <1,p>, <0,p>, <l,p>, <0,p>, <0,p>, ---

Next, we have an important theorem.
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THEOREM 3.7
Fair(p) is fair. That is, for all € Paths(Fair(p)), m is fair.

PROOF
Let 7 € Paths(Fair(p)) be such, that

T = <a1,q1>,<az,q2>, .
v
= <al,p']" >, <apy >, ...

Suppose b; is enabled infinitely often in 7. We must show that b; occurs infinitely
often within #. It is sufficient to show that for any j, if b; is enabled at the node p;'/
of m, then b; occurs further on in the path m, that is, for some j'=j: b; = a,.

We consider the sequence »;, 741, ... and observe that for every k&N, » . is
obtained from », by an application of case 1 or 2 in the definition of fair(p,v)
(definition 3.4). Now let

— Eal Sm .,
l’j = <Ay, .. Ny

We consider all possible cases.

1 n;=0:

Then s;=o0. For every application of case 1 (above) onc of the n;’s must
decrease. Therefore eventually case 2 must apply, which makes all n,’s positive
and brings us to the next case.

(2) n;>0: This implies 5;<c0. As long as s; is not the highest priority, the following
may happen. Any application of case 1 results in either the decrease of an ny,
not to 0, or the decrease of an 5y to 0 and the removal of a higher priority than
s;- After a finite number of applications of case 1, the latter must happen. Any
application of case 2 introduces only priorities that are lower than s,, and must
be followed by an application of case 1. Furthermore, during any of these appli-
cations, n; and s; remain constant. It follows then that eventually s, will be the
highest priority. Because b; is cnabled infinitely often in 7, it must be enabled at
some step beyond this, at which point case 1 will be applied to it and b, will
oceur at the next step.

Now that we have proved that we did not promise too much, that is to say that
Fair(p) indeed contains only fair paths, let us also make sure that for all fair paths in
p there is a corresponding path in Fair(p).

THEOREM 3.8
Any fair path in p is in the range of the mapping .
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PrOOF
Given a fair path 7’ € Paths(p), we must construct a path 7€ Paths(Fair(p)) such that

O(m) = "

First, we partition the set {1, ...,m} into two parts £ and I, where F is the set of
all i such that b; is enabled finitely often (perhaps never) in 7, and I is the set of all i
such that b; is enabled infinitely often in #. Thus:

{1,....m}y=IUF

Note that for all i €F, b; occurs only finitely often in «, and for all i€l, b; occurs
infinitely often in #’, since #’ is fair. Let /; €N be so big that

(1) no b; with ieF is enabled in the part of 7’ at or after step /;;

(2) every b; with i ] occurs at least once by then.

Now fori=1, ..., m, let n; be the number of times that b; occurs before (or at) step

/1 and then define
n/+1 if ieF
Ty if el

We define our first index »; by

vy = <n%, .. .,n,l,,>.

Now we can construct the first part of the path 7 corresponding with the part of =
before step /1, by starting with p”, and repeatedly applying case 1 for the appropriate
b;, thus decreasing the n’s until (at step /;) our index is such that for all
ie{l,...,m}:

Z.EF@H,-II /\S,‘zl,
iel=n=0ANs=c0.

Now case 2 must be applied to get a sum node, since no i €F is enabled at step /;.
To determine the following index », we again choose a number /; €N, with /5>],
such that every b; with i € occurs at least once between steps /; and [, (including /4,
excluding /,). Then choose an index », such that, for i€/, n; denotes the number of
occurrences of b; between /; and /;. We proceed as before, constructing the part of
7’ between /1 and /5. Continuing in this way, we construct a path 7 in Fair(p) such
that ®(7) = =",

RemARk: This function @ is not bijective. In general there are more than one (in fact,
infinitely many) paths in Fair(p) that are mapped by ® to the same path in p.
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4. FAIRIFICATION OF PROCESSES WITH INFINITE ALPHABET

We now want to extend our technique of fairification to a set of processes, which we
shall (again) call P, defined by

P={po}UPu(BXP),

with B an infinite denumerable alphabet:
B ={by,by, ...}

We shall again define a function
Fair:P—p™,

where P/ is given by
PInd = (p} UPy(4 X P,
A =B U Index,

with Index to be defined below. We shall repeat the approach of the previous section
with some small but essential changes. The definitions, lemmas and theorems that
necd not be changed will be mentioned, but not repeated in full.

An important change is the new definition of indices. They no longer have a fixed
length.

DEerINITION 4.1 (Indices)
The set Index of indices, with typical elements v, is given by

= [m]
Index UmeNIndex s
with
Index!™] =

(<nl', .. omp> | Vie(l, .. .,m} =0 A0<s;<oo A (; =0 s;= 00)]}.

An index of length k is related to the first k elements of our alphabet B. The
interpretation of n; and priority s; is as before. When we define, for a given process
p, a fair version Fair(p), we shall, during the construction, increase the length of the
indices used, thus considering fairness with respect to a growing number of basic
steps b;. Once the length of an index is bigger than or equal to some i €N, it is
ensured that b; is treated fairly thereafter. The definition of the first operation on
indices, »7[ - - - ], remains unchanged, but for the fact that the original definition
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(3:2) should hold for indices of arbitrary length. The most important adaptation of
this section lies in the following new definition of N (»).

DEFINITION 4.2
Let € Index be such that » = <n?', ... ,n;»> and let p €P. We define

Nep)=(<iy, ... in>|
m'>mA
{k|1<k<m’'An>0Ak enabled at p} 5= @ A
Vj[(Issjsm)Anj=0As;=00)=
(>0 As;=max(sy, .. ., s} FINA
((A<j<sm) An>0Ns5;<00) = (n;=n; AS;=s)) N\

m<j<m'=>(’~’j>o/\§j =5+ I)V(ﬁj:()/\gj:‘)o))]}

Let us see how this definition is used in the definition of the function Fair below, and
then try to comment on its intuitive interpretation. Although we do not change the
definition of Fair (definition 3.4), we repeat its most interesting part and discuss it in
the context of the altered definition of N (»).

If p € P with p=#p, then p” (= fair(p,)) is given by:
Case 1:

If 3ie(l,..., length()} [n;>0Ns5;<<oo A enabled(i)],

then p” = {<b;,q" Ul>| <bj,g>ep AS;=MIn{s1, . . ., Stength )} -
Case 2:

If Vie(l,..., length(r)} |enabled(i)=>(n;=0 Ns;=00)],

then p*= S p’
veN(v,p)

The interpretation of case 1 is the same as before. When the condition of case 2
holds, we are obliged to change our strategy, that is to choose a new index, because
our current strategy does not say anything about the /’s that are enabled at p. This
can have two reasons. For such an i we either have n; =0 and s;=o0 or / >length(v).
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In order to be able to continue our construction, we therefore allow several new stra-
tegies »€N (v,p), which all must satisfy the following constraints. First, the part of
the old strategy » that has not been dealt with yet has to be preserved: for
1<<i<Uength(v) with n;>0 and s;<<co we have n;j=n; and §;=s;. Then, for
1<<i<tlength(») with n;=0 and s; = o0, the values of n; and s; are reset: n; arbitrary
positive, 5;= 1+s. As in the finite case, the new priority is lower than the existing
ones. Because we want each by € B eventually to be treated fairly, for each k there
should be a moment in our construction where an index » is introduced with
length (v)>>k. Therefore we require the length of the new index » to be strictly greater
than the length of ». For the newly introduced j's (length(v)< j<=m) we require

Although here 1;=0 is allowed, we know that the next time that case 2 is applied 7,
will be set to a strictly positive value. The newcomers, so to speak, are granted one
(and only one) moment of respite. The motivation for this generosity lics in the
rather selfish wish to prove theorem 4.4. It appears that it would be too restrictive to
demand for all such j that n;>0. Finally, the condition that

{k|1<k<m’Ang>0nk enabledatp} / &

entails that case 2 can never occur twice in succession.

Now for the rest of this subsection let p € P be fixed. We define a mapping
®: Paths(Fair(p))—>Paths (p),

relating to each path = in Fair(p) a fair path in p, in exactly the same way as in
definition 3.6. We finally repeat theorems 3.7 and 3.8 of the previous section, which
together show that the definition of Fair(p) (using the new dcfinition of N(vp)) is
satisfactory. The former proofs of these theorems have to be altered, as can be seen
below.

EXAMPLE

Consider the alphabet 8={0, 1,2, 3, - - - } and the process p <P defined by
p{<Op> <lLpx <2p>, -}

We give an example of a path 7 in Fair(p):
P
<2 1'>, fair(<2!, 1' >, p)=,

<0, fair(<1', 1", p)=,
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<0, fair(<0%,1'>, p)>,
<1, fair(<0%,0% >, p)>,
<13, 21, 42" 1 > fair(<13', 2,427 11>, p)>,
<2, fair(<13',21,411,11>, py>, - - -
For this 7 we have

O(m) = <0,p>, <0,p>, <l,p>, <2,p>,

THEOREM 4.3
Fair(p) is fair. That is, for all mwe Paths(Fair(p)), 7 is fair.

PrOOF
Let p & P and let 7 & Paths(Fuir(p)) be such that

T=d,q1>,<d2,q2>, . ..
P 4B <)
=<apy >, <da,pr >, ...

Suppose b; is enabled infinitely often in . We must show that b; occurs infinitely
often within 7. From the construction of Fair(p) it follows that in the sequence (»));
cach index »; 4 is obtained from »; by an application of case 1 or 2. Since case 1
can be applied only finitely many times in succession, it follows that case 2 must have
been applied infinitely many times, each application increasing the length of the
index. Therefore there is an N €N such that for all j > N:

length(v;) > i.

Now we are back in the old situation of the previous section! The proof can be com-
pleted as before, but for the new observation that with the increase of the length of
an index, only priorities lower than the existing ones are introduced.

THEOREM 4.4
Any fair path in p is in the range of the mapping ®.

PROO¥
Giiven a fair path 7’ < Paths (p),
w = <lhy L p 1>, <bi,pa>, ..,
we must construct a path o Paths (Fair(p)) such that

DO(m) = 7.
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First, we partition N into two parts F and I, where F is the set of all i such that b; is
enabled finitely often (perhaps mever) in , and [ is the set of all 7 such that b; is
enabled infinitely often in /. Thus:

N=7UF

Note that (as in 3.4) for all i F b; occurs only finitely often in #* and for all ie/ b;
occurs infinitely often in «, since « is fair. Secondly, we introduce the following
functions that will be very useful in our proof.

(a) For all LeN we define a (position) function Pos;:B—N by

smallest L’=L such that
Vjz=L' by ep; ifkeF
smallest L./=L such that
3j [L<j<L'A bij =b,) ifkel

Pos; (by) =

For k eF this function gives the smallest position greater than L after which by
is never enabled again. For k e/ the smallest position greater than L is chosen
such that b, has occurred (at least) once since L.

(b) Forall L, L'eN, with L<1’, we dcfine a (number) function Numy, ;.:B—N by

1+ (number of occurrences in 7’
of by between L and L) ifkeF

(number of occurrences in 7’
of b, between L and L’) ifkel

Numy 1(by) =

(In this definition between L and L’ means including L. and excluding 1.”.)

We shall define, at each of an infinite sequence of stages k, an index »; and,
corresponding to that index, the k-th part of the path « corresponding to @’. After
we have constructed, at stage k —1, the (k—1)-th approximation of path «
corresponding to the initial segment

<bi|7pl>9 - ><bi,yp1>

of path 7', then at stage k& we shall take into account the basic steps b; . and all the

it
b;’s we have cncountered in the preceding stages. We shall make sure that the length
of the index », will be, as prescribed by definition 4.2, strictly bigger than the length
of vx—;. Note that in the previous section, where our alphabet was finite, from the

beginning we could focus on all ;s at the same time.

Stage 1
For the definition of our first index »; we focus on basic step b;,. We define

Ly = Posy(b;,),
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Ry={i,...,ip, -1}
M, = maxR;.
Our first index »y, with »y=<<n}', ..., nyf >, is defined so that
Visj<sM; [jeR1=(ny=Numy, (b)) As;=1) A
JER = ;=0 As;=00)].

The length of vy is M, because according to the definition of indices no holes are
allowed in »;, that is: every index is related to an initial part of the enumeration of
our infinite alphabet {by,bs, . ..}. For those basic steps b; that do not occur in the
path 7’ before place L, default values n;=0 and s;=co are chosen in »;. (Here we
use the fact that for newly introduced j’s, n; can get the value 0 once. See the
corresponding remark in the explanation following definition 4.2.) With »; we can
construct the first part of « corresponding to the part of @’ before L, starting with

4]

p ', and repeatedly applying case 1 for the appropriate b;, thus decreasing the n;’s
until (at step L) our index is such that for all 1<<i<<M;:

(eFNR)=>m=11ns5=1),
(iEInR] Vi&Rl):(niZO/\si:oo)_

Now case 2 must be applied, since no jeF MR is enabled at step L. This brings us
to stage 2.

Stage 2
We define our next index »,, taking into account all steps encountered at stage 1, that
is all b;’s with 1<<i=<CM |, and the next step in the path #’, that is biL. . We define

Ly, = nlax({PosLl(biL|)} U {Posy, (i) | 1ssk<<M}),
Ro={1,... . M1} U {ir,,...,i,—1}
M, = 1+ maxR,.
We define our second index v,, with v, = <E§1‘ . ;ISMM; >, such that
VIj<M, [(I<j<M; An=0)V(j>M AjeRs) =
= Numy, 1, (b)) A5, =1+ max(sy | 1<k <M1 }) A
(A<j<sMiAn=1) = (n;=n; A5;=5,) A

(GeR2) = (n;=0 /\Ej=oo)].
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Note that M, the length of »,, is strictly bigger than M, the length of »;. We
proceed as before, constructing the part of 7 corresponding to the part of 7’ between
Ly and L,. Continuing in this way, we construct a path « in fair(p) such that
O(m)y =7

5. INFINITE ITERATION

Let P be the mathematical domain of section 3, that is, a complete metric space satis-
fying

P = {pg}UPy(BXP)
where B is a finite alphabet

B = {by,...,bn}.

The operation of sequential composition on P is defined in

DEFINITION 5.1 (Sequential composition)
Let o: PXP—P be given by
|4 ifp=po
P97 | (<bprog>|<bp'>ep) if ppo

for all p and g in P.

REMARKS

(1) Because this definition is self-referential, it needs some justification. We observe
that o can be defined as the unique fixed point of a contraction ® of type
@: (PXP—-P)— (PXP—P). (Similar argument to that for Fair: Remark (1)
after Definition 3.4.)

(2) Itis not very difficult to show that:

1
Vp.q.4'€P [pF#po = dp(pog,peq’) <7 dp(g.q)).  (**)

We shall use this property below.

In this section we want to study the operation of infinite iteration of a process p €P.
It is defined as follows:
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DEFINITION 5.2 (Infinite iteration)

Let ( -+ )*: P—P be given by
pe = limp”
n->00

for p P, where p®=pg and p” *1=p”ep.
(This limit exists, as can be easily proved using the property of remark (2) above).

Let us now explain how fairness issues come into play by taking the infinite itera-
tion of peP. Generally, taking the infinite iteration of a process p €P introduces
new infinite paths in p that were not yet present in p. When we take, for example,
p—{~<a,po>,<<b,py>}, then p does not contain any infinite paths, whereas p,
which satisfies

pY = {<ap®>,<bp©>},
contains many. Some of these are unfair, such as
T = <apC>, <ap®> <ap®>, ...,

which is unfair with respect to 5. Such unfair paths 7 we call globally unfair. We do
not call every unfair path in p® globally unfair, only those that are introduced, so to
speak, by taking the infinite iteration of p. Another example may illustrate this point.
(Formal definitions follow below.) Consider a process p € P satisfying

p = {(<ap>,<bpy>}

Then p® will contain the unfair paths
<a,p>,<<a,p, ...,
<hbp >, <ap>,<ap>,...,
<b,p>,<bp>,<ap>,<<ap>,..., et

The unfairness of these paths is, as it were, reducible to the unfairness of the path
<a,p >,<a,p>, ...,

which was alrcady present in p. Therefore they will not be called globally unfair
paths.

There is a second notion of unfairness, which plays a role here. It is called node
(or local) unfairness. Again we explain it here by giving an example, the formal
definition following below. Let p € P contain the node p'={<a,p;>,<<b,p,>}. Let
7 Paths(p“) and suppose 7 passes through p’ infinitely many times. If it is the case
that in 7 the next step that is taken after passing through p’ is always g, and never b,
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we call 7 node unfair (with respect to the node p). The reason for this terminology
is obvious: although b is infinitely often enabled in 7 af node p’, it is never chosen in
« as the next step after p’.

The notions of global and node unfairness are in a sense independent. Let p €P be

given by
p = {<bp’>}, where
P = (<ap>,<bpo>}).
Consider 7€ Paths(p®), given by
T = <bp'><ap>,<bp'><ap>,....

This path is not globally unfair, but is node unfair with respect to the node p’. Thus
node unfairness does not imply global unfairness. The same holds in the opposite
direction. Let p €P be defined by

p = {<a"{<apo>,<bpo>}>|neN} U {a®},

using a” and ¢® as shorthand with an obvious interpretation. (The fact that a® ep is
not important for the point we want to make with this example, but is implied by the
(topological) closedness of p.) Now it is not difficult to find a path

7= <ap1>,<apry>,<api3>, ...

in Paths(p®) (with p1,p;,p3, ... nodes of p) that is globally unfair (with respect to
b), but fair with respect to every node of p, although it passes through p infinitely
many times.

Note that the notions of global and node fairness are nor related to each other as
those of “top level” and “all levels” fairness (cf. Section 3.3 in [F]), since “all levels”
fairness implies “top level” fairness, but (as we have seen) neither of global and node
fairness implies the other.

Let us now proceed with formally defining these notions of global and node unfair-
ness. Actually, we shall define what we consider to be globally fair and node fair.
For this we need the following notion.

DEerINITION 5.3 (Iteration paths)

Let p e P, mePaths(p®). We call 7 an (infinite) iteration path, whenever = is the con-
catenation of an infinite sequence of finite paths my,7,, . . . € Paths (p):

T = TOT°mM3°. . ..

For a basic step b occurring in m, we say that b occurs in the k-th instantiation of P
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DEFINITION 5.4 (Global fairness)

Let p € P, m€ Paths(p®). We call 7 globally fair whenever

(1) 7 is fair (in the sense of definition 2.3); or

(2) mis not an iteration path.

We call p“ globally fair whenever all paths in p are globally fair.

ReMARK: It follows that a path in p® is globally unfair if and only if it is an iteration
path and unfair.

DEFINITION 5.5 (Node fairness)

Let pe P, mePaths(p®). We call 7w node fair with respect to p’, for a subnode p’ of p,
whenever it is the case that: if 7 passes through p’ infinitely often, then for all b&B
that are enabled in p’: b occurs infinitely often in 7, immediately after p’. We call =
node fair if it is node fair with respect to every subnode p’ of p. Finally we call p*
node fair if all paths in Paths(p®) are node fair.

The aim of this section is to define two fair versions of the infinite iteration operator:
« air o
( .. ) fair p—p

such that the result p“ will be globally fair and node fair respectively. For this
purpose we first give an alternative definition of infinite iteration, which will be used

as a starting point for defining ( - -+ ).
PROPOSITION 5.6 (Alternative definition of infinite iteration)
Let p e P. We define App,: P—P by

App,(po) = p °Appy(p)

App,(q) = {<<a,App,(q")>|<a,q'>€q}, if g7po.

(Read “append” for App.) Then we have:

REMARKS
(1) Formally, App, can be defined as the unique fixed point of the function
@, : (P—P)—(P—P), given by

P, (@)po) = podlp),
D,(d)g) = {<a,¥g)>|<aq">eq}, if g#po.

(Again it can be shown that @, is contracting by a similar argument as given in
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Remark (1) following Definition 3.4)

(2) The function App, applied to an argument g € P replaces all occurrences of po in
g by p, in which, recursively, all occurrences of p are again replaced by p.

(3) From proposition 5.6 it follows that App,(po)=App,(p)-

PROOF OF THE PROPOSITION
We define, for fixed p € P, a function @t PP by

9p(q) = qop°.
We have
(o) = pop® = p® = pop®
= popp®) = pody,(p)
and, for g €P, g54py:
9p(q) = qop® (definition of °)
= {<a,q'°p“’> ] <a,q'> Eq}
= {<a,¢,(¢")>| <a,qg'>eq}.

From this it follows that ¢, is also a fixed point of ®,. Because @, is contracting, it
has a unique fixed point, thus ¢, =4pp,. Thus

pe =pp® = @,(p) = App,(p).

(1) Global fairness
In this subsection we set out to define a fair version

( . )“’frm-: P_>PFInd

of the operation of infinite iteration such, that for p in P the result p“* will be glo-
bally fair. The range P77 of this mapping ( - - - )" is given by

PFInd — {PO} U@CI(A XPFInd),
with
A = BU Flindex,

where Flndex is a set of indices to be defined below. A naive first attempt would be
to define

Pw/arr — Fair(p"’),
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with the function Fair as in definition 3.4. This would be wrong, according to our
definition of global fairness. The function Fair transforms its argument into a pro-
cess, in which all unfair paths have disappeared. However, not every unfair path in
p® is globally unfair, only those that are iteration paths. Thus the function Fair
removes too many paths from p“. (For an illustration see the informal explanation
above) Therefore we have to come up with another solution. We shall use the
definition of p“ as App,(p) as a starting point for the definition of ", but changing
it by again using indices (as we did in the definition of Fair) to label the nodes of p.
After having defined p“/, we shall clarify the relation between p“ and p® by
defining a mapping

®: Paths(p“*) — Paths(p®).

Although the idea of defining p“/ as Fair(p®) does not work (as was mentioned
above), the definition of ( - -- )* will be surprisingly similar to that of the func-
tion Fair. The reason is the following: in constructing p “ for a given p €P, we do
two things at the same time. On the one hand we construct (a special version of) the
infinite jteration of p, and on the other hand we select certain paths, namely those
that are globally fair. The first task is performed along the lines of the definition of
Appp, the second task is realised following the definition of Fair. So in some sense
the definition of p“ will be a combination of the definitions of App, and Fair (sce
proposition 5.6 and definition 3.4).

DeriNiTION 5.7 (Flag indices). The set of flag indices, with typical element p, is
defined by:

FIndex =
(<<n,s1L,f1>, - - o <NpsSpy > | 1,20, 0<s; <00, f;€{U,D}}

where m is the number of basic steps in our finite alphabet B, and {U,D} is the set
of flags, containing two elements: U (for “up”) and D (for “down”).

The interpretation of n; and s; is as in definition 3.1 (see the informal explanation
that follows there), but for the difference that only the first occurrence of b; in each
instantiation of p in p“#r will cause n; to be decreased by 1. Whether or not b; has
been chosen in a given instantiation of p, is indicated by the flag f;. If it is up, b; has
not yet been chosen, and if it is down, b; has been chosen at least once in the current
instantiation of p.

We need the following operations on indices.

DEFINITION 5.8
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Let pe Flndex, with p=<<n1,51,f1>, - - -, <TpSm> fm>>>, and let ie{l, ..., m}.
We define
o if ;=D
<< L1, - <mi— 1,5, D>, o, <Hpy Sy f>> L fi=U AR >1
Bl = <<npspf1>, 0., <0,00,D>, L L, oS fm =2 if i=UAn;=1
undefined otherwise.

For peFIndex with f;=U the interpretation of p™ [i] is as in definition 3.2, with the
difference that U is changed to D. This indicates that in the current instantiation of
p the basic step b; has been chosen (at least once). If f;=D, then p~ [{]=p, as indi-
cated above. This will be explained below, after the definition of pi.

DEFINITION 5.9

Let peFlIndex, with p = <<ny,s1,/1>, ..., <lp,5u,fm>>>. We define
N([L) = {<<;11)§19f1 >: R ] <ﬁm,§mafm>>[
Vie{l, . ,m} [(n,-=0/\s,-=oo=r~z,~>0/\§,-=1+max{sj| 1<]<m})

AM>0 A5 <oo=>n;=n; A5;=s;)}.
The definition of N(u) is as in definition 3.3, because the flags do not matter here.
DEFINITION 5.10
Let pe FIndex, with p=<<ny,s1,f1>, .. ., <8y, fm>>. Then
pU = <<ng, s, U>, ..., <ng,s,, U>>.
This operation sets all flags to “up” and is used upon entrance to a new instantiation

of p. Now we are ready to define ( - - - ).

DEeFINITION 5.11 (Fair infinite iteration)
We define ( - -+ )PP Let pcP. Then

P =3 App, (o),
pel,

where
Ip = {<<n,LU>, ..., <n,,1,U>>|n;>0}
and for given p €P

App,: P X FIndex—p*ind

is defined as follows. (We write g* for App,(q,11).) Let peFIndex. We define
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APPP(PO’:LL) = APPp(Pnu‘U)

For g €P, g#p, we distinguish two cases.

Case 1:
If 3ie(l, ..., m} [enabled(HA(f;=D V(s;<oo An;>0))],
then g* = {<b,g" '1>|<b,7>eqn
(fi=DV(5i<ooAn>0As;=min{sy, .. ., Su 1))}
Case 2:
If Vie(l,..,m} [enabled(:) = (f; = UAs; = o0 An; =0)]
then ¢* = 3 g*.
weN(w)
REMARKS
(1) The remarks (1), (2), and (3) following definition 3.4 apply also to the above

@

definition.

We give some informal explanation of this definition by referring to remark (4)
after definition 3.4 and making explicit what is different here. First, when we
reach pg in the definition (3.4) of fair, we are done: fair(pg,») = po. Here we
continue by appending p to pj, together with the index p changed into
pY: App,(po, p,):Appp(p,pU). The reason why we append p to p is obvious: we
are building the infinite iteration of p. (See proposition 5.6.)) The index p is
changed to pY, that is all flags f; of p are set to U to indicate the entrance of a
new instantiation of p. The second important difference between this definition
and definition 3.4 is the role played by the flags. Let geP with <<b;,g> €q for
some geP, b;eB. If f;=D (down), then b; has already been chosen (at least
once) in the current instantiation of p. Therefore it may be chosen unrestrictedly,
even infinitely many times, within this instantiation of p (no matter what the
values of n; and s; are). In this case we have: p~ [i]=p, formally expressing that
b; may pass “for free” without changing the values of »; and s5;. The reason for
letting b; pass for free is that it provides us with the presence within p“ of
those infinite paths (possibly unfair) that are not iteration paths (and, hence, not
globally unfair). If on the other hand fi=U and n,>0 and
s;=min{sy, . ..,s,}<<co, then b; may be chosen (as in case 2 of definition 3.4),
but now u is changed into ™ [i] by changing the values of n; and s; (as in
definition 3.4) and by changing the flag f; to D.

Now for the rest of this subsection let p € P be fixed. We define a mapping
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®: Paths(p“™) — Paths(p*®),

relating to each iteration path in p“/* a corresponding fair iteration path in p©. We

start by re-stating lemma 3.5.

LEMMA 5.12
Let p €P, with p =p, p€FIndex, and <a,q>€App,(p,p) for acB and g€P. Then
there exist p’€ P and p’ € FIndex such that

q = Appy(p’ ) A
acFIndex = p'=p A

aeB = <ap’'>ep.

The proof is straightforward from the definition of p* (= App, (@, ).
DEFINITION 5.13 (The mapping ®)
Let
T = <adg,qp>,<d1,41>, . - -
be a path in p“/". We can rewrite it as:
T = <a0,p">,<a1,p’1“ >,<a2,p§" > ...

for certain p,pi,py, ...€Findex and pi,p,,...€P. If we omit in = all pairs
<a;,p;' > with a; € FIndex, and further all superscripts y;, we get a sequence

() = <a;,,pi, >, <ai,,pi,>, . . .

which is a path in p®. W