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Abstract

In this paper, we prove that the Lie group of type Eg has a unique conjugacy class
of subgroups isomorphic to the finite simple group L(2,61) of linear fractional
transformations over the field of 61 elements. This result settles the last open
case of a conjecture made by B. Kostant in 1983 [Kost] concerning the occurrence
of the finite simple group L(2, 2k +1) in a complex simple Lie group with Coxeter
number k. It also settles a case left open in the classification of finite simple
subgroups of Eg(C) obtained by the first two authors in 1987.
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1. Introduction

1.1. The problem

In 1983, Kostant [Kost] conjectured the existence in E5C) of a subgroup isomorphic
to L(2,61), the group of linear fractional transformations over the finite field Fg; of
order 61. In fact, he conjectured the more general assertion that, for h the Coxeter
number of a simple complex Lie group G such that 2h + 1 is a prime power, there
would exist a subgroup of G isomorphic to L(2,2h +1). As remarked in [Kost], for
nonexceptional type Lie groups when 2h+1 is a prime power, there is an embedding
of L(2,2h + 1), provable using only a short argument with the character table; see
also [KR].

For G of exceptional type, the following table summarizes the results known to

us:
The status of Kostant’s conjecture

group h L(2,2h + 1)  reference

Gy 6  L(2,13) [Me, [CW]
Fy 12 L(2,25) [(Cw2]
Es 12 L(2,25) o)
Er 18 L(2,37) [KR]
Es 30 L(2,61)

This paper solves the only open case left, viz. G of type Eg and h = 30. The
existence result contained in this paper deals with one of the unsettled cases in
[CG], Table 1. 1t also establishes uniqueness of the conjugacy class of subgroups in
E5(C) isomorphic to L(2,61). Except for Ga, the conjugacy question is unsettled
for the other embeddings listed in the table.

Furthermore, we mention that the embedding of PSU(3,8) in E7(C) (hence
in Eg(C)) was recently settled in [GrRy] and the embedding questions for Sz(8),
L(2,31) and L(2, 32) in Eg(C) remain open.

1.2. The group L(2,61)

Throughout this paper, L stands for L(2,61). It is generated by the elements
u, t, w, given by the following matrices, which are identified with pairs of elements
of L in the usual way:

“:i(éi)’t=*(g1%)’w=i<flé>' (1)

The elements u, ¢, w have order 61, 30, and 2, respectively:

w¥l =30 = w2 =1, (2a)
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and satisfy the following relations

wltw =¢? (2b)

tTlut = ot (2¢)
wu e = vwu (2d)
wulw =t~y 2w (2¢)

Using these relations, it can be seen that L consists of the elements #7 u* and #/ v*wu'
forj=1,...,30; k&,1=1,...,61 (each element uniquely represented). This proves
the following result.

1.3. Lemma. The equations (2a-e) provide a full set of defining relations of a
presentation for L on the generators u,t,w. u

1.4. The setup

Let G(-) be the algebraic group scheme of type Es, so that G(€) is the complex
Lie group of this type. In section 2 we give an explicit description of the Z-form g
of the Lie algebra of type Fg in terms of a Chevalley basis. Thus, for any field F,
the group G(F) can be viewed as the set of linear transformations of gp = ¢ @ F
leaving invariant the Lie algebra structure.

We construct matrices %,%,W that are elements of the group G(Z/1831) in
such a way that the relations (2a-¢) are satisfied upon replacement of u,t,w by
7,1,W, respectively. Since 1831 does not divide the order of L, a lifting argument
(cf. Corollary 5.2) allows us to conclude that G(C) has a unique conjugacy class of
subgroups isomorphic to L.

The procedure for finding @,f,w is organized into three main steps. First,
as the Borel subgroup B = (u,t} of L is a supersolvable group, it embeds in the
normalizer of any Cartan subgroup of G(Q(€)), where € is a primitive 61st root of
unity. In section 3, we explicitly construct elements y and %, of G(Z[€]) for which
t +— Ig,u — Ty determines such an embedding of B in G(Z[¢]) < G(Q(E)). From
these data, we easily extract an involution Wo € G(Z) inverting 7o. The elements
Ty, 1, Wo thus obtained satisfy the relations (2a), (2b) and (2¢). However, they do
not satisfy (2d) and (2e).

The element g has been extensively studied by Kostant, cf. [Kos]. It is conju-
gate — over a suitable extension of the base ring — to the diagonal element with
respect to the Chevalley basis specified in (14) of section 2. In section 4, we first
show how to find an element a of G(R) that conjugates o to diagonal form, and
then specialize to R = Z/1831 and explicitly give an element a™' of G(Z/1831)
whose inverse a conjugates fo to diagonal form. Then a can be explicitly deter-
mined by GauB elimination. We set 7 = a~%oa and @ = a~'"pa. At this stage, for
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R = Z./1831, the elements a and a=! of G(R) are both known, and so are 7 and
U. As Cg(r)(f) coincides with the maximal torus H with respect to the Chevalley
basis, we then know that the image W of w should be of shape a='Woah()), where
h()) represents an arbitrary element of H. defined by the 8-tuple A = (A;,.... Ag).

By then the problem of embedding L in G(R) reduces to one of finding the right
parameters A for which @ = a~'Wyah satisfies (2d) and (2e). Thus, it amounts to
solving equations in the 8 unknown A;,...,Ag € R — {0}. This is a finite problem,
but since |[R—{0}[® = (1830)%, we have a domain too large for an exhaustive searcl,
even on the fastest computers. In section 5 we give an explicit solution A, describe
how it has been found, and argue that it is unique. The main result is stated in
Corollary 5.2.

The choice of the prime 1831 for reduction is motivated by the fact that it is
the smallest prime p such that (Z/p)* contains primitive 30th and 61st roots of
unity. When such roots are available, we get a convenient embedding of B in a
torus normalizer.

2. The Lie algebra g

2.1. The root system

We start with the root system ® of type E, the corresponding root lattice @, and
Weyl group W. We shall denote by «,...,ag a basis of @ of fundamental roots in
®. The notation for this root basis is chosen in accordance with [Bou], that is, it
corresponds to the labeling of the following diagram

o

O

O
1 3 4 5 6 7 8

On @ we have a W-invariant inner product (-,-) determined by the Cartan matrix.
The reflection s, with root v € & is given by

asy =a—(a,7)7y (x€Q). (3)
For brevity, we write s; = so,. We shall employ the following elements of W:

C1 = 51545658,
Cy = 9535557, (4)

¢ =cjeo.

The element c is a so-called Coxeter element (cf. [Bou], also referred to as Coxeter-
Killing element, cf. [Kos]) of W. It has order 30 and acts semi-regularly on ®. Each
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root @; (f = 1,...,8) belongs to a single {c)-orbit. On the basis ai,..., ag of Q,
the matrix of ¢ is
-1 0 -1 0 0 0 0 0
0 0 1 1 1 0 0 0
1 1 1 1 1 0 0 0
0 -1 -1 -1 -1 0 0 0
0O 1 1 1 1 1 1 0 (4a)
6 0 0 0 -1 -1 -1 0
0 0 0 0 1 1 1 1
0 0 0 0 0 o0 -1 -1
We use c to label the 240 roots of & as 8; (£ = 1,...,240) as follows:
Baoi-1)4i = a7, (5)
where 1 € {1,...,30} and j € {1,...,8).
2.2. The Lie algebra
As a Z-module, we take the Lie algebra of type Fg to be
=06 PrX..
aEd
Thus, tk g = 1k Q + |®]| = 248. Let n: @ x Q — {—1,1} be the bi-multiplicative
map of groups given by the following matrix with respect to oy, ..., a8 :
-1 -1 1 1 -1 1 1 1
-1 -1 1 1 1 -1 1 1
-1 1 -1 -1 1 -1 1 1
1 -1 1 -1 1 1 -1 1
-1 1 1 -1 -1 1 1 -1 ®)
1 -1 -1 1 -1 -1 -1 1
1 1 1 -1 1 1 -1 -1
1 1 1 1 -1 1 1 -1
Now, multiplication in g is given by the following rules for «, 5 € .
(e, 8] =0,
lo, Xg) =(, B) X,
—n(a,B)Xetpg fa+BED, M)
[Xa, Xgl =9 8 ifat+6=0,
0 otherwise.

By an observation of Frenkel & Kac, cf. [Kac], Exercise 14.5, and G. Segal, cf. [Seg],
the product [-,:] defines a Lie algebra structure on g. It follows readily from the
given Chevalley basis that it is the Lie algebra of type Es. Now let R be any
ring. Then the multiplication on g naturally carries over to a multiplication on
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gr = ¢ @ R. The subalgebra Q ® R is commutative; if R is a field, it is a Cartan
subalgebra.

2.3. The Lie group

The group G(R) is defined as the group of all automorphisms of gg, that is, the
collection of all linear transformations of the underlying R-module preserving the
Lie product [, ]. If R is a field, G(R) is the split simple algebraic group of type
Eg (in its adjoint representation). In particular, G(C) is the complex Lie group of
tvpe Egs. We shall indicate some of its elements below.

2.4. Numbering of the basis elements

In computations, we shall use the following basis for g, obtained by use of the root

labeling 3¢ of (5), which is a Chevalley basis:

b = X5, if 1 < €< 240, (8)
£= Q¢—~240 1f£€ {241,,248}
2.5. The mazimal torus H
Let R be a commutative ring with 1, and denote by R™ its set of invertible elements.
For A1,..., g € R™, let h(Ay,...,Ag) be the linear transformation of gr given by

G‘h(/\l,...,/\g) =a,

8 8

9

Xoh(,.o08) =[[ M Xe  if o= aion. ®
i=1

1=1

Then H = {h(A1,...,28) | A1,...,As € R*} is a commutative subgroup of G(R).
Its transformations act diagonally with respect to the basis (be);. Observe that
h(A1,..., Ag) can be characterized as the unique diagonal element of G(R) satisfying

Ko h(A1, ... Xs) = M X, forallie {1,...,8). (9a)

In particular, every diagonal automorphism (with respect to (b;),) of gg lies in H,
and, if R is a field, H is a maximal torus of G(R).

2.6. The torus normalizer

For any z € W, there is a Lie algebra automorphism z € G(R) that is uniquely
determined by

Tlo=2z and X,;Z7= X, forallje{l,...,8}. (10)
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The group W generated by all £ for z € W is the extension of 11" by an
elementary abelian normal subgroup of order 28 contained in H. If R is a ;ield.
the group N generated by H and W is the full stabilizer in G(R) of the collection
of rank 1 R-submodules (Rb¢); corresponding to the basis (b¢)e. It is also the full
stabilizer of the Cartan subalgebra gz and the full normalizer in G(R) of /.

3. Embedding the Borel subgroup of L

We shall denote by 7y the extension ¢ defined by (10) of the element c given in (4)
to an automorphism of gr. Thus

Up to conjugacy, to will be the image of ¢ under the embedding of L in G(R) for
suitable R. Note that (5) and (8) imply Xafé = Xqet 50 that Z§° = 1. This means
that the relevant part of (2a) with #o instead of ¢ is satisfied. The automorphism %,
is discussed in [Kos]. It belongs to N, has order 30, and induces a Coxeter element
in the Weyl group W.

We shall exhibit a transformation %, in H such that (2¢) and the relevant part
of (2a) are satisfied with %, replacing @ and f; replacing £. To this end, choose ¢

to be a nontrivial 61-st root of 1 in R. We ask for integers ay, ..., ag such that
Uy = h(E™,...,£%) satisfles fo_lﬁ'o to = ue®. Note that @! = 1 is ensured by the

choice of £. The action of {y on H, is given by

To h(em, ... €Y o = h(e,. .. €M),
where 3. biw; = (3; ajwi)e (with (w;); the basis of Q consisting of the fundamental
weights). Thus, (2¢) leads to the linear equations

Z 46a;w; = (Z awi)c,

for the (a;); with values in Z/61, which have the unique (up to scalar multiples)
nonzero solution (¢;); = (12,33, 1, 2,15,25,43,28) modulo 61. From this observa-
tion, we derive the following uniqueness result for the embedding of (u,t) in G(R).

3.1. Proposition. Let B = (u,t) be the standard Borel subgroup of L and let
R be an algebraically closed field of characteristic 0 or prime to 61 - 30 = 1830
containing a primitive 61-st root & of 1. There is a unique G(R)-conjugacy class of
subgroups isomorphic to B in G(R) such that the image in G(R) of (u) < B under
such an isomorphism has an 8-dimensional fixed space in g. Any such subgroup is
conjugate to (to,%o), where &y Is as in (11) and

T = h(E12,€%%,6,62,61%,675, 6% %), (12)
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PrOOF. Let #1, T; be the generators of a subgroup of G(R) isomorphic to B cor-
responding to the elements ¢, u, respectively, of B. Since the supersolvable group
(t1,1,) consists of semisimple elements (due the restrictions on the characteristic
of R). it stabilizes a Cartan subalgebra (cf. [SpSt]). But all Cartan subalgebras are
conjugate, so we may take (f,,%p) to stabilize @ ® R, that is, to lie in N. Since
(61, W) = 1, the structure of V (an extension of H by W) implies that %, liesin H.
Thus, there are (a;); such that @ = h(€%,...,£%8). Since B is non-commutative,
t; induces a nontrivial element of W = N/H.

We claim that 7, is conjugate to . By the hypothesis that u; has an 8-
dimensional fixed space in g, this fixed space must coincide with @ ® R. Therefore,
by the structure of B, f; has all of its orbits of length 30 on the eigenspaces R.\,
(o € ®) of Uy, whence, viewed as an element of W, it has all of its orbits of length
30 on the roots of W. Hence, ; induces an element of order 30 in W. The orbit
lengths imply that 7, has determinant 1 on the natural 8-dimensional representation
of W since fis inverts u; and the Cartan subalgebra fixed by u;. Therefore, in
the notation of [Atlas], page 86, {; corresponds to a column headed 154,158 or
15C. The latter two classes are interchanged under conjugation by determinant
—1 elements of W, and so fuse to a single class, say C' in W. Elements of the
first class have nontrivial powers with eigenvalue 1 in the natural 8-dimensional
representation, so f; corresponds to an element of the class C, which must be the
conjugacy class of Coxeter elements. So, we may assume f; = Zph for some h € H.
Since f; induces a regular element (cf. [Spr]), 7; is a conjugate of {p for any h € H.
Therefore, without loss of generality, we may take £, = %o.

Now, by uniqueness up to scalars of the solution of the above eigenvector
equation for ¢, equation (2¢) implies that @, = @§ for some £ € {1,...,60}.
Thus (%;,%;) = (U, 1Lo), establishing the proposition. O

For later purposes, in order to find the image of w € L in G(R), we write

Wo = h(-1,-1,-1,-1,-1,-1,-1,-1) &3, (13)

where ¢; is the automorphism in G(R) defined by (10) using the element ¢; given
in (4). This defines an involution in G(R).

3.2. Corollary. Let R be field of characteristic 0 or prime to |L| containing a
primitive 61-st root of 1. If L embeds in G(R) then, up to conjugacy in G(R) and
automorphisms of L, we have u — Uy and t — 1o, and the image of w in G(R) Is
contained in WoHq, where Hy = CG(R)(fo) is a maximal torus.

PROOF. Since gp is a semi-simple L-module, analysis as in [CG] shows that g affords
a sum of four irreducible characters of L, each of degree 62. Consequently, u maps
to an element having an 8-dimensional fixed space in g.

By the above proposition, the embedding of L in G(R) can be taken so that
t — %o and u > @) for some integer b € {1,...,60}. Composing the morphism with
a suitable automorphism (conjugation by a diagonal automorphism) of L, we may
take b = 1.
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Since {o corresponds to a regular element of W (cf. [Spr]), the dimension of
its centralizer equals the number of orbits on roots, which is 8. Hence. being a
semisimple element, its centralizer is a maximal torus. From its action in 117, cf. (4),
it is readily checked that W inverts ¢y, that is, Wo and 7o (when replacing w and t)
satisfy equation (2b).

Denote by W the image of w in this embedding. By (2b), @ inverts {o, so
WoT centralizes o, proving @ € WoHy. 8]

4. Diagonalizing {,

Let R be a domain with a primitive 30th root of unity. Since the centralizer Hy of
section 3.2 Is a maximal torus, it is conjugate to H. In this section, we shall find
an element a of G(R) conjugating Hy into H.

From now on, we fix a primitive 30-th root of unity ¢ in R. Thus ¢ is a zero of
the cyclotomic polynomial

X84 X7 X3 X' X34+ X +1.

By [Kos], we know that when R is an algebraically closed field, fy is conjugate in
G(R) to the toral element

T=hle, e, e,¢,¢,¢,¢60¢). (14)

We have:
X d=eMDx,, (15)

where ht(a) stands for the (usual) height of @ with respect to the fundamental basis
ay,. .., ag of roots. Its minimal polynomial on the Cartan subalgebra is the above
cyclotomic polynomial.

We shall concentrate on finding an automorphism @ of gr conjugating Iy to
{, so that £ = a7 fpa. Such a transformation a has the following properties: The
1 eigenspace g(fo,n) of o maps onto the p eigenspace g(,u) of §; if p = 1, the
latter will be the Cartan subalgebra @ ® R. Thus, a~! maps X, to a vector in the
cigenspace gr(fo, "*(®)). We shall first describe the eigenspaces of fg. Denote by
t130 the group of all 30-th roots of unity in R. For € uso, set

12
So,n = D) Z’I_Ia’ltl - (16)

=0
Then Sy, = 0 unless 7 is primitive. If 7 is primitive, the element Sy, can be given
explicitly as follows:
Son=(2-27—20"+20° +47° +n")n
+(=2-37+37* +479° + 37°) 2
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+(1-n~—4n" =7’ + 7" + 39° + 67° + 40" a3
F (=3 =3 =2 + 2+ 50  + T® +50° + 29 )ay

- - 16a
+(=4—dn—0"+ 2" + 40" + T’ +31° + " )as (16
+(=1=2m=n"+7°+20* +30° + 35° + 397 )es
+ (== + P 2 4 0 4 3% 4+ 29 )ar
+(=1=20420" +0* +1° + 20° — 17)as.
Now, the eigenspace gr(fo,n) is spanned by
29 29 .
Sy = ZU‘ZXQ_CI = Zr]'imeo (17)
=0 £=0

forie {1,...,8}, and, if 7 is primitive, also Sy ,.

Note that the inverse of the base transformation from (bs), to (Si ;)i y Is equally
straightforward to describe: the X, (a € ®) satisfy

1 .
Xt = 35 > 8Sis. (18)
b€u30

To further pin down a, we need a method to determine the Xga~! in terms of the
basis (S(z, £M(ﬁ)))i,p. Since a is an automorphism, it suffices to find X44,a7? for
i=1,...,8. This is done as follows. If i = 1,2, 5, we have

RXq.a™t ={X € gr(lo,€) | [X,9r(fo, )] =0} (19)
where j7 = 15,9, 5 in the respective cases. This yields, up to scalars,

Xaya™t = (€~ ¢ =¢)8 ¢

+(24e+E+et —28+ Sy

+ 5753,5
+(2~€? = -2 4+ 254+ ¢") Sy
+ (=€ = +€)Ss (19a)

+(-1- e+l et 46 —57)55,¢
+(—1~—€+€3+64+65 +¢e8— 67)57)5
+ (- =+ +¢")Ss.

= Ss.6,

Xoga ™l = (~l—e+22 -+t + —27)S,
+(l—e+E -t -+ -27)5,,
+(Ql-e+l -t =+ 46785,
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+ (142 - = =2 +¢7)Sy

+ (24— 22— ¢t 43755

+(=2- 2+ e+ + 2+ 2%~ ") S5

+(=2+ 2+~ + ¢ - 36%)Sq,

+ (4+ 2 — 46” — € — 26* = 36® + 3¢ + 4€") S5 . — 2S5,

(19b)

Xesa ' = (-3 —¢+ 28+ e+ 35— 25 — 267)51,5
+(=l-e+El++ e+ =275,
+(-lte—E+et+ - +¢)S5,

F (=144 -25—€")S,

+(=2+e+ e+ —2° ~€")Ss

+ (%~ €~ €")Ss e

+ (2= - -t +655;,

+(=2~2e+2 + e+ 2" + 6 — % —27)S5, ~ 255,

(19¢)

Analogously, we can compute X_q,a™}, for these values of ¢ (just replace ¢ by its
inverse). Next for i = 3,4, we can find X,,a”! from

RXg4a = [X_a).a'l,[Xo,ja'l,gR(fo,s)]] (20)

where j = 1,2, respectively. For m = 6,7,8, we obtain X, a~' up to scalar

multiples by successively computing

RX,,a7 ! =

- 21
D0 K aa™ o0~ Kon ot gm0

Finally, for arbitrary 8 € ®, the vector Xga™! can be determined by induction on
|ht(8)| using (7)

Xpa~t = =n(y,8)[Xya™ Xsa™"] (22)

whenever 7,6 € ® with 8 =4+ 6.

Noting that variations of the scalar multiples do not effect the H-coset of a,
we summarize the above as follows:

4.1. Proposition. Let R be an integral domain containing a primitive 30-th root
of 1, denoted by €. For %, as in (11) and t as in (14), there is an automorphism
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a € G(R) such that

~14a. (23)

An example of such an element a is determined up to an element of H, by (19),

(20), (21) and (22), and the corresponding analogues for ~«; instead of a; with

¢! instead of €. 0

We shall need a and a~! in G(R), where R = Z/1831, the field of prime order
1831.

By GauB elimination on each of the eigenspaces for f, and use of (18), it is
straightforward to find a from a™*.
To find a~!, we take ¢ = 1604 € R. The above equations then lead to the
following expressions:
X a7t = 12718 ( + 14795, . + 38453, + 14355, +
241855, + 163656 ¢ + 129157, + 13675, + 1830S5s
Xg,a7 ! = 5545 -1 + 6605, -2 + 111153 —1 + 3965, -1 +
1608Ss ¢=1 + 1955g -1 + 9757 1 + 4645g -1 + 183055 -2
Xea,a™ ! = 33751, + 15055,  + 82653  + 140854+
160255, + 909Sg,c + 95257 ¢ + 165, + 18295 ¢
X_q,a™! = 14945 (-1 + 10695 —1 + 74083 (-1 + 4235, -1+
111655 -1 + 92256 (-1 + 4657 -1 + 181555 -1 + 182955 (1
Xaza™! = 107151 ¢ + 16675, + 115853 + 9154 .+
10955 ¢ + 18956, + 62057, + 9255  + 6055
X_asa™! = 10715 -1 + 60855 -1 + 79853 (~1 + 915, -1+
89155 (1 + 18956 -1 + 24757 -1 + 9255 (-1 + 6055, —»
Xa,a7! = 6315, + 131055, + 48853, + 171654+
117585, + 140356, + 87157  + 1269Sg ¢ + 16755 ¢
X_g,0” " = 6315 ~1 + 108355 ¢~1 + 91553 -1 + 17165, -1+
601Ss 1 + 1403Ss c~2 + 3157 -1 + 126955 -1 + 167555 -3
Xoya~! = 2018 ¢ + 90755, + 177353, + 174154 ¢+
71185, + 53256,c + 59357, + 88755, + 182950
X_g5a"! = 163051 -1 + 8175 c-1 + 148255 (-1 + 9054 -2+
26955 -1 + 12995¢ -1 + 94857 (-1 + 94455 (-1 + 18295 -1

(24)
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Xooa™! = 89551, + 14215,  + 124053, + 72054+
178585 ¢ + 16155 ¢ + 50357 . + 83653, + 17895,
Noaea™ = 8955 (~1 + 15205, .~ + 49455 .1 + 7208 -2 +
128755 c—1 + 16155 -1 + 117257 .- + 836Sg -1 + 17895 (-1
Na.a™! = 11058 ¢ + 62952 + 130853 . + 166954 .+
1358S5s ¢ + 3855, + 52857, + 128055 ¢ + 169355
N_g,a7 1 = 11058 —1 + 3555 (-1 + 153783 (-2 + 16695, -1 +
117385 (-1 + 73885 -1 + 99057 -2 + 128053~ + 16935
Xeya™ = 37351, + 7905, + 20083, + 13625, +
560S5s ¢ + 149456 . + 81157 + 1300S5s ¢ + 12953
X_aga™! = 3738 ;-1 + 1085, (-2 + 37553 (-1 + 136254 -2+
1050Ss (1 + 149455~ + 8347 .~1 + 130085 (-1 + 1295, >

5. The embedding of L in G(Z/1831)

As before, let F = Z/1831 and ¢ = 1604. We shall write £ = 1287. Thus ¢ and §
are a 30-th and a 61-st root of 1, respectively. Recall the definition of A()) from (9)
and Wy from (13). Let a be as determined by (24) and ¥ = a™'%pa as in (23) and
(14). Put 7 = a~'%ya, where T is as in (12).

5.1. Theorem. Let F be the field Z/1831 and suppose A € (F*)8. The transfor-

mations 4, t and W = a~'Woah()) satisfy the relations (2a-e) (with u,t, w replaced
by their barred namesakes) if and only if

A = (1640,474,645,52,341,974, 326,1391).

Consequently, there is a unique conjugacy class of subgroups of G(F) isomorphic to
L.

PRroOF. Recall that (2a), (2b), (2c) are already satisfied for any triple T, f,W. We
shall concentrate on solving A from equations pertaining to (2d).
1

Set W), = a~'wpa and rewrite (2d) to

RN A(N) = (TD) RN " (Tw )~
Applying both sides to o; = by404i, using that a;h(A) = «; for i = 1,...,8, and
taking the j-th entry (1 < j < 248) of the result, we obtain
(TT1) 20044525 = I ((AD1) ™ )i e ((@T1) ™ )i 5k (25)
k

where zp = h(/\);’}c and j7 is such that h(A)j- ;- = h(A);7;. Thus, due to the
indexing chosen in (5) and (8), j7 = j if j > 240 and j7 = j + 15 mod 30 with
30m+1< 37,7 €30(m+1) for some integer m if 1 < j < 240. Observe that z44; =
= z948 = 1, that X; = z30(i—1)+16 are the eight important values (i = 1,...,8)
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we wish to determine. Disregarding momentarily that all z; for 1 < & < 240 can
be written as quotients of two monomials in the X; (i = 1,...,8), we view (25) as
a set of 8 x 248 = 1984 linear equations in the 240 variables z;, (k = 1,...,240).
GauB elimination shows that there is a unique solution. The values of the eight
important variables are:

A = (2306-1)416)i=1,..8 = (1640,474, 645,52, 341,974, 326,1391).

Now a direct check shows that, for this solution A, the element W = W, h(A) of
G(Z/1831) satisfies both (2d) and (2e). By Lemma 1.3, this establishes the first
assertion. The second one follows from the first assertion and Corollary 3.2. O

We now come to the main result of this paper, which, as stated in the intro-
duction, solves one of the open cases of [CG] and proves a conjecture of B. Kostant
[Kost].

5.2. Corollary. There is a unique conjugacy class of subgroups of G(C) isomorphic
to L.

PrROOF. For existence, use Theorem 5.1 and the Lifting Lemma of [Gr], Appendix
B.

For uniqueness up to conjugacy, consider a subgroup L of G(C) with L =
L(2,61). Let V = g¢ be the adjoint module and let E be the field of |L|-th roots of
unity. Then, there is a representation of E[L] which affords this L-representation;
let W be the relevant E[L]-module. The invariant in Homgyz)(V®V, V') which gives
the Lie algebra structure is a linear combination of elements of Hom g (W& W, W)
involving finitely many complex numbers. Therefore, there are a finitely generated
Q-algebra R and an R-free R[L}-module whose complexification is V|g(z). Each
element of a Chevalley basis for this complex Lie algebra may be written as a
complex linear combination of a basis of W. Therefore, replacing R by another
finitely generated Q-algebra, if necessary, we arrange for this R[L]-module to be a
Lie algebra with a Chevalley basis. Now factor out a maximal ideal I of R so as to
get both the Lie algebra and L-module structures written over a field E’. By the
Hilbert Nullstellensatz, E’ is a finite degree field extension of E. Clearly, £’ can be
embedded in € and the module complexifies to V|gr] again. There is therefore a
finite extension K of the 1831-adic numbers and an embedding of K into € whose
image contains E’. Moreover, the presence of the Chevalley basis guarantees that
the Lie algebra structure on the E’[L]-module is of type Eg. This puts L into G(X).

Let S be the integers of K and let J be the maximal ideal. From the theory
of maximal compact subgroups of p-adic groups, cf. [BT], [T], we know that L is
contained in a subgroup of the form Go(S), where the functor Gg is associated
to a proper subdiagram of the extended Dynkin diagram for G. According to
the character argument of [CG], 5.2.1, regarding L, which works in characteristic



LIE GROUP OF TYPE E; 1903

prime to |L|, the only functor allowed here is G. Therefore, L is in G(S) and
so modulo G(S,J™), the congruence subgroup associated to the ideal J™ of S,
it reduces to a subgroup of G(S/J™) = G(S)/G(S,J"). By 5.1, the image of
L in G(S/J) is unique up to conjugacy. If two subgroups L; and L, of G(S)
isomorphic to L are conjugate modulo G(S,J"), then they are conjugate modulo
G(S,J"*1) since G(S,J™)/G(S,J™T1) is a finite nilpotent group of order prime to
[L]. We get an element of G(S) which conjugates L, to L, as follows. We may
arrange for a sequence of elements z,, in G(S) such that z, conjugates L,G(S,J")
to L,G(S,J™) and such that z, and z,4; are congruent modulo G(S.J"). It
follows that this sequence of elements has a limit and so we get a conjugating

element of G(S), identified with the inverse limit of the G(S)/G(S,J"). 0

6. Remarks

6.1. The field R

An open problem is to decide for which fields R there is an embedding of L in
G(R). It is conceivable that our particular solution might be lifted explicitly to one
in G(R) for some subring R of C, possibly even to Q(8), where 6 is a 1830-th root
of unity or 1/61. From this, embeddings in G(F) for certain finite fields F would
follow.

The g.c.d. over all primes p of |G(Z/p)| equals
2%0.313.5%.7%.112. 132 . 19- 31

which is not divisible by |L|, so L does not embed in every finite Chevalley group of
type Eg. On the other hand, Lagrange’s Theorem does not exclude the possibility
of an embedding of L in, for example, G(Z/11), even though Z/11 contains few
roots of unity.

6.2. Some history

The work described in sections 2,3, and 4 was completed about six years ago by
the first two authors. At the time, the knowledge that @ should be found in wWo H
led them to produce 57 polynomial equations, in the eight- variables A,,..., As,
each consisting of no more than 9 monomials. These equations had been obtained
from a careful analysis of the traces of compositions of restrictions of 7 and @ to
eigenspaces of t. It has been checked that the above solution X is also a zero of the
set of 57 polynomials, but we do not know whether it is the only one. This set of 57
polynomials still provides an interesting test case for procedures solving polynomial
equations in several variables.

6.3. Verification of the computations

All of the computations mentioned in sections 3, 4 and 6.2 were originally per-
forrned by the first author using the programming language A68, on a CDC Cyber
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computer. Recently, they were redone by the first and third authors, using the com-
puter algebra packages Maple and LiE (cf. [M], [LiE]). The set of 57 polynomials
discussed in 6.2 marked the end of the work on the CDC computer. The same 57
polynomials were found by use of Maple.

As a result of the LiE and Maple computations, we have on file 248 x 248
matrices such as @, ™}, A(}), to, Wo, and Ty, as well as Maple and LiE routines for
performing the various computations needed to verify Theorem 5.1. The nonsparse
matrices a and a~! have been stored in the naive way; they require 335 Kb storage.
The matrices A(A) and ¥, are diagonal, the matrices {y and W, are monomial,
whence much easier to store and work with on computer. We now discuss the
verification of the computations by dividing them into three separate parts.

One part is the verification that the matrices ¥ = a~tpa, T = a~'¥pa and
W = a~'Tyah()) , with X as in Theorem 5.1, satisfy the required relations. This
requires multiplications of square matrices of dimension 248 over the field of 1831
elements. Such a verification on a work station size computer turned out be hard
(but possible) for Mathematica, but an easy matter for LiE.

Another part is the verification that the three matrices %, , @ preserve the Eg
Lie algebra product. This turned out to require too much memory for Maple or
Mathematica.

An independent check was performed (and is available on file) with a program
written in C in which the Lie algebra product is encoded as a 3-dimensional array
of dimension 248 (available on file in Maple format).

Finally, the Gau83 elimination proving uniqueness of the solution A was carried
out originally in LiE. The space requirements for this are not as great as those of the
previous part and so can be checked rather straightforwardly in several packages,
however with varying speed performances. It has been succesfully verified in GAP,
cf. [GAP].

To finish we provide the LiE code for obtaining the equations (25) from the ma-
trices 7 and W, on file, assuming that Tw, and Wl‘l have already been computed.
They are called uw and uwi, respectively.

p = 1831 #the prime involved

#preparing the right hand side; here i and j are as in (25)
rhs(int i,j) = { loc ans = null(248);
for k=1 to 248 do ans[k] = (uwi[240+i,k] * uwil[k,jl) %p
od; ans

tau(int k) = { loc ans = k;
if k <= 240 then loc ell = k%30; 1loc m = k-ell;
if ell == 0 then ell= -15
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else ell = (ell+15)%30; if ell == O then ell =30 fi;
fi; ans = m +ell;
fi; ans
}
#prepare the 1984 x 241 coefficient matrix of the equations
eqstotal = null(0,241)

for i =1 to 8 do  egqs = null(248,248);

for j=1 to 248 do eqs[j] = rhs(i,j); loc k = tau(j);
eqs[j,k] = (eqs(j,k] - uw[240+i,jl) %p

od;

#now add last 8 columns in 241-th column

for j=1 to 248 do
eqs[j, 2411 = (
eqs(j, 241] + eqs[j, 242] + eqs[j, 243] + eqs{j, 244] +
eqs[j, 245] + eqs[j, 246] + eqs[j, 2471 + eqs(j, 248] )Yp;

od;

#remove the last 7 columns

eqs= *(¥eqs—242-242-242-242-242-242-242);

#append eqs to egstotal

eqstotal = eqstotal”eqs

od;

The resulting 1984 x 241 matrix egstotal is the input coefficient matrix for Gau8
elimination.

Ample care has been taken to give sufficient details (up to our ordering of
basis elements, cf. (8)) so that a reader can repeat the computations independently.
Nevertheless, it may be helpful to have copies of the matrices as well as the Lie
algebra product referred to above. Requests for electronic copies can be made to
the first author.
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